

















































































































































































































§6. DECIDABILITY QUESTIONS

In this section we consider two decidability
questions relating k-rlg's and the generated languages
which have a positive answer. We recall that in
Lemma 2.2 we showed membership problem is decidable

for k-rlg's.

Let G= (N, T, S, P, k) be a k-rlg. We recall
that in Theorem 2.12 we defined a relation "+" on Nk
by (Xl’ siEE Xk)»(Yl, s B w Yk),xi, Y.EN1 < i & X A1ff

i
g " g
there exist xi+ini€:P, inZT e 1 €4 % k.

DEFINITION 2.7: An N-sequence for G is a finite

sequence of members of Nk ‘,3= (si)2=l such that s »s,  ;

1 <31<n-1.

Note that we can always associate an N-sequence
with a non-trivially generated word xe€L(G). If D
is a derivation of x by G we denote the associated
N-sequence by )X(D, x) and the i-th member of this
sequence by Si(D’ X). We call a repetition
Si(D’ X) = sj(D, Xx) 3 > i in an N-sequence associated

with a word x "trivial" if there are no terminals

- B =
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deposited in intervening steps. We can now show that

the "emptiness problem" is decidable for k-rlg's.

THEOREM 2,27: Given a k-rlg G = (N, T, S, P, k)

there is an algorithm to decide whether L(G) = ¢ or

not.

PROOF: Since L(G) 1is recursive by Lemma 2.2
we have only to give an upper bound for the shortest
non-trivially generated word in L(G). Suppose

#(N) = 2 and max {|x]||X*x€P, XEN} = m.

CLAIM: L(G) # ¢ 1iff there exists xcL(G)

k

such that |x]| < mkf&" + mk or there exists a production

S+x EP with x € T*,

PROOF: if: obvious.
only if: Suppose G has no rules of the form S-x,
x €T* and there does not exist x €L(G) with
x| < mkeX + mk, but that L(G) # ¢. This implies

k

there exists a shortest y €L(G) with |y| > mke" + mk.

There exists a derivation D: S = 1>0v—m>1>l—-—--=>...m——->Pn_’_l =y
n

for vy and an N-sequence )X(D, y) = (si(D, y))i=l.

We may suppose 4}8(D, v) has no trivial repetitions

(for if it has we may find a shorter derivation for v

with no trivial repetitions). Since each application of

k non-terminating productions can deposit at most



66

(m - 1)k terminals, it is clear that IPrl < rmk,

r<n, Thus |y| < (n + 1)mk and so n > X, Hence
there must be a repetition (non-trivial!) in /;g(D, V),
say SD(D' V) = sq(D, y). Then Sl(D, y)*s,(D, y)*...
+sp(D, y)*sq+l(D, y)+...*sn(D, y) 1is an N-sequence
associated to a word y' L(G) and since sp(D, v) =
sq(D, y) is non-trivial, we have |y'| < |y| contradic-
ting the minimality of |y|. Hence no such y exists

and we condlude L(G) = ¢. This completes the claim

and so we are done.

By a similar method we can show that the
"finiteness-infiniteness problem" is decidable for

k-rlq ' 8.

THEOREM 2,28: Given a k-rlg G = (N, T, S, P, k),

there is an algorithm to decide whether or not

4(L(G)) = =,

PROOF: We again use the fact that L(G) is
recursive. Let m and £ be as above and p = mk{
(cf. Theorem 2,5). We claim that L(G) is infinite iff
there exists a non-trivially generated x€L(G) with
p < |x| <p+ mkeK, 1f L(G) is not infinite there

cannot exist x€L(G) with |x| > p (otherwise by
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Theorem 2.5 there are infinitely many words in L(G)).

If L(G) is infinite, then there exists a shortest

x €L(G) with |[x| >p. If [x| > p + mkeX  an argument
similar to that of Theorem 2.27 shows that we can find an
x'€ L(G) with p < [x'| < |x| contradicting the minim-
ality of |x|. Thus if L(G) is infinite there exists

XEL(G) with p < | x| <p+ mkzk.



CHAPTER 3

REGULATED REWRITING

§1. k-PARALLEL RIGHT-LINEAR WITH REGULAR CONTROL LANGUAGES.

In this chapter we add a control device to
k-parallel right-linear grammars, namely a reqular
control language. We show that the lanquage families
generated are the same as both the k-tuple languages
of Kuich and Maurer [ 5] with a right-linear restric-
tion and the k-right-linear simple matrix lanquages of

Ibarra [4].

