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Abstract

This study considers control problems associzted with robust stebility and
performance of linear, time-invariant muliivariable controllers. The robust stability and
performance problems considered here are determined exclusively by the steady-stare
propexties of closed-loop systems, and therefore they are indeperdent of controller design
and tuning methods. New approaches, one based on geometric interpretations and the other
on singuiar value decomposition, are proposed to analyze the effects of steady-state model
mismatches. The new analysis approaches are able to disungush the critical differences
between a process and its modal that canse the control problems, and to identify the crucial
process characteristics that must be preserved in the model if the closed-loop system is to
berobust. This study shows that these properties are related to specific geometric differences
and to particular elements in the singular value decomposition matrices, and that it is the
siructure rather than the magnitude of multivariate model mismatch that dominates the
robustness propertes. These results explain the fact that many nonlinear processes can be
controlled by linear controllers with robustness over 2 wide range of operating conditions,
in spite of the large mismatch magnitudes arising from process nonlincarides. Physical
examples of these processes are given in this thesis. The analysis resalts are also used to
specify new criteria for experimental designs to identify linear models that lead to robust
multivariable controllers. The new experimental designs are based on minimizing model
uncertainties in the multivariate model stucture rather than simply the mismatch magnitde.
The significance of the new experimental design approach is that it can identify robust
meodels that yields high-performance control even forili-conditioned processes. These robust
identification designs usually require input perturbations that are drastically different from
traditional designs.
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1 Introduction

Multivariable control always needsa process model explicitly or implicitly in
designing the controller. The most commonly used controllers today are still formulated as
a linear, time-invariant control law, and therefore linear dynamic models such as transfer
functions are sufficient for designs of these controllers. Transfer function models are mostly
obtained from processidentification in practice. The major problems in linear, time-invariant
control arise from the fact that: 1) the relationship between the manipulated inputs and the
controlled outputs in real chemical processes are virmally never linear and time-invariant,
and 2} experimental identification always has errors. The existence of the mismatch between
a true process (nonlinear and time-variant) and its identified transfer function model makes
the controller have a different performance from that specified in the design, and may even
eadanger the closed-loop stability. Therefore, the effect of model mismatch on the stability
and performance of the closed-loop systems is of utmost importance.

It is important to clarify the difference between model mismatch and model
uncertainty prior to discussing robustness issues. Model mismatch is defined here as the
difference between the true process at a specific condition (approximated by 2 fixed transfer
function model) and the linear model that the controller design is based upon. Since the true
process is subjected to many changing conditions (ie. changing operating points,
disturbances, etc.), one specific model mismatch cannot characterize any real process over
its operating range. A collection of all possible model mismatches that might be encountered
in the true process defines the model uncertainty region. Rigorously speaking, it is specific
model mismatches, rather than the model uncertainties, that cause control problems. In a
deterministic situation, it is not very difficult to find out some ("good™) model mismatches
that have no effect on the control stability or minimal impact on the control system
performance, and to pinpoint some ("bad") mismatches that have severe impacts. The major
difficulty is that we never know the true model uncertainties in a stochastic situation. In the



past, robustness studies always assume certain descriptions of model uncertainty Tegions tn
approximate the true model uncertaintes, and for many valid reasons, never distinguish
between the "good” and "bad” model mismatches within the assumed model uncertainty
region.

The thrust of recent robust controller design research has been to incorporats a
descriptior of the model uncertaintes explicitly into the design methodology in order to
enhance the robustness of the control system. The difficulty in obtaining a realistic
uncertainty description usually leads to comservative designs. However, the ultimate
limitation in controller performance and stability is not the uncertainty characterization, but
the actual model mismatches themselves. In other words, even if we could.charactcﬁzc
precisely the model uncertainty region in one model which contained many "bad” model
mismatches, and use a very sophisticated robust controller design to minimize their impact,
the control performance would never be better than the one from the same design with a
better model, that is, one with better model mismatches.

This thesis focuses on the new problem of robust linear models. A robust linear
model is defined here as a linear model that will lead to more robust linear, time-invariant
controllers by any design method. The major contribution of this thesis is the presentation
of some preliminary researchresults on the analysisand identification of robust linearmodels
for Multiple-Input-Multiple-Output (MIMO) processes.

The objective in the analysis of robust linear model, in the simplest words, is to
recognize what constitutes "good” and "bad” model mismatches for an arbitrarily given
linear MIMO model. If we have the answer to this question, we will know exactly what
types of identification errors, process nonlinearities and time-variant properties make the
given model robust or sensitive. Note that in this study the model mismatches arising from
nonlinear, time-variant processes are examined only as locally hneenmd. :ﬁme-invar’.ant
processes.



Theobjective in the identification or "synthesis” of robust linearmodels is to provide
a methodology on how to identify a linear model whose model uncertainty region contains
only the "good" mismatches arising from identification errors and/or process nonlinearities.
However, forthe latter situation, itis important torecognize that there are nonlinear processes
in which controller designs based on linear models never yield robust control systems. This
study will identify some special classes of nonlinear processes in which linear, time-invariant
controilers can be robust.

The most powerful analysis and synthesis tools for robust controller designs up to
dareare based on the so-called unstructured and . .- structured uncertainty descriptions (Doyle
and Stein (1981), Doyle (1982)). Given an unknown process and a model that the controller
design is based upon (ie. the ttue model uncertainties are fixed), the whole methodology is
first to obtain an uncertainty description as close to the true uncertainties as possible (note
that only the so-called norm-bounded uncertainties can be handled in these methods), and
then either to analyze a given controller or to synthesize 2 robust controller. However, it
provides noinsights into what constitutes arobust model or how to obtain one. Consequently,
the norm-bounded unstructured/structured uncertainties analysis/synthesis methods are not
directly applicable to the robust model synthesis problem on how to obtain better model
uncertainties via a better model. A major contribution of this study is thata new methodology
on robust model synthesis is proposed to "manipulate” the model uncertainties through the
designs of identification experiments.

This thesis contains six chapters. Chapter 2 firstdefines the control problems which
can be resolved by using a more robust model in the controller design, through a simulation
example, and then necessary conditions forrobust performance and stability for these control
problems are introduced.

Chapter 3 first summarizes the approaches from past research work for analyzing
the impact of a given description of the model uncertainties on the defined control proolems.



Then two new approaches proposed in this study are introduced in the rest of this chapter.
The first one is a geometric approach ir which the impact of model mismatches in 2 X 2
systems can be analyzed in terms of the geometric differences between the true process and
its model. Most importantly, this approach is able to distinguish between "good" and "bad”
model mismatches for the defined control problems, and therefore is well-suited for the
robust model synthesis problem. The second approach is based on a new framework of
describing the mode] uncertainties and is applicable to high-dimensional systems. Within
this framework, some descriptions of model uncertainties that contain, oaly the "good”
mismatches for the defined control probleras can be directly applied to the synthesis or
identification of robust models. However, since the analysis can be conducted only for
limited cases, this approach is less appropriate as a general tool for robust model aralysis.

Chapter 4 considers specific classes of structured uncertainties arising from process
nonlinearities or time variations, and investigates the robustness of linear time-invariant
controllers. Suppose that we could obtain a perfect radel for the true process at one specific
condition and design 2 controller for it. Then in this chapter some sufficient conditions are
given on how much and in what fashion the nonlinearities or time-variant properties can
introduce mismatch into that particular process, without causing the defined control
problems. Physical examples of nonlinear processes are given in the rest of this chapter to
show that the theoretically derived sufficient conditions do existin real world, and therefore
high-performance robust linear controllers are feasible for this group of nonlinear processes.

Chapter 5 applies the new analysis and synthesis tools develog<d in Chapter 3 to
the practical problem of identifying transfer function models that lead to controller designs.
This problem is referred as robust identification in this thesis. It is well-known that the
uncertainties in parameter estimates are controlled by the design of experiments, and
therefore Chapter 5 focuses on this aspect. The designs cf experiments foridentifying robust



models are rigorously derived for 2 x 2 processes and generalized to high-dimensional
systems. Numerical examples are also provided at the end of this chapter to confirm the

effectiveness of the new designs.



2 Control Problems Arising from Steady-State Mismatches

2.1 An Hlustrative Example

Toillustrate how stcadif-statc model mismatches affect the stability and performance

of a linear multivariable control, consider the following example of a hypothetical nonlinear

process:
_ 04 [0505 -049
) = 0610495 -o.soﬂ @-1a)
04 [0177 -0.159
PE) =106 0750 -0.754] @-15)

(2-1.a) and (2-1.b) are the locally linearized discrete transfer function models of this process
at two operating conditions (the former is specified as the nominal process). For simplicity,
the nominal process is assumed to have the same dynamics in each pair of input/output
variables, and moreover the common dynamic parameter (ie. 0.6 in the denominator term

of (2-1.2)) is not affected by changing the operating condition such as (2-1.b).

Consider the following three estimates of nominal processess which might arise

from an identification study:
04 10466 -0.461]
PW(”‘W‘_M@ —0.535) 1G-Gyl,=0.069, | G-Ggl,=0521 (2-2.)

04 [0452 -0.513]

15,,a(z)=1—_m_0_432 _osa) 1G-Ggl,=0.088, |G-Ggl,=0.586 (2-2.b)
___ 04 10493 —-0504] L a4 _ A _
f'{,,(z)_—l_().&{_l_0524 _0507_.16 Gol,=0.031, 1G-Ggl,=0575 (2—2c)

where G=P(1), | G- Gl ; and | G — G , are the additive steady-state mismatch magnitudes
of these models measured by the 2-norm (Stewart, 1973), with respect to the gain matrices
at the nominal and the other operating conditions. It is clear that the three models have
similar mismatch magnitudes. However, it will be shown later that the multivariable control
pa_formancc based on them are very different.
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The Intemal Model Control (IMC) design with decoupled output responses (Garcia
and Morari, 1985) will be used 10 test the robustness of these models. Figure-2.1 shows the
simulated closed-loop output responses to the same sequence of set-point changes for the
cases of the three models being used to design the controllers for the two locally linearized
processes. The only controller design parameters are the diagonal filter constants, and they

are chosen to be 0.7 for both outputs in all six cases.

We can observe two major control problems in Figure-2.1, one being related to the
control stability and the other the control performance. Let’s first examnine the good control
cases where the first identified model is used in the IMC design (Figure-2.1(2) and (b)). The
first model yields a controller that has very robust performance not only to control the
nominal process but also the other process in which gain nonlinearities introduce more than
5 umes of mismatch magnitnde compared with that between the nominal process and the
model. On the contrary, the performance of the same design method using the second
identified model to control the nominal process (Figure-2.1(c)) is much worse than that of
using the first model. Remember that decoupled responses to the first set-point change are
the ideal situation when the model is perfect. The mismatch in the second identified model
makes the closed-loop response not only far from the ideal response but also worse than
that in Figure-2.1(b), in spite of much larger mismatch magnimde in the latter. This result
clearly indicates that the closeness between the identified and true processes cannot be
judged exclusively by the mismatch magnitade, and the critical characteristics of MIMO
model mismatch are yet to be recognized. When the second model is used to control the
other process, the additional mismatch due to process nonlinearities leads to an unstable
closed-loop system. We can see from Figure-2.1(d) that the outputs slowly drift away from
the set-point values and finally settle down simply because the inputs are saturated. This
controller behaves as though it has positive feedback. Finally, the third idenufied model
with the smallest mismatch magnitude with respect to the nominal process cannot be used
to control either the nommal process (Figure-2.1(c)) or the other process (Figure-2.1(£)).

-7-
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Figure-2.1 Closed-loop responses using three ideatified models

This thesis is aimed at analyzing and explaining the behavior noted in these
examples, and at developing methods for the design of experiments that will lead to robust
models similar to Model 1 above.



2.2 Steady-State Mismatch Conditions

The IMC or Q-parameterization stucture (Frank (1974), Zames (1981), Garcia and
Morari (1982)) shown in Figure-2.2 is a useful one for robustmess analysis.

Y. M v
F(s) Q(s) L P
Pis)
Figure-2.2 The IMC stucture

The structure contains four major elements: a process block P, a model prediction block P
which in practice is obtained by an ideatification study, & controller block Q which is an
approximate inverse of the identified model. Note that, for integral control action, the
steady-state gain of Q must be the exact inverse of that of the identified model Ge. Q(0) =
P(0)). Finally, a filter block F is added to ensure closed-loop stability in the presence of
model mismatch.

The main objective of this study is to present methodology to analyze and identify
linear models that lead to robust control. However, in general, robust control properties are
determined not only by the identified model but also by the controller design. The only
exception is where robustness properties involve only the steady-state conditions of 2
closed-loop system (Grosdidier, ezal 1985), because the steady-state conditions are the same
forall controller designs with integral action (ie. Q(0)=F"(0) and F(0) = Iin IMC structure).
Sinee it is necessary that closed-loop robust stability and performance at zero frequency are
ensured, we will focus on analyzing the effects of steady-state model mismatches. In the
following, two steady-state mismatck conditions on this aspect are introduced.



2.2.1 Stabilizability Condition

Garcia and Morari (1985) have shown that a diagonal first-order exponential filter,

. 1
F(s)=dmg( ﬁﬁl) @-3)
can always stabilize the approximate model inverse Q in the presence of model mismatch,
if and only if

Re(L'GG™)>0 Vi -4)
where A, is the i-th eigenvalue of a marrix, G = P(0) and G = P(0) are the steady-stare gain
marrices of the true and identified processes respectvely. This condition indicates that, as
long as the steady-state gains of the true process and its model satisfy (2-4), a stable
closed-loop system with no steady-state offset can be obtained in spite of the model mismatch
simply by making f’s sufficieatly large. In this study, we will refer to a control system
satisfying this condition as "stabilizable”. If the stabilizability condition is violated, no
multivariable control system would ever work regardiess of how sophisticated the controller
design and tuning. The uncontrollable examples as shown in Figure-2.1(d), (¢) and (f) are
exactly the consequences of violating the stabilizability condition.

Therefore, one of the necessary conditions for robust lincar models in terms of
closed-loop stability is that the stabilizability condition is satisfied. In Single Input Single
Qutput (SISO) systems, the stabilizability condition stmply corresponds to the well-known
uncontrollable situation where a process and its model have opposite signs in their
steady-state gains. On the other hand, for MIMO processes, this condition requires that all
the eigenvalues of GG lie in the righr half of the complex plane. Then the answer is not
clear at all for the question of how toidentify a robust model for the stabilizability condition.

-10-



2.2.2 Performance Variation Condition

This study proposes a simple measure for assessing the effect of steady-state
mismatches on changing the nominal closed-loop performance, which is particularly useful
for the simple situation as given in the illustration example. Based on this measure, a
necessary condition for robust linear models in terms of closed-loop performance will be
derived in this section. Consider a servo control problem where a step change vector, AY,,,
is made in the set-points. Then the output step response of the true process and that based
on the model prediction are as the following respectively

. AY
Y (8)=P)XQE) X+ @E)—PE)QET ’-T": 2-5a)
. AY
Ym(SJ=P(S)Q(s)T" (2-5.)

(2-5.a) is a straightforward result from the closed-loop transfer function between the
set-points and the controlled outputs in terms of IMC structure, and (2-5.b) is obtained
simply by taking P(s) = P(s) in (2-5.2). We may use the integral of the differences between
the two step responses, ‘¥, to quantify how much the closed-loop performance are changed
due to the model mismatch

-
W= [ Vo)~ Yoot @-6.4)
Q

. ] AY,
=H{P(S)Q(S)[I+(P(S)—P(S))Q(S)]"-P(S)Q(S)}T" (2—-6.b)

Similar usage of above time integral has been reported by Marlin ez af (1986). A measure
of performance variation is then defired as the ratio of the 2-norms of the ¥ vector 1o the
AY,, vector. In MIMO systems, such & measure will be a function of the direction of AY,,
vector. Suppose that the set-point changes are made in all directions. Then it is more
meaningful to use the maximum ratio of all directions to asses the problem of performance

-11-



variations, and it is equal to the maximum singular value (ic. the 2-norm of a mamix) of the
following matrix

112

cirections | AY,
dﬂ.n wl2

=| m (P00 1+ @I PENQN -~f='(s)o.<s)}[| @2-7.)

2 P I+ P - - B o | 2=75)

The matrix of the RHS of (2-7.b) will be referred as the performance variation matrix. If
the identified mode! were the true process the performance variation matrix and its 2-nonn
would be 0. When this marrix has a large 2-norm, we can definitely say that the control does
not have robust performance. Therefore, it is a necessary condition for robust linear models

to have the 2-norm of their performance variation matrices as small as possible.

Next we will assume the model mismatch is in the steady-state gains only and
examine the relationship between such a mismatch and the 2-norm of the performance
variation matrix. Under this assumption, the P, P and Q are related as the following

PGP '(s)=GG? (2—8.4)
QE)=P(5)F (s) (2—-85)

where F°(s) is a lumped transfer function matrix to include all the controller design
considerations such as removing unstable process zero, making the controller realizable and
filter design (Garcia and Morari, 1985). Substituting (2-8) to (2-7.b) we obtain the following
simple relationship

Maxlgn: (GG") L_.,(GG") -[2I- (GG"]—FL.o 2-9)
»e2 2

From the above equation, we can clear see that the 2-norm of the performance variation
matrix is affected by two factors: the controller design dF (s =0)/ds and the steady-stare
model mismatch (GG and GG™). For genera controller designs where dF (s =0)/ds isa
full matrix, it is still difficult to see explicitly how the steady-state model mismatch by itself

-12-



affects the performance. Since the main concern of this study is on robust models rather
than robust controller designs, we will fix the controller design matrix to be a scalar marrix
(. F'(s) =1 (s)T) in order to simplify (2-9) further. Such a controller design approach is
practical when the identified model has similar deadtimes in all transfer function elements
and when a diagonal factorization of P(s) to remove unstable zeros is acceptable (Garcia
and Morari, 1985). If this is not the case, to force the F'(s) to be a scalar can be a conservative
design.

With the fixed controller design, F (s) = £ (s)L, (2-9) is then reduced to its simplest

form as the following

H‘P}Iz_ - 1_ if_. _
MaxgeE= GG -DI- | 2-10)

Since the controller design f (s) is a constant in terms of modelling, the necessary condition
forrobust linear models is obvicusly that the § GG™ - I]|, be minimized for not having large
performance variations. If the steady-state mismatch [ GG™[, in one identified model is
much larger thar another one, the robust performances of control systems based on these
two models will be very different, and this is exactly the cause for the very different
performances as shown between Figure-2.1(a) and (c). However, remember that the LHS
of (2-10) being small is only a necessary condition for robust performance, and thus
1 GG™ - ¥), is meaningful only when it is of a large value (ie. lack of robust performance).
Under this simation |]GG™},—1| can be used 10 approximate the |GG?-I|,. In
conclusion, a criterion that is necessary for robust performance has been derived as follows

GGy, = 1 2-11)

Eq.(2-11) can also be regarded as a loose condition for robust models and it will be referred
to as the performance variation condition, and | GG™], is referred to as the performance

variation measure,

-13-



For SISO systems, the necessary conditon for robust linear models, which yield
controllers with robust performance, simply requires the magnitudes of the true process gain
and its model gain to be similar, Unforunately, such a simple conclusion is not applicable
10 MIMO systems. More analysis is needed to determine what are the critical characteristics

in multivariate mismatches that cause the performance variation condition to be violated.

-14-



3 Analysis and Synthesis of Robust Linear Models

Having established the steady-state model mismatch conditions for the two control
problems as shown in the illustration exarnpie, this chapter investigates the robust model
analysis problem of when a MIMO process can be controlled with a given model such that
the mismatch conditions in (2-4) and (2-11) are satisfied, and the robust model synthesis

problem of what constituzes a robust model and how to obtain one.

In order to provide a synthesis procedure, the results of the analysis method for
robust models must be able to provide the answers for the question of what are the critical
process characteristics that must be preserved in the modelling to ensure the robustness
properties. For SISO systemms, it was discussed in Chapter 2 that the answers to this question
are straightforward. However, the solutions to SISO problems cannot be generalized to
MIMO problems. Forexamples, the model in (2-2.b) has the correct signs in all gainelements
and it does not yield a stabilizable controller design for controlling the piocess in (2-1.b).
This mode] also has almost the correct magnitude in terms of the 2-norm of its gain matrix
and it still has severe performance variations in controlling the process in (2-1.a).

Mostofthe pastrobustness studies focus onthe analysis problem butfew on synthesis
problems. This chapterintroduces two new approaches that cover both robust model analysis
and synthesis for the two simple control problems as given in Chapter 2. The new approaches
distinguish themselves from the traditional ones in that they analyze the effects of model
mismatches rather than model uncertainties. The difference between a mismatch analysis
and an uncertainty analysis is elaborated in the following.

3.1 Mismatch Condition vs. Uncertainty Condition

There are two strategies to solve the robust model analysis problem. The first one
considers a specific pair of G (process) and G (model) o develop conditions on how this
specific model mismatch affects the control stability and performance. Such conditions are
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referred in this thesis as "mismatch conditions”. Forexample, (2-4) and (2-11) are mismaich
conditions for the stabilizability and the performance variation problem discussed in Chapter
2. Mismatch conditions are very important in theoretical studies because from these
conditions we can see how different mismatches affect the control robustness. Therefore

mismetch conditions may provide useful insights into robust model synthesis problems.

Granted the fact that a true process is virtually never characterizable by one specific
G over its range of operation, it is important to consider the group or set of all possible
process G’s, and to develop conditions on how the collection of all mismarches (ie. defined
as the uncertainties) affects the control stability and performance. Such conditions are
referred in this ihesis as "uncert2inty conditions”. It is extremely important to recognize that
uncertainty conditions ¢o not provide us any information on the effects of individual
mismatches. L other words, one should not check the robustness properties of a specific
mismatch using the uncertainty conditions.

