

























































































































































































I.P. fluid from the cylinder of the press P1 is introduced at the

inlet port. If P2 < the force differential across the pistons

10 %1
causes the needle valve to open and o0il flows through to the secondary

side until such time as P2 just exceeds-%a Pl, at which stage the needle

valve closes. 1If on the other hand, P, >‘%6 P;, the needle valve will
remain shut until the servo-valve, which is connected to Pz’ bleeds away
the excess pressure in the secondary side. Control of primary pressure
is thus achieved by regulating the pressure in the secondary using the
servo-valve.

Pressure reduction actually takes place in the throttle formed
by the needle valve and seat. Feedback action is by force comparison
and the system is highly stable.

To ensure that no build up of back-pressure takes place behind
the pistons, the area is vented by a connection to the reservoir. Any

leakage past the pistons reaches the reservoir through this path.

5.5 Analysis of the PPD

The cylinder pressure adjustment is effected by regulating the
flow using the servo-valve. It is thus important that the PPD does not
interfere with the flow demand of the servo-valve.

The PPD can affect the flow in three possible ways, namely:-

(i) There is a natural slight increase in flow

through the PPD since the o0il is less compressed
due to lower pressure in the secondary side.

(ii) There is a flow loss due to leakage past the

pistons.



53

(iii) If the spool response is too slow, the needle
valve of the PPD rather than the servo-valve
can limit the flow.

The first two effects partially cancel each other.

Leakage past the pistons is easily minimised by ensuring that the
pistons~are close fits in their respective cylinders, and are made
sufficiently long. Annular oil grooves on the pistons also reduce leakage
losses and ensure adequate lubrication.

The third effect can be minimised by ensuring that the PPD responds
sufficiently rapidly to meet the flow requirements of the servo-valve.

Fig. 20 is a block diagram representation of the PPD. The pressure
drop across the throttle is dependant upon the flow through the throttle
and the needle valve opening. A unique valve opening will exist for each
different flow condition at which the pressure drop across the throttle
is consistent with the required pressure ratio.

When the needle valve is in this position the throttle behaves as
a pressure attenuator with constant gain. Any change in flow, primary or
secondary pressure will upset the equilibrium. This gives rise to a
differential force which acts upon the pistons repositioning them so as
to restore equilibrium.

The flow through the throttle is related to the pressure difference

and the valve opening by the following non-linear expression:i-

Q = CcAG), - P2 (30)
where Q = flow through the throttle
C = a dimensional constant



A(x) = effective orifice area, a function of valve opening.
Py = primary pressure
Pr = reduced pressure behind the throttle

¥ = valve opening
Equation (30) may be linearised about a quiescent operating point
defined by Qs Xo > Plo’ Pro'

If q is defined as the increment in flow
P, is defined as the increment in primary pressure

Pr is defined as the increment in reduced pressure

and x is defined as the increment in valve opening,
then
q=[3_AGO Q . x + Q- py)
IX X=X A(XO) E??Té - P£37
hence
q = kyx + k,(py - pp)

and finally

k x + - 3
p =1 P, q. (31)
r ky k,
where k; = Q J BA(X) and k, = Q
A(xy) 9Y 2P, = 2Py,
X=Xo

kl may be defined as the valve flow-displacement gain and k2 as

the valve flow-pressure gain. kl and k2 are approximately constant only

for small disturbances about the quiescent point.
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The frictional resistance of the flow path from behind the throttle
to the secondary chamber, and the equivalent capacitance due to the
compressibility of the oil in this 'closed' volume cause a lag while the
secondary pressure builds up.

If the resistance of the path is denoted Rl’ and the flow through
it q,, then for small pressure differences the flow is laminar.

Thus pr - P, = Riq, (32)

where P, = incremental secondary pressure consistent with the

foregoing analysis.

\Y
But q, = _2 dpz (33)
where V2 = total enclosed volume of flow path and secondary
piston chamber
and Be = effective bulk modulus of fluid.
Thus
RV d
pp =P, =_12. P2 (34
Be dt

If w, is defined as

Be

RV = hydraulic natural frequency of the secondary
1v2

flow path and chamber,
then by Laplace transforming equation (34) and rearranging the following

expression is obtained:-

P 1
2 = 5 (35)
Py



Due to the pressure drop across the needle valve throttle, a small force
exists which tends to close the valve. If this force is ignored as a

small disturbance, then the following expression describes the piston

dynamics:-
- = 2
plA1 P,A, (MS© + BS) x
i.e
= A - A
x = pl 1 p2 2 (36)
MS2 + BS
where A; = primary piston area
A2 = secondary piston area
M = mass of pistons and fluid in the chambers
B = damping constant.

Equations (31), (35) and (36) may be used to establish the
relationships in the block diagram, Fig. 20.
The various transfer functions of interest are readily obtainable

from the block diagram.

5.6 Steady-State Pressure Response

From the block diagram, Fig. 20:-

s(s + B) + Ak,
M

Mk,
P, = 37

P

S(S + %)(1 + 85y + Ak,

w2 Mkz

Thus the steady-state response to step input increment, pl is:-

S

P, = P;_1 (38)



which is the desired pressure ratio. The fact that k and k wvary over
1 2

the operating range does not affect the steady-state pressure ratio.

5.7 Stability

The open—loop transfer function of the system is given by:-

GH(S) = ke (39)
S +s )@ +58)
w
2 s
where ky = Azk]
Bk
2
and wg = % = piston mass - damper natural frequency.

The polar frequency response plot of equation (39) appears in Fig. 21 (a).

This system is stable if ks is not too large. However, since ks depends
on quantities that can vary considerably over the working range of the
valve the possibility of instability cannot be ruled out.

S
The lag term (1 + ;’) due to the flow path resistance can be
2

eliminated by ensuring that‘l— is very small. 1In practice this is
w

2
achievable if the flow path is unrestricted and the dead volume of the

secondary chamber is kept low.

Under such conditions, equation (39) may be rewritten thus:-

k
o S
GH(S) -§zif*—?;—;— (40)

w
S

The polar plot of equation (40) approaches the inherently stable form

illustrated in Fig. 21 (b), and stability is assured.

5.8 Transient Pressure Response

If the lag term (1 + S ) is ignored, equation (37) may be
)
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rewritten as follows:-

A - A
w2 [ 2 1
n
p, A
— = 1- 2 (41)
p1 S2 + ZCwnS + wn2
where w_ = _2 1 1is the natural frequency
n
V kM
d = B = B k.M . M .
an z B 2 is the damping ratio. (42)
ZMwn 2M Ak
21
The response to a step pl(S) = .Bl ig:—
S

A
P 2
py(8) = 1 -
S s(s? + 2T S + w,?)
A -Zwpt
hence pz(t) = Pl ] 1 - S sin(wnt + 8) (43)
A, V——

where 8 =tan 1+ VvV 1- CZ .

The transient pressure response may be optimised according to some
criterion using a method detailed in Chapter 6. The optimisation would
be carried using r as the variable. The dynamic behaviour of the system
is limited by the value of the natural frequency, w,; it is thus desirable

to make w, as high as possible.
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The natural frequency can be made high by minimising the piston
mass and ensuring that the flow-displacement gain k1 is large as compared
with the flow-pressure gain kz. This may be effected by adjusting the
angle of the needle valve.

Equation (43) suggests that the transient pressure response will
be that\of a second order system. The response is illustrated in Fig. 22
using an assumed damping ratio of r = 0.7.

The percentage overshoot [39] is lOOe—UT/(l - Cz) = 57 and the setting

time [39] is 4 . 5.7 .
Cwp Wp

Once w, has been established, the damping constant B may be
determined from equation (42) to give ¢ the value determined in the

optimisation analysis. There may be considerable variation in both the

natural frequency and the damping ratio due to the variations of k1 and kz'
The natural frequency and damping ratio should be averaged over the oper-

ating range of the PPD.

5.9 Damper Design

With reference to Fig. 23, neglecting compressibility effects the

flow, Q, past the plunger is given by [40] as:-

Q=m_ Dpd® ap (44)
12 Lu

]

where D = plunger diameter

d = mean clearance between plunger and bore
A = net piston area
Ap = pressure drop across piston



[
It

length of plunger

fluid viscosity.

=
I

The damping force is

Adp = B dx (45)
dt

and since dx = Q it follows that
dt A

B = 12A%Ly (46)
mDd3

By making the plunger a good fit in the bore at first, the damping con-

stant may be altered by changing the clearance or drilling holes through

the piston.
5.10 Response of Secondary Pressure to a Flow Disturbance
From the block diagram, Fig. 20, ignoring the lag 1 y
s +1
)
- BS(S + 1)
w
p, = s
2 KA +KkBS(S +1) (47)
q 12 2 ’u‘)
s

thus the steady-state pressure response to a step change in flow is zero.

The steady-state pressure response to a displacement disturbance is

similarly zero.

5.11 Piston Response to Flow Changes
From the block diagram, Fig. 20, ignoring the lag 1 s
s +1
)
Un”
£ = “ (48)

q5 s° + 2zwpS + wﬁf
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where ¢ and w, are as previously defined.

Thus for a unit step change in the flow, i.e. q (S) =1
2 S

1 1 - e7%%nt  sin (uyt + 8)
x(t) = =— e >"n- in (wp 49
o — (49)
The steady-state change in the displacement is thus‘%— , the inverse of
1

the flow-displacement gain.

The damping ratio, percentage overshoot and settling time are
the same as in the case of the transient pressure response. If the
optimum value of the damping ratio is used in conjunction with a high

natural frequency, a rapid piston response is achievable.

5.12 The Effect of the PPD on the Overall Control System

It was specified in section 5.2 that the control system should
be capable of controlling cylinder pressure in the range 1,000 p.s.i. to
10,000 p.s.i. Most servo-valves suffer a severe loss in performance if
their supply pressure is allowed to drop below about 500 p.s.i. [33, 36].
Most manufacturers recommend that their servo-valves be operated at pres-
sures in excess of this value.

With the PPD in the control circuit, when the servo-valve pressure
falls to 500 p.s.i., the cylinder pressure will be about 1,670 p.s.i., and
thus difficulty may be experienced in regulating cylinder pressures bet-
ween 1,000 p.s.i. and 1,670 p.s.i. This difficulty may easily be overcome
if an unloading valve is used to bypass the needle valve throttle of the

PPD, when the cylinder pressure falls into the L.P. range. The minimum



'unloading pressure'#® to which the unloading valve should be set in this
case is 1,670 p.s.i. It would however be more beneficial to set the
'unloading pressure' to a value near 3,000 p.s.i., (e.g. 2,800 p.s.i.)

so that the servo-valve pressure is at no stage less than about 840 p.s.i.
As soon as unloading occurs, the servo-valve pressure will be equal to
the cylinder pressure, and will consequently remain above 1,000 p.s.i.

The unloading valve should be arranged to operate on a signal from
the secondary pressure side of the PPD rather than the primary. This
would have the effect of eliminating any time lag between primary and
secondary response. Standard unloading valves are usually fail-safe
devices, thus the servo-valve will be protected should the unloading valve
malfunction. An unloading valve may easily be iﬁcorporated in the const-
ruction of the PPD. Numerous unloading valve configurations, some of
which may lead to an insignificant addition to the cost of the PPD, are
possible.

Inclusion of the PPD into a basic control system of the type
discussed in Chapter 4 should not cause any loss in dynamic performance.

The servo-valve is 'starved' only if the pressure in the second-
ary side drops below 500 p.s.i. Even without an unloading valve to
prevent this eventuality, the secondary pressure would not be expected to
drop as low as this (for primary pressures in excess of about 2,750 p.s.i.
This is due to the fact that the transfer function of the pressure respons

(equation (41)) is second order. A natural frequency, wp, in excess of

* unloading pressure or 'cracking' pressure is the pilot pressure at which
a given circuit is bypassed, or unloaded.
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1,400 Hz. is easily obtainable. For purposes of comparison with the
servo-valve response, the 107 to 90% rise time of the secondary pressure
to a step change in primary pressure may be estimated from the half power
frequency bandwidth of a second order system [41]. The 10% to 90% rise
time, T,, is given [42] as:-

Ty = 2.2 (50)

where wp = frequency at which input power is reduced to half.
(i.e. Signal magnitude is attenuated by a factor of 7%-,
or reduced by 3 db.)

If the damping ratio, &, is assumed to be 0.7, then the half-power

frequency of a second order transfer function is approximately equal to

the natural frequency, i.e. wy = w, . Hence from equation (50),
T, = —2:2___ =0.25 ms. The servo-valve on the other hand is approx-
27 x 1400

imated by a first order transfer function (equation (17)), with a time
constant of 1.6 ms, which implies a 107 to 90% rise time in excess of
3.5 ms.

Thus the servo-valve spool motion is likely to be considerably
slower than the rate at which pressure in the secondary chamber may adjust
to prevent 'starving' of the servo-valve.

With the inclusion of an unloading valve in the PPD, the dynamic
performance of the overall control system can actually be improved in the
L.P. range. For the type of servo-valve chosen in Chapter 4, examination
of Fig. 14 reveals that load flow is substantially independent of servo-

valve supply pressure when the valve pressure drop (all of the supply
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pressure is dropped across the valve in this case) exceeds 850 p.s.i.

If the unloading valve is arranged to respond to secondary pressure, the
secondary pressure should never drop below this value. This will improve
the performance of the servo-valve. The design procedure used in
Chapter 4 may thus be applied with equal confidence for I.P. circuits

which incorporate a PPD.



6. CONTINUOUS CONTROL OF HYDRAULIC PRESSURE
IN THE H.P. RANGE

6.1 Outline

The analysis and design of a system suitable for the continuous
control of hydraulic pressure in the H.P. range is considered. The system
is intended for utilisation in isostatic compaction processes which require
predetermined pressure - time cycles, but may in principle be adapted to
other applications as well.

With the exception of the hydraulic power amplifier which is not
commercially available, and the high pressure chamber, all elements in the
system are standard electronic, electro-hydraulic or hydraulic components.
The various elements to be used are individually considered, and the
design of the high pressure chamber and the hydraulic power amplifier is
discussed.

Stability criteria are established and subsequently used as con-
straints in the optimisation of the control system. The system is
optimised according to a certain criterion using a technique which is
applicable to a wide variety of control systems. The optimisation is
carried out on a digital computer, which is also used to determine the
sensitivity of the system to variations in some of the parameters. The
transient response of the system to various input functions is simulated
using a digital computer. The relative stability of the system is

examined using a digital computer simulation of the frequency response.
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The computer methods used are generally applicable to other
control systems, although certain changes in the programmes used will

have to be made in some cases.

6.2 Definition of the Problem

The isostatic compaction process has been described in section 2.8,
where it was pointed out that anvils and dies for synthetic diamond manu-
facture may benefit from being subjected at this stage of the manufacturing
procedure, to a predetermined pressure - time cycle. The actual process
to be used in this case is further discussed in section 6.5.

Complete isostatic presses capable of operating at pressures of
up to 100,000 p.s.i. are commercially available. None of these however
provide the facilities for following predetermined continuous pressure -
time cycles.

The maximum pressure to be used in this case is 50,000 p.s.i.,
and a system for generating and controlling pressures up to this level is
required. The system should be capable of following a pressure - time
programme which may require absolute rise and fall rates as high as
3,000 p.s.i./sec., with minimum deviation. Unlike the synthetic diamond
process where the hydraulic power used for pressure control constitutes
an insignificant proportion of the total power requirements of the process,
in disostatic pressing most of the power used is that required to pressurise
the vessel. For pressures of the high order to be used here, even
relatively small flow rates result in substantial hydraulic power consump-
tion. The efficient use of hydraulic power is therefore essential.

Although simplicity, which fosters low initial cost and reliability is
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still important, it may be traded off in this case where significant gains
in performance or operating efficiency may be achieved. The system should
be amenable to mass production procedures; furthermore it is preferable
if the system can be easily modified to accommodate a change in operating
power which might be required in different applications.

It is considered desirable that standard components be utilised
wherever possible, and that the system be sufficiently independent of the

pressure vessel so as to facilitate rapid re-attachment to another press.

6.3 Approach to the Problem

The design of a high pressure hydraulic system for an isostatic
press requires the solution of two inter-connected problems, namely
pressure generation and pressure control. Since pumps capable of
producing pressures in the H.P. range are not readily available, high
pressure must generally be obtained by the intensification of a lower
pressure source. Hence the pressure generation problem reduces to one of
pressure intensification.

Although an indefinite number of solutions to the control problem
may be proposed, only two basically different approaches to the pressure
intensification problem exist. These are internal pressure intensification
and external pressure intensification. In the first approach, pressure
would be generated within the high pressure chamber by means of a plunger
which is driven by a lower pressure source, in much the same manner as
was described in connection with organic chemical synthesis (section 2.3)
and hydrostatic extrusion (section 2.4). In the second approach, the

working fluid would be pressurised external to the pressure vessel and
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metered to the chamber by the control system as required. The two
philosophies of approach to the pressure intensification problem give
rise to rather different control problems and should be considered

separately.

6.3-1 Internal pressure intensification

A schematic representation of one possible form of isostatic press
with internal pressure intensification appears in Fig. 24. The operation
of the control system is essentially the same as that described in
Chapter 4. The servo-valve which is actuated by the amplified difference
between the required and actual high pressure, causes a change in pressure
in the L.P. (or I.P.) chamber. The lower pressure change is intensified
by the plunger and the resulting change in high pressure reduces the
original discrepancy between actual and required values. The system is
stabilised by means of a viscous damper.

Although isostatic presses with internal pressure intensification
represent workable systems, they possess certain disadvantages. Some of
these are considered below:-

(i) Loss of fluid because of leakage from the high

pressure chamber through the seals cannot be made up during

the H.P. cycle.

Attempts to minimise such leakage may result in

excessive geal friction which in turn could severely limit

the dypamic performance of the system. Additionally it

may result in an inordinate 'dead-zone' in the high

pressure response,



It might appear to be possible to circumvent the
leakage problem by having a very large initial volume of
fluid in the H.P. chamber. But this would result in long
plunger strokes which would give rise to an unnecessarily
high overall power consumption (see section 6.5) and low
natural frequency of the L.P. (I.P.) chamber.

(ii) The intensification system is an integral part of
the press, thus modification to accommodate a change in
desired operating power might require major alterations.
(iii) Irrespective of its shape, the plunger interferes
with the working volume of the high pressure chamber. In
some cases speclal precautions will have to be adopted to
ensure that the plunger does not foul the container of the
material being compacted.

(iv) The overall system will be bulky and expensive to
manufacture.

Most of these disadvantages can be overcome, or minimised by

using external pressure intensification.

6.3-2 External pressure intensification

A relatively small pressure intensifier which is arranged to
operate continuously externally to the press, may be used to charge an
accumulator with high pressure fluid. The high pressure chamber of the
isostatic press may be fed from the accumulator when an increase in
pressure is desired, or may be bled of some of its fluid when the pressure

is to be reduced. When used in this manner the intensifier cannot affect
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the dynamic behaviour of the control system, or interfere in any way with
the working volume of the high pressure cavity. Should a change in
operating power be deemed necessary, an additional intensifier and/or
accumulator may be added with little inconvenience. Pressure intensifiers
and accumulators suitable for operation in the H.P. range are commercially
available.

On the strength of the foregoing arguments the external pressure
intensification approach is adopted. The design of a suitable high

pressure system is discussed in the following sections.

6.4 Description of the Proposed System

The proposed system is schematically illustrated in Fig. 25. The
programmer generates a &oltage signal proportional to the instantaneous
required chamber pressure. The chamber pressure is sensed by the pressure
transducer Tl’ and the difference between the required and actual pressure
is amplified by the differential amplifier. The error signal is modified
by the adaptive gain compensator, and used to actuate the electro-hydraulic
servo-valve. The servo~valve drives the hydraulic power amplifier which
supplies or bleeds fluid from the high pressure chamber as required.

A single I.P. pump supplies the circuit with its fluid power

requirements. Fluid reaches the servo-valve via a pressure reducing valve,
which since the supply pressure is constant may be of a standard type.
The bulk of the pump output is taken by the intensifier, which boosts the
pressure and charges the high pressure accumulator. The accumulator acts
as a 'buffer' in that it is capable of supplying additional power during
peak load periods while it stores power during slack portions of the

cycle. When the accumulator is fully charged the supply to the intensifier



is cut off by a solenoid operated 'on-off' valve which is actuated by a
volume-sensing limit switch in the accumulator. The accumulator feeds
the hydraulic power amplifier.

The hydraulic power amplifier (HPA) is intended to keep the high
pressure output flow proportional to the low pressure input flow from the
servo-valve. The HPA is envisaged as a spool-type valve the output flow
of which is dependent on the spool displacement and the pressure drop
across it. Proportionality between input flow and valve opening is
assured by feeding the spool displacement back to the servo-valve using
a position transducer. As the valve pressure drop varies in sympathy with
the changing pressure in the high pressure chamber, it alters the gain of
HPA. This affects the loop gain of the system which should be kept steady
for optimum performance. (See section 6.14).

Variations in the loop gain are compensated for by the adaptive
gain compensator which makes use of chamber and accumulator pressure
information supplied by transducers T, and T, respectively, and spool
positional information supplied by the displacement transducer, to effect

an appropriate adjustment. (See section 6.10).

6.5 Preliminary Considerations

Before the various elements of importance in the control system
are examined in detail, certain aspects of the process being controlled,
which are of prime importance to the design of the high pressure system,
should be considered.

In the actual process, when the flexible container has been

charged with material to be compacted, it is subjected to a low
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amplitude, 50 Hz vibration while the air is being evacuated. This assists
air removal. After sealing, the charged container is subjected to a pre-
compaction pressure - time cycle which uses a maximum pressure of about
10,000 p.s.i., at which stage the compact has attained about 977 of its
final 'green density'*. Thus prepared, the material is ready for the
vital H.P. cycle.

It is desirable that the pre-compaction be performed separately
from the H.P. compaction cycle to minimise the power requirements of the
process. During the pre-compaction cycle, the volume of the material
being compacted may be reduced by as much as 65%Z. Thus after pre-
compaction, at least 657 of the high pressure chamber volume would be
occupied by hydraulic fluid. Thus most of the work done in raising the
pressure within the chauwber would be absorbed by the 'dead volume' of
fluid. 1In order to realise the high rates of pressure rise which are
desired, the expenditure of enormous quantities of power would be
required.

The foregoing may be illustrated by considering a typical
example:-

Assume the powder is enclosed in a cylindrical container having
internal dimensions of 11.5 in. diameter by 11.5 in. high. The initial
volume of powder is thus approximately 1,110 cu. in. After pre-compaction
in which it was subjected to pressures of up to 10,000 p.s.i., the
material has been reduced to a pellet 8 in. in diameter and 8 in. high,

a reduction of volume of about 63.7%7 to 402 cu. in. The density of the

pellet increases by a further 3% of its final density during the H.P.

* 'Green density' implies density before sintering.
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The volume of the pellet is thus decreased by a further 12.7 cu. in.

to about 389.3 cu. in.

If the volume of the chamber is 1,200 cu. in., the maximum fluid

volume in the chamber will be approximately 810 cu. in.

From equation (2) (section 4.4), the rate of pressure rise is

given by:-
dp _ (51)
dt cd
where dp = rate of change of chamber pressure.
dt
k. = B = chamber gain (52)
Vo
Be = effective bulk modulus
Vo = volume of the chamber
q = volume - flow rate of fluid into the chamber.

against

where

similar

The hydraulic horse power, W, required to maintain a flow, q,
a pressure P. is given by:-

W= "Pcq (53)

W is in horse power, q in c.i.s. and P, in p.s.i.

From equations (51) and (53),

W= PC . _di (54)
6600k,  dt

The chamber gain, ko, may be estimated by using a development

to that used in section 4.4 . The effect of the compressibility

of the material being compacted must however be taken into account.



If a change in chamber pressure, AP, is associated with a total

change of AVy in volume, then in the absence of trapped air in the system;

AV = BV - AVE - AVg (55)

where AV, change in chamber volume

AV¢ = change in fluid volume

AV = change in volume of material being compacted.
The effective bulk modulus, and the bulk moduli of the chawmber, fluid, and

material are respectively defined as:-

AP V_ AP
Be = VobFPe , Be = obPc , Bf = - VidPe , and By = - VmbPe
where Vg = initial volume of fluid

Vp = dinitial volume of material being compacted.
By substituting for AVy, AV, AVf, and AVp in equation (55), the following

expression is obtained:-

Vo . Yo, ¥ 4 Vn

Pe Be B Bm

Re-arrangement of the above expression yields the following:-

EE -k = BcBfBm
Vo | ¢ T VoBgBn ¥ VeBmbe T VmBtho

(56)

In the actual process, the pellet of material being compacted approaches
its final 'green' density at an early stage in the H.P. cycle. The rest
of the cycle is intended to alter the mechanical properties of the
compact rather than to increase its density. (The pellet does however

suffer relatively small permanent deformations during the rest of the
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cycle, which may be neglected for the present case since they affect the
pellet volume very slightly.) For most of the H.P. cycle the pellet behaves
as an elastic solid with an apparent bulk modulus, B , of the order
3 x 10% p.s.i.

