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is listed as being mildly hygroscopic. In the future, we might chose to place
the crystals inside of an oven, especially since the summers can be particularly
humid.

We conclude by reiterating that at the time our cavities were built there
were no commercially available sources of UV light at the wavelengths we
required for our experiment. As a solution, we built one of the first fibre-based
UV lasers. At the same time, Friedenauer et al. [38] had also built their
own fibre-based laser to address magnesium ions. While our overall efficiency
(from the IR to the UV) was lower than theirs, our LBO doubling stage out-
performed theirs on a per-crystal-length basis.

As mentioned previously, it is possible to build a dye-laser based UV source
and in fact we did frequency double our dye laser for photoionization. The
advantages of a fibre based system are stability (both power and frequency), a
narrow linewidth, and ease of use. More recently, Toptica Inc. has produced
a diode-based laser system operating at 280 nm. Their system consists of a
grating-stabilized diode laser followed by a semiconductor amplifier. The out-
put from the diode laser is first amplified and then sent through two doubling
stages. Their specified output at 280 nm is up to 100 mW. For their dou-
bling stages, they also use a four mirror ring cavity although their resonator is
manufactured from a solid metal block which provides better stability against

vibrations and acoustic noise.
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Table 4.4: LBO Cavities: Typical Optimized Performance

Probe LBO Cavity Cycler LBO Cavity

Total Input Power (W)

ASE (W)

Input Coupling (%)
Harmonic Output (mW)
Single-Pass Conversion (W 1)
Overall Conversion (W 1)

1.33 1.60
0.386 0.166
85 —90 85 — 90
170 360
1.06 x 1074 0.97 x 1074
0.264 0.242

Table 4.5: BBO Cavities: Typical Optimized Performance

Probe BBO Cavity Cycler BBO Cavity

Total Input Power (mW)
Input Coupling (%)
Harmonic Output (mW)
Single-Pass Conversion (W™1)
Overall Conversion (W™1)

170 360
90 — 95 90 — 95
0.8 9
1.36 x 1075 3.43 x 107°
0.0342 0.0857
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Chapter 5

Spectroscopy of Mgt

5.1 Overview

The energy-level structure of an atom results from the interaction between
the electron and an internal or external field. In the case of hydrogen, the
structure is exactly solvable [39]; however, calculations of the energy structure
for complex atoms are challenging because of the interactions between the
electrons of many-electron systems.

In Section (2.1) we discussed the difficulties inherent in calculating the
energy structure resulting from electron correlation. Recall that, in order to
solve the Schriodinger equation, we need to appeal to approximation methods
such as the Configuration Interaction method and the Coupled Cluster Theory

method. In particular, the Coupled Cluster Theory method is considered one
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of the foremost accurate theoretical models, although even it is still only an
approximation. By measuring spectroscopic quantities such as the hyperfine
a constant (see Section (5.2)), we provide experimental values that theorists
can use as benchmarks to compare against ab initio calculations of hyperfine
constants.

Previously, we considered the gross structure of an atom and treated the
nucleus as a charged point source [39] [87] [88]. Successive interactions of
smaller magnitude can be treated as perturbations which shift the energy
levels. Here, we will consider the magnetic dipole interaction and the electric
quadrupole interaction in order to provide a theoretical background for the
measurement of the hyperfine a constant in Chapter 6.

The magnetic dipole interaction is between the nuclear magnetic moment
and a magnetic field. The magnetic field arising from the orbiting electrons
results in hyperfine structure, and an external field results in further Zeeman
splitting of the levels. The case of zero external field will be considered first
and then we will consider how external fields further shift the energy levels.

The next-highest-order perturbation is the electric quadrupole interaction,
resulting from the electrostatic interaction between orbiting electrons and the
nucleus when the nucleus is no longer treated as a point source. We will
include the effects of the electric quadrupole interaction in the discussion for

completeness. However, in the case of J = 3 this interaction vanishes [39] and
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so the 2P% level, whose hyperfine splitting was measured, experiences no shift
due to the quadrupole interaction.

Ideally, we would like to measure the energy separation between the excited
state hyperfine manifolds by driving transitions with the Probe laser from
the ground state to specific states within the hyperfine manifolds, since this
directly gives us the hyperfine a constant. Unfortunately, the situation is
more complicated. Zeeman splitting of the mp sublevels (see Section (5.3))
adds nearly degenerate levels that can be also driven by the Probe laser and so
we need to consider population dynamics (Section (5.6)) in order to quantify

this effect on the linewidth and hyperfine a constant measurements.

5.2 Interaction of the Nucleus with Atomic

Fields

An atom with nonzero nuclear spin I has a magnetic moment that interacts
with the magnetic field generated by the angular momentum of the orbiting
electrons and with any external magnetic fields. As pointed out above, this
gives rise to hyperfine structure. The total angular momentum is the sum of

the electronic angular momentum and the nuclear spin:

F=J+T (5.1)
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and the allowed values are {I + J,I +J — 1,1+ J —2,...,|I — J|}. The

Hamiltonian describing the magnetic dipole interaction is given by [88]:

where £i7 is the nuclear magnetic moment, Bj is the magnetic field due to the
electrons, and B, is the external magnetic field. We can also re-express the
nuclear magnetic moment in terms of the nuclear spin. Explicitly, we have

(88]:

@ = #f (5.3)
= ’)/[hf (54)
= grunl (5.5)

where vy and g7 are gyromagnetic ratio and nuclear g-factor and are analogous
to their electronic counterparts [88]. In the absence of an applied magnetic
field the second term in the Hamiltonian (Equation (5.2)) vanishes leaving
only the field due to the electronic structure. The field due to the electronic
structure results in hyperfine splitting.

By rewriting Equation (5.2) in terms of the electronic angular momentum,

-

J, and assuming no external field we obtain an equation for the Hamiltonian
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of the form [88]:

prByy =
= _HLZJF .
H 777 J (5.6)
= hal-J (5.7)
where ha = —£.21 The hyperfine A constant is defined as [88]:
A=ha (5.8)

although it is often quoted in frequency units. We will more accurately quote
the a constant. The important point is that the hyperfine a constant is pro-
portional to the magnetic field produced by the orbiting electrons, and is
proportional to (;ta') where r; is the distance of the i** electron from the nu-
cleus. The radial wavefunctions for the hydrogen atom are exactly solvable;
however, the radial wavefunctions for complex atoms are not. By measuring
the hyperfine a constant, we provide a benchmark value that can be used to
compare different theoretical approaches to solving the radial wavefunctions.

The Hamiltonian of Equation (5.7) is now diagonal in the (F,mp) basis.

This becomes more apparent when we evaluate the product of the total angular

momentum with itself:

http : / /start.stage. mandriva.com/en/EF? = I? + J? + 21 - J. (5.9)
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By isolating I - J from Equation (5.9) and substituting it into equation (5.7)

we obtain:

Hzé[iﬂ—ﬁ—ﬁ]. (5.10)

In calculating the energy eigenvalues we need only note that the angular mo-

mentum vectors are actually operators and we obtain [88]:
A
E:5[F(F+1)—I(I+1)—J(J+1)]. (5.11)

Physically, the orbital electrons generate a magnetic field with which the nu-
cleus interacts analogous to the way the electronic spin interacts with the
orbital angular momentum. In the latter case, the result is fine structure split-
ting, whereas in the former case, the interaction results in hyperfine splitting.

Thus far we have ignored the effect of an external magnetic field. The
interaction between the nuclear magnetic moment and an externally applied
magnetic field lifts the degeneracy of the mp sublevels. In the following section

Equation (5.2) will be revisted assuming a non-zero external field.

5.3 Atoms in External Fields

If we now include the effect of an external magnetic field we need add to
our Hamiltonian terms involving both the nuclear magnetic moment and the

electronic magnetic moment. The Hamiltonian is now [88]:
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H = AIl-J—j;-Bo—4uy- By (5.12)
= Al J-HT.5,-EJ B (5.13)

I J
= Af j—g[/J,Nf- go—gJqu-éo (5.14)

where gy is the electronic g-factor, p; is the electronic magnetic moment and
By is an externally applied magnetic field. Inv the last line we have expressed
the Hamiltonian in terms of the nuclear and electronic g-factors and the nuclear
and Bohr magnetons.

The Hamiltonian of Equation (5.14) is not diagonal in any single angular-
momentum basis for all nonzero magnetic fields. Since no particular choice of
common basis simplifies the calculation, we proceed by choosing an arbitrary
basis and solving the equation. This was done by Laura Toppozini in her
Master’s thesis [89]. In the following sections we will look at how the energy
is shifted in different limits, where a single angular-momentum basis does
simplify the calculation.

In the weak-field limit the Zeeman effect is observed. The external magnetic
field is small relative to the internal magnetic field, B; and so the I J term
dominates. In this case it is more sensible to work in the (F, mpg) basis, whereas

in the strong field limit the J-B, and the I B, terms dominate and the (mp,my)
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basis becomes the preferred basis. This gives us the Paschen-Bach regime. The
intermediate regime becomes more complicated, but is easily calculable using

a computer.

5.3.1 Weak-Field Limit

Before discussing the weak-field limit it is helpful to estimate the magnitude
of the electronic magnetic field. For a hydrogenic atom the order of magnitude
of the field can be estimated by [39]:

~ Ho 21z
4r (%)3

Ba (5.15)

where B, is the field at the nucleus due to the orbiting electrons, pug is the
permeability of free space, Z is the atomic number, pp is the Bohr magneton,
and ag is the Bohr radius. We may also write the field at the orbiting electrons

due to the nucleus as:

Ho ZUN
nue ~ T . 1
B ym (%)3 (5.16)

Here, pn is the nuclear magnetic moment. Thus, the electronic dipole magnetic
field at the nucleus is on the order of 10° T. Since up = 1836uy, due to the
mass difference between a proton and an electron, the nuclear dipole magnetic
field at the orbiting electrons is % ~ 55 T.

The hyperfine splitting results from a dipole-dipole interaction between the
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nuclear and the electronic magnetic moment. In writing the interaction energy
(ie. - E) we note that the interaction energy for the hyperfine splitting can
be equivalently be written as punBe or ppBnpu.. The difference in magnetic
moments is cancelled out by the difference in field strengths; however, the nu-
clear and electronic magnetic moment also interact with any externally applied
magnetic field. For all of the experiments discussed in this thesis, the exter-
nally applied field was kept below below 0.6 mT (6 G). Thus, the experiments
discussed in this thesis were all performed in the weak-field limit.

Of course, the actual calculation of By is not as straight forward as Equa-
tion (5.16) since it actually involves calculations of (;%) for the particular
multi-electron atom in question [39] and so equation (5.16) serves as an order
of magnitude estimate.

If the external field is sufficiently weak then we know that I and J are
strongly coupled to one another. The total angular momentum is given by
F = I'+ J and so in a vector-model picture, as shown in Figure (5.1), the
projection of F onto B, is well-defined whereas I and .J precess about F. This
implies that one should work in the (F,mg) basis.

Rewriting Equation (5.14) we have [88]:

.- I-F)(F- B J-F)(F. B
H = Al J—QIHN( )];2 ‘QJ#B( )E 0) (5.17)
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Figure 5.1: In the vector-model picture, the projection of F onto By is well-
defined whereas I and J precess about F (for a weak external field).
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And from the total angular momentum F =TI + J we have that:

1

J-F = §[ﬁ2+ﬁ—f2] (5.18)
Lo 1 .
I'F = §[F2+I_2—J7] (5.19)

By substituting Equation (5.19) into Equation (5.17) and noting that the

angular momentum vectors are operators we obtain the shift in energy [88]:

AE=—[F(F+1)-I(I+1)- J(J +1)] — grupmr By (5.20)

0| s

where the allowed values of mp are {—F,—F +1,...., F — 1, F'} and similarly

for I and J. We have defined:

B F(F+1)+J(J+1)—I(I+1)+ puv F(F+1)+I{(I+1)— J(J+1)
9P =9 9F(F + 1) s 2F(F + 1)

(5.21)
For zero applied magnetic field the different Zeeman sublevels, denoted by
mp, are degenerate. For small applied magnetic fields, the splitting grows

linearly with field.

5.3.2 Intermediate Field

In the intermediate field, Equation (5.14) must be solved exactly to determine

the shift in energy for arbitrary magnetic field. A specific case of this calcula-
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tion relevant to the measurement of the hyperfine a constant of the 2P% is the
case where J = % An analytic form of the energy splitting can be obtained in
this case and is valid at any externally applied magnetic field [88].

If we take the externally applied magnetic to be along the z-axis then

equation (5.14) becomes [88]:

H= A(IEJE + Iny + Isz) - gI,uNIZBO - gJ,uBJzBO. (522)

As before, in a quantum mechanical formulation the angular momentum vec-
tors are actually vector operators. To evaluate the operators we make the
following definitions valid for a general angular momentum operator S =

Sy + S, + 5;

Sy = S, +1i5, (5.23)

S. o= 5 —1iS, (5.24)

S, = ér_g_‘s_‘_ (5.25)
Sy —5_

Sy, = a0 (5.26)

By substituting Equations (5.25) and (5.26) into Equation (5.22) we obtain:

A
H = ALJ, + 3 (I J- + I_J}) = guuwT-Bo — g J. Bo. (5.27)
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The matrix elements of the Hamiltonian in equation (5.27) are straightforward
to evaluate.

The form of the Hamiltonian implies a choice of (m;,m;) basis states. In
the (my, my) basis there are a total of 2J + 1 possible m; states and 27 + 1
possible m; states, giving a total of 2(J + I + 1) possible combinations of
(m7,my). The dimension of the matrix is (2(J + I + 1))2. We can instead
choose to work in the (F, mp) basis, but this choice makes the calculation of
the energy eigenvalues more tedious.

If we specifically look at J = % we obtain an interaction Hamiltonian matrix
consisting of 2 X 2 matrices. Each submatrix can be solved to obtain a general

expression for the shift in energy [88]:

A A 4mF
AE = = — =21 1 2 2
4~ 9ruvmpBo x 2( +1)\/ toreit e (5.28)

(g1 — gans) Bo
T T T ARI+) (529)

where + is used for F' = I + % and — is used for FF =1 — % When there is
no externally applied magnetic field we obtain the hyperfine splitting in the

absence of Zeeman effects.

5.3.3 Strong Field Limit

In the strong field limit I and J are no longer strongly coupled. For a sufli-

ciently intense external magnetic field Tand J strongly couple to the external
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field and so the latter two terms in equation (5.14) are dominant. In a vector
picture model of figure (5.2) Tand J rapidly precess about By with their pro-

jections onto the magnetic field being well-defined. In this case the preferred

basis is the (my,m;) basis.

+

Figure 5.2: In the presence of a strong external field, Hy, angular momenta f,
J strongly couple to the external field.

In this limit the energy is given by:
FE = hamymy — (,LLBgBmJ + ,uNgImI)HO (530)

where m; has allowed values of {—I,—I + 1,...,] — 1,1} and similarly m;
ranges from {—-J, —J+1,...,J—1,J}.
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5.4 Electric Quadrupole Interaction

The next-highest-order perturbation to the energy level of an atom is the
electric quadrupole interaction. Until now we have been treating the nucleus
of the atom as a point charge. By ignoring its spatial extent we have implicitly
taken a multipole expansion of the general expression for the electrostatic

energy and ignored higher-order effects. Explicitly we have [39] [87]:

—e? —e? rk
= P, 7 5.31
dreg|Te — v Ameg ; rktl k(cost) ( )

where the subscripts 7¢, 7, are electronic and nuclear coordinates respectively,
€o 18 the vacuum permittivity and Py are Legendre polynomials of order k.
The angle 8§ corresponds to the angle between r; and r7,.

The 0%-order term of the series in equation (5.31) is the electrostatic po-
tential for an electron a distance r, away from a point charge. The 1**-order
term is zero since the nuclear electric dipole moment is zero [39] [87]. The next
non-zero term is the quadrupole moment.

Equation (5.31) involves a single proton and a single electron: to calculate
the complete quadrupole interaction a sum over all protons and electrons needs

to be done. In terms of angular momentum operators, the Hamiltonian for the
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quadrupole interaction is given by [39]:

=

3(1-JY+3I-J—I(I+1)J(J+1)
2I(2I —1)J(2J — 1)

B — eQ<‘92Ve> (5.33)

(5.32)

where the Hyperfine B constant is a product of the nuclear quadrupole mo-
ment, Q, and the average gradient of the electric field produced by the electrons
at the nucleus, <%iz—‘§£>.

Since the quadrupole interaction is proportional to the average gradient of
the electric field, it is zero for a spherically symmetrical electron distribution
(I, J > 1), and so the 25 % and ZP% both have no quadrupole interaction since

they both have a spherically symmetric electron distribution [90]. The shift in

energy due to this interaction is given by [39] [87]:

BEK(K+1)-2I(I+1)J(J +1)
E 4 1021 —1)J(2J — 1) (5.34)
K = FFP+1)—-JJ+1)-I(I+1) (5.35)

5.5 Detailed Atomic Structure of ®Mg"

The nuclear spin of Mg* is I = 2 and so its energy levels are separated by
hyperfine splitting. The possible values of m; are m; = {—g, —%, —%, %, %, %}

The energy levels relevant to the experiment are the QS%, 2P% , and QP% lev-
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els. Both the 2S5 1 and 2P% levels lack any further splitting due to the elec-
tric quadrupole interaction. The 2P% level is more complicated since the
quadrupole moment is nonzero. A discussion of the 2P% is required since we
use this state for detection (however, only a rough estimation of the splitting
is needed).

Since all of the measurements done in the laboratory were in the low-field
limit we can approximate the shift in the energy levels using equation (5.20).
In this limit we can label the sublevels by their (F,mpg) values. Figure 5.3
shows all three levels. In the case where J = %, the total angular momentum
has allowed values F' = {2,3}. When J = 2 the total angular momentum can
be FF ={1,2,3,4}. In all cases mp = {—F,—F +1,..,F — 1, F}.

The hyperfine a constant for the 2P% level was determined by measuring
the difference in transition energies of the 2S%|F =3,mp = —3) —? P%IF’ =
3,mp = —2) and 2S%|F =3,mp = —3) —? P%|F’ = 2,mp = —2) transitions
at varying magnetic fields and extrapolating to zero-field.

To drive these transitions, we first optically pumped the ion into the (3, +3)
state using the Cycler and Repumper beams with ¢/~ -polarized light. This
was followed by a pulse from the Probe laser (using o~/*-polarized light)
which was tuned through each transition separately. The final state of the ion

was detected using the electron shelving technique discussed in Sections (2.1),

(3.6), and (6.1.5). If the ion was in the (3,+3) state we would detect many
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| e 0 F=
2P ] e e e . F=2
P —— i i . F=3
3/2 A i e
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S — P F=4
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Figure 5.3: Mg* energy-level diagram. The relevant energy levels to the
experiment are the 2S5, the 2Py, and the 2Pj3 levels. The hyperfine splitting

2 2 2
and the Zeeman sublevels have been included in the figure.
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photons when driving the cycling transition, and if the ion was in the F' = 2
manifold, we would see a reduced number of detected photons.

Ideally, if the ion was driven by the Probe laser from the (3, £3) state into
the excited state, it would only decay into the F' = 2 manifold. In actuality,
the ion can decay from the excited state into one of the other Zeeman sublevels
in the F' = 3 manifold and subsequently be driven back into the excited state,
broadening the line and pulling line centre (due to the different Zeeman shifts).
The effect of population dynamics on the spectroscopic measurements will be
discussed in the following section. However, in the data analysis, we used
techniques that mitigated the effects of line pulling, as discussed in Section

(6.2).

5.6 Population Dynamics in ®Mg™"

For the 2P% state, the only allowed values of the total angular momentum are
F =2and F = 3. In the laboratory the transition between hyperfine manifolds
of the excited state was not measured directly. Instead,the transition energies
from the ground state, 25’% (F = 3) to the excited states, ZP% (F = 2) and
2P%(F = 3), were measured separately, and the 2P% hyperfine separation was
determined from that information.

The addition of an externally applied field complicates matters since it lifts

the degeneracy between different Zeeman sublevels; however, the background
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magnetic fields at the ion are unknown and the addition of a varying externally
applied field allows us to extrapolate to the field-free line centre. A simplified

energy diagram, including only the 28 1 and ZP% levels, is shown in Figure

(5.4).
P TE——— -
1/2 i — — — - =
Energy
(not to scale) ! 5 5 5 ; !
: _: E ; .E .: i —
1/2 o S T— = : 5 F=3

me= -3 -2 -1 0 1 2 3
Figure 5.4: M g" simplified energy-levels diagram. An energy level diagram
showing the 251 level , and the 2P; level. The Probe laser is tuned to drive

2 2
the (3,—3) — (3, —2) transition or the (3, —3) — (2, —2) transition although
inadvertent population of the other ground state Zeeman sublevels can occur
by driving to the excited state by the Probe laser.

To simplify the discussion we will only consider transitions driven from
the ground to the excited state that add a unit of angular momentum (o —
polarized) but we will consider all the possible decay channels from the excited
state. We will also use the convention where excited-state quantum numbers

are primed.
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An ion starting in the (3,—3) state can be driven to either the (3',—2)
state or the (2/,—2') state with o™—polarized light. We will only describe
driving to the (3',—2') state since the physics involved in the two processes
are qualitatively similar.

From the (3, —2') state the ion can decay into either (3,-3), (3,—2),
(3,-1), (2,—2), or (2,—1). If the ion ends up in the F = 2 manifold then
it can no longer be driven by the Probe laser since the F' = 3 and F = 2
manifolds are well-separated (1.79 GHz,T" = 27 -42 MHz). An ion that decays
back into the F' = 3 manifold can continue to be driven by the Probe laser.

If the ion decays back into the (3, —3) state then nothing has changed. If
instead it falls into the (3, —2) state, it can be driven into the (3', —1") state and
subsequently decay into one of the six possible ground states: (3,—2), (3,—1),
(3,0), (2,-2), (2,—1), or (2,0). This process will continue until the ion is
either in a dark state (F' = 2), or has pumped over to the (3,3) state, which
cannot be driven by the Probe laser. Each transition going from (3,mp) —
(3, (mp +1)') is centered at a different frequency because of differences in the
g-factors for the ground and excited states. A similar process occurs when
we drive to the (2/,—2) state from the (3,—3) state except with different
probabilities for decaying from the excited state due to the different Clebsch-
Gordan coeflicients. Additionally, neither the (3,2) state nor the (3, 3) state

can be driven into the 2’ excited state with o*-polarized light.
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A rate-equation approach, neglecting coherence effects, was used to model
the population dynamics of the multi-level system. This approach is valid un-
der the assumption that the Probe laser power is not saturating the ion, which
is true for the experiments described in this thesis (see Section (6.1.3)). The
excited state was eliminated by calculating the probability of driving transi-
tions from one Zeeman sublevel to another, connected by a rapidly decaying

excited state. This results in a system of linear differential equations given by:

PE-3) = —01P(3,-3) (5.36)
P@3,—2) = —02p3,-2) +bip@a-3) (5.37)
P@-1) = —03pE,-1) + bapa_3) + c1pE,—2) (5.38)
P@30) = —a4p, o) + C2P3,-2) + diP(s,-1) (5.39)
PE, 1) = —asp, 1) + d2p,-1) + €1P3, o) (5.40)
P@a,2) = €pE, 0 T iPE 1 (5.41)
Ps,3) = fpe (5.42)

where a,, b, ¢, dn, €y, fn are the probabilities of driving in or out of a given
sub-level, p;;. Specifically, these probabilities are the product of the Clebsch-
Gordan coeflicients squared for the upwards and downwards transitions. The
aforementioned system of equations only considers the dynamics of driving

from the ground state (3, —3) to one of the excited states. What we want to
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determine is the net effect of population dynamics on our observed spectrum.
To do this, we also need to include the effect of off-resonantly driving transi-
tions. In particular, it is possible to off-resonantly drive transitions during the
probe pulse as well as the detection pulse.

The excited states of the ZP% level are separated by approximately 306 MHz.
On average, one scattering event from the ground state to the F' = 2’ manifold
occurs for every 200 scattering events from the ground state to the F' = 3’
manifold when the laser is tuned to drive transitions to the F = 3’ manifold
(and similarly if the laser is tuned to drive transitions to the F' = 2’ manifold).
To account for this, we included the probability of off-resonantly driving tran-
sitions into our model by adding it into the calculation of the probability of
driving out of a given Zeeman sublevel and into another Zeeman sublevel.

We have also thus far neglected the effect of state detection on the line-
shape. After the probe laser is turned off, the ion has some nonzero probability
of being in any of the Zeeman sublevels. We can calculate this, using the rate-
equation approach discussed above. When we turn on the Cycler laser, the
average number of photons the ion emits will be different, depending on its
final state after being probed.

We have already discussed some of the Cycler dynamics in Section (3.6)
and will expand on that now. Recall that if the ion is in the (3, —3) state,

then the ion is bright and we will detect many photons, whereas if the ion is
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in the F' = 2 manifold then the ion is in a dark state and so we see a reduction
in the number of detected photons. To determine the average number of
photons detected when the Cycler laser is turned on, we used a rate equation
approach similar to the one discussed for the Probe laser. The key difference is
that we considered transitions driven by the Cycler laser (0~ —polarized light)
for a given state distribution after probing (calculated from the Probe laser
dynamics). The full system of equations (including probe and cycler dynamics)
was solved using Maple [49] and the solution is included in Appendix (B).

The results from the Maple [49] worksheet were fit to a Lorentzian with
a quadratic background (to determine line centre) using Gnuplot [91]. The
fit to the simulated data indicated that the maximum shift in line centre is
0.41+0.02 MHz when driving to the F' = 3’ manifold, and the maximum shift
in line centre is 0.22+0.03 MHz when driving to the F' = 2/ manifold. In both
cases, the maximum shift corresponded to inputting the largest magnetic field
and the longest probe times used in the experiment, into the simulation.

The net shift in line centre can be thought of as resulting from two different
processes. The first we will call “nearly-resonant” effects. The pulling of line
centre results from populating the different Zeeman sublevels that are split by
an externally applied field. The second we will call “off-resonant” effects. The
pulling of line centre results from off-resonantly driving to the other excited

level by the Probe laser.
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The near-resonant effects pull line centre in different directions depending
on the driving laser polarization. In this discussion, we treated the Probe laser
as having ot—polarized light. During the experiment we took data with both
polarizations separately. Since the Zeeman sublevels tune symmetrically (see
Section (5.3.1)) at the magnetic fields we used, line centre is pulled in opposite
directions but with the same magnitude (for a given probe time and magnetic
field). By taking the average value of line centre for the two polarizations we
average out the near-resonant effects (see Section (6.2.3)).

The off-resonant effects pull line centre in different directions depending
on which transition is being addressed. When driving transitions from the
ground state to the F' = 3’ manifold, we off-resonantly drive transitions to
the F' = 2/ manifold. Transitions from the ground state to the F = 2’ man-
ifold are blue of those to the F = 3’ manifold and this results in line centre
being pulled to higher frequency. Similarly, line centre is pulled red when we
consider transitions from the ground state to the F' = 2’ manifold. However,
the wings of the other Lorentzian contribute less than 1% to the amplitude,
and the corresponding shift in line centre is less than 0.005% — thus, the shift

contributes negligibly to the uncertainty in the hyperfine a constant (0.16%).
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Chapter 6

Experimental Technique and

Data Analysis

A lot of preparation was required prior to measuring the hyperfine a constant
(see Section(6.2)) and the linewidth (see Section (6.3)) of the 2P% level. First,
we needed to load a single ion (see Section (6.1.1)) and minimize the micro-
motion (see Section (6.1.2)).

In addition to these steps (which we did once per day), we also needed
to determine optimal parameters and to characterize our system. We deter-
mined the power saturation parameter for the laser beams so that we could
characterize any power broadening introduced into the lineshape (see Section
(6.1.3)).

An optimal probe time was chosen (see Section (6.1.4)) to minimize line
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broadening and line pulling due to the population dynamics discussed in Sec-
tion (5.6). An optimal detection time was chosen to minimize the overlap
between dark and bright states (see Section (6.1.5)).

The frequency separation between the two molecular iodine hyperfine fea-
tures to which the laser was locked had to be measured, since we used iodine
as a frequency reference to determine the hyperfine separation (see Section
(6.1.6)). Also, for the magnesium linewidth measurement we measured the
laser linewidth and placed an upper limit on the ion temperature (both of
which are discussed in Section (6.3.1)) since the measured linewidth is a convo-
lution of the natural linewidth, the laser linewidth, and any additional Doppler
width due to the ion’s finite temperature.

We begin with a discussion of the daily steps required for our experiment,
and then continue to discuss the different methods used to characterize our

system.

6.1 Experimental Technique

6.1.1 Initial Preparation and Loading

In order to load an ion we photoionized a neutral magnesium atom through
its 1Py level (see Section (2.1)). The Photoionization beam was threaded

through trap centre and could be adjusted independently of the Cycler and
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Repumper beams using a mirror. Adjustment was not typically necessary since
successful single ion loading was not a strong function of the beam position.
The Photoionization beam was tuned approximately 500 MHz blue of the peak
count rate for the neutral beam. This was found to maximize the likelihood of
ionizing 2° M g. The laser beam was tuned to maximize the peak count rate for
the neutral beam when loading 2Mg™. This corresponded to the maximizing
the fluorescence of the iodine cell.

The Cycler and Repumper beams were combined on a 50/50 beamsplitter
and aligned to overlap the Photoionization beam using mirrors to roughly over-
lap the beams, and a lens for fine adjustment of both the Cycler and Repumper
beams, together. The lens used to adjust the beam position was mounted on a
precision mount from Thorlabs (ST1XY — D) that made possible fine adjust-
ment of the beam position along the horizontal and vertical directions. Both
the Cycler and Red Doppler beams were detuned by approximately 500 MHz
from ion resonance.

All three laser beams were left on continuously while the oven was heated to
an equilibrium temperature of 150°C, with the trap on. Once the oven equili-
brated, the combined Cycler and Repumper beam positions were scanned hori-
zontally and vertically while fluorescence was monitored on an Andor EMCCD
camera. Typical loading times varied from 30—60 seconds. For typical voltages

used in all of the experiments (Vg =~ 283 V, Qr =~ 2714 MHz, Vpc = 6 V),
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the trap frequencies are w, = 27 - 4.65 MHz, w, = 27 - 432 MHz, and
w, = 2w - 421 kHz.

Once an ion was observed, the Photoionization beam was manually blocked
with an index card and the oven was turned off to prevent any further ion
loading. The oven was allowed to cool and the Cycler and Red Doppler beams
were tuned out to 1 GHz red of ion resonance, keeping the count rate low to
minimize the likelihood of photon-assisted chemical reactions between the ion
and background gas.

The camera count rate was monitored while the oven cooled and the laser
beam position was adjusted using the coarse adjustment of the Thorlabs
(ST1XY — D) translation mount. The lens was adjusted to maximize the
camera count rate. Five minutes was suflicient to allow the oven to cool and
to visually confirm that only a single ion was loaded; however, visual con-
firmation did not guarantee that other isotopes of magnesium were not also
trapped since other isotopes would not be resonant with either laser beam. A
few different techniques were employed to look for other ions that could have
been trapped but that were not resonant with the laser beam.

By tuning the laser frequency it was possible to look for fluorescence due
to 2*Mg*. Since resonance of 2Mg*t is blue of 2Mg™, direct observation
of fluorescence due to this isotope resulted in potentially losing M g" due to

heating. Instead, the RF power driving the trap was lowered while keeping the
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DC electrode voltages fixed. At sufficiently low RF power, confinement along
the trap axis became stronger than in the radial direction and, if multiple ions
were present, hopping of the fluorescing ion was observed as it exchanged axial
position with the dark ion.

