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Abstract

[terative algorithms, such as the expectation-maximization (EM) algorithm and its
many variants, are used for parameter estimation. Such algorithms are stopped us-
ing a stopping rule that depends on the difference between two quantities. As the
EM is a maximum likelihood estimation technique, the likelihood is monotonically
increasing, and the parameter estimates improve at each iteration. Thus, stopping
rules commonly rely on the difference between the likelihood or parameter estimates
at the current and previous iteration becoming smaller than some pre-specified toler-
ance value. This value is often selected as 107¢ where c is a fixed number. Due to the
arbitrary nature of this value, an unnecessary number of iterations or sub-optimal
solutions can occur. This research will see the development of a context-specific value
of epsilon, where epsilon is a dynamic likelihood-based tolerance value. The pro-
posed stopping criterion is tested in the context of mixture model-based clustering

and compared to other common tolerance values.
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Chapter 1

Introduction

While iterative algorithms are commonly used for optimization, numerical methods,
and statistical modelling, their performance depends on their respective stopping
criteria, specifically the tolerance value €. The arbitrary selection of ¢ and the lack
of context-specific, or dynamic, options can lead to over-fitting or under-fitting, and
or an unnecessary number of iterations. We look to address this problem in the
context of model-based clustering and the expectation-maximization (EM) algorithm
Dempster et al. (1977)).

Model-based clustering is a popular statistical learning method, and parameter
estimation is typically carried out via the EM algorithm. A frequent critique of the
EM is its slow convergence. There are methods to speed up the EM algorithm (see,
e.g., McLachlan and Krishnan, |2007) but none that are concerned with the choice of
€. The most common stopping rules consider the algorithm to have converged when
the difference between the likelihood, or parameter estimates, of two consecutive
iterations has changed less than some tolerance value e. Other methods include

specifying the number of iterations (e.g., |Gilland et al., [1992; Permuter et al., |2006))
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or specifying a percentage change in the likelihood (e.g., Carson et al., 2002; Roch
et al., [2007). While stopping criteria have evolved, tolerance values themselves are
often an afterthought.

Regarding the selection process of a tolerance value €, |Bohning et al| (1994) and
McNicholas| (2016]) suggest a “small” threshold value, while [Lindsay| (1995)) suggests
a tolerance value of 0.005 believing that “0.005 is a meaningful statistical goal and
going beyond it pursues statistically meaningless accuracy.” Despite this reasoning,
the most common tolerance values tend to range between 1072 and 107%. While
current approaches choose values of € that are static and arbitrary, herein we provide
a dynamic, i.e., context specific, approach for choosing € that can be conveniently
implemented in iterative likelihood-based algorithms.

This work is structured as follows. In Chapter 2, a detailed background of the EM
algorithm, Gaussian mixture models, stopping rules, and clustering partition indices
are given. In Chapter 3, we present a dynamic likelihood-based tolerance value and
the pseudo code for its implementation in an EM algorithm for Gaussian mixture
models. Additionally, the suggested stopping rule is investigated in three simulation
studies. In Chapter 4, the proposed stopping rule is tested on several real datasets.
Lastly, in Chapter 5 we review the results and discuss several opportunities where

the suggested tolerance value can be practical.



Chapter 2

Background

There exist difficult optimization problems which can be dealt with by replacing com-
plex objective functions with simpler surrogate ones. The MM algorithm philosophy,
allows us to deal with optimization cases by either minorization-maximization or
majorization-minimization, where to minorize is to bound by below and to majorize
is to bound by above. In the context of maximization, the MM algorithm can be de-
fined through the following. First, the surrogate function g(#|6"), is said to minorize

the objective function f(6), at 6" given that

f(0) > g(0|6"), for all  and ¢

F(07) = g(6'6").

Then, maximization of the surrogate function g(6|6"), occurs to produce the next set of
parameters 6'™! (Hunter and Lange, 2004). These two steps occur until a convergence
criterion is met. The convergence of the algorithm is most often dependent on a

tolerance value e.
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The EM algorithm is considered to be one of the most common examples of the
MM algorithm. It is used in missing-data problems where the objective function is
a complete data log-likelihood based on a theoretical complete-data space. The al-
gorithm alternates between an E-step and M-step where in the E-step, the surrogate
function which is the conditional expected complete data log-likelihood, is calculated
and then maximized in the M-step with respect to the model parameters. In con-
gruence with MM philosophy, the log-likelihood has an ascent property, that is the
log-likelihood is monotonically increasing. In the next section, we expand on the EM

algorithm in the context of model-based clustering.

2.1 Gaussian Mixture Models

Finite mixture models have become increasingly popular for clustering due to their
ability to accommodate sub-populations within a population. A p-dimensional ran-
dom vector X is from a G-component mixture model if, for all x € X, its density can

be written as

G
fx[9) = Zﬂgfg(x‘ﬁg)a

where 7, > 0 is the gth mixing proportion with ZQG:1 g =1, fy(x]6,) is the gth com-
ponent density, and ¥ = (mq, ..., 7y, 01, ..., 6,) is a vector made up of the parameters.
The Gaussian mixture model is a common component distribution choice, where the
gth component density is given by

—pb s )

b ) =
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where p, is the mean, 3, is the covariance matrix, and p refers to the p-dimensinal
X.