If the bulk modulus of the chamber is assumed to be of the order
15 % 10é p.s.i., and that of the fluid 3 x 10° p.s.i., then for the

current example, where Vg = 1200, Vy = 389.3, and Vg = 810 cu. in.;

VoBgBp = 1.08 x 101%
ViBmBe = 3.65 x 1016
VmBfBe = 1.75 x 1015
and BmBfRc =~ 1.35 x 10%°
From equation (56), ke = 350 1bg. in.=%

From equation (54), to rcalise a rate of pressure rise of 3,000 p.s.i./sec
when the chamber pressure is 45,000 p.s.i. requires an hydraulic horse
power input of approximately 58.5 hp.
This high power requirement is due to the low value of the chamber gain,
ke. The latter may be substantially increased by reducing the volume of
fluid, Vg.

Thus i1f the chamber volume, Vg, is reduced to approximately
440 cu. in. then for a final pellet volume, Vp, of 390 cu. in. the fluid

volume Vg will be 50 cu. in.

Thus VoBgBm = 4.00 x 10M*
VeBuBe = 2.25 x 1015
VmBfBe = 1.75 x 1015
while BpBeBe = 1.35 x 1019 as before.



Applying equation (56), k. = 3060.
The hydraulic power requirements would be correspondingly reduced to
about 6.7 hp.

This substantial reduction in required power, and the associated
reduction in the size of the pump, intensifier, accumulator, and other
componeﬁts, well justifies the division of the compaction process into two
separate cycles.

The pressures required during the pre-compaction cycle are all in
the I.P. range, hence a control system similar to that described in
Chapter 5 may be used. The absolute rates of pressure rise and fall
required in this portion of the cycle are relatively low, (of the order
50 p.s.i./sec maximum). This is fortunate since the material being
compacted is highly compressible for a large part of the cycle, and this
will result in a low chamber gain.

The two compaction cycles may be carried out using the same basic
press, although separate presses may render the process more amenable to
mass production.

If the same press is to be used, the high pressure chamber should
be sufficiently large to accommodate the charged container prior to the
pre-compaction cycle. TFor the purpose of carrying out the H.P. compaction
cycle, a highly incompressible 'blank' in the form of a hollow cylinder
with one end open could be slid into the chamber to take up the dead
volume. The arrangement is illustrated in Fig. 26. The 'cavity' of the
'blank' would be sufficiently large to accommodate the pre-compacted

pellet, which at this stage has been removed from its original container
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and coated with a thin covering of flexible plastic material. The blank
should be a loose fit in the high pressure cavity, and several small holes
should be drilled through its bottom and walls to ensure that it is
isostatically supported; thus avoiding the possibility of seizure.
Modifications to the proposed control system to accommodate the
I.P. pre-compaction cycle, are minor. The pump output would simply be
piped directly to the HPA, thus by-passing the intensifier and accumulator.
This may be conveniently achieved by using a standard solenoid operated
3-way valve. Allowance for increased flow should be made in the design
of the HPA.
The decision as to whether a single press or two separate isostatic
pressing systems will be employed will ultimately be made by the user.
For the current design, attention is devoted to the H.P. control system,
but provision is made where relevant, for simple conversion to a dual

purpose system.

6.6 The High Pressure Chamber

The H.P. chamber is required to accommodate the pre-compacted
pellet and to safely withstand the maximum working pressure.
The following constraints have been imposed by the user:-
(i) The 'bursting pressure' should not be less than
100,000 p.s.i.
(ii) The inside diameter and internal height should not
be less than 8.24 in.
(iii) The outside diameter of the cylindrical wall (excluding

the lower flange, Fig. 26) should not exceed 18in.
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6.6~1 The chamber, material and fluid volumes

For a pre-compacted pellet nominally 8" in diameter and height, a
chamber with nominal internal dimensions of 8.24 in. in diameter and height
will allow an initial clearance* of 0.12 in. above and below the pellet,
and all round the pellet in the radial direction. The volume of this
chamber is V. = 440 cu. in.

If the final pellet volume, Vg, is 390 cu. in., the maximum fluid

volume in the chamber will be Vg = 50 cu. in.

6.6-2 Variation of chamber gain with chamber bulk modulus

The chamber gain, k¢ is given by equation (56), which is reproduced

below:-

ke = BeBmbs
Vobihin + VmeBC + VpBgbe

(56)

If the bulk modulus of the chamber, B., is made very large, such that
B(VgBm + VpBe) >> VoBfRp, then the latter quantity may be neglected, and

equation (56) reduces to:-

B B
k = m f _
<~é>max VB + Vs (56-1)

Equation (56-1) represents the maximum value that k. can theoretically
attain for given values of the bulk moduli B and Bf and the assumed
geometry, This relationship becomes exact when the bulk modulus of the

chamber, B., becomes infinite, which is clearly not realizable in practice.

* Such clearance includes the plastic coating of the pellet which is of
the order 0.003 in. thick.
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Tf Be = 3 x 105,% B 3 x 108, V. = 50, and V = 390;

m

]

then from equation (56-1), k¢ 3400.

max

A plot of the variation of the chamber gain k. with the chamber
bulk modulus appears in Fig. 27. This is the graphical representation of
equation (56), with B_, B¢, Vg, V., and Vg all constant and of magnitudes
defined‘in the foregoing.

Examination of Fig. 27 reveals that as the chamber bulk modulus
is increased from zero to about 6 x 106 p.s.i., the chamber gain, kg,
increases relatively rapidly. As B, is further increased from 6 X 108 p.s.i.
to 12 x 10° p.s.i., the chamber gain increases far less rapidly; (the
increase in k  as 8. changes from 6 x 106 p.s.i. to 12 x 106 p.s.i. is
about 10% of the increase in k. as B, changes from 0 p.s.i. to
6 x 10% p.s.i.).

For values of B. in excess of 12 x 106 p.s.i., k. increases very
slowly, thus doubling the bulk modulus from 12 x% 10% to 24 x 10° p.s.1i.
increases k., by only 4Z.

It was shown in section 6.5, that for minimum power consumption,
k. should be as large as possible. The value of k. will however be
limited by chamber bulk moduli obtainable with practical vessel
configurations.

An all steel monobloc chamber construction, and a steel-tungsten
carbide duplex vessel configuration are examined in the following sections,

and the chamber bulk modulus of each type is determined.

* Practical fluids with higher bulk moduli are not readily available.



6.6-3 Examination of a monobloc chamber construction

6.6-3-1 Diametral dimensions required for adequate strength:-

If the chamber is of a monobloc construction, then neglecting end

effects the classical equations of Lame’ for the stress distribution in a

single thick-walled cylinder can be expressed as:-

where T
Oc

Oy

a, b

0., = a +b (57)
r2

o'r=a—b__ (58)
r2

radius

circumferential principal stress at radius r
radial principal stress at radius r

constants.

The following additional terms are defined:-

%

1

To

Oci

Ori

o
ro

fe

]

internal chamber pressure

internal radius of cylinder bore

external cylinder radius

circumferential stress at the bore when pressure, p, is
applied

radial stress at the bore when pressure, p, is applied
radial stress at outside wall of the vessel

uniaxial tensile strength of the material.

Inspection of equations (57) and (58) reveals that the principal

stresses 0, and o, reach their maximum tensile and compressive values

respectively when r is minimum, i.e. at the bore. Failure may therefore
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be expected to occur at the bore.

The outside wall of the cylinder is a free surface, thus when
Y =Ty, Opg = 0,
hence, from equation (58),

a=b (58-1)

2

To

At the bore of the cylinder the radial stress is compressive and equal to
the applied pressure.
i.e. when r = r;

hence, from equations (58) and (58-1),

2 _ 2
r ri

p=b 2

. 24,2
L

(58-2)

From equations (57) and (58-1), the circumferential stress at the

bore may be expressed as:-

2 2
_ r + rs
Uci - b _.M..__O 1 (57"1)

2 2
ro + ri

The constant, b, may be eliminated from equations (57-1) and (58-2) to

yield:-
G s r 2 4 ps2
If failure at the bore occurs according to Tresca's criterion [22],
then:-
Oci = Ori = £y (60)
and since ©.; = - p, from equation (60), at failure,
Oni = ft = P (60~-1)

ci
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Eliminating 0.y from equations (59) and (60-1) and rearranging, the
following relationship is obtained:-

ro2 = 32 _ Tt (61)

ft - 2p

If T, and r; are fixed, then for a given value of p, the minimum tensile
strength of the material is given by:-

2pro2

£, = (61-1)

Thus for a bursting pressure, p = 100,000 p.s.i., ry = 9 in., vy = 4.12 in.;
fy = 252,000 p.s.i.
Tensile strengths of this order and greater are obtainable using steels

such as the K9L, NMCV~D.T.D., '"Hecla' 174 and Hykro series of steels.

6.6-3-2 Determination of the bulk modulus:-

The expression for the bulk modulus of a cylinder (equation (5))
derived in section 4.4 is not directly applicable in this case since it
neglects axial deformation of the cylinder. 1In this case, movement in the
axial direction is not constrained by an external load and must be taken
into account.

The following notation is used:-

p = internal applied pressure

T = internal radius of cylinder

h = internal height of cylinder

Ar = radial displacement when pressure, p, is applied

Ah = axial displacement when pressure, p, is applied



Vo = internal volume of the cylinder

AVe = change in cylinder volume when pressure, p, is applied

D, = outside diameter of cylinder

Dy = inside diameter of cylinder

E = Young's modulus for the material
v = Poisson's ratio for the material
04 = axial stress

when an internal pressure is applied, the change in volume is given by:-

AV, = mr2h - w(r + Ar)2(h + Ah)
Expanding the above expression, and ignoring second order quantities,
AV, = w(2rhAr + r?Ah) (62)

The chamber bulk modulus B. has been defined as B, = Vgp

AVe
hence from equation (62), Be = prh
2hAr + rAh
therefore 1 _ 2ar + Ah
Be Pr ph
or 1l _ 1 41 (63)
Be Ber Bca

where B.. = _pr is defined as the 'radial bulk modulus'

and Bea = is defined as the 'axial bulk modulus'.

55

Since r = Dy, B., is identically the expression obtained in

2
equation (5), which is reproduced below using the current notation
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B = _E_ DOZ - Diz
cr 2 ((l + v)D2 + (1 - v)D;2 (5-1)

The axial stress is assumed to be uniformly distributed over the cross-

sectional area of the cylinder and is given by:-

PDiZ
%a = Dy” - Dy
. . . pD;?
The axial strain Ah is thus, Ah = 1
h h  E(Dy,2 - Di?)
hence
2 _ .2
Bea = ph - g (D D7) (64)
Ah 2
Dj

For Dy = 18 in.; D; = 8.24 in.; E = 30 x 106; and v= 0.3, the values of

Bcr and B., calculated from equations (5-1) and (64) are:-

Ber = 8.2 x 10% p.s.i.  and B, = 113 x 106 p.s.i.
The chamber bulk modulus calculated from equation (63) is:-

Bo = 7.65 x 105 p.s.i.
With this value of Beo the chamber gain, kc, may be calculated from
equation (56) (or read from Fig. 27) to be k. = 2850.

It should be noted that with an all steel vessel, the maximum
value that the bulk modulus can theoretically attain is:—

(Bc)max = E = 11.5 x 10% p.s.i.

2.6

This is determined from equations (5-1), (64) and (63) by letting D, > = .
Higher bulk moduli are obtainable with finite cylinders if a material with

a higher modulus of elasticity is used. This is further discussed in the

following section.
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6.6-4 Examination of a duplex chamber construction

Materials with moduli of elasticity greater than that of steel
tend to be brittle and have a low tensile strength. A chamber made for
example from tungsten carbide to the user's dimensions would burst at
pressures of less than 100,000 p.s.i. By making the chamber a duplex
construction with a carbide inner liner in a steel outer component, a

compact vessel with a low compliance (high bulk modulus) may be obtained.

6.6-4-1 Optimum diametral dimensions required for adequate strength
The following notation is adopted for the purposes of the sub-

sequent analysis:-

E = Young's modulus
v = Poisson's ratio
f. = compressive strength of material in uniaxial test
fy = tensile strength of material in uniaxial test
_ £, .

A =_L = sgtrength ratio

fe

feyq : . .
F = —= = ratio of tensile strengths of inner to outer component

fto

cylinders

P = radial pressure applied to inner bore
P2 = radial pressure at interface radius due to interference alone

Ap, = change in interface pressure when p is applied at the inner

bore
T = radius
T = inner bore radius
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ro = interface radius
r, = outer radius
x = rl/r3 = overall radius ratio
y = r2/r3 = radius ratio of outer cylinder
8 = radial interference at interface
oy = radial Principal Stress
0. = circumferential Principal Stress.
N.B. The physical properties of the inner and outer cylinders are

et

distinguished by the subscripts 'i 'o!

and 'o' respectively.

For the present case it will be assumed that the inner and outer component
cylinders are made from tungsten carbide (with 10% cobalt) and EN 30 steel

respectively, with the following properties:-

E; =90 x 10° p.s.i.; E, = 30 x 10° p.s.i.
v; = 0.21; Vo = 0.3
£ci = 848,000 p.s.i.; foo = 212,000 p.s.i.
fri = 106,000 p.s.i.; fro = 212,000 p.s.i.
A = 0.125; Ao = 1.
F = -i-‘i = 0.5 .
to

Parsons and Cole [27] propose a method of optimising the parameters of

short duplex cylinders based on the Mohr criterion of failure - a criterion
for which the degrees of brittleness of the materials of construction can
be taken into account.

The reliability of the Mohr criterion and the method used is

confirmed by experimental work carried out by the authors. In all cases



of 'semi-brittle' inserts in ductile outer cylinders slight discrepancies
between predicted and actual failure were on the side of safety [27].

The Mohr criterion of failure may be expressed as follows:-

O, - Ao, = ft (64)
It should be noted that for purely ductile materials, i.e. X = 1; the
Mohr criterion assumes the form of the Tresca criterion of failure due to
maximum shear stress, while for completely brittle materials, i.e. X = 0;
the Mohr criterion is identical to the Rankine criterion of failure due
to maximum principal stress.

In deriving design relationships for the compound vessel, the
authors [27] use the Lame equations (equations (57) and (58)) to
determine expressions for the radial and circumferential stresses at the
bore of each component cylinder; taking into account the separate effects
of prestressing during assembly and the application of an internal pres-

sure, p.

The Mohr criterion of failure (equation (64)) is applied to each
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case, and by assuming that failure occurs simultaneously in both components,

an expression for the internal pressure that will cause failure is obtained.

For the case of a 'semi-brittle' insert (i.e. 0 < 34 < 1) in a
fully ductile outer cylinder (i.e. Xo= 1), the internal pressure that will

cause simultaneous failure in both components is given [27] by:-

Eeo 2+ x2) + 5,2 - x%)

By differentiating equation (65) with respect to y, the authors show that
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for a given value of x, p has a maximum value when:-

2 )
y2 - - 1- )\i %2 + x 1 - )\i x2 + 2F + (l - Al) (66)
1+ 2 1+ )xi 1+ 2y

For the present case, if the vessel is to be designed to burst at twice
the working pressure, then p = 100,000 p.s.i. By substituting for p, f;,,
F and A in equations (65) and (66), and solving simultaneously for x and
v, the following values are obtained:-

0.500

X

]

y = 0.691

Thus for r; = 4,120 in., r, = 5.690 in., and Ty, = 8.240 in.

An expression for the necessary radial interference at the interface is
derived by the authors [27] and may be written thus:-

§ = rf (1 - y2) (1= vi)y? + (1 + vi)x? L3 = o)y + (1 + o)

_ 2x2r2p (67)
Ei (y2 - x?)

The value of p to be used here is again the bursting pressure,

p = 100,000 p.s.i.. By substituting for x, vy, r,, i, and the elastic

o}

constants, the necessary interference is found to bei-

§ = 0.0069 in.

The necessary diametral interference is thus 6p = 28 = 0.0138 in.

In order to ensure that the interface radius assumes a value of 5.690 in.



after assembly, the interference should theoretically be apportioned in

the ratio:-

Spo/ Spg = (1= v)yZ + (1 + v (1 - v)y? + @+ Vi)

Ei (y2 - x2) Ej (y2 - x2)

from which it follows that 6Di = 0.0019 in and GDo = 0.0119 in.

where 5Di = initial diametral oversize of the outer diameter of the

inner cylinder

and Spo = initial diametral undersize of the inner diameter of the

outer cylinder,
If the interference is proportioned in a different way, the error incurred
in the final interface radius will be very small, so that for practical
purposes the interflerence may Le arbitrarily divided as long as it totals

0.0138 in.

6.6-4-2 Determination of the bulk modulus:-~

In order to determine the bulk modulus of the vessel, it is
necessary to ascertain the change in interference pressure, Apz, when an
internal pressure, p, is applied.

This is given by [27] as:-

2
w2, y2(1 - v) + x°(1 + Vi) + y2(1 - vo) + (1 + vo) | = 2x2 p
E; (y? - x2) E,(1 - y2) Ej (y2 - x2)

(68)
Substituting for x, y and the elastic constants, the following expression
is obtained:-

Ap, = 0.391 p.
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Hence 1f a pressure p is applied, the change in pressure, Ap, across the

inner liner is given by:-

bp = p - Apy
i.e. Ap = 0.709p.
The radial bulk modulus, B., in this case is Ber = APT 1
Arl
where Ar1 = change in bore radius, thus using a development similar to

that in the derivation of equation (5), Bcr for this case may be expressed

as:-

_ 2 _p 2
6 = Ei D2 - D,

ct T 71a 7
1.418 (1+ vi)D2 + (1 - vi)D12

(5-2)

8.240 in.

inner bore diameter

where D1

D
2

11.380 in.

interface diameter
By substituting for the elastic constants, and the diameters; in equation
(5-2) the radial bulk modulus is found to be:-
Ber = 18.5 x 106

If the duplex chamber assembly has the general configuration
illustrated in Fig. 26, the liner will not be subjected to any direct
stress in the axial direction. A longitudinal shear stress at the outer
wall of the liner will however be transmitted by the interface friction,
and this will tend to restrain axial deformation of outer cylinder. If
this restraining effect is neglected, a conservative estimate of the
axial bulk modulus may be obtained, by following a development similar to
the derivation of equation (64).

In this case, the axial bulk modulus, B.,, is given by:-
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= 2 _ 2
Bea = Ei(DB D2 ) (69)
2
Dl
where D, = outer diameter of the outer cylinder = 16.480 in.

3

Substituting for E;, D D2, and D3; in equation (69) the value of Bca is

J.’

found to be:-

Boy = 62.6 x 10% p.s.i.
Substituting for Bog @nd B.y in equation (63), the following value of the

chamber bulk modulus is obtained:-

B, = 14.3 x 10% p.s.i.
Thus the bulk modulus of the duplex construction is almost twice that of
the monobloc type. The value of k, may be calculated from equation (56).

Thus k. = 3050,‘which is about 7% higher than the value obtainable
with the monobloc construction.

The maximum hydraulic horsepower required in each case may be
predicted from equation (54). For a chamber pressure of 50,000 p.s.i.,
and a pressure rise rate of 3,000 p.s.i./sec., 7.96 hp is required for
the monobloc chamber and 7.45 hp for the duplex. The saving would be
about 0.5 hp or 6.5% if the duplex chamber is used.

The saving in power is considered to be too small to justifiy the

extra cost of a duplex chamber, and the use of a monobloc pressure vessel

is therefore recommended.

6.6-5 Further chamber considerations

In practice the chamber will probably be capable of withstanding

pressures greater than the 'bursting pressure' for which it has been
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designed, since the chawber cap will tend to resist radial deflection and
thus reduce circumferential stresses in the walls of the vessel. The end
effects will also tend to increase the radial bulk modulus; hence the

neglecting of these influences is on the side of safety.

6.6-5-1 Fatigue resistance

It is well established that the fatigue life of a plain walled
cylinder subjected to repeated internal pressure is limited [43 -46].
When the pressures used are substantially lower than the yield strength
of the material, the fatigue life is prolonged. Morrison et. al. [43]
found that vessels for which the stress did not exceed 65,000 p.s.i.
could have an extremely long fatigue life (termed 'infinite' by the

authors). The cylinders used by the authors were made from nitrided

'Hykro' steel. 1If a monobloc chamber is used for the current application,

the maximum shear stress is half the principal stress difference at the

bore;
l.e. Tmax = %i ~ 9ri (70)
2
where Tpax = Maximum shear stress
oci = circumferential stress at the bore
0 , = radial stress at the bore.
ri

If the working pressure is p., and the inner and outer radii are
r; and r, respectively, as in section 6.6-3, then from equations (59)
and (70), putting o, = - p. and rearranging, the following expression
is obtained:-

Tmax = Pclo (71)
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From equation (71), for 1y = 4.12 in, ¥, = 9 in. and pe. = 50,000 p.s.i.,
Tmax = 63,000 p.s.i.

Thus if the chamber is made from one of the recommended steels, and

preferably from nitrided Hecla '174' or Hykro, a very long fatigue life

should be obtainable.

6.6-5-2 Transfer function of the chamber.

For the subsequent analysis of the control system it will be
assumed that the chamber gain has a value, ke = 2850. It is important,
however that the chamber gain be measured in practice before final adjust-
ments to the control system are made. Experimental determination of the
chamber gain would require the metering of the flow into the vessel and
measuring the rate of pressure rise.

Assuming zero initial conditions, the transfer function of the
chamber may deduced from equation (3), (derived in section 4.4).

If q = rate of flow into the chamber, p. = chamber pressure, the transfer

function may be expressed as:-

-

p

= <
q S

(72)

6.6-5-3 Referred bulk modulus

The effective bulk modulus is usually used as a measure of the
elasticity of a system. While the cylinder or chamber gains, k., may
always be directly compared, the effective bulk moduli are not directly
comparable if the fluid volume is different from the total volume (as in

the case of isostatic pressing). For purposes of comparison between
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different systems, the 'referred bulk modulus', i.e. the effective bulk
modulus referred to the fluid volume, should be used.

The referred bulk modulus, 8., is defined by the following

expression:i-
_ _ \Y
B, =k Ve =68, _£f (73)
Vo
where Be = effective bulk modulus
Vo, = total volume

Ve = fluid volume

For k. = 2850, and Vf = 50 cu. in., By = 142,500 p.s.i.

6.6-5-4 Chamber for I.P. and H.P. operation

If the same chamber is to be used for both the I.P. and H.P.
compaction cycles, the removable 'blank' (Fig. 26) should be made from a
material with a high bulk modulus, e.g. tungsten carbide*. The chamber
itself may be designed using the same procedure as in the foregoing. 1In
order to reduce weight, the use of two or more component cylinders in the
construction of the vessel should be considered.

The chamber gain is likely to vary considerably during the I.P.
cycle, owing to the compressibility of the material being compacted.
Even though the control system may be designed to be stable over the com-
plete range of chamber gain variation, its performance will be less than
optimal. Possible methods of compensating for large variations in the

chamber gain are briefly considered in section 17.

* The true bulk modulus (i.e. under isostatic conditions) of tungsten
carbide is about 50 x 10° p.s.i., or approximately twice that of steel.



6.7 High Pressure Generation

The pressure generation system consists of an H.P. intensifier
driven by an I.P. pump; and an H.P. accumulator. These are briefly

considered below, first individually and then collectively.

6.7-1 Operating principle of the pressure intensifier

A pressure intensifier is essentially a cylinder with at least two
sections of differing diameter. Lower pressure fluid, introduced into the
large end, causes the piston to move and eject a smaller quantity of
higher-pressure fluid at the small end. In the absence of friction the
intensification ratio would be equal to the ratio of the large to the
small piston areas.

Intensifiers may be of single or multi cylinder construction, and
each cylinder may be single or double acting*. A single cylinder, double
acting intensifier is illustrated in Fig. 28(a).

The intensifier shown has an electrically operated reversing
mechanism (see Fig. 28 (b)) although hydraulically actuated reversing
mechanisms are also commonly used.

With the piston in the position shown in Fig. 28(a), the

solenoid 'S' of the four way valve is de-energised and fluid from the
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I.P. pump enters port 'A'. I.P, fluid also enters H.P. chamber 'X' through

check valve 1. Port 'B' is vented to the reservoir through the four-way
valve; thus the piston moves from right to left, discharging H.P. fluid
from chamber 'Y' to the accumulator -HPA line via check valve 3. When

the piston reaches the end of its stroke, it engages limit switch L.S.2.

* A single acting cylinder implies one working stroke per cycle while
double acting means two working strokes per cycle.
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L.S.2 is spring loaded and normally open (N/O), it is thus temporarily
closed by the piston. This action completes the circuit (Fig. 28(b))
which energises the relay coil. The relay is a double - pole type, both
poles of which are normally open. One pole is used as a 'hold circuit'
which keeps the relay energised after L.S.2 is re-opened when the piston
retracts. The other pole of the relay energises the solenoid 'S' which
actuates the four-way valve thus connecting port 'B' to the I.P. supply
and venting port 'A'. At this stage the piston commences to move to the
right thus discharging H.P. fluid through check valve 2. When the piston
approaches the end of its stroke it contacts normally closed limit switch
L.S.1 which breaks the relay circuit thus de-energising the solenoid and
returning the valve to its original position. The cycle then repeats

itself.

