



































































































































































































































CHAPTER V

The multilayer sandwich beam

5.1 Mathematical formulation of the multilayer sandwich beam

problem with simple supports and symmetrical loading

There is no basic difference between the multipier shear wall

problem and the multilayer sandwich beam problem, if the multi-

layer sandwich beam is simply supported and symmetrically loaded

(Fig. 5.1.1).

The shear constant km for each interface must be known in the first
place, since km is now a constant of the shear core (glue, studs, ...)
between the layers. However the mathematical meaning of km remains

the same.

For simple supports and symmetrical loading the slope of deflection

y (x) is zero at midpoint, i. e. at the axis of symmetry. We observe,
that the boundary conditions for shear walls (Chapter 3.1) and for
simply supported multilayer sandwich beams under symmetrical loading are
the same. Therefore we can say, that the mathematical formulation of

the simply supported multilayer sandwich beam under symmetrical

loading and the multipier shear wall problem is identical (Chapter II

and III).
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5.2 Example

The example will demonstrate some characteristic properties of a
multilayer sandwich beam. A large number of layers was chosen in
order to show, how the strains in a cross-section deviate from the
linear strain distribution for complete interaction or homogeneous
material in a way, which is similar to the.strain distribution of
plates and obviously is due to the influence of shear deformation

(Fig. 5.2.2).

In Fig. 5.2.3 the normal force intensities in the interfaces are
plotted. Between the lower layers we obtain tension and between

the upper layers we obtain compression.
In Fig. 5.2.4 the shear intensities in the interface are plotted.

Slip is defined as the relative displacement of originally adjacent
points of opposite layer in the undeformed state. Therefore shear
intensity and slip are proportional and slip can be calculated from

the shear intensity by

slipg (x) = 4200 (5.2.1)

Kovn
From Eq. (5.2.1) it follows that Fig. 5.2.4 also can be considered

as the plot of slip m(x), if only the scales are changed.

-
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In Fig. 5,2.5 the normal forces fqhq(%) in the layers are plotted
and Fig. 5.2.6 shows the bending moments Mm(x) which have to be

equal for all layers.

The properties of the multilayer sandwich beam, which was chosen for

this example, are specified as follows:
All layers and interfaces have the same properties,

The dimensions can be assumed as [ kg, cm ]

Note: I kg = looo grams = 2,20 1b

l cm = 0,394 inch

Further
E =3+ 10° kg/cm2
H = loo cm
P = loo kp
XP = 50 cm
A = l,0 cm
m
I = 0,0834 cmb
m
a = l,0 cm
m
r = 20 = pumber of layers
4 2
Kml lo” kg/em .

In order to compare the strain distribution for a lower degree of

interaction a second example was computed with km = 0,25 104 kg/cm2 .
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2 N
m
[kg]
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2| -6.45
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7 =5.02
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1o ©.00
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5.3 Discussion of the results of chapter 5.2

a) The results of Fig. 5.2.2 show, that the strain distribution
varies between linear strain distribution for a homogeneous beam
or complete interaction respectively and the strain distribution
for zero interaction, i. e. if the sandwich beam behaves as
separate layers of beams.

We also may notice, that between x = 100 (midspan) and x = 50
(point of load application) an increase of strains takes place.
This is due to the fact, that in this section contrary to the
case of complete interaction already slip and shear intensities

occur.

b) From experience we know, the upper layers tend to separate from each
other and create small gaps. The lower layers tend to compress éach other.
According to this experience we would have expected
positive normal force intensities in the interface of the upper part
and negative normal force intensities (compression) in the interfaces
of the lower part of the sandwich beam. However in this context we have
to remember assumption (e) and Eq. (2.2.1). This assumption says, that
we assume each layer loaded according to Eq. (2.2.1) in the first place.
The lamina forces qm(x), nm(x) and N; then are determined to "correct"”
this assumed statically determinate system. From there it is obvious
that assumption (e) (Chapter 2.2) influences the normal force

| (7

intensities nm(x) in a way, which can not be predicted. Adekola

has shown, how uplift forces can be determined without assumption (e).
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For a two-layer sandwich beam this leads to differential equationms,

which only can be solved by finite difference methods.

