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Abstract

Most research on solving the N-electron Scrhodinger equation has focussed on ground
states; excited states are comparatively less studied, and represent a greater challenge
for many ab initio methods. The challenge is exacerbated for systems with substantial
multiconfigurational character (i.e., strongly-correlated systems) for which standard
many-electron wavefunction methods relying on a single electronic configuration give
qualitatively incorrect descriptions of electron correlation. This thesis explores approaches
to molecular excited state properties that are computationally efficient, yet applicable
to multiconfigurational systems. Specifically, we explore strategies that combine
the Equation-of-Motion (EOM) approach with the types of correlated wavefunction
ansatze that are suitable for strongly-correlated systems. While it is known that the
EOM method provides a general strategy for computing electronic transition energies,
the significant flexibility in how one formulates the EOM approach and how it can be
applied as a post-processing tool for different wavefunctions is not always appreciated.
We begin by reviewing the EOM approach, focussing on methods that can be
formulated using the 1- and 2-electron reduced density matrices. We assess the
accuracy of different EOM approaches for neutral and ionic excited states. We
focus on EOM-based alternatives to the traditional extended Koopams’ Theorem for

ionization energies and electron affinities as well as an EOM formulation for double

11



ionization transitions that constitutes an extension of the hole-hole/particle-particle
random phase approximation (RPA) to multideterminant wavefunction methods.
Then we introduce FanEOM, an EOM extension of the Flexible Ansatz for N-electron
Configuration Interaction (FANCI) [Comput. Theor. Chem. 1202, 113187 (2021)],
and explore its application to spectroscopic properties. Using the EOM methods
for electronic excitation and double ionization/double electron affinity transitions
described in the initial part of this thesis (i.e., the extended random phase approximations,
ERPA), we study adiabatic connection formulations (AC) for computing the residual
dynamic correlation energy in correlated wavefunction methods. The key idea in
these approaches is that the perturbation strength dependent 2-RDM that appears
in the AC formula can be approximated through the solutions from the different
variants of ERPA [Phys. Rev. Lett. 120, 013001 (2018)]. Finally, we present PyEQM,
an open-source software package designed to help prototype and test EOM-based

methods.
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Chapter 1

Introduction

Electronic excited states of molecules and materials are central to photochemical and
photophysical processes with far-reaching implications for diverse areas of science,
environment, and technology. For example, the key step in photochemical processes
such as CO, reduction [1, 2], water splitting [3, 4], and atmospheric pollutant degradation
[5] is frequently the excitation of a molecule to a higher-energy state. In materials
science, photovoltaic devices use electronic excitations to harness the energy of sunlight
[6]. Finally, observing how molecules and materials are excited to higher-energy states
is central to spectroscopic methods for the quantitative and qualitative characterization
of subtances and their physicochemical processes.

The physical and chemical properties of excited states are governed by their
electronic structure. For example, because a molecule’s electronic structure typically
changes qualitatively when it is excited, molecular excited states typically have very
different reactivity, with different nucleophilic/electrophilic propensities. Typically,
molecules tend to react more rapidly in excited states, and activation barriers tend to

be lower on excited-state potential energy surfaces [7-9]. This is why photochemistry
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has emerged as a distinct field of inquiry, with rules and principles that are often
different (and sometimes even reversed) from those of ground-state chemistry.

The other area of chemistry where excited states are ubiquitous is spectroscopy,
which is defined by its focus on excited states, and the transitions to, from, and
between them. Ultraviolet-visible (UV /visible) spectroscopy measures the energy
and amount of radiation absorbed by a substance through a spectrophotometer, and
can provide valuable information about the identity of a molecule, its structure, its
molecular environment, and how the molecule and its environment change over time.
Thermodynamic and kinetic information about a chemical reaction can be inferred
from these measurements [10, 11].

Predicting photochemical processes and interpreting a molecule’s spectrum can
be challenging, especially for new substances. This motivates the development of
theoretical approaches and computational methods to model excited states. Specifically,
quantum chemistry methods can provide an atomistic understanding of excited state
processes and aid interpret experimental observations [12]. In the quantum world,
the central variable encoding all information about a system is the wavefunction. By
solving the Schrodinger equation, one can determine the wavefunction and energy of
ground and excited states. However, this equation cannot be solved exactly except
for the simplest systems. Therefore, developing approximate methods that are both
accurate and computationally feasible is essential.

Balancing computational cost with accuracy is the central challenge of quantum
chemistry, and it is especially acute for excited states, which are often more challenging
to describe than ground states because they are less likely to be well-described by a

single electron configuration. That is, many excited states cannot be well described by
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specifying a set of occupied molecular orbitals and antisymmetrizing their product in a
Slater determinant wavefunction. Such multi-configurational character indicates that
there is a significant correlation between the electrons, which is not well captured by
black-box methods based on single-reference wavefunctions like configuration interaction
singles (CIS) [13], time-dependent density functional theory (TD-DFT) [14], or coupled-
cluster (CC) methods [15, 16]. To treat multiconfigurational character, or strong
electron correlation, one must use more elaborate wavefunction approximations [17—
19]. However, these advanced methods often scale poorly with system size, highlighting
the need for ongoing research into efficient wavefunction methods for excited states.
This thesis focuses on developing cost-effective ab initio methods for treating
electron correlation in ground and excited states and, thus, is a contribution to the
development of theoretical approaches and computational methods for strong electron
configuration. This chapter introduces the theoretical framework and notation essential
for understanding the thesis, outlining the electronic structure problem, presenting
the electronic Schrodinger equation, and reviewing standard many-electron wavefunction
methods. It also introduces second-quantized notation, a formalism that describes
many-electron systems in a compact and elegant way, and (reduced) many-electron

density matrices.

1.1 Electronic structure problem

The nature and evolution of a quantum system are governed by the Schrodinger

equation, which is the fundamental equation of quantum mechanics [20]. In its most
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general form, the time-dependent Schrodinger equation,

m% — HU(r,1) (1.1.1)

describes the how one or more nonrelativistic particles, at spatial (and possibly spin)
coordinates, r, evolve in time, ¢t. The evolution of these particles is governed by
the Hamiltonian, H , which is the energy operator associated with the quantum
particles and their environment. The solution to the Schroddinger equation, W(r,t),
is the wavefunction, which encodes all the observable physical information about the
quantum system.

Quantum chemists in general, and electronic structure theorists in particular, are
often interested in the time-independent systems, where H does not depend on time.
This allows one to separate the spatial- and time-dependent parts of the wavefunction;
the spatial wavefunction is then obtained by solving the time-independent Schrodinger
equation:

HU,\(r) = E\U,(r) (1.1.2)

which has the form of an eigenvalue problem. According to the postulates of quantum
mechanics, the (infinite) set of solutions {W,} provides a complete basis set in the
Hilbert space of wavefunctions. The lowest energy state, indexed with A = 0,
corresponds to the ground state; higher energies correspond with excited states. Our
main focus is the ground state and, for notational concision, we neglect the subscript
in Uy when referring to the ground state wavefunction if there is no ambiguity.

For a molecule with M atomic nuclei and N electrons, their pairwise interactions

can be described by the non-relativistic Hamiltonian operator which, in atomic units,
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is given by:
M N N M N M
. 1I«—Vy{ 1 A 1 ZaZp
H=-—-) “4_ Vi - — —

where V? is the Laplace operator, m4 and Z4 are the mass and charge of nucleus
A, and 14, r;; and Ryp are the distances between an electron and a nucleus, two
electrons, and two nuclei, respectively. The first two sums are the kinetic energy
operators for the nuclei and electrons, T, and Te, respectively. The next sums
correspond to the potential energy operators, including the nuclei-electron Coulomb
attraction, Vie (this term is also known as external potential), the interelectron
Coulomb repulsion, Vee, and internuclear Coulomb repulsion, Vi,

The Schrodinger equation for atoms and molecules can be further simplified because
the atomic nuclei are thousands of times heavier than electrons and, thus, move much
more slowly. Consequently, the nuclei can often be considered to have fixed positions
relative to the movement of electrons and the electronic and nuclear wavefunctions
can be separated. From the viewpoint of the electrons, then, coupling to the nuclei’s
motion (encapsulated in Tn) can be neglected, and because the nuclear positions
are fixed, V,,, becomes a constant. While there are several different ways to justify
this adiabatic approrimation, the most pervasive in quantum chemistry is the Born-
Oppenheimer (BO) approach [21, 22]. Within the BO approximation, after factorizing

the molecular wavefunction into its nuclear and electronic components, one obtains,
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at each molecular geometry, the electronic Schrodinger equation:

(To 4 Vie + Vo) U(x1, X, ..., Xp) = E¥(x1, X, ..., Xp) (1.1.4)

The solution to the electronic Schrodinger equation provides the electronic energy, E,
at a given nuclear geometry and the associated N-electron wavefunction, ¥(x1, Xa, ..., Xx ).
Here x denotes the combined spatial (r) and spin (o) coordinates of the electrons.
Equation (1.1.4) depends parametrically on the nuclear coordinates through Ve and
the potential energy surface (PES) for the nuclei is obtained by adding V,,, to E.
The PES is the key quantity in modelling molecular thermodynamics, kinetics, and
spectroscopy.

Even after introducing the separation of time and nuclear motion variables, the
Schrodinger equation cannot be solved exactly for multielectron systems because the
electron-electron repulsion term, f/ee, couples the electrons’ coordinates, leading to
electron correlation. Therefore, one needs to introduce further approximations; this
is the goal of electronic structure methods in quantum chemistry. In this chapter
and this thesis, we focus on approximations based on the wavefunction as opposed to

density functional or perturbation theory approaches.

1.2 Variational method

One approach to solving the Schrodinger equation, Eq.( 1.1.4), is to guess a suitable
trial wavefunction, . (An N-electron wavefunction is suitable if it is single-valued,
antisymmetric with respect to exchange of electronic coordinates, square-integrable,

has finite kinetic energy, and satisfies appropriate boundary conditions.) Then, the
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best wavefunction of the trial form can be determined by the variational principle,
i.e., minimizing the energy of the trail wavefunction [21].
The energy of a given trial wavefunction can be obtained left multiplying Eq. (1.1.4)

by the complex conjugate of the wavefunction and integrating:

A~

E[§] = fﬁl*(xl,xg,...,xN)H (X1, X2, .oy XN )dX1...dXy
U (x1, X2, .o, XN ) U (X1, Xa, .oy X )dX ... dX N
U|H|T
_ (YIH]Y) (1.2.1)
(V]w)

This expression represents the expectation value of the Hamiltonian operator, where,

in the second line, we have introduced Dirac’s bra-ket notation, (|):

|T) = U(xy, X, ..., Xy) (1.2.2)
(B = &*(x1, X3, ..., XN) (1.2.3)
(] = /@*(xl,x2,...,XN)Cp(xl,xQ,...,xN)dxl...de (1.2.4)
(B|H|T) = /é*(xl,XQ,...,xN)ﬁ\if(xl,xg,...,xN)dxl...de (1.2.5)

Then the variational principle states that the expectation value of the energy of

¥ is never below the exact ground state energy, Ep:

~

o (UIHT) (o H| W)
(V)

| = F, (1.2.6)

Bl = — (Wo[Wy)

The variational principle provides a systematic approach to construct upper bounds
to the ground-state energy. The wvariational method consists of choosing a trial

wavefunction, ¥, that depends on a set of parameters, and then minimizing the
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energy functional, F[W¥], with respect to these parameters.

1.3 Single Slater determinant model

Because electrons are fermions, the simplest approximation to |¥) that preserves their
permutational antisymmetry is a single Slater determinant.[21] This determinant,
expressed in terms of a basis of orthonormal one-electron functions y;(x) called spin-

orbitals, is denoted as follows:

x1(x1)  xe(x1) o xw(x1)
(X1, %o .., Xny) = \/% X1(:X2) X2(:X2) XN€X2> (1.3.1)
x1(xn) xe(xn) o xn(xw)

In the Slater determinant, where the columns correspond to orbitals and the rows
to electronic coordinates, the pre-factor ensures normalization, accounting for the
number of electrons N. The Slater determinant wavefunction explicitly satisfies
Pauli’s exclusion principle, ensuring that if two columns in Eq. (1.3.1) were identical,
® would be zero. Additionally, permutation of two rows or columns changes the sign
of the determinant, ensuring the permutational antisymmetry.

Spin-orbitals are commonly defined as the product of a spatial function ¢(r) and

a spin function o(w), which can take the values « or f:

Xi(x) = ¢i(r)o(w) (1.3.2)
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They can be classified as restricted, unrestricted, or generalized. Restricted spin-
orbitals have the same spatial component for the alpha and beta spin functions;
unrestricted spin-orbitals have no such constraints on the spatial part. Generalized
spin-orbitals can be constructed as linear combinations of alpha- and beta-spin basis

functions. We always choose our spin-orbitals to be orthogonal and normalized,

() Ix;(x)) = b (1.3.3)

The Hartree-Fock method, which is arguably the simplest electronic structure
approach, results when the trial wavefunction is chosen to be a Slater determinant
and the variational method is applied. To determine the optimal set of occupied
orbitals, one derives an expression for the expectation value of the energy for a Slater
determinant and minimizes it, using Lagrange multipliers to enforce the orthonormality
of the spin-orbitals. After some algebraic manipulations, one obtains the Hartree-Fock

(HF) equations [21]:
Fea)xi(x1) = exi(xi) i=1,2...N (1.3.4)

where, f , the Fock operator, is an effective one-electron operator, defined as:

f(xl)z—%vz Z +ijl — K;(x1)) (1.3.5)

7”1A

The operators jj and K ; are the Coulomb and exchange operators, defined by their
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action on a spin-orbital as follows:

5 1
Ji(x1) [xi) = /dX2|Xj<X2)|2r_12Xi(X1> (1.3.6)
and
. . 1
Kj(x1) [xi) = /dXQXj(X2)EXj(X1)Xi(X2) (1.3.7)
respectively.

The i-th eigenvalue ¢; is interpretted as the energy of spin-orbital x;. The HF
method represents an effective mean-field approach given that it accounts for the
electron-electron interactions Vee in an average manner. It gives rise to the concept
of molecular orbitals, which are building blocks for more advanced approximate

electronic structure methods.

1.4 Correlation energy

The probability of observing an electron at x depends on the positions/spins of the
other electrons. That is, electrons are correlated. Mean-field approximations like HF
(where one electron interacts with the field generated by the others in an average way)
fail to describe electron correlation. Nonetheless, Hartree-Fock usually provides a
good approximation to molecule’s total electronic energy. (Typically the Hartree-Fock
energy is within 1% of the exact energy for a given basis set; in absolute numbers, the
error is typically 1 eV per valence electron pair.) However, this seemingly small error
in absolute energies becomes highly significant for quantitative accuracy in energy
differences, especially when predicting bond dissociation or any other process that

involves breaking/forming/rearranging electron pairs. The correlation energy is also

10
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important for predicting spectroscopic energy differences (e.g., excitation energies,
ionization potentials, electron affinities), as these energy differences are typically a
small percentage of the total energy, comparable to the error in the Hartree-Fock
approximation.

The difference between the HF energy in the limit of a complete basis set Eyp

and the exact one E... is defined as the correlation energy E...,,

Ecorr = Lezact — EHF (141)

Since the HF result is an upper bound to E... (as can be proved through the
variational principle) the correlation energy is negative.

The electron correlation can be further divided into contributions depending on
the physical effects that originate it. Dynamic and static correlation are the most
common classifications used among the quantum chemistry community. The former,
as its name indicates, is related to the movement of the electrons in a system trying to
avoid each other at all times: every multi-electron systems has dynamic correlation.
Static, or strong, correlation is associated with the failure of the single electron
configuration (Slater determinant) to describe the qualitative electronic structure
of a system; it arises from near degeneracy in the molecular orbitals. Recalling that
electron correlation arises from V.., one may infer that static correlation is more
pronounced when the electron-electron integrals between molecular orbitals (e.g., the
Ji; and K;; integrals that appear in the matrix representation of the Fock operator in
the Hartree-Fock method [21]) are comparable to, or even larger than, the magnitude
of the associated orbital energy differences, ¢; — ;.

Correlated wavefunction approximations, which recover E..,,., are often known as
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post-Hartree-Fock methods since they usually build upon the Hartree-Fock reference.
Some of the most popular approximations are the configuration interaction (CI) [21]
and Coupled Cluster (CC) models [15, 16, 23]. However, when static correlation is
important, it is necessary to include additional Slater determinants in the “starting”
approximation, leading to alternative methods called multideterminant, or multiconfiguration,
approaches. MRCI [24, 25] and MRCC [26] are the multireference analogues of

configuration interaction and coupled cluster methods, respectively.

1.5 Multideterminant wavefunction models

This section provides a brief overview of standard correlated wavefunction models
within the CI and CC hierarchy of methods. Each method offers a unique approach
to approximating the many-electron wavefunction by expanding it in a space of Slater
determinants. Both CI and CC approaches, while powerful, have their own sets
of advantages and limitations, making them complementary tools in the study of

electronic structure.

1.5.1 Configuration Interaction

The set of all possible Slater determinants {®,} that can be formed from m spin-
orbitals and IV electrons comprises a complete basis, in which the N-eletron wavefunction
can be expanded. Configuration interaction (CI) use this idea, writing the N-electron

wavefunction as a linear combination of Slater determinants:

V) = Zcp|¢p> (1.5.1)
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where the coefficient ¢, determines the weight of each configuration ®, in the expansion.
Commonly, the HF determinant |®) is chosen as the leading term in the expansion,

and further terms include excited configurations relative to the HF reference:

[U) = co[@o) + D cia|®) + D i |+ D Cijpae |06 + .. (1.5.2)
i,a 1<j,a<b 1<j<k,a<b<c
This equation denotes single excitations from an occupied HF orbital x; to an unoccupied /virtual
HF orbital x,, |®§); double |®¢), triple [®{}), and higher-order excitations are
denoted similarly.

In CI methods, it follows from the variational principle that the stationary states

of the Schrodinger equation can be found by solving the matrix eigenvalue problem:
Hc = Ec (1.5.3)

where c is the vector of coefficients, F is the corresponding energy eigenvalue, and
the matrix H is the Hamiltonian operator projected onto the CI basis set, defined
by its elements H,,, = (®,,|H|®,). The Hamiltonian matrix is sparse and, using
iterative diagonalization methods, one can find eigenvectors and eigenvalues at a
computational cost proportional to the number of nonzero matrix elements in H.

If the complete set of determinants is considered, one gets the Full CI (FCI)
wavefunction model, which gives the exact ground and excited-state energies and
corresponding wavefunctions, subject only to the approximation inherent in truncating
the orbital basis set. However, the computational scaling of FCI is m! (there are
(;’V"”) possible configurations), which is prohibitively expensive for all but the smallest

systems. For example, in a 10-electron system such as water, doubling the size of
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the basis set from 10 to 20 spatial orbital gives a 3000-fold increase in the number of
determinants in FCI.

In chemical applications, or any system where the Hamiltonian operator (ergo
its eigenfunctions) have favorable differentiability properties, most configurations
in Eq. (1.5.2) have very small magnitude. Therefore, one can truncate the FCI
expansion and design a guess wavefunction that minimizes the computational cost
while retaining a target accuracy by choosing the most important terms in Eq. (1.5.2).
This is the idea behind the selected/truncated CI methods (SCI) [27]. For example,
because more highly-excited determinants tend to have smaller coefficients, one can
truncate the expansion at a certain excitation level, leading to the excitation hierarchy
of configuration interaction singles CIS, singles and doubles (CISD), etc.. Alternatively,
the seniority—the number of unpaired electrons—of the electronic configurations
can be the selection criteria [28, 29]. This results in the seniority hierarchy of CI
methods; the seniority-zero wavefunction model (including all electron configurations
with all electrons paired) is quite old, and is often called doubly-occupied CI (DOCT)
in deference to the traditional CI literature [30]. However, there are more efficient
techniques that attempt to estimate the magnitude of each configuration, then include
all configurations whose predicted weight is larger than a threshhold. One of the
most expensive and accurate of these approaches is configuration interaction by
perturbatively selecting iteratively (CIPSI) [31], which uses perturbation theory to
determine the most important missing CI coefficients, then systematically expands
the CI space. One of the simplest of these approaches is the family of Griebel-Knapek
configuration interaction (GKCI) methods [32], which approximate the CI coefficients

based on mathematical properties of the Hamiltonian. A favorable compromise
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between expensive but accurate estimates of the CI coefficients (like CIPSI) and
cheap but less-accurate Hamiltonian-independent methods (like GKCI) is the Heat-
bath Configuration Interaction (HCI) approach, devised by Holmes et al. [33]. HCI
involves two main steps: (1) the selection of determinants to be included in the
variational wavefunction space, Equation (1.5.2), followed by the optimization of
this trial wavefunction; (2) the computation of a second-order PT correction to
approximate the importance of neglected determinants. HCI relies on two parameters,
denoted by epsilon variables, ¢; and €. The first parameter governs the selection of
the determinants to add in step (1), while the second controls the choice of those
used in step (2). These parameters are crucial in balancing the trade-off between
computational speed and accuracy. The deterministic heat-bath sampling algorithm
guides the selection process in both steps. It ensures that only determinants connected
by a Hamiltonian matrix element H,,, with a magnitude higher than an € to a given
reference determinant are considered. In practice, HCI and closely-related algorithms
provide an excellent compromise between cost and accuracy, and are nearly "ideal”
for many chemical applications.

Truncated CI methods avoid the (m!) scaling of FCI, typically reducing it to a
polynomial (e.g., m% for CISD). However, except for orbital-optimized seniority-zero
(DOCI), the aforementioned truncated CI methods are not size-extensive or size-
consistent [21, 34]. Both properties have to do with the additivity of the energy and
are critical for the correct qualitative description of the thermodynamic limit (size-
extensivity) and molecular dissociation (size-consistency). Nonetheless, these errors
are often manageable in practice (e.g., for HCI methods with sufficiently small values

of € and €).
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1.5.2 Coupled Cluster

Size-extensivity and size-consistency is restored in the coupled cluster (CC) model,

which employs an exponential wavefunction parametrization rather than a linear one:
W) = e | D) (1.5.4)

Here, |®y) is a single Slater determinant (typically the HF solution) and the cluster

operator, eT, is defined by the Taylor series:

. . T2 T3 . Tk

T _ - - — —

f =14 T p =) o (1.5.5)
N

T=T+T+T+..+Iy=> T (1.5.6)
k=1

where in the second line the cluster operator T is defined as the sum of excitation
operators up to the Nth-order. Each Ty operator directly creates kth-order excited
Slater determinants from the reference |®g). For example, when applied to |®g),
the operators Ty and Ty generate linear combinations of singly and doubly excited

determinants |®§) and |®¢’), respectively:

T |Pg) = Ztm | D) (1.5.7)
Ty | @) = Ztij,ab |D57) (1.5.8)
ijab

The coefficients t;4, tijqp, known as cluster amplitudes, are the variables one seeks
to determine in CC approaches. Instead of solving the variational form of the

Scrhédinger Equation, Eq. (1.2.1), in CC methods a set of non-linear equations is
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solved by projecting onto a set of Slater determinants {®,,}:

(D, |H|T) = B\ (D,,|T) VD, (1.5.9)

When the complete expansion of the cluster operator is used, the CC ansatz
spans the same space of N-electron determinants as Full Configuration Interaction
(FCI). However, full CC is as computationally demanding as FCI, so truncated
CC variants, analogues to truncated CI, are frequently used. For example, coupled
cluster singles and doubles, CCSD, is the CC analogue of CISD, where only the T}
and Ty cluster operators are included. Triple excitations are also important, but
because they are expensive, one often uses perturbation theory to estimate their
contribution, leading to the CCSD(T) approximation [35]. Although CCSD(T) is
relatively expensive computationally, O(m”), it usually has excellent performance for
dynamic correlation and is often referred to as the ”gold standard” for computational
chemistry applications. Conventional excitation-based CC methods are unreliable
for systems with strong multirreference character (where static correlation effects are
predominant) because they rely on a single Slater determinant. Multireference CC
methods are an active area of research [36], but are complicated because many of the
mathematical features one exploits to make single-reference CC methods computationally
efficient are lost when the Hartree-Fock determinant is replaced by a multiconfigurational

wavelunction.
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1.6 Basic aspects of second quantization

Post-HF methods, including CI-based and CC-based methods, are most conveniently
expressed using the notation of second quantization. In second quantization, one
introduces operators that create and remove electrons in spin-orbitals; this allows one
to directly model processes where the number of electrons changes (e.g., ionization
and electron attachment) and to model excitation processes (as ionization followed
by electron attachment, or vice versa). We now briefly look at how to express the

wavefunction and the Hamiltonian using second quantization [21, 37].

1.6.1 The wavefunction

In the notation of second quantization an N-electron Slater determinant ® can be
represented by an occupation number vector (ON) |k) with dimensions of the number

of spin-orbitals m:
(I)(X17X27"'7XN) = |k> = ‘k17k27"'7kTrL> (161)

where k;, the occupation number is one if ¢; is occupied and zero otherwise. The state
with all occupations set to zero is the vacuum state (|)). The set of (%) vectors |k)
forms a basis for the N-electron Hilbert space. The set of 2™ occupation vectors is the
m-dimensional Fock space. As an illustration, given a basis set with 4 spin-orbitals,
an ON for a two electron system where the first two orbitals ¢; and ¢, are occupied

is written as:
k) =11,1,0,0) (1.6.2)
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The elementary operators a; and a,, called the creation and annihilation operators,
respectively, are central to this formalism. They add and remove, respectively, an
electron from the pth spin-orbital in an ON. For instance, building on our previous

example, we can define a new ON with an electron added to ¢3 through:

al k) =1[1,1,1,0) (1.6.3)

or destroy the electron in ¢9 with:

as [k) = [1,0,0,0) (1.6.4)

However, creating an electron on an already occupied spin-orbital or removing it from
an empty one, is not permitted, in accordance with Pauli’s exclusion principle. These

examples are generalized and formally expressed through the following relations:

p—1
af [k, oo Opy ooy o) = [T(=D)% Ry ooy 1y o o) (1.6.5)
=1
p—1
ap [k, oo Ly ooy o) = [T (=D)% R, ooy Oy o o) (1.6.6)
=1
al [ky, ooy 1y, ooy ki) = (1.6.7)
ap |1y ey Opy ooy k) = 0 (1.6.8)

In the first Slater determinant on the left-hand-side, Equation (1.6.5), ¢, is virtual
(i.e. it has zero occupation) while in the second equation it is occupied. The operators
act on the immediate orbital on the left of |k), therefore (p — 1) permutations are

necessary to bring k, to that position. Every permutation changes the sign of the
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wavefunction by —1, reflecting fermionic antisymmetry.
All the key characteristics of the second-quantized operators are encapsulated by

the anticommutation relations,

{aL, @2} = aLaZ + aga;f, =0 (1.6.9)
{ap,a,} = apa, + aga, =0 (1.6.10)
{al,, aq} = alag + agal = 0y, (1.6.11)

The first two of these relations arise from the antisymmetric requirement of the N-
electron wavefunction; the third relation uses the orthonormality of the spin-orbitals.
The creation and annhilation operators are Hermitian conjugates of each other: a
annihilator (creator) acting on the ket (bra) is the creator (annihilator) acting on the
bra (ket).

