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ABSTRACT

In this thesis, we investigate full-wave hybrid Conjugate Gradient - Fast
Fourier Transform ( CG-FFT) methods for analyzing microstrip arrays. In partic-

ular, we investigate spectral preconditioning with the CG-FFT methods.

First, a general scheme is introduced for implementing CG-FFT usiug the
spatial discretizat® u. In comparison with other schemes, the proposed one jields
grealer accuracy and has higher efficiency because no finite difference approxima-
tions are involved, all the aliasing and truncation errors are eliminated and the

size of the zero padded region is kept Lo a minimum.

A hybrid full-wave CG-FFT method is then developed for analyzing mi-
crostrip structures. It combines the proposed CG-FFT scheme and the full-wave
complex discrete image technique. With this combination, the spatially discrete
scheme is realized which can be used for microstrip structure analysis without
losing any full-wave information, while ai the same time, measuring only minor
computational cost and errors. Therefore the merits of the proposed scheme are

extended to microstrip problems straightaway.

To further improve the rate of convergence for the CG-FFT method, a new
highly efficient spectrally pt‘GCOﬂfl@iOi]&d CG-FFT method is introduced. This
technique takes full advantage of the FFT by constructing the special forms of
preconditioners and performing the preconditioning in the frequency domain. It
uses no any additional memory and only O(NIE)gN ) additional operations for con-
structing and storing the preconditioner. At the same time it has superior cc;-u-
vergence properties compared with the conventional CG-FFT method and other

existing preconditioned methods.

\
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The hybrid CG-FFT algorithm developed in this thesis is easily interfaced
to UNIX simulation software, including a draw editor and an automatic mesh gen-
erator. Using this software, we carry out numerical analyses of glifférent types of
microstrip antenna arrays. The analyses are corroborated by éx])erimentzml mea-
surements. A number of array parameters and boundary effects are studied. These
are of interest to antenna design engineers, which include: (1) effect of the finite
size of arrays, (2) eflect of array shape, (3) spurious radiation from the array fecd
structures, (4) current distributions on the elements, (5) input impedance and (6)
array radiation patterns. Conclusion and discussion are addressed. The perfor-
mance capabilities of the hybrid full-wave CG-FFT method are demonstrated by
a modeling study of very large microstrip reflectarrays. Proposals are made for an

improved design for the large array, based on the results of the stimulations.

Ay
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The Hybrid CG-FFT Method



Chapter 1

Introduction

1.1 Background

Microstrip antennas have been the locus of considerable interest by the antenna
community in recent years. A great deal of work has been carried out, both in
developing available models and in developing techniques for designing microstrip

array antennas.[1] [2]

The concept of a microstrip antenna was first introduced in the 1950°s [3].
This type of antenna began to altract more and more attention from researchers
after the 1970%. The basic configuration of a microstrip antenna is a metallic layer
printed on a thin dielectric substrate with a metallic ground plane. The antenna
can be fed in different ways, such as with a microstrip line {rom the side, coaxial

cable or coupling aperture from the back.

The advantages of microstrip antennas include low-profile, low-weight, low-

cost, ease of integration into arrays or with microwave integrated circuits (MIC)

2.



L1, BACKGRGIIND .. 3

and polarization diversity. These merits give microstrip antennas promising appli-

cations in both the military and the commercial world.

The disadvantages of microstrip antennas include narrow bandwidth, spu-
rious radiation from feed structures, poor polarization purity, limited power ca-
pacity, etc. Another disadvantage is that mathematical models of the microstrip
antennas have not yet reached a state of maturity, and thus there are few robust
and versatile analytical models available for design engineers. In order to satisly
demanding system requirements, much of the recent work has gone into develop-
ing ways of overcoming these problems. These studies include the development,
ol novel microstrip antenna configurations and the development of acenrale and
versatile analytical models for understanding, and furthermore, for designing and

ophimizing the performance of microstrip antennas.

The objective of the study of microstrip antennas undertaken in this thesis.

is to develop an efficient and robust model for simulating large microstrip arrays.
We will first explore and then develop the hybrid Conjugate Gradient - Fast, Fourier
Transform (CG-FFT) method. This technique will be shown to be versatile, ac-
curate and efficient. Further, it will be shown that this technique can be used for
studying large microstrip planar structures; in particular, large microstrip arrays.
The demonstration of the capability of the hybrid C '.‘1"-1717"]“ will be carried out by
applying it to several types of microstrip antenna arrays. Finally , a new spectrally
preconditioned CG-FFT method will be presented. It will be shown to provide a

considerable improvement in the convergence performance of the conventional CG-

FFT method.

Before we proceed with the details, we shall carry oul a review of the

analytical techniques used in modeling microstrip antennas in Section 1.2 and 1.3,
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A description of the scope of the chapters will be given in section 1.4.

1.2 Methods Used for Microstrip Antenna Anal-

ysis

With a good antenna model one should be able to calculate all the necessary pa-
rameters of the antenna (impedance, gain, pattern, etc.) The simulation results
should be acenrate enough for design purposes, while at the same time, the proce-

dure for arriving at the solution should be as simple as possible.

Belore computers were as widespread as they are today, antenna analysis
was limited to geometries that were amenable to analytical solutions. With the
advent of easy access to computers, software programs have been developed which
provide fairly accurate simulations{g\f wire, reflector, horn and waveguide slot an-

“tennas. Compared to these types of antennas, the analysis of microstrip antennas

is much more complicated, and still needs improvement.

The microstrip antenna models that have been developed to date can be
classified into two categories; which are: (1) simplified, or empirical models and

(2) full-wave analytical models.

The Empirical Models maintain simplicity at the expenses of accuracy or ver-
satility. Phenomena such as surface wave propagation and dispersion are generally
not included in these models. They can yield reasonable results at microwave fre-
quencies but completely unacceptable results in the millimeter-wave band. Within
the empirical models, the transmission line model (TLM) and the cavity model

(CM) are the most useful.[4] [5] [6]
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The full-wave analytical models numerically carry out an exact solntion of
Maxwell’s equations without the use of approximations as in the case of empiricil

models. Some features of full-wave analyses that are of interest include:

¢ accuracy: full wave analyses provide accurate results when used to calculate

input impedance , mutual coupling, RCS, etc.

o completeness: full-wave solutions include the effects of the surface wave,

space wave radiation and external coupling.

* versatility: full-wave solutions can be applied to microstrip elements and
arrays with arbitrary shapes, various types of feeding structures, multilayer

geometries and different types of substrates.

¢ computational complexity: full-wave analyses are numerically intensive and
require careful programming so as to be computationally accurate and offi-

cient,

They can generally be categorized into two basic groups. (1) dilferential

equation methods; (2) integral equation methods.

The Finite-Difference Time-Domain (FDTD) Method 7] is a differential
equation method. In this method, both the temporal and spatial partial deriva-
tives in Maxwell’s equations are approximated by finite differences and the resul-
tant equation is solved to find the field distribution as a function of space and
time. The advantage of this method is that the algorithm’s implementation is very
straightforward and there is no need to invert large matrices as is generally the
case for integral equation methods. Also, one calculation yields a response over

a very large frequency range. However, because the technique solves for hoth the
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clectric and magnetic lields in a three dimensional space, the number of unknowns
is substantially larger than in the case of integral equation methods. In addi-
tion, absorbing boundary conditions (ABC), which are used in FDTD to reduce
an open-system to a finite-region problem, are only approximate conditions and
may lead to unstable solutions. Furthermore, a considerable time sequence of data

must be continuously stored.

The algorithm developed in this thesis is based on the integral equation
method. In this model, it is usually assumed that the substrate is infinite in extent
in the lateral directions. The proper boundary conditions are enforced at the air-
dielectric interface. By using the exact Green’s function lor the dielectric substrate,
space wave radiation, surface wave radiation, dielectric loss, and mutual coupling,
internally and externally, are all included in the model. Therefore, this model is
very accurate and versatile. But the computational cost is high. In this model,
the electric or magnetic current distribution on the antenna elements and feeds
are the unknowns to be solved instead of the electric or magnetic field components
outside of the microstrip as is the case with FDTD modeling. Generally, the
microstrip structure consists of very thin metallic surfaces, therefore, the current
distributions are located on a 2-D surface, which result in much smaller number
of unknowns compared with FDTD. This method generally employs the electric
feld integral equation (EFIE) or the magnetic field integral equation (MFIE) to
solve the unknown current distributions [8] [9]. This is done by expanding the
currents by a set ol basis [unctions, then using a set of weighting (test) functions
to discretize the integral equation. The key steps in this model are (1) the choice of
the basis functions and test functions; (2} the evaluation of the impedance matrix

elements.
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The evaluation of the impedance matrix elements involves the integration
which is given in 2.5. Since the evaluation of this integral involves surlface wave
poles, a slowly converging integrand, and the possibility of singularitics associated
with source points, it requires very careful treatment. It is also the most time-
consuming part of the solution. Because of the different treatment of the im pedance
matrix Z,, ., the integral equation methods can further be categorized into spatial-

domain methods [9] and spectral-domain methods {10].

1.3 Use of Efficient Iterative Methods for EM
Analysis

In the couventional integral equation methods, characterized by the Method of
Moments (MoM), the discretization procedure that is used to evaluate the integral
yields a square matrix (impedance matrix Z). The memory requirements for sloring
the matrix are of order O{N?), where N is the number of unknowns. The linear
equation is usually solved by standard matrix inversion methods such as Ganssian
elimination or LU decomposition. The vital shortcoming of such direct inversion
approaches is that the sizes of matrices that can be inverted are limited by the
available computer resources (memory size and CPU time). For instance, i 10
segments per wavelength are used to expand the current in each dimension, it needs
O(100 Megabytes) of computer internal memory to analyze a 104 x 10\ structure.
This prohibitively large internal memory requirement makes the traditional matrix
inversion approaches unattractive. Therefore it follows that alternative methods
must be developed in order to meet the ever increasing demands for simulating

large EM structures.
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Iterative methods have been used for many years by researchers to address

these requirements. The major advantages of iterative methods include:

e Only O(N) computer memory is required for implementing iterative meth-
2 ods. This is because the technique requires only the multiplication of matri-
ces with vectors, there is no need to generate and store the system matrix.
This leature makes iterative approaches highly suitable for EM analysis of

electrically large scale structures;

o lll-conditioned linear systems can be solved using iterative methods simply by
carrying oul, more iterations, while the direct inversion methods may totally

fail to yield.an accurate solution.

In this study, we will explore the application of an iterative algorithm -
the Conjugate Gradient - Fast Fourier Transform (CG-FFT) method {18]{20] to
the analysis of microstrip structures, in particular, large microstrip antenna ar-
rays. Among the known iterative algorithms, t;hq_(_l(i-FF'f method is the most
popular one for EM analysis. This is primarily l.‘j‘éc_ause this method ensures the
convergence, even for arbitrary initial estimates. Another advantage follows from
the convolution property of the integral-differential operators, which involves the
induced current density and the pertinent Green’s function. By employing the con-
volution theorem, the operation can be carried out efficiently via the fast Fourier
transforn (FFT). This practice makes a substantial improvement in the computa-
tion speed (O{N; N logN,) compared to O(N3?)) for the direct inversion approach.
Here, N, is the number of unknowns, N; is the number of iterations for the CG

algorithm which is less than N,.

In the conventional CG-FFT method [17], the analytical form of the Fourier
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transform of the Green’s function is used when implementing the convolution the-
orem. This procedure requires that extensive zero padding be used with the FFT
in order to reduce aliasing errors caused by the fact that the spectral Green’s func-
tion is usually widely spread in the frequency domain. To overcome this difficulty,
a spatially discrete scheme has been proposed[11]. In this scheme, the integral
equation is converted to a discrete periodic form and the spatial derivatives are
approximated using finite differences. The discrete circular convolution then is
calenlated using the Discrete Fourier Transform (DFT) The advantage of this
scheme is that, the extent of the zero padding is reduced and the aliasing errors are

eliminated.

When applying the CG-FFT method to the analysis of microstrip struc-
tures, most schemes proposed so lar use the conventional CG-FFT approach [12]
[13] instead of the spatially discrete approach. The reason is because the spa-
tially discrete CG-FFT scheme needs to use the spatial Green’s function thal is
applicable to the microstrip structures which are to be analyzed. The involved
Sommerfeld integral is a very cumbersome obstacle in the way of reaching this ol-
jective. The conventional CG-FFT method uses the analytical form of the spectral
domain Green’s function which is readily available for circumventing the difficul-
ties associated with solving the Sommerfeld integral. However, alias errors are
inevitable when the conventional approach is adoptled. The only way to overcome
these errors is to first obtain the closed {orm spatial Green’s funetion, and then

apply the spatially discrete CG-FFT scheme [22] [23].

