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the experimental and theoretical results. Also, the theoretical criter-
ion of zero variation in boundary rotations was not quite achieved in
the experimental shell and corrections had to be introduced in the boun-
dary value problen, The base of the assembled shell was not perfectly
plane and consequently it did not receive perfectly uniform support
from the rollers, therefore a completely rotationally periodic state of
stress and strain could not be obtained in the experiment. The experi-
mental shell structure was not primarily constructed for the purpose of
simulating an actual structure but it rather served as a testing vehicle
providing experimental results for the state of strain and stress which
could be compared to corresponding theoretical results as the "actual"
solution, It served as the first stage of a study on the structural
behaviour of this type of éhell under various boundary conditions, This
work endeavoured to investigate the spherical calotte shell under such
boundary conditions which inhibit boundary rotations, normal boundary
displacements and horizontal reactions against the léteral movements of
the boundary members, As it turned out, the boundary members did actually
rotate, which had to be taken into account in the theoretical solution,
and it seems that the rolling friction could have brought about a hor-
izontal boundary force which, in all probability, might have had some
effect on the experimental results, The presence of the slit in the re-
entrant corners of the shell exerted an unpredictable effect on the state
cf strain and stress in the shell, which could not be quite gdequately
matched in the theoretical solution. Therefore, the experimental results
were not as accurate as had initially been hoped, Better experimental
results can probably be obtained for this shell if its boundary is com-

pletely clamped against lateral displacement and rotation, which represents



the second stage of this study,

This shallow spherical calotte shell over a hexagonal base with
rotationally periodic boundary and subjected to rotationally symmetric
normal loading tended to exhibit a rotationally periodic state of sthain
and stress,

The flexural strains at the boundary were of the same order of
magnitude as the direct strains. The rotationally periodic disturbance
of the state of strain and stress tended to attenuate with the radial
distance from the shell's boundary and emerged essentially as a rota-
tionally symmetric state of strain and stress in the proximity of the
shell's apex.

The maximum measured tensile circumferential stress occurred at
the re-entrant corner, where the state of stress was intensified by the
presence of the slit, The resolution of strain measurements indicated
that over 50% of the tensile stress at this location was caused by trans-
verse flexure,

The limitations of the theoretical solution emanate from the
finite degrees of freedom approximation inherent in the truncated series
solution in the circumferential diréctionéig, and from the approximate
orocedure of satisfaction of the boundary conditions only at a finite
number of discrete points,

The distribution of the stress resultants and stress couples
exhibited satisfactory, rather than exceptioﬁél agreement in the exper-
imental and theoretical comparisons. The largest discrepancy between
theoretical and experimental results existed along the line 6 = 300,

for which both the slit boundary in the experimental results and the

sensitivity of the theoretical solution to the truncation of the series



96
with respect to the © co-ordinate were the contributing factors.

This investigation indicated that an increase in the number of
collocation points on the boundary does not necessarily improve the
accuracy of every facet of the solution. For instance, it appeared that
the location of the collocation points had as crucial an influence upon
the solution as their number, The investigation seemed to assert that
a variation in the location of a given number of collocation points has
the least effect upon the distribution of direct stress resultants. The
reduced boundary conditions imposed upon the collocation point in the re-
entrant corner of the shell seemed to exert a strong influence upon the
solution in general.TéLKE‘s Method of Collocation in its application to
this spherical calotte shell problem was quite successful, but further
study is indicated in order to obtain a more definitive evaluation of the
relative merits in the number andilocation of the boundary collocation
points, which seems to be the temperamental feature of this theoretical
procedure,

It is necessary to attempt to use more than four collocation points
in the theoretical solution to evaluate the functional and boundary accur-

acy of the solution series. Also, it seems that a study of a calotte shell
with completely fixed boundaries would yield better experimental and theor-

etical agreement,



APPENDIX A

GENERAL THEORY OF SHALLOW SHELLS

A - 1 Introduction

This section proposes to develop the fundamental equations of
DONNELL, MARGUERRE, MUSHTARI and VLASOV using the direct kinematic
method of analysis. The kinematic tensorial method to-
gether with its direct notation is used throughout this work, which
emphasizes the intuitive physico-~geometric content of the subject

matter,

A - 2 Statical Equilibrium Conditions

(a) Force Equilibrium

Figure 46 illustrates the free body diagram used in the formuia-
tion of the moment and force equilibrium conditions,
The VECTORIAL force equilibrium equation for the infinitesimal

shell element is

- -
% F (o= ‘F(o‘d)ds(d\— F'CO'd )ds(d) +F'(c-'ok +dd)dsa(d +dd,)