Every quantum-mechanical operator and state can be expressed as a linear combination
of concatenated second-quantized operators. For example, Figure 1.1 illustrates
the Slater determinants generated by number of particle conserving (excitation) or
changing (ionization) operators acting on a reference determinant |®y) with 4 spatial
orbitals, and 2 up-spin and 2 down-spin electrons:

Thus, we can rewrite our multideterminant expression for the FCI model, Eq. (1.5.2),

in terms of single, double and up to Nth order excitation operator strings as:

|T) = co | @) + > ciaafa; | Do)

1,a

+ Z cijvabalaZajai | Do) + Z cijk’abcalaZaiakajai | Do) + ... (1.6.12)

i<j,a<b i<j<k,a<b<c
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Figure 1.1: Examples of electronic configuration generated from a reference Slater
determinant with 4 orbitals, 2 electrons up and 2 down by different excitation
operators. (a) Single, double and triple excited configurations. (b) Ionized
configurations with single and double excitations.

1.6.2 The Hamiltonian operator

In second quantization, the Hamiltonian operator becomes independent of the number
of particles in the system and depends only on the chosen spin-orbital basis set. The
sum over the number of electrons in the Hamiltonian (Eq. 1.1.3) is replaced by

one over the spin-orbitals, permitting its generalization to cases where the number
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of electrons changes. The nonrelativistic time-independent electronic Hamiltonian is

then written as:

H= thqa ag + = ngqma Ay sy (1.6.13)

pqrs
where the matrix elements h,, are the Hamiltonian one-electron interaction terms,
integrated over the spatial and spin coordinates x for each pair of function in the

basis set:

hpq = /cb (——— f—A> Pq(x)dx (1.6.14)
A 1A

and equivalently for the elements g4, corresponding to the electron-electron repulsion

contributions:

Ipgrs = //¢;(X1)¢Z (X2)ril2¢r (x1)ps(x2)dx1dXo

= (pq|rs) (1.6.15)

The notation gpqs = (pg|rs) is called physicists’ notation.
Finally, the expectation value of the Hamiltonian operator for a normalized wavefunction

can be written as:

= (V[ A |V)

:thq ‘1]|aTaq|\Ij ngqrs ‘1’| asar|\11>

pq’!’S

- Z hpgVpg + 5 ngqrs pars (1.6.16)

pq'I‘S
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In this expression, the matrix elements (¥|ala, |V) = 7, and (¥|afalasa, |¥) =
I'pqrs, correspond to the one- and two-electron reduced density matrices, which are

introduced in the next section.

1.7 Density matrices

Because the electronic Hamiltonian depends only on one- and two-electron operators,
one doesn’t need the full wavefunction to evaluate the energy, just the one- and two-
electron reduced density matrices (RDMs). Superficially, this means that one can
envision using the RDMs, instead of the wavefunction, as the fundamental descriptor
of an electronic system [38]. In density-functional theory (DFT), one uses an even
simpler quantity, the ground-state electron density, p(r), as the fundamental descriptor.
The electron density is the probability of finding an electron in the element of volume
dr,

p(r) = N/\IJ*(Xl,XQ, o X)W (X1, Xg, ..., X )do1dXs...dX N (1.7.1)

DEF'T is philosophically appealing because the electron density can be measured experimentally
and computationally appealing because it only depends on the three spatial coordinate
variables, which is much simpler than the wavefunction’s dependence on 3N spatial
and N dichotomic spin variables.

Reduced density matrices generalize the electron density to include additional
variables. For example, the one-electron reduced density matrix (1-RDM) in coordinate

representation is defined in terms of the N-electron wavefunction by integration over
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all but one electron coordinate,
p(x1;x)) = N/dXQ...de\If(Xl,Xg, XN (X, Xo, o Xy)
Similarly, the two-electron reduced density matrix (2-RDM) is defined as:
p(x1x%2;X1%5) = N(N — 1) /dxg...de\If(xl,xg, e X)W (X, X, Xy)

Evaluation of the density matrices requires integration over a grid of points or

expansion in a basis. If one expands the RDMs in a basis of m one-electron functions

{0},

px') =) e (x) by (X)) (1.7.2)
p(x1x; X, x5) = Y Tpgrs 3 (x1) 0 (%2) 6, (X'1) 5 (X'2) (1.7.3)

a compact representation that maps the three-dimensional spatial dependence of the
electron density functions into a matrix space is obtained, where v,, and I',,,s denote
matrix elements of the 1- and 2-RDMs, respectively (compare Eq. (1.6.16)).

Not every choice of 7,, and I',4,s corresponds to an N-electron system; those which
do are said to be N-representable. For example, N-representable 1- and 2-RDMs are
positive semidefinite [39]. The diagonal elements of the 1-RDM, w, = ~,,, are the
probabilities, or occupation numbers, for occupying the spin-orbital p and according

to the Pauli principle 0 < w, < 1. Therefore, the trace of the 1-RDM is the number
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of electrons in the system:
N =Tr(y)

On the other hand, the diagonals of the 2-RDM, w,,, = I'p4,4, represent the probability
of occupying the pair of orbitals p and ¢, with values in the interval 0 < w,, < 1.

Correspondingly, its trace gives the number of unique electron pairs N(N — 1).

If the 2-RDM is known the 1-RDM can be determined by the partial trace,

1
T = N1 z; Lpi i

In some instances, working in the eigenbasis for the 1-RDM, known as the natural-
spin-orbital (NSO) basis, is convenient. For example, many functions that depend on
the 1-RDM, such as the energy, Eq. 1.6.16, have simpler mathematical expressions,
CI expansions tend to converge more rapidly, and operators tend to be more sparse.

The NSOs are found through a unitary transformation of the 1-RDM:
~ = UnU" (1.7.4)

where n is a diagonal matrix containing the eigenvalues of the 1-RDM, called the

natural occupation numbers (0 < ng < 1).

1.8 Outline

All of the many-electron wavefunction methods described in the preceding sections

can be used to predict excited states properties but their accuracy and computational
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cost vary significantly. The more expensive methods generally scale poorly with
system size and computationally-tractable variants of single-reference approaches
(e.g., excitation-truncated CI and CC methods) fail for strongly-correlated systems.
Additionally, numerical convergence of projected methods like coupled cluster for
excited states is often poor.

This thesis focuses on alternative wavefunction methodologies for predicting and
characterizing excited states in strongly-correlated many-electron systems, with a
focus on the development and application of the Equation-of-Motion (EOM) framework.
Chapter 2 describes the EOM approach for direct computation of electronic transitions’
energies and properties. This versatile method can be combine with any ground-state
or excited-state wavefunction method because it relies on the reduced density matrices
of a reference state.

Building upon the EOM framework, Chapter 3 introduces the FanEOM method,
an extension of our Flexible Ansatz for N-electron Configuration Interaction (FanCI)
method for multideterminant wavefunctions to spectroscopic properties. FanCI provides
a common framework for wavefunction approaches, including CI and CC, and can be
used to derive new wavefunction approximations. Within FanCI the parameters of
the wavefunction are optimized through a projected Schrodinger equation which, as
already mentioned, can be challenging to converge to excited states. FanEOM can be
thought of as a projected EOM equation whereby electronic transitions are obtained
using the FanCI ground-state solution as the reference state.

The EOM framework can also be used to improve the accuracy of ground states
using the extended random phase approximation. Chapter 4 uses the adiabatic

connection to add dynamic correlation to multireference wavefunctions, providing an
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alternative to traditional MRCI and MRCC approaches. The key idea is to express the
correlation energy equation in terms of the perturbation-strength-dependent 2-RDMs,
which can be estimated by using excitation-based (particle-hole) or ionization-based
(particle-particle/hole-hole) EOM.

The final chapter introduces PyEOM, a Python-based software library developed
to facilitate exploration of EOM-based methods for modelling electronic transitions
starting from reduced density matrices. We provide an overview of the library’s
architecture, functionalities, and user interface. Through a series of examples, we
demonstrate PyEOM’s capabilities as a post-processing tool for efficient excited-state

prediction and quick prototyping of new EOM-based methods.
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Chapter 2

Equation-of-motion approach

2.1 Introduction

Modern electronic structure methods are able to describe the behavior of molecular
ground states with impressive accuracy [1-4]. For example, coupled cluster singles
doubles and perturbative triplets (CCSD(T)) [5] is regarded as the gold-standard for
achieving chemical accuracy, with results typically within 1 kcal/mol (0.04 V) from
the experimental data. On the other hand, the study of excited states remains a
challenge, in part due to the diverse nature of these states (valence, Rydberg, charge
transfer, radical, etc.).

In principle, any wavefunction-based electronic structure method has the potential
to evaluate excitation energies by solving the Schrodinger equation for two stationary
states of interest. For example, to obtain the energy associated to an electronic
excitation, it is necessary to compute the corresponding wavefunctions (\Ifév , \I/f\v )
and energies (E}Y, EY) of the involved states. The energy of the transition then

corresponds to the energy difference between the states AEy = EY — E}’. In practice,
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it can be difficult to converge variational methods to the targeted excited state,
especially if it has the same symmetry as the ground state [6-8]. On the other hand,
with projected approaches, like coupled cluster methods (CC), it can be challenging to
find higher-energy roots of the CC equations or to assign these roots to a given state
[9, 10]. In addition, many methods (such as selected CI approaches) often provide
an unbalanced treatment of electron correlation in the ground- and excited-states,
leading to systematic errors in excitation energies.

One alternative is to directly compute transition energies using the equation-of-
motion approximation to excited states (EOM), an approach formulated by Rowe
in the 1960s [11]. EOM methods compute AE directly by defining a transition
operator that transforms a reference N-electron stationary (ground) state W) into
the neutral or charged excited state \Iliv ** where k > 0. Like the Full Configuration
Interaction (FCI) or Coupled Cluster (CC) wavefunction models, EOM is exact when
the transition operator is complete and the reference state is exact.

Several approximations to EOM for molecular spectroscopic applications have
been derived [12-16]. The simplest approaches rely on the Hartree-Fock solution as
the ground state reference and a few-electron description of the transition operator.
For instance, choosing the electronic excitation operator to be described by a one-
electron excitations (i.e., the particle-hole operator) results in the particle-hole random
phase approximation, which is identical to time-dependent Hartree-Fock if the reference
wavefunction is the Hartree-Fock ground state. Approaches that go beyond the single
Slater determinant description have been devised both for electronic excitations,
electron attachment, and electron removal [12, 13, 17]. However, these latter formulations

rely on an self-consistent iterative process for the optimization of the excited state
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wavefunction, which can be challenging to converge and computationally expensive.
Other popular approaches use a CC wavefunction model as the reference ground state
and find the transition energies diagonalizing a similarity transformed Hamiltonian in
a basis of excited configurations [16, 18-21]. The EOM-CC hierarchy of methods, and
related linear response CC methods [22], have been very successful in the description
of electronically excited and open-shell species within a single reference formalism.
However, it is known that conventional CC approaches struggle with multirefernece
systems whereas more sophisticated CC formulations [23, 24], suitable for strong
correlation, are generally not black-box approaches and result computationally demanding.

Alternatively, a framework based on reduced density matrices (RDMs) can be
employed. By expanding the transition operator in a suitable basis set of few-
electron transition operators, the EOM working equations can be written in terms
of the reference state RDMs. The transition energies and associated wavefunction
parameters can then be determined by matrix diagonalization, similar to configuration
interaction methods. This EOM approach presents two distinct advantages: it reduces
the computational costs to that of the matrix diagonalization and, by combining it
with multideterminant wavefunction approaches, it is applicable to strongly-correlated
system.

Employing EOM within the context of reduced density matrices is not new. In
fact, it has been previously used to derive the particle-hole extended Random Phase
Approximation (ERPA) [25] and the extended Koopman’s Theorem (EKT) [26, 27].
Here we focus on efficient formulations that require at most the ground state two-
electron reduced density matrix (2-RDM) to evaluate the transition energies. We

extend previous studies by exploring the most common, and simplest, approximations

36


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

to the transition operator, and analyzing the performance of different (in principle
equivalent) formulations for the working equations. In addition to well established
approximations, such as the two aforementioned ones, alternative equations to compute
ionization potentials (IPs), electron affinities (EAs), and double ionization potentials
(DIPs) are explored.

In the subsequent Section 2.2, the theoretical framework of EOM is presented.
From this background, in Section 2.3, an overview of the traditional working equations
for the processes of ionization, electron excitation, and double ionization (DIPs) is
provided and alternative expressions are proposed. The transition energies computed
from the described methods are then compared in Section 2.5.

It is important to note that this chapter does not attempt to offer a comprehensive
review of the EOM approaches. Instead, it focuses on the development and application
of EOM techniques for excitation energies that can be formulated using the 1- and
2-electron reduced density matrices. Moreover, the relationship between the EOM
formulations and the closely related linear response or Green’s function approaches
is not discussed. Readers interested in the broader connections to these theoretical

approaches are encouraged to consult the relevant literature [28-32].

2.2 General Equation-of-Motion (EOM) formalism

The equation-of-motion (EOM) approach is a general approach for directly computing
energy differences in quantum mechanics. The basic idea is to introduce a transition
operator, (Qf\m)T, which generates the A\-th excited state of the system with N + &

(k > 0) electrons, U ** starting from a reference N-electron stationary state (usually
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the ground state):
(D) = (Q3)'1¥7) (2.2.1)

The Schrodinger equation for the final (post-transition) wavefunction is
H W) = HQY) W) = EA@Q™)[¥) (2.2.2)

where H is the time-independent non-relativistic electronic Hamiltonian operator,

which can be written in second quantization as

. 1
H = Z hpq@hag + 3 Z (pq|rs) alalasa, (2.2.3)
pg

pqgrs

Here h,, and (pq|rs) are the one- and two-electron integrals, a; (a,) are the creation
(annihilation) operators that add (remove) an electron from the pth spin orbital, and
the labels p, g, r, s denote arbitrary spin-orbitals.

Traditional excited state methods solve Eq. 2.2.2 separately from the corresponding

equation for the ground state:
W) = Bo [w)) (2.2.4)

and then explicitly compute the energy difference between the states (AE, = E\x—Ej).
The EOM approach directly computes the transition energy AFE) by multiplying
Eq. 2.2.4 by ( A)i\“)T on the left, and subtracting it from Eq. 2.2.2:

H(QY)' W) — (Q3)TH [¥7) = (Ex — Eo)(Q3")' 5"

[, ()] 1) = ABQL) 19 225
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Since W) is an eigenstate of the Hamiltonian and Fj its expectation value, this shifts
the spectrum of the Hamiltonian.

Equation 2.2.5 has the advantage that []3[, ( ; f\m)q is a simpler operator (i.e., it has
fewer creation/annihilation operators) than H(QF*)!, hence reducing the computational
cost. For example, [a;aflasar, aIau], the commutator between the two-electron operator,
a;,agasar, and a one-orbital excitation, alau, is a two-electron, rather than a three-
electron operator. Moreover, by directly evaluating energy differences, one may

benefit from systematic cancellation of errors due, for example, to the incompleteness

of the spin-orbital basis set.

2.2.1 The transition operator

Eq. (2.2.1) implies that (Qi*)! can be exactly written as:
(@) = [W3*) (wg'| (2.2.6)
The complex conjugate of this operator satisfies the killer condition:
K g) = ) (U |wg) = 0 (2.2.7)

Many problems with EOM formulations arise because the killer condition is sometimes
invoked even when it is not always satisfied [25, 33]. When the killer condition is
satisfied, it guarantees that the excited states generated by the transition operator
will be orthogonal to the reference state.

Although expression Eq. (2.2.6) for the transition operator is an elegant mathematical

derivation, it is impractical for electronic structure calculations because it requires
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foreknowledge of the exact excited states WY*". In practice, (Af\“)T is expanded
in a suitable basis constructed from strings of second-quantized operators, which is
then truncated in practical computations. For example, one can exactly model any

electronic excitation with:

(Qg)T = Z cpqa;aq + Z cpqma al § Qs + Z Cpgrstud agaiauatas + .. (2.2.8)

Pq pqrs pqrstu

were single (ala,), double (afafasa,), triple (alalala,asas), ... and Nth order electron
excitation operators are included. The indexes p,q, 7, s,u,t in the summations run
over all spin-orbitals. This expansion is almost always truncated, so it is convenient

to write (Q*)' in a general notation,

i = ch AGh (2.2.9)

where ¢! denotes a general element in the basis set expansion and c,.\ denotes its

coeflicient.

2.2.2 Derivation of the EOM equations

Inserting Eq. (2.2.9) for ( Af”)T into Eq. (2.2.5), we get an eigenvalue problem with

the form:

|0’ = AE, Zcmqn (2.2.10)

[H Z Cn; )\qn

To find the transition energies and excited states that satisfy this equation, we express

it as a matrix eigenvalue problem by left-multiplying by a set of arbitrary states
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> (s34

n

\pév> Can = AEAZ<\IJ{)V‘RQIL \I/év>cn;A (2.2.11)
Usually, it is convenient to use the states (V2] g, generated by the basis elements
which expand the transition operator ( Af”‘)T for this step in the derivation. This
choice is especially convenient because the resulting equations require only the reduced
density matrices (RDMs) of the reference state. This leads to the basic form of the

equation-of-motion:

Gt | U con Ymo (2:2.12)

>

n

m | 1,3}

) ) e = ABy Y ()

corresponding to a generalized eigenvalue problem (GEVP). Moreover, if the reference
state W) is an eigenfunction of the Hamiltonian, this formulation is equivalent to the
variational procedure. In this case, the computed transition energy will be an upper
bound to the exact one.

Further progress can be made using the killer condition Eq. (2.2.7), which implies

that the following terms are zero:

<\Ijévl ZCTL;AQAIL = <\I’(])V‘ ﬁzcn;kél =0 (2.2.13)

n n
These conditions are valid if the ( Af\[“)f is expanded in a complete basis set, but we
cannot guarantee that they are satisfied when the expansion is truncated. Nonetheless,
they are often invoked because they can lead to simpler EOM expressions. For

example, the killer conditions allow one to add or subtract a term that is nominally
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zero from the left-hand-side of equation Eq. (5.4.3):

<\Ifév G [FI,ZW;L .3 candl \pgv>
=3 <¢fév [, | 1. qﬂu o) > Cor = A3 (WY

m

Gmd},

U e (2.2.14)

or from both the left-hand and right-hand sides, giving:

o [ Yoo - 5, (34

it ‘\Ifév>cm (2.2.15)

> (v

n

Although both of these expressions are valid when the killer condition holds, usually
one applies the killer condition to both sides of the basic EOM equation.

By inserting the killer condition in different ways, one has four (equivalent) formulations
of EOM. If one subtracts using the killer condition on the left, or on both sides, one
obtains commutators:

i

Gmdl | W5 Coin (2.2.16)

3 (0 e 1] ) s - 5 00

n n

and

iy QL] | U Y enn (2.2.17)

o [ a] 2 e = 20 5 02

n

respectively. Alternatively, if one adds the killer condition on the left or on both

sides, one obtains anticommutators:

U e (2.2.18)

> (w

n

i [0 |9 ) ML
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and

> {w

n

[ijv [ﬁv QL:H-F‘ \IJ(])V> Cas\ = AE}\ Z <\IJ(J)V |:qu7 (jm.k‘ \Ijév> Cn;\ (2'2'19)

respectively. Introducing higher-order (anti)commutators is beneficial because it
reduces order of the fermionic operators, hence the order of the RDMs that are needed
to evaluate the terms in the equations above, and therefore the computational cost.
Which formulation is used, anticommutator or double commutator, depends on the
transition operator ( Af”)T. Generally the expression that gives the operators with
lower particle rank is chosen, so anticommutators are preferred when the number
of creation and annihilation operators in the transition operator is odd (i.e., when
describing removal /attachment of an odd number of electrons). The double commutator
expression is preferred when the transition operator has an even number of creation
and annihilation operators, like the one-body excitation operator considered earlier,
a;)aq.

There is yet another, rarely used, form of EOM, where the outermost commutator,

rather than the innermost, involves the transition operator [14, 34]:
\IJ(JJV [Qma H:| Z Cn;AqA;rL

(- (st
|

Ty [[qm,ff} D cnnd) \Ifév> = AE Y (0 U ) enn (2.2.20)

n n

Z Cn;qul |:Qm7 I:—[}

n

Gmd,
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This means that we can also write the equations:

quy> Cur = DB (U |4l | UY) e (2.2.21)

> <‘1’év ( qu,H} ,@ﬂ ‘ ‘1’6V> Cnr = AEY (U (g g}] | U0 ) enn (2.2.22)

Adding these equations to the previous commutator-based eigenvalue equations, Egs. (5.4.5)

and (2.2.17), gives a more symmetric eigenproblem, namely:

3 o [#1:2]] + 5 [[o 2] ]

>

n

\w>%ﬂ_A&§:wﬁmwuww%g

(2.2.23)

and:

1 . 1 .
a m» HvATiH _|:|:maHj|7Tj|
5 o [H.81]] + 5 [ g ]

>

n

B ) eun =SB T (0 ol ] [ 93

(2.2.24)

Notice that all of the EOM formulations considered, Egs. (5.4.3) and (5.4.5) -

(2.2.24), are subsumed by the following generalized matrix eigenproblem,

AC, = AE,MC, (2.2.25)
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Taking Eq. 2.2.17 as an example, the elements of the left-hand-side (LHS) and right-
hand-side (RHS) matrices, A and M, are defined as:

Ay — <\115)V’ [qm, [H QJLH ‘\IJ{)\’> (2.2.26)

2.3 EOM approximations

All the EOM expressions presented, Egs. (5.4.3) and (5.4.5) to (2.2.24), are equivalent
and produce exact solutions for the excited states, \Ilﬁ\v *% and excitation energies, when
one uses a complete basis for the transition operator and the reference wavefunction
is exact. However, turning these equations into practical methods for computation of
spectroscopic properties of molecular systems requires introducing approximations.

There are two main approximations used in applications of EOM methods, namely:
(a) Truncation of the transition operator expansion, Eq. (2.2.9).
(b) The selection of the wavefunction approximation to describe the reference state

Ul (for instance choosing a single Slater determinant like Hartree-Fock (HF)

or a multideterminant method).

Our emphasis is on truncating the transition-operator expansion so that the EOM
equations can be solved in terms of the one- and two-electron reduced density matrices

(RDMs) of the reference state U,

Ypq = <\I,]0V’a]1;aqylpé\7> (2.3.1)

Lpgrs = (U5 lajatasa, |9g) (2.3.2)

45


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

The resulting methods are applicable to any electronic structure method for which
the 1-RDM and 2-RDM are available.

Table 2.1: Approximations to the transition operator ( Af“)T

Operator Process
Q;l — Zp Cplyp Tonization
;rl — Zp cpa;; Electron addition

C?g = Zp . cpqa;gaq Electron excitation
Q;Q = Zp Cpe@pay Double ionization
2= Zp cpqa;a:; Double electron addition

For this condition to be met, the most common approximate (Af”‘)T choices

correspond to truncating the linear expansion in Eq. (2.2.9) so that no more than
two creation or annihilation operators are present in the transition operator, as
indicated in table 2.1. From top to bottom these operators model the processes of
single-electron removal, Q;l, single-electron attachment, Qf{l, electron excitation, Qg,
double-electron removal, Q;Q, and double-electron attachment Qf{Q The following

sections present the working EOM equations for these electronic transitions.

2.3.1 Ionization potentials and electron affinities

Describing electron removal and attachment requires, at the simplest level, only
a single electron annihilation or creation operator. The associated ionization and
attachment processes are relevant to photoelectron spectroscopy, understanding charge-
transfer and redox processes, and acid/base chemistry [35-37].

The wavefunction for an N —1 electron system, ¥ ™), can be generated from the

ground state |¥}) considering the simplest form of the operator (Q3*)T, Eq. (2.2.9),
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expanded in a basis of one-electron annihilation operators, ¢! = a,:
Q3" =D coaay (2.3.3)
p

where k = —1. The associated vertical ionization potential is the transition energy,
AEN-' = EN-1 _ EN and Q;' determines the spin-orbital from which the electron
should be removed in the ground state, |¥}'), to produce the N — 1 electron system’s
wavefunction.

With this form of the ionization operator all EOM equations, Egs. (5.4.3) and
(5.4.5) to (2.2.24), can be evaluated using the 1-RDM and 2-RDM. Here three representative

cases of these equations are analyzed.

Extended Koopman’s Theorem (EKT)

The EKT is the generalization of the Koopman’s theorem (relating ionization potentials
to Hartree-Fock occupied molecular orbital energies) to correlated wavefunction methods
allowing computation of ionization energies from any level of theory [38-41]. Its
applications encompass highly accurate and cost effective predictions of ionization
energies of atomic and molecular systems [42-45] as well as computation of chemical
reactivity descriptors (such as chemical potential and chemical hardness) [46, 47].
EKT can be derived from EOM substituting Eq. (2.3.3) into the basic equation

of motion Eq. (5.4.3) to give the system of linear equations:

5 (v . [

n

\ng> Cur = AEY ST (U |al,an|U) ) cpni Vi (2.3.4)

where the set of ionized configurations (¥{¥|al are projected on the left-hand-side.
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Solving Eq. (2.3.4) produces the approximated wavefunctions of the N — 1 electron
system and the corresponding ionization energies AEiV -1
The matrix elements on the right-hand-side of above equation, here on denoted

M., correspond to the 1-RDMs:

whereas those on the left-hand-side, labeled as A,,,, are associated to the generalized

Fock matrix (or the orbital Lagrangian) and are given by:

A = <xpgv

al [H an]

\115V>

1
== > g Ymg — 3 > (ngl[rs) Tmgrs (2.3.6)
q

qrs

where the notation (pq||rs) denotes the antisymmetrized two-electron integrals. This
formula for the elements A,,, as a function of the RDMs can be derived inserting the
definition of the Hamiltonian operator, Eq. (2.2.3), and applying the fundamental

anticommutation properties:

a};aq + aqa;r) = Opq
fol 1+ afal =
a,a, + a,a, = 0

ayaq + aga, =0 (2.3.7)

to arrange all creation operators a; to the left of the annihilators a, (i.e., place the

operators in normal order).
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An analogous EKT equation for the process of electron attachment:
AENT = g+t Y (2.3.8)

can be derived considering the N + 1 electron wavefunction, \Ilﬁ\v *1 produced from
U2 by a one-electron addition operator defined as a linear combination of creation

operators af;:

A=) cpd) (2.3.9)
p

This corresponding matrix elements that result from Eq. (5.4.3) are:

A = <\I/év‘am [[:[,a};}

o > (2.3.10)

My = {0y |amal, | W) (2.3.11)

The explicit expressions for these matrices are given in the Appendix [39, 48].

