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Abstract

This thesis addresses the design of multiple description lattice vector quantizer
(MDLVQ) with a general number L of descriptions, L > 3. In the previous work
on MDLVQ with L > 3, once the central and side lattice codebooks are fixed, the
decoding quality is determined for all numbers k of received descriptions. Therefore,
it is not possible to achieve tradeoffs between the quality of reconstruction for different
values of k,1 < k < L — 1.

In order to overcome the above drawback, we propose two flexible MDLV(Q schemes
for L > 3. Our first design employs a different reconstruction method than in prior
work and a heuristic index assignment algorithm, which uses L — 2 parameters to
control the distortions for 2 < k < L — 1. Experimental results for the cases L = 3
and L = 4 show that significant tradeoffs are achieved by controlling the parameters
mentioned above.

Our second design is based on a structured index assignment. We start with the
case L = 3 and then generalize the index assignment to any L > 3. The structured
index assignment is able to control the tradeoff by adjusting the sizes of some L — 1
subsets of side lattice points. Another important contribution of the thesis is the
derivation of analytical expressions of the distortions for the structured index assign-
ment, under the high resolution assumption. These expressions show that a wide

range of distortion values can be achieved.
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Notation and abbreviations

MDC: multiple description coding

MDVQ: multiple description vector quantizer
MDLVQ: multiple description lattice vector quantizer
MDSQ: multiple description scalar quantizer

pdf: probability density function
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Chapter 1

Introduction

1.1 Multiple Description Coding (MDC)

A multiple description coder consists of L encoders for some L > 2, each encoder
generating a separate description of the signal. Each description is sent to the desti-
nation over a separate channel, which either transmits the whole description correctly
or breaks down. The decoder is able to reconstruct the signal to some quality from
any subset of received descriptions, while the fidelity of the reconstruction generally
increases with the number of received descriptions. Figure 1.1 illustrates the block
diagram of an MDC system for L = 3.

For the potential application in modern communication systems, MDC has greatly
attracted the attention of researchers in the past two decades. During communications
over the Internet for instance, a packet may be discarded by the routers for a variety
of reasons, such as congestion. With MDC the transmitter sends multiple descriptions
as separate packets, each subset of which would lead to a reconstruction of certain
fidelity. Thus MDC enables graceful recovery from losses when retransmission is not

an option due to stringent delay constraints or to avoid channel congestion.
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Figure 1.1: Block diagram of an MDC system with L = 3.

MDC can be generated by a variety of techniques. One of them is quantization.
In (Vaishampayan, 1993), the author proposed a practical multiple description scalar
quantizer (MDSQ) and addressed the problem of index assignment design. The MDSQ
design was further addressed in (Berger-Wolf and Reingold, 2002; Tian and Hemami,
2004a,b; Dumitrescu and Wu, 2005, 2007; Muresan and Effros, 2008; Dumitrescu
and Wu, 2009). Multiple description vector quantizer (MDVQ) was addressed in
(Fleming et al., 2004) and multiple description lattice vector quantizer (MDLVQ)
was first introduced in (Servetto et al., 1999; Vaishampayan et al., 2001) for the case
L = 2. Other work on MDLVQ can be found in (Kelner et al., 2000; Diggavi et al.,
2002; Goyal et al., 2002; Frank-Dayan and Zamir, 2002; Chen et al., 2006; Ostergaard
et al., 2006; Huang and Wu, 2006; Liu and Zhu, 2009; Ostergaard et al., 2010; Zhang
et al., 2011, 2012a). Beside quantization, multiple description codes can be generated
using correlated transforms (Wang et al., 2001; Goyal and Kovacevic, 2001), domain
partitioning (Jiang and Ortega, 1999; Subbalakshmi and Somasundaram, 2002; Bajic

and Woods, 2003; Akyol et al., 2007; Tillo et al., 2010), unequal erasure protection



M.A.Sc. Thesis - Zhouyang Gao McMaster - Electrical Engineering

(Puri and Ramchandran, 1999; Mohr et al., 2000; Dumitrescu et al., 2004; Thie and
Taubman, 2005; Dumitrescu et al., 2007, 2010), low density generator matrix codes
(Zhang et al., 2012b; Chen et al., 2012), etc. Additionally, information theoretical
results on the problem of multiple descriptions were discussed in (Ozarow, 1980; Wolf
et al., 1980; Ahlswede, 1985; Zhang and Berger, 1987, 1995; Venkataramani et al.,
2003; Pradhan et al., 2004; Puri et al., 2005; Tian and Chen, 2010; Wang et al.,
2011).

Most of the existing practical MDC frameworks are designed for the case of two
descriptions. Moreover, the existing MDC schemes for general L have limited mech-
anisms to control the tradeoff between the quality of reconstruction when different
numbers of descriptions are received. Therefore, they have limited performance. In
this thesis we address the design of MDLV(Q scheme with high flexibility in adjust-
ing this tradeoff. The next section briefly reviews related work on MDLVQ. Finally,

section 1.3 presents the contribution and organization of the thesis.

1.2 Multiple Description Lattice Vector Quantizer

An n-dimensional MDLV(Q is an MDC consisting of a so-called central lattice
A. C R", a so-called side lattice A, which is a sublattice of A, and an injective
mapping « : A, — AL (termed index assignment), which assigns to each central lattice
point an L-tuple of side lattice points. For each A. € A, we will denote by «a;(\.) the
i-th component of the L-tuple a(A.). The encoder of the MDLV() quantizes the input
vector x = (x1,29,...,2,) to the closest central lattice point A. and outputs a;(A.)
as the ¢-th description, for 1 < ¢ < L. When all descriptions Ay, - -+, A; are received
at the destination the decoder is able to uniquely identify the corresponding central

lattice point and uses it as the source reconstruction. When only one description \;



M.A.Sc. Thesis - Zhouyang Gao McMaster - Electrical Engineering

is received, the decoder uses it as the source reconstruction. Notice that when L = 2,
only the above mentioned situations are possible at the decoder. On the other hand,
when L > 3 and the number of received description is k,1 < k < L, then a decoding

method has to be specified based on the received descriptions.

Side
| Decoder 1
’%1 _ Side D
r—>{ Channel 1 = | Decoder 2 31
X il A a4 A ¥
/"c (’1'1*/'23/'3) | Side I
Lattice Index b I Decoder 3
Source [»| : g » Channel 2 —
Quantizer | |Assignment .
—| > Joint
;‘\C P AC o Aj‘ » Decoder |
A e
3 Channel 3 > Joint
g ,| Decoder 2 D 32
» Joint
» Decoder 3
> Central
» Decoder D o

Figure 1.2: Block diagram of an MDLVQ system with L = 3.

Recently, a number of MDLV( schemes have been proposed. In (Servetto et al.,
1999; Vaishampayan et al., 2001), the authors defined the structure of the MDLVQ
with two symmetric descriptions and presented guiding principles for the design of
the index assignment. Additionally, the analytical expressions of the distortions at
high resolution were derived. The asymmetric case was addressed in (Diggavi et al.,
2002) by Diggavi, Sloane and Vaishampayan.

By modifying the encoding rule of (Servetto et al., 1999), the authors of (Kelner
et al., 2000) proposed an index assignment scheme which improves the performance for
the case when the description loss probability is known and an extension to more than
two descriptions is briefly mentioned. In (Goyal et al., 2002), the authors pointed out
that the MDLVQ structure proposed in (Servetto et al., 1999; Vaishampayan et al.,

2001) inherently optimizes the case when both descriptions are received. Moreover, by

4
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replacing the central lattice with a nonlattice codebook, additional tradeoffs between
the central and side distortion were achieved.

A systematic study of the MDLVQ for L > 2 descriptions is performed in (Os-
tergaard et al., 2006). The authors of (Ostergaard et al., 2006) use the arithmetic
average of the received descriptions to reconstruct the source, when the number of
received descriptions is k,2 < k < L — 1. They propose an algorithm for optimizing
the index assignment and derive asymptotical expressions of the distortions for differ-
ent numbers of received descriptions. The authors of (Huang and Wu, 2006) propose
a simpler and faster index assignment algorithm and prove its optimality for L = 2
with any NV, and for L > 2 when N — oo, where N is the index of the side lattice
with respect to the central lattice. They also derive asymptotical expressions of the
distortions. The work (Liu and Zhu, 2009) proposes an improvement to the index
assignment of (Huang and Wu, 2006) for finite N. The work (Zhang et al., 2011) uses
a simpler method to analyze the asymptotical performance of the MDLVQ of (Huang
and Wu, 2006). A multiple description quantizer with translated lattice codebooks
and the associated optimal index assignment are discussed in (Zhang et al., 2012a).
In (Ostergaard et al., 2010), the asymmetric MDLVQ with L > 2, which uses the

weighted average of the received descriptions as reconstruction, is investigated.

1.3 Contribution and Organization of the Thesis

The MDLVQ framework for L > 3 considered in prior work is able to achieve
tradeoffs between the reconstruction quality when all descriptions are received versus
the case when only a subset of them are received, by varying the value of N for
fixed rate R of individual description. However, it is not possible to achieve tradeoffs

between the decoding quality for different numbers £, 1 < k < L — 1, of received
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descriptions.

In this thesis we propose two flexible MDLVQ systems for L > 3, which are able
to adjust the decoding quality for various values of k,1 < k < L — 1. The first scheme
uses a different reconstruction method and a heuristic index assignment algorithm,
which employs L—2 parameters to control the reconstruction quality for 2 < k < L—1.
Experimental results for the cases L = 3 and L = 4 show that significant tradeoffs
are achieved by controlling the parameters mentioned above.