Let us consider the slip in the multilayer sandwich beam and the
deformation due to shear in a homogeneous beam as being similar. Then from
Fig. 5.2.5 and Fig. 5.2.6 we can see, that the bending moments Mm(x) in the
layers are concentrated under the points of load application and de-
crease rapidly up to the center line, while the normal forces Nm(x)

are nearly constant in the section between the points of load application.
With respect to plasticity this would mean, that the plastic zones would
be concentrated under the points of load application and would decrease

up to the center lines. This shape of the plastic zones in a simply
supported homogeneous beam under two point loads already has been observed
in experiments. The theory, which says that the degree of plastification
of a cross—section only depends on the magnitude of the applied moment,
would mean for the simply supported homogeneous beam under two point
loads, that the propagation of the plastic zones is constant in the
section between the points of.load application, because in this section
the moments are constant. From there we assume, that shear deformation
comes into play and gives rise to a loss of interaction similar to

the multilayer sandwich beam.
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CHAPTER VI

Development of programs

6.1 The multilayer sandwich beam program

Based on the results of chapter II and chapter III the multilayer
sandwich beam program was developed. The program is restricted to the
simply supported multilayer sandwich beam under two symmetrical point
loads. The load dependent coefficients An for this special load case
can be determined from Eq. (3.5.1) assuming a negative load-P at x = O
and a poéitive load+P at x = X, - Superimposing these two load cases

we obtain from Eq. (3.5.1)

4 P . (2Zv-1) 1T Ra
B S A2n-1) W Ra 6.1.1
An e = SN ) ( )

The program cousists of the following steps:

(a2) The input

The input required for this program is
(i) Material properties -

E and the shear moduli Km of the interfaces.

(ii) Geometrical properties - area, moment of inertia, thickness and

distance of the center lines of the layers and the beam length.
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(iii) Load data - load and point of load application.

(b) The B-matrix is built and inverted by subroutine MINV. The coefficients

€ . o are calculated Eq. (3.3.1.11) .

(c) For each n of the Fourier series:
The g -matrix is built and solved by subroutine SOLVE [Eqs. (3.2.12) -
(3.2.14)]. With the resultant coefficients Cv‘h , with Eq. (6.1.1),
and with Eqs. (3.3.1.12), (3.3.2.3), (3.3.3.2), (3.3.4.1) the reactions-
qm (%) 5 Vi, (XY, N: . NM(XSand Mm(x) and slip (X) are
calculated. Each set of coefficients Cv‘n is checked with the initial
set of coefficients C\,‘\ . If for all —%—:‘-‘: < £ : 00000 the
accuracy is assumed to be satisfactory, other;ise the calculation

is repeated for v+ |, The resultant reactions and slip are the sum

of reactions and slip for all w .
(d) From M. (XD and N, (x) the strains are determined.

(e) Output of reactions, strains and slip.

6.1.1 Limitation on the use of the program

(a) Load case -

The program was developed for a simply supported multilayer sandwich

beam under two symmetrical point loads. Other symmetrical load

cases could easily be incorporated.
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(b) Structufal properties -
For each layer area, moment if inertia and thickness have to be
constant all over the length of the beam, but can vary from layer to
layer. Also the shear moduli km have to be constant for each inter-

face but may be different for different interfaces.

(c) Capacity of the program -
The actual capacity of the program is limited to N!:3o0 layers and
to N3 =20 steps subdividing x from O toH . However the

capacity can be extended by extending the storage capacity

6.2 The shear wall program with piecewise trapezoidal load

For the shear wall program a very general type of loading was
chosen i.e. the piecewise trapezoidal load. This type of loading
includes uniformly distributed loading, triangular loading,
piesewise uniformly distributed loading. Arbitrary shaped loading
can be approximated as well. |

The load-dependant coefficients A, are given by Eqs. (3.5.5) or

(3.5.6).