Most of the past robustness studies analyze the effects of model uncertainties rather
than model mismarches. The most powerful and generai analysis too! up to date is based on
characterizing the multivariate model uncertainties by a matrix norm (in particular, the
2-norm), and develops uncertainty conditions in terms of the upper bound of an uncertainty
matrix norm such that the robustmess properties can be easured. This norm-bounded
approach shall be further divided as unstructured and structured approaches (Doyle and
Stein (1981), Doyle (1982)). The former describes the MIMO uncertainties using a single
matrix (ie. single source of uncertainties) while the latteruses multiple matrices (ie. multiple
sources of uncertainties) (Figure-3.1).

The critical assumption behind the uncertainty conditions derived from both
norm-bounded approaches is that all the mismatches within either A in Figure-3.1(a) or 4;
in Figure-3.1(b) rmusstexist. One major drawback of the norm-bounded approaches is exactly
this very assumption, because not many true model uncertainties in real processes can be
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{a) unstructured (b) structured
Figure-3.1 Norm-bounded descriptions of model uncertainties

modelled as such. The othermajor deficiency in the uncertainty conditions is that nosynthesis
insight can be obtained, because the model uncertainties are modelled with a fixed structure,
To better dlustrate the latter argument, the particular applications of the norm-bounded
approaches 1o the stabilizability condition (2-4) will be discussed in more details later in
this chapter.

The main purpose of this chapter is to introduce two new analysis approaches that
yield mismatch instead of uncertainty conditions for the stabilizability and performance
variation problem. The geometric approach is applied to 2 X 2 systems only. Nevertheless,
owing to this small dimension, this approach can provide mismatch conditions in terms of
geometric differences between the true process and its model, which are applicable to
arbitrary forms of mismatch. The second approach is based on mismatches in the singular
values decomposition matrices of the model gain mamix and is applicable to
high-dimensional systems. However, the latter approach imposes several restrictions on the
model mismatches which make it more appropriate for the robust model synthesis than
analysis.
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3.2 Norm-Bounded Approaches

In this section, the stabilizability condition will be taken as an example to
demonstrate how the well-developed, norm-bounded uncertainty approaches are us~d as an
analysis tool. It vill then be evident why we need alternative approaches for the robust
model synthesis problem.

3.2.1 Unstructured Uncertainty Analysis

The unstructursd, norm-bounded uncertainty approach describes the mismatch
between G and G in one of the following three ways

G=G+L, (3-1.a)
G=Ga+L) (3-1.b)
G=U+L,)G (3-1l.c)

TheL,, L,, and L, are referrcd as the additive, multiplicative input and multplicative output
mismatch matrices at steady state, respectively (Morari and Zafiriou, 1989). Then by
specifying a magnitude of any of the above mismatch matrices (ie. a convenient matrix
norm), this approach provides the most general description of multivariate model
mismatches. A theorem which relates the 2-norm of an additive matrix perturbation with
the eigenvalue variation is given as the following (Stewart, 1973)

Jheorem 1
Let A be a » X2 matrix and I" be a2 non-singular matrix formed by the

cigenvectors of A. Let A; be the i-th eigenvalue of A. Then, forany 2 x»
matix E, the eigenvalues of A + E lie in the union of the disks

Q= {AdA-A SITILITY,1E]L} 3-2)
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To apply this theorem to the stabilizability problem, A should be replaced by GG™

(ie. the identity marrix) and A + E by GG™\. Then T it also an identity matrix and
A;=1forall , and therefore the eigenvalues of GG™ must lie ‘within the disk defined by

IA-1 S 1466 -1, =1L, (3-3.)

=1(G-G)G,

. 1
snG—GuzouG‘nfuLﬁuz-c—(&-) (3-3.b)

_HLAﬂz.ﬂGﬂz_ﬂLAﬂg_i
" IGl; oG) Gl

where x is the condition number of the model gain matrix

(3-3.c)

Therefore if the norm of the multdplicative ouspur mismatch in (3-3.a) is smaller than 1, or
that of the additive mismatch in (3-3.b) is smaller than the minimum singular value of G,
the radius of the disk centered at (1,0) will be smaller than 1 and all the eigenvalues of GG™
will satisfy the stabilizability condition. From (3-3.c) we also see that the relative magnitude
of the additive mismatch to the nominal process should be smaller than the inverse of the
condition number. This result explains the fact that an ill-conditioned process with a large

condition number may be very sensitive to some model mismatches.

To obtain the upper limit of multiplicative inpuz mismatch, we should substitute A
+ E by GG and locate the boundaries of the eigenvalues of GG as following
|A—1 S 1-]G7'G-M,=]L], (3-4)
Since GG can be obtained from GG™ via a similarity transformation as following
66 =G"GGENG G-3)
and since two matrices related with 2 similarity transformation have the same eigeavalues

(Stewart, 1973), we can see that if the norm of the multiplicative input mismatch is smaller
than 1 the eigenvalues of GG™ will also satisfy the stabilizability condition.
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So far the mismatch conditions have been established in terms of the norm bounds

on different mismatch matrices,

L4, < o(G) (3-6.)
1L, <1 (3-6.b)
ILol, < 1 (3-6.c)

and these conditions are only sufficient for the stabilizability condition (2-4) to be true for
any specific mismatch. To wansform the above mismatch conditions into uncertainty
conditions, Morari and Zafiriou (1989) used the unstructured, norm-bounded uncertainty
assumption (Doyle and Stein, 1981).

A
L, =LA, 1A, 1 (3-7.a)
A
L=44, [464,S1 (3-7h)
A
Lo=Ivo, [[A(,ﬂzs 1 (3-7-C)
and derived exactdy the same upper bounds for the three types of steady-state model
uncertainties as follows:
I < o(@) (3-8.4)
L <1 (3—8.0)
I, <1 (3-8.c)

However, the above uncertainty conditions are both necessary and sufficient for the

stabilizability (given the assumption that all mismatches in (3-7) are possible).

The unstructured, norm-bounded assumption of model uncertainties, which assumes
that all possible members of G satisfying the norm bound must exist, is rarely justifiable in
practice. In particular, formechanistic model uncertainties such as those arising from process
nonlinearities, the locally linearized processes almost always consist of only a very limited
subset of G’s within the norm bound. Geometrically, given a norm boand, the unstructured
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norm-bounded uncertzinty assumpton yields a symmetrical disk of centerd at (1,0) in the
complex plane for the diswibution of the eigenvalues of GG™ (Figure-3.2(a)), while an
asymmetrical distribution may be a result of a subset of G's and therefore may never across
the imaginary axis regardless of the enormous magnitude of uncertainties (Figure-3.2(b)).

im Im

_ . (/jm
\)‘\/

@) (b)

(2) A subset (shiaded area) vs. all (disk area) of G’s given a bounded norm, (b)
Unstructured (small) vs. structured aargc) mismatch of very different magnitudes

Figure-3.2 Eigenvalue Distribution of GG™

3.2.2 Structured Uncertainty Analysis

Characterizing the mismatch between G and G only by the norm of any of the
mismatch matrices in (3-1) allows for the stabilizability condition be analyzed in a very
general context, but it only yields sufficient condition for general model mismatches. For
specific model mismatches we often have additional information other than its magnitude,
and it is wasteful that we ignore this information and still analyze the problem using
unstructured uncertainty approach. In the following, analysis results using the structured
norm-bounded approach on the same stabilizability problem will be summarized for two
situations, namely, structured uncertainties which arise from process nonlinearities and from
identification errors.
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3221 Nonlinearity Effects

Model uncertainties due to process nonlinearities is definitely structured and it is
impossible to have general descriptions for these structured uncertainties. In addition, even
for a particular nonlinear process, to describe the true structured uncertaindes can be so
complicated that we have to rely on numerical or graphical descriptions such as the
multivariable Nyquist plots used by McDonald ez al (1988). However, there are still large
classes of nonlinear processes whose saructured uncertainties can be closely characterized
using a structured, norm-bound description. For example, the structured uncertainties in
high-purity binary distillation columns can be described by the following: (Skogestad and
Morari, 1987)

G—G:[ LA —laA] 3-9)
~-IA LA

Ircan be derived from the structured, norm-bounded uncertainties theories that the stractured
uncertainties in (3-9), regardless of the magnitudes, will never make a controller based on
the true nominal model urstabilizable (Morari and Zafiriou, 1989).

The structured norm-bounded approach does provide correct analysis on the fact
that a linear controller designed for the true nominal process is able to control the nonlinear
processovera wide region where the structured uncertainties defined in (3-9) hold. However,
it does not provide us with any insight into the question whether there exist some process
characteristics that are preserved despite the nonlinearity effects and which contribute to
the controller robustness. As a result, we do not know which process characteristics are
critical in robust model synthesis.

3222 Identification Errors

Morari and Zafirion (1989) also derived a sufficient condition foran identified model
to have the stabilizability property (2-4). Under the structured uncertainty assumption that



the uncertainties in the gain elements are independent, the stabilizability of an identified
model in 2 X 2 systems is easured if

o < -16(1_(:‘:) G-10
where X is the minimized conditioned number over all possible scaling of the input/output
variables, and 7., is the maximum of the multiplicative mismatch bounds. It will be shown
later in Chapter 5 that the magnitude bound with 95 percent confidence for the additive
uncertainty of the kj-th gain element should be specified as

- G,

Iy = ——— Vk 3-11)
\

where 7y; is the upper bound of J, ie. J; =1;- Aand | 4] <1, and m; is the value of the j-th
manipulated variable for the i-th experiment. Then it is trivial to combine (3-10) and (3-11)
to yield the magnitude bound for stabilizability

Ce S

TrT: <G) (-12)

in which ¢, is the minimum magnitude of the estimated gain element and it is assumed

I=

that the output variances are the same (ie. o2) and all input variables are coded between 1
and -1. Therefore we can see that the high-sensitivity of identified models of ill-conditioned
processes arises from the fact that a large condition number requires a very small noise level
and/or very large number of experiments to satisfy (3-12).

Similar to the simation discussed under nonlinearity effects, the structured
norm-bounded approach is useful in analyzing the robustness of an identified model given
a fixed structure for the uncertainties (ie. independent uncertainties among the gain
elements). Fixing the uncertainty structure a priori certainly will not yield any insight into
the possibility that there may exist another uncertainty structure which makes the identified



model more robust. With respect to the robust model identification problem, the only usable
informarion from the structured norm-bounded analysis result given in (3-12) is on the
minimum number of experiments that is sufficient 10 reduce the uncertainty magnitude.

3.3 Geometric Approach for 2 x2 Systems

A new geometric approach for the analysis and synthesis of robust models in 2x2
systems is introduced in this section. First, geometric characterizations of 2 gain matrix and
the mismatch are introduced. Then the steady-state mismatch conditions are re-derived in
terms of the geometric characteristics. The analysis on the resulting expressions will disclose
a critical geometric characteristic of 2 x2 processes that has the biggest impact on the
robustness of multivariable control. Two applications of the geometric approach are given
in this section. The first application is to analyze the robustness properties of multiloop SISO

control and the second one is to develop 2 simple criterion for robust model synthesis.

3.3.1 Geometric Interpretations for Model Mismatches

A gain matrix can be interpreted geometrically in r-dimensional space as a set of
the column vectors. These column vectors are often called the gain vectors of individual
inputs. The components of a gain vector are the values of the process output changes due
to an unit change of a specific input alone. For a2 model gain matrix of 2 X2 systems, we
can use polar coordinates to describe its two gain vectors by their lengths and angles with
respect to the output coordinate axes (Figure-3.3(2)) and have the following expression:

G-13)

o [licosdy Doosd
_[f,sin&, I;sina,]

where [} and @; are the length and the angle of gain vector G ;.
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Figure-3.3 Geometric interpretations of model mismatch

Based on the geometric expression in (3-13), model mismatches in a 2%X2 gain
matrix can be specified as mismatches in the vector lengths and/or angles. Therefore the
true gain matrix can be expressed as:

G_[l,cosa, I,oos%]z[n,floos(fcﬁﬁl) n,fzcos(?.ﬁﬁ,)] 5-14)
hsiney, bsinog| | miysin(@+38) ml;sin(@,+8)

andn;20,]8] < wforj=1,2

where n; is the multiplicative error in the length and &; is the additive emror in the angle of

the j-th process gain vector with respect to the model gain vector (Figure-3.3(b)).

3.3.2 Geometric Mismatch Conditions

In this section, the relationship between the geometric mismatches and the
steady-state mismaich conditions in (2-4) and (2-11) will be derived. This objective is
accomplished by: 1) substituting the geometric expressions of the nue and model gain
marrices as in (3-14) and (3-13) to reformulate GG™ and GG™ (see Appendix-1 for their
final expressions), and 2) examining how the mismatches in the vector lengths and angles
affect the cigenvalues of GG™ as well as the 2-norm of GG™.
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Consider first the performance variation problem. Since the 2-norm and Euclidian
norm of any 2 x 2 matrix have the following rank of magnitudes (Stewart(1973)):

1667, s 1667, = —j;leG"[]z (3-15)

the effects of model mismatches on changing either matrix norm are almost the same, and
thus we can investigate the performance variasion problem in 2X2 systems using the

Euclidian narm instead. The Exnclidian norm of GG™ can be derived as the following:
1

N 1 - S
ﬂGG‘IHE=—[ﬁi—2ﬁlﬁzc°33c°5(ﬁ-81+87)+ﬁ§]

Y G-18

e Il.:..-’

where B=0,— 0, 72;= =% and §. =, —a, =-J,

ey

(3-16) clearly shows that the performance variation problem is determined by one true
process characteristic  which is a measure of collinearity of the process gain vectors and,
of course, the four mismatch terms (#,, Az, 5;, and &).

An important implication from (3-16) is that processes with | sin B| close to zero (ie.
two gain vectors are nearly coilinear) will have their multivariable controllers that are very
sensitive to model uncertainties in terms of large performance variation, while processes
with | sin | equal 1o 1 (ie. two gain vectors are orthogonal) will be much less sensitive to
the same ranges of model mismatches. Therefore, we shall conclude that the angle between
the two gain vectors of the true process is one critical characteristic for robust performance
of any multivariable control scheme. More details on the above two extreme situations will
be covered in the discussions of multiloop SISO coatrol.
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Astothe stabilizability condition, for2 x 2 systems the twoeigenvalues have positive

real parts if and only if both the determinant and trace of GG™ are positive. Therefore it is
useful to derive some geometric conditions that determine their signs. The determinant and

trace of GG can be derived as below:

. i _
(GG =2y D= DTS G-17.0)
r(GG =0 +1,= [ sin® +8‘s)i: sﬁﬁn(ﬁ_a’)] (3-17.b)

Note thatthe eigenvalues of GG™ are determined by the collinearity measure of the identified
model rather than that of the true process (ic. B vs. B).

According to (3-14) the true process gain vectors (G, , ;) are interpreted as a result

of the model gain vectors (G, , G,) being rotated and lengthened/shortened. Consider these
rotations and length changes in two steps in which one gain vector is changed at a time. At
each step, the fixed gain vector divides the space into two half planes. The following theorem
is based on the half planes and its proof is given in Appendix-2:
Theorem 2

Define the nominal half plane as the half plane in which the model gain vector

to be changed is located (Figure-3.4(2)). Suppose that the gain vectors of 22 %2

process are obtained by changing the nominal vectors in two steps where only

one vector is changed at a time, then der(GG™)> 0 if and only if the process

and nominal gain vectors:

1) remain in their nominal half planes in both steps, or

2) are on the other side of their nominal haif planes in both steps (Figure-3.4(b)).

As for the trace, since the RHS of (3-17.b) has additive terms, it is impossible to

derive a general and simple geometric criterion which is both necessary and sufficient for
the trace to be positive. However, some general sufficient conditions are obvious. The

following geometric condition has been derived in Appendix-2:
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nominal half plane for G,

(@) (®)
Figure-3.4 Nominal half plane mismatch conditions for dez(GG™)

Theorem 3
Define an original half plane as the half plane, divided by one model gain vector,
in which the other model gain vector is located (Figure-3.5). r(GG™) is
1) positive if both true gain vectors remeain on their original half planes
(Figure-3.5(a)),
2) negative if both true gain vectors are outside their original half planes
(Fagure-3.5(b)).
There is no general geometric condition to determine the sign of the trace, if one true gain
vector is outside while the other is inside its original half plane.

All the geometric conditions given in Theorem 2 and 3 are based on setting
boundaries to the angle mismatches of gain vector (ie. the half planes). It can be easily
deducted from these two theorems that if there is no angle mismatch at all, both the trace
and determinant of GG™ must be positive and therefore the system is stabilizable, When
there is no angle mismaich, the angle between the gain vectors of the true process (f) is
preserved in the modelling, and this result once again stress the importance of 8 in affecting

the robustness of multivariable control.



Figure-3.5 Original half plane conditions for zr(GG™)

A simple application of the above theorems is to analyze the sensitivity of the
ill-conditioned models with nearly collinear gain vectors. Under this situation, the dividing
lines of either the original half planes or the nominal half plane in the first step will almost
overlap the two gain vectors. Therefore, small uncertainties in the angles can maake the model
violate the stabilizability condition.

3.3.3 Robustness of Mulitiloop SISO Control

MIMO processes are often controlled with maltitoop SISO controllers. To use SISO
controllers for MIMO control, one has to make the decision ca pairing the input/output
variables and then design each SISO controller based on a SISO model (implicitly or
explicitly) for every input and output pair. The biggest problem in SISO control of MIMO
processes is the interactions among the control loops, which usually deteriorate the originally
well-tuned single loop performance of the individual input/output pair or even cause
instability when all the loops are closed. In this section, the closed-loop performance and
stability of muitiloop SISO control will be treated from the viewpoint of MIMO model
mismatch for the simplest sitnation of gain mismatch only. Multiloop SISO control is based
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onadiagonal model because all the interactions among the pairing (ie. off-diagonal elements)
are not considered, and thersfore has an inherent model mismatch for most of MIMO
processes. More general analysis on the robustness of multiloop SISO control have been
repo:ted by Skogestad and Morari (1989) using the structured norm-bounded approach.

In 2 x2 systems, 2 diagonal model gain matrix has two gain vectors aligned with
the axes of two outputs and therefore they are perpendicular to each other (Figure-3.6).
Depending on which input is assigned to the vector aligned with y; axis, the paring of SISO
control can be determined geometrically. Two examples of pairing are given in Figure-3.6.
In the following, the earlier geometric sensitivity analysis will be applied to derive some
special robustness properties of multiloop SISO control.

b—n‘
m

G,
— ¥y

Y,

|

.P’
-}

(8) y1 - m, pairing (D1 model) (®) y, - m, pairing (D2 model)
Figure-3.6 Geometric Representation of Pairing in SISO Control

3.3.3.1 The Performance Variation

For 2 x2 systems, we may classify a process according to the angle between the
two gain vectors (ie. = &, — &,). Two extreme cases are the gain vectors being orthogonal
(sin(B) = 1) and nearly collinear (sin(B) = 0) (Figure-3.7), which are referred as an
orthogonal and a collinear process, respectively.
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Y, Y,

(2) Orthogonal process (b) Collinear process
Figure-3.7 Orthogonal and collinear processes

For orthogonal processes, by substituting B=n/2 into (3-16), the performance

variation measure is reduced to:

|—

16G T =0f+7z) (3-18)
which indicates that the performance variation measure in SISO centrol is affected by the
mismatches in gain vector lengths only. Therefore, despite the large angle mismatches
introduced by using a diagonal model for controller design, multiloop SISO cortol of
orthogonal processes can meet the performance variation condition as given in (2-11) as
long as the vector length mismatches are mild (fe. 7, and 7, are close to 1). Therefore we
conclude the following property of performance variations using SISO control:

Propenty 1
For 2 X2 orthogonal processes, closed-loop step responses of multiloop SISO

control schemes usually have smalt performance variation measures defined in
(2-11).

However, remember that 2 small | GG ¢ or [GG™, is only a necessary condition for

robust performance. Closed-loop systems can have severe performance variations in a
fashion that a s=*-point change response is very oscillatory but still yield a small integral as
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given in (2-6.2). It will be discussed later that multiloop SISO control of ron-diagonal,
orthogonal processes always have more oscillatory responses than the situation where only
one loop is closed.

On the other hand, collinear processes have their sin 8 close to 0 and therefore the
1GG'] ¢ in (3-16) in this situation can be asymptotically redaced to:

_1
| sin B

Since the denominator is small, the performance variation measure is small only if the

1GG = (32— 23 73, cos(8, — &) + A 3-19)

numerator is also small. However, it can be easily shown geometrically that the angle

mismatches between acollinear process and adiagonal model must be close to the following:
.

18,-8 = 3 (3-20)

and therefore (3-19) becomes

1 . .

m(’lﬁ'"?f (3-21)
Hence, the performance variation measure must be large for SISO control of collinear
processes, unless the gain vector lengths are deliberately underestimated in controllerdesign

A tn .
1GGz =

(ie. A, = A, = 0). However, the latter design may create stability problems and shall not
be considered. In surnmary, another property of performance variations using SISO control
can be concluded below:

Propenty 2
For 2x2 collinear processes, multiloop SISO control usually has large

performance variations.
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3.3.32 Stabilizability

Substimting § = Zinto (3-17), the determinant and trace of GG™ reduce to

det(GG™) = nynycos(8,~8,) > 0 iff | 5,—5, |<§ (3-22.0)

r(GG™) = n,cos B, +n,c0s8,> 0 if |81|<§,[82|<§ (3-22.b)

Itis apparent from Figure-3.6 that whenever the angle mismatch in either gain vectorexceeds
the magnitude of 5, the diagonal model has at least onc diagonal element with incorrect sign.
Hence a sufficient condition for the trace to be positive in (3-22.b) is simply that the diagonal
model gain matrix has all the signs correct. When this sufficient condition is met and
muitiloop SISO control is applied to processes with orthogonal gain vectors (Figure-3.7(a)),
thenecessary and sufficientcondition for the determinant to be positive in (3-22.2) is satisfied

simultaneously. Therefore we have the following property:

Propenty 3
For 2 x 2 orthogonal processes, multiloop SISO control is always stabilizable if
the signs of steady-<:ate model gains in both input/output pairs are correct. Model
mismatches due to neglecting the off-diagonal elements (ie. interactions) of the
true process are not relevant to the stabilizability provlem.