6.7-2 Operating principle of H.P. accumulator

Pressure accumulators are used to perform two major functions in
hydraulic circuits, namely that of hydraulic power storage and pulsation
damping. Hydraulic accumulators consist essentially of an externally
loaded variable volume chamber. They are distinguished by the type of
external loading used. The principal types of loading used are dead-weight
loading, mechanical spring loading and compressed gas loading.

A dead-weight loaded accumulator is the simplest form of hydraulic
energy storage vessel. It comprises a vertical cylinder fitted with a

piston carrying a large mass or ballast. Although this type of accumulator



has the unique advantage that the fluid pressure is kept constant
irrespective of variations in the volume of fluid in chamber; it is not
widely used since the physical space occupied by the mass or ballast,
particularly at high pressures, is very large.

In the spring-loaded type of accumulator, the piston works against
one or more compression or tension springs. This type of accumulator is
usually used only in low pressure, low volume applications.

Accumulators which make use of compressed gas loading are the
most compact and most widely used type, for all pressure ranges [29].
Compressed gas loading may be achieved in several different ways. The
hydraulic fluid and compressed gas are usually separated by diaphragm,
flexible bladder or bag or by means of a floating piston. For the H.P.
range; the floating piston type 1s usrd since it is possible to make use
of a difference in area, as in the case of an intensifier, to maintain
gas pressures at reasonably cafe levels.

A differential area, compressed gas loaded H.P. accumulator is
illustrated in Fig. 29. The gas is contained in a flexible bag which is
attached to the supporting chamber wall at one point only, i.e. at the
precharging port. The gas bag is separated from the fluid chamber by a
floating piston which may be so0lid or hollow. The object of the bag is
to minimise the loss of compressed gas, so that the accumulator need be
re-charged with gas very infrequently.

Nitrogen is usually used as the precharging gas, as a safety
precaution against explosions, and the vessel is usually fitted with a

"keroset" or equivalent type of plug which melts in the event of a fire
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and allows the gas to escape. The vessel supporting the bag is usually
designed to withstand at least five times the maximum gas pressure.

Precharging is effected using a very low powered high pressure
booster, which may be electrically or shop-air driven. These units are
available in portable form, thus a single booster may be used to precharge
a large number of accumulators. The accumulator is precharged through
a series of check valves. (Usually at least two check valves are used to
minimise subsequent loss of compressed gas.)

In spring-loaded and compressed gas loaded accumulators, the
hydraulic-fluid pressure varies as a function of the volume of fluid being
stored. In the case of a compressed gas accumulator, the variation in
pressure can be made insignificant by making the gas volume very much
greater than the hydraulic fluid volumc. This however is uneconomical,
and most accumulators are designed to restrict fluid pressure variation

to between 207 and 25% of the minimum pressure.

6.7-3 The H.P. pump

Positive displacement pumps of the radial and axial plunger types
are commercially available for operating pressures of up to 10,000 p.s.i.
Variable and fixed displacement types are obtainable. For the current
application, the type of pump used is immaterial, provided that it can
meet the flow and pressure requirements of the system, The pump should
therefore be selected on the grounds of proven reliability and low cost.

For the current application, a fixed displacement axial plunger
pump is likely to prove most favourable. The size of pump to be used is
dependent on the intensifier, accumulator and requirements of the control

system. It is essential that the pump, intensifier and accumulator are
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chosen so as to form a compatible sub-system; they are thus examined

collectively below:-

6.7-4  The selection of a pump - intensifier - accumulator combination

In selecting a set of components for the H.P. generating system,
consideration must be given to the requirements of the control system, life
and reliability of the components and cost.

Commercially available accumulators generally wear very little and
thus have a relatively long life. They are usually very reliable, but
rather expensive; the cost increasing with increasing storage capacity.

Axial plunger pumps are designed for continuous operation at full
load, and their cost increases almost in direct proportion to their
hydraulic power output,vfor units in excess of 10 hp output capacity. The
cost per horse-power of output is generally higher for smaller capacity
pumps.

Unlike pumps, intensifiers are generally intermittently used in
hydraulic circuits. Commercially available types are thus designed with
intermittent usage in mind, and if used continuously may consequently be
expected to have a shorter life than a pump with the same power output.
For double acting intensifiers of the type described in section 6.7-1,
which are capable of producing pressures of up to 75,000 p.s.i., the cost
of the unit per c.i.s. of output is approximately constant for units of
1 c.i.s. capacity and larger. Smaller capacity units of this type generally
have a higher cost per c.i.s. of output at the same pressure level.

One possible approach is to have a large accumulator and a

relatively low capacity intensifier and pump. The accumulator would have
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to store sufficient pressurised fluid for the duration of the cycle, and
would be re-charged between production runs. The cost of a large
accumulator could be offset by the savings due to the utilisation of a
lower capacity pump and intensifier. This approach will however under-
mine attempts to minimise non-productive time in mass production processes.
The duration of the cycle will also be limited by accumulator capacity.

Another approach is to use a very much smaller accumulator, just
large enough to act as a pulsation damper, and to smooth out the
intensifier delivery; coupled with an intensifier - pump combination that
can readily meet the demands of the control system.

There is apparently no compromise between the two approaches that
will not limit the duration of the cycle. In order to keep the system
as flexible as possible, the sccond approach is adopted.

All the pressure generating components are available in standard
sizes. An accumulator of the type described in section 6.7-2, with a
capacity of one-half imperial pint (17.3 cu. in.) should be adequate for
the current application. (With a chamber gain of 2850, the accumulator
if fully discharged could raise the chamber pressure by nearly 50,000 p.s.1i.
without assistance from the intensifier.) A typical accumulator of this

type and size would have the following properties:-

1

Pre-charging gas pressure 20,000 p.s.1i,

Gas pressure when fully charged with hydraulic fluid = 25,000 p.s.i.

Hydraulic fluid pressure when fully discharged 60,000 p.s.di.

Hydraulic fluid pressure when fully charged 75,000 p.s.1.

McMASTER UNIVERSITY LIBRARY



When the rate of pressure rise demanded by the programmer is

3,000 p.s.i./sec., from equation (51), the flow into the chamber should

be 1.05 c.i.s.

As the fluid is supplied at a pressure higher than the chamber

pressure, there will be a dilation of volume flow rate from the high

pressure source to the chamber. The flow rate that the H.P.

source will

be required to deliver is related tc the flow into the chamber by the

following expression:-

where dg

Pc

Br

q=q, 1+ (pg = pc)
Br
delivery of H.P. source
flow into the chamber
H.P. supply pressure
chamber pressure

referred bulk modulus of the fluid as defined in

section 6.6-5-3.

(74)

The maximum delivery required from the H.P. source will occur

when pg = 60,000 p.s.i.,

P. = 50,000 p.s.i. and ¢ = 1.05 c.i.s.

From equation (74), under these conditons qg = 0.98 c.i.s. for

Br = 142,500 p.s.i.
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When the supply pressure is pg = 75,000 p.s.i.; p, = 50,000 p.s.di.

and q = 1.05 c.i.s., then for B8, = 142,500, from equation (74), the

required delivery will be g4 = 0.89 c.i.s.

It should be noted that at a supply pressure of 60,000 p.s.i.,

and a delivery of 0.98 c.i.s., the hydraulic horse power available is 8.8 hp
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(from equation (53)) while at a supply pressure of 75,000 p.s.i. and a
delivery of 0.89 c.i.s. the hydraulic horse power available is 10.1 hp.
In either case, the chamber and its contents store potential energy at
a rate of only about 8 hp (see section 6.6-4-2). Most of the balance

of the power is used to accelerate the fluid from the H.P. source to the
chamber, and is lost in turbulence in the chamber [47].

The H.P. source should thus be capable of delivering 0.89 c.i.s.
at 75,000 p.s.i., to meet the requirements of the chamber. To this
required delivery should be added an allowance for leakages in H.P.A.,
accumulator and elsewhere, therefore a fluid consumption of the order
1 c.i.s. at 75,000 p.s.i. should be allowed for.

A flow as high as 1 c.i.s. will probably only be required for
short periods during the cycle, and an intensifier with half this capacity
would probably suffice. If the cycle is very demanding however, a 0.5 c.i.s.
intensifier might have to operate almost continuously under load in order
to keep the accumulator charged. An intensifier of 1 c.i.s. output
capacity would only have to operate for half the working time of the
smaller unit, and its expected life will therefore be doubled. For a
commercially available intensifier of the type described in section 6.7-1,
a 1 c.i.s. output capacity unit costs only about 45% more than a 0.5 c.i.s.
unit, and will therefore be more economical in the long run. (This
reasoning does not apply to units of capacity greater than 1 c.i.s. unit.
The increase in the expected life would just cover the additional capital

outlay, but not the interest on the capital.)
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It is thus recommended that an intensifier capable of delivering
1 c.i.s. of fluid at a pressure of 75,000 p.s.i. be employed. An
intensifier of this size can meet the required system demand, the
accumulator being used only to smooth out the intensifier output, and to
supply additional power when necessary, for rapid error correction, or dur-
ing the initial portion of the H.P. cycle, when the pellet is not fully
compacted.

The hydraulic horse-power output of the intensifier will be a
maximum of 11.4 hp. Allowing for an intensifier efficiency of 90%, the
I.P. hydraulic power input required is 12.6 hp. At 10,000 p.s.i., from
equation (53), the delivery of the pump should be 8.3 c.i.s. Allowing
2,5 c.i.s. for the servo-valve would require a pump of 10.8 c.i.s.
capacity. The closest standard size is an 11.1 c.i.s. pump, which requires
a 20 hp electric motor drive.

It was mentioned earlier that pumps with hydraulic horse power
outputs in excess of 10 hp have an approximately constant cost per horse
power, which is less than the cost per horse power for smaller pumps.

As in the case of the intensifier, this has been taken advantage of, and
the fact that the pump will not often operate at full capacity should
prolong its life.

The pump flow should be directed by a sequence valve which
guarantees flow to the servo-valve circuit. The intensifier circuit may
be fed from the secondary side of the sequence valve, and can be unloaded
by a separate unloading valve when the accumulator is fully charged.

This arrangement is further discussed in section 6.17
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6.8 The Pressure Transducers

High pressure can be measured by several different means, which
may broadly be classified as:-

(1) Dead weight gauges

(ii) Elastic deformation gauges (Bourdon tubes, strain gauge

cells, and bulk modulus cells [48].)
(iii) Change in electrical resistance of some material when
subjected to pressure [18, 49].

(iv) Phase changes in a material subjected to pressure [18].

Sensors which are to be used for control purposes are generally
required to couple high accuracy with rapid response, reliability, and
insensitivity to influences such as temperature changes, magnetic and
electrostatic fields. Only a few of the pressure measurement techniques
are therefore generally utilised as transducers for control purposes.

One of the most successful types of high pressure transducers is
the manganin cell, which depends on the change in resistance of a coil
of wire which is exposed to high pressure [50]. Manganin alloy has a
relatively large, positive, linear,resistance - pressure relationship and
is relatively insensitive to temperature fluctuations. Manganin cells
usually comprise two coils of wire, one of which is active, while the other
is a compensating coil. The active coil may be directly exposed to the
high pressure environment, provided a non polar fluid is used. The dorm-
ant coil is isolated from the high pressure fluid, but is placed in close
proximity to the active coil, and is used to compensate for gross ambient

temperature changes.
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The resistance change is detected as an out-of balance current
in a bridge circuit, which has an output amplifier with adjustable gain.

Although manganin gauges have been found to be linear and
reproducible in pressure measurements to better than 0.1%, [18, 50],
precision of this order is unusual in control applications, since
adiabatic temperature changes within the material introduced by pressure
fluctuations affect the resistivity of the wire slightly, even when ambient
temperatures are steady [50].

Industrial type manganin pressure transducers are available for
pressures of up to 400,000 p.s.i. A typical O - 50, 000 p.s.i. transducer
has a maximum error of less than 1% of full scale and negligible time
constant. Transducers of this type are relatively inexpensive, easily
incorporated into hydraulic systems and require no maintenance.

Since the required accuracy of the process for the current applic-
ation has not been specified, it will be assumed that an industrial
manganin transducer of the type discussed in the foregoing will suffice.

A 0 - 50,000 p.s.i. transducer is required for T1 (Fig 25), while
a0 - 75,000 p.s.i. rating is necessary for transducer T2 (Fig 25). 1It
will be assumed that the output amplifiers of both transducers have been
adjusted to give an overall sensitivity of 1 volt per 5,000 p.s.i.

The transducer gain, k;, is thus:-

kt = 1 = 0.0002 volts/p.s.i.
5000
6.9 The Hydraulic Power Amplifier and Servo-Valve

The hydraulic power amplifier (HPA) is envisaged as a spool type
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valve, which is driven by the servo-valve. It is intended that the output
flow (to or from the chamber), under steady-state conditions, be proport-
ional to, and of the same order as, the output flow from the servo-valve,
which in turn is proportional to the system error. The purpose of the
HPA is to raise the pressure, and hence the power level of the servo-valve
output rather than amplify the flow.

A design study of the HPA is presented below.

6.9-1 Principle of the HPA

The HPA is schematically illustrated in Fig. 30. If the spool of
the servo-valve second stage is moved from its central position to the
right, in response to an amplified error signal from the servo-valve pre-
amplifier, oil from the L.P. source will flow into L.P. chamber 1 of the
HPA while fluid is discharged from L.P. chamber 2. The spool of the HPA
is thus forced to move to the right, uncovering port 2. Fluid from the

H.P. source is thus able to reach the H.P. chamber through ports 1 and 2.

If the servo-valve spool is displaced to the left, the HPA spool will also
move to the left, thus venting the H.P. chamber to the reservoir via ports
2 and 3.

Leakage flow past the right end spool land is drained to the
reservoir via port 3, while leakage past the left end spool land reaches

port 3 through the hollow main spool.

6.9-2 Design of the main orifice

If it is assumed that the flow through the main orifice (port 2,

Fig. 30) is turbulent, the flow to the H.P. chamber may be represented by



the 'orifice law', equation (75).

e = Cg @ f% (ps = Pc) (75)

where q, = flow to the H.P. chamber
Cq = coefficient of discharge
a = orifice area
p = fluid density
Pg = supply pressure
p. = chamber pressure.

The flow, from the H.P. chamber, to the reservoir is similarly given

qcl b

by equation (75~1), when the spool is moved to the left.

ey = C4 a /g Pe (75-1)
P

It should be noted that equation (75-1) assumes zero reservoir pressure.

The basic assumption that the 'orifice law' applies is justified
subsequently.

The 'orifice law' assumes incompressible flow, the coefficient of
discharge being calculated using the fluid density downstream of the
orifice. In the current application, the H.P. chamber fluid density
should be used in conjunction with coefficients of discharge published
in the literature.

The density of the fluid downstram of the orifice varies with

chamber pressure according to the following law [33]:-

p=p (1 + %3) (76)

107
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density at atmospheric pressure = 0.78 x 10™"% 1b sec?/in"

where pg

By = referred bulk modulus of the fluid = 142,500 p.s.i. (see

i

section 6.6-5-3).

Since the flow through the orifice, 9. and deq (equations (75) and
(75-1)), is dependent on the reciprocal of the square-root of the density,
the estimated flow rate will be relatively insensitive to density
variations.

It may be shown that the use of an 'average' value of density of
1 x 107% 1b-sec?/in" (corresponding to a chamber pressure of 40,000 p.s.i.
by equation (76)) will lead to a maximum error of * 5% in the estimated
flow rate, as the chamber pressure is varied from 10,000 p.s.i. to
50,000 p.s.1i.

Merritt [33] asserts that a value of 0.60 may be used for the
discharge coefficient of all sharp edged orifices, provided that the flow
is turbulent and the flow area immediately upstream of the orifice is much
greater than the orifice area.

For p = 1 x 107% 1b-sec?/in%, pg = 60,000 p.s.i., p. = 50,000 p.s.i,
and Cy = 0.60, the area, a, required to allow a flow of q. = 1 c.i.s. may
be determined from equation (75) to be:- a=1.18 x 107" sq. in.

In order to ensure linearity between flow and spool displacement,
the orifice should be rectangular in shape.

Full peripheral port configuration will not be practical in the
current application owing to the small value of the required area. The
orifice should hence take the form of longitudinal slits, of which there
should be at least two, diametrically oppositely placed to ensure pressure

balancing.
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If w is defined as the total width of the slits (in the circume-
fential direction), then for a~spool displacement, x, from the central
position,

a=wx . (77)
A negative value of x implies that fluid flows from the H.P. chamber
through the orifice to the reservoir, and is applicable to equation (75-1).

Equation (77) is valid only for a critically lapped valve (Fig. 31).

Thus, for a critically lapped valve, the orifice equations (75) and (75-1)

may be respectively written as:-

2
de = Cq w x ;(ps - pc) (78)

which is valid for x = 0,

and
de1 = Cq w x [ —s—pc (78-1)

which is valid for x £ 0.

The "flow gain" of the valve, kg, is defined as:-

ke = 3q, for x > 0 (79)
90X
and kg = 3G, for x < 0 . (79-1)
ox

Thus ke =Cqw / 2(pg - Pc) for x > 0 (80)
p

and kf = Cqw /2 pe for x < 0 , (80-1)
P

0, since equations (80)

]

Thus far the flow gain has not been defined at x
and (80-1) are identical only for the special case of pg = 2p., which is

a highly unlikely condition.
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It is also apparent that the flow gain can vary considerably (by
a factor of up to 2.55) as pg and p. take on extreme values. The loop
gain of the control system is directly proportional to the flow gain of
the HPA (see section 6.11) and since a steady loop gain is required for
optimum performance (see section 6.14), it is desirable that variations
in the flow gain of the HPA be compensated for. This is effected by the
adaptive gain compensator (see section 6.10).

From equation (80), kf is smallest when pg -~ pe has its lowest
value, which is 10,000 p.s.i. for the present case. From equation (80-1)
kf is a minimum when p. is at its lowest value, which is also 10,000 p.s.i.

for the current problem.

P

Thus (kf) . =100 Cqw /2 = 8480 w for Cq = 0.60 and
p = 1.0 x 107" 1b-sec?/in".

If the adaptive gain compensator is designed to multiply the loop

gain of the control system by a factor of j~—lgg———— for x > 0, and by
(ps = Pc)
a factor of 100 yhen x < 0, variations in pg and p. will be nullified.

Pc
A 'compensated flow gain', Ky which is independent of pressure may thus

be defined as:-
Ke = 8480 w (81)
Equation (81) is valid for all x, provided that the adaptive gain
compensator multiplies the loop gain by the appropriate factor at x = 0
as well. If for example x approaches zero from a positive value, then
the appropriate compensation factor is 100 for x = 0,

YPs ~ Pc
If on the other hand, x approaches zero from a negative value a

100
Pe

compensation factor of will be applicable for x € 0. It should be
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noted that the choice of the minimum value of kg as the point of unit
compensation is arbitrary, but convenient in this case.

The adaptive gain compensator is further discussed in section
6.10.

The flow-~displacement characteristics of a valve is highly
dependent upon the lap of the valve (Fig. 31). Underlapped valves display
non-linear characteristics and suffer from excess leakage. The character-
istics shown in Fig. 31(a) represent the ideal case of (qc)o = [(qcl)o]
when the spool land is centred. Since the flow gains associated with q.
and q.; cannot be compensated simultaneously, Fig. 31(a) is valid for the
special case of pg = 2p.. For any other relationship between pg and pc,

a net flow into or out of the chamber will exist for the land in the
central position. The control system will therefore move the spool to an
off-central position so as to minimise the error. Thus under steady state
conditions, the spool of an underlapped valve will seldom be centrally
positioned. As the control system behaves as a proportional controller
under steady-state conditions (see section 6.11), a steady state error
will exist. This coupled with the excess leakage and non-linear flow gain
makes the underlapped configuration the least desirable of the three,

The overlapped valve case leads to 'dead zone' and hence loss of
control in the overlapped region, and thus steady-state error,

The critically lapped valve represents the optimum condition,

since it leads to linear flow-displacement characteristics. Null leakage¥*,

* Null leakage is not to be confused with the total H.P. leakage past the
land into the reservoir chamber of the wvalve.



112

i.e. leakage into and out of the orifice through the annular clearance
between the land and the valve bore will influence the characteristics in
all three cases.

In the case of the critically lapped valve, the null leakage is
not subject to flow-gain compensation, and will thus affect the flow-
displacement characteristics in the null region, for all values of
Pe ¥ Ps. This will lead to steady-state errors as outlined in the case
of thi underlapped valve. The steady-state errors will however be small
if the null leakage is small.

The null leakage may be minimised by ensuring that the clearance
between the spool land and the bore is as small as possible; and for a
given orifice area, by making the orifice slits as narrow as possible.*®

Making the slit widths narrow will lecad to a lowering of the flow-
gain, but this is of minor importance, since the loop gain may easily be
adjusted in the low power (electrical) portion of the control system.

The minimum value of the slit width is restricted by the practical
limitation of accurately machining fine slits. A width of 0.005 in. for
each slit is within the range of conventional spark erosion machining
techniques. Thus if two slits are used, each 0.005 in. wide, then
w = 0.010 in., hence for a = 1.18 x 107" sq. in., from equation (77),

x = 0.0118 in. The minimum slit length required to allow the passage of
1 c.i.s. of fluid at a pressure difference of 10,000 p.s.i. is thus

0.0118 in. When the pressure difference is 65,000 p.s.i., the adaptive

* Since a pressure gradient exists across the length of the spool land,
a longitudinal slit, which is as narrow as possible clearly represents
the minimum leakage case, for a given radial clearance between the
land and the bore.
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gain compensator will adjust the gap to x = 0.0046 in. for a flow of

1 c.i.s.

The validity of the basic assumption that the 'orifice law' is

applicable may now be examined.

The Reynolds number, Re, may be written as:-

Re = PqcDh (82)
ua
where Dy = hydraulic diameter (in)
U = dynamic viscosity (1b-sec/in?) (reyns)

The hydraulic diameter, D, is defined as four times the ratio of the

total flow area to the total wetted perimeter.

Thus
Dh = 2a (83)
w + 2x
Thus the Reynolds number may be re-written as:-
Re = 2pqc (84)
ulw + 2x)

The dynamic viscosity, u, depends upon the fluid used, and in
general varies markedly with temperature, and to a lesser extent, with

pressure. This is particularly true of hydraulic fluids which consist of

pure hydrocarbons. Additives, which reduce variations of viscosity with
temperature and pressure have been developed and many 'synthetic'
hydraulic fluids have evolved [54].

The sensitivity of viscosity to temperature and pressure is usually
graphically illustrated on charts available from the manufacturer of the

fluid. Formulae derived from the charts which approximate the variation
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of viscosity with temperature and pressure over a certain range are often
used.
The viscosity - pressure relationship at a fixed temperature may

be expressed as follows [31]:-

Up = ]Jpo (84—1)

where Wp = dynamic viscosity at gauge pressure p

]

dynamic viscosity at atomospheric pressure

and

Q
—
N

pressure-coefficient of viscosity at constant temperature.
The pressure-coefficient of viscosity may vary from 2 x 1075 to 2 x 1074
depending on the fluid, the temperature and the pressure range.

The viscosity ~ temperature relationship is also often expressed
in exponential form [33], although the simpler Herschel relationship may

be expressed as follows:-

G2
T
T

where pp = dynamic viscosity at temperature T°F and atmospheric pressure
Up, = dynamic viscosity at temperature To°F and atmospheric pressure
&, = temperature-coefficient of viscosity.

The temperature-coefficient of viscosity may vary from 1.5 to 3.5 depending
on the fluid, and the temperature range.

Variations of o, with temperature and &, with pressure may be
regarded as secondary [55], and equations (84-1) and (84-2) may be

combined to yield:-

a
2
u= g (Tg> e 1P (84-3)
T
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where p dynamic viscosity at temperature T and gauge pressure p.

]

Yo dynamic viscosity at temperature To and atmospheric pressure

and %y and o, are averaged over the applicable temperature and pressure
ranges.

It must be emphasised that equation (84-3) is not a rigorous
relationship and is valid as an approximation over specified ranges of
pressure and temperature. It is apparent that viscosity decreases with
increasing temperature and increases with increasing pressure.

For the current application, the fluid is agsumed to be a V.H.P,
alcohol-polyether base type with oy = 2.5 x 1075 (p.s.i.)”! for
p< 75,000 p.s.i.; o, = 1.8 for 70°F < T < 150°F and po = 1.7 x 1078 reyns
at To = 100°F,

It should be noted that the viscosity may vary from about 2ugy to
about 0.5y, as the temperature is varied from 70°F to 150°F at atmospheric
pressure. Furthermore, the viscosity can increase by a factor of up to
6.5 as the pressure is varied from atmospheric to 75,000 p.s.i. at 100°F.

For the purposes of determining the validity of the orifice law,
the temperature of the fluid will be assumed to be constant at
T = T = 100°F.

There is experimental evidence to indicate that the orifice law,
equation (75) is applicable at low Reynolds numbers, provided that the
coefficient of discharge, Cq, is replaced by Cq; [33].