The second scheme is based on a structured index assignment with a simple mech-
anism to control the tradeoffs between the distortions when different numbers of
descriptions are received. Asymptotical expressions of the distortions for 1 < k < L
are derived under the high resolution assumption. These expressions show that a wide
range of distortion values can be achieved when k < L even if N and R are fixed.

We point out that the MDLV() framework based on the heuristic index assignment
and preliminary version of the structured index assignment for L = 3 were presented
in the conference paper (Gao and Dumitrescu, 2014). Additionally, a paper containing
the results of chapters 3 and 4 is currently under review for possible publication in
[EEE Transactions on Communications.

The thesis is organized as follows. Chapter 2 introduces the definitions and no-
tations of MDLVQ and reviews a previous MDLVQ design. In chapter 3, a heuristic
index assignment for a flexible MDLVQ scheme is proposed and experimental results
for the cases L = 3 and L = 4 are given. Chapter 4 presents the proposed structured
index assignment for L = 3 and shows the derivation of the distortion expressions at
high resolution. In chapter 5, the structured index assignment proposed in chapter
4 is extended to any L, L > 3 and the asymptotic analysis under high resolution is

performed. Chapter 6 concludes the thesis.



Chapter 2

Preliminaries

This chapter presents definitions, notations and general results related to MDLVQ.
The following section introduces the definitions and notations of MDLVQ. Section
2.2 reviews the rate computation and preliminary results needed for the distortion

computation. Finally, a previous MDLVQ design is briefly reviewed in section 2.3.

2.1 MDLVQ Definitions and Notations

2.1.1 Central Lattice and Side Lattice

The central lattice A, is a discrete set of points
A2 {AER": N\ =2G.,z €L}, (2.1)
where G, is the n-by-n generator matrix of the lattice A.. The Gram matrix of A, is

M. =G.G." (2.2)
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where G7' denotes the transpose of matrix G.
The volume of a Voronoi region of A, with Gram matrix M, is (Conway and
Sloane, 1998)
ve = /|M] (2.3)

where | M| is the determinant of matrix M.

The side lattice A, is a sublattice of A. obtained by applying a rotation, scaling and
reflection to A, i.e., G, = ¢G .U where G is the generator matrix of Ay, ¢ is a scalar
and U is an orthogonal matrix of determinant 1. In other words, A, is geometrically

similar to A.. The index number N of A, is defined as
N=—=¢", (2.4)

where v, denotes the volume of a Voronoi region of A,.

Let us define the inner product of n-dimensional vectors x = (x1, o, ..., z,,) and

y = (ylayQa 7yn) as
Al
(x,y) =~ ;:1 iy (2.5)

Additionally, define the lo-norm as ||x|| 2/ (x,x).

Let V, (\) denote the Voronoi region of a side point A\, A € A,. It is defined as
Vi) = {x € R": [lx = Al < [lx = X[, VA" € Ay} (2.6)
We define a discrete Voronoi cell for each side point A\, A € A, as
Vi (A) £ e €A De = A <A =N, VN € A} (2.7)

For simplicity, we assume that the sublattice A, is clean, i.e., there is no central
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-3+

(a) (b)

Figure 2.1: Figure 2.1a shows the Voronoi regions of A, and A;. The small blue
hexagons are the Voronoi regions of the central lattice A. and the big red hexagons
are the Voronoi regions of the side lattice A;. Figure 2.1b shows the discrete Voronoi
set of 0, i.e., V5 (0). The central lattice points A\, € V; (0) are marked by -.

lattice point lying on the boundary of V, (N, A € Ag. If A is clean, then the index
N equals to the number of central lattice points within V (A, A € A;. Figure 2.1

illustrates an example of central and side lattices and their Voronoi regions.

2.1.2 System Setting

We consider an information source which generates a sequence of independent
and identically distributed random variables with probability density function (pdf)

f. The source is segmented into n-dimensional vectors x = (x1, s, ..., x,). The pdf
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of the vectors x is denoted by f(x), where

n

fx) =TT /). (2.8)

i=1

The process of multiple description lattice vector quantization generally involves two
steps. First, the vector x is quantized to the nearest central lattice point \. in the
central lattice A.. Let P ()\.) denote the probability of quantizing x to A. and let
Q (x) = A, denote the quantization mapping. Second, the central lattice point A. is
mapped to L descriptions by employing an index assignment scheme. Let a be the
injective function which maps \. € A, to an L-tuple (A, Xo, ..., A\;) € AL Recall
that if the receiver receives all the descriptions, it can reconstruct x to the central
lattice point with the inverse labeling function a™', ie., ™' (A1, Ag, ..., AL) = Ao
When only one description \;,7 = 1,2, ..., L is received, the receiver reconstructs the
transmitted vector as \;. Recall that (aq, as, ..., ) are the component functions of
a, i.e.,

In the previous work, when a subset of the L descriptions is received, the reconstruc-
tion is the average of the received descriptions. The flexible MDLVQ schemes that
we propose will use different reconstruction rules. We use the symbol * to represent
a missing description at the decoder. For instance, for the case L = 3, if the triple
(A1, A2, Ag) is transmitted, and the second description is lost, then we say that the
triple (A1, %, \3) is received. We use L-bit sequences b = (by, by, -+ ,by) € {0,1}F
to represent various patterns of received descriptions, where b; = 1 means that de-
scription 7 is received, while b; = 0 means that description ¢ is lost. For A\. € A,

and b € {0,1}* let us denote by yp(A.) the reconstruction of \. when the pattern

10
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of received descriptions is b. For b € {0,1}%, let H(b) denote the Hamming weight
of b, which equals the number of 1’s in b. Therefore, H(b) equals the number of

received descriptions corresponding to pattern b.

2.2 Rate and Distortion Computation

In this section we will analyze the rate and distortion of the MDLVQ described in
the previous section.

As in prior work on MDLV(Q we will use the high resolution assumption in order
to simplify the derivation of the rate and distortion expressions. In other words, we
will derive an approximation of the rate and distortion, which becomes accurate as
v. — 0 and vy, — 0. Additionally, we will assume that N — oco. Thus, we assume
that v. is small enough so that the pdf is approximately uniform over each Voronoi
region of A.. This implies that each central lattice point is approximately equal to
the centroid of its Voronoi region.

Further, we assume that the index assignment « satisfies the shift-invariance prop-

erty, i.e.,
a2<)\c + )\> = al()\c) + )\7V)\C € AC7 A € AS71 S { S L.

Moreover, since « is shift-invariant it makes sense to assume that the decoder

mapping is shift invariant as well, i.e.,
yb()\c + )\) == yb()\c) + )\, (210)

for all A, € A,, A € A, and b € {0,1}L.

11
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2.2.1 Rate Computation

Let R. denote the dimension-normalized entropy of the central quantizer and let
R; denote the dimension-normalized entropy rate of side description i, i.e., R. =
H(Q(x)), Ri = H(a;(Q(x))),1 < i < L, where H (-) denotes the entropy of a
dimension-normalized discrete random variable. Then the central rate R. can be

expressed as follows (Vaishampayan et al., 2001)

R. = ’H(Q
_ 2 x)dx log, d
,\; /c Ae) s /‘%(Ac)f(X) :
~ __.gégt/lkc x)dx log, (f(x)v.)
~ h(f)——logz (ve), (2.11)

where 176()\6) denotes the Voronoi region of A\., A\, € A, with respect to the central

lattice, i.e.,
Vo(h) 2 (X eR™: [Jx — AJ| < [lx = N[, Ve € A}

and h(f) denotes the differential entropy of f, i.e., h(f) = — fR x)log, f(z)dz

To evaluate R;, under the high-resolution assumption, f(x) is also considered as
a constant over each Voronoi region of Ay, i.c., f(x) = f(A),x € V,(\). Addition-
ally, the shift invariance property ensures that the cardinality of a; Y(\) is N, ie.,
‘ai_l ()\S)‘ = N, for every 1 < i < L,\, € A, and we further assume that the pdf of

the source vectors is uniform over each set o ! (Ns),1 <i< L, s € A,. Based on the

12
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above observation, one can obtain (Vaishampayan et al., 2001)

1
" Sen. a7 l( c()‘c a; )
1
~ - x) dx |log, (f (A\) N,
> Z w 5 (f (A) Nve)
. ™)
1 1
v > Fx)log,y (f (V) dx | — —log, (Nv,)
Aehe \noea oy Ve(N) n
1
~ h(f) - —log, (Nv,) (212)

It follows that the rates of all descriptions are equal. Let R denote their common

value. It further follows that

Ny, ~ 2nhH=8) (2.13)

It is clear that R and R, have to satisfy the following conditions

R<R.<LR. (2.14)

Let us write now as in (Zhang et al., 2011)

R.= R(1 + p(L — 1)). (2.15)

Then conditions (2.14) are equivalent to 0 < p < 1. Further, relations (2.11), (2.13)

and (2.15) imply that

N ~ omelL=DE (2.16)

13
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According to relations (2.11), (2.13) and (2.16), for fixed p satisfying 0 < p < 1, when

R increases to oo, one has v, — 0, v; — 0 and N — oo.

Remark 1 . Recall that to obtain relation (2.12), the pdf of the source vectors are
assumed to be approvimately uniform over each set ot (N\,). A sufficient condition
for the latter to hold as R — oo, is that the volume of the convexr closure of the
set UAceagl(As)‘A/c()‘c) to approach O for all i and \,. Assume that the largest such
volume equals Nv, x N7, for some value . According to relations (2.13) and (2.16),
Nv. x N7 — 0 holds if and only if

TR (2.17)

2.2.2 Distortion Computation

We consider the mean square error as the distortion measure.

