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Int%oduction

The aiwm of this paper 1s to ﬁq?ive generalized
formulae for the density functions of one and two
arbitrary linear combinations of the uniforw coverages
corresponding to the order statistilcs obtained from
a randow sample from the uniform distribution on the
interval (0,1).

In Chapter I, the required background and a
prief survey of sowme of the past papers on the subject
are given. In addition, a few necessary results frowo
. the calculus of finite differences are listed. Then,
in Chapter 1I, a formula 1s obtained for the density
‘function of a single linear combination using a differeant -
procedure than that ewployed 1n other papers. Finally,
1{a Chapter III, a foromula for the Jjoint density }unctlon
of two linear combinations of the same set of coveragen
is derived with no restrictions ubataqever on the real

constant coefficients.




Chapter I : Preliuminaries

1.1 : Background

Consider a random sample X1 xa,...,x from the

uniform distribution on the interval (0,1). Their Jolat

density function is given by

f(xlsﬁx--orxn) =1 (o= Iif 1, 1-112:-0030) .

The joint density function of the order statlstica
I(l) x(z) € eee & x( )e obtainad by ordering xl,xz,...,xn
in ascendingnorder of wagnitude, 18
r(x(l),x(é),...,x(n)) = n!
| (0 £ x(3) < X(2) £ ....{:x(n)é 1) .
Let Ul’ua""'Un be th:“coveragea, corresponding to
the order statistics x(l),x(z),...,x(n), defined by

U1 - x(i) - 1(1_1) (1-1,2,...,3)

where X = 0. Then
ere X(o)

X(l) - 2 UJ (1‘1,2,0.,,“)
=1
and it can easlly be shown that
n
Uta 0 (1‘1,2....,“) H
Z 0151 .
- i=]l




3(01,02, .- .,Un)

(X(1)»X(2)* -+ %(n)’

=1 1t follows

Sincae the Jacoblan a

that the Joint density function of UI'UQ""’Un 18
r(ul,u2,...,un) = n!
n
(uik 0, 1=1,2,...,0; ? uy <1) .
i=]

By this transforwation the joint distribdbution of

X(l),1(2),---,X(i),-..,X(n) “111 be that Of

i n
Ul’Ul+U2’.-"Z UJ'..O’Z UJ L ]

- Jwl =1
Thus the density function of the linear cowbination
n

im]

is the same as that of

n

X= :E: cix(l)

1=l

where a1 and Sy are real constants and

. E
a = ji: ¢y (1=1,2,...,0) .
J=1

The joint density function of the ordered coverages




<2

,H{l)‘%.U(e) L vee £ U(n)’ obtained by ordering Ul’U2""’Un
in aséénding ordér of magnitude, 18 given by
f(u(l),u(e),;..,u(n)) = n! n!
% -

(0 :éu(l):é Uo) A su(n)é 1; z u(l'):{- 1).
i=m]

To deterwvine a transformation frow the coverages to the

ordered coverages consider the random variables wl,uz,...,w

n
defined by
Hl - nU(l) \‘
VJ - (0+1'J)(U(J)-U(J_1)) (3'2,3,f--:n) .
~.
Then \
1
- W
d" U(i) - —L_ (1-1,2,...,0) »
\ n+l-J
J=1

Wy Was e W)
g(U(l):U(a):--o-USh))

and the joint density rquiion of Wy,Wp,...,W, 18 glven

= 0!l

by

r('l"2’ K ."n) - n!

- (-12. 0, 1=1,2,...,0; Z nié
=l




which is 1dentical with that of Ul’UE’*"’Un° By this

transformation the Jjolnt distribution of UI’UE""'Ul""’Un
will be that of

ﬂU(l), (n-l)(U(z)-U(l))...., (m1*1)(U(i)—U(1_1)),...,

» (U(n)Y(n-1))-
Thus the density function of the linear combination

n

h U-‘Z 4,04)

1=l

-
-

is the same &8 that of
n
Y= ji: aiu1
1=l

where a, and d, are real constants and

1 1 .
, 7 :
s B '
d
li - Z___ﬁ:— (1-1'2’00.’0) -
n+1-1_1 .

J=1

7
It should also be noted, definlng U .1 = x(n+1)-x(n)
where x(n+1) = 1, that the joint distribution of

UI’U U is degenerate and their joint density func-

2..-.’ n+1

tion is given ﬁy

f(ul,ua,...,un+1) - n!




1l
(uié- o, 1-’?1,2,...,n+1; > u, = 1) .
_ 1=1
Then the jolut density function of the ordered covarageu

- U(l) U(z) < eee £ U(n+1)’ obtained by ordering

U U2""’Un+1 in ascending order of magni_t.ude, ia given

by

f(u(l),u(z),...,u(ml)) = (n+1)! n!

(o s.u(l) < u(2) £ eee X u(m_l)_é 1; Z u(l)-l)

Consider the randow vai‘iablau_ vl;vz,...,vml defined Dby
Vl - (I'H'I)U(l)
vy - (n+2-3)(q(d)-u(j_1)) (J=2,3,c00,0+1).

1 ) .
v ‘

Then U(i) - — 4 (1=1,2,...,041) ,

1 ~2-]
J-

AV V0 eeesViy) - {ml)t
3(0(1)30(2),...,0(!“1)) : -

and the joint density function of vl,vz,...,vnﬂ is given

by

£(91sVgsee0sVn4) = 0

o~ o+l

('1 = 0, 1-1,2..;-,&1; Z vl - 1)
‘ i=]




which 18 identical with that of Ul’Ua"“'Un+1' By this

transformation the Jolnt d;atrlbution of Ul’UE'°"’Uin°-f!Un+1
will be tﬁat of -

(l’H"l)U(l), Q(U(a)-U(l)),..., (n+2—1)(U(1)-U(1_1)),...,

» (U(a41)-Y(a)) -
Thus the denaity function of the linear ccubimation
' o+l
' il
is the same as that of
o+l .
Y= j{:alul
f=l
where : o+l
. d
31 - —__1— (1"1,2,...,0‘!’1).
o4R-1 _,
J=1 o
Many papers im the past werse concerned with the

‘distridbutions of |
‘o \

o L)
o+l
r Y= Z N | . (1.1.2)

1=




a+l-

U= 2 4,0¢y) (1.1.3)
1m] -

for varying degrees of generalitles of the coefflclents.
The papers by Mauldon (1951) and Barton and David
{1955) were concerned nith special cases or the dlatribu-
tion of the sum of ordered lutervals. Mauldon conaidered
the distribution of the sum of the k largest ordered ‘
iatervals, that.ia, the distribution of the linear combi-

nation (1.1.3) with

a9, =0 (1=1,2,...,041-k)

1
dl - 1 (1-04'2-k,n+3-k,¢..,‘ﬂ_+1).

Barton and David counsidered a slightly wore general
situation and derived the density function of the sum of
(s-r+1) consecutively ordered intervals, that 1is, the

"denaity function of (1.1.3) with

d - 0 (1-1,..;’!‘“1.""1'...,Ml) ’

s

N : d’. - 1 (1“,”1.;...'):

“Then 1n 1957.Hau1don proved an inversion forsula
for a generalized traunsfors and as an application of this
result he obtained the distribution of (1.1.1) and (1.1.3)

where the cosfficlents were arbitrary real numbers. This

-




was the first paper uﬁich considered the distribution of
uuch general linear combinations. All previous papers
) had considered only particular casea.
quaper by Dwass 1in 1961 considered the general
diatrl{_Jlon of the linear combinatlon (1.1. 2) and
(1.1.3). As noted previously, with the proper transfor-
mation, the problem of findlng the disrivution of the
linear cﬁmbinatlon (1.1.2) is equlvalent to the onme
considered by Mauldon in 1957. However the proof by Dwass
was dlfferent.
In 1968 Dempater and Kleyle considered distribu-
tionﬁ-determined by cuttlng a simplex with hyperplanes.
" As an application of theilr results they obtained the

distribution function of (1.1.1) for distinct a,

(1=1,2,...,n) defined by

)

a, = Z cy _(1-1,2,...,n)
J=1 '

.

All (1969) obtained the distribution function of
(1.1.1) for any set of real conatant coefficients. Even

though he pointed out how the distribution functlon
could be found 10 the case that some d’ the cogfficients

8, (1-1 2,...,n) defined above cO e, no such distri-

bution function was atated and the procfs were carried

o0 | | \ N
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_out‘baaed on the assuoption of distinct ai‘a.

Two years léter'ip 1971, 1in a paper by Welsberg,
the general distribution function of (1.1.1) for any set
of coefficients was obtained.

_ In the realwm br two or wore linear comblunations
of t%e form of (1.1.1), (1.1.2), or (1.1.3), based on the

same random sawmple Xl,xz,...,xn, not wany invesatigations

have been undertaken. The 1955 paper by Barton and David >
'donsidereq the joint diatribution'of two linear cowmbina-
tions of the form (1.1.3) whose coefficlents take on
values O or 1. That 1s, they considered the JointIQBnaity
function of

o

v ' 8
Gt.v - Z U(i) and GI‘B - Z U(i)
imt ' lmpr

for v < r. However they found the form too complicated
to be expressed by a single formula. Niven (1963)

derived the Jjoint distribution of ;ha sauple mean

o
M = () Xy
=l

and the sample range

0 = Xn) -~ *1)

SN




for u sample of size n=3,4, Using 2 geometrical approach
ghe obtained formulae for the denslity functlon 1in
various regions but no general foroula was derived.
Dempster and Kleyle (1968) noted, using the geometrical
approach of their paper, that ihe Joint distribution of
several linear combinations could be cobtained 1n
principle. Finally, in 1969, All and Mead investigated
the Jolnt d&aprlbution of several linear combinations of

" the form of (1.1.2) with an+i = 0. However certain re-

strictions were required on the coafficlents. In 1972
S. H.‘Lim removed sowme of these rpstrictions 1in the
case of two linear combinations.

1.2 : Sowe results from the calculus of f{inlte

ditferences

Since divided dirrerenceu will be used throughout
this paper certain results concerning such differsuncez
will be stated in this sectlon. Such results can be
found in Milne-Thowson (1933), for iustance.

Let g{z) be a function of the real variable z

and let z seeesZ be n distinct real numbers. Then the

1°%2
(n-1)st divided differeunce of g(z) for the arguments

’1”2"""n is denoted by

Dn‘l(g(z):zl,za,...,zn)

11
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and deflined by
n-1 ;
D (g(z):zl,ze,...,zn)

Dn'a(g(z):zl,zz,...,zn_l) - Dn—e(g(z):za,z3,...,zn)

zZ,-Z

1 "n

where

g(zy)-g(zy)

p(g(z):z,,%,) A
. Z1-2Z2
It can easily b; shown that the interchange of any
two of the arguments does not alter the value of the
divided difference. Thus divided dlfferencéa are syuwetric

functions of their arguments. Two wore well known properties

of divided dlfrerencearare:

. e, | n glzy) .
g z).zl,zz,...,zn) - n ;
1-1 .l_\: (31'33)
J=1 |
IFL

(2) 1f g(z) 1s a polynomlal of degree n then
T - constant if r = O
D (ﬁ($)231,22,..-,3n+r+1) - ™ L]

0 if ris a A
poaitive 1integer

In the case of divided differences with repeated

arguments
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D" Hg(2)1zy,2y, .- sz 7))
n1+r12+ -5 -‘H’lp-p
- 1
(nl-l)! (na-l)! cee (np-l)! ny-1 n,-1 . gnp-l
z

Z1 Z2 P

. DPMg(z) 12,20, 0002 ))
where there are p distinct arguments and 0y arguments are

equal to z, (1=1,2,...,p).