The program consists of the following steps:

(a) The input

The input required for this program is

(i) Material properties - E and ratio shear modulus to E



(ii) Geometrical properties — area, moment of inertia, width and
83
length of piers and connecting beams, effective shear area of

connecting beams, story height and distance of center lines of

piers.

(iii) Load data -

piecewise trapezoidal loads and points of load application.

(b) The shear moduli km of the connecting medium, i. e. the connecting
beams is calculated for each interfase. Then the |> -matrix is
built and inverted by subroutine MINV. The coefficients E,“.v
.are calculated [Eq. (3.3.1.11)/and from the structural properties

the stiffness parameters 9’“ are determined.

(c) For each n of the Fourier series:
The g -matrix is built and solved by subroutine SOLVE
[ﬁqs. (3.2.12) - (3.2.14)]. With the resultant coefficients Co‘“ .
with Eq. (3.5.6) and with Egqs. (3.4.1), (3.4.3), (3.4.4) and
| &

(3.4.6) the reactions Q.. (x> and N .. (X) in the

connecting beams are calculated. Each set of coefficients

is checked with the initial set of coefficients ( 90 .
If for all %i’ﬁ £ & = 0.00001 the accuracy is-
v

assumed to be satisfactory. Otherwise the calculation is repeated
for v +1 |, The resultant reactions are the sum of reactions for

all n . .
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(d) Ftom Qm(x), N;(x) and M0 m(x) the bending moments and normal
bl

forces of the piers are determined from equilibrium

considerations.

(e) The deflection of the shear wall is determined for the actual degree

of interaction and for comparison for full interaction. A method

M (X))

tEl..

Assuming the fixed and free end exchanged the resultant moments

is used considering the piers loaded with

are the deflections.

(f) Output of stiffness parameters, reactions and deflection.

6.2.1 Limitation on the use of the program

(a) Structural properties -
For each pier moment of inertia, area and width have to be constant
all over the shear wall height but may vary from pier to pier. The
shear modulus of the connecting medium has to be constant for each
interface but can be different for different interfaces: this means
that for constant storey height all connecting beams of each
interface must have the same properties while for the last
connecting beam on the top of the shear wall the effective shear

area and moment of inertia must be half of the connecting beams below.
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(b) Capacity of the program
The actual capacity is limited to Nl 20 piers and N3 : 4o
stories, but the capacity can be extended if the storage

reservation of the program is enlarged.



CHAPTER VII

Conclusions

7.1 Conclusions

The multipier shear wall problem and the multilayer sandwich beam problem have
been solved by means of Fourier series. Normal deformation of piers and

layers have been taken into account. The mathematical formulation and

solution of the problem is easier and less complex than the solutions

given by other authors (4), (5), (6), since for the set of linear
inhomogeneous differential equations describing the problem, the particular
solution already is the complete solution (chap. 3.2). This allows a

better insight into the nature of the structure. It was possible to

determine stiffness parameters which describe the degree of interaction

between the layers or piers. It was found that for Penc 160 full

interaction for inte;face wr  can be assumed (chap. IV).

Further, the Fourier solution allows for a great variety of load shapes,
as for instance for the piecewise trapezoidal load, which can be used to
approximate nearly all other kinds‘of load shapes as well.

The Fourier solution was compared to the results of Beck(z) (chap. 3.6)
and numerical coincidence was observed. However experiments to confirm
the theoretical results for the multipier shear wall are desirable.

86
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The multilayer sandwich beam problem was anélysed to find out, if the
propagation of plastic zomnes in hbmogeneous beams can be simulated by
the multilayer sandwich beam. It was found, that the results can be used
to explain the shape of the plastic zones, which deviates from the shape
calculated by conventional plastic theory. But in this stage of
development it is not clear, wether the multilayer sandwich beam model
can be extended to a detailed explanation of the shape phenomenon of the
plastic zones in homogeneous beams under two symmetrical point loads

or if the multilayered beam model only gives useful suggestions as how to

improve the plastic theory.

Future developments

Shear wall problems have been analysed by different mathematical

approaches as for example by the finite difference method and the

matrix displacement method. These methods are merely numerical and they

do not inform much about tﬁe nature of the structure, for instance, they
would not be able to trace parameters, which describe certain structural
properties, as the continuous method does.