Let D, be the central distortion, i.e.,

D= 3 [l A (i

Ac€A, Y Ve(Ae)

Under the high-resolution assumptions, we can rewrite the central distortion as

(Gersho, 1979)

D.~ G (\.)v.", (2.18)
where ,
A fvco [|x||"dx
G(A,) 2 ()T
Ve ™

is the normalized second moment of a Voronoi region of the central lattice A, (Conway
and Sloane, 1998).

Next we will evaluate the distortion when a subset of the L descriptions is received.

14
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Note that the distortion of the source reconstruction corresponding to pattern b is

S Sl BN CSReRIISrS (2.19)

T yoen. I Velre)

Further, the distortion when k£ of L, 1 < k < L, descriptions are received, is

defined as

-
h
o~

[[>

( > Dy (2.20)

be{0, 1}L
H(b)=

Notice that Dy, 1, = D..

By plugging (2.19) into (2.20), one obtains

Dus=pr X Z/ Ix = o (A F () dx. (2.21)

be{0, 1}L Ac€AC
H(b)=

15
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Under the high resolution assumption, one has (Vaishampayan et al., 2001; Oster-
gaard et al., 2006; Huang and Wu, 2006)

1
Do = s XX [ A )P
() be{0,1}L AceA. ¥ Ve(Xe)
H(b)=k
1 3
- ﬁg 2 / ||><—Ac||2+IIAc—yb(Ac)II2

be{0,1}L AcEAC
H(b)=k

2.0 = Aes Ao = 1 (M) ) £ () dx
1

%(g—) S5 (f IR [ = 01 i)

be{0,1}L AcEAC
H(b)=k

” D> Z/ e — 9 ()2 (x)dx

be{o 1} Ae€Ac
H(b)=k

5 X X w0l / (2.22)

b €{0,1}F Ac€Ac
H(b)=k

Q

Q

Q

Note that the third relation in (2.22) holds because A. approximately equals the

centroid of V,()\.), thus we have

[ (% = Ao e — g (A} F(x)dx
Ve(Ae)

- < / »n (x — o) F(x)dx, Ao — Yb (AC)>
0.

Q

16
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Using the shift-invariance property (2.10) along with the high resolution assump-

tion, the second term in (2.22) can be simplified as follows

@ SOY Pe—mn ||/

be{0, I}L Ac€Ae
H(b)=

S

1
caE XX X w00 [
(i) be0.1) Ae€hs AceVa(h) Ve(Ae)
H(b)=
1
= gT YD >IN A= AP O
(i) be{0.1) Ae€hs XEV:(0)
H(b)=
1
:n—NTZ S e = A D FA)Nv,
k bg{()l}L)\cEVs(O) AsEA
H(b)=
1
- —NT > > Pe=mOl’ (2.23)
k

be{0, 1}L Ac€Vs(0)
H(b)=

where the second last equality holds in view of the shift-invariance property of the

decoder.
According to relation (2.22), (2.23) can be rewritten as (Vaishampayan et al., 2001;
Ostergaard et al., 2006; Huang and Wu, 2006)

1
Dpy~D.+ —nN—L E E 1Ae = yn (A1 (2.24)
) Ac€V:(0) be{o, 1}L
H(b)=

2.3 Previous MDLVQ Scheme for L >=3

In this section we will briefly review a previous design of MDLV(Q (Huang and Wu,
2006) which is closely related to the heuristic index assignment scheme we propose in

the next chapter.
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Denote the centroid of the L-tuple that is associated with A., A\, € A, as

2;;;;5&&532‘ (2.25)

frs(Ae) = 7

Additionally, for any L-tuple (A, -+, Az) € AL define its spread as (Ostergaard et al.,
2006)

L
1
sp(A - An) =Y [N — EZAju% (2.26)

In prior work (Servetto et al., 1999; Vaishampayan et al., 2001; Ostergaard et al.,
2006; Huang and Wu, 2006; Zhang et al., 2011), when a subset of the L-tuple is

received, the reconstruction is the average of the received descriptions, i.e.,

Un(Ae) = ﬁ Z a; (Ae) b, (2.27)

where b is the pattern of received descriptions. Then the decoding rule used in prior

work implies that for all 1 < k < L — 1, (Ostergaard et al., 2006)

1 2
Dii~De + —= > Ihe— A
Ac€Vs(0)
1 L—-k

nN Lk(L —1) Ac;(o) sp(a(Ae))- (2.28)

A key factor in the index assignment design proposed in (Huang and Wu, 2006)

is the so-called L-fraction lattice Ay, defined as
k
A, = {)\S/L ceR": Ay = ZGs,k € Z"} ,

where G is the generator matrix of A,.

Define the discrete Voronoi cell for each L-fraction lattice point as (Huang and

18
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Wau, 2006)

‘/S/L (>\5/L) é {)\c : H)\c - )\s/LH < H)\c - )\/S/L

YL € Ay}

Figure 2.2: A, and A,/3. The small black hexagons are the Voronoi regions of A3

and the big red hexagons are the Voronoi regions of A,. Points of A,/3 are marked by
X.

Further, for each A,/ € Ay . consider

1
T()\S/L) £ {()\1,)\2,...,)\[,) € Ag . z Z )\j = )\s/L}

1<j<L

to be the set containing all L-tuples of side lattice points whose average equals A/
It is shown in (Huang and Wu, 2006) that by assigning the central lattice points in
VL ()\S/L) the L-tuples in T (A;/) of smallest spread minimizes Dy for all 1 <k <

L—1 a3 N — .
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Since Dy, 1, = D,, according to (2.18), one has
2
DL,L ~ G(Ac)l/c”.

Additionally, the asymptotic analysis in (Zhang et al., 2011) leads, for 1 < k < L—1,

to

L—k 2 —2
Dry = TL_ a (Nve) " G(Spp—p) NE=Dn (2.29)
as N — oo, where
1 n :
) = ———I'(=+1 .
G (Sn) (n+2)m <2+ ) (2.30)

is the normalized second moment of a sphere in n dimensions.
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Chapter 3

Flexible MDLVQ with Heuristic

Index Assignment

Notice that in the previous design of MDLV(Q once A, and A, have been chosen
the system’s performance is determined. Interestingly, the index assignment used in
evaluating the performance minimizes the distortion (as N — oo) for every possible
k,1 <k < L—1. The fact that it is possible to optimize simultaneously the distortions
for all values of k is contrary to our intuition that there should be tradeoffs between
these distortions. The first insight towards solving this conflict is that the optimality
of the index assignment is a result of the particular way the decoder is designed. The
second insight is that the decoding rule is natural for the side decoders, i.e., when
k = 1, while for 2 < k < L — 1, it seems to rather be dictated by convenience.
These observations lead to the conclusion that distortion Dy ; is, indeed, the smallest
possible, but there should be room for further decreasing Dy, for 2 < k < L — 1, if
Dy, is allowed to increase. Nevertheless, for this to be possible, the decoding mapping
for 2 < k < L — 1 has to be changed.

In this chapter we present a flexible MDLV(Q with a new decoding rule and a
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heuristic index assignment. The proposed MDLV(Q system is introduced in section

3.1, while section 3.2 presents experimental results for L = 3 and L = 4.

3.1 Heuristic Index Assignment Algorithm

In order to introduce more flexibility into the system we will consider a different
decoding mapping for 2 < k < L — 1, as follows. For any L-tuple (&,&, -+ ,&1) €
(AS U {*})L that has at least one component equal to * and at least two other
components in Ay, we compute the reconstruction value as the arithmetic average of

the central lattice points in the set a™1(&;, &, -+, &r), where
aNEL - E) B €A () =& forall i, 1 <i < L, with & € A}

Notice that this decoding rule is optimal assuming that the pdf is uniform over the
set a71(&, &, -+, &), Further, in order to control the performance when k, 2 < k <
L — 1, descriptions are received, we introduce L — 2 parameters: §;, 2 < k < L — 1,
satisfying the inequalities: d9 > 03 > .-+ > 0,1 > 0 and impose the following
condition.

Condition A. For any k,2 < k < L — 1, and any L-tuple (&,&, -+ ,&L) € (As U
{*})L having exactly L — k components equal to *, one must have ||A. — AL|| < ¢ for
any A, A, € (&1, &2+, €p).

It is easy to see that Condition A guarantees that
Dy S De+0;, VEk,2<k<L-1

Finally, when designing the index assignment a we attempt to minimize Dy, ; while

ensuring that Condition A is satisfied. Note that the decoding rule for £ = 1 is the
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same as in previous work, therefore the value of Dy can be still computed using

equation (2.28) for k = 1, leading to

1 9 1
Dpy = Dc+n—N Z [Ae = s (Ac) | +MV—L Z spla(Ac).  (3.1)

Ac€V5(0) Ac€V5(0)

The proposed index assignment algorithm first selects L™ L-fraction lattice points
s/ € Agjp situated in the Voronoi region of 0 with respect to the side lattice A,
such that the difference of any two such points is not in A,. Let F denote this set
and let C denote the union of central lattice points in the Voronoi region of A/, € F,
ie.,

C = U, perVosr(As/r)- (3.2)

Notice that it is sufficient to specify the index assignment for the central lattice
points in C and then extend it to A, via shifting. Guided by (3.1), for each A, € F
we assign the central lattice points in V1 (As/1) to L-tuples in T (As/), to minimize
the first sum in (3.1). However, we can no longer select the L-tuples of smallest
spread to be assigned as in (Huang and Wu, 2006), since this would lead to violations
of Condition A. Having in mind the need to keep the last sum in (3.1) as small as
possible we proceed in a greedy manner as described next.

