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Lay Abstract  

There are two main ideas discussed in this thesis, both are related to Deep Learning (DL). 

The first investigates the use of estimation theory in DL network training. Training DL 

networks is challenging as it requires large amounts of data and it is computationally 

demanding. The thesis discusses the use of estimation theory for training of DL networks 

and its utility in information extraction. The thesis also presents the application of DL 

networks in an end-of-line Fault Detection and Diagnosis system for complex automotive 

components. Failure of appropriately testing automotive components can lead to shipping 

faulty components that can harm a manufacturerôs reputation as well as potentially 

jeopardizing safety. In this thesis, DL is used to detect and analyze complex fault patterns 

of automotive starters, complemented by sound and vibration measurements.  
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Abstract  

Deep Learning Networks (DLN) is a relatively new artificial intelligence algorithm that 

gained popularity quickly due to its unprecedented performance. One of the key elements 

for this success is DLôs ability to extract a high-level of information from large amounts 

of raw data. This ability comes at the cost of high computational and memory 

requirements for the training process. Estimation algorithms such as the Extended 

Kalman Filter (EKF) and the Smooth Variable Structure Filter (SVSF) are used in 

literature to train small Neural Networks. However, they have failed to scale well with 

deep networks due to their excessive requirements for computation and memory size. In 

this thesis the concept of using EKF and SVSF for DLN training is revisited. A New 

family of filters that are efficient in memory and computational requirements are 

proposed and their performance is evaluated against the state-of-the-art algorithms. The 

new filters show competitive performance to existing algorithms and do not require fine 

tuning. These new findings change the scientific communityôs perception that estimation 

theory methods such as EKF and SVSF are not practical for their application to large 

networks.  

A second contribution from this research is the application of DLN to Fault Detection and 

Diagnosis. The findings indicate that DL can analyze complex sound and vibration 

signals in testing of automotive starters to successfully detect and diagnose faults with 

97.6% success rates. This proves that DLN can automate end-of-line testing of starters 

and replace operators who manually listen to sound signals to detect any deviation. Use of 
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DLN in end-of-line testing could lead to significant economic benefits in manufacturing 

operations. 

In addition to starters, another application considered is the use of DLN in monitoring of 

the State-Of-Charge (SOC) of batteries in electric cars. The use of DLN for improving the 

SOC prediction accuracy is discussed. 

Keywords:  

Deep Learning, Fault Detection and Diagnosis, SVSF, RSVSF, EKF, REKF, RSVSF_MF, 

REKF_MF, Modified-SVSF, Battery SOC, Neural Networks.  
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Chapter 1:  Introduction  

1.1 Deep Learning Training 

Deep Learning (DL) is a relatively new Artificial Intelligence (AI) algorithm that has 

gained significant attention both in academia as well as in industry. The reason  is that DL 

networks have been able to consistently outperform other AI algorithms across a range of 

applications, [1]. DL is a terminology that is used to describe a wide range of Neural 

Network architectures. A neuron (node) is the building cell for the network, the network 

architecture is defining how these neurons are connected and interact with each other. 

Deep-Learning in its simplest form is a deep feed-forward neural network with multi layers. 

In Figure 1-1, a simple one hidden layer neural network is shown. The output of each node 

is described in Figure 1-2 and Equation (1-1), where • is the activation function, ύȟ  is 

the weight connecting ὲέὨὩ ὲȟὮ  to ὲέὨὩ ὲ ρȟὭ, ὲ is the layer number, and ὦ  is 

the bias (offset) for ὲέὨὩ ὲ ρȟὭ.  In neural networks, there are several types of 

activation functions, linear and nonlinear. As an example, the most commonly used 

function is the sigmoid function, which is described in Equation (1-2). Feedforward 

networks take their name from how the output is calculated from the input. The input is 

first connected to the input layer and then each node in the subsequent layers uses Equation 

(1-1) to calculate its output. To evaluate the performance of the neural network, a loss/cost 

function is used. One of the simplest loss functions is the Mean Square Error (MSE), which 

is described in Equation (1-3). 
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Figure 1-1 One hidden layer Feedforward Neural Network 
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Figure 1-2 Output of a single node 

There are different architectures for Deep Learning such as Deep Neural Network (DNN), 

Convolutional Neural Network (CNN), Long Shot Term Memory (LSTM), Recurrent 

Neural Network (RNN) and many others. The main difference between Neural Network 

(NN) and DL is the network size. DL as a term is used to describe deeper networks with 

larger number of layers and neurons. The concept of DL emerged in late 2000ôs and early 

2010ôs after several world-recognized machine learning competitions were won by DL 

networks [1]. The key element that enabled the practical application of DL was the use of 

the Graphical Processing Units (GPUôs) for computation. When it was discovered that a 

GPU is suitable for fast parallel calculations such as required by DL networks, their use 

advanced the training speeds to a new level. This discovery allowed researchers and 

engineers to explore much larger networks than what was the achievable without using a 

GPU. The data availability was the second key factor in this success. It was proven time 

after time that DL networks scale well with the size of the network and the amount of the 

training data. This allowed researchers to push their hardware to its limits by using 
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increasingly larger network architectures and larger amounts of training data. The main 

problem with DL lies in its training algorithm and its limitations related to: 

1. computational complexity; and 

2. the requirement for large computational memory. 

These limitations became very clear quickly, as the training algorithms have to be efficient 

and simple to scale efficiently to large networks. Industry resorted to traditional simple 

methods such as the Stochastic Gradient Descent (SGD). An overview of the different 

training techniques is shown in Figure 1-3. 

 

Figure 1-3 different training algorithms families [2-7]. 

 The problem with the gradient descent training algorithms is their static learning rate; 

meaning that the learning rate is constant over the whole training period. This is not 

optimal. Generally speaking, in the beginning of the training a large learning rate is required 

to achieve good transient performance, and a small learning rate is needed to fine tune the 
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network weights at the end of the training. Another problem was guessing the right learning 

rate before the training process starts. The risk with a wrong guess jeopardizes: 

1. Selecting too small learning rate, wasting long time in the beginning of the 

training, could be days or weeks for very large networks with large amounts of 

training data 

2. Selecting too large learning rate, which will allow the network to capture the 

training data features very quickly in the beginning but the final result will not be 

adequate and the network will not be able to capture all the features in the training 

data 

Academic researchers have had difficulties using dynamic learning rate algorithms that 

depend on the Hessian in DL due to their impractical computational complexity and 

memory requirements. Instead, ad-hoc algorithms that depend on the gradient were found 

that are based on the intuition of the learning process. An example of these algorithms is 

Nestroveôs Acceleration Gradient (NAG) algorithm.  

Besides second order algorithms, estimation methods failed to do the migration from small 

NN to large DL networks due to the same reasons. In literature estimation based methods 

such as the Extended Kalman Filter (EKF) and the Smooth Variable Structure Variable 

(SVSF) were applied on small scale NN [8, 9]. EKF and SVSF proved to be very powerful 

and, outperformed all first order methods and, were competitive with second order 

methods. However similar to second order methods, they suffered severe disadvantages in 

scaling to DL networks due to their computational complexity and their large memory 

requirements.  
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This thesis revisits the application of EKF and SVSF on DL networks by solving the scaling 

problems. This research also enables the use of other estimation methods in DL field. The 

hypothesis in this research is scaling up the estimation based methods can enhance their 

ability to extract and learn more information and features from the same amount of training 

data in less time compared with the traditional gradient based methods.  

One of the critical characteristics in DL training algorithms is the amount of hyper 

parameters fine tuning required by the training algorithm. The less the amount of fine 

tuning without adding extra complexity, the more practical the algorithm would be in 

industry. Therefore, a comparative analysis is conducted in this research to study the fine 

tuning effort required for all the new training algorithms in this thesis.  

The repetitive nature of DL training was found to be a key factor in simplifying one of the 

proposed algorithms, namely called the Reduced-SVSF (RSVSF). This simplification 

allowed for cutting the training time by one third while retaining the same success rate 

performance. The significance of this simplification inspired further investigation of the 

impact of such modifications on the SVSF performance outside the Neural Networksô 

scope of application. The investigation resulted in a new filter called the Modified-SVSF. 

The filterôs stability is studied and the  its performance is compared with SVSF using the 

Electro-Hydraulic Actuator (EHA) [10, 11].  

1.2 Fault Detection and Diagnosis 

The second contribution in this thesis is the adaptation of DL networks as a Fault Detection 

and Diagnosis (FDD) algorithm. Fault Detection and Diagnosis (FDD) systems are subject 

to ongoing research due to their significant economic value. They provide direct cost 
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savings by avoiding disruptions due to catastrophic failures, or can provide indirect benefits 

such as enhancing the reputation of a brand by making product more reliable, [12]. In the 

automotive sector, starter suppliers still use operators to listen to starters under end-of-line 

testing to detect faults and isolate the ones that do not sound healthy. This is very costly 

and subject to the operatorôs skill and ability to hear differences in the starter noise. FDD 

system can automate this process and substantively reduce cost and improve the reliability 

of end-of-line testing. FDD systems are generally categorized into signal-based or model-

based systems [13-15]. Automotive electromechanical components such as motors, starters 

and alternators are relatively complex machines, and therefore building a mathematical 

model that can predict accurately their vibration and sound characteristics is difficult. For 

this case, signal-based FDD systems are preferred for such machines. FDD in 

electromechanical components can be done using different measurements, such as: current, 

voltage, torque, speed, temperature, sound, and vibration.  Sound and vibration 

measurements are very unique compared to the other measurements; they serve two 

purposes: 1) confirm that the sound and vibration emissions are falling within the required 

limits, and therefore not producing annoying abnormal noise or vibration, and; 2) confirm 

there are no mechanical or electrical problems in the component. Most of the mechanical 

and electrical problems would appear as a change in the sound and vibration characteristics 

of the component. Assembly defects such as bearing problems can result in annoying sound 

and vibration without changing other performance parameters such as speed or torque. 

Despite the importance of sound and vibration measurements, they are not commonly used 

in industry because of the complexities associated with their processing. All available 
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analysis methods for sound and vibration result in complicated charts that requires a trained 

engineer or technician to look at them to decide if there are any faults. Operators would 

detect faulty parts by comparing baseline charts with the ones from a healthy part. This is 

a tedious job that takes time and requires trained personnel. To avoid such complexities, 

often simple thresholds that rely on the overall magnitude of signals are used when dealing 

with sound and vibration measurements. However, threshold based FDD strategies are not 

efficiently capable as many faults do not necessarily increase the overall level of the noise 

or the vibration. Some faults attenuate the noise level only within a specific frequency band 

or temporal range. Often  faults do not change the level of the noise or vibration but change 

their characteristics; one such example is the broken bar fault in induction motors as 

discussed in [16]. For such problems, recently developed FDD systems use wavelets and 

Principle Components Analysis (PCA) such as used in the recently proposed Industrial 

Extended Multi-Scale Principle Components Analysis (IEMSPCA) in [17]. Another 

challenge in FDD systems resides in extracting and combining the information that exists 

in different sensors. When a fault occurs, usually different microphones and accelerometers 

capture it as a difference in sound and vibration characteristics. Combining the information 

collected from the different sensors can strengthen the FDD systemôs ability to detect faults. 

In literatures, there are two types of analyses for analyzing several measurements, Multi-

Variate and Multi-Variable. The latter, Multi-Variable analysis, studies measurements from 

each sensor independently. On the other hand, Multi-Variate Analysis combines the 

information from all the measurements and hence, it is better for FDD applications. 
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Therefore any competitive FDD system to replace operators in industry has to have the 

following feature:  

1. able to extract meaningful information about faults from measured signals from 

multiple sensors; 

2. able to combine information from multiple sensors into one conclusion; and 

3. use the characteristics of faults to diagnose and quantify the condition. 

Deep Learning have been used extensively in classification tasks such as in speech and 

image recognition. However it is not yet well studied in other applications such as FDD. 

This thesis explores its application to the FDD field using sound and vibration 

measurements from a manufacturing environment. As far as automotive starters are 

concerned, a DL based FDD system that produces adequate performance can be used to 

replace operators who listen to startersô noise to isolate the defective ones. The FDD system 

would have higher repeatability and much lower operating cost than operators.  

1.3 Battery SOC Level Estimation Using Neural Networks  

Deep Learning application for batteries State-Of-Charge (SOC) is also studied. In literature 

Neural Networks is used to estimate battery SOC. However Neural Networks usually result 

in inaccurate noisy estimates as shown in Figure 1-4 [18], therefore the Neural Network 

estimation is usually followed by an enhancement stage, such as post application of the 

EKF or the Unscented Kalman Filter (UKF) as shown in Figure 1-5 [18-20].  
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Figure 1-4 Neural network results for US06 data [18] 

 

Figure 1-5 depicts an example of filtering NN SOC prediction using Unscented Kalman Filter 

(UKF) [18] 

 There is a tremendous demand for optimizing SOC estimation in: 1) Hybrid Electric 

Vehicles (HEVs), 2) Plug-in Hybrid Electric Vehicles (PHEVs), and 3) Battery Electric 

Vehicles (BEVs). Batteries are the core of electric vehicles and one of the most complex 

systems to monitor. With the development of different battery chemistries, SOC levels for 

some types are very hard to estimate. This is very important as the SOC level translates 

into the remaining mileage range for the vehicle. Not knowing the remaining available 

mileage range is inconvenient and introduces what is called as the range anxiety. In 
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literature, there are several battery models such as 1) Equivalent Circuit-Based Models, 2) 

Electrochemical-Based Models, and 3) Behavioral Battery Models [21]. The purpose of 

these models is for accurately predicting the SOC and State-Of-Health (SOH) of batteries. 

Due to noise in the prediction of the SOC prediction, NN is not the favored choice for SOC 

estimation in industry. Chapter 6 of this thesis discusses how NN SOC prediction can be 

improved by using appropriate training data. 

1.4 Research Contribution and Novelty  

This thesis presents three hypothesis that are discussed below in details and followed by a 

list of contributions.  

1.4.1 Hypotheses 

1.4.1.1 Hypothesis 1: New estimation based training methods shall be able to outperform 

the current state-of-the-art Deep-Learning gradient-based training techniques. 

- Estimation methods and SVSF in particular are believed to be able to be deployed 

as a Deep-Learning optimization tool that can outperform other optimization 

methods for the following reasons: 

1- SVSF is robust against modeling uncertainties as shown in [22] 

2- SVSF benefits from the filtering feature inherent in model-based estimation 

methods and suppress noise  in training samples that can hinder the training 

performance  
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3- Estimation methods are adaptive and therefore they can adequately update the 

learning rate of the network in an adaptive manner that allows for maximum training 

performance. 

4- The research in [8, 23] show that SVSF and EKF have a very high potential in 

outperforming other optimization methods. However, their main problem is their 

computational complexity when scaling up to bigger network.  

1.4.1.2 Hypothesis 2: Deep Learning based Fault Detection and Diagnosis shall be able 

to outperform the current state-of-the-art FDD systems.   