On the other hand, for collinear processes, the same sufficient condition for the trace
to be positive is not sufficient to yield a positive determinant in (3-22.2). Consider the
example in Figure-3.8{a) below. The diagonal model D1 in Figure-3.6(a) has correct signs
withrespect to both process P1 and P2, However, a simple application of Theorem 2 indicates
that D1 cannot be used to control P2, Therefore we have the following property in terms of
MIMO model mismatch.
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{(a) P1 process (b) P2 process

Figure-3.8 Two different collinear processes

Propenty 4
For 2 x 2 collinear processes, multiloop SISO control can be unstabilizable even
when the signs of steady-state model gains in both input/output pairs are correct.
Model mismatches due to neglecting the off-iagonal elements (ie. interactions)
of the true process may well cause the stabilizability problem.

Using the same geometric theon:ms, itcan be easily shown that the correct diagonal
model forP2 should be similar to D2 as shown in Figure-3.6(b). Note that the major difference
between D1 and D2 is that the pairing is changed. Therefore the geometric conditions in
Theorem 2 and 3 for the stabilizability of MIMO systems can 2lso be applied as 2 pairing
criterion for SISO control. Relative Gain Array (RGA, Bristol(1966)) is amuch betterknown
and more general pairing criterion derived from the viewpoint of "interactions” among SISO
loops. According to RGA theories, y, must not be paired with m, if and only if the
corresponding RGA element is negative. Therefore, pairing of input/output variables with
negative RGA clements is eqnﬂvalént to designing multivariable controllers based on a
severely mismatched model which does not satisfy the stabilizability condition. More on
the relationship between the signs of RGA clements and the stabilizability of general
multivariable control will be discussed in the following.
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3.3.4 The Signs of RGA Elements and the Stabilizability

RGA is the most widely used interaction measure. Forany input/output pair (y, — m;),
therelative gainY;; is defined as the ratio of the open-loop steady-state gain between y, and m;
to its "effective” secady-state gain, in which all other loops with integral action are closed,
ie.

.Yﬁ (ayk/am;).umwm

(3-23)

Therefore if the ¥ is larger than 1, the steady-state gain between y, and m; is reduced by
closing all the other loops and therefore multiloop control is more sluggish than single loop
control. If v is small than 1 and positive, multiloop control will be more oscillatory than
single loop control because the effective gain is increased. Finally, if v, is negative, the
process gain changes sign when all the other loops are closed and this has been discussed
carlier as an unstabilizable situation. Past rescarch work that uses the RGA to infer
closed-loop robustness properties includes Skogestad and Morari (1987), Yu and Luyben
(1987).

Using the polar coordinate representation in (3-13), it can be easily shown that for
2 x2 systems the 1-1 element of the RGA is as follows (Koung and Harris (1989)):

a 81287 tan ¢,

=l+(l——)=14{]1—— =24,
T =1+ gngzz) *( an aa] G )

_ cosqysina, _

~  sinB (3-245)

Note that the collinearity measure sin B again appears in the denominator of (3-24.b) which
implies that the identification of RGA can be very sensitive to the mismatches in the gain
vector angles for collinear processes. On the other hand, for orthogonal processes this
sensitivity does not exist (ie. sin(B) = sin(o, — ) = 1). The geometric properties of RGA
for 2 X2 processes can be summarized below:
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Property 3
For 2 x 2 systems, RGA is a function of gain vector angles only. Orthogonal

processes always have their ¥;,"s within a range from 0 10 1, while collinear
processes have large magnitudes in the RGA elements and ¥;, can casily change
signs for slight angle mismartches.

The fact that collinear processes can easily have the ¥;; of the identified model with

the opposite sign 1o 7;, of the true process should be considered carefully in robust model
identification. The following theorem whose proof is given in Appendix-3 shows one impact
of the sign mismatches in the RGA elements, and also provides a useful criterion forrobust
linear model synthesis.
Theorem 4
Suppose all elements of 2 2 x 2 model gain matrix have the correct signs. Then
the stabilizability condition is satsfied only if
Y- Y >0 3-25a)
For the same condition to be also sufficient, the following assumption on the
gain vector mismatches is required:
|2, 5in &, —r,sind)
nycosd; +m,pcosd;

< tanf (3-25b)

Combining Property 5 and Theorem 4, we can reach a conclusion that if we have
no prior knowledge of the RGA for a collinear process, it is easy to identify a model with
wrong RGA sign and this result is sufficient to have an unstabilizable multivariable
controller. On the other hand, if we can choose a model where the gain vectors are not nearly
collinear (ie. RGA elements of the model do not have very large magnitndes) and also the
mismatchesare notverylarge, then the assumptionin (3-25.b)is usually valid. Consequently,
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if we have the prior knowledge about the sign of the RGA, we can fit the data with correct
RGA sign imposed as an additional constraint to yield a model that is guaranteed stabilizable
{(Marlin, 1991).

3.4 Singular Valu:: Decomposition Approach

A new description of structured uncertainties based on the SVD of the steady-state
gain matrix is proposed in this section. The stabilizability and performance variation
conditions in (2-4) and (2-11) are then analyzed using this description for several special
structares of model uncertainties, which can be directly applied to robust model
dentificati

A steady-state gain matrix can be decomposed via SVD in the following:
G=UzV" (3-26)
={U,,-,U,)- diag(6y,»6,)- Vo VI (3—-26b)
The U and V are referred as the output and input rotation matrix respectively, while the
diagonal £ marrix is called the singular value matrix (Stewart, 1973). (3-26.b) describes

SVD in terms of the individual singular values and the column vectors of both rotation

matrices. Note thet both rotation matrices are unitary, ie. for U matrix

U=l U'=U" (3-27a)
or, in terms of column vectors

Tyrr _ 0, forj=k -

UfU*‘{l,farj:k G=215)

(3-27.b) shows that all the column vectors of a rotation matrix are of unit length and
orthogonal to each other. In addition, the resuit of multiplying two unitary matrices is stll
an unitary matrix, and the determinant of any unitary matrix is 1.



Instead of analvzing the additive or multiplicative mismatch in a gain matrix as a
whole (Figure-3.9(a)), we can decompose the model mismatch into those in the
decomposition matrices of its SVD (Figure-3.9(b)). The structure of mismatch can be
described as some constraints on the individual mismatch matrix of SVD. Although this
approach has the advantage over the geometric approach in its applicability to
high-dimensional systems, in this study only a few of special structures can be analyzed for
their robustness properties. Nevertheless, these special structures are very useful in robust
model synthesis.

| |
} |- Wit A W, 'l G }
= ]
—-:-E G=0SV %—I-
! |
(a) norm-bounded descriptions
R A e
Lv VT Ls Ly U
(b) SVD mismatch descriptions

Figure-3.9 Descriptions for structured model uncertainties
3.4.1 The Performance Variation Condition

To analyze the sensitivity of the 2-norm of GG using the SVD structured

uncertainty description, GG™ should be first expressed in terms of the SVD matrices of G
and G as the following:
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GG =0V VEHUT (3-28.2)

4 . T 4 . Ty 1i
= UT, U™ = O@W,Z,. VU (3—28.0)
= QUYZ UV (3-28.c)
29, . 2,
1 r
where Ty=| - - . (3-28.d)
o8
=V7v,
- 6’

Owing to the fact that the product of two unitary matrices is still unitary, we leam from
(3-28.c)thanhcsingularvalucmauixofTv(ET)isthcsamcastharofGG" and therefore
the 2-norms of GG™ and Ty are equal. Then we only need to evaluate the 2-nom of the
simpler matrix Ty.

‘When there is no mismatch in the V matix, Ty is simply a diagonal matrix and the

following theorem is thus proven:

Theorsm S

o . , 3
If there is no mismatch in the V matrix, then | GG],= ng-o_-
i G

7

On the other hand, if there is significant mismatch in the V matrix and the process is
ill-conditioned, then the (G,/0,)V1V, clement on the top right corner of the Ty matrix is
usually much larger than 1. Since any matrix norm is always larger than or equal to the

largest magnitude of all matrix elements, we have the following property for ill-conditioned
systems of arbitrary dimensions.

Propenty 6
The performance variation measure, | GG™] 5, in ill-conditioned systems

is very sensitive to the mismatch in the V matrix.
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3.4.2 The Stabilizability Condition

The stabilizability condition involves the sensidvity of eigeavalue. As an alternative
10 the norm-bounded perturbation analysis, the sensitivities of the eigenvalues of A can be
examined from the sensitivities of the coefficients of Characteristic Polynomial (CP) whose
roots are the original definition of eigenvalues: ie.
det(A-AD=0=RA,~1)- A;—A)....- A, —4) (3-29.a9)
=1+ (—1)"‘[}1 A,];\."‘ + (—1)’"[:2-3: é’h g 31]:\."% et [Ado. . AT B3-29.5)
As shown in (3-29.b), there are v coefficients influencing the v eigenvalues. Generally
speaking, these coefficients are related to the summations of eigenvalue products of various
orders. For examples, the second coefficient is plus or minus the summation of the
cigenvalues themselves (first order product) and the last one is the product of all the
cigenvalues (uth order product). Given some additional specifications other than the
magnitude for the perturbation in A, we may be able to sce how the CP coefficients of A
are perturbed and draw some conclusions on the perarbed cigenvalues. In the following,
we will adopt this approach to analyze sensitivity of the cigenvalues of GG™ when the model

34.2.1 Both U and V Marrices Unchanged

Consider first the structured mode! mismatch which keeps both the U and V matrices
unchanged. The G™'G then becomes

G'G=vEW=V’ (3-30.2)
=vd:ag{-g—i,...,§£}v—‘ (3~305)

Therefore G™'G is simply a similarity transformation of £E, which is diagonal and hence
has its eigenvalues equal to the diagonal elements (G;/3;’s). The diagonal elements 6./G;, i
= 1, .., r are non-negative by definition. Thus, the condition in (2-4) is always satisfied, and



we have proven the following theorem.

Theorem 6
If G and G are both non-singular and the mismatch between them has the

structure that UTU =1and V7V =1, then the i-th eigenvalue of GG is the
ratio of the i-th singular value of G to that of G, for all the eigenvalues.

3422 V Matrix Unchanged

If the structured model mismatch only keeps the V matrix unchanged, the GG

becomes
GG =VvZUTuzv” (3-31.a)
=VTV? (3-31.b)
where T=5"07TU2 (3-31.c)

Theeigenvalues of GG arc equal tothe eigenvalues of T due to the similarity transformation
in (3-31.b). Therefore we only need to examine the characteristic polynomial of the following

matrix
G; G;
=07U; - =07y,
G; ;
T . (3-32.2)

O: At Cj At
-&;UJ-U,- ';,;0;”}

97 wor

=| = | *(7U (3-32b)

L Vily

where * denotes the element-by-clement product of two matrices

From (3-32.b) we can clearly see that both the singular value mismatches ([0}!&.-]6) and the
U matrixmismatch (0TU) affect the eigenvalues of T. However, there exist certain structures
of U™U that will ensure, in spitc of the mismatches in the singular values, that the eigenvalues
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of GGt satisfy the stabilizabiliry condition in (2-4). In the following, we will present one
particular structure of UTU which is encountered in many situations as discussed in later
chapters.

When there is no mismatch in the U matrix, the U U is simply an identity matrix,
in which all the diagonal elements are 1 and therefore positive, while all the off-diagonal
elements are 0 and hence have the minimum magnitude. From this limiting case of UTU
being identity, we therefore propose 2 mismatch structure of the U7U matrix as the following:

07U, >0 Vi (3—-33.4)
| £ 0,010, < 1070, 070 Vi (3-335)
kwij
The interpretation for (3-33.a) is that the mismatch in the U matrix is allowed to reduce the
diagonal elements from the limiting value of 1 to any value as long as they remain positive.
On the other hand, (3-33.b) which involves a pair of column vectors of the U7U marrix sets
the limit on how much the diagonal elements can be reduced. That is, the two diagonal
elements of the UTU matrix in every pair of column vectors should be large enough that
their product is larger than the absoluze value of the summation of all element-by-element
products in these two columns (excluding the two rows containing the diagonat elements).
(3-33.b) can also be interpreted as the off-diagonal elements of the (U matrix being relaxed
from the limiting value of 0 to have significant magnitudes.

It is trivial to find a sufficient condition for (3-33.3) in terms of the differences
between U and 0. That is, there is no sign mismazch at all in the U marrix. On the other
hand, we cannot find a corresponding general sufficient condition in (3-33.b). However, it
should be emphasized that the structure defined in (3-33.b) does cover a wide range of
mismatchesin the Umatrix in many applications. More details are discussed in Iater chapters.
The effects of the mismarch structure in (3-33) on the cigenvalues of GG are summarized
in Theorem 7 and Theorem 8 below.
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JTheorem 7

If G and G are both non-singular and the mismatch between them has the
following structure:
DVv=1
2) If the mismatch between U and U has the following structure:

1) the signs of all the elements of U remain the same as those of U,

i) | £ 010,07y, | < 1070,-0)

knij

then the all the real eigenvalues of GG must be positive.

The proof is given in the Appendix-4. Remember that the stabilizability condition in (2-4)
also requires all the complex roots have positive real parts. It is well known that the Routh
test is used to count the number of positive real parts in the roots of arbitrary polynomial
with real coefficients. Appendix-5 contains the results of performing the Routh testto GG™
up to 3 x 3 systems which are subjected to the structure defined in Theorem 7, and it shows
that all the complex roots must have positive real parts. The Routh test can be applied to
higher dimersion systems and possibly prove that the structure defined in Theorem :7would
ensure the stabilizability for higher dimension systems. However, this analytical approach
is very tedious and will notﬁea:xanﬁned any further. Therefore we simply state the following

theorem:

Theorem &
For at least up to 3 %3 systems, if G and G have the structure in Theorem
7, then all the complex cigenvalues of GG™ have positive real parts.
Therefore the control system is stabilizable for the locally linearized
process.
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For 2 x 2 systems, the assumpton in (3-33.b) is not necessary (ie. always satisfied).
Therefore we can conclude from the above theorems that if there is no mismatch in the V
marrix while the mismatch in the U marix is such that none of its elements changes signs,
then the control system is stabilizable for the locally linearized process.

3423 U Marrix Unchanged

Forthe situation where the model mismatch keeps the U matrix of its nominal model
unchanged, the development is the same as above for the case of a constant V matrix. The
SVD of GG, instead of GG in (3-31), is examined and thus T=ZV"VZ", Then the
mismatch structure in (3-33) can be re-defined for the V7V matrix. Therefore Theorem 7
and Theorem 8 are all applied to this situation by simply exchanging the U with the V matrix,
and they will not be repeated here.

The most significant and perhaps surprising consequence of Theorems 5, 7 and 8 is
that any mismatch in the singular values, or the conditioning of nominal models, does not
affectthestabﬂiﬁbﬂityinthcsc situations. Theoretizally, in the face of these smuctured
mismatches, the mismatch magnitudes could be very large without making the process
unstabilizable. These ideal and somewhat counter-intuitive results arise from the main
assumption that either or both of the rotation matrices are exactly unchanged. In the
following, we will relax this assumption to examine when and why the mismatch magnitade
and the conditioning of 2 nominal model affect the stabilizability.

3424 Both U and V Matrices Changed

(3-31) and (3-32) were developed assurring the V matrix of the process remained
unchanged. We now investigate the sensitivity of the cigenvalues of GG to additional
mismatch in the V matrix. The ij-th element of GG in (3-31.3) can be derived as



GGl =(VTV™); (3-34.9)
o7
where z,, ==c=£ 07U, is the hk-th element of the T matrix.
A

Given the complexity of (3-34.b), it is virmally impossible to obtain each characteristic
polynomial (CP) coefficientof GG in such a simple expression as that of T in Appendix-4.
However, the second CP coefficient which is simply the summation of the diagonal elements
of GG can be derived as

igxl"‘:i‘?'u:zﬁng:zt”‘v‘* G-35.4)
=3 5 2OV (3-355)
i-lj‘:é G;
& Si aTrry T L& G Aty T
= L =WU)@IV)+ 2 T =OIU)VV) (3-350)
i=1G; inljul G;

Jui

The Srst term in (3-35.) involves only the diagoral elemeats of T and V'V, while the
second term involves only the off-diagonal elements, Since a trace is simply the summation
of the real parts of eigenvalues in a matrix whose complex eigenvalues are conjugates (ie.
the matrix has all its elements being real), 2 negative trace of GG is sufficient to conclude
that atleastone of its eigenvalues is negative orone pairof complex conjugates has anegative
real part, and therefore the stabilizability cendition is violated.

The secoad term in (3-35.¢) is z=ro and then the first term is just the summation of
the diagonal elements of T iz (3-32), if there is no mismatch in the V matrix (e.
VTV, =0 forall i # j). When an additional V matrix mismatch is introduced, the trace may
be very sensitive to this effect because the second term in (3-35.c) contains the ratio of
maxinvm to minimum singular value (ie. 6,/G,) which will dominate the magnitude of the
trace in ill-conditioned processes. Therefore, unless the mismatches in the Uand V matrices
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are properly correlated such that (77,) (VIV,) is positive, the trace can become negative
for small mismarches in the two rotation matrices. Therefore we conclude the foliowing
qualitative property.
Property 7
The stabilizability of ill-conditioned systems may be very sensitive o the
uncorrelated mismatches in the U and V matrices.

More quantified treatments fcr the effect of uncorrelated mismatches in the two rotation

matrices on the stabilizability will be postponed to the identification chapter.



3.5 Summary

The geometric analysis results clearly indicate that the critical difference between
a2 x2 true process and its model is the angle mismatches. If there is no angle mismatch at
all, the stabilizability condition is always satisfied. This has importantimplications for robust
model identification or synthesis. Thatis, it is necessary to preserve as much as possible the
angle between the two tue gain vectors in the modelling. For 2 X2 processes, there is &
direct relationship between this angle and their RGA’s. Thus RGA is also an important
characteristic for robust model synthesis. It has been shown that for any identified model
with the correct signs in all the gain elements, it is a necessary condition that this model has
the correct signs in its RGA. The geometric analysis also shows that when the structure of
the model which the controller design is based upon is fixed (ie. such as those in multiloop
SISO control), different angles between the gain vectors of a true process (ie. collinear or

orthogonal process) can have very different effects on the robustness the controller design.

The SVD approach can be regarded as a high-dimensional extension of the geometric
approach. In fact, it will be shown in Chapter 4 that the sucture of unchanged U and V
matrices is equivalent to the structure that the angle between the two gain vectors is
unchanged. The major difference between the two approaches is that the SVD approach
lacks ' the flexibility of specifying any mismatch structure that the geometric approach
has as an analysis tool. However, the SVD approach is applicable to high-dimensional
systems, and the analysis results based on some special mismatch structuxes (ie. Theorem
5 and 7) are readily applied to robust modei identification. The particularly useful result is
where the V matrix is unchanged and all the elements in U matrix have unchanged signs.
An identified model which is subjected to such an uncertainty structure often satisfies both
the stabilizability and performance variation conditions desgite the fact that the model is
ill-conditioned and the uncertzinty magnitude is significant.
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4 Structured Uncertainties Arising from Nonlinearities

This chapter applies analysis results in Chapter 3 to the mismatches among the
locally linearized gain matrices of nonlinear processes. All the conditions on the gain
matrices presented earlier are examined using model gain matrix to be that at the nominal
operating point (ie. G replaces G in the relared theorems and properties) and the true gain
matrix to be that at various operating points (G) in the uncertainty region. Since such
mismatches are completely determined by deterministic physical/chemical phenomena, they
can be highly structured. This chapter will first present some theoretical results for some
special seructures of model uncertainties which may arise from process nonlinearities and
lead to good robustness properties of linear multivariable control. Then a few examples are
provided to confirm that these structures do exist in physical processes.

4.1 Robustness of Linear Controllers to Special Uncertainty Structures

Four special stuctures of model mismatches, which can provide useful
classifications of process input/output nonlinearities, will be introduced in the following.
The first two structures are derived using the geometric sensitivity analysts, while the last
two are based on the SVD structured mismatch description. The discussions on both the
geometric and SVD structures are organized in the same fashion. More stringent structures
are discussed first which deal with both robust stability and performance problems. Then
only the stabilizability condition is treated for less stringent structures.

4.1.1 Equal Angle/Length Mismatches of Gain Vectors

Suppose that the angle mismatches of the gain vectors in 2 X2 processes have the

following constraint:

if
]

5 5 é4-1

5



This constraint represents the rotation of the two gain vectors with the angle between them

unchanged (ie. B = B). Then condition (3-17) for the stabilizability becomes:
det(GG ™ =y, (4—2.4)
V(GC")=[(R;+":)+(RI*@§§]°OSB (4-2.5)
Since the determinant of GG™ is always positive in this situation, the stabilizability is
determined conly by the sign of the trace. If =0 (no angle mismarch), the trace is also
positive (ie. &r = n, +n,) and therefore the 2 X 2 system is always stabilizable no matter how
large the mismatch magnitmde that is introduced by the length mismatches in the two gain
vectors. Another sufficient condition for the trace to be positive is where both the angle and
length mismatches are constrained 10 be equal ie. », = 5, in addition to (4-1)).