I~




,Cchapter II :- The distribution of one linear combination of

uniform coverages

2.1 : Introduction ) ' >
This chapter is priwarily concer with the dis-

trivution of a liunear comﬁination of the foru

t

where the coerricienusai(i - 1,2,...,n) are real numbers,

In section 2.2 a formula which expresses divided

differences in terms of definite integrals is applied to

~

obtain an alternative derivatlon of the distribution func-
tion, density function, and characteristic function of

a single linear combination of the uniform spacings with
distinct coefficients. A generalization of this divided
difference - dafinite 1nteg§h1 formula is considersd 1n
section 2.3 and is uubnequeﬁtly used to acquire the de-
sired runctlénu in the general case which allows for the
pouibn{ty of equal coefficlents. Finally, an application
of these results to the distribution of the sums of ordered

1ntervals is given 1n aection 2.4,

2.2 t The distribution of one 1inear cowbination with

distinct coefficlents

Milne-Thompson (1933) states a result due to Her-

.mite which exprosses divided differences by definite iutegrals.
' | 14
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That ia, assuomling 21,22,...,20 are distinct arguwents and

the (n-1)st derivative of a function g(z) 18 continuous

_ 1 tl tn_2
-1 . : _
Dn (S(Z)izlpfa,a,.,zn)- Sdtl gdta.-.gg(n 1)(Vn)dtn_l
0 0 0

whare vn-(l-tl)zl + (tl-ta)z2+...+(tn_2-tn_1)zu_1+tn_1zn
and ty,tp,...st, y are (n;l) independent variables.

The application of this result is required to ob-

—

tain the distribution function of —
Y =a,0, + asl, + ;.. +a U,

in the case of distinct coefficlents. However, in 1its

present state it cannot be applied directly since the

function corresponding to gin'l)(z) in the appiication

will not be continuous but will in fact be a step func-

tion with a single discontlinuity at rero. The following

lemma establishes the above result in such a situation.

Lewga 2.1 If zl,ze,...,zn are distinct arguments

then
L 1t t .o
an (s(z):zl,za,...,:n)- gdtlg;tz"‘Sg(n-l)('n)dtn-l
o o0 0
where

Vn L :1 + tl(za‘zl) + e + tnfl(:n-:n‘l)

and
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¥k if z>0 (k constant)
{01 (z) =
. 0 1if z<0

| o

Proof:

By the definltion of divided differences and using
(n=-2) kz 1f z>0
the fact that z
e fac g (z) o  1if z€0 13 continuous
n-1 .
D" (8(2):21,20s 00 0Zy) '

n-2 ) n-2
= D (S(Z):zl.v'--pzn_z:zn_l) -D (S(z)=31"--:zn_2’zn)

n-1 n

t1 t’n-3
dt,\dt (“'2)(2 +t (22 Heoott, o(2 -2 })at
1\9%2---\8 1 2572 IFe e s T2V n-1""n-2 n-2

¢ ("B
Nn=-

0
1 tn-3 _
dta---SE?—JL;r{}(n'a)(z1+t1(z2-z1)+...+tn_2(zn_1-zn_2))
5 n-1""n _
- g(n'2)(zl+t1(z2-zl)+...+tn.2(zn-zn_2)i1}dtu_2 .

(2.2.1)

The lewsa follows if 1t can be shown tbhat
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1 n-2
;————;—{%( )(z1+t1(zz—zl)+...+tn_2(zn_1-zn_2))
n-1""n

_g(n-a)(zl+t1(2é—zl )+.. .+tn_2(zn'zn_2 ) )] (2.2.2)

fn (2.2.1) 1s equivalent to the lntegral
t"2( ) | |
n-1
+ - .. - . -2.
§ g (z1 tl(z2 zl)f. +t.n_1(zu zn_l)) dtn-l (2.2.3)
0
By definition

k if v_>0
g(e-1)(v) = 0
. 0 ir vn < 0“

Assumne zn‘> Zo-1 ° Then v > 0 is equivalent to )

zl+t1(22-zl)+...+tn_2(zn_1-zn_2)+tn_1(zn-zn_1) >0
that 1is

thel > ’l+t1(z2-z1)+'"+tn-2(zn-1-zn-2)

2a-1"%n

vn-l

z -z
n-l n

The limits of integration with respect to t _, are

0 and tn-e.' On the other hand the integrand is zero 1t

v
tn 1 - __E:l__
v Zn-1"%n

v :
n-1
Thus the relationship betwssn ——_‘n 1"n\:' 0, awd t'n-z will

AN N
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determine the speclfic ranges of integration for the
jntegral (2.2.3) over which the integrand is nonzero.

This relationship determines three possible integrals:

v -y
(1) 1f5 n-1 <O then ty_3> 0-1 _ in the range O to
zn-l-zn zn-l'zn

tn_2 and this iwplies that the integral 1s

tn-e o
Sg(n-l)(vn)dtn-l H
0
v
(11) 1t 0o < __0=1 < ¢ then t,_, > _'0-1 1o the
L, =~Z n-2 n= Y .-z
n-1 "n Zn-1"%n
range Vn-1 to t . o and this implies that the lu-
Tn-1"%n
togral in
SE B (vglatg ; .
n-1
:n_l-zn

(111) 1f o-1 > thoo then ta-1€ Yn-1 _ for 0 < tn_;l <ty
2n-1"%n Zn-1"%n -
whioch implies that the 1ntogral is zero.
The following shows that in all the above cases the
integral (2.2.3) is equivalent to (2.2.2).
(1) Assume (2.2.3) correspouds to situation (1). Then
ta-2 ‘
Sg(n'l ) (244t (35-2; ) .+tn_2(:n_1-:a_2 )+tn_1(:n-zn_1) )1 | Y
3 A
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tn-a
(zl+t1(22-z1)+...+tn_2(zn_1-zn_2)+tn_1(zn-zn;1))

Zn"%n-1

g{n-2)

0
since g(n'l)(vn) 1s continuous over the range of integration,

1

= (n-z) -
zn'zn-l[g (zl+t1(z2-z1)+...+tn_2(;n_1-zn_2)+tn_2(zn zn_l))

- s(n-z)(21+t1(22-21)+...+tn-2(zn-1'2n—2)+°(zn'zn-1))]

-._—.—-

Zn- l'znlé(n 2)(2 +t1(22'zl)+"'+tn 2(zn 17 n-2))

which is 1dentical with (2.2.2). ' ~

(2) Aoaume'(2.2.3) corresponds to situation (11). Theu™

m

-1 _
g(u )(z +t1(22'21)4'"' n-2(zn-1'zn-2)+tn-1(zn'zn-1))dtn-l

-~

f
0 -
Y.
'SG 1) (234t (22 4o - ot n-2(=n-1f=n-2)+tn-1(=nf=n-1))dtu-l
'

-1

En-1"%n

n-2
g(§'2)(¢1+t1(22-31)+...+tn_2(zn_1-zn_2)+tn_1(sn-zn_1))
z, ‘n-l ' gl
2n.1"%n

since g(n'l)(vn) {s continuous over the range of inte
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- 1

Zn-Zn-1

n-2 .
. [g( )(31*'*‘1(22'21)”‘ . ,+r,n_2(zn_l-zn_2)+tn_2(zn-zn_1 ))

- 8(!1-2 ) (zl+t1 (22-31 )‘+ o °+t‘n-2 (z'ﬂ-l n-a) (zn'z:;-l )‘vn-l):[

- [ (8-2) 0y - (P2 (z 4ty (2pm2q 1. -+"'n-2(‘n'zn-2))]
zn—l n

n-2
= 1 [3( )(Zl+t1(22-21)+. . .+tn_2(zn_1-zn_2))
£n-1"%*n a

6(5-2) (248, (20721 M+ #tn-2(2n-Z0-2))]
which 1s jdentical with (2.2.2). The last statement follows
'rron the fact that under situation (11) ___1__> 0. That
' Zn-1"%n

is v, _, < O since £, < gz, and thus e

-1

g(0-2) (v )mg(0-2) (240 (2p-2 J+e e Aty o2 -2 2))-0-g(n'2)(0)

(3) Assume (2.2.3) correaponds to situation (11i). Then

a
a-1
Ssza )(: 1+ty(ma-%1 4. Aty 2(8n1-%n-2 )"'f'.n-l(“n'zn-l) at,
o ; '

-

[a]

= 0

- 1 [5(“‘2 ) (zl-l-tl(:a-tl)"'- bty _o(3, 3-8, o) )
.n-l-‘n J ‘

- glo-2) (548, (35-3) Moo '*tﬁ-a(’n"n-l:) )]

h
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wbich is identical with (2.2.2). This last statement fol-

‘lows aince under situation (111) —l > typ > 0.

A
n-l n«_

That 1is,

(a) v, <O and therefore

2y ) =

-2 Fo et z
and )

(v) = +t1(22-zl)+...+tn 2(zn 1"

2, o)
> tn-2
n-l n

that 1s
and therefore
(n-2 o
The assumption laa nade that = > = a-l ° If this

is not the case then, using the uynnetrio property of

divided differences,’ 31,12,...,z can-be relabelled by
31,32,...,3 such that |

n-l
"

5, - ‘qfl

.1 - ‘i (1-1.2’ ...,n-2) .

Then :; > ‘;-1 and'tha'ubovi procedure 18 repeated using

L] ‘
-;.’2.1--"; . l y




~

i

The distribution function of Y is derived using
the result of thils 1emg?4\Note that a, = 0.
For convenience deflne
_ n
n | (v-ay) 10y >3y
(3"81).1.- A ' )
0 N\_ 1f y<ay
Theorem 2.2 The distributicn fuuction of

Y= alU1 + a2U2 4+ eas + anUn

18 given by

41

(y-8,)%
Hﬂ-X:n ‘

10 ﬂ (8 -0)

. 3=0
o IAL
provided a, 4.a, for all distinct i aund J.

—

Proof: |
By definition the distribution function of ¥ 1s
S B(y) = br(¥ < V) -
As uoted in Chapter I, the distribution of

Lo n . B
Y= Z 3101 and Iw Z 011(1)
1wl : i=1 _

are the same and thus
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F(y) = S S S S  mlax(y) 9x(p) - dx¢y 1) 9%(q)

%51(1)51(2)$-o.$1(n)£1
n -«
v W Z cix(i)cy
. i=]
L
1 Xn)  X(3) *(2) -
= n! g X § § s(“)(y-z °1x(1))
9 0 o O 1=l
.dx(l) dx(Q) ees dx(n_l) dx(n)
where
s(n)(t) _{1 112> 0
0 1tz 0
Furthermors | -
1 x(n) X 2)
F(y) w nl S ) S ese § g(n)(a_ml) dx(l) ena dx(n_l) dX(n)
o o 0 '
| where n-1 |
tor1 = (3-20) + > [(r-a) - (-a31]] 2(1) + [(-00)-7-20F ()
el | |
~ since
n o-l

"‘Z °4%(1) " "Z °1%(1) ~ %% (n)

i=]l =1




\\ n-1

N
-3t Z (8141724)%(1) =~ 8a%(n)
. 1=l

. n n
because ¢, = ji: ¢y - j{: cy = a, -8, (1?512,...,n—1)

Ims J=141
and .
o
Cp ™ j{: cy = 8y
J=n
Doriniﬁg x(1) = ta-141 (1-1,2,...,n)
£, =y (1=0,1,¢..,0)
T t1 ta-1
F(y) = nl g S cee S g(n)(zo+(zn-z0)t1+(zn_1-szt2+...
0 0 0 A
| #(57-25)t,) Aty ... dtp 4t
since
" uel . '
51 = (7-85) + Z [(r-ay)-(3-85, ] x(g) * [(5-a,)-(3-20)] %(n)
_ =l
n-l
- 30 + Z (83-2441)%(1) + (2a=%0)%(n)
=l :
n-1

=%+ Z (8y-8141)t0-141 *+ (Sa~%0)a
1=l |




&
-z, + (zn-zo)t1 + (zn_l—zn)t2 + 0. + (zl-za)tn

A

Then by Lemma 2.1

F(y) = n! Dn(gﬂz):zo,zn,zn_l,...,zl)

n
= n! D%(g(z):y-8,,¥-8,,7-8,_ s+ -s¥"81) -

Using the symwetry property of divided dlfreréncea it
follows that g

n
F(y) = n! DM(g(z):y-a0,3-81, - «»¥-8;_15¥-3)

n

- ul Z S(y‘ai)
. - n
1=0
o W (y-al-ymj)

3=0
Ikt

Since
gl™) (y-9,) =

1t follows that

25
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(y-24)
g(y-ay) = n! y>n
L 0 1f 3y < a4
- (3;f1)+ 3
Thus '
a (y-ai)i

P(y) = )

n
1=0 TT (ay-ay)
=)

J
I - |

Corollary 2.3 The density function of

1s given by
n
) -a )n—l
f(!)-nz (y..1+
n
1=0
(ad-ai)
J=0
IfL

provided 2, ¥ ay for all distinct i and J.