Deep learning is believed to be able to be deployed as a Fault Detection and 

Diagnosis tool that can outperform other FDD systems for the following reasons: 

1. It is a signal based algorithm 

2. It does not require reading complex charts 

3. Deep Learning is a relatively new algorithm and in the last few years, it has 

outperformed other AI strategies when applied to complex problems such as in: 

i. image recognition [1];  and 

ii.  speech recognition [24, 25] 

These examples show the potential of Deep Learning in extracting information 

from large amount of data.  

4. Deep Learning has shown robustness against signal noise in both speech  and image 

recognition  
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1.4.1.3 Hypothesis 3: Deep Learning networks shall be able to predict batteries State-Of-

Charge (SOC) levels very accurately if they are properly trained 

Deep learning is very suitable to the application of SOC estimation due to several 

reasons including: 

1. Deep Learning excels in complex classification tasks such as image and 

speech recognition, which are much more complex in nature than 

predicting the SOC levels of batteries.  

- Deep Learning has performed  well in regression tasks, and subsequently being used 

heavily in finance [26, 27]. SOC level prediction is a regression problem and is 

comparatively simpler as it uses fewer input parameters (such as battery voltage and 

current).  

1.4.2 Contributions  

The above mentioned hypotheses were the main driving force for this work and several 

primary and secondary contributions resulted from researching the answers for these 

hypotheses. The following sections summarize the primary and the secondary contributions 

and they are summarized in Figure 1-6.  
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Figure 1-6 Research Contribution Flowchart 
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1.4.2.1 Primary Contributions  

The main contributions are as follows: 

1. Developed a new category of optimization techniques for Deep Learning, referred 

to Reduced Extended Kalman Filter (REKF), Reduced Smooth Variable Extended 

Filter (REKF), REKF_MultiFilter (REKF_MF) and RSVSF_MultiFilter 

(RSVSF_MF) (chapters 2 and 3). 

2. The above mentioned new filters were implemented both on CPU and GPU 

platforms (chapters 2 and 3). 

3. Evaluated the performance of RSVSF and REKF (chapter 2).  They proved to be 

superior to state-of-art  training algorithms in terms of: 

a. transient performance;  

b. steady state performance;  

c. required memory; and  

d. computational complexity.   

4. Conducted a comparative sensitivity analysis for RSVSF,  REKF RSVSF_MF and 

REKF_MF against their tuning parameters (chapter 3).  

5. Developed a new state estimation filter called Modified-SVSF that is influenced by 

the high performance of RSVSF. This filter adds a new dimension to the original 

SVSF filter (chapter 4). Associated with this contribution were the following: 

a. a proof of stability for the Modified-SVSF; and   

b. performance comparison with the original form of the SVSF filter.  
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6. Developed a Deep Learning based FDD system that is able to analyze sound and 

vibration measurements. The performance of this system in evaluated using 

measurements for starters from production environments (chapter 5).  

7.   Developed a Neural Network system that is able to estimate accurately the SOC 

levels of batteries. Network training was found to be the key element determining 

the prediction accurately for SOC levels (chapter 6). In the training the following 

are the most important factors: 

a. providing the network with the correct inputs (voltage and current) and their 

history to capture the transient effect; and 

b. including transient battery behavior in the current profile that is used to train 

the network.  

1.4.2.2 Secondary Contributions  

Further contributions from the research are as following: 

1. Conducted a benchmark study for commonly used DL training algorithms and 

compared their performance to estimation based methods training algorithms using 

benchmarking datasets (chapter 2).  

2. Compared the proposed new filters with state-of-art algorithms. A benchmark study 

was conducted using different standard benchmark problems on a large network 

scale (chapter 2).  

3. Conducted a benchmark study to compare the performance of both DL network 

architectures, Convolution Neural Networks (CNN) and Deep Neural Networks 
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(DNN) in analyzing faults in starters using their sound and vibration characteristics 

(chapter 5).  

4.  Studied the importance of combining different sensor types to accurately capture 

different faults. Fault detection algorithms were tested using sound only, vibration 

only, and both measurements (chapter 5).  

1.5 Organization of the thesis  

This thesis presents a combination of analytical and experimental research used to propose 

advancements in Deep Learning algorithms and Deep Learning applications. The thesis is 

organized as follows. 

Chapter 2 introduces two novel Deep learning training algorithms. The chapter provides a 

literature review on Deep Learning training algorithms and introduces different benchmark 

problems that are used later for comparative performance evaluations of the proposed 

training methods. The new estimation based training algorithms (namely REKF and 

RSVSF) are discussed and their stability is studied. The new algorithms are compared with 

the state-of-art algorithms both on small and large scale networks using CPU and GPU 

respectively.  

Chapter 3 proposes two new algorithms based on REKF and RSVSF. The new algorithms 

deploy two filters per network layer instead of having one filter that trains the whole 

network. The new algorithms are called the Reduced Extended Kalman Filter_Multi Filter 

(REKF_MF) and the Reduced Smooth Variable Struction Filter_Multi Filter 

(RSVSF_MF).  
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A sensitivity analysis is conducted for the four algorithms and the most important tuning 

parameters are identified. A comparison of the algorithms is presented that provides a 

guideline for determining which algorithm is more suitable under which circumstances.  

Chapter 4 introduces a new general estimation method called Modified-SVSF based on 

RSVSF. This new filter expands SVSF tuning parameters to three dimensions instead of 

two. This allows for better fine tuning of the filter for better performance. The stability of 

the new filter is studied, complemented by a mathematical proof. The performance of this 

filter is evaluated and compared with the original SVSF filter. In this evaluation the Electro-

Hydraulic Actuator (EHA) [10, 11] is used. The stability of the new filter is experimentally 

compared with the theoretical stability and was shown to match.  

Chapter 5 proposes the use of Deep Learning as a Fault Detection and Diagnosis (FDD) 

algorithm. In this chapter two DL architectures were studied, Convolutional Neural 

Networks (CNN) and Deep Neural Networks (DNN). They were tested using sound and 

vibration measurements from automotive starters. The measurements were acquired using 

an end-of-line tester from a production environment. The results show the ability of the DL 

to accurately detect and diagnose faults even with the existence of background noise. In 

this study different variations of inputs were tested, using sound measurements only, using 

vibration measurements only or using both measurements. The purpose of these studies is 

to 1) find the optimum network architecture and type of sensors to capture faults 2) show 

Deep Learningôs ability to combine information from different sensors to achieve higher 

fault detection and diagnosis performance.  
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Chapter 6 introduces a novel training method for neural networks that are used for 

estimating Batteries State Of Charge (SOC) levels. This training method makes use of the 

history of the voltage and the current of the batteries during operation. In this method, the 

current profile includes different cycles that use constant current segments as well as 

normally distributed current profiles with shifted mean to have a complete charge/discharge 

cycles. This current profile assures that the network is introduced to the transient behavior 

of batteries across different SOC levels through the training phase. This exposure to battery 

transient behavior in the training phase improves significantly the SOC prediction 

performance.  

Chapter 7 provides the major conclusions and the recommendations future research. 
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Abstract 

Deep-Learning has become a leading strategy for artificial intelligence and is being applied 

in many fields due to its excellent performance that has surpassed human cognitive abilities 

in a number of classification and control problems [1, 2]. However, the training process of 

Deep-Learning is usually slow and requires high-performance computing, capable of 

handling large datasets. The optimization of the training method can improve the learning 

rate of the Deep-Learning networks and result in a higher performance while using the 

same number of training epochs (cycles). This paper considers the use of estimation theory 

for training of large neural networks and in particular Deep-Learning networks. Two 

estimation strategies namely the Extended Kalman Filter (EKF) and the Smooth Variable 

Structure Filter (SVSF) have been revised (subsequently referred to as RSVSF and REKF) 

https://doi.org/10.1016/j.neunet.2018.09.012
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and used for network training. They are applied to several benchmark datasets and 

comparatively evaluated.  

Keywords  

Kalman fi lter, smooth variable structure filter, Deep-Learning, neural networks, REKF, 

RSVSF. 

2.1 Introduction 

Deep-Learning (DL) is being increasingly used in academic and industrial applications. DL 

is based on self-learning which means that the networkôs performance depends mainly on 

the training process. The quality of the acquired knowledge through the training process 

depends on many factors. The most important ones are: 

1) the complexity and the quantity of the training data; 

2) the architecture of the DL network; and  

3) the training algorithm.  

For DL networks, fast and efficient training algorithms are required to maximize 

information extraction in the least amount of time. Training algorithms are evaluated 

mainly based on their (1) convergence speed and (2) generalization performance that is 

how the algorithm generalizes across different architectures and datasets. Any 

improvement in convergence speed is critical, as it can shorten the training time and enable 

the network to achieve results that are more accurate. The reduction in the training time can 

be significant. Therefore, training algorithms of DL networks is an open research topic.  
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Early research on DL using a Feedforward Multi-layer Perceptron was introduced in [3-6]. 

DL attracted attention starting in late 2000ôs when it won a number of official international 

competitions in pattern recognition [7-9]. In [9], a detailed review of DL history can be 

found. There are different DL structural architectures with each excelling in a different 

application. Generally, the increased number of layers or depth allows for capturing high-

level features from low-level/raw features resulting in better clustering, regression, and 

classification performance. For example, in [10, 11], it is shown that DL achieves the same 

performance as shallow NNs and kernel methods, however, DL needs only about one-tenth 

of the units to achieve that performance. In [12], a discussion of the theoretical advantages 

of deep architectures can be found; however, these improvements come at a cost. The first 

problem is the increase of the computational complexity and the lower training speed due 

to the extensive calculation steps in each training cycle, particularly, for a large number of 

tunable parameters. Any minor added computation accumulates quickly over the number 

of parameters and increases the total computation time drastically. The second problem in 

DL is the memory limitation. The memory requirement limits (1) the number of input 

samples that can be processed in parallel, and (2) the calculations and the number of 

network parameters. For the first issue, mini-batches are used. Memory limitation is 

restrictive to the implementation of the training algorithms as they need to be memory 

efficient. These challenges are among the reasons why DL networks despite their history 

were not able to practically achieve broad meaningful and remarkable results due to 

computational constraints until modern hardware components and optimized codes are 

used [9, 13, 14]. The significant increase in the number of network parameters created a 
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motivation for simple, fast and memory efficient training algorithms to speed up the 

training process. Therefore algorithms such as Adam [15], RMSprop [16] and Adadelta 

[17] and other techniques became very competitive.  

In literature, two state estimation strategies, namely, the Extended Kalman Filter (EKF) 

[18-20], and the Smooth Variable Structure Filter (SVSF) [21, 22] were applied on Neural 

Networks (NN) as training algorithms. Using estimation methods such as EKF and SVSF 

for NN training is a well-suited application for these algorithms as the training involves 

using empirical data that is noisy. However, EKF and SVSF have been used only in the 

training of shallow NN structures. They have not to date been scaled up to larger DL 

structures. This paper considers proposing two new training algorithms derived from EKF 

and SVSF for the training of DL networks. 

In Section 2.2 of this paper, a review of network training strategies including the application 

of the EKF and the SVSF concepts for NN training is presented. Afterward, two new 

algorithms based on the EKF and the SVSF are proposed in Section 2.3. The performance 

evaluation of the proposed algorithms is presented in Section 2.4 and concerns three case 

studies. The first case compares between adaptive first-order algorithms to select a 

representative of this family for the tests in the third case. The second case shows the 

advantage of the proposed revised algorithms over their original forms of EKF and SVSF, 

and the third case evaluates the generalization of the optimization performance of the 

proposed algorithms on large-scale networks across different datasets and architectures. 

Section 2.5 is the conclusion. 
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2.2 Deep Learning and Neural Networks training methods 

2.2.1 Deep Neural Networks training methods  

In Deep-Learning, there are different training methods that minimize the network error 

iteratively. The training methods can be categorized as: 

¶ gradient-based methods, and  

¶ non-gradient methods 

Most Neural Networks (NN) are trained using the Back Propagation (BP) concept [23], 

with an optimization algorithms such as the Gradient Descent or one of its variants [24]. 

Gradient-based methods provide guided optimization, direction and magnitude wise. They 

are relatively fast and can be calculated in a parallel manner. In this section, gradient-based 

methods are presented. In the second non-gradient based category, the gradient is not used. 

Examples of these methods include random guess, evolutionary and genetic algorithms. 

These are not reviewed here. In [24], a review of different gradient-based methods is 

provided. The following table provides a brief summary of the most common gradient-

based methods and their governing equations for updating network weights. The 

nomenclature is provided in   
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Appendix A and as follows.  

Table 2-I Current training optimization algorithms for DL 

Training algorithms Equation 

Batch Gradient Descent 

(GD) 
ύȟὯ ρ ύȟὯ –

‬Ὁὶὶέὶύȟὼȟώ 

‬ύȟ
  (2-4) 

 

Stochastic Gradient Descent 

(SGD) 
ύȟὯ ρ ύȟὯ –

‬Ὁὶὶέὶύȟὼȟώ  

‬ύȟ
  (2-5) 

 

Mini -batch Gradient 

Descent 
ύȟὯ ρ ύȟὯ –

‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
  (2-6) 

 

Mini -batch GD with 

momentum 

ὺ ‎ ὺ  –
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 (2-7) 

ύȟὯ ρ ύȟὯ ὺ  
(2-8) 

 

Mini -batch GD with 

Nesterov acceleration 

ὺ ‎ ὺ  –
‬Ὁὶὶέὶύ ‎ ὺ ȟὼ

ᴼ ȟώᴼ  

‬ύȟ
 (2-9) 

ύȟὯ ρ ύȟὯ ὺ  
(2-10) 

 

Regularised Update Descent 
ὺ ‎ ὺ  –

‬Ὁὶὶέὶύ ὺ ȟὼ
ᴼ ȟώᴼ  

‬ύȟ
 (2-11) 

ύȟὯ ρ ύȟὯ ὺ  
(2-12) 

 

Adagrad 

ύȟὯ ρ ύȟὯ  
–

Ὃȟ ‭

‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 (2-13) 

Ὃȟ
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟȟ
 

(2-14) 

 

Adadelta 

ύȟὯ ρ ύȟὯ  
ὙὓὛЎύ

ὙὓὛὫ
Ὣ  

(2-15) 

ὙὓὛЎύ ὉЎύ ‭ 
(2-16) 

ὉЎύ ‎ ὉЎύ ρ ‎ Ўύ  
(2-17) 

ὙὓὛὫ  ὉὫ ‭ 
(2-18) 
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ὉὫ ‎ ὉὫ ρ ‎ Ὣ  
(2-19) 

Ὣ  
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 (2-20) 

 

RMSProp 

ὺ ‎ ὺ ρ ‎ 
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 

(2-21) 

ύȟὯ ρ ύȟὯ
–

ὺ  ‭

‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 (2-22) 

 

Adam 

ὺ ‍ ὺ ρ ‍  
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 

(2-23) 

ά ‍ ά ρ ‍  
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 (2-24) 

ά  
ά

ρ ‍
 (2-25) 

ὺ  
ὺ

ρ ‍
 (2-26) 

ύȟὯ ρ ύȟὯ
–ẗά  

ὺ  ‭
 (2-27) 

 

AdaMax 

ό ὓὥὼ ‍ ό ȟ
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 

(2-28) 

ά ‍ ά ρ ‍  
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
 (2-29) 

ύȟὯ ρ ύȟὯ
–

ρ ‍

ά  

ό
 (2-30) 

 

The first three optimization methods in Table 2-I are commonly used. Batch Gradient 

Descent (GD) uses the whole training dataset in each update to modify the weights. 