As to the performance variation problem, it has been shown in the easlier geometric
analysis that collinear processes are very sensitive to model mismatches. However, when a
collinear process is subject to the mismatch structure of equal angleNlength mismatches in
the two gain vectors, equation (3-16) is reduced to the following:

1 2 new 23
IGG_lﬂ5= m-l—(nf—zvz,nzcos BcosB+n2 (4—-3.a)
= [Zﬁzﬁz'l'_(';;i;;,)z] =27 ' @-3p)

Therefore the high sensitivity of collinear processes due to small |sinB| is completely
eliminated. In other words, even though a nominal process is collinear and very
ill-conditioned, linear controllers designed for the nominal process can control the locally
Hinearized processes at various operating conditions with minimal iripact on the performance

variation as long as the above structure holds.
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4.12 Global Stabilizability of 2 x 2 Systems

The geometric mismatch conditions for stabilizability as given in Theorem 2 and
Theorem 3 are stated in terms of any specific pair of a tue process and its model gain
matrices. When these conditions are applied to the mismatches among the locally linearized
gain matrices of a nonlinear process, we can exploit the continuity of nonlinear steady-state
input/output relationship in order to derive a giobal condition for the stabilizability of linear
multivariable controliers for controlling nonlinear processes in a2 region of operation.

The nonlinear steady-state relationship between the inputs (m,, rm;) and outputs (y;,

y2) of 2 2x2 process is best represented by an input contour plot (Figure-4.1). The values
of the two outputs under constant values of m, are plotted as the solid contours, while the
dotted contours are those under constant values of 7, in this figure. An intersection point
of ape solid and one dotted contours gives the output values corresponding to a specific pair
of input values (ie. an operating point). The gain vector of m, at any operating point is along
the tangent line, drawn from the intersection point, of the m, contour. Similarly, the gain
vector of m, is along the line tangent to the 7, contour at the same point (Figure-4.1). These
contour plots are usually easily obtained from the nonlinear model. For linear processes,
the input contour plot has the following characteristics: 1) parallel straight lines for each
input, 2) a pair of contours of different inputs intersect exactly once, 3) equal distances
between two parallel contours if the contours are plotted for the same amount of change in
that input. Consequently, all operating points have the same gain vectors in a linear process
and the stabilizability is never a problem.

Nonlinear processes are always characterized by curved and/or non-uniform
contours. In addition, multiple steady states may exist in a nonlinear process. An intersection
of two contours of the same input variable indicates that the same pair of output vatues (y,,
¥.) can result from differeat values of that input and, in general, from different values of the
other input as well (Figure-4.2(2)). This sitmation has been referred as input multiphicity
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Figure-4.1 Input contour plot and process gain vectors

(Koppel (1982)). Another input multiplicity situation is when the same value of one output
is obtained from different values of one input (ie. ¥, and m, ir Figure-4.2(b)). This type of
input multplicity is characterized by a sign change in one element of a gain vector (ie. the
clement for y, in Figure-4.2(b)). Finally, the output multiplicity appears when different pairs
of output values result from the same pair of input values (Figure-4.2(c)). Unless the process
output variables are implicit functions of the input variables, it is impossible to have output

% % Yo

m, :
m, m_ A, m,
(=) ®) (c)
Figure-4.2 Input/output multiphicities

‘When 2 nonlinear process has all these multiplicities (fe. almost arbitrerily angle
changes) in an operating region, the model mismatch due to process nonlinearities may be
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considered as unstructured. However, a large class of nonlinear processes only has a simple
one to onc mapping for the input/output relationship and hence excludes any kind of
multiplicity. For these processes, the model mismatch is highly structured because the angle
mismatches are severely constrained to avoid the multiplicities. Theorem 9 below is useful
to examine the stabilizability problem for some nonlinear processes with this mismatch
structure. The proof is given in Appendix-6.

Theorem 9
If the nonlinearities define a one to one mapping for the input/output relationship
in an operating region, then the determinant of GG™ is always positive in the

. regon-

Obviously, the structure in (4-1) is just a special case of Theorem 9 with more
stringent constraint and (4-2.3) has already shown that the determinant is always positive
in this case. The other major difference between the structure in (4-1) and that in Theorem
9 is that the latter is a global condition. To apply this theorem, it is not necessary to actually
ottain the contour plot for 2 nonlinear process as long as we know analytically that the
input/output relationship is one-to-one mapping within a given range of inputs (ie. when
the nonlinear model is simple enough). For SISO processes, Theorem 9 is equivalent to the
well-known condition that if there is no multiplicity then the sign of process gain is always
the same as that of the nominal model (Figure-4.3). Unlike with the SISO systems, this
theorem alone is not sufficient for 2 X2 systems to determine whether the control is
stabilizable. Only for those processes which also satisfy the sufficient condition for the
positive trace in Theorem 3, can we say that the stabilizability is guaranteed if there are no
multiplicities in an operating region. To see if this sufficient condition is met, we will have
to obtain the contour plot and examine how the gain vectors change along the contours. For
some processes such as binary distillation columns shown later, it is rather obvious to see
that this sufficient condition is satisfied.
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Figure-4.3 Muldplicities in SISO processes

4.1.3 Constant Input Rotation Matrix

Using the structured uncertainty description in Figure-3.9, we may specify a class
of nonlinear processes with a mismatch structure of a constant V matrix among the locally
linearized gain matrices. Then linear multivariable controllers designed for the nominal
process may control this class of nonlinear processes over a wide region with robust stability
and performance. The robustness properties given in Theorem 5, 6, 7 and 8 are applicabie
1n this situation and therefore will not be repeated here, The emphasis in this section, instead,
1s on showing the relationship between the structure of constant V matrix and the geometric
structure of equal angle/length mismatches in 2 X 2 processes.

For2 x 2 systems, an unitary matrix can always be expressed by sine/cosine functions
(Noble and Daniel, 1977) and therefore 2 gain matrix may be expressed as follows:

_[cos® —sin6][c Of cos¢ —sing -
&= sme cosB][O g-l[-sintb —cos¢] wie
- _'Ecoseoos¢+gsinﬁsin¢ —Ecosasin¢+28in9°05¢ (4—4b)

" | osinBeos¢—ocosBsing —GsinBsing—gcosBrosd

where 6 and ¢ are the characteristic angles for the input and output rotation matrices,
respectively. For ill-conditioned nonlinear processes with unchanged V marrix, it can be
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casily shown that the two gain vectors in (4-4.b) asymptotically have the following geometric

mismatch structure as the minimum singular value approaches to zero:
=S o m=m=n (4-5.a)
o

o =a=0=3=5=0 (4-5.b)
when G and 6 in terms of SVD description, or z and §in terms of the geometric description,
are functions of operating conditions. Therefore for 2 x2 ill-conditioned processes, the
special structure of the constant V matrix is equivalent to the geometric structure of equal
angle/length mismatches. We may regard a constant V matrix structure as a high-dimensional
extension of this geometric structure.

A special case of this structure is where both rotation martrices are unaffected by
changing the operating conditions. Then 6 is a constant and thus 5 is 0 in (4.5.b). In other
words, the structure of constant U and V matrices is equivalent to the geometric structure
of no angle mismatch in gain vectors. The only mismatches are in the singular values or the
magnitndes of the process, and this case is very similar to those SISO systerns where
nonlinearities only change the magnitude of a nominal process gain.

4.1L.4 Correlated Mismatches in the Input and Output Rotation Matrices

Similar to the consecutive developments of the two geometric structures as given
in sections 4.1.1 and 4.1.2, this section will relax the stringent assumption of a constant V
matrix proposed in the last section. For ill-conditioned processes, Property 6 implies that
linear controllers designed for a nominal process must have large performance variations
when the locally linearized processes do not have the ideal structure of a constant V matrix. -
Therefore only the stebilizability problem needs to be examined here. |

Suppose that mismatches in both the U and V matrices have the structure of no sign
uﬂsmamhipanmmrixclcments.'lhcn the first summation term in (3-35.¢) must be positive



because all diagonal elements g5, TV, and VTV, are positive. A simple sufficient
condition for the second summation term to be positive as well, and thus for the summation
of eigenvalues to be positive, is as follows

UiU)-WiVp>0 Vi, (4-6)
This condition requires that the mismarch in V (characterized by V7V) is correlated with
the mismatch in U (characterized by U'U) in such a way that each pair of theirij-th elements
have the same sign. It will be shown later that this correlation between V7V and UTU does
existin physical processes such as catalytic reactars. Unfortunately we are not able to further
examine the properties of other CP coefficients of G™'G based or this correlation, becanse
of the complexity of these coefficients. Consequently we cannot obtain a sufficient condition
for the stabilizability when both rotaton marrices have significant mismatches. However,

for 2 X 2 systems, the following theorem has been proven in Appendix-7.

Theorem 10

For 22 systems, if both G and G are non-singular and the mismatch

between them has the following structure:

i) both rotation matrices have their element signs unaffected by the

mismatch,

i) UTU and V7V are correlated such that they have the same signs in cach

of their corresponding elements (ie. equation (4-6)),

then the eigenvalues of GG™ mustbe eitherreal and positive, or be complex

and with positive real parts, and the control system is stabilizable for the

locally linearized process.
Although both Theorem 9 and Theorem 10 deal with the stabilizability problem, the former
is a global condition addressing only 2 necessary condition for the stabilizability (ie.
det(GG™) is positive) while the later is a local condition for the stabilizability condition
itself.
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4.2 Physical Examples

In this section, the numerical resuits of locally linearized gain matrices at various
operating conditions for a few physical processes are obtained to confirm that the
theoretically derived structures are realistic for the mismatches arising from process
nonlinearities. The examples include a binary distillation column based on a short-cut
nonlinear model, a fluidized-bed catalytic reactor based on a rigorous mechanistic model,
and a packed-bed catalytic reactor where several lincar models have been idenufied
experimentally at various operating conditions.

4.2.1 Dual Composition Control of High-Purity Distillation

The dual-composition control of high-purity distillation columns has been
thoroughly studied in recent years because it presents unique challenges from severe process
nonlinearities and from ill-conditioned nominal steady-state gain matrices (McAvoy (1983),
Skogestad and Morari (1988), Skogestad et al (1988)). Two control strategies, LV and DV
control, particularly have been the focus of attention. LV control of a column refers to
controlling the overhead and bottom compositions with reflux flow (L) and boil-up flow
(V), while DV control refers to controlling the dual compositions with overhead product
flow (D) and boil-up flow (V).

The steady-state relatgonship between LV and DV control is just a linear
transformation due to material balances

dL] [-1 17jdD]4 dD
oo ] m] “=9
The more complicated dynamic relationship has been derived by Yang, ez al (1990), but it

is not necessary for this study. Owing to the relationship in (4-8), both the GG and GG™

matrices are the same for LV and DV control because
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G*(GYY =GPTo (G5T) =G5 (GH (“4-9.a)
GM(G*) ' = GPT (G5 T =GE(GHY™ (4~9.b)
where the superscript £ and M denote LV (energy balance) and DV (material balance)
control respectively. Consequently, there is no difference between the robustness of linear
LV and DV multvariable controllers designed for the nominal process to control the
nonlinear process at any operating point in terms of their stabilizability and performance

variation measure ((2-4) and (2-11)).

—

feed

[T

v
L%

(I8

'l B
-

Figure-4.4 Distillation column
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The nonlinear steady-state relationship between the inputs (two flows) and the
outputs (two compositions) in LV and DV control is approximated in this study using a
short-cut model for binary distillation columns which consists the following equations

(McAvoy (1983)):
N-N, _ R~R, _
[ NTl J—.‘!S[l-( Rl (4-10.a)

Rt (% Q(l"'xn))
Te-DlXe (1-X)

| [ % t—x.J
N =2 (4-10.)

hea

(4-10.b)
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where the feed quality is assumed to be 1 (ie. saturated liquid) in this model. Only three
paramesters need to be specified, ie. the number of trays, the relative volatility and feed
composition. Given the product compositions, we can solve (4-10.2) for R and then solve
for the other flow-rate from material balance equations

F=D+B 4~11.a)
FX;=DX,+BX, (4—-115)
L=D-R 4-11.c)
V=L+D (4-11d)

Therefore the input contour plots can be obtained. Figure-4.5 and Figure-4.6 are the results
of LV and DV processes with specified parameters of twenty seven trays, reiative volatility
of 1.65 and feed composition of 0.5 in mole fraction.

The gain vectors are along the tangent lines of these contours. These nonlinear
contour plots have the following major characteristics: i) the process nonlinearities are
prominent in the severely curved, and not equally spaced contours arising from the physical
limits on the composition (ie. 0 to 1 for mole fraction), if) in L'V coatrol, the contours of the
two inputs are almost overiapped and therefore the gain vectors at any operating point in
the region will be nearly collinear (ie. very ill-conditioned), and 1ii) the contours for constant
boil-up flows in DV are the same as those in LV except that, by increasing the other input
value on these contours, LV and DV will have the compositions moved in opposite directions
along a contour. The last characteristic is because

eXe=16568 5 4]

=[-G;,G; +Gyl (4-12)
and thus the gain vector of distillate flow is simply the negative gain vector of reflux flow.

Considerfirst the global stabilizability of linear model-based control of the nonlinear
process. The nonlinear model in (4-10) is simple and therefore, by inspections of the
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Figure-4.6 Input Contours of DV process
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equations, we know that the input/output relationship is a one to one mapping. According
to Thearem9, the determinantof GG in the regionis always positive. Formore complicated
models, we should examine the contour plots to see if any mnitiplicity exists. In DV control,
the dotted contours in Figure-4.6 asymptotically approach the two axes. Consequently, the
- twO gain vectors at any point, one tangent to and other normal to a dotted contour, will
always remain in their original half planes. This phenomena satisfies the sufficient condition
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in Theorem 3 for the race of GG-! to be positive. We conclude that, even though the nominal
modelin DV (orLV) controlis very ill-conditioned, a linear controlleris globally stabilizable
in a wide region.

Thelocally linearized process gain matrices are now examined. First, an equal-purity
operating condition, in which the light-key mole fraction composition of the top and bottom
products are 0.987 and 0.013 respectively, is chosen as the nominal process. The LV control
has the steady-state gain marix as follows (Koung, 1987):

o[ S AT sl ) e
Table-1 contains the process gain matrices at four operating points: (1) high purity in the
heavy key; (2) high purity in the light key; (3) high purides in both keys; (4) low purity in
both keys. These four cases clearly show that the V matrix of this process is not affected by
the nonlinearities because V7V matrices are all nearly the identity matrix. Furthermore, the
U matrix of the process is also unaffected as long as the relative purity of the keys remains
the same as scen in operating points such as (3) and (4) where UTU is also nearly an identity
matrix. The {TU matrices in (1) and (2) have the structure as described in Theorem 7.

|

i §] VIV |digg@&D)| m | | & | B2

(90837813 —.812]|[ .718 .6687[[1.00 0.00]

I(l) [.0009)il 015 —.016l|| —.698 .718||Llo00 1.00] 1.18,0.13 |1.18{1.18{-0.77|-0.78

(99597018 -.017)|[.726 ~.687]|[1.00 0.00]

@ Lol g10 —sulll 687 726 [|Looo 100]f 1.18,0.13 |1.18{1.18| 0.76 | 0.75
(994811454 —.4937|[ 1.00 .005]|r1.00 0.0] :

3 |Lws2)|| 494 —.a95!il —.005 1.00!|L000 100}] 1.02,0.18 |1.02|1.02) 0.00 |-0.01
[ (446 —3947|[.999 -.05][[.0 -.00] .

C)) ‘:2] a6 -8l aso 00 ||Lo0 10 ]| 912,092 0.92|0.52{ 0.00 | 0.10

Table-1 LV control

Table 1 also contains the length and angle mismatches of the two gain vectors which
confirms that the constant V matrix structure is equivalent to the geowmetric structure as
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shownin (4-5). Using the contour plot in Figure-4.5, we can clearly see that when the process
is moved to an operaring point with high-purity product at one end only, the movement is
basically along the sharply curved contours and therefore the two gain vectors are rotated
by approximately the same angle. However, there siill exist slight differences in the two
angle mismatches due to the fact that physical constraints on the compositions must force
the angle between the two gain vectors even closer to T when the operating point is closer
to cither axis than the equal purity situation. This also explains why the process minimum
singular values decrease from its nominal value significantly in case (1), (2), and (3) when
the product purity at either end increases.

4.2.2 Catalytic Reactor Control

The following two processes to be investigated are pilot plant fluidized-bed and
packed-bed reactors carrying out the same butane hydrogenolysis reactions over a nickel
on silica gel catalyst. The hydrogenolysis of butane can be represented by the following
overall reactions

CHy+H, = GH,+CH,

CHy,+H, = 2CH,

GH, +H, - GH,+CH,

CH,+H, - 2CH, (4-14)
Only three of the above reaction are stochiometically independent, therefore at most three
outputs or reaction species can be controlled. The controlled output variables usually are
percentage butane conversion, and ethane and propane produection rates. The manipulated
variables are the total feed flowrate, the feed ratio (ie. hydrogen to butane flowrare), and
the reactor temperature. The gain matrices listed later correspoad to the process output/input
vectors with the elements in the same order as described above. Numerous open-loop and
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control experiments have been carried out for these pilot plant reactors, including the latest
such as Onderwater (1985), Kozub er al. (1987) on the packed-bed reactor, and McFarione
et al. (1983), Kelly (1991) on the fluidized-bed reactor.

4221 The Fluidized-Bed Reactor

Mechanistic steady-state and dynamic models for the fluidized reactor were
developed by Shaw (1972) and McFarlane er al. (1985} based on a two phase model of
Orcutt et al (1962). Shaw (1974) has reported thar this model, despite its many simplifying
assumptions, predicts the conversion and selectivities reasonably well. With this nonlinear
model, we can perturb the process at various operating points to obtain different gain
matrices. In order to ensure thar all regions were adequately considered, in our analysis a
three-level factorial design in the three manipulated input variables around the nominal
operating point in Table-2 was used to choose the operating points. In total twenty seven
operating points were examined.

Table-2 Three-level factorial design for the fluidized-bed reactor

The nominal linear process has the following gain matrix

-124 -053 038
G=| 08 152 -.100
074 127 -.09
=99 .10 - 128 0 07 1.00 =-.07 .00
=| .08 76 .65 0 034 0 06 8 56 @-15)
07 6 -76]L 0 0 008]]-04 ~-56 53
Again, this model is very ill-conditioned with a condition number around 160 and thus a
linear controller based on this model will be very sensitive to unstructured model mismatch
(ie. according to(3-3.c) foradditive mismatch magnitude, less than one percent of the 2-porm



of the nominal process can be tolerated). However, by themselves the process nonlinearities
in this reactor introduce a very structured model mismarch, in which both U and V remain
roughly unchanged at most of the operating points. More precisely, the gain matrices of all
the twenty seven points fall into four categories:

1) Both U and V are unchanged,

2) Either U or V is unchanged,

3) Both U and V are changed but the mismatch has 2 structure as in (4-6), and

4) The model mismatch leads to unstabilizable linear control.

Table-3 contains one example gain matrix from each category.

G i viv

(0680 —0038 0.028 ] [ 1000 —0011 0.001]
0152 ~0.03 0011  1.000 0008
0130 -0.092, J|-00m1 -0008 1.000]

0.094 7 [ 0998 007t 0.004 4T
-0.132 0071 0997 -—-0.02%
-=0.119 ¥ | -0002 0029 1.000 ||*

0.005 7 ! [ 1,000 0010 -0.0317|f
=0023 0.89% -0444
0023 0444 0896

T 0596 —0050 -0.025)(r
0066 0576
| —0.066 —CATS

Table-3 Some 3 x 3 fluidized-bed reactor linear models

Case 1 bave both V7V and UTU being identity matrices and hence the ratios of
singular values (0,/G;) are the eigenvalues of G'G, according to Theorem 6. When a
multivariable process has model mismatch in the singular values only, the process
nonlinearities in such a process act similarly to those in SISO processes. Case 2 shows that



the mismatched gain matrix has virtually the same V matrix as the nominal process, while
its U matrix has the structure as described in Theorem 7. The real eigenvalues will be positive
and the complex ones will have positive real parts in this situation (Theorem 7 and 8).

Ir Case 3, there are sigrificant mismatches in both U and V matrices. However,
bark; 7U and V7V have the structure described in Theorem 10, and they are correlated with
cach other in exactly the same way as (4-6).

The process nonlinearities in some regions do cause the process 1o have 2 mismatch
that is not stabilizable regardless of how we detune a controller based on the model in (4-15).
Case 4 shows one of these gain marrices where the U matrix is essentially unaffected but
the V is severely changed by the nonlinearities in that VTV has a aegative diagonal element.
It can be shown that Case 4 has one negative eigenvalue of G7'G.

Since the 3 x 3 process is very ill-conditioned and thus is vulnerable to unstructured
uncertainties in the modelling, itis logical to control the reactorasa 2 X 2 process. The 2x 2
nominal process, which has the butane conversion and ethane production rate as the outputs
while the feed flowrate and feed ratio as the inputs, has the following gain matrix

G=[—l.267 -.06TJ=[—.9981 .0611][1.271 0 :“:.9981 —.0618] @-16)

066 191 0611 9981} O 0.187] .0618 9981

By reducing the dimension of the process, not only is the tolerable magnitnde of additive
unstructured uncertainty increased by almost 30 times as seen from the size of the minimum
singular value in (4-16), but also it is observed that, under the structured mismatch arising
from nonlinearities, all the 27 operating conditions in Table-2 are stabilizeble. The U and
V matrices at various operating points are generally closer to those of the nominal model
than in the 3 X 3 cases. Three examples are listed in Table-4 which have the same mismatch
structures as those in the first three cases in Table-3. Again, we can see that the structured
” mismach due to process nonlinearities makes both UFU and VIV meet the sufficieat
conditions in Theorem 6 (Case (1)), Theorem 7 (Case (2)) and Theorem 10 (Case (3)) for



condition (2-4) to be true. Note that the reactor temperature, which is shown as the bottom
element of the M vector in Table-4, is not 2 manipulated input here and is not at its nominal
value (ie. 0) in the three cases. This implies that not only the input/output nonlinearities but
also the disturbance nonlinearities (ie. reactor temperature) do not affect both rotation
matrices or affect them in a favarably correlated fashion.

