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was used as a starting value. The digital approach removed the dynamic range
problem but the extreme sensitivity to XO remained. One required a very
small step size in the independent variable x' to reduce truncation errors
and needed fine tuning in the 8th or 9th decimal place of Xo to get a "'good"
solution. This iterative approach to the correct solution was very tedious
and sensitive to initial conditions and step size.

3.6 CATHODE SOLUTION - NON-ITERATIVE REVERSE INTEGRATION

From the phase plane sketch in FIG. 2 one can see that all solutions
fend to funnel in on the desired physical cathode solution for large negative
values of Y (i.e. small electron flux values). When starting in this closely
packed branch region even very tiny fluctuations can cause large deviations
in the splaying region around X =Y = 0. It seemed logical that the equations
would behave in a more stable manner if integrated in the reverse direction
since any small errors made would tend to balance out and bring you back to
the physically meaningful curve. In addition, using the asymptotic solutions
to define the initial conditions, the need to iterate is removed.

Using the general expressions for the asymptotic equations developed
in section 2.8, (Equations (29) - (34)),withC = 3.5,D = 0, and S' = 0,we obtain

the relations:

47)  (a) 3% - .0l IX_ ~.0808X =0
ax’z ax'
(b) kl = .ol —}.3233 ~ .2749
2
(c) ¥, = 2o Ye

k
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The above constraints force the solution to be a simple exponential
decay , EXP(klx') ’ The value of Y0 and thus X0 must be chosen small
enough to ensure that these asymptotic solutions are describing the behaviour
in this region. To apply reverse integration the independent variable X' is
replaced by -x' in Equations (38) and (39). Note that although the new
equations become formally the same as the anode equations the behaviour is
different because Y is negative. The solutions obtained by reverse integration
were checked against the sensitive forward integration and found to be the same.
Also the solutions are relatively insensitive to pertubations in initial
conditions and truncation errors as predicted.

Another point to be considered with this integration procedure is
the fact that there is no obvious origin. Where one places the cathode electrode
depends on what the surface coefficient y is and what external electron flux
sources I'' are applied. The curves for the different variables can be
considcredxuniversal for a given recombination (a') and avalanching (Z')
dependence. For the purpose of referencing, an arbitrary origin was chosen
to be the point at which the asymptotic solution generated backwards produced
a doubling in E'. The resulting computer plots of the cathode variables appear
in FIGS. 8, 9, 10 and 11 for a power law, (n=7), 2! dependence on electric field.

Using equations (17) &(18) it is a simple matter to extend the
solution generation to include cases where volume sources (S§') and other forms
of ionization dependence Z'(E') become appropriate. The cathode solutions for

two cases of special interest to T.E.A. laser discharge research are given in
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Appendix A. These correspond to the electron gun assisted discharge system
and the "double-discharge' system which operate at E/p ratios of about 4 and
8 respectively. For these solutions, a Z' dependence defined by equation

(27) (b) , with A=1.29 x 107, B=53, was used.
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4.0 DISCUSSION

The most obvious conclusion that can be drawn from the computer
solutions is that the sheaths are much more violent in the region of the
cathode than for the anode. Near the cathode, ions tend to collect while
secondary electrons produced are swept out leaving a large positive space
charge layer and thus a large enhanced electric field. The key to sheath

formation near the cathode is the immobility factor e = Ky

H_
The anode curves generated are independent of the electrode material.

Here we assume that secondary electrons which are emitted by electron
bombardment do not seriously affect the sheath. The boundary condition is
dependent only on e which is a property of the gas and is usually close to
’.Ol .The solution has been generated by an analog iterative method but could
have been produced from asymptotic solutions using reverse integration.

The cathode solutions are universal for a given Z'(E'). That is
for a given gas mix the curves apply to all electrode materials and all applied
surface fluxes. Where one places the cathode boundary depends on the
2nd Townsend coefficient (y) and what externally applied surface flux (I ')
is used. An investigation into the effects of these two parameters on thé

cathode position relative to the curves was made. Rearranging the boundary

condition Equation (13) yields y as a function of the computer generated

1
r_ and chosen parameter I' ', The equation becomes:

X

/

/
(48) ¥y o= D= Ny
(+e)-T.
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FIG. 12 shows the behaviour of y =y (x',I'' ) and reveals some
interesting results. The curves have been generated ?or a range of y
between 0 and about 1 because most common laser materials have relatively
poor secondary emission coefficients. With no externally applied surface
flux a variation of y over the range shown yields little displacement along
the curves in FIGS. 8,9,10. That is the electric field varies little from
going from the peorest electron emitter to a 1 electron - 1 ion emitting
surface. Of course the electron flux at the surface, which follows vy closely,
varies greatly in magnitude.

When external surface flux is applied the ability to reduce the
electric field of the sheath depends on the closeness of T'_' to unity.The curves
in FIG. 12 not only translate along the x' axis but also th:ir slope decreases
making the surface y more important. In theory when T ! becomes.equal to
1-ye then sheath disappears and the whole discharge is ﬁomogeneous. For
larger values of surface flux the sheath will actually depress; that is the
electric field E' will drop below the main discharge value EO.