[n this thesis, a hybrid analysis technique [22] is presented, which consists of
the spatially discrete CG-FFT method combined with the complex discrete image
technique [24] (CDIT in short}). This approach can realize the spatially discrete

CG-FFT scheme for the analysis of microstrip problems. The CDIT is used to
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derive the closed form spatial Green’s function for a microstrip structure, with
negligible computational overhead. The integral equation describing the microstrip
problem is discretized in the spatial domain . The spatially discrete CG-FFT is
then applied to the resultant system. This scheme overcomes difficulties associated
with the numerical evaluation of the Sommerfeld integral when deriving the spatial
Green’s function. At the same time, it achieves the high efficiency and accuracy
by avoiding the aliasing error existing in other CG-FFT schemes that are used for

analyzing microstrip structures.

Another major contribution of this thesis is the development of the spec-
trally preconditioned CG-FFT method lor microstrip analysis. As we know, the
convergence rate of the CG method depends on the spectrum of the system matrix
(impedance matrix in our case). Generally speaking, the CG method couverges
faster if the matrix has a small condition number or clustered eigenvalues [14] [15]
[16]. In order o accelerate the CG convergence rate, a preconditioning step can
be introduced at each CG iteration, which leads to the preconditioned conjugate
gradient (PCG) method. In this study, an efficient preconditioned method - the
spectrally preconditioned CG-FFT (SPCG-FFT) method is developed for applica-
tions in electromagnetic analysis. The technique fully exploits the advantages to be
gained {rom using the FFFT in this analysis by bringing the CG operation, as well
as the development and implementation of the preconditioner, into the spectral do-
main. 1t uses all of the information that is generated during the course of the CG
pracedure. The algorithm requires no additional memory and only O(N log N)
operations for its implementation. Compared with the non-preconditioned CG-
FFT iethod, the SPCG-FFT is found to have superior convergence performance,
which makes this technique a very promising alternative iterative method for the

analysis of large microwave structures.
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1.4  Organization of the chapters

The thesis is divided into two parts. Part 1, which includes Chapter 2 to Chaptler
4, deals with the hybrid CG-FFT method and its application Lo the analysis of
large microstrip array antennas. In Part I, i.e. Chapter 5 and Chapler 6, are
presented the development of a new spectrally preconditioned CG-FFT method

for electromagnetic analysis.

In Chapter 2 of Part 1, we start with a briefl introduction of the CC-FI*T
method. This is followed by a detailed description of the spatial domain diserete
CG-FFT scheme. The chapter concludes with a comparison of the performance of

the conventional CG-FFT and spatially discrete CG-FFT methods,

Details dealing with the implementation of the spatially discrete CO-FFT
for solving microstrip problems are discussed in Chapter 3. The use of the complex
discrete image technique for analyzing microstrip strnetures is introduced in Lhis
chapter. This is followed by a description of a hybrid technigue, composed of the
CDIT and the spatially discrete CG-FFT technique. Some numerical comparisons
are made between the proposed and other CG-FFT schemes in the last portion of

this chapter.

In Chapter 4, the hybrid CG-FFT technique is applied to analyzing a series
of large microstrip arrays, inclnding, microstrip dipole arrays, microstrip planar
arrays and microstrip reflectarrays [54] [67] [68] [69). A study is made of the
edge effect, shape effect and feed network effect on the array current distributions,

radiation patterns and input impedances.

The spectrally preconditioned CG-FFT algorithm is presented in Chapter 5

of Part II. The concept of preconditioning is introduced first. The preconditioning
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procedure is interpreted by means of linear system theory. The techniques for
implementing the preconditioners and carrying out preconditioning operations in
the spectral domain are presented. A systematic approach for designing a large

class of spectral preconditioners is presented.

In Chapter 6, the spectral properties of the proposed spectral precondition-
ers are studied and compared with other types of preconditioners. The advantages
ol using preconditioning to improve convergence rates are discussed using numer-

ical examples.

Conclusions which {ollows from this study are presented in Chapter 7.



Chapter 2

The Spatially Discrete CG-FFT
Method

2.1 Introduction

The CG-FFT method is used in this thesis to solve the unknown current, disbribn-
tions on the elements of a microstrip antenna. This is carried out via the clectric
field integral equation formulation of the problem. In the integral equation model,

the unknown current is related to the electric field by means of the Green’s function

in the following typical form,

-

f?.:'(:x:, gyl y') - J (e y e dy' = —E‘;,m(:::,y) (2.1)
8

where G(x,y;2,y') is the dyadic Green’s function, E;,Lc(m,?j) 15 the incident field
and f(:z:’,y') is the unknown current distribution on S as shown in Fig.2.2.

To solve the above integral equation, one first expands the unknown current,

13
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using a sct of expansion (basis) functions
J'\T
J(@,y) = Lfule,y), (2.2)
n=1
where f,(x,¥) and [, are the basis functions and the expansion coeffictents, re-
spectively. Substituting the expanded form of the current into 2.1, we have

N — . .
> ln_[ / Glz,y; ', y) - (o', y)da'dy' = —E(x,y). (2.3)
yl

n=] =
The next step is to discretize the integral equation by carrying out the inner
products on both sides of 2.3 with a set of weighting (test) functions &, (z,¥),m =

2.8, ... This procedure vields a linear system as follows:
3 1 bl I }
N
Z Dty = Vi m=12..,N (2.4)

n=|

L = f / U ,/ G, y;2,y') - ulw' sy ' dy'| T, y)dedy (2.5)
wJy W' Jy
Voo = = [ [ Buuela, )il y)dady. (2:6)
zJy

The key steps in this method are: (1) the choice of basis functions and test {unc-

tions; and (2) the evaluation of the elements of the impedance matrix Z,, .-

In the conventional moment method, the linear set of equations is solved
nsing a matrix inversion approach, such as Gaussian elimination. However, as the
size of the problem increases (the pumber of unknowns increases), the computer
memory and computing time increase rapidly (O(N?) and Q(N?), respectively),

which restricts the use of the method to simple and small-scale problems.

lterative methods are more powerful for the solution of large systems. This
is because iterative methods only involve the multiplication of matrices with vectors
and do notl require an explicit storage of the system matrix, and they also avoid
the requirement for inverting a matrix, which is subject to numerical instability

for ill-conditioned matrices.
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2.2 The Conjugate Gradient Method

The conjugate gradient (CG) method is an iterative conjugate-direction optimiza-
tion algorithm. It converges to the minimum of a function [ for a vector X. This
algorithm depends on two subsidiary calculations: (i) caleulation of the gradient of
the function A f(X) at an arbitrary point, and (ii) minimization of [ along a spe-
cific ray, 1.e., determination of the value A that minimizes the expression f{.X + Aw)

for spectfied X and w.

To start the development, we define a function

[
—~I
—

f(X) = %Mx ~ b? g

where b is an N element vector and A is an N x N matrix. This function has
only one single minimum, which is achieved by choosing X that satisties the linear

equation

AX = b. (2.8)

Thus, minimizing the fupction f{X) and solving the linear equation AX = b are
equivalent problems. The conjugate gradient method can therefore be used to

solve a linear equation.

To solve the functional problem, one minimizes the residual of the linear

equation, i.e.,

R=AX — 0. (2.9)

Using the gradient information, the convergence of the minimizalion process is
accomplished via a systematic orthogonalization of the solution vector with respect
to the residual vector at the end of each iteration. The procedure starts out will

an initial estimate Xo and a corresponding residual error iy = AXy — 6. The CG
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algorithm provides a prescription for updating the set of directions for minimizing
the residual R in such a way that the successive direction vectors { P, } are mutually

A-orthogonal or conjugate, i.e.,

< P AP >=0 1#;. (2.10)
The sel of mutually conjugate directions guarantees that the minimization along
. . . . T ” . ) Lo R ’ ) R
one direction is not “spoiled” by the subsequent minimization along another, so
Lhat interminable cycling through a set of directions can be avoided. Consequently,
[or a system representing NV unknowas, the exact solution is obtained at the N-th

iteration with convergence being monotonic throughout the whole process.

There are different versions of the CG algorithm. The one we followed is
as follows [18]:
k=0 w=0; rg=10

while 1 #£0

k=k+1
if k=1
m = A'ro
else
Atpr 2
g = emicilP
[|Are—2]]
pr= A+ B
end
[ A% ])?
e =
|[Apl|?
Ty = L1 -+ QP
Tk = Pre1 — QrApg

end



]
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X =y,
(2.11)
where the norm and the adjoint operators are defined in terms of inner products
NI =< U1 >, (2.12)
< AUV >=< U] A"V > . (2.13)

Using this definition, it can be shown that the adjoint operator of 2.1 is

A = ] . ﬁ(l?"— ) - J(F ) (2.14)

where # denotes the complex conjugate.

When the CG procedure is applied 1o a problem, it is found that the most
Lime-consuming computations are the operations Ap,, Ar, and A% i the form
given by 2.1 and 2.14. 1t will be shown that these imtegral operations are of e
convolution type and can therefore be calculated efficient ¥ via an FIT by invoking
the convolution theorem. The definitions and properties of the Fourier transform

are listed in Appendix A.

2.3 The CG-FFT Algorithm and the Continu-

ous Fourier Transform

We consider the problem of scatlering from a thin wire antenna (length { and

radins @ < {) in free space to illustrate the application of the CG-FFT procedure.

The integral equation relating the incident field £ to the induced current,

J: can be derived from 2.1, which is

, 1 .
R — (ké+

Jdmweg

‘[2 ! AV i ! 9 1F
E) |G iz, (2.15)
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where G(z,2°) is the Green’s function in free space whicl is given by

¢mikar

G(z,2)=C(z-2) = — r=4/(z — 2%+

It is clear thal the integration in 2.15 is the convolution of the current /(=)
and the Green’s lunction G(z,2'). Invoking the convolution theorem and using a
property of the Fourier transform(FT):

-Jn

Flamote)l = (k)" g(ka),

wa have

Al)).= L {068 — k)G les) T (k) } (2.16)

Jdmweg

where the continuous Fourier transform of the Green’s function is

I s -
Cl(k;) = "E]\g(ﬂ ki—ké), (Z.l()
where Ay denotes Lhe zeroth order modified Bessel function of the second kind.

Up to this point, the development appears to be totally mathematical.
We have the continuous Fourier Transform (FT) of the Green’s function and the
derivalive d?/dz? in the spatial domain has been transferred to a simple algebraic
operation in the spectral domain. Whenever the quantity A.J is to be calciilated,
we simply calculate the FT of J and then do the inverse FT of the product of .J

and (.

Howaever, there are some underlying issues that need to be treated very
carefully when implementing these procedures numerically. In the computer cal-
culations, we use the sampled or discrete form of a continuous function. Therefore,
the continuous FT needs to be replaced by the DFT and then we use the compu-

tationally efficient I'I'T to calculate the DFT in order to speed up the processing.
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It has been shown [19] that when making the transition {rom the continnous FT°
to the FFT, some considerable numerical errors can be generated if the continuons

Fourier transform of the Green’s function is employed in a CG-FFT algorithm.

To implement the operation A[J,] (J, is the estimated value of J for the CG
algorithm’s n-th iteration) via the FFT, the DFT of ¢ and J,, must be oblained
first.  Since J, is already a discrete sequence (the expansion coefficients of the
current J(z)), there is no difficulty in carrying out the DFT of ./, (correspondingly
for p, and »,, in 2.11). But there are difficulties in doing the same for the Green’s
function. As shown in Fig.2.1, the Green’s function has a singularity al r = 0,
therefore its frequency content is widely spread in spectral space. 11 (2} is sampled
with the same sampling rate as that used for J(z), a very large error due Lo aliasing
can be generated, which renders the solution of the CG-FFT to be completely
unaceeptable, [n erder to reduce this error, the FT of G has to be sampled over
a very large range of frequencies, which means that the Green’s function, and
correspondingly the current distribution, have to be sampled nsing a very large
sampling rate. Thus, the number of sampled points has t6'be large. This, of course,
results in the requirement for a large compnter memory and long computational
time. There is one technique which can be used to save a little computing time : we
start by carrying out the DFT for J{(z) using a low sampling rate, then we pad the
results with a large number of zeros to make the output match the resultant, DFT
for ((z,2") obtained with a large sampling rate. There is, however, no reduction

n the memory requirement using this approach.

Another shortcoming of this version of the CG-FFT is the treatment of
the spatial derivatives of the grad-div operator in the EFIE with singular kernels,
especially for 2D and 3D cases. Let us take scattering from a 2D metallic plate in

free space as an example. In this case, the differential-integral operalion is carried
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Behavior of Green"s function
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Figure 2.1: The behavior of Green’s function in the spatial and spectral domain
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ont via the FFT ay (18]

A[f] = Fl {A:z[:;fjxdvg+?}-jyd‘0]
+ B0k + G0k ) [ keJeGo + 7k, J, G

N PAT)

The continnous Fourier transform of the Green's function is

ur (2.19)
SRR —

The spatial derivatives are replaced by simple algebraic manipulations in the spee-

Golks, by) =

tral domain. It has been found [25) [26] that this practice leads to substantial
numerical difficulties. Even though the global error in the GG iteration s {oud
to decrease monotonically (but, very stowly), the simulated distributions of the
current on the plate are found to be wrong. Ounly when a very fine mesh is used,
can reasonable results be obtained. The causes for this numerical difficulty can
be explained from two different, aspects. First, by operating in the spectral de
main, the differentiation is carried out over the total area being analyzed. The
current density, on the other hand, is not continuously differentiable al, the edges
of the plate. Second, the global differentiation is applied directly to the inl.e;.-;rni'
operator, while the kernel of the integral is singular, even after being transformed
mto the spectral domain. Both of these factors resull in substantial errors, which
mean that the simulations do not give an accurate reflection of reality. Therefore,
even though the technique converges to give very small global errors, the simnlated

current distributions do not, agree well with measurements.

