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Figure 33: W12x14 buckled shape -long edges held laterally 
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Figure 34: W12x14 buckled shape -long edges laterally free 
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3.4.2 Elastic Buckling of Casing and W8x18 Stiffener 

The finite element analysis was repeated with different parameters 
representing the W8x18 beam. As before, the analysis was carried out twice to 
include the different boundary conditions associated with a free in-plane motion 
and a fixed in-plane motion. Unlike the results for the W12x14 beam, the 
resulting pressure at the point of buckling for the W8x18 beam was substantially 
different for the two cases. For Case 1, the applied pressure at buckling is 78.2 
kPa (11.34 psi) and for Case 2 the pressure is 43.91 kPa (6.37 psi). This 
represents a difference of 78%. Both of these pressures are sufficiently high to 
ensure that highly stressed regions of the beam become plastic, and therefore 
elastic buckling is not possible. Therefore, determining the buckling load for this 
beam is not necessary as it is not the critical one. Nonetheless, the result 
highlights the impact of casing flexibility due to boundary conditions on buckling 
loads. 

For the models corresponding to the Wl2x14 beam, the difference in 
buckling load was attributed to the extra flexibility of the casing to resist the 
overturning moment of the beam. For the models with the W8xl8 beam, the 
casing geometry and boundary conditions were similar to the previous series of 
simulations, but the difference in buckling capacity between them has increased 
from 12% to 78%. The large difference in buckling capacity with the W8x18 
beam is therefore attributed to the extra torsional stiffness provided by the shorter 
and thicker beam web. By increasing the stiffness of the web, small changes in 
casing stiffuess can have a greater influence on the overall torsional stiffness of 
the assembly. The W12x14 web was taller and thinner, and therefore less stiff 
when resisting overturning moments. With the web and casing closer together in 
stiffness, small changes in the stiffness of one do not greatly change the overall 
stiffness. Increasing the stiffness of the web allows small changes in the casing to 
have a greater influence on the overall stiffness, and thus buckling capacity of the 
beam overall. 

The mode shapes for Case 1 and Case 2 are shown in Figure 35 and Figure 
36, respectively. One clearly observes that the two buckling modes are not 
similar. 
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Figure 35: W8x18 buckled shape - long edges held 
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Figure 36: W8x18 buckled shape- long edges free 
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3.5 Linear Elastic Results 

This section presents the finite element results of the stiffened casing 
plate. Comparisons are made between the finite element results and those 
measured experimentally to determine the appropriateness of the FE model. 

3.5.1 Linear Elastic Analysis of Casing and W12x14 Stiffener 

Figure 37 and Figure 38 show the FE results of the vertical deflection 
contours and profile of the casing and stiffener assembly with a negative pressure 
applied to the underside of the assembly. The largest deflection is seen in the 
central area of the plate between the stiffener and restrained plate edge as one 
might expect. The deflections at key points in the finite element model 
corresponding to a pressure of 20 kPa are reproduced in Table 12 along with the 
experimental data. These correspond to the vertical deflection of the beam top 
flange and the central area of the plate between the edge and the stiffener beam. 
One can observe that the computed deflection of the beam is smaller than the 
measured one by 39%, whereas the computed vertical deflection of the central 
area ofthe plate is 16% larger than those measured experimentally. This implies 
that the in-plane stiffuess of the plate represented by the FE model is slightly less 
than the one depicted in the experimental program. 

Table 12: Vertical deflections from FE analysis vs. experimental results­
W12x14 stiffener 

Location Deflection from Deflection from tests % Difference 
FE at 20 kPa at 20 kPa (f.l ± cr) 
(mm) 

Beam- 8.5 11.83 ± 0.69 39% 
Top flange center (COV=5.8) 
Plate- 51.48 44.24± 2.28 16% 
Central area (COV=5.1) 
between stiffeners 
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Figure 37: Vertical deflection ofW12x14 section, long edges held laterally 
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Figure 38: Vertical Deflection at Midspan 
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Figure 39 is a contour plot ofthe longitudinal strain. The minimum strain 
can be seen on the top flange, which represents the largest compressive strain. 
The strain value from the finite element model is listed in Table 13 along with the 
experimental result from section 2.4.3. The percent difference in strain between 
the finite element model and the experimental results is 12% 
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Figure 39: Longitudinal Strain, W12x14 section 

Table 13: Strain on top flange at midspan- W12x14 
Finite Element Experimental strain % Difference 
strain at 20 kPa at 20 kPa 
(f.Lm/m) (f.Lm/m) 

Strain (J-l) -966 -860 ±2 (COV=0.2) 12% 

Figure 40 shows the longitudinal strain through the cross section of the FE 
model at various locations along the length of the plate. The top curve (X=2286 
mm) represents the axial strain at the centre of the physical model. The bottom 
curve (X=61 0 mm) shows a larger axial strain towards the sides of the plate. 
Figure 39 also illustrates this effect. This increased strain towards the edges of 
the plate is the result of the larger bending stresses due to the change in slope of 
the deflection. 



Master Thesis- Jeff Udall 63 McMaster- Civil Engineering 

60 

40 

20 

0 
c: 

~ g 
~ 

-20 

-40 

-60 

-60 
0 500 1000 1500 2000 2500 

Location Along Width (mm) 

Figure 40: Longitudinal Strain on Plate and Bottom Flange Cross Section 

Figure 41 shows the longitudinal strain on the web along the length of the 
beam at various heights, including the top flange. In the figure, the height '1/6' 
represents 1/6 of the total beam height, while 'Top' is the top flange. A regular 
pattern is generally seen with tensile strain on the bottom flange and compressive 
strain on the top flange as would be expected of a beam with downward loads 
applied. The ends of the beam show relatively complicated stress patterns that 
can also be seen in Figure 39. This stress pattern is the result of the unusual 
support and boundary conditions imposed on the beam. The nature of the pattern 
and its effect on the beam's capacity was not studied. 

Figure 42 illustrates the strain at the midspan of the beam only. The strain 
on the web and flanges appears to be reasonably linear. The neutral axis of the 
beam is located where the strain changes from compressive to tensile and has a 
'zero' value. From this figure, the neutral axis of the beam with the plate is seen 
to be at 20% of the beam height. For a beam height of 302mm, this is 60.5mm 
above the bottom flange. As noted in section 2.5, determination of the neutral 
axis on the W12 tests from the strain gauge data was influenced by the 
discontinuities of the bottom flange. However, the result was 57.4 mm above the 
bottom flange and remains consistent with the finite element data. 
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Figure 41: Longitudinal Strain Along Web at Various Heights- Wl2x14 
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Figure 42: Longitudinal Strain- Location of Neutral Axis- W12x14 
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Figure 43 and Figure 44 show the lateral strain distribution on the plate 
('Z' axis- perpendicular to the beam). The areas around the edge of the plate and 
beside the beam flange are in tension, while the central area is in compression. 
The lateral strain in the central area of the plate was recorded as -1143 J..Lm/m, 
which compares with the predicted value of -1267J..Lm/m at 20 kPa. This 
corresponds to 11% difference. 
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Figure 43: Lateral strain, W12x14 section, long edges held laterally 
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Figure 44: Lateral Strain Across Plate Width 

The measured vertical deflection of the test beam was within 39% of the 
FE predictions. It should be noted that although the percentage difference is fairly 
large, the absolute difference is only 3.3mm. Due to the size and construction of 
the box and its elaborate support structure, the two values can be considered 
reasonably close. 

Other measured values differed from the finite element results by 
approximately 15% or less. These results indicate that the finite element model of 
the plate with a W12x14 stiffener reasonably captures the experimental data. 

3.5.2 Linear Elastic Analysis of Casing and W8x18 Stiffener 

Figure 45 and Figure 46 show the vertical deflection of the plate and 
W8x18 beam under the applied pressure load. Figure 47 shows a contour plot of 
the beam and plate longitudinal strain. Comparing this plot to Figure 39, which 
shows the longitudinal strain for the W12 section, suggests that the shear lag on 
the plate is more evident in the W8 model. The W8 beam is more flexible than 
the Wl2, and so the plate must resist higher load resulting in higher deflection 
and strains local to the beam. 
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Figure 45: Vertical deflection of W8x18 section 
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Figure 46: Vertical Deflection of Plate at Midspan 
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Table 14: Vertical deflections from FE analysis vs. experimental results­
W8x18 stiffener 

Location 

Beam-
Top flange center 
Plate-
Central area 
between stiffeners 
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Figure 47: Longitudinal Strain, W8x18 section 
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Table 15: Strain on top flange at midspan - W8x18 
Finite Element Experimental strain % Difference 
strain at 20 kPa at20 kPa 

Strain (Jl) -1017 -942 ±59 (COV=6.3) 8.0% 

Figure 48 shows the finite element results for the axial strain along the 
web ofthe W8x18 beam. The line of zero strain is the position ofthe neutral axis 
and can be seen to generally follow the curve representing 1/6 of the beam height. 
A cross section ofthe strain at the midspan is shown in Figure 49. The strain is 
nearly linear throughout the beam height, and crosses the zero line at 15% of the 
beam height. Results of Table 9 revealed that the beam neutral axis determined 
from strain gauge data was at 33% of the beam height. Thus, the plate 
contribution factor as determined by the finite element analysis for the W8x18 
section is equivalent to '395t', whereas the experimental data only gives '128t'. 

~-100 t----T-"<~----------"~------------~---=--7"--~r------1 

~ ~--~~~~~--~~========~~--~~~~L_-~ e -15o +-

-350 

500 1000 1500 2000 2500 3000 3500 4000 4500 

Location along span (mm) 

Figure 48: Longitudinal Strain Along Web at Various Heights- W8xl8 
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CHAPTER4 PARAMETRIC STUDY 

The finite element model developed in the previous chapter was shown to 
reasonably reflect the response of the beams tested in the experimental program. 
However, only two beam sections were tested. This chapter studies several other 
sections and their ability to reach certain design limits. The design limits 
generally considered by duct designers are first yield and overall section buckling. 
The post-buckled capacities, as well as the capacity beyond the elastic limit are 
not considered in this chapter. 

The beams examined in this chapter are analyzed with the duct plate 
attached as before, and without the plate attached to determine the difference in 
capacity. The results of the analysis that includes the duct plate attached are then 
used to locate the neutral axis of each section. The neutral axis information is 
then used to acquire new geometrical parameters that may be used in an analytical 
analysis. Further analytical analysis is carried out to accommodate the load 
height factor and the effect of torsional bracing on the tension flange. The results 
from these calculations are then compared to the finite element results. 

4.1 Finite Element Analysis of Stiffener Including Plate 

Various beam sections with varying classes and heights were analyzed 
using the finite element model. The sections were selected by their b/2t ratio, 
where 'b' is the flange width, and 't' is the flange thickness. This ratio defines the 
class of the section. Section classes assist in determining the capacity of the 
compression flange to resist local buckling before overall buckling of the section. 
According to CISC Handbook of Steel Construction9

, a Class 1 section is 
controlled by yield and able to undergo large deformations without local flange 
buckling. A Class 2 section will reach yield but may experience local flange 
buckling in the plastic state. A Class 3 section has flanges that are long and thin 
that will buckle before the section is able to yield. A Class 4 section has flanges 
that are excessively thin and require special consideration in design. The limits 
for class designations were developed based on plate buckling theory. The 
American Institute of Steel Construction uses a similar approach to flange 
classification, but only uses three categories; compact, non-compact, and slender 
sections. The limits for the CISC classes and the AISC Compactness criteria are 
noted in Table 16. 

For each range of section sizes between W6 and W12 listed in the AISC 
steel tables, a section from each class was found, with the exception ofthe Wl2's 
where only class 1 and 2 were available. Also, only one class 4 section was found 
within this range ofbeam sizes. The selection of beams chosen is listed in Table 
17. 