We wish to define "control word" for a derivation
by a k-rlg. Since productions are applied k at a
time except in the initial step, the labelling of deriva-

tion steps must take this fact into account.

DEFINITION 3.1: Let G = (N, T, S, P, k) be a

k-rlg. A labelling of productions from G is a 1-1

correspondence Lab: P -—Lab(P) where Lab (P) is a

finite set of "labels" and

P = {s+x|S+xe€P}lU {(xl,...,xk)-»(yl,...,vk) |xi+_vie P,i=1,...,k}.

= BB =
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DEFINITION 3.2: Let G = (N, T, S, P, k) be a

k-rlg and Lab (P) a set of labels for productions from
G. Let D be a derivation by G. Then u is a control

word for D if one of the following holds (i) D is

0p=>Q;, u = a€ Lab (P) and a is the label of the
production applied in 0p=>Q,, or (ii) D is

* *
Qoﬂ=>Qn=z>Qm, u = uyu, and u; is the control word of

* . *
00===—=>Qn and U, is the control word of Qn_“>Qm'

With these definitions we can assign to a pair

(D, x) , where D 1is a derivation by G of x, a control

word denoted u(D, x).

DEFINITION 3.3: L<&T* is a k-parallel right-

linear with reqular control language (k-rrll) iff there

exists a k-rlg G= (N, T, S, P, k), a labelling of
productions from G Lab, and a regular language C over
Lab (P) such that L = L(G, C) = {x€L(G)|there exists

a derivation D for x, and ueC with u = u(D, x)}.
We denote the family of k-rrl's by 'ﬁlk.

EXAMPLE 3.1: We consider the 2-rlg

G= (N, T, S, P, 2) where N = {S, A, X, B, C},

T= {a, b, ¢} and P contains:
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S+AX
A+aA|B
B+bB|b
X>X|C

C+cC|ec.,

It is easy to show that L(G) = {albjckli +3 >k, i,j,k > 1}.

We give labels to production pairs which will be allowed:

S+AX: e

(A, X)+(ar, X): a
(p, X)»(B, C): b
(B, C)+(bB, ¢C): ¢

(B, €)*(b, a)s: 4.

Let D = ea*bc*d, then L(G, D) = {anbmcmln, m > 1}

L(G, D) is a 2-rrll, _but apparently not a 2-rll.

Example 3.1 may be generalized to give
. n_m_m m " ; _
Lk,r = {a alaz...ak|n, m > 1} which is a k-rrll, but
apparently not a k-rll for k > 2. When k =1 we
have 111 = ﬁll (by Salomaa [9]). For k > 1 we have
ptké Rk since given a k-rlg G = (N, T, S, P, k) we

may take C = Lab (P)* and then L(G) = L(G, C).



i §

The first result we shall need is that the

families G&k form a hierarchy.

. C
THEOREM 3.1: For all k> 1, ®, ST, ..

PROOF: The method is to construct a k+l-rlg

as in Theorem 2.3 and to construct a new control language.

Let LE®R, , G= (N, T, S, P, k) a k-rlg and

K’
M= (0, Z, 6, Sy F) an fsa such that L = L(G, T(M))
where I 1is a set of labels for productions of G.

We apply the construction of Theorem 2.3 to give a k+l-rlg
G' such that L(G) = L(G'). We will construct an nfsa

M' such that L = L(G', T(M')). The idea is to associate
to a control word of a derivation by G a control word

of a derivation by G' in such a way that the new control
word is accepted by M' iff the old word was accepted

by M. In view of the fact that, except for a finite
number of short words, derivations procede in G' 1in
essentially the same way as they did in G, we can

construct M', (Note that G' = (N', T, S, P', k + 1).)

Let M' = ', v, 4', g F') where Q' = 0 U{ql},
q1¢‘Q' L' 1is a set of labels for productions of G',

F' = FKJ{ql} and &' 1is constructed as follows:
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(1) 6'(q0, a) = dy if s % XEP', XxET* (we again use
the notation X ® x to mean that a is the label

for the production X=x.)

(2) §'(q,, a) = q' if s 3 x Y [X;, cl...X, in G

lo.o k
and G(qo, b) = q' where S R xl"'xi"'xk in G.