+ F-Ckf dr*dez)CiS'GX +-ddz}4.P‘J$(d 4,_J?ds Gf‘fdd')=

Expanding the quantities above into TAYLOR series and supressing terms
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of higher order yields the direct form of the force equilibrium equation
3 [ das2[E 5 s de ()=
5a, i (ya) dsy(a)|da,t 52 [ F (o )ds (@) dey + P ds@dds,(a)=0 ()

In order to establish equivalent rectangular forms of this equation, it
is necessary to resort to the theory of differential geometry of surfaces
in order to establish the unit surface vectors constituting the mobile

RIBAUCOUR Triad (see NOVOZHILOV in 1941). Using

F (o) = FiE, + FYE, «~F(»g,

F-; (o) = chr)e + F'(v)?? + F(«)e

P Pnél * Pz-éz * Pnen
ds,(a;)= A, da,
ds, () =A,da,

and the derivatives of unit vectors of the RIBAUCOUR Triad, the force

equilibrium equations can be expressed in its component form

2= (AF ) FIg: R NACL AT 2 (AEW)-E@Z2 +p AAso  (20)

-5+ S (AFE+ E@33 + 5 (A S A A B KD +p AR =0 (2b)

ao\,_

(n) hy, 2 3
~AAFOH, +A AR+ (A F@) + 5= (A FE) +p A =0 @)

21

(b) Moment Egquilibrium

The vectorial moment equilibrium equation is

= M= - M (55a)ds ) - N (o ) ds e, + M, (5,0 ds ) s, (¢ da)

+ ML (e, h,# da,)ds, (dptda,) + LT [ ~F (o5 )ds(dz)]ﬁ-

-
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— = (o, +d
% dsz(d.) € x[— E(o"‘*l) ds,(d 'i"" (ds,(d,_) &+ éﬁ_ﬁ;_dﬁgbx[ﬁ-(ojdﬁdd.) ds, (e d&,)]
+(dsz(os,)§2+ _d_sl%*_d‘*zl'é,) X[}—:: (O",a\z-i- ddz) ds‘(o(zd-do(z)]

Expanding this equation into TAYLOR series and neglecting terms of

higher order delivers

%( M,(o)A, da,)dd, + -a%_ (M)A dalda, + [ B, x F)|AA, dd, da,
e [-él X—F?«")] A,Azdd,ddz =0 ' ' (3)
Setting

M, (@)= M(=)E, + M,

M, ()= M ()&, + M (013,

the equation (3) resolves into its components

_ ) 9Az L 9 _
an(")géz + 2 (M (@)A,) = M5 +5 (MO )+ F (A, A =0 (40)

5 M, 3 2A
55 (AME) - MGISE + 5= (AMEN + M52 ~E@A Az  @b)
~M K e MK E(o) + Ffo) =0 @)

where the middle surface curvature tensor can be given in the form

R =K =R, = K;; &F) (15 j=ctte)
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A - 3 Deformation of the Middle Surface of the Shell

The strain tensor for any arbitrary point in the shell can be

derived using the fundamental KIRCHOFF's Hypothe sis and the Direct

Kinematic Deformation Theory (SCHROEDER in 1964), It is

. B e i :J’)______ (4] SK(‘M e
B Elrr) | S F,  Aragron (S - ——‘-m)}ee

€=

Si&, SKCI{" \__ _ & _dth(n)
hs ]

I
= {( A8 I+ o (‘"‘n“{.") T Tl 26 TS

@

This tensor can be resolved into the middle surface strain tensor

and the strain tensor due to flexure 25({? , that is

E(F)-E%E®

where
B 'anTfRTzT §8, + L(y+y)E5,]
: -é.- ( Xl"'xz)ézé: * r%?;ﬁ)-ézézd
and
E(P);%é.é, +%(‘_S;::§m ’idz;‘;’)é'-éz "
a %El(l-fifzﬁv = .4.5:?z§u)5%ﬁ§, * ,;?:niggigéiiz