The algorithm maintains a list 7 of candidate tuples to be assigned. The assign-
ment is built up gradually such that at every moment Condition A to be satisfied
for the assignment obtained by extending via shifting the partial assignment built so
far. The set T is initialized to T = Uy, e FT (As/). At each iteration the L-tuple
of smallest spread from the set 7T is selected as the current candidate to be assigned.

Let (A1,---,Az) denote this L-tuple. Next the value \;/; = w is determined
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and for each A in Vi/p(As/r) it is tested whether assigning the L-tuple to A. pre-
serves Condition A for the assignment extended by shifting. Specifically, it is checked
whether A, satisfies Condition B, stated next.

Condition B. Given A\, € A, we say that \. satisfies Condition B if and only
if for every )\, € C assigned so far and every k, 2 < k < L — 1, such that there are
s € As and k different positions iy,i9, -+ i € {1,---, L} with the property that
i, (L) = ag; (Ae) + sk, 1 < j <k, the inequality ||\ — s, — Ac|| < 0 holds.

If a point A, satisfying Condition B is found then the L-tuple is assigned to it and
removed from the list 7. Otherwise the L-tuple is simply removed from the list T
without being assigned. When all central lattice points from the set V, (s /L), for
some A, are assigned, all L-tuples in 7 (A\;/) N7 are removed from 7. Finally, the
algorithm stops when 7 becomes empty.

We point out that when ¢, = oo for all 2 < k < L — 1, the algorithm produces an

index assignment as in (Huang and Wu, 2006).

3.1.1 An Example

In this subsection, we will present an example for the proposed heuristic index

assignment algorithm. For simplicity, we choose the A, lattice with generator matrix
G, = (3.3)

as the central lattice. Note that the associated Gram matrix is (Conway and Sloane,

1998)

1
M, = . (3.4)
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The volume of the fundamental region of A, is (Conway and Sloane, 1998)

V3
Ve = |Mc| = 7 (35)
We choose a sublattice of A, with generator matrix

3
Go=1] 2 ? (3.6)
-2 —3V3

as the side lattice A, with corresponding Gram matrix (Conway and Sloane, 1998)

- | — 3.7
o 31 31 ’ (>

The volume of the fundamental region of A, is (Conway and Sloane, 1998)

o= VT = 25, (3.8)

With (3.5) and (3.8), one can compute the index as N = vs/v,. = 31.
The index assignment obtained for this example and d, = 0 is shown in Figure

3.1.

3.2 Experimental Result

In this section, we assess empirically the performance of the proposed index as-
signment algorithm for L = 3 and L = 4. In both cases n = 2 and the central lattice

A. is the hexagonal lattice Ay with generator matrix given in (3.3).
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15

10¢

_10 L

-15

Figure 3.1: Three description index assignment for the A, lattice with N = 31 and
92 = 0. Points of A, and A3 are marked by - and x respectively. In Figure 3.1a the
small black hexagons are the Voronoi regions of A,/3 and the big red hexagons are the
Voronoi regions of A,. Each lower case letter represents a side lattice point. The side
lattice points and their corresponding lower case letter representations are shown in
Figure 3.1b on the right.

3.2.1 Three Descriptions

For L = 3 we consider a clean sublattice A; of A, with index N = 307. We use
various values for the parameter s, starting at 0 and incrementing by 27 up to 247,
then incrementing by 107, where 7 is the squared distance between two neighboring
central lattice points, i.e., 7 = 1. In our experiments incrementing d, beyond 247 did
not produce any change in performance.

Figure 3.2 plots Ds; versus D3, for the specified values of d;. The rightmost
point in the plot is achieved for the largest ds. Its corresponding pair of distortions

(D32, Ds51) is the same as in (Huang and Wu, 2006). We see that as dy decreases
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towards 0, the value of D34 decreases towards D., while the value of Ds; increases.

2500

2000 [

1500

T

D3,

1000

T

500

O 1 1 1 1 1 1 1 J
0 5 10 15 20 25 30 35 40

D3

Figure 3.2: The value of Ds; versus D, for the hexagonal lattice Ay with N = 307
and various values of 9s.

3.2.2 Four Descriptions

For L = 4 we consider N = 703. The results are presented in Tables 3.1-3.6.

From Table 3.1 we can see that if we let d3 go to infinity, with the increase of ds,
D45 and Dy 3 increase while Dy decreases. In Table 3.2 and Table 3.3, we fix d3 and
let 02 range from 20 to infinity. We can find that D, 35 only varies in a small range and
as 0z becomes larger, D, , increases while D, decreases. Similarly, in Table 3.4-3.6,
we fix d2 and the results show that we achieve the goal of adjusting Ds; and Dy3. So
from the simulation results, we can see that we can achieve the tradeoffs between all

the side distortions by controlling dx, k = 2, 3.
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Table 3.1 Table 3.2
0y | 03 Dy, Dys | Dy3 0y | 03 Dy, Dy | Dygs
20 | oo | 2914.68 | 26.93 | 7.18 20 | 10 | 3025.06 | 25.88 | 3.15
25 | oo | 1569.43 | 40.07 | 9.96 2510 | 2736.06 | 36.20 | 3.09
30 | oo | 801.68 | 52.43 | 14.69 30 | 10 | 1974.56 | 49.68 | 3.21
35| oo | 228.43 | 66.50 | 21.06 35 | 10 | 1356.56 | 67.51 | 3.77
oo | oo | 198.68 | 64.78 | 22.47 40 | 10 | 888.81 | 89.68 | 4.25

oo | 10| 391.68 | 114.53 | 5.71

Table 3.3 Table 3.4
0y | 03 Dy, Dys | Dys 0y | 03 | Dy Dy Dy
20| 0 | 5256.18 | 28.14 | 0.07 oo | 0 | 666.93 | 189.28 | 0.07
30| 0 | 3659.56 | 48.20 | 0.07 oo | 5 |530.18 | 150.20 | 0.90
40 | 0 | 2282.93 | 88.79 | 0.07 oo | 10| 391.68 | 114.53 | 5.71
50| 0 | 1077.43 | 161.79 | 0.07 oo | 15 ] 262.18 | 7842 | 16.24
60 | 0 | 684.31 | 187.83 | 0.07 oo | oo | 198.68 | 64.78 | 22.47
o | 0| 666.93 | 189.28 | 0.07

Table 3.5 Table 3.6
0y | 03 Dy, Dy | Dygs 0y | 03 Dy, Dys | Dyg
30| 0 | 3659.56 | 48.20 | 0.07 20 | 0 | 5256.18 | 28.14 | 0.07
30 | 5 | 2820.56 | 50.50 | 0.49 20 | 4 | 5037.68 | 23.97 | 0.25
30 | 10 | 1974.56 | 49.68 | 3.21 20| 8 | 3218.31 | 25.57 | 1.84
30| 15| 1089.31 | 49.99 | 9.21 20 | 10 | 3025.06 | 25.88 | 3.15
30 | oo | 801.68 | 52.43 | 14.69 20 | oo | 2914.68 | 26.93 | 7.18
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Chapter 4

Flexible MDLVQ with Structured

Index Assignment for L = 3

The index assignment proposed in Chapter 3 lacks structure and therefore it is
difficult to analyze theoretically. In this section we propose a structured index assign-
ment for a flexible MDLVQ in the case L = 3 and derive its asymptotical performance.
Our results show that the proposed scheme can achieve a wide range of values for Ds
and D3o when A, and A, are fixed. We first develop an index assignment ensuring

D39 = D, in section 4.1. Then proceed to the case D39 > D, in section 4.2.

4.1 Case Dy =D,

Consider the set Ay consisting of the IV side lattice points that are closest to 0.
Further, let 7y denote the set of triples (A, 0, —\) with A € Ay. The central lattice
points in V,(0) are assigned to the triples in 7 in an one-to-one manner. Further,
the index assignment is extended via shifting to all points in A.. Thus, the central

lattice points in Vi (v), for v € A, are assigned triples of the form (A + v, v, =\ + v).
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It is easy to see that any two components of any assigned triple (A1, Ay, A3) uniquely
identify the corresponding central lattice point A, = a=*(A1, A2, A\3). Therefore, one

has
2
D3,2 = Dc ~ G(AC>VCn.

In order to proceed with the derivation of D3, we need the following result, which

follows from (Vaishampayan et al., 2001).

Proposition. Let A’ be a lattice in R™ with v/ denoting the volume of its fundamental
region, and let Ny be a positive integer. Denote by S(Ny, A’) the sum of the squared
distances to 0 of the Ny lattice points that are closest to 0. Additionally, let r (Ng, A’)
denote the radius of the smallest sphere centered in 0, whose convex closure! contains

the Ny lattice points that are close to 0. Then one has

S(No, A') = No™ () 3nG(S,)(1+ o(1)),

r (No, ') = (Nov/') " /(n + 2) G (Sn) (1 + 0 (1)), (4.1)

as Ny — o0.