(3) 8'(q, a) = q' if (Xy, .eop Y, (X5, €], oouy Xp) g

Cc

]
l1<j<i-1 and i+ 1< 3j <k, where either

(v, Yir eeer Yo Yo sosy kak) where yje;T*, Y. N

.;;= vY, yET*, yeEN or §= ¥, ¢l and

(xll L N xk) k (lel’ e o0 g -_‘.,, e o0 g kak) in G

where either ; = cyY or ; =Y and §&8(g, b) = q'.

X,

(4) 6'(g, &) = @" AE (s sewr ¥ r wang Bl B

cl
(Y1Y1I L Yc’ ini' e s p YkYk) Where

2 in G
(Xl r e e 0o xk) (lel r e e 0 p kak) ln C and

§(a, b) = q'.

(5) 6'(q’ a) = q' if (Xl, e o0y Yc’ p. G

l' ...,X

x)

(xl, ceer Cp Xiy eeny xk) where (Xl, Saelly M ® w0 Xk) L

l’

(xl, ooy OX o g in G and 6(q, b) = qgq'.

il k)

(6) 8'(g, a) = ¢ otherwise.

By the construction, X€L(G', TM')) iff xe€L(G, T(M)).

Hence LeRk+l and we conclude (R " 9& k+1°

We also need
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LEMMA 3,.2: '?ik is closed under union for all

PROOF: Let Ly, L,€ fik, say L. = L(G

1 ¢ Gy
and L2 = L(Gz, Cz). We construct G, so that L(G3) =
L(Gl)L)L(Gz) (as in Lemma 2.10). We label oroductions

of G3 by the labels of the corresponding productions of

Gl and GZ’ Then Llu L2 = L(G3, clu Cz).



§2, RIGHT-LINEAR TUPLE LANGUAGES.

Kuich and Maurer [ 5] have defined "Tuple
Languages" with context-free productions. We specialise

this notion to allow only right-linear productions.

DEFINITION 3.4: Let T be a finite set of

terminal symbols. Then we denote T* x ,,, x T* (k times)

by T*, the set of k-tuples of words over T. Let

c;* Ti—#r* be the homomorphism defined by ci((xl' P xk)) = X
for 1 < i < k. If x, yeETi then
xy = (cy(x)e(y), «.., cp(x)cy (y)). We define

W Tl’é—sT* by " u(z) = cl(z)cz(z)...ck(z), ze-r;;. Denote

the k-tuple of ¢€'s by €.

DEFINITION 3.5: A right-linear k-tuple grammar

(k-tlg) is a 5-tuple G = (k, N, T, S, P) where

(1) X > 1 is an integer.

(2) N is a finite set (of non-terminal symbols).

(3) T is a finite set (of terminal symbols) with TNN = ¢.
(4) SEN.

(5) P is a finite set of productions of the form X-x

with X€N and xeT}:NuT]:.

o Bl =
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The "yields" relation _..» for words over NL)Ti is

defined by x==>y i#— Xx = uXv, vy = uzv and X-»z €P.

DEFINITION 3.6: L<T* is a right linear k-tuple

language (k-tll) iff there exists a k-tlg G = (k,N,T,S,P)

such that L = L(G) = {u(x)|S=;>x, xe'r;;}.

We denote the family of right-linear k-tuple

languages by tTk' We observe immediately that

b i

THEOREM 3.3: For all k > 1, ), = (.

PROOF: CLAIM 1: R, < TJ,.

PROOF: Let L €'ﬂ2k, then there exists a k-rlg
G= (N, T, S, P, k) and an fsa M = (Q,%, §, g F)
such that I is a set of labels for productions of G
and L = L(G, T(M)). We construct a k-tlg
G'= (k, N*', T, [S, q4], P') where N' = {[S,qO]}LJ(NkXQ)

and P' contains:

(1) s, gqpl>(x, €, ..., €) if 8 $ xeP, xe€T* and

G(qo, a)er,

(2) (S, qgl+[Xy, «.cs X, q') if S g x,...X

5 L EP, X EN

1 <i<k and G(qo, a) = q'.
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(3) [Xys vvny X @120y, weny W)Yy, oony Yy, @'l if

(X 2.0 % tyy¥ye seer 7Yy with X, Y, €N,

l' ® e 0 p
(Vs «eer ¥, JETE and 6(q, a) = q'.

(4) [xli LS xk'q]-’(yl' L yk) if (yl'o..' yk)e—T;’
(Rye sran X 3 (Yyr ++-r v,) and 6(q, a) €F.