The matrices A and M in EKT can be built in principle from any post-Hartree-
Fock method that provides the 1- and 2-RDMs. However, the orbital Lagrangian A is
only Hermitian (guaranteeing physical solutions) for those wavefunction approximations
which are eigenfunctions of the Hamiltonian operator. This potentially limits the
application of EKT to variational methods like configuration interaction or multiconfiguration
approaches although the extensions to other (non-variational) correlated approaches

have been developed [39, 40].
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Ionization potential from anticommutator (IPa)

For certain correlated wavefunction approaches, such as the coupled cluster method,
obtaining the 2-RDMs needed in EKT left-hand-side matrix Eq. (2.3.6) is challenging.
This difficulty arises because these methods generally produce 2-RDMs that do not
correspond to physical N-electron wavefunctions, meaning they are not N-representable
[49]. In cases like these, taking the ionization operator @;1, as defined in Eq. 2.3.3,

together with the anticommutator form of EOM, Eq. (2.2.19), may be preferable:

e [Fon] ]

> (w

n

\IJ(])V> Cox = AEﬁ\V_l Z <\I/(])V‘ [Cljn, Cln]+)\llév> Cn;A;vm

n

(2.3.12)
given that the alternative orbital Lagrangian matrix terms:
Ao = (0 |[ah [ 0a]] | 0)
= <\I/év‘ajn [I:I, an} \I/(])V> + <\Pé\7’ [H,an] ajn‘\lfév> (2.3.13)
and metric matrix M,,,:
My = <\115)V‘ [}, an}+’\1}§> (2.3.14)

only depend on the 1-RDM of the reference state ¥}

This reduction in the order of the RDMs can be understood considering that due
to the anticommutation properties (Eq. 2.3.7) the operators defining the matrices A
and M above have one less creation and anihilation operator than the corresponding

operators a}, [Iff, an} and a}a, in the EKT matrices (Egs. (2.3.6) and (2.3.5), respectively).
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This EOM method will be referred to as IPa.
The explicit expressions for the LHS and RHS matrix elements in the anticommutator

EOM, Eq. (2.3.12), read:

Amn = —(hpm + Z (ngllmmr) vgr) (2.3.15)

qr

M = G (2.3.16)

where the metric matrix is simply the identity matrix, and A,,, is an effective
one body operator. Solving the eigenvalue equation (2.3.12) produces two sets of
solutions from a single computation. Positive eigenvalues, AE) > 0, correspond to the
ionization energies (AEﬁV ~1), whereas negative eigenvalues AE)y < 0 are the electron
affinities (AELY ). The respective (N —1) and (N +1)-electron wavefunctions and the
spectroscopic intensities of the associated electron-removal and electron-attachment
processes can be deduced from the eigenvectors.

The origin of the two sets of solutions in the IPa eigenvalue equation can be
understood considering that the anticommutator matrix A for the process of ionization
differs by a minus sign from the complementary matrix for the process of adding

o 1],

expressed in the following anticommutator identity:
<wpgy xp{)V> - <\ng (. |1,a, |
+

The second term on the right-hand side of this equation corresponds to the commutator

one electron to the ground state, <\I/év

vl > This relationship is

0], o) (53] . e . ] 1

between the Hamiltonian operator and a one-body operator. This term vanishes if
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the ground state wavefunction is invariant under orbital rotations.

Tonization potential with double commutator (IPc)

Another variant of EOM that simultaneously yields ionization energies and electron

affinities arises from the commutator form of EOM, Eq. (2.2.17):

S (| [ab, [ an]][90) e = ABY S (][] 0] [95) coni v (23.18)

n

This approach will be labeled as [Pc method, denoting the form of the EOM equation
used.
In this case the formula for the elements on the LHS of the eigenvalue equation,

A, 1

A = (05"

e [ 0a] || 957

= -2 Z PongYmg — Z (nq||rs) Tongrs + Pom + Z (ng|lms) vys (2.3.19)
q

qrs qs

and the metric matrix on the RHS, M,,,, is

Mpn = <\P§)N)‘ [ainv an}

\pgN>> = 29 — O (2.3.20)

Both expressions essentially represent a linear combination between the corresponding

matrix terms in the EKT and IPa formulas (compare, for example, the matrix M

above with the ones from EKT and IPa, Egs. (2.3.5) and (2.3.16), respectively).
Solving the eigenvalue problem, Eq. (2.3.18), determined by the matrices A and

M as defined above, produces two set of solutions; positive eigenvalues corresponding
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to the ionization energies, AEY !, and transitions with negative sign corresponding
to the electron affinities, AEY !, with corresponding (N — 1) and (N + 1)-electron
wavefunction approximations in each case.

In summary, this subsection described three EOM-based approaches, namely
EKT, IPa and IPc methods, to compute ionization energies from the low-order
density matrices of an N-electron ground state, W)'. These approximations for
ionized wavefunctions have a low computational scaling corresponding to the cost
of the matrix diagonalization step in the solutions of the eigenvalue equations in their
matrix form, Eq. (2.2.25). The cost is at most M3, determined by the number of
spin-orbitals (M). To our knowledge, the alternative approximations, Eqs. (2.3.12)
and (2.3.18), have not been studied numerically.

Notice that when the reference wavefunction, WY, is the Hartree-Fock ground
state, the anticommutator (IPa; Eq. 2.3.12) and commutator EOM (IPc; Eq. 2.3.18)
equations produce the same ionization spectrum as EK'T, which reduces to the conventional
Koopmans’ theorem (KT).

We conclude this section by discussing the orthogonality of the approximate (N —
1) electron wavefunctions obtained by solving these equations. Orthogonality of the
ionized states leads to the condition

WMDYy = 6, (2.3.21)

v

which can be enforced after completing the calculations by requiring that the states

are orthogonal with the specified metric, i.e., CiMC, = d,,.
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2.3.2 Excitation energies

The EOM formulation can also be used to estimate vertical excitations and their
associated energies, AEY = FEY — EJ, based on low-order density matrices of
a correlated wavefunction method. The simplest approximation to an N-electron

excited state wavefunction based on the EOM ansatz:
) = Q% [wh) (2.3.22)

corresponds to an excitation operator, ( f“)T = ()Y, expressed as a linear combination

of one-electron excitation operators (or particle-hole operators, ¢ = aLaq):

N = Z cpma;aq (2.3.23)
pq

where the indices p and ¢ label arbitrary spin-orbitals and n is a multi-index. This

approximation is most suitable for excited states dominated by single electron excitations.

Extended random phase approximation (particle-hole ERPA)

Taking the truncated excitation operator Eq. 2.3.23 with the commutator form of the
EOM, Eq. (2.2.17), leads to the particle-hole extended random phase approximation
method (ph-ERPA) of Chatterjee and Pernal [25]:

> (w

ij

oy > ciin Yk,

[alal, [ﬁ, aj»ajH ’\Ifév> cijn = AEY Z <\Ifév [a,tal, ajaj]
ij

(2.3.24)
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The solutions to this equation provide the excitation energies, AEY | and the optimized
coefficients, ¢,q.», that parameterize the excited state wavefunction, ¥¥.

The term on the RHS of Eq. (2.3.24) are elements of a metric matrix,

My ji = <\I/év‘ [alal, ajaj}

‘I’]ov> = YijOu — Okj Vi (2.3.25)

and the double commutator terms on the LHS gives the transition-energy operator

Ay ;i (also known as the orbital Hessian), with elements:

Akhji = <\I/(])V‘ [alal, [[A{, (IZCLJ}] ’\I/(])V>

= hyivkj + Mgy — Ou Z RjgVig + O Z hgivq
q

q

+ > (lgllis) Thgjs + Y (jallks) Tigis
qs qs
1 . 1 ‘
+ 2 Z (Glllrs) Trirs + 5 Z (pa|[ik) T'pij
TS Pq

1 , 1 .
+ 50 > (qjllrs) Tagrs + S0 > (pqllsi) Tpas (2.3.26)

r8q pgs

where the terms (pg||rs) are the anti-symmetrized two-electron integrals in physicist’s
notation. With the matrices A and M written in this form, they can be evaluated
using any correlated electronic structure method for which the 1- and 2-RDMs are
available.

The non-zero matrix elements in A correspond to Hamiltonian terms between two

singly-excited states like <\I/év alaHala;

vl >, and off-diagonal elements corresponding
to the coupling between the ground state and a doubly-excited configuration described

as two one-electron excitations, <\II(J)V ‘H aLalajaj

oy > expressed in terms of two single
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excitations. (While we find it beneficial to discuss single- and double-excitations, we
caution the reader that when the reference state is strongly multi-reference, this
terminology can be misleading.)

A characteristic of the ph-ERPA method, (2.3.24), is that it produces (mirror)
opposite sign solutions; excitation energies and excited states correspond to the
positive eigenvalues (AE) > 0, C)); the corresponding negative eigenvalues and their
eigenvectors are traditionally interpreted as de-excitations (AFE), < 0, C_,). This
feature of ERPA arises because the commutators impose the following symmetries on

the left- and right-hand-side matrices:

Ak ji = Algij (2.3.27)

My i = — Mg 45 (2.3.28)

It can also be loosely understood considering the basis set of the transition operator,
Eq. (2.3.23), as composed of single excitation elements a;aq that take an electron
from gth occupied spin-orbital to the pth virtual one, and corresponding de-excitation
terms agap.

Particle-hole ERPA eigenvectors fulfill a normalization condition through the
metric matrix: CIMC, = £, which is positive if the states correspond to excitations
and negative for the inverse process.

Particle-hole ERPA has been applied to describe excited state properties of atomic
and molecular systems, including those with a strong multiconfigurational character,
employing various methods for approximating the ground-state RDMs [25, 50, 51].
Even the simpler method, particle-hole RPA, to which ERPA reduces when the 1-

and 2-RDMs originate from Hartree-Fock, was already successfully applied in the 60s
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for the prediction of atomic and molecular electronic absorption energies [52-54].

Extended Tamm-Dancoff approximation (particle-hole ETDA)

Although the EOM equation with the killer condition applied to both sides is the
traditional form used to obtain approximated excited states, taking equation (5.4.5)
(without commutator on the right-hand-side term) also leads to a formulation that
only requires the reference state’s 1- and 2-RDMs. The significant change relative to
ph-ERPA | Eq. 2.3.24, is the definition of the metric matrix which now depends also
on the 2-RDM:

[P P
;10,0

My i = <‘I’év

‘1’(])V> = Vkjou — Lriji (2.3.29)

As a result, only positive energies (excitations), AE) > 0, appear in the solutions of
the corresponding eigenvalue problem. Based on this resemblance of this approach
to the Tamm-Dancoff approximation to excited states [55, 56] which decouples the
excitation and de-excitation processes in RPA, we will refer to this approach as
extended Tamm-Dancoff approximation (particle-hole ETDA).

It is worth pointing out that because the matrix A present in the ph-ERPA and
ETDA methods corresponds to the orbital Hessian (this is, the second derivative
of the ground state energy relative to the orbital rotations), both approaches are
sensitive to instabilities in the reference ground state wavefunction, ¥)'. This can be
diagnosed by the presence of negative eigenvalues in the spectrum of the matrix A,
indicating that there is another solution with lower energy than the current state. In
practice, this means that one should use spin-(un)restricted excitation operators in
ph-ERPA or ETDA if the underlying wavefunction used spin-(un)restricted orbitals.

In terms of computational scaling, both ph-ERPA and ETDA methods scale as the
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sixth power of the spin-orbital basis set size. Moreover, for closed-shell systems (which
have an even number of electrons, each pair sharing the same spatial component of
a spin-orbital) one can use spin-adapted implementations to reduce the cost to the

sixth power of the spatial-orbital basis set size, attaining a nominal 2°-fold speedup.

2.3.3 Double ionization potentials and double electron affinities

The wavefunction for a doubly-ionized system, \Ifﬁ\v ~2 can be generated from the N-
electron ground state W) applying a transition operator, Q;Q, defined in terms of
a basis set of operators that remove two-electrons from the reference wavefunction,

¢\ = a,a, (or hole-hole operator):

Q)_\2 = Z Cpg A\ ApQg (2330)

pq

Here the sum runs over all spin-orbitals p,q and the coefficient ¢, determines the
weight of a given (N — 2)-electron configuration generated from W)'. One can think
of this approximation as finding the best electron pair, or geminal, to remove from
an N-electron wavefunction.

The double ionized wavefunction parameters c,,.» and the corresponding double
ionization potentials (DIPs) AEY 2 = EY~? — E) can be determined solving the

eigenvalue equation:

PP
a0, a;0;

50l [, ] o) s = amX=* 3 (o

i iJ

q/gV> cini Yk

(2.3.31)

that results from inserting the operator Q;z, Eq. (2.3.30), into the fundamental EOM
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equation, Eq. (5.4.3). Here the projection space is given by the (N — 2)-electron
configurations (¥} | a;afl. This set of equations corresponds to the extension of EKT
to double ionization energies. Therefore, for a variational approximations to the
ground state wavefunction W)’ the lowest double ionization energy obtained from
the solutions to this equation would correspond to an upper bound to the exact
result.

However, evaluating the matrix elements (¥} |ala] [ﬁ : aiaj] |2 would require
the 3-electron reduced density matrices. Therefor, to reduce the order of the density
matrices needed in the EOM formulation, the double commutator expression of the

EOM, Eq. (2.2.17), is taken instead, giving the system of equations:

N > Cijn; Yk, 1

Z <\Ilév [a,tag, []:[, aiaj” ‘\I/év> cijin = AE, Z <\Ifév

i i

[CLECLZ[, CLiCLj]

(2.3.32)

By using the fundamental anticommutation properties of the creation and anihilation

operators, it can be shown that the LHS term in above’s equation, labeled as Ay ji,
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can be expressed as follows:

Akl,ji = <\Ifév‘ [CLLCLL |:}A[, a,-aj” )\Pé\7>

= 2ha vy — 2have; — 2hji0i + 2h0y + 20 Z hjqYig — 204 Z PjqViq

q q

+ (GillkL) + Y Giller) e = Gillkr) e 42D (gdl1k) v

T q

+28,; Y (igl|rk) Yor + 2615 > (igllir) v

qar qr

+2 Z Gallrk) Tgri +2 Z Galllr) T giri

qr qr

+ 0k ) {aillrs) Cars — 8 ) adllrs) Tgers (2.3.33)

qrs qrs

and those of the RHS, Mj, j;, are given by:

My i = <\Ifév‘ [aza}, aiaj]

\Ifév>

= 0051 — 0udjk — OirYij + OuVks — OiVki + Ok Vi (2.3.34)

are determined from the 1- and 2-RDMs of the ground state.

Solving the eigenvalue equation, Eq. (4.4.10), produces two sets of eigenvalue/eigenvector
pairs. The DIPs and approximated (/N — 2)-electron states from the positive side of
the spectrum (AE, > 0, C)), and the double electron affinities (DEAs) and (N + 2)-
electron states from the negative side of the spectrum (AFE, < 0, C_,). This is a

result of the introduction of an extra commutator in the derivation of the EOM. The
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nested commutator matrix A and the metric matrix M satisfy the relations:

(8o, . o)

(o u)

(0o, 1, o) (ot 1, [kl | )

— <\Ilév‘ [aiaj, ala;] ’\I/év> (2.3.35)

[ala;, aia]}

where the first term on the right-hand-side of the double commutator identity can be
identifies as the LHS matrix for the process of adding two electrons to W3\ and there is
a minus sign associated with its corresponding metric matrix <\IJ(])V ‘ [aiaj, aLalT] ‘\Ifév >
The additional term <\I!év‘ []:], [ala;, aiajH “Ifév> in the first line of the equation
above, will take the form of a commutator between the Hamiltonian and a one-electron
operator, and therefore it will vanish for ground states given by wavefunction models
that are invariant to orbital rotations. These commutator identities lead to the two
sets of eigenvalues in the solution of Eq. 4.4.10.

Furthermore, analyzing the non-zero elements in the matrix A would show that

they correspond to Hamiltonian elements between two (N —2)-electron configurations

like <‘llév ) alal Hasa;

vl >, or two (N +2)-electron configurations, <\Ifév

aiajffalazr“llév>,
and off-diagonal couplings terms between the ground state and a double excited
configurations like <\Ifév ‘f[ aiajaza”\lfév > Correspondingly, the metric matrix M has

overlaps between double ionized configurations <\Ilév ‘a,ta;aiaj

vl > and with opposite

sign those for two-electron added configurations — <\I/év aiaja};aj‘\llév >

When the ground state is approximated by the Hartree-Fock ground state, equation
is the particle-particle RPA method [57]. Therefore, following the naming convention
in the work by Chatterjee and Pernal, we label the EOM method that produces double

ionization energies from correlated 2-RDMs as the hole-hole extended random phase

approximation (hh-ERPA).
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Another EOM approach for the double ionization process that would only require
the 2-RDMs from the ground state corresponds to taking Eq. (5.4.5), which does not

have a commutator on the right-hand side:

tata.a.
a5, a;0;

N .
\IJO > Cig; s Ym

Z <\Ifév‘ [aza;, [H, aiajH ‘\IIJOV> Cijin = AF) Z <\IJ]0V
ij

ij

(2.3.36)

The difference with the hh-ERPA expression, Eq. (4.4.10), is simply the use of the 2-
RDM from the reference state \I/év as the metric, My, j;. Due to this modification, this
method only produces the double ionization energies and corresponding approximated
wavefunctions for the (IV —2)-electron states. Following our naming convention in the
previous section, this EOM variant will be labeled hole-hole extended Tamm-Dancoff
approximation (hh-ETDA).

In terms of computational cost, the general formulations of hh-ERPA and hh-
ETDA have formally the same scaling as ph-ERPA, depending on the sixth power of
the orbital basis set size.

Taking the complex-conjugate of the hole-hole operator, Eq. (2.3.30), gives the
transition operator for the process of adding two electrons to the ground state, the

particle-particle operator:

0= cpgnajal (2.3.37)

prq
which gives an approximate wavefunction for \Iff\v +2 Taking this operator with the

commutator equation Eq. (2.2.17) would lead to corresponding eigenvalue equation
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to compute the double electron affinities:
AEWNT2) — pIN+2) _ pN (2.3.38)

This equation is equivalent to the hh-ERPA one, differing by only a minus sign.
Weitao Yang’s group has applied the pp-RPA formulation to compute improved
neutral excitations energies starting from the double ionized states, (N — 2) states
(58, 59]. Their approach is based on rewriting the excitation energies (AEY = EN —
E{) in terms of differences between the values of successive double electron affinities:
EN — EY = (EN — E?) — (EY — E['"%). This technique allowed the description
of excitations with double-excitation character that are typically missed by ph-RPA
approaches. Furthermore, it was argued that this method provides a more balanced
treatment of electronic correlation effects given that both the ground and its excited
states are described at the same level. However, the accuracy of pp-RPA to compute
double ionizations of molecules has been less explored and little, if anything, is known

about the performance of the hh-ERPA and hh-ETDA methods introduced here.

2.4 Transition densities

Transition density (matrices) between the N-electron reference state and the (excited)

state generated by an electronic transition are defined by

(U gl | o= (2.4.1)
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For the single electron removal (or attachment) EOM approaches, the transition
matrix between the ionized state \I/(AN_I) and the ground state W), can be expressed

as follows:

(A o)

where the coefficients correspond to the eigenvectors of the approximated (N — 1)-

,)ap

(0@ 8 = P (9794

electron wavefunction, Eq. (2.3.22). With these transition matrices, the generalized
overlap amplitudes (GOAs) or Feynman-Dyson amplitudes [44, 60, 61] can be approximated.
GOAs, defined as:

v = N2 @D R wd) (2.4.2)

where the integration runs over the coordinates of N — 1-electrons. The GOAs arise,
for example, when modelling the intensities of transitions observed in photoelectron
spectroscopy [62, 63]. Unless the N-electron wavefunction is a Slater determinant, the
GOAs are not the same as the molecular orbitals. However, as evaluated from EKT
(or analogous EOM variants) they provide a similar one-electron description useful
for interpretation of molecular structure and bonding. This is especially valuable for
correlated electronic structure methods where the orbital picture is otherwise obscure.

For electron excitations, the oscillator strength, fj,
2 .
fa= g(Eiv — Bg) (v [B]TY) (2.4.3)

arises when evaluating the intensity of transitions observed in electronic absorption /emission
spectroscopy. The oscillator strenghts are conveniently constructed from the one-

electron transition density matrices between the ground and excited states (W’ |a;f)aq ‘ vl
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These density matrices can be approximated from the eigenvectors produced by the

particle-hole ERPA method (or ETDA), expressed as:

(U |ala,| 0y ~ Z s (VY |[alaq, ala,]| W) (2.4.4)

rs

An alternative approximation to the oscillator strength can be derived in terms of
the pairing transition density matrices <\Ifév |a£aj1“l!f\v ’2> obtained from the particle-
particle/hole-hole RPA solutions [58].

Additionally, the transition densities, together with the excitation energies, can be
used to estimate the linear response function and, through it, molecular polarizability.
For example, the one-electron density response function has the matrix elements

<\Ifév alag \I/(AN)> <\II(AN) ala, \I/év>

Xpgrs = Z E(] — E)\ + c.c. (245)
A>0

where the numerator is determined by the product of the transition density matrices,

and the denominator depends on the excitation energies.

2.5 Numerical illustrations

In this section the performance of the preceding EOM formulations for ionization,
electron excitation, and double electron ionization are compared. To do so, a test
set of second-row atoms (He, Be, C, Ne) and small molecules (NNO, NNNH, HCNO,
HCNNH, H,CNCH, HF, CO, N,) were selected. The molecules NNO, NNNH, HCNO,
HCNNH, H,CNCH are an isoelectronic series of 22-electron 1,3-dipolar molecules that

are important in cycloaddition reactions; we chose these molecules because dipolar
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molecules often have both zwitterionic and diradical character, which is a chemical
manifestation of nonnegligible multireference character.

The results presented for the more established approaches EKT (Eq. 2.3.4) and
ph-ERPA (Eq. 2.3.24) as well as the variants [Pa (Eq. 2.3.12), IPc (Eq. 2.3.12),
ph-ETDA, hh-ERPA (Eq. 4.4.10) and hh-ETDA were generated using our in-house
implementation of these approaches. The 1- and 2-RDMs were generated using
Hartree-Fock (HF) and Heat-bath Configuration Interaction (HCI) [64] calculations,
with the aug-cc-pVDZ basis set [65]. For the Hartree-Fock calculations, the PySCF
electronic structure package was employed [66, 67]; we used our package PyCI [68]
to obtain the correlated wavefunction and RDMs from HCI, with ¢, = 107*. The
geometries of the molecules in the 22-electron series were optimized at the UwB97XD /def2-
SVP level of theory. The geometries of the diatomic molecules were taken from the
literature [39].

Our procedure to obtain the transition energies (electron excitation and ionization
potentials) from the 2-RDMs is described next. For a given molecular geometry, and

basis set:

1. Solve the Hartree-Fock equations to build the molecular Hamiltonian (described

in terms of the one- and two-electron integrals h,, and (pq|rs), respectively).

2. Use Heat-Bath Configuration Interaction problem with ¢; = 107* (and no
perturbative correction) for the neutral N-electron ground state using to obtain

the 1- and 2-RDMs.

3. From the Hamiltonian terms and the density matrices (both expressed in the
spin-orbital basis), evaluate the left-hand and right-hand matrices in the EOM

equations (matrices A and M, respectively).
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(a) Check whether A is Hermitian. Optionally symmetrize the equations (not

applied in this work).

(b) If computing electronic excited states, check the stability of the wavefunction

(verify that A is positive semi-definite).
4. Solve the generalized eigenvalue problem.

(a) Check the presence of singularities in the metric matrix. Remove components

of the transition operator corresponding to singular values.

We solved the generalized eigenvalue problem in step four using NumPy. To do
so, we converted the problem into a standard eigenvalue problem, which requires
inverting the metric matrix, M. Singularities in the metric matrix must be addressed
when doing so. Such singularities, for example, arise from transitions associated
with natural orbitals with near-zero occupation numbers in EKT and transitions
between spin-orbitals with nearly equal occupation numbers (e.g., core-core and
Rydberg-Rydberg transitions) in ph-ERPA. To address these potential singularities,
the problematic components are effectively removed from the transition operator
space by setting a threshold of 1077 in the matrix inversion procedure. Finally,
only the positive side of the spectrum is retained, and the eigenvector of the selected
transition is analyzed to identify the orbitals known to participate in the transition,
which is useful for labelling the states. For electronic excitations and double ionizations,

we checked that the eigenvector had a positive norm with respect to the metric.
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2.5.1 Lowest ionization potential

Table 2.2 presents the error in the lowest ionization potential for atoms and the
1-3 dipolar molecules, using Koopmans’ theorem (KT; Hartree-Fock reference), the
extended Koopmans’ theorem (EKT; HCI reference), the anticommutator EOM form
(IPa; HCI reference), and the commutator EOM form (IPc; HCI reference). The
error is taken relative to the ionization potential obtained with HCI by separate
computations of the N- and N — 1-electron ground states. The origin of the transition
that produces the ion is labeled according to the main configuration from where the
electron is removed (see column two). The mean absolute errors (MAESs) in the lowest
ionization energies are shown separately for the atoms and the molecules in Figure
2.1.

Table 2.2: Errors in the lowest ionization potentials (in eV) computed from 1- and
2-RDMs at the aug-cc-pVDZ HF (KT) and HCI levels (EKT, IPa, IPc). The errors
are evaluated as the absolute value of the deviation from HCI,

Apethoa = |E(HCT) — E(method)|

Label AKT AEKT A?Pa A?Pc HCI
He 1s 0.60 0.00 0.53 2.60 24.36
Be 2s 0.87 0.00 1.67 2.60 9.29
C 2p 0.71 0.02 0.60 2.55 11.07
Ne 2p 1.72 0.00 2.18 5.55 21.49
NNO 2w 1.34 0.45 1.04 5.10 12.06
NNNH 4dm 0.91 1.12 0.63 4.37 10.10
HCNO 2w 0.80 0.62 058 4.53 10.29
HCNNH 4 0.61 029 034 3.90 8.93
H,CNCH 4« 0.55 1.86  0.25 3.53 8.93
MAE 1.72 0.88 156 7.32

* This formulation is equivalent to KT for the HF reference.

