










































































































































63 

construction of Theorem 2.23. An output word is in 

Mi (Lk) if and only if it is the result of a generation 

from the i-th initial production of G. Hence 

L = 

k 

k 
u 
i=l 

K. • Hence in this case as well 

We conclude Ki E: 3 k 1 i < k and so 

K.€ Jk. 
-r.JJ c_ 

Thus Yk and therefore 

= 

COROLLARY 2. 25: = t k. 

COROLLARY 2.26: ;Ck is closed under mirror 

image. 

PROOF: Let L E: £ 
k 

and = (N, T, S, P, k) 

be a k-rlq for L. We construct a k-llq 

R = (N I T, s I p I k) for mi (L) • contains: 

(1) S-+mi (x) if S-+x f. P, x f. T*. 

(3) X-+Ymi(y) if X-+yY E: P, X, Y € N, y E. T*. 

(4) X-+mi(x) if + X -+x E: P , X €. N , x E: T • 

It is easv to verify that L(GR) = mi(L). 



§6. DECIDABILITY QUESTIONS 

In this section we consider two decidability 

questions relating k-rlg's and the generated languages 

which have a positive answer. We recall that in 

Lemma 2.2 we showed membership problem is decidable 

for k-rlg's. 

Let G = (N, T, S, P, k) be a k-rlg. We recall 

that in Theorem 2.12 we defined a relation "+" on Nk 

by (X1 , ••• , Xk)+(Yl 1 ••• , Yk),Xi' Yif.N 1 < i < k iff 

there exist X. +y . Y. E: P, y. ~ T* 1 1 < i < k. 
1 1 1 1 - -

DEFINITION 2.7: An N-sequence for G is a finite 

sequence of members of k ~ n N = (s.) . 
1 

such that s . +~ . 1 1 1= 1 1+ 

1 < i < n - 1. 

Note that we can always associate an N-sequence 

with a non-trivially generated word x E L (G). If D 

is a derivation of X by G we denote the associated 

N-sequence by ) (DI x) and the i-th member of this 

sequence by si (D, x) • We call a repetition 

s . (D I x) = s . (D I x) j > i in an N-sequence associated 
1 J 

with a word x "trivial" if there are no terminals 
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deposited in intervening steps. We can now show that 

the "emptiness problem" is decidable for k-rlg's. 

THEOREM 2.27: Given a k-rlq G = (N, T, S, P, k) 

there is an algorithm to decide whether L(G) = ¢ or 

not. 

PROOF: Since L(G) is recursive by Lemma 2.2 

we have only to give an upper bound for the shortest 

non-trivially generated word in L(G). Suppose 

t(N)=t and max{lxiiX+xE.P,XE::N}=m. 

CLAn-1: L (G) ~ ¢ iff there exists x E L (G) 

such that lxl < mktk + mk or there exists a production 

S+x E:. P with x € T* . 

PROOF: if: obvious. 

only if: Suppose G has no rules of the form S+x, 

x€T* and there does not exist xEL(G) with 

lxl 2 mktk + mk, but that L(G) ~ ¢. This implies 

there exists a shortest y E:L(G) with IYI > mktk + mk. 

There exists a derivation D: S = P0~>P1==> ••• ~>Pn+l = Y 

for y and an N-sequence ;$<n, y) = (si(D, y))~=l· 

Ne may suppose ) (D, y) has no trivial repetitions 

(for if it has we may find a shorter derivation for y 

with no trivial repetitions). Since each application of 

k non- terminating productions can deposit at most 



(m - l)k terminals, it is clear that 

r < n. Thus lvl ~ (n + l)mk and so 

1Pr1 ~ rmk, 
k n > t • Hence 
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there must be a repetition (non-trivial!) in ~(D , y) , 

say sp(D, y) = sq(D, y). Then s 1 (n, v>~s 2 (D, y)~ •.• 

~s (D, y)~s +l(D, y)~ .•. ~s (D, y) is an P q n N-sequence 

associated to a word y' L(G) and since s (D, y) = p . 

is non-trivial, we have lv'l < lvl con t radic-

ting the minimality of lvl. Hence no such y exists 

and we condlud~ L(G) = ~. This completes the claim 

and so we are done. 

By a similar method we can show that the 

"finiteness-infiniteness problem" is decidable for 

k-rlg's. 