;
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with
Sam i3 A Ew KT
e sinl-£ (3 25 - 22 4{3)
sy~ S 5% - w)a Bk 50 w) v
| ou =
s =gy (A 8 )+ SR ) s
e i S B S - -5 A s
S R 5wty Sl Bt B i )

This tensor will be used to derive the stress resultants for the middle
surface of the shell (modified to include the case of plane stress ¢ = 0).
The expanded strain tensor ??(F) for points which are not in the middle
surface will be used to establish the compatability equations for the
shell, which are Subséquently reduced to the middle surface compatability

condition by setting o(n = 0,
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A - 4 Compatibility Eguation

The SAINT - VENANT Compatibility Equation is

d & d
aF X (r)xdr

which can formally be deduced using the symbolic equation for the strain

tensor
= s, ] JLL ud
G{F)-— | — ._:T

It can be shown that the strain tensor? which satisfies the compatability
equation is a necessary and sufficient condition for a continuous dis-
placement field U(F). The strain tensor_e—-(F) is used in the above com-
patibility relation and c&n is set equal to zero, thus generating three
distinct compatibility equations for the middle surface, The compati-
bile deformation of any other parallel surface atcanSn is identically

satisfied due to the nature of Q(F). Only the third relation con-

stituting the &,&, component of the RIEMANN - CHRISTOFFEL Curvature
Tensor will be employed here, The first two equations are used to
simplify the expressions f?r transverse shear stress resultants ﬁécr) 3
Eﬁgcr) . The third compatébility equation will be used to deliver the
second fundamental differential equation of the fourth order for thin

shallow shells, This compatibility condition becomes

K™ 8K~ KT SK™ + 2 , 24 4 26a _ 24,
Sk, — K, 8K AA{ao\A 2341 3o (€ -€,)-A B adze]
9 I [)26 24 (0. ae _ . 9Aa _
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A - 5 Simplified Theory For Thin Shallow Shells by DONNELL - MUSHTARI -

VLASOV
In order to derive the two fundamental fourth order differential

equations for thin shallow shells, the following assumptions are made:

(1) For shallow shells Hg?ﬁ;(oﬁ,H?”Ede are neglected in the

first two force equilibrium equations 2(a), 2(b).
@) E@=F(e) e K<<l o KD <<
(3) w, U, are negligibly small compared to .u ,i.e. U=Uu,€, in the
expressions for variations in curvature and in torsion,

(4) Due to rapidly changing functions, it is assumed that lower

order derivatives can be neglected in comparison with higher

2*%u d
derivatives, i.e, —=—8 > Up
e 5aE 22 %a
These assumptions yield simplified expressions for the components of the

curvature tensor ﬁ_—_ é—l gHi = SHU -éléJ of the middle
surface
L. 19 _;'au.,) I DA, duy
8"‘2 - A|ad.(A, Ao, A,A: 2oy Jdky & 2
) o _:__a (L'au,,)_*! 9Ax 9Un _
KV = * 1 Sa\ A S| TREE, 3%, 2, - O Ha
., L3 _l_Bu.,)_ | _ 2A/3un _
SKI AI ad,(Az 80\2 AleZ ad\‘zad, SK"

. _ L2 | QU { BA}..@EA:
8k, = ) Az A, 94, 94, Kz

Introducing.

SKY - K@
9) = 2 i
5}{() 3

(7)
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then

=th _ ' Y- = =
=| &, K, EE, + &,8KYEE,

ol = ol =
L*dh SKTEE, - &, SK(, &8,

A-6 Formulation of Fundamental Differential Equation for Thin Shallow

Shells

As in the theory of plates, the mixed method used to establish
the two fundamental differential equations of thin shallow shell problems
consists of replacing the stress resultants and stress couples in the
equilibrium equation by their equivalent expressions in terms of dis-
placement, supplemented by the third compatibility equation expressed
in terms.  of stress resultants and stress couples., If the simplifications
accruing out of the thinness and shallowness criteria of the shell are

imposed, and VLASOV's Force Function @

-

which can express the direct

stress resultants ﬁ}(@r)) (ihj=l$2) and approximately satisfy the
force equilibrium equations in the middle surface, is introduced, the
fundamental differential equations can be established as functions of

u_ and .