Now G' is a k=-tlg which imitates a derivation by

G while keeping track of the state of M in the last
component of its non-terminals. A derivation by G'
is allowed to terminate iff the control word of the
corresponding derivation by G is in T(M). Thus

L=L(G, T(M)) = L(G") € jk and we have YRk c jk'

CLAIM 2: J, < zRJk.

PROOF: We use a technique similar to that used
in Theorem 2.11. First, let L € :Tk' say L = L(G)
for the k-tlg G = (k, N, T, S, P). We again consider
the sets of functions &i’ and note that the notion
"i(D' x) for a derivation D of a word x e€L(G) makes

sense for 1 < i < k. We define

ﬁ; = {xe;Lle(D,x) #e all j€ im?,ﬂj(D, x) = £ otherwise},

P
L; = u?eii L;. Then
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k
L = L) L, if e¢lL
i=1 f
k
U L,U{e} otherwise.
i=1

Using the method used in Theorem 2.11 to construct

the i-rlg GI, we construct an i-tlg

P

GI = (i, N., T, S, Pz) for Li with the property that if

@
X+(xl, 08 xi)e‘Pi,xje.T* and X # S, we have
x., #e 1 <3 <i. Using G; we will show Lze 1{i by

]
constructing an i-rlg

G, = (ﬁi, T, S', ﬁi' i) and a
N

g M

control language. ﬁ; = ® Sy sawe i}L){S'}.Ff contains:
(1) S'sxy%y...x; Af S»(xy,...,%5)€ .

(2) S'#[8, 1} +u« I8, 4],

3 X, j]+yj[Y.j] for 1 <3 <i if X+(yy,..., yi)Yéspz,

x,yeuz,yjewn 1 &9 2 4,

(4) (X, §l+xg for 1 <j <i if X>(x;, ..., x)€ Py,

XENi'P and xj€T+ 1 <3 <i.

We now suppose a set of labels for productions of 5; has

been introduced and define

A= {a|](X, ...,X) 3 (le,...,in) and X+(yl,...,vi)Y€.Pi}

+
L){aI(X,..., X) 3 (xl,...,xi), X+(xl,..., xi)e;Pz,xje.T }
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B = {b|s'® x, xeT*)

and we suppose c¢ 1is the label for S'»[S, 1]...[S, il.
Define C = BUCcCA* which is a regular lanquage over the
set of labels for productions of 5;. Now we have
x<EL(§f, C) iff x has a derivation D by §f with a
control word in C iff D 1is either trivial, or it

uses productions after the initial one with labels from

@

A iff there is a derivation of x by Gf ife x<5Li.

Thus L‘*i’ B L(?;‘i‘?, C) and so L;’ € R;. By Lemma 3.2
_ ®
L, € 'ﬂk, so we have L € Tfek. Thus Jk < ﬁk.

€ ﬁ{i 1 <i < k and by Theorem 3.1

Combining the two results we have ffk =Zﬁ,k.



§3. RIGHT-LINEAR SIMPLE MATRIX LANGUAGES

Ibarra [ 4] has introduced the notions of simple
matrix language and right-linear simple matrix language
and studied their properties extensively. In this sec-
tion we relate the second of these concepts to the

families ZEk'

DEFINITION 3,7: A k-right-linear simple matrix

grammar (k-rlmg) is a (k+3)~-tuple G = (Nl,...,Nk, T, S, P)

where

(1) Ny, N,y ..., N are pairwise disjoint finite sets

of non-terminals. 4

(2) T is a finite set of terminals and TAN, = $
1 ¢4 < k.
k
(3) S is the start symbol and s¢ U N, UT.
i=1
(4) P is a finite set of matrix rewriting rules of the
form
(1) [8+x], x&T*
(ii) [S*xllxllx12x12"'xlnx1n°'°xklxk1°"xknxkny]

where n > 1, y€T* and 1 <i <k, 1< 3j<n

*
XijENi and xijeT v

- TG -
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(iv) [xl*lel""'xk*kaﬁj Where Xi' Yie Ni and

yieT*lf_if_k.

DEFINITION 3.8: Let G = (Nl, ceoy Nk' T, 8, P}

be a k-rlmg. We define the yield relation for

¥
x, ye(U

N, UT U{sh*by x=-=>y iff
i=1

(1) x =S and ([S+yl€eP or,

(2) There exist Yir seer yke.T*, Wir eeer Wpo Zygeees Zy
with Wi 25 e(NiLJT)* and Xpreoor Xp with X, €N,
such that x = ylxlz1 e ykxkzk’ y = ylwlzl...ykwkzk
and [X1+wl,..., xk+wk]e P. m;> is the reflexive
transitive closure of —>. (Note that this is a

"leftmost" derivation.)