As previously mentioned, a common method for parameter estimation of a mixture
model is the EM algorithm. For p-dimensional data xi,...,x,, in the model-based
clustering paradigm, let z;, denote component membership such that z;,, = 1 if x;
belongs to component g and z;; = 0 otherwise. The complete-data likelihood is then

given by
n G

L) = [[T] [me0(xilprg. =)] 7 .

i=1 g=1
and the complete data log-likelihood (CDLL) is

n G

(9) = Z Z “ig [log g + log (x| 1y, 29)] : (2.1)

i=1 g=1

The EM algorithm alternates between an expectation step and a maximization step,
until a stopping rule is met. In the E-step, the expected CDLL is calculated by

updating the component memberships, z;,, by their expected value,

5 ﬁg(b(Xi’ﬂgaEg)
19 G R N ~ .
2 =1 Tnd(Xil i )

After the expected values have been updated, the models corresponding parameters
need to be updated. In the M-step, the expected value of the CDLL is maximized.

This results in the following updates:

n

A ~ 1 En 2 3 1 2
g =—, Ky = n_g ZigXi, and - Xy = — § :Zig(xi = o) (Xi — Hg)',
=1

n
9 =1
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From these parameter updates, it can easily be seen that (G—1)+Gp+Gp(p+1)/2
number of free parameters need to be estimated. The largest contributing parameter
to the total number of free parameters are the covariance matrices with Gp(p+1)/2.
Thus, as dimension p increases, the number of free parameters increase as well. By
introducing a parsimonious covariance structure via assuming the covariance structure
of a factor analysis model or a principal component analyzers model, the number of
free parameters can be reduced when p observed variables are replaced by ¢ < p latent
factors. We introduce the factor analysis model, and a mixture of factor analyzers in

the next section.

2.2 Parsimonious Gaussian Mixture Models

2.2.1 Factor Analyzers Model

For p-dimensional random variables X4, ..., X,,, a factor analysis model for 7z =1,...,n
can be defined as

where A is a p x ¢ matrix of factor loadings, U; ~ N(0,1,) are independent latent
factors, and €; ~ N(0, ¥) are independent error terms where ¥ = diag(¢y, ..., ¢,).
Note, that the latent factors U; are independent of the error terms ;. Then, under
the factor analysis model, X; ~ N(u, AA’ +®). This model, decreases the maximum
number of free parameters in the covariance by 1/2[(p — ¢q)® — (p + 2)], given the

difference between (p — ¢)? and (p + 2) is positive.
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2.2.2 Mixture of Factor analyzers Model

The factor analysis model can be easily extended to a mixture of factor analyzers.

That is, assuming that X; can be described as
Xi = [J,g + AgUZ’g + Eig,

where A, is a p X ¢ matrix of factor loadings, U;;, ~ N(0,1,) are independent la-
tent factors which are also independent of e;, where g;; ~ N(0,¥,) and ¥, =
diag(¢n, g, ..., 1), for ¢ = 1,...,n and g = 1,...,G. The density of a G-component

mixture of factor analyzers models for X; is then given by

G
f(Xz’ﬁ) = Zﬂg¢ (Xi‘u’ga AQA;] + \I’g) )

g=1

where 7, are the mixing proportions and ¥ are the model parameters.

2.2.3 PGMM Family

By applying various constraints to the covariance matrix, McNicholas and Murphy
(2008) derive the parsimonious Gaussian mixture model (PGMM) family of eight
models and [McNicholas and Murphy| (2010)) further extend this family to 12 models.
The first eight models are developed from the covariance matrix of a mixture of
factor analyzers model, 3, = AgA’g + W, by imposing a combination of the following
constraints:

Aj=A, ¥,=9 and ¥, =1,



M.Sc. Thesis - Alexa A. Sochaniwsky McMaster - Mathematics and Statistics

A further four models are developed by re-parameterizing the factor analysis co-

variance structure such that,

X, = AN, +w, Ay,

where w, € RT and A, is a diagonal matrix with [A,] = 1. It is clear that ¥, is
expressed as W, = w, Ay, thus constraining A, and w, result in four more models in
the PGMM family and eight equivalent models. These 12 models can been seen in
Table 211

The parameter estimation for this family uses the AECM algorithm, that is the
alternating expectation-conditional maximization algorithm (Meng and Van Dyk,
1997)). This variation is similar to that seen in the previous section for model-based
clustering where there is one unknown piece of missing data, that being the com-
ponent memberships z;,, for i = 1,...,n and g = 1,...,G. The utilization of factor
analyzers means that two pieces of missing data exist, the component memberships
and the latent factors u;,. The alternating ECM has two stages, the first where the
complete-data are taken to be the observed data in conjunction with the unobserved
labels, that is x1,xs,...,Xx, and zy,2,...,2%,. In the second stage, the complete
data comprise the observed data, component memberships, and the latent factors,
that is x1,Xo,...X,, Z1,29,...,2Z,, and Uy, Usy,...,u,. The parameter estimates for
the first and second stages are derived from their respective expected complete data
log-likelihoods. Specifics, of these parameter estimates can be found in McNicholas
(2016)), McNicholas and Murphy (2010)), and [McNicholas and Murphy (2008]).