Proofs

Since the conditions of Theorew 2.2 are satisfled,

using thq distribution function of Y obtalned in tbgt

theoren




27T -’

£(y) = 4 F(y)
: 4G

n

; Z __ddT (y-a,)%
W(a -a,)

Jr‘i

o n=-1

2 (y-a,),
=n . l
1=0 ]—[ (a -81
Jr‘i

Another consequence of Theorem 2.2 1a the

following
result. Mote that, here and throughout this paper, | = J-l .

Corollary 2.4 The characteristic function of

1s given by
a .
1tai

@(t) = nl (a8)™ Z
1=0 ‘H’ (8- ,1

J!‘i

¥ ay for all distinct 1 and J.

pruvided a,
o

Proof: _
Since the conditious of Corollary 2.3 are satisfied
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the characteristlc function of Y is8

B(t) -S el (y) ay

\
oo n n-1
(y-a,)
- elt‘y n Z 174+ dy .
n
Tee 1=0
(aJ-ai)
J=0
J¥L
*
For y > wax ajy - a

J€ (0,1500050)

n

o ( )n-l (v- yo-1 |
EE: J-a4 /)y - ZE: - y-ay4 -0

0
- 1=0
’ 1=0 (31‘33) -T]_ (ai-aJ)

J=0 J-O
k] 3 I

since it 1s a dlvided difference of order n of a polynowial

of degree (n-1). Thus

-‘ 8' n ( a )0-1
gﬁ(t) - g oitY o j{: I-84/4 dy
n
/ —eo 1-§ (‘5'31)
3=0 .

¥t
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n a
1
= n ji: n o7 (y-al)z 1 dy

i=0 —[T (aj.ai) -00
J=0
Ik

*

n a

@(t)

1
o
o
-
L |
(- ]
[ ol
. o .
—
i
[
—
9
o
]
)
[=9
=

But using integration by partsfﬁ_b, L

. n-1 (nt:;}.]) K1 (-1 )k‘ Jltw k-1
S.tt- ey T
=0

wbhere (0)0 {s used to represent 1. Thus
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_ a‘-ni
o itay n-1 (n_kl) Kt (- 1)k itw n-k-l
¢(t)- n Z n 2 (it )k+1
1=0 ﬂ (aj'al) k=0 0
J=0
¥
i n ettal
= 0 n
1=0 W (aJ-al)
J=0
Ikt |
-1 -1 k-
[nz: (n?-k-l) k! (-l)k 1t(a’-a,) (a -ai)p “l
o0 (n)
- (u-1)! (-1)“-1 ] _
(at)"
) ] a n-k=-1
o (nt-‘kll et (-1)™¥ e ata” z (2 )
=N Z (;t)k-lvl ' a
o0 . 1=0 (s, -a,)
_ 1783
=0 ~

B ity
+ (-1)% at (1) Z

1=0 _H' (a “‘1)

i
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n

= nl (1t) 2{:
' 1=0 1_[ (ai—a

i

because all other teruws are zero for each

o1tay

k e (0,1, ..n’n"l) Bince

-

a )u-k-—l

n .
ﬂ (ag-a4)

-0

;

1s a divided difference of order n of a polynomial of
degree less than n and 1s thus zero. I
The denslty function obtained imn Corollary 2.3 can

be written in a slightly different form by using the fact

that

n

:E: (y-2,)""" .
120 ]-[-(.1 p

Jr‘i
since this 1s a divided difference of order n of & polyno-

wial of degree (n-1). Defining

1 ify>x
o(x) = .
’ O Ifty<x

>
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one has

Corollary 2.5 The density function of

Y= alUl + 82U2 + e + anUn

18 given by

® L) Geay) /
I ay -2y : e
£(y) = {
(y) = n Z - {
1ml W
(aJ-ai)
J=0
Ik

where
-1  1f y€(0,8,], 84 > 0
0 if y¢(o,ai'_1,a1>o'

I' -
0" 0 i ygen0, <0

L_1 1t y€ (31,0] , 8y <0
provided a, ¥ a, for all distinct 1 and J.

Proof:

Prom

1t follows that "
¢
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(y-a4)""" - (y-2,)""?
n - Z n
7 ey ™ 11 (agmap

J=0
1

and since the conditions of Corollary 2.3 are satisfied

n n-1

t(y) = n Z (y-a, )y
1=0 'H‘ (8, )

J=0 .
3L - .
. 1

. fi: o(s,) (v-a,)" o

1m0 -r' (e "“1)

J»‘i

; . i e(ai) (v-8,
fwl -ﬂ_ (2 -ay) - -ﬂ- (s0-a;)

=

- (-1)“n o(a,) (v-20)""
+

J;‘i

= elay) e yo-1 a (y-81)
S T () e(ao)jiz =

= Tl_ (a5-aq) = -ﬂ— (8y-2;)

J=0
Ik

n-1

=0

7y




3

® (e(a,)-el(ay)) (y-a,)"?
Z 31-918¢ y-24)
.. n
=T (agmey)
| o
9L

n -
o Z I(ay) (y-al)n ! , i

jm}

n -
(83-81 )
=

J
Ikt ‘

since a simple calculatlcn shows that ;(ai) - e(ai)-e(go).l

2.3 : The distribution of one linear couwbimnatlion with

repeated coefficlents

The general situation 1n which the poqaibillty of
equal coefficients existe will now be considered. 3Suppose

that only p+l ofltbe n+i coefficlents ao,al,...,an are

~ distinot. Denota‘thaao distinct coefficlents by bO’bl;"'fbp
and assuwe that n, of the ‘actual coefficients are equal to
b1 for 1=0,1,...,P, Notlce tﬁat the coefficlent b, repre-

sents ag = O and np-1 other zero coefficients. For the

derivation of tbe dintrtbutién function, density function,
and characteristic function of the linear comblnation -

Y = 83U + agUp + «o *+ 890g
the following resultgven in lu.lm-‘miwpaon | _(\19339 18 re-




quired.
Isoma 2.6 If g(n'l)(z) is contlnuous
1 tl t -2
Dn'l(g(z):zl,zl,...,zp,zp) - Sdtlgdta...SX(E)g(n'l)(vp)dtp_l

o 0 0

where

)np_l—l tnp-1~ BRI

. a=1 -1
1 5
(1't1) p-l

(tl—tz) ces (tp_e—tp_l
(nl-l)z»(na-l)! ....(np-l)z

Y)Y =

~

and 2z, is repeated nltimea (1=1,2,...,P).

Proof:

Using the divided differeunce property glven in

section 1.2 for repeated arguments and the property

1ty to.2
Dp'l(g(z):zl,ze....,zp) - Sdtl Sdta .o S g(p'l)(vp)dtp_l
0 0 0

(2-301)
where v, 1s defined in the statement of this lemma it

follows that

n-1 -
D (E(z)=21'21|.no’zp’zp)




- 1 9

(ny-1)! (0p-1)1 -.o (np-1)1 0;-1 ] p
ceedy

1t t _2( )
p~-1
. Sdtl Sdtz oo § g (vp) 8ty -
o © 0

Then using the chaln rule for differentiation

n1+n2+...+np-p
g(P-1)(v)

1 p —

and continuing in this wmanuer
3014-024-- - o+np-p
g(P (o)

1 \
(n,-1)! (ng-1)1 ... (np-l)! -1 n,-1
- ‘ 9 g‘

(n1+n2+...+np-p-1+p)(v )
P

= Y e (sp)

and the lewsa follows. |

R
/
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Since, by Lemwmea 2.1, (2.3.1) 18 true for a step
function tbe above result also holds for auch. a function.

Awong the coefficients al,aa,...,an denote those

equal to b, by 811’812""’31n1 (i=1,2,...,p) and those
equal to b, by 301,802,...,80 no'l . Denote the‘cové}agea

having these coefficients by siwllar subscripta. That 18,

UIJ (1=1,2,...,P 3 3-1’2t°°‘sn1)

UOJ (J-l'a’oc.’no"l) -
Then
Y= alul + 82U2 + ...+ anUn

- b0(001+uo2+...+U0 “0‘1) + b1(011+012+..r+U1n1)
. |
+ eee + bp(Upl*'Upa*'“'*Udnp) .

h l:
Finally defiune R(O) = 0 and

1 % - '
R(y) = Z Z Ugn (121,25 ..+5P) -
kel b=l o \
In order to obtain the distribution function of ; in the
case of repeated coefficients it qiil be rchirod to know
the probabllity element of the Jolnt distridbution of

R(l),n(a),...,n(p). This needed iuforeation 1s supplied bY

the following lemsa.
Jewea 2.7 The probabillty'oleueut of the Jjolnt
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-

aiatribun}oh of R(1)'R(2)f';"n(p) is
a!l Bp(;) dr(l) dr(%) ...fdr(p)
Mherae
, i po-l i : np-l i 62-1 nl-l
B(l;)f”(p)) oy e o)) T o)
P (n0-1)£ (nl-ljl .es (np-l)!

for the dowmain O €r €r € ... &T <1 .
(1) * T(2) (=7

Proof: _ '
. -
Relabel the original coverages a3 follows.
L ﬂ 1 sa e - H - 2 ‘.. .
Vo, +k Yial (1=0,1,...,p-1 3 k=l,% )
v°p+k - UO\C . (k‘-lgz’oco,no-l)

where 6,8, +-0, 8TO defined by

eg = 0 3 e, = ji: Dy (11,250 2sP) .

| =l
Define the ktatigfics,'ubioh'aro ordered in increas-

ing magnitude, ' .