Using (2.28) with k& = 1, one obtains

- 1 2 2 2
Dsim Dot — > NP+ 55 > AP (4.2)
A€V (0) AEAg

We will first prove that

]_ 2N 2
Det —= > [P = G(A) (w7 (4.3)

Ac€Vs(0)

"'We point out that the convex closure of a sphere equals the union between the sphere and its
interior.
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Let D, denote the distortion of a quantizer having A, as a codebook. Then, according

to (Gersho, 1979), as v, approaches 0, one has

fV(o)X2dX AN N
DS% . - S C Z?
niNvu, (As)(Nve)

where VS(O) denotes the Voronoi region of 0 with respect to the side lattice. The

above relation further implies that

D AeVi(0) fVc(AC) [x — Ae + A ?dx

D, =~
niNv,
Z)\CEVS(O) fVC()\C) |X - )\c||2dx + ||)\C||2VC
- nNv,
2
fo/c(o) [x|[*dx n Zxcevs(o) [Ac?
nNv, nN ’

- x||2dx
which proves (4.3) since D, ~ Jouo) I (Gersho, 1979).

nve

Further, notice that 3 ||A||> = S(V, A,) and based on (4.1), (4.2) and (4.3), one
AeAp

obtains the following

S

2
Dy ~ G(A)(Nve)n + 3G (S0) Nn (Nwe)™.
Notice that as N — oo the last term becomes dominant, therefore we may write
2 2 2
Ds; ~ gG (Sp) N»(Nv,)n. (4.4)

Let us now express D31, Dss and Ds 3 in terms of R. Using relations (2.13) and
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(2.16), one obtains

%G (S,,) 22N -RO=20) (4.5)

S
2

D3y = D33 = G(A,)22 )= R0+20) (4.6)

as R — oo.

Notice that the above equations hold only if p satisfies relation (2.17). Let us
first evaluate v in relation (2.17). For A, € A,, the set a;'(\,) is most spread out
if i = 1 or ¢ = 3. Therefore it is sufficient to analyze the case ¢ = 3. It can be
easily seen that the set az'()\,) contains a central lattice point from each Voronoi
region V;(v), with v € A\, + Ay, where A, + Ay £ {A\, + A : A € Ay}. Then we may

~

approximate the volume of the convex closure of U, .,-1(,yVc(Ac) by the volume of

the set Uyen,+.4,Vs(v), which equals Nvs. Then the value of 7 in relation (2.17) is

v =1, and relation (2.17) is equivalent to p < 3.

4.2 Case Dy > D,

Let > 0 and let U denote the set of side lattice points in the convex closure
of the n dimensional sphere of radius u, centered at 0. Let A denote the set of the
closest (WN\W side lattice points to 0. Assume that 1 < [U| < +/N. Then we can
write [U| = N% for some f3 € (0,1). If 3 is kept fixed, then letting N — oo leads to
|U| — oo. Additionally, as N — oo, one has |A||U| = N. It follows that |A| = N'-3,

Consider now a mapping ¢ : U — Ay which assigns to each u € U a side lattice

point denoted by ¢(u) such that § € V,(—p(u)), or, in other words, & +ou) € V,(0).
Define the set 7(0) 2 {A+v@),p), = A+u+eu): A€ A ueld}. It can be
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easily verified that for any two distinct ordered pairs (A, u), (N, ') € A%, one has

A+@ (), e, =A+tu+e) # N +e@), W), =XN+u+e)).

It follows that |7(0)| = |A||U| = N. Then the central lattice points in V,(0) are
assigned triples from the set 7(0). To perform the assignment the set V;(0) is first
partitioned into || subsets £,, u € U, such that LWN\J <|L,] < (WNIW and £, contains
at most one point A. for which —A. is not in £,. A moment of thought reveals that

such a partition is possible since V(0) is symmetric with respect to 0. The latter

condition ensures that

S

Ac€ELy

<1, (4.7)

as N — oo, for each u € U, where /¢ is the covering radius of Ay, i.e.,
¢ = max{||x|| : x € V,(0)}. (4.8)

Finally, for each u € U the central lattice points in each L, are assigned triples of the
form (A + ¢ (u), o (u), =X+ u+ p(u)), where X € A. Further, the index assignment
is extended to A. using shifting.

Let us now derive D3 . To simplify the analysis we assume the following subopti-
mal decoding method. For every (A1, Ao, A3) € A3, let n(Aq, Ao, %) = Ao, (%, Ag, A3) =
Mg and n(Ap, *, A3) = %, where 7 denotes the decoding mapping. It is easy to see

that this decoder is shift invariant. Then, according to (2.24), the following holds

1

D3,2 ~D.+ 3n—N Z (H)\c - yllO()\c)H2 + ||)\c - ?/011()\c)||2 + ||)\c - y101()\c)||2)-

Ac€V5(0)

(4.9)
Recall that for A\. € L,, one has a(A.) = (A + ¢ (u),¢ (u), =X+ u+ ¢ (u)), for
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some A € A. Then y110(Ac) = yo11(Ae) = @ (u) and yio1(Ae) = 5 + @ (u). It follows

that

y110(Ae) + yOll?f)\c) + y101(Ac) _ % +o(u).

Relation (4.9) and Lemma 1 in the appendix imply that
b~ Dot gy 3 (3

~ (B )]+ gl
= Dot 2 3 (e 6 e ) i)
- Doy T My e S T S e

Ac€V5(0) WEU N\ €Ly,

-2 < S AC,%+¢<U>>. (4.10)

Ac€Ly

To rewrite the third term in the last relation in (4.10) we use the proposition in section

4.1 and obtain that

18711NZ > Ml

UEU N €Ly,

= o AIS (Ul A

1 2
]__8G(Sn) (Nl/c) T

N

Q

2 1
UlR = 75G(S,) (Nvo)» N&. (4.11)

Plugging (4.3) and (4.11) in (4.10) leads to

Dss ~ G(A) (Nuc)’21+1—18G(Sn) (Nv)» Nn 4+ T, (4.12)
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where

re 23Sy ng(u)\f—nijvueu <§; Ac,%+w<u>>-

UEU N €L,

Next we will show that the second term dominates in (4.12) when N — oo. For this
we will derive an upper bound for T'. Recall that § + ¢ (u) € V,(0). Therefore, one

has
H——I—g@(u)“ <. (4.13)
Further, using the Cauchy-Schwarz inequality along with (4.7) and (4.13) one obtains

<

>

Ac€Ly

H% —l—(p(u)H < (4.14)

‘< > Ac,%+¢(U)>

Ac€Ly,

Relations (4.13) and (4.14) imply that

[U||A| U| 2 2 2 2
T < N /2 +2W€2 ~ 1+ i = k(As) (Nvo)» [ 1+ Ni=Z ) (4.15)
where
62
k(A) & — (4.16)
nrg

is a constant that does not change as N increases (it does not change if A; is scaled).
Finally, using (4.15) we conclude that the second term in (4.12) is dominant as N —

00, therefore one obtains

1 2
Dia m 12G(S,) (Nve)» N7, (4.17)
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Let us now evaluate D3 . According to (3.1) one has

1
D3,1%Dc+m Z [Ae = 115 (Ac

Ac€Vs(0)

N ZH% je )7 (4.18)

,\cevs(o J=1

We will first evaluate the last summation in (4.18). Note that for A, € £, one has

trs(Ae) =

Then the following equalities hold

3nN 2. Z s (A

Ac€V5(0) j=1

- S X (e

ueU A\e A

- <2|u|2 oY

AeA

1
= o <2|u|5(|A| A

u
3

+ p(u).

sl + 15 +HA—%“

)

2
# 3l - 2001

+3 IAI > lul )

ueld

)+ SlAls(u.)

2 2 2 2 2
= G(S)(Nw)F (SIAR + Slul?)

2 /2 2 2
- G(sn)(Nyc)z(gNﬂl—%)+—N%), (4.19)

9

where the second last equality follows from the proposition in section 4.1, while the

forth last equality relies on the fact that

is symmetric with respect to the origin.

ST u) = D (A D u) =0 because U

uel Ne A AeA ueld
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For the remaining portion of (4.18) we will derive an upper bound as follows.

niN
Ac€V5(0)
1 u 2
= Derip 2 ¥ - (5re)
UGZ/{)\CGEU,
- NZZ(|A||+H3+¢ [ =25+ o))
Ce u
1
< Det—| > I +|A|ZH3+¢ H +2Z <Z)\c, +ou >
Ac€Vs(0) Ac€L
(4.20)
Using the inequality ||y + y2/|> < 2 (|ly1]]* + |ly2]|?) and (4.13) one gets
2 2
[5+2ell = 15+ G o)
” 2
< =+ e(u)
2
< 2(2 )_ (4.21)

Applying further (4.7), (4.21) and the inequality 2|(y1,y2)| < [ly1l[* + [ly2]?, for
v1,y2 € R”, one obtains that

2 <Z )\c,%+<p(u)>

2
+H3+¢ )’<2H“+3ﬁ (4.22)

> A

>\c€ u
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Relations (4.20), (4.21) and (4.22) imply that

1 2
Dc + n—N Z ||)‘c — s ()\C)H

Ac€V3(0)
: DC+”LNM€ZV;<O>”A d +%HN <‘“‘=A>+ﬁ<2\AHU\+3|u|>
~ i (e S+ S k) (2+ )
~ G(zn)(NVc>% 2
= G1§”>(NVC)%N§,

where the third last relation follows from (4.1) and (4.16), while the second last
relation is obtained by keeping only the dominant term as N — oo. Corroborating
with (4.18) and (4.19) and keeping only the dominant term in the expression of Dj;

leads to the conclusion that when 5 € (0,1) and N — oo, the following holds
2
Dy1 ~ gG(sn)(Nyc)%J\f%<l—%>. (4.23)
Relations (4.17) and (4.23) imply that, as  varies in the interval (0, 1), the product

D31 Ds 5 is constant achieving

1
DyaDsa = 5=(G(S,))’ (Nv)a N+ (4.24)

On the other hand, according to (2.29), the distortion product for the MDLVQ in
(Huang and Wu, 2006) is

]_ 4 2
Ds1D3y =~ 2—7(G(S2n))2(NVC)EN5. (4.25)
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It can be seen from (4.24) and (4.25) that the proposed index assignment achieves
the same distortion product Dj3;D;5 as in (Huang and Wu, 2006), as n goes to
00, since lim,, o, G(S9,) = lim, . G(S,) = 2—71re However, the MDLVQ scheme of
(Huang and Wu, 2006) can only achieve one distortion pair (Ds;, D3 2) with the ratio
D3 1/Ds o = 4, while the proposed scheme can achieve a wide range of pairs (Ds 1, D3 5)
with ratios Dsy/Dss = 12N7078) for all 8 € (0,1).