A model selection criterion is needed to select one of the 12 models. In Section 4.2]

the Bayesian Information Criterion (BIC; |Schwarz, 1978) is used. For each model,
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the BIC is calculated as

BIC = 2[(9) — plog(n),

where [(9) is the maximized log-likelihood, and p is the number of free parameters
in the model. The model with the maximum BIC is selected.

The extended pgmm family can be found in the pgmm package (McNicholas et al.|
2023) in R (R Core Team)| [2024)). Since this family requires the estimates of 12
models multiplied by the range of components G, and range of latent variables ¢,
the stopping rule of such an algorithm is important so that it does not run for an

unnecessary number of iterations.

Table 2.1: The nomenclature, covariance structure, and model name for each ex-
panded PGMM family member. Regarding the constraints, “C” denotes “con-
strained”, and “U” denotes “unconstrained”.

Expanded PGMM Nomenclature
Aj=A A=A wy=w A=1I, pI Model
AN + I, CcCC
AN + w1, CcucC
AgA, + Wl UucCC
AN, +wI,  UUC
AN +wA CCU
AN +w,A CCUU
AN, +wA ucCu
AgA, +w,A UCUU
AN +wA, CUCU
AN +w,A, CUU
AyA, +wA, UUCU
AgA, +w,A, UUU

ccaoaacacaacacaan
caccaoacacacaoaaan
caocaoacaocacaaca
caocccaccaoaaan
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2.3 Matrix Variate Gaussian Mixture Models

Model based clustering of three-way data can not be carried out via Gaussian mixture
modeling as seen in Chapter 2.1} it requires the matrix Gaussian distribution, or more
commonly known as matrix normal distribution.
A random 7 x p matrix X is said to follow the matrix normal distribution, if its
density can be written as
_[Z[E[v

fuvn (XM, X, ¥) = W exp{—%tr (2—1(X ~M)¥T (X — M)/) }’

where M is a r X p mean matrix, 3 is an r X r covariance matrix of the r occurrences
or rows, and W is an p X p covariance matrix of the variables or columns. Equivalently,
for compactness it can be described as X ~ ¢,x,(M, 3, ¥).

Consider n observed matrices X, X, ...X,, of dimension r x p where each X
belongs to one of the G sub-populations. The density of one of the matrices X from

a matrix normal mixture model is then

G
f(X]m1, 72, .76, 01,02, ..., 0¢) = Zﬂ'ngVN(X‘Mg; 3, ¥y),

g=1

where 8¢ = (M,, X,, ¥,) is a vector of the parameters and 7’s are mixing proportions.
Analogous to the EM steps seen in Chapter 2.1, an EM algorithm for mixtures of
matrix normal distributions updates the component memberships 7;,, and maximizes

the complete data log-likelihood by updating the estimates of My, 3, and ¥ . For n

10
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independent observed matrices X, the complete data log-likelihood is

n G
I(7,0|X, X, ..., X)) = Zlog{ZﬂngVN(X|Mg, 2, xyg)}.
=1 g=1

The E-step consists of updating 7;, with their expected value,

. mefuvn(Xil0y)
Tig - G .
thl thMVN(Xiwh)

The expected CDLL is maximized via the following M-step updates:

N n
Ty = gg;
~ o Tig X
M, = ZZZ;TH :
g
b - Z?:l Tig(Xi — Mg)zgl(Xi - Mg)/‘
g P, ;
$ > i Tig(Xi — Mg)q’gl(Xi — M,)’
g T Ng ’

n
where ng = > " | T

2.4 Stopping Rules

While there are several ways to stop an EM algorithm, one of the most common
methods is to use lack of progress. This stopping rule can be implemented using
parameter estimates as seen in (2.2)) and (2.3), where ¢ is the iteration and e is the

tolerance value but a common option is to use lack of progress in the log-likelihood

11
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as seen in ([2.4)):

pl’g l"l’g < 67 (22)
S s (2.3)
1D 10 < ¢ (2.4)

where ﬂ(t) is the value of mean g at iteration ¢, f](t) is the value of covariance 3 at
iteration ¢, and [® is the value of the (observed) log-likelihood at iteration ¢. This

can work well when the log-likelihood values progress nicely and then plateau (e.g.,

Figure .

-552 1

—-556 1

—-560 1

Log-likelihood

—-564 1

0 20 40 60
Iteration

Figure 2.1: Standard plot of log-likelihood value versus iteration.