Table 17 lists the b/2t ratio, the class and compactness criteria, as well as 
the finite element results for the eigenvalues and stresses at buckling. The mode 
shape corresponding to the buckling load is also listed. For the buckling mode, 
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'Double' refers to a double curvature as illustrated in Figure 50, 'Flange buckling' 
refers to local flange buckling as illustrated in Figure 51, 'Single' refers to a 
single curvature as illustrated in Figure 52, and 'Half refers to a half curvature as 
illustrated in Figure 53. Sections that have an elastic stress at buckling less than 
the nominal limit (345 MPa) are shown in bold. 

Table 16: CISC and AISC flange buckling limits 
Class Limits CISC) 

1 2 I 3 I 4 
b/2t ~ 7.81 < 9.15 I < 10.771 > 10.77 

AISC Compactness Limits 
Compact I Noncompact I Slender 
b/2t~ 9.191 ~13.43 I > 13.43 
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Table 17: Yield and Buckling failure points for selection of beam sizes 
Elastic 

AISC Elastic Stress 
CISC Compact Elastic strain Strain at Mode 
Class section Buckling for unit load at buckling buckling Mode of of 

Section b/2t Criteria criteria Eigenvalue (/.1-m/m) (f.Lm/m) (MPa) Buckling Failure* 
W6x16 4.98 1 Compact 13.307 -486 -6462 -1292.15 Double Yield 
W6x15 11.5 4 Non compact 9.082 -544 -4937 -987.07 Flange buckling Yield 
W6x20 8.25 2 Compact 19.722 -398 -7850 -1569.62 Single Yield 

W8x10 9.61 3 Noncompact 4.598 -650 -2986 -597.14 Single Yield 
W8x18 7.95 2 Compact 11.339 -351 -3976 -795.05 Single Yield 
W8x21 6.59 1 Compact 14.418 -294 -4234 -846.62 Single Yield 

W10x12 9.43 3 Non compact 4.598 -456 -2097 -419.29 Single Yield 
W10x19 5.09 1 Compact 9.472 -271 -2569 -513.77 Single Yield 
W10x33 9.15 2 Com_pact 22.974 -165 -3791 -757.97 Half Yield 

W12x14 8.82 2 Com_Qact 4.55 -331 -1508 -301.52 Single Buckle 
W12x22 4.74 1 Compact 9.363 -201 -1878 -375.51 SingJe Yield 
W12x26 8.54 2 Compact -· 9.481 -167 -1584 L_-316.7~ Half Buckle 

--···-- -

*Nominal yield stress= 345 MPa 
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Figure 50: Double curvature buckling mode 

Figure 51: Local flange buckling mode 
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Figure 52: Single curvature buckling mode 

Figure 53: Half curvature buckling mode 

The results show that only two sections reach the buckling limit at a load 
smaller than the yield limit. These are the W12xl4 and Wl2x26. All other 
sections reach the yield limit first. For several sections, the buckling limit was 
high enough to predict linear elastic stresses three times the nominal yield value 
ofthe steel. 

If the elastic strain at buckling was above the nominal yielding point of the 
steel, then the failure of the beam is deemed to be by yielding rather than by 
buckling. In some cases, buckling of the section may occur after the onset of first 
yield when portions of the beam are plastic, but practical design of stiffeners 
generally does not consider plastic analysis and is beyond the scope of this 
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analysis. The section is considered to have failed at either the point of first yield 
(extreme fibre yield) or by the onset ofbuckling. 

Experimental results show that the post buckling capacity of the beam can 
be significant. Results of the experimental program showed that the W12x14 
beam reached the point of buckling long before its final collapse. The rate of 
lateral deflection of the beam increased after the vacuum pressure reached 
approximately 33 kPa, indicating the buckling point had been reached. However, 
the beam did not collapse until approximately 45 kPa, a 40% greater capacity. 
The ultimate collapse was a result of local flange buckling despite being a class 2 
section. As Table 17 illustrates, the point of overall buckling is achieved before 
the first yield (nominal yield at 345 MPa). At a point 40% higher than this, the 
beam has reached both plastic and post buckling behaviour before the ultimate 
collapse. In this regard, by using only first yield or onset of buckling leaves 
considerable room for maintaining a conservative design. 

4.2 Finite Element Analysis of Sections Without Plate 

The finite element analysis shown previously was repeated for the same 
selection of beams, but with the plate removed from the model. The imposed load 
was a uniform load along the length of the beam. The beams were simply 
supported, with one end fixed against displacement in all three axes, and the other 
end fixed against only vertical and lateral displacement. The boundary restraints 
were only applied to the bottom flange. The top flange and web were free to 
move in all directions. This analysis was performed to directly compare the effect 
of the plate on the capacity of the beams. Table 18 summarizes the data from this 
analysis. 
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---------- ---------~-------- --------- -----------------------------Table 18: Yield and Bucklin!! fail · ts :t4 Iection ofb 
Elastic Elastic 

Buckling strain Elastic Stress 
crsc AISC Eigenvalue for unit Strain at 
Class Compact section from load at buckling buckling Mode of Mode of 

Section b/2t Criteria criteria Ansys (x10"6
) (x10-6) (MPa) Buckling Failure* 

W6x16 4.98 1 Compact 314.298 -4.11E-06 -1.29E-03 -258.19 Single Buckling 
W6x15 11.5 4 N oncompact 401.488 -4.41E-06 -1.77E-03 -354.22 Single Yield 
W6x20 8.25 2 Compact 658.541 -3.18E-06 -2.09E-03 -418.32 Single Yield 

W8x10 9.61 3 Non compact 114.843 -5.63E-06 -6.46E-04 -129.25 Single Buckling 
W8xl8 7.95 2 Compact 442.415 -2.83E-06 -1.25E-03 -249.96 Single Bucklin_g_ 
W8x21 6.59 1 Compact 590.787 -2.35E-06 -1.39E-03 -277.43 Single Bucklin_g_ 

W10x12 9.43 3 Noncom pact 134.945 -4.02E-06 -5.43E-04 -108.59 Single Bucklin_g_ 
W10x19 5.09 1 Compact 339.299 -2.29E-06 -7.76E-04 -155.17 Single Buckling 
W10x33 9.15 2 Compact 1618 -1.24E-06 -2.01E-03 -401.20 Single Yield 

W12x14 8.82 2 Compact 155.475 -2.95E-06 -4.59E-04 -91.71 Single Buckling 
W12x22 4.74 1 Compact 394.32 -1.69E-06 -6.66E-04 -133.14 Single Buckling 
W12x26 8.54 2 Compact 724.895 -1.29E-06 -9.38E-04 -187.50 Single Buckling 
*Nominal yield stress= 345 MPa 
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Table 18 illustrates that several sections (identified in bold) reached the 
buckling limit prior to reaching the nominal yield point. In the previous analysis 
in which the plate was part of the model, only two sections had reached the 
buckling limit first. Without the plate contribution however, the number of 
sections buckling before yielding increased to nine. Table 19 has reproduced the 
stress at buckling from both models for direct comparison. 

Table 19 shows that the contribution of the plate has a substantial effect on 
the capacity of the beam. Aside from using a modified moment of inertia to limit 
deflection of the beam and thereby protect the local casing from buckling under 
positive pressure, a stiffener beam is currently sized without regard for the plate. 
From a practical viewpoint, it is recognized that the plate holds some restraining 
capacity. But this restraint is not applied directly to the compression flange and 
so gussets would be added to connect the compression flange to the plate. The 
items noted in bold will require gussets to reduce the unbraced length of the 
compression flange and allow the beam to be sized with a yielding limit state. By 
adding the plate to the analysis, the buckling load capacity is shown to increase on 
average by 327%. 
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Table 19: S bucklin!! limit - Stif:fi Oth and with Iat' 
Elastic Stress Elastic Stress 

Section 
at buckling at buckling % Difference 

Beam With Plate Beam Without Plate 
(MPa) (MPa) 

W6x16 -1292.15 -258.19 (Y)* 501 
W6x15 -987.07 -354.22 279 
W6x20 -1569.62 -418.32 375 

W8x10 -597.14 -129.25 (Y) 463 
W8x18 -795.05 -249.96 (Y) 318 
W8x21 -846.62 -277.43 (Y) 305 

W10x12 -419.29 -108.59 (Y) 388 
W10x19 -513.77 -155.17 (Y) 331 I 

W10x33 -757.97 -401.20 189 I 

I 

W12x14 -301.52 (Y) -91.71 (Y) 327 I 

W12x22 -375.51 -133.14 (Y) 282 I 

W12x26 -316.75 (Y) -187.50 (Y) 168 I 

Mean=327 I 
* (Y) denotes section failed by yielding (345 MPa nominal yield stress) 
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4.3 Neutral Axis 

When the location of the neutral axis is know, the factor F that detennines 
the plate contribution can be derived as follows. The location of the neutral axis 
relative to the bottom of the plate is given by 

Aw+AP 
(4-1) 

where Aw is the beam area, t the plate thickness, d the beam height, and Ap the 
plate area. The plate area is a function of the factor, F and is given by 

Ap = (Ft+bfY (4-2) 

The parameters for these equations are illustrated in Figure 54. 

Beam Area, Aw 

-1 
NA d 

l Plate Area, Ap 

c===Ne=ut=ra=IA=x=is±=+=====~========~={t 
L~ Ft---1· 1----- ~ F t __ __, 

Figure 54: Parameters for Equation 4-1 

Note that the flange width, 'br', is included in the plate area since the plate 
contribution factor is generally considered as the amount of plate beyond the 
flange toe. Here, F is a scalar value that is multiplied by the plate thickness 
resulting in a plate width. 
Substituting Ap into Equation 4-1 yields 

(4-3) 
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Rearrange and solve for F: 

Aw t+- +~-(Aw +btt}NA ( 
d) btt

2 

F= 2 2 
t3 

t 2NA--
2 

(4-4) 

As illustrated in Figure 54, Equation 4-4 was derived by locating the 
neutral axis with respect to the bottom of the plate. However, the finite element 
model was constructed using shell elements, and the bottom flange and the plate 
are actually coincident in space. The nodes of the plate and flange are separate 
except at the flange toe where the beam is 'welded' to the plate. This presents a 
slight discrepancy between the model and the actual structure. However, the plate 
and flange thicknesses are generally small relative to the overall height of the 
beam and the effect of the discrepancy can be considered negligible to the 
analysis. 

The beam sections that were used in the previous section were analyzed to 
find the neutral axis of the composite beam/plate section. The axial strain of each 
node along the web height at the midspan of the beam was noted. 
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Table 20 lists the axial strain data along the webs of the various beams. The data 
has been normalized to show the strains as a fraction of the total beam height, and 
is plotted in Figure 55. 

The neutral axis of the beam is located where the strain becomes zero. 
Table 21 summarizes the neutral axis heights for each beam and shows that the 
mean occurs at 14.8% of the beam height. Using Equation 4-4, the amount of 
plate that is needed to lower the neutral axis to that point is calculated. The 
column 'F' lists this scalar value for each beam. The mean value for 'F' is 414, 
meaning a plate width equivalent to 414 times the plate thickness, or '414t', 
contributes to the beam stiflhess (varying between 361t to 485t). Figure 56 shows 
the distribution of the plate contribution factor. 