Let us now express the distortions in terms of the rate R. First let us see for what
values of p inequality (2.17) is satisfied. For this we need to determine the value of
v in (2.17). It is easy to see that for fixed A\, € A, the set a;*()\,) is most spread
out for i = 3. Notice that the set az'()\,) contains central lattice points from each
set Vi(v), with v = A\, + A — u — ¢(u), for some A € A and v € U. Recall that
& tou) € V,(0). It follows that, as N — oo, one has a3 (As) C Upeat/Va(As + 0),
where A —U = {\—u: )€ A,ucU}. Then we may approximate the volume of the
convex closure of U/\C@;l()\s)ffc()\c) by the volume of the set UUEASJFA_M\A/S(U), which

can be approximated, in turn, by the volume of a sphere of radius
rs = r(|A|, As) + r(|U], Ag).

Using further relation (4.1), the volume of the n-dimensional sphere of radius r3 given

above becomes

s 11_8 1B\"™
vol = U Nn(l 2)—|—an .
< (n+2>G(Sn>) ( )

When 0 < § < 1, one has vol ~ I/SNl_% Then the value of v in (2.17) is vy =1 — g,
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and relation (2.17) becomes

By replacing Nv,, respectively N, from (2.13), respectively (2.16), in (4.23) and in
(4.17) one obtains that, for 0 < f < 1,0 < p < ﬁ, and R — oo, the following

relations hold

)

D3y~ gG(Sn>22(h(f)—R(l—2p(1_§)))

1
Day ~ —G(S, )22 N—R(1=p8)
52~ 75G(S0)
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Chapter 5

Flexible MDLVQ with Structured

Index Assignment for General L

In the previous chapter we presented a flexible MDLVQ with a structured index as-
signment for L = 3. In this chapter we will generalize the structured index assignment
to any L > 3.

The following section 5.1 introduces the index assignment scheme. Section 5.2
presents the derivation of the distortion expressions at high resolution. The con-
struction of the coefficients involved in the index assignment is discussed in Section

5.3.

5.1 System Setting
Let U;,1 <1 < L — 1, denote the set of side lattice points in the n-dimensional
sphere of radius p; centred at 0 for some gy > ps > ... > pup_1 > 0, such that
L—1
[Tl =n. (5.1)

i=1
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Then we can write [U;| = NP 1 <i < L—1,with1 >3 > By > ..> .1 >0
L—1

and > f; = 1. We will show the construction of a practical index assignment scheme
i=1

which is able to achieve the tradeoffs between side distortions by changing the value

of [U;|,1 < i < L —1. In other words, we want to control the distortion when k
descriptions are received by controlling the value of |Uy|. For this we first construct

an L-by-(L — 1) matrix Ay with elements in Z,

ayy1 Q2 - G101

Az1 Q22 -+ A2 11
Ap =

ary1 arz - arr-1

For every (A1, A, ..., Az) € AL, let ¢ (A, A, ..., A1) denote a shift vector in A, which
will be discussed shortly.

Define now the set

L—1
71 é {()\1,)\2, ...,)\L) + (p()\l,)\Q, ...,)\L) : )\Z = Zai,juj,uj c Uj, 1 S] S L — 1} s

j=1

where

()\1, )\2, ey )\L) + (2 ()\1, )\2, ey )\L)

é ()\1 -+ (2 ()\1, )\2, ceey )\L) , )\2 -+ (2 ()\1, )\2, ceey )\L) yeeey )\L + %) ()\1, )\2, ceny )\L)) .
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Notice that the L-tuples (A1, Ao, ..., Ar) + ¢ (A1, ..., Ar) in Tz can be written as

A1 © (A1, ey AL) U @ (A1, AL)

)\2 80()‘17"'7)‘11) U2 @(Alw'w)\L)
+ = Ap x +

)\L 80()‘17"'7)‘11) Ur—1 SD<)‘17"'7)\L)

Denote now the matrix

a, aip v aip—1 1
1
a a cee a1 1
A . 21 (22 2.L—1
A4 |- (5.2)
1
ary arz -+ apr— 1

We impose the condition that matrix A; has rank L in order to ensure an one-to-one
correspondence between the (L — 1)-tuples in U; X Us X ... X Uy, 1 and the L-tuples
in 7. This condition and relation (5.1) imply that |7,| = N. In the sequel, we will
use the notation ¥ (uy, ug, -+ ,ur_1) instead of ¢ (A1, Ag, -+, Ap).

Finally, the index assignment « is constructed such that to assign each A. € V (0)
with an L-tuple from the set 77, in a one-to-one manner. Further, the index assignment
is extended to A. via shifting.

For any pattern b = (by, by, ...,by) € {0,1}" with 1 < H(b) < L, the reconstruc-

tion value when the pattern of received descriptions is b is defined as
L
Yb ()\C) = Z W (b> Z) biai ()\c) ) (53)

i=1

where w (b,i) € R and «; (\.) is defined in (2.9). The choice of coefficients w (b, )

will be discussed in section 5.3.
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Then equation (5.3) can be rewritten as

L

v (A) = Y w(b,i)b, <Z_jam-uj (AC)+¢(U(AC))>, (5.4)

i=1

where @ (A.) = (u1(Ae), ua(Ae), ..., up—1(Ae)) is the unique (L — 1)-tuple in U; X Uy X
- X Uy such that (a (X)) = AL - (@(A\e)" + 1 (@ (A)).
To ensure that the decoder mapping of our index assignment satisfies the shift-

mvariance property, i.e.,
Yo ()\c_l' )\) = Yb ()\c) +)\>)\ € Asa

the following condition should be satisfied

L
Zw (b,7)b; = 1, for any pattern b with 1 < H (b) < L — 1. (5.5)
i=1

To achieve the goal of using |Uj| to control Dy, 1 < k < L —1, we further impose

the following condition

L
> w(bi)biay; =01<j<k-1, (5.6)

1=1

for each pattern b with H (b) = k,2 < k < L — 1. Under (5.6), the reconstruction
when k descriptions are received is independent of u; € U;, 1 <1 < k — 1. Therefore,
Dy, 1 is now only determined by u; € U;,k <1 < L — 1.

We will discuss in detail the construction of Ay and the choices of the decoding
coefficients w (b,7),1 < H(b) < L—1,1 <14 < L, such that conditions (5.5) and (5.6)

to be satisfied in section 5.3.
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Based on equations (5.5) and (5.6), relation (5.4) can be simplified as

—_
~

Ub (Ae) = g w (b, i) bija; juj (M) + ¥ (w(Ae)) . (5.7)

j=k i=1

5.2 Distortion Evaluation

In this section we will present the derivation of the expression of Dy at high
resolution, for 1 < k < L — 1. Note that Dy, 1, is given by (2.18).
For every b e {0,1}*, H(b) < L —1,and 1 < j < L — 1, let

L
B(b,j) £ w(b,i)ba;.

i=1
Then equation (5.7) can be rewritten as
L—

o (Ae) = Y B (b, j)u; (\e) + ¢ (@ (A)) - (5.8)

Y

[y

<

For 1 <k <L—1and \. € A, let usx (A) denote the average of the reconstruc-
tions y, (\e), for b € {0,1}", H (b) = k, i.e.,

Hos ke ()‘c) = i Z Yo ()\C) .

L
(¥) be{0,1}F
H(b)=k
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According to (5.8), we have

porA) = = D Y B(bj)u; (M) + v (T (\))

H(b)=k
L1y
= 6] > B(bj)u; () + v (a(\) (5.9)
j=k \k/ be{0,1}L
H(b)=k
Denote now
1 4
Crs = 1 > B(b.j), (5.10)
k) befo, 13"
H(b)=k

forevery 1 <k < L—1and k <j <L —1. Then relation (5.9) can be rewritten as

o (0) = 3 gty () +6 ((0) 5.1

To make the distortion when L—1 descriptions are received small, we let ps 1,1 (Ac)
be in the same Voronoi region of A, as A = 0, i.e., V; (0). Thus, ¢ (@ ().)) is chosen
such that g5 7_1 (\e) to be in V; (0). Further, by denoting the first term in (5.11) as
Wy x (Ae), we have

psg (Ae) = pg g (Ae) + 00 (w (X)) - (5.12)

~

Further, the fact that ps 1 (A:) € Vi (0) implies that

|1 et (Ae) + 00 (@ (M) <4, (5.13)

where / is the covering radius of A4 defined in (4.8).