While lack of progress in the log-likelihood can work well as a stopping rule, it

12
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has been shown that this can lead to premature stopping when there are “jumps”,

or multiple plateaus, in the log-likelihood (e.g., [McNicholas, [2016; McNicholas et al.)

2010) as seen in Figure A stopping rule based on Aitken’s acceleration (Aitken,

1926)) can address this problem (e.g.,[McNicholas et al.,|2010). At iteration ¢, Aitken’s

acceleration is
1@+ @)

t) —

Bohning et al| (1994) show that a® can be used to find an asymptotic — i.e., after

many iterations — estimate of the log-likelihood at iteration t + 1 via

(1) @)

1D = 1O 4 — (2.6)
The algorithm can be stopped when
1 — 10 < ¢ (2.7)
(Lindsayl [1995)), or when,
1D 10 (0, ¢) (2.8)

(McNicholas et al 2010)). Criteria (2.7)) and (2.8)) may produce similar results. They

may also be preferred over (12.4)), which can result in the algorithm converging pre-

maturely (McNicholas et al.,2010). Because (2.4) compares the current and previous

log-likelihoods, it cannot foresee jumps, whereas (2.7)) and (2.8) compare the current
log-likelihood to an estimate of the ultimate value. This research will use (2.4)) as the
stopping criterion so that the proposed dynamic approach for tolerance value selection

can be demonstrated, but or (2.8) are recommended and easily implemented.

13
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Figure 2.2: Plots of log-likelihood value versus iteration with plateaus.

2.5 Evaluation

To evaluate the performance of our dynamic stopping rule in comparison to other

tolerance values, we will use the adjusted Rand index (ARI; Hubert and Arabiel

1985) and the Frobenius adjusted Rand index (FARI; |Andrews et all [2022). Both

the ARI and FARI are measurements used in clustering and classification to compare
partitions. The ARI is used to compare hard cluster partitions, and the FARI is
used to compare soft and or hard cluster partitions. Both of these indices exhibit the

reflexive property, a property which not all other clustering partition indices retain

14



M.Sc. Thesis - Alexa A. Sochaniwsky McMaster - Mathematics and Statistics

(e.g., [Flynt et al., [2019; Brouwer} 2009).
‘Soft” clustering assignments correspond to the component memberships 2;,, and
‘hard’ clustering assignments correspond to the maximum a posteriori classifications,

that is

1 if g = argmaxy{Zi},

0 otherwise.
Both of these clustering assignments can be represented in allocation matrices, z.
The ARI and FARI are extensions of the Rand index (RI) which is simply the

pairwise agreements divided by the total number of observations,

_A+D

RI
N

where

Same group | Different group

Same group A B

Different group C D

and N = A+ B+ C + D. The RI is bound between 0 and 1 inclusive, where
0 corresponds to the results being entirely incorrect and a RI of 1 corresponds to
perfect results. Due to the RI potentially overestimating clustering performance as it
does not consider chance agreement of classes, the ARI is an attempt to account for

this by rescaling. Hubert and Arabie, (1985) give the following definition,

2(AD — BC)

ARI = :
R B2 +C?+4+2AD + (A+ D)(C + B)

(2.9)

An ARI score that is negative indicates that the classification is worse than the

15
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expected value under random classification, a value of 0 is the expected value under
random classification, and an ARI of 1 is perfect classification.

An extension of the ARI is the sARI (Flynt et al, 2019) for soft cluster assign-
ments. Consider two allocation matrices y; and ys of dimension n x G; and n x Go
respectively. [Flynt et al.|(2019) define p,.; to be the product of posterior probabilities
of observation ¢ belonging to group c in the first allocation and group 7 in the second

allocation, that is p..; = ye X yr;. Now, consider the following sums,

n G1 G2
DPre. = Zprci’ D = Zprc-u and Dr.. = Zpro-
i=1 r=1 c=1

These sums are used to calculate the values in Table 2.2] The probabilistic versions

of A, B, C' and D are then given by:

1 G1 G2
1 'rG—ll c=1 o o
1 TG—: TG—ll cG—21
C = 5 ZPQC _Zzpzc)
1 cG—ll . r=1 c=1 J .
D= SN p4nt=d pl - Zzﬁ.) :
r=1 c=1 r=1 c=1

Substituting these values into [2.9) the sARI can be calculated.

16
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Table 2.2: Contingency table for soft cluster allocations.

v1/y2 1 2 G, Sums
1 P11 D12 DP1G,- D1
2 D21 P22 P2Gs,- Dp2..
Gi1 | pei1 Pci2 PeiGs | Pay
Sums | p. P.a. DGy | P =1

The FARI is a response to the sARI as the sARI does not have the reflexive
property. For the FARI, consider the following matrices: two n x G matrices y; and
y9 such that each matrix corresponds to the soft or hard partitioning of observations,
a bonding matrix B = YY’ (Brouwer], 2009), a n X n matrix of ones denoted 1,,
and an identity matrix I of dimension n. The Frobenius inner product, (-) and norm,

|| - ||, can be expressed through the following matrix functions

JA[]2 = (A, A) = tr [AA] and (A,B) = tr [A'B].