M G U'U Vv diag (&%)
[o. 659 -—.024 (10 .06 0 0
«ll - - 10 . 1.0 .01
L) [004 .067] | ~06 10 [-.01 1.0] 33,45
-
1. =i [-1.89 -.0074 95 —.32] 10 00
@1 [806 093 ] | 32 95 | [o.o 1.0] 17,38
-1.60 —.189 94 -
611 590 35 94

Table-4 Some 2 x 2 fluidized-bed reactor linear models

4222 The Packed-Bed Reactor

Due to the complexity of a rigorous mechanistic model for the packed-bed reactor,
the effects of process nonlinearities on the linear model mismatch will be examined only
from the previous experimental works. Onderwater (1985) identified the linear models at
three operating conditions which are referred as high, medivm, and low stability regions.
Kozub er al. (1987) also identified a linear model for inverse-based controller designs. In
these models, the process output variables are the propane production rate and butane
conversion, and the input variables are the hydrogen flowrate and kot spot temperature in



the reactor. Suppose that we choose the low stability region as the nominal operating point
and the nominal steady-state model is

. =585 096] _[-990 -.142][599 O [ 990 -—.144]
G'[ 95 64 '[.142 -.99][ 0 0.78][-.144 —.990] “-17)

Three other steady-state models are listed in Table-5.

G Uy Vv diag (%)

o| [o0 ol | 3 w0 | [Doe 1o |18
|

o [% @] | [ o) | [o G0 [wmom
ol [2638) | [55 3] | [ 3] |sse

Table-5 Some gain matrices of the packed-bed reactor

Despite the fact that the gain marrices in Tabie-5 were obtained by experiments in which
the model mismatch must contain some ¢lements of unstructured uncertainties, the structured
mismatch due to nonlinearities still dominates the modelling emors with respect to the
nominal model in (4-17). This is evident from the fact that in all cases both (U and V7V
meet the sufficient conditions in Theorem 7 and Theorem 10.



4.3 Summary

This chapter first derives some special structures of model uncertainties using the
results from Chapter 3, and then shows that such uncertainty structures indeed existin many
physical processes. Strucmrcd. uncertainties arising from process nonlinearities usually
impose certain correlations among the mismatch terms. For example, high-purity distillation
columns have the correlation, 8, = &; and n, = n, in a wide operating region, whose physical
meaning is also provided using Figure-4.5 and 4.6. This geometric correlation, in
ill-conditioned processes, corresponds to the structure that the V matrix is constant. For
these nonlinear, ill-conditioned processes, simple linear control systems can have high
performance ev<a when the process operating conditions are changed. Another example of
mismarch correlations is where the process input/outputrelationship is a one to one mapping,
which is a necessary condition for nonlinear processes to be controlled by linear controllers
with the global stabilizability. Binary distillatior columns based on the short-cut model
definitely satisfy this condition. However, the example of a 3 x 3 fluidized bed reactorclearly
demonstrates that nonlinear processes can have a portion of the entire operating region that
is not stabilizable using any linear controller designed for the nominal process. On the other
hand, the 2 x 2 fluidized bed reactor represents a good example in which the robustness of
controlling an ill-conditioned process is enhanced by reducing the number of input/output
variables. Finally, the packed bed reactor example presents some experimental results on
the relative importance of the structured (nonlinearities) vs. unstructured (identification

errors) model mismatches.
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5 Robust Identification

The identification of robust linear models is considered in this chapter. Since it is
well-known that the uncertainties in parameter estimates are controlled by the design of
experiments, this chapter focuses on this aspect.

For SISO systems, a traditional two-level input perturbation design such as the
Pseudo Random Binary Sequence (PRBS) can provide very efficient estimates of linear
model parameters. When applied to multivariable processes, the two-level design is usually
applied to every input variable, and employed in such 2 manner that the inputs are perturbed
simultaneously and independently, or one at a time. In the case of Multiple Input Single
Qutput (MISO) model identification, these traditonal designs still provide efficient
estimates of process models. However, for multiple output systems designs, such as these
which were developed for the single output case will notin general provide models that will
lead to robust multivariable controllers. There are two reasons for this: 1) in these designs
the modelling errors in the MIMO model have not been considered jointly, and therefore
therobustness properties of the MIMO model have not been addressed; and 2) anindependent
design for each output does not consider the directionality of a multivariable processes.
These issues are particularly important for ill-conditioned processes where very small
mismarch magnitudes can lead to severe problems in closed-loop stability and performance.

This chapter applies the results in Chapter 3 on the analysis and synthesis of robust
linear models to develop new criteria for the design of identification experiments. First,
robust identification designs for 2 X 2 systems are rigorously derived from two approaches,
namely, a geometric approach for robust stability and an optimal design approach forrobust
performance. These results lead to a very simple and unified design approach for general
2 x2 processes, which can be easily generalized to high-dimensional systems and extended



10 address the problem of closed-loop identification. Finally, examples on identifying linear
MIMO models for distillation control, and on using a sequential design approach fora 3x 3
process are provided.

5.1 Criteria for Robust Identification

5.1.1 Geometric Criterion for the Stabilizability of 2 x 2 Systems

Linear estimation of 2 MIMO gain matrix considers the parameters row-wise for
each output. Therefore the uncertainties of an identified gain matrix are more conveniently
addressed in terms of row vectors rather than column (gain) vectors. Since the row vectors
arc the gain vectors of the transpose of 2 gain matrix, and the eigenvalues of any matrix
and its transpose are the same, ie.

AGNGHY 1=AIG'6) 1=0(G"6) G-1)
both Theorems 2 and 3 are applicable to the row vectors of gain matrices as well.

Model uncertainties arising from identification errors are likely to be such that the
two identified row vectors are independent to each other. In this case, we can apply the
mismatch conditions Theorem 2 and Theorem 3 to become one simple condition for the
stabilizability in terms of model uncertainties. Define a "singularity line" () as a straight
line passing through the intersection point of the two row vectors. Then a boundary can be
drawn around each true row vector to enclose all possible identified row vectors as shown
in Figure-5.1, which is referred here as the uncertainty region. Due to the stochastic nature
of identification errors, we shall assume that not a single point in either uncertainty region
can be excluded from the identification results, and then it can be derived using Theorem 2
and 3 the following property:



Figure-5.1 Geometric uncertainty condition for the stabilizability

Property 8

Suppose that the uncertainty regions of the two row vectors of a2 X 2 gain

matrix are independent. Then a multivariable controller design for this

process is stabilizable for all possible identified models if and only if there

exists no singularity line trespassing both uncertainty regions

This leads to the following geometric criterion. For stabilizability one should design

identification experiments to shape the uncertainty regions such that there exists no
singularity line trespassing these regions.

5.1.2 Criteria Using SVD Structured Uncertainty Descriptions

5.12.1 The Stabilizability Condition

According Theorem 7 and Theorem 8, if we can identify a model with the exact V
matrix information and the mismatch - in the U matrix is not too severe, in that the two
conditions on the U matrix ciements are satisfied, then the stabilizability of any controller
design based on this identified model can be guaranteed. Furthermore, for the special class
of nonlinear processes in which the locally linearized gein matrices at different operating
points have the structure given in Theorem 7, the linear multivariable conu'c_;llcrcan provide
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stable control of these nonlinear processes over wide operating regions in spite of large
mismatch magnitudes due to nonlinearites. Therefore, Theorem 7 also serves as a new

criterion for robust identification.

Unfortunately, it is virtually impossible to identify the theoretically exacr V martrix.
Moreover, Property 7 indicates that an ill-conditioned system can be very sensidve to
uncorrelated uncertaindes in the U and V matrices which will always be present in
identfication. Therefore the best we can do is to design the experiments so that the mismatch
in the identified V matrix is minimized. To establish an upper bound on how much the ¥
matrix uncertainties must be reduced, consider the following simplified situation. Assume
that the uncertainties in an ill-conditioned gain matrix is so small that all the diagonal
elements of £%, UTU and V7V are virmally unity while the magnitudes of off-diagonal
eleraents of the latter two matrices can be estimated by nearly zero constants, €, and &,
respectively, ie.

6;=0; and UTU,=ViV,=1 Vi (5—2.a)
UTU, =%k, and VIV;=+e, Viwj (5-2.b)
Then (3-35.c) can then be simplified to the following

r r—l

zr(GG“)- l, ria_a,(-n-+2 21-) (5—3.2)

G, iw2jm1Q;
jwi

=rtggx (5-3.b)
where X' is a large value greater than the condition number of the nominal process. For2 x 2
systems, X' = X+ 1/. Given the fact that we cannot exclude the possibility that the random
identification errors in the V matrix make the £ £,8, negative, we therefore should establish
the upper bound for the &, as:

r
— .
g8, < = ( )
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10 guaraniee a posidve value in the wace. It is clear that as the process gets more
ill-conditioned, the tolerable mismatch magnitude in the elements of U and V matrices
become smaller. Theorem 11 below summarizes the effect of uncorrelated uncertaindes of

the U and V marrices on stabilizability.

Theorem 11

Assume that o r dimensional G is ill-conditioned and the uncertaintes

between G and G is uncorrelated and characterized by
1 i=j 1 i=j
1 = 1.- .={ - T i -
22=1 U.U; (£g, —0i=j’ vi¥; {-_!-e,->0i==j
then stabilizability of the closed-loop system fur the locally
linearized process is ensured for

1) high dimensional systems (1 2 3), only if &8, < é

2) for 2 x 2 systems, if and only if &€, < =
The proof of this theorem for general cases has been derived from (5-2) through (5-4), while
for2 x 2 processes, the concept that the determinant of GG is positive as shown in Thearem
101s also needed to claim that the same conditior is both necessary and sufficient. Theorem
11 implies that if we cannot reduce the mismatch in the U matrix (for example, due to the
process nonlinearities), then we must minimize the uncertainty magnitude in the V matrix
to meet the necessary condition for stabilizability. Therefore, this leads to a criterion that
for stabilizability one should design the experiments to minimize the uncertainties in the V

matrix.
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5.122 The Performance Variatior Condition

According to Theorem 5, if we could have the exact V matrix information, then the

performance variation condition can be easily derived to be equivalent to:

16G™.~1= M_ax(&J—l (5-5a)
; :

4

I¥1.
Mm[.n““ayun‘u—nJ =M

I

&J b O'J-
Max—— (5-5.b)
G;

Generally speaking, if any of singular values :s overestimated and has the largest
muitiplicative exror magnitude which is much larger than 1, then the | GG is large and
there will be large performance variations. However, whea a process has very different
magnimdes in the singular values (ie. ill-conditioned processes), only those relatively small
singular values are sensitive to modelling errors and most likely to have large multiplicative

error magnitudes.
To illustrate this, consider a simple situation of an ill-conditioned 2 % 2 processes
where the mismatches are present in the singular values only:
1G-Gl.=1UE-5V1.=12-3, (5-6.a)

_ Y | _
_M?x(ojl s, 1] j=12 (5-6.5)

Therefore, given an additive mismatch magnitude of the gain matrix, I = | G — Gl », cither
the absolute value of the maximum singular value multiplied by its multiplicative error
(6, 6/6; = 1]) arthat of the minimum singular value (G,] Gx/G; — 1}) will equal to this value.
However, the latter sitarion corresponds to a much lerger multiplicative error, ie.

G G
lﬁ-l .S —‘-1| -7
o2 c: G |Gy




For example, suppose that the addidve mismatch magnitude cannot  exceed g, then the
multiplicative error magnituds of the maximum singular value on the RHS of (5-7) must be
equal to or smaller than 1, while that of the minimum singular value on the LHS can be
much larger than 1. Hence, for ill-conditdoned 2x2 processes, the RHS of (5-5.b) is
equivalent to the following condition:

Min

G |
=-1 5-8
i |5 I (5-8)

Extensions of (5-6), (5-7) and (5-8) 10 high-dimensional processes with more than one small
singular values are straightforward and will not be shown here.

Properry 9
Suppose that the V matrix could be exactly identified. Then the

performance variation condition in (2-11) is most sensitive to the
mismatches in the relatively small singular values.
This provides a performance related criterion that one should identify the smaller singular
values as precisely as possible. Anderson and Kummel (1991) drew the same conclusion
froma simulation study, in which they found that itis very difficultin ill-conditioned processes
to identify the minimum singular value at low frequency with enough accuracy and the
control performance will suffer if the accuracy is not improved.

5.2 Design of Experiments

Traditional c:mcna for the optimal design of identification experiments have always
involved minimizing some overall measures of parameter uncertainties associated with one
output only (ie. for MISO model). Nevertheless, the above criteria for robust identification
imply that we should design the experiments such that the parameter uncertainties associated
with all outputs should be treated jointly. In this section, we will discuss two new design
approaches which are derived from the above robust identification criteria. The geometric
approach for 2 X2 processes is to shape the uncertainty regions for the two row vectors in
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a gain matrix such that Property 8 is satisfied. The other design ¢riteria are 10 minimize the
uncertaintes in the input rotation martrix (V) and in the small singular values in order to
satisfy Theorem 11 for the stabilizability, and Property 9 for the performance variation.
Furthermore, a2 new concept of designing experiments in the transformed input space is
shown to unify all these design approaches and provide a general design criterion.

5.2.1 Geometric Approach for 2 X2 Systems

52.1.1 Experimenzal Designs for Stabilizability

Under the assumption that the errors in the k-th output are normally distributed with
a mean 0 and variance 7, it is well known that the least square estimates of the parameters
in the k-th row of a gain matrix has a joint confidence region defined by the ellipse (Beck
and Arnold, 1977):

Gi -GG, -G =rs2F(r,n—r)=c* k=1,2 (5-9.a)

or

[,._lm;-](su -fu)2+2(‘.§lﬂam) ©u=gu) cga—éa){glné) @ =)' =c15-95)
where Gy =[gy g4 is the k-th row vector of G, s, is the estimated variance, Fo(r,n—r)is
the critical value of the F-distribution with r +(n —r) degrees of freedom at @ level of
significance, and M is the design matrix of manipulated input setings:

fri B
M= [mli mﬁ],.xz ’ MTM= : ) (5_9-6)

.‘gxmumﬁ iglmé

This joint confidence region is the uncertainty region of the k-th row vector defined earlier
in discussing Property 8. Note that, aside from their locations, the uncertainty ellipses for
the two Tow vectors are the same because the same M”M marrix appear in (5-9.a) for both

vectors. With the additional! assumption that the errors in the two outputs are independent,
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we can apply the geometric necessary and sufficient condition in Property 8 to examine how
different designs affect the stabilizability of the closed-loop system using the identified
models. The uncertainty regions can be classified as: 1) ellipses with 2 horizontal or vertical
majcr axis when the cross product term is O (ie. the two inputs are designed 1o be

uncorrelated), or 2) ellipses with inclined axes when the two inputs are correlated.

The most common practice in identification is to design the inputs to be uncorrelated.
This can be achieved by either perturbing only one input at 2 time (i¢. each mym,; 15 0), or
all inputs simultaneously but independently (ie. '_g mymy; is close © 0). A well-known
example for the latter is a rwo-level design in which each input is perturbed independently
at its upper and lower levels. It can be shown that the l2ater two-level design is also able to
minimize the arez of the joint confidence region for 21l the parameters associated with one
output ((5-9.b)). This is the so-calied "D-optimality” criterion, in which the determinant of
M'™ in (5-9.a) is maximized by the design. For dynamic systems, independent PRBS’s
with well chosen switching intervals are good approximation to the D-optinsality design.

Figure-5.2(a) illustrates the joint confidence regions of the two row vectors that
would be obtained from applying independent inputs to an ill-conditioned process. We can
see from this figure that, because of the collinearity of the true gain vectors coupled with
the orientation of the major axis of the uncertainty regions, the necessary and sufficient
condition for the stabilizability in Property 8 cannot be satisfied by this uncorrelated design.
In arder to meet this stabilizability condition, the uncorrelated design would have to be
modified to have more experiments or larger magnitudes of input perturbations such that
the ellipses would be reduced sufficiently (Figure-52(b)) so that there exists no singularity
line () that can intersect both regions. However, for ill-conditioned processes the required
number of experiments, or the increased variations in the output responses as ¢ result of
increasing the input magnitudes, is often unacceptable.
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(a) an arbitrarily (b) a modified design of (a) (c) the new design of
uncorrelated design with increased magnitudes correlated inputs
or number of experiments

Figure-5.2 Uncertainties from different input designs

Geometrically, an obvious method to meet the condition in Property 8 is 1o rotate
the ellipse in Figure-5.2(a) such thar the major axis is parallel to the row vectors, and to
simultaneously decrease the rato of minor to major axis length such that the major
uncertainties are only in the lengths of the two vectors (Figure-5.2(c)). Of course, this design
strategy requires some priorknowledge about the direction ot “he row vectors to be identified.
If this is not avaﬂablé, it can be achieved by using a sequential design approach which will
be discussed later. The most significant result from Figure-5.2(c) is that proper designs for
stabilizability of this type of ill-conditioned process will have correlated input perturbations
(ic. the ellipse has an inclined major axis). This is contrary to the general belief that we
should use independent permurbations in the two inputs. The latter would provide
uncorrelated parameter estimates bat less robust models. Another important advantage of
taking this approach to design is that the robust identification can be accomplished with
many fewer experiments or with input variations that cause much smaller output variations
than the case in Figure-5.2(b). More details on the latter will be discussed later.

In summary, we have established a geometric basis for experimental design that
mzinly considers the orientation of the uncertainty regions for the row vectors in the gain
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matrix of 2 x 2 systems. The orientation of the ellipses as well as the required ratio of the
minor to major axis lengths depend on the particular MIMO process being considered,
Therefore, in the following, we unify the designs for different processes in the transformed
input space.

5.2.12 Unified Design ir. Terms of the Rotated Irpuss

Consider the following input wansformation based on the SVD of a gain matrix:

G-M=US(V-M) = Q-F (5-10)
where & is a result of multiplying the input rotation matrix by the input vector, and therefore
will be referred here as a rozared or transformed input vector. Design of experiments for
the settings of £ will determine the uncertainties in the elements of the zransformed gain
matrix £2, which can be interpreted as the output rotation matrix being re-scaled coluron-wise
by the singular values. Figure-5.3 provides a geometric interpretation for a transformed gain
matrix.

U matrix Scaling Row vectors of a
transformed gain matrix

Oy,

ul!
!
‘\ Uu nu

Figure-5.3 The formation of a transformed gain matrix

Figure-5.4(a) shows two circles around the row vectors of the transformed gain
matrix. These are the uncertainty regions from an uncorrelated design with the same
perturbation magnitude in both rotated inputs. According te Property 8, the design in
Figure-5.4(2) does not lead to robust identification. Itis clear from this figure that the major
problem with ill-conditioned processes is the very small minimum singular value, which
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scales the vertical components of row vectors to be so small that both uncermainty regions
can ecasily have their vertical components being positive or negative. Then the horizontal
axis itself is a singularity line trespassing both uncertainty regions.

ol! Qt!

oy O.T%

(@ (b}

(2) the same perturbation magnitude in two  (b) the second rotared input has a larger
rotated inputs magnitude than the first

Figure-5.4 The uncertainties from two uncorrelated designs of experiments

A properdesign for the transformed process should yield uncertainty regions similar
1o Figure-5.4(b). This design would still be an uncorrelated design in the rotated inputs, but
would have a larger magnitude in the rotated input corresponding to the smaller singular
vzlue. When the input magnituac in this direction is large enough that neither uncertainty
r2gion has the possibility of a sign mismatch, then stabilizability is guaranteed because then
no singularity line can trespass both regions. This resalt is totally consistent with Theorem
5, 7 and 8. When there is no sign mismatch in the ransformed gain matrix, there is no sign
mismatch in the identified U matrix because singular values are always positive. Note that
the second condition on the U marrix elements is always met in 2 X 2 systems. Therefore,
we conclude that an uncorrelated design in the rotated inputs with a sufficiently larger
magnitde in the second rotated input permrrbation is necessary to identify general
transformed processes that satisfy the stabilizability condition.
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Given an estimate of the input rotation matrix, the design of rotated inputs discussed
above can be easily translated into the design of the physical inputs by a simple inverse
calculation, M = VE. Consider as an example the ill-conditioned process with nearly
collinear column vectors discussed in Figure-5.2 and with the gain matrix given by (2-1.2).
This process has its true rotated input vector as following

g-f 071 -0.717 [m]_[ 0.71m—0.71m, 5-11)
| =071 -071) {m,| | -0.71m,—0.71m,

Suppose we design the rotated inputs using an independent two-level design where the
second rotated input has a 10 times larger perturbation than the first. Then the four
components of both the rotated and the corresponding physical input perturbations are given

below
o CAREHAED = e (AEHD em

Note that the two physical inputs always change in the same direction (ic. either increase
or decrease simultaneously), and therefore are highly correlated. This resuit is same as that
from the earlier approach shown in Figure-5.2(c) which directly designs the physical inputs
based on the geometric analysis of the original gain matrix. It should be emphasized that
the new correlated design yields approximately the same outputrange of ¥; = [#1 £1)7 as
the traditional uncorrelated design of M; = [+1 +1]7. In other words, the proposed design
approach can reduce the parameter uncertainty without the cost of a wider range of output

variations. More general treatments o the issue of output variations will be presented later,
If the input rotation matrix could be estimated exacly, then applying the designed
physical inputs would yield a physical model with stabilizability because
GG = V@V =00 (G-13).
However, the true V matrix is never known exactly, and therefore the design of experiments

in terms of the rotated inputs will only asymptotically ensure the robustness of physical
models. Therefore, it is also crucial to precisely identify the V matrix. This problem is

-79-



discussed in the following section.