Now let us evaluate the distortion when &k out of L descriptions are received, for
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k < L —1. Based on (2.20), we have

1
DL,k ~ D, + —N? E E ||)\ —yb || . (5~14)
Ac€Vs(0) be{0,1}L
H(b)=k

According to Lemma 1 in the appendix, we have

Y e =u AN

be{0,1}F

H(b)=k

= (1) IAe = ik QDI+ D Mk (he) — w6 (A (5.15)
be{0,1}F
H(b)=k

Then relation (5.14) becomes

)

DL’kch_‘_nLN Z || ,Usk( |+—_ Z Z ||,Usk ()\c)

Ac€V5(0) )\CEVé (0) befo,1}*
H(b)=k
(5.16)
Next we will evaluate the second term in the above expression.
1 2
N Z [Ae = ps ik (Al
Ac€V5(0)
1 / — /
- nN Z H>‘C “Hsk (Ae) =¥ (u(Ae)) — s,L—1 (Ae) + :U’/s,L—l ()\C>H2
Ac€V5(0)
1 /
= N Z H)\c - (¢ (u () + :U/s,L—l ()‘0)) + (:u/s,L—l (Ae) — p s,k ()‘C)) H2
Ac€V5(0)
1 / / !/
= = 2 (Pe= @O+ 1 Q)"+ 1o Q) = o O
Ac€Vs(0)
2.0 = (0 () + 411 () 1t (M) = #asc (M) (5.17)

where the first equation follows from relation (5.12).
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Based on relation (5.13) and the fact that ||A.|| < ¢, for A, € V(0), the first term

inside the parenthese in the last expression in (5.17) can be bounded as follows

[Ae = (¥ (@A) + s pq () || < 26 (5.18)

According to relations (5.11) and (5.12), the second term inside the parentheses

in the last expression in (5.17) can be simplified as follows

2
H:U’/S,L—l (Ae) — M/S,k (>\c)H = ||Cr—1,.—1ur—1 ( ZCMUJ
L1 2
= D Ewju; (A (5.19)
j=k
where
—Cpj, for 1 <k<L-1k<j<L-1,
Eyj = (5.20)

0, fork=7=L—-1.

Further, using the Cauchy-Schwarz inequality along with (5.18) and (5.19), the

third term inside the parentheses in the last expression in (5.17) can be bounded as

‘<)‘_( ))+M3L 1()‘)) :U’/sL 1 (A >‘
<|[[Ae = (¢(_ (Ae)) + s o1 (Ae) | HM/sL 1 (Ae) — M/s,k ()\C)H

Z Ejju; (A

<20 pq (A A)|| = 2¢ (5.21)
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Plugging relations (5.18), (5.19) and (5.21) in (5.17) leads to

1
N Z [Ae = sk ()‘C)H2
Ac€V5(0)
1 L-1 L-1 2
— S 4+ 40| Eejuy )|+ D Erguy (M) (5.22)
A-€V5(0) =k =k
Further, using the fact that 2ab < a® + b%,a,b € R, we have
L-1 L—1 2
40 Z Ek’ju]' ()\c) S 462 + Z Ek’ju]' ()\C)
o j=k
Then relation (5.22) can be rewritten as
1 1 L-1 2
N Z IAe = ok (M) [I* < TN Z 8% +2 ZEk,j“j (Ae) (5.23)
Ac€V5(0) Ac€V5(0) j=k

By keeping only the dominant term on the right hand side of (5.23), one obtains

the following approximation as N — oo

2
L—-1
2
1 = 2 Yo Epju; ()|l s 1<k<L-—1,
— ST e —mr AP = "o |li= T (5.24)
)\CEVS(O) % k _ L . 1

For 1 <k < L — 1, using further Lemma 2 from appendix A, one has

1 20},

2 26k
— Y = )P R 2(Nv)? G (S,) BEN (5.25)
Ac€Vs(0)

as N — oo, provided that Ej ; # 0.
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Relations (5.8) and (5.11) imply that

% Z Z ||,Us,k ()\c) ~— Yo ()‘C)H2

Ac€Vs(0) befo,1}F
H(b)=k

~
[y

- LYY w00 - Y B ()
N ,

Ac€Vs(0) be{0,1}* J
H(b)=k

I
=

T
)

- YD Yl DM CHE TN IAEw

be{0,1}F Ac€Vs(0) Il j=Fk
H(b)=k
~ Y (Cok— B(bk)? (Nw)FnG (S,) N (5.26)
be{0,1}F
H(b)=k

as N — oo, provided that 3. (Cyx — B (b, k))*> #0, or k = L — 1, where the last
be{0,1}*
H(b)=k
relation follows from Lemma 2 in the appendix.
According to equations (5.16), (5.25) and (5.26), for 1 <k < L —1, and N — oo,

one obtains

1 2 By
Dry =~ D.+ |2E, + o > (Cix— B(b,k))? (Nv,)* G (S,) N
k be{0,1}F
H(b)=k
1 2 s
~ | 2B, + o > (Cix—B(bk)) (Nu,) "G (Sy) N =
* befo1}t
H(b)=k
Further, based on equations (2.13) and (2.16), for 1 < k < L — 1 one has
1
DL,k ~ 2E]§k + - Z (Ck,k _B (b, k>)2 G (Sn) 22(h(f)—(1—ﬁﬁk(L—1))R)_ (527)
’ (k) be{0,1}F

H(b)=Fk
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For k = L — 1, according to relations (5.24) and (5.26) one obtains

1 2 28] _
Dpr1 =~ Dec+ 8% + 7 Z (Cr—1,0-1— B (b, L — 1))2 (NVc)i G (Sn) N O
bef{0,1}F
H(b)=L—1
(5.28)

Further, notice that if 3> (Cp_1.;_1 — B (b, L —1))* # 0, then

be{0,1}F
H(b)=L-1

1 281
n

DL,L—l ~ 7 Z (CL—l,L—l - B (ba L — 1))2(NVc)%G (Sn) N )

be{0,1}F
H(b)=L-1

while if > (Cp_1.;_1 — B(b,L —1))> =0, then

be{0,1}F
H(b)=L—1

DL,L—l ~ DC + 862

Remark 2 . The above equations hold only if p satisfies relation (2.17). Let us first
evaluate 7y in relation (2.17). Let A\s € Ay and 1 < i < L. Let \; = a;(A\. + v), where
Ao € V,(0). Then using relations (5.10), (5.11) and (5.12), one has

L-1
vo= Ay — Z ;s (Ne) = 1 — W (@ (Ne)) + o
=1

L—1
= s — Z ;U ()\c) + CL—l,L—luL—l ()\c) - M;,L—l - (ﬂ ()‘c))
j=1

= D Fy ) — (s 0 (3 0) (5.29)
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where

—Qjj, 1§]<L—1
F; = . (5.30)

CL—l,L—l — 44,11, Jj=L-1

It follows that, as N — oo, one has a;'(\;) C UueFi,1u1+---+Fi,L,1uL,1Vs(>\s + v),
where F; Uy, + F; U, = {F pur + F, ju; - up € Uy, u; € U;}. Then we may approa-
imate the volume of the convex closure of U/\C@ﬂ(/\s)ffc()\c) by the volume of the set

Uners—Fiathi—m Z-,L,luL,l‘A/s(U), which can be approximated, in turn, by the volume of

a sphere of radius
L—1
r=>Y Fir(tl,A).

J=1

Using further Proposition in section 4.1, the volume of the n-dimensional sphere of

radius r given above becomes

. n L-1 s\
vol = ( ) ~ Vs< FZJN7J> .
(n+2)G(S,) —

Because 1 > By > -+~ > Br_1 > 0, one has vol =~ v,NPioHenFiio) where j(i) is the

smallest j such that F; ; # 0. The mazimum volume is obtained when j(i) = 1. Note
that there must exist an i such that j(i) = 1 since A has mazimum rank. Then the

value of v in relation (2.17) is v = 51 as N — oo, and relation (2.17) becomes

_
Bl —1)

p <

Remark 3 . The structured index assignment scheme we proposed in section 4.2 is

a special case of the index assignment from this chapter. Additionally, we can obtain
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the same results as (4.23) and (4.17) by applying the formulae (5.27) and (5.28).

To see this, notice that the index assignment from section 4.2 corresponds to

0 0

Az = 1 0

-1 1

and Table 5.1.
Table 5.1
H(b) = H(b) =2
w(001,3) =1|w(011,2) =1 |w(101,1) =1 [ w(110,1) =1
w(010,2) =1 | w(011,3) = 1 | w(101,3) =0 | w(110,2) =0
w(100,1) =

Further by applying the formulas (5.27) and (5.28), one has

1 2 281
D3y =~ 2Ei1+g > (Cri=B(b, 1) [ (Nve) G (S,) N

be{0,1}3
H(b)=1

(Nve)™ G (S,) N+

Wl Wl N

G (Sn) 92(h(f)=(1=2p61)R)

and

1 2 262
D3, = 5 § : (Coy — B (b,2))* (Nve)» G (S,) N =
be{0,1}3
H(b)=2
1 2 282

_ %G (S,) 22(N-(=2082)10)
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It can be seen that the results we obtain above are equivalent to relations (4.23) and

(4.17).

5.3 Construction of A; and Choice of Decoder
Coefficients

In this section, we will present a construction of the matrix Ay and of the decoder
coefficients w(b, i) satisfying conditions (5.5) and (5.6), based on induction.

For convenience, we construct Ay, such that to satisfy the following constraints
Qi 5 = O,] Z 'i, (531)

Qi i—1 = 1,1 <1< L. (532)

Note that the above relations ensure that Ay, has full rank where Ay is given in (5.2).
Consider now an arbitrary pattern b € {0, 1}L andlet 1 <z <29 < -+ <2z, <L,
denote its nonzero positions, i.e., b,, # 0, 1 < i < k, where k = H(b). Then conditions

(5.5) and (5.6) can be expressed in the form of the following matrix equation

1 1 e 1 w (b, 21) 1

a, a, ceeay w (b, z 0
vl 2! N IV L . (5.33)

T o A R Py w (b, zx) 0

When H(b) = 1, clearly choosing w(b, z;) = 1 satisfies the above relation. Let Cp
denote the k-by-k matrix in (5.33) and let {2}, denote the column vector containing

the decoder coefficients in (5.33). Let us now identify the relationship between Aj,
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and Cp .