Where ύȟ is the weight connecting ὲέὨὩ ὲȟὮ to ὲέὨὩ ὲ ρȟὭ, and ὲ is the layer 

number. Node bias is modeled as a weight for an input of one. – is the learning rate, and 

the partial derivative is calculated using the chain rule. Stochastic Gradient Descent (SGD) 
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uses only one training sample (where ή is the sample index). Mini -batch GD is a mix of 

GD and SGD methods. In each update, it uses a subset of the training dataset to modify the 

network weights. In Equation (2-6), ή is the index of the first sample in the batch and ὄ is 

the batch size. Mini-batch GD is the most commonly used training algorithm amongst the 

three methods due to the following reasons: 

1) It is faster than stochastic gradient descent due to utilizing parallel computation. 

2) It allows for processing very large datasets by breaking them down into smaller 

mini-batches 

Although the three previous methods are widely used and provide simple and efficient 

training algorithms for DL, they suffer from the following challenges [24]: 

1) – is a constant value and does not adapt to the training phase for optimizing learning 

speed 

2) – is chosen before the training starts, introducing an ambiguity on selecting a proper 

value.  

3) All parameters are updated with the same learning rate. This is not an optimal 

situation, especially with high sparsity in the training dataset. 

4) When GD methods are trapped around saddle points, they struggle to escape [25].  

To address some of these problems, the momentum term was introduced by [26]. The 

momentum term gains inertia in the dominant direction of the optimization which increases 

the learning speed [27]. The updates in the mini-Batch form with momentum are governed 

by Equations (2-7) and (2-8). Nesterov [28] modified the momentum algorithm such that 

the update on the velocity is more controlled. The main difference is that the gradient 
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correction is calculated using ύ ‎ ὺ   instead of ύ . This modification allows faster 

global convergence, ὕ  instead of ὕ  in the GD algorithm in certain conditions [28, 

29]. In [30], the authors propose a further modification (which is described in Equations 

(2-11), (2-12)) and the algorithm is called Regularized Gradient Descent. The modification 

again is in the gradient correction using ύ ὺ  instead of ύ ‎ ὺ   compared to 

Nestrovsôs case. When tested on MNIST2 benchmark dataset, this algorithm was able to 

compete with Nestroveôs Acceleration Gradient (NAG).  

In order to introduce individual adaptive learning rates for each network parameter, the 

Adagrad method was proposed in [32]. In Equation (2-13), individual learning rates for the 

individual weights are scaled by Ὃȟ ‭ , where ‭ is a small value for division stability 

to avoid division by zero [24]. In Equation (2-14), Ὃȟ is a diagonal matrix with its 

diagonal elements being a sum of the square of the weightsô gradients from the start of the 

training process to time Ὧ. Ὃȟ is defined as a diagonal matrix to allow the square root 

calculation in Equation (2-13) in a feasible time. Adagrad was extended to Adadelta in [17] 

by Zeiler. The concept is to have a running average window of the weightsô gradients [24]. 

Adadelta has strong advantages such as requiring no manual setting of a learning rate and 

insensitivity to hyper-parameters [17]. A similar concept was used in [16] for an algorithm 

called RMSprop. The adaptive learning rate is scaled by a running average window that 

                                                 
2 The MNIST database (Modified National Institute of Standards and Technology database) is a large 
database of handwritten digits that is commonly used for training various image-processing systems [31]
 L. Deng, "The MNIST database of handwritten digit images for machine learning research [best of 
the web]," IEEE Signal Processing Magazine, vol. 29, pp. 141-142, 2012.. 
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uses the square of the gradients with forgetting factor ‎ as shown in Equations (2-21) and 

(2-22). Adam [15] is another adaptive method that is dependent on the moving windows of 

the first and second moments, the mean value and the variance, respectively. The values of 

the moving windows are scaled by ρ ‍  to fix the bias of the estimate of the moments 

in Equations (2-25) and (2-26). Adam has nice and smooth convergence curves and less 

bouncy behavior than RMSprop and other methods. An extension to Adam was introduced 

in the same paper [15] and called AdaMax. It was found that generalizing the second norm 

ὒ to the ὴ norm ὒ  in the update rule can lead to some numerical instability [15]. 

However, a simple and stable algorithm arises in the special case when ὴO Њ. The 

algorithm is defined in Equations (2-28), (2-29), and (2-30). 

Another family of optimizers is called Conjugate Gradient Descent (CGD). CGD and its 

extensions [33-41] reduce the error by first finding the steepest direction of the error 

reduction on the error curves, and then finding the optimal step size in that direction by 

performing a line search. The difference between different methods in this family is mainly 

in the formula that defines the direction of the update. The authors in [42] showed that they 

can work in a mini-batch fashion similar to SGD, and can outperform SGD in many 

problems.  

All of the above-mentioned techniques depend on the first gradient of the loss function with 

respect to the network parameters. However, in the early days of NN, researchers found 

that it is possible to improve the learning rates and achieve better results in fewer epochs 

using the second order information by computing the Hessian matrix or its approximation. 

With the emerge of DL most of these methods were disregarded due to 1) the very high 
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computational requirements for computing the Hessian matrix or its approximation, and 

performing matrix inversion and 2) the very high memory requirements. Newtonôs method 

is the standard optimization algorithm in the family of second-order optimization methods 

and it uses the Hessian matrix. Quasi-Newton (or secant) methods are found to avoid the 

complexity of calculating the Hessian matrix by approximating it with different methods 

such as finite difference. One of the best Quasi-Newton methods is the BroydenïFletcherï

GoldfarbïShanno (BFGS) Quasi-Newton [43, 44]. In [42], L-BFGS is a limited memory 

version of BFGS and it was applied using mini-batches and was compared with SGD and 

CGD. While it performed better than SGD, the authors recommended using CGD for larger 

problems. Another method that approximates the Hessian matrix is Levenberg-Marquardt 

[45], which is applied to the NN in [46]. Levenberg-Marquardt is considered as one of the 

fastest methods to converge for small-scale NN problems. This method avoids the complex 

Hessian matrix calculations by calculating an approximation based on the Jacobian 

matrix Ὄ ὐὐ. These methods that approximate the Hessian matrix still inherit the 

memory problem as for an ὲ ὴὥὶὥάὩὸὩὶ network they require ὕὲ  memory for 

storage [44]. In [47] a diagonal approximation of the Hessian is proposed. The calculation 

of this approximation requires an additional forward iteration and backward calculation of 

its corresponding gradient. In [48], the author proposes a fast optimization method that is 

Hessian free. This method is based on truncated-Newton that was proposed in [49]. In 

ñHessian freeò method, information about the second order is collected using finite 

difference. Then, a damped function of the second order information is defined and 

minimized using CG.  
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Another attempt to capture the second order information is done by using the Fisher matrix. 

In Natural Gradient Descent (NGD) the inverse Fisher matrix is used to scale the step size 

[50, 51]. This is shown in Equation (2-31), where Ὁ is the Fisher matrix.  

ύȟὯ ρ ύȟὯ – Ὁ
‬Ὁὶὶέὶύȟὼᴼ ȟώᴼ  

‬ύȟ
  (2-31) 

Fisher matrix under certain conditions is equivalent to the Hessian. Amongst these 

conditions are that the loss function is using cross-entropy (log probability loss) as well as 

that the model is correct and corresponds to the true distribution [51]. In practice, the true 

distribution model is not known and hence the only known distribution is captured from 

the training samples [52]. Although close to the true distribution, the observational Fisher 

matrix is not exactly equivalent to the true distribution Fisher matrix. There are different 

ways to estimate the observational Fisher matrix as highlighted in [51]. However the 

estimates of Fisher matrix give a good indication of the gradient descent direction, they 

inherit the same problem of Hessian based algorithms of inverting a large matrix. Therefore 

[52] highlighted that NGD algorithms have poor scaling capabilities as they have the same 

size of a Hessian matrix. In multiple publications, it was shown that Fisher matrix can be 

factorized to have a close approximation that can be inverted with much less computational 

power [51-54]. It was found that block diagonal representation of the Fisher matrix usually 

yields good results. This block diagonal approximation of Fisher matrix was evaluated in 

[51, 52]. The reasoning behind this is explained in [55] as the Hessian with cross-entropy 

loss converges to a block diagonal matrix. These blocks represent the weights that connect 

either to a hidden or to an output unit. The extreme of Fisher matrix simplification is the 
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first-order version, where Fisher matrix is approximated to a diagonal matrix by ignoring 

the covariance between weights.  

Many of the discussed first-order techniques depend on the momentum. The concept of 

using the momentum is driven by the second order techniques, where the optimization 

algorithm is able to measure the rate of change of the gradient. For this reason, the methods 

that use momentum calculation, in one fashion or another, are superior to those that do not 

incorporate any information about how the gradient is changing. 

One of the adaptive first-order algorithms that stands out is Adam for its favorable 

characteristics such as: 

¶ Adaptive learning rates, 

¶ Fast convergence, 

¶ Smooth learning, 

¶ Relatively simple calculation requirements,  

¶ Less need for parameters fine tuning, and 

¶ Using the first two moments (mean and variance) to optimize the learning speed. 

These characteristics amongst many others are the reason why Adam became commonly 

adopted for DL networks training. 
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2.2.2 Extended Kalman Filter and Smooth Variable Structure Filter in Neural 

Network Training  

The Extended Kalman Filter (EKF) and the Smooth Variable Structure Filter (SVSF) are 

powerful non-linear estimators. They form the basis of the proposed algorithms. In this 

section, a review of their application to Neural Network training is provided.  

2.2.2.1 Extended Kalman Filter  

The Extended Kalman filter (EKF) is an extension of the Kalman filter for nonlinear 

systems [56, 57]. A typical non-linear system can be described by Equations (2-32) and 

(2-33). In these equations, ύὯρ
ὲέὭίὩȟὺὯ

ὲέὭίὩ are the process and measurement noise, 

respectively3.  

ί  Ὢί ȟό ύ   (2-32) 

ᾀ Ὤί  ὺ  (2-33) 

In Equation (2-32), ί is a vector of the system states, and Ὢί ȟό  is a non-linear 

function of the states and the input ό . In Equation (2-33), ᾀis the system output, and 

Ὤί  is a non-linear output function. 

EKF has a predictor-corrector form. First, the state estimates, their corresponding 

covariance matrix, and measurements are predicted by using the model of the system as 

given by Equations (2-34), (2-35), and (2-36).  

ίǶȿ  ὪίǶ ȿ ȟό  (2-34) 

ὖȿ Ὂ ὖ ȿ Ὂ ὗ  (2-35) 

                                                 
3 In these noise terms, superscript ὲέὭίὩ is used to differentiate them from the weights ύ  in all previous equations. 
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ᾀǶȿ  ὬίǶȿ  (2-36) 

where, ὗ  is the covariance of the process noise and Ὂ  is the jacobian of Ὢ with respect 

to ίǶ as shown below in Equation (2-42). Then, the update step refines the estimates by 

applying a corrective term that is a function of the error between the measured and the 

estimated outputs. This error term is multiplied by a gain referred to as the Kalman gain. 

The estimation process is implemented by the following equations: 

ώ  ᾀ  ᾀǶȿ  (2-37) 

Ὓ Ὄὖȿ Ὄ Ὑ  (2-38) 

ὑ ὖȿ ὌὛ   (2-39) 

ίǶȿ ίǶȿ ὑώ  (2-40) 

ὖȿ Ό ὑὌ ὖȿ  (2-41) 

where Ὑ  is the covariance of the measurement noise and Ὄ  is the linearization around 

the estimate as follows.  

Ὂ
‬Ὢ

‬ίǶ ȿ ȟ
 (2-42) 

Ὄ
‬Ὤ

‬ίǶȿ
 (2-43) 

The application of EKF to the training of NN was first introduced in [58]. Many researchers 

have subsequently applied the EKF on Feedforward Neural Network (FNN) [19, 20, 59] as 

well as Recurrent Neural Network (RNN) architectures [60, 61].  

To formulate a Feedforward Neural Network (FNN) problem in the form of a non-linear 

system, so that EKF can be employed, the following steps are taken [19, 20, 59]: 
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1) The network weights are defined as the non-linear system states (Equation (2-44)). 

2) The network output is treated as the system output (Equation (2-45)). 

3) Inputs are defined as the training data samples (Equation (2-46)). 

4) The linearized model is defined as an Identity matrix (Equation (2-47)). 

ί

ύȟ
ể

ύ ȟ
 

 (2-44) 

ὬίǶȿ ώ (2-45) 

ό ὼὯ ρ (2-46) 

Ὂ Ὅ (2-47) 

Using this formulation, EKF outperforms almost all the other first and second-order 

methods. The speed of convergence of the EKF is much higher than other methods [22]; 

however, the main issues are the calculation complexity and memory requirements. In EKF, 

there is a matrix inverse operation, which has a high computational burden. The covariance 

matrix is a large matrix ὲ ὲ and becomes more challenging for bigger problems as 

concluded in [19]. These limitations make EKF suitable only for small size NNs.  

2.2.2.2 Kalman Based Stochastic Gradient Descent  

A recent method that tried to introduce the second order information using the Kalman filter 

to the SGD method is called the Kalman Based Stochastic Gradient Descent (kSGD) [62]. 

This effort was done in order to solve two existing problems in current SGD methods: (1) 

the lack of fast or justified stop condition, and (2) sensitivity to the objective function [62]. 

While kSGD was able to solve these problems, it was shown that kSGD has the same two 
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major problems as applying EKF on NN training. kSGD has much higher computational 

requirements than SGD methods as it requires ὕὲ  FP operations compared with ὕὲ 

for SGD. Furthermore, high memory requirement of ὕὲ  compared with ὕὲ for SGD 

method.  

2.2.2.3 Smooth Variable Structure Filter  

Smooth variable structure filter (SVSF) [21] is based on Variable Structure Filter (VSF), 

which is introduced in [63]. The SVSF operates in a predictor-corrector fashion similar to 

the KF and the EKF. The SVSF has shown to be advantageous in terms of stability and 

robustness against modeling uncertainties and noise [21, 63]. These characteristics give 

SVSF an advantage in applications where robustness and noise rejection are important 

requirements. SVSF can be applied to linear and non-linear systems. Versions of the SVSF 

using a variable and optimal boundary layer are proposed in [64-66]. The SVSF has been 

applied to different applications, such as trajectory tracking, fault detection and diagnosis, 

condition monitoring as well as NN training [22, 66-69]. 

For non-linear systems such as the one defined in Equations (2-32), and (2-33), the SVSF 

formulation consists of a prediction step followed by an update step similar to the EKF. 