Next we reduced micromotion. Recall from Section (2.2) that micromotion
is caused by background electric fields pushing the ion away from RF null. The
micromotion was minimized along the axial and radial directions separately.
The RF power driving the trap was lowered while ion position was monitored
on the EMCCD camera. As we lowered the RF power, we reduced the trap
depth. If a background field was present, then the ion moved to a new equilib-
rium position. We would then adjust the DC voltages to compensate for ion
drift, and repeat this iteratively until the ion did not appreciably move. Since
it was not possible to observe how the ion moved in and out of the plane of the
camera, minimization of micromotion in this plane was done by monitoring
the photon count on a photomultiplier tube while the ion was pushed along
the radial direction at a fixed laser detuning, as described in Section (6.1.2).

Once micromotion along the axial direction had been minimized, a mirror
was placed in the path to the EMCCD camera to steer the ion fluorescence
onto the photomultiplier tube (PMT) so that we could count photons. The
mirror angle was adjusted to maximize the number of photons falling on the

PMT entry window by monitoring the observed count rate. The laser power
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for both beams was attenuated so that TIS' ~ 516' While monitoring the number
of photons detected, the micrometer was adjusted to maximize the overlap
between the combined laser beams and the ion.

The magnetic fields and laser polarization were also optimized at this point
using the following procedure. A pulse sequence consisting of 200 s of optical
pumping (to prepare the ion in the (3, —3) state) and 250 us of detection was
programmed into the PulseBlaster using the Experiment-control.vi LabView
interface (see Section (3.7.2)).

Both the Cycler (driving transitions out of the ¥ = 3 manifold) and the
Repumper (driving transitions out of the F' = 2 manifold) were turned on
to optically pump the ion into the (3, —3) state. During the detection pulse,
the Cycler and Detection Gate were turned on (see Section (3.7.2)). If the
magnetic field was aligned with the direction of laser propagation and the
laser polarization was circular then optical pumping drove the ion into the
cycling transition (F = 3,mp = —3 — F = 4, mr = —4). If the magnetic
field or polarization was not optimized then the ion could fall into the F' = 2
manifold, resulting in fewer photons being counted during the detection gate.

The magnetic field was controlled by three coils oriented perpendicular to
one another. Each coil was made from insulated copper wire that was wound
around a tubular form. The diameters of the coils were 0.05875 m and they

consisted of 200 turns. One of the coils was oriented with its magnetic field
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vector along the direction of propagation of the laser beam. We called this
the “Quantization Coil” since it was used to set the quantization axis. The
coil on top the vacuum chamber was called the “Vertical Coil”, while the
remaining coil was called the “Perpendicular Coil”. The purpose of the latter
two coils was to null out ambient fields. From the diameter, number of turns,
and distance from trap centre the magnetic field due to each of these coils is
Bg =~ Bp ~ 2.0141 - 107*Z and By ~ 5.683I - 10*Z where I, is the current
in the coil. The magnitude of the field due to the Vertical Coil is higher for a
given current since the coil is closer to trap centre than the other two coils.
The magnetic field and polarization could be optimized by monitoring the
photon count as well as by monitoring the photon histogram. By averag-
ing over 1000 experiments the mean count was maximized and the number
of experiments with zero counts was minimized by iteratively adjusting the
waveplates and magnetic field direction (by adjusting the current driving each
coil). This process was repeated with successively lower power (up to 20 dB
attenuation) in the Repumper beam. By lowering the power in the Repumper
beam, we reduced the probability of driving transitions out of the F = 2
manifold, which increased the sensitivity of optical pumping to imperfect po-
larization and magnetic fields. Repeating the process with successively lower
laser power allowed us to finely adjust the polarization and magnetic fields.

Typical histograms, for a detection time of 250 us, are shown in Figure (6.9).
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6.1.2 Characterizing Micromotion

Once the magnetic fields and polarization were set by following the aforemen-
tioned procedure, we minimized micromotion along the radial direction. In
Section (2.2.3) we discussed the effect of excess micromotion on the lineshape.
Recall that the ion is trapped along the radial direction by an electric field
that is rapidly oscillating at {27. If we push the ion away from where the RF
field is zero, then as the field oscillates it pulls the ion back and forth at the
RF frequency, since the ion samples the change in the electric field away from
RF null. Any background field can push the ion away from RF null, resulting
in additional micromotion. We can use the DC tube electrodes to push the
ion towards RF null to minimize this micromotion. By determining an upper
limit for the displacement from trap centre, we can subsequently determine the
associated maximum Doppler shift to put an upper limit on the contribution
to the lineshape due to excess micromotion.

To minimize micromotion along the axial direction, the tube electrodes
were adjusted while the ion position was monitored on-screen, as discussed in
Section (6.1.1). The procedure was performed at low trap frequencies, (0.092x
nominal), and it was observed, using the EMCCD camera, that the ion moved
by less than 2 pixels. This corresponds to an upper limit of 1.8 pm (see
Section (3.6)). Scaling back up to nominal trap frequencies of 421 kHz, this

displacement corresponds to an upper limit of 15 nm (since the displacement
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from trap centre is inversely proportional to the square of the trap frequency).

Minimizing micromotion along the radial direction is a bit more difficult
since we cannot see how the ion moves in and out of the plane of the camera.
To minimize micromotion along this direction, we intentionally pushed the ion
along the radial direction while monitoring the number of photons counted at
a fixed laser detuning. To push the ion along the radial direction, Individ-
ual_Trap_Control.vi (see Section (3.7.1)) was used. By inverting the voltages
on tube electrodes Naomi and Vamp, we were able to increment the voltages
so that the ion was pulled along the radial direction by Naomi and Vamp and
pushed along the radial direction by Eva and Snake (see Figure (6.1)). This
prevented inadvertent pushing of the ion along the axial direction. (Recall
that micromotion along the axial direction was minimized by following the
procedure outlined in Section (6.1.1).)

We should note here that ion movement along the radial direction (a line
connecting the DC tube electrodes) can be broken up into vertical and hori-
zontal components. Along the vertical direction, the ion is pulled side to side
by the RF trapping fields and along the horizontal direction, the ion is pulled
up and down by RF trapping fields. During the experiment, the laser beam
was oriented so that its k vector had an equal component along the axial di-
rection and the horizontal direction and so we were only sensitive to motion

along these two directions (since k- ¥ = 0 for motion along the vertical di-
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rection). We did not compensate for micromotion along the vertical direction
since motion along the vertical axis is perpendicular to the beam and so we
are not sensitive to motion along this direction. A typical curve is shown in
Figure (6.2).

During the experiment, the DC voltages were chosen so that the fluo-
rescence was at a minimum, between the two peaks (corresponding to trap
centre). To do this, we adjusted the DC tube electrodes so that the voltages
corresponded to sitting on the steepest part of the slope (see Figure (6.2)),
on either side of the minimum, corresponding to V, and V,. We estimated
that we could determine each of these voltages to within 50 mV, which was
limited by the fluctuations in each data point. We determined the location of
the minimum by averaging these two voltages, and so an upper limit on the
uncertainty is @ = 35 mV. To determine an upper limit on the ion
displacement from the uncertainty in the voltage, we fit the data to a convo-
lution of a Doppler-shifted Lorentzian and the harmonic velocity distribution

(see Section (2.2.3)):

LV)=N / e ( 2l ) L dv. (6.1)
4w AV ] Ap — kv)? + 12 \/(4sz1/)2 — 2 ' '

Here, N is an overall scaling, w, is the trap frequency, A is the conversion

between ion displacement and voltage, V is the applied voltage to one tube
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electrode, Ay is the laser detuning from resonance, k is the laser wavevector,
and I is the natural linewidth. We fit the data to Equation (6.1), keeping the
trap frequency (4.32 MHz) and linewidth (42 MHz) fixed. From the fit we
obtained an upper limit of A < 46 5. We also varied the value of the trap
frequency and linewidth and found that the fit value for A did not vary signif-
icantly. Thus, using the lower trap frequency along the radial direction serves
as a conservative upper limit. By multiplying our uncertainty in voltage and
our conversion factor A we obtained an upper limit of 1.6 nm at 4.32 MHz.
The resultant upper limit for the Doppler shift due to the radial and axial
displacements is %? . Since g, = 0.783 and g, = 0.747 along the radial direc-
tions, we need to include up to n = %6 for the Fourier components of the
velocity. Along the axial direction, the higher order contributions are small
since ¢, = 0.036.

To calculate the Doppler shift contribution due to excess micromotion along
the radial and axial directions, the RMS velocities of the Fourier components
were added in quadrature and normalized by the aplitude of the secular-motion
Fourier component. Thus, along the radial direction the maximum total veloc-
ity is a factor of 1.45 larger than the maximum secular velocity. As a check, we
also included up to n = £6 for the axial direction and found an increase of less
than 0.2%, which is consistent with a small g-parameter. Thus, the maximum

velocity corresponded to a Doppler shift of < 42 kHz along the axial direction

199



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy
and < 158 kHz along the radial direction. We include the total contribution of

200 kHz in the error budget for the linewidth (see Section (6.3.2)) to determine

an uncertainty in our measured linewidth.

RF

mm ’

Figure 6.1: Schematic of pushing the ion along the radial direction to minimize
micromotion. By inverting the voltages on tube electrodes Naomi and Vamp,
we were able to increment the voltages of all four tube electrodes so that
the ion was pushed along the radial direction (dashed line connecting the DC
tube electrodes). The DC tube electrodes Naomi, Eva, Vamp and Snake are
indicated by N, E,; V, and S respectively. Exaggerated field lines due to the RF
electrodes are also included, although the direction of field lines are omitted
since the direction alternates with a frequency of Q7.
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Figure 6.2: Absorption sidebands due to micromotion. The total number of
photons in 2000 experiments is plotted as a function of voltage on one of
the tube electrodes (Vamp), although all four tube electrode voltages were
adjusted as discussed in Section (6.1.2). By intentionally introducing micro-
motion by pushing the ion along the radial direction we can determine where
the fluorescence is a minimum, corresponding to the location of RF Null.

6.1.3 Power Saturation Parameter

In order to characterize power broadening of the lineshape we need to know the
saturation parameter for the Probe beam. The information was determined
from measurements made with 24M g* for the Probe beam. Power broadening
in the Cycler only affects detection and, to first order, has no effect on the
measured linewidth.

To characterize the Probe laser, a single 2Mg* ion was trapped and the
number of photons detected was recorded as a function of probe laser detuning.
Since I = 0 for 22Mg" there is no hyperfine splitting and so only a single laser
beam is required to laser cool.

The isotope shift between Mgt and 2Mg* is 1586 M Hz and so the I,

locking scheme for 2*M g was different from that described in Section (3.4.3).
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Specifically, for *Mg* only a single double-pass AOM was used, and the
frequency shift was positive relative to the undeflected beam. With this setup,
feature b of iodine line #1599 (Figure (6.10)) is closest to ion resonance.

With a single 2M g™ ion trapped, the PulseBlaster was programmed with
a single-pulse sequence consisting of the Probe laser and the Detection Gate
for a duration of 500 us.

The Probe laser was locked to feature b of iodine line #1599 (Figure (6.10))
and the I, double-pass AOM was scanned from 70 M Hz to 90 M Hz, with
each data point summed over 2000 experiments to generate a single curve. The
procedure was repeated for 9 different laser powers ranging from 1.10+0.01 uW
to 449 + 2 uW. For each curve the laser power was measured upstream of the
ion at a convenient location, between a pair of focusing lenses used to focus
the beam at the ion.

The background counts, with no ion present, were also measured as a func-
tion of probe laser power and summed over 2000 experiments (see Figure (6.3)).
This data was fit to a straight line since it was determined that the background
counts were intensity-dependent (due to scattering from the electrodes) and
the fit was subsequently used to subtract the background from the data.

The saturation parameter was obtained from the data in two different

ways. In the first approach, each background-subtracted data set was fit to a

202



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy

3e+04

2e+ 04

le+04

*  background counts

Total Counts (2000 Expts)

fit to background

0 7T

0 100 200 300 400
UV Power (uw)

Figure 6.3: A plot of the measured background counts with no ion present, as
the laser intensity is increased. The laser power was measured upstream from
the trap. A fit to a straight line was used to interpolate the background count
for each of the power-broadened spectra.

Lorentzian of the form:

a

y(vr) = gy
1+ (Anlu—vo)y2

(6.2)

where a is the peak count, vy is the laser frequency (M Hz), vy is the resonant

frequency (M Hz), and I is the power broadened linewidth (%1 ). Explicitly

F'=F,/1+Ii (6.3)

where I is the natural linewidth, I is the laser intensity, and I, is the saturation

[50]:

intensity. The power-broadened linewidth extracted from the fit to Equation
(6.2) is plotted as a function of laser power in Figure (6.4). The error bars
in the plot come from the statistical uncertainty of the Lorentzian fit. It was

assumed that the standard deviation of each data point was /N, where N
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was the total number of photons detected.

The power-broadened linewidth was subsequently fit to:

' =Ty/1+= (6.4)

Equation (6.4) has the same form as Equation (6.3) except that Ii is replaced
with £, where 7 is the measured laser power between the pair of lenses upstream
of the ion and b is the power saturation parameter. By comparing the two
equations, it is clear that b is simply the power required to saturate the ion,
extrapolated to the location between the pair of lenses where the power was
measured.

A non-linear least-squares fit of the data to equation (6.4) returns I' =
27-(42.8+1.1) MHz and b = 36+ 3 uW; the quoted uncertainties are from the
fit alone. For data taking, we used the Lorentzian model to estimate the satu-
ration parameter, the camera efficiency, and the linewidth. However, in fitting
the data to a Lorentzian we have neglected the laser-detuning-dependent tem-
perature. During the data analysis, we also fit to a laser-detuning-dependent
Voigt profile and determined that, while the effect on the linewidth is not neg-
ligible, the saturation parameter obtained from the fit using a Voigt profile
(35 £ 3 uW) was consistent with the saturation parameter obtained from the
fit using a Lorentzian model (see Section (6.3.2)).

A second method to determine the power saturation parameter is to con-
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Figure 6.4: A plot of the measured linewidth as a function of laser power,
showing broadening of the line. The measured linewidth at each power was
determined by fitting the data to a Lorentzian, and subsequently plotted as a
function of laser power. From the fit of the data to a power broadened model,
b = 36 £ 3. In this model we have neglected the laser-detuning-dependent
temperature. In the full analysis (see Section (6.3.2)) the data was fit to a
laser-detuning-dependent Voigt profile. From the Voigt fit, b = 35+ 3 uW,
consistent with the value determined from this method.

sider the number of scattered photons at a fixed detuning as a function of laser
power. Taking into account the camera efficiency, detection time, and number
of experiments summed over, we can write an expression for the total number

of photons detected as [50]:

S r NgT,
Ng = (1 +08 ) (5) _’7_1‘30_7 (6.5)
’ 1+ (_rjf——i‘_o)

where Ng is the number of experiments, 7p is the detection time, 7 is the
overall quantum efficiency, Ay is the laser detuning from resonance, with z, b
and the natural linewidth I' as previously defined.

To reduce the number of unknown parameters in the fit we can take the
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ratio of equation (6.5) at two different detunings from resonance:

L+ (ks )?
r= 2ALLA)
1+ (s )

(6.6)

where A’ is the relative detuning, I" is the natural linewidth, sy = 7 and the
only free parameters are A, the absolute detuning from resonance, and b, the
power saturation parameter.

A non-linear least squares fit to Equation (6.6) with A’ = 27-20 M Hz and
I' = 27 - 43 MHz is shown in Figure (6.5). From the fit Ay =27-(6+ 1) MHz
and b = 38+ 5 uW. In fact, it was subsequently determined that the linewidth
is 27 - (42.4 + 1.2) MHz; however, since this second method resulted in larger
uncertainties than the previous method, we did not use it. For this reason, we
did not refit the data with the corrected linewidth.

Both methods are consistent with one another, although the first method
has a smaller uncertainty in the statistical fit. The larger uncertainty in the
second method may be attributed to taking ratios of different data sets, which
magnifies the uncertainties. As discussed in Section (6.3.2), the data were
also fit to a laser-detuning-dependent Voigt profile and from that analysis
a saturation parameter of 35 + 3 uW was obtained. Since the lineshape is
more appropriately represented by a laser-detuning-dependent Voigt profile
we choose to use a value of b = 35+ 3 u W for the remainder of the analysis.

The quantum efficiency, n, of the PMT could also be obtained from equa-
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Figure 6.5: A plot of the ratio of the photon count at two detunings, separated
by 20 MHz, as a function of laser power. From a fit to Equation (6.6), b =
38+ 5 uW.

tion (6.5). A plot of the total number of counts at a fixed detuning was
fit to equation (6.5) using the values for line centre and for the power sat-
uration parameter obtained from the previous two fits. From Figure (6.6),
n = 0.27 & 0.01% where the uncertainty in 7 was estimated by using the

uncertainties in b and Ay,

6.1.4 Determining Probe Time

Determining the power saturation parameter allowed us to characterize power
broadening of the linewidth. Another consideration we had to take into ac-
count was how long to probe the transition. Long probe times increased signal
to noise at the cost of potentially broadening and pulling the line due to pop-

ulation of the other ground-state Zeeman sublevels (see Section (5.6)).
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Figure 6.6: A plot of the total number of counts summed over 2000 experiments
at a fixed detuning from resonance. An overall quantum efliciency of 0.27 £
0.01% is obtained from the fit.

Probe times for the 25% — QP_% transition were determined by preparing
the ion in the (3,—3) ground state, probing for a variable time, and then
turning on the detection laser.

A single 2 M g* ion was trapped following the procedure outlined in section
(6.1.1). The Probe power was attenuated to 1 uW upstream of the trap
corresponding to sp = 3= (see Section (6.1.3)).

A curve of fixed probe time but varying Probe-laser detuning was taken
with the laser locked to hyperfine feature n of iodine line #1599 (see Figure
(6.10)). This was done to fix the laser frequency with respect to ion resonance
since laser detuning from resonance affects the timescale on which pumping
into the dark state occurs. The PulseBlaster was programmed with 7op =

100 ps of optical pumping, 7p = 1 us of probe time, and 7p = 250 us of

detection time.
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Figure 6.7: Probe-time and ion-resonance curves for the 3 — 3’ transition.
For both curves 7op = 100 pus (optical-pumping time), 7p = 250 ps (detection
time), and s; = 3= (saturation parameter). For the probe-time curve, the AOM
frequency was fixed at 77.61 MHz (resonance was estimated by eye during the
experiment), and each data point was averaged over 2000 experiments. For
the ion-resonance curve, the probe time was fixed at 1 us and each data point
was averaged over 5000 experiments. From a fit of the ion-resonance curve to

a Lorentzian we determined line centre to be 77.22 £+ 0.05 MHz.
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Figure 6.8: Probe-time and ion-resonance curves for the 3 — 2’ transition.
For both curves 7op = 100 ps (optical-pumping time), 7p = 250 us (detection
time), and sy = 5 (saturation parameter). For the probe-time curve, the AOM
frequency was fixed at 74.557 MHz (resonance was estimated by eye during
the experiment), and each data point was averaged over 2000 experiments.
For the ion-resonance curve, the probe time was fixed at 1 ps and each data
point was averaged over 5000 experiments.
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The resulting curve is plotted in Figure (6.7(a)), where each data point
is averaged over 2000 experiments. A line centre of 77.22 4+ 0.05 M Hz was
obtained from a weighted non-linear least-squares fit to an exponential of a
Lorentzian to obtain a value for line centre. Here, each data point was weighted
assuming a standard deviation of v/N on the total number of counts.

The frequency of the AOM was set to 77.61 M Hz (roughly on resonance)
and the probe time was varied from 0 — 10 us. The data are plotted in Figure
(6.7(b)). Each data point was averaged over 5000 experiments. Ion resonance
was estimated by eye during the experiment, which is why the AOM frequency
did not correspond exactly to what we obtained from the fit to ion resonance.

This procedure was repeated for the F' = 3 — F’ = 2 transition, with the
same experimental parameters as the FF = 3 — F’ = 3 transition except the
laser was locked to hyperfine feature r of the same iodine feature (see Figure
(6.10)). The corresponding curves for laser detuning and variable probe time
are plotted in Figures (6.8(a)) and (6.8(b)). For the probe-time curve, the
AOM frequency was set to 74.557 M Hz.

A line centre of 74.43+0.05 M H z was obtained from the fit, again assuming
a standing deviation of v/N on the total number of counts for each data point.

The time was chosen for the F' = 3 — F’ = 2 transition so that the on-
resonance probability of being in the dark state was kept below 20%. For a

saturation intensity of so = 4= this corresponds (see Figure (6.8(b)) to a probe
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time of 0.25 ps. During the experiment, we reduced the probe laser intensity
by a factor of four so that the probe time was 1 us.

For the F' = 3 — F’ = 3 transition, the effect of population dynamics
is not as pronounced since the difference in the transition frequencies is less
(see Appendix B). For this transition, the time chosen so that the probability
of being in the dark state was kept below 50%. For a saturation intensity of
So = 3—15 this again corresponds to a probe time of 1 us (see Figure (6.7(b))).
Due to the different Clebsch-Gordan coefficients for the two transitions, the
probe time turns out to effectively be the same, although the probability of

ending up in the F = 2 manifold is different.

6.1.5 Determining Detection Time

We detected the final state of the ion after probing by driving the cycling
transition, and counting the average number of photons detected by the PMT.
The optimal detection time minimizes the overlap between the bright and dark
states since the more separated they are, the easier it is distinguish between
the two.

Naively, one would expect that longer detection times result in minimizing
the overlap between bright and dark states; however, this is only true if the
dark state (F' = 2 manifold) cannot scatter photons. Since hyperfine splitting

of the 2S5; level is 1.788 GHz whereas I' ~ 27 - 42 MHz, approximately 1
2
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scattering event from the dark state can occur for every 6917 scattering events
from bright state. From the Clebsch-Gordan coeflicients, if a scattering event
occurs from the dark state, the ion will fall into the bright state % of the time
and scatter photons for the remainder of the detection gate. The net effect
on the dark state is that as the detection time increases, the probability that
the ion scatters a photon from the dark state increases, resulting in a higher
average photon number for the dark state.

To determine the optimal detection time, bright and dark histograms were
taken for a series of different detection times and the overlap between the

bright and dark states was calculated.
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Figure 6.9: Bright- and dark-state histograms for both laser polarizations and
for optimal detection times. For all four histograms 7op = 100 ps (optical-
pumping time), 7p = 1 ps (probe time). For dark-state histograms, the Probe
laser power was increased to definitively drive the ion into the dark state.

A ?’Mg* ion was trapped following the procedure outlined in Section
(6.1.1). The PulseBlaster was programmed with 7op = 100 us of optical

pumping, 7p = 1 us of probe time (long enough to reach a steady-state popu-

lation predominantly in the dark state), and dark-state histograms were taken
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for 7p = 200, 250, 300, 350 ps at one polarization and Tp = 200, 300, 400 s at
the other polarization. This pulse sequence was repeated with no probe pulse
to obtain the bright-state histograms.

The overlap between bright and dark states was calculated from the his-

tograms according to equation:

Z B,;Di

T VSBLD

(6.7)

where B; and D; are the number of experiments in the i** photon bin of the
bright and dark state, respectively. The detection time that minimized the
overlap between bright and dark state histograms was selected as the optimal
detection time. For the experiment 7p = 250 us was chosen for one polar-
ization and 7p = 400 ps was chosen for the other polarization (to minimize
the overlap between bright and dark states in each case). The difference in
detection time between the two polarizations is attributed to the change in
laser detuning resulting from the shift in the Zeeman sublevels. The combined
bright and dark state histograms for both polarizations are shown in Figures
(6.9(a)) and (6.9(b)). The overlap between the bright and dark states calcu-

lated from equation (6.7) are 0.104 for 7p = 250 us and 0.162 for 7p = 400 ps.
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6.1.6 Determining Molecular Iodine Hyperfine Frequency
Separation

To eliminate slow drifts in the laser frequency, and to calibrate the piezo-
voltage tuning of the laser, the laser was locked to a hyperfine feature of iodine
before taking each data curve. An additional advantage of locking to iodine is
that we can tune the laser frequency by changing the frequency of the AOM
in the iodine spectrometer — frequency changes are all done using RF sources
which are highly stable and accurate. For each of the two transitions probed,
the laser was locked to a different hyperfine feature of iodine. The frequency
separation between the two hyperfine features of iodine was measured.

For reference, Figure (6.10) shows a curve of the iodine hyperfine features
of line #1599 from the Iodine Atlas [69] for which the frequency of the laser
was swept by changing the voltage driving the laser piezo. Hyperfine feature
n was used to lock the laser for the (F = 3 — F’ = 3) transition and feature
r was used for the (F' = 3 — F' = 2) transition. During the linewidth and
a-constant measurements, all laser tuning was done by changing the I, double-
pass AOM frequency while the laser was locked to iodine.

To measure the separation between the iodine features, the 560 nm output
from the Probe LBO cavity was split into two beams and sent to two inde-
pendent I, cells, as shown in Figure (6.11). The original diagnostic beam in

the Probe laser was used to lock the laser to the same hyperfine feature that
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Figure 6.10: Doppler-free saturated absorption spectroscopy of Line #1599
from the Iodine Atlas [69]. It was not possible to tune over the entire range
of the feature using the AOMs and so a voltage scan (driving the laser PZT)
was taken to obtain the full feature. Hyperfine feature n and r were used to
lock the laser to iodine for the (F =3 — F' =3) and (F =3 — F' = 2)
transitions, respectively, in 2 M g*. Feature b was used to lock for M g*.
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Figure 6.11: Schematic of the apparatus for the measurement of the separation
between iodine hyperfine features n and r. The separation was measured by
using the pre-existing Probe and Cycler iodine setups so as not to perturb
the original setup. [Definition of labels: M1-13 = beam steering mirrors; R1-
2 = retroreflector; CG1-2 = coated glass; EM1-2 = edge mirror; PD1-2 =
photodetector]
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Figure 6.12: An iodine spectrum obtained by scanning the frequency of the
double-pass AOM. The plots are shown giving the UV frequency, which is 4x
the frequency of the signal generator (HP 8662A) used to drive the double-pass
AOM.

was used when probing the F' = 3 — F' = 3’ transition. The second I, setup
was shifted blue in frequency and scanned over a range to trace out the I
hyperfine feature used to lock when probing the F' =3 — F = 2 transition.
A mirror was placed at the input to the BBO cavity, steering the beam off
to the iodine setup normally reserved for the Cycler laser. The Probe beam
was threaded through apertures located in the Cycler I, beam line where the
AR-coated wedge split it into an I, pump and weak probe and reference beams.
The pump beam in the Cycler I, beam line was sent through a modu-
lating AOM driven by a FLUKE 6061 A signal generator that was frequency
modulated using a HP 33120A function generator. An aperture on the far
side of the AOM isolated the first-order diffracted beam which was overlapped
with, but counterpropagating to, the probe beam passing through the I cell.
The pump beam power was 25.6 mW. The probe and reference beam powers

were 150 uW each. After passing through the I5 cell both probe and reference
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beams were detected on a auto-balancing photodetector [92] whose output was
connected to a Stanford Research Systems (SR830) lock-in amplifier.

It was anticipated that the frequency separation between the hyperfine
features used to lock was approximately 160 M H z and so one of the doublepass
AOMs in the Probe beam line was turned off. After the single double-pass
AOM, the beam was split into I pump, probe and reference beams with the
pump beam modulated by the same source as in the Cycler I, setup. Due to
differences in the I, cells and beam sizes, and only 13.6 mW of power was in
the pump beam and 160 W were in the probe and reference beams. In this
arrangement, the I, feature separation is Avy, = 4v0p (in UV MHz).

The laser was locked to feature n in the Probe iodine setup and the fre-
quency of the double-pass AOM was scanned from 70 — 100 M Hz while the
I, signal from the Cycler iodine setup was recorded. The scan was repeated
for a smaller range, from 75 — 85 M Hz, and both scans are plotted in Figure
(6.12(a)) and Figure (6.12(b)). A fit of the data to the derivative of Lorentzians
gives a zero-crossing of 323.65+ 0.06 MHz (in UV MHz). Thus, the frequency
separation between feature n and feature r is 323.65+0.06 MHz (in UV MHz).

Incidently, from Figure (6.10) we obtain a voltage separation of 5.04 +
0.02 V, corresponding to a tuning rate of 64.3 + 0.3 % in the UV. We
chose not to use voltage tuning to change the Probe-beam frequency for the

experiment since we wanted to lock to iodine in order to keep the frequency
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stable.

6.1.7 Taking Data Curves

Once we had characterized the saturation parameter and determined optimal
probe times and detection times we were in a position to take data curves
in order to determine the hyperfine a constant. Data curves tracing out the
transition from 25 1 —2 P% were taken at five different magnetic fields, so we
could extrapolate to zero-field line centre. The five corresponding currents
driving the Quantization Coil were 0.616 A, 1.042 A, 1.586 A, 2.074 A, and
2.560 A. At each magnetic field, the F =3 - F =3 andthe F=3 - F =2
transitions were probed separately, locking to feature n and r of the iodine
feature, respectively. A series of photon counts vs. Probe-laser detuning curves
were taken with either the laser power or laser polarization varied for each
data run. These curves, coupled with the iodine feature separation discussion
in Section (6.1.6), allowed us to extract the a constant.

The laser pulse sequences were programmed into the PulseBlaster using
the Labview interface (see Section (3.7.2)). In a single experiment, the pulse
sequence consisted of 50 us of optical pumping followed by a probe time, 7p,
that varied from 0.2 ps to 4 us between data runs. The length of the probe
time was set by the probe laser power, the Clebsch-Gordan coefficients, and

the desired probability of driving into the dark state. This was determined
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experimentally, as discussed in Section (6.1.4). A detection pulse followed,
during which the Cycler beam and the Detection Gate were turned on for
250 ps or 400 pus. The length of the detection pulse was chosen to minimize
the overlap between the bright and dark state histograms and was determined
experimentally as discussed in Section (6.1.5).

Data was collected for a single run using a separate Labview interface (see
Section (3.7.3)) that swept the Probe frequency. (The Probe laser frequency
was tuned by locking to I, (Av = 159 Hz) and sweeping the I, doublepass
frequency.)

Before taking data for the FF = 3 — F' = 3 transition, bright and dark
histograms were recorded. The Probe power was measured at a convenient
position far upstream from the trap and was converted into a corresponding
saturation parameter during data analysis (see Section (6.1.3)).

The Probe laser was locked to hyperfine feature n of line #1599 (see Figure
(6.10)) and was scanned during the data run by sweeping the frequency of the
iodine doublepass AOMs. Both the iodine lock signal and the photon counts
were monitored during the scan to ensure the laser remained locked to the
appropriate hyperfine feature of iodine and that the sweep was well within
the locking range of the frequency doubling cavities. At each probe saturation
parameter a total of four curves were taken as a consistency check and to

average over during analysis. We chose to take four separate curves instead of
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a single curve in which more experiments were performed per data point. This
was a compromise between obtaining enough data to average down technical
noise and keeping the time for a single scan short enough that a perturbative
occurrence (such as a laser going out of lock) did not waste a lot of time (since
we would have to repeat the scan).

For the F = 3 — F’ = 2 transition, the laser was locked to feature r of line
#1599. Curves were taken for only one probe laser power. Originally we had
anticipated determining the linewidth from the FF = 3 — F’ = 3 transition,
and so taking fewer data curves for the F' = 3 — F’ = 2 transition reduced the
total time to collect data. (However, population dynamics (see Section (5.6))
broadened the line and so we choose to extrapolate the natural linewidth from
data taken with 2*Mg*, which has no hyperfine structure.) Bright and dark
state histograms were taken for reference, and again, a minimum of four curves
were taken at each magnetic field.

Once both transitions were probed, the polarization was changed from o™
to o~ by adjusting the half-wave plate upstream of the vacuum chamber by
45°. Both the half-wave plate and quarter-wave plate were then iteratively
adjusted to re-optimize the polarization for optical pumping by maximizing
the number of photons detected. The measurements for each transition were
repeated at the new polarization.