52.2 Optimal Design Approach

As discussed earlier in Theorem 11 and Property 9, criteria for robust identificarion
require that mismatches in the identfied V matrix, and uncertaintes in the small singular
values be minimized. Therefore, we need to find the optimal designs for the precise

estimation of the V matrix and the small singular values. Since the parameters in SVD

matrices,
gy . qfo . OFve . . T
G=uzvi=| . . . lt. . .. . . (5-14)
u.i| 0 |l - v,

enter the model nonlinearly, we apply some weli-established methods on the optimal design
of experiments for nonlinear parameter estimation 1o robust identification in this section.
Note that although we consider the nonlinear SVD parameters in the experimental designs,
it is not necessary to estimate them using a nonlinear estimation algorithm because, due to
the invariance principle of maximum iikelihood estimation (Hogg and Craig, 1965), they
can always be obtained by performing SVD on the linearly estimated gain matrix.

522.1 Optimal Designs for a Subset of SVD Parameters

The uncertainties of an estimated nonlinear parameter vector f can be characterized
by the approximate covariance matrix (Beck and Arnold, 1977):
cov(B—B)=EIB-BYB-B)]

< $ Xdag( %) o150

=(_i x.r;g.)"of fE=cVk  (5-155)

=(X'X) o (5-15.c)
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where 03‘ is the error variance of the k-th output. To simplify (5-15.a) 10 become (5-15.b)
and (5-15.¢), it is assumed that all the output variables are scaled to have the same error
variance (G2). Specifically for estimating the SVD parameters of 2 gain marrix,

X, =XB,my,...my)

pa My My g oy Ty
Bs” ~ P ' "  do. ' Py Py

. i ) .. (5—-15.d)
n, m, m om,m
s, * Oy | o 0,0 | Py- By

J‘I':

in which 1, =G, - M is the k-th predicted output and p = (r*—r)/2.

The partition of the X matrix as shown in (5-15.¢) is to group the parameters belonging to
the U, Z and V, respectively. Note that although the total number of elements in either the
U or V matrix is r* the number of independent parameters is (7* — r /2 because of the equality
constraints arising frora orthogonality ard the unit length of column vectors in a unitary
matrix. In this study, the mamix X7 X; in (5-15.b) is referred as the "sample information
matrix” at the i-th experiment from which the effects of input variable settings on the
uncertainties of the nonlinear parameters can be evaluated. Due to the complexity of X7 X
as a function of the input settings, generally we mustrely on the numerical results toexamine
how an experimentai design affects the uncertainties of the elements of the SVD matrices.
An exception is for 2 X2 systems where X7X; is shown later to have a simple analytica! -
form, and this is used to provide a deeper understanding of the uncertainties in the elements

of the SVD matrices.

A ctiterion for experimental design for precise estimation of a subset of nonlinear
parameters was proposed by Hunter ez al (1969). First, the sample information matrix for
all the experiments, X"X, is partitioned accarding to the parameters of interest (8,) and the
nuisance parameters (B.), ie.
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. p TR B 20
XX=3XX,=| —— + — (5-16)

iml
| Xz
where the 7,, matrix is the partiion for the parameter vector of interest (B,). Then, the
criterion for the experimental design is
Max der ¥y, ~ XuXzXar) (5-17)

Formodels linear in the parameters, this criterion minimizes the volume of region of highest
posterior probability of the marginal distribution for the parameters of interest. For models
nonlinear in the parameters, this yields approximate results. When only the parameters of
the V marrix are of interest, the columns of the X in (5-15.¢) pwdto be rearranged to have
the sensitivity coefficients for the V matrix parameters in the first columns, and then the
resulting X7 X partitioned accordingly. The same procedure can be used to obtzin the optimal
design that minimizes the uncertainties in the small singular values.

The design optimization problem in (5-17) is not complets until some constraints
are specified. Traditionally constraints in the optimal design problem are simply the bounds
on inputs. However, for 2 control problem it is more meaningful to constrain the output
variables. However, the input bounds are still necessary when they indeed represent the
physical limitations. In single-response estimation problems, bounding the inputs is
equivalent to bounding the output. On the other hand, when we need to bound all the outputs
simultaneously in the multiple-response problem of identifying a2 gain matrix, the input
bounds are not necessarily equivalent to the output bounds. In particular, if the MIMO
relationshp has strong directionality (ie. is ill-conditioned), the region of output variations
resulting from bounding the inputs can be drastically different from the one determmined by
the actual output bounds. For example, in Figure-5.5 the square region with hard bounds on
both outputs defines an area of permissible outim: variations, while the shaded region isthe
actual region of output variations when the input hard bounds are specified.



Yx

Figure-5.5 Qutput variation regions from input bounds (shaded area) and from output
bounds

It becomes clear that the wraditional practice of specifying the input bounds does not
provide efficient icentification, because 2 vast portion of the permissible region of cutput
variations (ic. white area within the square) is not exploited. By moving the outputs toward
the right bottom comner, input changes with large magnitudes in a certain combination may
be required, but this may yield more information on the parameters. Therefore we should
impose the output constraint directly in addition to the hard bound input constraints to the
optimization problem in (5-17) as follows

You <G-M; < Yy, Vi (5-18)

In summary, a new approach for the design of experiments for robast MIMO model
identification has been formulated in terms of minimizing the area or volume of the joint
confidence region of a subset of the SVD parameters of 2 gain matrix (ie. for the V matrix
parameters or the small singular values). As with the geometric design approach, this optimal
design approach will yield results which depend heavily on the specific gain matrix of the
MIMO process. Moreover, numerical optimization is usually necessary to maximize (5-17).
However, in the following, the analytical solutions to the optimal design problem are derived
for 2 x 2 systems, and it is shown that this design approach can again be unified in terms of
the rotated inputs in a very simple fashion.
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5222 Analytical Solutions for 2 x 2 Systems

Applying the expression in {4-4) again for 2 X 2 systems, the linear model in terrns

of SVD parameters can be simplified as the following:

1;:(3191,4-5,:["“9 'Sine][g g_-l[ cos® _Sin¢]-M,+E, (5-19.a)

sin6 cos@ —sing -—cosd
=[:11::| +E (5-19.6)
1, = (Gcos8cosd + G sinOsind)m,, +(~CcosSsind + o sin O cos Gy,
whers — . - . - . - . (5-19.c)
Nz = (CsinOcos$ — gcosUsinymy, +(—Osin@sin - gcosBcos )y

assuming that the element signs in the two rotation matrices are known. An analytical
expression for the sample information matrix of these SVD parameters has been derived in
Appendix-8 as the following:

.?lgla‘.‘-g:tgl&‘ _-6 lglgi-blgl%) _glglguél Elglguél -

Fig+is Sitk -sitd
X'X= - - ) (5-20)

- 2
Ez Su 0

o | . ia

- (=l

where &, = Vi - M, and &, = Vi - M, are the rotated inputs.

Note that this sample information matrix depends upon the data only through the elements
of the sample information matrix of the transformed gain matrix Q in (5-10), ie.

%gi 'g Sula| 4 G &
g==f | = = [Cg Q] (5-21.a)
2ah 25
where E=[§; &, ., (5-21b)

Since it has been shown earlier that an uncorrelated design in the rotated inputs is
good for robust identification of the transformed gain muatrix, let us examine how the



uncerraintes of SYD parameters are affected by such designs. Under this situaton, the
sample information matrix X’X becomes block diagonal. The sample information matrix
for the marginal distribution of each parameter (ie. A(B,) = der();, = X X32X~1)as given in
(5-17)) can be obtained for each of the SVD parameters as the following:

AB)= i—;ﬁ% (5-22.3)

Al9)= Ez-—gzﬁ% (G—-22.6)
L +00,

A@ =, G-22.c)

AE) =L, (5—-22.d)

Several important properties of uncorrelated designs in the rotated inputs can be concluded
from the above equation.

1) The sample infonnation content on the minimum singular value (A(G)) is equal to the

sum of squares of the second rotated input changes. Therefore, the optimal design for
estimation of the minimum singular value, under the constraint of uncorrelated rotated
inputs, is simply to perturb the second rotated input between  its upper and lower
bounds.

2) Since the sample information content on the V matrix (A($)) is 2 monotonic function of

the rotated inputs, a design that increases A(¢) will always decrease the inverse of the
sample information content (1/A(d)), which is proportional to the variance of ¢. The
1/A($) can be expressed as

1
o (? G [? eT T G-2)




Thus increasing the perturbation magnitude of either rotated input always decreases the
variance of the V matrix parameter ¢. However, for ill-conditioned processes, the first
term on the RHS of (5-23) dominates. Consequently, the most efficient way to increase
the information content of the V matrix is again to increase the perturbation magnitude

of the second rotated input.
3) Since the minimum of (5-23) is reached when both £, and £; are at their maximum values,

the two rotated inputs should be designed to have the maximum magnitde in each
experiment, ic. a two-level design,
1€l =& and [ &} =&, Vi (5-24)

It can be easily derived that the unconstrained minimum of (5-23) is equal to

1Y) T _
(T@L‘?-e\/c&z ©-2.4)

b

and this occurs when

== (5-255)

have

& n& (oYa
Z;=R_Ef= E’ =‘f (5—26-3)
(Eie] =% (5-26)
1 Jope

where x is the condition number. Therefore in the identification of ill-conditioned
processes, the magnitude of the second rotated input perturbation should be much larger
than the first one. If there is no constraint on the magnitude of input perturbation, the
optimum ratio can always be achieved. However, in practice, hard bounds on thcpﬁysical
inputs always exist and they usually limit the magnitnde of the second rotated input. In
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this case, one should not reduce the magnitude of the first rotated input perturbation in
order to reach the optimal ratio. Remember that the maximum information content of
the V matrix, according to (5-25.a), is proportional to ‘\!E Therefore one should use the
maximum allowable magnitude for the first rotared input, which is determined from its

effects on the output variatons.

So far we have only examined the optimal designs under the assnmption that the
rotated inputs are uncorrelated. Without this assumption, analytical expression can still be
derived for the information content on the ¢ and ¢ for ill-conditioned processes in which
the sampled information matrix in (5-20) can be approximated as

Ecg -EE(CF!';) 0 EC:

X =| - G Ecgv g (5-27)
sym . S

Here all the elements multiplied by only the minimum singular value in (5-20) have been
seit0zero. Analytical expressions forthe information content on ¢ and ¢can then be derived
as the following (Appeadix-9):

A(¢)=?[5%£J (5-28.4)
Eccxtcx+ca+?tc(cl+cg+cc,§=—r§)1}§

={,-4—= = 5-28.b

A(E) Crz { ?CI(CIC!“@ ( )

Asexpected, when the rotated inputs are uncorrelated (ie. £, = 0), (5-28.b) reduces t0(5-22.d)
and furthermore when the minimurn singular value is negligible, (5-28.2) and (5-22.b) both
reduce t0 6°L,. When the two rotated input perturbations are designed 1o be correlated, the
non-zero 3 term always decreases the information content of the V matrix parameter (note
that {,,— CZis always positive because itis the determinant of positive definite S7S marrix).
Similarly, the non-zero {3 also always reduce the information conteat of the minimum
singular value since every term in the big bracket is positive. Therefore, we conclude that
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any correiation between the two rotated inputs must reduce the information contents of the
data on both the V matrix and the minimum singular value, thereby implying that orthogonal
designs in the rotated inputs are optimal for robust model identification of 2 X 2 systems.

5.2.3 Generalization to High-Dimensional Systems

For 2 x 2 systems, the geometric design criterion has shown that the two rotated
inputs should be uncorrelared and the second rotated input should have a larger magnimde
than the first to better ensure stabilizability. On the other hand, the optimal design criteria
require the same orthogonal designs of rotated inputs, and moreover provide an optimum
ratio for the two perturbaton magnitudes which is equal to the inverse ratio of the two
singular values corresponding to the two rotated inputs as given in (5-26). This orthogonal
designs of rotated inputs can easily extended to high-dimensional systems, and particularly
the ratio of singular values can be generalized as the following:

— == Vi, k»l (5-29)

Therefore, adesign strategy forrobust identification experiments formultivanzable processes
of arbitrary dimensior is proposed in the following:

1) Scale the outputs to have the same exror variance.

2) Given an initial estimate of a gain matrix, we can perform a SVD to obtain the transformed
gain matrix and the rotated inputs.

3) When the process to be identified is ill-conditioned, its transformed gain matrix always
have some column vectors with very small lengths compared with others. An uncorrelated
design of experiments in the tansformed space that perturbs the rotated inputs
corresponding to these short column vectors as much as possible can better ensure that
the transformed gain matrices of the true process and the model satisfy the stabilizabitity



and performance variation conditions. The same design improves the estimation of the
input rotation matrix, and therefore the robustmess of the physical closed-loop system is

asymptotically ensured.
4) Obtain the physical input settings from the designed setings of rotated inputs to conduct

afew more experiments for a better estimate of the gain matrix, and then repeat the above
procedures.

These ideas along with some numerica! confirmations will be illustrated later in the
example of a 3 X 3 process.

5.3 Closed-Loop Robust Identification

Robust identification designs have so far been discussed in the context of open-loop
experiments (ie. input designs), and the proper variations of the process outputs that lead to
robust identification have not been considered. In the following, the effects of the proposed
designs on the outputs are analyzed. The analysis results explain why closed-loop
identification can yicld more robust models.

The output directionality distinguishes MIMO from SISO linear processes. In terms
of the ransformed gain matrix, the output vector is 2 linear combination of all the column
vectors of the U matrix weighted by different singular values

Y=U,-6§+.+U;-cf;+.+U,-c & (5-30)
where U; is the j-th column vector of the U matrix. When we perturb ail the rotated inputs
one at & time with the same magnitude of 1, the responding output vector will have different
magnitudes in different directions. The maximum magnimde of output vector measured in
the 2-nomm is the maximum singular value in the direction of U,, while the minimum

magnitude is the minimum singular value in the direction of U,.
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Tl-conditioned processes with very differeat magnimdes in the singular values must
have strong directionality. Figure-5.6(a) provides an example of a 2x2 illconditioned
process in which the strong directionality als makes the two outputs highly correlated (ie.

N=y).

Yx Yx

Y4 Y, Y,

() the same magnitude of the two rotated  (b) the optimal relative magnitudes
inputs according to Eq.(5-29)
Figure-5.6 Output space interpretations for two different designs

The proposed design strategy of robust identification is to have larger perturbation
magnitudes in the rotated inputs corresponding to the smaller singular values. In the extreme,
if we do not consider the constraints on the physical inputs, then, when all the rotated inputs
reach the ratios defined in (5-29) the process output correlation or directionality will be
climinated as below:

G, C=
Y=1c,E,U,+_+q[1;‘§,)@+-+a{1;‘§1)u, (5-31.)
'; r

=0, - (W, +.+W;+.+U) (5-31.b)
where 1=%1
Figure-5.6(b) show the geometric interpretation of (5-31) for 2 x 2 processes. Therefore, the
simple description for the proposed design strategy in terms of output variations is to perturb



the outputs in such a fashion that the output correlation is minimized The design of the
output permrbations may be accomplished by using contollers, ie. conducting the
identfication experiments under closed-loop.

Toidentify a process model using closed-loop data, indspendent input perturbations
or "dither signals” can be added to the closed-loop system (Box and MacGregor, 1974). The
dithers can be added into the set-points or equivalently into the manipulated inputs
(Figure-5.7). Since the closed-loop robust identification ideas discussed above set

requircments on the ourputs, we will consider only the set-point dithers here.

dither dither

Figure-5.7 Closed-loop ideatification scheme

A simple design for the set-point dithers is to introduce independent PRBS
permurbations in each set-point. If the control were perfect, the optimal design of
Figure-5.6(b) would be achieved immediately. However, even when the control is not tight,
the controllers will adjust the physical inputs such that the rotated inputs corresponding to
the small singular values are increased more whenever a set-point change is made in the
direction which is orthogonal to that of the process output comrelation. In other words, the
required characteristics of the physical inputs from the open-loop identification are met
automatically without any knowledge of the input rotation matrix and the process singular
values. This is the unique advautage of MIMO closed-loop identification; it inhereatly
produces input variations with the correct correlations and relative magnitudes which will
lead to the identification of more robust models. Since tight control of ill-condition processes
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is not possible before we identify a robust model, the set-point changes should be held for
a long enough duration so that the process outputs can approach the steady-state points as
shown in Figure-5.6(b).

Anderson and Kummel (1991) have reported that a closed-loop identification
scheme using two proportional controllers to perturb the compositions of a binary distllaton
column can yield a good estimare of the minimum singular value at low frequency. This
result is perfectly consistent with the output space interpretations for the design of robust
identfication proposed here.

5.4 Examples

Two examples are presented to illustrate the theoretical developments through
simulations. The firstexample is 2 high-purity distillation column which has been discussed
in Chapter 4 for its structured model uncertainties. In this example, it is assumed that a good
prior knowledge of the process is available, and emphasis is on the physical interpretations
of the new design strategy using the rotated inputs. The second example uses a hypothetical
3 x 3 process to illustrate how the design approach can be applied sequentially.

5.4.1 A Physical 2 x 2 Process: High-Purity Distillation

54.1.1 Rotated Inputs

As shown in Figure-4.4, three flowrates can be used as manipulated inputs in LY
and DV control of a distillation column, ie. reflux flow, botlup flow and distillate flow. Both
the reflux flow and beu-up flow circulate within the distillation column, and therefore if
they are increased/decreased simultancously the changes are in the internal flows. The
distllate flow is the product flowing out of the column and therefore called the external
Slow (Skogestad et al., 1988).



It has been shown in Chapter 4 that for the LV and DV control of this process the

input rotation matrices are given by:

(Ef] r o707 —0707j[L]_ L- -
g|=| -0707 —0.7377][v]'°'7°7'[1.+:;] (5=322)
&1 f1 01D} _[D

Lo -1V 6-222)

for LV and DV control respectively. It was also shown that for this nonlinear process these
input rotation matrices remain virally unchanged throughout the operating range of the
column. Since the steady-state relationship between LV and DV control is just a lincar
transformation as given in (4-8), the directions of the rotated inputs for the LV and DV
configurations will be essentially the same. The first rotated itiput is the overhead product
flow (ie. D = — (L — V), an external flow) in both configuratdons. For high-purity distiliation
where the reflux ratno (L/D) is large (usually over 10), then the second rotated input of LV
control approximately equals to 1.4 times of that of the DV control:

& =0.707(L+ V}=0.707(2V) wheaL»D (5-33.a)
=2 (5-33.)

In other words, both control strategies have the internal fiow as their second rotated input.

The proposed design strategy for robust identification experiments is to perturb the
second rotated input with a much larger magnitude than the first rotated input when the
process to be identified is very ill-conditioned. When applied to distillaton processes, this
experimental design strategy requires much larger changes in the internal flows than the
external flows, Such a requirement can almost always be fulflled in practice because the
reflux flow and boil-up flow are indeed able to have much larger variations than the two
product flows. However, there are still some physical constraints such as flooding of the
columns that will limit the perturbation magnitudes of the internal flows.



In terms of the changes in the external flow (first rotated input) and internal flow
(second rotated inpur), there is virtually no difference in the design of experiments for LV
and DV control. Therefore in the following, we will only examine the L'V process. The
simple, well-scaled nominal gain matrix used in the illustration example in Chapter 2 will
be used here. This gain matrix whose SVD matrices are givea by

G_[0S05 —.495]_[0707 -707]710 0 0707 —707] o ..
=10495 -.505]7 (0707 0707} 0 001 -.707 -.707]

is very similar to those of many columns with equal purities in both top and bottom products.

5.4.12 Experimental Designs

Three experimental designs to identify the distillation colurmm gain marmrix will be
compared here. Two of them are open-loop designs and the other is a closed-loop design.
For a fair comparison, all designs are restricted to yield approximately the same range of
variation in each output. From (5-34), the output vector is dominated by the first rotated

X5l 11 0.017-1
M HE R 639
where X, and X, are scaled deviation variables for composition. Therefare, if we choose

the first rotated input magnitude to be /2, the two outputs will be limited approximately
between -1 and 1 when there is no noise.

input as the following:

The first design considered here (Design A) is a traditional design with uncorrelated
physical inpurts, in which the physical input pernrbations have the components of [£1 +1].
Note that the component [1 —1] or[-1 1] comresponds to the first roated input change with
mcmagxﬁmdcof'\/iandmmcondmmwdinpmehangc,whﬂethcoomponcn:[l 1]or
[~1 —1] corresponds to zero first rotated input change and the second rotated input change
with the magritude of V2. Therefore, the traditional identification s conducted by perturbing
the external and internal flow with the same magnitude in an uncorrelared fashion. Since
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the two rotated inputs have the same magnitude, the second ternm on the RHS of (5-35) has
negligible effects on the output vector. As a resuit. the output space is virtually along the
[1 1J7 vector (ie. X, = X;), which indicares a strong directionality of the output space. The
proposed design for robust identification is to reduce this directionality of the output space.
In open-loop experiments, this can be achieved by having a larger change magnitude in the
iaternal flow. Therefore in the second design (Design B) we choose toincrease the magnitude
of the internal flow change to be ten times larger than the external flow change (note that
the theoretical value for the optimal ratio in (5-26.b) is 100). The corresponrding physical
input settings of Design B have been shown in (5-12) and they are highly correlated. The
third design (Design C) is for closed-loop identification where dithers in the set-points are
used. Given the range of output variations (ie. between -1 and 1 for both outputs), we can
simply design the set-point dithers to be -1 and 1 in both cutputs. As discussed earlier, such
a design of uncorrelated output perturbations can eliminate the output directionality
completely if the controllers have high-performance. However, it is impossible to have
high-performance control prior to a2 good identification of the process. Thus we need to
make each set-poiat dither last lonz enough to allow the loosely tuned controllers to move
the outputs in all directions. Moreover, in the following simulation, the sei-point dither are
deliberately chosen smaller than the tolerable range of output variations (ie. 1 and -1) to

allow some output cvershoots due to the conrol actions.