The column representing 'Equivalent Plate Width' lists the actual width of 
plate considered to contribute to the beam, with a mean of 1890mm (74.4 in). 
This width does not include the width of plate under the beam flange. It should 
be noted that the actual width of plate used in the experimental test and in the 
finite element models was 2438mm (96 in) wide. Therefore it can be seen that the 
majority ofthe plate contributes to the stiflhess of the beam. Referring to Figure 
6 and Figure 7 of section 1.3.3, one did observe that the region of shear lag is 
significant. This shear lag area extends beyond the halfway point between the 
stiffener and the edge of the box which represents the location of the next 
stiffener. As such, the shear lag areas from each stiffener beam would have a 
significant overlap. The shear overlap would be additive where the plate strains 
do not exceed the yield limit, and would not diminish the effect of either adjacent 
beam. Considering the low height of the neutral axis on the beam/plate assembly, 
the top flange will reach the yield limit before the plate. Therefore by design, the 
plate will not reach yield limit and the overlapping shear lag will not affect the 
results shown here. 
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Table 20: Data from Neutral Axis Study 
W6xi5 W6xi6 W6x20 

%of %of %of 
Ex y height Ex y height Ex y height 

6.59E-05 0 0 6.55E-05 0 0 6.32E-05 0 0 

-2.2E-05 0.998 O.I67 -1.6E-05 1.047 O.I67 -3.4E-06 1.033 0.167 

-O.OOOI2 1.997 0.333 -O.OOOII 2.093 0.333 -8E-05 2.067 0.333 

-0.00023 2.995 0.5 -0.0002 3.140 0.5 -O.OOOI6 3.100 0.5 

-0.00033 3.993 0.667 -0.00029 4.I87 0.667 -0.00023 4.133 0.667 

-0.00043 4.992 0.833 -0.00038 5.233 0.833 -0.0003I 5.167 0.833 

-0.00054 5.990 I -0.00049 6.280 I -0.0004 6.200 I 

0.748 O.I25 0.846 0.135 0.980 0.158 

W8x10 W8xi8 W8x21 
%of %of %of 

Ex y height Ex y height Ex y height 

5.57E-05 0 0 5.22E-05 0 0 5.05E-05 0 0 

-5.1E-05 1.3I5 O.I67 -7.8E-06 1.357 O.I67 -7.7E-07 1.380 O.I67 

-O.OOOI7 2.630 0.333 -7.5E-05 2.713 0.333 -5.8E-05 2.760 0.333 

-0.00029 3.945 0.5 -O.OOOI4 4.070 0.5 -0.00012 4.I40 0.5 

-0.0004I 5.260 0.667 -0.00021 5.427 0.667 -O.OOOI7 5.520 0.667 

-0.00052 6.575 0.833 -0.00028 6.783 0.833 -0.00023 6.900 0.833 

-0.00065 7.890 I -0.00035 8.I40 I -0.00029 8.280 I 

0.688 0.087 1.18I O.I45 1.359 O.I64 

W10x12 WIOx19 WIOx33 
%of %of %of 

Ex y height Ex y height Ex y height 

4.8E-05 0 0 4.44E-05 0 0 3.97E-05 0 0 

-2.9E-05 1.645 0.167 -3.6E-06 1.707 O.I67 9.87E-06 1.622 O.I67 

-0.00011 3.290 0.333 -5.6E-05 3.413 0.333 -2.4E-05 3.243 0.333 

-0.0002 4.935 0.5 -O.OOOII 5.120 0.5 -5.8E-05 4.865 0.5 

-0.00028 6.580 0.667 -O.OOOI6 6.827 0.667 -9.3E-05 6.487 0.667 

-0.00037 8.225 0.833 -0.0002I 8.533 0.833 -0.00013 8.I08 0.833 

-0.00046 9.870 I -0.00027 I0.240 I -O.OOOI7 9.730 I 

1.030 0.104 1.578 0.154 2.158 0.222 

W12xi4 WI2x22 WI2x26 
%of %of %of 

Ex y height Ex y height Ex y height 

4.13E-05 0 0 3.75E-05 0 0 3.46E-05 0 0 

-1.6E-05 1.985 O.I67 1.04E-06 2.052 O.I67 4.37E-06 2.037 O.I67 

-7.8E-05 3.970 0.333 -3.8E-05 4.103 0.333 -2.9E-05 4.073 0.333 

-O.OOOI4 5.955 0.5 -7.8E-05 6.I55 0.5 -6.3E-05 6.110 0.5 

-0.0002 7.940 0.667 -O.OOOI2 8.207 0.667 -9.7E-05 8.I47 0.667 

-0.00027 9.925 0.833 -O.OOOI6 I0.258 0.833 -0.00013 IO.l83 0.833 

-0.00033 Il.9IO I -0.0002 I2.3IO I -O.OOOI7 I2.220 I 

1.439 0.12I 2.I10 0.17I 2.33I O.I9I 
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Figure 55: Location of Neutral Axis- Parametric Study 
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Table 21: Plate Contribution Factor, F 
Equivalent 

Beam _Q_arameters plate width 
Neutral 
Axis % d bf A F F*t 

W6x15 18.77 12.48 152.15 152.15 2871.0 457.4 2152.9 
W6x16 21.23 13.47 159.51 102.36 3058.1 440.7 2074.2 
W6x20 24.61 15.81 157.48 152.91 3800.0 421.1 1981.6 
W8x10 17.28 8.73 200.41 100.08 1909.7 484.9 2281.8 
W8x18 29.64 14.51 206.76 133.35 3393.5 412.1 1939.5 
W8x21 34.12 16.42 210.31 133.86 3974.2 399.4 1879.7 
W10x12 25.86 10.44 250.70 100.58 2283.9 435.7 2050.6 
W10x19 39.60 15.41 259.08 102.11 3625.8 394.2 1855.2 
W10x33 54.16 22.18 247.14 202.18 6264.5 361.7 1702.2 
W12x14 36.13 12.09 302.26 100.84 2683.9 408.0 1920.2 
W12x22 52.96 17.14 312.42 102.36 4180.6 380.9 1792.7 
W12x26 58.52 19.08 309.88 164.85 4935.5 366.2 1723.4 

Mean(%) 14.8 414 
SD (%) 3.7 35.2 
COV(%) 25 8.5 



Master Thesis- Jeff Udall 86 McMaster- Civil Engineering 

500 ,---------------------------------------------------------------------------~ 
,...--

450 -1-frl.%1· .. ·.··".·.·~~. . . . . l:.t· I r--i!f. n·~ 
!l; .. .--- Mean= 414 

1--· 1-- 1--

i 350 
Gl 
;:I ·c: 
.2. 300 
u. 

I 

1---

1-l~i~;\}1- . H~ ttll-~·1~\ ;141-1 

1-- 1--1--

... 
0 u 250 
"' u.. 
c 
0 
:; 200 -1-
..Q 

E 
c 
0 
u 

1:. I :• 

> 
.... d-ct, 1·-

1--

1-- 1-- 1-- 1--

1--1 ... 'I k:, ~~,yi\~*~• J!f? - ·. *' :w.:J.,I···· I .-.- -wA~:-~"" 

I 
150 -~-r·¥~¥- ~-~ 
100 +- .',, __ ,, .. 1-------t 1--

, __ ,., __ 

I I 
t-----1 1--

1--

1- -

1-- 1--

1-

1-- 1--

1--

1-- 1--

1--I - I• 5

: u·~-t {i' 1-r~H ·1-1-1- 11 I ~ I H I . I 0 L 
VV6x15 VV6x16 VV6x20 VV8x10 VV8x18 VV8x21 VV10x12 VV10x19 VV10x33 VV12x14 VV12x22 VV12x26 

Figure 56: Plate Contribution Factor 'F' 



Master Thesis- Jeff Udall 87 McMaster - Civil Engineering 

4.4 Revised Analytical Method 

Chapter 1 discussed several factors that are ignored in the standard 
stiffener design methods. These include accounting for the shift in the neutral 
axis, the loading on the beam applied to the bottom flange rather than the 
centroid, and the effect of the web in providing bracing to the compression flange. 

In dealing with the shift of the neutral axis, as discussed in section 1.3.3, a 
general method is presented that enables the standard buckling formula to be used 
while accounting for the larger compressive area on the beam. 

From Equation 1-1: 

1l (7rE)2 Mer = L EIYGJ + L lyCw (4-5) 

The shear modulus, G, is calculated according to 

E 
G = = 0.385E , for 11=0.3 

2(1 + ,u) 
(4-6) 

where JL is the Poisson's ration. ly is not greatly affected by the increase in beam 
height. J is calculated using 1.7d as the beam height; 

(4-7) 

Cw can be estimated by 

(4-8) 

where 1.7d is used in place of d. 

Substituting J, G, and Cw into Equation 4-5, combining constants and rearranging 
yields 

M = E1l 0.385 I {2b 3 1 7d 3) 1l • Y 
( )

2 (1 7d)2 I 
cr L 3 y \ ff f + • fw + L 4 (4-9) 

To determine the allowable stress, the critical moment is divided by the 
section modulus for the compression flange. The moment of inertia of the 
modified beam is given by 

J =2(bft/ +A (0.85dYJ+ tw(1.
7dY (4-10) 

X 12 f 12 

and the section modulus of the compression flange, 
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s =~ 
XC 0,85d 

The allowable stress of the modified beam is then given by 

(4-12) 

0.85d EJT 0.385 1)2b/ / + 1.7dtw3 )+(JT)z (1.7d)z IY 
Db__ L 3 L 4 r, (4-13) 

IX 
Equations 4-1 0 through 4-13 can be used to determine the critical moment 

of the beam section assuming a simply supported beam with no additional 
boundary conditions. 

The bottom flange loading was discussed in section 1.3.2. A load applied 
to the bottom flange of a beam provides a restoring torque as the beam begins to 
twist under lateral torsional buckling. A revised moment modification factor, Cb, 
was used to account for this type of loading. 

Tension flange bracing was described in section 1.3.1. The compression 
flange of a beam can be effectively braced if the tension flange is held to prevent 
rotation about the beam axis. By restraining the tension flange in this way, out of 
plane deflection, or buckling, must involve bending of the web. A sufficiently 
strong web will hold the compression flange in place without the use of additional 
gussets. 
By applying in succession the critical moment equation for the beam with the 
shifted neutral axis, multiplying by a load height factor, and then adjusting the 
result to account for torsional bracing, a higher critical moment is then calculated. 
A less conservative stiffener capacity is thus obtained. 