Recall from Section (6.3.1) that the lineshape of the transition is not
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Lorentzian because of Doppler shifts due to the ion’s residual motion. However,
a Lorentzian provided good enough fits to extract line centre and so each data
curve was fit to a Lorentzian using Gnuplot [91] to determine this quantity.
After examining the residuals it was realized that there was a nonzero varying
background, although the difference between the Lorentzian and Voigt pro-
files would not give rise to the monotonically increasing background observed.
The wings of the other Lorentzian contribute less than 1% to the amplitude,
which is not enough to explain the background and results in a negligible shift
of line centre (< 0.005%). The other Zeeman sublevels shift line centre (see
Section (5.6)) and introduce asymmetry, but this does not result in a linear
background. The shift due to population dynamics is not relevant to the final
result since the Zeeman sublevels shift linearly with varying magnetic field
and, in the data analysis, we extrapolated to zero-field or averaged over the
two polarizations to determine the un-shifted line centre (see Section (6.2)).
At zero field, all the Zeeman sublevels are degenerate. We used a power series
to model the observed background, adding a term that was linearly dependent
to the frequency and a term that was quadratically dependent to the frequency
and each curve was subsequently refit. By examining the residuals we deter-
mined that a linear background was sufficient (no structure was observed in
the residuals, and the coefficient of the quadratic term was consistent with

Zero).
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6.2 Hyperfine a Constant Of The QP% State

During the experiment, we measured the UV double-pass AOM frequency cor-
responding to the transition frequency for the 3 — 3’ transition and the 3 — 2’
transition for varying magnetic fields and at both polarizations (¢* and o7).
To determine the hyperfine a constant, we need to relate our measured fre-
quency to the absolute transition frequency. As discussed in Section (3.4.3),
a portion of the light from the visible doubling cavity was sent to iodine di-
agnostics. From Equation (3.3), relating the laser frequency to iodine, we

obtain:

V3,23)-3,+2)(Bo) = Viy(feature n) + 8VDPE+3)—(3 +2) +Vmop (6.8)

V(3,43)—(2,22)(Bo) = Viy(feature r) + 8VDp(3,43)—2 +2) + Ymop  (6.9)

where B is the magnitude of the magnetic field, vy, is the iodine transition
frequency (referred to the UV), and vpp and vpop are the AOM frequencies
for the double-passed and modulating AOMs. The transition frequency is
in the UV. A transition driven from a positive mg sublevel is driven by o~
polarized light and a transition driven from a negative mg sublevel is driven
o™ polarized light. The value of vpp corresponding to line centre is different
for varying magnetic fields since v;, and vpyop are fixed.

In the low-field limit, the Zeeman sub-levels tune linearly with magnetic
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field, and tune symmetrically about mp = 0 to better than 0.01% for the
magnetic-field strengths used in our experiment. From Equation (5.20), which
gives the shift in energy of a sublevel, we can calculate the shift in frequency
for the transition driving from the ground state to the excited state. This is

given by:

V(s,x3)—3,22)(Bo) = V(3,0)—>(3/,0’):F(39F=3_‘29F’=3)MTBBO (6.10)

V(3,43)-2+2)(Bo) = vEo-20) F (3gr=3 + 29F'=2)%§Bo (6.11)

where gr is the g-factor, up is the Bohr magneton, h is Planck’s constant,
and By is the magnitude of the magnetic field. The difference in sign between
the (3,-3) — (3, —2') and the (3,-3) — (2/,—2') equations results from the
fact that the F' = 3’ manifold and the F = 3 manifold tune together with
increasing magnetic field whereas the F' = 2’ does not.

In taking data, we tuned the frequency sent to the double-pass AOM on the
way to the iodine spectrometer. By isolating 8vpp (the double-pass AOM fre-
quency in the UV) in Equations (6.8) and (6.9) and substituting in Equations

(6.10) and (6.11) we obtain:

8Vpp@3,+3)—(3,x2) = Vo TF (3gp=3 — 29F'=3)yh—BBo (6.12)

8Upp@ 4@ +2) = Vo F (3gr=s + 29F’=2)'UTBBO- (6.13)
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Here we have combined the field-independent terms so that:

Vo = V(3,0)—(3',0') — VIy(feature n) — VMOD (6.14)

V(/) = V(3,0)—(2,0") — VIy(feature ) — VMOD- (615)

The frequencies vy and v, are the actual field-independent component of the
frequencies that were measured during the experiment.

Using the average counts per experiment, each data curve from the (3, £3) —
(3, £2') transition and the (3, —3) — (2/, £2') transition was fit to a Lorentzian
to determine line centre. For each different Quantization-Coil current, the
measured transition frequency is related to the current (and hence magnetic
field) by Equations (6.12) or (6.13). The line centres obtained from the fit are
plotted as a function of Quantization-Coil current in Figure (6.13).

The data was analysed using three different methods that will be expanded
upon in the following sections. In all three methods, we obtained vy and
vy which were used to calculate the hyperfine a constant. The first method
involved simultaneously fitting both polarizations for a given transition while
keeping the magnitude of the slope constrained to be the same. The constraint
on the slope can be justified by noting that, at low magnetic field, the Zeeman
sub-levels shift symmetrically about mg = 0.

In the second method, the difference in frequency between two polarizations

was calculated and plotted as a function of the magnetic field. Both transitions
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Figure 6.13: Line centre is obtained from a fit of the counts vs. frequency data
to a Lorentzian and is plotted as a function of magnetic field. At each different
magnetic field the polarization of the Probe laser, Cycler, and Repumper was
reversed, corresponding to driving the transition with ™ or o~ polarized light.
We can obtain the zero-field line centre by extrapolating to zero-field for each
polarization or by averaging line centre for the two different polarizations at
each magnetic field (since the Zeeman sublevels tune symmetrically about
mpep = 0)
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were simultaneously fit with the constraint that the zero-field crossing should
occur at the same coil current for both transitions. This need not necessarily
occur at zero current because of possible background fields. This was followed
by a simultaneous fit of both polarizations as was done in the first method,
except with the additional constraint on the zero-field coil current.

In the third method the average over polarizations for a given transition
was calculated and subsequently fit to a straight line with zero slope. All
the three methods were compared and determined to be consistent with one

another.

6.2.1 Constrained Slope Method

In the first approach, the slope of the linear fit was constrained to have the
same magnitude for both polarizations in a given transition. This is justified
because, at low magnetic field, the different Zeeman sub-levels tune symmetri-
cally about mpg = 0 (within 0.01% for the magnetic fields used). At one laser
polarization, we optically pumped into the (3, —3) state and drove to (3',—2')
or (2/,—2') and at the other polarization we optically pumped into the (3, 3)
state and drove to (3,2') or (2/,2"). From Equations (6.12) and (6.13), the
magnitude of the shift in transition frequency for transitions starting in the

(3, —3) state is the same as transitions starting in the (3, 3) state.

228



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy

Using Gnuplot [91], we simultaneously fit both polarizations to:

yl(IQ) = b1+mIQ (616)

yQ(IQ) = bg—mIQ (617)

where m, b; and b, were left as free parameters and Iy was the coil current. A
simultaneous fit was done by defining a dummy variable that switched between
Equation (6.16) and Equation (6.17) for each data set during the course of an
iteration. The resultant fits are shown in Figure (6.14) and the fitting results

are summarized in Table (6.1).

Table 6.1: Fitting results from the constrained-slope method

Transition m by b

&

(3—=3) £266=+040 4= 62242+ 059 MHz 622.70 + 0.81MHz

(3—=2) =£369+0.48 = 606.69+0.95 MHz 604.77 +0.91MHz

A zero-field crossing and line centre were calculated from the slopes and
intercepts obtained from the fitting routine. From Equations (6.16) and (6.17)

we obtain:

by — by

IfB=0) = =~ (6.18)
v(B=0) = by ; ) (6.19)
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The line centre vs. Quantization-Coil current was fit with the

ained to have the same magnitude for both polarizations.

low magnetic field, the different Zeeman sublevels tune symmetrically about

mprp = 0 and

so we constrain the magnitude of the slope to be fixed for both

polarizations. The results of the fit are summarized in Table (6.1) for both

transitions.
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Here, I = 0.057032 A and v(B = 0) is vy = 622.56 £+ 0.70 MHz in the case
of the 3 — 3’ transition (see Equation (6.14)). For the 3 — 2 transition,
Ip = 026752 A and v(B = 0) is vy = 605.73 £ 0.93 MHz (see Equation

(6.15)).

6.2.2 Constrained Slope and Zero-Field Method

An adflitional constraint on the fit was included in this second analysis. Specif-
ically, the zero-field crossing for both the (3 — 3') transition and the (3 — 2')
transition should occur at the same Quantization-Coil current. To include
this constraint, the frequency difference between the transitions for the two
polarizations in a given transition was calculated, and plotted as a function
of increasing coil current. This is shown for both transitions in Figure (6.15).
By taking the frequency difference, the dependence on the magnetic field (and
hence the quantization coil current) is isolated. The frequency difference was

simultaneously fit for both transitions to a straight line of the form:

AV3_,3/(IQ) = M3_3 (IQ — IQ(B = 0)) (620)

AI/3_,2/(IQ) = TTL3_,2/(IQ - IQ(B = 0)) (621)

where m3_3, msg_3, and Io(B = 0) were left as free parameters. The original
data shown in Figure (6.13) were re-fit requiring that the magnitudes of the

slopes were equal for the two polarizations and that the zero-field Quantization
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Coil current was —0.084 £ 0.1197 A. Explicitly we fit to:

yl(IQ) = m(IQ - IQ(B = 0)) + Z/(B = 0) (6.22)

y(lg) = —m(lp—Ig(B=0))+v(B=0). (6.23)

Again, v(B = 0) corresponds to v for the 3 — 3’ transition and v, for the

3 — 2 transition. The results of the fit are summarized in Table (6.2).

Table 6.2: Fitting results from the constrained-slope and zero-field coil current
Transition m v(B =0)

(3—3) £2461075 M= 622491000 MHz

(3—2) +£4.01255 4= 605.72100; MHz

6.2.3 Average Polarization Method

By averaging between the two polarizations for a given transition at a given
coil current, we determined v and v, (which we generically label as v(B = 0),
to be consistent with the previous analysis methods). The average data points
were subsequently fit to a straight line, with zero slope and also fit to a straight
line allowing the slope to vary. A weighted average of the five values was also
calculated. The results are shown in Figure (6.16), and summarized in Table
(6.3).

In the following section we compare the results from the different analysis
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Figure 6.15: For each transition, the difference in line centre for the two po-
larizations is plotted as a function of Quantization Coil current. The field
dependence for both transitions was simultaneously fit with the constraint
that the zero-field crossing occur at the same Quantization-Coil current for
both transitions. The Quantization-Coil current corresponding to zero mag-
netic field (Io(B = 0) = 0.084 £ 0.119 A) was used to further constrain a fit
of the original data (Figure (6.13)). The results of the fits are summarized in
Table (6.2).
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Figure 6.16: We obtain the field-free transition frequency by averaging between
the two polarizations for a given transition at a given coil current. The average
data points were subsequently fit to a straight line, with zero slope and also
fit to a straight line allowing the slope to vary. A weighted average of the five
values was also calculated. The results from the fit and weighted average are
summarized in Table (6.3).
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Table 6.3: Weighted average and fitting results from the average-polarization

method

Method Transition v(B =0) slope

Fit (constrained slope) (3 —3')  622.93+ 0.20MHz 0 M=

Fit (constrained slope) (3 —2) 605.77 + 0.37TMHz 0 Mi”‘
Fit (floating slope) (3—3) 623.7+06MH: —0.75+0.39 ¥
Fit (floating slope) (3 —2) 606.7+ 1.1MHz —0.53+0.61 M—zli

Weighted Average (3—-3) 62293+0.11MHz N/A

Weighted Average (3—2) 605.77 £ 0.13MHz N/A

methods.

6.2.4 Summary of Analysis Methods

In each of the analysis methods we determined v(B = 0) (and hence vy and
V(I)). In order to relate vy and z/(', to the hyperfine a constant, we must first
re-express them in terms of the field-free transition frequencies. Re-arranging

Equations (6.14) and (6.15) we have:

V(3,00-(3,00) = Y0t Viy(feature n) T VYMOD (624)

V@oy—-@o) = V(l) + VIy(feature ) + VMOD- (625)
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Thus, the hyperfine a constant is:

V(3,00-(2,0/) — V(3,00—(3,0)

= .26

o . (6.26)
V(I) -+ VI (feature r) — VIy(feature n)

= 6.27

. (6:27)

_ nontlr (6.28)

3

where Avy, = 323.65 £ 0.06 MHz is the frequency separation (in UV MHz)
between iodine features n and r of line #1599 from the Iodine Atlas [69] (see
Section (6.1.6)). The results from the different analysis methods are summa-
rized in Table (6.4).

In the constrained slope method the zero-field current was obtained from
the (3 — 3') and the (3 — 2) transition. A third value for the zero-field
current was obtained from the constrained slope and constrained zero-field
crossing method. All three values for the zero-field current fall within one
standard deviation of one another and are consistent with a zero-field current
of 0 A.

The ratio of the slope between the two transitions, R, is calculated from the
measured values for the two applicable cases (see Table (6.4)). The measured
values return a slope that is consistent between the two different analyses. The
ratio was also calculated from theory assuming a linear Zeeman shift resulting

in a ratio of 1.58. The calculated value falls within the uncertainty range for
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both analysis methods; however, constraining both the slope and zero-field
crossing reduces the uncertainty in the measured value.

In the constrained slope method, we obtained a value of 102.28 +0.39 MHz
for the hyperfine a constant. Constraining the slope is justified since the dif-
ferent Zeeman sublevels tune symmetrically about mp = 0 (to within 0.01%),
and by constraining the slope we average out the pulling of line centre due to
population dynamics (see Section (5.6)). In this method, we have allowed the
zero-field current to vary between the two transitions and obtain two values for
the zero-field current that are consistent with one another. This suggests that
any variations in the magnetic field were not large enough to significantly effect
our measured value, and so we added an additional constraint that zero-field
cross be the same for both transitions.

For the constrained slope and constrained zero-field current method we de-
termined that the hyperfine a constant is 102.29+0.16 MHz. Again, we justify
constraining the slope because the different Zeeman sublevels tune symmetri-
cally about mp = 0.

By constraining the zero-field current we have implicitly assumed that vari-
ations in the magnetic field were negligible. Since line centres for the two tran-
sitions and two polarizations were measured on the same day, magnetic field
variations occuring on slow time scales (day to day variation) would result in

an overall shift of the zero-field value. While this effects our accuracy of the
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measured zero-field current, it does not effect our measured value of line centre
(since the relative magnitudes of the slope of both polarizations for a given
transition are not affected).

Variations in the magnitude of the magnetic field on a given day would
shift each data point. However, if such variations occured, we would have seen
a reduction in the quality of optical pumping because as the magnetic field
changes we reduce the likelihood of preparing the ion in the (3, —3) state (see
Section (6.1.1)).

In the average polarization method we obtained a hyperfine a constant of
102.16 + 0.16 MHz. No constraints were placed on the data to obtain the
field-independent frequencies vy and v,. The frequencies were subsequently
fit to a straight line with zero slope to obtain an average value for the field-
independent frequency. In this third method, we also allowed the slope to vary
in the fit, and in both cases the slope was consistent to zero slope within two
standard deviations. However, from Figure (6.16) we can see that the points
lie on either side of the plot. Since no compelling evidence of a linear trend
exists, we choose not to quote this value as our measured value. With this
method we obtained a value for the hyperfine a constant that is consistent
with all of the other analysis techniques discussed here. In addition to fitting
the average values, we also calculated a weighted average of the frequencies

for each transition. By calculating a weighted average we obtained a smaller
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uncertainty in line centre; however, we choose not to quote this uncertainty in
our final result since the scatter in the data points (see Figure (6.16)) is larger
than uncertainty in the weighted average and so the fit uncertainty is more
representative of what was experimentally observed.

The average method is consistent with the previous two methods discussed,
although it does not require any assumptions on how the different Zeeman
sublevels tune, nor does it make any assumption on the field-free current, since
no extrapolation to zero-field is required. This results in a straightforward
measurement of the hyperfine a constant. From this method, we determined
that the hyperfine a constant is 102.16£0.16 MHz and that the other methods

used to analyse our data are consistent with this measured value.

6.3 Linewidth of Mg*

6.3.1 Contributions to Line Broadening

Recall that the measured magnesium linewidth is a convolution of the nat-
ural linewidth, the Doppler broadening, and the laser linewidth. In Sec-
tion (2.2.3) we showed how ion motion results in sidebands in the absorp-
tion spectrum. In the resolved-sideband limit, the sideband spacing is much
larger than the natural linewidth, and so the sidebands do not contribute to

the measured linewidth. However, we are not in the resolved-sideband limit
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Table 6.4: Hyperfine a Constant for 2P;: Summary of Analysis
2

[ Method

a (MHz) I vy (MHz) l v, (MHz) IIQ(B:O) (A)T

k|

tions (weighted average)

constrained slope, zero-field 102.28 £+ 0.39 | 622.56 & 0.70 | 605.73 + 0.93 0.05%5 | 1.39+0.20
current from (3 — 3') tran-

sition

constrained slope, zero-field 102.28 +0.39 | 622.56 £ 0.70 | 605.73 £ 0.93 —0.26155 1.3940.20
current from (3 — 2’) tran-

sition

constrained slope and con- 102.29 +0.16 | 622.497055 | 605.72%0% | —0.09+0.12 | 1.63 +0.07
strained zero-field

average of both polariza- 102.16 4+ 0.16 | 622.93 4 0.29 | 605.77 - 0.37 N/A N/A
tions (constrained slope)

average of both polariza- 102.1340.41 | 623.7+ 0.6 606.7 £ 1.1 N/A N/A
tions (floating slope)

average of both polariza- 102.16 +0.06 | 622.93 £ 0.11 | 605.77 £ 0.13 N/A N/A
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(' ~2m-42 MHz, wy ~ 27 - 4.7 MHz, w, ~ 27 - 4.3 MHz, and w, ~ 2w -
0.421 MHz) and so these sidebands do contribute to the measured linewidth.
By putting an upper limit on the ion temperature, we can estimate the con-

tribution to the linewidth due to motional sidebands.

Doppler Broadening

Broadening of the measured line results from Doppler effects since, at nonzero
temperature, the ion has some residual motion. To determine the contribu-
tion to the linewidth, we estimated an upper limit to the ion temperature. In
Section (2.3.3) we discussed the temporal dynamics of laser cooling. Following
the analysis of Wesenberg et al. [48], we showed that the equilibrium me-
chanical energy can be calculated by numerically integrating Equation (2.73).
(In fact, we can also calculate the equilibrium mechanical energy analytically
[54].) We can subsequently use the ion’s steady-state mechanical energy to
assign a temperature to the ion.

In our previous analysis (see Section (2.3.3)), we neglected any possible
heating due to background heating (eg. anomalous heating [51]). In the pres-
ence of anomalous heating, the ion equilibrates with a higher mechanical energy
and hence a higher temperature. If we allow the ion to heat for a fixed period
of time (by turning off the cooling lasers) and then laser cool while monitor-
ing the time-dependent fluorescence, we can determine what the heating rate

is, since we can determine the ion’s average energy from the time-dependent
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fluorescence [48]. This turns out not to be practical with our trap since a data
run would require several days of continuous data-taking to complete. Even
with enough people around so that we could monitor the experiment, the laser
power would inevitably drift (usually due to polarization drifts in the laser),
and we wouldn’t be able to optimize them mid-experiment. Also, on these
long timescales we would likely lose the ion and have to start over.

Instead, we attempted to set an upper limit on the heating rate. To do
this, we trapped a single M g" ion, following the procedure outlined in Sec-
tion (6.1.1). Wesenberg et al. showed that sensitivity to ion heating can be
enhanced by first coherently driving the ion [48] and so the experiment con-
sisted of a laser cooling pulse (so that the ion began each experiment at its
equilibrium energy), a coherent drive pulse, possibly a heating pulse, and a
detection/cooling pulse. If no statistical difference was observed between data
curves where a heating pulse was applied and where a heating pulse wasn’t
applied, then we can use the uncertainty in the fit of the two data curves to
put an upper limit on the heating rate (see below).

First, we coherently drove the ion by applying an AC voltage on the Vamp
electrode (700 mV,,), near the trap frequency ( 398.663 kHz), for a fixed period
of time (500 ps). Second, we coherently drove the ion with the same pulse,
and allowed an additional wait time of 300 us (during which any fluctuating

background fields could heat the ion [51]). Both data curves are shown in
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Figure (6.17) along with a reference curve which consisted of a cooling pulse

and a cooling/detection pulse.

B
] 3
T o
g o -
. L ]
w1 le+04 v
ihd] u
5 ] v
O
O § .o o
N .
i}
O
|._ -
T ® reference
ﬁ ®  coherent drive
®  coherent drive & wait
b fit to reference
0 _ﬁ — fit to coherent drive
===+ fit to coherent drive + wait
T LI LI T T ¥ lj T T T T T T T LI l 71 3 T T i 1 T T I
0 100 200 300
Time (us)

Figure 6.17: A plot of the time-dependent fluorescence for different initial ion
energies. In the reference curve, no heating was applied (so the ion started
at its equilibrium energy). In the second curve we coherently drove the ion
by applying an AC voltage (700 mV,,, 398.663 kHz, 500 us) to the Vamp
electrode. At short times (¢ < 220 ps) the ion is still “hot”, and so the
scatter-rate is lower, resulting in fewer detected photons. After the ion has
reached its equilibrium energy (¢ > 220 us) it scatters photons at the same
rate as the reference curve. A similar trend is seen for the third curve, where
we coherently drove the ion and waited an additional 300 us.

In the curve where we coherently drove the ion, we see a reduction in
fluorescence compared to the reference curve. By approximately 220 us, the
ion has been cooled to its equilibrium mechanical energy and scatters photons
at the same rate as the reference curve. Similarly, in the curve where we
coherently drove the ion and waited for 300 us, we see the same trend. In this

case, appreciable heating would cause a further reduction in the total number
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of photons detected. By fitting the linear region, and using the difference in
the intercept between the curve in which we coherently drove the ion and the
curve in which we coherently drove the ion and waited 300 us we can determine
the difference in number of photons between the two curves (and hence the
energy difference).

From a fit to the linear region we obtain an intercept of — 1538432 photons
in 1000 experiments for the curve where we coherently drove the ion, and
—1539 + 27 photons in 1000 experiments for the curve where we coherently
drove the ion and waited an additional 300 jts. Thus there is no significant
difference in the initial ion temperature between the two curves. We varied
the total number of points kept in the fit, and noticed no statistical difference
between the two curves. We also allowed the slope to vary in each of the
two curves (keeping only data points in the linear region). This increased the
uncertainty in the intercept (although the slope in each curve where the ion
was heated remained consistent with the slope obtained from the reference
curve). We decided to constrain the slope, which is justified by the fact that
the steady state fluorescence between the three curves is the same since the
ion equilibrates to the same final energy.

Using the uncertainty in the intercept for the coherent drive curve and
coherent drive with additional wait-time curve, we estimated a maximum dif-

ference of 60 photons detected over 1000 experiments. This corresponds to
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a difference of 0.06 detected photons per experiment. Since the detection
efficiency (see Section (6.1.3)) is 0.27 &+ 0.01%, a difference of 0.06 detected
photons per experiment corresponds to a difference of 22 photons (on average)
scattered per experiment. With a laser detuning of %, this corresponds to an
energy of 3-1072° J in 300 us. We stress that this corresponds to an upper
limit on the heating rate. If our ion trap is typical, studies indicate that, with
our trap size, the anomalous heating rate should be on the order of 10-24Z
[93].

Using our upper limit on the heating rate (1- 107! ), we can obtain an
upper limit on the ion temperature in one of two ways. We can numerically
integrate Equation (2.73) to obtain the equilibrium mechanical energy. The
disadvantage of this method is that it assumes no external heating mechanisms
and that the spontaneous emission is isotropic. While it is possible to account
for both of these effects, a more straightforward calculation of the equilibrium
energy (and hence temperature) can be performed analytically and has been

done by Itano and Wineland [54]. Ignoring background heating, they obtained:

ho(A+ () fu
Too(AL) = 4k3< A )(Hf)' (6.29)

Here we have introduced f; = 3 and f; = ; (along the axial direction) and

fi = 1 (along the radial directions) to account for the absorption and emission

pattern for a cooling transition in which Am = +1 (which is the case for
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all of the experiments described in this thesis). The Doppler cooling limit is
obtained when A; = %. The minimum temperature is 0.80 mK along the
axial direction and 1.1 mK along the radial directions.

To include the effect of background heating, we multiply the heating rate
by the average scattering time (2), resulting in an energy of £y = 4.8-107% J.
We can re-express this energy as a frequency by dividing by Planck’s constant,
giving us 11.6 kHz. As reference, the recoil energy (%), expressed in fre-
quency units, is 106 kHz. Thus, we anticipate an increase on the order of 10%
in the equilibrium temperature. Including background heating, the analytic

expression for the equilibrium temperature is:

A2k2 L)+ Ex) (A2 + r\2
T (Ag) = m [t fa) + ] [ 1+ (5 } (6.30)
e 4k ALRA f;

which is minimized when Ay = g The minimum temperature is 0.90 mK
along the axial direction and 1.24 mK along the radial direction.

In Section (6.3.2) we fit our measured linewidth data using the actual
lineshape, accounting for the laser-detuning-dependent temperature. The ac-
tual lineshape is non-trivial, since Doppler broadening effects are complex.
Recall from Section (2.2.3) that the effect of secular motion and micromo-
tion results in sidebands in the absorption spectrum, separated by multiples

of sums and differences of the secular and drive frequencies, whose ampli-

tude is determined by Bessel functions. Things are further complicated since
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the axial frequency (w, = 27 - 421 kHz) differed from the radial frequencies
(we = 27-4.7 MHz, wy, =~ 27-4.3 MHz) in our experiment. Furthermore, since
we are not in the resolved sideband limit, we do not observe distinct peaks.
Another way to think of how Doppler broadening effects the lineshape is
to consider the RMS velocity associated with the ion’s equilibrium mechanical
energy. We can calculate the probability that the ion has some particular
energy (and hence velocity, due to normal micromotion and secular motion)
and determine the resultant lineshape. In Section (2.2.3) we explicitly treated
the case for a harmonic probability distribution. In the case of a Maxwell-

Boltzmann distribution, the lineshape is given by the Voigt profile [94):

o0

G=1 /= : — e_(%)dv (6.31)

where m is the ion mass, kg is Boltzmann’s constant, T is the ion temperature,
I is the linewidth, Ay is the laser detuning from resonance, k1 is the laser
wavevector and ¥ is the ion velocity. Examining the integrand, we see that
the first term is simply a Lorentzian (including a term accounting for the first-
order Doppler shift) and the second term is the probability that the ion has a
particular velocity v. What we are doing, then, is summing over Lorentzians
(whose line centres are Doppler shifted) weighted by the probability that the
ion has that particular velocity. However, Equation (6.31) only accounts for
kgT

the secular motion. In fact, the term “2= corresponds to the maximum velocity

247



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy

of the secular motion.

To account for the normal micromotion, we need to convolve multiple Gaus-
sians, each with a width corresponding to the Fourier velocity component cal-
culated by taking the derivative of the total ion motion (see Equation (2.21)).
Furthermore, since the ¢, , parameters that we operated at were g, = 0.783
and g, = 0.747, we need to consider higher order terms from Equation (2.21).
During fitting, we included up to n = +6. Thus, the resultant lineshape,

including secular motion and normal micromotion is given by:

o0 r _ v
Gt =N / ( ——2 - 2) e 2ot (6.32)
—oc (AL—Fk-U)Q‘{‘(?)
where N is an overall normalization and v}, = o__v2 ... Each of the

n velocity components contributes to the Doppler width in quadrature. Al-
though the normal micromotion is driven motion, its amplitude is proportional
to the secular motion amplitude (but at a separate Fourier frequency) and so
the probability distribution for micromotion velocities can be treated as an
independent random variable which also has a Gaussian distribution. Further-
more, to account for motion in three dimensions, this must be repeated for
each of the three directions and so the final v, includes 21 terms, 7 for each
dimension.

If the ion was cooled to the same equilibrium energy at each detuning, then

we would simply fit the data to the form given by Equation (6.32); however,
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this was not the case in our experiment. The ion equilibrated at a different
temperature for each different laser detuning because probing and detection
was done with the same laser beam as the linewidth measurement (see Section
(6.3.2)). We can still fit the data to a Voigt-like profile; however, we need to

account for the laser-detuning-dependent equilibrium temperature:

00 r v?
Gud(T) = N(T / 3 EL 6.33
wdT) = N(T) _w((Aﬁk.ﬁ)u(%)z)e (6.9

By fitting the magnesium linewidth data to Equation (6.33) we determine the
linewidth free of Doppler broadening. In practice, we fit our measured data
assuming no heating and then re-fit the data assuming the maximum heating
rate to obtain and upper and lower limit on the measured linewidth. From the
fit we determined that the uncertainty in the measured linewidth is dominated
by the fit uncertainty, with the uncertainty in ion temperature contributing less
than 0.09%. In Section (6.3.2) we present the results of this method; however,
before we can determine the natural linewidth of magnesium, we must first
discuss our measurement of the laser linewidth, since it also contributes to the

measured linewidth.

Laser Linewidth

The contribution to the measured linewidth due to the laser linewidth was

characterized by using a two-mirror cavity as a frequency discriminator for high
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frequency noise and a hyperfine feature of iodine as a frequency discriminator
for low frequency noise. In the cavity, changes in laser frequency result in
changes in optical cavity length. By monitoring the reflected signal from the
cavity on a photodetector, we can relate the changes in the signal amplitude
directly to changes in the laser frequency. Alternatively, a hyperfine feature of
iodine can be used as a frequency discriminator since changes in laser frequency
are related to changes in absorption. In fact, each of these methods is suitable
for different frequency ranges and so we used both to determine the laser
linewidth, as we will discuss below.

At low frequencies the measured fluctuations are dominated by table vibra-
tions and sound (when the cavity is used for the noise measurements); however,
at high frequencies, the measured fluctuations are not. The advantage of using
an iodine feature is that it is not sensitive to room vibrations (like the cavity
is) and so the measured fluctuations are dominated by laser frequency fluctu-
ations; however, we are not sensitive to high frequencies fluctuations (above
the bandwidth of the lock-in amplifier) since the lock-in amplifier acts as a
low-pass filter. Thus, we determined the laser linewidth by taking the total
frequency noise as the sum of the low frequency noise (determined from the
RMS frequency fluctuations of the iodine signal) and the high frequency noise
(determined from the RMS frequency fluctuations of the cavity in a regime

where cavity mechanical noise is negligible). In both cases, we locked to io-
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dine with a time constant of 1 ms on the lock-in amplifier since this was the
configuration with which we took data.

The cavity consisted of a high-reflectivity mirror (R > 99.9%, f = 37.5 mm)
that was epoxied to a Thorlabs PZT (AE0505D08F) and a flat input-coupler
mirror (R > 99%). The two mirrors were separated by 57 + 2 mm, and beam
height was 50.8 mm from the optical table. By keeping the cavity small, we
increased the likelihood that table vibrations effected both mirrors similarly so
as to reduce the contribution of table vibrations to our cavity noise spectrum.

The reflected light was monitored with a Thorlabs photodetector (PDA400)
that had a bandwidth of 10 MHz. The signal from the photodetector was con-
nected to a Techtronix digital oscilloscope ( TDS1000B) that had a bandwidth
of 40 MHz. A plot of a cavity fringe obtained from the digital oscilloscope is

shown in Figure (6.18(a)).
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Figure 6.18: An oscilloscope plot of a cavity fringe (single-shot) for the cavity
used to characterize the laser linewidth at high frequencies. The linear portion
of the fringe was fit to a straight line using 26 data points from 332.5 ps to
333 us.