Using these matrices and matrix relations, Andrews et al.| (2022) derive the Frobenius

Rand index (FRI) and the FARI. The FRI can be written as

(N(B,),N(By)) + (1, — By, 1, = By) —n

2()

FRI(B,,B,) =

where N(B) = g’llng, and the bonding matrices By and By correspond to the

allocation matrices y; and ys. Using M = 1,,/n and R = I,, — M, the expected value

17
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of the FRI is found to be

]- <B17 1n><B27 1n>
E[FRI = —— |2
2(5) L 1IBaf[?(|B2]]?

2

<B1, 1n>2 <B1> 1n>2 2

E[<B>{;B§>]_ ||B1||2 - ||B1H2 +n°—n

where

1
E[(Bf, By)] = (M, B1)(M,Bs) + —— (R, B1)(R, B,).
The formula of the Frobenius adjusted Rand index is then given by,

FRI — E(FRI)

FARL=—— E(FRI)

We will use both the ARI and FARI as measurements of clustering ability in
following chapters. The ARI will be used to compare the maximized hard clustering
assignments, MAP{Z,,}, to the true labels and the FARI will be used to compare the

maximized soft clustering assignments, Z;,, to the true labels.

18



Chapter 3

Proposed Tolerance Value

In this chapter, we introduce the proposed dynamic stopping criterion, we take a look
at previous considerations for the proposed tolerance value, and lastly we examine

the performance of the proposed methodology in three simulation studies.

3.1 Methodology

Rather than selecting an arbitrary tolerance value, if not the same tolerance value
for all datasets, a tolerance value should adapt to the observed data and the context
in which it is being used in. |Casella and Berger (2021)) describes the likelihood
function as a way to summarize the data. Thus, we propose a dynamic criterion that
relates the likelihood and the number of observations to the tolerance value €. The
complete-data log-likelihood of an early iteration is scaled by the log of the number

of observations. This allows for the likelihood to be scaled proportionally rather than
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by a static integer. The proposed tolerance value is
e = |I®) x 107087, (3.1)

where {*) denotes the complete-data log-likelihood at iteration k and n is the number
of observations.

An equivalent way to express the proposed tolerance value in [3.1] is,

e=[IF) x n2|

where o = log 10. This can be shown using the fact that 10 = €!°¢'0. Then,

10" losn _ (elogll))*logn
_ (elogn)flogl()
— -~ log10,

This € uses the log-likelihood at an early iteration. While the specific iteration is
not crucial, we suggest the tolerance value update to occur between k = 5 and k& = 10
as this should be sufficiently many iterations for the tolerance value to grasp the
magnitude of the complete-data log-likelihood but not too many that the algorithm
will converge before € is set.

The tolerance value update is presented in the context of an EM algorithm for
Gaussian mixture models given in Algorithm [Il The update occurs at a specified

iteration k.

20



M.Sc. Thesis - Alexa A. Sochaniwsky McMaster - Mathematics and Statistics

Algorithm 1 EM Algorithm for Gaussian Mixture Modeling with Tolerance Update

1: initialize Z;,

2: while convergence criterion not met do

3:

4:

©

update T, = ny/n

update fi, = nig S ZigXi

update flg = t S Zig (xi — ﬂg) (x; — ﬂg),
update Z;,

check convergence criterion

if iteration = k then

update € = [[#) x 107 1087|

10: end while

3.2 Previous Considerations

Prior to selecting as the tolerance value, two other likelihood based values were

considered. Those values being motivated by the Akaike information criterion (AIC;

Akaike, [1974)), and the Bayesian information criterion which was previously defined

in Chapter [2.2.3] The AIC is defined as

AIC = 20(9) — 2p.

The resulting alternative tolerance values being the following:

egic = | (21 — plog(n)) x 107187, (3.2)

earc = |(21%F) — 2p) x 1071087, (3.3)
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We compare the three proposed tolerance values in a simulation study where a

three-component Gaussian mixture model fits simulated data with n = 300 and p = 2

for 100 replications. An example of the simulated data can be seen in Figure[3.1] From

Table [3.1] it is clear that [3.2] and [3.3] are too large and find that using [3.1] optimizes

the ARI and FARI, while not increasing the number of iterations too much.