The prediction step is defined as follows, 

ίǶȿ  ὪίǶ ȿ ȟό  (2-48) 

ᾀǶȿ  ὬίǶȿ  (2-49) 

The update step is as follows,  

ώȿ  ᾀ  ᾀǶȿ  (2-50) 
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ὑ Ὄ ώȿ  ‎ ώ ȿ ίʐὥὸ
ώȿ

‪
 (2-51) 

ίǶȿ ίǶȿ ὑ  (2-52) 

ᾀǶȿ  ὬίǶȿ  (2-53) 

ώȿ  ᾀ  ᾀǶȿ (2-54) 

where Ὄ  is the pseudoinverse of Ὄ  which is defined in Equation (2-43), ‎ is the a 

posteriori error tuning factor, and ‪  is the smoothing boundary layer width. In 

general, ‎ is a diagonal matrix and ‪  is a vector. The saturation function works as 

presented in Equation (2-55) where the division is done elementwise. The operator  ʐis 

element-wise (Schur) multiplication. The absolute values in Equation (2-51) are 

elementwise absolute values of the error term.  

ίὥὸ
ώȿ

‪
 

ừ
ỬỬ
Ừ

ỬỬ
ứ ρ ὭὪ

ώȿ

‪
ρ

ώȿ

‪
ὭὪ ρ  

ώȿ

‪
ρ

ρ ὭὪ
ώȿ

‪
ρ

 (2-55) 

The linearization step for non-linear systems is similar to the EKF. The output function Ὤ 

is linearized using Equation (2-43). 

Ahmed was the first to introduce the use of the SVSF for the training of NN in [22]. This 

application followed the same system representation specified by Equations (2-44), (2-45), 

(2-46), and (2-47). In [22], the performance of the SVSF in the training of NN was compared 

with EKF, SGD and Levenberg-Marquardt algorithms on different benchmark datasets. All 
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of the used networks were relatively small. The SVSF showed fast convergence and had 

comparable results with EKF and Levenberg-Marquardt.  

2.2.2.4 Challenges of EKF and SVSF in DL 

In literature, EKF and SVSF are applied to NN problems [19, 22, 58]. In general, the 

conclusion of those publications is that EKF and SVSF have fast convergence rates 

compared to other algorithms. However, this contradicts the fact EKF and SVSF are not 

commonly used in practice. Although the validation and training classification error rate 

measures are important performance factors, they do not fully address the issue of 

computational complexity and time. 

Both the EKF and the SVSF as NN training optimization algorithms, require the calculation 

of the Jacobian matrix according to Equations (2-43) and (2-45) for the output function (È). 

This is very complicated in the mini-batch setting since the size of the network output 

becomes very large, as below. 

ὲόάὦὩὶ έὪ ὲὩὸέύὶὯ έόὸὴόὸί ὓὄ

ὲόάὦὩὶ έὪ ὲὩόὶέὲί Ὥὲ έόὸὴόὸ ὰὥώὩὶ ὕ

 ὓὭὲὭὄὥὸὧὬ ίὭᾀὩ ὄ  

(2-56) 

Consequently, in Equation (2-43), the gradient of each of -" elements of network output 

is evaluated with respect to all network parameters, resulting in a -" Î size matrix ( . 

This is a very large computational requirement compared to the first-order methods. In the 

first-order methods the gradient of the scalar loss with respect to network parameters has 

the size of ρ Î. 
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Another computational challenge in applying the original forms of the EKF and the SVSF 

to NN training is the matrix inversion process. This challenge has many aspects: 

1) computational complexity, 

2) memory requirements, and  

3) numerical stability.  

There are a number of numerical matrix inversion routines, but none of them addresses all 

three challenges at the same time: low computational complexity; low memory; and 

numerical stability [70-73]. From a computational complexity point of view, larger 

matrices are computationally much more complex than smaller ones. In Equation (2-39) of 

the EKF algorithm, inverting 3 , which has the size of -" -", is a very complex 

and memory demanding process. In SVSF, (  is also of size -" Î. Usually, (  is 

not a full-rank matrix, as many output nodes do not get affected by all the network weights. 

Therefore, the MooreïPenrose pseudoinverse is often used to approximate the matrix 

inverse, as in Equation (2-51). In [74-76], to avoid the numerical instability of 

pseudoinverse calculation, a damping parameter ʍ is introduced, as follows: 

 Ὄ ὨὥάὴὩὨ Ὄ ὌὌ  ”Ὅ  (2-57) 

Including this damping factor stabilizes the calculation. The tuning of ʍ is important: a 

very small value of ʍ does not damp the singularity in the matrix, and a high value of ʍ 

slows down the training because of the excessive damping.  

Further to the memory requirement of the matrix inversion, the filter parameters are also 

very large in size. Table 2-II  presents the size of the main parameters of EKF, SVSF, Adam, 

and SGD. First-order methods, such as Adam, require more memory for the variable 
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learning rates than SGD, but still far less compared to the /Î  in EKF and /-" Î 

for SVSF. In general, from memory requirement point of view, first-order methods (such 

as SGD) are favored in practice over higher order or more complex methods (such as SVSF 

and EKF). For a network with ρπ parameters, SGD requires about (0.004 GB), Adam 

requires about (0.016 GB) and only the error covariance in EKF 0 requires (4000 GB) of 

memory.  

Table 2-II  Memory Requirement comparison between EKF, SVSF, Adam, and SGD 

Parameter Size 

EKF: Error Covariance matrix 0ȿ  /Î  : Î is the size of network parameters 

EKF: process noise covariance 1  /Î  : Î is the size of network parameters 

EKF: measurement noise covariance 2  /-" -": -" definition is in Equation (2-56)  

EKF: innovation covariance 3  /-" -" 

EKF: output gradient (   /-" Î 

EKF: error Ù  /-" 

SVSF: output gradient (  /-" Î 

SVSF: priori error Ùȿ  /-" 

SVSF: posteriori error Ùȿ  /-" 

SVSF: the smoothing factorʕ  /-" 

SVSF: posteriori error tuning factor ɾ /-" -" 

Adam: learning rate ʂ  /ρ 

Adam: the moving window of the first moment Ö   /ρ  Î 

Adam: the moving window of the second moment Í   /ρ  Î 

Adam: first-moment window bias estimate Ö   /ρ  Î 

Adam: second-moment window bias estimate Í   /ρ  Î 

SGD: single fixed learning rate ʂ  /ρ 
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SGD: loss Gradient using MSE 
ȟ ᴼ ȟ ᴼ  

ȟ

 /ρ  Î 

2.3 Reduced-EKF and Reduced-SVSF 

In this section, modifications to the EKF and the SVSF implementation are proposed in 

order to lower the memory and computational power requirements for both of these 

methods. The revised methods are referred to as the Reduced-EKF (REKF) and Reduced-

SVSF (RSVSF) for clarity. The modifications reduce both the epoch time and the 

convergence performance of the respective estimators per one epoch. 

2.3.1 Reduced-EKF (REKF)  

The REKF combines several modifications on EKF altogether. These modifications, when 

applied together, are able to achieve much better performance in terms of calculation time 

and memory compared to the original form of the EKF. Some of these modifications are 

separately discussed in the literature on NN scale but have never been combined or applied 

on DL scale. Other new modifications are included in REKF as well. The modifications are 

as follows: 

- Mini -Batch: the concept of applying Mini-Batch training scheme on EKF-NN 

training algorithm has been discussed in many publications such as [19, 20]. 

Training using Mini-Batches has always shown good properties in terms of parallel 

computation that speeds up the total training process and enables processing of large 

datasets. 

- Training with a scalar measure of error: Using a scalar measure of error (such as 

MSE) solves the Jacobian computation challenges discussed in section 2.2.2.4. This 
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step reduces the calculations and memory requirement of the EKF by a magnitude 

of /-", allowing it to be equal to the SGD gradient calculation requirements. In 

other words, instead of using the error defined in Equation (2-54), the error will be 

defined as shown in Equation (2-58) for a single training sample. / is the number 

of neurons in the output layer. The goal is to have zero MSE error in the nonlinear 

system. Other error or loss functions can be used such as categorical cross-entropy. 

ώȿ  π ὰέίίπ ὓὛὉὸὥὶὫὩὸȟώ
ρ

ὕ
ὸὥὶὫὩὸ ώ  (2-58) 

- EKF decoupling: the size of the covariance matrix in EKF introduces significant 

computation and memory requirement as discussed in [19]. In [20, 77], reducing 

the size of the covariance is investigated to reduce the requirements. This idea has 

been promising as not all the network parameters are interrelated and affect the 

same outputs. The concept is similar to approximating the Fisher matrix in the NGD 

algorithms to a block diagonal matrix as mentioned in section 2.2.1. Four versions 

of EKF decoupling are shown in Figure 2-1. In the Global-EKF, GEKF, the 

covariance between every two parameters is calculated [20, 77]. In the Layer-

Decoupled-EKF, LDEKF, the decoupling is done layer by layer [20, 77]. The Node-

Decoupled-EKF, NDEKF, takes LDEKF one step further and applies the 

decoupling on a per node-basis [20, 77]. The Fully-Decoupled-EKF, FDEKF, is the 

most extreme version of decoupling where no covariance between any two 

parameters is calculated [20, 77]. This is the one that is used in the proposed REKF. 

This method lowers the memory requirement from /Î  to /Î; however it loses 
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the correlation between the network parameters. The net effect is found to be 

favorable in REKF, as the reduction in computation time is more than the reduction 

in convergence performance per epoch due to the loss of correlation information. 

The covariance matrix in FDEKF still allows REKF to adjust network parameters 

with variable learning rates for individual weights.  

- Reduction in noise matrices: 1 ȟ2  are of /Î  and / -" -", 

respectively. Assuming the same noise value in the training of all network 

parameters, the noise value can be stored in a shared parameter and used in all the 

weight updates. This will reduce both matrices to a scalar value with the size 

of /ρ.  

REKF algorithm steps are summarized in Table 2-III . 

Table 2-III  REKF algorithm 

Algorithm 1: REKF, this proposed algorithm reduces EKF to a more memory- and calculation-

efficient algorithm to be used for optimizing DL networks 

Require: ἹȟἺ ἾἩἴἽἭἻ 

Require: Ἰ initial values 

Ἔᴺ 

Ἰ
ể
Ἰ

 Initialize Ἔ matrix as a vector filled with Ἰ initial value. 

While ἳ ἶἽἵἪἭἺ ἷἮ ἭἸἷἫἰἻ 

ἳᴺἳ  

# calculate the network loss  

ἰἻἳ  ἴἷἻἻἻἳ ἙἡἏἼἩἺἯἭἼȟἶἭἼἿἷἺἳ ἷἽἼἸἽἼ 

# the system target is to achieve zero loss, hence the system error is 

ὁἳ ἴἷἻἻ ἻὁἻἼἭἵ ἼἩἺἯἭἼἻὁἻἼἭἵ ἷἽἼἸἽἼ 

ἒἳ  ἻἴἷἻἻἻἳ  
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Ἔἳȿἳ Ἔἳ ȿἳ ἅ Ἱ 

#perform the update step  

ἡἳ ἒἳἜἳȿἳ ἒἳ
ἢ  Ἲ 

ἕἳ Ἔἳȿἳ ἒἳ
ἢṨἡἳ 

Ἳἳ  Ἳἳ  ἕἳὁἳ 

Ἔἳȿἳ ἓ ἕἳἒἳἜἳȿἳ  

End while 

Return Ἳἳ 

In the above equations Ó is a vector of the network parameters. In the state space system, 

the states are assigned to be the parameters of the network Ó. Applying all the above 

mentioned modifications, matrix 3  in Equation (2-39) becomes a scalar value that 

eliminates the matrix inversion requirement with all its computational and memory 

challenges but results in a loss of optimality. In Equation (2-59) ( and 0 dimensions 

mathematically are (ρ Î) and (Î Î) respectively. Ò is a scalar value. However, because 

0 is diagonal and ( is a vector then to simplify the implementation this equation can be 

expressed as shown in Equation (2-60) and 0 is stored in a vector.  

Ὓ Ὄὖȿ Ὄ ὶ  (2-59) 

Ὓ Ὄ ὭὨὼὖȿ ὭὨὼȟὭὨὼ ὶ  (2-60) 

As shown in Table 2-IV, the memory requirement for REKF is very comparable to the first-

order training algorithms and is less than a number of them. Considering the 

aforementioned example (for Î ρπ), REKF requires about 0.008 GB only (around 



Ph.D Thesis - Mahmoud Ismail McMaster University ï Mechanical Engineering. 

 

45 

 

/ς Î . This is half of the memory capacity that Adam requires (around /τ Î  and 

much less than what EKF requires (more than /Î ).  

 

Figure 2-1 Covariance matrices of different versions of EKF [20] 

Table 2-IV Memory requirement for REKF 

Parameter Size 

REKF: Covariance matrix 0ȿ  /Î 

REKF: process noise covariance 1  /ρ 

REKF: measurement noise covariance 2  /ρ 

REKF: innovation covariance 3  /ρ 

REKF: output gradient (   /Î 

REKF: error Ù  /ρ 

2.3.2 Reduced-SVSF (RSVSF)  

Similar to REKF, SVSF is implemented by simplifying SVSF-NN algorithm. SVSF is 

tested on the NN scale in [22]; however, it has never been generalized for DL scale. 
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Compared to EKF, SVSF has fewer memory requirements, since its algorithm in its original 

form does not include any covariance matrix calculation [21]. However, the SVSF requires 

one more forward computation in every epoch to calculate the a posteriori error. The 

modifications on the SVSF toward RSVSF are as follows. 

- Mini -Batch: the concept of applying a Mini-Batch training scheme on SVSF-NN 

training algorithms is discussed in [22]. This concept is used in RSVSF for its faster 

computation time due to parallel computation. 

- Training with a scalar error: similar to REKF, reducing the error size to a scalar 

value using a statistic measure such as MSE in Equation (2-58), dramatically 

reduces the computation. The size of the Jacobian matrix reduces from /-" Î 

to /Î, which is the same as the SGD gradient size. 

- Reduction of tuning factors ɾȟʕ  size: similar to the noise matrices in REKF, if 

both ɾȟʕ are assumed to have the same value for all network parameters, a shared 

memory can be used that reduces them to a scalar size. This modification saves 

/ -" -" in memory size. 

- A posteriori error computation elimination in case ɾ is zero: ɾ is a tuning 

parameter that is defined as π ɾ ρ. When ɾ is zero, the a posteriori error 

computation is not required anymore as it does not affect the result. With ɾ π, 

the a posteriori error term in SVSF gain Equation (2-51) is eliminated that saves 

one forward computation. The gain equation, in this case, is shown in Equation 

(2-61).  
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- Addition of a learning rate ʂ similar to the first-order methods: in some occasions, 

it is preferred to take a larger step in weight modifications direction to learn faster. 

The absence of the a posteriori term reduces the step size. Experimentally, the a 

posteriori error has a value that is close to the a priori error (especially at later 

epochs), therefore a new term called learning rate term ʂ can be added to the a 

priori term. This term provides the same effect without adding an extra forward 

computation to calculate the a posteriori error as shown in Equation (2-62). The 

definition of ʂ to sustain the stability is ρ ʂ ς. The learning rate ʂ is 

introduced in Equation (2-62), the RSVSF gain. The effect of adding ʂ to the gain 

on the SVSF stability is discussed in Appendix B.  