THEOREM 2.28: Given a k-rlg G = (N, T, S, P, k), 

there is an algorithm to decide whether or not 

-:i\: (L(G)) = oo. 

PROOF: We again use the fact that L(G) is 

recursive. Let m and Q be as above and p = mk~ 
(cf. Theorem 2.5). We claim that L(G) is infinite iff 

there exists a non-trivially generated x E. L (G) with 

p ~ lxl ~ p + mktk If L(G) is not infinite there 

cannot exist x € L (G) with I x I ~ p (otherwise by 
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Theorem 2.5 there are infinitely many words in L(G)) . 

If L(G) is infinite, then there exists a shortest 

x E:L(G) with lx I > p. If lxl > p + mk!k an argument 

similar to that · of Theorem 2.27 shows that we can find an 

x' E L(G) with p ~ lx' I < lxl contradicting the minim­

ality of lxl. Thus if L(G) is infinite there exists 

x E. L (G) with P < lxl 
k < p + mkt • 



CHAPTER 3 

REGULATED REWRITING 

§1. k-PARALLEL RIGHT-LINEAR WITH REGULAR CONTROL LANGUAGES. 

In this chapter we add a control device to 

k-parallel right-linear grammars, namely a regular 

control language. We show that the language families 

generated are the same as both the k-tuple languages 

of Kuich and Maurer [ 5] with a right-linear restric­

tion and the k-right-linear simple matrix languages of 

Ibarra ( 4 ] • 

t.ole wish to define "control word" for a derivation 

by a k-rlg. Since productions are applied k at a 

time except in the initial step, the labelling of deriva­

tion steps must take this fact into account. 

DEFINITION 3.1: Let G = (N, T, S, P, k) be a 

k-rlg. A lahelling of productions from G is a 1-1 

correspondence Lab: ~--+Lab(P) where Lab (P) is a 

finite set of "labels" and 
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DEFINITION 3.2: Let G = (N, T, S, P, k) be a 

k-rlg and Lab (P) a set of labels for productions from 

~. Let D be a derivation by G. Then u is a control 

word for D if one of the following holds (i) D is 

o0==>Q1 , u = aE Lab (P) and a is the label of the 

production applied in Q0==>Q1 , or (ii) D is 

* 0 =>Q ··o ·n 

u = and is the control word of 

* and is the control word of Q = >0 • n ·-m 

With these definitions we can assign to a pair 

(D i x) , where D is a derivation by G of x, a control 

word denoted u(D, x). 

DEFINITION 3. 3: L ~ T* is a k-parallel right­

linear with regular control language (k-rrll) iff there 

exists a k-rlq G = (N, T, s, P, k), a labelling of 

productions from G Lab, and a regular language C over 

Lab (P) such that L = L (G, C) = {x € L (G) ! there exists 

a derivation D for x, and u E.C with u = u(D, x)}. 

We denote the family of k-rrl's by 11Lk. 

EXAMPLE 3.1: We consider the 2-rlg 

G = (N' T, s, P, z) where N = {S, A, X, B, C}, 

T = {a, b, c} and p contains: 



S+AX 

A+aAIB 

B+bBib 

x~xlc 

C+cCjc. 
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It is easy to show that L(G) ~ {aibjckli + j ~ k, i,j,k ~ 1). 

We qive labels to production pairs which will be allowed: 

S+AX: e 

(A, X)+(aA, X): a 

(A, X)+ (B, C): b 

(B, C)+(hB, cC): c 

(B, C)+(b, c): d. 

Let D ~ ea*bc*d, then L(G, D) ~ {anbmcm!n, m > 1} 

L(G, D) is a 2-rrll, hut apparently not a 2-rll. 

Example 3.1 may be generalized to give 

Lk ~ { n m m ml > ,r a a 1a 2 ••• ak n, m 1} which is a k-rrll, but 

apparently not a k-rll for k > 2. When k ~ 1 we 

have ;(1 = 11(_ 1 (by Salomaa [ 9 ]) • For k > 1 we have 

J:k~ ?R,k since qiven a k-rlg G = ' (N' T, s, P, k) we 

may take C = Lab (P) * and then L(G) = L(G, C) • 



The first result we shall need is that the 

families ~k form a hierarchy. 