Where Cy = £/ Re (85)
The quantity & depends on orifice geometry and is called the laminar flow

coefficient.
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A critical Reynolds number is defined by replacing C4q; by the
coefficient of contraction of orifices in the turbulent regime. For
sharp edged orifices, the coefficient of contraction is 0.611 [33, 51].

Thus  Re, = <0.61l> 2 (85-1)
€

where Re. = critical Reynolds number.

Hence for Re € Re., the flow through the orifice may be calculated
from equation (75) using Cy = Cdl. For values of Re > Re., the flow can
be treated as turbulent and determined from equation (75) using C43 = 0.60.

For the case of Re < Re_, from equations (75) and (85),

qC2 = 2a%g? Re (ps - pc) - (86)

o

From equation (84) and (86), substituting for Re,

Qe = _4a’t2  (pg -~ pe) . (87)

uw + 2x)

It should be noted that the flow is directly related to pressure difference,
and since mass density is absent, dominated by fluid viscosity, as
expected in laminar flow.

Wuest [52] has determined expressions for laminar flow through
sharp-edged orifices.

For a rectangular slit (in this case the sum of two slits) of
total width w and height x, where w >> x, the result is:-

9 = mx%y (pg - p.) (88)
32y
Thus from equations (87) and (88), by equating the flows the following

expression is obtained:-
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gz = T (l + _2_}2) (89)
128 w

If term 2% is neglected, (this is consistent with the assumption that

w >> x), then from equation (89), & = 0.157 .

If Re = Re., then from equation (85-1), Re, = 15.2

The maximum absolute value of x at which this occurs may be determined
from equations (75), (84) and (84-3); and (75-1), (84) and (84-3), by
putting Cq = Cq; = &/Re, = 0.611, w = 0.01 in., p = 1.0 x 10~% 1b-sec2/in"
and ug = 1.7 X% 1076 reyns, then for Re = Re, = 15,2,

[}

o
1.41 x 103 o 1Ps

x| = e 1S
(pg = P)1/2
- -3 % Pc , . .
or le = 1.41 x 1077 e if equation (75-1) is used.
Pc

It may be shown that ]XI is maximum when pg = 60,000 p.s.i., p, = 50,000
at which x = 6.3 x 107 °in.

Since this small displacement represents the maximum value of x
at which laminar flow can exist, the assumption that the orifice law, with
Cd = 0.60 applies for all x will incur a negligible error. (The small
value of x determined above also justifies the assumption that w >> x,
which is presumed in equation (88)).

The fact that the orifice law is valid is indeed fortunate since
the flow gain is dominated by density (which varies relatively slightly
with termperature and pressure) as opposed to viscosity which varies
significantly with temperature and pressure. Variations in a viscosity
dominated flow gain would be difficult to compensate for with the result

that optimum system performance may not be achievable.
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6.9-3 Design of the spool

In order to ensure the validity of the orifice equations, so that
the orifice is the controlling restriction, and to prevent flow saturation
of the valve at less than maximum stroke, it is recommended, [33], that
the flow passages have at least four times the maximum orifice area. If
d is defined as the radial clearance between the bore and the stem joining
the lands in the H.P. portion of the valve, then for two slits, of total
width, w, and length x, the foregoing statement may be mathematically
expressed as follows:-

bxd + wd = b4ux . (%0)
By making d = w, inequality (90) is satisfied for all x.

As the spool stem connecting the lands in the H.P. portion of the
valve is hollow, it will behave as a thick walled cylinder subjected to
external pressure. The H.P. acting on the exposed annular flanges of the
lands will give rise to a tensile stress in the spool stem, which will be
partially belanced by the resisting pressure on the spool ends. For a
given spool bore diameter, the external diameter of the stem may be
determined for adequate strength. Since the supply H.P. is likely to
vary cyclically with a relatively high average frequency, the spool stem
will be subject to fatigue. A factor of safety of at least three is
recommended.

The radial and circumferential stress distributions in the stem
may be determined using the Lamé equations (57) and (58) (see section
6.6-3-1).

By applying the boundary conditions, 0, = 0 when r = r;; and
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Op = = Pg» When ¥ = r_; to equation (58), eliminating the constants a

and b from (57) and (58) vields the following expressions:-—

O = = psroz 1 - riZ
r S - 91)
ro ri ‘r
9 .
oe = - Ps¥o 1+ ri? (92)
r02 - riz rz

where o0, = radial principal stress

0. = circumferential principal stress

ps = supply pressure

ro = radius of outside wall of stem

ri = radius of inside wall of stem

r = radius (rj; £ r < 1,).
Both stresses are compressive for all radii, o, being the more compressive
of the two at any particular radius. The maximum compressive stress, 0.4,

occurs at the bore and has a value given by:~-

0o = - _2psTo’ . (92-1)

The axial stress, o,, is given by:-

_ 2 d ~ P_A
o, = £TodPs 2 (93)
1(ro?2 - ri2)

where d = radial clearance between stem and valve bore
A = spool end area
P, = resisting pressure in chamber 2 of the valve (Fig. 30)

for P1 > Pz.



The spool end area may be expressed as:-—

A=m(ry +d)? . (94)

Hence substituting for A in equation (93), o, may be written as:-

0, = 2rodpg - (ry + d)2P, | (93-1)
roz - riZ

If the Mohr criterion of failure is used (see section 6.6-4), it may be

expressed as follows, using a factor of safety of 3,

0, = A = f¢ (95)
3

where  fi = tensile strength of the material in uniaxial test

f. = compressive strength of the material in uniaxial test
A = strength ratio = EE,.
fe

It is apparent that a factor of safety of 3 is unattainable using
any steel. This may be illustrated by assuming that r_  >> ri. Thus from
equation (92~1), the compressive stress O.j can never be less than twice
the external pressure. If o, is neglected in equation (95), then sub-
stituting ‘EE for X, f, = - 30,3 = bpg, i.e. £, = 450,000 p.s.i. for
ps = 75,000 g.s.i. This would be the required compressive strength of an
infinitely thick stem. For a stem with a practical geometry, a much
higher compressive strength would be required. Steels with compressive
strengths of this order are currently unavailable.

Compressive strengths of the required order are obtainable if

tungsten carbide is used in the manufacture of the spool. It is
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recommended that this approach be adopted rather than compromising the
factor of safety. The use of tungsten carbide in this application can
also provide other benefits. These are discussed subsequently.

For given values of P,, d, ri, pgs, A and f¢, it is possible to
solve equations (92-1), (93-1) and (95) in order to establish r,, the
outer radius of the stem.

With reference to Fig. 30, the servo-valve acts as a pressure
divider, so that:-

P. + P, =P (96)

where P, = L.P. in chamber 1

P, = L.P. in chamber 2

and Pq L.P. supply.

For P, 2 P,, the load pressure drop, PL’ is defined as:~

P, =P, -P, 97)

P, = Pg - P, (97-1)

Hence for Py constant, P2 is smallest when PL is maximum. If the servo-
valve is chosen so that it operates only in its linear region (see section
4.6) (approximately 2/3 of the range) then the maximum load pressure will
be approximately(2/3)PS [33].

Hence frome equation (97-1), for P, =(2/3)Pg, P, z(1/6)PS =~ 500 p.s.i.
for Pg = 3,000 p.s.i.

The radial clearance d has been fixed at d = w = 0.01 in. 1If ry is
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chosen as 0.05 in. so as to allow free flow of leakage fluid to the
reservoir, then for a spool made of tungsten carbide with f, = 106,000 p.s.1i.
and A = 0.125, and an H.P. supply of 75,000 p.s.i. from equations (92-1),
(93-1) and (95)

r, = 0.14 in.
Substituting in equations (92-1) and (93-1), Oy =~ 188,000 p.s.i. and

6, = 13,400 p.s.i.

z
The circumferential stress at the bore is clearly the dominant stress.

The spool end area, A, may now be determined from equation (94).
Thus for rg = 0.14 in., d = 0.010 in.3 A = 0.071 sq. in. Hence the
nominal diameter of the spool end should be 0.3 in. This will also be the
nominal diameter of the‘valve bore and the central land.

It has been shown in the foregoing, that by using tungsten carbide
for the manufacture of the spool, a satisfactory factor of safety can be
achieved with a practical spool geometry.

To ensure that seizure will not take place due differences in
coefficients of thermal expansion, if close fits are used, the valve
cylinder barrel should also be made of tungsten carbide, of a slightly
different grade to ensure a good bearing surface. (The spool surface
should preferably be slightly harder than the cylinder bore surface.)

Some of the other advantages of using tungsten carbide in the
current application are:-

(1) Since the compressive stresses dominate, even for

a lower factor of safety, it may be shown that a

tungsten carbide spool will be lighter than a steel



(i1)

(iii)
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spool despite the fact that tungsten carbide is
nearly twice as dense as steel. For example, if
a unit factor of safety is chosen, a tungsten
carbide spool would weigh about 257 less than a
spool of the same length made from 'Hecla 174'
steel. It will be shown that reduced weight can
result in a higher natural frequency of the valve,

which is desirable.

The coefficient of friction between the spool and
the bore can be reduced by as much as 80% by using

tungsten carbide rather than steel [33].

Owing to its high Young's modulus and low Poisson's
ratio, tungsten carbide components deform far less
than equivalent steel parts under the action of

high pressure. For example, the axial strain in the

stem, € is given [53] by:-

z’

€, = 1 (05 = vlog + 0y)) (98)
E

where E = Young's modulus

v = Poisson's ratio.

For the current case, noting that o, + 0, = 0.4
(from equations (91), (92) and (92-)), for

E =90 x 10°% p.s.i., and v = 0.2 e, = 5.7 x 1074,

For a steel stem of the same dimensions, it may be



shown that for E = 30 x 10%® p.s.i., and v = 0.3}

€, = 2.3 x 1073, an increase by a factor of about 4.

Tungsten carbide is also less susceptible to creep.

(iv) Lands of smaller diameter are possible with tungsten
carbide rather than steel spools. This will lead

to less leakage.

(v) Tungsten carbide parts with their superior hardness
and low coefficient of friction can be expected to
have a higher resistance to wear and hence a longer

life,

The main disadvantage of a tungsten carbide spool and cylinder
barrel is the higher manufacturing costs associated with sintering and
diamond machining. It is believed that this disadvantage is heavily out-
weighed by the advantages discussed in the foregoing.

With the land diameters determined by the foregoing, attention
may be focussed on the length and clearance of the main (central) land.
The leakage flow from £he H.P. portion of the valve past the main land
into the portion of the valve which is at reservoir pressure, will be
termed the "main land leakage".

If main land leakage flow is assumed to be laminar, then for the
spool centrally located, the leakage flow is given by equation (44),

which is reproduced below:~

Q = m_ Dd3ap (44)
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where Q = main land leakage flow
d = radial clearance between the land and the bore
Ap = pressure difference
L = length of the land
B = dynamic viscosity of the fluid.

It is desirable to minimise the main land leakage for two reasons;
firstly to reduce hydraulic power wastage and secondly, to restrict
uncontrolled leakage to the high pressure chamber via the sides of the
orifice slits.

Inspection of equation (44) reveals that the most effective means
of minimising the leakage is to make the radial clearance, d, as small as
possible. By carefully lapping the mating parts, a radial clearance of
0.0001 in. is obtainable. Such clearance will allow a smooth sliding fit
between tungsten carbide components of nominal diameter 0.3 in. and land
lengths of the order 0.25 in. Longer lands are not recommended, as they
may inhibit the precision of the fit, and will add to the spool mass.

Even under isothermal conditions, the viscosity of the fluid will
vary as the leakage fluid flows from the H.P. portion of the valve to
region at reservoir pressure. This should be taken into consideration
when estimating the main land leakage flow.

Equation (44) may be expressed in differential form as follows:-

QoL =-aDd?. (44-1)
12 qn
where 9p = Increase in pressure over length 3L. (The negative sign in
equation (44-1) implies that the pressure falls as the length is

increased.)
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o
From equation (84-3), for T = Ty = 100°F, p = pge lp, where 3 is

the viscosity at pressure p.

Substituting for u in equation (44-1) and integrating:-

L 0 o
Dd3 -4P
Q oL = - I— e 3
// 12y, P
o Ps
-0
Hence Q = qbd3 (1 -e lpS) (44-2)

lZLanl

For D =0.3 in., d = 0.0001 in., L = 0.25 in., pp = 1.7 x 1078 reyns,
a; = 2.5 x 1075(p.s.i.)7!, and pg = 75,000 p.s.i.,

from equation (44-2), Q = 0.0063 c.i.s.

If both H.P. lands have. the same length and clearance, the total leakage

would thus be 0.0126 c.i.s. or about 1.267% of the maximum intensifier

output.

It must be emphasised that the leakage predicted in the foregoing
can only be regarded as a rough approximation, as isothermal conditions
are not likely to exist in the annulus.

It is not recommended that the clearance between the land and the
bore be relaxed with the intention of reducing manufacturing cost at the
expense of increased leakage. If the clearance is doubled, the leakage
will be multiplied by a factor of eight, and under adverse temperature
conditions, and wear in service, will approach intolerably high levels of
leakage at a much earlier stage than necessary.

The life of the HPA will be governed by the leakage losses, and

when these approach about 50% of the intensifier output, the intensifier
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may have to operate virtually continuously at full load in order to meet
the requirements of a demanding pressure ~ time cycle. One way of extend-
ing the life of the HPA, would be to use a fluid of higher viscosity.
This would however be at the expense of system performance since higher
viscosities will lead to flow at lower Reynolds numbers through the orifice,
with the result that the flow gain may be viscosity dominated even at
large valve openings {see section 6.9-2).

Equation (44) and (44-2) are based on the assumption that the flow
through the annular space between land and bore is laminar. This assumption
may be justified by determining the Reynolds number from equation (82).

The hydraulic diameter, Dy, in this case is given by:-

Dy = 4mDd ~ 2d for D >> d.
2n{D - Q)
The flow area in this case is a, = mDd.

Substituting Q for q. and a; for a in equation (82), and using the minimum
value of y, i.e. y = yuy = 1,7 x 10~% reyns, the Reynolds number is found
to be Re = 1.57 which undoubtedly indicates laminar flow.

It was also assumed that the spool is concentric with the bore in
determining the leakage past the lands. If the annular channel between
land and bore is eccentric, then equation (44) should be written as

follows [33]:-

2
Q = Dd¥p 1+ 1.5(5)) (44-3)
12yL

where e = distance between the bore centre and spool centre.
For the concentric case, i.e. e = 0, equation (44-3) is identical

to equation (44). However for the extreme case of maximum eccentricity,
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i.e. e = d, the leakage will be increased by a factor of 2.5 over the
concentric case.

Two factors can lead to eccentricity, firstly assymetrical slit
placement (see section 6.9-4), and secondly lateral forces due to slight
tapers on the lands. Taper on the land gives rise to non-linear pressure
gradients along the length of the land which are sensitive to slight
eccentricities. Blackburn [56], shows that the lateral forces are stabil-
ising, i.e. they tend to centralise the spool if the small end of the
taper is exposed to the higher pressure. On the other hand, the lateral
forces are de-stabilising if the large end of the taper is exposed to the
higher pressure and this tends to drive the spool against the bore wall.
In the extreme case of relatively severe tapers, the phenomenon known as
"hydraulic lock' can develop, in which the lateral forces are large enough
to pin the spool to a wall despite the spool end forces [57, 58].

One method of ensuring concentricity and eliminating the possibility
of hydraulic lock is to intentionally machine a taper to the higher pres-
sure side of each land. This is considered to be impractical however, and
will defeat the object of a lapped fit, or lead to an unnecessarily long
and therefore heavy spool if additional tapered lands are used in tandem
with existing 'parallel' lands.

The most commonly used method of achieving concentricity, involves
the machining of annular grooves on the peripheral walls of the lands.
Such grooves in effect 'short circuit' any localised pressure build-up
by allowing flow around the spool periphery from high to low pressure

areas [57, 58].
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Such grooves are easily machined and should be used on all lands
except the main one. Sweeney and Manham [57, 58] show that at least
three balancing grooves should be used, while there is little advantage
to using more than seven. It is recommended that the depth and width of
the grooves should be at least ten times the radial clearance, and that
the sides of the grooves should be perpendicular to the bore to prevent
wedging of dirt particles.

Besides preventing hydraulic lock and reducing leakage by centring
the spool, the balancing grooves also provide the following advantages:-

(i) The grooves act as reservoirs for dirt particles.

(ii) The entrapped fluid improves lubrication.

For the current application, it is recommended that seven balancing
grooves be used on ecach of the lands (with the exception of the main land).
The grooves should preferably be 0.003 in. wide and deep and equally
spaced on a 0,031 in. pitch. (All lands should be 0.25 in. long and
lapped to a radial clearance of 0.0001 in.).

The null leakage (i.e. the unintentional leakage into and out of
the orifice through the annulus between land and bore when the spool is
centralised); and the pressure sensitivity of the valve should be examined.
As the radial clearance between the land and the bore exceeds the minimum
displacement necessary for turbulent flow, the orifice law will govern
the flow through the top (or bottom) of the slit.

The null leakage flow may be estimated from equation (78) and
(78-1), if x is replaced by the radial clearance d.

From equations (78) and (78-1), the net null leakage, q,, into the



130

chamber is given by:-

= de ey = Caw d [ [ - p) V2 - pc1/7] (99)
P

while the net null leakage, dn,» Out of the chamber is given by:-

dny = de1 = g = Caw d /f [Pcl/?‘ - (ps - pc>1/2] (95-1)

From equation (99), q, is maximum when pg = 75,000 p.s.i. and

pe = 10,000 p.s.i. at which stage q, = 0.0131 c.i.s.

From equation (99-1), qp; is maximum when pg = 60,000 p.s.i. and

Pc = 50,000 p.s.i. for which it may be shown that g,; = 0.0106 c.i.s.
These null leakages are so small that they will impose negligible steady
state errors (see section 6-11).

Furthermore, since the leakages through the ends of the slit
exceed the main land leakage as previously determined, the null leakage
through the sides of the slit will make a negligible contribution to the
total null leakage, since the total slit width is a very small fraction
of periphery of the bore. Thus, if the slit length is made equal to the
land length, the null leakage will not be increased significantly. The
valve would then be capable of handling very much higher flows and could
suffice for I.P. operation if a dual-cycle system is used,

The magnitude of the "null pressure sensitivity" of a valve is a
measure of the ability of the valve to clear away silt deposits which

dam up the orifice when the spool is centred [33].

-

The “pressure sensitivity" is defined as wp = °f (100)
c
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where k¢ is the flow gain and VY., the flow-pressure coefficient is

defined as:-

Ve = ESE______ for flow into the chamber (101)
3 (ps - pc)
- 0
and wc = qC] for flow out of the chamber. (101-1)
3(pe)

The "null pressure sensitivity', Vpo is the value of the pressure
sensitivity when the spool is centred, i.e. at x = 0.
From equations (75) and (101),

0.5 Cq wx v2/p
VPg - P

S Cc

Yo = for flow into the chamber (102)

while from equations (75-1) and (101-1),

0.5 Cq v x v2/p

e = —
P,

for flow out of the chamber K (102-1)

From equations (80), (100) and (102),
wp = 2(pg - Pc) for flow into the chamber (103)
X

while from equations (80-1), (100) and (102-1),

wp = ZPC for flow out of the chamber,. (103~-1)

In either case, for a critically lapped valve, when x = 0O, ¥po should
theoretically be infinite. In practice however, the null pressure
sensitivity is always finite due to the radial clearance between the land

and the bore. Thus x should be replaced by d for the null case. The
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minimum null pressure sensitivity will occur when pg - pe = 10,000 p.s.i.
(with reference to equation (103)), or when pc = 10,000 p.s.i. (with
reference to equation (103-1)).

Thus (?pé> . =2 x 108 p.s.i./in. for d = 0.0001 in.
min

This exceeds by two orders of magnitude, the minimum pressure sensitivity
recommended by Merrit [33]. The valve should not therefore suffer from
silting problems, unless the fluid is extremely dirty.

The design of the spool may be concluded by fixing the lengths of
the stems which join the lands and deciding upon the outside diameter of
the stem which operates in the reservoir pressure zone of the valve.

If the maximum stroke of the spool is set at 0.125 in. then stem
lengths of 0.375 in.wili allow annular H.P. entry and reservoir pressure
exhaust ports 0.125 in. long. Ports of this size will permit free flow
under all conditions. A valve stroke of 0.125 in. will allow the passage
of 10.5 c.i.s. of fluid at a pressure difference of 10,000 p.s.i. The
valve will therefore be able to meet ramp demands of at least 30,000 p.s.i./
sec, without saturating. Furthermore if used for the I.P. cycle as well,
it will be capable of satisfying ramp demands of the order 50 p.s.i./sec even
if the chamber gain is as low as 10, for a 3,000 p.s.i. pressure difference
across the orifice.

Since the stem which operates in the reseryoir pressure zone is
not subjected to severe pressures, its external diameter may be made
considerably smaller than that of the other stem. An external diameter
of 0.25 in, will allow a radial clearance of 0.025 in. between stem and

bore, which will permit free flow to the reservoir.
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It is recommended that the spool be drained by six radial holes,
each 0.0625 in. in diameter drilled through the reservoir pressure stem
in the positions shown on Fig. 32. The holes should be radially opposite
for pressure balancing.

From equation (97-1), the maximum compressive load on the spool

will occur when the load pressure, P;, is zero, i.e. P2 = 0.5 Pg = 1,500

p.s.i. for a 3,000 p.s.i. supply. The maximum compressive stress in the
reservoir pressure stem may easily be calculated by dividing the product
of the spool end area and P, by the net stem cross sectional area (taking
into account the drainage holes). It may be shown that the absolute
maximum axial compressive stress is 5,000 p.s.i. The maximum axial
deflection may be determined from the stress, Young's modulus, and length
of the stem. The contraction in length may be shown to be of the order
2.1 x 107> in., or one order of magnitude less than the deflection in the
H.P. stem.

The displacement transducer shaft should thus be attached to the
land at chamber 2 (Fig. 30), i.e. nearest the reservoir pressure stem, so
as to minimise the effect of changes in the spool length.

The recommended dimensions and configurations of the spool and
sleeve are illustrated in Fig. 32, It should be noted that the lands
have slightly different diameters to facilitate accurate lapping and simple
removal of the spool. The orifice should be shaped as shown in order to
ensure that it behaves as a sharp-edged orifice. It should be noted that
the maximum overlap with the specified tolerances will not exceed the
radial clearance, i.e. 0.0001 in.; this should not influence the valve

behaviour.
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The sleeve should be housed in an assembly of the form illustrated
in Fig. 33. Such an assembly will ensure that the sleeve is not stressed
by pressure differences across its walls, and that each different pressure
is adequately isolated. It should be noted that all fluid entry and exit
holes in the supporting cylinders are in the axial direction. Radial
holes in thick walled cylinders subjected to a pressure difference across
their walls, can give rise to tremendous stress concentrations, which may
lead to premature fatigue failure [46].

The design of the thick walled supporting cylinders may be carried
out using the methods discussed in sections 6.6-3 and 6.6-4. The design
of the other housing details is straightforward and does not warrant

further attention.

6.9-4 Flow forces on the spool

Referred to also as 'flow induced forces', 'Bernoulli forces',
'flow reaction forces' and 'hydraulic reaction forces', flow forces on
the spool are as a result of fluid flowing in the valve chambers and
through the orifice.

Two distinct flow forces may be identified as a steady-state flow
force which is constant at a fixed valve opening and pressure difference,
and a transient flow-force which exists only when the spoecl is in motion.
The steady-state flow force will be examined first.

With reference to Fig. 34, the inherent fluid accelerating
property of an orifice results in a jet force, Fj, acting normal to the
plane of the fluid at the vena contracta. The jet force is given [33]

by:-
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F, = pdc? (104)
Ce a

]

where p fluid density as previously defined

q. = flow to the H.P. chamber
a =w X = orifice area
C. = coefficient of contraction for the orifice.

The following additional notation is adopted:-

a, = area of each of land faces (i) and (ii)

8 = jet angle

C, = coefficient of velocity

Cq = coefficient of discharge

Fj1 = steady—stéte flow force in axial direction
sz = steady-state flow force in radial direction,

The coefficients of discharge, velocity and contraction are connected by
the law:-

Cq = Gy C¢ (105)

The equilibrant of the jet force Fj may be resolved into two perpendicular

components such that:-

FjJ = - Fj cos 6 (106)

and F: = - F, sin g

J2 j . (107)

The negative signs indicate that the reactions of the fluid flow
forces are opposite to the general direction of flow.
The radial component of the force is balanced by the lateral component

of the opposite slit. The axial force is not compensated and acts in a
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direction to close the valve port. This effect is illustrated by com-

paring the pressure distributions on land faces (i) and (ii) in Fig. 34.
By substituting equations (104), (75), (77) and (105) into

equation (106), the following expression is obtained for the steady-state

axial flow force:-

Fi, = - 2 CyCwx (pS - p.) cos © (108)

The value of cos 6 varies substantially with the orifice opening, and is
dependent on the ratio of valve opening, x, to radial clearance, d.

The relationship between x, d and the jet angle, 0 is given [33]
by:-

1+ (n/2) sin 8 - logeltan 0.5(w - 8)] cos 8 (109)
1+ (n/2) cos 6 + logg[tan 0.5(w/2 - 6) sin 6

x_
d

The variation of 6 and cos 6 determined from equation (109) is illustrated
in Fig. 35.