By comparing the energy errors from the third and fourth columns (KT and

EKT, respectively) the importance of including electron correlation in the reference
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wavefunction model becomes evident. For EKT, which uses the correlated RDMs, the
agreement with the results from HCI is excellent, specially for the atomic ionization
energies. For the molecules EKT accuracy deteriorates, producing ionization energies
with errors ranging between 0.3 to 2.0 eV, nonetheless it is overall more accurate
than the KT method. We speculate that orbital-optimized HCI wavefunctions would
have better performance; it is also possible that one needs to consider smaller values
for the HCI threshold, €; < 107*, to improve the description of the reference ground
state by including more determinants in the CI space. Additionally, a bigger basis
set (with diffuse functions) may be required to provide the flexibility necessary to
describe the formation of the N — 1-electron state for the molecular systems [45].

Different EOM formulations give very different results. As all these approaches use
the ground state density matrices from HCI method and the simplest approximation
to the ionization operator, therefore the differences are due to the form of the eigenvalue
equation used. Clearly, invoking the killer condition compromises the results. Overall,
for the set of species considered, TPa presents a mean average error (MAE) that
is roughly twice that from EKT which has a MAE of 0.88 eV, while IPc present
significantly higher errors with a MAE of 7.3 eV.

While IPa has poorer performance than EKT, this method still incorporates some
correlation effects and provides some improvement over Koopmans’ theorem. This can
be attributed to the presence of the correlated 1-RDM in the expression of the orbital
Lagrangian, Eq. 2.3.15, which accounts for fractional orbital occupations due to the
multideterminant character of the wavefunction approximation. When this 1-RDM
originates from the Hartree-Fock solution, IPa solutions reduce to the K'T. Although

for the atoms the lowest ionization energy from IPa is no better (and sometimes
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4.29

KT EKT IPa IPc

Figure 2.1: Mean absolute errors (MAE) in the lowest ionization potentials of a
small test set of atoms and molecules for KT, EKT, IPa and IPc methods relative to
HCI results with the aug-cc-pVDZ basis set.

worse) than EKT, for the 1,3-dipolar molecules IPa reduces the errors by about 0.3
eV. We believe that IPa is a interesting option for correlated wavefunction methods

where the 1-RDM, but not the 2-RDM, is easily accessible.

2.5.2 Higher (valence) ionization potentials

The EKT, IPa, and IPc also provide predictions for excited states of the ion. Table
2.3 shows results for HF, CO, and Ny, obtained with the aug-cc-pVDZ basis set.
Experimental reference values from Cioslowski et al. [39] are included in the last
column. In general the trends are the same as what was observed for the lowest

[Ps; the ionization energies obtained from HCI RDMs with the IPa method are less
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accurate than the ionization from EKT (MAE of 1.2 and 0.6 eV, respectively) but
slightly better than simple Koopmans’ Theorem. Comparing the energies from the
[Pa method with the experimental values shows that overall it correctly reproduces
the trends in the ordering of the ionized states. Notice however that for the N,
molecule where the o, and m, molecular orbitals are closer in energy (about 1 eV
apart), the IPa method (like KT) incorrectly predicts that lowest ionization arises
from removing an electron from the m, orbital instead of the o, orbital. Interestingly,
although the IPc approach (column six) greatly overestimates all ionization potentials,

it does produce the correct ordering of the states for Nj.

Table 2.3: Ionization potentials (in eV) computed from 1 and 2-RDMs at the
aug-cc-pVDZ HF (KT) and HCI levels (EKT, IPa, IPc). The errors are given as
Apethoa = |E(HCT) — E(method)|.

Label KT EKT [Pa  IPc Exp.
HF T 17.70  16.60 17.99 21.30 16.19
o 20.98 20.16 21.23 24.92 19.90
CO o 15.09 14.85 14.48 17.42 14.01
7 1745 16.28 17.32 21.47 16.85
o 22.00 21.39 22.05 25.03 19.78
Ny o, 1726 16.43 16.75 19.70 15.60
m, 16.74 17.09 16.29 21.16 16.68
o, 21.26 18.78 20.82 23.76 18.78

MAE 1.34  0.62 124 4.62

Molecular geometries: Ryp : 0.917A; Ryn : 1.0984; Reo : 1.128A.

2.5.3 Lowest excitation energy

Table 2.4 shows the errors in the lowest excitation energy calculated using ph-RPA,
ph-ERPA and ph-ETDA for He, Be, C, Ne and the 22-electron isoelectronic series of

1,3-dipolar molecules. The error is taken as the absolute value of the difference from
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the excitation energy computed directly from HCI. As explained in Section 2.3.2, all
of these EOM methods approximate the excitation operator as a linear combination
of particle-hole operators.

By comparing the results from ph-RPA and ph-ERPA (columns three and four,
respectively) the effect of including electron correlation through the ground state can
be assessed. The MAE values for particle-hole RPA and ERPA are 2.32 eV and
1.14 eV, respectively. Clearly, using the correlated RDMs from HCI considerably
reduces the errors in the computed excitation energies for the atoms and molecules.
For example, for the Be atom, which has static correlation arising from the near-
degeneracy of the 2s and 2p orbitals, ERPA gives near-perfect valence excitation
energies.

The data in Table 2.4 can be used to compare different EOM approaches. Comparison
of the ERPA and ETDA methods (see columns four and five, respectively) shows that
the later method, which does not have a commutator on the metric matrix (RHS),
generally produces comparable results to ERPA. The ph-ETDA errors range from 0.01
to 1.6 eV, excluding the cases of nitrile oxide (HCNO) and nitrile imine (HCNNH),

where ETDA yields very inaccurate excitation energies.

2.5.4 Lowest double Ionization potential

Finally the errors in the double ionization energies computed with the hh-RPA, hh-
ERPA, hh-ETDA and HCI methods using the aug-cc-pVDZ basis set are compared
in Table 2.5. In all cases the transition operator that generates the (N — 2)-electron
state from the ground state wavefunction employs a basis of two-electron removal

operators.
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Table 2.4: Errors in the lowest excitation energies (in eV) computed from 1 and
2-RDMs at the aug-cc-pVDZ HF (RPA) and HCI levels (ERPA, ETDA). RPA is
short form for ph-RPA, ERPA for ph-ERPA and ETDA for ph-ETDA. The errors
are given as Apetnoa = |F(HCI) — E(method)|.

Label Agrpa Agprpa AgrDA HCI
He 15 — 1s'2st 0.106 0.000 0.242 20.093
Be 252 — 2s'2p! 2.192 0.010 0.011 2.726
C 2822]92 — 2812]93 2.440 0.114 0.105 4.011
Ne 2522p5 — 2s512p°3st 1.196 0.942 0.891 18.681
NNO 2r > o 4.301 1.213 0.820 5.863
NNNH At — o 3.011 1.859 1.591 4.305
HCNO 2r — o 4.238 1.905 4.852  5.153
HCNNH 4T — o 0.385 1.326 2.458 2.929
H,CNCH 4Tt — o 0.957 0.967 0.930 3.021
MAE 2.32 1.14 1.50

Although the three EOM approaches analyzed qualitatively reproduce the trends
from DIPs obtained from HCI calculations, in general, the errors are large, with MAEs
of 2.44, 4.18, and 4.53 for RPA, ERPA and ETDA methods for the hole-hole operator.
Alas, comparing the results from RPA (based on the uncorrelated RDMs) and ERPA
(using the HCI RDMs) indicates that using the correlated ground state wavefunction
does not improve the computed DIPs. The only cases where the ERPA method gives
significantly better energies than the RPA one are for the He and Be. For these
atoms hh-ERPA improves upon RPA by 1.42 and 0.68 eV, respectively. The results
for Helium can be understood considering that the double electron removal operator
in the approximated (N — 2)-electron wavefunction is already exact for two electron
systems. The poor performance of the three methods studied indicates that better
approximations to the double ionization operator are needed by including higher-order

terms (e.g., particle-hole-hole-hole terms) in the basis set expansion.
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Table 2.5: Lowest double ionization potential (in eV) computed from 1 and 2-RDMs

at the aug-cc-pVDZ HF (RPA) and HCI levels (ERPA, ETDA). RPA is short form

for hh-RPA, ERPA for hh-ERPA and ETDA for hh-ETDA. The errors are given as
Apethod = |E(HCT) — E(method)|.

Label Agrpa Agrpa Aprpa HCI

He 1s 1.45 0.03 3.80 78.63
Be 2s 1.59 0.91 1.92 27.38
C 2p 1.56 3.00 2.90 35.15
Ne 2p 8.26 10.40 9.67 61.92
NNO 2m 2.37 2.51 2.35 35.90
NNNH AT 2.01 4.90 4.75 31.15

HCNO 2m 2.04 5.10 491 30.92
HCNNH 4r 1.36 4.06 3.91 27.76
H,CNCH  4rx 1.32 3.73 3.60 25.13
MAE 2.44 4.18 4.53

2.6 Summary

While it is known that the equation-of-motion (EOM) approach provides a general
strategy for computing electronic transition energies, the significant flexibility in how
one formulates the EOM approach and how it can be applied as a post-processing
tool for different wavefunctions is not always appreciated. All EOM methods take
the form of a generalized eigenvalue problem, where the left-hand-side represents the
operator for the transition energy and the right-hand-side represents a metric matrix,
with respect to which the final (i.e., excited or ionized) states are orthogonal. In
this work, we provide a (nearly complete) overview of the EOM approaches that can
be formulated using the 1- and 2-electron reduced density matrices, and test these
methods for very accurate RDMs computed using HCI. Under this approximation,
the excitation energies can be obtained from the ground state 1- and 2-RDMs by
diagonalizing a molecular system’s energy transition Hamiltonian in the basis of

excited configurations generated from the reference state wavefunction.
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Ionization potentials can be computed from EOM using the approximate one-
electron removal operator Q;l defined in Table 2.1. With no further approximation,
the EKT method results. However, by invoking the killer alternative methods, both
of which reduce to Koopmans’ theorem when the Hartree-Fock RDMs are used. The
anticommutator EOM, IPa (Eq. 2.3.12), is especially interesting because it relies only
on the 1-RDM and tends to give qualitatively useful results, although in some cases
(e.g., Ny) it may give the wrong ordering for low-energy ionized states.

By contast, EOM methods for double-electron-ionization, Egs. (4.4.10) and (2.3.36),
are often poor, and do not systematically improve the results obtained at the Hartree-
Fock level except for systems that are well-approximated as two electrons outside a
closed-shell core (e.g., He and Be). EOM also makes predictions for double-electron-
attachment, but few neutral molecules have bound N + 2-electron states, so those
methods are less useful.

The ph-RPA, ph-ERPA, and ph-ETDA can be used to compute excitation energies
and their associated oscillator strengths. The ph-ERPA method, which uses the
correlated RDMs from HCI, provides the most accurate results, but this is still not a
black-box methods, as can be seen from the results for the 1,3-dipolar molecules.

Overall, our numerical results indicate that, in spite the versatility of the EOM
approximations here analyzed, there is still no black-box approach to obtain accurate
electronic transition energies by post-processing correlated wavefunction calculations.
In most cases, qualitatively correct results are obtained, and there is significant
improvements when the Hartree-Fock wavefunction is replaced by a correlated wavefunction
(e.g., when Koopmans’ theorem is replaced by the extended Koopmans’ theorem, or

when the random phase approximation is replaced by the extended random phase
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approximation). However, the performance depends on the system and the nature of
the electronic transition. So validation is be performed before application to a system

of interest.
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Chapter 3

Calculation of spectroscopic
properties via parameterized

configuration interaction methods

3.1 Introduction

Unique among the computational methods for the solution of the (time-independent,
nonrelativistic) Schrédinger equation, the Full Configuration Interaction (FCI) approach
simultaneously yields exact solutions for both the ground and excited states within
given basis set. However, FCI’s factorial scaling limits its application to small problems,
rendering it impractical for most applications of chemical interest. Consequently,
finding accurate and efficient solutions to the Schrodinger equation remains an active
area of research in modern theoretical and computational chemistry.

The factorial cost of FCI arises because the number of wavefunction parameters

grows combinatorically since there is one coefficient for each determinant. This
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suggests that the curse of dimension could be broken by reexpressing the CI coefficients
as functions of a limited number of parameters. This strategy is ubiquitous in
electronic structure theory and includes popular approaches like coupled-cluster methods
and matrix product states. The Flexible Ansatz for N-electron Configuration Interaction
(FanCI) wavefunction approximation proposed by Kim et al. subsumes these methods
and provides a fully general approach for parameterizing the CI coefficients [1]. FanCI
provides a common framework for popular wavefunction approximations and provides
a pathway for developing new wavefunction methods [2-5]. The FanCI wavefunction

generalizes (selected) CI:

M) =Y f(m,P)|m) (3.1.1)

mes

where the coefficients of a set of N-electron Slater determinants, S, specified by a
bitstring representing their occupation numbers, m, are written as a function of
parameters P. For example, for the FCI approximation, § includes every N-electron
determinant, f(m,P) = P,, is a linear function, and the parameters P are merely
the coefficients of the CI expansion.

The parameters of the FanCI model can be determined minimizing the energy

with respect to them:

N 7 N
<\IJSFA)NC’I|H"IIEVA)NCI> (3_1.2)

N N
(T e U e

minp EX\(P) = minp

where H is the Hamiltonian operator. In this form, the solutions found are guaranteed
to be variational. Unfortunately, for most atomic systems of interests in chemistry, the

complexity of the wavefunction approximation makes this approach computationally
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intractable. Modelling excited states with the variational principle requires locating
saddle points of the function E(P), which is extremely difficult given that there are
frequently thousands (or even millions) of parameters.

As an alternative to the variational principle, one can determine the system’s

energy and wavefunction parameters using the projected Schrédinger equation,
oy (N N
(m| AV ver) = Ex(P) (0] ¥ilyey)  Vm (3.1.3)

which results from projecting the Schrédinger equation on a set of Slater determinants,(m)| .
(More generally, one can project against any function for which the necessary matrix
elements can be efficiently computed.) Unlike the variational formulation, which tends

to be intractable whenever the selected set of Slater determinants, S, is large, the
projected form of the Schrodinger equation is typically feasible whenever the number

of parameters (which provides a lower bound on the size of the projection space) is
moderate.

Equation 3.1.3 defines a system of nonlinear equations; usually the projection
space is larger than the number of unknown parameters so nonlinear least squares
is used. An extra equation that fixes the normalization of the wavefunction is
also included. (Usually one adopts intermediate normalization, which amounts to
assuming that the CI coefficient of the Hartree-Fock wavefunction is one, f(mpg, P) =
1.) Overall, the computational bottleneck of this procedure is typically the cost of
(iteratively) evaluating f(m,P) for every determinant in the projection space. The
projection space can also be used to impose additional structure to the wavefunction,
like a particular spin symmetry. If the complete set of determinants in the basis of

N-electron configurations is used, the lowest energy from the nonlinear least-squares
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procedure is an upper bound to the true ground-state energy, and the least-squares
energy minus the least-squares error is a lower bound to the true energy. However,
for a truncated projection space, this energy is not variational.

For spectroscopic applications, one can separately solve Eq. 3.1.3 for each state of

interest and find “excitation” energies as their energy differences:

AE\(P) = E\(P) — Eo(P)

However, the complexity of the objective/energy function, Eq. 3.1.3, a non-convex
function of the parameters with multiple minima, poses a challenge for the iterative
optimization algorithms commonly applied to solve it. This difficulty is exacerbated
for excited states, where it is usually even more difficult to find a good initial guess for
the solution. The direct approach is mainly feasible if only a few excited states, which
are low in energy or have different symmetry from the ground state, are of interest.
There are also some strategies for solving multiple excited states simultaneously, but
the algorithms are more complicated and, thus far, have never been implemented in
the context of electronic structure theory [6].

Therefore, it would be desirable, for a given FanCI approximation, to be able
to simultaneously compute the full electronic spectrum, or at least a large portion
thereof. To do this, we adapt the equation-of-motion (EOM) framework [7] to the
FanCI framework, thereby computing multiple excitation energies in one-shot. In
analogy to prior work adapting coupled-cluster theory (FanCC) [8] and many-body
perturbation theory (FanPT) [9] to the FanCI framework, we call this approach
FanEOM.
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3.2 Excited states with FanCl: FanEOM

Let the wavefunction for the excited state |\I/(ANiH)) be formulated as:

N=+k A(+kK N
(V) = Q5 W) o) (3.2.1)

where |\II§;]\QNCI> is an N-electron state (typically the ground state) described by the
FanCI model and Qf\i”) is an “excitation” operator that acts on the FanCI reference
to create the excited state. The superscript (N £ k) indicates that the electronic
transition can preserve (excitation, x = 0) or change (ionization, x # 0) the number
of electrons in the reference state.

This ansatz resembles the equation-of-motion coupled-cluster approach [2], however

A(+ . . . . . . oy
Qg\ ) is a linear operator, expanded in a basis set of excitation/transition operators

G,

Q" = Z Ca (3.2.2)

In this expression, n is a symbolic (multi)index that generates the basis. By appropriately
selecting the basis elements AGE™ one can describe electronically excited (k =0) or
ionized (k # 0) states. As an example, below we provide explicit expressions for

excitation and single-electron removal:

Qg\o) = Z cpqa aq + Z cpqrsa al g0sQr + Z Cpgrstull, alalauatas + ... (3.2.3)
E\+1) Z cpap + Z crpqara CLq + Z CtpqrsataTaTa’sar + ... (324)

where, using the notation of second quantization, aL /a,, denotes the creation/annihilation
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of an electron in the pth spin-orbital.
The coefficients in the linear expansion of the transition operator and the corresponding

transition energies can be determined solving the equation:

o A(ER N NG N
[H’Qg\ )} ’\Ij%’A)NCI> = AE/\QE\ ) ’qj%A)NCI>

Z [FL Agﬂ)} )\D%]\QNCI>CH7>\ = AE) Z Asaiﬁ) \I’EVAQNCI> Cn,\ (3.2.5)

where in the second line the definition of Qg\i“) has been inserted, Eq. 3.2.2. This
formula has a transition energy, AE) = <E§\Niﬁ) — EéN)>, as a pseudo-eigenvalue of

the operator [ﬁ[ , Qf\in)]. For a chemical system with particle interactions described

by the Hamiltonian operator:

~ 1
H= Z hpqhag + 5 Z (pqlrs) alalaa, (3.2.6)
pq

pgrs

where h,,, represent the one-electron integrals in the spin-orbital basis set, and (pg|rs)
the two-electron integrals, introduction of a commutator in the Equation 3.2.5 can
help reduce the computational cost. Moreover, by solving directly for the transition
energies rather than subtracting the energy of the (separately determined) initial and
final-state energies, systematic error cancellations can occur.

Similar to the FanCI approach, satisfaction of Eq. 3.2.5 can be enforced by

projecting on a complete set of ®NEK) states:

Z < PNVER)

—AB Y (o)

[]:-’, Aglﬂ)] ‘ \IJ%J\QNCI> Cn,A

Aglin)

U ver) enn VO (3.2.7)
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defining a linear system of equations relative to the excited wavefunction parameters
cn). Here, we are assuming that we know the FanCI solution from a previous
calculation, otherwise Eq. (3.2.7), which implicitly depends on the FanCI model
parameters P, would become a non-linear system of equations. It would be feasible,
albeit more challenging, to solve for the FanCI parameters P and the transition-
operator coefficients, ¢y, », but the computational difficult is compounded.
Traditionally, the “testing functions” ®*%) are constructed from the basis set

: o A(R),
defining the excitation operator @y :
| DY = AL |9y ym (3.2.8)

where @) is some arbitrary N-electron configuration (the FanCI model in our case).

This would lead to the EOM equation in its most elementary form:

oM

m

N
\IJ%A)NCI> Cn,\

3 <¢<N)

n

W%J\QNCI> Cax VM (3.2.9)

However, in our case, because the wavefunctions in the bra are not eigenstates of the

Hamiltonian, the standard tricks to build higher-order commutators [10-12], such as:
X T P
{(ASf’”) , [H, Ag@ﬂ (3.2.10)

or even the more symmetric one:

% ({(AS‘EH))T’ [ﬁ’/ﬁiﬁ)u + H(A;T“)T,H] ,flﬁf“)D (3.2.11)
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do not work.
Any set of test functions can be used, and it is possible that the set in Eq. (3.2.8)
is not the most convenient choice. We choose to use directly Eq. (3.2.7) and select

Slater determinants with (N & k) electrons, o iﬁ), as the projection space:

S (@@= | [, AED) | ilver ) enn

= AB Y (@) | A

‘II%J\QN01> Cn\ VD (3.2.12)

The great advantage to this more general approach is that one can use more test
functions than there are unknowns, which helps resolve singularities and can provide
statistical information/errors for the solutions of Eq. (3.2.12). One could also add

additional equations corresponding to the “killer condition”,

NE= f N
(QE\ )) |‘I/SP«“A)NCI> =0 (3.2.13)
E.g., one can require that:
S o e (4

n

n

N A T
Agr:il:ﬁ) (A(iﬁ)> ‘ \II%J\QNCI> C;,)\ =0 Ym (3214)

A N N T

Z <CI)§N:I:H)

n

\P%]\QNCI> Cpx =0 Vi, k,1 (3.2.15)

Note, however, that these equations, which are satisfied by the exact solution, are not
used in the derivation of Egs. (3.2.9) and (3.2.12) and thus, unlike traditional EOM
and extended random phase approximation methods, do not need to be imposed in

our approach.
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The formulation introduced thus far is exact if the reference wavefunction is exact
and the transition operator is expanded in a complete basis. However, for practical
applications of the FanEOM framework, we are mainly interested in cases where the
operator []:I , Aﬁf“)} has four or fewer creation/annihilation operators, so that only the
one- and two-electron transition reduced density matrices of the FanCI wavefunction

are needed. Hence, the most interesting cases are:

ALY — qf (3.2.16)
ACY —q, (3.2.17)
AD =l ay, (3.2.18)

corresponding to single electron attachment, single electron removal, and excitation

respectively.

3.3 Linear response function

In atomic systems, several important physicochemical properties (e.g. density-related
properties like the polarizability) can be described using response functions. In this
section we show that is also possible to evaluate the linear response functions within
our formulation.
The general expression for the linear response function in the frequency domain
is given by:
(woldjwy) (alBIwo) (ol Blwy) (] A]w, )

<A’B>”_§ Fotint (Bo—En)  Fwtin— (Eo— Ey) (3.3.1)
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where A is the operator for some observable property and Bis the operator associated
with the perturbation to the system. The poles, the energy differences (Ey — E)) in
the denominator, correspond to transition energies while the residues, <\I/0\A|\If ,\>,
are transition matrix elements between the ground and excited states. For example,
for a one body perturbation B (e.g. an electromagnetic field), the linear response

takes the form:

N A1 (N N N
<‘1’§M)NOI|A|‘I’(A )> <‘1’E\ )|a;r)aq|\1/1(!7‘A)NCI>
(A=)

+ c.c. (3.3.2)
: N N
>0 hw—km—l—Eé)—Eg)

where we have considered the ground state described by the FanCI model.

These type of expressions can be evaluated based on the solutions to the FanEOM
equations (Eq. (3.2.9) or (3.2.12). However, due to the asymmetric nature of the
FanEOM approach, we cannot directly compute the transition matrices between the

ground and exited states:

N
U ver) (3.3.3)

E 1(0)
Cnl n2 §)\An1 n9

ning

<‘I’EVJY4)NCJ a:f)aq
where we have inserted the definition of the excited state wavefunction (cf. Egs. 3.2.1
and 3.2.18). Evaluating these terms require the one- and two-electron density matrices
of the FanCI ansatz, which are not easily obtained.

One obvious thing to do is to use the approximate resolution of the identity defined
by the projection space to estimate Eq. (3.3.3). This leads to an expression for the

linear response function that involves only the transition reduced density matrices:

E 1(0)
Cnl n2 ;)\Anlng

ninz

S (98 lafor] 22) <<bsx>

m

N
w;zm> (3.3.4)
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3.3.1 Solving the FanEOM problem

The FanEOM system of equations (Egs. (3.2.9) or (3.2.12)) is a rectangular generalized

eigenvalue problem (GEVP):

AC = AEMC (3.3.5)
A= <(I)gin) ‘ [ﬁ7AE’l:tH):| | \IISF«“]\QNCI>

N
W ver)

M — <(I)Er]1\/i/-e) Agﬂ)

where A and M are m xn matrices with m > n. This means that standard approaches
where the spectrum is found based on diagonalization of a matrix (M~tA) are not
applicable.

The first method we considered was the minimal perturbation approach (MPA)
procedure devised by Ito and Murota to find solutions to non-square matrix pencils

like our eigenvalue problem [13]. This method consists of the following steps:
1. Define the matrix [M|A] as the m x 2n matrix obtained by appending A to M.

2. Perform a singular value decomposition of [M|A]:

M|A] = UZVT (3.3.6)

where X is the diagonal matrix of singular values, U and V are (complex)
unitary matrices, and VT is the conjugate transpose of V. It is important to
note that if the number of nonzero singular values is less than n it implies the
FanEOM system of equations is underdetermined and can not be solved. (I.e.,

the projection space is too small and should be extended.)
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3. Perform the partitioning:

Vii Vio X 0
U=|Uu, U,|,.V= 2= (3.3.7)
Vor Vo 0 2
where Y1, Vi1 Vio, Var, and Vay are all n x n matrices; Uy is an m X n matrix, Us

is a m X m —n matrix and Y5 is an m —n X n matrix. »; and X, are diagonal

matrices of singular values.

4. Finally, the desired eigenvalues and eigenvectors come from the solution to the

square generalized eigenvalue problem,

V,,C = AE,WV/C (3.3.8)

The second approach, which we will label as BDagger method, consists of multiplying
Eq. (5.4.2) on the left by a matrix to make it square. This can be an arbitrary m x n
matrix, but the simplest choice is to consider the transpose of the metric M, which

results in:

M'AC = AE,M'MC (3.3.9)

This technique resembles the collocation method for numerical integration that has
been used to obtain approximate solutions of the Schrodinger equation and other
chemical physics problems [14, 15].
Finally, we examine the minimization of the least-squares solution with respect to
the transition operator coefficients and energy:
Jnin C'(A + AEM)'(A + AE\M)C (3.3.10)

100


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

which results in a square, symmetric, generalized eigenvalue problem:

(ATM + M'A)

5 C = AE\M'MC (3.3.11)

Among the strategies we consider, only the least-squares method gives a symmetric

eigenproblem.

3.4 Computational considerations

To test the accuracy of the FanEOM framework previously described we studied the
ionization and excitation energies of Beryllium and LiH systems using the 6-31G
basis set [16-18]. These are small model systems for which accurate full configuration
interaction (FCI) computations can be performed.