- Last modification for RSVSF is the variable boundary layers width ʕ . A decay 

option is given to quickly reduce ʕ  over iterations. This is useful as it accelerates 

the learning in the beginning of the training phases and allows for using tighter ʕ  

values for fine-tuning. The difference between the dynamic and fixed boundary 

layer width is visualized in Figures 4 and 5. The RSVSF algorithm steps are 

summarized in Table 2-V. The algorithm uses the epoch number for the decaying 

rate. If the training is operated in mini-batch fashion then epoch number is replaced 

with the batch number.  
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Figure 2-2 Decaying boundary layer width 

 

Figure 2-3 Fixed boundary layer width 

Table 2-V RSVSF algorithm 

Algorithm 2: RSVSF, this proposed algorithm reduces SVSF to a more memory- and calculation-

efficient algorithm to be used for optimizing DL networks 

Require: ȟȟȡ ἾἩἴἽἭἻȢἬἭἫἩὁȡ ἪἷἷἴἭἩἶ 

While ἳ ἶἽἵἪἭἺ ἷἮ ἭἸἷἫἰἻ 

ἳᴺἳ  

# calculate the network loss 

ἰἻἳ ἴἷἻἻἻἳ ἙἡἏἼἩἺἯἭἼȟἶἭἼἿἷἺἳ ἷἽἼἸἽἼ 

# the system target is to achieve zero loss, hence the system error is 

ὁἳ ἴἷἻἻ ἻὁἻἼἭἵ ἼἩἺἯἭἼἻὁἻἼἭἵ ἷἽἼἸἽἼ 

ἒἳ  ἻἴἷἻἻἻἳ  
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ἒἳ  
ἒἳ
Ἴ

В ἒἳἱ
ἶ
ἱ

 

ἕἳ ἒἳ ὁἳȿἳ ἩἪἻ
  ὁἳ ȿἳ ἩἪἻ

ἻʐἩἼ
ὁἳȿἳ

 

#perform the update step  

Ἳἳ  Ἳἳ  ἕἳ 

 

ἱἮ ἬἭἫἩὁ ἱἻ ἼἺἽἭ 

ἵἩὀ 
ἭἸἷἫἰἚἽἵ  Ȣ

 -1,   

End if  

End while 

Return Ἳἳ 

In the above equations Ó is a vector of the network parameters. In the state space system, 

the states are assigned to be the parameters of the network Ó. Similar to the REKF, 

applying these modifications eliminates the matrix inversion process as (  becomes a 

vector and Equation (2-57) becomes equivalent to Equation (2-63) assuming that ʍ π, 

as damping is not needed anymore for matrix inversion damping. Equation (2-63) is the 

definition of pseudoinverse in the vector case. This form is similar to the other first-order 

methods that tried to substitute the hessian matrix with the squared gradient, but in this 

case, the normalization is done by the sum of the squares of the gradient elements that 

smooths out the changes. Another difference from the first-order methods is the use of the 

saturation function of the SVSF in Equation (2-62). 

These modifications reduce the time and memory requirements significantly for RSVSF 

compared to SVSF and allow RSVSF to be compete with the first-order methods. 
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ὑ  

ừ
Ử
Ừ

Ử
ứὌ ώȿ  ‎ ώ ȿ ίʐὥὸ

ώȿ

‪
ὭὪ ‎ π 

Ὄ ώȿ ίʐὥὸ
ώȿ

‪
ὭὪ  ‎ π 

 (2-61) 
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‪
ὭὪ  ‎ π 

 (2-62) 

Ὄ  
Ὄ

В Ὄ Ὥ
 (2-63) 

In Table 2-VI, the memory requirements for RSVSF are shown. It can be noticed that they 

are less than REKF by /Î and less than Adam by /σ Î as shown in Table 2-II . 

Table 2-VI Memory requirements for RSVSF 

Parameter Size 

SVSF: output gradient (  /Î 

SVSF: a priori error Ùȿ  /ρ 

SVSF: posteriori error Ùȿ  /ρ 

SVSF: the smoothing factorʕ  /ρ 

SVSF: a posteriori error tuning factor ɾ /ρ 

2.4 Experiments 

In this section, a comparison between adaptive first-order algorithms is performed for 

choosing a representative first-order algorithm. Furthermore, REKF and RSVSF are 

compared to EKF and SVSF using the Iris dataset. The reason for using the Iris dataset is 

that the SVSF and the EKF cannot be practically used on any larger datasets, due to all their 

memory and computational limitations. Lastly, a set of experiments on different datasets 
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and architectures are performed for comparing the REKF, the RSVSF and the above-

mentioned representative first-order algorithm. The comparison of the algorithms and tests 

are summarized in Table 2-XIV . 

2.4.1 First -order algorithms experiment  

This section considers finding the best first-order algorithm as a benchmark for its 

comparison against the REKF and the RSVSF on different datasets and architectures. A 

comparison between the adaptive learning rate algorithms, namely, Adam, Adamax, 

Adagrad, Adadelta, and RMSprop is performed using the standard MNIST dataset [31]. A 

DNN with two hidden layers (768-512-256-10) is used. The network used Relu as 

activation function on the hidden layers and Softmax on the output layer. The test was 

performed ten times to evaluate the variation across different runs as well.  Figures 6 and 7 

show the fast convergence rate and the low variance of Adam in this test.  

 

Figure 2-4 First-order algorithms training set classification error in % 
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Figure 2-5 First-order algorithms training set categorical cross-entropy loss 

It is important to highlight that the authors do not claim that Adam always performs better 

than the other algorithms across all datasets and architectures. However, the results show 

that in this case Adam demonstrates more favorable characteristics given its comparatively 

faster and smoother convergence. Therefore, Adam is used as the benchmark algorithm for 

comparison with estimation based methods in this paper.  

Table 2-VII  First-order algorithms configurations 

Optimizer Configuration  

Adam ɼ  πȢω , ɼ  ωωω, ʂ  πȢππρ, צ  ρÅψ 

Adadelta  ɾ  πȢωυ , צ  ρÅψ 

Adamax ɼ  πȢω , ɼ  ωωω, ʂ  πȢππς 

Adagrad  ʂ  πȢπρ , צ  ρÅψ 

RMSprop ʂ  πȢππρ , צ  ρÅψ, ɾ  πȢω 

2.4.2 Iris dataset experiment  

EKF and SVSF cannot be applied to large networks using large datasets due to their 

computational constraints. To enable a comparison of the original EKF and SVSF with the 

proposed REKF and RSVF, This study uses the simple and standard Iris dataset to provide 
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a feasible problem size for EKF and SVSF application. This experiment is performed to 

compare the performance of REKF and RSVSF with their original forms of EKF and SVSF. 

A simple one hidden layer with 10 units FNN is used. For 5000 epochs, EKF and SVSF 

took two orders of magnitude more time than the REKF and RSVSF. Figure 2-6 shows the 

training categorical cross-entropy loss normalized to time and examined for the first 5.5 

seconds (the full duration for the 5000 epochs for REKF, RSVSF). REKF and RSVSF show 

fast convergence. The used configurations are shown in Table 2-VIII .  

 

Figure 2-6 REKF, RSVSF, EKF, and SVSF categorical cross-entropy loss on Iris dataset 

After the 5000 epochs EKF and SVSF show great convergence (as seen in Table 2-XIV ). 

However because the processing time is very slow (~370 seconds compared with 5.5 

seconds), the convergence rate per unit time is in favor of the proposed algorithms. In 

Section 2.3, a hypothesis was made that REKF and RSVSF can improve the net 

performance compared to their original forms. Figure 2-6 confirms this hypothesis. This 

improvement happens because the effect of faster epoch times masks the slight 

performance reduction due to the second order information loss. 
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Table 2-VIII  REKF, RSVSF, EKF and SVSF configurations for Iris dataset experiment 

Optimizer Configuration  

REKF 1  ςÅς ,0  υÅσ, 2  ρπ 

RSVSF ɾ  π, ʕ σ , ʂ  ρ 

Original EKF 1  ςπ ,0  υπ, 2  ρπππ 

Original SVSF ɾ  π, ʕ ρÅψ , ʂ  ρȢωω 

2.4.3 Benchmark datasets  

The results in the last section demonstrate the performance improvement of REKF and 

RSVSF over their original forms. This lays the basis for using REKF and RSVSF in larger 

problems, where the usage of EKF and SVSF is infeasible. In this section, REKF and 

RSVSF are compared with Adam on larger scale problems using deep networks as opposed 

to the shallow one used in Section 2.4.2. In the first-order algorithms experiment in 

Section 2.4.1, Adam showed smooth and fast convergence. Therefore, Adam is chosen to 

represents first-order algorithms. In this experiment, a total of 9 experiments were 

performed and each one is repeated with random initialization ten times. Five datasets are 

tested, namely, MNIST [31], FashionMNIST [78], EMNIST[79], CIFAR10 and 

CIFAR100 [80]. Two architectures are tested, namely DNN and CNN. In this section, 

training set charts are presented to show the fast convergence of the proposed algorithms.  

2.4.3.1 MNIST Dataset  

The dataset here is the standard benchmark MNIST dataset [31] with 60,000 training 

samples and 10,000 test samples. For the MNIST dataset, two tests were performed. Both 

of them used DNN with three hidden layers with the size of 1024 units. The difference 
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between the two tests is using the dropout technique [81]. The purpose of these tests is to 

show that REKF and RSVSF still maintain an advantage over Adam even with the 

existence of dropout. The configuration of RSVSF and REKF for the two tests are shown 

in Table 2-IX. 

Table 2-IX  REKF and RSVSF configurations for MNIST dataset experiment 

Optimizer Configuration  

REKF 1  ςÅυ ,0  υÅσ, 2  ρÅσ 

RSVSF ɾ  π, ʕ ςÅψ , ʂ  ρȢωω 

 Figure 2-7 shows the training set classification error rate. It can be seen that RSVSF and 

followed by REKF converged very quickly and consistently in the ten runs while Adam 

experienced some variance across different runs. Figure 2-8 shows the categorical cross-

entropy loss on the training set. REKF and RSVSF still achieve less error at the end of the 

training, however, REKF had some challenges converging between epoch 60 to epoch 140. 

After epoch 140, REKF converged quickly and dropped below Adam. From variance 

across different runs point of view, REKF and RSVSF still have better consistency. In a 

classic paper [81], Hinton et al. claimed that the test classification error rate benchmark of 

a feedforward network on MNIST dataset before their publication was 1.6% without: 

1) Enhancing the training dataset 

2) Using spatial knowledge by using Convolutional Neural Network (CNN) 

3) Using generative pre-training  

Then, Hinton achieved 1.3% with 50% dropout in the hidden layers and , regularization 

(improvement of 0.3%). RSVSF across the ten runs recorded an average of (1.34%) of 
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validation classification error rate without dropout or , regularization. This is a reduction 

of (0.26%). Dropout is usually used to increase the test performance. Dropout layers were 

added to the second test to examine its effect on the convergence of the optimization 

algorithms. RSVSF and REKF still produce faster convergence rates than Adam. In  

Figures 11 and 12 RSVSF and REKF produce better results than Adam at epoch 20 and 

epoch 40 respectively and they sustain the good results afterwards. In Figure 2-10 the 

variation in EKF is the least among the three algorithms. The dropout layers reduced the 

validation classification rate from (1.34%) to (1.18%) for RSVSF and from (1.62%) to 

(1.37%) for REKF. 

Table 2-X Architecture of the DNN networks used for MNIST dataset 

Test Layers  Activation function  

Test#1  784-1024-1024-1024-10 Relu-Relu-Relu -Softmax 

Test#2 784-1024-1024-1024-10 Relu-Dropout(0.3)-Relu-Dropout(0.3)-Relu-Dropout(0.3)-Softmax 

 

Figure 2-7 Test#1 (MNIST) training set classification error in % 
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Figure 2-8 Test#1 (MNIST) training set categorical cross-entropy loss 

 

Figure 2-9 Test#2 (MNIST) training set classification error in % 

 

Figure 2-10 Test#2 (MNIST) training set categorical cross-entropy loss 
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2.4.3.2 EMNIST Dataset 

An extension of the MNIST dataset is called EMNIST [82]. In this dataset, a sub-dataset 

includes 28x28 pixels images for handwritten letters instead of numbers in MNIST. 

EMNIST includes 124,800 training samples and 20,800 testing samples. A DNN network 

is used for this classification task as well. The architecture is presented in  

Table 2-XI.  Figures 13 and 14 show a clear advantage of REKF and RSVSF over Adam. 

Both classification error and categorical cross-entropy loss are much lower for REKF and 

RSVSF. In this test, all the algorithms produced consistent results across the ten runs. 

 

Table 2-XI Architecture of the DNN networks used for EMNIST dataset 

Test Layers  Activation function  

Test#3 3072-2048-1024-512-256-128-10 Relu-Relu-Relu-Relu-Relu-Softmax 

 

Figure 2-11 Test#3 (EMNIST) training set classification error in % 
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Figure 2-12 Test#3 (EMNIST) training set categorical cross-entropy loss 

2.4.3.3 FashionMNIST Dataset 

Another variation on MNIST dataset is the Fashion-MNIST [9]. It has the same samples 

size as MNIST dataset, 60,000 training samples, and 10,000 testing samples. The samples 

in this dataset are 28x28 grayscale pictures of different fashion pieces. Fashion-MNIST has 

10 classes. Using this dataset, two experiments are performed to test different architectures, 

DNN and CNN. Table 2-XII  shows the architectures for the DNN and the CNN networks.  

Figures 15 and 16 show the consistency of REKF and RSVSF in achieving better 

convergence in the DNN test (test#4). RSVSF is slightly better than EKF in the higher 

epochs.  Figures 17 and 18 show consistent RSVSF and REKF convergence in the case of 

a CNN network as well. RSVSF outperformed the other algorithms in the most of the 

training process.  

