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Abstract

The goal of this thesis is to study the back-reaction of codimension-2 branes in chiral gauged super-
gravity for solutions which are consistent with axial symmetry in the bulk directions and maximal
symmetry in the spatial directions of the brane (FRW-like branes). The mathematics involved in this
is somewhat cumbersome so as a first step, which can later be used as a check, we study solutions
which are consistent with axial symmetry in the bulk and maximally symmetric in all brane direc-
tions. In order to analyze the brane back-reaction we compute a set of equations relating the bulk
fields at the brane position to the brane properties, known as junction conditions. These junction
conditions combined with the low-energy on-brane effective action (which is also derived) provide
the complete description of the brane back-reaction. This formalism is then applied to two examples

and generalized for the case of FRW-like branes.
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Chapter 1

Introduction

1.1 Motivating Extra Dimensions

Two of the greatest successes physics has ever offered are Einstein’s theories of relativity [1, 2, 3]
and the standard model of particle physics [4]. But for over 200 years before these theories were
developed, Newton’s description of mechanics and gravity were the best tools we had to understand
nature. Although Newtonian theory was very successful in most experimentally accessible physical
domains of the day, it would turn out that there exist physical regimes in which his description was
inadequate, suggesting that the theory needed revision. It is often the case that when theories are in
need of modification it is due to hidden assumptions which everyone makes and which unnecessarily
restrict the kinds of theories which could be considered, and this was no exception.

The idea that time was absolute and could be agreed upon by all observers was one of these
assumptions. By relaxing this assumption and postulating that the speed of light, ¢, is a constant
in all inertial reference frames (which was motivated from Maxwell’s theory of electromagnetism),
Finstein superceded Newtonian mechanics with his theory of special relativity. Special relativity
revolutionized our view of the world by making us realize that space and time cannot be treated
separately, but are intimately connected and form a single entity known as spacetime. Many inter-
esting predictions of the theory, such as time dilation, length contraction, and the equivalence of
mass and energy, have been verified experimentally to great accuracy. One consequence of particular
importance is that the speed of light acts as a speed limit in our universe, meaning that no physical
signal can travel faster than the speed of light, including the propagation of gravitational effects.

Newton’s theory of gravity contradicted this fact, as it was agsumed in his theory that the effects
of gravitation were instantaneous. Reconciling these differences resulted in the formulation of a
relativistically consistent theory of gravity, general relativity. General relativity accomplished this
by relaxing yet another hidden assumption, that the structure of spacetime is flat, by dictating

that the presence of matter warps and curves the structure of spacetime, and that this curvature
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determines the trajectory of objects through spacetime. Like all good theories, general relativity
also made a number of exciting predictions which have all passed experimental tests. These include,
but are not limited to, gravitational time dilaton, light deflection, and the precession of orbits. One
prediction of particular importance is that any physical consequences that can occur due to matter,
can also occur due to a source of energy, since the relationship E = mc? tells us that matter and

energy are two different manifestations of the same thing.

Naturally when physicists discovered that the structure of spacetime was not as boring as Newton
had once thought, they wanted to learn more about it. Since the geometry of spacetime is determined
by both the matter and energy content of the universe, in order to study its properties we need to
know all possible sources of matter and energy. The most obvious sources of curvature are regular
matter and radiation, however another contributing source is the energy density of empty space, or
the vacuum energy density. A consequence of having a positive (negative) vacuum energy density
is that it is associated with negative (positive) pressures causing the universe to expand (contract)
on large scales. Measurements indicate that the universe is currently expanding, corresponding to a
positive vacuum energy density with an experimental value of pyac = v*, with v ~ 3 x 10712 GeV
(where we've used the units ¢ = 1 and i = 1) [5]. This can now be used to check the value we expect
from our theory. In order to calculate the theoretical value for the vacuum energy density we turn
to the other triumph of modern physics - the standard model, which describes the interactions of all

known physical phenomena excluding gravity.

In the standard model, the vacuum state is defined as the state with the lowest energy density,
there is nothing that necessarily implies that it must be zero, as one might naively expect. One
process predicted by the standard model which contributes to the vacuum energy density is the
spontaneous creation of pairs of virtual particles which interact with one another then quickly anni-
hilate. Each pair of virtual particles consist of a particle and its antiparticle, having the same mass.
The energy required for this process can be calculated and goes as m*, where m is the mass of the
virtual particle/antiparticle. For example, the mass of the electron is m, = 5 X 1074 GeV, and so
according to the standard model contributes an amount §p, ~ m? to the vacuum energy density,
which is a catastrophically large amount in comparison to the measured value. Understanding why
the standard model agrees with numerous experiments so well but badly predicts the value of vacuum
energy density has proven to be impossible. This obstacle in our understanding has been dubbed
the cosmological constant problem. This large discrepancy seems to indicate that we are missing
something in our description of low energy physics. Just as in the case of generalizing the theory of

gravity, this problem may be due to a hidden assumption.

Any serious attempt to solve this problem must do two things. It requires a modification of our
description of low energy physics, and since the standard model has already proven itself time and
time again on such energy scales, this modification is most likely a modification of our gravitational

theory at low energies. The second requirement is that this modification not ruin excellent agreement
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with all the non-gravitational experiments performed to date. These two contradictory requirements
is what has made a solution to the cosmological constant problem so elusive.

However, progress can potentially be made if we abandon the assumption that spacetime is four
dimensional, and allow for the possibility of extra spatial dimensions. To satisfy the second of our
requirements, we postulate that all ordinary particles and their interactions, excluding gravity, are
trapped on a (3+1)-dimensional surface within this extra-dimensional space, known as a brane.
Gravity on the other hand is not constrained to the brane and is free to propagate in the extra
dimensions, known as the bulk, which facilitates the modification of gravity at low energies. This
idea is motivated by the discovery of D-branes within string theory, which serves as a source of
guidance in developing these ideas. Taking a cue from string theory, we also assume that the extra
dimensions are supersymmetric and described by one of the many known supergravity theories. If
extra dimensions do exist, and if gravity is allowed to propagate through them, the size of the extra
dimensions are constrained by the requirement that the theory agrees with experimental results of
Newtonian gravity on short length scales. Taking this into account provides an upper bound of
r < 100pm on the size of the extra dimensions [6]. Within the context of supersymmetric extra
dimensions, the extra dimensions can only be this large if there are precisely two of them and if
the fundamental scale, M, of the extra-dimensional physics is around 10 TeV, due to the relation
M, = MZr which relates My and r to the observed Planck mass: M, = (87G)~Y/2 ~ 10'8GeV
(where G denotes Newton’s constant).

So how does this help? Within this framework the process of creation/annihilation of virtual
particles still contributes an amount m* to the vacuum energy density, but this energy density is
no longer a cosmological constant term, rather it is a contribution to the tension of the brane. To
fully understand this, we must study how this energy source curves the extra dimensions and how
it effects the effective 4D cosmological constant which is observed on length scales larger than the
length scale of the extra dimensions. The cosmological constant problem is not the only problem
extra dimensions offers a solution to, it provides a framework for tackling the hierarchy problem,

problems of conventional grand unification theories, and the flavour problem [7].

1.2 Studying Extra Dimensions

Our model for studying extra dimensions is a generalization of the 6D chiral gauged supergravity
lagrangian [8, 9]. We first consider a solution which is consistent with maximal symmetry in the
brane directions and axial symmetry in the bulk direction. The field equations subject to these
ansétze are then computed, and it’s noted that there exist solutions to these field equations which

have singularities in the bulk.

These singularities are interpreted as the location of codimension-2 branes. However, dealing

with codimension-2 branes is difficult because of the possibility of bulk fields diverging at the brane

3
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positions, and makes it useless to discuss any relationships between the bulk and brane quantities.
To get around this problem we introduce a renormalization scheme which involves replacing the
codimension-2 branes with small cylindrical codimension-1 branes located a small distance, A, away
from the singularity positions.

Once codimension-1 branes have been included into the system we study how the inclusion of
the brane affects the bulk fields at the brane position, this is done with a set of equations known
as the junction conditions. While the study of codimension-1 branes is useful, our goal is to study
the physics of codimension-2 branes. To accomplish this we use the codimension-1 formulation as
motivation for generalizing the junction conditions to codimension-2 branes. Once this is complete
we then study the low-energy on-brane effective theory to analyze back-reaction affects of the brane,
and apply our formalism to an example.

‘While the study of maximally symmetric branes is useful, it has its limitations. In particular it
is not useful for studying time dependence in the extra dimensions or cosmological applications. In
order to study these cases we use a more general ansatz which is consistent with axial symmetry
in the bulk directions and maximal symmetry in the spatial dimensions of the brane - that is the
brane has a Friedmann-Robertson-Walker (FRW) like metric. The ultimate goal is to apply the same
analysis as in the maximally symmetric brane case to the FRW-like brane and derive the relevant

junction conditions and the low-energy on-brane effective action.




Chapter 2

Maximally Symmetric Branes

In this section we study the back-reaction of maximally symmetric codimension-2 branes in a gen-
eralized chiral gauged supergravity theory. However, in general there exists the possibility that bulk
fields diverge at the codimension-2 brane position which makes analyzing the brane properties very
difficult. To get around this we introduce a renormalization scheme which involves replacing the
codimension-2 branes with small cylindrical codimension-1 branes a small distance, A, from the
original position of the codimension-2 branes. We then use the ensuing codimension-1 formulation
to motivate and generalize to a formulation codimension-2 branes where the problem of field diver-

gences at the brane positions is avoided. Once this formulation is completed we apply it to two

examples and show how both the higher and lower dimensional pictures agree with one another.

2.1 The Bulk
Our starting point is the following action describing the bulk physics,
S=S8p+Sau. (2.1)

The bulk action,

Sa = [ 2G| 5™ (Racw + 0w d) + FORnF* 1Y@, (29)

is an n dimensional scalar-tensor action describing the couplings between a real scalar field, ¢, and
both the extra-dimensional Einstein-frame metric, gy, and the Maxwell field, Fysny = Oy An —
OnAp. Ry is the n-dimensional Ricci tensor constructed from the metric gp;y. This action is

a generalized version of the bosonic part of the 6D chiral gauged supergravity action. Sgp is the

10ur metric is mostly plus, with Weinberg’s curvature conventions, which differ from those of MTW only by an
overall sign in the definition of the Riemann tensor.
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Gibbons-Hawking action [10] and must be included in any system in which the spacetime geometry

includes a boundary. It is given by

1
Ser = — d"lz/—gK, (2.3)
K Jom
where g is the induced metric on the boundary surface M, and K is trace of the extrinsic curvature

of the boundary surface M. The field equations of (2.2) are

1 1
-Z—Klz-(Rly[N + OmdOnd) + gFMPFNP + Y |:V — ngQFPQjI gun =0, (Einstein) (2.4)
av  10f
_2 |9 lorg MN| _ : .
Op — & [8(1) + 194 mnF ] 0, (Dilaton)  (2.5)

Vu(fFMNY =0, (Maxwell) (2.6)

and are derived explicitly in Appendix A.

2.2 Metric Ansatz

Our interest is in geometries which are maximally symmetric (meaning the space is both homogeneous
and isotropic) in the brane directions and axially symmetric in the bulk directions. The most general

metric satisfying these symmetries is
ds? = dp® + e?Bdo* + *V g, datdx”, 2.7

where § labels the direction of cylindrical symmetry, the functions B and W depend only on the
proper distance of the bulk, p, and §,, denotes a maximally symmetric Minkowski-signature metric
with dimension n—2. To see this, we first quote a theorem from the section “Spaces with Maximally
Symmetric Subspaces” of the chapter “Symmetric Spaces” from [1].

Suppose that an N-dimensional spacetime has an M-dimensional maximally symmetric subspace
described by the coordinates z#, and the other N — M coordinates are given by y*. Then it is always

possible to choose the z-coordinates so that the metric of the whole space is given by
ds? = hopdy®dy® + 2V Wy, (z)dz dz”, (2.8)

where hq.s(y) and W (y) are functions of the y-coordinates alone, and §,,(z) is a function of the

z-coordinates alone that is by itself the metric of an M-dimensional maximally symmetric space.
Using this, we can now specialize to requiring that the bulk directions (the y-coordinates) are

axially symmetric. This amounts to requiring that both h,, and W are independent of 8, the bulk

angular direction, which leads us to (2.7), where we have also chosen our coordinates such that p is

6
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the proper distance of the bulk.