We define the L-by-L matrix

11 1 1
01 asp -+ ap;
N 11 -1
Ap = = i : (5.34)
AL
0 0 0 ce CLL7L_2
00 O 1
Then Cp p, can be rewritten as
CL,b - (Czlaczza"' 7C2k)a

where c,.,1 < z; < k is a column vector consisting of the first £ elements of z;-th
column of Aj.

From (5.33), we can see that if |Cp| # 0, i.e., Cpy is of full rank, then €y is
uniquely determined by (5.33). This implies that there exist decoder coefficients such
that conditions (5.5) and (5.6) are satisfied for pattern b. Therefore, in order to
ensure that it is possible to satisfy conditions (5.5) and (5.6) for all patterns b, it is
sufficient to construct matrix Ay obeying Condition C stated below.

Condition C: |Cp | # 0, for all b € {0,1}* with 2 < H (b) < L — 1.

Next we will show that it is possible to construct Ay satisfying Condition C, using

induction over L.
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For the base case, L = 3, let

0 0
As = 1 0

-1 1

It can be easily verified that Ajs satisfies conditions (5.31), (5.32) and Condition C.

For the induction step, assume that the matrix

0 0 0

1 0 0

AL—I = as1 1 - 0
ar—11 ar-12 -+ 1

satisfies Condition C. To obtain A, we can simply add a new row and column to the

bottom, respectively to the right of A;_; as follows,

0 0 0 0

0 1 0 0 0

Ap = A Ol e b 00
arpi Az - 1 ar—1,1 Qar—12 *°° 1 0

ary  arz v+ app-2 1
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Then one has

1 1 1 1 1
~ ar.1 0 1 asy - ar.1
: Ap_
AL — =
ar, r—2 0 0 0 s A L—2
0 0 O 1 00 O 1
We will prove next that it is possible to find the integers ar i,...,ar -2 such that

Ay given above obeys Condition C.

Notice that for any pattern b, H(b) = k, with by, = 0, the newly added elements
arj,1 < j < L —2, will not appear in Crp. Moreover, if H(b) = L — 1 with
by =0, then Cpp = Ap_y, thus [Cop| = 1 # 0. On the other hand, if H(b) < L — 1
with b, = 0, let b’ € {0,1}£7! be the pattern obtained from b by removing the
last component. Then Crp = Cr_1p and |Cr_1| # 0 according to the induction
hypothesis.

According to the above discussion, in order to ensure that Condition C is satisfied
for matrix Ay. We only need to consider patterns b with b, = 1. We will determine
arj, 1 <j <L —2, progressively by considering such patterns with increasing H(b).
Let us start with az ;. This value is chosen such that |Cp | # 0 for all patterns b with
b, = 1 and H(b) = 2. For this, one must have ay; # a;;,1 < j < L — 1. Clearly,
such ar; exists.

Consider now some i, 2 < ¢ < L — 2, and assume that we have determined
ari,...,ar;—1 such that [Cpp| # 0 for all patterns b with b, = 1 and H(b) < i.
Consider a pattern b with b, = 1 and H(b) =i + 1. Notice the last column of Cp,

is (1,ap1, ... ,aLﬂ-)T, while all the other elements are from flL_l. Using Laplace’s

57



M.A.Sc. Thesis - Zhouyang Gao McMaster - Electrical Engineering

formula |Cp | can be expressed as

i1
Crbl = ()" ap; [Coorw|+ > (=) ag; Myl + (=) (M,
j=1
where b = (b’,b;) and | M, ;1] is the determinant of the (L — 1)-by-(L — 1) matrix
obtained by removing the L-th column and the j-th row of A;. Since A;_; satisfies
Condition C, one has |Cr_; | # 0. Therefore there is exactly one choice for ay,; which
makes |Cpp| = 0. Since the set Z is infinite, it follows that it is possible to find ay ;

in Z such that |Cpp| # 0 for all patterns b with b, =1 and H(b) =i + 1. With this

observation, the proof by induction is concluded.

5.3.1 Example for L =4

In this subsection we will present an example for L = 4.

Based on the discussion in the previous section, we can obtain Ay:

0 00

1 00
A4 -

-1 10

2 11

Based on the above matrix and equations (5.5) and (5.6), we can compute the
weights when a specific pattern b is received and the results are listed in Table 5.2-

Table 5.4.
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Table 5.2
H(b)=1 Weights Reconstruction yp(A.)
b =1000 | w(b,1)= ag (Ae)
b=0100 | w(b,2)=1 as (Ae)
b=0010 | w(b,3)=1 asz (Ae)
b =0001 | w(b,4)=1 ag (Ae)
Table 5.3
H(b)=2 Weights Reconstruction yp ()
b=1100 | w(b,1)=1,w(b,2)=0 ag (Ae)
b=1001 | w(b,1)=1,w(b,4)=0 ag (Ae)
b=1010 | w(b,1)=1,w(b,3)=0 ag (Ae)
b=0011 | w(b,3) =% w(b,4) =3 205 Q) to(Ae)
b=0110 | w(b,2)=1w(b3) =] 220 fasde)
b=0101 | w(b,2)=2,w(b,4) =—1 209 (o) — g (Ae)
Table 5.4
H(b)=3 Weights Reconstruction yy,
b=1110 | w(b,1)=1Lw(b,2) =0,w(b,3) =0 a1 ()
b=1101 | w(b,1)=1w(b,2)=0w(b,4) =0 ar ()
b = 1011 w(b,1)=1,w(b,3) =0,w(b,4) =0 ag (Ae)
b=0111 | w(b,2)=1w(b,3)=1w(b4) =1 | 2eldtatal)
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Using relations (5.27) and (5.28), we obtain

Dy ~ Z (Nv)* G (S,) N% = ZG (S,) 22N =(1=3pB)R)
55 2 28,
D ) N = 2h(1)~(1-3082) ).
4,2 &2 144(NV) G (Sn) N 144G(S)2
Dys ~ 418(Nuc)%a(5 YN = _SG(S") 92(h(f)—(1-3p83)R)

60



Chapter 6

Conclusion and Future Work

In the previous work on multiple description lattice vector quantizers (MDLVQ)
for L > 3 descriptions, once the central and side lattice are fixed, it is not possible to
adjust the decoding quality when the number of received descriptions is higher than
1, but lower than L.

This thesis proposes two flexible MDLV(Q schemes that overcome the aforemen-
tioned shortcoming. In our first design, a different reconstruction method is adopted
and a heuristic index assignment algorithm is developed, which uses L — 2 parameters
to control the distortions when k descriptions are received, for 2 < k < L — 1. In
our second design, structured index assignments, amenable to theoretical analysis,
are proposed for the cases L = 3 and L > 3 respectively. Additionally, by deriving
the asymptotical expressions of the distortions at high resolution, we show that a
wide range of values can be achieved for the distortions when different numbers of
descriptions are received.

Future research efforts could be directed to solving the following issues:

1. Derive a tighter upper bound for the second term in relation (5.16). The upper

bound we obtained in (5.23) is a loose upper bound and it is possible to make it
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tighter.

2. Construct Ay in section 5.3 such that the distortion when receiving some £k,
1 <k <L ~—1of L descriptions, i.e., D, 1 <k <L —1, is optimized.

3. In the structured index assignment scheme, design the one-to-one correspon-
dence between the L-tuples in 77, and the central lattice points in V;(0) such that

Dy i, for some k, 1 <k < L — 1, is minimized when N is finite,.
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Appendix A

Appendix

Lemma 1: Let y,y; € R",1 <i <m and ¥ be the average of y;, 1 <i < m, i.e.,

m

L 3" yi. Then

i=1

y
2 —112 — 2
Sy -yl =mly =3I+ > _ Iy — yill*
i=1 i=1
Proof:
Yly-y+y-vil’
i=1
= > ly-3IP+> Iy -vilP+2> vy -5.5 —vi)
i=1 i=1 i=1

= mlly -y’ +>_ IIy—yill2+2<y—y,my—Zyi>

i=1 i=1

The definition of y implies that the last term in the above expression is 0.
Lemma 2: Consider the sets U, 1 < j < L — 1, and the index assignment «
L—1
defined in section 5.1. Recall that [] || = N and U; = NP where 1 > ) > (35 >
i=1

> Br1>0. Let v € R, for 1 <j < L—1. Then for any 1 <k < L —1 such that
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v # 0, one has

2
26,

~ (Nv.)*nG (S,) VEN

1210

eVi(

2

L1
E : Vit

u1 €U u2€Us ur_1€Ur 1 |l j=k
k—1 L— 2
1
SE1 (7DD SIS ol ) 5%
=1 €U g1 €U 11 ur—1€UL—1 || j=k
L L—2 L-1
I YD D (muan £23 3 (o)
wp €U U1 €EUL 41 ur, 1 €U, 1 =k s=k t=s+1
2
= —HIUIZ > 2 2 vl
Jj=k up €Uy upy1E€UR 11 ur_1€UL_1
k—1 L—1L-1
o 210 91 (b ol
j= kss#k uj €U;
L— L—1
- 272 Il = 3 (NG (5,) v
j=k J u; €U, j=k
2B
~ (Nv)"nG (S,) V2N (A1)
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where the forth equality holds because

—HW\Z oo Y (Vsus, viuy)

up €U up+1€UK 41 ur—1€UL -1 s=k t=s+1
k—1 L—-2 L-1

NHW'ZZ dood Y (v mw)

s=k t=s+1 up €Uy up4+1 U1 ur—1€UL_1

L—2 L—
= < Z Vs, Z Vtut> =0.

us EUs us €Ut

The last relation is true because U, is symmetric with regard to 0, therefore > wug =
usEUs
0,1 <s < L—1. Additionally, the second last relation in (A.1) follows based on (4.1),

while the last relation is obtained by keeping only the dominant term as N — oo.
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