Table 22 lists the results of these successive calculations for the beam 
selection used previously. The formulae and input values used for the W12x14 
section are shown in Appendix H. 
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Table 22: Revised analytical method results 
Variable Unit W12x14 W8x18 W6x20 W8x10 W8x21 W10x12 W10x19 I 

kPa 31.37 78.19 136.0 31.72 99.41 31.72 65.311 
Pressure at buckling Papp J(psi) (4.55) (11.34) (19.72) (4.60) (14.42) (4.60) (9.472) 
Equivalent moment from kN*m 97.57 243.15 422.91 98.60 309.17 98.60 203.111 
ANSYS Mans (in*lbJ (863554) (2152051) (3743078) (_872664) (2736421) (8726641 (1797710) 

kN*m 22.75 59.14 85.39 15.13 80.14 18.40 47.021 
Critical Moment Mer in*lb) {201342) (523446) {755718) (133942) (709334) {162808) (416130) 

%ofAnsys 0.23 0.24 0.20 0.15 0.26 0.19 0.23 1 

Mean= 0.21 SD = 0.034 COV = 0.159 
mm 303 207 157 200 210 251 259 

Beam height dw lin) {11.91) (8.14) {6.2) (7.89) {8.28) (9.87) (10.2) 
mm 5.7 8.4 9.3 5.2 10.2 5.3 10.0 

Flange thickness tr in) (0.225) (0.33' (0.365) (0.205) (0.4) (0.21) (0.395) 
mm 101 133 153 100 134 101 102 

Flange width br 'in) (3.97) (5.25) (6.02) (3.94) (5.27) (3.96) (4.02) 
mm• 576 1118 1418 521 1360 537 1024 

Flang~ area Ar (in2) (0.893) (1.733) (2.197) {0.808' (2.108) (0.832) (1.58~ 
mm 5.1 5.8 6.6 4.3 6.3 4.8 6.3 

Web thickness tw 'in) (0.2) (0.23) (0.26) {0.17) {0.25) (0.19) (0.25) 
mm~ 29303 71592 102393 17731 117377 22768 96982 

Torsional constant J (in4) (0.0704) (0.172) (0.246) (0.0426) (0.282) (0.0547) (0.233) 
IO>mmo 21.64 32.76 30.34 8.3 40.82 13.67 27.93 

Warping constant Cw (in6) (80.6) (122) (113) (30.9) (152) (50.9) (104) 
10jmm4 982 3317 5536 870 4067 907 1786 

Beam Y-Y moment of inertia Iv (in4) (2.36) (7.97) (13.3) (2.09) (9.77) (2.18) (4.29) 
GPa 200 

Elastic modulus E 'ksi) {29500) 
GPa 77 

Shear modulus G (ksi) (11360) 
MPa 345 

Nominal yield stress F,_ (ksi) (50) 
mm 4572 

Beam length L (in) (180) 
mm 1219 

Stiffener spacing bs (in) (48) 
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Table 22 continued 
Monosymmetric section 

mm 514.3 351.5 267.7 340.61 357.6 426.2 440.4 
Modified Beam height drn fin) (20.25' (13.84) (10.54) (13.413) (14.076\ (16.78) (17.34) 

109mm6 64.96 102.45 99.2 25.24 129.94 41.19 86.6 
Modified warping constant Cwrn fin6) (241.9) (381.5) (369.4) (94.0\ (483.9\ (153.4) (322.5) 

1cYmm4 35.0 75.7 106.96 18.6 124.1 26.1 106.3 
Modified torsional constant Jm (in4) (0.0841) (0.1819) (0.2569) _(0.0446) (0.2982) (0.0628) (0.2555) 

kN*m 32.60 79.37 109.26 20.16 104.28 25.62 59.83 
Critical moment Mcr-rn fin*lb) (288516) (702592) (966997) (178419) (922975) (226744) (529576) 

%of ANSYS (for comparison) 0.33 0.33 0.26 0.20 0.34 0.26 0.29 

Mean= 0.29 SD = 0.05 COY= 0.164) 

LoadHei2ht 

Beam constant We 1.5081 1.2882 1.0666 1.2914 1.1332 1.3902 0.9993 

Loading constant A 1.12 1.12 1.12 1.12 1.12 1.12 1.12 

Loadin_g constant B 1.456 1.433 1.395 1.434 1.408 1.446 1.381 
mm 257 176 134 170 179 213 220 

Load height yl fin) (10.12' (6.92) (5.27) (6.71' (7.04\ (8.39) (8.67) 

Moment modification factor cb 1.63 1.61 1.56 1.61 1.58 1.62 1.55 
Moment capacity for 
monosymmetric section with kN*m 47.48 113.8 152.4 28.9 146.9 37.0 82.6 
load height consideration Mrnslh in*1b) (420247) (1007262 (1349379) (255867) (1300018) (327902) (731266) 

%of ANSYS (for comparison) 0.49 0.47 0.36 0.29 0.47 0.38 0.41 

Mean=0.41 SD=0.07 COV=0.162 

Torsional bracin2 
mm 4.72 

Casing thickness i1oi (in) (0.1875) 
mm4 228 

Casing strip lxx Ic (in4) (0.000549) 
kN*mm/ 
rad*mm 
(in*lb 12.509 

Casing rotational stiffuess betac /rad*ill) ... -
(2812.2) 
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Table 22 continued 
kN*mm/ 
rad*mm 
(in*lb 24.24 53.94 102.30 22.47 68.10 25.08 55.28 

Web rotational stiffness betaweb /rad*in) (5449.2) (12125.9) (22997.6) (5051.5) (15308.9) (5637.7) (12427.2) 
kN*mm/ 
rad*mm 

Total casing and web rotational (in*lb 8.25 10.15 11.15 8.04 10.57 8.35 10.20 
stiffness betatot /rad*in) (1854.9) (2282.8) (2505.8) (1806.5) (2375.8) (1876.3' (2293.3) 
Moment capacity considering 
monosymmetric section, load 
height and kN*m 62.47 140.72 189.19 47.51 174.11 53.97 102.62 
torsional bracing. Mmslhtb l<in*lb) (552944) (1245510) (1674507) (420534) (1541034) (477685 (908280) 

kN*m 97.57 243.15 422.91 98.60 309.17 98.60 203.11 
ANSYS Moment Mans l<in*lb) (863554) (2152051) (3743078) (872664) (2736421) (872664 (1797710) 

%of ANSYS (for comparison) 0.64 0.58 0.45 0.48 0.56 0.55 0.51 

Mean= 0.54 SD = 0.06 COV = 0.11 
Moment considering rigid kN*m 84.25 222.14 372.06 69.366 279.11 77.47 164.02 
casing Mmslhtb l<in*lb) (745641) (1966102) (3293014) (613939) (2470285) (685622) (1451716) 

%ofANSYS 0.86 0.91 0.88 0.70 0.90 0.79 0.81 

Mean= 0.84 SD = O.o7 COV = 0.083 
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The critical moments for each beam after each calculation step (each 
boundary condition considered) are illustrated in Figure 57. The bars illustrate 
the fraction of the critical moment that was predicted through the finite element 
modeling shown in section 4.1. Thus a bar reaching to 0.9 represents a critical 
moment equivalent to 90% of the predicted value according to the finite element 
analysis. 

The left most bar for each section shows the result of the critical moment 
equation without any adjustments for boundary conditions. This represents the 
critical moment of the stiffener under current design rules. The mean value for 
this result is 0.21. The critical buckling formula alone accounts for approximately 
1/5th of the capacity of the stiffener beam as predicted by the finite element 
analysis. 

The second bar from the left for each section shows the result of the 
critical moment equation if modified values are used to account for the larger area 
of compression due to the shift of the neutral axis. The mean value for this result 
is 0.29. This is an 8% increase over the buckling formula without 
accommodations for the larger compression area of the beam. The third bar from 
the left for each section shows the result of the critical moment equation if it is 
multiplied by the load height factor. The mean value for this result is 0.41. The 
fourth and fifth bar for each section show the results when torsional bracing is 
considered. Two cases were evaluated: Flexible casing plate and rigid casing 
plate. The flexible casing case considers a unit strip of metal that spans between 
adjacent stiffeners. The twisting rotation of the stiffener is resisted through the 
bending action of the metal strip. The formula used to establish the rotational 
stiffuess of this strip is derived in Appendix J. This formula was derived with the 
aid of finite element analysis and considers the in-plane restraint of the plate as 
the beam rotates. This extra restraint results in some membrane tension in the 
plate which in tum provides more rotational stiffuess. The mean value for the 
flexible casing result is 0.54. 

It is realized that this flexible casing plate case is somewhat conservative. 
Although the formula considers some membrane action in the casing strip due to 
fixed end restraint, it does not account for the extra membrane tension field that is 
applied while the plate undergoes large deflections in response to the vacuum 
pressure. The deflections are large and the associated membrane stresses were 
shown to be significant as well. These additional membrane stresses provide a 
significantly higher stiffuess to the unit strip of casing. 

The unit casing strip also does not have uniform restraint down the length 
of the beam stiffener. The area of plate closer to the ends of the beam is affected 
by the sides of the duct and is rotationally stiffer than the strips at the centre of the 
beam. Therefore, the second case considered for torsional bracing assumes the 
extreme limit of rigid casing. This assumption may be somewhat unconservative. 
But as can be seen, the overall result remains less than the predicted buckling 
limit. The mean value for this result is 0.84. Each of these results only considers 
the limit of buckling. The failure mode of reaching first yield was not considered. 
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SUMMARY, CONCLUSIONS, AND 
RECOMMENDATIONS 

Industrial ducts are large structures that carry vast amounts of air or flue 
gas to and from industrial processes. The structural integrity of the ducts under 
load is maintained by ensuring the casing plate is sufficiently strong. As the 
width and depth of the ducts increases, the casing plate requires additional 
reinforcement and stiffening to withstand the applied loads. The stiffeners used 
for this purpose are commonly available steel shapes such as channels, angles and 
wide flange beams. The type and size of the stiffener depends on the length and 
the loads that must be resisted in order to maintain the integrity and shape of the 
duct. 

This research has investigated the methods that are commonly used to 
analyze and design duct stiffeners. It was felt that these methods employ a large 
degree of conservatism and use assumptions that are normally applied to beams in 
buildings. Of particular interest was the practice of supplying gusset plates at the 
midspan of a stiffener if it is determined that the length of the compression flange 
is too long. 

Also of interest was the amount of plate that is considered to contribute to 
the strength of a beam once they are welded together. A plate contribution factor 
is chosen based on assumptions and then used to establish a beam size that will be 
strong enough to resist the loads, and stiff enough to resist excessive deflections. 
The choice of a plate contribution factor value depends on the designer. This 
research identifies the amount of plate that contributes to the beam properties and 
relates it to commonly used values. 

An experimental program was undertaken to investigate these concepts. 
Subsequently, a finite element model was developed to model the experimental 
program. Results from the finite element model were validated using the 
experimental data. A parametric study was carried out to determine the point of 
failure for each beam section, with failure being defined as either first yield or 
section buckling. An alternative analytical approach was proposed that includes 
the composite effect of the plate, the height of the load, and the ability of the 
casing and beam web to hold the compression flange and keep it from lateral 
buckling. The approach was shown to be still somewhat conservative. 

5.2 Conclusions 

This study has shown that the analytical design equations currently used to 
predict failure of stiffeners by buckling have a high degree of conservatism. 
Failure by yielding still needs to be checked independently. Excessive 
conservatism in design is uneconomical in that it adds substantial steel weight 
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resulting in higher capital cost, higher fabrication costs, and higher construction 
costs. 

The results from this research program have led to the following 
conclusions: 

1. The factor used to determine the plate contribution is grossly underestimated. 
The amount of plate that contributes to the composite section properties is 
found to be of the order of several hundred times the plate thickness. 

2. The location of the neutral axis of the composite section is currently placed 
too high on the beam web. As a result, the capacity of the beam is 
underestimated. 

3. The stiffuess of the web to resist lateral buckling of the compression flange is 
overlooked. This research has shown that the web of a stiffener beam is an 
effective brace to prevent the lateral buckling of the compression flange. 

4. Standard formulae used to calculate the capacity of a beam does not take into 
account the height of the applied load on the beam cross section. This 
research has shown that consideration of the load height provides a 
considerable increase in the calculated buckling capacity. 

By incorporating the factors noted above, the size of a beam stiffener can 
be made smaller and more economical. This research has demonstrated that the 
consideration of these factors provides a solution that remains conservative and is 
below the point of failure by lateral buckling. The elastic response still needs to 
be checked as before, as is generally the governing mode of failure. 

5.3 Recommendations for Future Research 

The experimental program also revealed several items that need further 
investigation: 

1. Stiffener beams on ducts are generally connected to each other at the 
comers to form a complete frame around the perimeter. The type of 
connection can vary. A common method is to use an 'L' shaped bracket 
that is welded to the webs of adjacent beams. The bracket provides 
additional boundary constraints on the ends of the beam that have not been 
considered here. The main purpose of the bracket (or any other 
attachment) is to provide a load path to accommodate the end reactions. 
The end reactions are taken into the adjacent beam in either the form of 
compression or tension loads depending on the pressure inside the duct. 
This forces each stiffener to act as a beam-column rather than as a simply 
supported beam. The extra compressive forces in the beam have not been 
considered and this presents a degree of unconservatism. However, this 
unconservative part of the design is overshadowed by the grossly 
conservative methods used otherwise. The brackets also provide a certain 
degree of lateral stiffuess to the beam. This research did not consider any 
lateral support on the ends of the beam as a worst case check. The 'L' 
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brackets may provide relatively weak lateral support, but some support 
nonetheless. Further research should consider such support. 