The large aliasing errors that result from the use of the continnous form of
(7 and the errors introduced by the improper treatment of the VV- operalors i
the differential-integral equation render this form of the CG-FFT algorithm to he

numerically unstable and computationally inefficient. The use of coarse grids cai
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resull in very coarse current, distributions with a lot of obvious spurious ripples.
Furthermore, if one adopts a finer grid in order to gel a more reasonable solution,
it is found that the requirements for memory and computer time increase rapidly.
In the next section, a spatially discrete CG-FFT scheme will be introduced aimed

al improving this conventional CG-FFT method.

2.4 The Spatially Discrete CG-FFT Scheme

in this section is presented the spatially discrete CG-FFT algorithm. The deriva-

tion is based on a consideration of radiation and scattering from two dimensional

structures. The development for other types of applications can he casily obtained
by following the procedure deseribed below. The differences between this scheme
and others, as well as advantages and disadvantages. will be discussed in the next

seclion.

[n the case of the 2D mietallic structure shown in Fig.2.2, let S denote the

meballic surface and 7 denote the unit vector which is normal to the surface. The

- electric field integral equation is used in the analysis by first a,pplying the PEC

boundary condition to the metal surface (perfect conductor), i.e.:
ox (B + B() = 0 Fes (2.20)
where /2% and £* are the incident a.uc.{', scatr;ered fields, It follows that
—f % B = x (—jwA(F) = VOF)) Fes (2.21)

with the magnetic vecter potential defined by

o = = , : o
ﬁ&ﬂ#/ﬁkﬁ}@&fﬂ% (2.22)
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Fignre 2.2: The microstrip pateh with arbitrary shape.

where G(F,7) is the dyadic Green’s function for the magnetic vector potential
and .J; is the surlace current density and prime (') denotes the source. The scalar
potential due to the charge distribution can be defined by using the Lorentz’s

i
]

galge:

0 =~ [ [ (v-Tur7) - s (2.23)

Juw
The Green’s function Gy associated with the scalar potential ¢ can be defined by

applying the condition of uniqueness of (. Thus we can write

vj._; ﬁ(ﬂ(f:g 71’) = [LCV(,;V(F, T_") — _!Lfv’(;V(Fg ?'.’). (2.24)

Now 2.23 can be expressed as

-

o) = 5 [ [ VG ) - T7 s (2.25)
Jw s

The next step is to remove the V from the Green’s function to the current

distribution function. The advantage of this treatment will be discussed in the

next section.
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Using the vector identivy-
Va-B=V. (B)—aV- B (2.26)

and Gauss’ theorem, we have the new form for 2.25 as follows,

-

] -
Ay = e [ [ GuF ) LTS + & Gl PV - & 2.2
#(7) = = /‘H(V(v,f)v T.(7)dS +j£5(v(:,r)15(7) sl (2.27)

where ds is the perimeter of the metal surface and 3 is the outward normal unit vec-
W

N . . g
tor as shown in Fig.2.3. Because there is no current flowing out of the conditcting
H A
n

]

Figure 2.3: Metallic surface corresponding to the last term in (2.27)-

surface, Js - i = 0. Therefore,

N — _1_ Nl N T 1 9 9Q
O(F) = jwaGv(r,r V' () (2.28)

The edge condition guarantees that the normal component of the surface current
vanishes on the perimeter of the metal surface. Hence, the last term in 2.27 can

be eliminated.

-
T
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We adopt Galerkin’s procedure for solving the integral equation. With the
objective of using the FFT for carrying out the surface integration. the patch
and its surroundings are circumscribed by a rectangle. The rectangle is then di-
vided into (M + 1) x (N + 1) small rectangular cells with sides Az and Ay along

w and y directions, respectively (see Fig.2.4). The arbitrary shape of patch is

rectangular cells

rectangular

area -

Ay

AX

Figure 2.4: The mesh nsed to discretize the arbitrarily shaped microstrip pateh.
Note that the border of the meshed region musi be rectangnlar so that we can usce
the FFT to evaluate the integral.

then approximated by the borders of the small cells which overlap the area of the

pa,tft.‘.l . The well-known rool-top basis function f = [ 4 Ly (9] is used to

expand the current J(7) on S, In Fig.2.5 is shown the shape of the basis functions.
Mathematically these functions are e

/
%
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Figure 2.5: The roof-top bhasis functions used in the expansion of the current
distribution in - and y-directions.

4
| _ lems | — mAxw| < Ax

y Ax

Foalesy) = 9 ly — (n— 0.5)Ay| < &2 (2.29)
0 elsewhere
r o _ ) .A_‘L:
- Iy‘&ml"] jz — (m—0.5)Az]| £ 5
1!:1,11("1"’ y) = 9 Y |y - ﬂAgl < A'(j . (230)
i 0 elsewhere

The derivatives of the basis {unctions, which will be used later, are

ey P
d M,

. _C)_I = nnma(;’:vy) - l]1r;+1 ,:L(:1:1 .”) . (2'“)
| a-l;!:‘t.u |

ay H-nl.u(-'b'ay) — nm,u—!—l(ll.‘,y)’ (232‘)

where the 2-1) unit pulse function defined over the (z, 7)** charge expansion segment
s

j& = (m —=0.5)Az] < 0.5Ax

M m(,y) = ly — (n — 0.5)Ay| < 0.5Ay . (2.33)

0 elsewhere
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The surface current is expressed as,
T = doie 4 Jyyd (2.34)
where
M N4
Tl = Z Z Le(myn) 7" (2, y),
m=1 n=1
M+1 N )
Jali = > Z fylm ) [0 ey ). (2.35)
m=| n=1
From the above expression, it is readily found that
[/ . A L(myn) = L = En) . .
- = : : —= T, {2, 1 2.30
i m2=| 12 Ax al,y) ( )
A5, ML | (e n) -~ }i’('m,,w. -1} o
—_ = : . ' M, .6, o). 2.37
(-}H 7,12:] T; Ay 1y l( ?./) ( )
Here 1t 1s imiplied that
L(0,n)=10
Jor n=1,. N+
I(M+1,n)=0
I,(m,0)=0
ol ) for m=1,.,M+1.
Lim,N+1)=0 ,
If the inner product is defined as
<€,mp >= / £-n7dS, (2.48)
5
it follows from the Galerkin’s procedure thai,
<EB [ >=ju<A,[>+<Vd,[>. (2.39)

Using the same vector identity as in 2.27, as well as Gauss’ theorem, the last term

can be written as,.

-

<V, [>= /LV(D-fd.S’: -f/_g(v-f)q)d,s'.

(2.40)
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Up to this point, all of the ¥V operators have been removed from the singular

Green’s function and are applied to the common basis and testing functions.

Without any loss of generality, 2.39 can be written in Cartesian coordinates

wf [ BLdS 4+ [ [ m2ras =
{J:;“/] L. ff JoClas(c =y — ') dg]dq
+J"“”wf /~(:?frm f k (i){ dai,') G (e = 2,y — y')dS] d'g},+
+j4mw/ 1(3){,’ / / (dj” ddff') (-"v(:ff—:r:’,u—;r/’)d..%"]d.S'}.(2.41)

After replacing the J,z and J,, with their expanded forms, we have

as

Lj‘ = LJS_T:E 'l— Lsz?}

= Fn(i,7)E+ Eyale, )y (2.42)
N4+1 M4+1 ¢
L. = Anz:z:{ (i3 = LG — 1,%)]
=1 j'=1 A

c Y T
; ZgauJW—awﬂtwn}
(i 41— ij = ) = TG — i j — )]

N M+1
~ 23 Y L(#, Tacli — 1,5 — §) (2.43)

=1 j=1
Paz(i,j) = //qf;'-’ []/qu‘oGAm(:v*:L",y—y’)d.S"] ds (2.44)
Mn(ig) = [ [ 0% [ /] HO’DGv(:E—-;::',y—y')d.S"] 45 (2.45)

En(i,j) = f /S SO E™e (2, 4)dS, (2.46)
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where ¢ = [fdrewande, = Jupfdr. The quantities LJ,,(7, ), Pau(i, g} and

Eoalis j) can be obtained in a similar way.

We have now reached the point where the continuous integral equation has
been completely discretized. The procedure used here is different, from the ones
given in [11] and [32]. In this procedure, all the derivatives associated with the
grad-div operator have been transferred to the basis/testing function, [, which is
differentiable prior to discretization. Therefore, there are no errors in this pro-
cedure corresponding to those introduced by the finite difference approximations
used in [1] and [32]. The integral equation is now expressed by the 2-1) discrete
sequence Jpy (4, 7), Tawy(d,7) and Tp(i, 7). The discrete sequences, [, and 1, rep-
resent the sampled values ol current density at {& = iAwx, (j — NAy <y £ Ay}
and {(i = NAz < 2 < A,y = jAy) for .J, and Jy, respectively. The functions
Cax(4,7) and Tay(2,5) represent the surlace integrated magnetic vector Green’s
hinctions based on the basis functions applied to the (4,7). and (4,7)y current,
cells, while Tn(i, 7) represents the surface integrated scalar charge Green’s Mune-
tion based on the pulse function applied to the (4,7) charge cell. We denote

Paz(4,5) and Tpy (2, 7) as the diserete vector Creen’s functions, and denote (i, §)

as the discrete scalar Green’s function. These are calculated numerically in the

spatial domain before being used in the CG-FFT algorithm. The condition that
must first be satisfied, prior to carrying out this operation, is the availability of

the spatial Green’s functions G Az, G ay and Gy,

From the discrete form, we can easily conclude that 2.43 is composed of a

linear convolution, such as (* : linear convolution)

M41 N+1
Z Z L n(i+1 =4, — i) = L, 7Y+ Dr(i + 1,4). (2.47)

i'=1 j'=1
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Thercafter,
bl = 2 U (103) = Luli = 1)+ =S[00 ) = Iy(ird — 1)
Sl gy = A.‘E AJ’J :L‘"':J 2 J A A y“",] Y 2
* [Pﬂ(i+1aj)_Pﬂ(iaj)]_cizia:(i}])'kp.ér( 3.7) (248)

Before we can use the FFT, the linear convolution has to be converted to a
circular convolution. Therefore, the discrete sequences 1.(4, 7), T,(i, ), Tas(i, ), [ ay(2,7)
and T'n(z,j) must be extended to periodic sequences. To expand the current se-

quence, we first define the finite duration sequence, which includes zero padding,

e,
L(i,j) 1<M; 1<j< N+ |
ey = ) ’ (2.49)
0 M+1I<i<2M+1; N42<5<2N+1
L(7) 1SM+1; 1<j<N
i) = 4 6D ! 2.50
0 M4+2<i<2M41; N+1<7j<2N+ 1.
The extended current sequences are defined as
Sa(m,n) = Ii(m[mod 2M + 1],n [mod 2N + 1]), and (2.51)
Sy(m,n) = J(m[mod 2M + 1],n [mod 2N + 1)). (2.52)
For the discrete Green’s functions,
r Le(m,m) I1<m<M+1L,1<ns<N+1
y Te (22— m,n) M+l<mS2M+1L1<nsN+L
Me(m,n) = < (2.53)
Fe(m, 2N 42 —n) l<m M4, N+1<n<2N+1
| Fe(2M +2—=m 2N +2-n) M+2<m <M +1, N+2<n<‘2N
Re(myn) = F’(m[mod 2M + 1),n [mod 2N + 1)) e (2.54-:;%
- .:l-‘;_‘,.r-;.‘_'—"/ ,‘?/4

where € denotes Az, Ay or I1. s
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Now 2.48 can be written in a cyclic convolution form(® : circular convolu-

tion) as,

1 (4] . .. .
L-sg; = _'_‘\‘:z: — gt — 1 3 a0 = "v""
e = { )~ Suli = L ) - Syl i)
by [‘SRH(z + 11.7) - mn(z,j)] - C'Z"‘rr(zaj) & gRAr z,_}) (355)

Applying the convolution theorem, we have

LI = =75 {1 - 6% + 20 - 6)3](6 - Ditn + o584, ) &
—.7'-5] {Ay[A.r(l -—5 ) Au(l —6 ) ]((‘J-y - 1)?]}['] +(,3\3,,5]\,1,, !}
(2.56)

where
Arwy Jrw

Jmay
6= eV and §, = ez,

The functions Su(w;, w;), Sy(wi, w;), Rnlwi, w;), Raz(wi,w;) and R4, (w;, w;) are the

DFTs of their corresponding &, &y, B, Raz and Ry, quantities. Using the defi-
s v q B

nition of the adjoint operator, i.e., < f,LJ >=< L*],.J >, the quantity L*J can

now be derived. It has a form which is similar 1o that of 2.56.