(a) First Differential Equation

The first two moment equilibrium equations 4(a), 4(b) can be

solved for the transverse shear stress resultants F (o ), (o),

in Fon

and substituting for the stress couples their equivalent expressions
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in terms SKl(n), SKZ(n), SK(t)

, and utilizing the first two compatibility
’ t
equations in the expressions for terms involving BK( )

, the resulting

expressions for the transverse shear stress resultants become

_L___a__ m_ o N m/_ 3 aAz
F(«) lz(l-uz) {A'a ( A2 SH‘,) A A, K ( od, (4, “) A4, E")}
(8)
En €1 2 (Y, 1=v 2D A, )
F;_n(c')'l?.(l—uz} ('A; de(g -8K ) A,Az K, (;:' {Aleu)-éjfzezz
Using the Directed Derivative in the surface
d - =139 = 13
—— i oy e I a———
dr, S ‘A, O, 2 A, Qo
it can be shown that
m_c Mo d . d.
SKY - SK'=~(5" 5] (9)
Substituting (9) into (8), expanding the last expression of (8), and
using assumption (4) of the simplified theory delivers
+_ER 1 3 (.é__.
ln(O‘) ,2“..“2) A' ad, dFo d}; Un
(10)
3
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If relations (10) are inserted in the Force Equilibrium Equation (2¢) and

]‘Tn(c')K(g) and Fz_n(g-) H(?) are neglected in (2a), (2b)

-E(O‘)Hg,)+ EZCC")H(?) zz(: u*) gaa.[A 'a‘;, )u"]
2 (A2 (d 4 -
+3dz[Azao(2 (dif, da)uhB *Pn=0 n

Equation (11) can be condensed to

n m_ ER (d . d\d . d ) -
...Fl‘i(c_)K(Z)_', ’;—;(O,)HT 'm(di—; d?‘;)(da dFo Un"l"Pn (0] (’2)

To solve the three Force Equilibrium equations, VLASOV introduced the

force function é such that

__t 9 (1 2% | _JA, 1 28
TS ERy S (s ad\z) AR, 34, B, 9

_ l ] 99 | DA, 1 37
(e)=—7 d,(A oo, | TR A e, A, 3%, (13)

It can be shown that the first two Force Equilibrium equations are
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approximately satisfied by these functions, at least to the extent con-
sistent with terms previously discarded as negligible; the third equation
of equilibrium along the normal of the shell yields the differential

equation

3
lzl(-:n-huz)[(d%'jFo)(dda'ja)“"] A,!A [ a( "(m/?zaaa—(z ) *Za;( “‘mﬁé‘ %&JJQ Pn

Setting

werg iR g S a

Thus the fundamental differential equation becomes

_u-Tﬂ)‘V "u,) —9,(3)=pn (14)

(v) Second Differential Equation

A second relation between the same functions was obtained by

VLASOV from the third condition of compatibility (GOL’ DENVEIZER in 1939),
(n) (n)
, 8K,

Here the variations of normal curvatures SKl are expressed by



€

(7) and the middle surface strains € 209 12

terms of the force function @. Using the stress resultant tensor

h iy

The first invariant of the Stress Resultant Tensor |s

E(s)= Fo)1 = h(28+32)e,

from which

()
T h(za+3%)

Hence

= Flo) AR T
24h 2ph(2 +37)

mj

This relation can be simplified by substltutlng for

=y
1-2v

hence

€ are expressed in

109



110

Consequently

Utilizing ( 6) and neglecting lower order derivatives of @ for thin
shallow shells yields the second partial differential equation of fourth

order

EhV,(u,) =V (8)=0 (\7)

The two coupled partial differential equations (14) and (17) inu and
@ are used in deriving the solution for shallow calotte shells in

Chapter IV,



APPENDIX B

THE BACKWARD RECURRENCE METHOD FOR

COMPUTING KELVIN FUNCTIONS

BER (w), BEI (w)
——n 0 " e

B - 1 This method is chiefly an outline and an extension of the paper by

MICHELS in 1964, whose personal advice by correspondence is acknowledged,

For the BESSEL equation

dy ady _ /o0y,
Eﬂﬁ%'fgga"-'<L'ngi))’— 0

McLACHLAN gives the linearly independent solutions for integer orders of n
3/2 A2
y= AT (i) +BK (wi")