2. The experimental apparatus used in this research used a single stiffener on 
a large plate. The edges of plate parallel to the stiffener beam were 
supported by the box and intended to simulate the location of the next 
stiffener in a long line of stiffeners along a duct. The interaction between 
the plate and the stiffener was demonstrated and it was shown that the 
majority of the plate acted to influence the strength of the beam. Further 
research should include more than one stiffener section so that the plate 
contribution to each section can be determined. 

3. The point of failure of the stiffener beam was taken as either first yield or 
the onset of buckling. It was found during the experimental program that 
the capacity of the beam beyond these points was substantial. The 
Wl2x14 beam exhibited post-buckling strength up to 45 kPa when the 
buckling limit was at 33 kPa. As it was, the beam ultimately failed by 
local flange buckling rather than overall section buckling. Likewise, the 
W8xl8 beam passed the yield point and maintained its capacity well into 
the plastic region. The tests were only terminated after the beam bottomed 
out on the bottom of the box. Further study into the post yield and post 
buckling capacity should be conducted. 

4. This research only examined wide flange shapes as stiffeners. It is 
recognized that many ducts are stiffened using other shapes such as 
channels and angles. These shapes are not symmetric about their strong 
axis and have a shear center offset from their centroid. This research has 
not addressed these other shapes and the effect of the unsymmetrical 
section. 
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APPENDIX A- DESIGN EXAMPLE 

A design example is used to demonstrate the design processes. The 
example will only illustrate the design of a stiffener with a single pressure load. It 
is assumed that this pressure load is inclusive of other applied loads and 
represents the most critical combination of loads for this stiffener. 

The parameters of the calculation are as follows: 
• Stiffener- Wl2x 14 (equivalent to W31 Ox21) 
• Stiffener span- 4570 mm (15') 
• Stiffener spacing along duct- 1220 mm ( 4 ') 
• Duct thickness- 4. 7 mm (3/16") 
• Temperature- ambient (70 deg F) 
• Internal pressure- 8.717 kPa (35 in· H20) 
• Stiffener material- 350 MPa (50 ksi) 
• Elastic modulus -200 GPa (29.5xl06 psi) 

A Wl2xl4 section was chosen for its slenderness and poor ability to resist 
lateral buckling. The geometry of the duct is arbitrarily chosen to match the 
experimental arrangement described later. 

Engineering firms have generally adopted the following method or 
conduct similar calculations with variations of this method. Currently there is no 
standard method presented in building structural or other codes. 

The first step in the design process is to determine the spacing of the 
stiffeners. The ultimate goal of duct design is to create a structurally stable duct 
for the process it is used with. Therefore, stiffeners are added to reinforce the 
casing plate of the duct, thereby allowing larger ducts with larger air or gas 
capacity. The stiffeners are spaced to minimize the stress applied to the casing 
plate while maintaining an economical design. Should the width of the casing 
plate be sufficiently small no stiffeners are required. Casing stress can be 
calculated by assuming a unit width strip acting as a beam with uniform load, and 
limiting the bending stress. However, this provides a grossly conservative design 
since it does not consider the membrane tension capacity of the plate cross 
section. A more forgiving method is to use large deflection plate theory as 
described in Roark25

• Roark's analysis uses tabulated values based on parameters 
including panel geometry, edge restraint conditions, etc. A formula has been 
developed that reasonably fits a curve connecting the values of Roark's table 
(Ref. 25, page 480). 

After the spacing is defined, the load to the stiffener can be determined. 
The moment generated by negative pressure is calculated assuming a simply 
supported beam with uniform load. The applied bending stress on the stiffener 
resulting from this moment is affected by the composite action of the plate welded 
to the stiffener beam. The amount of plate that contributes to the bending 
properties of the beam is determined by the amount of plate that will 
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accommodate compression without buckling. Common values for this are 
between 20 times to 42 times the thickness of the plate, or 20t to 42t, depending 
on the design office. 

The allowable bending stress for a W12x14 beam, considering the full 
span of beam as the length of the unbraced compression flange, is given by Fb. 
The equations for Fb determine the limit for failure by lateral torsional buckling. 
In the following example, the applied stress on the composite section is greater 
than the allowable stress. Therefore, the beam is not adequate for the loading 
under either the design limit or the actual buckling limit. The allowable bending 
stress can be increased by reducing the unbraced length of the compression 
flange. This is accomplished by providing a set of gusset plates between the 
flanges on both sides of the beam web. The gussets act to connect the outstanding 
compression flange to the tension flange that is presumed to be stabilized by the 
casing. Using half of the beam span for the unbraced length, the allowable stress 
increases and the section passes. 

Design Example: 
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Conventional Stiffener Design Example: 

Air duct 
15 ftwide 
35 inH20 internal negative design pressure 
70deg F 
Grade 50 stiffener materials 

Determine the size of the stiffener based on conventional methods. 

Material Properties for nominal 50ksi steel: 

Fy := 50000psi 

E := 29500ksi 

G:= 0.385E 

Yield Stress 

Elastic Modulus 

2 
Ft:= -·Fy 

3 
Ft = 33.333 ksi Allowable tension design stress considering 33% 

safety factor 

Duct Properties: 

t:= ~in 
16 

L := 15ft 

p := 1.264psi 

duct casing thickness 

duct width {stiffener span) 

Internal pressure plus dead weight of casing and live load, 
equivalent to 35 inH20 

Determine the maximum stiffener spacing based on large deflection plate theory. For the 
purposes of this example, a pre-determined width of 48in is chosen. 

b:= 48in 

Moment applied to stiffener beam from internal pressure and other loads 

P·b·L2 

Maw:=-- Maw= 245.722x I~lbf·in 
8 

Mapp 3 
Sreq := -- Sreq = 7.446 in 

0.66·Fy 

. 4 
1,-eq = 37.483 m 

Minimum required section modulus 
Note: The required section modulus may be decreased somewhat 
by the addition of a 'transient factor' applied to the allowable stress. 

Minimum required moment of inertia for deflection requirements. The 
factor '240' represents the deflection limit of U240. This moment of 
inertia shall be for the composite beam and plate section . 
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Try W12x14 welded to 3/16" casing to get the required section modulus and moment of inertia 

Determine moment of inertia of stiffener combined with attached casing: 

d.tiff := 11.9in W12x14 section properties 

t = 0.1875 in Casing thickness 

w := 42·t effective width of plate to consider part of the composite beam 

. l 
Acase= 1.477m 

Acase·.!. + Asliff-(t + _d.tiff_· ) 
2 2 des:= ------"------'-

Acase + A.tiff 

Casing properties 

dcg = 4.554 in location of center of gravity wrt bottom of 
casing 

!tot = 128.41 in 
4 > ~eq = 37.483 in 4 

Elastic Section Modulus for compression flange: 

Composite section moment of inertia greater 
than minimum. Deflection will be less than 
U240 at design pressures. 

Sc = 17.046 in3 > S,.eq = 7.446 in3 OK - Section will pass under elastic 
conditions. But first need to check for 
compression flange buckling to ensure 
section will pass. 

Stress applied to compression flange 

Mapp 
fb := -- fb = 14.415 ksi 

Sc 

Determine allowable bending stress for stiffener based on using the full stiffener span for the 
unbraced length of the compression flange 
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Member dimensions: W12x14 

tw:= 0.2in J := 0.0704 in 4 

d := 11.9in 
Iy := 2.36in

4 

s,. := 14.9in3 

(\y:= 80.6in6 

br:= 3.78in 
. 2 

Ar:= 0.893m 

ft := 0.95in 

Lb:= 180in Stiffener unbraced length 

Using the methods of AISC-ASD 9th ed: 

Note: This is a conservative method that ignores either warping (non-uniform) or St. Venant 
(uniform) torsion. The factor Urt is used to determine which torsional component is ignored. 

cb := 1.12 Moment modification factor 
for uniformly distributed load 

20000ksi 

L., := -,-(-~f--:-)-·F-y Lc = 30.017 in Critical span for lateral overturning is controlled by d/Af 

Lt, 
-= 189.474 
ft 

Therefore: 

> 
510 x to\si·Cb 
)----- = 106.883 

Fbi = 5.603 ksi < 

Allowable bending 
stress 

Removing a built in safety factor: 
Fbi 
- = 9.339ksi 
0.6 

Using standard beam buckling formula for transverse loading: 

fi, = 14.415 ksi 

Applied bending 
stress 

Section falls 

section falls 

This section is not acceptable. Even though the section was proved to pass elastically, and satisfied deflection 
criteria, the beam fails under buckling. To improve buckling capacity, a stiffener gusset can be added to 
reduce unbraced length. A gusset does not improve the elastic strength of the beam. 
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Decrease unbraced length by half with the addition of a gusset at midspan. 

L 
4, := - Stiffener span 

2 
4, = 90in 

Using AISC-ASD 9th ed.: 

102·103-ksi·Cb 
1----- = 47.8 

4, 
> - = 94.737 • 

ft 

510·10
3
ksi·Cb 

1----- = 106.883 

Fb2 = 20.239 ksi 
Fb2 
- = 33.732 ksi 
0.6 

> fi, = 14.415 ksi 

Using standard beam buckling formula 

removing safety 
factor 

Section passes 

Section passes 

Should this section still failed after the addition of a set of gussets, a second set would be added, with each 
placed at the 1/3 points on the beam span. 

The addition of a gusset stiffener involves attaching two small plates to the web of the beam in order to provide 
a load path from the outstanding compression flange into the laterally braced tension flange. These sections 
of plate add cost to the structure primarily in terms of labour and time. 

The philosophy of adding gussets to provide a load path to the braced flange does not take into account the 
stiffness of the web that already provides a load path. 