Table 3.1: Results from testing potential dynamic likelihood based tolerance values.
Tolerance Value No. Iterations Std. dev. ARI  FARI
e = 0.0024 66.90 24.07 0.8309 0.8620
egic = 0.0051 54.74 17.69 0.8245 0.8562
earc = 0.0049 60.27 22.78 0.8282 0.8592
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Figure 3.1: Scatter plot from a simulated three-component Gaussian mixture.
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3.3 Simulation Studies

The performance of the proposed stopping criterion is evaluated in three simulation
studies. In Experiment 1 (Chapter , we investigate how well the tolerance value
performs as dimension p and the number of observations in each group n, increase. In
Experiment 2 (Chapter , we look at how the proposed tolerance value performs
as the difficulty of a clustering problem increases. Lastly, as three-way data has
become increasingly popular, we test the perform of the stopping rule in a matrix-
variate normal mixture modeling setting in Experiment 3 (Chapter . In all three

experiments, the number of groups G is assumed to be known.
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3.3.1 Experiment 1
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Figure 3.2: Scatter plots of the first three variables of p = 10 and ny, = 50 from a
simulated three-component Gaussian mixture for Experiment 1.

This simulation study seeks to test the performance of the proposed tolerance value
in comparison to two other popular choices, 0.005 and 1 x 10~® for a total of nine
different variations of simulated data, 100 repetitions each. To test how the proposed
method compares to common methods when the size of the dataset increases, each
scenario is simulated from a three-component Gaussian mixture for p = 2,5, 10 and
ngy = 50,100,200. An example of the simulated data is given in Figure Table

includes the results for three different tolerance values and the nine different variations
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of data where k-means was used as the initialization method. The results include the
mean number of iterations, the corresponding standard deviation, ARI, FARI, and
how often the proposed tolerance value is better or equal to the respective tolerance
value in terms of ARI.

From Table [3.2] we can see that the proposed tolerance value has the largest mean
ARI and FARI most often in comparison to the other two tolerance values. As the
proposed tolerance value is scaled by the number of observations a concern may be
that the tolerance value may get too small as the number of observations increase or
may be too big for fewer observations. But, we can see that the value adjusts to each
scenario and is not being negatively impacted by the increase in either dimension or

number of observations in each group.
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Table 3.2: Results from Simulation 1 including the mean number of iterations, the
standard deviation of the number of iterations, and the mean ARI and FARI.

p | ng € No. Iterations Std. dev. ARI  FARI Better Than
0.0053 42.70 23.73 0.6840 0.7174 NA
50 0.005 40.71 21.70 0.6826 0.7127 90%
1x1078 183.70 155.63  0.6706 0.6936 74%
0.0022 61.79 42.50 0.7321 0.7626 NA
2 | 100 | 0.005 45.31 25.8 0.7324 0.7619 65%
1x1078 225.69 108.61  0.7256 0.7570 70%
9x10°* 69.23 33.48 0.7546 0.7892 NA
200 | 0.005 49.99 21.47 0.7536 0.7882 56%
1x10°8 257.80 167.23  0.7500 0.7855 68%
0.0127 14.02 4.22 0.9857 0.9870 NA
50 0.005 14.58 5.03 0.9804 0.9812 98%
1x10°8 18.41 20.76 0.9856 0.9864 97%
0.0052 11.84 1.46 0.9998 0.9998 NA
5 | 100 | 0.005 11.87 1.57 0.9998 0.9998 100%
1x1078 13.96 8.10 0.9942 0.9943 100%
0.0021 11.25 0.63 0.9999 1 NA
200 | 0.005 11.21 0.62 0.9999 1 100%
1x1078 12.52 1.93 1 1 99%
0.0234 29.44 11.83 0.6580 0.6618 NA
50 0.005 31.25 12.91 0.6226 0.6264 81%
1x10°8 47.62 28.71 0.6399 0.6433 74%
0.0096 20.67 9.15 0.8986 0.8991 NA
10 | 100 | 0.005 20.35 9.10 0.8885 (0.8892 98%
1x10°8 23.52 13.10 0.8895 0.8900 98%
0.004 20.65 8.99 0.9141 0.9140 NA
200 | 0.005 20.15 8.70 0.9146 0.9145 95%
1x10°8 23.91 21.19 0.9046 0.9046 97%

3.3.2 Experiment 2

We test the performance of the proposed tolerance value on a total of 100 samples from
two variations of simulated data. Each scenario is simulated from a three-component

Gaussian mixture for p =5 and n = 600 (n, = 200). The first scenario is considered
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an ‘easy’ clustering problem where there is minimal overlap between clusters. The
second scenario is considered a ‘hard’ clustering problem where the clusters vary in
shape and there is significant overlap between clusters. An example of each scenario
is given in Figure|3.3|and Figure|3.4] respectively. Tables and show the results
for three different tolerance values and two different initialization methods. Similar
to the previous experiment, the results include the mean number of iterations, the
corresponding standard deviation, ARI, FARI, and how often the proposed tolerance

value is better or equal to the respective tolerance value in terms of ARI.
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Figure 3.3: Scatter plots of simulated data from a three-component Gaussian mixture
from Experiment 2, Scenario 1.
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Figure 3.4: Scatter plots of simulated data from a three-component Gaussian mixture
from Experiment 2, Scenario 2.