These choices of symmetries also have consequences for the functional dependence of the other

fields in our problem, namely ¢ and A. We now show that

A= A@(p)dga
¢ = ¢(p), (2.9)

are the most general choices for ¢ and A which are consistent with maximally symmetry in the brane
directions and axial symmetry in the bulk directions.

A consequence of imposing that §,, is maximally symmetric is that all of the Einstein equations
in the (uv) directions must be identical, otherwise the space would not be homogeneous and isotropic.
Thus the (pv) Einstein equations must take the form of a scalar equation times the metric §,,. With
this in mind, the fact that the term 0,¢0,¢ in the (uv) equations is not proportional to §,, forces
us to make ¢ independent of z* to ensure maximal symmetry on the brane. Axial symmetry in the
bulk also dictates that ¢ must be independent of 8, thus ¢ can only depend on p.

A similar story holds for choosing the most general Maxwell field without breaking our given
symmetries. The term F), PF,p in the (uv) equations is also not proportional to j,, and A must
be chosen accordingly to make F), PF,p = 0. This results in requiring that all the components of A
must be independent of z* and that the components A, are constant. Without loss of generality we

take A, = 0, and this leaves us with the following as the most general form for A,
A = Ag(p)db + Ap(p)dp, (2.10)

where we have also made the components of A independent of § due to axial symmetry in the bulk

dimensions. We'll also set A, = 0 since it is a pure gauge term and does not contribute to the
Maxwell field, F.

In summary, our ansatz for a geometry which is maximally symmetric in the brane directions

and axially symmetric in the bulk directions is

ds? = dp® + e2Bdo? + 2V g, daxtdz”,
¢ = ¢(p),
A = Ag(p)dh, (2.11)

where ¢ labels the direction of cylindrical symmetry, the functions B and W depend only on the
proper distance, p, and §,, denotes a maximally symmetric Minkowski-signature metric with dimen-
sion n — 2.

‘We now use these ansétze to find the corresponding field equations for our geometry using (2.4)-

(2.6). To do this we need to dimensionally reduce the full Ricci tensor into bulk and brane quantities

7
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(see Appendix B). Doing this gives

R = | 5 R+ (0= DWW 4+ (W2 g,

Roo = [B" + (B')? + (n — 2)W'B'] &%,
Rpp = (n—2) [W" + (W")?] + B" + (B')?, (2.12)

s A 1 PHoa . PO . . . . .
where we've used Ry, = =5 R . since §y, is maximally symmetric with dimension n — 2. The

Einstein equations subject to this ansatz reduce to

« 1 262V
—2W " _ 2 Il _ 2,—2B \2 —
¢ R4+W'+(n-2)(WH*+W'B ke F(4p) +n—2 0, (w) (2.13)
— 252V
B" 4+ (B +(n-2)W'B + Z—_zrﬁe—%‘ FAD2 + n”_ 5 =0, (99) (2.14)
— N [W" w2 + B” B2 N2, "—3 o _op FIAY 2'52V_ 2.15
(n =2)[W" + (W] + B" + (B')" + (¢)" + ——5r"e ™" f(4g)" + ——5 =0, (pp)  (2.15)
while the dilaton and Maxwell equations become
oV 10f
/" / . Nl L2177 ____—2BA/2= .
¢" +[B' + (n—2)W']¢ R[8¢+28¢6 (Ap) 0, (2.16)
and
7
(e—B+("—2>W fA;,) =0, (2.17)

where prime denotes differentiation with respect to p, and R is the Ricci scalar constructed from Juv-

In some solutions to these field equations, there exist singularities in the extra dimensional metric.
These singularities are interpreted as the position of branes (a lower-dimensional surface on which
all standard model particles are trapped) which source the curvature of the bulk. In the cases we
consider near the end of this chapter, there are two codimension-2 branes (meaning the dimension
of the brane is n — 2) located at positions of constant p, p; with s = 0, 1. The back-reaction of such
branes on their environment can strongly influence their low-energy properties [11], so in order to
analyze the classical low energy on-brane effective action we must first study how branes back-react

on their surroundings.

2.3 Boundary Conditions for Branes

The back-reaction of the codimension-2 branes sourcing the curvature of the extra dimensions is

determined by a set of equations known as junction conditions. The junction conditions are the

8
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result of minimizing the boundary term arising from the variation of the full action plus the brane
action at the location of the brane. They relate the functional derivatives of the codimension-2 brane
action, S,§2) , to the bulk fields, such as ¢, at the brane positions, p,.

A problem with this approach to determining the back-
reaction of the branes is that the bulk fields need not be
well-defined at the brane positions (it is possible that they
may diverge), in the same way that the electric field due to
a point charge diverges at the location of the charge which

sources the field (in 3+1 dimensions) [12]. This makes it

very difficult to extract any useful information relating the
Figure 2.1: The regularized near-brane Pulk fields at the brane position to the brane properties.
cap geometry To avoid this problem we introduce a renormalization pro-

cedure in which we replace the codimension-2 branes lo-
cated at positions p, with very small cylindrical codimension-1 branes, Sél), sibuated at positions
pp (b = 0,1) which are a small distance, A, away from p,. This off-set by a small distance A is
equivalent to using the radius of the cylinder as the small parameter. We also consider exactly two
branes since due to axial symmetry in the bulk, if there exist singularities in the bulk, there must be

exactly two of them. Thus we have placed a codimension-1 brane at p, = p; + A with the interior

geometry (p < py) capped off with a smooth solution to the bulk field equations given by
dsy = dp® + p?df? + 2Wnae g, dztdz”, (2.18)

where the Waae does not depend on p. With this renormalization procedure we can now write down
junction conditions for the codimension-1 brane, S,Sl), and relate the bulk and brane quantities at

the brane positions, py, without fear of dealing with divergences.

2.3.1 Codimension-1 Branes

In this section we compute the junction conditions for codimension-1 branes which relate bulk
and brane properties at the codimension-1 brane positions, p,. Studying the junction conditions
of codimension-1 branes serves as motivation to generalizing to the study of the back-reaction

codimension-2 branes.

Junction Conditions
The junction conditions for a codimension-1 brane, which are derived in detail in Appendix C, are

1

o5 _
2k2

[ —g (Km” o Kgmn)]l)b + (ngn B

0,
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1 — sSM
EE[V_ganS]pb-i- 5¢ =0,
_ponty 0540
e, a1

where g is the induced metric on the codimension-1 brane, K is the extrinsic curvature, and the

notation [F],, for a bulk quantity, F', denotes
[F1,, = lim [F(ps + €) — F(pp — €] (2.20)

For any metric of the form ds? = dp? 4+ Gmndr™dz™ the extrinsic curvature is Kon = %—8,,5,% (see

Appendix C), and in particular, for our ansatz, (2.11), it can be shown that
K, = e2WW'g”,,, Kgg=e?PB', K=B +(n-2)W, (2.21)

where K = §™"K,n,. Plugging these into our junction conditions, (2.19), and making use of the
definition of [F], , (2.20), as well as the flat geometry, (2.18), we get

1 B+(n—2)W\/_«~¢l 5S§1) =0
w2 99+ 54 =
_ B (55(1)
J—ge Bre-aW gl 4 —6]1)9_ =0,
1 B —2)W 00 ! ‘SSIEI)
SV —ge HrmAW g ((n—2)W)——m=0,
1 sSWM
2?\/—ge(ﬂ—2)Wg#"[eB((n —3)W' +B)—1]— @b =0, (2.22)
j1:%

where it is now understood that all the fields are evaluated at the brane positions, p,. These junction

conditions can be recast in terms of the brane quantities S;l),SSB), Sé(,l), 8_,51), as follows

quSI — e—(n—Z)Wsél),

5(1)
K,Alg — e—(n—2)W+B Ag ,

BW! = e—(n—Z)Wsél),

BB —1= e~ (DW [S;U +(n- 3)551)] , (2.23)

10
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where we have made the following definitions

~(1

sW_ 2 1 asg”

¢ V=g ¢’

: 1 ssY
s =

\/ 5A.9
SV = ok2 9% ! 65'51)
o n—2+/~g 0ge’
1
SO _ g2 w1 6.5'()
g n—2+—§ G 00w

(2.24)

In the case of a pure tension brane, S,Sl) = - fpb d"~1z,/=§T,, we have clear physical interpreta-
tions of S{V ,Sa (1) »Sp () Sg(l). S_(gl) represents the brane tension, T3, and S ;1) represents the derivative
of the brane tensmn, 04T S(gl) is related to the brane contribution to the scalar potential within the
low-energy on brane effective theory, while SSH) is interpreted as describing the microscopic axial cur-
rents within the brane, or equivalently any microscopic magnetic flux these currents encloses within
the brane. These interpretations are clear once the low-energy on-brane effective action is studied,
but these interpretations are also used as part of our motivation to generalizing to codimension-2
branes.

Another motivating feature of codimension-1 branes that is used to generalize to codimension-2
branes is an important constraint relating the quantities Sél) , 81(413,8 (1) S_,gl), to each other known
as the brane constraint. This constraint is obtained by combining the junction conditions, (2.24),

with the bulk equations of motion, (2.13)-(2.17).

The Brane Constraint

It should be pointed out that the equations of motion, (2.13)-(2.17), consist of five differential
equations for only four unknown functions. Naively this might seem as though the problem is over-
constrained and not well defined, however it turns out that these equations are not all independent
from one another. One way to see this is to derive an explicit constraint equation. One such
constraint arises taking a linear combination of the field equations such that all second derivative
terms, (9,2,, of the bulk fields are eliminated, and can be thought of as a constraint on the evolution
of the fields in the p direction. The relevant combination of the field equations that give rise to this

constraint is (n — 2)(uv) + (00) — (pp) and results in?
(n—=3)(n—-2)(W)H2+2(n—2QW'B — (¢)? — k2 2B f(A))2 + e 2W R + 2k2V = 0. (2.25)

In order to turn this into a constraint on the brane properties we multiply (2.25) through by

2This equation follows from the (pp) Einstein equation written in terms of the Einstein tensor, Gpp + £2Tp, = 0,
and once the constraint is imposed on initial conditions at p = pg, the Bianchi identity ensures that it holds for all p.

11
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e2BTUn=2AW take the limit p — pp and trade W', B, ¢', A} for S(l), Sél), Sél), 85110) using the

junction conditions, (2.24), giving

(n—3)(n—2) (S(gl))z —2(n—2) [e(n_Z)W - Sgl)] Sa(l) + (8;1))2
+& (5‘1))2 - EEHADW (W 2/-92V] —0.  (2.26)
f As

This constraint plays an important role in generalizing the codimension-1 formulation to a codimension-

2 formulation, which we now turn to.

2.3.2 Codimension-2 Branes

Recall that the singularity positions, ps, in the extra dimensions are interpreted as the location
of codimension-2 branes which source the curvature of the bulk. However, the possibility of bulk
fields diverging at these positions makes it hard to gain useful relationships between bulk and brane
properties. So we instead resort to a renormalization scheme in which we replace the codimension-2
branes with codimension-1 branes a small distance, A, away from the singularity positions, pp, and
use this setup to derive the junction conditions. In this section we use the codimension-1 formalism

to guide us in generalizing and defining junction conditions for codimension-2 branes.