. 3/2)

The function :rn(\w/L is of importance for disturbances from the

external boundary of the shell and can be expressed by

J (z)=J,(wi*®)= ber (W) +1 bei,(w)

It is well known that“Jn(z), with 2z complex, satisfies the recurrence

relationship

(z)+F (z)= %{-‘ F (=)

¥l h=i n

P

If the recurrence is started from Jo(z), Jl(z),good accuracy is obtained

111
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for n< {z]. However for n>{z}, accuracy is lost very rapidly, since
Jn(Z) decreases exponentially in this region (forward recurrence yields

accurate results for Yn(z) as this function increases exponentially for

n >|zZ|.

B - 2 Statement of MILLER's Method

A scheme was devised by J. C, P, MILLER whereby the recurrence
formula could be used and accuracy still maintained throughout the entire

range of n values., Imposing, at some n = m, the arbitrary conditions

Frgb] = © )
F.(zl=qa @)

where "a'"' is any constant, and using the recurrence formula for increas-
ing values of Fm(z3 but with decreasing integers n, a series of functions

Fq(z), F . E2) sens Fo(z) at some n < m are generated from

n-1

F(2)= L F(2)-F,(2)

all of which constitute constant multiples of the regular BESSEL function,
i,e.

F,(z)=aJ,(2)
This relation introduces a new unknown constant &K whose evaluation is a

central theme of this problem, BESSEL functions of complex argument

F(2)= FL (W)= F (W W) =F (i)
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where

ze Wit eoLlwe

ﬁl~
S
]
>
+
2;

A
=

and
=W o Y,
. » vz

produce a recurrence relation

F_ &= =20-F(2) —F(2)

=200 £ (2) -F, ()

N+l

The recurrence procedure is started on the computer by imposing the

initial conditions (1), (2) and is continued until Fo(z) is reached

1t was necessary to resolve the complex function Fn(z) into its real

QRF (z) and imaginary E¥Fn(z) components and these had to be calculated
n

individually as the complex FORTRAN Package was not available, In the

functional calculations, the value of a = lO-'jO

was used throughout,

BE - 3 To calculate the complex constant A= A& +L fo d , the known

expressions for Jn(z) had to be used

J(wi*?)= berfw) + i beiw)
then

Fo(z) _ Falx+iy) _RIFz])+ [E(2)
A= A LA =2 TZ) T L WD ber,(witibeitw)
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where
F(2)= R[F,(2)] + i 3[F.(2)]
_ . - m[ﬁ;(z)} bero(w) +%-[E)(z)]be!;(wv)} : ESEE(Z)]bero(w)-&[E(Zﬂbeg
A= By L By {tbero(w)z-;- bei Z(w) e berZ(w)+beijw)
consequently

_ rIE@]bern.w) + M E@]bei(w)

A

r ber?(w) + beiZw)
_ S[R.(2)]bertw) - RIF]bei,(w)
g berZ(w) + beiZ(w)

These relations give the constant values ofcxr, aﬂi for various arguments
w. Using these values, the final expressions for bern(w), bein(w) can be

found in terms of the computed Fn(z) from

E'n(z) =d J,(2)
R[F, (2) +13[F,(2)] = (4, +ia;)[ ber,(z)+ 1 bei (2)]

Hence

— o * RIF, (2] + &, 3[F(Z)]

2 2
Ap + K

bei (z)=
n

Arkell _ 2 e (2)

ber (z) =
n

For z complex, as in this case, MICHELS states that downward recurrence
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can begin anywhere in the range of integers n as long as the condition

FalZ)

-5
Fz)| ~°

is met to give eight figure accuracy in Jn(z). Values for bern(lO)’
bein(lO), bern(l)’ bein(l), were tabulated and it was found thatvthe
above criterion could be met to give reliable functions up to order
25 if the recurrence started at F33(z) for any arguments in the range
1< w < 10, As stated earlier, attempts to tabulate higher order
functions Fn(z) for small arguments caused floating point overflow,
This method was used to evaluate the functions bern(w), bein(w)
required in the calculations of the sectional resultants of the shell,

It was felt that these values were reliable and reasonable for the range

of arguments 1<w<1l0 and for integer orders up to 25,
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