We have now arrived at the point where the CG algorithm can be used to
obtain the solution of the discretized linear system given by 2. 42- J fih “From the
above description, it is clear that each iteration of the algorithm requu as the DFT’s
of ['yz, 4y and I'p. As given in 2.44 and 2.45, "4, and Iy rLI'(’ the mtegmtlons of
the products of the spatial Green’s functions with the basis functions, and I'yy is
the integration of the product of the spatial Green’s function with the derivative
of the basis function. They are the key set of quantities used by this aigorithm.
Therefore, to carry out the spatial discretization procedure, the spatial domain

Green’s function must be known a prieri. This poses no problem for free space
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problems where the spatial Green’s function is very simple. But for microstrip

structures, this is the major olstacle in our implementation of the spatial dis-

cretizativs scheme. This issue will be addressed more fully in the next chapter. In

the following section, we discuss the advantages and disadvantages of this scheme

when compared with other common techniques.

2.5 Comparison of Different CG-FFT Schemes

Following the initial introduction of the CG-FFT method as a means of analyzing

electraomagnelic problems, workers have developed a number of schemes for its

[

‘implementation. Here we categorizeithose with distinet features and discuss their

advantages and disadvantages.

1.

The first of these categories consists of techniques that use the conventional
CG-FFT algorithm [17] [25] [27] [28]. /Those in this category employ the
continuous Fourier transform of the C;lI;EEIl’S function, as well as the pulse
function as the basis function and point matching for discretization of the
integral equation. The spatial derivatives are replaced by algebraic factors
in the spectral domain. This is the most straightforward of all the known
schemes. But, as has been discussed in section 2.3, it suffers from either the
requirement for large zero padding or significant errors due to the aliasing
of G in the spectral domain. In addition, the direct derivatives on the ill-

behaved integral kernels also generate erroneous solutions.

. The second category [29] {30] [31] consists of those techniques that also em-

ploy the continuous Fourier transform of the Green’s function and direct

algebraic manipulation of the derivatives in the spectral domain, but differ

W
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in that they nse subdomain basis functions to expand the continuous current,
density disiributions. These basis functions act as filter linctions. The val-
ues of the spectral-domain Green’s functions are suppressed for large values
of frequency. This procedure somewhat reduces the aliasing errors that exist
in the first scheme, but does not totally eliminate the problem. The errors

due to the treatment of the » VWV- ” still exists.

3. The third group [26] uses roof-top functions for testing the integral equations.
[t is therefore an improvement on the above schemes, One of the derivatives
is transferred to this testing function by invoking Gauss’ theoreny, the other
is left to operate on the vector potential function which is then expanded in
terms of the basis functions. It has been shown that much greater aceuracy
can be achieved using this px‘g(.‘.e(lure. Since the continuous 7 is still em-
ployed, the technique has to use a large zerojmcldud FIFT, thereby reducing

the efficiency ol the solution.

4. The spatially discrete scheme was introduced in [11] and [32]. This-scheme
can reduce the size of the zero padding used in the FFT while at the same
time eliminating aliasing errors. Significant_improvements can be achieved
using this scheme. However, tlie errors introduced by the derivative opera-
tion have not yet been resolved. In [11], the pulse function is used 1o expand
the current and point matching is used to test the linear system. The spa-
tial derivatives are approximated using 3-point or 5-point finite differences
and calculated via the clis;:fél.e -ourier transform. This procedure, according
to [I1], can reduce tlie errors by smoothing out the effect of discontinu-
ities caused by the pulse function expansion and pointwise collocation. The
scheme presented by [32] has better performance than that of [11], because

[32] transfers one of the derivatives to the differentiable basis function. The
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other derivative, however, is still left to operate on the singular kernel.

5. The latest scheme to be developed is presented in this thesis. A similar
scheme is also presented in [21]. This scheme has advantages over all the
methods described above. In this thesis, we opt to use the spatially discrete
technique. In addition, roof-top functions are used as basis functions and the
Galerkin’s procedure is used to discretize the system. By using vector identi-
ties and Gauss’ theorem, both of the spatial derivatives in the VV. have been
removed from the singular kernel. One has been moved to the basis function
and the other to the test function. Becanse the roof-top function is differ-
entiable, the two derivatives can he solved analytically belore applying the
circular convolution theorem. In this way, the size of the zero-padding used
in the FF'T is reduced to its minimum permissible value (only constrained by
the sampling theorem). Both the aliasing error and the errors of the spatial
derivatives are eliminated completely. From our poiut of view, it is unfor-
tunate that the CG algorithm used by [21] is most suitable for applications
cousisting of Hermitian systems. When applied to non-Hermitian systems,
such as problems dealing with electromagnetic radiation and scattering, even
for well-behaved system matrices, there are certain excitations for which the
iteration may stagnate. As well, the algorithm does not converge monotoni-

cally. In fact, convergence is nct guaraiteed.

In Fig.2.6 are given curves showing the rates of convergence for the differ-
ent schemes clescrilmd“':z"u'l)ove. A canonical problem is used for the comparison,
consisting of 'scat\-__tering‘ from a square PEC plate. The size of the plate is one
wavelength on each side and the angle of incidence is normal to the plate. Table
2.5 gives a comparison of the numbers of iterations required by the five techniques

to achieve a prescribed residual error. From Fig.2.6, it is clear that methods 2 and

iy
v
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4 generally converge more slowly than both 3 and the proposed methods, For the
first 30 iterations, method 4 appears to have the best rate ol convergence. After
the first 30 iterations, the proposed method is seen to have the best convergence
characteristics. Its superior performance is highlighted by the results obtained

using the more demanding error criterion ( 10~3 ).

.5 The proposed

error
)
.

1 1 ] 1 L 1
o] 50 100 150 200 250 300 35C- 400 450
No. of iterations

10-10 5

Figure 2.6: Convergence rates for four different CG-FIT schemes. the problem
consists of scattering from a A X A plate where the angle of incidence of the plane
wave 1s normal to the plate.

2.6 Conclusions

In this chapter, we have presented a spatially discrete conjugate gradient - FIPT

method. This method is found to be very efficient in terms of computer memory

i~



RN

26 COHCLUSHINS 3(5

Table 2.1: Comparison of the numbers of iterations required by five different, €G-
FET schemes.

Unknown No. error  App #1 App #2 App #3  App #4 Proposed

I7x17 102 245 220 47 74 47
17 x 17 1073 459 276 70 250 49
37 x 37 10— 338 162 128 310 79
37 % 37 107 1480 300 170 1330 92

and computing time. Therefore it is thought to be a candidate for the analysis of
large scale electromagnetic problems. Compared with formulations of the CG-FFT
which have been used by other workers, the proposed approach las the loHlowing

advantages:

e The computational demain of the problem under study is discretized in the
spatial domain before the convolution theorem is implemented. Thus, the

aliasing and truncation errors are eliminated.

¢ The size of the zero padding used for implementing the FFT is reduced

because discretization is applied in the spatial domain.

¢ Both spatial derivatives of the grad-div operator are removed from the sin-
gular kernels and are applied instead to the differential basis and testing
lunctions. The analytical forms of these derivatives are obtained before the
diseretization. Therefore there is no finite difference approximation involved

in this scheme.

Finally, the numerical examples carried out in this chapter have demon-
strated that the proposed CG-FFT scheme has advantages over all other published

implementasions of the CG-FFT,



Chapter 3

The Hybrid CG-FFT Technique

3.1 Introduction

When applying CG-FFT to the analysis of microstrip structures, most researchers
use the analytical forms of the Green’s functions in the spectral domain because
these are readily available. This, inevitably, causes the aliasing problems men-
tioned above. The spatial window technique, which is equivalent to s_mnpling the
Green’s function in the spectral domain, is utilized by [33] to reduce-the aliasing
error. Close approximations of the spatial Green’s functions, obtained by directly
applying the inverse FFT to a large number of samples of the spectral Green’s
functions, are utilized in {26] [34]. However, the problems associated with alias-
ing errors, which have tended to plague CG-FFT, have not yet been satisfactorily -
solved by the above two schemes. The only way to overcome these difficulties is to
first derive the closed-form spatial Green’s {unctions, and then to apply the spatial

discretization scheme.

In this thesis, we present a hybrid full-wave analysis technique for microstrip

37
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structures, conststing of the spatially discrete CCJ-I"'ii"’i‘ method combined with the
Complex Discrete Image technique (CDIT). In this hybrid technique, the spectral
domain Green’s functions are converted into spatial domain analytical Green’s
functions without losing any full-wave information by using complex image repre-
senfalions. Wi!th the closed-form spatial Green’s functions at hand, the integral
equafion describing the microstrip problem in question can be discretized accu-
rately in the spatial domain before the discrete Fourier transform is applied. This
can eliminate all of the aliasing or truncation problems that exist in previously
published methods, thereby resulting in high efficiency and accuracy. In addition,
il one implements the Garlerkin procedure, following the scheme given in chapter
2, the V, V' operators are moved from the ill behaved Green’s functions to the
well behaved basis and testing functions. The transposition of the operators also

improves the convergence rate and the efficiency.

3.2 CG-FFT Approaches Uséd for Analyzing

Microstrip Structures

It is well-known that the Green’s functions which characterize microstrip problems
consist of Sommerfeld-type integrals with highly oscillatory and slowly decaying
integrands. It is impractical to attempt a direct numerical solution of these in-
tegrals. Ior most applications of CG-FFT, the analytical form of the Green’s
function in the spectral domain is used to avoid the time-consuming Sommerfeld
integrals [12] [13]. But as mentioned above, this results in aliasing problems. Some
efforts have been made in the past to deal wit}; these problems. Here we list two

of the previously published methods, which have distinct features.
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"
I. Applications of Window Functions In [33], the Green’s function is sampled
in the spectral domain, which is equivalent to performing a window Iunction over
the spatial Green’s function and then making the resulting function periodic. There
are two major shortcomings to this approach. The first results from the dillicitlties

that arise when attempting to evaluate the dyadic Green’s function given in [33],

chf:ﬂ ( Emu ) -

i mn r ": ., l -
TT:; fq "(L o (K™ = B)Z(E)dhydh,

h
To avoid aliasing in the spatial domain, the window fun«:t;ior-f:’Z,, and Z, must be
band-limiting functions, which lead to Zs Zy being extended over the complete
spectral domain (S;, 5, — o). Because of the integration from —eo Lo oo, il s
unrealistic to carry out the integration numerically. T herefore, some truncation
must be implemented in the spectral domain. The consequence is that we end np
with window functions which are not spatially band-limited. This means that some
aliasing errors will be presented, leading to inaccuracies, such as spurious ripples
on the current distributions. Different types of window fnncl.lons can be used, as

shown in I":p, 3.7 an attempt to find the 0])|;1mum one. Following numerical

mance, BuL, all of these window ﬁmc,‘.mous, except, Boxca.r(pu[su) functions, exhibit,
characteristics which are diametrically opposed to the known current, distribuiions
at the edges of the patches under study. As shown in Fig.3.9, the current distribu-
tion on a square conducting patch has a shape which is saddle-like. If one applies
a window function along a B-B’ cut in the current distribution, he is esscentially
forcing a weighting function on the current distribution which vpposes the natural

tendency of the current to peak along the edges. This is another shortcoming of

the windowing techuique.
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Figure 3.7: Window functions used in [32] to reduce the aliasing errors.

W

)
1I. The Double FFT Scheme In [26] and [34], a double FFT scheme has been
tried, where the analytical spectral Green’s functions are sampled in the spectral
domain and transferred to the spatial domain using inverse FFTs. The Green’s
[unctions are then truncated and transferred back to the spectral domain using
zero-padded FFT whose size is twice of that of the truncated Green’s functions
in each dimension. In this manner, the analytical spectral Green’s functions are
replaced by approximations which are cyclic in the spectral domain. It is reported
that this procedure results in a considerable improvement iu the algorithm’s rate
of convergence. A limitation of this double FFT approach is the requirement,
on the part of the practitioner, to keep a large number of data samples because
ol the unconstrained bandwidth of the spatial Green’s function. Otherwise the
inherent. errors associated with the spectral and spatial truncations would render
the solution invalid. An asymptotic extraction technique has been tried by [34].

Unfortunately, this technique did not eliminate the aliasing and truncation errors.
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Now it would be expected that if the closed-form spatial Green's function
is derived for microstrip structnres, the spatially discrete scheme in Chapter 2
can then be employed so as to realize accurate and eliicient solutions. However,
the problem is how does one overcome the difficulties associated with solving the

Sommerfeld integrals.

3.3 Closed-form Spatial Domain Green’s Func-

tions

During the last few years, a novel technique, called the complex discrete image
technique, has heen developed to derive the closed-form Green’s functions ol mi-
crostrip structurves from their spectral domain forms. This technigue was first
troduced in [24] and later was improved by [35] to make it better able to deal
with different types of substrates and sup(-‘-.‘llt"st,l‘al,ezs.

The Green’s functions corresponding to the vector and scalar potentials can

be written in the form ol a Sommerfeld integral,

2] ] ¥ ~y *)
Gay = 2 ]I o) EoH3 (k)G (k) lky (3.57)

2 . .=
where Hé ) denotes the Hankel function of the second kind, &' 4 denotes Lhe spectral-
domain vector potential Green’s function, Gv denotes the spectral-domain scalar

potential Green’s function and PST denotes the path of the Semmerfeld integral.