Motivation

One approach to constructing a codimension-2 brane action from a codimension-1 brane action is to
simply integrate out 8, the angular coordinate of the extra dimensions. Since we have assumed that

the extra dimensions are axially symmetric, S,El) cannot explicitly depend on 8, and we get

53 = y{ dgsH = 2nsH, (2.27)
Po

‘We can then recast our junction conditions in terms of codimension-2 quantities by integrating out |

8, for example we can generalize the scalar junction condition as follows,

B —(n—2)W (1)
dfe ¢’=7f dfe~ "V s
Pb Pb

P = e~ (AW () (2.28)
where

(2.29)
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Doing this for all our junction conditions results in

eB¢/ - e_(”“2)WS(§,2),

8(2)
K,Alo - e—(n—2)W+B Ag ,
!
BW! — e—(n——Z)WSéz)’
BB — 1= —e=AW [sg” ¥ (n— 3)3,32)] , (2.30)

where

8(2)— K2 1 JSISZ)

- _ 2 =5 2.31
= T (231)
(2)
2 I 1 6Sb
- _ 2.32
Shq 27 /=g 64y’ (2.32)
2 (2)
@) K° goe 1 5S'b
Sy =— , 2.33
o ™ n—2+—§ 6goe (2.33)
2 A (2)
S® — _F Gw 1 057 (2.34)
g T n—2v—§ 6§
With these new codimension-2 quantities, the brane constraint becomes
2 2
(n—3)(n—2) (sgz>) —2(n—2) [e<n—2>W - 5_52)] S + (sgf))
e*B @\? _ 2B 2 > 2
o (SAH) — 2BH2n—2W [e—2WR+ 2% V] —0.  (2.35)

Generalization

The problem with the above method of generalizing to a codimension-2 brane is that an honest to
god codimension-2 brane action, Slgz), can only depend on fields which live on the brane, and thus
cannot depend explicitly on ggg or Ag. So varying the brane action with respect to either of these
quantities no longer makes any sense, and in particular the definitions for Sﬁ} and 8(52), (2.32) and
(2.33), are not well defined. All is not lost though, and we still use the above method as a motivation
to guide our generalization for codimension-2 branes.

We generalize to a codimension-2 brane by keeping the form of our junction conditions, (2.30),
and the definitions of brane properties that still make sense (ie, that are defined in terms of fields
that live on the brane), which are 8552) and SS(,Z), (2.31) and (2.34).

The two quantities that now need to be dealt with and redefined are 5512,,) and S(SQ). Instead of
SZ) being defined as in (2.32), we redefine it to be a tunable parameter describing any microscopic
magnetic flux which enclose the brane, based on its physical interpretation discussed at the end of

the codimension-1 section. To generalize Séz) we let the brane constraint, (2.35), be its defining

13
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equation.
In summary, for a codimension-2 branc action, ,5'152), the junction conditions are
BB¢, — 6_(”’_2)WS§52),
S(Z)
K'AIG — e—(n—2)W+B Ag ,

GBWI — 6_(n—2)W89(2),

BB 1= W [Sy) +(n =385, (2.36)
where 51(4%,) is a tunable paramater describing any microscopic magnetic flux which enclose the brane,

2 (2)
(2) _ _K,_ 1 6Sb )
S =R (2.37)

2
_ 5w , (2.38)

5 = 1 l(e(n—z)w - 552))

n—3

2 — 3) 2 62B 2 “
n-2)w _ g(2}" _ (n (@ (D" _ s2B+2(n—2)W (p,—2W 2
* \/@ S ) (n—2) (S¢ ) + f (SAG) ¢ (€W E+2R2V) |1

(2.39)

and the £+ is chosen so that S{gz) — O when S 4(52) — 0 and €28 — 0. These are the generalized versions
of the codimension-1 junction conditions given by (2.23).

Now that we have our description of properties of a codimension-2 brane we are ready to study
how the back-reaction of codimension-2 branes affects the classical low-energy on-brane effective

action.

2.4 The Classical Low-Energy On-Brane Effective Action

When considering length scales which are much longer than the size of the extra dimensions, the
system and its dynamics are essentially (n — 2)-dimensional. The action describing the physics on
such length scales is the low-energy on-brane effective action, Seg, and is obtained from the full
action by using the equations of motion to eliminate high energy fields, in favour of their low-energy
counterparts, and subsequently integrating out the extra dimensions. From this perspective the low-
energy on-brane effective action is composed of the (n — 2)-dimensional fields which survive at low
energies and an effective potential, Vog. The possible excitations of fields surviving at low energies
are Juv, gud, 9pp» Au, and ¢. The only low energy field we consider is due to gy, since the others

break maximal symmetry. We now calculate Seg and determine Veg.

14
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To eliminate the heavy fields we make use of the (ab) Einstein equations, (2.4). These comprise
of two independent equations, which we take to be the sum and difference of the (pp) and (66)
components. The difference, (2.15)-(2.14), gives

(n—2)(W"+ (W) -W'B') +(¢')* =0, (2.40)
while the sum is equivalent to contracting the (ab) Einstein equations with the extra-dimensional

metric, A%, to give

n—3

1 ab _
mh (Rab + aa¢ab¢) - 2(7'L — 2)

2
Febtp, — V. 2.41
FF oy — —— (2.41)

We begin by explicitly separating the on-brane metric from the extra-dimensional metric in the bulk

action, using (2.12),

1 1
Sp=— /d"wv —g [EQQMN (Run + OpdOnd) + Zf(ﬁi’)FMNFMN + V(%"))]

1 o
P eB+(n—2)W /__g [ﬁ (6_2W.§#’/R/_w + hab (Ra,b + aa¢ab¢)>

1
+gez (0= 2) (7" 4+ (n = W PW'B) + 1 fEuF +V |

J
— —/dnﬂ,‘ eB+(n—2)W /_g ',];,—6_2W1gHVR/.w + %(n _ 2) (WII + (n _ 2)(w/)2vlel)

1 A 1
drp eBtn—2)W /_g me—QnguuR”U + T(n —2) ((,n _ 3)(I,V/)2 + ZWIB,)

, n—4 w N4
—(4)% - =9 FFF + p— QV] , (2.42)

where we have used both (2.40) and (2.41) in the above. The effective bulk action describing the

low energy physics in the bulk is obtained by integrating out the extra dimensions, which yields
~ - 1 ., -
SBur = /dzm Sp = _/dn *zy/-9 [MQMURI—LU + VB:| ) (2.43)

where 1%, = 87Gy is the lower dimensional Newton’s constant given by

1
1.1 / 2 BH—OW (2.44)
Ky K
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and Vg is the bulk potential given by

Vg = /dzx eBHm-2)W [2 ~(n— 2) ((n — 3)(W')2 + 2W'B’ — (¢/)2)

n—4

Tz TP S 249

To obtain the full low-energy on-brane effective action we also need to include the boundary contri-
butions due to the Gibbons-Hawking action, Sqg, as well as the brane action, S’éz), itself. With two

branes located at positions pp, b = {0, 1}, the Gibbons-Hawking action is,
o 1 -
Sen = Z / dod"*z—/=GK
b=0

= il;' Z(_)b / dn_zz\/:geB'i‘(ﬂ_Z)W [B, + (n - Z)DV/]

23

L d" 2/ [5‘2) S§2>]. (2.46)
K’ Pb

b=0

Combining (2.43), (2.46) and the brane action,
52 = / 4" 2z/—5LP, (2.47)
yields the full low-energy on-brane effective action, Seg, which is given by

1
Sep=— [ d" 2z +/—§ [2 " Ry + Veff} (2.48)

where

1

2 2
Ver = Ve — = [5(2) 5@ - ;_W‘Cl('?)] : (2.49)

b=0

This provides us with a complete description of the low-energy on-brane theory. However, there
are many cases in which we are only concerned with finding the value of the effective potential at its
minimum, Veg(¢yp), and we are not concerned with perturbations about it. In these cases instead of
substituting only the extra-dimensional Einstein equations into the bulk action, we substitute all of
the Einstein equations in, that is we evaluate the action at a classical solution. The result of doing

this is
c c c 2 n 1 ab
S (ghan 8% A%y) = ——— [ d*ev/=g | 7 fF*Fu V|, (2.50)
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and so
2 1
V(o) = ——— / d2reBtn—2W [Z fF™Fp = V| (2.51)

Related to this is the fact that whenever the bulk action enjoys a classical scaling symmetry, the
bulk contribution to the effective potential can be written as a sum of contributions localized at
the position of each brane, in the same way that was done for he Gibbons-Hawking term. More

specifically, when the bulk action, Sg = f d"zLp, has the property that
Lp[XPiph] = AL, (2.52)

for arbitrary real constant A, it can be shown that (by taking the derivative of (2.52) with respect
to A)

I3} 0
Ls=) P [”’Z’ aff +On a(@fﬁm)]

which shows that the action becomes a total derivative whenever it is evaluated at any classical
solution. Whenever this is true the entire low-energy potential can be interpreted as the sum over

brane contributions.

‘We now have a complete description of the low-energy on-brane theory and proceed to apply it

to two examples.

2.5 Examples

The above formalism is now tested by applying it to situations in which explicit solutions are known
for the higher-dimensional theory. In particular we study compactifications to four dimensions of
supersymmetric and nonsupersymmetric six-dimensional theories. In both examples we start off by
studying the bulk solutions to the higher-dimensional theory, which is then used to relate the brane
and bulk properties near the brane using the junction conditions. The examples are then concluded
by demonstrating that the low-energy on-brane theory exactly agrees with the higher-dimensional

theory. These examples follow very closely the analysis done in [11].
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2.5.1 Brane-Axion Couplings in 6D

Our first example is a nonsupersymmetric theory describing two branes coupled to a bulk Goldstone

mode (axion), ¢, in six dimensions. Its bulk action is given by
1 1
Sp = —/ d®z\/—g [ﬁ;gMN (Run + OmdpOng) + ZFMNFMN +Al, (2.54)
M

which is (2.2) with n = 6, f(¢) = 1, and V(¢) = A. These choices ensure the action has a shift
symmetry, ¢ — ¢+¢&, that guarantees the existence of a scalar KK zero mode having a constant profile
across the bulk. This is the only such classically massless scalar KK mode, because the presence of
the bulk cosmological term, A, breaks the rigid scaling symmetry that the Einstein action normally

has.

Bulk Solutions

A simple solution to the field equations of (2.54) subject to the ansatz (2.11) can be shown to be
(see Appendix D)

ds? = dp? + o®L? sin® (%) do* + g, dztda”,

Fup = aByLsin (%) , ¢ = g, a constant, (2.55)
where By, L, A are constants related by

2 383
R(2) = —E—z- = -—K,2 <T + A) ) (2'56)

and the curvature of the on-brane metric is
2
R =2x? (@ - ) ) (2.57)

When a = 1 the extra-dimensional metric describes a sphere or radius L. When « # 1 the geometry
would still look like a sphere if we redefine § — af), although 8 is then not periodic with period 2.
This indicates there are conical singularities (by definition) at both p = 0 and p = «L, with defect
angle given by 6 = 27(1 — ). Thus by our renormalization prescription, we place two branes at
positions p; = A and p, = wL — A. However before we consider branes and junction conditions, we
first show that we can solve for By and L in terms of « and A by considering the flux quantization

condition [13].

To do this we first consider the gauge potential corresponding to the Maxwell field strength,

18




M.Sc. Thesis - A. Louca - McMaster University - Department of Physics & Astronomy
which is
A* = oy L [il —cos (%)] do, (2.58)

where the + sign indicates the solution for the northern or southern hemisphere, since A must vanish
at the corresponding pole. The difference between these two solutions near the equator must be a

gauge transformation, gA* — gA~ = dQ, and so
Q(0) = 2agBy L8, (2.59)

where g is the gauge coupling corresponding to the field A (corresponding to D, = 0,9 — igA, ).
Requiring the gauge transformation 1 — e*Y be single valued requires Q(6 + 27) = Q(8) + 27n, for

integer n. This implies the constants By and L must be related by

1]

950 = gtz

(2.60)

The equations (2.56) and (2.60) determine the constants By and L in terms of o and A, with solutions

1 8alg? 3n?ktA
— =< |14+ - — 2.61
L?  3n2g? {1 1 ( 8aZg? ) (2:61)

and
n dog 3n?ktA
=———=—>(1+4/1—| ———1|1|. 2.
Bo 2egL?  3nk? { ( 8a?g? (2.62)

With these solutions, and using (2.57), the on-brane curvature, R, can be computed in terms of
«a and A. However « is also an arbitrary constant of integration which needs to be solved for, and

to accomplish this we turn to our junction conditions applied to our solution.