DEFINITION 3.9: L&T* is a k-right-linear

simple matrix language (k-rlml) iff there exists a k-rlmg

*
G= (Ny, ..., N, T, S, P) such that L = L(G) = {x € T*|S==>x}.

We denote the family of k-rlml's by XTLk.

Before we give the main result of this section we need

LEMMA 3.4: If LGXTLk then L can be generated
by a k-rlmg having rewriting rules only of the forms
. ] . s 4N u :
(i), (1ii), (iv) and (ii’): [S+xlxlx2X2...xkxky] with

& .
X;r YET and XieNi1_<_1_<_k.
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PROOF: Let G = (N;, ..., N, T, S, P) bea

k-rlmg for L. If G has rewriting rules only of forms

(i), (iii), (iv) and (ii')we are done. Otherwise let

m = max{2| [S+x) Xy - Xy9Xqgeee XXVl €P}.

2

Let N, = NUNU...UNT" 1 <3i < k and
1 b 1 h — —

Z|

G = ( R ﬁk' T, S, P) where P contains:

l'

(1) [S+x] if [S+x]E€P and x E€T*,

(2) [S+%xy7[Xy90 X0 weer XyplXogeneXpq [Xpyy ooy Xy plyl

*
[S"xllxll'"xllez"'xkzxsz] € P where vy, xije T

and xijeNi l1<i<k,1<3 <.

(3) [[le xll’ LI I 4 xlj]-’vl[Yl' x11' o e 0 g xlj]’ L

[Zk' xkl' s e 8 g ij]*vk[yk' Xkl' LR A ij]] lf

[Zl*ylyl' ceey zk"YkYk] €EP, j€{1, esee, Mm = 1} and
Ay

g€y 0 2@z,

(4) [[Zl,j—l' xlj, X12]+w1xlj[xlj' . R Xl Vounai

[2 WL ey Zk'j_l-»wk] €P and

lrj-l

[s*xllxll’ . ’xljxlj g .xllel. . ’xklxkzl € P where

& :
Xip" x, € T*, Zi,j—l' xipe N, 1 <i<k, 1<pc<t.

(5) [X wnwy XK if [X1+xl, ceey Xk-*xk] EP

17%y x¥k!
- * :
and xiCNi' xieT » 1 <1 < k.

ig



82

G simply imitates a derivation by G while keeping
track of any unused non-terminals which resulted from
its initial production in the components of its non-
terminals. We conclude L(G)= L(G) and G has only

productions of the desired types.

THEOREM 3.5: For all k > 1, J, =70,.

PROOF: Let I.eijk and G = (k, N, T, S, P)
a k-tlg for L. Let N, = {[x, il1|X€N - {s}} and

G = Ny, ooey N, T, S, P) a k-rlmg where P contains:
(1) [S+w1w2...wk] if S+(wl, @ wk)EEP,wie.T*, 1 <ic<k,
(2) [5+x1[x, 1]...xk[x, k1] if S*(Xyreeey X )JX€P, XEN.

(3) [Ix, 11+vl[Y, 11, ss+5 IE, k]»yk[y, kl] if

x-»(yl, dhashe yk)Y€P where X, YEN , vieT*.

(4) [I[X, 1]+x1, sus s LBs k]*xk] if X+(x1, 5 Wi xk)e,P,

XEN, xiG,'I‘*.

Clearly L(G) = L(G) = L. Hence I.efﬂk and we have

<-4

To show the reverse inclusion let L GKYLk and
G = (Nl, «eer Ny, T, S, P) be a k-rlmg for L normal-

ized as in Lemma 3.4, Let W = {yéiT*I[S*xlxl...xkxky]G.P}
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and N = {S}U(N1 x Ny x oo X Nk x W). Define

G=(k, N, 7, s, P) where P contains:
(1) S+(w, €,¢ee., €) 1if [S+w]leE P,

(2) S+(x1, i xk)[xl, P xk'y] if [S+x.X,...X

1% xk’y]ep

k
where v, xieT*, xié‘_Ni 1 <i<k.

(3) [Xl' e o 0 xk'y]"(yl’ ® e 0 g Yk) [Yl' ® e o Yk' Y] if

[Xl+y1Yl, . xk-bkak]GP, yie T*, YEW, Xi, YiC—Z N..