To derive the spatial domain Green’s [unctions starting with their spectral
P
. o g, a
representations, it is necessary to perform the above inverse Hankel transform.
Generally, this inverse cannot be solved analytically. But there is a function,

consisting of the complex exponentials, which can be analytically transferred to
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the spatial domain using the Sommerfeld identity,

7 —oo J2k.

ik © 1 kg2 .
= ] e (k) (3.58)

Mathemalically, the idea underlying the CDIT is to use Prony’s method

to simiilate the speciral domain Green's functions byja series of complex expo-
LG 1 f | ]

nential Tunctions. The Sommerfeld identity 3.58 is then used to convert the spec-
Lral domain Green’s functions into a closed form version in the spatial domain.
This treatment not only makes it possible to efficiently invert the spectral domain

Green’s functions, it also provides a formulation for which it is easy to provide a

Iy
bl

clear physical description.

In the method, a closed-form Green’s function for a microstrip structure is

divided into three parts

G = Go + Gsw + Gl ('}59)

G represents the contribution from a few quasi-dynamic images dominating in the

near-field region. G, represents the contribution from surface waves dominating
in the far-field region of the substrate surface. G represents the contribution
from the complex images related to leaky waves and which are important in the
intermediate region. The procedure used in this technique, that of extracting
the three terms of 3.59 from the Hankel transform form of the Green’s function, is
equivalent to solving the closed-form Green’s function. The details of the technique

can be found in [24] [35] and results based on“this technique are presented here.

oo

Yy
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3.3.1 The Spectral Domain Green’s Functions

The first step of the CDIT technique is the derivation of both the vecior and
scalar potential spectral domain Green’s functions for a specific microstrip strue-
ture (composed of single or multilayer substrates). For the microstrip geometry

shown in Fig.3.8, the Green’s functions of the vector and scalar potentials in the

spectral domain are

o g .l s -t 8 - .,r/'

G5 = 4_‘!:-;_]21., [e_"k’“('" )+ Rpgeikolsts )] , and (3.60)
’ =0 ~

> I ] S S b fediat .

Gy = T (67500 o (Rps 4 Ry )emibealots . (3.61)

® (x,y,2)

(x’y'z")

Ground plane

Figure 3.8: A structure of dielectric substrate with ground plane.

In the above equations, ~'§ stands for the x component of spectral-domain
vector potential A created by the z-directed electric dipole ((;”;’1 is of similar form),
and Gy stands for the spectral-domain scalar potential associated with one charge
on the test dipole. Rrp and R, are the coefficients associated with the T E,l”\/]

wave reflections that occur at the interface between the substrate and air. These

;
LT

S
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coeflicients describe ihe effect of the substrate on the performance of the antenna

and can be derived nsing the wave matrix technique [36). The results are

TE 4 .—j2kah o
Tt L q po
firg T 1 TE itk k (3.62)
Qk-z 1 — fr)(lh —j'Zk;.h)
’ z , (3.63
o (ka1 + ko) (ko + €:k0)(1 +1\m Ee-dkah)(] — pMe—itharh) (3.63)
where i S
; ko — k. ks — ek, ,
S T M = ek’ (3.64)
k2, + kD= kY, and KE 4+ kR = e k). (3.65)

3.3.2 The Quasi-Dynamic Images

Using the Sommerfeld identity, we can find the quasi-dynamic images, which cor-

responds to the real image, i.e.,

—-Jkgr . . . .
©——— , and determine their contributions to both

the vector and scalar potential Green’s functions.

o
LN

At the low end of the spectrum, it follows that ks = 0 and ky = ki

Tll(‘.l'(‘.f(n‘e R’]‘i-,‘ a.ll(l R( caln b(—‘. redU,CE’.d to
¥ I
RBrg — Ryrpy = —e jk:"h, and (36())

K (1 — gm9%ks0h)
I — Kedoh

Rq — ng

(3.67)

where &' = (1 —e.)/(1 + c',.) Extracting these terms from the integrands in 3.57

and usitig the Sommerfeld 1clentlt,y 3.58, the quasi- dyuanuc terms are as follows,

o IJ' !
A0 =-<:}Z;0-i[r‘("n) = I'()),

e

i
I

o | .
Gvo = —— |P(ro) + KT(x) +ZK’“‘(K“' DrEd)l,  (3.68)

4reg =
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(_:—.i kor

ey =

ro = /pr4(z— 202, and‘

o= \/p2 + (24 2 + 2nh)2.

3.3.3 The Surface Waves

Ou the real axis of the complex ko plane , Rrg, R, have poles Kppe

45

Using the

residual theorem, the terms corresponding to surface waves are extracted [rom

3.57, giving

Ghow = %:-_(—Zhrj ) Resq H’(gz)(kﬂl’p) hon, and
- 1 N :
Gq.sm = 1__( —27; )‘r‘)-e'ﬁ'lﬁéz)(A:I’F’p)k””'
4Teh

The residues of the integrand at the pole k, = kpp are

Gl ot
Res; = > [J—Z‘}fﬁ:—)} Aim (&, — k) Ry, and
prEy L J2R0 o Ke—kon

kg (42 .
fes: = Z [ﬁu_—)] I:pl—]-[.;gpr;(kp - km’)( R + Rq).
p(TETM) hp=kpy,

3.3.4 The Complex Images

(3.72}

(3.73)

(3.74)

(3.75)

The terms that remain after the extraction of Go and Gy, can be simulated by the

so-called complex images - images with complex variables. Prony’s method and

the Sommerfeld identity are used in this step. The results are

T Ha 1
T Aci Z— ”':(' )F(T:(]))?
t'-‘l

Goei = -—L(L(Z)F(vf)), and

//‘
/
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o= Vo (22— i),

(J()LJ

where a are the complex coefficients that are derived using Prony’s method.

3.4 The Combination of Spatially Discrete CG-

3

“FET with the Complex Discrete Image Tech-

nique

The combination of the complex discrete image technique with the discrete CG-
FFT method is at the point at which the discrete Green’s function is calculated.
For a given microstrip problem, the information needed for the implementation of
.,Lhc- CDIT is the working frequency f, dielectric constant ¢, and the thickness h
" of the subsirate. Then the c]osccl form spatial Green’s functions are derived for
this microstrip structure, that is, the components of the vecior magnetic potential
G az(e,y2), Gay(,y, z) and the scalar potential Gul,y,2). With these analyti-
cal lunctions in hand, the integral equation descriking the microstrip problem is
discretized in the spatial domain using roof-top basis functions and Garlerkin’s

procedure. The discrete Green’s functions, e
Cax(is j) /_/ fp []/ SOC g — 'y — y',:g)d.S" dS,  (3.76)

Fay(i,g) = ff I [ff JOOG (22 — ' y-J,Ho)ds ds,  (3.77)
Mu(i,j) = f ﬂ I [ f / P0Gy (2 — o,y — o', 2)dS| dS,  (3.78)
& 5 J

are calculated on each of the small current and charge cells that extend over the

microstrip antenna’s metallic surface. Here, zy denotes the z-coordinate of the
interface between the substrate conducting surface and air (in the case shown in
Fig.3.8, zo = 0). The procedure is of such efficiency that the computing time

i

[
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required for generating the discrete sequence is negligible compared to the imple-
mentation of the CG-FFT algorithm. Only one set of images need Lo be found for
a given substrate, regardless of the configuration of the microstrip structure above

it..

The spatially discrete CG-FFT scheme described in chapter 2 can then be
applied in a straightforward fashion Lo analyzing microstrip problems. This scheme
ovex“,;‘(:omes the difficulties one faces when attempting a numerical evaluation of the
Sonﬁnerfeld integral in order to obtain the spatial Green's function. Al the same
time, this technique achieves high efliciency and accuracy because it circumvents
the aliasing errars that exist in the other CG-FFT techniques which are used for

microstrip analysis.

We now deseribe the technique that is used here for extracting the quasi-

static images. We know that

- . Ho [ l .
G5 o= o+ 22 ——(Rpp — Ry
A Ta0 T r o J'Zk;u( TE TE0)
e~ ko) D (b Ve dk,, and (3.79)
1o 1 |
Gy = G, —— (R + R,
v !U+47l”(-'0 _m_y‘.lk:u( re -t ty
—  Rrpo = Ryo)e oG+ y@ o Vi di:,, (3.80)

where Rrgy and R,o are the quasi-static forms of Ryp and R, respectively, i.e.:

Rrg — Rpgy = —e ko4 ynd (3.81)

K1 — gtk a
Ry — Ryp = 1(_ T ), (3.82)

<

with & = (1 — ¢)/(1 +¢). While pursuing our objective here of extracting
terms, it is to be noted that the term G5 in 3.80 corresponds to Ryo, which is a

slowly convergent series when ¢, is large. Chow, et.al. [35] proposed expanding
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h’,,;, in a Taylor series and then truncating the series after-the first two leading
terms. Unfml,mmtﬂy, this is (L‘»})UG{ dp])lUXl]]thlUl] because neither the K factor
nor the (,xpom,utml term_go to zero. The most efficient way to get rid of this
quasi-static term is to simulate the term R, by a summation over a small number
of exponential terms, using Prony’s method. The remaining part of the spectral

domain Green’s function can then be easily processed using the complex discrete

image {echnique.

3.5 Accuracy and Convergence Considerations
for the Hybrid CG-FFT

The problem of calculating the scattering from a rectangular microstrip antenna is
used as an example for quantifying rates of convergence. The patch is illnminated
hy a linearly-polarized plane wave (f = 3.12G H =), whose plane of polarization is
parallel to the z-axis. The co-polarization and cross-polarization current distribu-
“tions are shown in Fig.3.9. The co-polar components of the induced current taken
along the A — A" and B — B’ cuts are compared with the results obtained by the
Method of Moments in Fig.3.10. Excellent agreement is obtained. A comparison
of the rates of convergence 15 made between the results given in this thesis and

those in {33]. The relative error is defined as

|LJ = B4l

E. = 10log e
NET™

From Fig.3.11, it is clear that the metlmd proposed here has a much better rate of

convergence than that in [33], especially when the number of unknowns is large.

To demonstrate the accuracy of the proposed method, a line feed microstrip

paleh antenna is analyzed. 1t is known thaf the input impedance is one parameter
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Figure 3.9: Current distributions on a rectangular patch antenna illuminated by x-
direted electrical field with frequency of 3.12CHz. W = I5mrn, L = 10mm, ¢, =

10.2,1 = 1.2Tmm.
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Figure 3.10: Co-polar current (x-directed) along A — A', B — B’ cuts of the mi-

crostrip patch, compared with the caleulated results obtained by the Method of
Moments
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Figure 3.11: The comparison of the rates of convergence for the hybrid CG-FFT
technique and the technique used in [32]. The benchmark problem is the microstrip

patch shown in Fig 3.9.
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that is highly sensitive to inaccuracies in analytical techniques. Therefore, it serves
as a good metric for testing the accuracy of our analytical technique. Our values of
input impedance are derived from the standing wave patterns on the transmission
structures (Fig. 3.12). The results over the frequency range 4GHz — TGHz are
shown plotted on a Smith chart in Fig. 3.13. They are compared with measured
data as well as results obtained using the FDTD technique [37]. The results of a
comparison between measured and simulated results shows that our technique has

very good accuracy.

3.6 Conclusions

A Tull-wave analytical technique for large microstrip structure problems has been
presented. It combines the CG-FFT method with the complex discrete image

technique. The proposed method has a number of merits, such as;
] 1 3 ;

¢ The closed-form Green’s functions are obtained using the complex image
techinique without losing any full-wave information and with a negligible
computational overhead. The cumbersome numerical evaluation of the Som-

merfeld integral is avoided.

e The accurate and efficient spatially discrete CG-FFT technique described
in Chapter 2 i1s incorporated into this algorithm. All of the advantages en-
joyed by the technique wheu applied to free-space problems are transferred

Lo microstrip problems.

¢ With the incorporation of the results given in Chapter 2, dealing with the

derivatives of the div-grad operators, this approach is expected to achieve
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5 1¢ 15
(B}  cross-polar

Figure 3.12: The current distribution on 2 microstrip patch antenna and its feed
line.
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Bt
W=25.31 mm
L=17.19 mm
Df=3.125 mm
Ot=29 mm

substrate :
thickness 1.59 mm

Er=22

x=-=1.0

Figure 3.13: The input impedance of a rectangular microstrip patch antenna (fre- [P
quency : 4 - 7 GHz clockwise). (A): results obtained by the presented method;
(B) FDTD results; (C) experiment results. ‘
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greater efficiency and to vield more accurate results than other CG-FRT

techniques.

It is concluded that this method is very suitable for the analysis of very

large microstrip structures.