Master Thesis- Jeff Udall 106 McMaster- Civil Engineering 

APPENDIX B- STRAIN GAUGE LAYOUT 

The following figures show the test apparatus from a plan view. The 
strain gauges in the figures are located in the precise location where they were 
placed on the test box. The '900' number beside each reflects the channel 
identification as output by the data logger. The letters in brackets beside the 
channel number represent the spreadsheet column letters for each channel once 
the data was imported into Excel. The spreadsheet columns are noted for 
reference only. 
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APPENDIX C- LVDT LOCATION AND CALffiRATION 
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Figure 64: L VDT Layout 
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Table 23: L VDT Calibration Table 
2" 4" 
LVDTs LVDTs 

Displaceme LVDT# LVDT# LVDT# LVDT# LVDT# LVDT# LVDT# LVDT# LVDT# 
nt LVDT#12 3 4 5 6 7 LVDT#89 10 11 

0 5.094 5.097 5.126 5.129 5.148 5.146 5.146 5.013 3.9891 4.9311 4.3725 

0.05 4.973 4.974 5.002 5.004 5.042 5.026 5.054 4.948 3.9258 4.8662 4.3113 

0.1 4.847 4.853 4.879 4.885 4.914 4.896 4.923 4.884 3.8608 4.8023 4.251 
0.15 4.714 4.735 4.748 4.763 4.785 4.77 4.792 4.82 3.7963 4.738 4.1854 

0.2 4.579 4.612 4.617 4.644 4.652 4.644 4.663 4.757 3.7314 4.6726 4.1234 

0.25 4.4558 4.487 4.4909 4.525 4.525 4.519 4.54 4.693 3.667 4.6084 4.0597 

0.3 4.327 4.3616 4.3602 4.4009 4.3979 4.3956 4.4121 4.628 3.6023 4.5438 3.9936 

0.35 4.1919 4.2342 4.2268 4.2741 4.262 4.2738 4.2829 4.563 3.5396 4.4788 3.9311 

0.4 4.0556 4.1002 4.0893 4.1435 4.1296 4.1519 4.1524 4.5 3.4738 4.4157 3.8633 

0.45 3.9212 3.961 3.9532 4.01 3.9846 4.0239 4.0234 4.4351 3.4095 4.3507 3.7976 

0.5 3.7843 3.8181 3.8176 3.8737 3.849 3.8934 3.8947 4.3705 3.345 4.2857 3.7324 
0.55 3.6514 3.6853 3.6857 3.7417 3.7139 3.7669 3.7654 4.3074 3.2795 4.2219 3.665 

0.6 3.5221 3.5473 3.5567 3.6096 3.5806 3.6402 3.637 4.2448 3.2153 4.1575 3.5996 
0.65 3.3925 3.4168 3.4253 3.4779 3.4528 3.5102 3.5064 4.18 3.1516 4.0932 3.5344 

0.7 3.2647 3.2884 3.2896 3.3528 3.3208 3.3818 3.3772 4.1165 3.0867 4.0279 3.4678 

0.75 3.142 3.1667 3.1638 3.2301 3.1919 3.251 3.2482 4.0522 3.023 3.9636 3.4029 

0.8 3.0158 3.0415 3.0366 3.1065 3.0695 3.1253 3.1208 3.9881 2.9594 3.9001 3.3375 
0.85 2.8911 2.9144 2.911 2.9881 2.9463 2.9991 2.9916 3.9244 2.8938 3.8356 3.2729 

0.9 2.7702 2.7924 2.7845 2.8657 2.8222 2.8748 2.8635 3.8596 2.829 3.7712 3.2093 

0.95 2.6469 2.6707 2.6589 2.7436 2.7004 2.7472 2.7347 3.7948 2.7652 3.706 3.1462 

1 2.524 2.5564 2.5312 2.6212 2.5776 2.6224 2.6057 3.7306 2.7015 3.6427 3.0821 

1.05 2.3988 2.4428 2.4061 2.4973 2.4596 2.4966 2.4783 3.6662 2.6366 3.5776 3.0188 
1.1 2.2624 2.3152 2.2692 2.3717 2.3327 2.3588 2.3511 3.6023 2.573 3.5134 2.9555 

1.15 2.1164 2.1822 2.1287 2.2359 2.1975 2.2119 2.2216 3.538 2.5076 3.449 2.8919 

1.2 2.0452 1.9892 2.0631 2.067 2.0939 3.4731 2.4432 3.3844 2.828 

1.25 1.905 1.8542 1.9306 1.9282 1.9654 3.4095 2.3786 3.3203 2.7637 
1.3 1.7209 1.7955 1.7852 1.8369 3.3445 2.3153 3.2555 2.6993 

1.35 1.6435 1.7065 3.2807 2.2505 3.1919 

1.4 3.2158 

Slope Standard 
Slope Mean Deviation 

2" LVDT -0.3884 +/- 0.0042 
4" LVDT -0.7761 +/- 0.0030 
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Figure 65: L VDT Calibration 
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Table 24: Pressure Transducer Calibration 
mmHg kPa mV 
0 0.0 0.2 
5 0.66475 0.2 
10 1.3295 0.4 
15 1.99425 0.5 
20 2.659 0.6 
25 3.32375 0.8 
30 3.9885 0.9 
35 4.65325 1.1 
40 5.318 1.2 
45 5.98275 1.3 
50 6.6475 1.5 
55 7.31225 1.6 
60 7.977 1.7 
65 8.64175 1.9 
70 9.3065 2.0 
75 9.97125 2.2 
80 10.636 2.2 
85 11.30075 2.4 
90 11.9655 2.5 
95 12.63025 2.7 
100 13.295 2.9 
105 13.95975 3.0 
110 14.6245 3.1 
115 15.28925 3.2 
120 15.954 3.3 
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APPENDIX D - ANSYS FINITE ELEMENT INPUT STRINGS 

/PREP7 

! Duct parameters 
t=0.1875 
L=l5*12 
B=8*12 

! Beam Properties Wl2xl4 
BF=3.97 
D=ll. 91 
tw=0.2 
tf=0.225 

! Beam Properties W8xl8 
!BF=5.25 
!D=8.14 
!tw=0.23 
!tf=0.33 

! Define elements 
ET,l,shell63 
R,l,t 
R,2,tf 
R,3,tw 

Load=l 

! Define material 
cs=l 
mp,ex,cs,29.5e+6 
mp,nuxy,cs,0.3 
!mp,dens,cs, (0) 
mat,cs 

Plate 
K,l,O,O,O, 
K,2,0,0, (b/2-bf/2) 
K,3,0,0,B/2 
K,4,0,0, (B/2+bf/2) 
K,5,0,0,B 
K,ll,L,O,O, 
K,l2,L,O, (b/2-bf/2) 
K,l3,L,O,B/2 
K,l4,L,O, (B/2+bf/2) 
K,l5,L,O,B 

! SHORT SIDE OF PLATE 
lstr,l,2 !Ll 
lstr,2,3 !L2 
lstr,3,4 !L3 
lstr,4,5 !L4 
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lstr, ll, 12 !L5 
lstr, 12,13 !L6 
lstr,13,14 !L7 
lstr,14,15 !LB 

LONG SIDE OF 
lstr,1,11 !L9 
lstr,2,12 !L10 
lstr,3,13 !Lll 
lstr,4,14 !L12 
lstr,5,15 !L13 

PLATE AREAS 
al, 1, 10, 5, 9 !A1 

PLATE 

al,2,11,6,10 !A2 
al,3,12,7,11 !A3 
al,4,13,8,12 !A4 

! Line meshing factor 
fact=3 

! MESH PLATE 
lsel,s,,,1 
lsel,a,,,4 
lsel,a,,,5 
lsel,a,,,B 
lesize,all,,,6 

lsel,s,,,2,3 
lsel,A,,,6,7 
lesize,all,,,1 
lsel,s,,,9,13 
lesize,all,,,L/fact 

asel,s,,,all 
real,1 
amesh,all 

Beam 

k,16,0,0, (b/2) 
k,17,0,d, (b/2-bf/2) 
k,18,0,d, (b/2) 
k, 19, O,d, (b/2+bf/2) 

k,ll6,L,O, (b/2) 
k, 117, L, d, (b/2-bf/2) 
k, llB,L,d, (b/2) 
k, ll9,L,d, (b/2+bf/2) 

close face 
lstr,2,16 !L14 
lstr,16,4 !L15 
lstr,16,18 !L16 
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lstr, 17,18 !L17 
lstr,18,19 !L18 

end face 
1str, 12, 116 !L19 
1str,116,14 !L20 
lstr, 116,118 
1str, 117,118 
1str,118,119 

body 
1str,16,116 !L24 
lstr,17,117 !L25 
lstr,18,118 !L26 
lstr, 19,119 !L27 

al,10,14,24,19 
al,24,15,12,20 
al,17,26,22,25 
al,18,27,23,26 
al,24,21,26,16 

!L21 
!L22 
!L23 

!A5 
!A6 
!A7 
!AS 
!A9 

120 

bottom flange 
bottom flange 
top flange 
top flange 
web 

lsel,s,,,14,15 
lsel,a,,,17,18 
lsel,a,,,19,20 
lsel,a,,,22,23 
lesize,all,,,3 !flanges 

lsel,s,,,24 
lsel,a,,,25,27 
lesize,all,,,L/fact 

lsel,s,,,16 
lsel,a,,,21 
lesize,all,,,6 

mesh flanges 
real,2 
asel,s,,,5,8 
amesh,all 

mesh web 
eshape,2 
real,3 
asel,s,,,9 
amesh,all 

fini 
save 

resume 
/solution 
antype,static,new 

!beam length 

!web height 

McMaster- Civil Engineering 
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pstress,on 

nsel,s,loc,z,b/2 
nsel,r,loc,x,O 
nsel,r,loc,y,O 
d,all,ux,O 
d,all,uz,O 

nsel,s,loc,z,b/2 
nsel,r,loc,x,L 
nsel,r,loc,y,O 
d,all,uz,O 

nsel,s,loc,z,O 
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d,all,uy,O !restraint on plate long edges 
!d,all,uz,O 
d,all,rotx,O 

nsel,s,loc,z,b 
d,all,uy,O !restraint on plate long edges 
!d,all,uz,O 
d,all,rotx,O 

nsel,s,loc,x,O 
nsel,r,loc,y,O 
d,all,uy,O 
!d,all,rotz,O 

nsel,s,loc,x,L 
nsel,r,loc,y,O 
d,all,uy,O 
!d,all,rotz,O 

allsel 

! Load Definition 

asel,s,,,1,4 
sfa,all,,press,-1 
allsel 

solve 

fini 

/postl 

!restraint on short ends 

! Get stress/strain profile along web 
nsel,s,loc,z,b/2 
nsel,r,loc,x,L/2 

*get,ncntweb,node,O,count 
nn=O 
*dim,wbstrn,array,ncntweb 
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*dim,yloc,array,ncntweb 

*do,i,l,ncntweb,l 
nn=ndnext(nn) 
*get,wbstrn(i),node,nn,epel,x 
yloc(i)=ny(nn) 

*enddo 
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!Get stress/strain profile along plate 
nsel,s,loc,x,L/2 
nsel,r,loc,y,O 

*get,ncntplt,node,O,count 
nn=O 
*dim,pltstrn,array,ncntplt 
*dim,zloc,array,ncntplt 

*do,i,l,ncntplt,l 
nn=ndnext(nn) 
*get,pltstrn(i),node,nn,epel,x 
zloc(i)=nz(nn) 

*enddo 
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!Get stress/strain profile along top flange 
nsel,s,loc,x,L/2 
nsel,r,loc,y,d 

*get,ncntflg,node,O,count 
nn=O 
*dim,flgstrn,array,ncntflg 
*dim,zloc,array,ncntflg 

*do,i,l,ncntflg,l 
nn=ndnext(nn) 
*get,flgstrn(i),node,nn,epel,x 
zloc(i)=nz(nn) 

*enddo 

allsel 

! Buckling Analysis 
/solu 
antype,buckle 

bucopt,lanb,2 
!bucopt,subsp,2 

outpr,nsol,all 

save, file 
solve 
finish 
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/solu 
expass,on 
mxpand,2 
outpr 
solve 
fini 
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APPENDIX E -EFFECT OF V ARlO US BOTTOM FLANGE 
BOUNDARY CONDITIONS 

This appendix is included to incorporate additional analysis that was 
performed for support of the thesis. However, it was removed from the main 
body of the document and presented here for information only. 

The ANSYS finite element program was used to identify the affects of 
separate restraint boundary conditions and loading arrangements on the buckling 
capacity of a W12xl4 beam. The results of each arrangement are compared to the 
theoretical buckling capacity considering uniform moment and various end 
restraints. 

Table 1 lists the results of this boundary condition study. Mer is the 
theoretical buckling capacity of the beam as determined by 

M = y GJ + 7i IV 1r
2
El ( 

2
EC ) 

cr L2 L2 

where, E = 200,000 MPa 
ly= 983.5x103 mm4 

L = 4572 mm 
G= 0.385·E 
J = 29.303x103 mm4 

Cw = 21.644x109 mm6 

For this beam, Mer = 19. 979x 106 N ·mm 

The restraint boundary conditions considered are as follows: 
• Ends held laterally - The web at the ends of the beam are prevented from 

moving sideways or twisting. This is a common arrangement accomplished 
in practice through the use of back to back clip angles, or with L-shaped 
gusset plates on duct stiffeners. 