N .
. G(i) - Z VJ (1-1.2,.‘..,n) .
J=1

It 418 known that (Sarhan and Greenberg (1962))
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. .
if 2(1),2(2),..3,Z(m) are the order statilstics correspond-

ing to a randowm saople of size ® from a population with
 the d;atributibn function H(z) and the density function
n(z) then the probability elewent of the joint distributlon

of the k order statistics Z vA veesZ wher
, (o) ()" 77wy °

1< 9, <9,y <... <'nk£ v, is gilven by

k+1

!- - =1
- —[1‘ [H(Z(nl))fﬂ(z(miﬁl))]ni “1-1

k+l

- - 1wl
|| (o -2y 4 1)!
1wl

X o
T ey 2@
1=l

for the dowain z < g £ cee £ 2 where mn = 0
(vy) = “(mp) (w,) 0= =

.'k-l-]. - wtl, z(nO) =» =00, and :("\;4.1) m $oo,
Applying this to R(i) - G(°1) (1=1,2,.+.,P) 1t

follows that the probability element of these p order

statistics 18

n! . P 01-01_1-1 P ,
P41 T For=e) 1T erqa)
]"{ (0,0 1-1)! 1wl 1wl -
=l 2

P |



0

n!

p-1
1-0- 1)' (j{: J-nl-l). ces (j{i E{: 3—1)' (n+1-§£1 J-l)!
J=1 J-l J=l
-1 02-1 np-l
Gy T ey e T e
(1 )no-1 d d 4
e o)) 9Ty W) e
= ul Bp(x) dl‘(l) dr(z) con dr(p)
- for the domain 0 < r(l)._ r(a) & eee X r(p) < I

The following theoream establishes the genoralizadion
of the result obtained in Theorewn 2.2 and uses the notation
defined earller 1in this section. '

Theoren 2.8 The distribution functlon of

Y= 1101 + a2U2 4+ aee * anUn

18 given by
n-p
n > 1 7 g
P(y)_- (-1) _ﬂ- (ng-1)! g‘no-1 n,-1 o _-1

R I p -
g=0 D .
bo b1 _ bp

P

(7-b4 )%
j{: 174 -
1= TT (by=b )

17"

W




Proof:

4

B
j (N

bi - h} (1‘1,2,-.0,;’),
J=1

Y can be expressed as the

Defining bl,pa,...,bp by

linear cowbination

(1) + h2R(2) 4+ cee + hpR(p)

and using lewma 2.7 1t follows that

= h
Y 1H

P(y) = Br(Y < 7¥)
P

- Pr(z hyRey) < y)
1=l

- S S S S n? Bp(r) dr(l)...dr(p_l)dr(p)

OSr(l)sr(a)s...fr(p)él
P
Z PyT(1)T
1wl ‘
1 r T3y F(2) P
- u! S (Sp) eee (53) § s(n)(y-Zblr(”)
o © o 0 1wl

- Bp('_!_') dr(l) dr(a) cse dr(p_l) dr(p)

where
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g(n)(z) ; 1 irz >0 . :
0 1rz <0
Furtheroore, slwmilar to the situation 1n the proof
of Theorem 2.2,
1 Tp)  F(3) T(2)
sy =nt (0 eee ( g(®)(s,,,) By(x)

0. 0O 0 0

. dr(l) dr(a) PR dr(p_l) dr(p)

where
p=-1
s, = (37%) + Z [(3-by )-(3-by 1 ] 7(a)* [(y-2)-(3-50)] 7 (p)~
i=l
Define r(i) - Fp_i+1 (1‘1,2,---,9)
81 - y-bl (1-0,1,--.,?) -

Then, again sizilar to a situation 1in the proof of
Theoremw 2.2,
|

prl * Zy + (:p-zo)t.1 + (zp_l-zp)t2 + eee + (zl-zz)tp .

Also

(1--t.1)uc‘-1 (t -tz)np-l... (t__,-% )"2'1 tnl-l
B_(r)= 1 p-1 P P _
P (ng-1)! (ny-1)1 -.- (ng-1)!

Denote the right side of the above line by cp(;) . Then the

distribution function of Y can be written as




A3

t

1 tl -1 : ) )
- n - -
F(y) = n! S S cee S Cp(g) g (zo-i-(zp zo)t1+(zp_1 zp)t2
? 0o O o -
- +-o.+(!1-22)tp) dtp...o dta dtl -
fewpa 2.6 now applies aund . -

F(Y) - n! Dn(g(Z)zzo’zo,--v,zogzp,zp’o.-,zl,zl)

n0+nl+...+np-(p+1)

(no-l)! (nl-l)! aee (np-l)! ny-1 , 0y-1 3np—-l
z

- &
-

B - %0 *

. Dp(g(z):zo,zl,...,zp)
using the syuwmetric property of divided dlrreronc;;'and
the formula for repeated arguments given in Chapter I.
rhen using the fact that Botpde..+d, = n+l and

the definition of Z4 (1=0,1,++5P)
a-p

J

P
1
F(y) = ““]—[ (na-l)! ng-1 n;-1 np-l
=

y"bo "b]_ ,"bp

. DP(g(3):7-DgsT =D sesesT=Dp) -

Also




XA

_ ) J
p(s) = ot (O ][ DT Togrd Ll Ao
R N R

. DP(g(2)15-DgsT-Byseses¥-by)

by the chain rule for differentiation,

n-p
o
- n! (-1) T\- (o, -1)! ABp~1 0171 g“p"l \
gbo b ®p

i g(y~by)

P

10 T enyvey)
J=0

,‘

)

- at (-1)" TT (o, -1)1 ny-1 A0y -1 -1
i Al N ...gbp

. i s(y-bi)

' =0
TT (bl“bJ)
Jﬂ




n-p

P . J)
- (-1)“-” (0-1)! _ng-1 joy-1 n;-1
' NG -

. i (v-,)%
p
1=0 ;ﬂr (6,0,
‘ =0 ' '

J
IFL

since, as shown 1in the proof of Theorem 2.2,

n

nl :
gly-py) = -
0 1f y £ b1
n —~
- (y‘bi)*_ . )
, nl

The proof of the theores i1s now g¢owplete. I

For convenieunce dafine
‘ aop

J

P
o ’[]- 1
.ﬂ D bo re e g

b, b, -

The following result is a consequence of the above theores.

CorollaglV2.3_ The density function of
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Y = a1U1 + 3202 + oo * anUn

is given by
p n-1 -

o)
£(y) = (-1)° n Inp Z S . (2.3.2)

1=0 -(T (5,-b)

J»‘i
‘Proof:
Using Theorem 2.8
£(y) = a_ F(y)
ay
P n

- (-1)" L o

1=0
TT (bg-b )

Jr‘i

provided the differentiation operations can be interchanged.

The reauit then follows. I
t coerficientﬁ the

giwilar to the case of distiunc
following result 1s obtained.

Corollary 2.10 Tbe characteristic function of

Y= .101 + ‘202 4+ ses *+ ‘.nUn

1s glven by
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P SLtbL
B(e) =nt 1) Iy, ) g :
1=0 -H— (b -b )
in

Proof:
Using Corollary 2.9 the character

1atic function of

Y is given by
oo P h n-1
ﬁﬁ(t) - S e‘1-?-5'(_1)“ o Lyp j{: D - dy -
| =0 ] (o) 1

-0

=0
IfL
The rewainder of the proof 18 sipilar to that of Corollary

2.4 provided the integratlon and dlfferentiatlod operatlions

can be interchanged. l

Using the fact that
P . )0-1

(y~b
O= Dn((y-x)n'lzlo,al,...,ln) = Lap EE: it
1=0 ﬂ- (bl-bJ)

o :»‘1
{n a different foras

formula (2.3.2) can be written

Corollary 2.11 The density function of

Yo aU; 480 4 oo ¥ 80 &

1s given by
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)

: P n-1
o I(b,) (y-by) |
1(y) = (-1) n Ly, Z - (2.3.3)
i=1
(bi-bj)
\ J-o
IFL

where
-1 if ye(O,bil, b, > 0

o 1ir yﬁ(o,bl] » by > o

I{by) =
)= 5 iryempd. v <0

Ll if yE(bi,O] » b, <0

|
Proof: '

J From

P )
y-
Inp Z " 1 =0

I |

3=0
| s
‘4t follows that -
, P
-1 (y-v )“-1
Lpp __(3-b0)__ = ~Lup Z p 1 '
P - 1wl
T (wo-by) 1T i)
el | =0
; J= . kL

This tﬁct 1s used 1in the following.

By Theorem 2.8 and recalling the definition of e(x)

N\




i ° (bi) (y-v,4 )n-l

%
=0 -[T (bl_'b.‘] )

J=0
K} 28

P n-1
_ . e(b,) (y-b,)
- (-1)" 0 Lap j{: ; -
1=l ‘\"‘\" (bi'bd)
§=0

(71

£(y) = (-1)% o Lop

X9

e(by) (U“DQ)n-l |

a
+ (1) n L,

P n-1
°(b1) (Y‘bl) )
s a iy ) —

1=1 -|T (bl-'b 3 )

J=0
i

P
- (_l)n n an O(bo)‘_ Z

lel

(,"b1

|
T o2y

)n-l

P

=0
s

(by-by)

i
‘\
X




P (alby)-e(bp)) (350"
- (1" 0L 2 1

P
1w}
T myeny)

3=0

It

i 1(by) (3-64)"" r

P
i=
O] gy

=0
ki)

since it can easily be shown that I(bi) - e(bl)-e(bo) . |

v o (-1)“ 0 an

2.4 3 Application to the distribution of the sums of

ordered intervals

The application of the resulis obtained iu the pre-
vious section is 11lustrated by a3 paper due to Bartoﬁ.and
pavid (1955) . In this paper they were concerned with the
analysis of the {ntervals whicbh arise bstween events
occurring randowly in tive.

A line of unit leugtb 18 randomly'dividaa by n
points xl,xa,...,xn fnto (o+l) intervals. The (n+l) inter-

vals between the successive polints, {ncluding the endpoihta,
are ordered in wmagnitude?
| okl

< < ... % £1 - S
0<H = H< Hon ' Zﬂi"
1wl
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)

At oae point of their paper they derived the denslty

function of the sum of (s-T+1) consecutively ordered

intervals
8
EDIE
{imy
to be
(g )= | ‘n_(o+1)! 5,
rs g-r-1

(n+l-s)! (s-r)} (r-1)! (n+1—s)

r-1 8-r-1 pap
k+h (T-1) [B-T (s-r=h)""
(}k ) Akh

TS ) )
: (h+1)(n+1-a)-k(a-r-h)

k=0 h=0
(2.5.1).

whearea

n-1 n-
Akh- [H(l-grs Eg:lk)] - [H(l-g w]

and
H(z) = 1/2 (1z| + £).
thej noted that if
(h+1)(n+lfu) ¥ k(s-r=b)
then it 1s a factor orllkh . Also if there are any terus

for which
(b+1)(n+l-8) = k(s-r-h) ,

and thus an indeterwinate form appears iu the above formula,
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the factor can be divided out bhefore the equality 1s
substituted. A i

In order to use thse approach of section 2.3 it 1a

required to expreas Grs not as the sum of the ordered

intervals but ratbher as the sum of -the coverages corres-

pouding to the order statistics deﬁarmined by xl,xe,...,xn.
That 1s, let x(l),x(z),...,x(n) be the order statistics

correaponding to xl,xz,..;,xn and deflne the coverages
UI’U2""’Un+1 in the usual fashion. Ordering the covera-
!

geh in ascending order of wmagnitude the ordered lntervals

U(l)'U(2)""'U(n+1) , Wwhich were previoualy denoted by
HysHps oo sHpyg respectively, are obtained. It was found

4n Chapter I that

1 ‘ ' -

U(i) - —;g%:s— : (1‘1321---nn+1) -.

J=1 '
Using this transformation G,, can be expressed as a linear
combipation of the coverages as follows}

s
0 = 2, U8)

1m

» i
M

qwr  J=l
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Uy s+l-1
- a+1 -1 —————— —————— .
( ) ji: nt+e-1 * n+2-1 U1
im]l 1w+l

Before finding the density function of Grn a few

A

results pertaining to the coaffiélenba of the coverages
in the above linear combination are required.

Four types of coefficlents can arise.

T?pe I al - 0 (1‘0,84‘1,...,0)
il-r
Type II a, = X {m1,2,.0050-1
P i ST ( <y ’ )
pype 111 a; = _s+i-T : jmr )
T oe-T i
Type Iv al = -—-B;Ea}".-.'i_ ‘, (1-N1’H‘2’ -'..,B)

For the appllcatlon of formula (2.3.3) 1t 1is required to
know what, if any, ooefricienﬁa are ldentical. In this re-
gard it can easily be sbhown that: | _

(1) Type I coefficlents constitute a set of n-s+l equal
coefficlents and tLype 11, I1I, and v coorficlentn are dia-
tinct from type I. _

(2) Type 1I cosfficients are distinct rro- one another
and the maguitude of these coefficients varied directly

with the subscript 1€ (1,2_,...,r -1) .
Q) T’}?’ v coafricienﬁs are distinct fros one another
and thilr sagnitude varies {ndirectly with the subscript

1 € (r+1,r42, cees8) -

. ro—



Sh

(%) The type 11l coefficient is distinct from all other
coefficients and 1s the lﬁrgeat coefficlent.

(5) The. posaibllity exists that type II and IV coeffici- "
ents are identical. More about this fact will be consider-
ed in Lewsa 2.13 .