From Table we can see that the results do not vary much for a k-means
initialization, but for a soft random initialization, the proposed tolerance value on
average has the largest ARI with the fewest average number of iterations three out
of the four situations, and the FARI is the largest and or equal to the largest all four

times. Overall, as complexity in clustering increases, the proposed tolerance value
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performs the best, balancing both accuracy and optimizing the number of iterations.

Table 3.3: Results from Experiment 2, Scenario 1.

Initialization € No. Iterations Std. dev. ARI =~ FARI Better Than
0.0021 24.06 4.62 0.9261 0.9418 NA
k—means 0.005 22.58 4.21 0.9261 0.9418 89%
1x10°8 49.11 12.74 0.9264 0.9417 83%
0.0022 77.12 21.70 0.9102 0.9251 NA
Soft Random  0.005 77.86 23.45 0.9065 0.9222 80%
1x1078 112.35 45.20 0.9068 0.9216 82%

Table 3.4: Results from Experiment 2, Scenario 2.

Initialization € No. Iterations Std. dev. ~ARI =~ FARI Better Than
0.0024 35.57 31.99 0.8673 0.8757 NA
k—means 0.005 35.80 28.80 0.8494 0.8589 88%
1x10°8 66.32 99.11 0.8561 0.8648 85%
0.0024 26.13 12.48 0.9583 0.9666 NA
Soft Random  0.005 28.34 11.79 0.9479 0.9570 96%
1x10°8 43.03 41.71 0.9509 0.9586 98%

3.3.3 Experiment 3

We test the performance of the proposed tolerance value on a total of 100 samples from

two variations of simulated data. Each scenario is simulated from a two-component
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matrix normal mixture for p = 4, r = 5, and n, = 50,100,200. The first scenario
is considered an ‘easier’ clustering problem where there is some distinction between
the two clusters. The second scenario is considered a ‘harder’ clustering problem
where the two clusters overlap significantly. An example of each scenario is given in
Figure [3.5 and Figure [3.6 respectively. Tables [3.5] and show the results for the
two variations of simulated data.

From Table , the proposed tolerance value did the best for n, = 50,100, and
all three tolerance values performed equivalently for n, = 200 but the proposed value
minimized the number of iterations. In both Table 3.5 and Table[3.6] the variation in
ARI and FARI decreases as n, increases across all tolerance values, but the proposed

tolerance value consistently has the smallest number of iterations.

Table 3.5: Results from Experiment 3, Scenario 1.

Ng € No. Iterations Std. dev. ~ARI =~ FARI Better Than
0.0802 7.87 1.28 0.9880 0.9899 NA

50 0.005 8.82 1.59 0.9876  0.9895 100%
1x10°8 14.10 8.38 0.9872 0.9897 98%
0.0325 7.09 0.78 0.9920 0.9933 NA

100 0.005 7.68 0.97 0.9914 0.9932 100%
1x10°8 12.49 3.96 0.9914 0.9932 100%
0.0132 7.31 0.60 0.9931 0.9945 NA

200 0.005 7.63 0.75 0.9931 0.9945 100%
1x1078 11.15 1.60 0.9931 0.9945 100%
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Table 3.6: Results from Experiment 3, Scenario 2.

Ng € No. Iterations Std. dev. ARI =~ FARI Better Than
0.0752 7.47 1.40 0.9824 0.9854 NA

50 0.005 8.46 1.77 0.9821 0.9850 100%
1x10°8 13.43 4.83 0.9817 0.9849 99%
0.0306 6.82 0.76 0.9848 0.9875 NA

100 0.005 7.49 0.94 0.9850 0.9875 100%
1x10°8 12.02 3.08 0.9852 0.9875 98%
0.0125 7.24 0.61 0.9863 0.9895 NA

200 0.005 7.57 0.69 0.9863 0.9895 100%
1x10°8 11.58 1.56 0.9863 0.9895 100%
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Figure 3.5: Scatter plot of simulated data from a two-component matrix normal

mixture from Experiment 3, Scenario 1.
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Figure 3.6: Scatter plot of simulated data from a two-component matrix normal

mixture from Experiment 3, Scenario 2.
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Chapter 4

Real Data Examples

4.1 Gaussian Mixture Models

The proposed dynamic tolerance value is tested on six real datasets and com-
pared to € = 0.005 and € = 1 x 107®. A semi-supervised learning approach is used
where we assume that the number of groups G is known. All continuous variables
are used for each dataset. Note that the clustering results may improve with variable
selection and/or non-Gaussian mixture models.

From Table [4.1, we see that the proposed tolerance value performs the best in
most cases, typically having a similar number of iterations in comparison to 0.005
while at the same time achieving the same or ARI. When the tolerance is € = 0.005,
the algorithm may be stopped too early, e.g., Iris and Crabs, resulting in an under-
fitting situation. When € = 1078, over-fitting can occur, e.g., Wine, AIS and Pima,
or the results are the same across all values of € but the algorithm has run for an

unnecessary number of iterations, e.g., Coffee.
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Table 4.1: Summary of real data results.