THEOREM 3.1: For all k > 1, -a?_k <:=_ iek+l" 

PROOF: The method is to construct a k+l-rlg 
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as in Theorem 2.3 and to construct a new control language. 

Let L€ ~k' G = (N, T, S, P, k) a k-rlg and 

M = (Q, r, o, q 0 , F) an fsa such that L = L(G, T(M)) 

where r is a set of labels for productions of G. 

We apply the construction of Theorem 2.3 to give a k+l-rlq 

G' such that L(G) = L(G'). We will construct an nfsa 

M' such that L = L(G', T(M')). The idea is to associate 

to a control word of a derivation by G a control word 

of a derivation by G' in such a way that the new control 

word is accepted by M' iff the old word was accepted 

by M. In view of the fact that, except for a finite 

number of short words, derivations precede in G' in 

essentially the same way as they did in G, we can 

construct M'. (Note that G1 = (N 1
, T, S, P', k + 1) . ) 

Let M' = (Q', r•, o', q 0 , F') where Q 1 = Q U{q1 }, 

q 1 f Q, r 1 is a set of labels for productions of G 1 
, 

F' = FU{q1 } and o' is constructed as follows: 
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(1) cS'(q0 , a)= q
1 

if s ~ xt:P', xET* (we again use 

the notation X ! x to mean that a is the label 

for the production X+x.) 

(2) o• (q0 , a)"= q' if S ~ x1 ••• Yc[Xi' c] ••• Xk in C";' 

and cS(q0 , b) = q' where s ~ x 1 ••• xi .•. xk in G. 

(3) ~'(q, a)= q' if {X
1

, ••• , Yc, [Xi' c], ••• , Xk) ~ 

where y . E T* , Y . E. N 
J J 

1 < j < i - 1 and i + 1 < j < k, where either - - -
y = yY, y E: T*' y €. N or -y = [Y' c] and 

::: 

(Xl' . . . , Xk) ~ (y 1 y 1, ... , y, . . . , ykYk) in 

= = and 0 {q, where either y = cyY or y = y 

(4) o'(q, a)= q• if X. ' • • • ' l. 

(y1Y1 , ..• , Yc, yiYi' ~ •• , ykYk) where 

{X1 , •.• , Xk) ~ (y1Y1 , ••• , ykYk) in G and 

o(q, b)= q'. 

b) 

{5) ~' (q, a) = q• 1.' £ {x Y X X ) ~ u 1' •••r C' i' •••t k 

G 

= q I • 

. . . , c, xi, ••• , xk) where . . . , 
Cx

1
, ••• , cxi, ••• , xk) in G and o(q, b)= q'. 

{6) o'(q, a)= <P otherwise. 

By the construction, X € L(G 1
, T{M')) iff x € L{G, T{M ) ). 

Hence L € VG k+l and we conclude 'Ot k c; (£ k+l. 

We also need 



73 

LEMMA 3.2: lGk is closed under union for all 

k > 1. 

PROOF: Let Ll' L2E 1(k' say Ll = L(G1 , cl > 

and L2 = L(G2 , C2) • We construct G3 so that L (G 3) = 

L(G1 )UL(G2 ) (as in Lemma 2.10). We label productions 

of G3 by the labels of the corresponding productions of 

,. 



§2. RIGHT-LINEAR TUPLE LANGUAGES. 

Kuich and Maurer [ 5 ] have defined "Tuple 

Languages" with context-free productions. We specialise 

this notion to allow only riqht-linear productions. 

DEFINITION 3.4: Let T be a finite set of 

terminal symbols. Then we denote T* x ••• x T* (k times) 

by T~, the set of k-tuples of words over T. Let 

ci: Tk_,T* be the homomorphism defined by ci ( (x1 , ••. , xk)} = xi 

for 1 < i < k. If x, y E T~ then 

xy = (c1 (x) c (y) , ••• , ck (x) ck (y)). lie define 

ll: Tk~T* by · 1J (z) = c 1 (z)c 2 (z) ••• ck (z), z E. Tk. Denote 

the k-tuple of £'s by£. 

DEFINITION 3.5: A right-linear k-tuple grammar 

(k-tlg) is a 5-tuple G = (k, N, T, s, P) where 

(1) k > 1 is an inteqer. 

(2) N is a finite set (of non-terminal symbols). 

(3) T is a finite set (of terminal symbols) with TnN = ~. 

(4) S~N. 