Fluctuations due to vibration, sound, laser intensity, and laser frequency

251



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy

noise cause the cavity fringe to move, resulting in a change in the measured
amplitude. We assumed that all signal fluctuations were due to laser frequency
fluctuations. We can linearly relate changes in the measured amplitude to
frequency deviations by tuning the laser frequency so that we are in the linear
region of a cavity fringe (see Figure (6.18(b))). The laser frequency deviations

are then given by:

avp = (42 (8%) (8) AV, (6.34)

where Avy, is a change in the laser frequency, AV} is a change in the voltage
driving the piezo internal to the laser (to change laser frequency), At, is a
change in the measured time on the oscilloscope, and AV} is a change in the
measured amplitude on the scope.

From Section (6.1.6), we determined ﬁ—"’,ﬁ = 64.3+£ 0.3 ¥, To calibrate
the relationship between AV, and At, we applied a difference of 31.4 V and
measured how far the cavity fringe moved on the display oscilloscope, resulting

in %f = (.0598 &£ 0.0006 LVZ By fitting the linear region of the voltage vs.

time data in Figure (6.18(b)) we obtained £& = 2.94 + 0.06 4. Combining

. A . MH.
this, we obtain F7* = 11.3 £ 0.2 ==.
We could only take 2500 data points in a single curve, and so it was not

possible to take continuous data covering the entire frequency range in which

we were interested. Instead, voltage vs. time curves were taken for a series of
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different timebases on the scope and combined during analysis.

The upper limit of the frequency range for which we could reliably take
data was set by the bandwidth of the detector (10 MHz). However, this was
sufficient since the the noise contribution falls off rapidly with frequency (see
Figure (6.20)).

An FFT was performed for each time trace obtained, and the amplitude
was converted to frequency according to Equation (6.34). From the FFT,
we obtained a noise power spectrum which was subsequently converted into
a noise power spectral density by dividing each value in the power spectrum
by the sampling frequency [95]. The noise power spectral density for different
sampling intervals is plotted in Figure (6.20).

At low frequencies, the cavity signal is dominated by vibrations of the cavity
itself. To determine the low frequency contributions to the laser linewidth,
a second set of data was taken with the laser still locked to iodine (again
with a time constant of 1 ms on the lock-in amplifier). Instead of using the
output from the cavity photodetector to measure the time spectra, we used
the output of the lock-in amplifier. Recall that in this case, we are using a
hyperfine feature of iodine as a frequency discriminator since this method is
insensitive to noise sources such as table vibrations. Figure (6.19) shows a scan
of the hyperfine feature that was was used to lock to iodine for the magnesium

linewidth measurement discussed in Section (6.3). The linear portion of the
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iodine signal was fit to a straight line to obtain a relationship between output

voltage from the lock-in amplifier and frequency noise:

Avy = (g—&) (g—va) AV, (6.35)

This gives us ﬁ‘z =223+ 10 %, which can be used to convert the output
of the lock-in amplifier to laser frequency fluctuations. The time constant
of the lock-in amplifier was set to 1 ms (commensurate with experimental
conditions, corresponding to a bandwidth of 159 Hz). Figure (6.21) shows the
low frequency noise power spectral density obtained from this method. At
124 Hz we can see the amplitude of the noise starts to drop (approximately
corresponding to the bandwidth of the lock-in amplifier). The lock-in amplifier
acts as a low-pass filter and so this method is not suitable for measuring high
frequency fluctuations.

By numerically integrating the spectral noise density obtained from the
FFT [96], we determined the RMS frequency fluctuations to be 36 £2 kHz (in
the UV) for low frequencies (< 124 Hz, corresponding to the bandwidth of our
iodine lock). For high frequency noise (> 124 Hz), we used the noise power
spectral density obtained from the cavity, shown in Figure (6.20). The high
frequency contribution to the total RMS frequency fluctuation is 16.0+0.3 kHz

(in the UV). Combining the low frequency (where iodine was used as our

frequency discriminator) and high frequency (where the two-mirror cavity was
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Figure 6.19: Calibration of the linear portion of the iodine signal.

used as a frequency discriminator) RMS frequency fluctuations we obtained a
total of 52+ 2 kHz (in the UV). Since we were in the limit in which the noise is
dominated by low frequency fluctuations, the laser linewidth is Gaussian [97),
with a linewidth of 122+ 4 kHz (in the UV). To account for the laser linewidth
contribution to our measured linewidth, we subtracted the laser linewidth from
the measured linewidth (in quadrature) and we have included the uncertainty

in the laser linewidth in the error budget (which we add in quadrature).

6.3.2 Measurement of the Linewidth of Mg*

The effect of the population dynamics discussed in Section (5.6) is to increase
the measured linewidth. It is possible to extract the linewidth from the 2 Mg*

data by fitting to an analytic form of the full solution to the population dy-
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Figure 6.20: A plot of the noise power spectral density using a two-mirror
cavity as a frequency discriminator. The laser was locked to iodine for all
measurements. The high frequency (> 124 Hz) contribution to the total RMS
frequency fluctuation is 16.0 £ 0.3 kHz (in the UV).
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Figure 6.21: A plot of the noise power spectral density using iodine feature b
as a frequency discriminator. The iodine feature allowed us to determine the
low frequency contribution and was insensitive to mechanical noise. The laser
was locked to iodine for all measurements. The low frequency (< 124 Hz)
contribution to the total RMS frequency fluctuation is 36 +2 kHz (in the UV).
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namics. Alternatively, the linewidth can be measured using 2*Mg*, which has
no hyperfine structure since I = (0. We elected to measure the linewidth using
24M g* since the analytic form obtained from the population dynamics would
be difficult to fit.

A single 2*Mg" ion was trapped and the fluorescence was detected while
the 25 % — 2P% was probed. By taking a series of data curves and varying
the probe power for each curve we were able to extrapolate to the natural
linewidth from a fit to the measured linewidth at each different laser power. We
were able to do this using the probe power saturation data taken with 2*Mg*
and discussed in Section (6.1.3). The apparatus and experimental setup have
already been discussed in Section (6.1.3), and will only be summarized here.

A **Mg" ion was trapped and laser cooled using a single laser beam to
drive the 25 1 — 2P% transition. The isotope splitting between 2*Mg* and
B Mgt is 1586 MHz and so the locking scheme for iodine was different from
one used when we trapped M g*. In particular, one of the visible double-pass
AOMs in the Probe laser iodine setup was turned off and the other one rotated,
resulting in a positive frequency shift in the laser beam going to iodine. This
AOM was subsequently tuned from 70 MHz to 90 MHz for each data curve.

Each experiment consisted of a single pulse that was 500 us long, during

which the ion was simultaneously probed while the fluorescence was detected

using the photomultiplier module. For a given data point, the experiment
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was repeated 2000 times and the photon counts per experiment were summed.
Typical data curves are shown in Figure (6.22) and Figure (6.23). Figure
(6.22) was taken at low saturation intensity, and Figure (6.23) was taken at
high saturation intensity and the resultant power broadening is evident in the
data curve. An increase in the AOM frequency results in a decrease in the laser
frequency because the shift in the double-pass AOM is positive (see Section

(6.1.3)).
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Figure 6.22: Total Counts vs. UV Frequency (low power): A data curve
showing the total number of photons detected in 500 us, summed over 2000
experiments (background subtracted). The laser power corresponds to a sat-
uration parameter of s =~ 0.03.

The ion was dumped after the data curves were taken and a background

curve was taken. The laser power was varied across the full range over which

that data was taken and the total number of photons counted over 500 us was
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Figure 6.23: Total Counts vs. UV Frequency (high power): A data curve
showing the total number of photons detected in 500 us, summed over 2000
experiments (background subtracted). The laser power corresponds to a sat-
uration parameter of s =~ 12.
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recorded.

At higher power, the background counts increased, suggesting that a frac-
tion of the background counts resulted from laser light scattering off the elec-
trodes. As the power increased, the number of scattered photons increased.
The background counts vs. laser power was fit to straight line, and used to
subtract the background counts from the data curves.

The background-subtracted data were fit to a Voigt profile:

A /°° T ~(smmy)
G=—r— 2 le \ZolBL)* /gy, 6.36
Utot(AL) —co (AL‘H; -17)2-1-(%)2 ( )

Here 0,,;(A) is the net laser-detuning-dependent Doppler width, accounting
for the total ion motion in harmonics up to n = 6 (see Equation (2.21)).
Terms of order higher than six contribute less than 0.1% to the Doppler width.
Since we did not know what the actual temperature was, we used Equation
(6.29) to calculate the lower limit of the ion temperature. For the upper limit
of the ion temperature, we used Equation (6.30). For each laser power, we fit
the data to a Voigt profile assuming first the lower limit, then the upper limit
and obtained a power-broadened linewidth for each limiting case, which we will
call T';; and I';. We averaged the two values to obtain an absolute value for the
power-broadened linewidth, I'/,. The uncertainty was determined by I';; — I',,

added in quadrature to the uncertainty in I'; and I';;. The fit uncertainty in

the upper and lower limits were 1.1% — 1.2%, whereas the difference (I'y; —I',)
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was between 0.05% — 0.09%. Thus, the net uncertainty was dominated by the
fit uncertainty. This procedure was repeated for all nine laser powers and the
resultant power-broadened linewidth was plotted as a function of laser power,
as shown in Figure (6.24).

To obtain the linewidth, the data in Figure (6.24) were fit to a power-

broadened linewidth model given by:

I'(z) =T\/1+% (6.37)

where I is the linewidth, z is the laser power, and b is the power saturation
parameter. From a fit of Equation (6.37) to the data we obtained a linewidth
of I' = 27 - (42.4 £ 1.2) MHz. Note, only the statistical uncertainty in the fit
is included. The laser linewidth (see Section (6.3.1)), and broadening due to
Doppler effects also contribute to the measured linewidth (due to excess mi-
cromotion (see Section (2.2.3) and Section (6.1.2))). Recall that the measured
laser linewidth is 122+4 kHz. Assuming the laser linewidth adds in quadrature
to the natural linewidth, we can subtract the laser linewidth (adding its uncer-
tainty in quadrature) from the measured linewidth. Since we have only placed
upper limits on the broadening due to excess micromotion (< 200 kHz), we add
it in quadrature to the uncertainty in the measured value. Secular motion, reg-
ular micromotion, and ion temperature are already accounted for in the Voigt

model. In the Table (6.5) we list an error budget consisting of all the contri-

261



Ph.D. Thesis - J. Nguyen McMaster — Physics and Astronomy
butions to the measured linewidth. Adding them in quadrature, we obtain the

total uncertainty, giving us a natural linewidth of T = 27 - (42.4 + 1.2) MHz.

Table 6.5: Error Budget: factors contributing to the magnesium linewidth
measurement

Source se (MHz) 5% (%)
fit uncertainty 1.2 2.8
laser linewidth 0.004 0.01
excess micromotion 0.2 0.47
total 1.2 2.8
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Figure 6.24: Natural Linewidth of Mg¢*: The power-broadened linewidth was
obtained for different powers of the Probe laser by fitting the data to a Voigt
model, in which the laser-detuning-dependent temperature was accounted for
by using an analytic form for the equilibrium temperature (see Section (6.3.1)).
A natural linewidth was extrapolated from the data by fitting the power-
broadened linewidth to Equation (6.37).
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Chapter 7

Conclusions

Laser-cooled trapped ions serve as ideal candidates for spectroscopic measure-
ments free of the usual limiting factors such as Doppler broadening, and other
perturbations which limit the measurement. In this thesis, we have described
our determination of the natural linewidth of magnesium, which had previ-
ously been measured [34] [35] [36] [37], and the hyperfine a constant of the
2P% state of Mg™, which had never been measured. The analysis and a
detailed discussion of the measurements were presented in Chapter 6.

In advance of this measurement, we set up a complex apparatus used to
laser cool and trap magnesium ions. We used a linear Paul trap to confine
the ion and three laser systems for laser cooling and addressing the relevant

transitions. The details of the apparatus were described in Chapter 3.

A significant part of setting up the apparatus was the construction of two
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fibre-based laser systems designed to operate near 280 nm. Our laser systems
frequency doubled the IR output in two separate stages, the details of which
were discussed in Chapter 4. The overall efficiency of our laser system was lim-
ited by the second doubling stage (using BBO), whose peak efficiency was less
than 9 % (limited by crystal quality), whereas the first stage had an efficiency
of approximately 25 %. Friedenauer et al. concurrently developed their own
fibre-based laser system [38] and obtained an efficiency of approximately 30 %
for each stage. However, their cavities employed longer crystals than ours did.
Accounting for the differences in crystal length, our LBO cavity out-performed
theirs by a factor of 2 whereas their BBO cavity out-performed ours by a factor
of > 3. These systems (along with the ones developed by Friedenauer et al.)

were the first fibre-based systems at 280 nm.

7.1 Hyperfine a Constant

To determine the hyperfine a constant we trapped and laser cooled a single
25 Mg* ion. The ion was optically pumped into (F' = 3,mpr = £3) state to
prepare the ion in the ground state before it was probed. If the probe beam
successfully drove the ion out of the ground state, then it decayed into the
F = 2 manifold of the ground state some fraction of the time. Detection
of the final state of the ion was accomplished by turning the Cycler on and

monitoring the fluorescence (or reduction therein).
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The 25%|F =3, mp = £3) — 2P%|F’ = 3,mp = £2) transition and the
2S%!F =3,mp = £3) — 2P%|F1 = 2,mp = +2) transition were separately
probed to obtain a resonance curve corresponding to each transition. By vary-
ing the polarization and the magnetic field we were able to extrapolate to the
frequency separation between the two transitions to zero magnetic field and
thus obtain the hyperfine a constant. We determined that the best method
was the average-polarization method, since no assumptions were made in de-
termining the field-free transition frequencies for each of the two transitions.
In particular, we choose to quote the hyperfine a constant obtained from the
fit of the average polarization data to a line constrained to zero slope. Al-
though the calculated uncertainty in the weighted average is smaller than the
uncertainty in the fit, we choose to quote the fit uncertainty since it is more
representative of the observed scatter in the data points (see Figure (6.16))
due to technical noise. From this we determine that the hyperfine a constant is
102.16x0.16 MHz. This quantity has not previously been measured, although
theoretical calculations for the hyperfine a constant have been done by two dif-
ferent groups [26] [27]. Our measured value of 102.16 + 0.16 MHz lies between
the calculated value of 101.7 MHz [27] and 103.4 MHz [26] corresponding to
a 0.5% and 1% difference, respectively.

Both groups use a coupled cluster theory model, where the ground state

energy is first calculated for the closed shell system of 2 Mg¢?** and then the
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open shell is used coupled cluster method to calculate the ground and excited
state energies for 2 Mg* [27]. The difference between the approach used by
the two groups is that the more recent results of Sur et al. [27] include triple
excitations in their calculations while the results of Safranova et al. [26] only
include single and double excitations [27].

As a comparison, we look at the measured value of the ground state hy-
perfine a constant measured by Itano and Wineland [98] and compare the
theoretically calculated values by the two groups against the measured value
of 596.254376(54) MHz. The calculations of Sur et al. [27] give a value of
592.86 MHz corresponding to a difference of 0.6%. The calculations of Safra-
nova et al. [26], which only include single and double excitations, give a result
of 597.6 MHz. This corresponds to a difference of 0.23%. Interestingly, Sur
et al. [27] include a series a calculations where only partial triple excitations
were included resulting in an a value of 597.45 MHz for the 2S % state, and an
a value of 102.40 MHz for the 2P% state, corresponding to a 0.2% difference

from the measured values in both cases.

7.2 Linewidth of *Mg*

To obtain the linewidth, we monitored the fluorescence from a 2*Mg* ion while
the laser was tuned near the resonant frequency driving the 251 —2 P tran-
2 2

sition. We repeated this for different laser intensities in order to extrapolate
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to a natural linewidth of 42.4 + 1.2 MHz (2.8%) for Mg*. In our measure-
ment, probe and detection was done by the same laser beam and so a different
steady-state temperature was reached for different laser detunings. We ex-
plicitly took this into account in our data analysis. This is consistent with
previous measurements of the linewidth [34] [35] [36] [37].

The first measurement of the linewidth [34] was 43.36 + 2.13 MHz using
the Hanle-effect method [99] [8]. Later, Nagourney et al. [35] used a similar
method to one described in this thesis. After trapping a single 2*Mg* ion,
Nagourney et al. scanned through the 25 1= 2P% transition, detecting fluo-
rescence as the probing laser was scanned through resonance using a dye laser.
By measuring the line profile for different laser intensities, they obtained a
natural linewidth of 45.7 £ 5.9 MHz.

Using a fast ion beam, a measurement of the linewidth to 1% was done by
Ansbacher et al. [36] where they obtained a value of 41.3 £ 0.3 MHz for the
ZP% level and 41.8 + 0.4 MHz for the 2P_;_ level.

A more recent measurement of the linewidth [37] of the QP% level involved
trapping a chain of 2*Mg* ions in a linear Paul trap. One end of the chain
was cooled, while a weak probe beam was used to probe an ion at the other
end of the chain that was sympathetically cooled in the trap. A linewidth of

41.4 + 1.1 MHz was obtained, with an accuracy of 2.6%.

For comparison, we consider some theoretical results from groups who used
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different approximation methods. First, we examine the calculations of Theo-
dosiou and Federman [100], who calculated oscillator strengths for 3s — np
transitions in Mg". Using a semiempirical method they calculated transition
matrix elements assuming a central potential that required measured energy
levels as well as ab initio calculations of the polarizability. They obtained an
oscillator strength of f = 0.300 % 0.005 for the 25 _;_ —2 P% transition, which
corresponds to a linewidth of 40.524+0.69 MHz. The quoted uncertainty results
from the sensitivity of the calculated value to the input parameters [100].

Mitroy and Safronova [101] calculated the line strengths using two dif-
ferent methods. The first method was semiempirical and similar to that of
Theodosiou and Federman [100]. They obtained a line strength of 5.602 a.u.,
corresponding to a linewidth of 40.99 MHz. We believe that differences in
the calculated linewidths of the two groups resulted from differences in the
calculated polarizabilities that were used.

The second method employed an all-order many body perturbation theory
method including single and double excitations of the Dirac-Fock wavefunc-
tion [101). From this method they calculated a line strength of 5.612 a.u.,
corresponding to a linewidth of 41.77 MHz.

The calculated values of both groups are consistent with the measured

values, although the more recent results of Mitroy and Safranova [101] are

closer to the measured values. We believe this may be due to Mitroy and
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Safranova [101] keeping higher order terms in their approximation method.
It should also be noted that the results from the two methods calculated by
Mitroy and Safranova [101] differ by only 0.18%, although the semiempirical

method is computationally simpler.

7.3 Improvements on the Measurements

It is clear from our error budget for the linewidth measurement (see Section
(6.3.2)) that the dominant source of error is the uncertainty in the fit. We
could reduce the fit uncertainty by increasing the signal to noise with a higher
detection efficiency or by using a discriminator. The Mitutoyo objective had a
transmission of 60%, which is a considerable amount of loss if we compare it to
the loss due to an AR coated lens (typically 0.25% per surface). Replacing the
Mitutoyo objective with a UV-coated aspheric lens (Edmund Optics 49694,
f =15 mm)would result in an improvement in the ratio of signal to noise and
would allow us to probe for shorter times. It would also improve our ability
to distinguish between a dark and a bright state.

Being able to better distinguish between a dark and bright state would
allow us to program a discriminator into the data acquisition VI that would
distinguish between dark and bright states given some threshold value, k. By
determining the overlap between the dark and bright histograms, we could

choose the threshold value such that if fewer than k£ photons are counted, then
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the ion is presumed to be in the dark state, and if greater than k& photons are
counted, then the ion is presumed to be in the bright state. By reducing the loss
through the imaging system we can decrease the histogram overlap between the
bright and dark states resulting in a near unit detection efficiency. However,
setting up a discriminator would only improve the linewidth measurement if
a 2Mg" ion is probed (see below) since the discrimination method requires a
dark state.

The increase in signal to noise resulting from the increased detection effi-
ciency would have also allowed us to select shorter probe times, further mini-
mizing the population effects discussed in Section (5.6) — this could lead to an
improvement in the hyperfine a constant. For the linewidth measurement, we
could minimize population effects would have been to use microwave transi-
tions to prepare the ion in the (2, —2) state. From the (2, —2) state we could
drive transitions to the (3',—3') with the probe laser, which would not have
led to inadvertent population of the other Zeeman sublevels (since the ion can
only decay into the (2,-2), (3,—3) or (3,—2)). This would have allowed us
determine the linewidth, free of broadening due to population dynamics. This
would not have improved the hyperfine a constant measurement, since there
is no (2, —3') sublevel to which the ion can be driven.

By measuring the background heating rate, we could determine the ion tem-

perature and subsequently subtract it from our measured linewidth. This could
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have been done using either a Raman technique [102], or by monitoring the
temporal dynamics of fluorescence during laser cooling [48]. However, we did
not have time to setup Raman beamlines prior to our linewidth measurement
and, while the method of Wesenberg et al. allowed us to set an upper limit on
the heating rate (see Section (6.3.1)), an actual measurement of the heating
rate would have required several days of continuous data-taking to complete.
Even with enough people around so that we could monitor the experiment,
the laser power would inevitably drift (usually due to polarization drifts in
the laser), and we wouldn’t be able to optimize them mid-experiment. Also,
on these long timescales we would likely lose the ion and have to start over.
Incidently, with better detection efficiency we could be sensitive to a smaller
heating rate and hence reduce the uncertainty due to the ion temperature (this
does not currently contribute to the net uncertainty, but an improvement in
the fit uncertainty could result in this becoming more significant).

Another improvement to the measurement of the linewidth would be a fur-
ther reduction of the excess radial micromotion, since it is the next largest
contributor (< 200 kHz). Recall from Section (6.1.2) that any background
field can push the ion away from RF null, resulting in additional micromotion.
Berkeland et al. suggest a “cross-correlation” method in which the modula-
tion of the fluorescence due to the first-order Doppler shift is monitored [45].

However, the modulation of the fluorescence occurs at the RF drive frequency
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(= 14 MHz for our trap) and we do not have access to a correlator with that

bandwidth.

7.4 Measuring the 2P; Hyperfine Constants
2

An interesting spectroscopic measurement to make would be to determine the
hyperfine constants of the QP% excited state of Mg*, which also have not
been previously measured. To make a measurement of the a and b hyperfine
constants, we would have required a separate beam line to probe the different
F manifolds of the 2P% excited state.

Since J = £ and I = 2 the allowed F values are F” = (4,3,2,1). By
optically pumping into the (F = 3, mp = —3) sublevel of the ground state, we
could only drive transitions into F” = (4,3,2) since the transition selection
rules are AF = 0, £1.

We would still need to use the cycler beam line and the repumper beam
lines to laser cool and to optically pump the ion into the (F = 3, mp = —3)
sublevel of the ground state, but we would require a separate tunable probe
beam to drive the (F' = 3, mp = —3) to the F” manifold.

To obtain the tunable probe beam, we could take the output from the
Cycler BBO cavity and split it into three separate beams which could each

be passed through their own double-pass arrangement: two which increase

the frequency (Probe and Cycler), and one which decreases the frequency
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(Repumper).

This setup would have allowed us to measure the hyperfine constants of the
2P% excited state, although some careful consideration would be required to
determine how to tune the probe laser independently of the other two beams.
Although this measurement would have been interesting and relevant as a
comparison for theoretical calculations, timing constraints have prevented us
from attempting it.

In conclusion, we have successfully assembled the apparatus required for
trapping of Mg* ions. In particular, we designed one of the first fibre-based
UV laser systems operating at 280 nm. With our apparatus, we made the
first measurement of the hyperfine a constant 2P, and have also measured

2

the linewidth of the 25 1 zp 1 transition.

The hyperfine a constant measurement compares well (within 1%) to the
results of theoretical calculations [26] [27], although the results of Sur et al. [27]
are more consistent (within 0.5%) with our measured values. By comparing
the measured ground state hyperfine a constant [98] to the theoretical results
of Sur et al. [27] we obtained a difference of 0.6% between the theory and
experiment. This is consistent with the 0.5% difference between the results of
Sur et al. [27] and our measured value of 102.16 + 0.16 MHz.

Our measurement of the linewidth of magnesium (42.4 + 1.2 MHz) also

compares well with the results of others who have measured it [34] [35] [36] [37].
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The uncertainty in our measured linewidth is dominated by the uncertainty in

our fit (1.2 MHz), larger than all the other sources combined.
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‘V Cavity Parameters
We begin by defining the cavity g—parameters:

aS
gls =1 —2'R—
S
X
2 =1-2-—"1:
8 4 R
1 2L lcrystal
= = + :
% 2(1000 Deryscal
at
gl=1-2-—":
g2 =1 —2-5'

1( 21 |
a = — + crystal .
t 211000 43
crystal
where R is the effective mirror radius of curvature (see below), X is the long
distance between the curved mirrors, lcrystal is the crystal length, ncrystal is
the crystal index of refraction and subscripts s, t correspond to the saggital
and tangential planes respectively.

\ Astigmatic Compensation Angle

The astigmatic compensation angle is given by solving the following:

o _ 2
eqangle :=rsin(0)-tan(9) = lcrystal(ncrys:al ) / ncrystall

solang:=solve(eqangle, 8) :
8, = solang[1]:
R =—'——:
cos(8,)
R :=r1-cos(,):
where ris mirror radius of curvature, and 6a is the astigmatic—compensation
angle.

v Cavity Waists

Using the g—parameters, we calculate the waists on the different mirrors:
‘R gl +g2 —2-gl g2)

/ el g2 (1 -2l 82)
/ 2n glg2 (1 —glg%)

ng
AR gl 82 (1—gl-g%)
crystal gztz

gl-g2-(1—glgl)
g12
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AR gl-g2 (1 —glg?)
AT 2 '

2
gl

AR (glt+g2‘—2-g1t-g2t)2
w =
"7 2wy elea(l—eley)
where wc is the crystal waist, wa is the secondary air waist, and wm is the
spotsize on the curved mirror.

v User Input

This section requires user input. You must enter the mirror radius of
curavture, the index of refraction for the crystal, and the wavelength of
operation. You must also enter the physical length of the crystal. In
particular, we have used a values commensurate with the LBO cavity
(doubling from the IR to VIS) that was built.

r=0.075:

Drystal = 1.604:

A:=1120*1e-9:
1 ==7/1000:

crystal

Rs 1cr stal
Lmin = 5~ z—ny— -1000:

crystal

\4 Length Calculations

X
X:="X"
T:=—————Z :

2 -cos( 2 -Oa)
S[short]:=(L/1000+1[crystal]/2*(cos(delta)—sin(delta)/tan(2*theta)))/cos(2*
theta);
S[long]l:=(L/1000+1[crystal]/2*(cos(delta)+sin(delta)/tan(2*theta)))/cos(2*
theta);

Z:=(2*X-S[short]-S[long])/(1+1/cos(2*theta));

V Cavity Parameters

L:=36.097:

X:=.3:

delta:=evalf(28*Pi/180):

"Mirror Radius of Curvature (cm)" = 100r;

"Distance from Curved Mirror to Crystal Face (mm)" = L;

"Distance between flat mirrors (cm)" = Z*100;

"Incidence Angle (degrees)" = evalf(theta*180/Pi);

"Tangential Crystal Waist (micron)" = wc(t]*1e6;

"Saggital Crystal Waist (micron)" = wc[s]*1e6;

"Tangential Secondary Waist (mm)" = ws[t]*1000;

"Saggital Secondary Waist (mm)" = ws[s]*1000;

"Tangential Curved Mirror Spotsize (mm)" = wm[t]}*1000;

"Saggital Curved Mirror spotsize (mm)" = wm([s}*1000;

"Longer Distance from Curved to Flat Mirror (cm)" = (T+S[long])*100;
"Shorter Distance from Curved to Flat Mirror (cm)" = (T+S[short])*100;
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Assume pure 0- polarization for the cycler beam:

Atomic constants: (Mg)
restart :
with{ScientificConstants) : with(DEtools, odeadvisor) :
I'Mg:=432n:
A:=1279.63510"7:
In:= S :
2
First (next two, hidden, sections) we define Maple versions of the Wigner 3—j and
6—j symbols

(taken from http://www.mirrorservice.org/sites/ftp.inf.ethz.
ch/pub/software/maple/5.3/share/Wigner)

| Wigner 3—j symbols

» Wigner 6—j symbols

Okay, if we wish to calculate probabilities we need dipole matrix elements! The
appropriate formula is:

3
leg = _3ATP (-1)2F +14+2J+max(J,J")+1-MF’ sqrt[(2)’+1)(2F+1)(2F’ +1)]
2 hemw0?

x Wigner_6j(J°,1.J,F,LF’) Wigner_3j(F’,1,F,~-MF’,q,MF)

Define pred to be p divided by the base Rabi frequency. This allows us to focus
on the Clebsch—Gordon stuff:

wed = (Jl, FL mFl, Ju FU, mFu, i, q) N (_1 )(2~Fu+i +2-J1+max(JL Ju} +1 —mFu)

-y (2-Ju+1)-(2-F1+1)-(2-Fu+1) -Wigner_6j(Ju, 1,J1,FLi, Fu)
- Wigner_3j(Fu, 1, FlL—mFu, g, mFl) :

3’rp

And the Rabi frequency is then givenby Q = | ——————
4 & Y (4 w3 w0?)

xured.

v Probe Dynamics

B Hyperfine Definitions
\ 4 F=3 Manifold

V Driving to the F = 3’ intermediate level:

Assuming that we optically pump into F=3, mF=-3 turning the probe
on means that we can drive the ion from the ground state into the
2P1/2 level. First I'll consider the case where the laser is tuned to drive
the F=3, mF=-3 of the 2S1/2 to the F’=3 manifold. From the F=3,
mF=-3 the probe laser can only drive the ion into the F’=3, mF’=-2
sublevel. From here, the ion can decay into the F=3, mF=-3, F=3, mF=
-2, or F=3, mF=-1 which are bright, or the F=2, mF=-2 and F=2, mF=
—1, which are dark to the probe. Because the ion has more than one
bright state, we need to consider what happens when the ions is
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pumped into one of the other bright groundstate zeeman sublevels. In
particular, we get the following possible decay paths:

3,-3) > (3',-2) = (2,-2)
- (2,-1)
- (3,-3)
- (3,-2)
- (3,-1)
(3,-2) —» (3',-1) - (2,-2)
- (2,-1)
- (2, 0)
- (3,-2)
- (3,-1)
- (3,0)
3,-1H)—- (3, 0) = (2,-1)
- (2, 0)
-2, 1)
- (3,-1)
- (3, 0)
-G, 1
3,0—-03, H)-(2, 0
-2, 1
-2, 2)
— (3, 0)
-G, 1
- (3, 2)
(3’ 1) - (3'1 2) e (21 1)
-2, 2)
-G,
-3, 2)
— (3, 3)
3, 2)—-@3, 3)—-(2, 2
-3, 2)
-3, 3
(3, 3) — nowhere

We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. To
keep things somewhat straightforward, 3n would correspond to an
mF=-3, and a 3p will correspond to an F = 3’. So, considering
probabilities by level we have:

V Intermediate State (3°,-2):

¥V 3.-3)-@2.-2):

- 1 1 1 3
F3P33n32n22n:=d— R -ured( 5373, 5,372, 7,
1+[——J
I'Mg
2 2
1 1 5
1| -ured| —,2,-2, —,3,-2, >,0 | :
) Hre (2 2 2 )

¥ G.-3)-@2.-1)
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1 1 1 5
F3P33n32n2lni=d—>————pred| =, 3,-3, =, 3,-2, 2,

niznzln g N2 e (2 7325

14+ [ =S

(FMg

2 2
1 1 5
1 df =—,2,-1, =,3,-2, =—.-
) hreq 5 3325

V¥V 3,-3)=(3,-3) [no change!] :
F3P33n32n33n:=d—

¥V 3,-3)-»0.-2):