To derive the gguneral forom of the deusity function

of G assume that only ptl of the coefficients are dis-

Irs
tinct. Denote these distimect coefficlents by bgsdyser+sDp
where o
by = 8y (1-0,s+1,...;n)
by = 8y (121,2,...57)
\bl = ap1 ‘ (1Qr+;,r+2,.;.,p)

and ap1 (1-r+1,r+2,...,p) are the type IV coefficients

wbich are dilstinct from the type II coefficlents. Let 0y

be the number of actual coefficlents 1dentical with by

(1-0,1,...,p) . It is kuown that

oy - n-s+l

v f

01 - 1 Or 2 (1-1,2,...,P-I’¥

: v
ni -;1 (1-r'r+1'-ic'p) .
Pinally, define vy = ®Wax (r,1) and let

D,(8.4) be-the smallest positive integer w auch that
Ay .

i
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s+1l-1

_T > g
5w T8
and

D2(Ers) be the largeat positive integer w such that

Theorem 2.12 The density functlon of

Grg ™ j{: U(i)

{=y
is given by
n-1
(1- i) J
. D2(Srs) o !
- 2.8 P 2.4.2
feg) = © Z by "T (by-b,)%J ( !
1=D, (Bpq) 173
. J-l
¥
where
o
Iy = (1-::)"‘1"]L (gra-bi)l’“i + (1-ny) 2 n'(bi-b')'l
w=0 -
wyi
by =0
1
b, =t (1=1,2,.-,P) -
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e

Proof:
égnsity function of Gra is

By Corollary 2.11 the

u-p

P J
f(grs) - (-1)n n.]_( (nkil): no-l ny -1
k=0 gbo D g p ( /v_\

s
n-l

p
ji: I(v,) (8.,-P )
=]

-‘—\_ (bi-bj)

| i
.
v n-p |
- (=1 )n n g i
(n-8)! 1 -1. el -1
g_bo gbl gbr-l
n-1
b, )

i’: 1(v,) (6,
1wl ﬂ (5, b)

Jr‘l
(2.%.3)

there is & possible ter®m

For any 1€ (1;2300039)




5T

n-p . n-1 N
() a d (B~ )
(n-s)! gn--s ;)01-1 ;)%_1-1 p
by b, Obpy W (by-b,)
| 4=0
¥t \
N
) \\
n.. 8-P n-1 ™~
- (). 9 (n-8)t (8pg-by) N~

J=1
¥

A P
| -8+l
Py Pro1 (bl-bo)n o _]T (bg-b;) | /(

n,-1 a-1

1
- (1) ® J (Brs-Py1) . (2.8.%)
-Dni-l P
TP —ﬂ_ (bg-by)"d
J=0
3%
Ir o, = 2 the above line is equal to
n ] n-2 n-l P -(Oi-lvl)_W
(-1) n ~(n-1)(Bpa=P1) - (8.5~Py) Z“-(bx"bu)
L n wad P n
1T y-eg)? ol I CCR R
\ 40
L,J‘l;? 3L ,m ]




— /
T /’_2 _ 7
= | / a -1 -
(-1} ® —:(;:;)(grnJhi) - (grs_bl)n jg: o, Py b,) '
| - W=0
uwyl
P
n
T wgnp
J=0
i ki B
n ny-1 n-n
= (-1) nj(1-n) (grs-P1)
n-1 P 1 1 \
+ (1-0; M(8470y) Z o,(by-by) 1 p .
n I
:;‘1’ -ﬂ—(bl-bi) J
3=0
kL
n n-1 1
= (-1) n (gru"bi) Jq |
P n
T wyop”?
J=0
IfL

On the other hand 1f 0y = 1 then (2.h.%) becowes

a-1

0

P n
3J=0
I
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n n-1 -
- (-1) o (Beg=by) 1 !

: p
n
T amog)
o
I -

since J1 - 1‘for ny = 1. 7 \

Thus (2.4.3) becomes

P un-1

n j{: I(by) (Srg-bi)'

t(gpg) = (-1) © _—
- n
1=l 'ﬂ' (by-by) 3

3=0
%1
n-1

8
P I(bi)(l-"?) 3y

- (-1) n Z - 1 ) (2.4.5)
-8 P -

i=1 b n
£ O] ey ’

J=1

L

each of the coefficients

Jg

Since

s+l-n
- -—————E—> 0 (1-1’2"“'9)

v
1 Toee-t

1t follows that

sl Af gog €(0sD
1(vy) = Bro € (0704l
0  Af g.g ¢ (0s04)

Furtbormore}“s{hoe b1<:b2<...<br. 1¢ for a glven B.g
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-

Ers ¢ (O,bi"_\ for some 1€ (1,2,...,1') then €., ¢ (O,b*]‘ for

u=1l,2,..- s1-1. Similarly, since br> br+1 > aes >bp, 1.1‘

3rs¢ (o,b,] for some 1€ (r,r+1,...,p) then gra¢ (O,b;] for
w=l4l,142,...,p. Thus 1t is only required 1in (2.4.5) to

sum over type II coefficlents by, 1= 1, where bil is the
soallest type II coefficient for which Bpg € (0’b11]

and over the distloct type IV coefflocients by, 1<1,

where b12 13 the smallest distinct type IV coefficlent

for which gpg €(0,0g,] © Defining Dy (Bpg) and Do(gpg) as

given in the statement of the theorem the result follou:.'l
In Barton and pavid speclal cases are considered
iu which formula (2.4.1) reduces to a relatively almplex:_
form. In the following, two speclal cases Bre considered.
In addition to stating the formula obtalned by Barton and
pavid for each case, the iwmplicatiouns and results using
the approach of this paper are given.
The first such case considered assuwes that
(b+1)(n+1-5) ¢ k(s-r-h) _
fér all k€ (0,1,...,:--1) and bG(O,l,....,s-r-l). Foruula
(2.4.1), which involves a double 8ud, then rédnoes to &

forwula Just {uvolving two single suucs. That 1is



. \ !
s-r~1 - a
-1 (8- - - -
f(gra) = K Z (s-r-h )B (Bhr) (’l)r h Ab {H(l_granﬁ-l-r-hﬁ
h=0 L s-r-h
r-l
K " Sh=1
2 (-1) (1‘ [H(l—gra-qf—;{'{?-)]
(2.2.6)
where
K = s! n (?;1)
s-r-1
(s-r)! (n+l-8)
Kiw 220 (MI) (ze;--r-t-l)ﬂ-r-1
(r-1)!
r-1
il [(h41)(or2-8) - u(s-r.n)]
t=0
s-r-1 >

B;l-.Y]- [(s-r+1)(n+1-3) - (t+1)(n+1-a+k)]

The followinyg levsd glves }he implications of the

above condition for tbin special ¢ 10 our approach.
coa 2.13 If (h+1)(n+1-c¢i> k(s-r-b) fo: all
k E.(O,l,....,r-l) and b e(o,l,...,a-r-l) then no type I

and IV coefficients are equal.
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proof:
| g+l-1 :
Suppose & type 11 coefficlent nio.3 » for soue
; ' | s+1-3 -
1€ (1,2,...,r—1), and a type IV coefficlent —n:?.‘—-g- , for
gome 4(5(r+1,r42,...,8),-are equal. Then
g+l-T 8+l-J
ot2-1 n2-3
which is equivaleut to
(s+1—r)(n+2-3) - (a+1-J)(u+2-1) .
That 18 |
4 = (s+1l-3)(n+2) - (s+l-r)(n+2-J)
g+l-]J
r(nt2) - j(n+l-sir) |
s+l-]
- Deflniﬂg-i-m ‘, '6-(1’2’.-.’a-r)
1 = r(n+2) - (r+u)(n+1-a+r) :
s+l-T-% '
o - _Wo¥i-s) L | (2.%.7)

g4+l-r-¥"

B4+1-T
Thus for the type 1T coefficient ‘n.o_4 and the

type 1V coefficlent -511;1- , where J = r+w, to be equal
m2-J )

it 1is required that

w(nrl-s)
g+l-r-M
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be an integer belonging to (1,2,...,r-1).
" Siunce W = ntl € (1,25 +28-T)s
(b+1)(n#1-8) # k(s-r-b)
15 equivalent to

x A u(n+1-s)_
s+l-r-¥"

Thus if (h+1)(n+l-8) ¥ k(s-r-h) roi- a1l k €(0,1,400,7=1)

" and htE(Og},...,a—r-l) i1t follows, in particular, that

w(0+1-3) 15 not an imteger 1o (1,25+0+,0-1) and the ne-
s+l-r-W"

cesaary conditlon (2. §.,7) for a type II and IV coefficlient
to be equal is not satisfled. l

Using Theoremn 2.12 the followlng corollary is ob-
taiuned.

.Corollary 2.1% If (b+1')(n+1-a) ¥ k(s-r-b) for all

kE(O,l’-.-’r-l) and he(o,l,...,ﬁ—r-l) thon

D (&rs) p-t

f(gm);n 8! (n-;l) Z (“l-ui).-'z (1-3“ 32__}-)

a+1-|n1

1=D, (8x5) s B -
T - e agmse-t)-ey (w20

J=1
Ik (2.4.8)

Proor-

By lewua 2. 13 1t tollous that no type IX aund IV

<

J—————
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coafficients are equal. Thus p = 8 and 0, =1 (1-1,2,...,8).

gubstituting these values in (2.4.2) 1t follows that

r(grg)
u-1

D (Er5) (1-3“ p_«:a__z_)
2 B+1-m1
= T
: 2-8 8
1wD; (8rq) <3+1-m1) —H (a+1-m1 _ s+l-m ,1)
n2-1 n+2-1 u+2-J

J=1
31

g D¥2-1 ) (o+2-1)

D2(gr3) ( TS g4l-w J;i

= N ‘ L
28

B
1-D1(gra) (a+1-m1) TT[(1..3)(s+1)+m3(0+2-1)"“’1(“+2'3)]
. j-l
i
o-1

: -2
D, (Epg) (54185 (1_3“ ‘Er_+_2_1._)
8+1-04

- n§n+1!!

(n+1-8)1 1D (E ) 8 _
. e -[YW}i-J)(a+1)+mJ(n+2-1)—u1(n+2-J)]
J=l
i
Forwula (2.4.8) then follow

noting that 1
___(n""l)!__- a! c’:)o '
(n+1-8)1

s from the above 1ins by siwply
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1t can be showWn that Barton and David's forgaula

(2.4.6) and foroula (2.4.8) are equivalent.

Tbe_second speclal case 13 based on the agsumption

that r = 1. In such & case Rarton and David state that

formula (2.4.1 ) simplifies to

8 - _n-1
1 - -
r(gl CH- j{: ) (- 1) ks 1 {H(l‘gla n+1ké+k)}
8-1 yml
(n+l-8)
(2.4.9)

In our approach 1 r = 1 then there are no type 11

s and the followlng corollary 1s obtained.

coefficient
Corollary 2.15 The density function of G16 is
given by
Do(B1q)
C-.+1) 2 "ls (a) 1-1 8-2
f(gls) = 1n \8 E 1) 1 (-1) (s+1-1)
s-1 ;.
(a+l-8) 1=l
n-1 n.
s+1-1
Proof: |
gince r = 1 there are no type 'I1 coefficients and

xcept for type I, are distinct.

thus all coafficients, €
1-1’2’ .o .’B)o Furtbomore

Therefore p = 8 and 0y = 1 (

n, = uwax (ry1) = 1 (1=1,2,+0028)¢

1t follows

Using Theore;/z.la, with theses values,

.
:
t
!
t
:
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that
n-1
a+l-1
1=l (s+1-1) -ﬂ a41-1 _ o4l=]
o+2-1 n+2 1 n‘*'z"
3=l :
J# |
n-1
Da(gle) 6‘-818 0+2'1)
s+l-1

& (3-1) (n+1-8)
Tl— (n+2-1) (n+2-])

J=1 ‘
JF1 )

mz-t) 1(n+2 1) ﬂ- (ws23)

1-g
D2(818) ( 1s 8+1

:- " ; (:s+1--1)2”'El (“‘*1'“)35—4‘3'
(3-1)
J#l
n-1
| Dy (815) (1'315 '3':23:_'{)
i (P+1:B?a£§t:ii—s)l gi; (o)t (et
s~-2

1-1 :
. (-1) (s+1-1)
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Pormula (2.4.10) follows frow the above line by noting

that '
(n+l)? = 1 ( 31) (i) . |

(o+1-8)! (1-1)! (a=1)!
Although formulae

(2.4.9) and (2.4.10) should be

equivalent, 1t can be shown that they differ by 3 factor

: s+l -
(-1) . However derilving the density

15 general formula (2.4.1) on
at to (2.4.10). Thus foraoula

function for r = 1

from Barton and David e ob-
tains the expresasion equivale

(2.4.10) 18 assumed to be the correct oue.