Table-6 provides a summary of the three designs of experiments used later in
simulations. It contains the perrurbation components, duration of every perturbation (more
details discussed later), characteristic matrices for the physical inputs (ie. information matrix
for the gain elements in 2 row) and for the rotated inputs (ie. Defined in (5-21)) respectively,
and finzily the estimated variance of the deterministic outputs (ie. noise free).



—— A — T AT

Design A Design B Design C

= | T GO (B G L - G

GG BHEM B

St

§  duration one time constant | one¢ tme constant five time constants i
1

MM 200 07 20200 19800 403 490

|0 200] 19800 20200 490 992

=T 200 O 400 O 207 294

- | 0 200 0 40000 294 1188

Table-6 Summary of the three designs
54.13 Simulations

In order to make the simulations more realistic,  a common first-order dynamic
term, 1-0.6z7", is brought into the transfer function matrix (ie. 0.4/(1 —0.6z™") multiplied
by the gain matrix in (5-34)) for dynamic simulations. The three designs discussed earlier
will be applied toidentify this simple dynamic process. Dynamic identifications have another
design parameter in addition to the input perturbation magnitnde, namely, the switching
period. The switching period of open-loop experiments (ie. Design A and B) is chosen as
one time constant as a rule of thumb, while that of the set-point dither in closed-loop
experiments is chosen to have a longer duration of five time to allow the controllers to track
the designed steady-state values of the outputs. The other simulation specifications includes:
1) the sampling interval is taken as one half of the time constant, 2) 200 data points arc
collected in each design of experiments, and 3) two PI controllers are used to control the
column ir Design C (the pairing of LV control is Xp, - L and X - V) and the proportional
gain is 0.5 while the reset time is 10 in each loop. Note that although we recognize that
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different controller designs affect the identificaticn guality, in practice we do not have
enough information to fine tune the controllers in the identification stage. Figure-5.8 and
Figure-5.9 contain the input sequences of two open-loop designs (Design A and B) and the
corresponding noise-free output responses. Figure-5.10 shows the noise-free, closed-loop
input/output responses to the designed set-point dithers (Design C).

The ill-conditioned nature of LV control of the distillation process is evident from
the output plot of Figure-5.8 where the two output responses are virtally overlapped in
Design A where the two physical inputs are uncorrelated. This is owing 10 the strong output
directionality as discussed earlier. On the other hand, Design B achieves some separations
in the output curves (Figure-5.9) and therefore reduces the output directionality. Obviously
the directionality has been transferred from the outputs to the inputs in Design B where the

two inputs are almost overlapped (ie. the changes in the two always have the same sign).

The input/output responses of closed-loop identification using Design Care similar
to those of the open-loop Design B in one aspect: the curves of two output responses exhibit
small separations. The reason that these separations are much smaller than the designed
ones (ie. [0.7 —0.7]7 and [-0.7 0.7]") is due to the well-known fact that severe interaction
exists between the individual loops of LV control, and muitiloop controllers always have
sluggish performancesto set-point changes in these directions (Skogestad and Morari, 1988).
This is the major incentive for employing a high-performance controller based on a MIMO
model, which in turn requires the robust identification. Despite the sluggish performance
of the PI controllers as shown in Figure-5.10, the two manipulated inputs arc still adjusted
in a somewhat correlated fashion that they both increase or decrease together most of the
times, and the corresponding internal flow changes have larger magnitudes than those of
external flow changes (see Table-6). However, the closed-loop design there is no direct
control over the input perturbations and hence we may not have sufficic.dy large ratio of
E,%,, and furthermore we may have correlation between the two rotated inputs (ie. the



appearance of non-zero off-diagonal elements in =7=, see Table-6). Both situations will
make the closed-loop identification quality worse than that of 2 well-designed open-loop
identdficaton.

In order to make fair comparisons among the designs in simulations, the same sets
of measurement error signals were added into the two outputs in every case. Ten simaulations
of 200 points foreach design were made using arandom number generator with independent,
normally distributed signals with mean 0 and a variance of (0.25)° (ie. the signal to noise
ratio is 4 for the largest output variations). MATLAB identificarion tool box (Ljung, 1988)
was used to estimate the parameters of discrete transfer functions based on a prediction error
method (Ljung, 1987). The gain matrix is then calculated from the identified transfer
functions. Table 7 summarizes the identification results using the three designs. It contains
the average values for the ten simulations of the 2-norm of the additive mismatch of the
identified gain marrix, the 2-norm of GG which should be minimized for the robust
performance, and the squared errors of the four estimated ronlinear parameters. In addition,
the proportion of identified models leading to unstabilizable control is listed foreach design.

As shown in Table 7, the independent PRBS design has six out of ten cases where
the identified models do not satisfy the stabilizability condition in (2-4), and moreover the
identified models have the average value of | GG™{, four times higher than that ir Design
B which implies a lack of robust performance. On the other hand, the models identified from
all the simulation runs for both Designs B and C Iead to stabilizable control. The major
difference between the latter two designs is that the estimated variances of the minimnm
singular value and the V matrix parameter in Design C are both more than three titnes larger
than those of Design B, and therefore the average value of | GG '], in Design C is larger
than that in Design B. This is the result of insufficient ratio of &,/&, being achieved in the
input perturbations of the feedback Design C (see Table-6).
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Figure-5.8 Open-loop PRBS design (Design A)
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Figure-5.10 Closed-loop identification (Design C)
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Design|ll G- Gll.{proporsion| [ GG™'],| €-0F] ©-06)| (Gi—6)| (G-

A 0.076 6/10 4771 0.00118] 0.003530| 0.00233| 0.000180

{ B 0.033 0/10 1.i6] 0.00091| 0.000008]| 0.00093| (.000018

C 0.03%9 /10 1.801 0.00061} 0.000058| 0.00097 0.000071ﬂ
Table-7 Identfication results

5.4.2 Sequential Designs for a Hypothetical 3 x3 Process

In this example, 2 hypothetical 3x3 process will be used to demonstrate the

effectivenessof a sequential design of experiments toidentify arobustmodel, and toillustrate
the effects of more than one small singular values. The true process is specified as the

following:
"0.0245 01007 —0.09
Pix)= 10";'6(:_, =3 %‘;_‘ 0.1007 05204 -04871 (5-36.3)
e T 00957 04871 -04641
0141 -0.322 0552 0 0 [ 0141 -0822 05527
G=/0720 0468 0513 ||0 0005 O || 0720 0468 0513 (5-36.1)
0.680 -0.325 -0.658 0 0004]| 0680 0325 0658

This process isill-conditioned with two small singular values. The condition number is 250.
If we knew the true singular values as given in (5-36.b) and supposed that there were no
physical input constraints in the hypothetical process, the three rotated inputs could be
designed as independent PRBS’s with the following relative magnitudes:

&

—-200. z £=250 (5-37)

&
The corresponding physical input settings could then be converted from the designed rotated

input sequence using the true input rotation matrix.
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In practice, when we do not have any priorinformation on the process to be identified,
the traditional designs must be used for a first subset of experiments to start a sequential
design strategy. In each of the subsequent experiments, the relative magnitudes of the rotated
inputs are obtained from (5-37) using the updated estimates of the singular values and the
physical inputs are obtained from the corresponding estimate of the V marrix. However,
remember that large magnitudes of physical input perturbadon in ill-conditioned processes
introduce relatively small output variations only when the physical input changes are aligned
in the proper direction defined by the true input rotation matrix. When the V matrix estimate
is not accurate enough, large magnimdes of the rotated inputs for the small singuiar values
can yield unacceptable output variations. Therefore, if the estimates of singuiar values from
the first few subsets of data indicate that some rotated inputs should have very large
magnitudes according to (5-37), we should discount these magnitudes in designing the next
subset of experiments because the V matrix estimates in the first few subsets may be far
from the trus one. Instead of trying to provide some guidelines for the discounting factor,
we suggest a simple approach that we adjust the magnitndes of rotated inputs on-line for
any given V matrix estimation to make sure the output variations are within the tolerable
range.

In the simulations, 200 data were collected and the experiment was divided into five
subsections with 40 observations each. During the first subsection independent PRBS’s
were used in all physical inputs with a magnitude of 1. In this particular simulation example,
the parameter estirnates are obtained using only the data from the immediately preceding
subsection and these estimates were used to design the inputs for the next subsection. A
betterpractice would be to use all pastdata points, however, itdoes not make much difference
here due to the fact that the early designs contribute much less than the subsequent ones. A
summary of this sequential identification is provided in Table-8, which contains: 1) the
adjustments of the relative magnitudes of the rotated input perturbation (note that the first
rotated input has a fixed magnitude of 1), 2) ratios of the identified singular values to the

-103 -



true ones, 3) information on the accuracy of the V marrix estimation, 4) the eigeavalues of
GG, and 5) the 2-norm of GG™. For comparisons, the identification results using a
straightforward independent PRBS for the physical inputs throughout 200 experiments are

shown in the following:
G
o=1 .24.64,5.26 (5-38.a)
i
0998 0.050 -0.050
Viv=| -0070 0.696 -0.714 (5-38.b)
0.003 -0.716 -0.698
(GG =-0.04.1.02,022 (5-38.c)
16G7'1,=32 (5—-38.d)

Note that the noise signals are the same for all the two identification schemes in the

simulations. The noise is simulated to have a mean 0 and variance of (0.25)%

Exp. No. 1-40 41-80 81-120 121-160 161-200
|§!E,EJE, 1,1 2,3 2,3 3,100 6,50 H
g/o, | 1.7,59,35 { 1.0,54,33 | 09,64,02 ]0.99,5.11,0.8/1.37,8.88,098

o -om - 100 Q@01 00277 059 @O¢ —001|[ L0 -000 -
=001 o7t -0Di|f -000 098 ~-Q.19|f| —004 096 - 000 Qgs  -a%

=004 020 =02]|| —a0z 019 0958 ||| —co0 G2 056 000 o311 o088

oA 07 -
=034 =057 -

[0.7! =059 ms]
viv
A(GG™) (023, —0.1,001{0.02,1.0, -0.03{8.4,026:+0.2{|031, 1.13+0.2{[0.12,0.62:£ 0.6

166G, 250 61 65 8.6 9.1

Table-8 A summary of the five subsets of a sequential design

Judging from the final identification results after 200 experiments, it is obvious that
in this sequential SVD-based design the estimates of the small singular values and the V
matrix are progressively improved, and the performance variation measure | GG, is
improved over that of the traditional design. Furthermore, the PRBS design does not yield
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a model that satisfies the stabilizability condition even if used for all 200 points, while the
sequential rotated input design consistently provides a robust model with only 40 data points
in the last three subsections of experiments.

The input and output time series of the sequential design are plotted in Figure-5.11.
We can clearly see that the designed inputs start from small, uncorrelated perturbations and
graduaily become highly correlated with very large perturbations in the directions of small
singular values at the end. Most importantly, the output variations do not increase at all in
responding to the increase of input permrbation magnitudes. In fact, the largest output
variations in the new design appear in the second subset of experiments (ic. interval 41 to
80) where the input perturbation magnitudes are still small. This is due to the fact that the
initial estimate of the V matrix from the first subset of experiments is very rough, and
therefore the physical input perturbations are not aligned in the correct direction. Under this

situation, even a slight increase of perturbation magnitudes can cause large output variations.
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5.5 Summary

An unified approach to the design of experiments for general MIMO processes has
been developed in terms of the SVD of the process gain matrix. A rigorous derivation for
2x2 processes showed that an uncorrelated design in the rotated inputs with sufficiently
larger magnitude in the second rotated input can: 1) prevent the existence of a singularity
line that trespasses both uncertainty region of the two row vectors in transformed space and
thus ensures the stabilizability of transformed model, 2) minimize the multiplicative
mismatch in the small singular value and hence ensures minimal performance variation of
the transformed model, and 3) maximize the informarion content on the input rotation matrix

and therefore asymptotically ensure.a robust model.

Inaddition, the relationship between open-loop and closed-loop robustidentification
experiments is established in this chapter. The latter is 2 more convenient method for
identifying robust MIMO models because it does not require prior knowledge of the V
matrix. However, the closed-loop identification results rely on the coatroller tuning, and
hence may be less effective than using a well-designed, sequential open-loop approach.

In the examples, the physical interpretations of the SVD-based design were
illustrated for distillation processes, and the effectiveness of a sequential design strategy
was demonstrated through simulations. These case studies reveal that the robust
identification designs for ill-conditioned MIMO processes can greatly improve the
robustness of multivariable control systems which use these identified model.
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6 Conclusions and Recommendations

6.1 Conclusions

This study proposes methodologies for the analysis and identification of linear
models that lead to robust controller designs. Both stabilizability and performance variation
conditions are investigated. Stabilizability is determined exclusively by the steady-state
mismatches between the process and the model for general systems, while the performance
condition is an exclusive function of steady-state mismatches only for those systems in
which steady-state model uncertainties are dominant, and only for limited controller design
methods (however, these designs as given in (2-8.b) and (2-10) cover a wide range of
applications). The unique advantage of examining control problems in the above manner is
that the robustness of closed-loop systems is completely determined by the model being
used and has nothing to do with the controller designs or tuning. In other words, thisis a
study of robust models rather than robust controllers.

There are two ways to analyze the robustness of linear MIMO models, and they
yield the so-called "mismatch conditions" and "uncertainty conditions”, respectively. The
mismatch conditions can reveal the critical differences as well as crucial similarities between
a given process and a2 model that determine the robustness of the closed-loop system, and
therefore they provide not only analysis butalso synthesis insight into robust MIMO models.
On the other hand, the uncertzinty conditions based on the unstructured or structured
norm-bound descriptions of model uncertainties only contribute to the analysis of robust
models (and the synthesis of robust controllers). Any uncertainty condition with an
uncertainty structure specified a priori cannot be applied to the robust model identification
problems, in which the uncertainty structures are synthesized to ensure the robustness of
the identified model.
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Two new analysis approaches are developed for the stabilizability and performance
variatdon problems. Contrary to the norm-bounded uncertainty conditions which always
relate the uncertrinty magnitude to the robustness properties, the mismartch conditions
derived in the new approaches clearly emphasize the importance of the mismatch structure
over the mismatch magmtude. For instance, the critical difference between the process and
model gain matrices for the stabilizatility condition is whether or not the mode!l gain vectors
need to across the half planes to become the process gain vectors in 2 X2 systems, or in
high-dimensional systenss, whether or not there are sign mismatches in the elements of the
U matrix. The crucial MIMO characteristic that should be preserved in the modelling for
the performance variation condition is the angle between the two process gain vectors for
2x2 systems, or the V matrix as its high-dimensional counterpart. All the mismatch
conditions from the geometric and SVD analysis approaches have useful model synthesis
insights and are readily applied to robust identfication.

It is shown that there are some nonlinear, tme-variant MIMO processes thatcan be
controlled by linear and time-invariant multivariable controllers to yield robust stability
and/or robust performance. Examples of such processes are those which have locally
linearized gain matrices with an unchanged angle between the gain vectors or & constant V
matrix. For these processes, simple linear control systems can have high performance even
when the processes are ill-conditioned. Some nonlinear processes have the uncertainty
structure that there is no multiplicity in the input contours, or the U and V matrices of the
locally linearized gain matrices are correlated in a favorable fashion. As a result, linear
control systems for these processes arc always stabilizable regardless of changing operating
conditions. For these particular classes of nonlinear processes, the impacts of model
mismatches on the stability and performance of linear control systems are minimized, and
therefore the benefits of having sophisticated nonlinear or adaptive control schemes may
be only marginal.
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Finally, this study inroduces new ideas on linear model identification that integrates
multivariable robust control conditions with the statistical design of experimeats. The robust
model synthesis conditions developed in this study are used to provide new criteria for
experimental designs where the structure of model uncertainties arising from identification
errors are manipulated or synthesized such that the crucial MIMO characteristics for the
stabilizability and performance variation conditions are precisely identified. Thase robust
identfication designs for various processes have been unified to yield a very simple design
approach in terms of the rotated inputs for open-loop experiments, or the output variatons
for closed-loop experiments. For ill-conditioned processes, these robust identification
designs typically distinguish themselves from traditonal designs in the following
characncri.sticsz (1) the inputs are highly correlated; (2) the inputs are not binary sequences;
and (3) the perturbation magnitudes in low-gain directions are much larger than those in
high-gain directions. It has been rigorously derived and confirmed in simulations that such
new designs are far better than the traditional designs in providing robust models.

6.2 Recommendations for Future Research

As apreliminary research work on the analysis and synthesis of robust linear models,
this Ph.D. study has only solved the simplest (but important) problerns in the area of robust
process control. Future research studies may extend this work in the foliowing directions:

1) The robust stability problem considered here is limited to a stabilizability condition in
which controller performance is not considered. Therefore the mismatch condition only
involves the steady-state gains. Suppose that we want to sei a bound on some robust
performance measures (ie. the stabilizability condition is the special case where such a
bound is infinity). Then it is expected that the generalized mismatch condition in terms
of P(s)and P(s) is much more complicated, because it is coupled with robust
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performance measures and thus will no fonger involve only the steady-state model
mismatch. Under this situation, what are the critical process characteristics that need to

be preserved in the model to ensure the robusmess properties ?

2) The simplifying assumption behind the performance variation condition in (2-11) is too
stingent. The more useful condition for the performance variation problem (ie.
minimizing the time integral in (2-6)) will be a function of dynamic model mismatches
and more general controllerdesigns. Similarto the generalized robust stability condition,
itis expected that the generalized performance variation condition will set limits on the
mismatches in the dynamic parameters. Therefore these new conditions may provide
some insights into the design of experiments 1o synthesize the model uncertaintes ina
wider range of frequency (ie. only zero frequency is considered in this study). In other
words, the design of experiments that meets the new robust model synthesis conditions
may require some special frequency contents in addition to the comrect structural
information as derived in this study.

-111-



7 Appendices

Appendix-1: Geometric Expressions for GG and GG™

ndycos(@n +8,) ndscos(@+8)|[ [ cose, Lcosa, -l_ 1 % A-11)
nlisin@ +8) nlisin@+8) || lising Lsing -m )

7y Sin(&; +8;)cos @ — nysin(@, + 8)cos @, —mySin(&; +8))sin &z + 7y Sin(@, + 8 sin gy
nycos(&, +8,)cos &, — mcos(By + 8)cosy  ~ 5 cos(G, +8,)sin & + npco8(@ + S)sin gy

GG-&_[£1[:°°5(31+81) 5212305(0'2"'52)][31‘;05“1 gcoscg]'l_ 1 A-12)

| Adsin(o,+8y) ALsin(ey+8) || Lsine, Lsina| T smp

A, sin(ey +8,)cos @, — A, sin(e, +&)cos e, —A,sin(e, +8))sine, + A,sin(o + 8)sine,
Aycos(a, +8,)cos @ — fyco8(C, + 8)cos e, — A, cos(ey +8))sin s + A cos(e +8)siney

where L=nl; [;=hi}] (4-13)
1 5=-5 A-15
- ""=n7,-' ;= —9; A-15)

Appendix-2: Proof for Theorem 2 and Theorem 3

For an arbitrary 2 x 2 process, the modet is represented by two model gain vectors

in which we can always find a g which has a range between O and 3 toreplace f to characterize
the angle between the nominal gain vectors (Figure-A.l). The determinant can then be

rewritten as
de:(G(;")=n,nzi’%§é:§ (A-2.1a)
or der(Gﬁ'1)=n1nzm+;i!-9— (A~2.15)

depending on the relative positions of the vectors in Figure-A.1 (ie. G, may be in one of the
four quadrants, (1) to (4), defined by the dotted lines).
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(1)B=¢e,2)B=n~¢c,B)B=n+e, @) P=2x~¢
Figere-A.1 Possible relative positions of the process gain vectors

Therefore the determinant is positive if and only if (note that »’s and sin< are positive)

—€< O~ <TT—E (A—22a)
or —-£< ,—-, <N=-E {A-22b)
By setting either <. or o, to be zero (ie. specifying an unchanged vector) in Eq.(A-2), we
can see that the changing vector should remain in its notainal half plane to have a positive
determipant.

Let G be the intermediate gain matrix in which only the first model gain vector is
changed. Algebraicaily, the combined effect of changing both model vectors to be the true
gain vectors is given by:

GG'=(GGTYG'GY (a-2.3)

. Since
der(GG™) = der(G(GY) Mer(GG™) (A-24)
we can apply (A-2.2) twice (ie. for det(G(G f‘) and det(G"G™)) and Theorem 2 is proven.

-113-



As 10 the trace of GG™ can aiso be rewritter: in term of &

(GG o [SE=8) +msinGe 8] 4 —250)
sme

[n, sin(e+ &) + ny sin(E—~ 5]
sing

or (GG = (4 —2.5b)

depending on the relative positions of the vectors in Figure-A.1. The race is positive if both
terms in the numerator on the RHS of Eq.(A-2.52) orEq.(A-2.5b) are positive, and is negative
if both terms are negative. Since

sia(e+8)>0 iff 0<exf, <m A4 -2.6)

geometrically, Eq.(A-2.6) corresponds to Theorem 3.