F3P33n32n32n:=d—»——l——-med(l—,3,-3, L3 2
2.d \? 2 2 2
14+ [ 2%
2 2
lj pred(—,3,—2, 1—, - ,2,0)
YV 3.-3-6-1:
_ 1 1 i 5
F3P33n32n31n-—dﬂ——zTE~ured(—2—,3,-3, ?,3,-2, 5
1+ ==
FMg)

Intermediate State (3°,—-1):

¥V 3.-2)-2.-2):

F3P32n31n22n:=d— 1

1+(2~(d—ZSU[1 +ZSL[1]) }
3,-

'™

1 1 5 2 1 1
-med(2,3,—2,2,3, 1,2 ) p.lred(2 - ,2,
5 2
1)
¥ G-2-@-1):
F3P32n31n2ln:=d— 1 5
1+[2-(d—ZSU[I]+ZSL[1]) )
I'Mg

1 1 5 2 1 1
. =,3,-2,=,3,-1,=-,1 di —.,2,-1, =,3,-1,
wed(2,3, 2,2 > ) ‘ure (2 >
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2
Bl .0 ) :
2
print(); # input placeholder

¥V G6.-2-, o

F3P32n31n20:=d— 1

: +[2-(d—ZSU[1]+ZSL[1]) )2
3

™™g
1 1 5 2
. —_ - —_ -1, ._’1
ured(2,3, 2, 2,3 1 2 ) ured(

4)2:

V (3,-2)—(3,-2) [no change!!}:
F3P32n31n32n:=d—

L)
2’

1
1+(2-(d—ZSU[ 1+2ZSL[1]) )
3,-

™

]

0|

pred(
5 2
=, 1 :
> 1)
V G.-2)»0.-1):
F3P32n31n3ln:=d—

1 1
3,72, 5,371, 3,72, 5,
2 2

N[r—*

1
1+(2 (d-ZSU[ 1] + ZSL[ 1]))
3,-

™
5 2
,3,-1,5,1) ured(

1
ared| =,
eea( 1

2
5—,0) :

¥V 3.-2-@3.0):

L L
, 72a

l\)|'—‘

1

F3P32n31n30:=d— 5 hre (1-
1+(2-(d-ZSU[1]+ZSL[1])) 2

I'Mg
1 5 .\ 1 5 2
3.2, 2,31, 3, )wed( 30231,2,-1).
V Intermediate State (3°, 0):
V G-1)—@.-1):
F3P31n3021n:=d— 1 2~pred(1—,
1+(2.(<1-ZSU[2]+ZSL[2]) ) 2
I'Mg
1 5 2 1 1 5 2
9_17—: ) ,_',1 " Py 7—17—’ s My T .
3 2302)pred(22 23021)
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¥V 3,-1)=(2, 0):
1

F3P31n3020:=d— > -ured( LY
1+(2-(d—ZSU[2]+ZSL[2]) J 2
I'Mg
1 5 2 1 1 5 )2
1,2,3,0,2,1J wed(2,2,0,2,3,0,2,0)
V 6-1)-@ 1)
F3P31n3021:=d— 1 2-ured(l—,3,
1+(2~(d-ZSU[2]+ZSL[2]) J 2
I'Mg
1 5 2 1 1 5 2
-1, — = : ~ —.3,0,=,-1] :
1,2,3,0,2,1) ured[z,Z,l,z 3,0, )
¥V (3,-1)=(3.,-1) [n0 change!!]:
F3P31n303In=d— ! z'ured(l—,
1+(2~(d-ZSU[2]+ZSL[2]) ) 2
I'Mg
1 5 2 1 1 5 32
-1,5.3,0, 5,1 - >3,:71,5,3,0, 5,1
3,-1,5.3,0, 2, ] med(2,3, 5:3:0, 3 )
¥V G.-1)~@3, 0):
F3P31n3030 = d — ! z-ured(l—,3,
1+(2-(d—ZSU[2]+ZSL[2]) J 2
I'Mg
1 5 )2 1 1 5 ).
-1,5,3,0,5,1) med(2,3,0, 2,3,0,2,0) :
¥ G.-1)=03, 1):
F3P31n3031:=d— ! 2-ured(l—,3,
1+(2-(d—ZSU[2]+ZSL[2]) ] 2
I'Mg
1 5 2 1 1 5 2
= = ~ : d - sy dy 5.9, 5_5-1 '
1,2,3,0,2,1J ure [2,31 >.3,0,3 )
V Intermediate State (3°, 1):
¥ G, 0-, 0):
F3P303120:=d— 1 z-ured(l—,3,
1+[2-(d—ZSU[3]+ZSL[3])J 2
I'Mg
1 5 2 1 1 5 )2
~ = . — —~,3,1,>,1] :
0,2,3,1,2,1) ured(z,2,0,2 3,1, 3 ]
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¥ 3,02, 1):

F3P303121:=d— 1 z-med(l—,3,
- 2.(d—ZSU[3]+ZSL[3])) 2
Mg
1 5 2 1 1 5 2
0,2—,3,1,2,1) med(2,2,1,2,3,1,2,0)
¥V 3.0)-(2, 2):
1 1
F3P303122:=d— 2-ured(——,3,
1+(2-(d-ZSU[3]+ZSL[3]) ) 2
I'Mg
1 5 2 1 1 5 2
= = . =,2,2,=.,3,1, = -1 :
0,2,3,1,2,1]pred(2,, 5 > 1)
v (3, 0)—(3, 0) [no change!!]:
F3P303130:=d — L z-ured(l—,3,
1+(2-(d—ZSU[3]+ZSL[3]) ) 2
Mg
1 5 2 1 1 5 2
- -~ : ~ - 1’_5
0,2,3,1,2,1) med(2,3,0,2,3, ) 1)
¥ 3,03, 1):
F3P303131:=d— 1 z-pred(—l—,
l+(2-(d—ZSU[3]+ZSL[3]) ) 2
I'Mg
1 5 )2 1 1 5 )2,
3,0,5,3,1,5,1J wed(2,3,l, 2,3,1, 2,0)
V 3. 0)-(3.2):
F3P303132:=d— 1 z-pred(l—,3,
|+ 2'(d—ZSU[3]+ZSL[3])) 2
™™g
1 5 )2 1 1 5 2
0,2,3,1,2,1] -wed(2,3,2,2,3,1,2, ) :
V Intermediate State (3°, 2):
¥V G, n-a. 1
1 1
F3P313221:=d— Z-ured(—,B,
1+(2-(d—ZSU[4]+ZSL[4]) ] 2
™™g
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1 5 ) 1 5 )2
» A > s A - 2 17 A ’ s T~ s 1 :
123221Jured(2 2322J

¥ 6. )-@ 2):

F3P313222:=d— 1 > ure d(l— 3,
1+(2-(d-ZSU[4]+ZSL[4])J 2°
I'™Mg
1 5 2 1 5 2
— 2 ,2,2, ,=.,0
1,2,3,2,2,1)ured( > 3,2, 3 )
¥ 3, 1)=(3, 1) [no change!!]:
1 1
F3P313231:==d— 2-ured(—,3,
1+(2-(d—ZSU[4]+ZSL[4])J 2
TMg
1 5 2 1 1 5
-~ - ~ 1 e Ids Ly o
1,2,3,2,2,1J ured(z 2322 1)
¥ 6, )—-@3,2):
F3P313232:=d— 1 5 hre d(l— 3,
1+(2-(d—ZSU[4]+ZSL[4])] 2
I'Mg
1 5 2 1 1 5 2
= 2 . — ~.3,2, >, :
1,2,3,2,2,1) med(2,3,2,2, > o)
V 3, 1)@, 3):
1 1
F3P313233:=d— 5 ured| =, 3,
1+(2-(d—ZSU[4]+ZSL[4]) J 2
I'Mg
1 5 2 1 1 5 2
- ~ N ~ 37 y A s I a_a-l :
1,2,3,2,2,1) ured(z, 3 > 3,25 )
V Intermediate State (3°, 3):
¥V 6.2-2 2
1
F3P323322:=d— 1 2-ured(—,3,
1+(2-(d—ZSU[5]+ZSL[5])) 2
I'Mg
1 5 2 5 2
- 2 ,2, ,3,3, =11
2,2,3,3,2,1) med( 2, 2 : )

V¥V 3. 2)=(3, 2) [no change!']:
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F3P323332:=d— 1 2-pred(—l—,3,
1+(2-(d—ZSU[5]+ZSL[5])J 2
™g
1 5 2 1 1 5 2
- ~ N _’ v ’_7 k) ’_91 :
2,2,3,3,2,1] med(2322332 )
¥V 3.2)=(3, 3):
F3P323333:=d— ! -pred(l—,3,
1+[2-(d-ZSU[5]+ZSL[5]) }2 2
I'Mg
2 L33 5 ) ed(1—331—3330)2-
’2’ ] ’27 ur 27 s s2a > 72’ .

\ 4 Rate Equations for the 3° intermediate level:

v Rate Equations:
So we have the simplified level/transition diagram:
So we have:
d/dt(p33n(t)) = [ (- P33n32n32n - P33n32n31n -
P33n32n22n0-P33n32n21n)*p33n(t)]
d/dt(p32n(t)) = [(- P32n31n31n — P32n31n30 -
P32n31n22n-P32n31n21n-P32n31n20)*p32n(t) + P33n32n32n*

p33n(t)]

d/dt(p31n(t)) = [(-P31n3030 - P31n3031 — P31n3021n-
P31n3020-P31n3021)*p31n(t) + P33n32n31n*p33n(t) +
P32n31n31n*p32n(t)]

d/dt(p30(t)) = [(- P303131 - P303132 - P303120 -
P303121 — P303122)*p30(t) + P32n31n30*p32n(t) + P31n3030*

p31n(1)]

d/dt(p31(t)) = [(- P313032 - P313033 - P313221 -
P313222)*p31(t) + P31n3031*p31n(t) + P303131n*p30(t)]

d/dt(p32(t) = [(- P323333 - P323322)*p32(t) + P303132*
p30(t) + P313232*p31(t)]

d/dt(p33(t) = [P323333*p32(t) + P313233*p31(1)]

d/dt(p22n(t)) = P33n32n22n*p33n(t) + P32n31n22n*
p32n(t)

d/dt(p21n(t)) = P33n32n21n*p33n(t) + P32n31n21n*
p32n(t) + P31n3021n*p31n(t)

d/dt(p20(t)) = P32n31n20*p32n(t) + P31n3020*p31n(t)
+ P303120*p30(t)

d/dt(p21(t) = P31n3021*p31n(t) + P303121*p30(t) +
P313221*p31(t)

d/dt(p22(t)) =P303122*p30(t) + P313222*p31(t) +
P323222*p32(t)
Giving us:

F3Eq33n:= d-*% F3p33n(t) = ((-F3P33n32n32n(d)

—F3P33n32n31n(d) —F3P33n32n22n(d)
—F3P33n32n21n(d})-F3p33n(t)) :
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F3Eq32n:= d—»;jgt— F3p32n(t) = ((-F3P32n31n31n(d)
—F3P32n31n30(d) —F3P32n31n22n(d) —F3P32n31n21n(d)
—F3P32n31n20(d) )-F3p32n(t) +F3P33n32n32n(d)
‘F3p33n(t)) :

F3Eq31n:= d——»aclt— F3p31in(t) = ((-F3P31n3030(d)

-F3P31n3031(d) —F3P31n3021n(d )} —F3P31n3020(d)
—F3P31n3021(d))-F3p31n(t) + F3P33n32n31n(d ) -F3p33n(t)
+F3P32n31n31n(d)-F3p32n(t)) :

F3Eq30:= d—*ad—tF3p30(t) = {(-F3P303131(d) —F3P303132(d)

—F3P303120(d) - F3P303121(d) - F3P303122(d) ) -F3p30(t)
+F3P31n3030(d)-F3p31n(t) +F3P32n31n30(d)-F3p32n(t)) :

F3Eq31 := d—»(—id—t F3p31(t) = ((-F3P313232(d) —F3P313233(d)

—F3P313221(d) - F3P313222(d))-F3p31(t) + F3P303131(d)
‘F3p30(t) +F3P31n3031(d)-F3p31n(t))

F3Eq32:= dﬁ% F3p32(t) = ((-F3P323333(d) —F3P323322(d))

-F3p32(t) + F3P313232(d) -F3p31(t) +F3P303132(d)
‘F3p30(t)) :

F3Eq33 = d—»% F3p33(t) = (F3P313233(d)-F3p31(t)
+F3P323333(d)-F3p32(t)) :

F3Eq22n:= d-»% F3p22n(t) = F3P33n32n22n(d ) -F3p33n(t)
+F3P32n31n22n(d)-F3p32n(t) :

F3Eq21ln:= d—»Ed—t— F3p21n(t) = F3P33n32n21n(d) -F3p33n(t)
+F3P32n31n21n(d)-F3p32n(t) + F3P31n3021n(d)
‘F3p31n(t) :

F3Eq20:= d—»% F3p20(t) = F3P32n31n20(d ) -F3p32n(t)
+F3P31n3020(d)-F3p31n(t) +F3P303120(d) -F3p30(t) :

F3Eq21 :=d—>d—dE F3p21(t) = F3P31n3021(d)-F3p31n(t)
+F3P303121(d) -F3p30(t) + F3P313221(d)-F3p31(t) :

F3Eq22 == d—»% F3p22(t) = F3P303122(d) -F3p30(t)
+F3P313222(d) -F3p31(t) +F3P323322(d)-F3p32(t) :

v Solving the Rate Equations:
ThreePrimeProbeDynamics ==proc(ProbeDetuning)
global F3Solns, F3P33n, F3P32n, F3P31n F3P30, F3P31, F3P32,
F3P33,F3P22n, F3P21n, F3P20, F3P21, F3P22;
local F3Eqgs;
F3Eqs = {F3Eq33n(ProbeDetuning), F3Eq32n(ProbeDetuning),
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F3Eq31n(ProbeDetuning), F3Eq30(ProbeDetuning),
F3Eq31(ProbeDetuning), F3Eq32(ProbeDetuning),
F3Eq33(ProbeDetuning), F3Eq22n(ProbeDetuning),
F3Eq21n{ProbeDetuning), F3Eq20(ProbeDetuning),
F3Eq21(ProbeDetuning), F3Eq22(ProbeDetuning), F3p33(0)
= 0,F3p32(0) = 0,F3p31(0) = 0,F3p30(0) =0,F3p31n(0)
= 0,F3p32n(0) = 0,F3p33n(0) = 1,F3p22n(0) = 0,F3p21n(0)
=0,F3p20(0) =0,F3p21(0) =0,F3p22(0) =0}:

F3Solns = dsolve(F3Eqs, numeric, output= listprocedure) :

F3P33n:=eval(F3p33n(t), F3Solns);

F3P32n:=eval(F3p32n(t), F3Solns);

F3P31n:=eval(F3p31n(t), F3Solns);

F3P30:= eval(F3p30(t),F3Solns);

F3P31:= eval(F3p31(t),F3Solns);

F3P32:=eval(F3p32(t),F3Solns);

F3P33:=eval(F3p33(t),F3Solns);

F3P22n:=eval(F3p22n(t), F3Solns);

F3P21n:=eval(F3p21n(t), F3Solns);

F3P20:=eval(F3p20(t), F3Solns);

F3P21:=eval(F3p21(t),F3Solns);

F3P22:=eval{(F3p22(t),F3Solns);

end proc:

V¥ £=2 Manifold

\ 4 Driving to the F =2’ intermediate level:

Assuming that we optically pump into F=3, mF=-3 turning the probe
on means that we can drive the ion from the ground state into the
2P1/2 level. Now I'll consider the case where the laser is tuned to drive
the F=3, mF=-3 of the 2S1/2 to the F’=2 manifold. From the F=3,
mF=-3 the probe laser can only drive the ion into the F’'=2, mF’=-2
sublevel. From here, the ion can decay into the F=3, mF=-3, F=3, mF=
-2, or F=3, mF=-1 which are bright, or the F=2, mF=-2 and F=2, mF=
—1, which are dark to the probe. Because the ion has more than one
bright state, we need to consider what happens when the ions is
pumped into one of the other bright groundstate zeeman sublevels. In
particular, we get the following possible decay paths:
(35_3) - (2'1_2) - (2,—2)

- (2,-1)

- (31—3)

- (3!_2)

- (3,-1)
(3,-2) = (2',-1) - (2,-2)

- (29_1)

- (2, 0)

- (3’_2)

- (3v—1)

- 3,0
G-H— (2, 0)—2,-1)

- (2, 0)

=2, 1

- (3,-1)

-3, 0)

-3, D
G, 0H-2,D-1(2 0

=2, D
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(2, 2)

-3, 0

-3, D

-3, 2)
B H-(2,2)-(2, 1

- (2, 2)

A CAY)

-3, 2)

- (3, 3)
(3, 2) = nowhere
(3, 3) = nowhere
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. To
keep things somewhat straightforward, 3n would correspond to an
mF=-3, and a 3p will correspond to an F = 3. So, considering
probabilities by level we have:

V Intermediate State (2°,-2):

¥V 3.-3)-@2.-2):

F2P33n22n22n:=d— 1 3 -ured( 1—,3,-3, 1—,
1+[2‘(d—EHFS) 2 2
I'Mg
5 )2 1 1 5 2
2, 2,5,1) pred[z,Z, 2, 5.2, 5, ) :
¥V 6.-3)-2.-1):
F2P33n22n2ln:=d— 1 ~ured(1—,3,—3,1—,2,
1+(2-(d—EHFS) ]2 2 2
I'Mg
5 2 1 1 5 2
2,2 . =.2,-1,=,2,-2, > -1 :
2,2,1J ured(z,Z, 272 5 )
V (3,-3)—(3,-3) [no change!]:
F2P33n22n33n:=d— 1 -ured(l—,3,—3,1—,2,
1+(2‘(d—EHFS) )2 2 2
I'Mg
5 2 1 1 5 2
- - . - _2 — - > - .
2,2,1) ured(z,z, 2332, )
¥V 3.-3-03.-2):
F2P33n22n32n:==d — 1 -med(1—,3,—3,1—,2,
1+(2-(d—EHFS) Jz 2 2
I'Mg
5 )2 1 1 5 2
-2, = . 3,2, —.2,-2, > :
2,2,1J wed(2,3, ,2,2, 2,2,0)

¥ 6.-3)>G,-1):
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F2P33n22n31ln:=d — 1 5 ~pred( 133,10,
(2-(d—EHFS) J 2 2
1+ | =———
Mg
5 2 1 1 5
-2, 5,1 | pred| -,3,-1, 5-,2,-2, =1
2’2’1) ””(23 2 2 ]

V Intermediate State (2°,—1):

V 6.-2)-@2,-2):
F2P32n21n22n:=d
1 1
e d 2 .wed( PR
1+(2'(d+ZSU2[1]+ZSL[1]—EHFS)J 2
I'Mg
1 5 1

2 1 5 2
’—’__7 ’_17_,1 ‘ d__’ ’_’——,2,_1’_’ :
3.2, 5,2 2)pre(2222 21]

¥V G.-2)—@-1):
F2P32n21n21ln:=d
1 ( 1
— }Jred >
1Jr(z-(d +7ZSU2[1] +ZSL[1] — EHFS) jz 2
I'Mg
1 5 1

2 1 5 2
21,35 1 wed( 21, L 201, 3 0)
) hre (2 2 2 OJ

3,-2, —,
2 2

¥V 3.-2-, 0):

1

- ( 2-(d +ZSU2[1]+7ZSL[1] — EHFS) ]2
I'Mg

1 5 1 5

1 2 1
" AP TEs T 7_1,_,1 . ALV, Ty, T
ured(23222 ) )wed(2202212
2
-1) :

v (3,-2)—(3,-2) [no change!!]:
F2P32n21n32n:=d

F2P32n21n20:=d—

1 1

. ed[—,

1_|_(2-(d +7ZSU2{1]+ZSL[1] — EHFS) ]2 W 2
I'Mg

1 5 2 1 1 5 2
3’_2:— 23—19—71 ° d > 3_27 _721_1’—;1 .
) hre (2 3723 2 )

—

2’ 2
V G.-2)-G.-1):
F2P32n21in31ln:=d
1 1
— 3 .ured[__,
1+(2-(d+ZSU2[1]+ZSL[1]—EHFS)] 2
Mg
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5 2 1 1 5 2
2,-1,=,14 - =»3,-1, —,2,-1, —, :
,2, ,2,Jmed(2,3122120)
g (3,-2)—(3, 0):

1
- ( 2-(d +ZSU2[1] +ZSL[1] — EHFS) ]2

F2P32n21n30:=d—

I'™Mg
1 1 5 2 1 1 5
N d —735-2’ _’25_17_’1 N d _13709—72’—1’_’
ure (2 2 2 J Hre (2 2 2

2
-1 J :
V Intermediate State (27, 0):

V G.-1)-@.-1)
F2P31n2021n:=d

—

1
- ( 2-(d +ZSU2[2] + ZSL[2 ] — EHFS) )2
I'Mg
1 5

1 2 1 1 5
3L 5,2,0, 2,1) -wed(z,z, 1,3.2,0, 2,

-ur:d(
1) :

¥V ¢-1)-, 0):
1

- ( 2-(d +2ZSU2[2] + ZSL[2] — EHFS) ]2
™¢g

1 1 5 V2
o 27 2 N s e My T .
> 0 2 2,0 2 OJ

F2P31n2020:=d—

1 1 5 2
. —,3,-1,=,2,0,=,11 - d
pred(z,3,1 2 2,0 > J pre (

V G-y~ 1):

F2P31n2021 :=d— 1

- [ 2-(d +2ZSU2[2] + ZSL[2 ] — EHFS) ]2

I'Mg
1 1 5 )2 1 1 5
N - T by e 4 ;_51 N d _,2’15_72a0,_5
ured( 2 ,3,-1 5 2,0 2 ) pre (2 > >

-1)2:

¥V 3.-1)=(3,-1) [no change!!]:
F2P31n2031n=d— L .
L ( 2-(d +ZSU2[2] + ZSL[2 ] — EHFS) ]

I'Mg
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1 1 5 2 1 1 5
. =,3,-1, -,2,0, =—,1] - -,3,-1,-,2,0, =,
ured(z 3-1,3.,2,0, 2 ) ured(2 31,3

2
2
1}:

¥V 3-1)-3, 0

F2P31n2030:=d— L

| 4 [ 2.(d+7ZSU2[2] +7SL{2 ]| — EHFS) J2
( ™™g

1 1 5 )2 1 1 5 )2
. =,3,-1,-,2,0,>,1} -wred{ =,3,0, =,2,0, -,0 :
wed(z 2 2 ) Hre (2 3.0.3 )

V 6-1)-0, 1)
1

- ( 2-(d +ZSU2[2] +ZSL[2] — EHFS) )2

F2P31n2031:=d—

™™g
1 1 5 2 1 1 5
-wred| =—,3,-1, =-,2,0, =, 1| -wred|{ =—,3,1, =—,2,0, =,
Hre [2 2 2 J Hre (2 2 2

V Intermediate State (27, 1):

¥V 3. 09—, 0):

F2P302120:=d— !

L+ [ 2-(d +ZSU2[3] +ZSL[3 ] — EHFS) jz
Mg
1 5

: ed(1—30—21-—1)2- ed(l—zol—zlil)z-
“r 2as52”’25 }'u‘ 2”12’,’2, .

¥V 3, 0=, 1)

F2P302121:=d— !

- ( 2-(d +ZSU2[3] + ZSL[3 ] — EHFS) )2
'™Mg
1 5

2 2
2,1,—,1) wed(;—,z,l,l— 2,1,3,0) :

1
”’ed(z’3’0’2’ 2 252
¥V 3, 0= 2):

F2P302122:=d— L

L+ ( 2-(d +ZSU2[3) +ZSL[3 ] — EHFS) ]2

I'Mg
1 1 5 \? 1 1 5 2
-wred! —,3,0, —,2,1, =,1{ -pred| =-,2,2, —-,2,1, >—,-1} :
Hre (2 2 2 ) hre (2 2 2 J

v (3, 0)—(3, 0) [no change!!]:
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1
- ( 2-(d +2ZSU2[3] + ZSL[3 ] — EHFS) ]2
™™g
1 1 5

2 1 1 5 2
~ured(—,3,0, 2,1,—,1)-wed(5,3,0,5,2,1, ,1]:

F2P302130:=d—

2 2’ 2 2
¥ G.0-0,

F2P302131:==d— !

- ( 2-(d +ZSU2[3] +ZSL[3 ] — EHES) ]2

™™g

1 1 5 2 1 1 5 2
* d ~ 50a—,271’—91 ) d _’3517_92: ’_—50 .
hre (2’3 2 2 ) Hre (2 PR J

¥ 3.0~ 2):

F2P302132:=d— !

- [ 2-(d +ZSU2[3] + ZSL[3 ] — EHFS) )2

™™g

1 1 5 2 1 1 5 2
‘ = =,2,1,=,1] -ured| =—,3,2,=-,2,1, =—,-1 | :
med(2,3,0,2 2 2 ) ure (2 > 2 )

V Intermediate State (2°, 2):

V G, 1)-@ 1
1
| 4 [ 2:(d +ZSU2[4] +7SL[4]) — EHFS) )2
( I'Mg

1 1 5 2 1 1 5 2
: d ~ ’_12,2’_—;1 * d —72y19‘5272a _’1 .
we(2,3,12 2 )”re(z 2 2 J

F2pP312221:=d—

¥V 3, )= 2):
F2P312222:=d— 1 ;
1 +(2~(d +7ZSU2([4] +ZSL[4 ] — EHFS) )
I'Mg
1 5

pred 1—31—22—1z-wed(izzl—zziof-
'Vlr 2,,,2,,,2, 2’552,552’ .

¥ 3, 1)=(3, 1) [no change!!]:

F2P312231:=d— 1 -
Ly ( 2.(d +2SU2[4 ] + ZSL[4 | — EHFS) ]

I'Mg
1 1 5 2 1 1 5 2
- d ~ 19—9 72’ _’1 ° d —7371’~!2’2’ _,1 :
wed( 323152 ] wed( 3.3.1.7.2.2. 5.1

2 2 2

¥V 3, 1)-3,2):
F2P312232:=d — L .
4 ( 2.(d +ZSU2[4] + ZSL[4 ] — EHFS) )

I'Mg
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YV 6. 1)—03,3):
F2P312233:=d —

|+ ( 2-(d +ZSU2{4] +ZSL{4] — EHFS) ]2
I'Mg
1 5

2 2
3,1, —,2,2, —,l) -pred[;—,3,3, ;—,2,2, —5—,—1) :

!
. d_’
Hre (2 2 2 2

v Rate Equations for the 2’ intermediate level:

v Rate Equations:
F2Eq33n:= d—*c;i—t F2p33n(t) = ((-F2P33n22n32n(d)

—F2P33n22n31n(d) —F2P33n22n22n(d)
—F2P33n22n21n(d))-F2p33n(t)) :

F2Eq32n:= d—»ad—t F2p32n(t) = ((-F2P32n21n31n(d)

—F2P32n21n30(d) —F2P32n21n22n(d) —F2P32n21n21n(d)
—F2P32n21n20(d) ) -F2p32n(t) +F2P33n22n32n(d)
‘F2p33n(t)) :

F2Eq31n:= d*% F2p31n(t) = ((-F2P31n2030(d)

-F2P31n2031(d) —F2P31n2021n(d) — F2P31n2020(d)
—F2P31n2021(d))-F2p31n(t) + F2P33n22n31n(d) -F2p33n(t)
+F2P32n21n31n(d) -F2p32n(t)) :

F2Eq30:= d—»(—% F2p30(t) = ((-F2P302131(d) —F2P302132(d)

—F2P302120(d) —F2P302121(d) —F2P302122(d}) -F2p30(t)
+F2P31n2030(d)-F2p31n{t) +F2P32n21n30(d)-F2p32n(t)) :

F2Eq31:= d—»% F2p31(t) = ((-F2P312232(d) —F2P312233(d)

—F2P312221(d) —F2P312222(d) ) -F2p31(t) + F2P302131(d)
-F2p30(t) + F2P31n2031(d) -F2p31n(t)) :

F2Eq32 = d—>d—d? F2p32(t) = F2P302132(d ) -F2p30(t)
+F2P312232(d) -F2p31(t) :
F2Eq33:= d—»% F2p33(t) = F2P312233(d)-F2p31(t) :

F2Eq22n:= d—>ad—t F2p22n(t) = F2P33n22n22n(d)-F2p33n(t)

+F2P32n21n22n(d)-F2p32n(t) :

F2Eq21n:= d—>gd—t— F2p21n(t) = F2P33n22n21n(d) -F2p33n(t)

+F2P32n21n21n(d) -F2p32n(t) +F2P31n2021n(d)
‘F2p31n(t) :

297



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy

F2Eq20:= d—»dit F2p20(t) = F2P32n21n20(d ) -F2p32n(t)
+F2P31n2020(d)-F2p31n(t) + F2P302120(d)-F2p30(t) :

F2Eq21 = d—»% F2p21(t) = F2P31n2021(d)-F2p31n(t)
+F2P302121(d) -F2p30(t) + F2P312221(d)-F2p31(t) :

F2Eq22 = d—»% F2p22(t) = F2P302122(d)-F2p30(t)
+F2P312222(d) -F2p31(t) :

V Solving the Rate Equations:

TwoPrimeProbeDynamics :=proc(ProbeDetuning)

global F2Solns, F2P33n, F2P32n, F2P31n F2P30, F2P31, F2P32,
F2P33,F2P22n F2P21n, F2P20, F2P21, F2P22;

local F2Eqs;

F2Eqs:= {F2Eq33n(ProbeDetuning), F2Eq32n(ProbeDetuning),
F2Eq31n(ProbeDetuning), F2Eq30(ProbeDetuning),
F2Eq31(ProbeDetuning), F2Eq32(ProbeDetuning),
F2Eq33(ProbeDetuning), F2Eq22n(ProbeDetuning),
F2Eq21n{ProbeDetuning), F2Eq20(ProbeDetuning),
F2Eq21(ProbeDetuning), F2Eq22(ProbeDetuning),F2p33(0)
=0,F2p32(0}) = 0,F2p31(0) = 0,F2p30(0) = 0,F2p31n(0)
= 0,F2p32n(0) = 0,F2p33n(0) = 1,F2p22n(0) = 0,F2p21n(0)
= 0,F2p20(0) =0,F2p21(0) = 0,F2p22(0) =0}:

F2Solns = dsolve(F2Eqs, numeric, output= listprocedure) :

F2P33n:=eval{F2p33n(t), F2Solns);

F2P32n:=eval(F2p32n(t),F2Solns);

F2P31n:=-eval(F2p31n(t), F2Solns};

F2P30:= eval(F2p30(t},F2Solns);

F2P31:=eval(F2p31(t), F2Solns);
F2P32:=eval(F2p32(t),F2Solns);
F2P33:=eval(F2p33(t),F2Solns);

F2P22n:=eval(F2p22n(t),F2Solns);

F2P21n:=eval(F2p21n(t),F2Solns);

F2P20:= eval(F2p20(t), F2Solns);

F2P21:=eval(F2p21(t),F2Solns);

F2P22:=eval(F2p22(t),F2Solns);
end proc

v Rate Equations Allowing Off-Resonant Driving to 3° and 2’:
‘ Rate Equations:

F23Eq33n:= d—»dit F23p33n(t) = ((-F3P33n32n32n(d)

—F3P33n32n31n(d) — F3P33n32n22n(d) — F3P33n32n21n(d))
“F23p33n(t)) + ( (-F2P33n22n32n(d) —F2P33n22n31n(d)
—F2P33n22n22n(d) —F2P33n22n21n(d))-F23p33n(t)) :