It is apparent that the range of variation of cos 6 is from 0.933
when x/d = 0 to 0.358 when x >> d. Cos 6 falls very rapidly as x/d is
initially increased, and has a value of about 0.44 when x/d = 6.

Equation (108) may be expressed as:-

Fjl = - kj X (108-1)

where kj = 2C4C,, w(ps - pg) cos g , (108-2)
The steady-state flow force thus behaves as a centring spring, with a
spring rate of kj,

Since (pg - pc) may vary from 65,000 p.s.i. to 10,000 p.s.i., for
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Cq = 0.60, C, = 0.98, w = 0.01 in., and taking into account variationsin

cos O, the spring rate may vary between the extremes:-

42 € k, €710 lbg/in.

Owing to the tremendous variation in the flow force spring rate,
very little attempt has been made in practice to exploit it as a centring
spring. On the contrary, in cases where the spring rate is very large
(for example when the port width, w, is very large), and small stroking
forces are available, methods of flow force compensation are often applied;
and mechanical springs or some other method is used to achieve centring
action if required.

For the current design, steady-state flow force compensation will
be unnecessary as the spring rate, kj, is sufficiently small to be
rendered negligible by the feedback action of the displacement transducer.
This is verified subsequently.

The maximum stroking force required to overcome the steady-state
flow-force, and achieve a flow of 1 c.i.s., may be determined from
equations (75), (108) and (109). It may be shown to be 1.3 lbg, which
is negligible compared to the available stroking force, which with a load
pressure of 2,000 p.s.i. and a spool end area of 0.071 sq. in. can be as
high as 142 1bg. Thus virtually all of the available stroking force will
be used to accelerate the spool.

At small orifice openings, equation (108) should be written as
follows [59];-

Fiq = -2C4Cy w (pg - po) (V%7 ¥ d2) cos o, (108-3)
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The stroking force required to overcome the maximum null steady-
state flow force may be determined from equation (108-3) by putting
x = 0, when (pg - pc) = 65,000 p.s.i., and cos 6 = 0.933.

The result is Fjl = - 0.0952 1bg which is negligibly small.

A similar analysis to that presented above may be used to
establish the steady-state flow forces associated with flow through the
main orifice from the H.P. chamber to the reservoir. The axial flow force
in this case will clearly be in a direction to close the valve.

The transient flow force may now be examined. The column of fluid
between the H.P. and main lands is accelerated when a change in spool
position occurs. A force is therefore generated which reacts on the face
of the spool lands. The direction of this force can be established by
considering the acceleration of a small element of fluid in the direction
of flow, as illustrated in Fig. 34. For an acceleration from left to right,
the pressure on the left side of the element must be greater than that on
the right side. Therefore the pressure on face (i) must be greater than
that on face (ii). The transient flow force in this case acts to close
the valve port; but this is not the general rule, since if flow is in the
direction from the H.P., chamber to the reservoir, the transient flow
force will tend to further open the valve port.

With reference to Fig. 34, if leakages are neglected and the
fluid in the column is assumed to be incompressible, the transient flow

force may be determined from Newtons second law as follows:-

Ft = - (plaay). d_ (4c (110)
a4
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transient flow force

]

where F¢

Lgq = distance between ports (Fig. 34)
pLda1 = mass of fluid being accelerated
qc/al = instantaneous velocity of fluid in the axial direction.

Differentiating equation (75) with respect to time and substituting

in equation (110), the following expression is obtained:-

Ft == LdCdWJz—p[‘pS - P¢ E + X i, (Ps - Pc)
dt 2;Ps - pc dt
or Ft = Ftl + th (111)
where Fp = - LqCa¥ Y20 (ps - Pc) .%z (111-1)
t
and F, = - Ldlaw x o4 (pg - pe) . (111-2)

/(2/0) (ps - pc) de

If the supply pressure, pgy is constant, the term 4 (pg = pPe) in
dt

equation (111-2) becomes - (dpc)
dt

The rate of chamber pressure rise will not ordinarily exceed
3,000 p.s.i., and since Fy, is maximum when pg - p. = 10,000 p.s.i.,
Fp pay = 3-18 X 107%x, for Lq = 0.25 in., Cg = 0.60, w = 0.01 in. and
p = 1 x 107" lbg-gec/in®.

The factor 3.18 x 107% lbg/in is a spring rate, and since k; >> 3,18 x 107%

J

Ft, may be neglected.
Equation (111-1) may be rewritten as:-

Fp, = - Bi_%% (111-3)

where By = LgCqw V?p(ps - pc) . (111-4)
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B1 is a damping coefficient and is stabilising in the foregoing case as

it opposes valve motion. In the reverse case, where flow is from the H.P.

chamber to the reservoir, the coefficient of damping will be:-

B1 = - LgC4qw v2pp. (111-5)

In this case B; will be destabilising. The coefficient of damping can
vary considerably with pressure and with changes in the damping length,
Ly, as well as change sign, but since its value is very small (a maximum
of 5.4 x 1073 lbg-sec./in.) it does not pose any serious difficulty. This

is further discussed subsequently.

6.9-5 Frictional forces acting on the spool

As the spool is centralised by the balancing grooves, it does
not contact the bore. The frictional force between the spool and the
cylinder will therefore be viscous.

Dynamic viscosity is defined by the following expression:-

T = uu (112)
oy
where T = shearing stress in the fluid
u = velocity of fluid in x direction (i.e, u =.%§)
t

y = axis perpendicular to the x direction
du = shear rate.
3y

For a Newtonian fluid, the dynamic viscosity, u, is independent of the
shear. Most hydraulic fluids approximate Newtonian fluids [33]. 1In the

narrow annulus of the current case, where the spool moves with a



velocity 9%, the velocity profile is linear [47, 31], thus

ot
du = 1 98x where d = radial clearance.
oy d ot
And since T = - 'f , from equation (112),
DL
Feg = - HPi™E | ax (113)
d ot

frictional force between the bore and the ith land

where Feg*

L = length of the land
D = diameter of the land
ui = dynamic viscosity of fluid adjacent to the ith land.

The dynamic viscosity of the fluid for the two inner lands is
different from that for the two outer lands due to the pressure effect,
while D, L and d are the same for all lands.

The total frictional force is given by:-

N
Fg = ) Fgy =TDL . 03X Lf My (114)
i=1 d ot

i=1

The two inner lands are subjected to the same high pressure, while the

two outer lands are substantially at comparable low pressures, the range

of variation of which will not significantly alter the viscosity. The

value of pj for the two outer L.P. lands may thus be approximated by uo.
Equation (114) may thus be written as:-

Fg= - 2mDL . 3x (py + 1) (115)
d ot

* The negative sign implies that the frictional force opposes the motion
in the x direction.

141
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where  p, = average viscosity of the fluid adjacent to the H.P. lands.
For the land walls parallel to the bore, the pressure gradient is

uniform, thus

d _ . L (116)
dL Ps

where pg = H.P. supply pressure.

The average viscosity may be obtained from:-

L ulp
W = ;f wo e 1P ar (117)
L o

Qo

. 1P
since py = Yo e

at pressure p by equation (84-3), for T = Tg,.

From equations (116) and (117),

0 o
Yg = ij[ Ho e 1P dp .
p
Ps S

Hence
o,Pp
ug = Mo (el o1y (118)
pSal
The frictional force may thus be written as:-
Ff = - B_ dx (since dx = 3x ) (119)
2 dt dat ot
3 *,Ps
where B2 = 2mLy, (pgo; e = pg®y + 1) (120)

Pg0yd
B, is the coefficient of viscous damping, and is always stabilising. For

D= 0.3 in.,, L = 0.25 in., yg = 1.7 x 10"®1bg-sec./in?, pg = 75,000 p.s.i.,

o7 = 2.5 x 1073 inz/lbf and d = 0.0001 in., a typical value of B, would

be 0.044 1bg-sec/in. B, represents a small damping coefficient, but is
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more than large enough in itself to ensure that any negative damping

coefficients caused by the transient flow force is cancelled out.

6.9-6 Transfer function of the HPA

The equation of motion of the spool may be obtained by applying
Newton's second law to the forces on the spool:-
. = 2
P,A + Fj, + Fey + Ff = M_%E§ (121)
The sum of the driving force, the flow forces and the friction force is
equal to the inertia force.
Substituting equations (108-1), (111-3) and (119) into equation

(121), the following expression is obtained:-

P A

(A =Md2x + B dx + kjx (122)
at? dt

dt

where M = mass of the spool and fluid being accelerated (including the
fluid in the L.P. supply lines), lbf-sec?/in.
Py = load pressure as defined in equation (97), p.s.i.
A = Spool end area (Fig. 30), sq. in.
B = By + B, = net damping coefficient (Bl is obtained from
equation (111-4) and B, from equation (120)), lbg-sec./in.
k: = Flow force centring spring rate (defined by equation (108-2)),

lbf/in.

Assuming zero initial conditions, equation (122) may be Laplace

transformed to yield:-
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PIA = (MS2 + BS + kj)x . (123)
With reference to Fig. 30, applying the continuity equations to

L.P. chambers 1 and 2 yields the following expressions:-

Qp - by = V1 4V dBy (124)
dt 8, dt

and - cPy - Q, = a2 + V3 4Py (125)
dt By dt

where Q1 = flow from the servo-valve to L.P. chamber 1, c.i.s.

Q2 = flow from the L.P. chamber 2 to the servo-valve, c.i.s.

V1 = volume of L.P. chamber 1 and associated flow line, cu. in.
V2 = volume of L.P. chamber 2 and associated flow line, cu. in.
Pl = L.P. pressure in chamber 1, p.s.i.

P2 = L.P. pressure in chamber 2, p.s.i.

By = bulk modulus referred to the fluid, p.s.i.
and ¢ = leakage coefficient, (c.i.s.)/(p.s.i.) or in5/lbf—sec.

From equation (44),

c = 7 pdd (126)
12 Ly,

Ho is used for the viscosity, since at low pressures this will incur only
a small error.
The volumes of the L.P. chambers may be written asi-
Vy = Vop + Ax (127)

Vo, - Ax (128)

and v,

where V01 = initial volume of L.P. chamber 1

initial volume of L.P. chamber 2.

and Voo
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If the spool is initially centred, then:-

Vo1 = Vo2 = (129)

rv|<
(w3

where V. = total volume of fluid in L.P. chambers and lines.

Differentiating equations (127) and (128), with respect to time

yields

av =

-d.t-l- A g_’ti (127-1)
and dv, = - A dx (128-1)

Subtracting equation (125) from (124), and substituting for V,, V,, Vg,

\Y dVy  ang 9V, , the following expression is obtained:-

dt dt

02>

Qp +Q - c(Py - P,) =24 dx+Axd (P; +P,) +Vt d (P} - P,)
dt By dt 2B, dt

(130)
Since P, + P, = P_ by equation (96), for the L.P. supply pressure, Pg,

constant, d_ (P, + P,) =0 (130-1)
dt

The load flow, Q , is universally defined as:i-

QL = Q]_ + Q2 (,].3]_)
2

Also, the load pressure, PL, has been defined as Py = P; - P, (97)
Substituting equations (130-1), (131) and (97) into equation (130) and
Laplace transforming yields:-

Qqu=cP +Vy P{S+AxS (132)
4B,
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The load pressure, Py, may be eliminated from equations (123) and
(132) to yield the transfer function of the HPA.

ThUS_}_{__= 1/A
Qq, <V M jv cks (133)
hepa? *+ S? 45A2+2TZ>+S< 43rA2+1>+2A

Allowing for about 4 in. of 3/32 in. nominal bore connecting pipe,

the dead volume, Vi, of fluid in the L.P. chambers and lines will be of
the order 0.046 cu. in.

Using a value of 1.4 x 1073 lbf—seczlin“ for the density of tung-
sten carbide, and taking into consideration the mass of the fluid, and
transducer rod, the total mass, M, will be of the order
1.6 x 107"% 1bg-sec?/in.

The leakage coefficeint, c, may be evaluated from equation (126),
and will have a maximum value of 1.85 x 1077 (c.i.s.)/(p.s.i.). The
maximum value of the damping coefficient, B, as determined from equations
(111-4) and (120) is 4.94 x 1072 lbg-sec/in.

The other data required is:-

A

0.071 sq. in.

By 150,000 p.s.i. (assumed)

ky = 710 1bf/in. (maximum value, from equation (108-2)).

Using the data presented above, it may be shown that

VB . 7.6 x 1077 while eM = 3 x 10792 YtB .5 M and the latter
4BrA? 247 46 A% 2AZ

may be neglected,

cB .
Furthermore, oA + %%E%Z = 0.01 << 1,
T
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Equation (133) may thus be written as;-
1/A

x g
rilie Vet V. B (133-1)
Lo e
A6rA hpraz/ T 0 T 3R
Finally, (133-1) may be expressed as:-
x 1/A
S = 37 508 (133-2)
R s<~7+~—L+1> + ko
(1)2 Ll)z
2
where wy = ABrA (134)
\Y
g, = B/t (135)
WA | B.M
and k, = K4 (136)
242

w, is of the order 2.06 x 10% rads/sec.,

o, is of the order 0.077

while k, varies in the range 7.6 x 107* < ko g 1.31 x 10-2rads/sec.
(This variation is due to changes in kj only. Variations in ¢ can cause
ko to take on values outside of this range.)

Since , >> Ko and 222Ko << 1, * the denominator of equation
20.)2 (.02

(133-2) may be approximately factorised in order to gain some insight into

the dynamic behaviour of the HPA.

* The maximum value Of.EQ_ is 3.28 x 107 << 0,077 . The maximum value
2w
2

of_EEgEg is 1.2 x 1077 << 1. Hence the approximation is a very close one.
w
2
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Thus
.g_ : 1/A (133-3)
7
L S + ko) (2 2858
( 0) <(°—2‘Z ' “2 "

The various parameters in the transfer function may now be considered.
w, is the hydraulic natural frequency caused by the interaction
of the total mass and the spring rates of the two trapped fluid columns
at the ends of the spool.
z, is the hydraulic damping ratio due to the viscous friction.
Owing to the fact that the spool mass and fluid dead volume are
both very small while the referred bulk modulus and the spool end area are
relatively large, the hydraulic natural frequency, w,, is extremely large.
This is a favourable situation since the dynamic performance of the HPA
will as a result be largely independent of the second order term,

S2  + 228 + 1, Large variation in both w, and ¢, may therefore
2
wz wz

be accommodated without sacrificing system performance, This is further
discussed and illustrated in section 6.14,

The dynamic behaviour of the HPA will therefore be governed by the
low frequency lag caused by the small yalue of k,, This is undesirable
for the following reasons:-

(i) In the extreme, if k, = 0, the lag term approximates

a pure integration, and since the output from the HPA
is again integrated by the cylinder, the open-loop

transfer function will have a double integration in
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in the denominator and the system will be inherently
unstable (see section 6.12). For small finite values
of ko, it will be possible to stabilise the system
at very low loop gains; the transient response due

to the large time constant, 1/kg, will however be

extremely slow, with the result that it would not
be possible to meet the requirements of the

programmer.

(ii) The value of ko is subject to such large variation that
the performance of the system would be impossible to
optimise.

There are several methods of overcoming the former difficulty:
Increasing the width of the ports would increase the flow force spring
rate, kj; increasing the leakage coefficient, e.g. by shunting the servo-
valve/HPA comnection lines by means of a variable restriction which could
be adjusted to raise kg to a sufficiently high level. Finally, a phase
lead compensator could be placed in series with the HPA, to effectively
cancel the low frequency lag term and replace it by a higher frequency
lag.

None of these methods will however eliminate the latter effect,

A widely used method of overcoming the former difficulty and
significantly reducing the latter, is the loading of the spool with stiff
mechanical springs. If such springs are arranged to act on the spool ends
s0 as to oppose spool motion, they will effectively be in parallel with

the flow force centring spring, and their spring rates will be additive.
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If the mechanical spring rate is much larger than the flow force spring

rate, the latter may be neglected, and a larger kg, which is independent

of kg will be obtained. k, will however still be subjected to variations

in the leakage constant c¢. Other difficulties that will arise if

mechanical springs are used are:-

(1)

(i1)

(iii)

If the springs are incorporated within the HPA, the
dead volumes of L.P. chambers will be increased, with
a resultant lowering of the natural frequency Wy,

If the springs are located external to the HPA,
extension rods will have to be attached to the spool
ends, and this will lead to additional sealing diffic-
ulties, further complications in the HPA design and
increased spool mass which will again reduce the
natural frequency ws.

It will be difficult to achieve an optimum system in
practice, since many springs may have to be tried out
in service, before an optimum combination is found.
(Even though the optimum spring rate may be calculated,
it is desirable in practice that the parameters which
optimise the system performance be readily adjustable
to allow for limitations and approximations in the
mathematical model, and to facilitate changes in the
optimisation criterion which may be required for

specific applications.)
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The utilisation of a displacement transducer to feedback the
valve spool position to the servo-valve can overcome all difficulties
associated with ko, without imposing any of the disadvantages discussed

in the foregoing. The displacement transducer is discussed below:-

6.9-7 The displacement transducer and the servo-valve

The displacement transducer is envisaged as a differential
transformer type, with a moveable core. Commercially available transducers
of this type usually have built in oscillators which are driven by an
external constant voltage D.C. source. The output from the differential
transformer is proportional to the displacement of the core from the
central position. The output from the transformer is demodulated, filtered
and fed to an output amplifier of adjustable gain.

For the current application it is recommended that a '"Sanborn
+ 0.020 in." type be used. A displacement transducer of this type can
measure displacements of * 0.020 in. from the central position with an
error of less than 0.1%, and a displacement of up to * 0.125 in. with an
error of less than 1%; and negligible time constant.

As the servo-valve is used only to drive the HPA, a flow control
device with a low delivery will suffice, The servo-valve should be
reliable and have a rapid response. Two stage servo-valves such as the
"American Brake Shoe Co., Aerospace Servo-Valve" haye been found
particularly suitable for low-flow applications of the present type [35].
Servo~valves of this type usually have a 'jet-pipe' first stage pre-
amplifier which drives the main spool. Positional feedback is via a light

centrally located leaf-spring.



For the current application a servo-valve of the type described
in the foregoing with a rated flow of 2.5 c.i.s. and a flow-voltage gain
of 0.5 c.i.s./volt is considered suitable.

The transfer function of the servo-valve is given by:i-

& Ke
ey, §E§ + EEJ_. + 1 (137
wy wy
where Qi = 1locad flow
ev1 = voltage input to the servo-valve
ke = flow-voltage gain of the servo-valve = 0.5 c.i.s./volt
w; = apparent natural freéuency of the servo~valve
= 185 Hz. = 1160 rads/sec.
y = apparent damping ratio = 0.7.

The servo-valve - HPA - displacement transducer combination
constitutes the minor loop of the control system, and is represented as
a block diagram in Fig. 36. The difference between the amplified system
error, ey, and the displacement transducer output, is amplified by the
servo-valve input amplifier, which has a gain of kj. The output from

this amplifier, eyy» drives the servo-valve.

6.9-8 Transfer function of the minor loop

The transfer function of the minor loop is readily obtainable

from the block diagram, Fig. 36, and may be written as follows:-

X

e s( 4 2810 4 2C2 + 1 k32 + 201kS 4 ko Ny kh
v b2 g
1 1

“1
(138)

152

’ kC’
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where ko = kike (139)
A

kg is the forward path gain of the minor loop and will have a value of
1000 if ki is set at 142 for k, = 0.5 and A = 0.071. h is the gain of
the displacement transducer.

Equation (138) may be simplified by recognising that:-

2;1 + 2§2 o> kO

b

wy ) mlz
also 1 >> 2z1k,
Wy
and kgh >> kg. (h is of the order 0.5 - see section 6.13)

Hence all terms involving k, may be neglected, and the minor loop becomes
independent of this highly variable quantity. Equation (138) may thus be

expressed as:-
k

g
. S S<Sz +2gls+l><sz +2C-23+1>+kh (140)
ey St e — T g

(1)22

2
@y Wy Wy

Equation (140) is the transfer function of the minor loop.

6.10 The Adaptive Gain Compensator

It was pointed out in section 6.9-2 that a means for compensating
for variations in the HPA flow gain is required, It was shown that the
gain compensator should multiply the loop gain by a function of the pressure
drop across the orifice. The required gain factor is given by:-

Z = 100 (141)
/Ap
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where Ap = pg - Pe for x > 0 (141-1)
and Ap = p. for x < 0 (141-2)
where Z = compensation factor

Pg = H.P. supply pressure

Pe = H.P. chamber pressure.

The variation of the gain compensation factor, Z, with the orifice pressure

drop, Ap, appears in Fig. 37 for the range 10,000 & Ap < 65,000 p.s.i.
The curve may be conveniently subdivided into three regions,

namely region III for 10,000 € Ap < 20,000 p.s.i., region II for

20,000 <€ Ap < 36,000 p.s.i. and region I for 36,000 £ Ap < 65,000 p.s.1i.
A linear approximation of the curve may be obtained by replacing

the arc of the curve in each region by a secant, as shown in Fig. 37.

The linear approximation for Z is to within 37 of the exact value. This

is sufficiently accurate for the current application (see section 6.14).
Each pressure transducer has a gain of ki = 0.0002 volts/p.s.1i.

(see section 6.8).

Thus Vg = kypg (142)
Ve = kepe (142-1)
and AV = klp (142-2)
where Vg = Output of transducer T2 (Fig. 25) from accumulator
V. =

¢ = Output of transducer T1 (Fig. 25) from H,P, chamber

and AV Vg -~ V. for x > 0; or AV = V. for x < 0,
The gain compensation factor is a decreasing function of the net

transducer output, AV (Fig. 37). The circuitry of the function generator

may be considerably simplified if Z is an increasing function of voltage.
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Thus a synthetic voltage function, f(V), is defined, such that:-
f(V) = (28 - AV) (143)

The constant 28, represents the value of AV when the straight line
approximation of region I on Fig. 37 is extrapolated to Z = 0.

The linearised variation of Z with f(V) is illustrated in Fig. 38.
The function has a slope in regions I, II and III respectively of + 0.0258
for 15 € £(V) < 20.5 volts; + 0.0530 for 20.5 < £(V) € 24 volts; and
+ 0.176 for 24 < f£(V) £ 26 volts.

The function generator is then a simple voltage dividing circuit
as illustrated in Fig. 39. The transitions from region I to region II
and from region II to region III is governed by the Zener diodes, ZEN 1
and ZEN 2 respectively. These do not conduct until their self-bias
voltage has been exceeded.

The relationship between Z and f(V) is given by:-

Zz_ __ Ry (144)
£(V) R + Rg

where R = R, for region I, i.e, _Z = 0,0258;
f o RR £
'§11+2R2 for region II, di.e. Z = 0.0530;
£(V)
and R = RiR)R; for region III, i.e. Z = 0,176,
RiR, + RyRy + RyR, £(V)

If Rl is fixed at IMQ, then substituting the appropriate values of the

ratio , and the resistance R in equation (144) yields the following

Z
£(V)
values for the resistances:-

Ry, = 26.5 KQ; Rl = 1IMQ; R2 = 838 KQ and R3 = 170 KQ.



156

The required self-bias voltage of each Zener diode may be
determined by evaluating the voltage dropped across the resistance R at
each of the transition points.

i.e. Required Zener bias = __R . £(V) at each tranmsition point.
R + R,

The required bias is 20.0 volts for ZEN 1 and 22.6 volts for ZEN 2,
In practice, Zener diodes with the appropriate self-bias would have to be
selected from a batch of 20 volt nominal self-bias.

The Zeners could be replaced if convenient by conventional diodes
which are externally biased to the appropriate voltage by a potentiometer.
The resistance of the used portions of the potentiometer should be taken
into account when evaluating the resistance R, and Rj.

The output from the voltage divider is Z, the required compensation
factor. The system error is multiplied by the factor Z using a high speed
electronic multiplier, such as the type used in analogue computers [54].
Depending upon the manufacturer, multipliers usually divide the product of
the two inputs by a factor of 50 or 100. This must be taken into consid-
eration when assessing the forward path gain. If it is assumed that the
multiplier in the current application has a reducing factor of 50, the

output from the multiplier will be given by:-

e, = Efi (145)
50
where eg = output from multiplier = modified system error
ej = input to multiplier = system error
Z = input to compensation factor.
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Electronic multipliers generally have negligible time constants
and provide a true multiplication operation; i.e. the signs of the inputs
are also algebraically multiplied [54].

The circuit for generating the function f(V) may now be examined.

With reference to Fig. 39, Bl’ B, and B3 are electronic bi-stable elements.

2
All three behave as normally open (N/O) switches until excited by an
external signal. B, is closed if a small negative external signal is
applied, and will remain closed even if this signal is removed. It may

only be reset to its N/O position by a small positive external signal.

B, and B3 are similar in operation, but are closed by positive external

signals and reset by negative external signals.