Table 2-XII  Architecture of the networks used for Fashion-MNIST dataset 

Test Layers  Activation function  

Test#4 

(DNN)  

3072-2048-1024-512-256-128-10 Relu-Relu-Relu-Relu-Relu-Softmax 
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Test#5 

(CNN) 

(32x3x3)-(32x3x3)-(2x2)-

(64x3x3)- (64x3x3)-(2x2)-512-10 

Conv(Relu)- Conv(Relu)- Pooling(Relu)- Conv(Relu)- 

Conv(Relu)- Pooling(Relu) - flatten()- Dense(Relu)-

Dense (Softmax) 

 

Figure 2-13 Test#4 (Fashion-MNIST DNN) training set classification error in % 

 

Figure 2-14 Test#4 (Fashion-MNIST DNN) training set categorical cross-entropy loss 
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Figure 2-15 Test#5 (Fashion-MNIST CNN) training set classification error in % 

 

Figure 2-16 Test#5 (Fashion-MNIST CNN) training set categorical cross-entropy loss 

2.4.3.4 CIFAR10 Dataset 

CIFAR10 [83] is a dataset of 32x32 color images. There are 10 classes in this dataset for 

different animals and objects. CIFAR10 has 50,000 training samples and 10,000 testing 

samples. In this experiment as well, two tests are performed to test the proposed algorithms 

across different architectures, DNN and CNN.  Figures 19, 20, 21 and 22 show the same 

consistency REKF and RSVSF show on the other datasets. However, in the DNN test, 

REKF showed much better convergence. 
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Table 2-XIII  Architecture of the networks used for CIFAR10 dataset 

Test Layers  Activation function  

Test#6 

(DNN)  

3072-2048-1024-512-256-128-10 Relu-Relu-Relu-Relu-Relu-Softmax 

Test#7 

(CNN) 

(32x3x3)-(32x3x3)-(2x2)-

(64x3x3)- (64x3x3)-(2x2)-512-10 

Conv(Relu)- Conv(Relu)- Pooling(Relu)-Dropout(0.25)- 

Conv(Relu)- Conv(Relu)- Pooling(Relu)- Dropout(0.25)- flatten()- 

Dense(Relu) -Dropout(0.25)- Dense(Softmax) 

 

 

Figure 2-17 Test#6 (CIFAR10 DNN) training set classification error in % 

 

Figure 2-18 Test#6 (CIFAR10 DNN) training set categorical cross-entropy loss 
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Figure 2-19 Test#7 (CIFAR10 CNN) training set classification error in % 

 

Figure 2-20 Test#7 (CIFAR10 CNN) training set categorical cross-entropy loss 

2.4.3.5 CIFAR100 Dataset 

CIFAR100 [80] is similar to CIFAR10 with one exception which is the number of classes. 

In CIFAR100 there are 100 classes, however the same total number of training and testing 

samples. Therefore the available number of images per class for training and testing is less. 

Similar to CIFAR10, both DNN and CNN are tested. Test#8 and Test#9 have the same 

architectures of Test#6 and Test#7 respectively (see Table 2-XIII  for reference). The only 

difference is in the output layer number of units as it becomes 100 instead of 10.  Figures 

23 and 24 show the consistency that REKF and RSVSF achieved in both the classification 
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error rate and as well in the categorical cross-entropy loss. However, RSVSF, REKF, and 

Adam started with relatively similar performance, RSVSF and REKF converged faster after 

epoch 20. REKF outperformed Adam and RSVSF in this experiment. It is worth noting that 

in one of the ten runs Adam has diverged at the beginning of the training as can be seen in 

the Figures. For the CNN architecture, both RSVSF and REKF perform better than Adam. 

The results of the CNN architecture can be seen in  Figures 25 and 26. 

 

Figure 2-21 Test#8 (CIFAR100 DNN) training set classification error in % 

 

Figure 2-22 Test#8 (CIFAR100 DNN) training set categorical cross-entropy loss 
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Figure 2-23 Test#9 (CIFAR100 CNN) training set classification error in % 

 

 

Figure 2-24 Test#9 (CIFAR100 CNN) training set categorical cross-entropy loss 

2.4.3.6 Results summary and discussion  

In all tests, REKF and RSVSF showed a great improvement in optimization performance 

over first-order methods (represented by Adam). Some of the favorable characteristics of 

REKF and RSVSF are as follows: 

- Fast convergence  

o Factor 1: Fast convergence per epoch ï faster decay of training losses 

o Factor 2: Fast epoch time  
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o Factor 3: sustainable improvement of convergence over transient and 

steady-state phases  

- Using less memory than Adam (both of REKF and RSVSF)  

A summary of the tests is presented In Table 2-XIV . The reduction in processing time 

allows RSVSF to be consistently faster than Adam (around 17% faster than Adam in 

MNIST test#2). In Table 2-XIV , 

first and second columns are the mean of the ten runs for the minimum of the training 

classification error rate and training categorical cross-entropy loss values. Third and fourth 

columns are their Relative Standard Deviation (RSD) respectively. The last column is the 

mean of the processing time across the ten runs.  

The proposed methods, REKF and RSVSF, have proven to outperform the current state-of-

the-art training optimization algorithms in many aspects, including memory usage, speed, 

and convergence performance. This better performance may be attributed to a result of the 

inherent characteristics of noise filtering. The hypothesis that the proposed REKF and 

RSVSF algorithms can outperform their original EKF and SVSF forms has proven to be 

valid, as the reduction in performance is negligible compared to the significant reduction 

in processing time per epoch. 

Table 2-XIV  Summary of all tests statistics  

Optimizer 

Min training 

classification 

error rate  

Min 

training 

categorical 

cross-

entropy 

loss 

training 

classification 

error rate 

RSD 

Min training 

categorical 

cross-

entropy loss 

RSD 

Processing 

time (s) 

First -order algorithms experiment 
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Adam  0 1.18e-04 0 % 5.79 22.5133 

Adamax 0 1.87e-04 0 % 5.59 % 22.1390 

Adadelta 1.3667e-04 0.0034 0.0039 % 5.24 % 21.0650 

RMSprop 1.6667e-06 4.57e-05 5.27e-04 % 69.71 % 21.1813 

Adagrad 3.33e-06 0.0016 7.03e-04 % 4.20 % 21.1846 

Iris dataset experiment 

EKF 

0.0029 

0.0181 

0.0019 

0.0151 

0.46 % 

0.31 % 

160.94 % 

1.07 % 

372.4545 

(for first 5.5 sec) 

SVSF 

0.0095 

0.0181 

0.0064 

0.0183 

0 % 

0.31 % 

0.587 % 

5.09 % 

379.9891 

(for first 5.5 sec) 

REKF 0.0219 0.0122 0.66 % 5.23 % 5.4593 

RSVSF 0.0095 0.0126 0 % 1.01 % 5.5360 

MNIST test#1 

Adam  0 9.7879e-09 0 % 40.27 % 209.6011 

REKF 0 1.5235e-09 0 % 11.97 % 203.8331 

RSVSF 0 2.2093e-10 0 % 6.25 % 170.6640 

MNIST test#2 

Adam  5.7667e-04 0.0019 0.0112 % 14.68 % 223.3985 

REKF 2.7333e-04 0.0013 0.0037 % 7.01 % 215.3128 

RSVSF 1.3000e-04 5.3115e-04 0.0028 % 8.45 % 186.4490 

EMNIST test#3 

Adam  0.0394 0.1047 0.0537 % 1.40 % 93.5994 

REKF 0.0273 0.0680 0.1448 % 7.39 % 115.2063 

RSVSF 0.0273 0.0658 0.1149 % 5.70 % 80.4331 

Fashion-MNIST test#4 (DNN)  

Adam  0.0224 0.0593 0.0826 % 4.30 % 178.8158 

REKF 5.4000e-04 0.0031 0.0050 % 3.17 % 190.2946 
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RSVSF 2.3333e-04 0.0014 0.0059 % 8.25 % 151.6335 

Fashion-MNIST test#5 (CNN)  

Adam  0.0050 0.0146 0.0600 % 9.40 % 308.9294 

REKF 7.8500e-04 0.0037 0.0143 % 9.30 % 308.4723 

RSVSF 1.6000e-04 0.0011 0.0060 % 16.08 % 300.7655 

CIFAR-10 test#6 (DNN)  

Adam  0.0885 0.2521 0.5023 % 5.18 % 261.2934 

REKF 2.1800e-04 0.0073 0.0020 % 1.25 % 275.4492 

RSVSF 0.0119 0.0978 0.0257 % 0.83 % 228.4755 

CIFAR-10 test#7 (CNN)  

Adam  0.0157 0.0459 0.1121 % 6.28 % 276.8277 

REKF 6.0000e-06 0.0023 9.66e-04 % 3.23 % 275.4476 

RSVSF 1.0000e-05 0.0036 0.0014 % 5.65 % 267.8367 

CIFAR-100 test#8 (DNN) 

Adam  0.3778 1.4325 34.71 % 77.97 % 269.2654 

REKF 7.7200e-04 0.0205 0.0070 % 2.33 % 288.5860 

RSVSF 0.0249 0.1828 0.1080 % 1.99 % 236.6184 

CIFAR-100 test#9 (CNN)  

Adam  0.1157 0.3740 1.50 % 11.55 % 4.1583e+03 

REKF 0.0621 0.1943 0.1568 % 2.24 % 4.1769e+03 

RSVSF 0.0669 0.2093 0.3240 % 4.68 % 4.0198e+03 

2.5 Conclusion 

In this paper, two novel deep learning optimization methods were proposed, namely the 

Reduced Extended Kalman Filter (REKF) and the Reduced Smooth Variable Structure 

Filter (RSVSF). They are based on the estimation methods, namely the Extended Kalman 

Filter (EKF) and the Smooth Variable Structure Filter (SVSF). The proposed methods were 
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compared in nine experiments with Adam as a powerful first-order algorithm on five 

benchmark datasets using different network architectures. Test results demonstrated that 

the proposed methods are able to compete with the current first-order methods in 

optimization convergence speed and memory usage. These results show that the proposed 

methods have achieved positive impact without compromising on any performance 

metrics. The results indicate that REKF and RSVSF can be used competitively in Deep 

learning training. It should be noted the performance of the two proposed methods are 

overall comparable with the exception of processing time where RSVSF is consistently 

better in all tests. 
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Appendix A Abbreviations and Nomenclature  

Table 2-XV Abbreviations used in the paper 

Abbreviation Description 

DL Deep Learning 

NN Neural Network 

DNN Deep Neural Network 

EKF Extended Kalman Filter 

SVSF Smooth Variable Structure Filter 

REKF Reduced Extended Kalman Filter 

RSVSF Reduced Smooth Variable Structure Filter 

MSE Mean Squared Error 

BP Back Propagation 

GD Gradient Descent 

GPU Graphical Processing Units 

RNN Recurrent Neural Networks 

FNN Feedforward Neural Network 

LSTM Long Short Term Memory 

ML Machine Learning 

NAG Nestroveôs Acceleration Gradient 

CGD Conjugate Gradient Descent 

BFGS BroydenïFletcherïGoldfarbïShanno 
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SGD Stochastic Gradient Descent 

kSGD Kalman Based Stochastic Gradient Descent 

CNN Convolutional Neural Network 

lr Learning Rate 

Table 2-XVI  Nomenclature 

symbol Description 

×ȟ 
The weight connecting ÎÏÄÅ ÎȟÊ to ÎÏÄÅ Î ρȟÉ, Î is the 

layer number. Biases is modeled as a weight for input of one 

Î The layer number  

Î The size of the network parameters  

(  The Hessian matrix 

* The Jacobian matrix  

.  Number of nodes in layer Î 

.  Number of nodes in the output layer 

,ÁÙÅÒÓ Total number of layers 

ÉȟÊ Node numbers 

 Ø  Network input  

ʒ Activation function  

ÙȟÙ Network output at node É, Network output  

ʂ Learning rate  

Ñ Sample number 
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" Batch size  

Ö Velocity term that represents momentum 

 Small value for numerical stability צ

/ Order of complexity  

ʃ A vector of the network parameters 

Ó A vector of the system states 

ÆÓ ȟÕ  A non-linear function of the states and the inputs 

Õ  Non-linear system input 

Ú System output 

ÈÓ  The system non-linear output function 

 ͮ Estimate  

1  The covariance of the process noise 

&  The Jacobian of Æ 

×  Process noise 

Ö  Measurement noise  

+  Gain  

2  The covariance of the measurement noise 

0ȿ Error covariance  

 Variable at time Ë 

ʕ The smoothing boundary layer width 
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ɾ The a posteriori error tuning factor 

ÌÒ Learning rate  

-" Total number of network outputs / " 

/ Number of neurons in output layer 

" Batch size  

ʍ Damping parameter 

) Identity matrix 

 The transpose of a matrix 

3 Innovation covariance  

Ù Error 

ȿȿ  The element-wise absolute value of the term 
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Appendix B Proof of RSVSF stability 

In this appendix the proof of stability in relation to the addition of ʂ in Equation (2-62) 

compared with Equation (2-61) is provided. SVSF has two important error variables that 

are defined in Equations (2-50) and (2-54), the a priori and the a posteriori error estimates. 

In [21] a Lyapunov function ʉ  Ùȿ is defined. The weights update process is stable 

if ɝʉ  Ùȿ Ù ȿ π . This equation can be redefined as,  

ώȿ  ώ ȿ  (B.64) 

According to Theorem 1 in [21], the SVSF correction action +  that would satisfy the 

stability condition in Equation (B.64) is subject to the following conditions: 

ώȿ ȿὌὑȿ ώȿ ώ ȿ  (B.65) 

ίὭὫὲ Ὄὑ ίὭὫὲώȿ   (B.66) 

Equation (2-51) satisfied this condition in [21], and proved to be stable and convergent. 

RSVSF proposes using a new gain defined in Equation (B.67), 

ὑ Ὄ –ώȿ  ‎ ώ ȿ ίʐὭὫὲ
ώȿ

‪
 (B.67) 

To prove its stability and convergence, first the a priori error estimate is considered (from 

Equation (2-50)),  

ώȿ  ᾀ  ᾀǶȿ  (B.68) 

Assuming that the relationship È between the measurement signals and the states is 

known and can be linearized around the state estimate at time Ë, then Úȿ  can be 

defined as,  
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ᾀǶȿ ὌίǶȿ  (B.69) 

Substituting Equation (B.68) in Equation (B.67), the latter can be restated as, 

ώȿ  ᾀ ὌίǶȿ  (B.70) 

But using Equation (2-52) or Óȿ Óȿ +  results in,  

ώȿ  ᾀ Ὄ ίǶȿ ὑ  = ᾀ ὌίǶȿ Ὄὑ  (B.71) 

However Ú (Óȿ is the definition of the a posteriori error estimation (Equation (2-54) 

and  

Úȿ (Óȿ ), therefore, 

ώȿ  ώȿ Ὄὑ  (B.72) 

 To study the stability of the RSVSF gain defined in Equation (B.67), the gain is substituted 

in Equation (B.72), 

ώȿ  ώȿ ὌὌ –ώȿ  ‎ ώ ȿ ίʐὭὫὲ
ώȿ

‪
 (B.73) 

Which is rearranged in,  

ώȿ  ώȿ –ώȿ ίʐὭὫὲ
ώȿ

‪
 ‎ ώ ȿ

ίʐὭὫὲ
ώȿ

‪

ώȿ  –ώȿ  ‎ ώ ȿ ίʐὭὫὲ
ώȿ

‪
  

(B.74) 

Which can be reorganized as, 
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ώȿ ώȿ  –ώȿ  ‎ ώ ȿ ίʐὭὫὲ
ώȿ

‪

ρ –ώȿ  ‎ ώ ȿ ίʐὭὫὲ
ώȿ

‪

ρ –ώȿ  ‎ ώ ȿ ίʐὭὫὲ
ώȿ

‪
  

(B.75) 

Taking the absolute value of both sides of the equation, 

ώȿ  ‎ ώ ȿ  ρ –ώȿ   (B.76) 

In the case of a full batch mode where the same full set of training data is used in every 

epoch the a priori error is found by the following equations, 

ὒέίίȿ ὓὛὉȿ ὸὥὶὫὩὸȟὲὩὸύέὶὯ έόὸὴόὸ    (B.77) 

ώȿ π ὒέίίȿ  (B.78) 

However, the a posteriori error of the previous epoch Ë ρ is defined as,  

ὒέίί ȿ ὓὛὉ ȿ ὸὥὶὫὩὸ ȟὲὩὸύέὶὯ έόὸὴόὸ    (B.79) 

ώ ȿ π ὒέίίȿ  (B.80) 

Comparing Equations (B.78) and (B.80), the differences between the a posteriori and a 

priori error estimates are simply in the target values. In full batch mode, ÔÁÒÇÅÔ

ÔÁÒÇÅÔ  which results in, 

ώȿ ώ ȿ  (B.81) 

Therefore, Equation (B.76) can be modified to the following form, 

ώȿ  – ‎ ρώ ȿ  = – ‎ ρώ ȿ   (B.82) 
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Therefore the rate of convergence of the filter is determined by the rate of ʂ ɾ ρ. To 

insure the stability condition in Equation (B.64), the choice of the parameters ʂ and ɾ 

should satisfy the following inequality, 

 π – ‎ ρ ρ  (B.83) 

Which can be represented as, 

ρ – ‎ ς   (B.84) 

A corner case of Equation (B.84) is by setting ɾ π to cancel the extra forward calculation 

to calculate the a posteriori error Ù ȿ  in (B.67). For this corner case, Equation (B.84) 

can be rewritten as,  

ρ – ς   (B.85) 

which is the definition of ʂȢ Equation (B.85) satisfies the stability and the convergence 

of the system.  