F23Eq32n:= d—>dd—t F23p32n(t) = ({-F3P32n31n31n(d)

—F3P32n31n30(d) —F3P32n31n22n(d) —F3P32n31n21n(d)
—F3P32n31n20(d ) )-F23p32n(t) + F3P33n32n32n(d)
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“F23p33n(t)) + ((-F2P32n21n31n(d) —F2P32n21n30(d )
—F2P32n21n22n(d) —F2P32n21n21n(d) —F2P32n21n20(d))
“F23p32n(t) + F2P33n22n32n(d) -F23p33n(t)) :

F23Eq31n:= d*% F23p31in(t) = ({(-F3P31n3030(d)

-F3P31n3031(d} —F3P31n3021n(d) —F3P31n3020(d)
—F3P31n3021(d) ) -F23p31n(t) +F3P33n32n31n(d) -F23p33n(1)
+F3P32n31n31n(d)-F23p32n(t)) + ((-F2P31n2030(d)
-F2P31n2031(d) —F2P31n2021n(d) —F2P31n2020(d)
—F2P31n2021(d) ) -F23p31n(t) +F2P33n22n31n(d) -F23p33n(t)
+F2P32n21n31n(d)-F23p32n(t)) :

F23Eq30:= d*%F23p30(t) = ((-F3P303131(d) —F3P303132(d)

—F3P303120(d) - F3P303121(d) - F3P303122(d))-F23p30(t)
+F3P31n3030(d) -F23p31n(t) + F3P32n31n30(d) -F23p32n(t))
+ ((-F2P302131(d) — F2P302132(d) —F2P302120(d)
—F2P302121(d) —F2P302122(d) ) -F23p30(t) +F2P31n2030(d )
‘F23p31in(t) + F2P32n21n30(d) -F23p32n(t)) :

F23Eq31:= d—»% F23p31(t) = ((-F3P313232(d) — F3P313233(d)

—F3P313221(d) - F3P313222(d))-F23p31(t) + F3P303131(d)
“F23p30(t) + F3P31n3031(d)-F23p31n(t)) + ((-F2P312232(d)
—F2P312233(d) —F2P312221(d) —F2P312222(d) ) -F23p31(t)
+F2P302131(d) -F23p30(t) + F2P31n2031(d)-F23p31n(t)) :

F23Eq32 = d—»;id—t F23p32(t) = ( (-F3P323333(d) —F3P323322(d))

-F23p32(t) +F3P313232(d)-F23p31(t) +F3P303132(d)
‘F23p30(t) ) +F2P302132(d)-F23p30(t) +F2P312232(d)
‘F23p31(1) :

F23Eq33==d—>% F23p33(t) = (F3P313233(d)-F23p31(t)
+F3P323333(d)-F23p32(t) ) + F2P312233(d) -F23p31(t) :
F23Eq22n:= d—»% F23p22n(t) = F3P33n32n22n(d ) -F23p33n(t)

+F3P32n31n22n(d )-F23p32n(t) +F2P33n22n22n(d) -F23p33n(t)
+F2P32n21n22n(d)-F23p32n(t)

F23Eq21in:= d—»a‘i—t F23p21n(t) = F3P33n32n21n(d)-F23p33n(t)

+F3P32n31n21n(d}-F23p32n{t) + F3P31n3021n(d) -F23p31n(t)
+F2P33n22n2in{(d ) -F23p33n(t) +F2P32n21n21n(d) -F23p32n(t)
+F2P31n2021n(d)-F23p31n(t)

F23Eq20:= d—»% F23p20(t) = F3P32n31n20(d)-F23p32n(t)

+F3P31n3020(d) -F23p31n(t) +F3P303120(d) -F23p30(t)
+F2P32n21n20(d) -F23p32n(t) +F2P31n2020(d)-F23p31n(t)
+F2P302120(d) -F23p30(t) :

F23Eq21:= d—>(—1d—t F23p21(t) = F3P31n3021(d)-F23p31n(t)

+F3P303121(d) -F23p30(t) + F3P313221(d) -F23p31(t)
+F2P31n2021(d) -F23p31n(t) + F2P302121(d)-F23p30(t)
+F2P312221(d) -F23p31(t) :

F23Eq22 = d—»f—t F23p22(t) = F3P303122(d)-F23p30(t)
+F3P313222(d) -F23p31(t) + F3P323322(d) -F23p32(t)
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+F2P302122(d ) -F23p30(t) +F2P312222(d)-F23p31(t) :

V Solving the Rate Equations:
FullProbeDynamics :=proc{ProbeDetuning)

global F23Solns, F23P33n, F23P32n F23P31n F23P30, F23P31,F23P32,
F23P33,F23P22n, F23P21n, F23P20,F23P21,F23P22,

local F23Eqs;

F23Eqs = {F23Eq33n(ProbeDetuning), F23Eq32n(ProbeDetuning},
F23Eq31n(ProbeDetuning}, F23Eq30(ProbeDetuning),
F23Eq31(ProbeDetuning), F23Eq32(ProbeDetuning),
F23Eq33(ProbeDetuning), F23Eq22n{ProbeDetuning},
F23Eq21n(ProbeDetuning), F23Eq20(ProbeDetuning),
F23Eq21{ProbeDetuning), F23Eq22(ProbeDetuning), F23p33(0)
=0,F23p32(0) = 0,F23p31{0) = 0,F23p30(0) = 0,F23p31n(0)
=0,F23p32n{0) = 0,F23p33n(0) = 1,F23p22n{0) =0,
F23p21n(0) = 0,F23p20(0) = 0,F23p21(0) = 0,F23p22(0) =0}

F23Solns:=dsolve(F23Eqs, numeric,output= listprocedure) :
F23P33n:=eval{F23p33n(t),F23Solns);
F23P32n:=eval(F23p32n(t),F23Solns);
F23P31n:=eval(F23p31n(t),F23Solns);
F23P30:=eval(F23p30(t),F23Solns);
F23P31:=-eval(F23p31(t), F23Solns);
F23P32:=eval(F23p32(t),F23Solns);
F23P33:=eval(F23p33(t), F23Solns);
F23P22n:=eval(F23p22n(t),F23Solns};
F23P21n:=eval(F23p21n(t),F23Solns);
F23P20:=eval(F23p20(t), F23Solns);
F23P21:=-eval(F23p21(t),F23Solns);
F23P22 = eval(F23p22(t),F23Solns);
end proc

v Cycler Dynamics:

¥ Starting in the F=3 Manifold:

V Driving to the F = 4’ intermediate level:

Assuming that we start out in the (3,m) level, turning the cycler on
means that we can drive the ion from the ground state into the 2P3/2
level. Assuming that we drive with - polarized light, we get the
following possible decay paths:
3,3)->4',2)-(@3,3)

- (3,2

- (3,1
3,24, 1)—-G3,2

- 3,1

- (3,0
G H-4,0-031)

- (3,0

= (3,-1
(3,00~ (4,-1)~ (3,0

- (3,-1)

- (3,-2)
B.-1)—~(4,-2) - 3,-1)

- (3,-2)
- (3,-3)

(37_2) i (4'1_3) - (31—2)
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- (3,-3)
(31—3) - (4')_4) - (3’—3)
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. To
keep things somewhat straightforward, 3n would correspond to an
mF=-3, and a 3p will correspond to an F = 3’. So, considering
probabilities by level we have (separated by what intermediate state we
use):

V Intermediate State (4’,2):
¥ ., 3)—(3, 3) (no change):

1 1 3 5 2
P334233:=d_'> wed _13737_5452’_7_1
7.4 \2 2 2
1+ | =—
[F g)
1 3 5 2
pred(z,3,3, =42, 3, 1]
¥ 6.3)-0.2:
_ 1 1 3 5 )
P334232:=d—>———————pred| —,3,3, =, 4,2, = -1
2.4 \2 2 2 2
1+ | =—
(FMg]
1 3 5
pred(z,3,2, > 42, 2,0]

V¥ 3.3)=@3.1):
P334231:=d—
1 3
ure ( 2 3,1, >

Y Intermediate State (4°, 1):
V (3, 2)—(3, 2): (no change)

1 1 3 5 2
P324132:=d—>—————-wred| —,3,2, =—,4,1, = ,-1
2.4 2 Hee (2 2 2 J
1+(—]
I'Mg
1 3 5
N d ~ ) 1_54’ 5_9-1
pre (2,3 2 2 1 > )

¥V 3.2)-0, 1):

2
P324131:=d— 1 ured( ,3,2,—,4,1,2,—]
2-d 2 2
1+(—~]
I'Mg
1 3 5
- d ~ ) ,—-545 s A
ure (2,3 1 > 1 ) 0]
¥V 3.2)-3, 0):
1 1 3 5 2
P324130=d—)——_— d _3372, —’4915_7-
2.4 \? Hre (2 2 2 J
14+ | =—
[I‘Mg)
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1 3 5 2
‘wred; —,3,0, >,4,1, =, :
“re(zz' 2 2 1)

V Intermediate State (47, 0):
V¥ 3, 1)>(3, 1): (no change)

1 1 3 5 2
P314031 =d—>—- . 1 3 5 .
31=d— " zmed(2,3,1,2,4,0,2, )
1+ J
(FMg
1 3 5
‘ ~ 17_545 s AT
ured(z,3, >.4,0,2 1)
¥V 3, 1)-3, 0.
._ 3 2
P314030:=d— ( jz pred 731,340, 5—1)
3 5
d - 05_ s A
hre (2 3.0.5.4.0.5 )
¥V 6, n-@.-1):
P314031n=do—0ot . ed(l— 31,3 40 2 - jz
2.d P ur 25 s 1y 25 s Uy 25
)
I'Mg
1 3 5 ).
ured(z,S, 1,2,4,0,2,1J :
V Intermediate State (4°,—1):
V¥V G, 0)—(@, 0): (no change)
P3041n30:=d—»—l—wed(1—,3,0,3,4,-1,2,—1)2
2.d )2 2 2 2
RE
Mg
1 3 5 2
: d Pt 70’_549_19_5_1 .
Hre (2 3.0.3 2 J
V 3, 0-3.-1):
P3041n3in=d—o—0 L1 ed( 3,0, >, 4,-1 5——1J2
- 2 2 IJI ’ 27 E ’ 2,
'+ raag)
5 2
-, 3,-1, —,4 1, —, :
ured( 31,3 : o)
¥ G, 0~3.-2):
P3041n32n:=d—>——1—vwed(1— 3,0, 2,41, - ]2
rd \2 2’ 2 2’

1+(—'—
I'Mg
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32,2 4-1

1
-ured( x 5

V Intermediate State (4°,—-2):
¥ 3.-1)=(3, -1): (no change)

McMaster - Physics and Astronomy

2
,—5—,1) :
2

P31n42n3ln=do—— e (1—,3,-1,1,4,—2,5— )2
- 2.4 \2 2 2 2
(FMg)
1 3 5 z
wed[2,3, 15,42, 3, 1) :
¥ G.-1)~0.-2:
P31n42n32n:=d— 1 pre (l,3,—1,1,4,-2, S -1)2
- 2.4 2 2 2 2
(FMg]
1 3 5 2
° ~ ’_ ’—’4’— ’—_,
wed(2,3 2,3 2,3 0)
¥V G-1)=3.-3):
1 5 2
P31 4 3 = ~ ,_19 _’4!—2’ _’-1
n42n33n d—>l+ 7. 2l«lred(z,3 7 J
(FMg]
1 3 5
N ——’ ’- ,—’4’—2! _!
ured(z 3,3, 3 > 1)
V Intermediate State (4°,-3):
¥V 6.-2)-3, -2
P32n43n32n=d —— . ed[l— 3,-2,3.4,-3, 2 - )2
1 + 2'd 2 ur 2 s 3 ’ 2 k] k] k] 2 3
[FMg]
1 3 5 z
wed(2,3, 2, 55473, 3, 1) :

print(); # input placeholder

V 3,-2)~3.-3):

P32n43n33n:=d—

3

1 5 2
. d P e P _547—3’.—7 :
ure (2 3,-3 > O)

2

V Intermediate State (4°,-4):
V 3,-3)-3, -3):
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P33n44n33n:=d > ——-«——— - ed(l— 3.3, 4-4.3 )
2 ur 2, 3 727 1 a25

1+ [ Zi]
I'Mg
1 3 5 .V
med(2,3, 3,2,4, 4,2, 1] :
V Driving to the F = 3’ intermediate level:
Again, we assume that we start out in the (3,m) level to include all the
possible levels that can be driven. We also include the detuning due to
the hyperfine structure. Measured relative to the cycling transition, this
transition adds an additional detuning of A=-(66.8 -7.5)MHz = -66.3
MHz.
AHF3P :=-2-m-66.3:
(3,3)—>((3,2)— (2,2)
- (2, 1
- (3,3)
- (3,2)
-{3,1)
3.2)—-@3, 1D ~-1(2,2)
-2, 1
—(2,0)
- (3,2
-3, 1
- (3,0
G, H—-@3,0-2,1
- (2,0)
g (2’ _1)
- (3,0
- (3,-1)
3,00—@3',-1)—- (2,0
—(2,-1)
- (2,-2)
- (3,0
- (3,-1)
- (3,-2)
3.-1) - (3',-2)— (2,-2)
i (2’ —1)
- (3,-1)
—(3,-2)
— (3,-3)
3,-2) > (3',-3) - (2,-2)
- (3,-2)
- (3,-3)
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. To
keep things somewhat straightforward, 3n would correspond to an
mF=-3, and a 3p will correspond to an F = 3°. So, considering
probabilities by level we have:

V Intermediate State (3°,2):
¥ G.3)-0, 2):
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1 1 3
P333222:=d— z-pred( 5,3,3,-2—,3,2,

- ( 2-(d + AHF3P) )
I'Mg

5 2 1 3 5 2
2,1) med(2,2,2,2,3,2,2’0) .

¥ G.3-0, 1)
P333221:=d— ! 2-med[1—,3,3,1,3,2,
1+(2-(d +AHF3P)J 2 2
Mg
5 2 1 3 5 .2
21 ~,2,1,2,3,2, 2,1
2 ) “red(z 20323 )
V (3, 3)—(3,3): (no change)
P333233:=d— 1 z-med(l—,3,3,3
1+(2~(d + AHF3P) ] 2 2
TMg
5 2 1 3 5 2
1) wed[ L,3,3,2,3,2,2 1)
2 ) Hre (2 33,5323 )
V 3, 3)-3,2):
P333232:=d— L z'ured(l—,3,3.
(2-(d + AHF3P) J 2
] 4 | £ReTranet)
I'Mg
5 2 1 3 5 ).
> 1) med(2,3,2,2,3,2,5,0) :
V¥ 3,36, 1
P333231:=d— L z-pred(l—,3,3,i,3,2,
1+[2-(d + AHF3P) ) 2 2
™™g

2 2
i,-l) -med(l,3,1,1,3,2,5—,1) :

’3’2’

2 2 2 2
v Intermediate State (3°,1)
V 3,2)-@2 2):
P323122=d— 1 -ured(— 3,2,2.3.1,
: +(2~(d + AHF3P) Jz 2
Mg
%,—l)z-wed(—;—,z,z, %,3,1, %,—1 ]2:
V G, 2-@, 1)
P323121:=d— 1 -pred(—,3,2, 331,
1+(2-(d+AHF3P) )2 2
Mg

5 2 1 3 5
—7_1 * d —1231’—3 515—’
2 ) Hre (2 7313 0)

V G, 2)-, 0y
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P323120:=d— > ured 3,2,
1+[ d+AHF3P)]
1

3,1,

5 2 3 5 )2
2,1) ured(z 12,0, 5.3, 1, > J
V (3, 2)—(3, 2): (no change)
P323132:=d— L 2-pred(—,3,2,
(2-(d + AHF3P) )
1+ | =7
T™g

5 2 1 3 5 2
_,—1 M d Pt ;29~9 s 7_7_1 :
2 ] Hre (2 3.2.5.3. 1.5 )

¥ 6.2-6, 1)
1

P323131:=d— 2~wed(1—,3,2,1,3,1,
1+(2-(d+AHF3P)J 2 2
I'Mg

2 2
5—,—1) -wed(;—,& 1, 1,3,1, 5—0) :

2 2 2
¥ 3,2-3, 0
P323130:=d— 1 2~wed(;—,3,2,%,3,1,
- ( 2-(d + AHF3P) J
I'Mg

5 2 1 3 5 2
i . =,3,0,=,3,1,=,1] :
2,1) wed(2302 3 ]

V Intermediate State (3°,0):
¥ 6 o-e
1

P313021:=d— - ~pred[;—,3,1,
- ( 2-(d + AHF3P) J
I'Mg
%,—IJz-wed(%,Z,l,%,&O,%,—1 )2:
¥V 3, =@, 0):
P313020:= d— 1 - ~wed(;—,3,1,%,3,0,
- ( 2-(d + AHF3P) J
I'Mg
g—,—ljzmed(z 2,0, 3— 3,0, 5,0)2:
V G, n—@-n:

P31302In:=d— 2-ured(5,3,1,

5 2
Z,—l)ured( 12 302,1J.
V (3, 1)=(3, 1): (no change)
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P313031:=d— 1 z-pred(l—,3,1,1,3,0,
1+(2-(d +AHF3P)J 2 2
T™Mg
5 2 1 3 5 2
=,- . -,3,1,=,3,0, = ,-1
2 1) wed(z 1.3 2 )
¥ 3, -3, 0.
P313030:=d— ! 2-pred(‘—,3,1,3,3,0,
1+(2~(d+AHF3P) 2 2
T™g
5 2 1 3 5 2
>, 1) med(2,3,0,2,3,0,2, ) :
¥V 3, h-G-1):
P313031n=d— z-pred(l—,3,1,3—,3,0,
[2 d+AHF3P)) 2 2
5 1 3 5 2
_5_1 - 3 ’— P
2 ) pred(2 > 3,0, > 1]

v Intermediate State (3°,-1):
¥V 3, 00—, o):

P3031n20=d — z-pred(l—,s,o,i,a,-l,
1+(2-(d+AHF3P)] 2 2

5 2 1 3 5 2
=,-1] -ur = =,3,-1, - :
> ] ed(z 0,2,3 12 1)
V 3, 0)—=(2, -1):

— . 1 3
P3031n21in:=d— - ured( >.3,0,3.3,

+
5 2
4 2t e
¥V 3. 0)=@2.-2):

P3031n22n:=d— - ~pred(1—,3,0, 33,
1+[2-(d+AHF3P)) 2 2

T™Mg
2 2
-l,i,-l} 'pred(;—,2,-2,i 3,—1,2,1] :

2 2’ 2
¥ (3, 0)=(3, 0): (no change)
P3031n30:=d— ! - -ured(;—,3,0, ;—,3,—1,
|+ [ 2-(d + AHF3P) ]
™™g

5 2 1 3 5 2
=71 pred| 5-,3,0,5-,3,-1, >--1 | ¢
2 ] Mre (2 0 > 3,-1 > 1)

¥ 3, 00-G.-1):
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1

P3031031n:=d— - -ured(;—,3,0, 3—,3,
- ( (d + AHF3P) )
™™g
-1, % )2 ured[;— ,%,3,-1,%,0)2:
¥V 3.0-03,-2):
P3031n32n=d— 1 -pred(;—,3,0, %,3,

1+[

2

V Intermediate State (3°,-2):
¥V 6-1)—@,-2):

2-(d + AHF3P) ]2

I'Mg

2 2

2 2
-1,2,-1) -ured(;—,S,—Z,i,&-l,i,l) :

1 3

P31n32n22n:=d—

- [ 2-(d + AHF3P) ]

5
2

¥V 6-1)—0.-1):

2 1
-2, —,—1) ~pred(-2—,2,-2

pred(~2— 3 -1, E,

I'Mg

P31n32n2ln:=d—

5

¥V 6.-1)=@3,-3):

2 1
- ’_’_1 : d _’2’—1,
25 ) Hre (2 2

P31n32n33n:=d—

5
2

V G.-1)~@3,-2):

P31n32n32n:=d—

2

V (3,-1)—(3,-1): (no change)

P31n32n3In:=d—

3 5 2
, =—,3,-2,=,0] :
2 2 )
L z-ured(l—,3,—1,%,3,
1+(2~(d +AHF3P)] 2
Mg
3 5
_13;—2,_5_1
2 )
1 swred( 3.3,01, 3.3,
1+(2-(d +AHF3P)J 2
I'Mg
2 2
3 5
-2, 2 - ~,3,-3,2,3,-2, > :
2, ,1) ured(z 3, 32,3 )
1 2~med(1—,3,-1,1,3,
1Jr(z-(d +AHF3P)) 2 2
™™g
5 2 1 3 5 )2
- " " -~ _2’ _’ ’_2’ _’ :
2, ,1) ured(z,3, >.3,2,3 0]
1 1 3
: —.3,-1,=
ured(z, >

2
V Intermediate State (3°,-3):
V G-2-0.-2:
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P32n33n22n:=d— ! . -ured(;—,3,—2, 32*_,3,
1+ ( 2-(d + AHF3P) ]
™g
5.5 (L2 25 20
V 3,-2)-3,-3):
P32n33n33n:=d— 1 2'”Ied( %_,3,-2,3_,3,
1+ [ 2-(d + AHF3P) ]
™™g
-3, %,-l )z‘pred( ;—,3,—3, —;—, 3,-3, ;—, 0)2 :
V (3,-2)—(3,-2): (no change)
P32n33n32n:=d— ! _ ‘wed(;—,3,-2, %’3,
1+[2~(d + AHF3P) )
™Mg

5 2 1 3 5 2
3,2,1) pred(2,3, 2,23, 3,2,1] :

v Driving to the F = 2’ intermediate level:
Again, we assume that we start out in the (3,3) level to include all the
possible levels that can be driven. We also include the detuning due to
the hyperfine structure. Measured relative to the cycling transition, this
transition adds an additional detuning of A=-(66.8 + 60.5)MHz =
-127.3 MHz.
AHF2P :==-2-1-127.3:
(3,3)-(2,2) - (2,2
- (2,1
- 3,3
- (3,2)
-3,1)
3,2)-2,1)—-(2,2)
RACIRY,
—(2,0)
- (3,2)
- 3,1
- (3,0
3, 1H—-(2,0-12,1)
- (2,0
-2, -1
-G, 1)
- 3,0)
- (3,-1)
(35 0) - (2”_1) - (2, 0)
- (2’_1)
- (2’_2)
- (3,0)
- (3,-1)
- (3,-2)
(3,-1) = (2,-2)— (2,-2)
- (2’ —1)
- (39—1)
- (3,-2)
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- 3,-3)
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. To
keep things somewhat straightforward, 3n would correspond to an
mF=-3, and a 3p will correspond to an F = 3’. So, considering
probabilities by level we have:

V Intermediate State (2°,2):
V 3. 3)-2 2
1 1
P332222:=d— - ~pred(—,3,3,
1+[2-(d+AHF2P)] 2
I'Mg
5 2 1 3 5 2
-7 ° _2,25—, 727_7 .
2,1Jpred(2, ~.2 20)
YV G.3)-2 1)
1

P332221:=d— - -pred[l—,3,3,
1+(:z.(d+AHF2P)) 2

2
¥ 3,3)—=(3,3): (no change)
P332233:=d— I . -pred[;—,3,3, 32,0,
. +(2~(d + AHF2P) ] 2
I'Mg

2 2
5—,-1] -;,lred(;—,Z,l,i 2,2,2,1} :

%,—1)2-ured(;—,3,3,;—,2,2,;—,—1]
V 3.3)-3,2):
P332232:=d— ! z-med(;—,3,3,%
1+(2~(d +AHF2P))
I'Mg
;—,—I)Z-Hred(;—,i’)ﬂ,;—,2,2,2—,0)2:
¥V 3.3)-3, 1)
P332231:=d— 1 2-wed(;—,3,3,2—,2,2,
1+(2~(d +AHF2P)J
I'Mg

»2,2,

V Intermediate State (2°,1):
¥V G.2-@ 2):
P322122:=d— L . -pred(;—,3,2,%,2,l,
1 +(2~(d + AHF2P) ]
I'Mg

5 2 1 3 5 2
210 =.2,2,2.2,1,> - .
2,1) ured(z,Z,,z,le 1)
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¥ 3, 2)-(2,1):
P322121:=d— ! z-ured(l—,3,2,3—,2,l,
1+(2-(d +AHF2P)) 2 2
I'Mg
5 2 1 3 5 \*
2 1 ~.2,1,>2,2,1,2,01 :
> ) pred(z, 1220, 0)
V¥ G, 2)—, 0
P322120:=d— L z-ured(l—,3,2,l,2,1,
1+[2-(d+AHF2P)J 2 2
Mg
5 2 1 3 5 )2
~ -1 : - 2 3_927 9_11 :
2’)“’“1(2”02 12]
V (3, 2)—(3, 2): (no change)
P322132:=d— 1 z-pred(l—,3,2,
1+[2-(d +AHF2P)) 2
T™™Mg
5

2 2
1 3 5
=11 - d =,3,2,=,2,1, =—,-1 :
] Hre (2 2 )

2 2’
V¥V 3,2-a, 1):
P322131:=d— L 2-med(;—,3,2,;—,2,1,
1+[2-(d +AHF2P)J
I'Mg
%,—1 jz'wed(%,?:,l,;—,2,1,;—,0]2:
V G.2)-a, 0y
P322130:=d— 1 2-wed(;—,3,2,;—,2,1,
1+(2-(d +AHF2P)]
TMg

5 2 1 3 5 2
>, 1) wed(2,3,0,2,2,1,2,1) :

V Intermediate State (2°,0):
¥V 6, h-@

P312021:=d— 1 z-ured(—l—,3,1,§—,2,0,
lJr(z-(d +AHF2P)] 2 2
I'™Mg
5 2 1 3 5 z
2,1) wed(2,2,1,2,2,0,2, )

¥V 6. 1=, 0
1

P312020:=d— 2-pred(—1—,3,1,
1+[2.(d+AHF2P)] 2

Mg
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5 2 1 3 5 2
>, 1) wed(2,2,0,2,2,0,2,0) :

¥ 6. H—@-1):

P312021n:=d— 1 . pred( 3,1, 2,20,
[2~(d+AHF2P))
| 4| e anres)
I'Mg
5 2 1 3 5 )2
2 ) wred =,2.-1,2,2,0, 2,1 :
2,1Jure(2 1222)
¥ G, )=, 1): (no change)
P312031 = d— sred 3.3.1,3.2,0,
1+(2-(d+AHF2P)] 2 2
I'Mg
5 2 1 3 5 2
2 1) wred 2.3,1,2,2,0,2 1)
2,1Jpred(2312 > J
¥ 3. 1)-0. o
1 : ed(l— 3.1,%.2.0
3 ur y s

P312030:=d—
- ( 2-(d + AHF2P) ]

I'Mg

5 2 1 3 5 )2,
>, 1) wed(2,3,0, >.2,0, 2,0) .
¥V G, )=G-D):
P312031n:=d— 1 z-pred(l—,3,1,1,2,o,
L+ (2~(d + AHF2P) ] 2 2
I'Mg
5 2 1 3 5 2
= 1) pred(z 3, 1,2,2,0,2,1)
V Intermediate State (2°,-1):
¥V 3.0)=, 0):
1 1 3
P3021n20:=d— 2~pred(—,3,0,—,2,-1,
1+[ (d +AHF2P)] 2 2
I'Mg
5 2 1 3 5 2
> 1) pred(z 2,0, 3,21, 3, 1) :
¥V 3, 0-@ -1):
1 3
. pued(E 3,0,3.2,

P3021n21n:=d—
( (d +AHF2P) ]
L
2’

3 5 2
2,-1,2,2,-1,>,0| :
2 J

N I

+

5 2
-1, =,-1 d
2 ) Hre (

¥V 3,0)-2.-2):
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P3021022n:=d— ! -ured(—;—,3,0, %,2,

2
L+ ( 2-(d + AHF2P) ]
T™Mg

5 2 1 3 5 2
-1 2 - . ~.2,-2,>.2,-1,=,1 :
1,2,1) ured(z,, ,2,2,12 )

¥V 3, 0)—(3, 0): (no change)

P3021n30:=d— L 2-med(l,3,o,i,2,-1,
1+[2-(d +AHF2P)] 2 2
Mg
5 3 5 z
2,1) pred( 3022,1,2,1).

V¥V G.0)-3.-1):

P3021n31ln=d— 'ured(l—,3,0,l,2,
+[2 (d+AHF2P)] 2 2
5 1 3 5 2
12 13-1,2,2-1,2.0]) :
Lo ) wed[z g2 h g )
V 6.0-»3,-2):
P3021n32n:=d— 1 2-wed(1—,3,0,1,2,
1+(2-(d + AHF2P) ) 2 2
'™Mg
5 2 1 3 5 )2
1,2, 1) ured(z,& 2,2,2, 1,2,1) :
¥ Intermediate State (2°,-2):
¥V 6.-1)=@.-2):
1 1 3
P31n22n22n:=d— 2~med(—,3,-1,——,2,
1Jr[z-(d + AHF2P) ) 2 2
I'Mg
5 2 1 3 5 \?
2,2, 1) wed(2,2, 2,222, 2,0]
V G-1)-@.-1)
1 | 3
P31n22n2ln:=d— 2-pred[—-,3,-l,—-,2,
1+(2-(d+AHF2P)J 2 2
Mg
5 2 3 5 2
2,2,1]ured( 21,5272, 3 )
V G.-1)-(3.-3):
P31n22n33n:=d— ! z‘med(l—,&—l,i,z,
1+[2~(d+AHF2P)) 2 2
™™g

5 2 1 3 5 .\
2,2,1) wed(2,3,3329272’291)
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¥ 3,-1)=@3,-2):

P31n22n32n:=d— 1 z-med(l—,3,-1,3—,2,
1+[2-(d +AHF2P)J 2 2
Mg
5 2 1 3 5 )2
—2’ _’—1 : d -—’ ’_2’_! ’— 9—’ :
Z)Mre(23 22220)
V (3,-1)=(3,-1): (no change)
P31n22n31ln:=d— 1 z-ured(l—,3,-1,3—,2,
1Jr(z-(d +AHF2P)] 2 2
I'Mg
5 2 1 3 5 2
—27_—’_1 : _, ’_1’—’ ’- ’_’_1 :
2 J ured(2 3 2 2,-2 2 )

A\ 4 Starting in the F=2 Manifold:

The F=2 manifold is separated from the F=3 manifold by 1788MHz
(hyperfine splitting). In addition to this we need to account for the
hyperfine splitting of the excited state.

AHFGS:=2-m-1788:

We also include the detuning due to the hyperfine structure. Measured
relative to the cycling transition, this transition adds an additional
detuning of:

F=3: A=—(66.8 -7.5)MHz = -66.3 MHz.

F=2: A=-(66.8 + 60.5)MHz = -127.3 MHz.

F=1: A=—(66.8 +116.9)MHz = -183.7 MHz.