Chapter 4

The ";izknélysis of Microstrip

Antenna Arrays

4.1 Introduction

Due to the complexity which is inherent in the design of microstrip antenna arrays,
it is important that efficient analytical techniques be developed. These techniques
can be used as computational “engines” in CAD tools. There have been a great
Ilkl.l_l‘l]b(-“l' ol papers published on the topic of modeling single microstrip elements
[38]}}’;E [43]. Sotize papers have put forward techniques for analyzing arrays based on
il assumplion thal these arrays consist of an infinite number of elements. But
the problem of modeling finite sized arrays is draﬁvﬂig the attention of workers

because there is a requirement for increased accuracy in the results obtained, as

well as requirement for increased robustness in the algorithm themselves. [49]-[53].

Al the elementary level, the pattern of a single microstrip element can

be combined with the array factor for an array of independent point sources to

56
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predict the radiation pattern of a microstrip antenna array, Since surlace waves
can propagate in the dielectric layer that connects the array elements, mutual
coupling effects for microstrip arrays may be considerably larger than for other
types of array antennas. Therefore, this result will be of limited value il mutual

coupling is not taken into account.

The inﬁnités wrray . analysis method is based on the assumpiion that the
array consists of uniform elements and the antenna is of infinite extent with the
elements forming a regular grid pattern. A Floquet-type representation of the ficld
{fom a unit element can then be used to express the field of an array composed of

i
these infinite number of elements. Althéugh this model includes mutual coupling,
it cannot be used to treat an array with the complicated configurations shown in
Figs.4.37 and 4.56. Another major disadvantage of this approach is that it can
neither deal with the array edge effects nor with the effects of spurious radiation
from the feed networks. Both of these effects must be taken jnto account in order
to realize good impedance matching and patiern synthesis. 11 is lelt, that for Muture
applications, techniques that are based on ‘the simplifying assumptions described
above will not provide data that will meet increasingly demanding performance

specifications.

Finite large array modeling methods, such as the one proposed here, do
not suffer from the above assumptions. They directly take into account all of the
electrical characteristics of the array, including the complete feed network. These
models will yield results thai surpass the accuracy of those obtained using other
{echniques. But there is a big obstacle that must be overcome when applying
these techniques. In finite array analysis, the interaction between cach pair of
discretized small cells within an array are calculated. This procedure results in a

very dense system matrix. When the arrayv under investigation is large, the storage
FACH !
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and processing (inversion) of this matrix will require a very large computer memory,
as well as very long computing times. From a computational point of view, the

implementation of this model is prohibitively difficult.

It is now known that the CG-FFT method can reduce the computational
burden required for solving microstrip antenna problems because if requires less
computer memory and computing time than other full wave techniques. Combined
with the complex discrete image technique, the hybrid CG-FFT method becomes
highly suitable for carrying out rigorous full-wave analyses of finite large microstrip

cantenna arrays [23] [54]. In this chapter, the proposed technique is exploited by
carrying out simulations of several different types of the microstrip antenna arrays.
First, we carry out simulations of microstrip dipole arrays with different sizes and
array configurations. Using the results of the simulations, we are able to study
array edge effects; i.e. that fact that the array does not extend infinitely into space,
but rather it is truncated, thereby giving boundaries with different shap:é:s. Series
fed and corporate fed microstrip planar arrays are then analyzed. A comparison is
made between the radiation from the feed structures with that from the radiating
elements. In order to demonstrate the full potential of this technique we undertake
a very challenging problem, that of simulating a large microstrip reflectarray. This

chapter ends with conclusions and a discussion of results.

[/

A
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4.2 Analysis of Planar Microsfri.ﬁj:ﬁDipole Ar-
rays |

As mentioned in the introduction, the characteristics of large arrays, such as their
input impedances and array radiation patterns, are usnally derived using the in-
finite array assumption. However. actual arrays consist of a finite number of ele-
ments. [i:this section, it will be shown that characteristics of elements in a finite
arrays differ from those of elements in an infinite array, especially near the edge of

the array. The shape of an array can also affect the characieristics of the array; in

-

-

particular, the radiation pattern. y kS

Edge effects of planar dipole arrays have been investigated principally by
comparing calculated or measured data for a finite array with theoretical data
which were obtained using the infinite array approximation [55] [36]). Most workers,
however, have restricted their analysis to the central elements of large arrays, whose
element geometries consist, of rectangular grids, or to smaller arrays. This is simply
becanse of the computer limitations for the algorithms they used. Pozar(50] treats
the problem of simulating finite-sized arrays of printed dipoles. The eflect of array
size on the generation of surface waves was investigated. Only rectangular arrays
with rectangular grids of elements are treated in [50]. One piecewise sinusoidal
~ basis function per dipole is used in most of the calculations because the authors
use the conventional the Method of Moments in their analysis. The method [orces

them to restrict the number of unknowns they can deal with.

In this section, various types of large planar microstrip dipole arrays are
. i . i e .
studied. These include arrays with rectangular and hexagonal oufer boundaries,

and interior geometries consisting of rectangular and triangatar grids. With the

4/“\

-
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objective of increasing the accuracy of the results, especially for the case of array
input impedance which is particularly sensitive to the value of the current at the

excitation point, 9 basis functions are used for each dipole.

The geometry for a finite array of microstrip dipoles is shown in Fig. 4.14.

Bach dipole is assumed to have length L, width 1, and to be fabricated on a

o
=

Figure 4.14: Geometry of an arbitrary shaped microstrip dipole array:

substrate with dielectric constant ¢, and thickness . The elements are arranged
periodically either in a rectangular grid with spacing a,b in 2,y direction, respec-
tively, or in an equilateral triangular grid with element spacing ¢ (see Fig. 4.15).
The dipoles are fed at their centers with infinitesimal generators V4. The equiva-

lent circuit of one of the dipoles is shown in Fig. 4.16.

Since W « A, the magnitude of the y-directed current is much smaller than
that of the z-directed current and can be considered to be negligible. Furthermore
to a first approximation, the z-directed current can be considered to be evenly

distributed in the y-direction. To solve for this current distribution, an EFIE is

=]
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Figure 4.15: Rectangnlar
dipole arrays.

and triangular grid geometries used in the microstrip
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Figure 4.16: The equivalent circuit of a microstrip dipole element.
g 1

formed and discretized using the procedure given in Chapter 2, thereby leading to

the following linear equalion
2] =V -Vr = 24+ Vp=V (4.83)

where Z, I and V are the impedance matrix, current matrix and excitation voltage
malbrix, respectively. Here, Vp is the voltage matrix which gives the voltage drop
caused by the generator’s terminating impedance. Il the generators are located at
grid points given by (m,n), the elements of Vi are
o S, 5)220,7) Hi=m,j=n .
Vr(i,j) = (4.84)
0 otherwise.

When applying the CG-FFT algorithm, the term Z.J can be calculated by modi-

fying 2.56 as follows.
21 =LJ= ~F5' {£(1- )36~ DRn + 3R, ) (4.85)

where

4[‘
I2="

§ = N3z,
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“:}(w;,wj), ﬂ}n(wf,wj), and ?ii,‘(w,-,w_.,-) are the 2D DFTs of their corresponding quan-
tities which are defined in Chapler 2. After obtaining the values of ZJ, the value
of the RHS of thc second form of 4.83 can be evaluated simply by subtracting of

Vr from ZJ. Then the CG-FFT procedure can be carried out in a straightforward

fashion, =

Using the procedure described above, three different, configuralions are an-
alyzed. In each case, ¢, = 2.1,k = 1.59mm. The array geometries are shown
in Fig. 4.17. To begin, we are interested in determining how the distribulion of
current on the array elements changes with the array parameters. In Fig. 4.18 are
given the magnitudes of the currenis on the rows of a type #I hexagonal array
with M = 30, N, = 10 and N = 70. The total number of the elements in this
array is [166. Fig. 4.19 gives a comparison of the current distributions along the
central rows of a type #2 hexagonal array with M = 47, My =37,N = 17 and
a rectangular array with M = 47, N = 17. The total numbers of the elements in
these two arrays are 709 and 799, respectively. It should be noted that the spaces
between the elements are omitted in the graphs. It is observed from the above
two graphs that the current is more uniform in the central portions ol the arrays
and that it varies remarkably near the edges of the arrays. lt is also found that
the current distribution changes with array geometry. For purposes of comparison,
an ordinary dipole array (in free space) is simulated. It is a type #2 he;tagonal
array with M; = 8, M = 15, and N = 15. The width of and the space between
the elements of this array are the same as the width and the space of the elements
of microstrip dipole array used in the former example. In Figs.4.20 and 4.2] are
shown the magnitudes and phase distributions of the currents on {e Ist, 4th, 8th,
12th and 15th rows of the array. It is seen that even though variations still exist

in the magnitude of the current across the array, the magnitude of the variation is
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hexagonal array with triangular grids

TYPE #1

hexagonal array with triangular grids

TYPE#2

rectangtlar array with rectangular grids

Figure 4.17: Microstrip dipole arrays with three different geometries.
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Figure 4.18: The current'"distributions on different rows of a type #1 hexagonal
array with M =30, ¥, = 10, N = 70.
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x10-3 comparison of current distribution of different lay-out of array
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Figure 4.19: The current distributions on the central rows of a type #2 hexagonal
array with M = 30, N, = 10, N = 70 (solid line) and 2 rectangular array with
M =47, N = 17 (dash line).
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considerably less than that of one of the microstrip dipole array shown in Fig. 4.19.
The differences in the characteristics of these two types of arrays are atiributed
to the existence or nonexistence of surface waves. In the case of the dipole ar-
ray in free sfiace, surface waves are virtually nonexistent, whereas for the case of
microstrip arrays, surface waves exist and propagate within the substrate. Since
surface waves can increase the mutual coupling between elements of an array, it
follows that the effects of mutual coupling are likely to be greater for a microstrip

array as compared to a dipole array in free space.

The input impedance of the individual elements in an array is also allected
by the size of the array. In Fig. 4.22 is shown the mput impedance of the central
element of N x N array, where N = 1,3,7, 19, co. In each instance, the array shape
is rectangular and the element geometry consists of rectangular grids. The results
are compared with those in [47). The difference between these two data sets may be
~attributed to the different numbers of basis functions used in the simulations and
the different approaches for treating the Green’s functions. These data are for the
central elements only, but the impedances are expecled to change {rom element to
element in a finite array. Figs.4.23 and 4.24 depict the resistance and the reactance
of each element in a hexagonal array type #1 with M = § N = 22, Ny = -8,
presented in the form of contours and gray-scales where denser colors represent.
larger values of the resistance of the element at that location. Hewever, it, should
be noted that the contours and the gray-scales are meaningful only at element.
positions. The results clearly show an overall spatial variation of the input
impedance within the array. It is predictable that the impedance of the central
element (82.6 + j7.24Q) is close to the value of that of an infinite array. [t is
observed that the differences between the impedances of the finite array elements

with those of a infinite array are largest at the edge of the arrays and decreases
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Magnitude of current on different rows of an array in free space
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. Figure 4.20: The magnitude of the current distribution on the 1st, 4th, 8th, 12th
and 15th rows of an ordinary dipole array in free space. The array is a hexagonal

array (lype #2, M, =8, M =15, N = 15)
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Phase of current on different rows of the array
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Figure 4.21: The phase of the current, distribution on the Ist, 4th, 8th, 12t and
15th rows of an ordinary dipole array given in the previous figure,
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...............

X=—05 ...................

Figure 4.22: The input impedance of the center element of N x N, N = 1,3,7, 19, 00
microstrip dipole array with rectangular shape and rectangnlar grids. The values

ol pertinent, array parameters are: ¢, == 2.55,h = (.19hg,a = b = 05X, L =
0.39A0, W = 0.01 . E
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Cantour map of active resistance

%

Figure 4.23: The spatial variation of input resistance of a hexagonal microstrip
dipole array type #1 with M = 8§, N = 22 N, = 8, substrale ¢, = 2.2,h =
1.o9mm. The variation is presented by contours and a gray-scale where denser
colors represent larger values of the resistance of the element, at, that localion.
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Contour map of active reactance

FPigure 4.24: The spatial variation of input reactance of the hexagonal microstrip
dipole array given in the previous figure. The variation is presented by contours
and a’gray-scale where denser colors represent; larger values of the resistance of the
element at that location.
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when one approaches the centers. It is to he noted that the input impedances of
the elements at the edge are between the value of the infinite array (82 j082) and
that of the single isolated element (144 + J77.99Q).

i :
[n addition to the effect of the array size, edge and shape to the individual

elements, these factors also have effects on the overall performance such as the
radiation pattern. Fig.4.25 shows the radiation patterns of two arrays with rect-
angular and hexagonal shapes, respectively (see Fig.4.17). The diflerences in the
radiation patterns of the two arrays are obvious, however, the patterns cannot he

simulated il one asswmes infinite array models.

4.3 Modeling Planar Microstrip Patch Arrays

The proposed hybrid CG-FFT method can accommodate arbitrarily shaped mi-
crostrip planar structures. In this section, planar microstrip patch arrays, such
as series-fed arrays and corporate-fed arrays, are analyzed along with their feed

networks.