Though the matrix displacement method is very powerful and very complex

three dimensional shear wall problems have already been solved, it seems to be
desirable to extend the continuous method used here to more complex

shear wall problems and structures because of the reasons described above .



Possible future developments could be

- to analyse the multipier shear wall under vertical loading
- to analyse three dimensional shear wall problems

- to analyse the dynamic response of the multipier shear wall.

88
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AEEendix A

Details of the multilayer sandwich beam computer program

Introduction: The program analyses the simply supported multilayer

sandwich beam under two symmetrical point loads.

For sign convention and coordinate axis see Fig. 2.3.1 and Fig. 5.1.1.

Input: Details of input data are given on the following pages
Qutput: 1I) Geometrical properties
II) Material properties
II1I) Load data
IV) Reactions: shear intensity
normal force intensity
singular normal force at layer ends
normal forces, bending moments

V) Strains, slip



Input data

9o
51 1ol 15 20 30| 4ol 50] 60| 7d 80)
NI N2| N3 | l I I l |
N1 = number of layers (I-Format)
N2 = number of interfaces (I-Format)
N3 = number of steps for XSI- E)%_ (I-Format) [ 0 €£XSI €£0.8 1]
| EM| BL| P XSIAl | 1 ]
EM = Youngs modulus in kg/cm2 (E-Format)
BL = Length of beam in ecm (F-Format)
P = Point load at x, in kg (F-Format)
XSIA = Point of load application = %;t(F—Format)
A(D)! A(2)] | A(D)] [ a@)] BI(1)| BI(2) ]
(1 | BI(I)| | BI(NI)| H(1)| H(2)] 1 H(I)]
| H(N1)] B(1)} B(2)] | B(I)| ] B(N2) |
A (I) = Area of layers in cm2 (F-Format)
BI (I) = Moment of inertia of layers in cm4 (F-Format)
H (I) = Thickness of layers in cm (F-Format)
B (I) = Distance of center lines of layers in cm (F-Format)
SK(1)] SK(2)] | SK(I)| | SK(N2)] | J

SK (I) = Shear moduls of connecting material in kg/cm2 (E-Format)
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As example the multilayer sandwich beam of chapter 5.2 with NI = 5 layers

was chosen

[1 5] 1of 15/ 20| 30| 4ol 50| 60! 74 80|
{1 sl &l 24 ! | | | il | J
I ] 3.00000E+06| 200.0] loo.o‘ 0.25| —E J |
(] 1.0| 1.0] 1.0 1.0 1.0l  0.0834]  0.0834  0.0834]
[T 0.0834]  0.0834] 1.0| 1.0 1.0l 1.0 1.d I.oi

IT l.oL .o} .ol l

{1 1.000E+03| 1.000E+03|1.000E+03| 1.000E+03]
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N1=NJI:BER OR LAYERS