Brane Properties

The solution (2.55) states

¢ =0, W=0, Aj=aByLsin (%) ,  ePB' = acos (%) , (2.63)

which implies the junction conditions, (2.36), become

s$ =0,
8% = KBy,
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s =0,
2 _ Pb
S_é ) =1-acos (f) . (2.64)

To complete this picture we now need to choose an appropriate brane action. This allows us
to solve for a and to see how these branes affect the 4D geometry. We consider a pure tension

codimension-2 brane action given by
S — / d*z/—5 To(), (2.65)

where T}, is a brane tension. Since the action has no terms which are of the order A2, neither do S éz)
or 852), and so for consistency in our results we neglect any terms of this order in other quantities.

Specifically this means the definition of Séz), (2.39), reduces to (with n =6 and W = 0)

=3[ 0-s) =09 -5 ). a0

since e — A as p — py. Using this brane action, (2.65), we calculate the various brane properties

using the definitions (2.37), (2.38), and (2.66), which gives

2
@k
8§ = 20T,

2
S — iT,
g o7 °

1 K2 k2, \> 3 /K2 2
S = 3 (1 ~ %Tb) + \/ (1 - -2;1},) -7 (57;3,#:@) : (2.67)

Combining these with the junction conditions, (2.64), results in

KTy = 2m(1 — o),
05Ty = 0, (2.68)

thus the junction conditions gives us the expression for the defect angle in terms of the brane tension.
Here we’ve made use of the approximation o cos (%) — aas p/L — p,/L <« 1. The second relation
states that in order for solutions to exist, the two tensions must both satisfy T;(¢) = 0 at both
branes. Also notice that the these two relationships, (2.68), necessarily imply that 8(§2) = 0, which

is consistent with the junction condition for Séz).
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The 4D Perspective

With the bulk solutions and the relationships provided by the junction conditions we are now ready

to study the low-energy on-brane effective action,
- —1 1 4
—/dn 2$ vV =g [WQ'LWR“V + ‘/eff:| s (269)
N

and the first step in doing so is to calculate the 4D effective potential, Vg, given by

2T (2) @) h:?' 2
— 2) _
Ve =V P> b—E |:S Sg 271-'61’ ] s (2.70)

where
Va= [@ac oW [ L) (=50 + 20 B) - (¢

n—4 ., .5 n—4 S
_m]raf + _2\/] (2.71)

Usingn=6W=0,¢=0,f=1,V =A, Fi F** = 282, and e = aLsin (%), the expression for

V3 becomes

L
- _ 2 m(PY(Lpz_ L
Vg = /0 dwaLsm(L) <4BO 2A>

—onar? (4~ 20
= 2moy 5 ) (2.72)

The other piece of Veir is computed using the junction conditions, (2.64), and the brane properties,
(2.67), yielding

1 K2
) [5(2> 5O — ﬂﬁz(f)] _o, (2.73)
b=0
since [’gz) = —T; and exactly cancels the contribution due to Sg ) — "frTb, and ng) = 0 from our

junction conditions. Thus the effective action is given by

Vet = 2maL? A—B—g
off = 2TCy 2 ) (2.74)

The on-brane curvature in the effective theory is determined by the equations of motion of (2.69)

which are
o 1. 9 .
RMV — Eng,y - K':NV;E Juv = 0 (275)
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where the 4D Newton coupling is

1 or [ dral?
== dpe® = T (2.76)
Iﬁ)N K K
and so
2
R = —4k%Veg = 2% <-[;—° - A) , (2.77)

in agreement with the higher-dimensional result, (2.57). Using (2.61), (2.62), and (2.68), the on-

brane curvature an be expressed in terms of the known quantities T and A.

2.5.2 6D Gauged Chiral Supergravity

The second example we consider is a supersymmetric theory, also in six dimensions, whose bulk

action is given by
6 1 un 1 4 MN 2g° ¢
Sg = — dz®+/—g 2?9 (RMN + 8M¢6N¢) + Ze FynF + FG s (278)
M

which is (2.2) withn = 6, f = e ® and V = 2g%e?/x*. Here g denotes the 6D gauge coupling constant
for the Maxwell field. It can easily be shown that this lagrangian enjoys the scaling symmetry
discussed at the end of section 2.4. Specifically it has the property that £z — A2Lp when e? —
A 1e® and gyny — Mgu . By the arguments discussed in section 2.4 the lagrangian becomes a total

derivative when evaluated at any classical solution and is given by
C 1 C
L9y A 9°) = Wv—g‘ﬂ(ﬁ . (2.79)

Bulk Solutions

For this particular example, instead of using the ansatz (2.11) as is done throughout this chapter

until now, it is useful to choose a slightly different ansatz,

ds® = a® (W8dn? + d0?) + W?§datda”,
¢ = 4’(77):
o(n) = Qa’e?, (2.80)

where a = a(n), W = W(1), Q = Q(7), are functions of 7 only, and §,, is a maximally symmetric
4D metric with Ricci scalar R. In this section we use the prime notation to denote differentiation
with respect to 7 as opposed to previous sections where it denoted differentiation with respect to

p. Although we are using these ansiatze, we can still use our equations of motion and junction
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conditions, which are expressed in terms of p, by changing coordinates using dp = aW*dn.

Plugging AL(n) into the Maxwell equation, (2.17), yields @’ = 0, and hence ) must be a constant.
gg 0

The dilaton and Einstein equations subject to these ansétze become

¢Il — @azw8 ) K’zQz 2.¢

e ef — ——a%e”, (Dilaton) (2.81)
and
w1\ 1
v Iy - _ D246
(W + 2¢) L Ra?W?, (uv) (2.82)
a 1.\
(E + 5925') = —k2Q%%e?, (09) (2.83)
1 g 4dW 6W)?  2¢° 5 56 1a a6 K 234
§(¢) pEVY) W2 = ?a Wee + ER(Z w EQ a‘e’, (7777) (284)

where the (7m) equation is the constraint equation.
The case R = 0 provides us with the only known closed-form solutions to these equations, which

are [14, 15]

e® — W—2elpn—/\3n,

W = (fi2Q>\2) cosh{A; (1 —m)]

291 ) coshAz(n — )]’
23
and a*= (2?\2;2 > e2(20=23m) ¢ogh3[ Ay (7 — n1)] cosh[Aa(n — 72)], (2.85)
112

where 7; and A; are integration constants. Notice that these solutions diverge at n = Zco indicating
that these are the locations of branes. Since the terms involving R in the general field equations,
(2.81)-(2.84), become negligible in the near-brane limit, we can conclude that all solutions to these

equations possess branes at n = to0.

In the near brane limit the field equations simplify to (since @ — 0 in these regions)

ro (VN L (2 o
¢ _<W> _<a> ~ 0. (2.86)

Letting b = {0, 1} for the branes at n = {—0c0,+00} respectively then gives the following solutions,

¢ = (—)bqul,
W ~ Wbe(_)bwbn,
a =~ ape) (2.87)

with different choices for the constants oy, wy, and g, applying for the two limits, n — Foco. For both
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asymptotic regions these are related by the constraint (2.84) so that

@i = 4wy(20 + 3wp). (2.88)

Notice that it is only consistent in the near-brane limit to ignore the quantities a2W9, a?W8e?,

and a*W38 in (2.81)-(2.83) if

200, + 6wy >0, 20+ qp > 0, and 2 + 8wy + g > 0. (289)

The first of these guarantees that the 4D gravitational constant, (2.44), converges,

2 [ve]
- ;15 / dfdp eB+2W — H—Z / dn a?WS. (2.90)

1
2
Ko —o0

Since we are interested in solutions where @ — 0 as 7 — o0, and @ ~ abe(_)b"‘b", we must demand
that o, > 0. This ensures that the circumference of small circles encircling the branes vanish in the
limit that the branes are approached. This combined with the constraint equation, (2.88), also
implies that wp, > 0. To see this, assume that w, < 0, then this implies that —2ap, — 3w, > 0, and
adding this to the first equation of (2.89) gives wp > 0, which contradicts the initial assumption. So

in summary we have that
ap >0, w >0, 20,+q >0, (2.91)
but if o = 0, then wpgy # 0 and vice versa.

The Ricci scalar, R, can be calculated by integrating both sides of (2.82) which yields

_ER/OO a2Wh = ﬁfi
4

oo 8mK%’
%o A 1 ’ ¢ n=+oc0 @
2, —qS’) - [(an n —) - (— n w,,) , (2.92)
.G+ ), 2
where we have made use of (2.90) and (2.87). Equating these two gives the Hubble constant,
5 8mki, @
r= ; (7 +wb) . (2.93)

This completes the discussion of the bulk solutions, which we now relate to the brane properties

using the junction conditions.
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Brane Properties

Using e = W, a = eB, and dp = aW?dn, the junction conditions, (2.36), become

S¢ = @,
Sa, = KQ,
Sp = ws,
Sy = W(m) — 3wy — . (2.94)

Now consider a pure tension codimension-2 brane action given by
§P = _ / /5 Th(d). (2.95)

Just as in the brane-axion coupling case, this action has no terms which are of order A2 and so

our definition of S'(S,Q) becomes

Séz) _ % [(64W _ Séz)) + \/<64W _ 852))2 _ Z (Sf))z] i (2.96)

Using this brane action, (2.95), we calculate the various brane properties using the definitions (2.37),
(2.38), and (2.96), which gives

2

(@ _FK
S¢ = % q5Tb:

2

o K

Sé ) = 2—7;Tb
1 K2 K2 2 3 /K2 2

57 = 3 <W4(nb) - 2_7I_Tb> + \/ (W"”(m) - 2—WTb> ~1 (273¢Tb> - (2.97)

Combining these with the junction conditions, (2.94), yields

_IizaTb
%—27]_ a¢1

2
3wy + ap — W= — 23,
2T

1 4 K2 k2, \*> 3 [k? 2
- = B . afp) — 2 N
=3 (W (1) 27r:/},) <W () 27TT1,> : <2Wa¢T,,) . (2.98)

There are two cases here which we now consider, w, = 0 and wp > 0.
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Case 1: wy = 0
The constraint equation, (2.88), implics that if w, = 0 then g, = 0 as well, thus both ¢ and W
asymptote to constants near the brane, ¢ ~ ¢, and W ~ W, where ¢, and Wy are constants. In

this case, the exfra-dimensional metric becomes

2

e (Wedn? + db*) = dp® + (%ﬁ—)) de?, (2.99)
b

showing that it has a conical singularity (as was the case for the brane-axion extra-dimensional

metric in the previous example) at the brane position, with defect angle 6, = 27(1 — ap/W2). In

this case the junction conditions become

6Tb Iiz Tb

56 = 0, Wi = 2m(1 — cp/WE) = &, (2.100)

and the equation for wp in (2.98) is automatically satisifed (w, = 0 is predicted when the other
junction conditions are used). The first relation states that in order for solutions to exist, the two
tensions must both satisfy Tj(¢») = O at both branes, where ¢ = lim ¢(n) as n — —(—)%co. The

second equation relates the tension to the size of the conical angle defect in the usual way.

Case 2: wy > 0

If wy > 0 then e = W — 0 in the near-brane regime. In this case the junction conditions become

2
3wy + ap = _E;Tb’

1| k2 k2, \? 3 (k2 2
=—=|—T, + —T; — = —0T; 2.101
“o 3 |2n b+\/<2ﬂ' b) 4 (27r ¢ b) ’ ( )

which implies that T;, < 0.

The 4D Perspective

With the bulk solutions and the relationships provided by the junction conditions we are now ready

to study the low-energy on-brane effective action,

—_ ~ 1 ALY D
Syp = — / A"z /=g [Wg" R+ Veff] , (2.102)
N

and the first step in doing so is to calculate the 4D effective potential, Vg, given by

1

27 K2

Ve = Vg — 5 D [Sg” ~ 83— %L,(f)} : (2.103)
b=0
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We are only interested in finding the value of Vg at its minimum, ¢q, and thus we need not use
Vg as is given by (2.45). Recall (2.45) was obtained by evaluating the action at the extra-dimensional
Einstein equations, and this was done to keep track of perturbations about the minimum of Vg. If
we are only interested in the value at the minimum, it suffices to evaluate the action at the full
classical solution - i.e. all the Einstien equations. As a consequnce of the scaling symmetry that our
lagrangian has, we know the action evaluated at any classical solution is given by (2.79), and hence

the bulk potential is given by

Sa(ghons A3, 89) = = [ 2 Vs, (2.104)

We know that

c c c 1 T — I T
Se(garn Al 9°) = BPe) dSz/—g O = 2V [Ond) ", = _— E /d433 s, (2.105)
b

thus
—_ T (2)
Vp=—— zb:qu : (2.106)
The 4D ellective potential is then given by

2m 1 2n
Var($o) = ——5 <S§2) + 585,,”) -5 (w,, + ‘:723) , (2.107)
b b

2
using (2.103), (2.94), and the fact that 852) + ;—Wﬁgg) = 0 since E,()Z) = —T;. Using this in the

four-dimensional Einstein equations gives the 4D curvature

2 87FI€2 dp
R =~ V(o) = =52 > (w,, + 3) : (2.108)
b

This result is in agreement with (2.93), and shows that the 4D and 6D pictures agree with one
another.