(5) p is a finite set of productions of the form x~x 

with X € N and x e: TkN U Tk. 
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The "yields" relation => for words over NUT* k i s 

defined by x=>y if x = uXv, y = uzv and X+z E P. 
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DEFINITION 3. 6: L <; T* is a riqht linear k - tl!ple 

language (k-tll) iff there exists a k-tlg G = (k , N,T,S,P) 

* such that L = L (G) = {lJ (x) I S=>x, x E Tk}. 

We denote the family of right-linear k-tuple 

languages by :J k" We observe immediately that 

'Jl = t'l. 

THEOREM 3.3: For all k > 1, :J' k = i< k. 

PROOF: CLAIM 1: 1(_k. <; ]' k • 

PROOF: Let L ~ ~k' then there exists a k-rlg 

G = (N, T, s, P, k) and an fsa M = (Q,!, ~, q 0 , F) 

such that E is a set of labels for productions of G 

and L = L(G, T(M)). We construct a 

G' = (k, N', T, [S, q 0 J, P') where 

and P' contains: 

k-tlg 

N' = { [S ,q
0

]} U (NkxQ) 

( 1) [ S ] ( ) l.• f S ~ X <"' P , X r T* and . , qo -+ x, e: ' ••• ' e: ~ <:. 

~(q0 , a)E.F. 

(2) [s, q 0 J-..rx1 , •.• , xk' q'J if s ~ x1 ••. xkf..P, xiEN 

1 < i < k and o(q0 , a) = q'. 
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(3) [Xl' . . . , xk ,q 1 + (y 1, . . . , yk) [Yl, . . . ' yk' q I 1 if 

(Xl' . . . , Xk) ~ (yl y 1, ... , ykYk) with X., yi € N, 
l. 

(yl, . . . , yk) € Tk and o(q, a) = q'. 

(4) [Xl' . . . , xk, q] + (yl' . . . , yk) if (yl, ••• , yk)f.Tk, 

(Xl' . . . , Xk) ~ (yl' ... , yk) and o(q, a) e F. 

Now G' is a k-tlq which imitates a derivation by 

G while keeping track of the state of M in the last 

component of its non-terminals. A derivation by G' 

is allowed to terminate iff the control word of the 

corresponding derivation by G is in T(M). Thus 

L = L(G, T(M)) = L(G') f :Tk and we have 1£k <; Jk. 

CLAIM 2 : 'J k <;; (1G k. 

PROOF: We use a technique similar to that used 

in Theorem 2.11. First, let L E 'J k' say L = L(G) 

for the k-tlg G = (k, N, T, s, P). We again consider 

the sets of functions &i' and note that the notion 

'If. (D, x) for a derivation D of a word x E:L(G) makes 
l. 

sense for 1 < i < k. We define 

L~ = {x E:. Llnj (D,x) #£ all jf imr,nj (D, x) = £ otherwise}, 



k 
L = U L. if € fL 

i=l ]. 

k 
U. Li U{€} otherwise. 

l.=l 

Using the method used in Theorem 2.11 to construct 

the i-rlg Gi, we construct an i-tlg 
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Gl = (i, Nr, T, S, Pl) for L! with the property that if 

X+ (Xl, ••• , X. ) E P:, X . E T* ]. ]. J 

xj ~ € 1 ~ j < i. Usinq Gr 

and X ~ s, we have 

we will show L '! E it. 
]. ]. 

by 

constructing an i-rlg G. = (N. , T, S' , P. , i) and a 
]. ]. ]. 

control language. -q> N. 
]. 

= N{ x {1, ••• , i}U{S'}. PJ contains: 

if S+ (Xl, ••• ,x.) €. P~. 
]. ]. 

(2) S'+[S, 1] ••• [S, i]. 

(3) [X, j]+yj[Y,j] for 

X, Y E:. Ni, y j E.. T*, 1 < j < i. 

( 4) [X, j 1 +x. 
J 

X E N'f and 
]. 

for 1 < j < i if 

X. E. T+ 1 < j < i. 
J - -

if X+ (yl, •.. , y. ) Y E p:' , . . ]. ]. 

We now suppose a set of labels for productions of 
-cp 
Gi has 

been introduced and define 

A= {a! (X, .•. ,X)~ (y
1

Y, ••• ,y.Y) and X+(y
1
' , ..• ,y.)Y€ P'!} 

]. ]. ]. 