.
1
J




Chapter III : The Joint disi%ibutlon of two linear

combinations/bf uniform coverages

3.1 2 Introcduction !

The problem of finding the Joint density function

for two linear cowbinations

Y = 2% a,Up * eoe ¥ 210%n

Y2 - 32101 + a22U2 + ... + §2nUn

of the unlforam coverages, based on the sawme randowm sample
from the uniform distribution on the interval-(o,lf, is
now investigated 1m this chapter.

Previously such & density function has been
derived but varying degrees of reatrictlonﬁ on the coef-

ficlents

alJ (3-112300*1“ ’ 1-112)

i
v

were required. '

Ali and Mead (1969) considered the Jolnt distri-
pution for several 11near_comblnatlon5 of the unifore
coverages. In particular for the case of these tWO

1inear cowbinatlons they found, definlug 8,4 -ty ™ 0,

that the' joint density functlon was given by

68
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1 8y 83
\ 1 81J 823
i |1 vy Y2
(n-2) 1=0 J;P \ \
¥ 1 a
L 1)
, n-2
1 a3y B2y
1 al.1 323
. ¥ 9 Yo (3.1.1)
|1 a1y %21 |
2 o}
ﬂ 1 a3 %2y
w0 |1 21k ek
kgl , 3
provided
|r 2y 821‘ .
1 8,y 854 y O (3.1.2)
[1 8y %2kl
and
1 &
“\# 0 (3.1.3)
1. 8y 4
k. The functlon .115 defined by

for all distinct 1, 3

)
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1. 1r 22> 0

A(z) - .

0 1 z < O
They obtained this result by jnitially finding the char-
acteristlc function and then snverting it in the usual
fashion to obtaln, the density functlon.

The restrictions (3.1.2) and (3.1.3) oun the
coefflcients were required to avold indeterminate forus
1n the density function given by forwula (3.1.1). Consi-
dering the coefficlents for corresponding coverages 1lu

the two linear combinations

Yl - 81101 + 812U2 ¥ e + aann

as coordinates of a point jin the tuo-dimenuional
Euclidean 8space, the’ abacisaa and ordinate of which are
frow the first and sacond 1inear combination respectively,
the rgstriction (3.1.2) 18 equivalanb to the geouetric
reatiction that no poipts are coincident and 0o three
points are colinear and the restriction (3.1.3) is
equivalent to the geowetric restriction that no two points
are vertical.

Mead (1969), using a geometrical approach to

replace 1n (3.1.1) the function )| defined above,



Ty

reduced the nuwber of sums in the joint density function

(3.1.1) and abtained the equivalent formula

J n-2
18y B
N a4 8,
n 1-1 ey 22 J J
f(ylnyg) - __Ei;_ EZi Ei:A sgn 1 bA T Jo
(n_2)t ' t -8.13 323

' ym2 =l 1 a8y 854

¢
W 1 83y %2y
c=0

WAL, 3|1 33 Pk

(3 tluu)
where ' '
1 1if (yl,yz) 1ies in the triangle with
A vertices (0,0), (8745801 ,'an@ (alj'azj)
0 otherwlse
B ) -
apd (310:320) - (0’0)- ‘ A//

The first attempt to remove the restrictiouns on s
;be coefficlents was undertaked by S. W. Liw (1972). Shﬂ&

was priwarily concaerned witb the rewoval of the restrictiocn \\2\

that there be uo colncident poiunts. She aﬁjunted the
colncident pointsa in such 8 way that they were no .longer
coincldent and thus for this podified problew forwmula
(3.1.4) could be used. She then considered the 1imit as
the adjusted polints approached the original ones. The

roqultlng density functlon was

e ek = AT
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s e ey

p 1-1 a
1k, a2k1

f(Ylyya) = nl ji: ji: Ak . 880
: (0-2)! 3.3 j=2 173 21k B2k

(n+1)-p

1

1 8, (o+1)-p o -1 o -1

P
“ (n,-1)! - a a

t 1 a w, Ik
1=1 P

=
-
*
L)
L]

EKJ

n-2

AN 1 a ‘
1Ky a2k1 )

1 =
1k, a2kj

1
y, Y2

P 1 a
1k, B2k,

TT 1 a a ’
lka lkj

h=l
ngL,d

18y Boky|

where (o+l) 18 the total number of points (311,321)
r of distinct poluts

numbar of actual

(1-0.1,...,0), p is the total nuobe

) (1-1,2,...,p),'and n,
j1th distinct point (
«d under tﬁa assupptic

no three points were colinear. However Bhe also noted that
used for certain casesn -

with wodifications 1t could be

ia the
1-1'2'. [ ] I.p).
n that

(alkl’a?ki
points colnciding at the

This foruula wan derliv
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juvolving colinear polnts.

In tbis chapter the Joint density functlon of Yq

-~

and Y2 13 found with no restrictions whatasoever. The
wethod employed 18 pasically the same as that pf Ali and

( mead (1969) except now the wore general characteristic

~

\gunction, derived in the next sectlon, is used.
i

| 3.2 : The characteristlc function of two i1inear coumbina-

!

/ tions
As a consequence of Corollary 2,10 the general
characteristlc rfunction for two linear combinations of the
uniform coverages can be obtained.
Consider the linear combinatlons
U1 + 312U2 + .ee ¥ 3 U

I =a8n n’n

¥, = a213{ﬂf“322U2 4+ ... + 85,04
and the ntl suuws
8yt * 854t (1-0,1,...,n)
where 2,5 ™ 850 " 0 and %, and t, are the arguoents of the

characteristic function of Y1 and Y2.

Subpoae there arse only p+l diatihct sums, denoted

by, byybp F boysto (1-0,1,...,p) and that un, of the actual
sups are'equal to bty + by to (1-0,1,...,p) .
Lewma 3.1 The Jjoint characteristioc function of Y,

u

and Y2 is

e ———



T4

n-p
n_-1)! -1 n_-1
¢(t‘1 2 0o 0 ...gp
10t 1+P20%2 bypt1tPopte
b
L 1(b), b ¥bo, t5) _

1=0
[(bli lj)tl + (b, - 2j)t]
1

Jy‘
Proof:
Letting 'E! denote the expectation operator,

L(tlY +t2Y2)]

Bty rtn) 'E[

- E[

e¥[U1(a11‘1+321°2) + oee + Up(a1pt o0 2)]]

n-p
P
n! 1 :)
-0 ] (nb—l)! ng-1 ng-1
B.o N N
b1ot1+b20t2 by ptithepte
P 1(by ;%021 %)

T -

-1=0 ﬂ [(b b1t o) - (By461¥00y 2)]

g

rolloua trow Corollary 2.10
linear combination of

This llne which gives the B

characteristic function for a ‘single
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the uniform coverages. The fora of the characteristic func-
tion glveun 1iu the lecua 18 obtalned by a siuple rearrange=
pent of the terwd jn the denominator of the last line. |

The proof of the following leowa 18 identical to
the one 1un the paper by Ali and Mead (1969). |

Lewsa 3.2 The expression for @t ,tp) in lewsd 3.1
i1s analytlc everywhere 1D the conplex'tuo—dimensional
space. |
. lr As a result of this lemma,ir the Inverslon Forwmula
for characteris&lc functions 18 used to find the deunsity
function,the jntegrand of asuch a Forumula will also be

analytic everywhere 1n the complex tlo-dlnenaional space.

Thus the density functlon of ¥y and ¥, can be evaluated by
successively integrating with respect to tl and ta using

partial fraction decompositions and dlatorfing finite
portions of the contour of integration 4n such a way B¢

as to avold the singularities that ocgugﬂ}t the terss of
the integrand are considered indlvidually: gince the inte-

grand 1s analytic 1o t2 after the first {ntegration the

contours can aéain ve distorted.

3.3 The Jjoint density function of two 1inear coubtnatibns

The Joint dennlty,function of Yl and 12? denoted bY

f(yl.yz), {s obtained by basically tbe sauo_nothod used by

v

e T T

g i e ——



Al1 and Mead . That i, the density functio

by 1uverting the general cha

in the previous gection. To egvaluat

rals the following results, obtained fro

g
resldues, are reqdlred. For constants ta!' and 'b',Juith
19! real, |
(- 1) 2m” 8 n-l if a2
e-Laz 4z = (n-l)' _ "
° 0 A if a <

where the cO

a senl

where

L

-circle abov

_132

2+b
’El

_El ig siwmilar to

such that -b 1ies

Let

atour L, conslsts of the real axia, except

a the real axis fromw -¢ to ¢ (c > 0)

—2“1 e s a >0

dz = -
1t a <0

I, , except 1o the semi-circle

velow 1t.

(1) v+l be the total nuuber of points (allgazi)

(1=0,1,5 -

(2) p+1 be the

3

.;n)}a

total nuwber of distinct polnts (byye

polnts coinciding at

{ th distinct point (1-0 1,....9)

Define for each e

1at1nct point (b11 s5,,) (1=0, 1,.009P)
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n 1a now found.
racteristic function obtained
e the resulting inte-

o the theoTy of '

0

0

for

and

is

boy )

ihe

the

-

e



This is & se:(jf Py elementa each of which 18 & gubscript

correspondlu to a distinct polint which 18 coliunear with

(bli’bai) and 1s takeun as 8 representatlve of all other
polnts cé?lnear with (bli’b21) and the polunt chosen. Thab
13, all poasible sets collnear with (bli,bai) are deterwiu-

ed and frouw each set oue poiunt ia chosen Lo repressut the

other polunts 1in the collunear set. The auwbers plll’piié’

...,pup are the unuamber of boints jn the set which 18
1 R .

colinear with (bli,bal) and is represeoted py the point

v

correspondlng to the gubacript 11,12,...,1p1 respectively.

Hence

(1) 13 1s the subscript correaponding to the representa-
tive polnt for the éollnear sét J (J-l,2,...,p1)

(2) py 18 tbe aumber of aubscripts 1o Sy, that 18, the
nusber of distinct setls col;near with (blt’b21)

(3) pyy 18 tPO augber of poluts represented bY the polut

h|
correspouding to the subscript 1j (J-1,2....,91)-

Furthermore,'for 4u0,1,+-<sP? define:
(1) v, to be the set of polunts paviog the sawe abncissa
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as the polnt (bli’bEi);

(g) 8y to be the set S1 4ith the subseript corresponding
to the pepresentative point of the vertical
collnear get owitted.

(3) pi to be the number of plemeuts in the set Si.
Notice that if there are no vertical points then s; 1s
{deptical With Sy and, p1 = Py -

‘Fipally, for convenience, define

11- bl@ bgi ' 1 bll b2i
(1 § k)= |1 DPyy bogl ! (1 3y)= |1 Puy Doyl ¢
“’, ]:w plk bgk 1 yl 32»
A=p
fr i ’
FHP £ (ng':l)g gnofl n‘l"l p‘l
'0 - b e
8= “Pgp P21 P2p
p -1
(bqq= ) v H
1171w \ 1 .
P; = “@3; _ _ o -ﬁ]\ | (p 1)! gpik -1
e _-“’ keSy Doy
-ﬁ_ (p11=P1r) Tr (b2y-ben)
ru=0 h@vl.
el o \
?évl




1 19

gpik -

A ————————

where -1 represents the appropriate partial

gpik
kéSi b2k

derivatives omitting the partial derivative with respect
to the ordinate of the verticél representative point.