This is the end of our analysis of maximally symmetric codimension-2 branes and their back-
reaction on the bulk. Although studying this is an important step to understanding the dynamics
of higher dimensional branes, all the above analysis has been completely time independent. In the
next section we generalize our allowed ansatz to be consistent with axial symmetry in the extra
dimensions and maximal symmetry in only the spatial directions of the brane. This allows us to
consider solutions wihch have non-trivial time dependence in the extra dimensions. This metric
ansatz also corresponds to Friedmann-Robertson-Walker-like (FRW) branes which has cosmological

applications.
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Chapter 3

Friedmann-Robertson- Walker-like

Branes

This chapter is concerned with studying the back-reaction of FRW-like codimension-2 branes in
a generalized chiral gauged supergravity theory. The line of thought is almost identical to that
which was just studied in the case of maximally symmetric branes, but we now use a more general
ansatz. This ansatz describes FRW-like branes and is consistent with axial symmetry in the extra
dimensions and maximal symmetry in only the spatial directions of the brane. We use the same
renormalization procedure discussed in the previous chapter to avoid divergences and to generalize

from codimension-1 to codimension-2 branes.

3.1 The Bulk

Our starting point is the same as in the case of maximally symmetric branes and for a complete
explanation of all notation and assumptions, section 2.1 should be consulted. The action describing
the bulk physics is given by S = Sg 4+ Sgg, where Sg and Sgy are the bulk and Gibbons-Hawking

action which are given by

Sp = —/ d*zy/~g [—212 "N (Rarw + O dOn ) + lf((ﬁ)FMNFMN +V()], (8.1)
M K 4
1

SGH =3 dn_lx\/ —gK (32)
K Jom

The field equations of (3.1) are

1

1
ﬁ(RMN + O PON @) + gFMPFNP + po—

[V _ %FPQFPQ] gun =0, (Binstein) (3.3)
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o)
O¢ — k2 % + %%FMNFMN} =0, (Dilaton) (3.4)
Vau(FFMYy=0.  (Maxwell) (3.5)

3.2 Metric Ansatz

For FRW-like branes, we need to choose a metric which is maximally symmetric in the spatial
directions on the brane, and axially symmetric in the bulk directions. The ansatz we choose (note:

this is not the most general ansatz) that satisifies these symmetries is
ds? = e2B1dp? + e*P2df? — W1 dt? + W2, datdad (3.6)

where 8 labels the direction of cylindrical symmetry, the functions By, Bs, W1, and W5 depend only
on the bulk radial coordinate, p, and time, t. Also, §;; denotes a maximally symmetric Euclidean-
signature metric with dimension n — 3.

To see that this metric is consistent with our symmetries, we again use the theorem from is
described in section 2.2. Since we are requiring that the spatial directions of the brane be maximally

symmetric, the metric must be of the form
ds? = hopdy®dy® + V2 W g, (z)dzda? (3.7)

where the z-coordinates to be the spatial coordinates of the brane, and the y-coordinates are the
bulk coordinates and time. Axial symmetry in the bulk directions also dictate that hy;, and W5 must
be independent of 8. We can make a coordinate transformation that eliminates the cross terms hy;
and hgg from h,p. In general we cannot eliminate all cross terms in the metric, and are left over with
at least one, in this case h¢p, however we are only going to concern ourselves with metrics which are
completely diagonal, so we set hy = 0 by hand. It should be noted that we are not working with
the most general metric satisifying our symmetries, thus this choice leads us to (3.6).

These symmetries also have consequences for the functional dependence of the other fields in our

problem, namely ¢ and A. We now show that

A= Ag(P, t)dg + At(p7t)dt7
¢ = ¢(p,t), (3.8)

are the most general choices for ¢ and A which are consistent with maximally symmetry in the
spatial directions on the brane and axial symmetry in the bulk directions.
Following the same logic as in section 2.2, for consistency with §;; being a maximally symmetric

metric and axial symmetry in the bulk, ¢ must be independent of the coordinates ¢ and §. Thus
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¢ = ¢(p,t) can only depend on p and £. This is because a consequence of maximal symmetry is
that all terms in the (ij) Einstein equations must be proportional to §;;, and the term 8;¢0;¢ is
not and so must be zero. Similarly, all the components of A must be independent of 8 and z* due
to axial symmetry in the bulk and because the term F; T F;p in the (ij) Einstein equations is not
proportional to §;;. Another consequence of this is that the components A; must be constants, which

without loss of generality we take to be zero. Thus the most general form for 4 is
A= Ag(p,t)db + Ap(p,t)dp + Ai(p, t)dt, (3.9)
But notice that we can perform a gauge transformation on A, by the addition of a total derivative,

A" = A+ dw(p,?)
= Ap(p, t)dO + A,(p,t)dp + As(p, t)dt + Opwdp + dewdt
= Ag(p,t)db + (Ap(p,t) + Opw) dp + (Ae(p,t) + Oyw) dt. (3.10)

Using this, we can choose w appropriately and choose a gauge in which the only non-zero com-
ponents of A are Ap and A;. In summary, our ansatz for a geometry which is maximally symmetric

in the spatial directions on the brane and axially symmetric in the bulk directions is
ds? = e*Brdp? + *P2d0? — e2W1dt? + e2W2 g, datdat

¢ = ¢(p,t),
A= Ag(p,t)df + Ay(p,t)dt, (3.11)

where 0 labels the direction of cylindrical symmetry, the functions By, By, Wi, and W, depend only
on the bulk radial coordinate, p, and time, £, and §;; denotes a maximally symmetric Euclidean-

signature metric with dimension n — 3.

Before writing down the field equations subject to these ansétze, we must first dimensionally

reduce the full Ricci tensor into bulk and brane quantities. Doing this gives
Rij = {ﬁ]{ + e 2B Wa) (WYY 4 (n — 3)(W3)? — ByWj + ByWy + WiW,]
—en ) [V 4 (n = 8)(W) + BuWa + Bl = Watha] | g,

Ris = By + Ba 4+ (n— 3)Wa + (B1)? + (B2)? + (n — 3)(W2)?2 — ByW, — BoW,

— (n =)W1 Wy — 2B (WY 4 (W))? — B{W/ + ByW] + (n — 3)W W],
Rog = e~ 2B1=52) [BY 4 (BL)? — BB} + ByW| + (n — 3) By W3]

_ HBa=W) [Bg + (B2)? + B1Bs — BaWi + (n — 3)B2W2] ,
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Rop = By + Wi + (n = 3)W5' + (B3)* + (W])* + (n— 8)(W3)* — BBy — BiW;
— (n = 3)B{Wy — P By 4 (B1)? + By By — BiW + (n— 3)BiWy
Rt = By + (n — 3)W, + BBy — ByBy — WiBy — (n— 3)W{W, — (n— 3)W3B,
+ (n — 3)WiW, (3.12)

where we've used R;; = 7—L£—3R Ji; since §;; is maximally symmetric with dimension n — 3.

The full field equations subject to the ansétze (3.3)-(3.5) can now be written down. We first

consider the (pf) and (6t) Einstein equations, which are

(ph) : ApAL =0, (6t): ApA, =0. (3.13)

These equations can be considered as a constraint on our choices for the components of A. This
may seem a little odd since our choice for 4, (3.11), is supposed to be the most general form consistent
with our symmetries. But recall that our metric was not the most general choice consistent with our
symmetries, and in fact this constraint on the components of A is a direct result of this. The (pf)
and (6%) equations tell us that for consistency with our metric choice, either Ag must be a constant
or A; must be independent of p. To make contact with the examples in the previous chapters we
choose A; to be independent of p, which means that it only depends on ¢ and is a pure gauge term

which can be ignored completely. Thus the only non-trivial component of A is Ag.

The other Einstein equations subject to these ansétze reduce to
1 .
mez(Bl_W2)R + [WE + (n — 3)(W3)? — BiW} + ByW, + WiW}]

— HB1=W) [W2 + (n—3)(Wo)? + B W, + By W, — W1W2] b=

2
e?Biy
2

K2f By e, KT o . .
_ 4 ™ J 2(Bi—B2—Wi) 2 __ .
—1 (Ag)" + —r (4p)* =0, (i7) (3.14)
Wi + (W))2 — BiW! + ByW! + (n — 3)W| W} — e2(B1=W) [Bl + By + (n— 3)W,

+ (B1)2 4 (Bo)? + (n— 3)(Wa)2 + (4)2 — BiW1 — ByWy — (n — 3)Wy W 2]

2k2 2B, K*f —2Ba gn2 T3 9. aBi—Ba-Wi) j
_ A = A2 = .
—l—n_2e V L (4p) 5" fe (Ag)* =0, (tt) (3.15)

BY + (B)? — BB, + ByW! + (n — 3)ByW, — 2(Br=W1) [B2 + (B3)?*+ BB,

.. . 212 n—3
—ByWi + (n— 3)BZW2] + ;L—i—2e2B1V + mnzfe_232 (A(Q)Z
n—3

o 2R2f62(31—32—wl)(A9)2 =0, (69) (3.16)
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By + W' + (n = )Wy + (B3)* + (W])* + (n— 3)(W3)* + (¢)* — B1B; — B{Wj
— (n — 3)B:’lW2I — CQ(Bl—Wl) [Bl + (Bl)2 + B]_B2 - B]_Wl + ('n — 3)31W2:|

267 .5, n—3 9, om, K2f B .

i =z v A2 L I L2(B1i—Ba—Wi)( 4,12 — .
+n_26 V+n 5h fe (4p) +n 3¢ (Ap)° =0, (pp) (3.17)
B} + (n — 3)W, + ByBy — ByB, — W{By — (n— 3)W{W, — (n — 3)W3 B,

+ (n— 3)WiWa + ¢'d + k*fe2B2 A Ag = 0, (pt) (3.18)
while the dilaton and Maxwell equations become

#" = (B~ By =W~ (n=3)W}) ¢/ + P [§i (By + By — Wi+ (n— 3)Ws) ¢

oV 1of _ 10f B :
2 2B1 - 2Bo AI 2_ = 2(31 Bo Wl) 2 —
K [e e + 2_8¢6 (Ap) 2_8¢6 (Ap) ] 0, (3.19)
and
@p (6—31—B2+W1+(nv3)W2f(‘)pA9) -8, (eBl—Bz—Wl-l-(n-?»)W:)fatAg) =90, (3'20)

where prime denotes differentiation with respect to p, dot denotes differentiation with respect to ¢,
and R is the Ricci scalar constructed from g;;.

As before, singularity positions in the extra dimensional metric, if they exist, are interpreted as
the positions of branes which source the curvature of the bulk. The back-reaction of such branes
can potentially have a strong effect on the low energy on-brane effective action, and must be studied

thoroughly.

3.3 Boundary Conditions for Branes

In this section we deal with branes in the same way we dealt with them in the case of maximally sym-
metric branes. The same problem of divergences at the brane positions still exists for codimension-2
branes, so instead of worrying about this, we replace the codimension-2 branes with small cylinder-
ical codimension-1 branes a small distance A, p, = p; + A, from the singularity positions. This is
accompanied by an interior geometry for p < pp, which is capped off with a smooth solution to the

bulk field equations of motion given by

flat flat flat flat : :
dsan = €2P1 dp? 4 2Bz df? — W1 dt? + W2 gyidatdad

= e2BI" 4p? 4 283" p2dp> — VT g2 4 273 datdad (3.21)

where the ‘flat’ variables do not depend on p. We can now relate the bulk and brane quantities at

the brane positions, pp, by using the junction conditions for codimension-1 branes.
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3.3.1 Codimension-1 Branes

The junction conditions for codimension-1 branes serve as a stepping stone to generalizing to

codimension-2 branes. We now compute the codimension-1 junction conditions.