Equation (2-62) replaces the ÓÉÇÎ function with a ÓÁÔ function to reduce the chattering. This 

is a similar approach to the original SVSF in [21]. The elimination of a posteriori error 

calculation significantly reduces the total training time.  
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Appendix C the used software and hardware in the experiments  

The experiments uses Keras platform, which is a library that uses Theano, and works on 

Python. The versions of the used libraries are as following:  

¶ Keras: 2.0.3 

¶ Theano: 0.9.0.dev-c697eeab84e5b8a74908da654b66ec9eca4f1291 

¶ Python: 2.7.13 

¶ NumPy: 1.12.1 

The used hardware is as follows: 

¶ CPU: Intel(R) Xeon(R) CPU ES-2687W 0 @ 3.106Hz 

¶ GPU: Nvidia GeForce GTX 780 

¶ Ram: 32.0 GB 

 

 

This paper is published in Neural Networks journal, Elsevier. Volume 108, 2018, Pages 

509-526, ISSN 0893-6080. https://doi.org/10.1016/j.neunet.2018.09.012. This paper is 

republished here with permission. 
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Abstract 

In the recent years, Deep-Learning has become the leading artificial intelligence algorithm 

in many fields thanks to its unprecedented performance which even in a few classification 

and control problems, superseded human performance. However, the training process of 

Deep-Learning is usually slow and requires high-performance hardware and very large 

datasets. The optimization of the training methods can improve learning rates of the Deep-

Learning networks and achieve higher performance in the same time span. This paper 

examines the sensitivity and the need for fine tuning of parameters for two newly developed 

training algorithms, namely the Reduced Extended Kalman Filter (REKF), and the Reduced 

Smooth Variable Structure Filter (RSVSF). Extensions for these two algorithms are 

developed, namely the REKF-MultiFilter (REKF_MF) and the RSVSF-MultiFilter 
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(RSVSF_MF). These extensions were tested on MNIST dataset to compare their 

performance with their original forms. 

Keywords 

Deep Learning, Neural Networks, Machine Learning, Optimization algorithms, Training 

algorithms. 

3.1 Introduction 

Deep Learning (DL) use in academic and industrial applications increase with a fast rate 

since DL has proven to achieve unprecedented results compared to other machine learning 

techniques [1, 2]. The most famous two applications for DL are image and speech 

recognition mostly because of the application nature of being classic problems in computer 

sciences field to be used as a benchmark test for machine learning algorithms.  DL has also 

been applied to many other fields such as big data analytics [3], finance [4], language 

modeling, natural language processing, information retrieval [5], and classification of skin 

cancer [6]. A corner stone of using DL in different application is the ability of the DL to 

extract meaningful features from the data. In [7], the authors developed two training 

algorithms based on estimation theory for DL training, namely, the Reduced Extended 

Kalman Filter (REKF), and the Reduced Smooth Variable Structure Filter (RSVSF). These 

algorithms were shown to perform relatively well in terms of learning rate and memory 

usage. However these advantages that put REKF, and RSVSF ahead of the other training 

algorithms, there was uncertainty about their performance sensitivity to their configurable 

parameters. The problem of having tunable parameters is that they affect the DL 
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performance after training, but they are required to be defined before the start of the 

training. This is a major challenge in DL training algorithms. Many algorithms try to deploy 

adaptable training parameters to reduce the need of the fine tuning process, however usually 

they end in defining higher level hyper parameters that can be also fine-tuned. The need of 

training algorithms that are insensitive to the tuning parameters and are able to achieve high 

performance with generic parameters values is very important. The availability of such 

algorithms will enable commercial and scientific users of DL to reduce the training time as 

several training trials to achieve acceptable fine-tuned training parameters will not be 

required. This paper investigates the sensitivity of the generalization performance against 

the tuning parameters for REKF and RSVSF. 

3.2 Literature review  

In Deep-Learning, there are different training optimization methods that minimize the 

network error on a given training dataset. A major group of these methods are gradient-

based methods. Gradient provides guided optimization, direction, and magnitude wise. It 

also is relatively fast, and can be calculated in parallel. However, there are other methods 

that are not based on gradient; instead, they use Random guess, Genetic algorithm, or Rprop 

algorithm. Another family of optimization methods utilize the estimation theory as shown 

in [7]. In this section, first a review of the architecture of a simple feedforward DL network 

is presented, followed by a brief literature review on training algorithms with a focus on 

REKF and RSVSF.   
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3.2.1 Deep Neural Networks  

One of the simplest DL networks is the Deep Neural Networks (DNNôs). DNNôs are simply 

Feedforward Neural Networks (FNN) with more than one hidden layer. In DNNôs the 

layers are fully connected. Meaning all the nodes in a given layer are connected to all nodes 

in the next layer. For simplicity a one hidden layer FNN is shown in Figure 3-1. The output 

of each node is described in Equation (3-1), where • is the activation function, ύȟ  is the 

weight connecting ὲέὨὩ ὲȟὮ  to ὲέὨὩ ὲ ρȟὭ, ὲ is the layer number, and ὦ  is the 

bias (offset) for ὲέὨὩ ὲ ρȟὭ. In neural networks there are several types of activation 

functions ïlinear and nonlinear -. As an example, the most common used function is the 

sigmoid function which is described in Equation (3-2). Feedforward networks take their 

name from how the output is calculated from the input. The input is first connected to the 

input layer and then each node in the subsequent layers uses Equation (3-1) to calculate its 

output. To evaluate the performance of the neural network, a loss/cost function is used. One 

of the simplest loss functions is the Mean Square Error (MSE), which is described in 

Equation (3-3). 

 ὔέὨὩ  ὼ  • ύȟὼ ὦ  (3-1) 

•ᾀ  
ρ

ρ Ὡ
   (3-2) 

Ὁὶὶέὶ ὓὛὉ  
ρ

ὲ
ὲὩὸύέὶὯ έόὸὴόὸὸὥὶὫὩὸ (3-3) 
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Figure 3-1 One hidden layer Feedfoward Neural Network 

 

3.2.2 DL training algorithms  

There are many DL training algorithms, a survey is presented in [7, 8].  One way of 

categorizing them is to break them into families. In Figure 3-2 the three main families are 

shown. The most common family is the gradient-based family. The reason that they are 

common is that they are relatively fast and simple compared to others. However the recent 

advances in the estimation based family, specially REKF and RSVSF in [7] outperform the 

state-of-the-art of the gradient based family in all performance measures including success 

rates and training time.  Following is an overview on REKF and RSVS. 
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Figure 3-2 different training algorithms families [7-13] 

 

3.2.2.1 REKF  

Reduced-EKF (REKF) is the a simplified version of EKF that is defined in [7] to enable an 

estimation-based method to compete with  the state-of-the-art methods represented by 

Adam method [14] due to its simplicity and high performance. In [7] it was shown that 

REKF outperformed Adam with using less memory and converged faster and also achieved 

better generalization performance on MNIST dataset.  

The simplifications that REKF used compared with EKF can be summarized in: 

1- Applying Mini-batch on EKF 

2- Using a scalar output for the EKF non-linear system 

3- Using Fully-Decoupled-EKF version of EKF (FDEKF)  [15] 

4- Using shared scalar values for tuning parameters such as ὗ ȟὙ . 
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These modifications significantly reduced the memory and computational requirements for 

EKF and allowed it to outperform its original form when the training time is taken into 

consideration instead of epochs. These improvements become more significant with larger 

size networks, where the original form is not feasible with the current available hardware. 

The steps of the algorithm are explained in Table 3-I. 

Table 3-I REKF algorithm 

Algorithm 1: REKF, this algorithm reduces EKF to a more memory and 

calculation efficient algorithm to be used for optimizing DL networks 

Require: ▲ȟ► ○╪■◊▄▼ 

Require: ▬ initial values 

╟ᴺ 

▬
ể
▬

 initialize ╟ matrix as a vector filled with ▬ initial value. 

While ▓ ▪◊□╫▄► ▫█ ▄▬▫╬▐▼ 

▓ᴺ▓  
# calculate the network loss  

■▫▼▼╜╢╔◄╪►▌▄◄ȟ▪▄◄◌▫►▓ ▫◊◄▬◊◄ 
# the system target is to achieve zero loss, hence the system 

error is 

◐▓ ■▫▼▼ ▼◐▼◄▄□ ◄╪►▌▄◄▼◐▼◄▄□ ▫◊◄▬◊◄ 

▌▓  Ᵽ■▫▼▼Ᵽ▓  

╟▓ȿ▓ ╟▓ ȿ▓ ἅ ▲ 

#perform the update step  

▼▓ ▌▓╟▓ȿ▓ ▌▓
╣ἅ ► 

╚▓ ╟▓ȿ▓ ▌▓
╣Ṩ▼▓ 

Ᵽ▓  Ᵽ▓  ╚▓◐▓ 
╟▓ȿ▓ ╘ ╚▓▌▓╟▓ȿ▓  

End while 

Retun Ᵽ▓ 
 

3.2.2.2 RSVSF  

Similar to REKF, Reduced-SVSF (RSVSF) is the a simplified version of SVSF that is 

defined in [7] to enable the original SVSF to compete REKF and Adam. In [7] it was shown 
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that RSVSF outperformed Adam and competed with REKF while using less memory than 

both of them and converged relatively fast and also achieved better generalization 

performance on MNIST benchmark problem.  

The simplifications that RSVSF used are very similar to REKF and can be summarized in: 

1- Applying Mini-batch on SVSF 

2- Using a scalar output for the SVSF non-linear system 

3- Using shared scalar values for tuning parameters such as ‎ȟ‪ . 

4- Introducing a new parameter as a learning rate – that can substitute the effect of 

‎ without requiring the extra forward calculation which results in around one third 

reduction in calculation time while sustaining the same performance.  

These modifications significantly reduced the memory and computational requirements for 

SVSF and allowed it to outperform its original form when the training time is taken into 

consideration instead of epochs. Similar to REKF, These RSVSF improvements become 

more significant with larger size networks, where the original form is not feasible using the 

current available hardware. RSVSF steps of the algorithm are explained in Table 3-II . 

Table 3-II  RSVSF algorithm 

Algorithm 2: RSVSF, this algorithm reduces SVSF to a more memory and 

calculation efficient algorithm to be used for optimizing DL networks 

Require: ♬ȟⱶȟⱢ ○╪■◊▄▼ 

While ▓ ▪◊□╫▄► ▫█ ▄▬▫╬▐▼ 

▓ᴺ▓  
# calculate the network loss 

■▫▼▼╜╢╔◄╪►▌▄◄ȟ▪▄◄◌▫►▓ ▫◊◄▬◊◄ 
# the system target is to achieve zero loss, hence the system 

error is 

◐▓ ■▫▼▼ ▼◐▼◄▄□ ◄╪►▌▄◄▼◐▼◄▄□ ▫◊◄▬◊◄ 

▌▓  Ᵽ■▫▼▼Ᵽ▓  
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╗▓  
▌▓
◄

В ▌▓░
▪
░

 

╚▓ ╗▓Ɫ◐▓ȿ▓  ♬ ◐▓ ȿ▓ ▼ʐ╪◄
◐▓ȿ▓

ⱶ
 

#perform the update step  

Ᵽ▓  Ᵽ▓  ╚▓ 
End while 

Retun Ᵽ▓ 
 

 

3.3 Paper Contributions 

In this paper the following is presented: 

1- A sensitivity test on REKF and RSVSF that shows their robustness against the 

values of their configuration parameters (section 3.4) 

2- The introduction of the Multi-Filter versions of REKF and RSVSF (section 3.5) 

3- A comparison study between the REKF and RSVSF and their Multi-Filter versions, 

REKF_MF and RSVSF_MF (section 3.6) 

3.4 Sensitivity analysis of REKF and RSVSF 

In this section the results of the sensitivity analysis of REKF and RSVSF is presented. The 

sensitivity analysis used the hand-written digits database MNIST as a benchmark problem 

for performance evaluation.  

3.4.1 Sensitivity analysis design 

The used architecture in this test is a vanilla DNN that used two hidden layers with the size 

of 512 with Rectified Linear Units (ReLUôs) as the activation function. The output layer 

used a softmax activation function. The architecture of the network is shown in Figure 3-3. 
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Figure 3-3 The used DNN for the sensitivity test 

To test a large space of configuration parameters, each test is using a unique combination 

of the configuration parameters. Adam algorithm [14] was used also to compare its result 

with all the REKF and RSVSF combinations. All the combinations of the configuration 

parameters for all the training algorithms are summarized in Table 3-III . 

Table 3-III  Configuration parameters for all the optimizers in the sensitivity analysis 

Parameter name Starting value Ending value Step size 

REKF  

ή 1E-4 1E5 100 

ὶ 1E-7 1E5 100 

ὴ 1E-4 1E2 100 

  
Total Number of 
combinations: 

216 
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RSVSF 

‪ 1E-7 1E2 100 

‎ 0 0.99 0.2 

– 1 1.99 0.2 

  
Total Number of 
combinations: 

102 

Adam  

 used the default values in [14] – πȢππρȟ ‍ πȢωȟ‍ πȢωωωȟὥὲὨ ‭ ρπ  

 

It is worth noting that the total number of combinations in RSVSF is 102 compared with 

216 in the REKF case. The reason for that is the definition of – and ‎ in [7, 16], where 

‎ – ς. So the tested combinations are the ones that satisfy this RSVSF stability 

condition.  

3.4.2 REKF and RSVSF sensitivity analysis results  

In [7], it was shown that REKF and RSVSF outperformed Adam as a representative training 

algorithm of the state-of the-art adaptable training algorithms while using less memory. 