MN2=M1-1 . NUWRER OF INTERFACES

H2=MUCRER CF STEPS OF XSTsmaXeniUMBER 20
N=NUHER CF FOURIERTERTS TO GBTAIN ACCURACY EPS
FPS=ACCURPACY OF FOU RIFRTERMS

A{I)=4AREA OF LAYER

RI(IY=MCYFNT CF INERTIA OF LAYERS

EM=YOUNGS wODULUS

R{I)=LISTANCE RETWEFN CEMTERLINES COF LAYERS
HII)=THICKNESS CF LAYFRS

SK{T)=5HEARNMCDULUS QF COMMECTING MATERTAL (FeEoSTUDSICLUE S cosees)
REL=TNHTAL LEMGTH OF REAM

XST=X/RLL COORDINATES COUNMTING FROM LEFT END
XSTA=POINT OF LOADAPPLICATICN

P=POINTLOADS AT XSIA AND 1-XSIA
REACTTIONS '
VIIsJ)Y=SHIARINTFENSITY

SN(IsJ)=N®“””LFO?(Fo AT INTERFACES
GNS(T ) =5TNGULAR NORIFALFCRCES AT INTERFACES
PN(I’J)=r\<x“LFOIC%C IN LAYERS

0T e Y =RCUDINGYOENTS I LAYERS
STULT s ) =0TIRAINS TN URPER FISEY OF LAYER
STLIT s =0TRAINS IN LOWER FIBRE OF LAYER

SLIP({I 9J)=RELATIVE DISPLACENMINT CF ADJACENT POINTS OF TOUCHING LAYERS

BEGIN STORAGE RESERVATION AND READING OF DATA

>

ATMENSTON AL20) 921 (201 9B(20) 91 (20) e 5K (L) XSTI21)9CT(20)5C2(30)
CC1laL) 220 ) s CC2{20) 0 A {R0)9CCHI2U) s CH(3U) sV I30927 )
SNE2L 32T ) e LNE{R0) RN (R3NP 1) sRE{AN G211 aSTLIRO 2T 2TLI 0921
SLIPIRU921)9RE(Q0UYsF (309301 eN(22+32) L. LI30YsV:(30)sD1(30530)
READLIS 92) N1 sN29N3

FORIAT(2(15))

READ(E s3)EsRLsP s XSTA

FCRMAT(FE?Cens2(F104U))

REAT( S a4) (A(TYaT=TsNT) o (RI(TI)YaT=1 NI s (H(T)sI=1sN1)>
(P(TYsT=1sN?)

FORIMAT(BF1u,.U)

READ(ISsRY (SX(TIYseI=19N2)

FORMAT{RE1ue?)

REGIN RUILD BE—MATRIX;INVERT BE-MATRIX AMD 2UITLD -ATRIX

DO 9 I=1sN2

Ki1=1-1

K2=I+1

DO 1L J=1sN2
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Appendix B

Details of the shear wall program with piecewise trapezoidal load

Introduction: The program analys s the multipier shear wall under piecewise

trapezoidal loading.
For sign convention and coordinate axis s. Fig. 2.3.1.

Input: Details of the input data are given on the following pages
Output: 1I) Geometrical properties

11) Material properties

III) Load data

1v) Shear modulus of connecting

medium and stiffness parameter

V) Reactions: Shear forces and normal forces in connecting beams,
bending moments and normal forces in piers
V1) Deflection for actual and complete interaction, total

bending moment



Input data
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(0 s[ _1o__15 2ol 30l 4o 50 60! 70] 8q
[l ~e[ T I ! ! l l ! ]
NP = number of problems (I-Format)

[T wi] w2l N3 wNi] ! ] ! !
N1 = number of piers (I-Format)

N2 = number of interfaces (I-Format)

N3 = number of stories (I-Format)

NN1 = number of trapezoidal sections (I-Format)

] n EM] GE__ BLI] AS] ] !
EM = Youngs modulus in Mp/m2 (E-Format)

GE = Ratio of shear modulus to EM (F-Format)

BL1 = Shear wall height (F-Format) |

AS = Story height in m (F-Format)

[ A(D) ! A(ND)! BI(1)! I BI(vn)) H()! ]
L I HOND[ AB(D)! [ aB(N2)[ ___BIB(1)] — | BIB(N2)!
(1. __BL1)] T s 31| [ 2] ]
A (D = Area of pilers in m2 (E-Format)

BI (I) = Moment if inertia of piers in m4 (F-Format)

H (I) = Width of piers in m (F-Format)

AB (I) = Effective shear area of connecting beams in m2 (F-Format)

BIB (I) = Moment of inertia of connecting beams in m4 (F—Fo;mat)

BLB (I) = Length of connecting beams in m (F-Format)

B (I) = Distance of center lines of piers in m (F-Format)
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[ 1d 20| 30] 40 50] 60] 70| 80
L el pol - xin] xen)] [ l l !
[T prawnl _p2(nn] xT(WD[ X2 (WD) [ ] [ ]
Pl (1) = Load coordinate at XI (I) in Mp/ﬁ (F-Format)

P2 (I) = Load coordinate at X2 (I) in Mp/m (F-Format)

X1 (I) = Begin of trapezoidal section in m (F-Format)

X2 (1) = End of trapezoidal section in m (F-Format)
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As example the symmetrical five-pier shear wall of chapter 3.6.2 was chosen.