• Ends laterally free - If the web is free to twist or displace sideways (as in 
the case of the experimental program ofthis paper), the only restraint at the 
ends is to the bottom flange where a vertical restraint is placed. In addition, 
without any torsional restraint elsewhere on the beam, the section would 
have a meaningless eigenvalue solution with the buckling analysis. A 
torsional restraint is therefore applied to the bottom flange only at the ends 
to prevent such unstable motion. 

• Bottom flange held laterally (DZ) - The bottom flange of the beam is 
prevented from sideways movement along the full span. This is essentially 
continuous lateral bracing, but only applied to the bottom flange. This 
restraint condition was discussed in section 1.3.1 Bracing of the Tension 
Flange. 
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• Bottom flange held rotationally (RX)- Similarly discussed in section 1.3.1, 
with the bottom flange prevented from rotating about the longitudinal axis 
of the beam, any twisting due to buckling must result in deformation of the 
web. Again, derivation of the buckling formulae is based on the assumption 
of the cross section remaining plane. Deformation of the web adds 
additional energy factors that are not normally considered. 

• Bottom flange held in warping (RY) - By restraining the rotation of the 
nodes about the Y axis and allowing vertical (or horizontal) displacement, 
the bottom flange is held from axial displacements different than the web. 
By keeping these nodes from rotating, the effect of warping restraint is 
achieved. 

The loads considered are equal and opposite end moments, and a 
uniformly distributed load. The end moments are created by applying equal and 
opposite point loads to the top and bottom flange at each end to create a force 
couple. The forces applied were unit forces. The resulting applied moment is the 
unit force multiplied the height of the beam. The uniformly distributed load is 
created by applying a unit load to each node along the full length. In one case, the 
UDL loads are applied at the midheight of the beam, which acts as the beam 
centroid and shear centre. In another case, the UDL load is applied at the bottom 
flange. By placing loads at the shear centre, the affect of second order moments 
is eliminated. As the beam begins to twist, the location of the load on the cross 
section will create an additional overturning moment if the load does not coincide 
with the shear centre. If the load is above the shear centre, the moment will 
increase with higher twisting deflections. If the load is below the shear centre, it 
will act to correct the twisting by creating a higher correcting moment with higher 
twisting deflections. This is discussed in section 1.3.2 Load Height. 
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Table 25: FE results for various loads and boundary conditions 

Applied 
Buckling 

Restraint Boundary FE Moment, cb factor 
Arrg't 

Conditions 
Applied Load Moment 

Eigenvalue Mb (Mt/Mc,) 
(N·mm) 

(N·mm) 

I 
- Ends held laterally 

End moments 1320A 15490 20.45xl06 1.024 
.(DZ) 

2 
- Ends held laterally UDLat 

152550 151 23.06xl06 1.154 
(DZ) midheight 

3 
- Ends held laterally UDLat 

152550 208 31.72xl06 1.588 
(DZ) bottom flange 

- Ends held laterally 

4 
(DZ) 

End moments 1320A 75274 * 99.39xl06 4.975 
- Bottom flange held 
laterally (DZ) 

- Ends held laterally 

5 
(DZ) 

End moments 132D.4 52683 69.56xl06 3.481 
- Bottom flange held 
rotationally (RX) 

- Ends held laterally 

6 
(DZ) 

End moments 1320A 18006 23.78xl06 1.190 
- Bottom flange held 
in warping (RY) 
- Ends held laterally 
(DZ) 
- Bottom flange held 

7 
in warping (RY) 

End moments 132D.4 93060 * 122.9xl06 6.150 
- Bottom flange held 
laterally (DZ) 
- Bottom flange held 
rotationally (RX) 
- Ends held laterally 
(DZ) 
- Bottom flange held 

8 
in warping (RY) UDLat 

152550 1147 * 175.0xl06 8.759 
- Bottom flange held bottom flange 
laterally (DZ) 
- Bottom flange held 
rotationally (RX) 
- Ends laterally 
FREE(DZ) 
- Bottom flange held 

9 
in warping (RY) UDLat 

152550 835 127.4xl06 6.376 - Bottom flange held bottom flange 
laterally (DZ) 
- Bottom flange held 
rotationally (RX) 

In all cases, the bottom node at the ends was supported vertically and 
laterally. The left end was also held axially, while the left end was axially free. 
Each arrangement and the buckled shape is shown below. Eigenvalues in the 
table that are marked with an asterix * are beams that were forced into a second 
mode shape with a double curvature. 
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Arrangement 1 closely estimates the loading and restraint conditions of the 
ideal beam represented by the theoretical buckling equation. The ends are 
restrained :from both vertical motion and rotation about the X -axis. The uniform 
moment loading is applied through a force couple spaced between the flanges at 
each end. The moment is applied uniformly across the length of the beam. 

The buckling capacity as determined by ANSYS is 20.45x106 N·mm. 
This is 102.4% of the theoretical value. The Cb value is the ratio of the ANSYS 
result to the theoretical value. In this case, Cb = 1.024. This Cb value is used by 
designers to accommodate the increased (or decreased) capacity of a beam when 
it is loaded with a moment profile different than the uniform moment assumed by 
the buckling equation. 

Arrangement 2 is a standard arrangement where a uniformly distributed 
force is applied across the span of the beam. The resulting Cb for this 
arrangement is 1.154, meaning the beam has 15.4% greater capacity than what the 
theoretical equation has determined. This can be compared to the published value 
of 1.12 for this loading arrangement.8 

Arrangement 3 is the same as arrangement 2, except the UDL loading is 
moved to the bottom flange rather than being placed at the midheight. The 
resulting Cb for this arrangement is 1.588. This is an increase of 43% over the 
midheight loading. This can be compared to the results of bottom flange loading 
as discussed in section 1.4.2. Using the methods of the SSRC Guide10

, the Cb 
value for bottom flange loading on this beam section was calculated as 1.523. 

Arrangements 4 through 7 demonstrate the effects of various bottom 
flange restraints. In each case, the loading was applied through the end force 
couples. The bottom flange in Arrangement 4 is only restrained :from lateral 
displacement (DZ). This arrangement provided a significant increase in capacity, 
increasing the cb :from 1.024 to 4.975, a 486% increase. 

The rotational restraint (RX) of the bottom flange in arrangement 5 
provided a substantial increase in capacity. The Cb value for this arrangement is 
3.481, a 340% increase from arrangement I. 

The warping restraint to the bottom flange (RY) in arrangement 6 gave a 
significant but less dramatic increase in capacity. The moment modification factor 
cb increased :from 1.024 to 1.19, a 16% increase. 

Arrangement 7 provides the bottom flange with all three restraints, RX, 
RY, and DZ. Again, the loading is a uniform moment applied at the ends. The Cb 
of this arrangement is further increased to 6.15, a 600% increase. The buckled 
shape of the beam with this combination of restraints is forced into the second 
mode shape indicating a higher amount of energy is required to buckle in this 
shape. 

Arrangement 8 provides the same restraint to the bottom flange and beam 
ends as arrangement 7, but the loading is changed :from the uniform moment to a 
UDL on the bottom flange. The increase in capacity is increased further yet 
resulting in a Cb of 8.759. This buckled shape is also forced into the second 
mode. 
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It is noted that arrangement 8 closely represents the restraints of a stiffener 
on a duct. This model, however, does not include the affects of the composite 
plate and beam section which will further increase the beam capacity. This 
arrangement, however, does not represent the apparatus of the experimental 
program. In the experiment, the top flange and web at the ends of the beam were 
not restrained from rotation or deflection. 

Arrangement 9 is the same as arrangement 8 except the lateral restraints 
are removed from the ends of the web. The resulting Cb of this arrangement as 
determined by BASP is 6.376, a 623% increase. This arrangement closely 
represents the testing apparatus used for the experimental portion of this thesis, 
with the exception of the plate and beam composite affects. 

By relating these applied loads to an internal duct pressure on a 4572mm 
wide duct with 1219mm stiffener spacing, the internal pressure required to 
generate the buckling moment of arrangement 9 is 64.2kPa. These calculations 
are shown in Appendix F. It is noted that these pressures are substantially greater 
than the pressures predicted by the ANSYS modeling discussed previously. 

From this analysis it is shown that the modified pressure loading does not 
have a large affect on the capacity of the beam. In this arrangement, the stiffeners 
are placed relatively close together and the tributary area that is supported by the 
end plates is quite small. As a result, the loading distribution shown in Appendix 
F is not greatly different than the idealized UDL. The affect of the modified 
loading diagram is expected to become greater with increased stiffener spacing 
that provides a larger tributary area to the end plates rather than the stiffener. 
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APPENDIX F- STIFFENER PRESSURE LOADING 

The standard design methods use an idealized pressure loading model that 
considers a uniformly distributed load (UDL) across the entire span of the 
stiffener beam. As discussed in Section 2.5, the actual distribution is tapered at 
the ends as illustrated in the following figure. The plate between each stiffener is 
divided into four areas. The pressure applied to the small areas on the ends is 
supported by the adjacent face of the duct. Half of the remaining area goes to 
each stiffener in the pattern shown. 
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Figure 67: Pressure Distribution Model 
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where w = Pxb (internal pressure x stiffener spacing). For most stiffener 
arrangements, the a2/24 is sufficiently small that it can be ignored. However, its 
effects may be useful if the stiffener size is optimized. 
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APPENDIX G- CASING STRESS CALCULATIONS 

The following calculations determine the combined bending and 
membrane stresses on plate subjected to a uniform pressure load. The analysis 
carried out in this paper considered a stiffener spacing of 48in. This spacing was 
not justified. The following analysis, or something similar, is generally carried 
out first to establish the appropriate spacing of stiffeners in order to minimize the 
stresses on the casing plate. 

The equation for 'b' below is an empirical derivation13 of the tabular 
values in Roark25

• 

Casing Stress Calculation: 

Air duct 
15 ftwide 
35 inH20 internal negative design pressure 
70deg F 
Grade 44 plate materials 

Determine the maximum stiffener spacing using large deflection plate theory. 