This result is confirmed here. Table 3-IV shows that both REKF and RSVSF outperformed 

Adam training algorithm. It is important to highlight that Adam simulation was run 10 

times with random initialization and the best run is selected for the comparison. RSVSF 

recorded 20.77% less error rate than Adam which is a significant error reduction.  

Table 3-IV Best validation success rate for Adam, REKF, and RSVSF 

Optimizer name Adam REKF RSVSF 
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Best validation 

success rate  
98.17% 98.48% 98.55% 

 

In every training epoch, the validation performance is recorded for the three optimizers as 

a performance measure. Two key performance measures are investigated in this paper: 

1- best validation performance in all training epochs, 

2- transient validation performance after few epochs. 

3.4.2.1 Best validation success rate for REKF and RSVSF 

Figures 3-4 and 3-5 show the first performance measure, the best validation performance 

in all training epochs, for REKF and RSVSF respectively. The color represents the success 

rate result. In Figure 3-4 on ὼȟώ  axes show the different values of the configurable REKF 

parameters ὴȟή, while ᾀ axis shows the values of the configurable parameter ὶ. In 

Figure 3-5, the results of RSVSF are shown with only the difference that the axes represent 

the RSVSF configuration parameters ‪ȟ‎ȟ–. From the color bar it can be seen that all 

variations converged for both REKF and RSVSF at least 86% and 93% of success rate, 

respectively. This result proves the stability of REKF and RSVSF with any given initial 

values. To better visualize the best success rate variation across the different parameters, a 

color rescaling is applied and is presented in Figures 3-6 and 3-7 where any success rate 

below 97% is grayed out. These Figures show two very important results (1) that both filters 

are able to achieve high success rate no matter what are the initial configuration parameters, 

(2) the main factor in tuning RSVSF is ‪  and the ratio  in the case of REKF which 

forms the green plane.  
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Table 3-V Best validation success rate for both REKF and RSVSF 

 
REKF RSVSF 

Full 

range of 

success 

rate 

(the 

color 

represent

s the 

success 

rate 

result) 

 

Figure 3-4 REKF best validation 

success rate 

 

Figure 3-5 RSVSF best validation 

success rate 

Rescaled 

color bar 

 

Figure 3-6 REKF best validation 

success rate (color rescaled) 

 

Figure 3-7 RSVSF best validation 

success rate (color rescaled) 

 

3.4.2.2 Transient validation success rate for REKF and RSVSF 

In order to measure the transient performance of REKF and RSVSF, their validation 

success rate is traced against time for the whole approximately 500 seconds of the training 



Ph.D Thesis - Mahmoud Ismail McMaster University ï Mechanical Engineering. 

 

97 

 

process. In Figures 3-8 and 3-9 it can be seen that from the time from the seconds 20 to 25 

is a good representative of the transient performance.  

 

Figure 3-8 REKF validation success rate with 

time 

 

Figure 3-9 RSVSF validation success rate 

with time 

To relate the transient performance to the configuration parameters Figures 3-10 to 3-15 

are generated. Figures 3-10 and 3-11 show that the transient performance is still exceptional 

for any given configuration parameters. Only two trials in REKF ï the blue circles- where 

the training was very slow.  RSVSF on the other hand performed well under all 

configuration parameters trials. Figure 3-10 confirms the best success rate chart in the last 

section and proves that any combination on ήȟὶȟὴallows REKF to achieve good transient 

performance except for very small  value. Figure 3-11 shows that the primary tuning 

factor in RSVSF is ‪ . By rescaling the colors of these charts more insights can be seen 

in Figures 3-12 and 3-13. In REKF case the result confirms that any configuration 

parameter values are good for transient performance, only very high ή value is less 

performing that the others. The reason for that is the numerical difficulty it introduces in 

the calculations so the optimizer takes more time per one epoch compared to the other 
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REKF configuration values. Therefore testing from 22 second to 25 is comparing between 

different epoch cycles. By unifying the epoch range in Figure 3-14, it can be seen even high 

ήvalues match the rest of values in terms of performance. Similar behavior can be seen 

in RSVSF. In [7] it was proposed that – can substitute the effect of  ‎ and shorten the 

calculation time by eliminating one forward cycle time. This shortening in time is 

confirmed in Figure 3-13 where at zero ‎ RSVSF converges very fast. While the 

substitution effect can be seen when same epochs are compared in Figure 3-15 as diagonal 

terms (constant – ‎ ) achieve similar performance.  

Table 3-VI Transient validation success rate for both REKF and RSVSF 

 
REKF RSVSF 

Full 

range of 

success 

rate 

(the 

color 

represent

s the 

success 

rate 

result) 

 

Figure 3-10 REKF transient validation 

success rate (time based) 

 

Figure 3-11 RSVSF transient validation 

success rate (time based) 
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Rescaled 

color bar 

 

Figure 3-12 REKF transient validation 

success rate (time based and color 

rescaled) 

 

Figure 3-13 RSVSF transient validation 

success rate (time based and color 

rescaled) 

Rescaled 

color bar 

and 

Epoch 

based  

 

Figure 3-14 REKF transient validation 

success rate (epoch based) 

 

Figure 3-15 RSVSF transient validation 

success rate (epoch based) 

3.4.2.3 Sensitivity results summary  

In this section the results can be summarized in the following: 

1- REKF and RSVSF are stable and convergent no matter what are the initial 

configuration parameters.  

2- RSVSF achieves higher success rate than REKF and Adam.  
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3- The main tunable parameters are ‪  in RSVSF and ὶ in REKF however if both 

are not extremely high, great transient and global performance is achievable with 

any value. 

4- In RSVSF it is recommended to use high – value and zero ‎ to achieve high 

performance in short time.  

3.5 REKF and RSVSF Multi -Filter versions 

In this section, the Multi-Filter version of REKF and RSVSF are introduced. They are 

named REKF_MF and RSVSF_MF. In both REKF and RSVSF implementations on Deep 

Learning networks, the authors in [7] deployed one filter for the whole network. While this 

implementation has advantages as that the filter looks at all network weights before 

modifying them which produces stability, a question remained unanswered. This question 

was how implementing Multi-Filter, one per layer can affect the performance of the DNN 

training process. The hypothesis is that it might produce aggressive changes of weights per 

layer so it might be faster but that also might lead to instabilities and divergent results. In 

this section the answer to this question is investigated as well as their results for the same 

above mentioned sensitivity analysis are presented to compare the results with REKF and 

RSVSF.     

3.5.1 REKF_M F 

First is REKF_MF. This training is exactly similar to REKF except in that there is a 

different filter for each layer. The algorithm of REKF_MF is described in Table 3-VII . In 

the algorithm the parameters updates are done per layer ░. This affects the filter behavior 
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as the innovation ▼, the gain ╚ , and error covariance matrix ╟  are calculated based 

on the error gradient of only one layer. This change would allow REKF_MF to be more 

aggressive in changing the weights of the network but it can also cause instability as the 

changes per layer are done independent of the changes in other layers.  

Table 3-VII  REKF_MF algorithm 

Algorithm 3: REKF_MF, this proposed algorithm deploys REKF filter per 

each layer 

Require: ▲ȟ► ○╪■◊▄▼ 

Require: ▬ initial values 

╟ȟȟȢȢȟ▪ᴺ 

▬
ể
▬

 Initialize ╟ȟȟȢȢȟ▪ vectors filled with ▬ initial value. 

where ▪ is the number of layers  

While ▓ ▪◊□╫▄► ▫█ ▄▬▫╬▐▼ 

▓ᴺ▓  
# calculate the network loss  

■▫▼▼╜╢╔◄╪►▌▄◄ȟ▪▄◄◌▫►▓ ▫◊◄▬◊◄ 
# the system target is to achieve zero loss, hence the system 

error is 

◐▓ ■▫▼▼ ▼◐▼◄▄□ ◄╪►▌▄◄▼◐▼◄▄□ ▫◊◄▬◊◄ 

▌▓  Ᵽ■▫▼▼Ᵽ▓  

█▫► ░ ȡ▪  ▀▫ 
Ᵽ░ȟ▓ Ṓ Ᵽ▓  

 ◌▐▄►▄ Ᵽ░ȟ▓  ╪►▄ ◄▐▄ ▬╪►╪□▄◄▄►▼ ▫█ ■╪◐▄►▼ ░ 

▌░ȟ▓Ṓ ▌▓ 
 ◌▐▄►▄ ▌░ȟ▓ ╪►▄ ◄▐▄ ▌►╪▀░▄▪◄▼ ▫█ ■╪◐▄►▼ ░ 
╟░ȟ▓ȿ▓ ╟░ȟ▓ ȿ▓ ἅ ▲ 

#perform the update step 

▼░ȟ▓ ▌░ȟ▓╟░ȟ▓ȿ▓ ▌░ȟ▓
╣ἅ ► 

╚░ȟ▓ ╟░ȟ▓ȿ▓ ▌░ȟ▓
╣ Ṩ▼░ȟ▓ 

Ᵽ░ȟ▓  Ᵽ░ȟ▓  ╚▓◐▓ 

╟░ȟ▓ȿ▓ ╘ ╚░ȟ▓▌░ȟ▓╟░ȟ▓ȿ▓  

▄▪▀ █▫► 
End while 

Retun Ᵽ▓ 
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3.5.2 RSVSF_MF 

The second proposed algorithm in this paper is RSVSF_MF. Similar to REKF_MF, 

RSVSF_MF is a modification of RSVSF, where there is a different filter for each layer. 

Table 3-VIII  presents the proposed algorithm. The parameters in the algorithm are updated 

per layer ░. The effect is similar to REKF_MF as the gain ὑȟ  is dependent on the error 

gradient of only one layer. This change would allow RSVSF_MF to be more aggressive in 

changing the weights of the network but it can also cause instability as the weight updates 

per layer are done independent of the updates in other layers.  

Table 3-VIII  RSVSF_MF algorithm 

Algorithm 4: RSVSF_MF, this proposed algorithm deploys RSVSF filter 

per each layer 

Require: ♬ȟⱶȟⱢ ○╪■◊▄▼ 

While ▓ ▪◊□╫▄► ▫█ ▄▬▫╬▐▼ 

▓ᴺ▓  
# calculate the network loss  

■▫▼▼╜╢╔◄╪►▌▄◄ȟ▪▄◄◌▫►▓ ▫◊◄▬◊◄ 
# the system target is to achieve zero loss, hence the system 

error is 

◐▓ ■▫▼▼ ▼◐▼◄▄□ ◄╪►▌▄◄▼◐▼◄▄□ ▫◊◄▬◊◄ 

▌▓  Ᵽ■▫▼▼Ᵽ▓  

█▫► ░ ȡ▪  ▀▫ 
Ᵽ░ȟ▓ Ṓ Ᵽ▓  

 ◌▐▄►▄ Ᵽ░ȟ▓  ╪►▄ ◄▐▄ ▬╪►╪□▄◄▄►▼ ▫█ ■╪◐▄►▼ ░ 

▌░ȟ▓Ṓ ▌▓ 
 ◌▐▄►▄ ▌░ȟ▓ ╪►▄ ◄▐▄ ▌►╪▀░▄▪◄▼ ▫█ ■╪◐▄►▼ ░ 

╗░ȟ▓  
▌░ȟ▓
◄

В ▌░ȟ▓▒
□
▒

 

╚░ȟ▓ ╗░ȟ▓Ɫ◐▓ȿ▓  ♬ ◐▓ ȿ▓ ▼ʐ╪◄
◐▓ȿ▓

ⱶ
 

#perform the update step 

Ᵽ░ȟ▓  Ᵽ░ȟ▓  ╚░ȟ▓ 

▄▪▀ █▫► 
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End while 

Retun Ᵽ▓ 
 

 

3.6 Comparison Multi-Filter versions and the original forms of REKF and 

RSVSF 

In this section the same testing procedure that was used in section 3.4 is used to have a 

direct comparison between REKF, RSVSF and their Multi-Filter versions.  

3.6.1 Best validation success rate for REKF_MF and RSVSF_MF 

This study is similar to the one in section 3.4.2.1. Here the Multi-Filter version results only 

is presented as the original forms results was shown previously. A quick comparison 

between the Figures in this section and the Figures in section 3.4.2.1 shows superiority for 

the original forms of REKF and RSVSF. The Multi -Filter version of the algorithms 

diverges in the most of the cases. The algorithms converge only with a specific ratio  

for the REKF_MF and with a high value of ‪  for RSVSF_MF as shown in Figures 3-16 

and 3-17 respectively. When the scale colors are focused on the higher success rate, the 

effect of the   ratio becomes more visible as it creates a plane of convergence in 

Figure 3-18. Similarly in Figure 3-19, the colors become more descriptive of the 

performance across different  ‎ȟ– values for the high ‪  value. For a better angle, 

Figure 3-20  shows the same chart from another angle. It shows a colorful representation 

to the theory introduced in [7] that  – can substitute the effect of  ‎ while shortening 

the training time. In other words, for the same ‪  value, the performance is dictated by 
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 ‎ – value. Constant  ‎ – values are the diagonal lines in Figure 3-20, and from the 

color scale they have similar performance levels. 

Table 3-IX Best validation success rate for Multi-Filter version 

 
REKF_MF RSVSF_MF 

Full 

range of 

success 

rate 

(the 

color 

represent

s the 

success 

rate 

result) 

 

Figure 3-16 REKF_MF best validation 

success rate 

 

Figure 3-17 RSVSF_MF best validation 

success rate 

Rescaled 

color bar 

 

Figure 3-18 REKF_MF best validation 

success rate (color rescaled) 

 

Figure 3-19 RSVSF_MF best validation 

success rate (color rescaled) 
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Figure 3-20 the opposite angle of Figure 3-19  

 

3.6.2 Transient validation success rate for REKF_MF and RSVSF_MF 

Similar to section 3.4.2.2, the transient results of the Multi-Filter versions are presented. 

Figures 3-21 and 3-22 show that the transient performance can still be measured from 20 

to 25 seconds. This allows comparing the results with the original forms result in 

section 3.4.2.2. In the same Figures also it is easy to spot one main difference between the 

original forms and the Multi-version forms. This difference is that some Multi-filter trials 

were unstable and diverged in the very beginning of the training.  
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Figure 3-21 REKF_MF validation success rate 

with time 

 

Figure 3-22 RSVSF_MF validation success 

rate with time 

 

Figures 3-23 to 3-28 show the transient performance of the Multi-Filter version of the 

algorithms. Figures 3-23 and 3-24 show that only few variations converged, and theyôre in-

line with the best validation success rate results. Figures 3-25 and 3-27 show that weather 

time or epoch based, the transient performance is similar across the  ratio converging 

plane. Figure 3-26 shows the advantage of using – to increase the performance of the 

RSVSF_MF optimizer instead of  ‎ as this reduces the required extra forward calculation 

for the a posteriori error. Figure 3-28 shows the transient performance equivalence for all 

the variations that have the same  ‎ – value. These variations are the diagonal 

optimizers and it can be seen that they have the same colors which means the same 

performance.  

Table 3-X Transient validation success rate for both REKF_MF and RSVSF_MF 

 
REKF_MF RSVSF_MF 






























































































































































