All excited state calculations were performed with our implementation of the
FanEOM equations. The FCI ground state was obtained with our in-house package
PyCI implementing the CI and FanCI problems [19]. The initial one- and two-
electron integrals needed for the FanCI and FanEOM methods were generated from
restricted Hartree-Fock calculations using PySCF [20, 21]. For comparison we used
the ionization potentials and excitation energies obtained from our implementations of
the extended Koopmans’ Theorem (EKT) and particle-hole extended random phase
approximation (ERPA) methods, respectively, at the same level of theory.

Our procedure to solve the FanEOM equations for the ionized and excited states

is as follows:

e Select the projection space. For the ionized states, the (N — 1) configurations

were generated applying the one-electron removal operators defining Q(AH),
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Eq. 3.2.16, to a set of N-electron Slater determinants. This is in line with
the usual approach used in EKT. For the excited states, single determinant
N-electron configurations were generated as nth order excitations on top of the

Hartree-Fock reference.

e Evaluate the matrices A and M defining the rectangular eigenvalue problem
Eq. 5.4.2 using Eq. 3.2.9 for the (N — 1) ionized states and Eq. 3.2.12 for the
excited states. In the case of excited states, to facilitate numerical evaluation,
the commutator operator in the left-hand-side matrix, A, is expanded, and a
resolution of the identity in the space of test functions, >, _p|®N) (Y], is

introduced. This results in the following formula for the elements of A:

Ampg = (O] Haba, [UF) = (D] ala,H |V
=D (ON[H|DY) (D) |abay[¥5') — Ef (P |abag|Wg)
nepP
which depends on the Hamiltonian matrix elements between the determinants in

the projection space and the one-electron transition density matrices (1-TDMs).

e Remove configurations from the projection space that have negligible transition
matrix elements with the FanCI model as they can cause singularities in the
metric matrix M. To do so find the rows from matrix M with magnitude below

a cut-off value and eliminate them from A and M.

e For the ionized states, the procedure to generate test functions can result in
duplicate Slater determinants being included; for example, a configuration with

1)

an electron removed from orbital 7, CI>§N_ , can be generated from the Hartree-

Fock determinant as a;®, or from the excited determinant ®¢ = ala;® as al ®¢.
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We remove these redundant elements from the projection space.

e Solve the rectangular eigenvalue problem using the BDagger, LS, or MPA

method.

In the present work, a tolerance value of 10~7 was used with the BDagger and LS
methods for the rectangular eigenvalue problem (Eq. 5.4.2). The same cut-off value
was used when solving the EKT and ERPA equations. However, one must keep in
mind that this value has different interpretation in the context of EKT versus the
solution procedures in FanEOM. For instance, for EKT one removes eigenvectors of
the 1-RDM with small eigenvalues; in the LS and BDagger approaches to FanEOM
one removes right-eigenvectors of the transition-1RDM with small eigenvalues.

Similar to conventional EOM approaches with coupled cluster wavefunction models,
FanEOM can suffer from spurious solutions, which can be difficult to identify. We
identify these solutions by searching for transitions that are stable for different methods

and different projection spaces.

3.5 Numerical illustrations

3.5.1 Ionization potentials

Tables 3.1 and 3.3 present ionization potentials for Beryllium and LiH obtained
with the FanEOM approach as described in the previous sections. The aim is to
illustrate the accuracy of the proposed method and to compare the three approaches
to solve the FanEOM rectangular eigenvalue problem (MPA, BDagger, and LS). The

showcased values correspond to the eigenstates found by using as test functions the
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(N-1)-electron configurations generated from CISD. The EKT values at the same level

of theory are also shown and taken as the accurate reference.

Table 3.1: Be ionization potentials (in Hartree) from FanEOM and EKT at the
FCI/6-31G level of theory. The FanEOM projection space includes all unique
one-electron removed configurations from the N-electron CISD model. Three

procedures to solve the non-square matrix problem are compared, BDagger, .S and
MPA. The transitions are labeled according to the main configuration from where
the electron is removed

Label 1s2 2s1  1s2 2pl 182 3s1 1sl 2s2 | MAE
FanEOM BDagger 0.3375 0.4880 0.9283 4.6946 | 0.0023
LS 0.3372  0.4879 0.9283 4.5298 | 0.0435
MPA - 0.4893 - 4.6574 | 0.0193

EKT 0.3376  0.4880 0.9373  4.6946

Beryllium is a small system amenable to description at the FCI level while presenting
important static correlation effects due to the near degeneracy of its 2s and 2p atomic
orbitals. Furthermore, its ionized states are well characterized, making it an ideal
test of the proposed framework. Table 3.1 displays its ionized states involving up
to the 3s atomic orbital. As seen from this table, the correspondence between the
FanEOM and EKT results is extremely good for this set of states, with the lowest
mean absolute errors (MAEs) obtained using the BDagger procedure. In particular,
the lowest IP described by BDagger and LS procedures, corresponding to an electron
removed from the 2s orbital, matches EKT. Moreover, even for higher IPs, BDagger
results reproduce those of EKT, except for the 1s2 3s IP where it underestimates
its energy by about 0.01 Hartree. However, it is worth mentioning that transitions
involving the 3s and 3p atomic orbitals are expected to be poorly described due to
the limitations of the basis set being used. For the 3s orbital (third column in the

table), the experimental ionization potential is 0.7446 Hartree [22], which is poorly
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estimated even by EKT. On the other hand, all methods were found to miss the
1s2 3p1 IP. It is also interesting to notice that, excluding the IP value for Beryllium
1s orbital (fourth column in the table), for which LS deviates about 0.2 Hartree
from EKT, the LS method is as accurate as BDagger. On the other hand, the MPA
procedure did not perform well, as it misses the lowest and the 1s2 3s1 transitions. It
is possible that one needs to project the eigenvalue problem using a threshhold prior
to implementing the MPA approach and it is also possible that the mathematical
assumptions used when deriving the MPA approach are not valid for this generalized
rectangular eigenproblem.

An important factor to consider for the FanEOM procedures is the influence of
the selected test functions on the quality of the results. To analyze this aspect, we
present the convergence of selected IPs for Be atom with the size of the projection
space in Table 3.2. Convergence is assessed relative to results for projection on all

(N —1)-electron determinants. The results from the BDagger procedure are presented.

Table 3.2: Convergence with size of projection space (PSpace) of Be ionization
potentials (in Hartree) from FanEOM at the FCI/6-31G level of theory. The
eigenstates from BDagger procedure are shown. The MAE is given relative to the
projection on the full space of (N — 1)-electron determinants. The transitions are
labeled according to the main configuration from where the electron is removed

PSpace Label MAE
1s2 2s1 182 2pl  1s2 3s1  1sl 2s2

HF 0.3462 4.7016 0.0078

CIS 0.3374  0.4880 0.9201 4.6960 0.0047

CISD 0.3375 0.4830 0.9283 4.6946 0.0023
CISDT 0.3376  0.4880 0.9373 4.6946 0.0000
FCI 0.3376  0.4830 0.9373  4.6946

The rows in Table 3.2 correspond to the projection space as determined by the
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order of excitation in the CI expansion. In each case, single-electron-removed configurations
are generated from the listed N-electron projection spaces. As one can see, at the
triplet excitation order, all IPs agree with the corresponding FCI results. Evidently,
the higher the number of test functions included the higher the computational cost of
the method, and ideally one would like to reach a compromise between accuracy and
the size of the projection space. Taking this fact into consideration, the spectrum
from the CISD space can be considered as good as that from the triplet space with an
overall MAE of 2.3 mHartree, with the main difference due to the 1s2 3s1 ionization.
Moreover, if only the lowest IP were of interest, even the test functions from CIS
would suffice. As seen, for the (N — 1)-electron test functions from Hartree-Fock,
the spectrum resembles that of Koopmans’ theorem, where only the 1s2 2s1 and
1s1 2s2 IPs are found. From this analysis we conclude that the CISD projections
space produces good IP results, and we will use this projection space henceforth.

To evaluate the performance of the method in a molecular system, we study LiH.
The five lowest ionization potentials of LiH, determined by FanEOM and EKT, are
presented in Table 3.3. The transitions are labeled based on the symmetry of the
molecular orbitals with the greatest contribution to the excited state. The ionization
potentials of LiH are also properly described with FanEOM. Similar to the Beryllium
system, both the BDagger and LS procedures show excellent agreement with EKT
with differences less than 1 mHartree. The lowest ionization potential, associated
with an electron removed from the 20 molecular orbital (first column of values
in the table), is accurately reproduced using the projection space based on CISD.
Conversely, the MPA procedure provides a qualitative correct spectrum, capturing

the first IP, but missing all other transitions below 1.3 Hartree. Interestingly, the
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BDagger solution method fails to capture the ionization at 0.76 Hartree, which is

associated with removing an electron from a 17 orbital.

Table 3.3: LiH ionization potentials (in Hartree) from FanEOM and EKT at the
FCI/6-31G level of theory. The FanEOM projection space includes all unique
one-electron removed configurations from CISD. Three procedures to solve the

non-square matrix problem are compared, BDagger, LS and MPA. The transitions
are labeled according to the symmetry of the orbital from where the electron is

removed.
Label 20 30 1m o o
FanEOM BDagger 0.2788 0.7435 — 0.9183 1.3902
LS 0.2788 0.7435 0.7681 0.9183 1.3902
MPA 0.2796 — - - 1.3738
EKT 0.2788 0.7435 0.7681 0.9185 1.3904

In summary, we find the proposed FanEOM framework, when combined with
either the BDagger or LS solver methods, to be promising for evaluating IPs. In the

next section, we will explore its potential application to excited states.

3.5.2 Excitation energies

FanEOM results for excited states also appear promising. Tables 3.4 and 3.5 show the
lowest four and six excitation energies of Beryllium and LiH, respectively, obtained
by solving the FCI problem with the 6-31G basis set (last row on the tables) and the
corresponding values from the FanEOM and ERPA. The results from FanEOM with
the BDagger and LS approaches correspond to the excitation energies found using a
projection space truncated at the CISDT level. For the Be atom and LiH systems,
the small size of the basis set means that when the CISD determinants are used, the
system of equations is only slightly over-determined. Both FanEOM and ERPA use

FCI ground state as the reference in the excited state wavefunction ansatz.
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Table 3.4: Be excitation energies (in Hartree) from FanEOM, ERPA and FCI with

6-31G levels of theory. The FanEOM projection space is CISDT. The transitions are

labeled by the leading configuration in the FCI solution and the multiplicity of the
state indicated by the spin (S=0, singlet or S=1, triplet).

Label S=1 S=0 S=1 S=0
1s2 2s 2p  1s2 28 2p 182 2p2 152 2p2
FanEOM BDagger  0.1053 0.2420 0.2852  0.3212
LS 0.1053 0.2420 0.2852  0.3212
ERPA 0.1055 0.2429 - -
FCI 0.1052 0.2417 0.2818  0.3169

Table 3.5: LiH excitation energies (in Hartree) from FanEOM, ERPA and FCI with
6-31G levels of theory. The FanEOM projection space is CISDT. The transitions are
labeled by the symmetry of the orbitals in the leading FCI configuration and the
multiplicity of the state indicated by the spin (S=0, singlet or S=1, triplet).

Label S=1 S=0 S=1 S=0 S=1 S=0
201301 20'30' 2017l 20'lm' 20'40! 20'40!
FanEOM Boys 0.1165 0.1433 — — — 0.2674
LS 0.1165 0.1433 — — — 0.2674
ERPA 0.1041 0.1398 0.1481 0.1601 0.2174 0.2731
FCI 0.1037 0.1208 0.1473 0.1591 0.2174 0.2591

At the level of the basis set used in these numerical examples, Beryllium’s electronic
transitions (Table 3.4) only involve up to the 3p shell of atomic orbitals. The
lowest excited state predicted by the FanEOM method, corresponding to the triplet
transition from the 2s to 2p orbital, closely matches the FCI result (see first column of
values), with an absolute error of approximately 10~* Hartree. The subsequent three
higher excitation energies, ranging between 0.2 and 0.3 Hartee, are also qualitatively
well-described. In contrast to the FanEOM results for IPs, the BDagger and LS
strategies yield equivalent results in this case. Interestingly, the last two excitation

energies above 0.24 Hartree were reproduced by the FanEOM method but not by

ERPA. These higher energy transitions have double excitation character and, as can
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be seen in the convergence Table 3.6, they are FanEOM solutions with all projection
spaces.

Table 3.6: Convergence of Be excitation energies (in Hartree) with size of projection
space (PSpace) computed with FanEOM at the FCI/6-31G level of theory. The
eigenstates from BDagger method are shown. The transitions are labeled by the

leading configuration in the FCI solution and the multiplicity of the state indicated

by the spin (S=0, singlet or S=1, triplet).

PSpace Label
S=1 S=0 S=1 S=0
1s2 2s 2p 182 2s 2p  1s2 2p2  1s2 2p2
CISD 0.1058 0.2427 0.2854  0.3214
CISDT  0.1053 0.2420 0.2852  0.3212
FCI 0.1053 0.2420 0.2850  0.3210

Our FanEOM approach can also produce good excitation energies for molecules,
as illustrated in Table 3.5 for LiH. Similar to the Beryllium system, truncating the
projection space at the CISDT level produces good agreement with the Full CI (or
ERPA) results. However, the overall accuracy of the spectrum does deteriorates
relative to Beryllium: for LiH the excitation energies relative to FCI are overestimated
by about 0.01 Hartree. Additionally, a few intermediate energy transitions between

0.12 ans 0.25 Hartree are missing with either the BDagger or LS solution algorithms.

3.6 Summary

We have presented an equation-of-motion (EOM) framework suitable for the FanCI
ansatz (FanEOM) that extends its application to excited states properties. It involves
the solution of a rectangular generalized eigenvalue problem, for which we proposed
three solution algorithms, including an approach based on matrix pencils (MPA),

an approach based on left-multiplying by the Hermitian conjugate of the metric
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matrix (Bdagger), and least-squares solution of the eigenproblem (LS). Based on the
performance assessment for the solution of the ionization and excited state FanEOM
problems for Be and LiH, the BDagger and LS procedures work best. The LS
rectangular eigenvalue problem solution method, has the added advantage that the
final eigenvalue problem is symmetric. One advantage of FanEOM over traditional
EOM and extended random phase approximation (ERPA) methods is that no killer
condition is invoked; this may explain why FanEOM give slightly better excitations
energies than ERPA in some cases. The killer condition could be imposed as additional
constraint, which might improve the results further. The next step, however, would
be to compare ERPA and FanEOM for approximate FanCI wavefunctions (e.g.,
antisymmetrized geminal products) and to explore whether there is an advantage
to optimizing the FanCI parameters and the FanEOM coefficients simultaneously,
as opposed to the current approach of using FanEOM as a post-processing step for

FanClI calculations.
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Chapter 4

Dynamic correlation energy from
extended random phase

approximation approaches

4.1 Introduction

Accurate determination of electronic correlation energy is a cornerstone in the field of
quantum chemistry. The challenge lies in the need to effectively account for both
dynamic and static (multiconfiguration) electron correlations. Strong (or static)
electron correlation is pervasive in next-generation materials (e.g., high-temperature
superconductors and nonlinear optical materials, both of which typically include rare
earth elements) and industrially important molecules like transition-metal catalysts
[1-5].  For substances like these, the single reference wavefunction methods used
in standard ab initio computational packages fail catastrophically. Therefore, their

description requires the development of new /unconventional wavefunction forms such
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as truncated or selected Configuration Interaction (CI) [6-8], geminal-based wavefunctions
[9, 10], and matrix product states [11, 12]. However, while these models work well for
strong electron correlation, they tend to miss the weak (dynamic) correlation that is
required to make quantitative predictions for quantities like the critical temperature

in a superconductor or the Curie temperature in a molecular magnet.

Recently, a promising approach for recovering dynamic correlation has emerged,
based on the extension of the adiabatic connection (AC) framework to correlated
wavefunction models [13]. This formulation allows interpolation between a non- or
partially-interacting system described by a multireference approximation and the
real, fully interacting, system. Historically, the AC formulation has been used by
the density functional theory (DFT) community to develop exchange-correlation
functionals. In DF'T a non-interacting system is described by Kohn-Sham DFT and
one interpolates with respect to increasing electron-electron interaction strength, at
constant electron density, until the physical fully-interacting system is reached.[14,
15].

AC facilitates the derivation of analytic expressions for the correlation energy. The
main ingredient in any AC formulation is the response function (or equivalently, the
transition density matrices), which can be obtained by solving the (extended) random
phase approximation equation ((E)RPA). This has paved the way for developing AC-
ERPA based methods for adding dynamic correlation to the ground state of general
multireference models such as the generalized valence bond, complete active space
and matrix product states wavefunction ansitze [16-20]. Since AC-ERPA methods
require only the one- and two-electron reduced density matrices (RDMs) for the

reference system, its cost is comparable to other dynamic correlation techniques such
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as those based on second-order perturbation theory [21, 22]. However, as AC-ERPA
is nonperturbative, it is potentially more accurate.

The above-mentioned ERPA approach corresponds to the particle-hole ERPA (ph-
ERPA). The ph-ERPA methodology is an extension of the particle-hole random phase
approximation (ph-RPA) [23-25], where correlation effects are described in terms of
density fluctuations resulting from particle-hole pair excitations. Based on Rowe’s
equation-of-motion formalism (EOM), Chatterjee and Pernal developed ERPA for
correlated wavefunction approximations [26]. Analogous to ph-RPA, ERPA has a
dual role as cost-effective electronic structure method for predicting excited state
properties of molecules [26, 27] and a ground state electron correlation method.

Despite its utility, the particle-hole channel is not the sole avenue for approximating
the correlation energy. Other channels, such as hole-hole (hh, corresponding to two-
electron removal) and particle-particle (pp, corresponding to two-electron addition),
have also been explored, albeit solely within the Hartree-Fock (HF') and DFT approximations.
In these cases, the creation of two holes (or two electrons) results in pairing density
matrix fluctuations from which the correlation energy can be derived. Yang and
collaborators developed an AC formalism in the traditional single-reference theory
based on these variants, denominated pp-RPA [28]. Their method overcame limitations
present in the particle-hole RPA approach, such as the one-electron self-interaction
energy, yielding promising results in the description of thermodynamic properties and
molecular non-bonded interactions.|[29]

Nothing is known about the accuracy of the hole-hole and particle-particle approximations
in the AC approach to dynamic correlation. Thus, in this work, an analogous

multireference AC for the hh/pp channel is formulated following the ideas in the
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original AC-ERPA works. Like the current AC-ERPA methods the new ones should
require only low-order reduced density matrices from the reference system.

The chapter is structured as follows: Section 4.2 revisits the derivation of the
correlation energy correction using the adiabatic connection approach and discusses
various factorizations of the 2-RDM. Following this, Section 4.4 presents the formulations
of ERPA for both particle-hole and hole-hole/particle-particle channels, expressed
in terms of reduced density matrices. Section 4.6 gives more specific AC formulas
for Hartree-Fock and double occupied configuration interaction (DOCI) methods.
Finally, Section 4.8 presents illustrative numerical results for the hh/pp-AC-ERPA
methods’ performance and highlights some of the differences relative to AC-ERPA in

the particle-hole channel.

4.2 Correlation energy from the adiabatic connection
Assume we know the exact wavefunction |®,) and energy E? of some (model) Hamiltonian
HO for a non-interacting or partially interacting reference system:
H°|®,)=EC|®,) (4.2.1)
We assume that the targeted reference state is a good approximation to the eigenstate
of interest, |V, ), for the exact Hamiltonian for the system, H, for which:
H|U,)=E,|U,) (4.2.2)

For example, |®,) could come from the Hartree-Fock (HF) or a post HF wavefunction

model. We will mainly be interested in the ground-state, v = 0, but this formulation
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is equally applicable to excited states, although technical nuances arise [30-32].

Our goal is to add the electron correlation effects that |®,) lacks because of the
missing terms in H° and, specifically, to determine the residual correlation energy,
AE, = E, — EY. To achieve this, we take inspiration from perturbation theory and
define a Hamiltonian that depends on a parameter, A\, which interpolates between
the model Hamiltonian and the real/fully interacting one as the parameter smoothly

increases from 0 to 1. Specifically,

- 1
A A by
HY = hpala, + 3 > Gsatalasa, (4.2.3)
pq

pars

where h?)q and g;)\qrs are the one- and two-electron integrals at a given \; a; and a,
are the fermionic creation and anihilation operators, and the indexes p, q,r, s label
an arbitrary spin-orbital. For simplicity, we decided to let the Hamiltonian’s matrix

elements depend linearly on A:

A A=0 A=1 A=0
hpq = hpq + )‘(hpq - hpq )

Goars = Gpars + M Gprs = Gprd) (4.2.4)

where the two-electron integrals g2~1 are defined in physicist’s notation as:

pqrs
g;;\q:ri = Ypgrs = (pqlrs)

At A = 0 we have the eigenstate of the non- or partially-interacting system, ¥3=" =
dy, with energy £}~ = EJ, and at A\ = 1, we have a (necessarily approximate)

eigenstate of the fully correlated one, W)}=! = ¥, with £~ = Ej.
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The ground state energy of H* can be expressed as a functional of the one- and

two-electron reduced density matrices, 4* (1-RDM) and T* (2-RDM), respectively:

EA <\I/)\| H)\ |\Ij)\> Z pq/}/pq + 3 Z gpqrs pqrs (425)

Pq quS

where the matrix elements ~;, and I', . have the usual definitions:

Yo = (Pl aba, |95) (4.2.6)
F;‘qrs = (U} aT Tasar 1T3) (4.2.7)

HHX
)

Then, using the Hellmann-Feynman theorem 9B _ <\IIS \I/é>, we obtain an

expression for the correction to the ground state energy of the model system:

LOE;
E)\Zl o E)\:() — 0 d\
0 0 0 a)\
>\ g TS A
/ d)\z dm / dA Y =T A (4.2.8)
pqrs
A= A= A= A
Zh Loy / DS / (0251 — gA=0A dn (4.2.9)
pq?"s

where in the last line, the definition of the AC Hamiltonian electron integrals, Eq. (4.2.4),
was used.

To make further progress, we introduce the assumption that the zeroth order
wavefunction, )=, is a good model for static correlation. Therefore, the 1-RDM
already has the correct structure and can be assumed to remain (nearly) constant
along the adiabatic connection path. The assumption that v* = v*=° in the interval

0 < X <1 is the first approximation in the derivation of the AC-ERPA approach.
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With this approximation, the expression for the ground state energy of the fully

interacting system simplifies to:

A=1 A=0 A=1 A= 0 A=1 A
Byt = B4 (bt = h) et + - Z / gl — gm0 dh (4.2.10)

pgars

Alternatively, we can write an explicit expression for the correlation energy:

Ec = E(i\ ! <\Il>\ 0| H)\ ! |\Il>\ - Z/ g;))\qnls gpqrs)(rj);\qrs - F]))\qrg)dA (4211)

pqrs

To derive this expression, we use the equation for the expectation value of the real
Hamiltonian using the (partially) non-interacting reference wavefunction W}=°. The
last term in parenthesis in Eq. (4.2.11) is the correlation part of the 2-RDM; had we
not assumed that the 1-RDM was constant along the adiabatic connection pathway
there would be a second, similar, term corresponding to the correlation part of the
1-RDM, (v, —7p:°). For simplicity, hereon, the notation +,, will be used instead of
Yoa

Eq. (4.2.11) (or equivalently (4.2.10)) is the main equation of the AC method.
It provides an explicit expression for the correlation energy of the ground state as a
function of a A-dependent 2-RDM. So far, the only approximation is the assumption
that the 1-RDM remains constant along A integration path. While this expression for
the correlation energy is not exact, it will provide very accurate correlation energies
provided the T'* at every \ are known. However, approximating this density matrix is
challenging. As we shall see in the next section, the need to approximate a four index
operator matrix can be circumvented by introducing a resolution of the identity into

the definition of the 2-RDM.
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4.3 Exact two-electron reduced density matrix formulas

In the previous section, the AC approach was used to add the (dynamic) electron
correlation that is missed when an approximate Hamiltonian is used, see (Eq. (4.2.11)).
The resulting expression is only computationally practical if one can efficiently evaluate,
yet accurately, approximate the interaction-strength dependent 2-RDM. In this section,
we present three distinct ways to achieve this, based on different factorizations of the
2-RDM.

Before delving into the derivations, we note that the 2-RDM expressions presented
here can also be obtained starting from the polarization propagator [33, 34] and the
particle-particle propagator [28] via the fluctuation dissipation theorem. However, we
prefer the following approach, where exact expressions for the 2-RDM are obtained
from the 1-RDM and transition RDMs, using only the commutation laws for the
fermionic creation and annihilation operators and the completeness of the eigenfunctions
of a Hermitian operator, which we choose to be the Hamiltonian.

Using the fundamental anticommutation properties of the spin-orbital creation

and annihilation operators:

{apaq + aqa,} =0 (4.3.1)
and

{a;aq + aqa;} = 0pq (4.3.2)

the 2-RDM, Eq. (4.2.7), can be rewritten in terms of the two-electron G-matrix, with
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elements (ol alaralag [¥o):

Lpgrs = —Tpgsr = (Wo| alaralag (Vo) — 0psvgr (4.3.3)

pqgrs

From here, the McLachlan and Ball formula for the 2-RDM [33] can be derived

introducing a resolution of the identity in the space of N-electron states, 1 = 3" |[¥) (W2|:

o0

Ihoia = > (ol aja, [03) (U3 alag [¥5) — 0y er

n

= Z (03] a;];ar W) (0] aiaq [05) + VorYas — OpsVar (4.3.4)
n#0

Notice that in the second line of this equation, the sum runs over all but the ground
state. The matrix elements (3| alaq |¥)), correspond to the one-electron transition
density matrices (1-TDM) and represent the transition probabilities between the
ground state, |¥)), and all the excited states, |¥}). Given that the 2-RDM is being
factorized in terms of two-index operators of the form a;aq, corresponding to removing

and adding one electron from the ground state, this formula is labeled as the particle-

phiA

hole resolution, I'P7 <.

However, the previous partitioning of the 2-RDM is not the only choice. An
alternative expression can be derived in terms of transition matrix elements between

the ground and double ionized states Uy _,.,):
(T3] abal [ TN ) = (N0 aga, [T5))] (4.3.5)

Starting from the definition of the 2-RDM and applying a resolution of the identity

in the space of two-electron removed states, 1 = [UN o) (N _g.p|, results in the

123


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

equation:

pgrs

Tpoa = (V3] ajabasa, [03) = > (3| ajal [x_y,.) (VN o] asar [W5)  (4.3.6)
n=0

This 2-RDM decomposition is labeled as the hole-hole resolution, I, given that
the lower order matrices have two-index operators of the form aya,, corresponding to
removing two electrons from the ground state.