When x is positive, B, and By conduct, and the voltage which appears
at the adding amplifier is (28 - Vg + V.) volts which constitutes £(V).
If x falls to zero B, and B, are reset. The function f(V) then becomes

(28 - V_.) volts, and is maintained until x becomes positive again.
c P g

6.11 Steady-State Response of the Control System

The major loop of the control system, Fig. 40, is constructed
using equations (72), (81), (140) and (145).

Unity feedback may be established by ensuring that the input from
the programmer is pk,, where p = the instantaneous required pressure, and
k¢t = gain of the pressure transducer. The factor kt, may then be
incorporated in the forward path, thus yielding unity feedback, The
transfer function of the system is readily obtainable from the block

diagram, Fig. 40, and may be represented by:-
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S a
'E_C(sg)')" " a;s% + a5+ ash i a,s3+as2+as+a, (146)
where a; = 1 (146-1)
a, = 2(5y0; + T,0,) (146-2)
a, = w12 + wzz + 4§1C2w1w2 (146-3)
a, = 2w1w2(c1w2 + Czwl) (146-4)
as = wyw,? (146-5)
ag = kghw12w22 (146-6)
ay = K kgw;%w,? (146-7)
and K =k, k¢ Kf k¢ (146-8)

50

For ki = 0.0002; K¢ = 84.8; and ko = 2850; from equation (146-8),

K = 0.966 k, (146-9)

where k; = gain of the system input differential amplifier.

6.11-1 Steady—-State response to a step input

If the input to the system is a step function of magnitude p, such

that p(S) = p , the steady-state output response, p.(t),, is given by:-
S

pe(t)e =Lim s [ P a,

hence pc(t)e = p and since the error, £(S) of a unity feedback system
is defined by:-
e(S) = p(8) - p.(8) (147)

the steady-state error for a step input is zero,
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Although the control system will not ordinarily be required to
follow step inputs, the pressure time cycle may demand intervals of
constant pressure. Thus the zero steady-state error to a step input
property of the system is a highly desirable property. (In practice the
steady state error can only be zero if the pressure transducer is 1007
accurate. The actual steady state error will be approximately equal to

the transducer percentage error.)

6.11-2 Steady-State error response to a ramp input

From equations (146) and (147) or directly from the block

diagram, the error response of the system is given by:-

e(8) _ a186 + a285 + aas” + a1+S3 + a582 + agS (148)

P(S)  a;8% + a,8% + ays" + a,5% + agS? + ags + a,

If the input, p(S) is a ramp function of slope m, such that p(S) = m ,
SZ
the steady state error, e(t), obtained from equation (148) is

given by:-

e(t), = mag = mh (149)

ay

If a maximum error is specified, equation (149) could be used as a
constraint on the ratio of h to K for the prupose of optimising the
system, If for example the maximum allowed error is assumed to be equal
to the error introduced by the pressure transducer, which may be 1%, then
e(t), = 100 p.s.i. when p = 10,000 p.s.i. For m = 3,000 p.s.i./sec, then
from equation (149) K = 30 h. The constraint to be applied in such a

case would therefore be:- K > 30h. A constraint of this order is very
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easily satisfied, in fact a more likely ratio of h/K would be of the
order 1/200 (see section 6.13). Thus ignoring the error introduced by

the transducer, steady state errors as low as 0.15% should be achievable.

6.11-3 Steady-State response to a flow disturbance

From the block diagram, Fig. 40, the output response, pc(S) to
flow disturbance qd(S) in the position shown, is given by:-

“(S 5 L 3 2
pc( ) ~ kc(alS + a,S* + aas + a&§7 + aSS + ?ﬁ) (150)

qd(S) B aIS6 + a285 + asSL+ + aL*S3 + a582 + aGS + a

7

If the flow disturbance is a step of magnitude q4, i.e. qd(S) = 44,

the steady-state pressure response, pé(t)m,(pé(t)oo = contribution of

qq to the chamber pressure) is given by:-

pelt) = qq ke a, = qq ko b (151)
a. K

Using a value of 0.0131 c.i.s. for gy (the null leakage flow, q,,
calculated in section 6.9-3), pé(t)oo would impose an error of 1% on the
chamber pressure (at 10,000 p.s.i. chamber pressure), if K = 0.374 h.
For the case K/h = 200; the error would be of the order 2 x 10~%% which

is entirely negligible.

6.11-4 Steady-State response to a displacement disturbance

As any spool displacement disturbance occurs within the minor loop,
the transfer function must be obtained from the block diagram of the minor
loop, Fig. 36.

If the displacement disturbance is x4(S), then neglecting |
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27 S
s w-‘z+—-w—l-+b< ZC?—S+1>
x(8) 1. 1
xS 5 (152)
x4(8) C § 288 +>< + 2825 1>+ k h

The steady-state response to a step disturbance (e.g. due to stiction or

changes in length of the H.P. portion of the spool) is therefore zero.

6.12 Absolute Stability Analysis

If the optimisation criterion is carefully chosen, the optimised
control system will automatically be stable. Absolute stability information
may however be applied with advantage to accelerate the optimisation
procedure. The absolute stability criteria will thus be applied as const-
raints on the optimisation function.

The conditions for absolute stability may be established using the
Routh-Hurwitz criterion [60}. A complete discussion of this criterion is
beyond the scope of this study. The application of the criterion is
however straightforward, and involves the ordering of the coefficients of
the characteristic equation of the system,

a136 + a285 + 55135'+ + aL*S3 + a582 + aGS + a, = 0 (153)

into an array as follows [61]:-

6

S aj ag ag a7

8> a, a, ag
L

S h1 b2 a7
3

S cy c2

2

S el a7

sl £1

SO 3.7
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where bl = a, - aa (154-1)
as

by = a5 - aa, (154-2)
a
2

c, = a, - ab, (154-3)
bl

c, = 8 - 8.3 (154-4)
bl

e, = b2 - blc2 (154-5)
c
1

f1 = ¢, - ca, (154-6)
€

By the Routh-Hurwitz criterion, a necessary and sufficient condition for
stability is that there be no changes of sign in the elements in the
first column of the array.

and a., are all positive, stability will therefore be

As a a

1> 72 7

assured if bl’ Cy, €5, and f1 are all greater than zero.

It should be noted that if h = 0, then by equation (146~6), ag
would be zero, so that c, (equation 154-4) would be negative. This would
make f, negative (equation 154-6) and the system would be unstable. Thus
the displacement feedback is essential for stability.

The stability criteria established in the foregoing are used to

construct subroutine CONST (see Appendix A), which is used to restrict

trial values in the optimisation programme to the feasible region.
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6.13 Optimisation of the System

Inspection of equations (146), (146-6) and (146-7) shows that K
governs the loop gain of the system, while h determines the system
damping. These two parameters thus have the most significant effect on
the system performance and the fact that they are readily adjustable makes
them a convenient combination of variables for the purposes of optimising
the system performance.

It should be emphasised at this stage that the object is not to
achieve on-line optimal control, but rather to optimise the parameters of

the system so as to obtain a good all round system performance.

6.13-1 The choice of an index of performance

The parameters of the system may be optimised according to an
appropriate criterion, or index of performance.

The index of performance should take into consideration the
particular cycle the system is required to follow. It could incorporate
other factors, such as a weighted function of hydraulic power consumption;
furthermore the performance index could be so weighted as to favour
particular portions of the cycle, improving response and minimising errors
in these regions at the expense of performance in other, less important
areas.

A sophisticated performance index of the type described in the
foregoing could only be synthesised if detailed information relating to
the exact cycle; the importance of accuracy in the various portions of the
cycle and the overall economics of the process is available. At present

this is not the case, and the system will have to be optimised according
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to a more standard performance index., When the relevant information
becomes available however, and a more appropriate performance index is
consequently proposed it will be a relatively simple matter to adjust the
parameters of the control system so as to satisfy the new criterion.

Several performance indices have been proposed, and have become
generally accepted as standard quantitative measures of the important
system specifications [39, 62, 63]. The index is applied to the response
of a system to a step input, and gives rise to a positive number which is
a measure of the performance. The best system is defined as that which
minimises the performance index.

Some of the commonly used performance indices are defined as

follows:-

T

ISE =f e2(t) dt (155)
(0]
T,

TAE =/ le(t)| dt (156)
(o]
1

ITAE = | tle(t)]| dt (157)
(s}
T_'l

ITSE = te?(t) dt (158)
[e]

where e(t) system error at time t
T, = an arbitrary finite time chosen so that the integral
approaches a steady-state value, This is often chosen

as the settling time of the system.
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ISE = integral of the square of the error
IAE = integral of the absolute magnitude of the error
ITAE = integral of time multiplied by the absolute error

ITSE

integral of time multiplied by the squared error.

The ISE and IAE criteria discriminate between systems which are
excessively overdamped and underdamped, and the minimum value of each
integral will occur at a different compromise value of the damping,

The ITAE and ITSE criteria reduce the contribution of the large
initial error to the value of the performance integral while placing more
emphasis on errors occurring later in the response.

Systems optimised according to the ITAE criterion generally give
a favourable all round performance for a wide variety of inputs [35,63].
Furthermore, the ITAE criterion provides the best selectivity of the
standard performance indices; i.e. it generally has a greater sensitivity
to variations in the system parameters than the other forms [39]. A
system optimised according to the ITAE criterion will therefore generally
be closer to the optimum as determined by any of the other criteria, than
would occur in the reverse case.

The ITAE performance index is adopted for the current problem, on

the grounds of the foregoing arguments.

6.13-2 Representation of the control system in phase variable form

For purposes of minimising the ITAE index, so as to optimise the
system performance, and also for the purpose of simulating the response
of the system, it is necessary to express the output and error responses

in the time domain. This may be accomplished by determining the inverse
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Laplacé transform of equation (146) for a given input, p(S). As the
form of the inverse transform is dependent upon the input, the simulation
of the response to a sequence of different inputs, as in the case of a
pressure~time cycle, will involve the determination of the inverse
transform for each segment of the cycle. This approach is not amenable
to a digital computer simulation of the transient response.

By expressing the overall transfer function of the system in
phase variable form the tedious task of evaluating the inverse transform
for a variety of inputs may be avoided. Furthermore, the state-vector
differential equation may readily be expressed in a form suitable for
solution on a digital computer. The simulation of the response to a
sequence of different inputs may be relatively easily achieved, and the
same basic computer programme may also be used in the optimisation of the
system performance.

The vector-differential equation of the system may be established
as follows:~

Equation (146) is reproduced below where p.(S) = output and
p(S) = input:-

pc(S) a_ (146)
= [ 5 L 3 2 146
p(S) aJS + aZS + a3S + auS + aSS + aGS + a,

Cross multiplying this equation, and recognising that

P(8).S" = d¥(p (£) = p @ (t)

atn

the following expression is obtained:-
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alpc(e)(t) + azpc(s)(t) + aspc(“)(t) + aqpc(3)(t) + aspc(2)(t)

+ aepc(l)(t) + a,p.(t) = a,p(t) (159)
The phase variables, X, X5y oo Xg are defined as follows:-
X; = pc(t) = output of the system (159-1)
5(1 =%, = pc (D) (159-2)
X, =%, = p.@(® (159-3)
3 = = (3) -
X3 Xu Pc () (159-4)
X, =%, =0 () (159-5)
X = =p (5 -
X5 X6 Pe (t) (159-6)
5(6 = pc(G) (t) = - 3.2X6 - 33X5 - a,_‘X,_} - 35X3 - asxz - a7X1 + a7p(t) (159"7)

Equation (159-7) is derived from equation (159) and is valid as a, = 1
by equation (146-1).
The set of equations (159-2) to (159-7) may be expressed in vector-

differential equation form as follows:-—

X = FX + Bp(t) (160)
% ] X i 1 1
X X, 0 1 0 0 o0 O [0
X, X, 0 0 1 0 0 o 0
where X = |%_|; X = X, 3 F= 0O 0 0 1 0 0[;B=]0
X, X, 0 0 0 0 1 o0 0
X X, 0 0 0 0 0 1 0
;XGJ _XGJ ;—a7 -a6 —a5 -aq —a3 —a2 a7J

and p(t) is a scalar quantity since there is a single input.
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It should be noted that the column vector X constitutes a set of

phase variables which are not the physical variables of the system. This is

due to the fact that the vector differential equation was derived from the
overall transfer function of the system, which is strictly an input-
output relationship. Thus while X1 represents the true system output, and

.++ s X_ are not physically

p(t) the input, the phase variables X,, X 6

3’
related to intermediate variables (voltages, displacement, flow, etc.) in
the control system. The vector differential equation does however describe
the overall . input-output system behaviour.

The vector differential equation, equation (160) may be further
simplified using a method suggested by Dorf [39]. The technique involves
the introduction of a new column vector, M, such that the element M,y
generates the scalar input p(t). Using this method, the vector differential

equation which describes the input may be derived.

Three examples are presented below, in order to illustrate the

method:-

(i) For a unit step input
i.e. p(t) = 1
hence Ml =1

MJ =0

The vector differential equation for M is thus:-
M= [0] M (161)
The initial condition is:-

Ml(O) =1 (161-1)
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(ii) For a unit ramp input
i.e. p(t) = t
hence M1 =t

M1 = M2 =1
M2 =0

The vector differential equation for M in this case is given by:-

. M, 0 1 M,
M = . =
M, 0 0 M,
. 0 1
or M= M (162)
0 0
The initial conditions are:-
MI(O) =0
(162-1)
MZ(O) =1
(iii) For a parabolic input
e.g. p(t) = t2 + £+ 1
hence Mj =2 +c+1
, .
;= M, =2t + 1
M, = M3 = 2
M3 =0
The vector differential equation for M is thus:i-
0 1 0
M = 0o o0 1 M (163)
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and the initial conditions are:-

M, (0) =1
M2(0) =1 (163-1)
M3(0) = 2

It should be noted that in each case, the square matrix is governed only
by the order of the polynomial, while the coefficients of the polynomial
determine the initial conditions. Thus the square matrix corresponding
to an nth order polynomial input will be an (n + 1)x(n + 1) array with
a unit superdiagonal and the other elements zero.

Harmonic inputs may be expressed in polynomial form using a
Taylor's expansion.

The vector differential equations for X, and M may be combined

into a single vector differential equation, by defining a new vector Y

such that:-

- -
X

Y = (164)
M

. %

and Y = . (164-1)

-M o

Hence from equations (159-2) to (159-7) and (164-1)

'J=)'(J=X2

3:{2=):(2=}'(3

Yo =X, =X,

§6 = is = - a X, - aX, - ... - aX, +aM (since M, = p(t))
Y, =M =M

% = ﬁ (applicable for a ramp input function).
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The above set of differential equations may be expressed in vector
differential equation form as follows:-

¥ = AY (165)

where A is a square matrix.

For a step input, the matrix, A is as follows:-

0 1 0 0 0 0 0]
0 0 1 0 0 0 0
0 0 0 1 0 0 0
A = 0 0 0 0 1 0 0 (166)
0 0 0 0 0 1 0
—a7 -ae ""3.5 "au -3.3 “3.2 a7
| 0 0 0 0 0 0 o_]

While for a ramp input, the matrix, A is given by:-

"0 1 0 0 0 0 0 0]
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
A = 0 0 0 0 1 0 0 0 (167)
0 0 0 0 0 1 0 0
-ay —ag -ag -3y —-aj -a, ay 0
0 Q 0 0 0 0 4] 1
| 0 0 0 0 0 0 0 0 _|
The solution to equation (165) is given by [39, 64]:-
Y(t) = ¢(t) Y(0) (168)
where o(t) = eAt (169)
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¢(t) is the transition matrix.

The vector Y(0) represents the initial conditions.
For a unit step,

yf@)=710 o0 o0 o0 ©0 o0 1] (170)
while for a unit ramp,

vYoy=y0o 0o o o 0o 0 0 11.(170-1)
The form of the solution to the new vector differential equation is that
of an unforced system, which is driven only by the initial conditions.

In order to determine the transient response of the system, it is

necessary to evaluate the transition matrix, ¢(t).

6.13-3 Evaluation of the transition matrix

The matrix exponential function is defined as:-

AT = T + At + A2¢2 + A3¢3 + ... (171)
21 31

where I the identity matrix

AZ = [A] [A], etc.
The series converges for any A, and for all finite t [65].
For digital computer application, it will be necessary to evaluate
the phase variables, and transition matrix at specific time intervals,
t = T. A truncated form of equation (171) will have to be used for

digital computer application.

Thus At o T 4 AT+ AD)2 + ... + (aD)N (171-1)
2 Nt

where the series is truncated to N+1 terms.
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The series will converge very rapidly if the interval T is chosen
small enough so that AT < 1, where A = the absolute magnitude of the
largest eigenvalue of the differential equation. It is not necessary to
determine the eigenvalues in order to arrive at a suitable time interval.
The sum of the eigenvalues is equal to the trace of the matrix F [65].

From equation (166), A < az. If all the eigenvalues were equal,
then A = 2, . The applicable range of T is thus:-

7
1l <« Tg 71
4 4

The computer processing time increases as N increases and as T
decreases. Furthermore, the number of terms required for convergence and
thus N increase as T is increased. The interval T and number of terms
N+1 should be chosen so as to assure a satisfactory convergence in the
minimum amount of processing time. This is best done by trial and error.
It is important that computer processing time be minimised in determining
eAT, since the transition matrix and the phase variables will be evaluated
many times in the optimisation programme. This is further discussed
subsequently.

The transition matrix and the phase variables are evaluated using
subroutine OPTRAN (Appendix A), which also calculates the ITAE criterion.

OPTRAN is also used for simulating the transient response of the system.

Subroutine OPTRAN is described in Appendix A,

6.13-4 The method of optimisation

The parameters K and h of the system are optimised using a direct

search technique (see Appendix B). The values of al, a?, iy a7, used
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in subroutine CONST and subroutine OPTRAN are determined from equations
(146-1) to (146-7), by subroutine INIT (Appendix A), using the values of

C1s Loy Wy, Wy, k,y K and h read into the main programme.

g°

The values of K and h read in are the starting values. Subroutine
CONST is then used to check that the starting values are in the feasible
region. Thereafter the ITAE criterion is evaluated using subroutine
OPTRAN. A search vector selects a new point in the K - h plane, and if
this is found to be feasible by CONST, the ITAE criterion is again
calculated and compared with the preceding value. If an improvement has
occurred the direction of gsearch is maintained and the search vector
increased in length. Failure causes the search vector to change direction
and decrease in length. The search vector ultimately homes in on the
optimum point. The direct search technique is further discussed in
Appendix B.

The following values were used for the system parameters:-

w,oo= 1160 rads/sec. (section 6.9-7)
w, = 20,600 rads/sec (section 6.6-6)
El = 0,7 (section 6.9-7)
T, = 0.1 (section 6.9-6)
kg = 100Q (section 6,9-8)

Four sets of starting values were used for K and h, viz:-

(1) K =160, h=1
(ii) K =160, h = 0.2
(iii) X =60, h=1
(iv) K =60, h=0.2,
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On all occasions the optimum values reached were:-

K= 112.3; h = 0.519; the minimum value of the ITAE criterion
being 1.457 x 1075,

For efficiency the programme was stopped during these runs when
the step size had been reduced to 1% of the initial range. In order to
determine the optimum more precisely, the programme was run once more
using as a starting point the values of K and h determined in the
optimisation above; an initial step length of 1% of the initial range, and
a minimum step length of 0.05% of the range. The improvement was of the
order 0.1% in the value of the ITAE criterion, and the values of K and h
changed by less than 0.057%.

The fact that the optimum has beenreached is finally confirmed by
inspecting the sensitivity analysis (section 6.14).

For all practical purposes the optimum values of K and h may be
taken to be 112.3 and 0.52 respectively.

Hence from equation (146-9), the differential amplifier setting should
be k, = 116.

Thus all the parameters in the system are defined.

6,14 Sensitivity Analysis

The sensitivity of the system perforﬁance to variations in some
of the parameters is established using subroutine OPTRAN to calculate the
value of the ITAE criterion (denoted CRIT in the programme) as the
parameters are varied one at a time. This is achieved by placing the
subroutine OPTRAN in a DO loop which varies the particular parameter

under consideration while the others are held constant.
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6.14-~1 Sensitivity to variations in the gain, K

The variation of the measure of performance, CRIT with K is shown
on Fig. 41 which is plotted for h = 0.519 and the other parameters as
defined in section 6.13-4. The shape of the curve confirms the fact that
the optimum occurs in the region of K = 112.3 . It is apparent that the
system performance is relgtively insensitive to small changes in the gain
near the optimum point. Variations of the order *5% in K will cause a
loss in performance of the order 3%Z. Larger variations in K will cause

a significant loss in performance.

6.14-2 Sensitivity to variations in the displacement feedback, h

The variation of the ITAE criterion with h is plotted in Fig. 42
for K = 112.3. Theshape of the curve confirms that the optimum value of
h is of the order 0.52. Large deviations from the optimum point will
result in significant loss in performance. As the displacement transducer
is accurate to 0.1%, and may be precisely set operation near the optimum

point is easily effected and optimum performance is approachable.

6.14-3 Sensitivity of the performance to variations in the mnatural
frequency and damping ratio of the HPA

Inspection of Figs. 43 and 44 reveals that the performance of the
control system is highly insensitive even to very large variations in the
damping ratio Cz and the natural frequency w, of the HPA. This is
desirable since both of these parameters may differ considerably from the

calculated values, Furthermore, since the damping ratio depends on fluid

viscosity, it may vary significantly during the course of a cycle.
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6.15 Simulation of the Transient Response

6.15-1 Response to a unit step input

The transient response of the optimised system to a unit step
input is determined using subroutine OPTRAN, with the square matrix, A
defined by equation (166), and initial conditions defined by equation (170).

The state of the system is evaluated at intervals of 0.1 ms, and
18 terms are used in the calculation of the transition matrix (equation
(171-1)). The programme prints the value of the output, Y, = po(T), after
each increment in time. (See Appendix A.)

The simulated output response is plotted in Fig. 45. The response
is rapid, the 10% to 90% rise time being 4.4 ms. The settling time is of

the order 20 ms while the percentage overshoot is approximately 67.

6.15-2 Response to a 'plateau' input

In order to illustrate the method of simulating the response of
the system to various input cycles, and at the same time, to determine the
response to a ramp input, a 'plateau' input cycle has been chosen. The
cycle consists of a ramp of slope +100 p.s.i./sec for 0 ¥ t < 100 ms; a
region of constant input pressure, p = 10 p.s.i. for 100 < t € 200 ms and
a ramp of slope -100 p.s.i./sec for 200 < t € 300 ms. A cycle of short
duration was chosen so that the salient features of the response could be
illustrated without unnecessary wastage of computer processing time, The
choice of ramp slopes is arbitrary; steeper slopes accompanied by a
higher plateau will merely alter the scale of the simulation rather than

its form.
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The simulation is carried out using programme 'TRANSIM' (see
Appendix A) which applies subroutine OPTRAN successively to the three
stages of the cycle.

For the first stage, the square matrix A, as defined in equation

(167) for a ramp input is applied with initial conditions as follows:-

yYo)=[0 o0 o o0 o0 o0 0 100 ).

For the second stage, A is redefined as the matrix for a step
input (equation (166)), and the state of Y at t = 100 ms = 0.1 sec. is
used as the initial conditions; with one exception: the initial value of
input generator, Ml(O.l) is defined as 10 p.s.i.

The initial conditions for the second stage are thus:-
¥I(0.1) = [ RO Y. ¥ Y ¥ 10 ]

where Yl’ Y2, ces Y6 define the state at t = 0.1 sec.

For the third stage, A is redefined as equation (166), and the
initial conditions this time are obtained from the values of the phase
variables when t = 0.2 sec. The initial value of the input slope is
M2(0.2) = - 100 p.s.i./sec.

Thus  Yr(0.2) = [ vy, Yy, v Y Y Y o -100]

2 3 L 5 6
where Yl’ Yo, oo Y, define the state at t = 0,2 sec.
The programme is arranged to print the input and output every
milli-second.

The results are plotted in Fig. 46, During the initial ramp the

output approaches the input slope very rapidly and effectively attains the
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same slope after about 10 ms. The output continues to follow the input
with a constant time lag of about 6 ms which results in a 'steady state'
error of 0.46 p.s.i. When the input changes to a 'plateau' the output
coincides with it after a short transient which results in a negligibly
small overshoot. When the input begins to decrease during the final
stage of the cycle the output slope again follows that of the input after
a short transient which results in a time lag of about 6 ms.

The simulation of more complex cycles may be effected using the
technique presented in the foregoing, and modifying programme TRANSIM

accordingly.

6.16 Relative Stability of the Optimised Control System

A measure of the relative stability may be obtained by examining
the open-loop frequency response of the optimised system. The open-loop
frequency response may be simulated on a digital computer using programme
'FREQRES' (see Appendix C) which is capable of handling most standard
transfer function forms,

From the block diagram, Fig. 40, the open-loop transfer function

GH(S), is given by;-

GH(S) = v, (172)
5 L 3 2
S(alS + aZS + ass + aqS + aSS + a6)
where a,, 8, «.. 8 are defined by equations (146-1) to (146-7).

The optimum values of K and h are used in the determination of these
coefficients.
The frequency response of equation (172) as simulated using

programme FREQRES appears in Fig. 47.