V Driving to the F=3" intermediate level:
Assuming that we start out in the (2,m) level, turning the cycler on
means that we can drive the ion from the ground state into the 2P3/2
level. Assuming that we drive with o- polarized light, we get the
following possible decay paths:
(2’_2) - (3'7_3) - (3!_3)
- (31_2)
- (3,-1)
-{2,-2) NC
(2’_1) hd (3V’_2) - (31_3)
- (3,-2)
- (31_1)
- (2|_2)
- (2,-1) NC
(2,0 = (3,-D — (3,-2)
- (3,-1)
- 3,0
- (2’—2)
- (21_1)
- (2,00 NC
2,1)—= (3,0 - 3,-1
- (3,0)
- (3,1
- (2,-1)
- (2,0
- {2,1) NC
2,2)-3,1)-3,0
-3, 1
- 3,2
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- (2,0

-1(2,1)

-1{2,2) NC
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. By
level we have (separated by what intermediate state we use):

V Intermediate State (3°,-3):
V¥ 2,-2)—3.-3):

P22n33n33n:=d— 1 z-ured(—l—,Z,
1+[2~(d+AHF3P+AHFGS)] 2
T™g
3 5 2 1 3 5 \2.
2,2.3.73, 2. 1) wed(2,3, 3, 2.3, 3,2,0) :

¥V 2-2-3.-2):

P22n33n32n:=d— 1

z-pred(l—,2,
1+(2-(d+AHF3P+AHFGS)] 2

™™g
3 5 2 1 3 5 2
Ty T 0,70, T " s Py T &y T, I,7 ’_7—1 :
223321)med[2322332)
¥V (2,-2)-(2,-2): no change!!
P22n33n22n = d — 1 z-pred(l—,2,
1Jr[z-(d + AHF3P + AHFGS) ] 2
T™g
3 5 2 1 3 5 2
2,2,3,3, 2, 1) wed(2,2, 2,33, 3,2,-1) :
¥ Intermediate State (3°,-2):
¥V 2,-1)-3,-3):
P21n32n33n:=d— 1 z-ured(l—,Z,
1Jr(z.(d +AHF3P+AHFGS)) 2
T™¢g
3 5 2 1 3 5 )2,
L3232, 2, 1) med[z,s, 3,53, 2,2,1) :
¥V @-1)-G.-2):
P21n32n32n:=d— 1 z-ured(l—,2,
1+[2-(d + AHF3P + AHFGS) ) 2
T™g
3 5 2 1 3 5 2
= _’ 7-2’ _’-1 ° —9 7-2’ _’ ’- 9 _9 :
L3322 )pred(23 23220)
¥V 2.-1)—=3G.-1):
P21n32n3ln=d— 1 2-pred[l—,2,
1+(2-(d + AHF3P + AHFGS) ] 2
™g
3 5 2 1 3 5 2
-1’_’ ’_2’_’_1 N ——, ’_ 5—7 ’_ 9__’- :
.3 2)wed(23123221)
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¥ (2.-1)—(2,-2):

P21n32n22n=d— 1 3 -ured(l—,Z,
- ( 2-(d + AHF3P + AHFGS) ] 2
I'Mg
3 5 2 1 3 5 2
-1, >,3,-2, = -1 - —,2,-2,>,3,-2,>=.0] :
1,2,3,2,2, )ured(z 23 > ]
(2,-1)—(2,-1): no change
P21n32n2ln:=d— 1 2-ured(;—,2,
1+(2-(d +AHF3P+AHFGS)J
Mg
3 5 2 1 3 5 2
-1, >,3,-2,=,-1 | - —,2,-1,>,3,-2, = -1 :
1,2,3,2,2,1)med(2, 53 5 )

V Intermediate State (3°,-1):
V @ 0-3.-2:

P2031n32n:=d— ! 2-ured(;—,2,
1+[2-(d+AHF3P+AHFGS)J
I'Mg
3 5 2 1 3 5 )2
= 3-1,=,-1]| - —,3,-2,>,3,-1, =1 :
0,23, 1,2,1) med[2,3,2,2,3, = )

¥V 2, 0-0,-1)

P2031n31ln:=d— 1 z-wed(;—,Z,
- ( 2-(d + AHF3P + AHFGS) ]
Mg
0,%,3,—1, -;—,—l)z-ured(;—,&—l, %,3,-1, %,0}2:
¥V 2. 0-3, 0):
P2031n30=d — 1 . -pred(;—,2,
1+(2~(d + AHF3P + AHFGS) )
'Mg
0, %,3,—1,%,—1)2~med(;—,3,0,%,3,—1,%,—1)2:
¥V 2 0-@.-2):
P2031n22n:=d— 1 5 -ured(;—,Z,
: +(2-(d + AHF3P + AHFGS) ]
Mg
0, ;—,3,-1, ;—,—l)z-med(;—,Z,—Z, ;—,3,—1, 2—,1)2:
¥V 2. 0-e-1):
P2031n2ln:=d— 1 5 -wed(;—,Z,
) +(2-(d + AHF3P + AHFGS) )
Mg
0.2 50 5 awea( L2 230 20

V 2 0=, 0
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P2031n20:=d— L : -ured[—;—,Z,
|+ ( 2-(d + AHF3P + AHFGS) J
Mg
0,%,3,—1,%,-1)2-_med(;—,2,0,%,3,-1,%,-1]2:
V Intermediate State (3°, 0):
¥ 2 1y)-G-n:
P213031n:=d— 1 - ed(—;—,Z,
) +(2-(d + AHF3P + AHFGS) )
™g
1, ;—,3,0, —;—,-l)z-wed(;—,&—l, %,3,0,%,1)2:
¥ @ 1)-03, 0):
P213030:=d— L -ured(l—,Z,l,
. +(2-(d + AHF3P + AHFGS) ]2 2
Mg
3 5 z 1 3 5 \?
5,3,0,5,—1) -wed(—2—,3,0,?,3,0,5,0) :
¥ 2 16, 1)
P213031:=d— ! . -pred[l—,Z,l,
1+(2~(d+AHF3P+AHFGS)] 2
™g
3—,3,0, %,—1 )z-ured( ;—,3, 1, —;—,3,0, %,-1 )2 :
¥ 2 h-e.-1):
P213021n:=d— 1 - -pred(;—,Z,
. +[2-(d + AHF3P + AHFGS) )
™g
1,%,3,0, %,—1)2-wed(;—,2,—1,%,3,0, %,1]2:
¥V 2. -, o)
P213020:=d— 1 -pred(l—,Z,l,
- ( 2-(d + AHF3P + AHFGS) Jz 2
Mg
3 5 2 1 3 5 \2
5,3,0,5,-1) -med(E,Z,O,E—J,O,—Z—,O) :
¥V 2 -, 1
P213021:=d— ! -med(l,z,l,
1+(2~(d + AHF3P + AHFGS) Jz 2
I'Mg
%,3,0,%,—1)2““(;—,2,1, 2—,3,0, %,—1)2:

V Intermediate State (3°, 1):
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¥ 2,23, 0):

P223130:=d— L -med(l,z,z,
- ( 2-(d + AHF3P + AHFGS) Jz 2
2 ng 2
%,3,1,%,-1] -med(;—,3,0,%,3,1,%,1) :
2, 2)—>(3, 1):
P223131=d— ! -pred(l—,Z,Z,
1+(2~(d + AHF3P + AHFGS) Jz 2
I'Mg
%—,3,1,%,-1)2~med(;—,3,1,%,3,1,%,0]2:
Y 2 2-3,2):
P223132 = d— 1 2-wed(l—,2,2,
1+(2-(d +AHF3P+AHFGS)] 2
Mg
%,3,1,%,-1]2-med(;—,3,2,%,3,1,%,—1)2:
V¥V 2. 2=, o0y
P223120=d— 1 z-ured(l—,Z,Z,
1Jr[2~(c1 +AHF3P+AHFGS)] 2
™™g
;—,3,1,%,—1)2-med(;—,2,0,%,3,1,%,1)2:
V 2 -2 1
P223121:=d— ! ; -wed(;—,2,2,
1+(2~(d +AHF3P+AHFGS)J
Mg
;—,3,1,;—,-l)z-med(;—,z,l,;—,3,1,%,0]2:
V 2 2-3,0):
P223122:=d— 1 z-ured(l—,2,2,
1+[2~(d +AHF3P+AHFGS)] 2
'™g
;—,3,1,;—,-l)zured(;—,Z,Z,;—,3,1,;—,—1)2:

7 Driving to the F=2’ intermediate level:

Assuming that we start out in the (2,m) level, turning the cycler on
means that we can drive the ion from the ground state into the 2P3/2
level. Assuming that we drive with g- polarized light, we get the
following possible decay paths:
(2,-2) — goes nowhere
(2,~-1) = (2',-2) — (3,-3)

- (3,-2)

- 3,-1)

- (2,-2)
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- (2,-1) NC
2,0 —(2,-1) - (3,-2)

- (3,-1)

- (21_2)

- (21_1)

- (2,00 NC
(21 1) - (2'1 0) - (3!—1)

- (3,0

-3,

- (2’—1)

-{2,1) NC
(2,2) - 2,1~ 3,0

-3,

- (3,2)

- (2,0

- (2,1)

-{2,2) NC
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. By
level we have (separated by what intermediate state we use):

V Intermediate State (2°,-2):

¥V 2-1)-03.-3):

P21n22n33n:=d— 1 3 -pred(l—,Z,
l+(2-(d +AHF2P+AHFGS)] 2
T™g
3 5 2 1 3 5 2
= - - urs N ~ 7_ 9 _’2,_ 7—7 :
1,2,2,2,2,1) med[2,332 221)
V¥ 2-1)=3,-2):
P21n22n32n:=d— 1 3 -pred(l—,Z,
- ( 2-(d + AHF2P + AHFGS) ] 2
T™g
3 5 2 1 3 5 2
- sy - = - . —_ - sty 2 - = .
L322, 5, 1) wed(2,3, 2,5, ,2,2,0]
¥V 2-1)-3.-1):
P21n22n31n:=d— 1 . -pred(l—,Z,
. +[2-(d + AHF2P + AHFGS) ] 2
T™g
3 5 ) 1 3 5 )2
- a_;29- s T~ s N A I s_yza- s :
1> 221)wed(2312 221)
V @-1)-2.-2):
P2in22n22n:=d— 1 3 -pred(l—,Z,
1Jr(z-(d +AHF2P+AHFGS)] 2
™™g
3 5 2 1 3 5 2
-1,2,2,-2,2 -1 | -pred| =,2,-2,2,2,-2, 2,0 :
2 2 ) Hre (2 2 2 0)
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¥V c-n-@-1):

P21n22n21n:=d— ! 2~ured(1—,2,
1Jr[z-(d +AHF2P+AHFGS)) 2
I'Mg
3 5 2 1 3 5 2
-1,2,2,-2, 2> -1 | -pred| =,2,-1,=,2,-2, = -1 | :
1,2,2,2,2,1]we(2 13 5 )

V Intermediate State (2°,—1):
V¥V 2, 0-3.-2):

P2021n32n:=d— 1 z-wed(;—,Z,
1+(2-((1 +AHF2P+AHFGS))
I'Mg
3 5 .V 1 3 5 )
~ - ~ 0 ) . 3’— s A~ 7_17_91 .
0,2,2,1,2,1J ured[z, 2, 5521, 3 J
¥V 2 0)-3.-1):
P2021n31n:=d— 1 2-ured(;—,2,
1+(2~(d +AHF2P+AHFGS))
I'Mg
3 5 1) 1 3 5 4)°
= 2,-1,>,-1] - ~.3-1,2,2,-1,>,0| :
0,2,2,1,2,1) med(2,3,1,2 : ]
¥V 2 0=, 0):
P2021n30:=d— 1 z-wed(;—,&
1+(2-(d +AHF2P+AHFGS)]
I'Mg
3 5 2 1 3 5 2
Z 21,2 -1 - —~,3,0,>,2,-1, = -1 :
0,2,2,1,2,1)wed(2,,0,22 > )
V 2 0)—@2.-2):
P2021n22n:=d— 1 z-pred(;—,Z,
1+(2-(d+AHF2P+AHFGS)]
I'Mg
3 5 2 1 3 5 )2
Z2-1,2,-1 - —,2,-2,>,2-1,>,1]| :
0,2,2,1,2,1)med(z,,2,2,2,12 )
¥V 2. 0-@-1:
1
P2021n21n=d— ! 2-ured(5,2,
1+(2-(d+AHF2P+AHFGS)J
I'Mg
3 5 2 1 3 5 \?
-~ = ~ ° ~ - _’27_17_7 :
0,2,2,1,2,1J pred(z,Z, 13 20)

¥V 2, 00— 0:
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P2021n20:=d— 1 z-pred(l—,z,
1+(2~(d+AHF2P+AHFGS)] 2
T™g
3 5 2 1 3 5 2
~ = e ° ——’ k3 ,_’2’- 7—7- :
0,2,2,1,2,1) med(2202 13 1]

V Intermediate State (2°, 0):
¥ @ n-06-1:

P212031n=d— 1 . pred(l—
1+[2~(d +AHF2P+AHFGS)) 2
I'Mg
L3202 a) ed(l—s—lizoi 2
,2’ ) ;2; llf 21 ’ ’2’ s 92’ .
V 2 -3, 0y
P212030:=d— 1 z-ured[l—,Z,l,
1+(2-(d+AHF2P+AHFGS)] 2
I'Mg
3 5 3 5 V2.
2.0, 1) ured( 3.0, 7, 20,2,0) :
¥ 2 1)-a, 1
P212031:=d— 1 z-pred(l—,2,l,
1Jr(z«(d +AHF2P+AHFGS)] 2
™™g
3 5 2 1 3 5 2
2.0, 1] med(2,3,1,2,2,0,2, 1) .
¥V 2 n-@-1):
P212021n:=d— L ) pred(—l—
1Jr[z-(d +AHF2P+AHFGS)J 2
T™¢g
122,02 1) red ,2,-1,>,2,0, 5 Y
753 s 72’ ) ure ( v2 ’ ) .
V 2 1)—@, 0):
P212020 = d— 1 - pred(l— 1,
1+(2-(d +AHF2P+AHFGS)J 2’
T™g
3 5 3 5 )2
2,0, 2, ] re d(z 2,03, 20,5,0) :
V @ n-@ 1
P212021:=d— 1 -pred(—é—,2,l,

- ( 2-(d + AHF2P + AHFGS) )2
Mg
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3 5 2 1 3 5 2
=,2,0, =—,- . —-,2,1,=,2,0, —,- :
- OzlJured(z 152,03 ]

V¥ Intermediate State (2°, 1):

¥V 2. 2)-6.0):

P222130:=d— 1 5 -pred(l—,2,2,
1+(2~(d + AHF2P + AHFGS) ] 2
'™g
Lot Vued( Lo 3o 3a)
Y 2, 2-6, 1
P222131:=d— L 2-ured(;—,2,2,
1+(2~(d +AHF2P+AHFGS)J
I'Mg
Lot e Lan dan o)
¥V 2. 2-6,2):
P222132:=d— 1 5 -pred(;—,Z,Z,
1+[2~(d +AHF2P+AHFGS)]
I'Mg
%,2,1,%,—1]2-wed(;—,3,2,;—,2,1,—;—,—1)2:

¥V 2. 29— 0

P222120:=d— ! 2-pred(1—,2,2,
1+(2-(d +AHF2P+AHFGS)) 2
I'Mg
3 5 2 1 3 5 \2.
5,2,1,5,-1) wed(2,2,0, 21, 2,1) :

V 2.2-0 1)

P222121=d— 1 z-ured(l—,Z,Z,
[ 2 +AHF2P+AHFGS)J 2
I'Mg
3 5 2 1 3 5 \?
5,2,1,2—,-1) -ured(z,Z,l, ~.2.1, 2,0) :

V 2. 29— 2):

P222122:=d— 1 z-med[;—,z,z,
1+(2-(d +AHF2P+AHFGS)]
I'Mg
3 5 2 1 3 5 2
- baris ) ~ 2 5_525 9_7_1 :
2,2,1,2,1)ured(2,,22 L5 ]

V Driving to the F=1" intermediate level:
AHF1P :=-2-1-183.7:
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Assuming that we start out in the (2,m) level, turning the cycler on
means that we can drive the ion from the ground state into the 2P3/2
level. Assuming that we drive with o- polarized light, we get the
following possible decay paths:
(2,-2) — goes nowhere
(2,-1) — goes nowhere
(2,0) —»(1'-1) - (3,-2)

- (3,-1)

- (3,0)

~ (2,-2)

- (2,-1)

- (2,0) NC
2, 1H-QQ,0 - (3,-1)

- (3,0

-G, D

- (2,-1)

~(2,0)

- (2,1) NC
2,2)-0,D)-3,0

-3,

~3,2)

- (2,0)

-1

~(2,2) NC
We can eliminate the excited state and obtain equations for the
probability of the populating the various ground state sublevels. By
level we have (separated by what intermediate state we use):

Intermediate State (1°,-1):
¥ 2 0-@-2

P2011n22n:=d— ! z-pred(l—,l,
1+(2~(d +AHF1P+AI-IFGS)) 2
I'Mg
3 5 2 1 3 5 )2
0,311, 2, 1) ured(z,Z, 2,21, 1,2,1) :

¥V 2, 0)—@2-1):

P2011n21n=d— 1

z-ured[l—,z,
1+[2-(d + AHF1P + AHFGS) ] 2

I'Mg
3 5 2 1 3 5 2
- - e ‘ —’23— s o 1,71, =, .
0,2,1,1,2,1)ured[2 121120)
¥ 2. 0-@, oy
P2011020=d— ! z-pred(l-,Z,
1+(2~(d +AHF1P+AHFGS)] 2
Mg
3 5 2 1 3 5 2
03 —_‘717_17—7-1 N A& Yy, T, 1,7, .
> > )wed[22021121)

V Intermediate State (1°, 0):
¥V @ 1)-@.-1):
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P211021n:=d~ 1 : pred L,
1+(2 (d+AHF1P+AHFGS 2
13—105—-1)2~ ed(l—z-li 11)
’27 ] 527 w 2, ’ 25 s ’29
¥V 2 nH-@ o
1 1
P211020:=d— z-ured(—,Z,l,
1+(2~(d+AHF1P+AHFGS)J 2
T™¢g
1101—1)2- ed(1—20110202-
2’ ) ’2’ m 2a }) 929 ] a2’ .
¥ 2 -
P211021:=d— 1 2-ured(1—,2,1,
1+(2-(d+AHFIP+AHFGS)] 2
I'Mg
3 5 2 1 3 5 2
- b ’—?_ * —’ 71’_—’ b 9_’~ :
. 1,0,2 1) pred(z 2.1,5.1,0, 2 1)
V Intermediate State (1°, 1):
¥V 2 2=, 0y
P221120:=d— 1 z-pred(l—,2,2,
1+(2~(d +AHF1P+AHFGS)) 2
I'Mg
3 5 3 5 )2,
L1 1) ured(z 2,0. 3, 1,2,1] :
¥ 2. 2-@ 1
P221121:=d— 1 2~pred(1—,2,2,
1+[2-(d+AHF1P+AHFGS)] 2
T™™Mg
3 i—1)2- ed(—l—21 3 iojz-
2’ s ’2’ ur 2a s ,2’ s 529 .
V 2. 29— 2
P221122:=d— 1 Z-pred(—l-,2,2,
1+(2-(d +AHF1P+AHFGS)] 2
™™g
303 ed(—l—zziui-l 2
2 wedl oo b

V Simplifying the Probabilities:
Rather than explicitly considering separate probabilities for each
intermediate level, we can simplfy things by combining the probabilities
starting in one ground state zeeman sublevel and ending up in another
regardless of what intermediate path they took:
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¥ Initial Level (3,3):

Starting in the (3,3) level the cycler can drive the ion into the (4°,2’), (3°,
2’) & (2°,2’). From the excited state, we can decay into the following
possible states:
(3,3)—(4,2")—~@3, 1)

—(3.,2)

—(3,3)
(3,3)=(3",2)~(3,1)

—(3,2)

—(3,3)

-2,

—(2,2)
(3,3)—(2.,2)—(@3.1)

—(3,2)

—(3,3)

—(2.,1)

—(2,2)
This gives us the following equations for starting in the (3,3) and
driving into one of the other Zeeman groundstate sublevels:
P3333:=d—-P334233(d) +P333233(d) +P332233(d) :
P3332:=d—-»P334232(d) +P333232(d) +P332232(d) :
P3331:=d—P334231(d) +P333231(d) +P332231(d) :
P3322:=d-—-P333222(d) +P332222(d) :
P3321:=d—-P333221(d) +P332221(d) :

W Initial Level (3,2):

Starting in the (3,2) level the cycler can drive the ion into the (4°,17), (3°,
1’) & (2°,1’). From the excited state, we can decay into the following
possible states:
(3,2)—@4".1")—~(3,0)

3.1

—(3,2)
(3,2)—(37.1")—(3,0)

-3,

—(3,2)

—(2,0)

—(2,1)

—(2,2)
(3,2)=(2°,1)—(3,0)

—(3.1)

—(3.,2)

—(2,0)

—(2,1)

—(2,2)
This gives us the following equations for starting in the (3,2) and
driving into one of the other Zeeman groundstate sublevels:
P3232:=d—-P324132(d) +P323132(d) +P322132(d) :
P3231:=d—-P324131(d) +P323131(d) +P322131(d) :
P3230:=d—P324130(d) +P323130(d) +P322130(d) :
P3222:=d—P323122(d) +P322122(d) :
P3221:=d—-P323121(d) +P322121(d) :
P3220:=d—P323120(d) +P322120(d) :

¥ Initial Level 3,1):

Starting in the (3,1) level the cycler can drive the ion into the (4°,0’), (37,
0’) & (2°,0’). From the excited state, we can decay into the following

possible states:
3, 1H)—4,0)—@G,-1)

d
d
d
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-3, 0

-3, 1)
3,H—-@3"0)—@G,-1

-3, 0)

-3, D

_>(25_'1)

-2, 0)

-2, D
(3,1)—=(2,0)—@G,-1)

=3, 0)

-3, D

_*(2’_1)

—(2, 0)

=2, 1)
This gives us the following equations for starting in the (3,1) and
driving into one of the other Zeeman groundstate sublevels:
P3131:=d—-P314031(d) +P313031(d) +P312031(d) :
P3130:=d—P314030(d) +P313030(d) +P312030(d) :
P3131n:=d—-P314031n(d) +P313031n(d) +P312031n(d) :
P3121:=d—-P313021(d) +P312021(d) :
P3120:=d—P313020(d) +P312020(d) :
P3121n:=d—P313021n(d) +P312021n(d) :

WV Initial Level (3,0):

Starting in the (3,0) level the cycler can drive the ion into the (4°,-1"),
(3°,-1’) & (2°,-1"). From the excited state, we can decay into the
following possible states:
(3,0)—=(4’,-1")—(3,-2)

—(3,-1)

—(3, 0)
3,0)—=(3,-1")—=(3,-2)

—(3,-1)

—(3, 0)

—(2,-2)

—(2,-1)

—=(2, 0)
(3,0)~>(2’,-1")—(3,-2)

—(3,-1)

—(3, 0)

—(2,-2)

—(2,-1)

—(2, 0)
This gives us the following equations for starting in the (3,0) and
driving into one of the other Zeeman groundstate sublevels:
P3030:=d—P3041n30(d) +P3031n30(d) +P3021n30(d) :
P3031n:=d—P3041n31n(d) +P3031n31n(d) +P3021n31n(d) :
P3032n:=d—>P3041n32n(d) +P3031n32n(d) +P3021n32n(d) :
P3020:=d—-P3031n20(d) +P3021n20(d) :
P3021n:=d—-P3031n21n(d) +P3021n21n(d) :
P3022n:=d—P3031n22n(d) +P3021n22n(d) :

W Initial Level (3,-1):
Starting in the (3,—1) level the cycler can drive the ion into the (4’,-2’),
(3°,-2’) & (2°,-2’). From the excited state, we can decay into the
following possible states:
3,-1)—>#,-2)—(3,-3)
—(3,-2)
_)(3’—1)
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(3,-1)—(3",-2)—(,-3)

_')(35_2)

—(3,-1)

—(2,-2)

—(2,-1)
3,-1)—(2,-2)—~(3,-3)

'—>(3’_2)

—-(3,-1)

—'(2,—2)

—(2,-1)
This gives us the following equations for starting in the (3,-1) and
driving into one of the other Zeeman groundstate sublevels:
P31n31n:=d—P31n42n31n(d) +P31n32n31n(d) +P31n22n31in(d) :
P31n32n:=d—P31n42n32n(d) +P31n32n32n(d) +P31n22n32n(d) :
P31n33n:=d—P31n42n33n(d) +P31n32n33n(d) +P31n22n33n(d) :

P31n2ln:=d—-P31n32n21n(d) +P31n22n21n(d) :
P31n22n:=d—P31n32n22n(d) +P31n22n22n(d) :

¥V Initial Level (3,-2):

Starting in the (3,-2) level the cycler can drive the ion into the (4°,-3"),
(3°,-3"). From the excited state, we can decay into the following
possible states:
(3,-2)—(4',-3")—(3,-2)

—>(3’_3)
(3,-2)—(3’,-3")—(3,-3)

—)(35—2)

—}(2v_2)
This gives us the following equations for starting in the (3,-2) and
driving into one of the other Zeeman groundstate sublevels:
P32n32n:=d—P32n43n32n(d) + P32n33n32n(d) :
P32n33n:=d—P32n43n33n(d) +P32n33n33n(d) :
P32n22n:=d—P32n33n22n(d) :

¥V Initial Level (3,-3):

Starting in the (3,-3) level the cycler can drive the ion into the (4°,-4").
This is just the cycling transition. From the excited state, we can decay
into the following possible states:
(2,-1)—(3",-3)-=G,-2)

—(3,-3)

—>(2’—2)
This gives us the following equations for starting in the (3,-3) and
driving into one of the other Zeeman groundstate sublevels:
P33n33n:=d—P33n44n33n(d) :

¥V Initial Level (2,-2):

Starting in the (2,-2) level the cycler can drive the ion into the (3°,-3).
From the excited state, we can decay into the following possible states:
(2,-1)=(3",-3)—(3,-2)

—>(3!—3)

—(2,-2)
This gives us the following equations for starting in the (2,-2) and
driving into one of the other Zeeman groundstate sublevels:
P22n33n:=d—P22n33n33n(d) :
P22032n:=d—P22n33n32n(d) :
P22n22n:=d—P22n33n22n(d) :

V Initial Level (2,-1):
Starting in the (2,-1) level the cycler can drive the ion into the (3°,-2"),
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(2°,2’). From the excited state, we can decay into the following possible
states:
(2,-D)—(3",-2")—(3,-1)

—(3,-2)

—(3,-3)

_}(2!_1)

_)(29—2)
(2,-D—=(2',-2)>G,~-1)

—(3,-2)

—)(3’_3)

—=2,-1)

—(2,-2)
This gives us the following equations for starting in the (2,~1) and
driving into one of the other Zeeman groundstate sublevels:
P21n33n:=d—P21n32n33n(d) +P21n22n33n(d) :
P21n32n:=d—P21n32n32n(d) +P21n22n32n(d) :
P21n31n:=d—P21n32n31n(d) +P21n22n31n(d) :
P21n22n:=d—P21n32n22n(d) +P21n22n22n(d) :
P2In2ln:=d—P21n32n21n(d) +P21n22n21n(d) :

V Initial Level (2, 0):

Starting in the (2,0) level the cycler can drive the ion into the (3°,-1"),
(2°,-1’) & (1’,-1"). From the excited state, we can decay into the
following possible states:
(2,0)—(3,-1)=(@3, 0)

—(3,-1)

—)(3’_2)

—(2,0)

—(2,-1)

—(2,-2)
(2,00—=(@2,-1")—>(3, 0)

-G~

—(3,-2)

—(2,0)

—(2,-1)

—)(27_2)
(2,00-(1',-1)-(2, 0)

=(2,-1)

—(2,-2)
This gives us the following equations for starting in the (2,0) and
driving into one of the other Zeeman groundstate sublevels:
P2032n:=d—P2031n32n(d) +P2021n32n(d) :
P2031n:=d—P2031n31n(d) +P2021n31n(d) :
P2030:=d—-P2031n30(d) +P2021n30(d) :
P2022n:=d—P2031n22n(d) +P2021n22n(d) +P2011n22n(d) :
P2021n:=d-P2031n21n(d) +P2021n21n(d) +P2011n21n(d) :
P2020:=d—P2031n20(d) +P2021n20(d) +P2011n20(d) :

V Initial Level (2, 1):
Starting in the (2,1) level the cycler can drive the ion into the (3°,0°), (2°,
0’) & (1°,0’). From the excited state, we can decay into the following
possible states:
2,1)—- @309 -G, 1
—(3,0)
-@3,-1)
=2, 1)
—(2,0)
_—)(2’—1)
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(2,D)- (2,07 -3, 1)

—(3,0)

-(3,-1)

=2, 1)

-2, 0)
2,D)— (10 =2, 1)

—(2,0)

_')(2’—1)
This gives us the following equations for starting in the (2,1) and
driving into one of the other Zeeman groundstate sublevels:
P2131n:=d—P213031n(d) +P212031n(d) :
P2130:=d—P213030(d) +P212030(d) :
P2131:=d—-P213031(d) +P212031(d) :
P2121n:=d—P213021n(d) +P212021n(d) +P211021n(d) :
P2120:=d—P213020(d) +P212020(d) +P211020(d) :
P2121:=d—-P213021(d) +P212021(d) +P211021(d) :

V Initial Level (2, 2):
Starting in the (2,2) level the cycler can drive the ion into the (3°,1°), (2°,
1’) & (1’,17). From the excited state, we can decay into the following
possible states:
(252)_’ (3'11‘) -'(312)
-3, 1)
-(3,0)
—(2,2)
—(2.,1)
—(2,0)
(2,2— (21 -3,2)
—-@3.1)
—(3,0)
—(2,2)
—(2,1)
—(2,0)
(2,2)— (1'1") —=(2,2)
=2,
—(2,0)
This gives us the following equations for starting in the (2,2) and
driving into one of the other Zeeman groundstate sublevels:

P2230:=d—-P223130(d) +P222130(d)
P2231:=d—-P223131(d) +P222131(d)
P2232:=d—-P223132(d) +P222132(d)
P2220:=d—P223120(d) +P222120(d) +P221120(d) :
(d)
(d)

P2221:=d-P223121(d) +P222121 +P221121(d) :
P2222:=d—-P223122(d) +P222122 +P221122(d) :
Y Rate Equations for the cycling laser:

v Rate Equations:
The rate equations are given by:

Eq33 :=d—»dd—t p33(t) = (-P3332(d)-P3331(d) —P3322(d)
—P3321(d))-p33(t) :
Eq32=d—-% p32(1) = (-P3231(d) —P3230(d) —P3222(d)

dt
—P3221(d) —P3220(d))-p32(t) +P3332(d)-p33(t) +P2232(d)
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Pp22(t) :
Eq31 :=d—>% p31(t) = (-P3130(d) —P3131n(d) —P3121(d)

—P3120(d) —P3121n(d)) -p31(t) +P3231(d)-p32(t)
+P3331(d)-p33(t) +P2231(d)-p22(t) +P2131(d)-p21(t) :

Eq30:=d—>% p30(t) = (-P3031n(d) —P3032n(d) —P3020(d)

—P3021n(d) —P3022n(d)) -p30(t) +P3130(d)-p31(t)
+P3230(d)-p32(t) +P2230(d)-p22(t) +P2130(d) -p21(t)
+P2030(d)-p20(t) :

Eq31n:=d—>dit— p31n(t) = (-P31n32n(d) —P31n33n(d)

—P31n21n(d) —P31n22n(d))-p31n(t) +P3031n(d) p30(t)
+P3131n(d) p31(t) +P2131n(d)-p21(t) +P2031n(d) -p20(t)
+P21n31n(d)-p21n(t):

Eq32n==d—>dd—t p32n(t) = (-P32n33n(d) —P32n22n(d))-p32n(t)

+P31n32n(d)-p31n(t) +P3032n(d)-p30(t) +P2032n(d) -p20(t)
+P21n32n(d) -p21n(t) +P22n32n(d ) -p22n(t) :

Eq33n==d—>dd—t p33n(t) = P32n33n(d)-p32n(t) +P31n33n(d)
-p31n(t) +P21n33n(d) p21n(t) +P22n33n(d) p22n(t) :
Eq22 :=d—>% p22(t) =P3322(d) -p33(t) +P3222(d)-p32(t)

— (P2230(d) +P2231(d) +P2232(d) +P2220(d) +P2221(d))
p22(t) :

Eq21 :=d—»dit- p21(t) = P3321(d)-p33(t) +P3221(d)-p32(t)

+P3121(d)-p31(t) +P2221(d)-p22(t) — (P2131n(d)
+P2130(d) +P2131(d) +P2121n(d) +P2120(d))-p21(t) :

Eq20==d—>% p20(t) = P3220(d)-p32(t) +P3120(d)-p31(t)

+P3020(d)-p30(t) +P2220(d) p22(t) +P2120(d)-p21(t)
— (P2032n(d) +P2031n(d) +P2030(d) +P2022n(d)
+P2021n(d))-p20(t) :

Eq21n==d—>% p21n(t) = P3121n(d)-p31(t) +P3021n(d) p30(t)

+P31n21in(d)-p31n(t) +P2121In(d)-p21(t) +P2021n(d) -p20(t)
~ (P21n33n(d) +P21n32n(d) +P21n31n{d) +P21n22n(d))
-p21n(t) :

Eq22n:=d—>% p22n(t) = P3022n(d)-p30(t) +P31n22n{d)-p31n(t)

+P32n22n(d)-p32n(t) +P2022n(d)-p20(t) +P21n22n(d)
-p21n(t) — (P22n33n(d) +P22n32n(d))-p22n(t)

v Determining Time Dependent Probabilities for Different Initial Conditions

V Population Driven into F’=3 by Probe Laser

\ 4 Procedure to Calculate Cycler Temporal Dynamics:
ThreePrimeCyclerDynamics:=proc(ProbeDetuning, ProbeScatterings,
CyclerDetuning, CyclerScatterings)
global CF3Solns, CF3P33n, CF3P32n, CF3P31n, CF3P30, CF3P31,
CF3P32, CF3P33, CF3P22n, CF3P21n CF3P20, CF3P21, CF3P22,
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CF3Photons33n CF3Photons32n, CF3Photons31n, CF3Photons30,
CF3Photons31, CF3Photons32, CF3Photons33, CF3Photons22n,
CF3Photons21n, CF3Photons20, CF3Photons21, CF3Photons22,
CF3TotalCounts;
local CF3Eqgs;
#setup ProbeDynamics:
ThreePrimeProbeDynamics (ProbeDetuning) :
#setup system of equations and numerically solve using dsolve:
CF3Eqs := {Eq33n(CyclerDetuning), Eq32n(CyclerDetuning),
Eq31n(CyclerDetuning), Eq30(CyclerDetuning),
Eq31(CyclerDetuning), Eq32(CyclerDetuning),
Eq33(CyclerDetuning), Eq22n(CyclerDetuning),
Eq21n(CyclerDetuning), Eq20(CyclerDetuning),
Eq21(CyclerDetuning), Eq22(CyclerDetuning), p33(0)
= F3P33(ProbeScatterings),p32(0) = F3P32(ProbeScatterings),
p31(0) = F3P31(ProbeScatterings),p30(0)
= F3P30(ProbeScatterings),p31n(0)
= F3P31n(ProbeScatterings), p32n(0)
= F3P32n(ProbeScatterings), p33n(0)
= F3P33n(ProbeScatterings),p22n(0)
= F3P22n(ProbeScatterings), p21n(0)
= F3P21n(ProbeScatterings), p20(0) = F3P20(ProbeScatterings),
p21(0) = F3P21(ProbeScatterings), p22(0)
= F3P22(ProbeScatterings) } :
CF3Solns := dsolve(CF3Eqgs, numeric, output= listprocedure) :
CF3P33n:=eval(p33n(t), CF3Solns) :
CF3P32n:=-eval(p32n(t), CF3Solns) :
CF3P31n:=eval(p31n(t), CF3Solns) :
CF3P30:=eval(p30(t), CF3Solns) :
CF3P31:=-eval(p31(t), CF3Solns) :
CF3P32:=-eval(p32(t), CF3Solns) :
CF3P33 :=-eval(p33(t), CF3Solns) :
CF3P22n:=eval(p22n(t), CF3Solns) :
CF3P21n:=eval(p21n(t), CF3Solns) :
CF3P20:=eval(p20(t), CF3Solns) :
CF3P21:=-eval(p21(t), CF3Solns) :
CF3P22:=-eval(p22(t), CF3Solns) :
#integrate!