Material Properties: 

Fy := 44000psi 44W carbon steel plate 

E := 29.:5 X I06psi 

Fb:= GFy}t.s 

Fb = 44ksi 

Bending stress using 1.5 shape factor for plate, and 2/3 design factor 

Duct Properties: 

t := 2_in 
16 

L:= 180in 

W:= 35inwg 

duct casing thickness 

duct width (stiffener span) 

W = 1.264 psi Internal pressure plus dead weight of casing and live load 

W= 8.714k:Pa 

Determine the maximum stiffener spacing based on large deflection plate theory 
I 

[ 

l ()8 

]

1.08 
( 0.6Fy}t . 

b := 0.8l·WJ·77.E0.23 
b=61.448in 

b = 1561 nun 

b := 48in 

Maximum spacing allowed {Ref. 17) 

Actual spacing used in experimental 
program 
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APPENDIX H- DESIGN EXAMPLE FOR W12X14 FROM 
SECTION 4.4 

Design Example 

Determination of Moment capacity Considering: 
Monosymmetric Sections 
Load Height Factor 
Torsional Bracing on Tension Flange 

Beam section properties for W12x14: 

dw := 11.91in 

tr:= o.225in 

br:= 3.97in 

tw:= 0.2in 

J := 0.0704in
4 

beam height 

flange thickness 

flange width 

flange area 

web thickness 

torsional constants 

Material properties: 

E := 29500 ksi 

G:= 0.385E 

Fy:= 50ksi 

elastic modulus 

shear modulus 

yield strength 

Cw := 80.6·in
6 

Iy := 2.36·in4 weak axis moment of inertia 

stiffener and Duct Dimensions: 

L:= 15ft 

b, := 48in 

Plate properties 

beam span 

stiffener spacing 

plate thickness 

Monosymmetrlc Section Properties 

<1m:= 1.7·dw 

dm2·Iy 

dm = 20.25in 

Cwm:= --
4 

(2·bf"t/ + d,·tw
3

) 
Jm := -'-----------'-

3 
Jm = 0.084 in 

4 

modified composite beam height 

modified beam warping constant 

modified beam torsional constant 

critical moment for 
modified beam 
section 
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Determine moment modification factor Including load height 

A:= 1.12 

B := 1 - 0.154·Wc
2 

+ 0.535Wc 

d, 
y:=- y= 10.12in 

2 

B = 1.46 

M.::m.lh = 420.25 in· kip 

Note: Mcr-v is divided by 1.12 since the term forCb also contains the same factor 

Determine additional strength from torsional bracing: 

Determine the torsional stiffness of the casing in resisting twisting of the stiffener: 

Consider 1" wide strip of plate with span equal to spacing between 2 stiffeners 

( 1·in)·tpl
3 

Ic := 12 

16.66·E·Ic 

Pc := 2bs·(1in) 
in-lbf 

f3c = 2812.22 --. 
rad·m 

Determine the torsional stiffness of the beam web: 

3 in·lbf 
Pweb = 5.449 X 10 -­

rad·in 

Total combined stiffness of casing and stiffener: 

Ptot := ----
1 1 
-+--
Pc !Jweb 

in·lbf 
Ptot = 1854.93 -­

rad·in 

Allowable moment for torsionally braced section: 

Buckling moment considering 
flexible casing 

Buckling moment considering rigid 
casing 
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APPENDIX I- MATERIAL TEST RESULTS 

Test specimens were cut from the webs of each beam to determine the 
yield strength and modulus of elasticity for each. The modulus of elasticity was 
noted at the point where the specimen was at the 2/3 yield stress level. The 
results are summarized in Table I 0. 

Table 26: Yield and Elastic Modulus Measurements 
Speciman Yield Strength (MPa) Modulus ofElasticity (GPa) 

WI2xi4 #I 402 20I 
WI2xi4 #2 399 I93 
W8xi8 #I 373 245 
W8xi8 #2 384 205 
W8xi8 #3 380 307* 
A vera_g_e/SD/COV 388/ Il.I /2.9 211/20.1/9.5 .. * This value Is Ignored 

The nominal minimum yield stress for all beams is 345 MPa (50 ksi). 
Each tensile test achieved a higher yield stress by an average of I2%. 

The accepted modulus of elasticity for steel is 200 GPa. The average 
value obtained was 211 GPa. This value is within one standard deviation ofthe 
accepted value. 
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Tensile Test 
W12x14#1 

4~.---------,-------~---------,---------,---------,--------,-------~ 

~0~--~--~~------~---------+---------F=========F======--~--=--__j 
350 ---+--------~------+-------~-------+--------~------J 

I 300 
I 

~~o~+-------~-------4---------+--------~--------~--------+-------~ 

i200~+-'---+----~------~----r-----+-----~---~ 
1~ I I 

100~--------~-------4---------+--------~--------~--------~--------4 

50~--------~------4---------+--------~--------~--------+-------~ 

0.005 0.01 0.015 0.02 0.025 0.03 0.035 

strain 

Tensile Test 
W12x14 #2 (Test taken to utumate) 

···--·-·-··--· ····--·· ····====--r==-·---,------··--,----·---r-·==-----,·····-·-----, 

~ 
~300ff------r---~r-----~---~----+----T-----r-----r----~---~ 
! 
200#-----~------~----~-----4------+-----T-----r------r-----+-~ 

I 
100 --·-------+---------~---- ----+------+-----+-----1--------~-- -~-------+------ ---i 

0.02 0.04 0.06 0.08 0.1 

strain 

0.12 

I 
I 

0.14 0.16 0.18 0.2 
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Tensile Test 
W8x18#1 

McMaster - Civil Engineering 

r·--··---500· --·-··-----,-····-----,----,.-·---·--,.-------·- ---- -··-----,-·······----, 

I 
! 

i 
-0.01 0.01 0.02 0.03 0.04 

strain 

Tensile Test 
W8x18#2 

---~ 

I 

J 
I 
J 

0.05 0.05 0.07 0.08 

450 ,-----····-··--····--,-------r-------,----·--·---·- ,-·--·----T--·----··-·----, 

400T------r----_,-----+------r~~~~--T----~ 
~~--~----~r------r-------1! 

350+-~----r----_, _____ +------r-----T----~ 

300~-----r----_,-----+-------r-----T-------

i~o++-----r----_,-----+------r-----T-----­
~ 

~~o~-----r----_,-----+------r-----+----~ 

150~-----r----~------r--------r-----T-----~ 

J 1~#-------r-----+------r-------~-----r-----~ 

50~--------~-----~-------+--------~-------r-------4J 
0.01 0.02 0.03 

strain 

0.04 

J 
0.05 0.08 
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Tensile Test 
WBx18#3 

McMaster - Civil Engineering 

,------5eGI-,·---.. - .. --.-.... ·-,-·-·-······-"-"-·-;-·---·----r·-----.. ·--· ---·--·-·-r----·--·~·- .. ----........ - .. , 

I 

I 
I 

--r--- ----1 

I 
-0.01 0.01 0.02 0.03 0.04 0.05 0.06 O.Q7 

strain 
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APPENDIX J- DERIVATION OF CASING STRIP 
FLEXIBILITY 

In Section 4.4 and Appendix H the flexibility of the casing was used to 
establish the amount of bracing given to the compression flange through the plate 
and web. A simply supported beam with a centre moment is a reasonable model 
to establish the relative rotation for a given load. However, it is realized that a 
strip of casing on a duct has additional boundary restraints that the simply 
supported model does not. 

Figure 68(a) illustrates a simple beam with a moment applied at the 
midspan. This is the simply supported beam model. The rotation at the center of 
the beam is given by 

() = M0L 
cL 12El 

(J-1) 

The sti:ffuess of the plate is given by the force/displacement. Rearranging 
Equation J-1 

(J-2) 

Figure 68(b) shows the same beam with the additional end restraints, 
O(x=O,L) = 0, and~ (x=O,L) = 0. The axial restraint at the ends of the beam act 
to create membrane tension strain as the plate begins to deflect under the applied 
moment. This increases the stiffuess of the plate to some degree. 

A revised equation was derived with the use of the Ansys finite element 
program. The revised equation was to take the same form as Equation J-2 above. 
A strip of shell elements at varying lengths and thicknesses was modeled, and 
then a moment applied to the midspan. The moment was applied to the two nodes 
at the centre ofthe strip, 0.5 units on each node. Figure 69 shows the strip in the 
deflected shape. The Ansys input strings are included at the end of this Appendix. 
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Figure 68: Casing Flexibility Model 

Figure 69: ANSYS Casing Strip Model 

AllSYS 5 . 3 

DEC 4 2006 
2:2:33:3 4 

N O.DAL SOLUTI ON 

STEP=l 
SUB =1 
TIME=l 
ROT:< 
TOP 
RSYS=O 

DJ!X =. 001498 
SUN &- . 1 73E-03 

Slo!X =. SOOE-03 - - . 173£-03 - -.979E-04 

c:::! - .Z31E-04 

c:::! .516E - 04 

D . 1Z6E-03 

D .201E-03 

D . Z76E-03 

CJ . 350E-03 - . 42SE-03 
.SOOE-0 

Table 27 I ists the rotation of the strips as determined by the finite element 
output for various lengths from 40 inches to 80 inches, and thicknesses from 1/8" 
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to 3/8". These are the common plate thickness that would generally be specified 
in industrial duct applications. 

' ' \ 



Master Thesis -Jeff Udall 140 McMaster - Civil Engineering 

Table 27: Plate stiffness data 
Rotation at Center of Strip (rad) 
Length Thickness 

0.375 0.25 0.1875 0.125 
80 3.70E-05 1.25E-04 2.96E-04 l.OOE-03 
70 3.24E-05 1.09E-04 2.59E-04 8.75E-04 
60 2.78E-05 9.37E-05 2.22E-04 7.50E-04 
50 2.31E-05 7.81E-05 1.85E-04 6.25E-04 
40 1.85E-05 6.25E-05 1.48E-04 S.OOE-04 

Slope 4.6300E-07 1.5590E-06 3.7000E-06 1.2500E-05 
Intercept -2E-08 1.2E-07 0 0 

Figure 70 illustrates the data from Table 27 graphically. The curves for 
each plate thickness are linear. Their slopes and zero-intercept are also given in 
Table 27. A cubic relationship between the various plate thicknesses for a given 
length can be seen. This is reflected in Equation J-2 in which the moment of 
inertia (which is proportional to e) is a factor in the stiffuess, ~· 

Rotation of Casing Unit Strip 

1.20E..03 r-------~~-----------------, 

1.00E~03i----------------------~----l 

'6" 
& -~ 
~ 6.00E~04 i---~-----------------.-c-'-----~-----~ · -a-- 0·25 

J l =::~:::~5 
4.00E..Q4 ! 

• • II- • • • • • • 
10 20 30 40 50 60 70 80 90 

strip Length (In) 

Figure 70: Casing Strip Flexibility Output 

The slope of the above lines is given in in·radlin units. Given that the 
EI 

equation for the stiffuess, ~, is the same form: f3 = Ax -, then the slope of the 
L 

above lines is given by 
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1 
m=--

AEI 
(J-3) 

Substituting the slope values from Table 27 and solving for 'A': 
1 1 

A,=--= =16.66 

m,EI, (4.63 x 10-7 )29,500,000 { 
0·~~53 ) 

A2 = 
1 

= 
1 

= 16.699 

m, EI' (1.5 59 x 1 o-<> )29,500,000 { 
0·:t ) 

1 1 
A3 = -- = = 16.678 

m3EI3 (3.70 x 10-6)29,500,000 { 0.1
1

8;
53

) 

1 1 
A4 = = ( ) = 16.66 

m4 EI4 (1.25x10-5 )29,500,000· 
0·~~53 

The stiffuess of a strip of casing fixed from rotation and from axial displacement 
at the ends is given by 

16.66 ·E ·1 
flc = L (J-4) 
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APPENDIX K- ANSYS INPUT STRING FOR CASING STRIP 
FLEXIBILITY 

/PREP7 
! Duct parameters 
t=0.25 
b=30*2 
! Define elements 
ET, 1 ,shell63 

R,l,t 
! Define material 
cs=l 
mp,ex,cs,29 .5e+6 
mp,nuxy,cs,0.3 
mp,dens,(O) 
mat,cs 

K,l,O,O,O 
K,2,0,0,b/2 
K,3,0,0,b 
k,4,1,0,0 
k,5, l,O,b/2 
k,6,l,O,b 

lstr,l,2 
lstr,2,3 
lstr,4,5 
lstr,5,6 
lstr, 1,4 
lstr,2,5 
lstr,3,6 

al,l,6,3,5 
a1,2,7,4,6 

lsel,s, 1 
lsel,a,,2 
lsel,a,,3 
lsel,a,,4 
lesize,all,6 

lsel,s,,5 
lsel,a,,6 
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lsel,a,, 7 
lesize,all,, 1 

asel,s,,all 
real, I 
arnesh,all 

nsel,s,loc,z,O 
D,all,ali,O 

nsel,s,loc,z, b 
D,all,all,O 
allsel 
fini 

/solution 

nsel,s,loc,z,b/2 
f,all,rnx,0.5 
allsel 
solve 

fini 

/POST I 
PLNSOL,ROT,X,O 
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8597 36 