Appendix-3: Proof for Theorem 4

‘When there is no sign mismatch in the gain matrix, we have
cosa,-cosoy >0 and sing,-sinc,>0 (4-3.1)
Then ¥, - ¥, > 0if and onlyifsinB-sinB>0. Since (3-17.2) can be rewritten as:

_ dex(G) _ hbsinp
= 2e1(@) ~ [snp

det(GG™) (A—32a)

=n1n=§§%g (A-325)

we have proved that the condition dez(GG™) > 0, which is necessary for the stabilizability
condition, is satisfied if and only if ¥, - ¥, > 0 when there is o sign mismatch in the gain

matrix.
The trace in (3-17.b) can be expanded as the following:

tr(GG")=si.—}B(nlsinBcosﬁl+n1cosBsin81+nzsinBcosﬁz-n2cosBsin8,) (A -3.3a) |

=(meosd +mycos8)+—s(msin -msn8)  (A-33b)
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The first bracket term is always positive when there is no sign mismatch (ie. 18] < = ), and
4 2

therefore the trace is negative only if the second bracket term is negative. However, if the

second bracket term has the magnitude bound g. -en in Theorem 4, the mace is positive even

when the second bracket term is negative.

Appendix-4: Proof for Theorem 7

To simplify the notations, the i-th row, j-th column element of T in (3-32) is denoted

G A
=UiU;=qd i=j (4-4.1a)

a

Consider that T is obtained by perturbing a diagonal matrix D in the following way

a
T=D+E (A —42a)
Gud, - . Gue, qud, - 0 0 0 R ¢
. . . . . .0 0 . o . .
. . . .11 0 o . . + . . . . (4 —4.26)
ey - - q.4, 0 0 . g4 Gy . 0

where E is a full matrix except that all the diagonal elements are 0. The eigenvalues of the
D matrix are simply the diagonal elements. According to the first condition of mismatch

structure in the U matrix stated in Theorem 7, we have
d.-=U’,-rU,-=tilzz,,-u5>0 Vi since du, >0 Vi k (4 -43)

and therefare all the eigenvalues of the D matrix are positive. The next step is to prove that
none of the eigenvalues of the D matrix will be perturbed by the E matrix in Eq.(A-4.2a) to
become a negative eigenvalue of the T matrix. We will prove this by considering the
Characteristic Polynomials (CP) of the D and T matrices.
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According to the well-known Descartes rule of signs forthe real roots of 2 polynomial
(Perry and Chilton, 1973), if the CP’s of T and D have the same sign in cach of the
comresponding coefficients then the CP of T must have the same number of positive/negative
real roots as the CPof D (or that number less amultiple of two). Thatis, all the real eigenvalues
of the T matrix are positive because the D matrix only has positive eigenvalues (ie. g;4;’s).
Therefore we shall prove the CP’s of T and D matrices satisfy the above stated sufficient
condition next.

A principle sub-matrix of order i of T is defined as an i-dimensional square matrix
where the diagonal ¢lements are a subset of those of T, and the A-th row, &-th column
off-diagonal element has its row/column index equal to the index of T for the 4-t+ and &-th
diagonal elements, (Stewart, 1973)

M=~ k<k (A —4.4)
i t‘* h :u

The index [id] identifies different sub-matrices of the same order. For example, a 3x3
matrix has three order 2 principle sub-matrices

T Ly ‘n] =[‘u ‘u] =[‘n fn] _
*[a,aTgalaTg:nrn @-43

In general, the principle sub-matrices of order 1 are the diagonal elements of T and the
principle sub-matrix of order  is just T itself.
The i-th coefficient, p;, in the characteristic polynomial of T
0=der(T-Al)
=DV + TP+ e + 1D, A-46)

is the summation of the determinants of all principle sub-matrices of orderi of T, ie.

g
pi= 3 der(TE) A-47)

d=]
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The above developments from (A-4.4) to (A-4.7) are valid for any square matrix. There is

a special property of T matrix involving the g; terms in (A-4.1), which is critical to the

simplification of (A-4.7),

g, O GG

GU‘QJ:-'&:"&':—'&TE-QH"M

C,0;0; ©,0,0;
= xX=xex =

- - = x=xe_ =
U qpqn 0;0:T; O;0;C;

eIc.

(A-4.8)

Then, we can derive the CP coefficients of T to have the following simple format:

P1=qud +....+q,4d,

= [ qndl QIzeu] + +[qr—l.r—ldr-l qr-l.rer—l.r]
2 qﬂeZ!. Qndz Qr.r—ler.r— 1 QI'rdr

= QI 1Qn(d1 = elﬁl) +...+ Qr—qurr— I(dr—ldr - err—ler—lr)

qud; quen Gifn
Pi=|qnen Gnd: Gnenl+...
Gn€n 9ufn 9ut

={qnGxnldidds — (dienes, + deyey +diee;) +(epenes +enene)l} +...

udy 9fz Nt Gl
_| %t G2 9nfn Tuts
e Gufn Inh  Quen
Gula Qefe 9o 9uds

= {01929 quldddd, - ([dideye s+ didere, +ddene, +dde ey
+d,d\e,160 +axd,01262) + [di{enrln + €xLiss) + Ax(E1s8r e +364080)
+dy(€18180+€nfuyfi) + dy(Erren +eneyen)] +(] temms )} + ..

Da *...

p,=dex(T)
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Since ¢; is closer to C than to 1, we can drop the summation terms involving third order (and

above) product terms of ¢;’s in (A—4.9). Then the following approximate CP coefficients of

the T matrix are obtained:
_,%31=qud1+----+q,d. (A —4.10a)
._% AA; =g gm(did—epen) + ...
e
+qotem@n@or o1l =Cr 8 ) (A—4.100)
.-% Addy = qu@zdnldidds — (Gientn+ Gty + diepen)] + ... (A —4.10c)

YT

+ qr-Zr-ﬂr-l,r—lQn[dr-zdr— :I.dr - (dr-zer--!.rer.r-l + dr-ler-z.rer.r-z + drer—l’.r-ler-l.r-?)]

PRy PR NE T PRV SRV M [ /LY. Y & (A —4.10d)
_(dl - dz-- - dr—zer-l.rer.r—l +.oee +d3 * dd.“ * drelzea)]

As shown in the above equations, every approximate CP coefficient of the T matrix,
except (A-4.10z), can be decomposed into the corresponding CP coefficient of the D matrix
(A-4.2b) (those terms without ¢;;) and a perturbation (those terms with the productof ¢; - e;;)
dueto EinEq.(A-4.2b). Note that the first coefficient has no perturbation terms, and therefore
itd.cﬁ.nirelyhasthcsamcsignasrha:oftthmatrix.Astoalltheothacoeﬁcienrs:,ifwe
can prove the following: i

ee; € dd; i ee; >0 A-4.11)
then any of the perturbation effects in Eq.(A-4.10) (e. the products of ¢;- ¢;;’s) can only
cither increase the CP coefficients of the D matrix when ¢; - ¢;; is negative, or decrease them
without changing the signs when ¢; - ¢;; is positive. Therefore ail the symmation terms are
positive and each corresponding CP coefficients of the T and D matrices have the same
signs.
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Since the product of two unitary matrices is stdll a unitary matmix, any two column

vectors of U7U will have their scalar product to be 0, ie.

0=[0V,07U}- 01U, .OIUY (A-4.122)
=de,+de;+ 3 eqe, (A—4.12b)
fond
= ldeyrde;| =1 I eyl (4 -4.120)
kwmij

If ¢; and e;; have the same sign ther Eq.(A.6.¢) can be rewritten as
|de; 1 +1d;e; | = | 121 ALY (A—4.13)
kwiy
According to the second coadition on the mismatch structure of the U matrix stated in
Theorem 7, we can prove the condition in Eq.(A4.11) as the foilowing

| ieﬁe,,-l <dd; (A —-4.14a)
i
= (de; | +1de; )’ < @4 (A -4.14b)
= gge; < I:d,d ( 25+e‘"d.I{
« dd, (A —4.14c)

Theorem‘listhuspfoven.

Appendix-5: Proof for Theorem 8

For 2 X2 systems, the CP of the T matrix is as follows

A’ = (qud + G\ + 41,0n(dd — €158:) =0 4-5.1)
The corresponding Routh test array is
1 Gudzn(dd>—eren)
~ @+ 2 0 “=32
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The left column has one sign change in its two elements and therefore the complex roots of
(A-5.1) will have one positive real part. Since the two complex roots must be conjugates,

this positive real part appears in both complex roots.

The CP of the T matrix in 3 % 3 systems is as the following

(DA +(@udy + Gt + grd )N —TA+ T =0 (A—53a)
where T, = §,,9(dids — €128 ) + G119 (d1dy — €1n€3)) + CGny(daddy — €8x} (A -5.3b)
T = guGagnldididy — (dienen + dee1yey +dyernen) +(epnenes + enentnl] (A-53.0)

and its corresponding Routh test array is

_.1 ..1;‘
(Gud +a=b+qnds) & A-54)
T 0

The second element in the left column of Routh array is always positive because g;'s are
the ratios of singular values, and from (A-4.3) d;’s are positive. The last element in the left
column can be derived as the following

T, = —{ qidi[q.(d\d> ~ exeyy) +q5(didy — eryes)] + G310y (didy = €x810) + G (didy — epseyy)]
43d)[q,(dyd;— e3,,5) + (Aot~ ene)] +24,109x[d i,

~(dienes, +dyeryey +dyersen) —%(en&neaﬁeneneu] }<0 (A—-55)

Only the last two summation terms with negative signs in Eq.(A-5.5) may have the opposite
sign to the other summation terms which are all positive. However, if this is true, the
magnitudes of these two summation terms will be smaller than others as implied by (A-4.11).
Therefore ©, is negative and there are two sign changes in the left column. Thus the complex
roots of (A-5.3) will have two positive real parts. Third arder polynomials with real

:
coefficients can only have one pair of complex roots and thus we have proved that the
i

1
|

complex eigenvalues of the T matrix must have positive real parts.

'
|
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Appendix-6: Proof for Theorem 9

It is equivalent to prove that if the determinant is negative then there must exist
multiplicities. From Theorem 2, we know that the determinant is negative if and only if one
gain vector is on the other side of its nominal half plane while the other gain vector is not.
However, itis shown that itis impossible to connect the process gain vectors at two operating

points by the contours without including some type of multiplicities.

Given an arbitrary G, we can draw the gain vectors of G at certain point we choose
and have negative def(GG™) in 2 systematic way in Figure-A.2: 1) passing the chosen point,
draw a parallel line to the nominal gair vector which will remain in its nominal haif plane
(ie. G, in this figure), 2) at the chosen point, first reproduce the other nominal gain vector
(ie. G, in this figure) and then rotate it anywhere to the other side of this line to obtain G,,
3) at the same point, reproduce G, and rotate it anywhere, without crossing the new line
extended from G, to obtain G,.

G,

Figure-A.2 A systematic way to have deGG™) <0
To connect such a pair of G and G (ie. four gain vectors) in Figure-A.2, there three
possibilities:
a) the two gain vectors of the both inputs are connected by one contour (Figure-A.3(a)),

b) the two gain vectors of one input are connected by one contour, while the two gain

vectors of the other input belong to two separate contours (Figure-A3(b)),
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¢) the four gain vectors belong to four contours (ie. two for each inpur) (Figure-A.3(c)).

Possibility a) is the situation of output multiplicity in Figure-4.2(a). In possibility b), the
contour passing G, in Figure-A_3(b) has to meet one of the following condition: 1) intersect
with the contour passing G (ie. an input muldplicity), i) intersect once again with the
contour of G, (ie. an output multiplicity), iif) curve in 2 way that there must exist a horizontal
or vertical gain vector on this contour (ie. an input multiplicity). Possibility c) has the same
situations as in possibility b) and will not be repeated here.

iif)

(@) (b) (c)

iii)

Figure-A_3 Possible relationship between gain vectors at two operating points

Appendix-7: Proof for Theorem 10

Since the determinants of V and V are of the same sign when their elements have
the same signs in at least 2 x 2 systems, the determinant of GG will simply equal that of
T, ie.

det(G™'G) = der(V)det(T)der (V") = det(T) A-7.1
According to Theorem 7, the fact that elements in the U matrix do not have their signs
changed is & sufficent condition for the product of eigenvalues (ie. determinant) of T being
positive. Therefore, both the trace and determinant of GG have been proved to be positive

in this simation.
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Appendix-8: Derivation of (5-20)

The sensitivity matrix for SVD parameters, X, is obtained by first taking the partial
derivatives of the T; and Ty; in (5-19.c) with respect to parameters 6,6, and C as the

following:
o = %=(—Esinecos¢+gcosesin¢m +(osin@sin¢ +gcosGcos)m.,
. (A-8.1a)
Xy = %:(Ecosecos¢+gsinesin¢)mu+(-'5cosesin¢+gsin9cos¢)m_.,
Ty = %‘-‘:(—Eeosesmqwgsinecmm+(-a'eosecos¢—gsinesin¢m,
) (A -8.10)
X ;%=(—3$inesin¢—gcosecos¢)mu+(—Esin6cos¢+g_cosasin¢)mx
[ a dny A
Xy = §=(cosecos¢)mu+(—cosesm¢)mz,
) » g (A-8.1c)
Xy =§=(sin9cos¢)nm+(—sin9sin¢m
[ a ony s o .
Ty v (sin6sin$ym,; + (sin O cos d)m,,
) o (A-8.1d)
X =¥=(-cosesin¢)mu+(-0089005¢)mm

and then substitating the setings of m,; and m,; for cach experiment (from 1 to n) as below:

= (A -82a)
Xu Xz o %

X

Xi[xm X X x,..,-]

X=| " (A —82b)
X,

A l2n x4

The information matrix X"X can be easily derived in terms of the sensitivity coefficients as
the following:
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X'X=

‘_.'Eiix?u .é::xurtm ‘,I:Zxxmxu.v _,}:szu.x:..- ézi.- .,gxnﬁ.—s ._gzmr-;.- _,‘é'-lx.w.,x;..-
E2 Bee Brew| | o B2 Bem fem|

B Emsl | - - B Ema

ym - . ‘,%xf..- | | om . . ._%zf,.- _

Substituting Eq.(A-8.1) into Eq.(A-8.3), the diagonal elements of X"X can be derived as:

2

£ 5= E[Gcosom,~singm, ) + Fisingmy + cosoms¥] 4 -8.4)

$ 2= E[Gsingm, +costmy + Pleostmy—sinémsy] (4 -8.45)
3 hedy= 5 (cosomy—sinomy)’ (4-8.4c)
l.gxﬁ.-ﬂ—.?u = ,é‘-l(sin Gmy; +cos gmy)’ (A ~8.4d)

and the off-diagonal elements in the upper triangle are:
‘}:.'.‘xmxm + X Koy = -Egé(m?. +m3)
= ~ g % (cos my —Sin g+ (sin gy + cos (4-85a)

5 mu s+ R = =@ S 0cos O — m) + (o =i’ gy ]

iml

= —g 3. (costm, —singm,) (sinm, +cosdm,) (A-8:5b)
£ it mu = (008, —sin ) (sindm, +Cos ) “-850)
Exmxmﬂmxm =3§,(cos¢mu-ﬁn%)(sin%+w6%) (A —8.5d)
£ o+t = G 3, (c0s4m, ~Sin o) (sinem, + costmy) (A—8.5e)
£ xotut zu =0 - (-850

From (5-19.a) we know that the two rotated inputs are:
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&, = cos¢my;—sin¢my; (4 -8.6a)
&, = —(sinomy, +cos ¢rmy) (A —8.6b)
Substirute (A-8.6) into (A-8.4) and (A-8.5), and then (5-20) can be obtained.
Appendix-9: Derivation of (5-28)

The information matrix in (5-27) to have the parameter of the V matrix in the first

column as below:
(0L, oo +L) of 0]
— -
X'X=| - G 0 of (A —9.1a)
X ) g O
| sym . . Ce_
=-Xu le:l (4=9.10)
| X X2
where ¥, =5 =[-00(G, +{) ©f O] (A =9.1¢)
St 0 o
andyn=| . ¢ O (4 —9.1d)
ym . G

It is trivial to derive the inverse of ¥, as:

Cng 0 "'a;lCa
GL-% O (A-92)

G

1

=P GL-0)|
sym

Similarly, the information matrix with the minimum singular value in the first column is as
the following
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¢, 0 O ol, ]
XTX = cl, of, -GE(C; +8y) (A —93a)
& 0
 sym. . . 82‘:1 i
_ X1 xlz:I (A =9.3b)
Yo Xz
where Y =35, =0 0 o] (A =93¢}
[?gz Eca —EE(CI +&)
adym=i - UG 0 (4 —9.3d)
|_53’m ?gl
and the corresponding inverse of ¥» is:
?C,f _?glg EEﬁl(Cl +8&)
UL~ oo L-8 oolG+5)
= sym - ?(C:Cz—@ (4=94)

oG- —9_2@: +0)]
Then the information contents of ¢ and ¢ are straightforward calcrlations of the following:
X~ Xl Xn (A -95)

with (A-9.1b) and (A-9.2) substituted for the former, and (A-9.3.b) and (A-9.4) substituted
for the latter. The results are as follows

= _ G+ Ej_ J} _
Ad)=0cC, {g{ G ] +0 3 (A —9.6a)

—r. 3_2§1(§1 +&) +?[g(l;1+§,_) +CL-3)I].. .
1= { LGB - PG+ }Q(A ~966)

By neglecting small terms involving the minimum singular value, (5-28) is obtained.
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8 Notation

S S QOUR A wh

G

PROSWZZIZRI P LS EFTST RO

A naun

o un

nouwn

[ |

W a0 nomwn

an arbitrary matix

bottom product flowrate change

a constant for the parameter uncertainty ellipse

the i-th diagonal element of UTU as defined in (A-4.12)
distliate flowrate change

disturbance vector

a diagonal matrix defined in (A4.2)

the i-th row, j-th column off-diagonal element of U7U as defined in (A-4.1b)
identification error vector at the i-th experiment

an additive perturbation matrix

filter time constant for the k-th output variable

the common controller design transfer function

filter transfer function matrix

controller design transfer function matrix defined in Eq.(8.b)
the kj-th element of the gain matrix

gain vector of the distillate flow

the j-th column vector of a gain matrix

the k-th row vector of a gain matrix

gain vector of the reflux flow

gain vector of the boil-up flow

gain matrix

the identuty matrix

length of the j-th gain vector

the 2-norm of the additive mismatch matrix G- G
reflux flowrate change

additive mismatch matrix

multiplicative input mismatch matrix

multiplicative output mismatch matrix

272 -1, mismatch in the singular value matrix

U 'U -1, mismatch in the output rotation matrix
V'V -1, mismatch in the input rotation matrix
designed value of the j-th input at the i-th experiment
mampulated input vector

design matrix of physical inputs (Eq.8.(c))

length mismatch in the j-th gain vector

aumber of trays in distillation column

minimum number of trays

transfer function matrix

ratio of the j-th true singular value to the i-th model singular valuve ((A-4.1)).
controller transfer function matrix in IMC structure
reflux ratio

mmirimum reflux ratio
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2 estimated variance of the &-th output errors

gl
i

T = matix defined in (3-31)
Ty = mamix defined in (3-28)
To, = transformation matrix between LV and DV coatrol

T = marrix defined in (A-4.4)

(]

= the kj-th element of the output rotation matrix in SVD

the j-th column vector of the output rotation matrix in SVD

output rotation mamix in SVD

the kj-th element of the input rotation matrix in SVD

the j-th column vector of the input rotation matrix in SVD
boil-up flowrate change

input rotation matrix in SVD

distllate composition (mole fraction of light component)

= bottom product composition (mole fraction of light component)
= feed composition (mole fraction of light component)
sensitivity matrix of the i-th experiment (defined in Eq.(10.c)
sensitivity matrix of all experiments

measured output vector

set-point change vector

a step change in sct-point vector

singularity line (Eq.(5))

Greek letters

£
[

ihHon

mmn

FR{NMM N H NS @
|

relative volatility

the angle of the j-th gain vector

angle between the two gain vectors

vector of nonlinear parameter set

= the j-th independent parameter in the U matrix
= the j-th independent parameter in the ¥ matrix
kj-th element in the relative gain array
cigenvector matrix

angle mismatch of the j-th gain vector

the common variance of all output errors

the variance of the k-th output errors

a vector of integral perfomance variation due to a step set-point change
norm-bounded uncertainty matrix

information content = | %3, — XX Xal

element in the design matrix of the rotated inputs (Eq.(23))

design matrix of the rotated inputs (Eq.(23))

model predition of the &-th output

parameter of the U matrix in 2 x 2 gain matrix

PANTO D> Q Q91R PRPPPLR
H
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| I 1 I |

+1

condition number

minimum condition number
summation of singular value ratios
the i-th eigenvalue of a marrix

the j-th rotated input

= magnitude of the j-th rotated input change

W o nm i an

vector of the iotated inputs

design matrix of the rotated inputs

the j-th singular value of a matrix

the maximum singular value

the minimum singular value

diagonal matrix containing the singular values
parameter of the V matrix in 2 X 2 gain matrix

the Jj-th sub-mairix of a partitioned information matrix
transformed gaip matrix

the angle between the two gain vectors (defined in Figure-A.1)
small error in the cutpat rotation matrix

= small error in the input rotation matrix

the kj-th row vector of the transformed gain matrix

ki

Superscripts

- = identified value

- = true value at nominal operating point
E = LV control

M = DV control

Subscripts

i = experiment or sample index

J = matrix column index

k = matrix row index

n = number of experiments or samples
r = dimension of a gain matrix
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