CF3Photons33n:= evalf| int !

(CyclerDetunmg) ]

‘CF3P33n(t),t=0. CyclerScattermgsJ
-2,

3 2
— - -1
343

yclerDetunmg) )

ured(

1+(

1 3 5 )2
med(2,3, 2,3.3.3, 3, 1]

- ( 2-(CyclerDetuning + AHF3P) ]2
Mg

1
CF3Photons32n:= evalf 22

+ -int(CF3P32n(t),t=0

331



Ph.D. Thesis — J. Nguyen McMaster — Physics and Astronomy

.100)

2
wed(;—,&—l, %,4,-2, %,—1)
CF3Photons31n:= evalf| int
1+ (2-(CyclerDetuning) Jz
I'Mg
2
pred —1—,3,—1, 3—,3,—2, 5—,—1)
n 2 2 2
1+ ( 2-(CyclerDetuning + AHF3P) ]2
I'Mg
2
wed( 33,1, 32,2, 31
+ 3 ‘CF3P31n(t),t=0
1+ 2-(CyclerDetuning+AHF2P)]
Mg
100
2
ured( ;—,3,0, %,4,—1, %,—l )
CF3Photons30 := evalf| int 3
1+ ( 2-(CyclerDetuning) J
I'Mg
2
weal 13,0231, 51)
n 2 2 2
1+ ( 2-(CyclerDetuning + AHF3P) 2
'™Mg
2
pred( ;— 3,0, % 2,-1, %,—1 )
+ 3 -CF3P30(t),t=0.100
1+ ( 2-{CyclerDetuning + AHF2P) ]
I'Mg
2
ured( ;—,3, 1, %,4,0, %,—1 )
CF3Photons31 = evalf| int 3
1+ ( 2-(CyclerDetuning) ]
I'Mg
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1 3 5 2
med[2,3,1,2,3,0,2, 1]

- ( 2-(CyclerDetuning + AHF3P) ]2
I'Mg
1 3 5 2
d —’3’1,—,2,0, '_,'1
Hre (2 2 2 ]
- ( 2-(CyclerDetuning + AHF2P) ]2
I'Mg

+ -CF3P31(t),t=0.100

1 3 5 2
d _’3’ 2’ _’4’1’_—’-1
Hre (2 2 2 )

1+ ( 2-(CyclerDetuning) }2
T™g

CF3Photons32 :=-evalf} int

2 2
- [ 2-(CyclerDetuning + AHF3P) Jz
™™g

1 3 5 2
d] —,3,2,-,2,1, =,-1
ure (2 23 2 )

1+ ( 2-(CyclerDetuning + AHF2P) Jz
I'Mg

2
ured( ;—,3,2, 331, i,-l]
+

+ -CF3P32(t),t=0.100

1 3 5 2
d] —,3,3,=,4,2, = -1
Hre (2 33 2 )

|+ ( 2-(CyclerDetuning) ]2
I'Mg

CF3Photons33 := evalf| int

1 3 5 )2
d—’,y—’,s—s—
pre(23323221)

- ( 2-(CyclerDetuning + AHF3P) ]2
™™g
1 3 5 2
d _’ 9 7——’ 2 7—7—
pre(2332222 1}
- ( 2-(CyclerDetuning + AHF2P) ]2
Mg

+

+ ‘CF3P33(1),t=0..100
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CF3Photons22n
2
ured[ 1—,2,—2, 1,3,—3, §—,-1 J
. 2 2 2
= evalf| int 3
|+ ( 2-(CyclerDetuning + AHF3P)
Mg

-CF3P22n(t),t = 0 .CyclerScatterings

CF3Photons21In

1 3 5 2
d{ —,2,-1,=,3,-2, = ,-1
Hre (2 2 2 )

- ( 2-(CyclerDetuning + AHF3P) )2
I'Mg

1 3 5 2
dl =,2,-1,=,2,-2, = -1
“re (27 » H 2 2 J

- ( 2-(CyclerDetuning + AHF2P) Jz
™™g

= evalf| int

+

..CyclerScatterings

1 3 5 2
—,2,0,_,4,2,—,"1
“red(z 2 2 J

1+ [ 2-(CyclerDetuning + AHF3P) ]2
I'™Mg

CF3Photons20 := evalf| int

2
Pfed( 1 2,0, 1,2,‘1, iv_l]

2’ 2 2
+ 2
1+ ( 2-(CyclerDetuning + AHF2P) ]
I'Mg
2
ured( ;—, 2,0, ;—, 1,-1, %,—1 )
+ 3 -CF3P20(t),t=0
1+ [ 2-(CyclerDetuning + AHFIP) J
I'Mg
.CyclerScatterings
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2’ 2
- [ 2-(CyclerDetuning + AHF3P) Jz
T'Mg

2
wea( F21,2,3.0.5.1)
CF3Photons21 := evalf| int

1 3 5 2
PR 719_v2507 —,—1
“’ed( Ry 2 ]

- ( 2-(CyclerDetuning + AHF2P) ]2
I'Mg
1 3 5 2
—5 ’ 1’ —’ l’ . _7-1
ured( 2 2 ) 0 2 ]
1+ ( 2-(CyclerDetuning + AHF1P) Jz
I'Mg

+

+

.CF3P21(t),t=0

.CyclerScatterings

1 3 5 2
~,2,2,2,2,1,2 -1
ured(z, 2.3 > )

|+ ( 2-{CyclerDetuning + AHF3P) Jz
Mg

CF3Photons22 = evalf| int

1 3 5 2
—,272’ _52,1’_’-1
“red( 2 2 2 ]

1+ ( 2-(CyclerDetuning + AHF2P) )2
I'Mg
2
},u'ed( ;—,2,2, i 1,1, i,-l)

+

2 2
1+ [ 2-(CyclerDetuning + AHF1P) Jz
'Mg

—+

‘CF3P22(t),t=0

.CyclerScatterings

CF3TotalCounts := CF3Photons33n 4+ CF3Photons32n
+ CF3Photons31n+ CF3Photons30 + CF3Photons31
+ CF3Photons32 + CF3Photons33 + CF3Photons22n
+ CF3Photons21n+ CF3Photons20 + CF3Photons21
+ CF3Photons22:
endproc:

Procedure to Calculate Total Counts as a function of Probe Laser
Detuning:
ThreePrimeLineShape :=proc(ProbeFrequencyFromResonance,
ProbeScatterings, CyclerDetuning, CyclerScatterings, name)
localstepsize, freq ProbeFrequency;
writeto(name) :
writeto(terminal) :
stepsize:=2:
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ProbeFrequency := -ProbeFrequencyFromResonance;
#lInitialize first point

for ProbeFrequency from -ProbeFrequencyFromResonance
bystepsize toProbeFrequencyFromResonancedo

ThreePrimeCyclerDynamics(2 -t-ProbeFrequency, ProbeScatterings,

CyclerDetuning, CyclerScatterings) :
appendto(name) :
print(ProbeFrequency, CF3TotalCounts});
writeto(terminal) :
enddo
end proc:

Procedure to Calculate Total Counts as a function of Probe Time:
ThreePrimeProbeTime :==proc(ProbeFrequencyFromResonance,
ProbeMaxScatterings, CyclerDetuning, CyclerScatterings, name)
local stepsize, freq ProbeTime;
writeto(name) :
writeto(terminal) :
stepsize:=1:
ProbeTime = 0;#initialize first probe time
forProbeTime from0 bystepsize toProbeMaxScatteringsdo
ThreePrimeCyclerDynamics(2-n~ProbeFrequencyFromResonance,

ProbeTime, CyclerDetuning, CyclerScatterings) :
appendto(name) :
print(ProbeTime, CF3TotalCounts);
writeto(terminal) :
enddo
end proc:

v Population Driven into F’=2 by Probe Laser

\ 4 Procedure to Calculate Cycler Temporal Dynamics:
TwoPrimeCyclerDynamics :=proc(ProbeDetuning, ProbeScatterings,

CyclerDetuning, CyclerScatterings)

global CF2Solns, CF2P33n, CF2P32n, CF2P31n, CF2P30, CF2P3]1,
CF2P32, CF2P33, CF2P22n, CF2P21n, CF2P20, CF2P21, CF2P22,
CF2Photons33n, CF2Photons32n, CF2Photons31n, CF2Photons30,
CF2Photons31, CF2Photons32, CF2Photons33, CF2Photons22n,
CF2Photons21n, CF2Photons20, CF2Photons21, CF2Photons22,
CF2TotalCounts;

local CF2Egs;

#setup ProbeDynamics:

TwoPrimeProbeDynamics(ProbeDetuning) :

#setup system of equations and numerically solve using dsolve:

CF2Eqs '= {Eq33n(CyclerDetuning), Eq32n(CyclerDetuning),
Eq31n(CyclerDetuning), Eq30(CyclerDetuning},
Eq31(CyclerDetuning), Eq32(CyclerDetuning),
Eq33(CyclerDetuning), Eq22n(CyclerDetuning),
Eq21n(CyclerDetuning), Eq20(CyclerDetuning),
Eq21(CyclerDetuning), Eq22(CyclerDetuning), p33(0)
= F2P33(ProbeScatterings), p32(0) = F2P32(ProbeScatterings),
p31(0) = F2P31(ProbeScatterings),p30(0)
= F2P30(ProbeScatterings),p31n(0)
= F2P31n(ProbeScatterings),p32n(0)
= F2P32n(ProbeScatterings}, p33n(0)
= F2P33n(ProbeScatterings),p22n(0)
= F2P22n(ProbeScatterings),p21n(0)
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= F2P21n(ProbeScatterings), p20(0) = F2P20(ProbeScatterings),
p21(0) = F2P21{ProbeScatterings),p22(0)
= F2P22(ProbeScatterings} } :
CF2Solns = dsolve{CF2Eqgs, numeric, output= listprocedure) :
CF2P33n:=eval{p33n(t), CF2Solns) :
CF2P32n:=eval(p32n(t}, CF2Solns) :
CF2P31n:=-eval(p31n(t), CF2Solns) :
CF2P30 :=eval(p30(t), CF2Solns) :
CF2P31:=-eval{p31(t), CF2Solns) :
CF2P32:=-eval(p32(t), CF2Solns) :
CF2P33:=eval(p33(t), CF2Solns) :
CF2P22n:=eval(p22n(t), CF2Solns) :
CF2P21n:=eval(p21n(t), CF2Solns) :
CF2P20 :=eval(p20(t), CF2Solns) :
CF2P21:=eval(p21(t), CF2Solns) :
CF2P22 :=eval{p22(t), CF2Solns) :
#integrate!

CF2Photons33n:=evalf] int 1

2 (CyclerDetunmg) )

-CF2P33n(t),t=0. CyclerScattermgs]
-2,

1 3 2
ured 5‘, 5‘ -3, 3—1
CF2Photons32n = evalf
1+ [ 2-{CyclerDetuning) )2
T™¢g
2
ured( % 3,-2, % 3,-3, %,—1)
+ ) ‘int{CF2P32n(t),t=0
1+ [ 2-(CyclerDetuning + AHF3P) }
I'Mg
..100)
2
wea( 131,302, 3.1)
CF2Photons31n:=evalfj int
1+ ( 2-(CyclerDetuning) Jz
Mg
2
wea( L300, 232,54
n 2 2 2
- ( 2-(CyclerDetuning + AHF3P) }2
Mg
2
ured ;—,3,—1,%,2,-2,%,-1)
+ 5 -CF2P31In(t),t=0
|+ [ 2-{CyclerDetuning + AHF2P) ]
I'Mg

337



Ph.D. Thesis - J. Nguyen McMaster — Physics and Astronomy

..100

2
ured( ;—,3,0, ;—,4,—1, ;—,-1 )
CF2Photons30 = evalf| int
1+ [ 2-(CyclerDetuning) ]2
I'Mg
2
ured( L30,23-1,2
+ 2 2 2
- ( 2-(CyclerDetuning + AHF3P) ]2
I'Mg
2
wea( L3.0,3.21.3 1)
3 -CF2P30(t),t=0..100
1+ ( 2-(CyclerDetuning + AHF2P)
I'Mg

2
pred( ;—,3, 1, %,4,0, %,—1 )
CF2Photons31 = evalf) int

1+ ( 2-(CyclerDetuning) ]2
I'Mg
2
pred 1—,3, 1, 1,3,0, i,—l )
n 2 2 2
1+ ( 2-(CyclerDetuning + AHF3P) ]2
I'Mg
2
ured( ;—,3, 1, %,2,0, %,—1 )
3 -CF2P31(t),t=0..100
L+ ( 2-(CyclerDetuning + AHF2P) ]
I'™Mg
2
pred( ;— 3,2, %,4, 1, %,—1 )
CF2Photons32 = evalf| int 3
I+ ( 2-(CyclerDetuning) )
I'Mg
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2
pred( ;—,3,2, 331, i,-1)

2 2
+ 2
- ( 2-(CyclerDetuning + AHF3P) ]
I'Mg
2
wed(1.3.2.200.3 1)
+ = {*CF2P32(t),t= 0.100
[+ ( 2-(CyclerDetuning + AHF2P) }
I'Mg

1 3 5 2
d s 7—’452, _,_1
Hee (2 333 2 )

CF2Photons33 := evalf| int

|+ [ 2-{CyclerDetuning) )2
I'Mg
2
p.red( 133,233,221
n 2 2 2
- [ 2-(CyclerDetuning + AHF3P) ]2
Mg
2
pred( ;—,3,3, —32—,2,2, ;—,-1)
+ 5 -CF2P33(t),t=0..100
1+ [ 2-(CyclerDetuning + AHF2P) ]
I'Mg
CF2Photons22n
2
ured[ —1—,2,—2, 1,3,-3, i,-l ]
. 2 2 2
= evalf| int 5
1+ [ 2-(CyclerDetuning + AHF3P) )
I'™Mg

‘CF2P22n(t),t = 0 .CyclerScatterings

CF2Photons21n
2
pred —1-,2,—1, 1,3,—2, 2,—1
. 2 2 2
= evalf| int 5
1+ [ 2-{CyclerDetuning + AHF3P) ]
™g
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2
ured( ;—,2,—1, —3—,2,—2, i,—l J

n 2 2 = |-CF2P21n(t),t= 0
1+ ( 2-(CyclerDetuning + AHF2P)
I'Mg
..CyclerScatterings
2
ured( ;— 2,0, ;—,4, 2, %,—1 )
CF2Photons20 = evalf| int 3
|+ ( 2-(CyclerDetuning + AHF3P) )
I'Mg
2
pred 1—,2,0, 1,2,-1, i,—l J
" 2 2 2
- [ 2-(CyclerDetuning + AHF2P) \*
I'Mg
2
ured[ %,2,0, % 1,1, %1)
+ 5 | CF2P20(t),t=0
1|+ [ 2-(CyclerDetuning + AHF1P) )
I'Mg
.CyclerScatterings

2
ured( 121,25, 5—,-1)

CF2Photons21 = evalf| int 2 2 2 3
1+ ( 2-(CyclerDetuning +AHF3P) ]
T'Mg
2
ured( 1—,2, 1, 2-,2,0, 2,—1
i 2 2 2
L+ ( 2-(CyclerDetuning + AHF2P) ]2
I'Mg
2
pred( ;— 2,1, % 1,0, %,—1 )
+ 5 CF2P21{t),t=0
1+ 2-(CyclerDetuning + AHF1P) ]
I'Mg
.CyclerScatterings
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2
ured(l 2,2,3—,2,1,3,-1)

CF2Photons22 == evalf| int 2 2 Z 3
|+ [ 2-(CyclerDetuning + AHF3P) J
Mg
2
;,u"ed( L2222, i,-l)
+ 2 2 2
|+ ( 2-(CyclerDetuning + AHF2P) ]2
'™Mg
2
pred( ;—,2,2, % i1, %,—1)
3 -CF2P22(1),t=0
|+ ( 2-{CyclerDetuning + AHF1P) )
I'Mg
.CyclerScatterings

CF2TotalCounts := CF2Photons33n + CF2Photons32n
4+ CF2Photons31n+ CF2Photons30 + CF2Photons31
+ CF2Photons32 4+ CF2Photons33 + CF2Photons22n
+ CF2Photons2in+ CF2Photons20 4+ CF2Photons21
+ CF2Photons22 :
print("done");
end proc

Procedure to Calculate Total Counts as a function of Probe Laser
Detuning:
TwoPrimeLineShape :==proc(ProbeFrequencyFromResonance,
ProbeScatterings, CyclerDetuning, CyclerScatterings,name)
localstepsize, freq ProbeFrequency;
writeto(name) :
writeto(terminal) :
stepsize == 2 :
ProbeFrequency := -ProbeFrequencyFromResonance;
#Initialize first point
for ProbeFrequency from -ProbeFrequencyFromResonance
bystepsize toProbeFrequencyFromResonancedo
TwoPrimeCyclerDynamics(2-n-ProbeFrequency, ProbeScatterings,
CyclerDetuning, CyclerScatterings) :
appendto(name) :
print(ProbeFrequency, CF2TotalCounts);
writeto(terminal) :
enddo
end proc:

Procedure to Calculate Total Counts as a function of Probe Time:
TwoPrimeProbeTime :=proc(ProbeFrequencyFromResonance,
ProbeMaxScatterings, CyclerDetuning, CyclerScatterings,name)

localstepsize, freq ProbeTime;

writeto(name} :

writeto(terminal) :

stepsize:=1:

ProbeTime := O; #initialize first probe time

for ProbeTime from0 by stepsize toProbeMaxScatteringsdo
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TwoPrimeCyclerDynamics(2 -x-ProbeFrequencyFromResonance,

ProbeTime, CyclerDetuning, CyclerScatterings) :
appendto{(name) :
print(ProbeTime, CF2TotalCounts);
writeto(terminal) :
enddo
end proc:

v Full Population Dynamics

v Procedure to Calculate Cycler Temporal Dynamics
FullCyclerDynamics :=proc{ProbeDetuning, ProbeScatterings,
CyclerDetuning, CyclerScatterings)
global CF23Solns, CF23P33n, CF23P32n, CF23P31n, CF23P30,
CF23P31, CF23P32, CF23P33, CF23P22n CF23P21n, CF23P20,
CF23P21, CF23P22,CF23Photons33n, CF23Photons32n,
CF23Photons31n, CF23Photons30, CF23Photons31,
CF23Photons32, CF23Photons33, CF23Photons22n,
CF23Photons21n, CF23Photons20, CF23Photons21,
CF23Photons22, CF23TotalCounts;
local CF23Eqs;
#setup ProbeDynamics:
print(ProbeDetuning) :
FullProbeDynamics(ProbeDetuning) :
#setup system of equations and numerically solve using dsolve:
CF23Eqs = {Eq33n{CyclerDetuning), Eq32n(CyclerDetuning),
Eq31n(CyclerDetuning), Eq30(CyclerDetuning),
Eq31(CyclerDetuning), Eq32(CyclerDetuning),
Eg33(CyclerDetuning), Eq22n{CyclerDetuning),
Eq21n(CyclerDetuning), Eq20(CyclerDetuning),
Eq21{CyclerDetuning), Eq22(CyclerDetuning), p33(0)
= F23P33(ProbeScatterings), p32(0)
= F23P32(ProbeScatterings),p31(0)
= F23P31(ProbeScatterings), p30(0)
= F23P30(ProbeScatterings), p31n(0)
= F23P31n(ProbeScatterings), p32n{0)
= F23P32n(ProbeScatterings),p33n(0)
= F23P33n(ProbeScatterings), p22n(0)
= F23P22n(ProbeScatterings),p21n(0}
= F23P21n(ProbeScatterings),p20(0)
= F23P20(ProbeScatterings), p21(0)
= F23P21(ProbeScatterings),p22(0)
= F23P22(ProbeScatterings) } :
CF23Solns := dsolve(CF23Eqs, numeric, output= listprocedure) :
CF23P33n:=-eval(p33n(t), CF23Solns) :
CF23P32n:= eval(p32a(t), CF23Solns) :
CF23P31n:=eval(p31n{t), CF23Solns) :
CF23P30:=eval(p30(t), CF23Solns) :

CF23P31 :=eval(p31(t),CF23Solns) :
CF23P32 = eval{p32(t), CF23Solns) :
CF23P33:=eval(p33(t),CF23Solns) :

CF23P22n:=eval(p22n(t), CF23Solns) :
CF23P21n:=eval(p21n(t), CF23Solns) :
CF23P20:=eval(p20(t), CF23Solns) :
CF23P2]1:=eval(p21(t), CF23Solns) :
CF23P22:=eval(p22(t),CF23Solns) :
#integrate!
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CF23Photons33n:= evalf| int 1 5
2 (CyclerDetunmg) )

-CF23P33n(t),t=0. CyclerScattermgs]

2
wea( 132,345, 31)

CF23Photons32n:=evalf
1+ ( 2-(CyclerDetuning) ]2

™™g

1 3 5 )
d} =,3,-2, =,3,-3, = ,-1
Hre (2 2 2 )
1+ ( 2-(CyclerDetuning + AHF3P) )2
I'Mg

-int(CF23P32n(t), t =

.100)

2
ured( ;— 3,-1, ;—,4,—2, ;—,—1)
CF23Photons31n = evalf| int
1+ (2 (CyclerDetuning) ]2
TMg

1 3 5 2
d —73’—1’—’3’-2’_7—1
Hre (2 2 2 )

1+ ( 2-(CyclerDetuning + AHF3P) )2
I'Mg
2
pred(%,&—l, %,2,—2,%,-1)
+ 3 -CF23P31n(t),t=0
- ( 2-(CyclerDetuning + AHF2P) ]
I'Mg
.100
2
pred(;— 3,0, %,4,-1,%,—1)
CF23Photons30 := evalf| int
1+ (2 (CyclerDetuning) ]
Mg

1 3 5 2
med(2,3,0,2,3, 1,3, 1)

-(CyclerDetuning + AHF3P) ]2
I'Mg

+

1+(2
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2
ured( %,3,0, %,2,-1, %,—1 ]
+ 5 -CF23P30(t),t=0
1+ 2-(CyclerDetuning + AHF2P) ]
I'Mg
.100

2
wea 151,280, 5.1)
CF23Photons31 :=evalf| int - 5
|+ ( 2-(CyclerDetuning) ]
I'Mg
2
ured(l—,3,1,3—,3,0,5—,-1
+ 2 2 2
- ( 2-(CyclerDetuning + AHF3P) Jz
Mg
2
med(;—,B,l,%,Z,O,;—,—lJ
+ -CF23P31(t),t=0
- 2-(CyclerDetuning +AHF2P)J
I'™Mg
100
1 3 5 2
dl =,3,2,>,4,1,=,-1
wre (2’ 2 2 )

CF23Photons32 := evalf| int

- [ 2-(CyclerDetuning) )2
'™Mg

2
pred( 3 3,2,3,3,1,3,-1)

N 2’ 2 2
- ( 2-(CyclerDetuning + AHF3P) ]2
I'Mg
2
med(;—,3,2,;—,2,1,;—,—1)
+ 5 |-CF23P32(1),t=0
|+ 2-(CyclerDetuning +AHF2P)J
Mg
.100
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2
med(;—,3,3,%,4,2,;—,-1)
CF23Photons33 = evalf| int 3
1+ ( 2-(CyclerDetuning) ]
I'Mg
2
pred(l—,3,3,~3—,3,2,5—,-1)
+ 2 2 2
L+ ( 2-(CyclerDetuning + AHF3P) J2
Mg
2
wea( 13,3, 2.2,2.5.1)
+ 5 ‘CF23P33(t),t=0
1+ 2-(Cyc1erDetuning+AHF2P))
I'Mg
100
CF23Photons22n
2
med(l—,z,-z,i,3,—3,i,—1
. 2 2 2
= evalf| int 5
1+ ( 2-(CyclerDetuning + AHF3P) ]
I'Mg

-CF23P22n(t),t = 0 ..CyclerScatterings

CF23Photons21n
2
wed(l—’zi_lvl,Sy_zs i’_l
. 2 2 2
= evalf| int 2
|+ 2-(Cyc1erDetuning+AHF3P)]
T™Mg
2
wea L2 3 002.3 1)
+ 3 -CF23P21In(t),t=0
- [ 2-(CyclerDetuning + AHF2P)
I'Mg
.CyclerScatterings
CF23Photons20
2
pred(—l—,2,0,3—,4,2,5—,-1J
. 2 2 2
= evalf| int 5
|+ ( 2-(CyclerDetuning + AHF3P) ]
I'Mg
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2
wed( 12,0321, 5.41)

2 2 2
+ 2
1+ ( 2-(CyclerDetuning + AHF2P) J
I'Mg
2
wea( 12,0211, 31)
+ 3 -CF23P20(t),t=10
1+ [ 2-(CyclerDetuning + AHF1P) ]
I'Mg
.CyclerScatterings
CF23Photons21
2
pred( 1—,2, 1, §-,3,0, i,—l
. 2 2 2
= evalf| int 3
|+ ( 2-(CyclerDetuning + AHF3P) J
I'Mg
2
p.lred( 1—,2, 1, 3-, 2,0, 5—,—1)
n 2 2 2
1+ ( 2-(CyclerDetuning + AHF2P) ]2
T'Mg
2
pred( ;— 2,1, ;— 1,0, ;—,—1)
+ 5 |CF23P21(t),t=0
- ( 2-(CyclerDetuning + AHF1P) )
I'Mg
.CyclerScatterings
CF23Photons22
2
ured Lo 321,24
. 2 2 2
= evalf| int 3
- [ 2-(CyclerDetuning + AHF3P) J
™™g
2
pred[ Lo2, 200, 3,-1]
i 2 2 2
|+ ( 2-(CyclerDetuning + AHF2P) Jz
I'Mg
2
pred( ;—,2,2, % 1,1, %,—1 J
+ 3 ‘CF23P22(t),t=0
1+ ( 2-(CyclerDetuning + AHF1P) ]
Mg
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..CyclerScatterings

CF23TotalCounts := CF23Photons33n + CF23Photons32n
+ CF23Photons31n+ CF23Photons30 + CF23Photons31
+ CF23Photons32 + CF23Photons33 + CF23Photons22n
+ CF23Photons21n+ CF23Photons20 + CF23Photons21
+ CF23Photons22:
print("done");
end proc

Procedure to Calculate Total Counts as a function of Probe Laser
Detuning
FullLineShape :=proc{ProbeFrequencyFromResonance,
ProbeScatteringsl, ProbeScatterings2, CyclerDetuning,
CyclerScatterings,namel,name?2)
localstepsize, ProbeFrequency;
writeto(namel) :
writeto(name2) :
writeto(terminal) :
stepsize:=2:
ProbeFrequency := -ProbeFrequencyFromResonance;
#Initialize first point
for ProbeFrequency from -ProbeFrequencyFromResonance
bystepsize toProbeFrequencyFromResonance do
FullCyclerDynamics(2 -n-ProbeFrequency, ProbeScatteringsl,
CyclerDetuning, CyclerScatterings) :
appendto(namel) :
print(ProbeFrequency + 150, CF23TotalCounts);
writeto(terminal) :
FullCyclerDynamics{ (2 -n-ProbeFrequency + EHFS),
ProbeScatterings2, CyclerDetuning, CyclerScatterings) :
appendto{name?2) :
print(ProbeFrequency + 150, CF23TotalCounts);
writeto(terminal) :
enddo
endproc:

Procedure to Calculate Total Counts as a function of Probe Time
FullProbeTime :=proc(ProbeFrequencyFromResonance,
ProbeMaxScatterings, CyclerDetuning, CyclerScatterings,name)
local stepsize, freq ProbeTime;
writeto(name) :
writeto(terminal) :
stepsize:=1:
ProbeTime := O; #initialize first probe time
forProbeTime from0 by stepsize toProbeMaxScatteringsdo
FullCyclerDynamics(2 -n-ProbeFrequencyFromResonance,
ProbeTime, CyclerDetuning, CyclerScatterings) :
appendto(name) :
print(ProbeTime, CF23TotalCounts);
writeto{terminal) :
enddo
end proc:
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