(4) [Xy, eevy Xy YI*(xy, coey xy)  if (X 9%y,...,X 9% ] €P,

* A
YEW, xie'r ’ xiGNi 1 <1<k,

Now G is clearly a k-tlg such that L(G) = L(G) = L.

Hence L€ J, and m, < CTk‘ This completes the proof.

COROLLARY 3.6: For all k = 1, M, = R,.
We now note that we could alter the definition of k-tlg

to demand that if X*(xl, e xk) is a production and

X # S then Xy # € 1 <i < k. Similarly, in the defini-
tion of k-rlmg we could demand that if

[Xl*xl, . s Xk*xk] is a rewriting rule, then X4 # €

1 <i < k. We denote the family of languages generated
by k-rlmg's with this restriction by KTLE, and similar-
ly define :S;. Now we can extend the definition of
k-rrlg to allow the base grammar to be an €-k-rlg and

we denote the family of languages so obtained by ‘6&§.
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COROLLARY 3.7: For all k > ) )
& £
(i) 7]( = jk and mk =mk.

5 €
un‘ﬂkz_ﬂr

PROOF: (i) It is clear that j; ij. Since
:Tk = ?ak, we have the reverse inclusion when we note
that in the construction of a right-linear k-tuple
grammar from a k-rrll (Theorem 3.3) no terminating
k-tuples contain e€'s.
The second equality follows from Corollary 3.6

by a similar argument.

(ii) The family YVl y is closed under homo-
morphism, hence so is ‘ﬁik. Now let L GﬂZE with a base
grammar G = (N, T, S, P, k). Let a¢T then the
grammar obtained by substituting X+a for all rules of the
form X+e with X # S is a k-rlg. Let L, be the
language obtained by making this substitution and using the
same control language. Then L, € W@ * Define
h: TU{a}+T* by h|T = id,, and h(a) = e. Clearly
L = h(L,), so L€‘ﬁk. Therefore Yﬁi Q'ﬁk. The reverse

inclusion is obvious and the result follows.

COROLLARY 3.8: There exist context-free languages

which are not in 'ﬂfk for any k, hence not in Zf "

for any k, or in XL .
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PROOF: This is from Corollary 3.6 and Theorem

4,7 of Ibarra [4].



§4. ANOTHER RESTRICTION ON DERIVATIONS.

In this section we define another form of req-
ulated rewriting for k-rlg's. As is the case for
context-free grammars, periodically time varying k-rlg's
and k-rlg's with reqular control have the same genera-

tive capacity.

DEFINITION 3,10: A k-parallel right linear

periodically time-varying grammar (k-rlg) 1is a pair (G,? )

where G = (N, T, S, P, k) 1is a k-rlg and q>:ﬂl—*2p
(P as in Definition 3.1!) with the property that there

exists peMN such that @(j + o) = P(3) for all jFeMN.

DEFINITION 3.11: Let (G,<?) be a k-rlpg

where G = (N, T, S, P, k). We define the yields relation

on pairs from (NUT*)x N by (P, j,)=>(0Q, J,) iff

either (1) jl =1, j2 =2, P=S and S*QGEQ(I) or

(2) j2 = j1 +1, p= Z1X) 002y Xy and Q = Z1Yy -2 Yy

With Zie T*, Xie N 1 i i f_ k and (xlpuo-’xk)"(ylyuuu,yk)e?(jl)o

DEFINITION 3.12: L<ST* is a k-parallel right-

linear periodically time-varying lanquage (k-rlpl) if

there exists a k-rlpg (G,? ) where G = (N, T, S, P, k)

- 86 =
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*
such that L = L(G, ¢) = {x€ T*|(S, 1)=>(x, j) for some

€N},

We denote the family of k-rlpl's by ka.
Since the methods used to show the main result of this
section have been developed above, and since they
involve somewhat lengthy constructions, we simply state

the result and sketch its proof.

THEOREM 3.8: For all k =1, ®, = -"U"k.

PROOF: The first step is to show U, < U,

and ‘Lfk is closed under union for all k > 1. This is

achieved by the methods of Theorem 3.1 and Lemma 3.2,

Next we show tTk é-lfk. Giveh L = L(G)E ifk
it is easv to construct a k-rlg G, and ¢ with period 14
so that L = L(G,,9 ). Finally we show ka = ﬁﬂk. Given
L =’L(G,? ) € ka, we define an fsa which counts modulo
p and accepts any control word of a derivation by G
such that at the i-th step the productions used form a

member of q>(i).
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