U {a! (X, ... , X) ~ 
1
(x1 , ... ,xi), X+(x 1 , ... , xi) E P~,xj E:. T+} 
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B == {b!S' ~ x, xeT*} 

and we suppose c is the label for S'+[S, 1] •.• [S, i]. 

Define C == B u c.A.* which is a regular language over the 

set of labels for productions of -cp 
G •• 

]. 

-cp xEL(G., C) 
]. 

iff X has a derivation 

Now we have 

D by -q> Gi with a 

control word in c iff D is either trivial, or it 

uses productions after the initial one with labels from 

'A iff there is a derivation of X by 
cp 

(;. 
]. 

iff - Cf 
X E' Li. 

Thus L 'f' == c-q> C) and so L~ E lti. By Lemma 3.2 L G., 
]. ]. ]. 

L. = u ~€t\. ~ 
E \1( i 1 < i < k and by Theorem 3.1 r •. 

]. ]. 
]. 

L. E -o:(k' ]. 
so we have LE: 1( k. Thus Jk ~ "£k. 

Combining the two results we have '3 k = l1t k. 



§3. RIGHT-LINEAR SIMPLE MATRIX LANGUAGES 

Ibarra [ 4 ] has introduced the notions of simple 

matrix language and right-linear simple matrix lanquaqe 

and studied their properties extensively. In this sec-

tion we relate the second .of these concepts to the 

families 71? k. 

DEFINITION 3.7: A k-riqht-linear simple matrix 

grammar (k-rlmg) is a (k+3)-tuple ~ = (N1 , ••• ,Nk, T, S, P) 

where 

are pairwise disjoint finite sets 

of non-terminals. 

(2) T is a finite set of terminals and T ()N. = cf> l. 

1 < i < k. 

k 
(3) s is the stal!'t symbol and S ¢ U N . UT. 

. 1 l. l.= 

(4) P is a finite set of matrix rewriting rules of the 

form 

(i) [S-+x], x E T* 

( ii) [S-+xll xllx12xl2 • • .xlnxln • • · xkl xkl • • .xknxkny] 

where n ~ 1 , y € T* and 1 < i < k, 1 < j < n 

X . . E N. and x .. E. T* • 
l.) l. l.) 
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< i v > [ x 1 +y 1 Y 1 ' · · · ' xk +y k Y kJ 

v. E T* 1 < i < k. 
· ]. 

where 
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X., Y.EN. 
l. l. l. 

and 

DEFINITION 3.8: Let G = (N1 , .•• , Nk' T, S, P) 

be a k-rlmg. We define the yield relation for 
~ 

x, Yf(U N.UTU{S})*by X= >y iff 
. 1 l. l.= 

( 1) x = S and [ S+y 1 tZ P or , 

(2) There exist y 1 , .•. , yk £ T*, w1 , .•• , wk, z 1 , ..• , zk 

with Wi , z . € (N • U T) * 
l. l. 

and x1 , ••• , xk with X. € N. 
l. l. 

such that x = y 1x 1 z 1 ... ykXkzk' y = y 1w1 z1 ... ykwkzk 

* and [X1+w1 , ••• , Xk+wk] E P. ==> is the reflexive 

transitive closure of ~>. (Note that this is a 

"leftmost" derivation.) 

DEFINITION 3. 9: L <; T* is a k-right-linear 

simple matrix language (k-rlml) iff there exists a k-rlmg 

* G = (N1 , •.. , Nk' T, S, P) such that L = L(G) = {xE:T*!S-==>x}. 

We denote the family of k-rlml's by Oflk. 

Before we qive the main result of this section we need 

LF:~1MA 3. 4: If L E ffi k then L can be qenera ted 

by a k-rlmq havinq rewriting rules onlv of the forms 

(i), (iii), (iv) and (ii'): [S+x1 x
1

x 2x 2 •.. xkXky] with 

x. , yET* and X. E N. 1 < i < k. 
1 1 l. - -
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PROOF: Let G = (N1 , ••• , Nk' T, S, P) be a 

k-rlrng for L. If G has rewriting rules only of forms 

(i), (iii), (iv) and (ii') we are done. Otherwise let 

Let 

G = 

- 2 ~..rn N. = N . UN. U ••• UN. 
]. ]. ]. ]. 