Junction Conditions

The junction conditions for a codimension-1 brane are (see Appendix C)

1 = mn =mmn 55’151)
gt VI = Kg™),, 55 =0
1 _ 5S
E [\/—gaqu]pb -+ _CW = 0,
[V=GfeP FPM] 4 95, (3.22)
g o §AN )

where § is the induced metric on the codimension-1 brane, K is the extrinsic curvature, and the

notation [F],, for a bulk quantity denotes
[F1,, = lim [F(ps + €) = F(py — €)]. (3.23)

The components of the extrinsic curvature is given by K, = %6_2B1 OpGmn, and in particular for

our ansatz, (3.11), this reduces to

K = e 2B Wl 5. Ko = e BB pl

Ky = —e 2B Wiyl K =e 2By [BY + W] 4 (n - 3)Wy], (3.24)

where K = §g™"K,,,. Combining the expressions for the componenets of Ky, (3.24), with the

junction conditions, (3.22), the definition of [F],,, and the flat geometry, (3.21) results in

L BotWit(n—3)w: ., o8
2 1+ (n— 2. /5 —
i Vi + 5 0,
B1—Ba+Wi+(n—3)W: Al 53151)
—B1—B2 1+ (n— 2. /5 —
€ \/Ef (i} + 5A9 0)
1 —2B1+4+Wi1+(n—3)Ws tt B ! VV' B 55151)
2;»;,26 e *g \/E[e 2(B2+(n_3) 2) —e 3]+ Ly =0
1 55
- e—2Bl+B2+W1+(n—3)W2900\/'g'[Wll + (n _ 3)W£] _ b _ 0
2K 09¢0
1 . 58
552_6—231+W1+(n—3)W2gz]\/§ [632 (Bé 4 IVII 4 (n _ 4){{/5) _ 6B3] _ 6; =0, (325)
ij
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where it is now understood that all the fields are evaluated at the brane positions, p,. We now
rewrite the junction conditions in ferms of the brane quantities S ) Sg’), S 2) , S (1), and S_((,l), as

follows
€B2 ¢I — e_(W1+(n~3)W2)S,§31);

1)
St
I‘GAIQ — eBl-I-Bz~W1—(’n/—3)W2 Ag ,

B Bs _ _ _2Bi—Wi—(n—3)W- (1) 3 o 1 (1)
e 2B; —e’3 = —e*7t 1= (n=3)W> |:(TL 3)5 ms_é ) + TL——QSt ] )
eBZWl' - 62B1—W1—(n—3)W2 [S(gl) ;7: 3 (8(1) St(l))] ,

eB2W2' — 2B1-Wi—(n—3)W2 [Sgl) + m (Sél) —Sél))] , (3.26)

where we have made the following definitions

¢ VRT
S(l) _ 1 5.5',51)
4o VG 84,0
Sél) —2I$29Li65’§ ,
V3 0gse
S — g2 900 900 1 383"
n-2\/_ 8g0e
i 05(1)
SO = g2t 1 (3.27)
n—3+/3 0§

When considering a pure tension brane, Sy M f d"1z,/§ Ty, the physical interpretations of
S ;1), SSZ, and S(g ) are the same as in the case of maximally symmetric branes. They represent the
derivative of the brane tension, 04T}, a brane contribution to the scalar potential within the low-
energy on brane effective theory, and the microscopic axial currents within the brane, respectively.
For an FRW-like brane, Sél) and Sfl) represent the pressure and energy densities of the brane
respectively.

Just as before, the brane constraint plays an important role in generalizing from codimension-1
branes to codimension-2 branes. Although the idea is essentially the same, when we explicitly include

time dependence, there turns out to be two constraint equations to consider, rather than just one.

The Brane Constraints

Due to our more general ansatz (compared to the previous chapter), two components of the Bianchi

identity are nontrivial rather than one. This implies that two of the field equations are not indepen-
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dent of the others. Related to this is the existence of two constraint equations which do not involve
second derivatives with respect to p [16]. Both of these constraints arc preserved when evolved using

the field equations in the p direction by the Bianchi identities.

The first constraint equation is obtained by taking a linear combination of the field equations
such that all second derivatives with respect to p of the bulk fields are eliminated. The relevant
combination of the field equations that gives rise to this constraint is (n — 3)(i5) + (¢¢) + (66) — (pp)

and results in

(n —4)(n — 3)(W3)? + 2(n — 3)ByW, + 2(n — 3)W W3 + 2By W] — (¢')?
_ XB1-W) [2(n 3 Wy + 285 + (n — 3)(n — 2)(Wa)? + 2(Bs)? — 2B, Wi — 2(n — 3)BQW2]

+ 2B1=Wa) b 4 920281y k2 fe 2Dz (Ap)? — K,zfe2(Bl_Bz—W1)(Ag)2 =0. (3.28)
The second constraint equation is the (pt) Einstein equation,
B+ (n—3)Wj + ByBy — ByB; — W!By — (n—3)WiW, — (n— 3)WiB;
+ (n—3)WiWa + ¢'d + k*fe P2 AgAg = 0. (3.29)

In order to turn these into constraints on the brane properties we multiply (3.28) and (3.29) through
by e 2B11+2B2H2Wi42(n—3)Ws 514 g~ 2B1+BaAWit(n—8)Ws pegnectively, take the limit p — pp, and trade

By, Wi, W}, ¢', Aj for Sé,l), 85112, St(l), S,gl), Sg(l) using the junction conditions, (3.27), giving

2 n—3 2
(n—3)(n — 2) (sgl)) —2[(n—2)e* = (n - 3)SM — st“)] 5" +-— (s - s§1))

+ 62A2 [2(77: — 3)"V2 =+ 2Bz -+ (n - 3) (‘Tb — 2)(W2)2 -+ 2(B2)2 — 2B2I/V1 - 2(TL — 3)B21’V2]

_ 243 [e=2"2 0 + V] + %6—2(31_32) (8;12)2 4 K2 fem2Ba-(-9Wa) (jy2 g (3.30)
and
(n —2)85 + (n = B)WoS + (Wy — B1)S™ + e 2BLdSS) + e241(B, — By)
=8N + khge=B18¢) = o, (3.31)
where

2A; = —2B; + Bz + Wy + (n — 3)Ws,
2A2 = —2(B1 — B2 - ('I’L - 3)W2),

These constraints are now used to generalize the codimension-1 brane formalism to codimension-2
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branes.

3.3.2 Codimension-2 Branes

The proper way to generalize to codimension-2 branes from the above codimension-1 formalism is to
keep the form of the junction conditions and the definitions of the brane properties that still make
sense (ie, that are defined in terms of fields that live on the brane), Which are S; @ s (2), and 5(2)

Sy (2) and Sy (2) are generalized the same way as was done in chapter 2. S ) is defined to be a tunable
parameter describing any microscopic magnetic fluxes which enclose the brane, based on its physical
interpretation discussed at the end of the codimension-1 section. To generalize S(gz) we let the brane
constraint, (3.30), be its defining equation. In summary, for a codimension-2 brane action, S§2) , the

junction conditions are

€B2¢I —_ e—(W1+(TL—3)W2)S§S2),

8(2)
K,Alg — eBl+BQ—W1—(n—3)W2 Ag

f K
8(2)
K,AQ — B1— B2t Wi—(n-3)W: As ,
/
BB — By = —PBI-Wi—(n=3Wa |(;, _ 3y5®) | 3(2) +— 5(2)
2 n—

eBzvV{ — 6231—W1—(’"'—3)W2 |:8é2) n- 3 (5(2) 552))] ,
n—

B2 WZI — 2Bi-Wi—-(n—-3)W: |:S(§2) + n__2_ (89(2) _ 552))] (3_33)

where 85423 is a paramater describing the microscopic magnetic flux which enclosing the brane and

s _ R L1850 oy RPgudS) o A gy 188 (3.34)
¢ Com\G 0¢ ¢ T /3 09 g T n—3g 6di;
We also implicitly define Séz) by the equation
2
(n—3)(n —2) (s@’) ) [(n ~2)ett — (n - 3)SP) — 3(”] S + (5<2> sfz))

+ et [2(77, — 3)Wa + 2By + (n — 3)(n — 2)(Wa)? + 2(By)% — 2BZW1 —2(n— 3)32W2]
. 1 2 1 2
A3 [,—2Ws T o—2(Bi—B2) { (2" _ 2 —2(B1-W1) {c(2)
e [e R+V]+fe (SAg) fe (SAt)
+ K2 fe”UB1—(n=3)W2)( 4 )2 — , (3.35)

We now turn our attention to studying the low-energy on-brane effective theory and how the

back-reaction of codimension-2 branes affects the theory.
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3.4 The Classical Low-Energy On-Brane Effective Action

We obtain the bulk contribution, Vg, to the effective potential, Vg, by substituting the extra-

dimensional equations of motion into the full action. To eliminate the heavy fields we make use of

the (ab) Einstein equations,

1 1
m(Rab + aa¢ab¢) + gF"’ PFbp + m |:V — Z{-FPQFPQ} hap = 0. (3.36)

These comprise of two independent equations, which we take to be the sum and difference of the

(pp) and (00) components. The difference, (3.17)-(3.16), gives

Wi+ (n = 3)W5' + (W1)* + (n — 3)(W3)* — BiW] — (n —3)BiW; — ByW — (n — 3) B;W;
+(¢)2 = ETO By — Byt (By)? — (Bo) — BuWa + (n— 3)BiWa + By WA

—(n— 3)Bsz] =0, (3.37)
while the sum is equivalent to contracting (3.36) with the extra-dimensional metric, h®, to give

1o __J punp  fpenp 2
252 h (Rab + aa¢ab¢) = 2(7’1, — 2)F FMN EF Fa.N n— 2V (338)

We begin by explicitly separating the on-brane metric from the extra-dimensional metric in the bulk

action, using (3.12),
1 1
Sp = — / d"zv/—g [ﬁgMN (Run + O dOn ) + Zf(¢)FMNFMN + V(9)

2K2
—BiW{ — (n — 3)B; W3 + ByW/ + (n — 3)By W, + 2(n — 3)W{ W]
1 1 1 2 1
—glge_zwl [Bl + By +2(n — 3)Wy + (B1)* + (B2)? + (n — 3)(n — 2)(Wa)® + (¢)°
_BIW:[ + (n - 3)B1W2 — BQW:[ + (n - 3)B2W2 - 2('fb - 3)W1W2]

1 5 1
= [ay=a { e By 4 e WY (0= W + WD+ (0= 9 W)?

1 1
oL K Ry + Bud0sd) + - FEMY Fygy + v}
2K 4
. P T
= —/d z/—g {2?6 W25 Ry + 22¢ 2BUWY + (n— 3)Wy + (W))? + (n — 3)*(W3)?
—B,W! — (n— 3)B,W} + BLW! + (n — 3) BLW} + 2(n — 3)W/ W]
1

—Zﬁe_m [Bl + By +2(n = 3)Wa + (B1)® + (Ba)” + (n — 3)(n — 2)(Wa)® + (¢)*

—B]_Wl + ('I’L — 3)31W2 - Bng + (n — 3)B2W2 — 2(n - 3)W1PV2]

f n MN f uN n—4 .

38




M.Sc. Thesis - A. Louca - McMaster University - Department of Physics & Astronomy

1 o i i 1
:—/d”x\/_—g{zﬁe 2W2g7R,—j+%e 2Bi [(n — 4)(n — 3)(W3)? + 2B, W]

+2(n — 3)ByW + 2(n — )W W} — (¢')*] — #e—zv"l [232 +2(n — 3)Ws + 2(B,)?
+(n = 3)(n — 2)(Wa)? + ()% — 2B, W, + 2(n — 3) By W — 2(n — 3)W1W2]

f n un [ an n—4
g PN Py — 5 F Fay + ——5V (3.39)

where we have used both (3.37) and (3.38) in the above. The effective bulk action describing the
low energy physics in the bulk is obtained by integrating out the extra dimensions. Unlike in the
previous chapter, we cannot do this explicitly because the metric functions, Wi, Ws, Bi, and Ba,
depend on both p and £, so integrating with respect to p has implications for the time-dependence
of the final expression.