Data  Source n € Iterations BIC ARI
0.0776 7 —1576.99  0.2459
Coffee |McNicholas et al.| (2023) 43 0.005 9 —1576.97  0.2459
1078 15 —1576.97  0.2459
0.0046 39 —836.23  0.5833
Iris Becker et al.| (1988) 150 0.005 38 —836.24  0.5753
1078 124 —836.19  0.6007
0.0125 73 —4868.03  0.3366
Wine | McNicholas et al.| (2023)) 178 0.005 91 —4850.22  0.3343
1078 106 —4850.22  0.3343
0.0003 32 —88.22 0.0148
Crabs |Venables and Ripley| (2002) 200  0.005 18 —88.25 0.0096
1078 83 —88.22 0.0148
0.0056 14 —2939.76  0.0674
AIS Sanchez et al.|(2016) 202 0.005 14 —2939.76  0.0674
1078 29 —2939.75  0.0623
0.0016 29 —14052.84 0.0871
Pima |Faraway| (2022) 768  0.005 27 —14052.84 0.0871
1078 47 —14052.83  0.0855
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4.2 Parsimonious Gaussian Mixture Models

As discussed in Section 2.4, the parsimonious Gaussian mixture models family is based
on extending the mixture of probabilistic principal component analyzers and mixture
of factor analyzers models. To demonstrate our dynamic approach, we modify pgmm
to allow the use of and as a stopping rule in the AECM algorithm.

The proposed dynamic tolerance value is tested with pgmm on three real
datasets and compared to € = 0.005 and € = 1 x 1078, The datasets include banknote,
diabetes, and thyroid from the mclust package. An unsupervised clustering approach
is taken where the 12 pgmm models are fit for G = 2, 3,4, ¢ = 1,2 for the banknote
and thyroid data, and ¢ = 1 for the diabetes data where the BIC is used as the model
selection criterion. Additionally, the data were initialized via 3 random starts.

The results (Table show that our proposed dynamic tolerance rule leads to the
same or better clustering performance on each of the three datasets while minimizing
the time to convergence. Particularly, the proposed tolerance value does significantly
better on the banknote data and almost halves the time in comparison to the tolerance

value of 0.005.
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Table 4.2: Summary of real data results using pgmm, where all datasets are from the

mclust package (Scrucca et al., 2016) for R.

Data n € ARI Time Model
0.0073 0.7594 1.2042 mins CUCU

Banknote 200 0.005 0.6645 2.0201 mins CCU
1x10°8 0.6533 17.9061 mins CCUU

0.0024 0.6603 34.6221 secs  UUU

Diabetes 145 0.005 0.6603 1.3928 mins  UUU
1x10°8 0.6415 7.5282 mins  UUU

0.0028 0.8629 1.5755 mins  UUU

Thyroid 215 0.005 0.8629 59.5637 secs  UUU
1x10°8 0.8276 9.3417 mins CUCU
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Chapter 5

Discussion and Conclusions

A dynamic likelihood-based tolerance value scaled by the log of the number of ob-
servations for likelihood-based algorithms, i.e., , was proposed to allow stopping
criteria to be problem-dependent.

Overall, the dynamic mechanism for choosing a tolerance value proposed herein
balances accuracy and efficiency. In the first simulation, it was shown that the tol-
erance value adjusts to the number of observations and number of covariates. In
the second simulation, for more distinct clusters, the tolerance value was less crucial
whereas for the more difficult clustering problem, the stopping rule was more im-
portant as there was more room for unnecessary number of iterations to occur while
not achieving additional accuracy. In the third simulation, it was shown that the
proposed tolerance value is not only successful for two-way data but three-way data
as well. The real data results for the Gaussian mixture models and pgmm show that
the proposed e consistently had the same or better classification in comparison to
¢ = 0.005. When comparing the results of ¢ = 107® to the proposed value, there

was a significant decrease in the number of iterations and increase in classification
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rate. Overall, the proposed value performs equivalently or better to other common
tolerance values while decreasing computational time.

This work highlights the accessibility of improving one’s stopping rule by imple-
menting a dynamic tolerance value. This tolerance value would not only work in
the context of Gaussian mixture models but for other distributions including matrix-
variate distributions for three-way data, and in the context of other statistical models
including factor analysis, linear mixed models, hidden Markov models, data min-
ing. Additionally, it can be implemented in other variations of the EM such as the
expectation-conditional maximization as seen in Section 5.2, and can be used to stop
other iterative likelihood-based algorithms, such as the variational Bayes and evolu-
tionary algorithms. Today, in addition to the aforementioned pgmm package, several
model-based clustering packages exist in R, including mclust, MixGHD (Tortora et al.,
2021), mixture (Pocuca et al., [2021)), teigen (Andrews and McNicholas| 2012)) and
MatrixMixtures (Tomarchio et al, 2021), where the proposed tolerance value can

easily be implemented to optimize stopping criteria.
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