(N1' ••• , Nk' T, s, P) 

1 < i < k 

where P 

(1) [S+xJ if [S+x] €. P and x € T*. 

and 

contains: 

(2) [S+xl1[Xl1' x12' ••• , x1t]x2l"""xk1[Xk1' 

[S+xl1 x11" •. x1txlt ••• xktxkty] E P where 

and X . . E. N . 1 < i _< k , 1 _< j < t. 

• • ·' xkt1Yl 

y, X •• E T* 
l.J 

l.J ]. 

(3) r [ z1' xl1' • • • I xlj]+yl[Yl' x11' . . . , xlj J ' 

[Zk, xkl' ... , xkj]+yk[Yk' xkl' . . . , xkjll if 

[Zl+y1Y1' ... , zk +ykYkl t: p' j E {1, . . . , rn - 1} 

X. €N. 0 _< q < j. l.q ]. 

(4) [[z1 ,j_1 , Xlj' ••• x 11 J+w1x 1 j[Xlj' .•• , X1 ), ••• , 

[zk,j-1' Xkj' ••• , Xkt]+wkxkj[Xkj' ••• , Xkt]) if 

rz1 ,j_1+w1 , ••• , zk,j-l+wk] E P and 

[S+x11 x 11 ••• x 1 jxlj ••• x 11x 11 ••• xktxkt 1 E P where 

and 

Xi p, Xi E T* , z i , j -1 , Xi p E N i 1 < i < k ' 1 < p < t . 

(5) [X1+x1 , ••• , Xk+xk] if [X1+x1 , ••• , Xk+xk] €P 

and X. E:. N. , x ~ E: T* , 1 < i < k. 
]. ]. ... 

if 
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G simply imitates a derivation by G while keeping 

track of any unused non-terminals which resulted from 

its initial production in the components of its non-

terminals. We conclude L(G)= L(G) and G has only 

productions of the desired types. 

THEOREM 3.5: For all k > 1, J" k = mk. -
PROOF: Let LEJ'k and G = (k, N, T, s, P) 

a k-tlg for L. Let Ni = { [X' i] I X EN - {S}} and 

G = (Nl, . . . , Nk' T, s, P) a k-rlmg where p contains: 

(3) [[X, l]+yl [Y, 1], ••• , [X, k]+yk [Y, k]] if 

X+(y1 , •.• , yk)Y€P where X, Y€N, yi€T*. 

(4) [[X, l]+x1 , ••• , [X, k]+xk] if X+(x1 , ••• , xk) E. P, 

X E. N , x . €. T* • 
1 

Clearly L (G) = L (G) = L. Hence L E: mk and we have 

Jk ~ ffik. 

To show the reverse inclusion let L E OYLk and 

G = (N1 , ••• , Nk, T, S, P) be a k-rlmg for L normal­

ized as in Lemma 3. 4. Let W = {y E T* I [S+x1 x1 ••• xkXky] E. P} 



and N = {S} U (N
1 

x N
2 

x ••• x Nk x W). Define 

G = (k, N, T, s, P) where P contains: 

(1) S ( ) ~f [S+w] ~ P . +W, e:, ••• , e: ... .:; 
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(2) S+(x1 , ••• , xk)[X1 , ••• , xk,Y1 if [S+x1x 1 ••• xkxk,y)EP 

where y, x. E. T*, X. E.. N. 1 < i < k. 
~ ~ ~ 

< 3 > r x 1 ' ••• , xk 'Y J .. < Y 1 , ••• , Y k > [ Y 1 , ••• ' Y k , Y 1 if 

[Xl+ylYl' ••• , Xk+ykYk]€.P,yi£ T*, yE..W, Xi' YiE:Ni. 

(4) [X1 , ••• , Xk' y]+(x1 , ••• , x0') if [X 1+x1 , ••• ,Xk+xk) E. P, 

y E. W, x . E T* , X . E N . 1 < i < k • 
~ ~ ~ 

Now G is clearly a k-tlg such that L(~) = L(G) = L. 

Hence L ( .:J k and O(L k ~ :f k. This completes the proof. 