The other terms contributing to the full low-energy on-brane effective action are the boundary
contributions due to the Gibbons-Hawking action, Sgg, as well as the brane action, S'éz), itself.

With two branes located at positions py, b = {0,1}, the Gibbons-Hawking action is,

1

o 1
Sep=Y_ [ dod" 2I§\/——QK

b=0 v P>

1
- i_z 2. / AV e P Bt W W By + W+ (n — 3)Wy]
b=0 Po

n—2 n—2

1
2 -3 1
=B [ty |s - Isp - Los®). (3.40)
b=0"Pb

Thus the effective potential of the low-energy on-brane theory is

2 n—2 ar

P 229 n—3 @) 1 (2) K2 (2)
‘/eff = V - 7{]—' 80 - ‘Sg - TL_—ESt - _’Cb 3 (34].)
b=0

where Vp is obtained by integrating (3.39) over the extra dimensions when a solutions to the field

equations are given.

This completes the description of the low-energy on-brane theory for FRW-like branes. This is

the end of calculations we consider, but we now discuss several ways to test this theory oust.

3.5 Future Work

We now discuss three different ways which could potentially be used to test the above formulation
and generate new results. The first idea is rather straight forward. If time dependent solutions to the
field equations, (3.14)-(3.20), are found (given choices for f and V in (2.2)) then an analysis which is

similar to that done for the brane-axion couplings in 6D in chapter 2 can be done. This will involve
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studying the bulk solutions and calculating the Ricci scalar in the higher dimensional picture. Then
using the junction conditions, (3.27), we can study the brane properties and relate the bulk and brane
fields to each other at the brane positions, which is then used to calculate the effective potential,
(3.41). The lower dimensional field equations are then solved and used to calculate the Ricci scalar
in the lower dimensional picture and compared to that of the higher dimensional calculation.

However, expecting to find explicit solutions to the time dependent field equations may be a little
unrealistic. If none are found, studying the near-brane regime will serve as a good approximation
and will greatly simplify the equations of motion. We already considered this approach in the second
example in chapter 2, although in the static case. The process here is similar to when explicit
solutions are known. The bulk equations should first be solved and analyzed, followed by a study
of the brane properties using the junction conditions. This will ultimately lead to considering the
lower dimensional theory and comparing it to results in the higher dimensional picture.

Another way to test this formalism is to make use of known scaling solutions to the 6D gauged

chiral supergravity lagrangian, (2.78). It can be shown that if we consider anséatze of the form [16]

ds? = (Hot)*+ [2P1)dg? 1 €520 1 (Hot)® [~eWde? 1 M2(P)55datdat |

e? = 2 (Hyt)~ 2+, Ag = Ay(p), (3.42)

then the time dependence of the field equations completely drops out and we are left with a set of
differential equations in p only. The problem then becomes a static problem and can be approached
in the same way as was done in chapter 2. However the scaling symmetry possessed by (2.78) offers

us another avenue for testing as well. We can perform the scaling symmetry transformation
e? — efte®) g v e ?WBg (3.43)

and only follow the time dependence generated by ¢, which represents a classically massless KK zero
mode coming from a combination of the metric and ¢ fields. When this transformation is applied to
the bulk contribution to the potential, Vg, we can ignore all contributions due to the radial profiles
(these will just integrate out to a constant with the choices we have made) since we will only be
interested in tracking the time dependence caused by ¢. The resulting effective theory will be of the

form
Seff = — / d*z/3 [X (0)§7 Rij + Y (0)8,00pp + Verr ()], (3.44)

and the time dependence in its field equations due to ¢ can be solved for and compared to the time

depenedence in (3.42).
Thus we have described at least three of the different approaches one could take to test the time

dependent formalism created in this chapter, and potentially study new and interesting physics.
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Chapter 4

Conclusion

If extra dimensions exist, they will have many cosmological applications and predictions. For this
reason, the goal of this thesis has been to derive the junction conditions and low-energy on-brane
effective theory for FRW-like branes.

We begin by considering maximally symmetric branes. The ideas developed in this scenario are
identical to that for FRW-like branes, but the mathematics will be less cumbersome and so this serves
as a good check when we finally investigate FRW-like branes. It turns out that certain solutions
to the field equations have singularities in the bulk. These singularities physically represent the
position of a codimension-2 brane which sources the curvature in the bulk. However, working with
codimension-2 branes is difficult because of the possibility of the bulk fields diverging at the brane
position. This makes relating bulk fields at the brane to brane properties nearly impossible.

To overcome this problem we introduce a renormalization scheme which involves replacing the
codimension-2 branes with small cylindrical codimension-1 branes located a small distance, A, from
the singularity positions. With this setup we then compute the codimension-1 junction conditions
without worrying about divergences of bulk fields at the brane position. This codimension-1 picture
is used as a stepping stone and guides us as we generalize the junction conditions for codimension-1
branes to codimension-2 branes.

Once the codimension-2 brane formalism is set, we make use of it when deriving the low-energy
on-brane effective theory from which we study the back-reaction of the codimension-2 branes. This
is then applied to two examples, and in both examples we show that the high and low energy theories
are in agreement with one another.

Using this line of thought as a guide, we turn to solutions which are axially symmetric in the
bulk directions and maximally symmetric in the spatial directions of the (FRW-like) brane. The
same process leads us to the codimension-2 junction conditions and the low-energy on-brane effec-
tive action. We conclude by discussing three possible routes that can be taken to verify the time

dependent theory and which can be used to study new physics.
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Appendix A

Derivation of Field Equations

Here we derive the equations of motion of the following n dimensional scalar-tensor bulk action
1 1 N - )
Sp=— / d"z/—g mgM‘N (Run + OnrpOn @) + Zf(¢)t'MNf'MN +V(¢)]- (A1)
M

Run is the n-dimension Ricci tensor constructed from the Einstein-frame metric, garn, ¢ is a real
scalar field, and F' = dA is the Maxwell field.

A.1 The Einstein Equations

The Einstein equations are obtained from

dLg ( OLy )
-0 — | =0, A2
daun ~ \9(Opgmn) (#.2)

but before computing the Einstein equations it is useful to have a couple identities ready to use :

oy—g 1
= _\/_—ggPQ)
8gpQ 2
agM’N 1
Bor = _E(gMPgNQ t gMQgN Py, (A.3)

It is also be necessary to write L£p in such a way as to make all the factors of g explicit, doing this

results in
1 1
Lg=—v/—g mgMN (Rmn + O pOng) + ngMRgNSFMNFRS +V]. (A.4)

Computing 9pp¢,,yLp is very cumbersome since the Ricci tensor is a function of the Christoffel

symbols which are a function of derivatives of gpsn, so to avoid this we use the Palatini approach,
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where we treat I‘AQ/[ ~ and gy as independent variables and vary the action with respect to each
individually. Varying the action with respect to the Chrsitoffel symbols simply yields the well known
formula,

1
ch\?,[N = ngP(aMgPN + Ongpm — OPgMN), (A.5)

and so with this approach the Einstein equations become

dLp

= 0. A6
A9ra (A-6)

Using (A.3) we get

OLp
a!JJPQ

=¢——g[—RPQ+ L 0P 4009 — L g IR — org"90N $ong — 397V

1
—gngQFMNFMN + §fFPNF%] . (A.T)

Setting this to zero gives the Einstein equation,

1 1 1 1 1
%ERPQ t53 9% — —59"R ~ EQPQaNfﬁaN(IS - §QPQV
; ngQFMNFMN + = fFPNF =0, (A.8)

but further manipulations make it easier to work with. We first contract (A.8) with gpg and solve

for R,

A G

(n—2) (n—2) MN

= - FYN Fyr A.
4x2 R 42 e (A.9)
Putting this back into (A.8) and lowering indices yields

1 1
W(RMN + 3M¢8N¢) + gFMPFNP + n—-—E |:V — %FPQFPQ] gun =0, (A.lO)

which are the Einstein equations in the desired form.

A.2 The Dilaton Equation

The dilaton equation is obtained from

L5 ocs \ _
%o (o) =° (4D
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We begin by computing 84Lp and Opp¢Lp:

oLs .~ [oV  10f N
96 = V9| a5 Taagimnt
oLp 1 _p
aopg) - V90 P
Now notice that,
O¢ =VpVZe
= vPaP¢
1
= —:EVP (V=g0"¢)
1
= —,_—gaP (\/—-gapqS) ’

: (A.12)

(A.13)

(A.14)

where we have used the facts that Vas(v/—g) =0 and Vy, [\/—ganS] = Ou [\/—gBMzﬁ]. So

o (aarsy) =2 (V3277
1

= —/—g—Ud.

’4‘-'2
Combining these results gives the dilaton equation,

v 19f

96 ' 4

O¢ — K2 [— + —%FMNFMN] =0.

A.3 The Maxwell Equations

The Maxwell equations are obtained from

s _, s\ _,
0Ay  T\8(0pAM))

(A.15)

(A.16)

(A.17)

but before computing anything it is necessary to make all factors of Ay,

Fun = 0mAn — OnAu,
in the Lagrangian explicit. Notice that,

FMNFyrn = gMBgNS Forn Frs

= gMBgNS (0 An — OnAm)(OrAs — OsAR),
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so the Lagrangian can be written as

1
Lp=—+/—¢g @!JMN (Ruw + OméOn D)

L F(8)9" 255 Onr Ay — Oy Aar)(OnAs — DsAr) +V(#)

It can now be computed that

0Lp
0Ac

aﬁB CcD
=B /=g fF®P,
9(8pAc) o

=0,

using

(O An)

= 6069,
d(0pAc) MEN

Combining these results yields
aM(\/ —ngMN) = 07

but further manipulations can still be made. Notice that

O (V=GIFMN) = \/=g0us (JFMY) + %aMngMN

=+/—90u (fFMN) + \/—_grngFMN
i (FFM)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

where we've used the facts that dprg = 2975, and ¥, F MD — () since Fyrn is antisymmetric and

I'P, v is symmetric. Thus the Maxwell field equations are

Vu (FFMY) = 0.
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Appendix B

Dimensional Reduction of the Ricci

Tensor

Consider an n dimensional metric gy n given by

e2C @)y () 0
gMN = .

0 eZW(m“)gﬂy(x)\)

7L, and § have dimensions d and n; respectively, such that

d + n, =n.
Our convention for indicies is as follows
{a,b,....,h} ={1,2,...,d} associated with hqp
and {a,8,.}={d+1,d4+2,..,d+n¢} associated with g,

(B.1)

(B.2)

We also have assumed that Ags = ﬁab(mc) and Ju, = Q,,,,,(:L‘)‘) ounly depend on the coordinates z¢ and

x> respectively. The warp factors C = C(z#) and W = W (z*) are depend only on the coordinates

z* and z® respectively. Any quantity with a ~ on it is constructed solely from §, and similiarly for

7. The Christoffel symbols can be calculated and the non-zero ones are

& =1%, Tg,=-W-hdy, VW, T¢,=06V,C,

T, = f‘zw £ o= e 2W-O)] 5805 O T = 65V, W.
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From this we can compute the (relevant) components of the Ricci tensor, which are

Ry = By + 1182V =g, OV W, W + 2=, OW + dV,CV,C +dV,V,C, (B4

Rap = Rap + de_z(W_C)g“”ﬁab@uC’@,,C + 6_2(W_C)ilab|jc + nlﬁaW@bW
+ 1 Vo VoW, (B.5)

In calculating the components of the Ricci tensor the following convention was employed
RaB = FSC,B - FEB,C +T5sT%c —TEclis (B.6)

where the indicies {4, B,C, ...} run over all coordinates. If we now also assume that C = 0 so that

_ ﬁab ($c) 0
gMN = 0 62W(mu)§w(w") .

our metric is

our equations become

Rouw = Ry + 16V 5, bV WV W + €27 5, O0W, (B.7)
Rap = Rab + nlﬁaW@bW + \7a6bW (B.S)
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Appendix C