In the proof of Theoreum 3,4, in which the joint
density function of ¥4 and Yo 18 obtained, the joint char-

acteristic function of Y3 and Yo will be required However

before proceeding to this theoren & gore convenient fora
of the characteristic functioun, glven jn lLeuwma 3.1, 18 nOW

derived. )

lewoa 3.3 The joint characteristic function of

Yl = allul 4+ 812U2 4 aee T aann

Y, = apyUy + 8gal2 * e ¥ 820Un

1s given by
¢(t1;t2)
P 1 (b4 tq+Poyta) ps-2
Dy JAutthertel (0 i
- %%‘K“p jil n-1
= 1=0 tz Jes T“
' (£ 3 8)
ch
ghst
+( 21°P 1
bli‘bld

N
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Proof:
g Leomma 3.1 the characteristle funct

Usin 1on for Yl
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sl

1(blit1+b21t2)
LD A
2 - -
=2 WTT [(bli‘blj)t NALTE sz)t }
" (3.3
por 1m0,1,,r¢sP the product o

1

e —— 7

T iﬁplz’bzg)‘l*(bé;‘bza)tzl

i

ean be written

——

1 W - e

___,_..__-—-——'—'__f____.._—-—-—-——

[u’; 30 *(bzi“baJ) 1}T\- [(b L" m)‘ +(byy ~Pop, ¥ 2]
B@V

S ::ﬂ o
"25»-* %

e 1 l‘ .‘
ﬂ:[(" 1""13)‘ *("’21"’2;)‘2] TT [(bax"’ah)‘a]

| hevy
%tv1

. 1_ ' R

_____.______-———

:rr (bllﬂblr) Tr [ (b ':2 ) ] ﬂ [(bgl'b?.h)t?]
g HoN hevy

?&%1 . ﬁvl _
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sy

1 —
= P Pyy ,
ﬂ_ (b, -0, .) ﬂ_ Xt N 217 ) ‘X T—\ [(b21'b2h)t‘2]'
r=0 :j:zf',1 1" 13 hevy
THL
1:'_£\J'1

ﬂ (bli-blr) ﬂ (ty-b 13)\-" [(bzi’ban)tzl

#1 JESi hev,
eV,
b, -b
. 21" 2
where b;_J - - T}"Tb_l_ta, pyy-1
=_ 1113 . : D
A S
L TT (pu-l)! Pu-l( 1-b;3)
I gbiJ
—T (bll-blr) ﬂ[(b 1'b2h 2]
RGAE
rtvl . gpﬂg"l
- 1 — ﬂ (pm-l)l Pyt
kéSl gbik
-ﬂ- (byy-byr) W [(b21-b2b)t2—l
nev,
ry‘l
::'ﬁn‘L v
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w0 hevy
ril
révl
Pr-1
Pyl A 1K
L] - -1 : |
' (pyy 1) 1k P1x
KES 2 | l
! _‘ by || GaPey)
Jesy
pyy-d
iv
H (bll bl\i)
ueSi
p Pyy. ~Pi
- “Pyv, 771
]—[ (y;-P1p) ‘ ‘ [ﬂhei’b2h)t£] 2
r=0 hevl
Tl
rfvi '
“Pyy-t :
T i 1 )]
. (p -1)! P ‘f
™ ik
X€S, 3 2t
1 boy b
;e31 1:
where pyy, 18 the number of polnts vertical to (bll’b2i)’
1

\

N ’
~
AR
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TT ey Tl
(151w I byl
weSy teg!
i w €Sy . 3
v p-pl kES' (le-l)! gpik-l
i
ﬂ (0141 T py®an) b2 Yoy
r¥l
TfV,
- J— 1 I
1T [eqpageat e byy)te]
Jes;
P
‘ ‘ (65710 iw gpm 1
wesy ﬂ 2 TS
- p '(Plk- gpik—
‘ 1 p_p| KESy o
r=0 hevy
r¢l
AN
. 1 o
| ﬂ [(bu"’n)‘ﬁ’ “’21“’21)‘2]
. 1
JES1
(3.3.2)
1 bli
purtherwors, since 4 O for 1w0,1lyeeerP 7
1 le
JES;, using t.he' part.ial fraction expansion,



- 1

1 » j{: 1 .
n =/, n x-84
ﬂ (x"gi) 1=0 —W (81"83) ' \
1=0 A

3=0 ;
3L

l,...,gn are distinct, with tl

where go,g

1

']_{_((bli'blj)tl;(b21'b2j)té]

‘>JeSi
- 1
TT o Tl 25
1 t1=| Do byl 2
qes] ses] 1713

1 —

S S S
| EHA (_bZI'b2J "’21“’25)t
]-Y (by1-P1q) ges! 4Py P117P1g e
g¥

qﬁSi
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t
py-2

Cgonm™
-b

s, ("21 2;)

l‘W_Y[(i 3 g) té] t1+ v

1
gESy
ghd

gubstitutlng this result in (3.3.2)‘1t follows that
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rip——

1 ———
P
T (by,-by I8,~(Ppg"P2y)b2
T-‘;[(li 1377172l 2d /]/
s /
Piw Py
ﬂ (bli-blﬂ) g
1
WESy —W (Plk"l) pik-l
= p-p, KESq b
i
ﬂ (byy-Par) ‘ﬂ' (v2y-ben) 2 -
hevi
r,u
r‘vi
91'2
(by4-P1y)
ji: — (721 ‘)
sesi T [(1 3 8) ta] ™
geSi ‘
g¥d
Pyy?
P
W (bli'blll) 1 g
| 12—
wESy . — ﬂ (Pi\:"l)! g l'nc
- T p-l kESi
'YT (byq-P1p) —(Y-(bzi'b2h) 2
heVy
rfi -
rfVy :
: Py -2 ;
(bll.bljl_._—-—-' —
S - | (E?_Lt:?—l)t
jesy 1] (1 as) bty Py
BeS1
ghd



g8 ‘

py-2
Dy iij (byg-Pyg) o 2
- —_— -
o1 jes. (berbz J)
b2 ! 17( (138 b1+, by 2
geSi
g¥J

.3.1) the characteristic function

Using this iuo (3

can be written

LI 61(b11t1+b21‘2) (bli'blj)pi:i_
"—‘%““vz?ﬁ -
1 1=0 ° Jesi ]‘T (118
'
=
.1 e
(bzi'bag)

t1+ b4~y *2

EN

and the proof 18 couplete.




89

and '

1 byl

1 b13

the Joint density function of

The followlug theorem glves
Y, and Y5 - '
Theorew 3.4 The joint density function of
¥, - 811U1 + 312U2 4 ose t alnﬂn

Y, = 801 * agolp * *00 T 85000

18 given bY
P . n-2
f(?1s¥a) - ul Knp Z/‘i D1 2 '113 (bli'blj)n‘:’?—%
(n-2)} {e0 €8y . )
-1
A\TT ase - (3.3.3)
]
g;%t




Prcof:

By Lemma 3.3 and the Inversion Formula for charac-

~

teristic functions

-

f(?1:32)
R 1(by b,+bo tp) Py -2
- _a! K g S Z o1 o ByyPyy)
2. n n-1
| ) 17 @ase
- geSy
7k
-1ty -4, |
. 8 171 a 22 dt.1 dt2
| ("21“’21)
*171by -2, ‘2 ]
Lo | P 0'1‘1(’1“’11)‘“2(’2"’21)
- nl Knp S S Z i
e T3 a8 et
=T e Jeds (1 J8)
[ ]
g€31
&#d
' .
Py -2
L Ve VL avy atp

Note that by lLemea 3.2 1t tollo,u
is analytic everywhere in the

cosplex two-dimensional spao

that the above {integrand
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Holding t, fixed, distort the contour of lntegra-

tion for t, to avold 21l singularitles and iotegrate with

respect to ty tera by term using the formula

1ab s
-2Ti e if a=0
o122 4
Tz4b 0 ifa< 0
L
for the contour integrals. Thus
r(y]_!YQ) .
o P 51t2(32’b21) L pi-a
SPI i)y
e LTIl T
-~ (1m0 t JesSy o ' .
2
i ' -IT (Y35 8)
geSy
er¥J ‘\\
‘1t1(31"b11)
. ) - .
S at,y padto
1-P24
Ll ey b, /b2
e t e ¥ d
and since
[ i | b )(—“lbz_!’ba t
-4t (y,-b,, ) —2mge” V177117 4 by J 2
e 11 11 L -b..20
. = dt, =S 717914
bay=Pa '
lj t.+ t -
1735401y 2 ‘ <
L o - it ’1'b11 of
=%




and

hEi'b2J)t
2

l(yl-bli) (bli“bIJ

-1t (y2-Ppy )
e -

1
| o 1 b ‘
'1t2E32'b21)(b13‘b11) + (yl'bli’(b21'bajﬂ i
' . 1l -bIJ
-
’ o ’ - )
1
| 1 by -
L . ] .
the density runcéion can be written TN
~ - _ - . "\_/} p. 2
R 1"
| I R 30 (b}4-by4)
£(y1035) = 0t (-1) "7; Knpg 2 a-1 Z _
n= - -0 t €s,
| 2m =% AT wae
. gtS{
- d’ .
et (1 33) | 4

1- b11
1 b4l o,

‘adu distort the contour of integration for %, ;o
[

3
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avoid the singularity at t, = O and integrate with respect

‘to tp term by term using the formula

n n-1l

T n .
(-1) 2vi a = 1ra20
v ~1)!- :
_iaz ) (n-1)
'g 0 dz = : g )
.o Ty oo if a < O
_El z : A
for the contour integrals, Thus
’ -
. py-2
| L4 o (bri-v1y)
r(ylryz) - nl ("'__1_1 Kap Z ’ll Dy 2 ‘
n~1 - !
211 =0 Jest T (13 8)
]
BESA
eh)
) 1 ' L
~ 1 by -y 7
.g e ' dts
n-1
r t2

n-2

2, ‘ 1y 4(Pqy® )p{.2 1
u LG AN ¢ Sl ¥ R
- ni(-1) Ky j{:JiDl 5{:' gn 2 1k b1y

(n-2)! 1=0 - J€3g : 1 b
|~| (1 J &) 13
) €Sy |
&)

sinoce




g4

n-2
i
n-1 n-1 1
(-1) 2m 1
L Jjy)
-ita) h by 1 by
n-2}!
1 by (n-2)
_ : (1 §3)
e Cdt, = N 1 Ny, > 4
n-1
v2 1 b,
i 137)
0 | i bygl < O
g 1 b;J
- n=-2
(433
1 bli
a-1 w-1| [l by
- Ail (-1) am L . .
(n-2)1
Finally
1 2(1 s )n-2
. b y
o 11 1

- of sowme of the terus 1n the above

(n-2)! 120

] ) Gy T 3o

[}
gE3L
eI

and forwulas (3.3.3) is obtaiuned by a.simple combination

1ine. |

Fe
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3.4 : Application to ‘the distribution of the sums of

ordered intervals

To demonstrate an application of the results obtain-
ed 1n this chapter the paper by Barton and David (1955),
which was used as an 1llustratidn in the previoﬁﬁ.chapter,
in considered. In their paper they wanted to derive the

joint density function of G, and G, . (v < r) uhere

v a
’ Y Gtv - Z U(i) and Gru - Z U(i) ,
1=t 1-;‘ ’

They concluded that the following expression sepus to be

the most convenient form of the Jjolnt density function. )

f(gtv’grn’zl’ﬂ"'zv-t)

- t=1 rev-l s-r-l ' | -
SOMD Z (o) )
k=1 o=l '
HV+a-r-J-1 8-r
. (A1) (341)  Awmy
(s-r+J)(o+1-8)-k(J}41)
where |
£y - “(t+1;1) C (1m1,2,00,9=t)
(o+1)! nl
- (Ml-s)'-ﬁl(--wt-ﬂ! (t-1)! (r-v-1)! (--r-l)l(mlgs)!

and
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v-t
-r+eH2 '
Aumy = [H(l-srs 9—;—?—‘-‘;-1— - gy, (r-v-u) + (r-v-m-1) z z,
. 1=
. n-v+t -2
+ (r-vfn-k-l)zli]
v-t
- _ n-s+J+2 _ j{:
B [H(l S’I‘B 8141 (1+AJ)8tv + Af’ .Zl
A L

n-v+t-2
+ (AJTk):l)]

with

Ay = (r-v-1)(J+1) - (o+l-s)(s-r+]) .
: J+1
To use the procedure of this chapter 1t is neces-
-sary to follow in a manner similar to thit of sectlion 2.4,

Expressing G, and Gr'-in terms of the coverages one has

. t h v _
Gy = (v+1-‘t,)z it S -l g,
n+2-1 ; o=}
im]} 1=t +1
and
r !
rs - L

Considering the coefficisnts of correqponding COVerages

as coordinates of a point in the two {mensional space
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the following types of points are obtained under kbe as-

sucption that v £ r.