Another formulation is based on the linear relation between the 2-RDM and the

Q-matrix, (¥o| ayaalal |[Vo):

qurs - Fsrqp
= (Wo| afafaya, [Wo)

= (V| apaqaiai W) + OprYgs + OgsVpr — OpsVar — OgrYps — OprOgs + OpsOar
(4.3.7)

where the 2-RDM permutation symmetries and the anticommutation rules in Eq. (4.3.1)
and (4.3.2) were used. Then, starting from the third line in above expression and
applying a resolution of identity in the basis of (N42)-electron states, 1 = > (U som) (PNl

the 2-RDM can be written in terms of the transition matrices of the form (Ug| ayaq [ 5.,):

F%;«s = Z <LIJ/\‘ apQq ’qjN—i-Q n> <\D?V+2;n‘ alai ‘\IIS>
n=0
+ 5pr7qs + 5qs'7pr - 5ps'7qr - 5qr7ps - 5p7"5qs + 5p85qr (4'3'8)

Consistent with the notation for the other 2-RDM partitioning, this 2-RDM equation

is labeled as the particle-particle resolution, Fgg;s, since the transition matrices that
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appear have two-index operators of the form a;ag, corresponding to adding two
electrons to the ground state.

Thus, the evaluation of the two-electron density matrix, I'*, that enters the AC
expression, Eq. (4.2.11), can be factorized in terms of lower-rank transition density
matrices for excitation (transition-1RDM) and double ionization. The three formulas,
Eq. (4.3.4), (4.3.6) and (4.3.8), are exact and equivalent provided the TDMs in the
equations are known exactly. The problem becomes the ability to obtain the TDMs

for the complete set of excited states.

4.4 ERPA approximated 2-RDMs

Using these 2-RDM expressions to evaluate the correlation energy via the adiabatic
connection requires computing the appropriate transition density matrices for all
excited states along the entire adiabatic connection path. Traditionally, the RPA
equations have been used for this purpose, providing first-order approximations to
the TDMs for HF and DFT methods. Here we focus on how these methods can be

extended to correlation wavefunction models.

4.4.1 Particle-hole ERPA

To find the one-electron transition density matrices, (U3 ala, |[¥7), that enter Eq. (4.3.4)
for the 2-RDM, one needs to model N-electron excited states. This can be achieved
using the equation of motion (EOM) approach and, specifically, the particle-hole
ERPA equations. This approach is approximate because (a) the excited states are

computed only approximately, because the transition operator is truncated at the
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particle-hole level, (b) the killer condition is assumed to hold, and (c) the 1-RDM
and 2-RDM of the reference (non)interacting system are used to model excited states
along the AC path. When the reference is the (noninteracting) Hartree-Fock method,
this approach reduces to ph-RPA. When a correlated wavefunction is used, one obtains
the A\-dependent ph-ERPA equation introduced by Pernal [13].

Like the original ph-ERPA formulation [26], the derivation of the perturbation
strength dependent ph-ERPA equation follows from Rowe’s Equation-of-Motion method
[35], whereby the nth electronic excited state, |¥2), can be generated from all possible

single electron excitations from the ground state:
A A A
|\Ijn> = Z Cpq;na;r)aq |\I]O> (441)
Pq

where the excited state dependence in the coupling parameter is being included

through the reference state, |¥}). The transition amplitudes are then determined

A
) CPQ;”’

solving an eigenvalue problem of the form:
AC) = wIMAC) (4.4.2)

where the elements of the left-hand-side matrix A* and metric matrix M* are defined

as:

Apgrs = (5| [afag, [, ala,]] [T5)

pgrs

M, = ()] [a}ag. ala,] [0) (4.4.3)

pgrs

Notice that in the nested commutator matrix A*, the real Hamiltonian is replaced by
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A

~, come in (mirrored) pairs

the AC one H?. The solutions to this matrix equation, w
with energies equal in magnitude but with opposite sign; positive transitions, w} > 0
with eigenvectors C} correspond to single electron excitations, w) = E} — E}, and
negative ones, w?, < 0, with C? | to de-excitations, w?, = —w;.

The matrices A* and M?* can be expressed entirely in terms of the Hamiltonian
electron integrals and the 1- and 2-RDMs [26]. For clarity, here we provide the formula
for the matrix elements of M as illustration:

M)\ = 5‘1872\7” - 51”72\3 (444)

pq,rs

Equation (4.4.2) then provides a general formulation applicable to multideterminant
wavefunction methods without making explicit reference to an occupied-virtual orbital
picture; this extends particle-hole RPA approaches beyond the Slater determinant
wavefunctions [36].

However, at every A value along the AC path, evaluating the A-dependent ERPA
matrix elements, Eq. (4.4.3), requires knowledge of the 1- and 2-RDMs. However,
only the RDMs for the model system (at A = 0) are known exactly. For practical
reasons, we assume that it is sufficient to include only the Hamiltonian needs to
depend on the coupling parameter, while the reference system’s wavefunction can be
used in Eq. (4.4.3) (i.e. [¥3) = [U37Y)  WA).

Then, from the solutions to the ph-ERPA eigenvalue problem, Eq. (4.4.2), the
desired 1-TDMs at a given A can be obtained as:

(Wl aba, [02) = 37 e (037 [afar, ala] [10) = 3", M50 (445)

i ij
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where the EOM definition of the excited state, Eq. (4.4.1), is considered and the
elements of the metric matrix M*=? are given by Eq. (4.4.4). Consistent with the
orthogonality between the ground and excited states, the diagonal elements of this
transition matrix, (3] ala, [¥}), will be zero. From Eq. (4.4.4) it follows that the
metric matrix does not change with A, hence, for simplicity, M will be used instead
of M*=0 hereon.

Inserting the 1-TDM, Eq.(4.4.5), into Eq.(4.3.4) for the 2-RDM, and considering

the transition matrix elements given by:
(@3] aar [O3)" = (7] ala, | ¥5) (4.4.6)

leads to an explicit formula in terms of the excited state coefficients and the natural-
spin-orbital occupation numbers in the reference state |¥)=0):

F];ZTESRPA;A _ Z(np —n,)(ng — ns)cgmcgsm + NpNgOprOgs — NgOpsOgr (4.4.7)

n#0

Here, for convenience, the natural spin-orbital basis in which the 1-RDM is diagonal
was used, as it simplifies the final expression. As can be seen from this expression for
the 2-RDM expression, the transitions that contribute to the sum in the first term are
those involving (partially) occupied to (partially) virtual orbitals, (e.g., (n, —n,) # 0,
with n, ~ 1 and n, ~ 0). It is important to note that only solutions from the positive
side of the spectrum (excitations) enter the sum in this equation. Furthermore, these
solutions must be orthonormal, satisfying the condition CAMC? = 1. Additionally,
although the 2-RDMs obtained through this approach have the right norm for the

number of electron pairs (3 I'pgpy = N(N—1)), they do not have the right symmetry
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properties, and therefore they are not N-representable.

To close this section we reiterate the main approximations that were introduced,
namely, (a) the 1-RDM is constant along the adiabatic connection pathway, (b)
excitation operators of only first order are enough to adequately approximate the
sum over excited states |U}), Eq. (4.4.1), and (c) the ERPA equations evaluated
with the 1-RDM and 2-RDM at A = 0 are good enough to determine the transition
1-RDMs for interacting systems. As we shall now see, analogous approximations can

be made for the hole-hole and particle-particle channels of (extended) RPA.

4.4.2 Hole-hole ERPA

Instead of using particle-hole ERPA to approximated the 2-RDM, one can use the
hole-hole ERPA method to estimate the pair-removal transition density matrix elements
at every X value, (U3|alal |y _,..), then evaluate the 2-RDM using Eq. (4.3.6).
Similar to ph-ERPA, if the Hartree-Fock reference wavefunction is used, the pp-RPA
method is recovered.

The hh-ERPA equation as a function of A can be derived via the EOM approach
assuming the double ionized states, "I’f\vq;n% can be generated from the ground state,

|U2), by a linear combination of two-electron removing operators:

|\Ijj\\f—2;n> = Z C;)\q;na“pa/q |\Ij(>]\> (448)

pq

The complex conjugate of this operator, (Q;\l)T, gives instead the double electron

129


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

attached states [¥3,.,):

N+2" Z Cpg;ndp® q|\Ij>\ (4.4.9)

The corresponding hh-ERPA eigenvalue equation at a given \ value is expressed

as:
ANC) = wIMC) (4.4.10)

where the elements of the left-hand-side matrix A* and the metric matrix M are
given by:

Apore = (05"l [a)al, (A, a,a,]] [957°)

pgrs

Mygrs = (¥5™| [a}al, asa,] [¥57°) (4.4.11)

Here, the indices p, q,r, s label arbitrary spin-orbitals. As with ph-ERPA, the AC
Hamiltonian, H A and the zeroth-order ground state approximation, |¥)="), are
used instead of the actual Hamiltonian and ground state wavefunction. Thus the
dependence on the perturbation strength is modelled only through the Hamiltonian
operator.

As with the particle-hole counterpart, the matrices A* and M can be approximated
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as functions of the 1- and 2-RDMs of the reference state:

Az);qrs = 2(_h'7>"\q55p + h? Osq + hsp'yqr sq'Ypr +2 Z h (OspVat — OsqVpt)

+ U?qu + Z(Uv)'\sqt’ypt - Ui\sptvql» + 2 Z U;;"pq’yts +2 Z(Uﬁtupéqr + Ug\tquép"”)’ytu

t t tu

2 A A=0 A= 0 2 A A=0 A=0
+ 2 (Urtuthqus + Urtuntpus + Utruv( pSthuv - 5 Ftpuv)
tu

tuv

Mpgrs = 05p(0rq — Var) — Gsq(Orp — Vor) — OrgVps + OrpVgs (4.4.12)

where the elements v

Pars = pars — Upgsr» are antisymmetrized two electron integrals

and, for simplicity of notation, we have taken 71’};0 = 7Ypg, omitting the 1-RDM
dependence on the coupling parameter. For hh-ERPA the matrix A* represents the
stability of the wavefunction with respect to double electron removal (or addition) and
for molecular systems will be positive semi-definite, guaranteeing real solutions [29].
This is in contrast with ph-ERPA where orbital rotation instabilities can frequently
emerge (e.g., due to orbital near-degeneracies).

The eigenvalues obtained from Eq. (4.4.10) form two sets depending on their sign;

positive solutions w)} > 0 are double ionization energies producing (N — 2) states,
w) = E7(~LN_2) — E;7°, while negative ones w*, < 0 correspond to double electron

additions for the (N + 2) states, w?, = —(Ey(ZNH);)‘ — E)79). Their corresponding
eigenvectors satisfy the orthonormality conditions CAMC? = I and C* MC* = —1I.

Then, the transition pairing matrix elements can be approximated as:

<\D>\|a N 2n Zcrsn \II)\ O| p q?asaT] |\Ij(/}:0> (4413>
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with complex conjugate components given by:
(<\Ij(>)\’ (I;;(Z:; |\I]?\\f—2;n>)T = <\I]?\V—2;n| aqap |\Ij(>)\> (4414)

Inserting these expression into Eq. (4.3.6) results in the following explicit formula
for the 2-RDM matrix elements based on the hh-ERPA approximation to the TDMs:

THEEPAN = 5™, 4y = 1)+ 10— 1) (E — ) (e — ) (4:4.15)

pqrs pg;n qpin/ \"rsin srin
n

where the sum runs over all eigenvectors for (N — 2) transitions, and it has been
assumed that the 1-RDMs are expressed in the natural spin-orbital basis. Like the
2-RDM obtained from ph-ERPA, T2%2  the 2-RDM derived here in Eq. (4.4.15) is not
N-representable. Unlike the 2-RDM from ph-ERPA, the hh-ERPA 2-RDM does not
give the right normalization for the number of electron pairs, although it possess the
correct permutational (anti)symmetry properties.

Finally, the 2-RDM terms based on the particle-particle resolution, Fgg;f;, given by
Eq. (4.3.8), can be approximated from the solutions to ERPA equations formulated
for the double-electron-attachment states, Eq. (4.4.9). Alternatively, this 2-RDM can
also be obtained from (the negative of) the N + 2 solutions from hh-ERPA. Notice,
for example, that the metric matrix for hh-ERPA| Eq. (4.4.11), is the negative of that
used in pp-ERPA:

(03" [afaf, asa] [5=") = — (03] [a,ay., afaf] [45=") (4.4.16)
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The approximated 2-RDM for the particle-particle resolution then reads:

FzZTESRPA i Z(l —Np — nl])(l - Ny — ns)(cz))\q;—n - C;\p;—n)(cis;—n - C;\T;—n)
+ OprYgs F OgsVpr — OpsVar — OgrYps — OprOgs + Opslr (4.4.17)

4.5 AC-ERPA correlation energy

Substituting the three alternative formulas for the 2-RDM approximated via ERPA
(Egs. (4.4.7), (4.4.15), and (4.4.17)) into Eq. (4.2.11) for the correlation energy, three

expressions are obtained:

1 1
EpAPA — / > (Gpars = Gor) (D042 = TH0) (4.5.1)
pqrs
1 1
EZLhERPA = 5/ Z(g;;\qrs gpqrs)<rzg£RPA>\ Fl);ng) (452)
pqrs
ppers L[S gt g T sy
pqrs

These equations provide different ways to estimate the energy of a fully-correlated
many-electron system based on the adiabatic connection combined with ERPA. The
energy formulas are distinguished by the labels phERPA, hhERPA and ppERPA to
indicate the ERPA variant used to approximate the 2-RDMs, either the particle-

hole, hole-hole, or particle-particle approximation. The AC-ERPA energy expressions,
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EMhERPA and EPPERPA " are then alternatives to particle-hole AC-ERPA for adding
dynamic correlation to multideterminant wavefunction approximations. Mathematically,
there is no reason to prefer any of these formulations: which method works best will
depend on how accurately one can approximate the 2-RDM for each A value.

In particular, Eqgs. (4.5.2) and (4.5.3) for the hhERPA and ppERPA, respectively,
are equivalent even under the approximations considered (see the end of subsection
4.4.1). This arises because double-electron removal and double-electron attachment
are complementary solutions of the hh-ERPA equation. The equivalence in the
correlation energy obtained from the N — 2-electron and N + 2-electron processes was
been proven by Scuseria for pp-RPA [37]. We confirmed these results by implementing

both correlation energy formulas, Eqs. (4.5.2) and (4.5.3).

4.6 Examples

To show how AC-ERPA method can be used in practice, we derive explicit expressions
for a noninteracting reference wavefunction (Hartree-Fock) and for an interacting
Hamiltonian that captures static electron correlation (double occupied configuration

interaction, DOCI).

Hartree-Fock: If a noninteracting Hamiltonian is used as the reference Hamiltonian,
the ground-state wavefunction is a Slater determinant and AC-ERPA provides an
approximation to the correlation energy. While RPA is often used in the context of
Kohn-Sham density functional theory, we consider it in the context of the Hartree-

Fock method, ¥}=0 = ®#¥. The noninteracting Hamiltonian, the Fock operator, is
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defined by an effective one-electron Hamiltonian:

H=0 = "h)Cala, (4.6.1)

pq

h;q:o = hpy + Z < pr||gs > Vs

rs

The energy expectation value is the sum over the energies of the occupied molecular

orbitals:
occ

E)=0 = (®HF| =0 |pHF) th Yog = D€ (4.6.2)

7

This expression follows from using the above Hamiltonian definition, Eq. (4.6.1),

together with the HF 1-RDM elements given by:

Vpg = Nplpg (4.6.3)

The occupation number n, is 1 for occupied spin-orbitals and 0 for unoccupied
ones. Conventionally, these orbitals are labeled with indexes, ¢, 7, k,l and a,b,c,d,
respectively. In the case of HF, the 2-RDM has a simple structure and can be

expressed in terms of the 1-RDMs as:
FPQTS = YprVgs — VpsVqr (4.6.4)

As an independent particle model, Hartree-Fock does not account for electron
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correlation. The energy functional of this wavefunction model reads:

- Z h‘pq '.qu Z gpqrs pqrs

qu‘S
occ occ

—Zel——z<23||1j > (4.6.5)

where the second term in the last line corrects for double-counting of electron-electron
repulsion.
The correlation energy correction to this energy with the particle-hole-AC-ERPA

method can be evaluated as:

A A
EPhBRPA _ / d )\Z ;z)J\ths I‘gg’gRP N — YorYes + VosVar)

pgrs

- / dA Z gpqrs Z nv’)(nq - nS)C;r;ncg\s;n - nqéps(sqr + npnqépséqT)

pqrs n#0

= / dA Z gpqrs Z - nT)(nq - nS)c])o\r;nC(;\s;n + (np - 1>nq5p86q7')
pqrs n#0

= / dA Z pqgrs Z nT‘) (nq - nS)C}/)r;nC:}\s;n)
pqrs n#0

/ dA Z Goeh(ny, — 1)ny (4.6.6)

This results from (1) inserting into the AC formula Eq. (4.5.1) the 2-RDMs definitions
at A and A\ = 0 given by Eq. (4.4.7) and Eq. (4.6.4), respectively and then (2) noticing
that the fock operator, Eq. (4.6.1), does not have two electron interaction terms
(gpma = 0). The last two lines in the correlation energy formula, EZ"#RF4 have one

term involving a sum over the (positive) solutions to the ph-RPA equation and pure
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exchange term.

As it has been proven elsewhere [26, 38|, the particle-hole eigenvalue problem,
Eq. (4.4.2), by which the coefficients are evaluated along the perturbation path,
becomes the ph-RPA one, where the non-zero elements in A* and M matrices correspond
to excitations between occupied (i,j) and virtual orbitals (a,b) determined by the HF

reference:

Aéi,bj = 0ap0ij(€q — €) + A < abl|ij > (4.6.7)
Adip = A < ajllib> (4.6.8)
M p; = —0ab0ij (4.6.9)

Therefore, the particle-hole ERPA correlation formula, Eq. (4.6.6), is equivalent to the
one formulated by Toulouse, labeled the particle-hole RPAx-I [14, 39]. In this method
the antisymmetrized two-electron integrals appear in the RPA matrix equation but
not in the correlation energy expression.

On the other hand, taking the hh-ERPA correlation energy expression, Eq. (4.5.2),
and inserting Eq. (4.4.15) and (4.6.4) for the 2-RDMs at A and A = 0, leads to:

EMERPA _ — / d\ Z ;\qri FZZ{E;RPA A Yo Vas + VosVar)

pars
/ d)\ Z q7‘s Z np + nq - 1)(n7" + ns — 1)(Cz>)\q;n - c:z\p;n)(cv)‘\s;n - Ci\r;n))
pqrs
- 5/0 d)\annq Tnome = Togan) (4.6.10)
pq

Note that in the pp-ERPA approach the last term includes both coulomb and exchange

contributions, while in ph-ERPA (compare Eq. (4.6.6)) there is only an exchange
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contribution.

This hh-ERPA AC equation, Eq. (4.6.10), corresponds to the pp-RPA equation
derived by Yang and colleagues [28]. To see this, notice that, for HF, the hh-ERPA
matrix equation, Eq. (4.4.10), reduces to:

A} = —20u05(e + €;) + X < kl||ij >
AYycq = 260c6ba(€a + ) + A < cd||ab >

AN

Gap = —A< abl|ij >
M = 5ik5jz - 5il(5jk

Mab,cd - _<5ac(5bd - 5ad5bc)

where the non-zero elements in the LHS matrix A* includes terms involving only
occupied spin-orbitals (A;;x; associated with double ionizations), terms involving
only virtual orbital indexes (Agpcq; corresponding to double electron attachments)
and off-diagonal coupling terms between them (A;;.). These equations actually
correspond to the pp-RPA ones, although in our case, we derived them for the two-
electron removal process, instead of two-electron addition. Additionally, we did not
make the restriction that 5 > ¢ and b > a, thus leading to the factor of two in the
matrix elements A;; 5 and Agp cq.

The origin of the correlation energy added from ph- and pp-RPA methods lies
on the connection between the HF determinant and double excited configurations,
specifically through the off diagonal terms in the RPA matrix equations. Furthermore,
it has been proven numerically and analytically, the relation between ph-RPA and

pp-RPA and the ring and ladder coupled cluster double (CCD) approximations,
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respectively [37, 40].

DOCI: Finally, lets consider the case in which the ground state is described by the

double occupied configuration interaction model (DOCI):

K
|TgO) = >, cn | [ (ah, 0, ) 10) = [957°) (4.6.11)

mpe{0,1} X mp=N/2 p

where the product runs over all pairs of spin-orbitals K and m, denotes their pair
occupation number. DOCI is the only size-consistent configuration interaction method
and provides a good description of many static correlation effects, though it misses
most dynamic correlation. DOCI is an especially interesting model for static correlation
because while exact DOCI calculations are very difficult, there are several computationally
affordable approaches that give near-exact DOCI energies for many systems. Most,
but not all, of those approaches are based on (various parameterizations of) the
antisymmetric product of interacting geminals.

AC-ERPA can be used to estimate the residual correlation energy in DOCI wavefunctions

because the DOCI wavefunction is the exact eigenfunction of the pairing Hamiltonian:

Al 1
H = Z Z hppa;rag ap, + 2 Z Z gpqpqagzg GZT (g, Up,
o p

oT p#q

1
T3 Z Z Ipaapy, @4, p, g,

g pq

1
+ 9 Z Z gppqqaztoa;aqraqa (4.6.12)

o#ET Pq

where ¢ and 7 indicate the spin component of the orbital, o or 5. The expectation
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value of this Hamiltonian is a linear function of the DOCI 1- and 2-RDMs:

E/\ 0 __ <\;[]DOC'I|H)\ =0 |\IJDOC’I>

- Z Z e Z Z Ipapal pogrpoas

oT psﬁq

+5 Z Z Ipaap] pedogors + 35 Z Z IppagL pepraoar (4.6.13)

0#7 Pq

As a seniority zero wavefunction model (encompassing only electronic configurations
with all electrons paired), DOCI 1- and 2-RDMs have a sparse structure; - is a

diagonal matrix:

VTpotoe = Vpata = Tpsas = Mo Opg (4.6.14)

with n, between 0 and 1, while I' includes only the seniority two sector in the off-

diagonal (configurations with all but two electrons paired):

FPUPTQU‘]T - FPaPBQaQﬁ = Fpgpaq@qa (4615)
and the seniority zero sector in the diagonal:
Dpogrpoar = Upagapada = FPﬁQBPﬁQE
= FpaQBpaQﬁ = Fpﬁqapgqa (4616)

For DOCI, the correlation energy is numerically equivalent to the difference between
the energies at the fully and partially interacting limits: E. = E;~! — E;~°, since
for this wavefunction model the first-order correction to the energy, corresponding to

the expectation value of the exact Hamiltonian, H*=!, for the DOCI wavefunction,
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is equal to EPOY! = (U)=0|HA=H W70 = E2=° This happens because H*=! only
couples the seniority zero and seniority two sectors of the wavefunction.
Inserting the definitions of the Hamiltonian Eq. (4.6.12) and the RDMs into

Eq. (4.5.1), the fully correlated energy can be evaluated from the particle-hole channel
of ERPA through:

hERPA A=1 hERP A\ A=1 A=0
Ef _/ dAZ gqus gpqrs ngrs _/ d)\z gPCITS gpqrs qurs

pqrs pqrs
/ dA Z gg/a\qri - gpqrs (Z(’)’Lp - nr)(nq - ns)czi\r;ncé\s;n)
pqrs n#0

/ dA Z g;;\qﬁls gqus (npnq(sln’(;qs - nqaps(sqr)

pars

/ dA Z gpqrs gpqrs (Z(np - n?‘)(nq - ns)c]z))\r;ncgs;n> (4617)

pqrs n#0

where the second term in the first line and the elements in the third line vanish for
DOCI. The recovered correlation energy can thus be evaluated using terms associated
with the excited states’ transition density matrices integrated over the adiabatic
connection path.

The analogous result for the the hole-hole channel also has a simple form, given

by:

EthRPA

/ dA Z g]z);qri gpqrs Z(np + Ng — 1)(n7“ +ns — 1)(C]>o\q;n - C;\p;n)<c7)“\s;n - C?r;n)

pqrs n

(4.6.18)
Using either of the energy equations derived above, we expect to recover the
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missing dynamic electron correlation in the DOCI approximation. Vu et al. have
analyzed the performance of AC based on ph-ERPA for a variational 2-RDM DOCI
formulation [18]. However, to our knowledge, neither ph-ERPA for exact DOCI nor
pp-ERPA in the hole-hole channel has been studied.

4.7 Computational details

Restricted HF and DOCI results were obtained from PySCF quantum chemistry
package [41, 42]. Unless otherwise specified the cc-pVDZ atomic orbital basis set was
used [43]. Orbital optimization was considered with the DOCI model based on a
multi-configuration self-consistent field procedure (MCSCF) taking all electrons and

4 was used for the gradient and

orbitals as active. A convergence tolerance of le~
le™7 for the energy. When the scale of the problem permitted it, Full Configuration
Interaction (FCI) results were obtained from PySCF to be used as reference. For
larger problems, the heat-bath configuration interaction (HCI) wavefunction model
[8] was used, generated and optimized with PyCI [44]. The threshold €, used by the
HCI variational optimization algorithm, was set to 107%.

All of the following AC-ERPA results were obtained using our general implementation

of Eq. (4.5.1)-(4.5.3). The procedure we followed is outlined below and illustrated in

Fig. 4.1 :

1. Build the Hamiltonian for the non-interacting system H>=0 represented by its

one- and two-electron integral matrix terms.
2. Set the number of steps in the AC path between 0 and 1. At every X value:

(a) Build the AC Hamiltonian, Eq. (4.2.3), in terms of the linearly interpolated

142


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

one- and two-electron integrals, Eq. (4.2.4).

(b) Construct the ERPA eigenvalue problem (Eq. (4.4.3) for the particle-hole

ERPA, or Eq. (4.4.11) for the hole-hole/particle-particle variant).

(c) Solve the generalized eigenvalue problem. This step can involve inversion of

the metric matrix requiring a threshold to avoid numerical ill-conditioning.

(d) Select the solutions with w > 0 and ortho-normalize the eigenvectors. A
more general approach is to select the solutions with positive eigenvector
norm:

CXMC) >0 (4.7.1)

(e) Compute the transition matrices between the ground and excited states
(Eq. 4.4.5 or 4.4.13) and reconstruct the corresponding 2-RDM, T'* (Eq. 4.4.7

or 4.4.15, respectively).