Boundary Considerations

C.1 Gauss-Codazzi Equations

Any n dimensional space, M, can be thought of as being a series of n — 1 dimensional hypersurfaces,
%, whos curvature is characterized by two quantities, the intrinsic and extrinsic curvatures. The
Gauss-Codazzi equations relate the curvature of the full n dimensional space to the intrinsic and
extrinsic curvatures of the hypersurfaces. To simplify the derivation of these equations, we choose
coordinates such that these hypersurfaces are surfaces of constant coordinate, p, and for which the

metric is

ds? = gur ndzMdzN

= e2°dp? + Grundz™dz™, (C.1)

where C' can depend on all coordinates. Our convention here is that capital letters run over all
indices and small letters run over all indices except p. In these coordinates o, = Jmn(p, z) defines
the intrinsic geometry on the surfaces of constant p, Xi,. Although .. is simply garn restricted to
all coordinates except p, we introduce the bar notation because we deal with quantities constructed
solely from §,,,, and this distinction allows for more clarity in future calculations. Any barred

variable indicates it has been constructed from g,,,. The Christoffel symbols of garn are

T Ar 1 _ 5 1 T o
an = Pmn) ann = _‘2‘6 2Capgmn; Pz"h = §gm apgm‘)

e, =0,0, TI%,=-egm,C, Tb,=0,C. (C.2)
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The Riemann (intrinsic) curvature on the surfaces I, is defined through the Christoffel symbols,
_ 1
I‘% = Egms(angrs + argns - asﬁnr), in the usua,l way,

Rm™ =0,I™ +T™TY — (r < 3). (C.3)

nrs sq— nr

If we consider a particular surface, ¥,, = {p = ps»}, one can think of dividing our space, M, into two
parts, My, lying on either side of X,,, with M, denoting the space p > pp, and M_ denoting the
space p < py. The extrinsic curvature of the surfaces Y.,, Ky, is defined in terms of the outward

pointing unit normal,

NM = +e=C5, (C.4)

Kyn = Py P Py BVpNg (C.5)

where Py, NV = 68 — Ny NV is the projector onto the surfaces .. The + must be chosen appropriately
depending on which side of the surface £, we are considering, with the understanding that IV, wdx™ =
FeCdp? in the space My. Without loss of generality, we’ll do calculations as though we are in
M_, and any time we need to consider being in M, we can simply perform the transformation
Kyn — =Ky, A quick calculation yields,

Kyn = —€“Thy + 68e°Thy + 64,eCThy, (C.6)

and in particular

Kmn

Il

1 _ _
—eCTe = 3¢ ©8,Gmn

K,, =€“0,C, Kpm = 0. (C.7)

It’s useful to express the Christoffel symbols, (C.2), in terms of Kjrny when possible, and doing so

yields

e =e’K™, Th.=—-e%Kn, TI% =e%K,. (C.8)

n mn op
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All nonzero components of the Riemann tensor, calculated in the usual way, are related to the

following components by the symmetries of the Riemann tensor,

Rmnrs = Rmnrs + K’m"rKnS - K’m:sKn'l‘)
Rpmnr = 6"7'(6_CK‘777/I‘) - 6’r‘ (ecKmn))
Rpmpn = 6_camen - Kquq s+ ?m@n(}' + ﬁm06n0

=e OV, Kmn + KmgK%, + Vi, V0O + V., CV,,.C (C.9)
The last line makes use of

Ksm
= 0pKpn — 26 K s K° . (C.10)

VoKomn = 0pKomn — 53 Ko — T

s
pn

The components of the Ricci tensor, Ryrny = Ry, py, are

Rm'n, = Rmn + e_Cvmen + KK‘mn + Y_7m.6'n,cl + vmC’6nC’:
Rom = ezcﬁm(e_cK) - eQCﬁn(e_CKmn),
Rpp = eC9,K + 29 K,,,, K™ + 2C00C + 2°5™"V,,CV ,,C, (C.11)

where K = §™" K, = K™ .. The Ricci scalar, R = ¢MNR 1y, is
R=R+2Y0,K + Kpn K™ + K? +25™V,,,CV,,C + 200C. (C.12)
Notice that
0 (V=0) = 53705 pdmn = /=G K (€13
which also implies
9, (V=9gF) = /=g (0,F + “KF) (C.14)
when F is any scalar, in particular when applied to I = K we get

V0K = 0, (VGK) ~ VGe K (©19
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Applying this to «/—gR yields

V=9R = /=g (R+2e YK + Ky K™ + K* +25™"V,,CV,,C + 200C)
=8, (2v=GK) + V=g (R + Kpa K™ — K? + 2™V ,,CV,,C +200C) . (C.16)

C.2 The Gibbons-Hawking Action

One of the main considerations in this text is to determine how discontinuites of the bulk fields are
governed by brane properties. To study this we’ll consider a system composed of a bulk action, Sz,
given by (2.2), and a codimension-1 brane action, S,Sl), which is a boundary term. But notice that

the Einstein-Hilbert action (which is part of the bulk action),

1

SEH = —ﬁ d"z \/—g’R,, (017)

can be written as the sum of a bulk and boundary term using (C.16),

1 - _ — -
T / &2/~ (B + KmnK™ — K2 + 257"V, C¥,,C + 20C) — % / d" o/ 5K,
(C.18)

When varying the action, Sg + S,Sl), the boundary contribution due Sp leads to terms like 8,0Gmn,
while varying Sél) leads to terms like 6@y on the boundary. Since 0,0, and dGmn can be varied
independently on the boundary, the result is an over-constrained problem. Thus the variation of the
action Sp + S,Sl) is not a well posed problem. In order to compensate for this, the boundary term
arising from the bulk action must be explicitly removed by the addition of an appropriate boundary

term to the system’s action, this is the Gibbons-Hawking action,
1 n—1 =
Sa = _’_E d z+/—gK. (019)

So the full action is obtained by supplementing the bulk and brane actions with the Gibbons-Hawking

action,

S=8g+ Sem +SV. (C.20)

C.3 Derivation of Junction Conditions

The junction conditions describe how the presence of a brane action affects the bulk fields at the

boundary. They are the result of minimizing the boundary term of the variation of the full action.
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We’ll use the notation [F], for a bulk quantity which denotes

[F],, = lim [F(p +€) = F(py, ). (C.21)

C.3.1 The Metric Junction Condition
Before varying the action with respect to g, it is be useful to note that
1 oo o
6(Kmn) = Ee apagmn;
1
6K = 87 Konn) = ~5" 5" Knn®Grs + 565 0p0Gmn. (C.22)

Since we only keep track of the boundary terms in the variation of the action Sp/ = Sp + Sgg with

respect 0 Gmn, we only explicitly show the variation of terms that lead to terms that go like 8,6Gmn.
Thus

S = 68g + 6Scm + 65

1
=53 / &2/ =g [6(Kmn K™) — 6(K?)] + 658 + ...

1
= 55 | oV GE 00 mn ~ K" 0p8Gmnl + 05, + ..
1
=55 | @20 (V=G K™ 0Gmn — KG""0Gmn]) + 5SD 4 ..
1 - = mn = —mn c=
sy d" 1z /=G [K™"8Gmn — KG™" 0Gmn]
K P te
1
- ﬁ/ "t V=g [Kmnégmn - Kgmnégmn] + 5:5'[51) + ... (023)
Po—€

In going from the second to third line we have used,

ap (V —gKmnégmn) =V —gKmnapégmn + ap (V _gKmn) 5gmn’
8y (V=FKT™™0Gmn) = V=0KG""0p0Gmn + 8, (V—GKGT™") 6Gmn.- (C.24)

The elipses denote all other terms in the variation that do not lead to boundary terms, in fact these
terms lead to the field equations, which are derived in Appendix A. In going from the third to
fourth line we have assumed that the brane action is defined at p = pp, then integrated, and used
the appropriate normal vectors at the positions p, + € and p, — e. Now taking the limit as ¢ — 0 and

setting the variation equal to 0 gives us our metric junction condition, which is

sst
55 =0 (C.25)

— VR Em™ — kg™, +
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C.3.2 The Scalar Junction Condition

The only term in bulk action that leads to surface terms upon variation with respect to ¢ comes

from the bulk action, (2.1), and is
Sy = —57 / d"z /—gg™" Op pOn ¢. (C.26)
Varying results in

35 = 884+ 851 +

1
=57 [ d' V=99 N (80 ¢OnB) + 5SS +
1
=- [d V=99MN 03, ¢On b + 65 +
1
- = A"y /—gNM 9y ¢S — i2 / d* "z /—gNM Oy dsd + 65 +
K% Jppte K2 Jpy—e
1 1
= A"l \/=F0,p0 — — / d" 'z \/—§O,p5¢ + 65 + ..., (C.27)
K Jppte K% J py—c

where we have used the divergence theorem to go from the second to third line. In the same way as

before, this leads to the junction condition

(1)
= VT0u8],, + 25 =0, (C.28)

C.3.3 The Maxwell Junction Condition

The relevant term in the action is
1
SA = —Z /dnﬁU Vv —ngNINFMN. (029)
Varying gives
85 =854+ 68 +
1
= —E /dnﬂi v —gngRgNS (8MAN8R(5AS - BMANas(SAR - BNAM8R5AS + BNAME‘)S5AR)
+a80 .
- / d"z /=g fFMN 9y 6 AN + 55',51) +

= — / d"z Oy (V=afFMN§AN) + 650 + .., (C.30)
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where we’ve used
O (V—=gfFMYV§AN) = /=gfFMN 036 An + Opr (V—9fFMY) 6 Ay, (C.31)

and ignored irrelevant terms. In particular if we take M = p, then

58 = dv 1z \/T5eC FFPN A — / d o \/~GeC FFPN§AN + S + ..., (C.32)

Pote Pb—E€

which gives us our Maxwell junction condition

s _
§Amr

[V=geCfF™M]  + 0. (C.33)
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Appendix D

Solutions to Field Equations

D.1 Maximally Symmetric Branes

Consider the following bulk action
1 1
Sp = —/ d®z/—g [QQMN (Run + OmdpOng) + ZFMNFMN +A, (D.1)
M

which is (2.2) with n =6, f =1, V = A. We now find solutions to the field equations of this action

for maximally symmetric branes. Recall our ansatz,

ds? = dp? + 2B dp? 4 2V g, (27 )dzF da”,
A= Ay(p)ds,
¢ = ¢(p), (D.2)

where §,, is a four dimensional maximally symmetric Minkowski-signature metric, which yield the

field equations

%e—ZWR + W' aW2 +W'B' — i-m?e-zB(Ag)? + %K.ZA =0, (w) (D.3)
B" + (B> + 4W'B' + %f#e—w (A% + %K,ZA =0, (99) (D.4)

3 1
AW +4(W')* + B" + (B)* + (¢)* + 767727 (4)* + 5r*A =0, (pp) (D.5)
¢" + [B' +4W')¢’ =0, (Dilaton) (D.6)
(e" B+ 44) = . (Maxwell) (D.7)
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To simplify our search for solutions, we’ll look for solutions with W = 0 and ¢ = ¢, a constant.

Ouwr field equations then become

R+ 262N — k2e72B(A))? =0, (D.8)
B" 4+ (B"? + %/&A + %mze"ZB(Aé)z =0, (D.9)
(e"BAY) =o. (D.10)
Equation (D.10) gives
e PA, =By (D.11)

where By is a constant, and when used in (D.8) we find that

2
R = 2x? (% - A) : (D.12)
Multiplying (D.9) by e? yields
1
()" + z5¢° = 0 (D.13)
. 1 k2 (382 . .
where L is defined by T3\ + A ). The solution to (D.13) is
e® = aLsin (%) ) (D.14)
and so
r_ . (P
Ap = aByLsin (L) . (D.15)

In summary, a solution to (D.1) subject to the ansatz (D.2) is

ds? = dp? + o®L? sin? (%) 62 + g, dotdz”,
P

Fpp = aByLsin (f) ,

b= do. (D.16)

With this we can calculate the christoffel symbols of the extra dimensional metric which are

I'Yy = —a*Lsin (%) cos (%) ,
I‘f,e = %cot (%) , (D.17)

58



M.Sc. Thesis - A. Louca - McMaster University - Department of Physics & Astronomy

and the components of the Ricci tensor, and the Ricci scalar are

1

Rpp ﬁ

Rgg = -—012 Sin2 (%)
2

Ry =12
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