Type I (a11’321) = (0,0) © (1i=0,341,...,0)}
fype IT (311'321)_' (z:;:z , Z:;::} (1=1,2,...,8-1)
P () - (20 e

Type IV (all,nzl) Q (z:;:i , ::;:i) (1ft+1,t+2,..;,v)
Type V (214,850) = (0, if%ff) 1mv+l

Type VI (ali'a21) - (0 ’ ififf) (1-v+2,v+3...;,PJ
Type VII | (a;i,aal) - (o,, ifgf%) (1mr+1,742,.4.,8)

To apply formula (3.3.3) certaln 1nrornatzo§‘regar¢-
ing the points 1s required. It can eanily be shown that:
(1) Type II points are distinct from onme another and all
belong to one colinear set. The sagnitude of both the
coordinates. of these polnts vary direotly with ibi
subscript 1€(1, 2,...,t -1). |
(2) Type IV poluts are distinoct fros one another and 111
belong to one colinear set. The magnitude of the rir.t
coordinate of these poiuts varies indirectly with the




(3)

()

(5)

subscript 1 € (t+1,t+2,...,v) whereas that of the
second coordinate varles directly.

Type VI points are distinct frowm one ahother and
similarly for type VII pointas. The rirﬁt coord{aate
ér each of these types of bointa is zero. The magni-
tude of the second coordinate of the type VI polnt
varies directly with the subacript 1< (v+2,v+3,...,T)
whereas that of the typﬁ VII peoint varies indirectly h
with the subscript i€ (r+1,r42,...,8). The magnitude

of the second coordinate of the point (‘lr'aér) 1s

the largest. These two types of points constitute a
vertical colinear set.

Type I;III, and V polnts each belong té exactly two
of the colinear sets given in (1), (2), and (3). The
type I points belong to the colinear sets of (1) and
(3) and the type II and V points beloug to the
colinear sets of (1), (2) ana (2), (3) fospeotivoly.
All other points in the three colinear sets of (1),
(2), and (3) do not belong to tbe other two.

Type I points form & set of n-s+l coincident points
at (0,0). All othe.r points are distinct fros one an-
other except for the possibility or‘ a type VI polnt
(‘11"21)' 1 € (v42,943,+..,0=1), belng coincident

with a type irII point (tu,au). 1€ (r 41,142, ¢0,8)

where ¢ is the largest integer such that the type VII
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point (ale,aee) has a larger ordinate then that of

the type .V polint.

(6) A1l type II pqints have a smaller ordinate then any
type IV polint. The type III point has the largest
absciasa awoug all points and the type V point has &
szaller ordinate then all type VI pointa.

In any problew formula (3.3.3) can be used to find

the jolnt density function of O, and G . (v < T). The

above remarks supply, 1in generai, the 1nf9rnation requirj
ed to use r;rmula (3.3.3) except for certain possible
situations. That is, thres possible situations exlst which
cannot, to any appreclable degree, be resolved. They are:
(1) the possibility of having a type II and IV point
being vertical
(11) the possibility of having a type VI and VII poilnt
being-ooincident '
(111) the possibility of baving type Il , Iv, and VI points
" or type II, IV, and VII polnts beiung colinear.

As a result or-these problems the form of the
density function in Theorem 3.4 cannot, 1n this particular
problem, be reduced to & such simpler forw. aquovcr speoial
oases éan be cited 1in which all or some of the above '
colncident, vertical, and ool;noar-problois ars eliminated

and the desired reduction is possible. Jowe of these cases

aret
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(1)

(2)

(3)

(%)

(5)

(6)

100

If. t = 1 then the wvertical and collnear probleus are
elioinated. € r |

If t = 1and © = v+l or r = v42 then all three prob-
lems are eliminated.-

If r = v+l then the coincident and colinear pPObiems

are eliminated,.

k(n+l-3)
8+1l-r-k

If 18 not an integer in (1;2,...,r-v=2)

for some k€ (1,2,...,8-r) then the colncident prob-"

lem is eliwminated,.

]

If k(n+1"“l—‘1a not an integer in (1,2,---:t'1) for
v#l-t-k

pome lce'(1,2,...,v-t) then the vertical problem is

~eliminated.
K
If 1k2 is not an integer in (1,2,...,t—1)
Vil-t-k,

. fOI‘ some kle (1,2,...,‘7—1’.) &nd some kae(l’apooo’r"v"l)

and in addlgion irf -
ky [(r+kp) (841-) - (v41)(s+1-r-kp) = (m2)kp]
(v+1-t-k1)(s+1-r-k2)

—

is alo? not such an 1ntegar ror SOme k1 in the range

glven abovo and for some kp € (1, 2,+00p08-T) then the

coltnoar problen is eliminated,
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~

To i1llustrate a possible selectibn of the sets Sy

- \
and S assume that the coincldent, vertical, and colinear
problewms have been prevented by assuwming (4), (5), and (6)
above. Then under these condltions the nuwber of distinct

points 18 n+l-(n-s) = s+l. Denote these points by

(by4sbay) . (1=0,1,...,8)
where
(b1osbao) = (811,82¢) = (0,0)  (1=0,8+1,...,0)
and
(bii,bzi) - (ali,aai) | ' (1=1,2,4.4,8)

Also note that ny = n-3+1 and'n1 = 1 (1=1,2,...,8). The
sets S, (1=0,1,...,8) can be chosen to be

So = (t,t+l,...,v,v+l t,l,...,i,a-v 3 v-£+2)

Sy = (t,t41,.00,v,v41,00.,8 5 t,1, 00001yl 000,15 8-t41)

(1-1’2’.¢o’t‘1)
St - (0 V+1 V+2,...,8 ‘ t,v+1-t,1,.-.,1.3 '-v+1)

- (o l'ooc't 1 v+1 V+2’.CQ'. ’ 1 1’...'1’ 't+1’1.t..'
1 8-vit)
(1-t+1,t+2,...,v)

8 = (oplpooo’t-l’t ‘ "',1,...'1"-t+1 ; t+1)

v+l

3, = (1,000 t-1,8,t41,00059s0 5 Lpcaaslolslooecsds8°9 3 v+l)

(1ev42,v43, ¢ 0 008)




and it follows that

sé - (t,t41, 00059 3 Eylpaee,l 5 V-tHL)

S;+i = (L, eeest-15t 1,..f,1,v-tf1 3 t)

1 —
81 - (1,00.,t'1,t,t+1’...’v ’ 1,.00,1,1,1,‘-..’1 H V) -

(1mv42, 743 Pe e s,8)

8y = 38y (11,2, 000sV) -

: ™
Consider the following siuple example of the Barton

and David problem. L4t n = &, t = 1, ve?2, r=3, and

s = 4§, For convenlence let Yl-- Gtv = 012 and Y2 - Gra - 03"' _
' Ia this exauwple the Jjoint density function of
Y2-U(3) +U(}|) f
18 considered.

The followlng poidta are involved, all of which are

distinct.
Type I (by0sPz0) = (0:0) 1m0
 type III (by,s%p1) = (-g-,-g-) t=1
Type IV l(bw,bza') - (%-.%) it w2
Type V (byqe023) = (0.%)' i =3

Type VII _  (byjasbay) = (0,3)

; Note that oy = 1 (1-0.1,2.3.‘) and that the coincident,
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vertical, and colinear problews do not exist in thils exaople.
The point configuration 13 1lluatrated in the fol-
lowing d iagram. '

boy

(0,1)
[1=3] (0,2)
3 11) [1«2]

[1=4] (0,%) | h 2
2 (?-:?') [1"'1]
55

[1-q (o,o)\ (1',0) by,

.

The coliqaar'uetl can be chosen to be
85 = (1,2,3 3 1,1,2 3 3)
3, = (0,3,4 3 1,2,1 5 3)
8, = (0,3,% 5 1,2,1 3 3)
85 = (0,1 ,;' 2,23 2)
8, = (1,2,0 :' 1,1,2 3 3) -

¢
Also -

S = (1,2 3 1,2 5 2)
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*83= (1235 1)~
t

Sy = (1,2 ;5 1,1 ; 2)
3y =35, (1=1,2) .

Noting that for the above values

n-s
B.
) 3
__...ﬂ.!_)__. Tl_ ‘(np-l)! ug-1 u, -1 gvna-l = 12
(n-2 ! . se e
: 0 -
e by Py bog

to use formula (3.3'.3) 1t rewains to calculate
Jo T1 (byy-byy) 17 e
hes, J
TT (l“-l)l By~

we3j b
-ﬂ— (byy-byg) -ﬂ_ (bpy=boq) = =

My -

dl qsvi .
BEVy
n-2
h »Iq' (1 $3)
B-I
. Z. v(bu-blj) '
JSy ﬂ' (1 § &)
xptJ

for i=0,1,2,3,% . In this regard one can show tbatf

. 2 ' ' 2
lo = 30 llo JOI(’I-’z) - 30 ’lO J&(e’l"2)
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I do(9iva) + 30 A 4 55,
Hl = -30 1 10(?1'3’2) + 30 1 13(11?1-10'31321-16?2-15324)

. 2
+ 30 /ll /llh (31-?432—2)

)

.
N 414

L ibaes) - 30 g dagCoyy 2
My = 30 fp Apo(e¥y-¥o) - 3042 23(“31-“yly2+16y2-15y2-h)

S—

- 2
- 30 Ay gy (3y,-2)
Mg = 30 ’l3 ’1313’1(“3’1“632."‘)

| 2 i 2
My = -30 Ay /ln(yl*"?z‘z) + 30 ’IA ’1&2(“’2'2) .

| Thus
2 2
r(yl’y2) - 360[110 /IOI(YI'Y2) - /Io /Iog(ayl'yQ)
2 . . 2
- Al 410(31“32) + /ll_/l13(“31‘1031324'16?2'1532")
. ) , )

+ ) Aylytivy2) 4 A A po(29,°75)

- J2 J23(Nyl-hy1y2+16y2-1512-§) - J2 2;(‘¥2-2)

o 2
+ 43 43131(ly1+6,2.h) - Jq Jql(yrﬂlg-a) :

2
+ Iy Aaafrep-?) ] . | _
- Ttie density funotiou can ti:g?%. put 1ﬁ/:;7;1g¢r-

native form, Define & = (bla'bza) to be the intersection

R




106

of the line through the points (0,0) and (%,%) and the line’

i

through (o, 1) and (2 2) . Then derinihg 1§k to be the
’e 55 .

triangle with vertices (b11 21), (blj ), and (b k)

1t can be shown that

- o
.2 . ,
(yl‘y2) ir (y11y2)€ Ola
. 2 B T
(hy1'10Y1?2+16Y2‘1532‘h) it (y133é)€.312
- T
f(ylnye)-369 1 31(232'331) ir (?1:32)6 Oalh

2 L3 2 T
(-hyl-Gy1y2+hyl-16y2+16y2-h) i (31,32)6 3a2

' T
31('”?1'672+~) if (’1172)6 323 .

L.
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