(f) Evaluate the integrand (Eq. 4.5.1 or 4.5.2) from the two-electron integrals
for the real and model Hamiltonian systems (g*~! and g*=°, respectively),
the approximated 2-RDM, I'*, and the non-interacting system 2-RDM,
=0

3. Integrate over the AC path

All one- and two-electron integrals needed for steps 1 and 2a were generated by the
PySCF package and expressed in the molecular orbital basis. For the computations
based on the DOCI wavefunction model, the electron integrals representing the seniority-
zero Hamiltonians were expressed in the optimized orbital basis. For step 2b a spin-

adapted version of the ERPA equations was used. To handle potential singularities

143


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

in the metric matrix M, a 10~7 tolerance value was used with a Moore-Penrose
pseudo-inverse procedure in step (2c¢). For instance in ph-ERPA the singularities
can arise from orbital rotations (elements a;gaq) between orbitals with occupation
numbers close to 0.5. The matrix inversion algorithm effectively removes these terms
from the eigenvector solutions. It is worth noticing that as a result, the number
of eigenvectors included in the approximation of the 2-RDM at different coupling
values (step 2d) can differ and affect the quality of the results. Finally, for step
3, a Gauss-Legendre quadrature of order five was used to evaluate the adiabatic
connection integrand. Not that only singlet excited states contribute to the Hartree-
Fock correlation energy through ph-RPA. However, for ph-ERPA with DOCI as
the reference, and the procedures based on hh/pp-(E)RPA, both singlet and triplet

excited states contribute.

4.8 Results and discussion

To assess the accuracy of the hole-hole (and particle-particle) AC-ERPA approaches
for recovering electron correlation, we studied the symmetric dissociation reactions
of small model systems. For comparison purposes, the results from the particle-hole
AC-ERPA method are also included. Two wavefunction models are considered for the
zeroth-order description of the system: RHF and orbital-optimized doubly-occupied
CI (OO-DOCI). The AC-ERPA based methods are denoted as phDOCI for the ph-
ERPA with DOCI as the reference and hh/ppDOCI for the hh/pp-ERPA variant.
When RHF is the reference, these methods become the ph-RPA and hh/pp-RPA
approaches. These RPA methods are also known in the literature as ph-RPAx-I and

full pp-RPA, respectively. We will examine Hy, Hg chain, HF and N, to explore
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From PySCF/PyCI:
hA=l gh=1 40 T

Build A*=°
for A € [0, 1] Define H*
Generate ERPA equation at A
Find w) & C)
Pick w) > 0
and ortho-normalize eigenvectors
Evaluate TDMs Vn
and reconstruct T
Evaluate
Integrate over A _ — -
° Tr((gh! — g*=")(* — 1)
E.

Figure 4.1: General procedure for computing the correlation energy via AC-ERPA.

different bonding types. Results from FCI (or HCI) are referenced as (essentially)

exact solutions in the given basis set.
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H,

We begin by revisiting the dissociation of the hydrogen molecule, H, with ph-, pp-
and hh-RPA (Fig. 4.2). Panel 4.2a presents the total energies, while panel 4.2b shows
the errors relative to FCI, defined as the absolute value of the energy difference,
|E(method) — E(FCI)|. This reaction is a paradigmatic model used to test the
performance of wavefunction methods in different electron correlation regimes. The
goal here is to examine the behavior of the three RPA methods.

From Fig. 4.2a it is evident that the RHF wavefunction model (a single Slater
determinant) becomes extremely inaccurate as the H—H bond stretches. The difference
between the RHF and FCI curves increases with the bond length, exceeding 0.25
Hartree at the dissociation limit, taken here at 10A. At intermediate bond distances
the energy gap between the H, occupied and virtual molecular orbitals decreases
and the multirreference character of the wavefunction increases. Moreover, at the
dissociation limit, RHF fails to give the correct product (two isolated hydrogen
atoms), because it forces both electrons to occupy the same spatial orbital.

Adding the RPA corrections to the HF energy recovers some, but not all, of the
missing electron correlation for all bond lengths. Around equilibrium ( 0.8;1) where
RHF is qualitatively correct and the energy error is due to the absence of dynamic
correlation, the RPA methods describe the Hy molecule satisfactorily. The particle-
hole variant reduces the error to just 0.004 Hartree, whereas the hole-hole variant
reduces it to 0.016 Hartree. However, at intermediate bond lengths, RPA approaches
are still too repulsive. For these geometries, RHF does not account for the static
correlation effects (orbitals with fractional occupations) and assuming the constant 1-

RDM from RHF in the AC formula becomes a rough approximation. As expected, the
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hole-hole and particle-particle RPA curves are essentially indistinguishable, differing
only due to issues associated with numerical stability in the spin-recoupling region.
Compared to particle-hole, hh-RPA consistently recovers less of the correlation
energy. ph-RPA produces the closest energies to FCI, with differences below 0.1
Hartree across all bond lengths. Nonetheless, towards the dissociation limit, at 104,
all RPA variants significantly reduce the RHF error by roughly 0.1 Hartree (even more
for ph-RPA). Moreover, although, our results do not show this, it has been reported
that at longer bond distances, the RPA methods converge to the correct dissociation
limit [28]. DOCI is exact for all 2-electron systems, so using ph- and pp-ERPA to

correct the DOCI reference gives no correction for Hs.

HF
Next, we analyze another bond-breaking reaction: the dissociation of hydrogen
fluoride HF', a molecule that serves as a model for systems with ionic character. At
the dissociation limit, taken here as 7.0 a.u., HF dissociate into neutral hydrogen
and fluorine atoms, so there is a change from ionic- to covalent-like bonding with
bond stretching. In this case, we use DOCI to provide a better initial model. The
HF potential energy surfaces computed with DOCI, hhDOCI and phDOCI using the
6-31G basis set are depicted in Fig. 4.3. Panel 4.3a presents the total energies while
the energy differences relative to FCI, |E(method) — E(FCT)|, are presented in panel
4.3b. Here, the HCI results are used as the reference.
Since DOCI accounts for the static correlation necessary to describe the bond
breaking, it produces a dissociation profile with the right shape, unlike RHF in the
previous example (see Fig. 4.3a). However, DOCI is systematically above HCI due to

the lack of dynamic correlation contributions. This is corroborated by the substantial
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Figure 4.2: Dissociation curve of Hy in the ce-pVDZ basis set. (a) Total energies
and (b) energy differences (relative to FCI).
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improvement across all bond distances that both AC-ERPA based approaches yield.
The DOCI error decreases by approximately 0.03 Hartree with hhDOCI and 0.05
Hartree with phDOCI. Similar to the observation with H, case, phDOCI variant
recovers more dynamic correlation than hhDOCI.

While the hole-hole and particle-particle channels of ERPA are mathematically
equivalent, from Fig. 4.3a it is evident that they are not always numerically equivalent.
Removing this instability requires careful hand-tuning of the tolerance value used
to invert the metric matrix when solving the ERPA generalized eigenvalue problem.
Specially ppERPA appears to be sensible to these instabilities even near the equilibrium
bond length (around 2.8 a.u.). Removing instabilities from the metric matrix of
the ppERPA eigenvalue problem corresponds to removing problematic two-electron
addition operators (of the type a;f,ajz) from the linear expansion of the N + 2-electron
states. This in turn eliminates associated matrix elements from the lambda-dependent
transition pairing matrix entering the ppERPA approximation of the 2-RDM (see
Eq. 4.4.17). As a result, an unbalance between contributions to the correlation
energy from the perturbation dependent and independent terms in Eq. (4.4.17) can be
generated. The differences between hhDOCT and ppDOCT in the 2.2 to 4.0 a.u. region,
where the nature of the HF bond is changing, are likely due to incorrect inclusion of
(N + 2)-electron states in the sum over states for the hhERPA 2-RDMs Eq. (4.4.15),
while these states are omitted from the complementary equation Eq. (4.4.17).

Although the hhDOCI method still undercorrelates the electrons, the curve it
produces is qualitatively correct and in Fig. 4.3a appears parallel to the phDOCI and
FCI curves. It’s unsurprising, then, that the hhDOCI dissociation energy, estimated

here as the difference between the energy at 7.0 a.u. 1.8 a.u., is 205 mHartrees,
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which is almost as good as phDOCI (202 mHartree). By comparison, HCI gives 201
mHartree but the DOCI dissociation energy is relatively poor, 178 mHartree, due

mostly to the lack of dynamic correlation near equilibrium.

-99.85
-99.90 R
— v
N
L -99.95 D P e S-S p e P
+ -
o -
o
L —100.00 _
N’
5—100.05 —
o —e— DOCI
55 phDOCI
-100.10 —s— hhDOCI
—e— ppDOCI
—-—- HCI
-100.15 | V=3 e e
1.0 2.0 3.0 2.0 5.0 6.0 7.0
Bond distance (a.u)
(a)
0.10 ——
—e— DOCI
phDOCI
—=— hhDOCI |

e
(=]
&

ppDOCI

e
e
=
\

I

e
[=]
i

P P O S S A S P
.0 2.0 3.0 4.0 5.0 6.0 7.0

Bond distance (a.u)
(b)

Energy Difference with HCI (Hartree)

Figure 4.3: Dissociation curve of FH in the 6-31G basis set. (a) Total energies and
(b) energy differences calculated as the absolute value relative to HCI.
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Hg chain
The Hg chain is a classic strongly correlated model system where, conveniently,
DOCI is exact in the dissociation limit. Recall that the correlation energy is the

integral along the adiabatic connection path,
1
E. = / W (A)dA (4.8.1)
0

where the integrand as a function of the interaction strength, W (), is given by those
in the AC-ERPA equations, Eqs. (4.6.18) and (4.6.17). For a H—H separation of
1.04, DOCI provides a comparatively decent approximation with a energy 0.0308
Hartree above the FCI result (—3.3266 Hartree).

The contribution to the correlation energy by the hhDOCI and phDOCI methods
along the adiabatic connection path is presented in Fig 4.4. The correlation energy is
given by the area under the curves. In agreement with observations in the previous
examples, the dynamic correlation energy contribution from hhDOCI is substantially
less than that from phDOCI. The hhDOCI reduces DOCI error relative to FCI to
0.0216 Hartree, whereas phDOCI reduces the error to 0.0180 Hartree. Noticeably,
the hhDOCIT integrand is almost a linear function of the coupling parameter A. This
implies that fewer points along the AC path are needed to approximate the integral,

which reduces the computational cost of hhDOCI relative to phDOCI.

N,
Finally, we look at the dissociation of the nitrogen molecule N,, which is a classic
example of multiple bond-breaking, which is known to be a very difficult problem for

single-reference quantum chemistry methods. Figure 4.5a presents the dissociation
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Figure 4.4: AC integrand for the DOCI reference for Hg with H—H distance of 1.0A
using 6-31G basis set. The correlation energy is given by the area under the W (\)
curves. The hhDOCI underestimates the correlation energy relative to phDOCI.

curves for the DOCI, phDOCI and hhDOCI methods using the cc-pVDZ basis set.
Here, the HCI results are taken as the best approximation to the exact solution.

Both AC-ERPA methods accurately describe the Ny molecule around the equilibrium
geometry at 1.24 bond distance. For example, phDOCT has an error of only 0.028
Hartree above HCI, whereas hhDOCI has an error three times larger (0.084 Hartree)
at 1.1A (see Fig. 4.5b). However, the quality of the AC-ERPA deteriorates at
intermediate and stretched bond lengths (roughly above 1.5121), especially for hhDOCI.

The disappointing results can be attributed to the fact that DOCI, as a closed shell
wavefunction model, cannot properly describe the spin-coupling between open-shell
nitrogen atoms in the bond-breaking region of the potential energy curve. Consequently,
it is reasonable that using a constant 1-RDM and the zeroth-order 2-RDM in the

AC-ERPA equations is a poor approximation. Moreover, the differences in potential
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energy surfaces obtained from phDOCI and hhDOCI are more pronounced in this
system, with hhDOCI presenting a bump at intermediate bond lengths (roughly
between 2.0 and 3.5A4). Since, for the DOCI reference, the AC correlation energy from
ph-ERPA and hh-ERPA depends only on the respective transition density matrices
(Egs. 4.6.17 and 4.6.18, respectively), the notable difference in hhDOCT’s performance
suggests that the ERPA approximation to the resolution of the identity is poorer for
hhDOCIT than for phDOCI.

In summary, hhERPA methods provides comparable, but somewhat worse, results
than phERPA where dynamic correlation effects are prevalent (e.g. near equilibrium
geometries). Where static correlation is not completely captured by the DOCI reference,

phDOCI and hhDOCIT are both disappointing, but hhDOCI is substantially worse.

4.9 Conclusions

We propose alternative formulations to add dynamic correlation to multideterminant
wavefunction approximations based on the adiabatic connection approximation (Eqs. (4.5.2)
and (4.5.3)). The methods use the hole-hole and particle-particle channels of extended
random phase approximation to approximate the 2-RDM along the adiabatic connection
path. Specifically, resolutions of identity in terms of double electron attached (or
removed) states are used to rewrite the A-dependent 2-RDMs in the AC formula can
be rewritten in terms of pairing transition density matrix elements. These matrices
in turn are approximated to first order using hh/pp-ERPA (Eq. 4.4.10).

The correlation energy corrections via these alternative ERPA channels follow the

same approximations as the particle-hole counterpart [13]. Specifically, the 1-RDM is
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Figure 4.5: Dissociation curve of Ny in the ce-pVDZ basis set. (a) Total energies
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assumed constant along the adiabatic connection path and is taken from the zeroth-
order approximation. The pairing transition density matrices are approximated using
first-order excitation operators (e.g. Eq. 4.4.8), and the ERPA equations are evaluated
with the 1-RDM and 2-RDM at A = 0.

We assessed the accuracy of the AC-ERPA methods based on the hole-hole and
particle-particle channels using model systems with strong multiconfigurational character,
comparing our results against accurate results from FCI or HCI. Numerical analysis
confirmed the equivalence between the hh- and pp-AC-ERPA procedures. For the
Hartree-Fock reference, these two methods correspond to pp-RPA.

Unfortunately, the main problem with these new AC-ERPA approaches is that
they do not improve over the particle-hole variant in terms of accuracy or computational
efficiency. The computational cost of the AC-ERPA corrections based on the hole-
hole (or equivalently particle-particle) channel is similar to that of the particle-hole
variant, scaling as m® for m molecular orbitals. Furthermore, they share the same
limitation as the particle-hole AC-ERPA in that the best performance is achieved
when the zeroth-order wavefunction is a good approximation.

Nonetheless, these new formulations may still be valuable as alternative ab initio
methods for modeling electron correlation in molecular systems. They may be promising
in the correlation energy corrections for excited states, where particle-hole ERPA is
prone to breaking due to orbital rotation instabilities. Additionally, as extensions of
pp-RPA to correlated wavefunction models, their may be promising in the simulation
of dispersion interactions.

Philosophically, these approaches are appealing because, unlike most previous

approaches to correcting seniority-zero models, they do not freeze the seniority-zero
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sector of the wavefunction/reduced density matrix. The performance of these models
might be improved if we did not let them correct seniority-zero elements of the 2-
RDM, which are believed to be accurate in DOCI. However, we know that seniority-
zero sector should relax in response to dynamic correlation effects, and should not
be frozen. These ERPA-based approaches do relax the seniority-zero sector, but are

obviously not especially effective at doing so.
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Chapter 5

PyEOM: A software package for

equations-of-motion methods.

5.1 What is PyEOM?

PyEOM is an open source research-level library developed in Python for computing
electronic structure properties of excited states. As its name indicates, its structure
is based on the equations-of-motion (EOM) framework (see Chapter 2). It allows
its users to model electronic transitions, including one- and two-electron removal,
one- and two-electron attachment, and electronic excitations. By relying on reduced
density matrices (RDMs), PyEOM supports a broad variety of multireference wavefunction
approaches, including Configuration Interaction (CI) [1], Antisymmetrized Geminal
Products (AGP) [2, 3], and the Density Matriz Renormalization Group (DMRG)
[4, 5]. The residual dynamic correlation energy can be approximated through the
adiabatic connection approach combined with ERPA (AC-ERPA) [6].

As a tool developed for research, PyEOM favors a clear and simple implementation
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over optimized performance. We strive to ensure that the PyEOM source code itself
is comprehensively documented, including useful tests, scripts, and examples. The
computational cost of these methods scale as either the third or sixth power of the size
of the spin-orbital basis set; the memory demands are controlled by the need to store
several four-dimensional arrays. Both of these bottlenecks could be circumvented by
well-known strategies (e.g., iterative diagonalization and auxiliary basis sets) but we
judged that these innovations were undesirable for prototyping new methods, where

robustness, flexibility, and controlled errors are more important than performance.

5.2 Why PyEOM?

We started developing PyEOM because we needed to prototype and test new excited
state approaches based on the equations-of-motion method. Many ab initio packages
(Gaussian [7], Q-Chem [8], GAMESS [9]) support computation of excited states for
traditional wavefunction methods like Hartree-Fock (HF), CI, Coupled Cluster (CC),
and or Multi-Configuration Self-Consistent Field (MCSCF). However, closed-source
code, combined with abstract, highly optimized low-level implementations of ab initio
methods, often makes it cumbersome to understand, modify, or extend these packages.
We considered using other free and open-source libraries like PySCF [10, 11], GQPC
[12], and Psi4 [13] that have routines for several post-HF methods, provide necessary
inputs like the one- and two-electron integrals and the density matrices, and share
our philosophical preferences for the development of open-source software tools for
the scientific community. However, these packages tended to be monolithic and had a
steep learning curve, so we opted to build a compact, stand-alone, library to support

our research needs. As we felt our library could be useful to others, we decided to
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release it independently. By leveraging our EOM-based methods, researchers can
efficiently compute excited states from correlated wavefunctions, facilitating more
comprehensive electronic structure analyses.

PyEOM was designed to be integrated into Python scripting workflows with open
source post-HF packages such as PyCI [14], our robust library for configuration
interaction (CI) wavefunctions, PySCF, or GQCP. This integration ensures that
users can take full advantage of the existing functionalities in PyCI while extending
its capabilities for excited state computations. The following sections will present
the structure of PyEOM followed by examples showcasing its distinguishing features

(Section 5.5).

5.3 Intended user

Using PyEQOM requires familiarity with the fundamental concepts of electronic structure
theory. Additionally, users need some experience in computational electronic structure
theory, since an ab initio calculation (e.g, Gaussian or PySCF) is necessary to generate
input data. Extending the capabilities of PyEOM requires basic knowledge of object-

oriented computer programming in Python.

5.4 Structure of PyEOM

PyEQM is written entirely in Python, using NumPy and SciPy’s linear algebra routines.
Its source code can be accessed through GitHub at https://github.com/gabrielasd/
eomee, including tutorials, example scripts and scientific documentation.

PyEOM uses a class hierarchy to implement different types of excited states based
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on the equations-of-motion framework described in Chapter 2 [15]. Each method
can be implemented as a class definition, templated from an abstract base class.
Currently, there are five main excited-state classes that allow one to construct and
solve the EOM eigenvalue problem for a given molecular system (specified through
its Hamiltonian H and reference state RDMs) as shown in Fig. 5.1. These main
methods appear listed in Table 5.1, and are named, respectively, the Ionization
Potential (IP), Electron Affinity (EA), Double Ionization Potential (DIP), Double
Electron Attachment (DEA), and Excitation Energy (EE) EOM classes. Additionally,
for closed shell systems, pure singlet and triplet transitions can be computed using
subclasses of EE, DIP and DEA. These spin-adapted implementations of EE-EOM,

DIP-EOM, and DEA-EOM are the last six classes listed in Table 5.1.

Table 5.1: Supported EOM Methods.

Excited state GEVP Class

Y (5.4.5)  EE [16]
pN-1) (5.4.3) IP[17, 18]
PN+ (5.4.3)  EA [17]
YN=2) (5.4.5)  DIP
PN+2) (5.4.5)  DEA
U singlet (5.4.5)  EES
U triplet (5.4.5)  EET
UN=2) ginglet  (5.4.5) DIPS
WN=2) triplet  (5.4.5) DIPT
UN+2) ginglet  (5.4.5) DEAS
WN+2) triplet  (5.4.5)  DEAT

At present, the methods in PyEQOM are limited to those which can be fully expressed
in terms of the one- and two-electron reduced density matrices (1- and 2-RDMs) of

the (ground state) reference wavefunction.

168


http://www.mcmaster.ca/

Ph.D. Thesis — G.Sanchez-Diaz McMaster University — Chem & Chem Bio

EOMState

(Ees) (EeT) (DIPS) (DIPT) (DEAS] (DEAT)

Figure 5.1: PyEOM class inheritance diagram.

5.4.1 EOM state (EOMState) base class

All supported electronic transitions are based on the EOMState class. Within this
class, the Ath excited state wavefunction is defined as a linear combination of transition

T(£r)

operators, ¢n~ , applied to a reference N-electron state, ]\IJ(N )):

) Z Crndi ) BV (5.4.1)

T(£r)

The operators gr~ ', where n is a generic multi-index, form an (incomplete) basis for

the transition operator. In PyEQOM, the cjjl(i”) operators are approximated with strings
of the second-quantized operators for creating (a;) and annihilating (a,) electrons
from spin-orbitals. This general notation in Eq. (5.4.1) is used to provide a common
framework for electronic transitions, including those which change the number of
electrons. Usually, the reference state is chosen as the ground state, | (V) = |\IIE]N)>.

Analogous to CI methods, the parameters of the wavefunction, c,.\, are optimized

solving an eigenvalue problem,
AC, = AEMC, (5.4.2)

where the obtained eigenvalues, AF), correspond to the transition energies between
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the reference state and the Ath excited state AE\ = E)\—FEy. More explicit expressions
for A and M will be given in the next section, but, roughly, they correspond respectively
to matrix elements of a transition-energy operator and an overlap matrix, projected
onto the basis used to describe the final (post-transition) state of the system.

The base EOMState class allows us to construct and store the left- and right-
hand-side matrices of the eigenvalue problem, A and M, for different “flavors” of
electron transition. These matrices are stored as dense NumPy arrays and can be
accessed as attributes of the EOMState class. The total number of expected solutions

(£%) is an attribute of the class;

A, determined by the basis set of transition operators inL
this is important because the matrices are not always full rank. Additionally, the
solve_dense and solve_sparse methods of EOMState class implement solutions to

the generalized eigenvalue problem Eq. (5.4.2), using NumPy and SciPy, respectively.

5.4.2 Built-in EOM methods

PyEOM supports excited states based on the most common approximations to cjil(i’{),

as summarized in table 5.2:

Table 5.2: Excited states in PyEQOM.

Process Operator basis State

Electron removal (IP) ap, |\IJE\N_1)) =, Conlp |\I/(() )>
Electron attachment (EA) al \\IJ(ANH)) =, Cpaa) oMy
Double electron removal (DIP) apay \\IJE\N_2)> =g CoarAply |‘I/(()N)>
Double electron addition (DEA) alal |\I/E\N+2)) =2 e Cognahald |\I/(()N))
Electronic excitation (EE) alag \\IJE\N)> = > g Cran@hag (o™
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IP class: One-electron-removed states are described by the Ionization Potential (IP)
subclass of EOMState. The associated left- and right-hand side matrix elements have

the form:

<\IJ(()N) ain, [H’, an}

<\If(()N) )a:rnan

‘PSN)> = Apn(7,T)

\1ng>> = My (7, T) (5.4.3)

These terms can be evaluated using the reference wavefunction’s 1- and 2-RDMs and

the Hamiltonian operator’s one- and two-electron integrals.

EA class: The Electron Affinity (EA) subclass of EOMState stores the left- and right-

hand side matrix terms for the EOM of the form:

o

am [ H,a} ]

<\IIE]N) )amail

\1ng>> = My(7,T) (5.4.4)

This class represents electron attachment, and, like the IP class, the eigenvalue
equation can be expressed in terms of the reference wavefunction’s 1- and 2-RDMs
and the 1- and 2-electron integrals. These IP and EA approaches are also known
in the literature as the extended Koopman’s theorem (EKT) [17, 18]. IP-EOM is
exact for (a) all one-electron systems and (b) certain ionized states if the reference
wavefunction is exact (within a given basis); EA-EOM is only exact for the vacuum

(zero-electron) reference state.
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EE class: The Excitation Energy (EE) subclass of EOMState models electronic excitations

using left- and right-hand side matrices with the form:

<\IféN) [aLaq, []:I, aiarH ‘\IIBN)> = Apyrs(7, 1)

<\I/E)N) ‘ [azaq, aiar]

UG ) = Mygs(3,T) (5.4.5)

Instances of this class represent the particle-hole extended random phase approximation
(ph-ERPA) [16]. The EEm class inherits the EE method, and corresponds to changing

the metric matrix to Mp,,s = <\I/§]N) alagala,

\IJE)N)>. EE-EOM is exact only for

1-electron systems.

DIP class: One can describe two-electron-removed states using the Double Ionization
Potential (DIP) subclass of textttEOMState. DIP class implements the left- and right-

hand side matrix elements for the EOM of the form:

(0™ [afal, [, a00,] || 067) = Apga3,T)

UG ) = Mygs(3,T) (5.4.6)

The DIPm class inherits the DIP method, and corresponds to changing the metric

matrix to Mp,,s = <\IJ(()N)

a;agasaT \IJ(()N)>. In general, DIP-EOM is exact only for

2-electron systems.
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DEA class: Two-electron addition is modeled with the Double Electron Attachment

(DEA) subclass of EOMState, where the left- and right-hand side matrix elements are

<\I/E)N) [apaq’[ 1 Qg j«“‘\p > Apgrs(7,T)

(| ey ol

UG ) = Mygs(3.T) (5.4.7)

The DEAm class inherits the DEA class, and corresponds to changing the metric matrix

to Mpgrs = <\IJ(()N) apagalal

(()N)>. DEA-EOM is exact only for the vacuum (zero-

electron) reference state.

5.5 Using PyEOM

The following examples demonstrate how PyEOM can be incorporated into ab initio
computational workflows. The examples are based on the current version of the
package and will evolve with the package. Users are referred to the GitHub repository
and the PyEOM website for the most up-to-date documentation and examples. Here

we focus on PyEOM’s main features:
e specifying a molecular system

setting up and running EOM/ERPA calculations

processing results

estimating the residual correlation energy

adding new EOM methods
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Through these examples we use the Beryllium atom and H, chain molecule as simple
demonstration systems; the resulting calculations are easily performed on a laptop

computer.

5.5.1 Molecular system specification

PyEQM is intended to be broadly applicable to any many-fermion system; it does not
make any assumptions about the number of fermions, their interactions, or their
electronic state but instead relies on the user to provide the elements of the 1- and
2-body integrals and the 1- an 2-body reduced density matrices, denoted hypg, gpgrss
Vpq and I'pgrs, Tespectively. These parameters must be generated by external ab initio
packages, either from within the QC-Devs ecosystem (GBasis [19], ModelHamiltonian
[20], HORTON [21], PyCI [14]) or from external packages (PySCF [10, 11}, Gaussian
[7], etc.). These inputs are specified as 2- or 4-dimensional NumPy arrays. The
specific definition for these input variables is defined in the following subsections,

together with some associated utility functions.