COROLLARY 3.6: For all k ·~ 1, 'fil.k = ~ k" 

We now note that we.could alter the definition of k-tlq 

to demand that if X+(x1 , .•. , xk) is a production and 

X # s then x. ~ e: 1 < i < k. Similarly, in the defini­
~ 

tion of k-rlmg we could demand that if 

is a rewriting rule, then x. ~ e: 
~ 

1 < i < k. We denote the family of languages generated 

by k-rlmg t s with this restriction by m~' and similar­

ly define ~ ~· Now we can extend the definition of 

k-rrlg to allow the base grammar to be an e:-k-rlg and 

we denote the family of languages so obtained by 1t~. 



COROLLARY 3.7: For all k > 1 

(i) 'Jk = J'~ and mk = m~. 

(ii) fflk = 1?.~. 
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PROOF: (i) It is clear that :J ~ ~ :Jk. Since 

J k = 1?, k, we have the reverse inclusion when we note 

that in the construction of a right-linear k-tuple 

grammar from a k-rrll (Theorem 3.3) no terminating 

k-tuples contain E's. 

The second equality follows from Corollary 3.6 

by a similar argument. 

(ii) The family YOL k is closed under homo­

morphism, hence so is 11?.- k. Now let L E. -0?, ~ with a base 

grammar G = (N, T, S, P, k) • Let a ¢ T then the 

grammar obtained by substituting x~a for all rules of the 

form x~E with X # s is a k-rlg. Let La be the 

language obtained by making this substitution and using the 

same control language. Then La € ~ k" Define 

h: TU{a}~T* by hiT= idT and h(a) = E. Clearly 

L = h (La) , so L E: iGk. Therefore ""6t ~ ~ 7R k. The reverse 

inclusion is obvious and the result follows. 

COROLLARY 3.8: There exist context-free languages 

which are not in 1?. k for any k, hence not in ;f k 

for any k, or in ;t:_, • 
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PROOF: This is from Corollary 3.6 and Theorem 

4. 7 of Ibarra [ 4 J • 



§4. ANOTHER RESTRICTION ON DERIVATIONS. 

In this section we define another form of req-

ulated rewriting for k-rlq's. As is the case for 

context-free qrammars, periodically time varying k-rlg's 

and k-rlg's with regular control have the same genera-

tive capacity. 

DEFINITION 3.10: A k-parallel right linear 

periodically time-varying grammar (k-rlg) is a pair (G,~) 

where G = (N, T, s, P, k) is a k-rlg and <p: i)J --2P 

(P as in Definition 3.1!) with the property that there 

exists p E: fN such that Cf (j + o) = 'f (j) for all j E IN • 

DEFINITION 3.11: Let (G, Cf ) be a k-rlpg 

where G = (N, T, s, P, k). We define the yields relation 

on pairs from (N u T*) x fN by 

either (1) j 1 = 1, j 2 = 2, P = s 

(2) j2 = jl + 1, P = zlxl •.• zkxk 

( p , j 1 ) = > ( Q , j 2 ) 

and S+Q E <pCl) 

iff 

or 

and 0 = z 1y 1 •.. zkyk 

with z . € T* , X . €. N 1 < i < k and 
1 1 - (X 1 ' • • • 'Xk) + ( y 1 ' • • • 'y k) E cp ( j 1) • 

DEFINITION 3.12: L s; T* is a k-parallel right­

linear periodically time-varying lanquage (k-rlpl) if 

there exists a k-rlpg (G,~) where G = (N, T, S, P, k) 

- 86 -
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* such that L = L(G, Cf>) = {xE T*l (S, l)=>(x, j) for some 

j~IN}. 

We denote the family of k-rlpl's by 

Since the methods used to show the main result of this 

section have been developed above, and since they 

involve somewhat lengthy constructions, we simply state 

the result and sketch its proof. 

THEOREM 3.8: For all k ~ 1, -c£k = "U\. 

PROOF: The first step is to show t/k ~ lfk+l 

and u k is closed ·under union for all k > 1. This is 

achieved by the methods of Theorem 3.1 and Lemma 3.2. 

Next we show 7 k ~ U k. Given L = L(G)E :J k 

it is easv to construct a k-rlg G1 and q> with period i~ 

sothat L=L(Gl 1 'f)· Finallyweshow '(/k~1(_k. Given 

L =- L (G, q> ) E: V k, we define an fsa which counts modulo 

p and accepts any control word of a derivation by G 

such that at the i-th step the productions used form a 

member of cp ( i) • 
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