It must be stressed that the changing of the problem from the two
sided boundary condition (ANODE-CATHODE) to a simple initial value problem
(REVERSE INTEGRATION) requires that there exist a large equilibrium region
whose field is equal to the applied field E . If one cannot achieve a
reasonably depressed cathode surface flux corresponding to a given y and
I *'in a distance small compared to the electrode separation then the original

X
problem reasserts itself.
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The form of the ionization coefficient dependence on E'is of
critical importance in determining the sheath 1enéth. The best way to
see the effects is through a graphical qualitative presentation. We assume
that there is no volume ionization present (S'=0). Using equations
(17) & (18) it can be shown that the dominate derivative terms for most of

the sheath structure are:

(48) ?__E_i' ~ =1 L\ -~ P_, )
X' £’

o) 3l o~ 7~ e ()
8)(’ EI

The equations are written in terms of true distance x since units
of x' depend on Eo. We already know the expgrimental form for at(E‘) shown
in FIG, 1 and discussed in section 2.7. As mentioned before in this section,
three types of analytic expressions can be made to represent oy for certain
ranges of E. We wish to obtain a graphical "feel'" for what happens when Eo
is changed. FIGS. 13 § 14 give the qualitative dependence of o, and In(I' ')
as a function of E'. It is where you start on this curve (i.e. what
applied field EO is chosen) that determines how quickly you can achieve a
given surface flux from the asymptotic starting values. For most practical

laser discharges, EO lies within the power law approximation to Q. The



fact that oy varies over three orders of magnitude when Eo decreases by
a factor of 2.5 means that sheath lengths and peak electric fields are

critically sensitive to the operating field.
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One can divide up the a, curve into four regions as follows:
(1) Low field region
(2) Operating region
(3) Saturation region
(4) Fall off region
In region (1) the electrons have so little energy that those
ionizations that occur come f{rom electrons very far in the tail of the semi-
Maxwellian energy distribution curve. A stationary recombination -
controlled discharge operated in this region will be very weak and will
tend to have long, low field sheaths.
In region (2) with fields typically from 2 x 103 V/cm to
2 x 104 Vém we have high enough ionization rates to suitably excite T.E.A.
laser mixtures, Here the Z or o, curves can be fitted to a power law in E'.
If the sheath fields remain in this region then the computer curves in
FIGS 8,9,10,11 are representative. Operating at the upper end will result in
sheaths whose fields will enter region (3) and possibly (4). The sheaths
become very short and violent in this case.
Present lasers do not operate with EO in regions (3) and (4)

but if they did presumably long high field sheaths would result.

The effects of operating at a lower discharge voltage and using an

external ionization source can be seen by comparing the solutions in Appendix A



for E/p ratios of 4 and 8. The form of the ionization dependence was taken

to be that of equation (27)(b). Note that these curves are plotted against
normalized distance x' and not true distance x. One interesting point to note

is the shape of the ion density curve. Approaching the cathode from "far away"

we encounter an initial depression due to the electric field gradient. Eventually
ionization begins to dominate to such an extent that a peak in the ion density
occurs. Finally because the ions are now carrying almost all of the fixed total
current but the electric field continues to rise, we enter a fall off region,
Another useful observation is that the electron density tends to make a much
sharper transition as the applied voltage is increased.

The addition of volume sources into the discharge results in an
increase in the cathode sheath field. At least from a naive point of view one
would think that the concomitant increase in the excitation rate of the neutral
background gas would result in a faster "arcing time". However to compare the
effects of volume terms on a laser discharge system we should compare on the
basis of equal excitation rates. There will be a trade off between the decrease
in the time to arcing due to the increased sheath field and the decreasing in
the pumping time.

As a final point it should be noted that the solutions at an E/p
ratio of 8 have sufficiently large convective acceleration terms to warrant
questioning the validity of the model. This is especially true of the case

with volume excitation.
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5.0 CONCLUSIONS

The behaviour of a system of equations describing the internal
structure of a plasma in a T.E.A. laser discharge was investigated. In
addition to the use of conventional analog and digital computer techniques,

a reverse integration, non-iterative method, which is based on the properties
of an asymptotic solution was developed.

It was shown that the solution of the equations, which predict
the electron and ion densities and electric field strength in the region near
the cathode, could be expressed as universal curves. They apply for any
cathode secondary emission factor or enhanced surface flux at the cathode.

\

Results show the electric field solution to be insensitive to
the cathode secondary emission factor, but very sensitive to the erhanced
cathode surface flux when this term becomes comparable to the flux in the
equilibrium region of the discharge.

It was concluded that the internal structure or sheath depends
greatly upon the shape of the ionization coefficient and the magnitude of
the operating electric field in the main body of the discharge. The former
is influenced by the component gas ratios in the mixture while the latter
is defined by the applied voltage. Low applied voltages result in a weak
discharge with long, low field sheaths while high voltages produce short
violent sheaths. Very high voltages may result in a long, high field, sheath

structure.
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Stationary solutions corresponding to the electron gun assisted
discharge and ""double-discharge'" systems were investigated. The addition
of volume source excitation, while increasing the electric field in the
sheath, also reduced the pumping time for equivalent excitation. It follows
that an analysis of the stability of the stationary solutions is required
before the beneficial influence of the external source can be known. The
solutions developed in this paper provide a foundation for further investigation
to obtain an understanding of the dynamic arcing problem.

For some discharges, probably not those best suited for pumping
a T.E.A. laser, our model should be extended to include other physical effects
such as convective acceleration. A final description of sheath dynamics

would also have to account for three dimensional effects.
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APPENDIX A

Included in this appendix are the computer solutions for the
electron gun (E/P = 4) and "double-discharge" (E/P = 8) systems. Each
case 1s illustrated with and without volume source excitation. The
ionization dependence was taken to be of the form Z/p = AE exp(éBP/E)
with A=l.29x107, B=53. On each plot the equilibrium value is indicated

by a dotted line. The origin is defined to be the point at which E'=2

based on asymptotic solutions.
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(5§'=10) added. This corresponds to a "double-discharge' type system with volume excitation.
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FIG. 30 The variation of electron flux in the cathode sheath for an E/, ratio of 8 with volume

sources (S'=103) added.
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