Hamiltonian: PyEOM’s built-in methods are based on the Hamiltonian operator

expressed in second quantization as:

A 1
H = Z hpqa;r)aq + 5 ngqrsa;a;asar (551)
pq

pgrs
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where

A

o = [ 20 (—% =S Z—) Ya(x)dx (55.2)
1

Goars = / / GO 06002 (5.53)

define the one- and two-electron integral matrix elements in terms of the spin-orbital
basis x(x). The variable x denotes the combined spin and spatial coordinates of
the electron. Note that we use physicist’s notation to represent the two-electron
integrals, gpgrs-

The orbitals defining the Hamiltonian can be classified as: restricted, if an alpha
and beta pair of orbitals share the same spatial component; unrestricted, if the alpha
and beta pair have different spatial component; or generalized (spin-free), in which
the one-electron function can have a mixture of alpha and beta spin functions.

PyEOM methods are represented in the generalized spin-orbital basis but in quantum
chemistry computations typically a restricted or unrestricted orbital basis is used.
Restricted and unrestricted Hamiltonians can be expressed as generalized ones by
preserving the symmetry of the spin-orbital basis and setting mixed spin electron
integral components to zero. The following snippet of code shows how to use the
utility function spinize from the eomee.tools module to build spin-resolved electron
integrals h,, and g,q-s starting from the molecular orbital integrals from a restricted

HF calculation stored as NumPy arrays.

import numpy as np

from eomee.tools import spinize

one_mo = np.load("be_sto3g_oneint.npy")
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two_mo = np.load("be_sto3g_twoint.npy")

one_sp spinize (one_mo) # h_pq

two_sp = spinize(two_mo) # g_pqrs
The loaded arrays one mo and twomo have dimensions of the number of spatial
molecular orbitals, (k, k) and (k, k, k, k), respectively, while the spin-resolved electron
integrals one_sp and two_sp have dimensions (m, m) and (m, m, m, m), withm = 2xk

being the number of spin-orbitals.

Wavefunction: In PyEOM the N-electron ground state is defined through its one-
and two-electron reduced density matrices (RDMs), v and T', respectively, with matrix

elements given by:

N N
Ypg = <qjé )|a;;aq|\lf(() )>

N N
pors = (U5 |alal aga, [@57) (5.5.4)

For a single Slater determinant wavefunction (e.g., Hartree-Fock), the 1- and 2-RDMs
have a very simple structure and one can use the utility function hartreefock rdms
from the eomee.tools module to generate them from the definition of the number of
basis set orbitals and the number of alpha and beta electrons:

from eomee.tools import hartreefock_rdms

# HF 1- and 2-RDMs for Be in a minimal basis.
# I.e., 2 alpha and 2 beta electrons with 5 spatial MOs

rdml, rdm2 = hartreefock_rdms (5, (2, 2))

For other (variational) wavefunction methods, free and open-source electronic

structure packages such as PySCF, GQCP or PyCI can be used to obtain spin-resolved
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RDMs. Usually, for restricted and unrestricted post-HF wavefunction methods, only
the non-zero matrix elements are computed. The utility function spinize_rdms
can be used to reconstruct the generalized density matrices from the sub-matrices
corresponding to the non-zero spin-blocks of the 1- and 2-RDMs. These are: the
alpha-alpha and beta-beta spin-blocks in the case of the 1-RDM, and the alpha-
alpha-alpha-alpha, beta-beta-beta-beta and alpha-beta-alpha-beta four-dimensional

tensor blocks in the case of the 2-RDM:

import numpy as np

from eomee.tools import spinize_rdms

# Load 1- and 2-RDMs nonzero spin-blocks

dmlaa, dm2bb = np.load("be_sto3g_onedm.npy")

dm2aa, dm2ab, dm2bb = np.load("be_sto3g_twodm.npy")

# Convert from the unrestricted to the generalized format
rdml = spinize_rdms(dmlaa, dm2bb)

rdm2 = spinize_rdms(dm2aa, dm2ab, dm2bb)

When interfacing with external packages one must ensure that their definitions for

the 1-RDM and (especially) the 2-RDM matches the one in Eq. (5.5.4).

5.5.2 Running a calculation

Creating an EOM wavefunction: Once a Hamiltonian and its RDMs are defined,

an instance of an EOM method can be created using:

myeom = eom_method(one_mo, two_mo, rdml, rdm2)

print ("Number of solutions: ", myeom.neigs)

print ("Left-hand-side matrix: \n", myeom.lhs)
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print ("Metric matrix: ", myeom.rhs)

Here eom method denotes any of the built-in EOM classes listed in Table 5.1 since

they share a common interface.

Finding eigenvalues and eigenvectors: One then solves for the transition energies
(eigenvalues) and the associated transition operators (eigenvectors) using:

# Solve the EOM eigenvalue problem

ev, cv = myeom.solve_dense ()

print ("Excitation energies: ", ev)
The eigenvalues (and eigenvectors) are listed from smallest to largest. For some
EOM methods like the excitation energies EE, the spectrum has negative elements

(associated with de-excitations in EE-EOM) that appear first.

Example ionization energy calculation: The following example finds the ionization

potentials of the Beryllium atom using the Extended Koopmans” Theorem:

from eomee import IP

# Generate the EKT eigenvalue problem

ekt = IP(one_sp, two_sp, rdml, rdm2)

# Solve the EKT eigenvalue problem
ev, cv = ekt.solve_dense ()

print ("Ionization potentials: ", ev)

Example excited state calculation: Similarly, the excitation energies of Beryllium

can be computed using:
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from eomee import EE

# Generate the particle-hole EOM/ERPA eigenproblem

erpa = EE(one_sp, two_sp, rdml, rdm2)

# Solve the ERPA eigenvalue problem
ev, cv = erpa.solve_dense ()

print ("Excitation energies: ", ev)

If the HF density matrices were used, this calculation is equivalent to the time-
dependent HF (TDHF) method [22] also known as the particle-hole random phase
approximation (ph-RPA).

If only the singlet transitions were of interest, one can instead create an instance

of the class EES from the module eomee.spinadapted.particlehole:

from eomee.spinadapted.particlehole import EES

# Generate the singlet spin-adapted particle-hole EOM

pheom = EES(one_sp, two_sp, rdml, rdm2)

# Solve the spin-adapted ERPA eigenvalue problem
ev, cv = pheom.solve_dense ()

print ("Singlet excitation energies: ", ev)

This last method is only suitable for closed-shell systems like Beryllium.

5.5.3 Post-processing EOM results

Once the eigenvalues AF, and eigenvectors C, for a excitation process of interest

are computed, one can obtain the corresponding transition RDMs; these are the
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key quantities for evaluating oscillator strengths for the modelled transitions. The
transition RDM between the ground state, \If ) and the Ath (N —1)-electron excited
state, \I/E\ a ), is computed from the eigenvectors of the IP-EOM equation, c,.», as
follows:

T
Clp

(o

\Ing)> (5.5.5)

aq

) = 3 e (0o
q

These quantities are computed using the compute_tdm method of the IP class:

tdm = ekt.compute_tdm(cv[0])

In this example the transition matrix between the ground state and the first ionized
state is evaluated. This method is useful for post-processing. E.g., Fig. 5.2 depicts
the Feynman-Dyson orbitals for the two lowest ionization energies of CO. The orbital
amplitudes were obtained through an EKT calculation using the 1- and 2-RDMs from
a Heat-Bath Configuration Interaction (HCI) calculation with ¢, = 5 x 107* in the
6-31G basis set. The Dyson orbitals were then evaluated on a two-dimensional grid

of point using GBasis.

5.5.4 Correlation energy corrections

PyEOM also provides routines to compute the residual correlation energy for general
multideterminant wavefunction approximations using the AC-ERPA approach (see

Chapter 4):

E. = (W~ [H[¥5™) — (U~ H|¥5™)

/ Z gpqrs gprqs (F)\qrs - F)\qrg)dA (556)

pqrs
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Figure 5.2: Dyson orbitals contour plots from Extended Koopmans’ Theorem at the
HCI/6-31G level of theory for CO molecule. (a) o transition (b) 7 transition.

where gz))‘;i and g;‘;g are the two-electron integrals from the real and model Hamiltonians,

respectively, and ngrs and F;;(; are the 2-RDMs at every perturbation strength value

A and for the reference state, respectively.

The method eval_ecorr in the modules for the spin-adapted implementations of
EE, DIP, and DEA-EOM implements this equation. At present, PyEOM only supports
this functionality for closed-shell systems. To run this type of calculation the user

needs to specify:
(a) the Hamiltonian for the real/fully-interacting system (h1 and v1 array elements),

(b) the Hamiltonian corresponding to a given wavefunction approximation (h0 and

v0 arrays)
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(c) the 1- and 2-RDMs for the approximate wavefunction (rdm1 and rdm2 arrays).

In the cases where the model system is described by the HF or the doubly-occupied
configuration interaction (DOCI) wavefunction approximations, PyEOM provides utility
functions make spinized fock hamiltonian and make doci ham spinized to help
build the necessary one- and two-electron integrals (part (b)). For example,

1 from eomee.tools import make_spinized_fock_hamiltonian

N

5 # Build the Hamiltonian for the HF wfn (Fock operator)
4 hO, vO = make_spinized_fock_hamiltonian(one_mo, two_mo)
Other model Hamiltonians such as the Pariser-Parr-Pople [23, 24], Hubbard [25],
Hiickel [26], Heisenberg [27], and Richardson-Gaudin [28, 29] model Hamiltonians are
available through the ModelHamiltonian package [20].
The following example showcases this method for the correction based on the
particle-hole ERPA approach:

1 from eomee.tools import spinize, hartreefock_rdms

V]

from eomee.tools import make_spinized_fock_hamiltonian

3 from eomee.spinadapted.particlehole import eval_ecorr

5 # 1) Load the electron integral matrices

6 one_mo = np.load("h4_chain_1.40_631g_oneint.npy")
7 two_mo = np.load("h4_chain_1.40_631g_twoint.npy")
8 hl = spinize(one_int)

9 vl = spinize(two_int)

11 # 2) Build Hamiltonian at lambda=0 (Fock operator)

12 hO, vO = make_spinized_fock_hamiltonian(one_mo, two_mo)
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# 3) HF 1- and 2-RDMs in molecular orbital basis

nelecs = (2,2) # number of alpha and beta electrons
nbasis = one_mo.shape[0] # number of molecular orbitals
rdml, rdm2 = hartreefock_rdms (nbasis, *nelecs)

# 4) Compute the correction to the HF energy

ecorr_hf = eval_ecorr (hO, vO, hl, vl1, rdml, rdm2)

print ("Correlation energy = ", ecorr_hf)

The AC-ERPA correction (via the particle-particle channel) can also be computed if

the same function from the eomee.spinadapted.holehole module is used instead.

5.6 Extensions to PyEOM

To add new methods to PyEOM, the base class EOMState must be subclassed. This
procedure requires the methods neigs, _compute lhs and _compute rhs specifying
the number of excited state solutions and the expressions of the matrices A and M,
respectively, to be defined. For instance, the code snippet below implements a new

flavor of EOM to compute (N — 1)-electron states following the matrix expressions:

Apn(7,T) = <\IJ(()N)Hajn, []:I’ an} }‘\IléN)>

- Z P Ymqg — % Z(gnqrs - gnqST)qu”’
q

qrs

M (7, T) = <\I/§)N) ainan \IJéN)> = Ypq (5.6.1)

from eomee.base import EOMState
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class IPa(EOMState):

def neigs(self):
# Number of eigenvalues and eigenvectors expected
# from full matrix diagonalization

return self._n

def _compute_lhs(self):
# Define the matrx A as a function of one- and
# two-electron integrals and DMs
# A_mn = -h_nq \gamma_mq - 0.5 <nql||rs> \Gamma_mqrs
one_body = np.dot(self._dml, self._h)
two_body = np.tensordot (
self._dm2, self._v, ((1, 2, 3), (1, 2, 3))
)

two_body *= 0.5

+
]

two_body one_body

return -two_body

def _compute_rhs(self):
# Expression for matrx M as a function of one- and
# two-electron integrals and DMs

return self._dmi

McMaster University — Chem & Chem Bio

5.7 Summary

This chapter introduces PyEQOM, a library for developing new EOM-based excited state
methods. The creation of PyEOM was motivated by our desire to model electronic

transitions using multireference wavefunctions and the equations-of-motion ansatz.
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The distinctive feature of PyEOM is that multiple excited state properties (e.g. ionization
potentials, electron affinities and excitation energies) are treated using a unified
framework, simply by providing the information about the system (specifically, its
1- and 2-electron integrals) and reference state (specifically, its 1- and 2-RDMs) of
interest. With this framework, it is easy to implement new EOM approaches and
ERPA approaches, as demonstrated in section 5.6. Our hope is that PyEOM will
help researchers quickly test ideas for new correlated electronic structure theory
methods and, to achieve this goal, PyEOM contains several methods that can be
combined with one another. Future work will focus on performance improvements
and methodological extensions, especially to EOM methods relying upon higher-order

reduced density matrices.
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Chapter 6

Conclusion

6.1 Summary

Developing ab initio methods for excited states is challenging, especially for strongly-
correlated systems. This thesis explores approaches to molecular excited state properties
that are computationally efficient, yet applicable to strongly-correlated systems. Specifically,
we explore strategies that combine the fundamental Equation-of-Motion (EOM) approach
with the types of correlated wavefunction ansétze that are suitable for strongly-
correlated systems, and assessed these strategies for neutral and ionic excited states.

To control the computational cost, excited-state wavefunctions are generated from a
reference (typically the ground-state) wavefunction through the action of a transition
operator expanded in some suitable, but small, basis set for the excitation process

of interest. By suitably truncating the basis set for the transition operator, we can
model excitation processes from the ground state’s 1- and 2-RDMs; the resulting EOM
methods can be applied to any wavefunction method that provides these quantities,

including the wavefunctions of highly-accurate ab initio approaches.
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Chapter 2 examines the theoretical background and accuracy of various excited-
state methods within the EOM framework. Taking the simplest basis set approximation
to the transition operator together with various (in principle equivalent) EOM eigenvalue
problem formulations, the working equations to optimize the parameters of the excited-
state wavefunction are derived. This leads to traditional approaches such as the
extended Koopman’s Theorem (EKT) for ionization energies as well as new /alternative
expressions. For example, in analogy to the particle-hole extended random phase
approximation to obtain electronic excitations from correlated ground state wavefunctions,
an expression for the process of double ionization, labeled hole-hole ERPA, is derived.
In addition, the accuracy of different EOM formulations for the processes of ionization,
electron excitation, and double ionization is compared. In all cases, the excited states
are determined by diagonalizing the transition-Hamiltonian in the basis of excited
configurations generated from the ground-state wavefunction. We observed that in
general established approaches produced better results for the transition energies
considered (i.e., lowest ionization potentials, excitation energies and double ionization
energies).

The approaches presented in Chapter 2 are best suited for ab initio methods
relying on variational optimization of the wavefunction. In these cases, obtaining
the ground state 2-RDMs is usually straightforward. However, for non-variational
wavefunction methods, such as coupled cluster or geminal product approximations
that rely on a projected formulation of the Schrodinger equation, the transition
reduced density matrices are more accessible. Chapter 3 extends the Flexible Ansatz
for N-electron Configuration Interaction (FanCI) framework for multideterminant

wavefunctions to electronic transitions based on EOM; we call the resulting approach
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FanEOM. The proposed method leads to an overdetermined system of equations that
can be cast into a rectangular generalized eigenvalue problem. However, in general,
solving rectangular eigenvalue problems is rather difficult. Among the methods we
explored for solving the FanEOM eigenproblem, left-multiplying by the conjugate-
transpose of the right-hand-side of the equation and solving the eigenproblem in the
least-squares sense gave the best results. Since the FanEOM eigenvalue problem is
not symmetric, complex solutions are possible, though we did not find the imaginary
part of the eigenvalues to be significant for the systems we tested.

In Chapter 4 we explored using the EOM framework to estimate the residual
dynamic correlation energy in correlated wavefunction methods. For example, we can
use the hole-hole/particle-particle channel of extended random phase approximation
(ERPA) from chapter 2 to approximate the 2-RDMs along the adiabatic connection
path. By employing a resolution of identity in terms of double electron removed
(or attached) states, the A-dependent 2-RDMs in the AC formula can be rewritten
in terms of pairing transition density matrix elements. These matrices are in turn
approximated using hh/pp-ERPA. The correlation energy corrections via this alternative
ERPA channel follow the same approximations as the particle-hole counterpart [1].
Our numerical performance assessment indicated that, in general, less of the residual
(dynamic) correlation was recovered by the hole-hole ERPA, and particle-hole ERPA
should be preferred.

In order to perform the computational tests discussed in chapters 2-4, I was
actively involved in the development of software, including PyCI [2], a Python library
for (parameterized) configuration interaction calculations and AtomDB, a database

of atomic reference data. In addition to these collaborative efforts, I developed
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the PyEOM library discussed in chapter 5. PyEOM is based on the unified EOM
framework presented in Chapter 2. Its goal is to facilitate studies like those in this
thesis, where different formulations of the EOM problem are explored, rather than
provide production-level EOM calculations. PyEOM is well-suited to its intended user
base because of its modular design, clear and simple implementation, and thorough
documentation. PyEOM is designed as a flexible post-processing tool for almost any
electronic structure package, allowing users to model a wide variety of electronic
transitions and a variety of other dynamic properties (e.g. oscillator strengths) for

post-Hartree-Fock methods where the 1- and 2-RDMs are available.

6.2 Future work

The work presented in this thesis lays a robust foundation for several avenues of future
research and development. Here, we outline some potential directions for extending
and enhancing the methodologies developed in this thesis:

Using the EOM formulations presented in Chapter 2, various properties of neutral
and ionized excited states can be evaluated from the correlated ground state’s 1- and
2-RDMs. Consequently, these EOM methodologies can also be applied to assess
other properties relevant to molecular reactivity in strongly correlated systems, such
as the chemical potential, chemical hardness, and polarizability [3-5]. We performed
some preliminary computations of spin-polarized chemical reactivity indicators used
to describe radical reactivity, with promising results. Further studies along these lines
are certainly warranted.

Among the unconventional EOM methods we explored, the most interesting results

corresponded to the IPa approach for ionized states. This method, based on the
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examples studied in Chapter 2, provides qualitatively good results using only the
1-RDM of the reference ground state. IPa seems promising as an efficient alternative
to the extended Koopmans’ theorem (EKT), especially for post-processing methods
where the 2-RDM is not readily available. We would also like to use the left-hand side
of the extended Koopmans’ theorem and extended Random Phase Approximation,
related to the orbital Lagrangian and Hessian, for orbital optimization [6, 7].

In Chapter 2, we looked at several EOM formulations for neutral and charged
excited states, but we limited ourselves to transition operators that involved a product
of at most two creation/annihilation operators. This restriction controlled the cost of
the calculations and ensured that only the 1- and 2-electron reduced density matrices
were needed. To improve the accuracy of the EOM methods, particularly the double
ionization EOM approach (labeled as the hole-hole ERPA), a straightforward solution
would be to introduce terms that depend on three or four creation/annihilation
operators [8, 9]. Alternatively, using the 3-RDM and the same transition operators,
the basic form of the EOM could be used, so that the killer condition does not need
to be invoked [10]. Techniques such as cumulant reconstructions of the higher-order
RDMs could be used to reduced the additional cost that would be incurred were the 3-
and 4-RDMs evaluated directly. Note, however, that the 3- and 4-RDMS have simple,
easy to compute and store, forms for seniority-zero wavefunctions, making it feasible
to include more complex transition operators and/or avoid the killer condition for
seniority-zero theories [11-13].

In Chapter 4, the AC-ERPA methods assume a linear dependence with the interaction
strength parameter of the adiabatic connection Hamiltonian and a constant 1-RDM

along the adiabatic connection path. Future work could explore adiabatic connections
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like the Harris-Jones path [14]; that would allow us to relax, or perhaps even eliminate,
the assumption that the 1-RDM remains constant. Other nonlinear parameterizations
of the Hamiltonian, associated with generalized adiabatic connections, can also be
used [15]. Additionally, inspired by the recent work of Knowles, better zeroth-order
Hamiltonian approximations with a desired functional form could be determined [16].
Such explorations may lead to new insights and improvements in the accuracy of the
correlation energy correction through the adiabatic connection methods.

At the moment, the EOM package uses a generalized implementation of the
working equations for the excited state approximations in Chapter 2. However, the
consequent need to store multiple high dimensional tensors (e.g. the two-electron
integrals and 2-RDMs) causes poor memory scaling. We can reduce the time and
memory requirements of EOM methods using a restricted form of the EOM working
equations. Alternatively, we can use tensor/array compression techniques such as

density fitting and Cholesky decomposition [17, 18].
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Appendix A

A.0.1 Electron affinity from extended Koopmans’ theorem

Inserting the definition of the one-electron addition operator A;rl, Eq. 2.3.9, into the
EOM equation 5.4.3 results in an analogous EKT equation for the process of electron

attachment:

UN | [H, ol [|T) e = AEN U amal [U2Y cpn; Vm (A.0.1)
{ )

n n

where AEﬁV ~! represents the electron affinity. The terms are defined as follows:

Ay = <\Ifé\7’am []:I,a;rl} \I/év>
1
= o+ 3 (mal15) e = 3 g tm = 5 D (Pallsm) Dy (A.0.2)
qs P pgs
M = (V¢ |amal,| ¥
= Sy — Yoo (A.0.3)
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Here, the left-hand-side matrix, A,,,, includes the one-electron integrals h,,, two-
electron integrals (pq||rs), and the one- and two-electron reduced density matrices
Ypq and I'pgrs, respectively. The metric matrix M,,, is the overlap matrix between
the N + 1 electron configurations generated from the ground state by the basis set of

creation operators that define the one-electron addition operator Qf{l

A.0.2 Other Equation-of-motion formulations for ionization
potential

Different variants of the Equation-of-motion (EOM) approach can be employed to
compute ionization potentials (IPs, see Chapter 2). Based on the anticommutator
form of EOM that excludes the killer condition on the right-hand side, Eq. 2.2.18,

one obtains:

\pgy> o = MBS (U ah 0 [ BN e Vi (A.0.4)

n

and similarly, for the nested commutator form 5.4.5:

>

n

[ain, [I:[, anH “I/év> Cox = AEN ! Z (U |al an| U con; ¥Ym  (AL0.5)

These approaches will be labeled as [Pam and [Pcm respectively. They differ from
the IPa and IPc methods described in Chapter 2 in the metric matrix on the RHS,

which now corresponds to the one-electron reduced density matrix (1-RDM).
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A.0.3 Particle-particle extended random phase approximation

(pp-ERPA)

Taking the double-electron attachment operator Eq. 2.3.37 with the commutator form

of the EOM, Eq. (2.2.17), leads to the pp-ERPA equation:

[akal, ajaﬂ \I/év> Cijin; VK, 1

> (i

ij

[akal, [I:], aga;” ‘\I/év> cijin = AE) Z <\I/év
1j
(A.0.6)

where:

Akl,ji = <\I/év‘ [akal, |:}AI, ajaj” “Ifév>

= 20k — 2hii015 + 2hpiyi — 2hiyjn + 205 Z PpiYpe + 2013 Z Py Vi

p p
+ (TR[[ig) + ) (qllig) vae — Y (qkllig) va + 2 (k]G var
q q T
+ 201 Z Var (Gl |jT) — 261 Z (gk||5r)
qr qr
+2> (qlllir) Tojen — 2 ) {qkllir) Tgjm
qr qr

+ 0 Z (Pqlljr) Tpgric — O Z (pallgr) Tpgr (A.0.7)

pgr pgr
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Ukl,ji = <\IJ(])V‘ [akal, ajaﬂ

\I/év>

= 0i10jk — Oir0j1 + Oir Vi1t — OaVik + 0j1ik — OjkYil (A.0.8)

A.0.4 Commutator identities

Given the transition operator ( Af”)f and its complex conjugate @f"‘, the following

commutator identity holds:

o= (ot fos o) o) (. o)

+ <\pgy‘ [( =) [fHH ‘\1/6\7> (A.0.9)

Similarly, for the anticommutator, the identity is given by:

o= (| [asm @] [[wr) - (o[ [m.05)) o)

+ <\If{¥ [ JEn {( Afﬁ)hﬁf”J@@ (A.0.10)

These relations justify the presence of complementary pairs of eigenvalues in the

solutions of the commutator and anticommutator forms of the equation-of-motion

described in Chapter 2.

A.0.5 Additional data

In this section, we provide additional ionization potential data for the test set of
second-row atoms (He, Be, C, Ne) and the 1,3-dipolar molecules, computed using the
different forms of EOM (EKT, IPa, IPc, IPam, IPcm) with Heat-bath Configuration

Interaction (HCI) reduced density matrices. The HCI ground state is not an eigenfunction
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of the Hamiltonian operator; as a result, the EKT and IPc left-hand-side matrices
are not Hermitian. The effect this has on the computed ionization potentials can be
assessed based on the results in table A.2. This table presents the lowest ionization
energies for the test set of atoms and molecules evaluated using symmetrized forms of
the eigenvalue problems (e.g., Eq. 2.2.24) for the electron removal operator Eq. 2.3.3,
labeled as EKT1/2 and IPc1/2.

Table A.1: Lowest ionization potentials (in eV) computed from 1- and 2-RDMs at
the aug-cc-pVDZ HF (KT) and HCI levels (EKT, IPa, I[Pc, IPam, [Pcm)

Label KT 1P 1Pa IPc  IPam IPecm HCI

He 1s 2496 24.36 2488 26.96 25.09 26.69 24.36
Be 2s 842 929 762 11.89 842 10.62 9.29
C 2p 11.78 11.09 11.68 13.63 11.89 13.33 11.07
Ne 2p 2321 2149 23.68 27.04 2393 26.64 21.49
NNO 2 13.40 11.61 13.10 17.16 13.44 16.65 12.06
NNNH 47 11.01 11.22 10.73 14.48 11.00 14.05 10.10
HCNO 2r  11.09 1091 10.87 14.82 11.19 14.28 10.29

HCNNH dm 954 864 927 1283 9.52 1239 893
H,CNCH  4rw 857 988 827 11.55 850 11.18 8.02

Table A.2: Lowest ionization potentials (in eV) computed from 1- and 2-RDMs at
the aug-cc-pVDZ HCI level (EKT, EKT1/2, IPc, IPc1/2)

Label EKT EKT1/2 IPc IPcl/2

He 1s 2436 2436  26.96 26.96
Be 2s 9.29 9.29 11.89 11.89
C 2p 11.09 11.09 13.63 13.63
Ne 2p  21.49 21.5 27.04  27.04
NNO 2 11.61 7.45 17.16  17.16
NNNH 4 11.22 9.56 14.48  14.47
HCNO 2 1091 10.52 14.82  14.82

HCNNH 4m 8.64 9.51 12.83  12.82
H,CNCH  4rx 9.88 5.15 11.55 11.55
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