The feed network’s effect on the performance of an array has been studied
by some authors [33] [57] [58] [59]. In [59], the radiation from and losses due
to feed network’s are studied by using a surface current approach in which the
electrical current on the feed line is modeled as an ideal transmission line. In (57|,
the effect of radiation on the array pattern is analyzed using a source distribution
of magnetic currents. These currents are obtained {rom a patch cmf‘i'!.'y""model.
Both of these models are based on some asymptolic assumptions, which are not
full-wave analysis approaches. In {53], a ful]-wa,"ii,- . Ei-z;]ysis method is presented for

predicting the feed network effects. Both the Moment Méthod and the discrete
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FIRCTRIC FIRLD PATTERNS FOR THE MICROSTRIP DIPOLE ARRAY
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Figure 4.25: The radiation patterns of a microstrip hexagonal array znd rectangu-
lar array given in Fig.4.11.
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]

images technique are used i this model, The size and the type of the arrays
treated in [53] can be classified as being both small and simple. With the aid
of the hybrid CG-FFT, this approach can be broadened Lo cover a much broader

range of microstrip antenna arrays.

First, a series-fed microstrip array is simulated. It is an | x 4 patch array
with different values of L (shown in Fig.4.26). The array is driven by a §-gap

source located near the end of the feed network.

y
(I
¥y d2
A

W=11.79mm
L1=10.98mm
L2=12.32mm
o ?1=1,3mm
’ d2=3.93mm
Freq = 9.42GHz
Er=2.2

Figure 4.26: A series-fed microstrip array.

Fig.4.27 depicts three-dimensional views of the x- and y-directed currents on
the patch elements and the connected feed networks of the array with L = 37mm,
In Fig.4.28 are shown the current distributions on the central lines of e AFPiLYS

with three different lengths of L.
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Figure 4.27: The magnitude of z-directed (upper) and y-directed (lower) current
distribution on the series-fed microstrip array shown in the precious figure.
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Figure 4.28: The current distribution on the center lines of the series-fed microstrip
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The standing current waves exist on the feed networks because of the mis-
match between the feed lines and the patch elements. ldeally, the impedance of
the elements should be matched to the feed line to prevent standing waves, [n
practice, there are always somie uncertainties with regard to the matching condi-
tions due to imperfections in the simulations, design and fabrication, which, in
turn, lead to more or less standing waves. Based on these current, distributions,
the effect of the feed network on the radiation pattern of the whole array can he
predicted by calculating the radiation field frons: dilferent parts of the structure,

The formulations are given below [60].

—fkR

Ey = —760k 7 [cos ¢ f,.(0, ¢) + singpl A0, DN ol 0, $) (41.86)
—~jhR .

L, = 4560k [singl.(0, $) — cos rj) 0, &N (0, 4), (4.87)

where

p cos O/ €, ~ sin® Osin(kor/¢» — sin*0z)
0 -_—
Ve —sin? Osin(kor/e; — sin® 0z, — Jer cos @ eos(byy/ o, —sin® 0z,)

(1.8%)
p cos 0 sin(koy/ e, — sin® 0z,
b =

cos sin(kg\/c-', —sin® 0z,) — j\/f,. — sin? 0 cos{ b,/ ¢ — sin* Ozp)

(4.89)
Here, 1}, fy are the Fourier transforms of current distribution defined as
i((ﬁ,cf)) = j/.k(:r', y’)ejg"';'d:z:’(ly' (i oor oy (1.90}
with
= 2'% + y' + 202; Es = k(sin 0 cos ¢ + sin Isin gy + cos02) (4.91)

and zg denotes the thickness of the dielectric substrate.
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FFig.4.29 shows the E-plane radiation pattern for a series-Ted array, compared
with the experimental resnlts. Good agreement between the experimental data and

the theoretical data is achieved. As is pointed out in [53], the cifect of the feed

0
a
)

ol i
-20 0 20 40
THETA(degree)

Figure 4.29: The E-plane radiation patterns of the series-fed microstrip array. Solid
line: simulation result, dashed line: experiment result, dot line: the shiulated
result with no feed network.

networks on the radiation patterns varies with the lengths of the feed lines. This
is a result of the change of the standing current waves on the feed lines. For
comparison, the radiation patterns of arrays with different lengths of feed lines
are shown in Fig.4.30. Fig.4.31 shows the computed radiation patierns of the fead

network alone, i.e., with the radiation from the patches suppressed. These patterns

[
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E-plane radiation filed
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Figure 4.30: The E-plane radiation patterns of the series-fed microstrip arrays
w.th different lengths of the feed lines. Dashed-dot line: L = 17mm , dashed line:
L = 25mm, solid line: L = 38mm.
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are compared with the envelope of the side-lobe pattern of the patches alone, [t

E-plane radition pattern from feed network

e IO,

=25mm

L=38mm
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-30
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Figure 4.31: Radiation patterns for different léhgths of the feed networks.

can be seen that the feed side-lobes change with the length of the feed line, and in
some cases, they are of the order of 10dB higher than that of the patch radiator,
Therefore, the increased side-lobe level (SLL) of the whole array, i.e. that part of
the radiation which is greater than that {rom an array without a feed network, is

attributed to spurious radiation from the feed network.

Next, we simulate & new array. It is a 2 x 2 corporate-fed patch array as
shown in Fig.4.32. The source is located at the center of the feed network in which

a coaxial probe is fed from the back of the substrate. Figs.4.33 and 4.34 show
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the enrrent, distribution on the patch and feed lines directly connected with the

patches. The measured and calculated H-plane radiation patierns of this structure

0.3720

0.7 Ao L

Figure 4.32: The geometry of a 2 x 2 corporate-fed microstrip array.

are shown in Fig.4.35. They are also in good agreement. To see the effect of the
feed networlks, the calculated E-patterns of the arrays with different lengths of
feed lines are shown in [ig.4.36. It is found that the array with L = 0.1\ has the
:‘;lmallest SLL. This suggests that the feed lines should be kept as short as possible
to reduce the level of the spurious radiation. On Fig.4.35, the cross “+” represents
the patterns with the lengths of the feed Hnes changed. Siuce the currents on
feed lines are mostly flowing in the w-direction, the change of the lengths of the

feed lines has a minor effect on the H-plane patterns (only a tiny difference on the
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Figure 4.34: The y-directed current distribution of the 2 x 2 microstrip corporate

feed array. Note that the current on the central part of the feed line is not draw
here.
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Figure 4.35: The H-plane radiation pattern of the 2 x 2 corporate feed microstrip
planar array. Solid line : the simulation result; dashed line: measured result; cross
+: the simulation result with the length of the feed line changed.
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E-plane radiation pattern

.

0 20 40 60 80
THETA (degree)

Figure 4.36: The E-plane radiation pattern calculated from the current distri-
bution with ditferent lengths of the directly connected feed lines. The pat-
terns from with highest SLL to lowest SLL are corresponding to the lengths
L =0.4)0,0.3M0,0.2)0, 0.1 Ao, respectively.
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side-lobe),

In the following, larger microstrip planar arrays are analyzed. Oune is an
8 X 4 corporate feed array composed of 8 Lranches of the 4-element sories-fod

arrays, shown in Fig.4.37. A 3-dimensional view of the x- and y-directed current,

DIELECTRIC SUBSTRATE

— MICROSTRIP PATCHES

MICROSTRIP SERIES
FEED NETWORK

GROUND PLANE

\

FEED POINT

Figure 4.37: A geometry of a microstrip planar array with a corporate feed network.

distributions are depicted in Fig.4.38. The standing currenl waves, caused by

the mismatched condition, are clearly shown on every part of the feed networks.
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Figures.4.39 and 4.40 give the radiation patterns in E- and H-planes compared
with the patterns caleulated for arrays without feed networks. It is seen that feed
nebwork aflects the H-plane pattern only in the region of its side-lobes and the
eflfects are symmetric, while its eflects on the E-plane patterns are more destructive,

where even the main-lobe is degraded, and the effects are asymmetric.

As another example, a 4 X 4 corporate planar array, composed of four of the
2 x 2 subarrays shown in Fig.4.32, is simulated. The configuration is illustrated
in Fig.4.41. The source is at the center of ‘the feed network, driven by a coaxial
line from the back. The effect of the whole feed network on the array’s radiation
pattern can be predicted. For simplicity, the effect due to the short feed lines
which are directly connected with the patch elements are analyzed. Figs.4.42 and
4.43 show the x-and y-directed current distributions on the patch elements and

feed lines (the current on the other parts of the feed network are suppressed).
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Figure 4.38: The current distributions on the 8 x 4 corporate feed array. (A):
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Figure 4.39: The H-plane radiation pattern of the 8 x 4 corporate feed array. Solid
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Figure 4.40: The E-plane radiation pattern of the 8 x 4 corporate feed array. Solid
line : pattern without feed network; dashed line: pattern with feed network.
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Figure 4.41: The geometry of a 4 x 4 corporate feed microstrip feed array.
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04

Figure 4.42: The a-directed current distribution on the corporate leed array shown
in the previous figure.

The radiation patterns for this structure are caleulated using the enr-
rent distributions shown above. Figs.4.44 and 4.45 show the E- and H-plane
radiation patterns of the arrays with different lengths used lor the feed lines
(L = 0.429,0.3X0,0.2Xq,0.17p). Since the feed lines support only x-directed com-
ponents of current, only the E-plane patterns for the antenna are affected. i s

also seen that the shorter the feed line, the lower the level of the spurious radiation.
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Figure 4.43: The y-directed current distribution on the 4 x 4 corporate feed array.
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Figure 4.44: The E-plane radiation pattern calculated from the current distribution
with different lengths of directly connected feed lines (from highest SLL to lowest

SLL,L = 0.40,0.3X0, 0.2)0,0.1¢), respectively.
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Figure 4.45: The H-plane radiation pattern calculated from the current distribution
with different lengths of directly connected feed lines.
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4.4 Modeling Study of Microstrip Reflectarrays

The most important advantage of the CG-FFT method is the potential that it
has for solving electrically large EM scattering and radiation problems. Some
applications of CG-FFT for large scattering problems have been reported, but
very few applications of this method to the analysis of large microstrip arrays have
been reported in the literature so far. To demonstrate the strength of the Liybrid
JCG-FFT, a modeling study of large microstrip reflectarrays is presented in this

section.

4.4.1 The Concept of Microstrip Reflectarray

Moabile and satellite communication systems require high gain antennas which arce
compact in size and light weight. Antenna technologies that can be used to develop
H : : . e
physically small antennas are of considerable interest to antenna engineers. The
microstrip reflectarray (MRA in short) has been suggested as a possible antenna

for mobile and satellite communications (see Fig. 4.46) [61] [68].

The use of reflector antennas for beam forming is analogous to reflectors
used in optics - the reflector surface is designed and fabricated so as to com pensate
for the phase differences of the fields traveling from the feed to different points on
the reflector. An outgoing coherent phase-front is thereby generated by the reflec-
tor. To reach the same goal, the microstrip reflectarray (Fig. 4.47) uses microstrip
patches connected to open or short transmission lines to form a directional beam.
The patches serve as re-radiators, and the connected microstrip transmission lines
(we call them tails) act as phase shifters. The tails are adjusted so as to generate

a coherent field in the wanted direction. For example, for a parabolic reflector
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/ Microstrip Flip-top

Reflectarray

Feeding Antenna

Micro-Satellite

Figure 4.46: The use of microstrip reflectarrays for micro-satellite for satellite
communications.
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Microstrip Reflectarray

Anienna cover

& Feeding Antenna

Re-radiator
Phase shift : approximately

dpP=2 [} L
Phase shifter

Figure 4.47: The composition of a microstrip reflectarray and the patch elements
which operate as both a phase shifter and re-radiator.
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AL -
antenna (Fig.4.48),

FMA+ MM =FO+ 00, F is the focus of the parabolic reflector,

(4.92)
while for the microstrip reflectarray
FP+ PP £ FO"+0"0'. (4.93)
However, with a good design, we can have
FP4+ PP = FO"+0"0' + dp (4.94)

where dP denotes the equivalent electrical length that corresponds to the phase

shift imported by the patch.

Compared with reflector antennas, the microstrip reflectarray has the fol-

lowing merits:

e Owing to its flat structure, MRA can achieve larger sizes with less structural
distortion, thereby easing the problem of mounting the antenna, as well as

leacding Lo a more cost effective antenna.

o It is possible for MRA to have a larger offset main beam and feed point
because the offsets are achieved by tuning the electrical lengths of the tails

rather than the shape of the reflectors.
o Electronic beam scanning is possible if phase shifters are incorporated with

the tails.

Compared with the microstrip planar arrays, the MRA has the advantage

of not requiring a complex corporate {feed network. This means that the MRA
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Figure 4.48: Illustration of the concept of the microstrip reflectarray - comparison
with a reflector antenna.
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may have less system complexity, less insertion loss, hieher efficiency and a lareer
K H (=]

power handling capability.

Following the introduction, by Munson et al, of the concept of microstrip
reflectarrays in 1987 [62], only a few feasibility studies have been carried out. They
have been primarily experimental in nature [63]. This is due to the fact that, as
of yet, virtually no design tools have been developed for these types of structures.
To add to this challenge, it should be noted that the structures are usually fairly
large. In [64], an analytical approach, combining basic antenna array theory and
the GTD, has been proposed. This approach can give us some basic understand-
ing and a rough prediction of the performance of this type of antenna. Another
approach based on the Method of Moments and Floquet theory for infinitely large
arrays has also been proposed in [65] [66]. This approach can yield much more

accurale results.