The phase margin is 62°; while the gain margin is 8 db. This
implies that the loop gain may be multiplied by a factor of 2.55 before
the stability becomes limiting. (In the event of a failure in the
adaptive gain compensator, stability will only become limiting under the

extreme condition of 65,000 p.s.i. pressure drop across the orifice.)

6.17 Final Considerations

6.17-1 Hydraulic power supply system

The salient features of the hydraulic power supply system have
been described in section 6.7. Some of the practical details however,
warrant further discussion. The recommended hydraulic circuit appears in
Fig. 48, in which the graphical symbols used are to J.I.C. standards.

The fixed displacement pump draws the fluid through filter FLTl,
which has a 100 micron element. The delivery pressure of the pump is
limited by relief valve, V3. The sequence valve, which is supplied via a
20 micron filter guarantees flow to the servo-valve circuit, which is
connected to the primary of the sequence valve. The pressure to the
servo-valve is reduced using reducing wvalve V5. The servo-valve is pro-
tected against faulty reducing valve behaviour, or pressure surges in the
lines by relief valve Vq, which should be a single stage type for rapid
response. The servo-valve is protected against contamination, and
silting by the 5 micron filter, FLT3_
The secondary of the sequence valve supplies the HPA circuit,

For I.P. operation of the control system, the solenoid of the 2-position,

3~way valve, V2 would be energised, and the intensifier would be bypassed.

179
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For H.P. operationm, V2 is de-energised and the accumulator is charged by
the intensifier. When the accumulator piston reaches the end of its
stroke, it opens the limit switch, which de-energises the solenoid of un-
loading valve V., thus unloading the secondary of the sequence valve and
decreasing the pump effort. The unloading valve actuator is 'fail-safe'
in operation.

The filters should have beck pressure sensitive indicators which
provide a measure of the dirt accumulated. The state of the filters
should be inspected regularly.

The hydraulic circuit plumbing should be carried out according to
J.I.C. standards, and normal maintenance procedures recommended by J.I.C.

should be enforced.

6.17-2 Precautions and safety measures

The lengths of the hydraulic lines connecting the servo-valve to
the HPA, and the latter to the chamber should be kept as short as possible
in order to minimise additional delays in the response.

In estimating the chamber gain and the referred bulk modulus, the
air content of the chamber was neglected (sections 6.5 and 6.6). At a
chamber pressure of 50,000 p.s.i., by equations (8) and (10.1), the
referred bulk modulus would be lowered by about 2% if the fluid volume is
1% air. At lower pressures the reduction in referred bulk modulus would
be much greater. It is recommended that the air be evacuated from the
chamber immediately before commencement of the pressing cycle., This may
be done using an exhaust pump which would form part of the auxiliary

equipment and controls the press.
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It is recommended that the 1lid of the H.P. chamber be secured
to the chamber flange using 6 radial clamps which are equally spaced
around the periphery of the flange. The clamps should be so designed
that any three, spaced 120° apart could support the full load. The
clamps will be self-locking if the flanges and the working faces of the
clamps are tapered to an_included angle of slightly less than twice the
angle of friction. Each clamp may be driven by a pneumatic jack (see
Fig. 49) which need only apply a small force (of the order 50 to 100 1bj)
during clamping. The arrangement may be protected by 'fail-safe' limit
switching which ensures that the pressurisation of the chamber cannot
occur before the 1id is clamped.

The H.P. chamber should be protected against overpressures due to
control system failure, by a safety valve (see section 3.2). Furthermore,
the strains on the outer wall of the chamber should be monitored by a
strain gauge bridge circuit, which could signal the electronic programmer

to discharge the pressure should the strains reach undesirably high levels.

6.17-3 Improvements to the mathematical model of the control svstem

The time constants of some of the elements in the control system
(e.g. the pressure transducer, displacement transducer and adaptive gain
compensator elements) have all been neglected as they are very small., For
cases where these time constants are not negligible, or when greater
accuracy is required, the lag terms due to these elements should be incorp-
orated in the overall system transfer function. With the digital computer
facilities currently available, there is virtually no limit to the order

of transfer function that may be processed using the methods discussed
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in the preceding sections. The iﬁcreased accuracy should however be
weighed against the cost of processing time, which increases rapidly with
the order of the transfer function.

Delays caused by flow paths in the control circuit should also

be taken into account if greater precision is required.

6.17-4 Improvement of system performance

The accuracy of the output is governed by the accuracy of the
pressure transducer in the major loop. A better quality pressure trans-
ducer will be required if greater accuracy is necessary.

If the control system is to be used for I.P. operation, some
means of compensating for large variations in the chamber gain should be
considered. Two methods which could be considered are:-

1) The incorporatign of additional amplifiers in the
forward path of the control system, which are switched
out of the circuit by signals from the programmer as
the I.P. cycle progresses and the cylinder gain rises
due to compaction of the powder.

(ii) An adaptive control system which monitors the flow
rate into or out of the chamber and the rate of chamber
pressure change. This information is used to evaluate
the chamber gain, and send a signal to a multiplier in
the forward path which offsets any variation,

Further consideration of chamber gain compensation is beyond the scope

of this study.



The control system as optimised in the preceding sections does
not constitute an "optimal control system" as the term is interpreted in
modern control theory [64].

Optimal control theory dictates that all the state variables be
fed back so as to minimise a performance index [64]. 1In the current
design, many of the state variables are inaccessible, and although
methods of 'modelling' portions of the system (so as to obtain approx-
imations of the inaccessible state variables) have been proposed [64], it
is believed that the improvement in performance that may be gained by
adopting such procedures, will not justify further complication of the

control system.
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7. DISCUSSION

7.1 General

Continuous pressure control systems of type described in Chapters
4 and 5 have been used with every success in sophisticated presses
employed in commercial diamond synthesis [66]. These control systems are
simple and reliable, but somewhat less efficient than the type described
in Chapter 6.

The basic approach used for continuous pressure control in the
H.P. range, i.e. the incorporation of an additional hydraulic amplifier
stage in the system may be applied equally well to control applications
in the L.P. and I.P. ranges. The benefits of improved efficiency should
however be weighed against the disadvantages of complicating the control
systems.

The methods of analysis and optimisation discussed in Chapter 6
may be applied to the L.P. and I.P. control systems as well.

The pressure range of the basic control system developed for H.P.
use in Chapter 6 may easily be extended to the V,H.P. region. Intensifiers
capable of delivering up to 1 c.i.s. of fluid at pressures of up to
150,000 p.s.i. are currently commercially available. For higher pressures,
an additional booster stage could be designed for operation in conjunction
with standard equipment. Alternatively, a suitable V.H.P. intensifier

could be designed and manufactured for pressures in excess of 150,000 p.s.i.

184



185

crossland et al [46] describe a unit suitable for pressures of up to
200,000 p.s.i.

The HPA may also be designed for V.H.P. operation, and is not
likely to be the factor which imposes a limit on the pressure level.

The most serious limitation to operating pressures in the upper
V.H.P. range is the problem of the tendency of organic fluids to freeze
at elevated pressures. The working pressure range of many fluids may be
considerably extended by heating the fluid (the tendency for viscosity to
increase with increasing pressure is counteracted by its tendency to
decrease with increasing temperature). This practice is however restricted
to temperatures within the limit of chemical stability of the fluid.

For the upper V.H.P. range, liquid metals show the most promise
for utilisation as hydraulic fluids. For example, a range of sodium-
potassium eutectoids have been developed for application to nuclear reactor
heat-exchangers, and are being considered for utilisation as hydraulic
fluids [54].

Sodium—potassium eutectoids have the following properties which
make them desirable for utilisation as hydraulic fluids:-

(i) The melting point is usually under 20°F, and the

boiling point in excess of 1200°F.

(ii) Very high bulk moduli - of the order 800,000 p.s.i.

(iii) The specific gravity is comparable to that of

conventional hydraulic fluids.

(iv) The specific gravity and viscosity are almost invariant

with temperature and pressure.
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(v) These liquid metals do not freeze until pressures

well into the U.H.P. range are reached.

The major difficulties preventing wide scale use of these liquid
metals as hydraulic fluids are:-

1) They oxidise very rapidly.

(ii) They tend to alloy with the materials of hydraulic

components, and block orifices and small openings.

The use of sodium~potassium eutectoids is currently limited to
preocesses which employ internal pressure intensification. (See sections
2.3 and 6.3-1.)

The computer methods developed for the optimisation of the H.P.
system parameters, and for simulating the transient and frequency response
are sufficiently general to be applied to a wide variety of control
systems. The only limitation is that the control system should be
amenable to representation by a transfer function.

For cases where the exact cycle is known, the parameters of the
system may be optimised over the complete cycle using an appropriate
index of performance. (The ITAE criterion would no longer be applicable,
and in the absence of a suitable sophisticated criterion, the ISE or IAE
index could be used.)

The methods of continuous pressure control discussed by way of the
three examples in Chapters 4, 5 and 6 may be adapted to any of the
applications described in Chapter 2. Future developments in the fields
of high pressure physics and engineering will undoubtedly give rise to

further applications.
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Modern scientific and industrial processes have created
a demand for equipment capable of controlling pressure according

to predetermined cycles. The demand for such equipment is likely

Continuous control of pressure in the L.P. range may be

effected with accuracy and reliability using standard components

in a simple system the major element of which is the electro-

The operating range of the L.P. System may be extended

into the I.P. region using a device such as a proportional

Continuous control of pressure in the H.P. range may be
efficiently effected using a power amplifier stage which is
driven by a servo-valve and powered by an intensifier. The
performance of the system may be enhanced by providing adaptive

gain compensation and by optimising the parameters of the system.

7.2 Concluding Remarks
(i)

to increase.
(11)

hydraulic servo-valve.
(iii)

pressure reducing valve.
(iv)
)

The expression of the transfer function and input to the
system in phase variable form facilitates readily programmed
digital computer optimisation of the system performance, and

simulation of its transient response.
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APPENDIX A

COMPUTER SUBROUTINES AND PROGRAMMES
FOR THE TRANSTENT RESPONSE

SUBROUTINE INIT

A-1-1

Purpose

To set up the coefficients of the characteristic equation of the

system (equation (153)); and to establish the matrix, A, in the vector

differential equation (165).

A-1-2

Call and Argument List

where

CALL INIT (A, Al, A2, A3, A4, A5, A6, A7, GAIN, G, OM1l, OM2,
ZET1, ZET2, H, L)
A(L,L) is the square matrix defined by equation (166) or (167)

L = Total number of phase variables due to the transfer function

and the input. (Thus in equation (166), L = 7; in equation
(167), L = 8).
Al, A2, ..., A7 are the coefficients al, a2, ey a7 of the

characteristic equation (153) which are defined by equations (146-1)
to (146-7).
GAIN = Forward path gain of the minor loop, denoted kg in section

6.9-8, and defined by equation (139),.

OM1 Natural frequncy of the servo-valve, denoted w, in

section 6.9-7.
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OM2 = Natural frequency of the HPA, denoted w, in section

2

6.9-6, and defined by equation (134).

ZET1 = Damping ratio of the servo-valve, denoted ¢, in section
6.9-7.

ZET2 = Damping ratio of the HPA, denoted f, in section 6.9-6,
and defined by equation (135).

H = Displacement transducer feedback gain denoted h in

section 6.9-7.

A-1-3 Method

The matrix A(I,J), I = 1,L, J = 1,L is zeroed.
The superdiagonal A(I,I+1), I = 1,L-1 is set equal to unity.
The coefficients Al, A2, ... , A7 are established using equations (146-1)
to (146-7). The elements in the sixth row of the matrix are fixed

according to equations (166) and (167).

A-1-4 Listing

The listing of SUBROUTINE INIT follows:-



OaOONn YOO

[aNaEaNAXA!

O ON

200

201

SUBROUTINE INIT(AsALlsAZ9sA3sA4sAS snEsATICAINIGCIOMLIIOM2eZETLIsZET29H s

L)

TO ESTABLISH THE COEFFTS OF THE CrHARACTERISTIC EQN

AND THE VECTOR DIFF EWN MATRIX A(LsL)
DIMENSION A{(10410)
ZERO THE MATRIX A

DO 200 I=1l,L
DO 200 JU=1,tL
AllgeJ)=0De
CONTINUE

ESTABLISH A UNIT SUPER ULIAGONAL
SET UP COEFFTS OF CHAREC. LGN

Ll=L=~1

DO 201 I=1,lL1
A(IQI+1)=1Q
CONTINUE

Al=1l.

A2=2 ¢ ¥ (ZET1#0OM1+ZET2#0M2 !}
A3=0OM1*¥0OM1+0OM2H#OM2+4 o ¥ZETL*ZET2%*0m1*0m2
AL=2 ¢ #OM1¥OM2 % (ZET 1 #OM24ZET2%0M1)
AS=0OM1#0OM1#OM2#0M2

A6=GAIN*¥AS*H

AT=G#GATN*AS

ESTABLISH REMAINING ELEMENTS OF mMATRIX

A(641)==A7
Al6e2)==Ab
A(693)==A5
Albs4)y==A4
A(695)==A3
Al6s6)==A2
A(6497)=+AT7
A(748)=140
RETURN

FEND

749
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A-2 SUBROUTINE CONST

A-2-1 Purpose

To determine whether any absolute stability constraints are

violated by the values of the system parameters.

A-2-2 Call and Argument -List

CALL CONST (Al, A2, A3, A4, A5, A6, A7, G, H, INDEX)
where INDEX indicates whether or not the system is stable.

The other arguments are defined in A-1-2.

A-2-3 Method

The Routh-Hurwitz criterion (see section 6.12) is used to determine whether

any poles of the transfer function lie on the right hand side of the
S-plane. The variables B1l, B2, Cl, C2, El, Fl, denoted as bl’ b2, Cys Cys
e}, f; respectively in section 6.12 are defined by equations (154-1) to
(154-6).

INDEX = 0 if Bl, Cl, El or Fl is negative, otherwise INDEX = 1.

A unit INDEX indicates stability.

A-2-4  Listing

The listing of SUBROUTINE CONST follows:-



aXala! a¥aNaXa!

aNaKa!

SUBROUTINE CONST(AlsAZ29A39ALsA59A69ATsLsHyINVEX

TO CHECK FEASIBILITY OF SOLN USING
STABILITY AND ACCURACY CRITERIA

INDEX=0

R1=A3=A1%#A4/A2
R?=A5-A1*A6/A2
Cl=A4-A2%#B2/B1
C2=A6~-A2%AT7/B1
El=B2-B1%*C2/C1
Fl=C2=-C1*A7/E1

CONSTRAINTS IMPOSED Y STABILITY REWUIREMENTS

IF(BRlelLEeDe)GO TO 2
IF(ClelLEe0eIGO TO 2
IF(EleLEeQe !GO TO 2
IF(FlelLEe0el)GO TO 2

CONSTRAINT IMPOSED BY ACCURACY REQUIREMENTS

HH=30¢%H
IF(GelLTeHHIGO TO 2

UNIT INDEX INDICATES FEASIBLE REGIUN OF SOLUTION
INDEX=1

RETURN
END
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To evaluate the transition matrix associated with the solution

To evaluate the phase variables at preset intervals in time so as

to obtain the transient output response of a dynamic system.

To evaluate the ITAE performance index of the system.

CALL OPTRAN (A, B, C, D, X, Y, TINT, TIME, L, NTERM, CRIT)

A-3 SUBROUTINE OPTRAN
A-3-1 Purpose
(1)
to the vector differential equation.,
(i1)
(iii)
A-3-2 Call and Argument List
where

A(L,L) is the matrix established by SUBROUTINE INIT

L = Total number of phase variables (see A-1-2)

B(L,L), C(L,L) = Working arrays

D(L,L)

Y(L)
X(L)

TINT

TIME

NTERM

I

Transition Matrix denoted ¢(t) in section 6.13-2, and
defined by equation (169).

Phase variable vector

Working vector

Time interval over which the transiton matrix is to be
evaluated, and the intervals at which the phase variables
are to be calculated.

Duration of the transient, an arbitrary finite time
chosen so that the ITAE integral, equation (157), approaches
a steady-state value, Denoted TJ in section 6.13-1.

The number of time dependent terms in the discrete form

of the transition matrix definition, equation (171-1).
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Denoted N in section 6,13-3; the series is therefore
truncated to NTERM + 1 terms.
CRIT = The value of the ITAE performance index, defined by

equation (157).

Method

(1)

(ii)

(iii

A

The transition matrix is established by synthesising
equation (171-1). This is effected by evaluating the second term
of the series, and then taking the third term to be half the
matrix square of the second term, the fourth term is then omne
third of the matrix product of the second and third terms; the
fifth term is one quarter of the product of the second and fourth
terms, etc. The terms are then summed and to the sum is added
the identity matrix, thus completing the transition matrix. The
process is efficiently executed using a series of DO loops, which
are documented in the subroutine listing.

The phase variables are evaluated by applying equation (168).
The vector of phase variables after an interval TINT is simply the
matrix product of the transition matrix and the initial conditions.
The vector thus obtained represents the intial conditions for the
next state, i.e. the next interval TINT,

The ITAE criterion is evaluated using equation (157),
which is reproduced below:-

T
ITAE = f tle(t)| dt as7)

o
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In FORTRAN notation and in discrete form the absolute error, e(t),

may be expressed as:-

EP1 = ABS(Y (L) - Y(1)) this is the error at time = TIM
and EPS = ABS(Y(L) - Y(1)) this is the error at time = TIM - TINT.
The average error from time TIM-TINT to time TIM is thus:-

EP = (EP1 + EPS)/2.0
Equation (157) may thus be expressed as:-

TIME
CRIT = ) (TIM ~ TINT/2.0)*EP+TINT, where EPS is initially 1.0.
TIM=TINT

This is easily programmed as shown in the listing.
If an alternative index of performance is to be used, only the
FORTRAN statements relevant to the evaluation of the criterion need be

altered.

A-3-4 Miscellaneous Comments

(i) Modification for transient response determination

For the purposes of ascertaining the transient response,
a WRITE statement may be inserted directly after the statement:-
12 CONTINUE.
The WRITE statement should be of the form:-
WRITE(6, 101)Y(L)
101 FORMAT (1HO, E16.8).

(ii) Choosing the value of NTERM, TINT and TIME

It was pointed out in section 6.13-3, that the number of

terms and the time interval should be chosen so as to minimise
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processing time, since subroutine OPTRAN is used many times in the
optimisation procedure, Furthermore, the duration of the transient,
TIME, should be chosen to be sufficiently long so that CRIT
approaches a steady value for each feasible set of parameters, so
that a fair discrimination may be made between the values of CRIT
calculated for each set of conditions in the optimisation
programme.

The best combination of NTERM, TINT and TIME may be
rapidly determined using a trial and error method, as follows:-

In section 6.13-3, it was shown that the time interval

TINT (denoted T in 6.13-3) should be in the range 1 ¢ TINT ¢ 7 .
a a
And since a, is of the order 20,000; 5 x 1075 < TINT < 3.5 x 10" %secs.

The factor 1 (denoted 1l 1in equation (171-1)) decreases very
NTERM! N!

rapidly as NTERM is increased.

n
1

For NTERM = 10, 1 0.28 x 1076;

NTERM!

I
[}

and for NTERM = 15, 1 0.76 x 10 !2;

NTERM!

while for NTERM = 20, 1 = 0.41 x 10718,
NTERM!

If NTERM is chosen as 15 the value of TINT may be decreased
steadily from its maximum value until the transition matrix
converges. This entails the inclusion of a WRITE statement immed-
iately after statement 8 in the subroutine, to print the transition
matrix. For the arbitrary values of G = 200, H = 1, a value of

TINT = 7.5 x 107° was found to be sufficiently small to cause all
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the elements in the transition matrix to converge to 8 decimal
places.

Using the same arbitrary values of G and H, and with
TINT = 7.5 X 103, NTERM = 15, CRIT is determined from OPTRAN for
successively increasing values of TIME until CRIT has converged
to 8 decimal places. This occurs when TIME = 0.1 sec. Using
TIME = 0.1 sec, the values of NTERM and TINT are adjusted suécess-
ively so as to achieve the same convergence of the transiton matrix
as previously, until the values which minimise the processing time
are found. This was found to occur when NTERM = 17,

TINT = 1 x 107% sec.

Listing

The listing of SUBROUTINE OPTRAN is as follows:-



2 XaNaXalaNa!

aNaNa

a¥a! NN

NN

[a N A YS!

SUBROUTINE OPTRAN(AsBsCsUsXsYsTINTsTIMEsL sNTERMsCRIT!

TO DETERMINE
(1) THE TRANSITION MATRIX D(LsL)
(2) THE ITAE CRITERION, CRIT
(3) THE PHASE VARIABLES vy(L)

DIMENSION A(10510)sB(10s10) sX(10)sY(10)sC(10510/50(10s10!
ESTABLISH 2ND TERM OF EXPONENTIAL SERIES

DO 1 I=1,L

DO 1 J=1stL
ACToJ)=A(T4J)*TINT
CONT INUE

SETUP WORKING MATRICES ©sCe ANV PUT U=2NU TERMe

DO 2 I=1lsL
DO 2 J=1lsiL
B(IsJ)=A(TsJ)
D(IsJ)=A(1sJ)
Cllsd)=0e *
CONT INUE

ESTABLISH OTHER TeRMS IN The SERIES
DO 3 NDEM=2+sNTERM

DEN=NDEM

DO 4 I=1,L

DO & J=1lslL

DO 4 K=1lslL

ESTABLISH ATERM OF ThHt SERIES
C(IsJ)=ClIoJ)+A({lsKI*B(KsJ//DEN
CONTINUE

DO 5 I=1sL

DO 5 J=1slL

RETAIN PREVIOUS TERMeCsAS 8 TOU FORM 0ASIS OF NUAT Tk
B(IsJ)=C(1lsJ)

SUM THE SERIES +LET D =SUwm

D(IsJ)=D(IsJ)+C(IsJ)

5 CONTINUE



C
C
C
C
6
3
C
C
C
C
7
C
C
C
8
C
C
C
C
C
S
10
11
C
C
C
12

WORKING MATRIX C IS NOW ZEROED IN PREPARATION FOR
ANOTHER PASS THROUGH THE wO LOOP

DO 6 I=1sL
DO 6 J=1sL
C(lsJ)=00
CONTINUE
CONTINUE

SERIES IS NOW COMPLETE EXCEPT FOR Tut FIRST TERM
C(lsJ) IS REDEFINED AS THe IULENTITY MATRIX

DO 7 I=1sL
C(Ilsl)=1a
CONTINUE
DO 8 I=1sL
PO 8 J=1l,L

THE SUMMATION IS CCONCLUDLED

D(Lsd)=D(IsJ)+C(1sJ)
CONT INUE

D(IsJ) 1S THE TRANSITION MATRIX
CALCULATE STATE VARIABLLS

TIM=TINT
CRIT=vV.
EPS=1e

CONT INUE

DO 10 I=1,L
X{I)=0,
CONT INUE

DO 11 I=1.L
DO 11 JU=1lslL
X{(I)=X(1)+D(I1sJ)*Y(J)
CONT INUE

RETAIN CURRENT OUTPUT Ab INITIAL CONUITIUN FOR THE

DO 12 I=1sL

Y(I)=X(I)

CONTINUE
EPL=ABS(Y(LI=Y (1))
EP=(EP1+EPSI /2.
OEL=(TIM=TINT/2¢ ) *EP*TINT
CRIT=CRIT+LEL

EPS=EP

IF(TIMeGE«TIME JRETURN
TIM=TIM+TINT

GO 10 9

END
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A-4 PROGRAMME TRANSIM

A-4-1  Purpose

To simulate the response of the system to a ramp-plateau negative

ramp cycle.

A-4-2 Method

The intial conditions are read in as YY(I), I = 1,L.
These represent the initial conditions of the state vector Y(L). The three
stages of the simulation are conducted in sequence, NSIM being used as a
counter to determine the appropriate value L, of the vector length and to
modify the initial conditions of Y(7) and Y(8) at the commencement of each
new segment of the cycle. The other initial conditions are merely carried
over from the preceding segment (i.e. the final conditions of the first

segment become the initial conditions of the second segment, etc.).

A-4-3 Subroutines Used

INIT is used to set up the matrix A, and evaluate Al, A2, ..., A7
for subroutine CONST.

CONST  confirms the stability of the system and hence the
feasibility of the parameters.

OPTRAN calculates the transient response,

A-4-4 Miscellaneous Comments

To simulate the response for example to a step input only, a

similar programme would be used, with the first and the third stages of

the simulation omitted.
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aNaNa

N DO
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A-4-5 Listing

300

302

301

303

The listing of PROGRAMME TRANSIM follows:~

PROGRAMME TRANSIM:
FOR DETERMINING TRANSIENT RESPONSE USING PHASE VARIABLES

SIMULATION OF RESPONSE TO A RAMP=PLATEAU~NEGATIVE RAMP CYCLE

DIMENSION A(1U910)sB(109s1U)oX(1UdsY(LU/sC(10s10)sD(1UsLIudsYY(1D)

READ(55101)TINTsLsNTERMs TIME
READ(54102) (YY(I)sI=1sL)
READ(5+110)GAINsGsOM1 sOM2 4y ZET19ZET2sH
WRITE(6+620)
WRITE(69621 ) TINTsLsNTERMsTIME
WRITE(6+622)

WRITE(69623)(YY(1)sI=1481

WRITE(69624)
WRITE(69625)GAINIGIOML sOM29ZETL sZETZ 9H

SET Y TO THE SYSTEM INPUT YY
DO 300 I=1,L
Y(I)=yvy(1l)
CONTINUE
WRITE(69103)
FIRST STAGE OF SIMULATION 100 PSI/SEC RAMP FUR Llu0MSe

NSIM=0
CONT INUE

CALL INIT(AsAlsA29A39A4sA5sA69ATsGAINSGeCiM1ls0OM29ZETLsZETZ2sHsL!