The load shape is shown below

X = 0.0 (m) q=7.24 (Mp/m)
Xx= 5.2 (m) q=7.24 (Mp/m)
b 3

x = 33.4 (m) q = 3.18 (Mp/m)

x=51.8 (m) q=2.76 (Mp/m)

.. _x =70.0 (m) q=2.76 (Mp/m)
h s| 1ol 15 20| 30] 4ol 50! 6o 70! 89
{1 1 ] ] ! 1 ! ! ! ]
(s & 20 4l l I I [ ! ]
[f 3.00000 E+o6L~i 0.43] 70.0! 3.5 ! ! |
[l 1.0l 1.0 1.0] 1.0] 1.0 2.1] 2.1 2.1
[ 2.1 2,11 5.0/ 5.0 5.0, 5.0 5.0 ol
f{ o.ll o.ll o.l[ 0.0036! 0.0036. 0.0036! 0.0036L .0
l[— 1.0l l.ol 1.0l 6.0 6.0 6.0 6.0\ |
i 7.26] 7.24] 0.0l 5.9] T I I ]
il 7.24] 3.18] 5.2] 33.4] | | ] ]
LT 3.18] 3.18] 33.4] 51.8] 1 | | N
I 2.76] 2.76] 51.8] 70.0] I T l l
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RUN(S)

SETINDF

REDUCE

LGOe ‘

' 64uyu END _UF RECORD "
PRUGKAM TST (INPUTSsOJUITPUTsTAPESL=INPUT s TAPEbL= OUTPUT) _ :
MULTIPIER-OSHEARWALL CALCULATED WITH Debe AND FOURIERSERIES
LOADCASE PIECEWISE TRAPEZUID LUAD

NP=NUYBER OF PROBLEMS

N1=NUMBER COF PIERS e

N2=N1-1 NUMBER OF INTERFACES

N3=NUMBER OF STORIES _ :

N =iNunBER OF FOURIERTERHS NECESSARY TO GBTAIN AACCURACY LPS
NN1=NUMBER OF SECTICNS Pl-P2

P1(I)sP2(I1)=TRAPEZOQOID LUAJ :

X1(I)sX2(1)=BEGIN AND END OF TRAPEZUID LOGAD

All)=AREA OF PIER

BI(I)=MOMENT CF INERTIA OF PIERS
AB(I)=EFFECTIVE SHEARAREA COF CUNNECTING BLAMS
BIB(I)=HOMHENT OF INERTIA OF CONNECTING BEAI4S
EM=YOUNGS MCDULJS :
GE=SHEARMODULUS/EM

B(I)=DISTANCE BETWEEN CENTERLINES OF PIERS
H(I1)=wIDTH OF PIERS 3 ot s
BLB(I)=LENGTH OF CONKRECTING bLEAMS
AS=STURYHEIGHT

BL1=HEIGHT UF SHEARWALL

SK(1)=SHEARMODULUS COF CONNECTING BEAMS

RO(I)=INTERACTICNCOEFFICIENT

ROEERTE b N ONGS

VD(IsJ)=SHEARFORCES IN CONNECTING BEAMS (DISCRETE)
SND(1sJ)=NORMAL FORCES IN CONNECTING BEAMS (DISCRETE)
BN(IsJ)=NORMAL FCRCES IN PIERS :
B/(IsJ)=BENDINGMOMENTS IN PIERS (BELOW CONNECTING BEAM)

BMU(I 9 J)=BENDINGMOMENTS IN PIERS (ABOVE CUNNECTING BEAM)
DEFF(1)=DEFLECTION OF SHEARWALL 3
DEFC(1 )=DEFLECTION OF SHEARWALL (COMPLETE INTERACTIO ASSUMED)

alalala'elalalaleiaiaalalelaiaalalaialalalala’'ala’alalelalalalslala’alslalalaialaialalalalsinialalalalalalalsalgalalaialalale)
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