TEST THAT INITIAL POINT IN FtASivte RbOIUN

CALL CONST(Al9A29A35A49ADsA69AT 9GeH s INLULX)
IF(INDEXeEQel)GO TO 301

WRITE(65100)

STOP

CONTINUE

CALL OPTRAN(ABsCsDesXsYs TINTTIMESLSNTERMICRIT)
NSIM=NSIM+1

GO TO(3039304T305INSIM

2NDe STAGE OF SIMULATION 10 PSI PLATEAU FOR 100 MSe

Y{(7)=10e
Y{(8)=0.
L=7

GO TO 302



NN N

304

305
100
101
102
103
110
620
621
622
623
624
625

3RDe STAGE OF SIMULATION =150 PSI/SEC RAMP FOR 100 MSe

CONTINUE

Y(8)==100.

L=8

GO TO 302

STOP

FORMAT(39H INITIAL POINT OUTSIDE FEASIBLE REGION 777!
FORMAT(E10e342134E1063)

FORMAT (BF641)

FORMAT (1HO s * TIME (SEC) INPUT QUTPUTH*s/7/)
FORMAT(7F1043)

FORMAT (1HO s #TINT sL sNTERM s TIME*!
FORMAT(1HOsE10e342134E1043)

FORMAT (1HO s *#INPUTy YY=¥*)

FORMAT(1HO¢F6e1)

FORMAT (1HO s *GAIN sG sOM1 9012 s ZET1 9 ZET2 g H¥*)
FORMAT(1HOs7F10e3)

STOP

END



APPENDIX B

DIRECT-SEARCH OPTIMISATION PROGRAMME
FOR THE CONTROL SYSTEM

B-1 Purpose

To find the values of the parameters G and H (denoted K and h in

Chapter 6) which optimise the transient performance of the control system.

B-2 Notation
VO = '"Normalised' variable proportional to G i.e. VO = G/300.0
Wo = 'Normalised' variable proportional to H i.e. WO = H/1.4
R = Length of the search vector in VO - WO space.
THETA = Angle the search vector makes with the VO axis.
P = Rotation index
Q = Rotational incrementing index
v = Temporary value of VO
W = Temporary value of WO
U = Temporary value of CRIT.

The other variables used have been defined in Appendix A.

B-3 Method

The direct search method used is a 'polar' technique of searching
rather than the more usual 'cartesian' type, Thus the search vector may
be rotated through a full circle by variable increments, and may be

increased or decreased in length as required. The search vector changes
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its origin as the optimisation procedes, as in the case of the conventional
direct search.

The advantage of this technique is that it prevents the search
from stalling on a 'fence' at sub-optimum valuesof the optimisation function.

Starting from an initial feasible point which is confirmed by
Subroutine CONST, (see flow chart, Fig. 50), the value of CRIT is calculated
by Subroutine OPTRAN and temporarily stored as U. A step of length R is
taken in a direction THETA to the VO axis (i.e. the G axis).

The angle THETA is varied by the parameters P and Q, according to
the relationship:-

THETA = 0.7853982%(1.0 + P/Q)

Thus when P = 0.0, THETA would be 45°. When P = 8.0xQ, a full rotation
has occurred. Q is used to alter the increment in THETA. If for example
Q = 12.0, the increments in THETA as P is varied by units 1.0 would be
3.75°.

The new position of the search point is stored as V,W.
The feasibility of this point is again assessed using subroutines INIT and
CONST and if feasible, OPTRAN is again called upon to calculate the value
of CRIT. If an improvement has occurred over the preceding value, the
step length is increased and the procedure repeated, If the new point is
infeasible or no improvement occurs, the step length, if larger than its
original starting value is reset to the starting value, and P is increased
causing the search vector to rotate. The procedure is then repeated,

When a full rotation of the search vector has taken place, the
increment on rotation is reduced, and the step length decreased until the

optimum point is reached to within an acceptable tolerance.
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For the initial optimisation, the initial value of R used was 0.1,
and the programme was stopped when R< 0.01, and Q = 12.0 (a limit statement
prevents Q from exceeding 12.0). For the final optimisation the imnitial
value of R was 0.01, and the stopping value 0.0005, while Q was limited

to 45.0. (See section 6.13-4.)

B-4 Miscellaneous Comments

The 'polar' direct search technique may be extended to three or

more variables using spherical or n-dimensional polar space as required.

B-5 Listing

The listing of the initial optimisation programme follows:-



aNa N

[aNANS!

NN N O

301

300

3u2
303

2h5

OPTIMISATION OF TRANSIENT RESPONSE USING PHASE VARIABLES AND A
DIRECT SEARCH TECHNIQUE

DIMENSION A(lUs10)sB(1l0s10) 9X (10 sY(10)sC(10910)}sD(1UslulsYY(1lU)

READ(54101)TINTsLsNTERMs TIME
READ(55102(YY(I)sI=1sL)
READ(55110)GAINSGsOMLsOM2 9ZETL 9 ZET o H
WRITE(64+620)
WRITE(6s621) TINTsL sNTERMs TIME
WRITE(6+622)

WRITE(696231{(YY(I)sI=1le8)

WRITE(6+624)

WRITE(69625)GAINsGsOML sOM292ZLT1sZ2ETZ st
Q=1

P=0,

wWnN=H/l.4

VO=G/300.

R=Nel

CALL INIT(ASAL1sA23A39AL A5 sA6 AT sOAINSIGIOM1sOM292ZET1 9ZET2eHsL !

TEST THAT INITIAL POINT IN FEASIBLE REGIGN

CALL CONST(ALl3A29A33A49A5 A0 9ATsGeHs INVEX)
IF(INDEXeEQel)GO TO 301

WRITE(65100)

STOP

CONT INUE

SET Y TO THE SYSTEM INPUT YY

DO 300 I=1sL

Y(I)=YY(])

CONT INUE

CALL OPTRAN(AsBsCoDsXsY s TINTsTIMESLsNTERMSCRIT)
WRITE(64502)

WRITE(69501)GsHsCRIT

UsCRIT

THETA=0ea7853982%(1«+P/Q)}

ITebe THETA = 45+45%P/4

TRANSFORM FROM POLAR TO CARTESIAN COORDS.
V=VO+R#COS(THETA)

W=WO+R*SIN(THETA)

G=300 %V
H=1e4%W



[aNaNA!

i) aNaNa YS! NN

YOO

DN OO ONON

26A

SEARCH FOR ANEW BASE POINT.

CALL INIT(ASALl9A23A3 A4 A5 3A69ATsOAINIGIOMLIUME s LET s lbETLoHs L)
CALL CONSTU(ALsA29A393A49A5 A6 AT sGaHs INVEX)

EXAMINE WHETHER AN IMPROVEMENT HAS OCCURED
IF(INDEXeNE«1)GO TO 304
RESET Y TO THE SYSTEM INPUT YY

DO 307 I=1sl
YCI)=YY(I)

307 CONTINUE

CALL OPTRAN(AsBsCsDsXsYsTINTsTIMEsLsNTERMsCRIT)
IF{CRIT«GESIIGO TO 304

IF IMPROVEMENT s VOs WOs NEW BASE POINT
Vo=V

Wo=Ww

WRITE(69501)GsHICRIT

THE RADIUS VECTOR IS INCREASED whILE THE GOING IS GOOD
(WITHOUT ALTERING THETA!

R=1e2%R
GO TO 302

3C4 QQ=8e%*Q

IF FAILURE OCCURS AFTER A RUN OF SUCCESSESS
R IS RESET TO ITS ORIGINAL VALUE OF Qel (ONLY APPLIEU IF ReGTe0sl!

IF(R.GT.O.I)R=U01
IF(PeGEQQIGO TO 305

THE RADIUS VECTOUR IS ROTATED bY INCREMENTING P WHICH ALTERS THEeTA

P=P+1.
GO TO 303

IF NO IMPROVMENT AFTEK COmMPLETE ReVOLUTIUN UF RADIUGS

R AND THETA ARE REDUCEL (lete INCSe IN THETA ARE RELUCEUL!

THE PROCESS IS CONTINUED UNTIL INCSe IN ThETA ARE 375 UvLOREES
THERAFTER R IS REDUCED WITH EACH CYCLE UNTIL RelLEelesE-Z

THIS TERMINATES THE PROGRAMME.

305 IF(ReLEe«lsE~2)GO TO 306



306

10u
1ul
lu2
110
501
502
620
621
622
623
624
625
626

R=0e¢5%R

Q=Q+1.

IF(QeGEel3e1Q=12,

GO TO 303

WRITE(695C1)GsHU

WRITE(6+626)

FORMAT (39H INITIAL POINT OUTSIDE FEASIGLE REGILUN
FORMAT(ElUe342139E10e3)

FORMAT (BF6e1)

FORMAT(7F10e3)
FORMAT(1HOs2F16e104E1648)
FORMAT (1HO ¢ G H

FORMAT (1HG o *TINT oL oNTERMs TIME®)

FORMAT (1HO9E10e392139E10e3!

FORMAT (1HOs#*INPUTs YY=#)

FORMAT (1HOsFb6e1)

FORMAT (1HU 9 #GAINsGsOML sOme s ZET1 9 ZET2 9yH¥*)
FORMAT (1HOs7F10e3)

FORMAT(1HO s *OPTIMUM HAS BEEN REACHED %)
STOP

END

//77)

267

CRIT*s//)



APPENDIX C

COMPUTER PROGRAMME AND SUBROUTINES
FOR SIMULATING THE FREQUENCY RESPONSE

C-1 PROGRAMME T'REQRES

C-1-1 Purpose

To determine the frequency response of most standard forms of open

loop transfer functions.

C-1-2 Notation

The terms used as variables in FREQRES and as arguments in the

associated subroutines are defined in the listing of programme FREQRES.

C-1-3 Method

Programme FREQRES is intended to cope with transfer functions of

the general form:- (written in algebraic notation)

GAIN.SN(l + S/FREN) (1 + 2(ZEN)S/OMEN + S2/(OMEN)2) (1 + C(1)S + C(2)S2+...+C(NN)SW
(1 + S/FRED) (1 + 2(ZED)S/OMED + S2/(OMED)2) (1 + CD(1)S + CD(2)S2 + ,, .+ cD(ND)sND)

where (1 + S/FREN) represents all the linear terms in the numerator,

i.e, (1 + S/FREN)

(1 + S/FREN(1)) (1 + S/FREN(2)) .., (1 + S/FREN(L))

also (1 + S/FRED) (1 + S/FRED(1))(1 + S/FRED(2)) ... (1 + S/FRED(M))
(1 + 2S(ZEN)/OMEN + S2/(OMEN)2) = (1 + 2S(ZEN(1))/OMEN(1) + S2/(OMEN(1))2)..

(1 + 2S(ZEN(LL))/OMEN(LL) + S2/(OMEN(LL))?)
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And a similar expression for the Quadratic term in the denominator, where
OMED has the values OMED(1l) ,.. OMED(MM), and ZED has the values
ZED(1) ... ZEDQMM).
Terms of the form SN are processed using Subroutine ESS. Linear, quadratic
and polynomial terms are processed by subroutines LIN, QUAD and POLY
respectively.

The programme uses the values of the variables N, L, M, LL, MM,
NN, ND to determine which subroutines are to be used and how often each
is to be applied. The magnitudes are multiplied together and the phase

angles added after each subroutine returns to the main programme.

C-1-4 Users Information

The variables N, L, M, LL, MM, NN, ND, LIM are punched on the
first card in 814 Format. (In the absence of one or more of these terms
a zero is punched.)

The other cards (in order) contain the following data, where relevant:-
FREN(I) Format F 16.8, one value per card.
FRED(I) Format F 16.8, one value per card.
ZEN(I), OMEN(I) Format 2F 16.8 one card for each value of I.

ZED(I), OMED(I) Format 2F 16.8 one card for each value of I.

c(I) Format F 16.8 one value per card,
CD (1) Format F 16.8 one value per card.
OMEGA Format F 16.8 one value per card.

Note:~ The number of frequncy values, OMEGA, to be processed is LIM. The

frequencies should be in units of Hertz.



Cc-2 THE SUBROUTINES

The output arguments of Subroutines ESS, LIN, QUAD and POLY are
the magnitude, A, and phase angle FI. The input arguments appear in the
CALL list of each subroutine and are defined in the listing of programme
FREQRES.

Subroutines ESS and LIN are straightforward and their operation
is clear from the listing. Subroutines QUAD and POLY warrant a brief

discussion.

c-2-1 SUBROUTINE QUAD

Two special cases arise in a second order transfer function.
Firstly, if the damping ratio is zero, the magnitude is given by:-

A = ABS(1.0 - RxR) where R = OMEGA/OM = frequency ratio.
The phase angle is zero if 1.0 > R#R, and 180° if R*R > 1.0.

Secondly, at the natural frequency, the second order transfer function

270

becomes a pure integrator (if in the denominator) or differentiator (if in

the numerator), which is amplified by the term 2.0%ZETA. This is easily

dealt with as in ESS.

The general case is easily handled by recognising that the transfer

function may be written as:i- X + JY where J is the complex operator,
X = 1.0 - R*R, Y = 2,0%ZETA#R.
Thus A = SQRT(X%xX + Y#Y), and the phase angle is determined from the arc

tangent of the complex expression,

C-2-2 SUBROUTINE POLY

The polynomial in the laplace operator S is partitioned into four
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groups, P1, P2, P3, P4 corresponding to phase angles of 0°, 90°, 180° and
270° respectively. The grouping is efficiently carried out by making N/3
passes through a DO loop. (If N/3 is less than 2, two passes are made as
this is the minimum number of passes required.to complete the partitioning
(see listing).)

By putting X = P1 -~ P3, and Y = P2 - P4, a form identical to that
obtained in the general case of subroutine QUAD results and is processed

in the same manner.

Cc-3 THE LISTING

The listing of programme FREQRES and the various subroutines

follows:-



aNakaNoaNaRaNaNaRARARaRaNANAN A RANaNa KA RANA!

A RN

A NaNe!

11

12

12

14

19

PROGRAMME FREQRES
PROGRAMME TO EVALUATE OPEN =-LOUP TRANSFER FUNCTIONG

GAIN = O/L GAIN OF TRANSFER FUNCTION
N=POWER OF S (=1 FOR 1 INTEGRATIONs +2 FOR 2 VIFFEKATIONS ETCs)
L=NOe OF LINEAR TERMS (le+S/FREN/ [N NUMERATUR
M=NOe OF LINEAR TERMS (le+S/FRED} IN DENOMENATOR
FRENs FRED =NATe FREQe OF LINEAR TERMS
OMEN sOMED=NAT FREQe OF QUADe TEikMS
LL= NOe OF QUADe TERMS (le+2e#ZEN#S/OMEN+SH##2/0MEN*%#2) [N NUrie
M= NOe UF QUADe TERMS (letle#lbw#*S/0METO*#2/UMLUF 4! LN Liive
ZENSZED=DAMPING RATIOS IN NUM ANU UEN RESPLY.
NN=ORDER OF POLY IN S IN NUM lete 1+C(1)*¥S+C(2)#5%%2400e+C(INN)H#SHH#INN
NN=ORDER OF POLY IN & IN DEN leke 1+CU(1i%S+eee+CU(NUI*SHRNY
ND IS ORDER OF POLY IN DENOM.
LIM=NOe. OF FORCING FREQe POINTS TO BE EXAMINED
OMEGA=FORCING FREQ.
OMEGA IS READ IN AS HERTZ

DIMENSIONFREN(2U) 9ZEN(2U) sOMEN(2U? oFREUV (LU 9LEU (200 sUMEU (LU 9C (DO
1,CD(50)

DATA DESCRIBING FORM OF TRANSe FNe 1S READ IN

READ{(53s101 INoLoMoLLoMMeNNyNDsLIM
WRITE(69556)NsL oMol s MMaNNsNUsLIM

DETERMINE IF ANY LINEAR TERMS ARt PRESENT

IF(L«EQe0IGO TO 11
READ(59102) (FREN(I)sI=1,L)
IF(MeEQe0O)GO TO 12
READ(5+102) (FRED(I)9I=19M)

DETERMINE IF ANY GQUADe TERMS ARE PRESLNT

IF(LLeEQ.0)GO TO 13
READ(5+103) (ZEN(I)9sOMEN(I)sI=1lsLL)
IF(MM«EQ.0)GO TO 14
READ(55103) (ZED(T)sOMED(I) s I=1sMM)

DETERMINE IF ANY POLY TERMS ARE PRESENT

IF(NNeEWe0OIGO TO 15
READ(54102)(C(I)sl=19eNN)
IFI(NDeEQeN)IGO TO 19
READ(S4102)(CD(I1)sI=14ND)
CONT INUE



[aNaXaNa! aNaNe]

[aNaN g

@

WRITE(65120)
KOUNT=0
17 READ(545102)0MEGA

OMEGA IS CONVERTED TO RADSe/SEC

OMEGA=OMEGA*6 42831853
18 CONTINUE

KOUNT=KOUNT+1

AMAG=GAIN

PHASF =0,

IF(NeEQe0)GO TO 20

IF ANY INTEGRATIONS OR DIFFERENTIATIONS ARE REWDe
USING SUBROUTINE ESS

CALL ESS(NsOMEGAsAsFI/
AMAG=AMAG*A
PHASE=PHASF+FI

20 CONTINUE
IF(L«EQe0)GO TO 21
DO 21 J=1,L
FREQ=FREN(J)

LINEAR TERMS ARE SOLVED

CALL LIN(OMEGAsFREQsAsFI)
AMAG=AMAGH*A
PHASE=PHASE+F I

21 CONTINUE
IF(MeEQe0!GO TO 22
DO 22 J=1sM
FREQ=FRED(J)
CALL LIN(OMEGASsFREQyAsF1I)
AMAG=AMAG/A
PHASE=PHASE—~F1

22 CONTINUE
IF(LL+EQeCIGO TO 23
LO 23 J=lsLL
ZETASZEN(J)
OM=OMEN( J)

QUADe TERMS ARE SOLVED

CALL QUAD(OMEGASOMSZETAsASF 1!
AMAG=AMAG*A
PHASE=PHASE+F 1

23 CONTINUE

g
~J
w

THEY ARt PERFOURMED



N ON

NN OO0 AN N NN

A NaNS!

IF(MMeEQs0)GO TO 24
DO 24 J=1,MM
2ZETA=ZED(J)
OM=0OMED (J)
CALL QUAD(OMEGASOM9ZETAsAsF I
AMAG=AMAG/A
PHASE=PHASE=F1
24 CONTINUE
IF{NNeEQe0OIGO TO 25

POLYe TERMS ARE SOLVED

CALL POLY(OMEGAsCsNNsAsFI)
AMAG=AMAG*A
PHASE=PHASE+F]
25 CONTINUE
IF(NDeEQe0)IGO TO 26
CALL POLY(OMEGAsCDsNDsAsFI)
AMAG=AMAG/A
PHASE=PHASE=-F I
26 CONTINUE

AMAG=MAGNITUDE +PHASE=PHASE LEA
DB=POWFR GAIN (DFCIRFLS)

PHASEe IS CONVERTED TO DEGREES
PHASE=180+*PHASE/3e14155265
MAGes IS CONVERTEL TO DECIBELS
DB=20+*ALOG10(AMAG)

FREQe IS CONVERTED TO HERTZ

OMEGA=OMEGA/6.2831853
WRITE (69121 JOMEGA s AMAG s DB s PHASE

D (IF -VE THEN LAG)

PROGRAMME IS TERMINATED WHEN ALL FORCING FREWSe HAVE LEEN PROCE 55tu

IF(KOUNTeGESLIMISTOP

GO TO 16
10l FORMAT(814)
lu2 FORMAT(Flée8)
103 FORMAT(2F1648)
120 FORMAT(1HOs* FREQe{( HERTZ !

1(DEGREFS)¥4//)
121 FORMAT(1HOC,4F1648)
556 FORMAT(1HCs*DATA%*+814s//)

FND

MAGN I TUDLE

MAGe (DECIBELS!

PHASE



aEala)

1

2

SUBROUTINE ESS(NsOMEGAsAsFI!
TO SOLVE LAPLACE FUNCTION OF THE FORM S##N

NA==N
IF(NeGT+0)GO TO 1
A=1e/OMEGA®%NA
GO TO 2

CONT INUE
A=0OMEGA¥**®N

CONT INUE

EN=N
FI=EN%*1457079633
RETURN

END
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DO
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SUBROUTINE LIN(OMEGAsFREWsASFI)

TO SOLVE LAPLACE FUNCTIONS OF Tril FORM
{le+S/FREQ) ANDL (le~S/FREQI

R=OMEGA/FREW
CALCULATE MAGNITULE

A=SORT (1 e+R*R)
IF(RelLTe0alGO TO 1

DETERMINE PHASE ANGLE FOR (le+S/FRew) CASE

FI=ATAN(R)
RETURN

DETERMINE PHASF ANGLE FOR (le=S/FREW) CASE
FI=628318531=ATAN(ABS(R))

RETURN
END



OO ON

aNANS! ANANS!

[aNaNa

277
SUBROUTINE QUAD(OMEGAsOMsZETAsASFI)

FOR LAPLACE FUNCTIONS OF THE GuNERAL FORM
(le+2e#ZETA*S/ONM+S#S/ (OM¥*OMI )
OM=NATUKAL FREUWes ZLTAZLAMPINU RATIUs  OMEUASFURCING FRLwe

R=0MEGA/OM
SPECIAL CASE 1 = ZFRO DAMPING

IF(ZETA«NE«U)GO TO 1
X=1e=R#*R
IF(XCGEOO.)FI=O.
IF(XelLEeOe/FI=3e1415926H
A=ABS (X

RETURN

SPECIAL CASE 2 - AT NATURAL FREWUENCY

IF(OMEGACNELSUMIGO TO ¢
Y=2#ZETA#*R
IF{YeGTeUe!FI=1e57079633
IF(YelLTelolFI=4e71238898
A=ARS(Y)

RETURN

THE GENERAL CAsSE

X=1e=R¥R
Y=2¥ZETA¥R

DETERMINE MAGNITUDF Anb PHASE

A=SQRT (X#X+Y#Y)
ANG=ATAN(ARS(Y /X))

LOCATE WUADRANT

IF(XeGToelUeUeANDeYsGTelUe !/ [=nNG

IF(XeGTaUetUeANDeYelLTeUe/tI=belb2labdl=niNG
IF(XelTeNeOaANDeYeOTaliall [=2614159265<-ANG
IF(XoelLTeUs e ANDeYelTale !l 1=341l4199L069+ANG

RETURN
END
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SUBROUTINE POLY(OMEGAsCshNsA,FI)

TO SOLVE POLYS IN THE LAPLACE CPERATOR s S
POLY OF THE FORM LeO+C(l/ %5+ (2/%ORS+ (31 %#5%%3+eeeetL (NI FOFHN

THE TERMS ARLE OROUPEDL ALUNG Trw 4 VeCTuklIAL virRbCTIUNS
OF THE ARGAND DIAGRAM

FOR NelTe6 AT LEAST TWO PASSES THROUGH A DU LUOP ARE KidUe
OTHERWISE AT LFAST N/3 PASSES ARE REQD.

PlebP2sP3sP4 ARE SUMS OF PARTITIUNED POLYS CURRLSFe Tu Lol LIRECTILON

DIMENSTIONC(5C)
Pl=1.

P2=Ce

P3=O.

Pa=Co

M=N/3

DO 1 I=1sM

GROUPING

TRO(N=(4%#1) ) GFEa0)IPLI=PI+C (4% 1 #UNEGA¥¥(4%])
ITF(IN=(4%T1)+3)aGl e )P2=P2+C (4% =3} *¥OMEGAK % (4%]=3)
IF(UIN=(4%]1)+2) e0F et )P3=P3+C (4% =2 ) ¥UMEOAR* (4% ] =2
IF((N=(4%#1/41) eGF « VIPLG=P4+( (4¥ ][ =1 ) #UMELOGAK* (4%]~1)
CONTINUE

PUT IN COMPLEX FORM, Teb e X+JY

X=P1-P3
Y=pP2-P4

DETER~INE MAGNITUDE AND PHASL

ATSGRT(X*X+Y*Y)
ANG=ATAN(ARS(Y /X))

LOCATE QUAODRANT

IF{XeGTeloi' e ANDeY e GT e e ) FI=ANG

IF(XoeGTeUs' s ANLeYelLTeUe?FI=6s28318531=ANG
IF{XetlTeust e ANVeYelLTeUellF 15314159200 =ANU
IF{XeLToeUeslaAMUsYelLTolelb [=3sl41bY9L065+ANG

RETURI
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