In this section, we present a 111odelingl_ study of an MRA. This work is
carried out using the hybrid CG-FFT method. The efficiency of this technique
allows us to easily deal with very large MRAs. Based on this full-wave analysis
technique, we have studied the re-radiated field phase shift vs. length of the
microstrip tails, magnitude of current distributions vs. the length of the ta'iis, the
current distribution on the entire array and the radiation pattern of the MRA. To
validale our model, several trial designs have been done. The experimental results

verify our theoretical studies.
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4.4.2 Analysis

To accurately analyze a very large microstrip reflectarray, in particular, “ to accu-
rately predict the backscattered fields from thousands of non-uniformly illuminated
microstrip patches with un-equal lengths of 1njicrostrip transmission lines, a very
complex analysis technique needs to be develoi)ed [64]. ™ The Conjugate-Gradient
Fast Fourier Transform Method (CG-FFT) is very suitable for analyzing large mi-
crowave structures. When combined with the discrete image technique [24], the
CG-FFT bhecomes a very robust technique for analyzing very large microstrip an-
tenna arrays [23]. Based on this technique, an MRA design procedure is proposed
[67], which is given in flow chart form in Fig.4.49. When implementing this proce-
dure, the hybrid CG-FFT is utilized to simulate a large microstrip reflectarray, as
well as to predict the phase shifts of single patches with diflerent lengths of tails,
all in an array environment [69]. In the simulation, the microstrip structure is dis-
cretized into rectangular small cells. The roof-top functions are used to expand Lhe
current on the structure. The incident field &< is 'efined by the characteristics
of the feed antenna. When the type and the location of the feed are identified, it
is not difficult to calculate the incident fields precisely (imagnitudes, phases and
glazing angles) at every position within the reflectarray. Then the hybrid CG-FFT
described in Chapters 2 and 3 is applied to calculate the current distribution. Fol-
lowing the calculation, the current J on a radiating element (patch plus tail) is
Fourier transformed to provide the phase of the field that is re-radiated from the
element. Alternately, the radiation pattern is calculated by combining the reflected
field from the ground plane and the field re-radiated from the patches using the

formulation given in equation 4.86 - 4.91.
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Figure 4.49: A proposed procedure for microstrip reflectarray design.
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4.4.3 Results

We have simulated and tested some trial X-band linear microstrip reflectarrays,
with different numbers of patches. Each pateh was resonant at 12 GHz. The ¢y of

the substrate used was 2.2, and its thickness was 1.59mm.

First, a critical characteristic of the MRA, i.e., the relationship between
the phase shift of the reflected field from a single patch and the length of the
connected tail is fnvestigated. This is presented by the solid line in Fig.4.50. To
show the effect of mutiual coupling, a single patch in an array environment, has
been analyzed, and the phase shifi relation is shown in Fig.4.50 (dashed line),
To study the effect of different shaped patches, the phase shift of patches with
indented tails, which can be used to carry out, an impedance match between the
tail and the patch, are also simulated(Fig.4.50, dotted line). The indentations are

[.2mm vertically and 0.9mm horizontally.

In the simulations, we found that the current distributions on the patches
are affected by the attached tails. This behavior is due to the fact that the
impedance looking into the tail, at the junction between the patch and ils tail,
varies with the length of the tail. For instance, the impedance should he near
zero when the tail length is 544 The current, distribution on the patch for this
case should be close to zero because of the short-circuiting effect of the tail. As
the length either increases or decreases with respect to -‘\;12, the current increascs
monotonically. This is known as the i,li effect. These relationships are shown in

[f1g.4.51.

A simple 23 X 1 linear microstrip reflectarray is simulated. The co-polar

current distribution is shown in Fig.4.52. The radiation patiern is calculated from
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Figure 4.50: The phase shift of the re-radiated field vs. the length of the tail from
a single microstrip patch element.
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Figure 4.51: The change of the average magnitude of the normalized current vs.
the length of the tail on a single microstrip patch element.
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({\\\\\\\\

[igure 4.52: The co-polar current distribution on a linear microstrip reflectarray.
Note that the magnitudes of the current on the central part are smaller than those
near either edge of the array. This is attributable to the high SLL of the radiation

pattern of this array.
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the curvent distribution. The H-plane (focused plance) pattern is shown in Fig.4.53.
The main beam is seen to be focused in the designed direction. The measurements
on the array were carried out in an anechoic chamber. The measured paltern
(dotted line in Fig.4.53) is compared with the simulated paltern and rcasonably
good agreement is observed in this figure. Due to the fact that we did not lave
access to a proper 12GHz low-noise-amplifier, the pattern measured outside of 50°

is dominated by noise.

It is seen that the currents ou the central patches are smaller than those on
the patches located near the sides of the array. This V-shape current. distribution
over the array results in relatively high side-lobe levels. This is because of: (1) the
edge effect of the backscattering field from the arrays; (2) the relationship between

the length of the tails and the current magnitude along the array.

To overcome the destructive edge effect and tail effect, we propose the

following scheme for realizing improvements:

o Add some dummy elements al both sides of the array. In our stucies, we
found that if we put some patches with %-‘1 tails at both sides ol the array,

the short-circuiting effect and the edge effect can cancel each other.

o Combine and use two techniques for tuning the array. In [65], il was lound
that the phase of the re-radiated field can be controlled by changing the
length of the patch. So we propose combining the two techniques when
tuning the patches, i.e., changing the lengths of the tails, as well as the sizes
of the patches. In this way, we can achieve an optimal current distribution
and the phase shifts required to get both low side-lobes and a well defined

main beam pattern.
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The radiation pattem of the microstrip reflectarray (H-plane)
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Figure 4.53: The H-plane radiation pattern of the linear microstrip reflectarray.
Solid line: simulated result, dotted line: experimental resuit.
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In Figs.4.54 and 4.55 are given the results of the simulations carvied out on
the adjusted microstrip array, where we start with the previously designed MRA
and apply the above described adjustments. The early results are given in Figs.4,52
and 4.53. When a comparison is made with the results in Fig. 4.53, we see thal
some improvements have been made in the current distribution and side-lobe levels
of the modified MRA. It is clear that further refinements are required to improve

the techniques currently available for designing and testing large two-dimeusional

MR As.

Current distribution of & modificd MRA
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Figure 4.54: The current distribution over a cross-section of the modilied MRA.
The axis L/ Lo is the relative position of the sampling point and ///ois the relative
magnitude of the sampled current value.
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I our modeling studies, we have simnlated some very large MRAs. Heve,
we give one example. Fig. 4.56 depicts the layout. of a microstrip rellectarray.
The layout was generated by an automatic mesh generator which was specially
designed for our algorithm. This array has been designed to operate at a frequency
of 10GHz. The substrate used has a dielectric constant e = 2.32 and thickness
h = 2.36mm. The size of the arvay is 508.3 x 394.5mm?, and has a total of 914
elements. The main beam of this array is designed to point to (6, ¢) = (30°,0").
The feed antenna is positioned so as to be symmetrically located with respect to
the four edges of the array, as well being separated from the array, in the third
dimension, buy a distance of 1000mm. The main beam of the feed antenna is

directed to illuminate the center of the MRA.

A three-dimensional view of the current distribution on a part of the MRA
15 depicted in Fig. 4.57. To show a overall view of the current distribution, a
color map of the the magnitude and a contour map of the phase of the current
distribution on the array are shown in Figs.4.58 and 4.59, respectively.  From these
two figures, it can be seen that the current distribution exhibits a well defined
pattern for both its phase and magnitude. Comparing Figs.4.58, 4.59 and Fig.
4.56, one can see that there exists a clear relationship between the pattern of the
current distribution and the distribution of the tail length across the array. We
can say that it is this patiern, combined with the radiation pattern of the feed
antenna, that generates the coherent phase front of the re-radiated field from the

array in the desired direction.

Based on the current distribution, the MRA’s re-radiated field is caleulated.
The radiation patterns are shown in Figs.4.60 and 4.61. The pattern has sym-
metric side lobes in the H-plane and asymmetric side lobes in the E-plane due to

the symmetry and asymmetry of the MRA’s layoul in these two planes.
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- The layout of MRA, theta=30, 498.23mm by 344.47mm, freq=10GHz
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Figure 4.56: The contour-map of the layout of the 32 x 29 MRA, generated by an
automatic mesh generator. The vertical axis is x-axis and horizontal axis is y-axis
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Figure 4.57: A three-dimensional view of the co-polar current distribution on a
portion of the 32 x 29 MRA.
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Current distribution (magnitude) on the central part of the MRA

Figure 4.58: Color map of the current magnitude distribution on a 32 x 29 MRA
The denser color represents the larger magnitude.



17

1.4. MUDELING STUDY OF MICKOSTRIP REFLECTARRAYS

The phase distribution on the MRA
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Figure 4.61: The simulated E-plane pattern of a 32 x 29 MRA.
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4.4.4 Discussion

Based on our modeling and experimental studies of MRAs, we make the following
conchisions. In order to achieve accurate focusing of the microstrip reflectarray, one
must be able to determine the precise phase shift of the re-radiated signal for each
"of the patches in the array. This phase is controlled by the length of the attached..
short transmission lines. Intuitively, a linear relationship is expected between the
phase shift and the length of the tails. This can be proven true if the equivalent
transmission line model is used. But at higher frequencies (e.g. X-band } and in an
array environment, the tail cannot simply be treated as a pure transmission line.
The elfects of re-radiation, surface waves and mutual coupling between neighboring
patches and tails, etc., have to be considered. This is true in the analysis of the
complete array, as well as for predicting the phase change imposed at each patch.
The simulation results in this thesis show that phase shift vs. tail length is not a
simple linear relationship. In order to achieve high performance, the destructive
edge and tail effects need to be considered. By putting some dummy elements
al the edge of the array and by using two tuning approaches, we can improve
the performance of the MRA. The simulation results provide corroboration for this
idea. Continuing experimental research is needed to further improve the design of

microstrip reflectarrays.

The modeling studies that have been carried out in this thesis on a number
of large MRAs serve to demonstrate the power of the hybrid CG-FFT for analyzing
very large microétrip structures. It is worth noting that that the number of the
unknowns that were used to simulate the MRA in Fig. 4.56 is approximatel y given
by 400 x 500 x 2 = 400, 000. In the case of the Method of Moments (MoM), where
a direct inversion scheme is used, this number grows astronomically. With MoM,
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the size of the matrix that must be processed in order to carry out this simulation
‘would become 400,000 x 400,000, This would require a computer with at least
320G Bytes of memory, which greatly exceeds the capability of even the largest

compuiers.

4.5 Summary

In this chapter, the hybrid CG-FFT technique has been used to simulate sev-
eral types of microstrip antenna arrays, which include microstrip dipole arrays,
microstrip planar arrays and microstrip reflectarrays. Some issnes of Lechnical in-
terests for microstrip array design have heen studied. [n the study, it has been

found that

o the current distributions, input impedances of the array elements and the
array radiation patierns are all affected by the sizes and shapes of the array,
as well as the location of the edges. Due to the existence ol surface waves
within a microstrip structure, the size, shape and edge factors have a much

stronger effect on a microstrip array than on an ordinary array in free space.

* to design large microstrip planar arrays with microstrip line feed networks,
serious attention has to be paid to the spurious radiation from the feed
network. In order to achieve good pattern synthesis, accurate predictions
must be made of spurigus radiation.

The modeling ;-l-.faclies that have been carried on microstrip reflectarrays
provide a good demonstration of the strength of our technique for analyzing com-

_plicated and large microstrip structures. A design scheme l:48 been proposed based

s
/
b
-
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on the hybrid CG-FFT technique. Some design examples have been tried numer-
ically and experimentally. A proposal for improving the MRA’s performance is
presented and numerically demonsirated. Further research work needs to be con-

tinued.
From the studies in this chapter, we conclude that
o for the design of microstrip arrays with high performance, the fnite array
mode] has significant advantages over the infinite array model; and

o the proposed {ull-wave hybrid CG-FFT method is a very accurale;and effi-

cient technique for accomplishing this task.



Part 11

The Spectrally Preconditioned
CG-FFT Method
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Chapter 5

The Development of the
Spectrally Preconditioned
CG-FFT Method

5.1 Introduction

It has been demonstrated that the CG-FFT method has great advantages over the
standard Method of Moments (MoM) for carrying out EM analysis of large scale
problems. This is because, as an iterative algorithm, the CG method can reduce
the computer memory from O(N2), which is required by the MoM, to O(N,). At
the same time, the integral equation which describes the EM problems of interest
Lo us possesses o convolution kernel. This means that it can be efficiently computed
by using the fast Fourier transform (FFT), with the computing time proportional

to O(NiN;log N,) in contrast to the O(N?) computations required by the MoM.
Several different implementation schemes, as described in chapter 2, have
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been developed in order to enhance the performance of the CG-FFT method.
However, in all cases the derivations for these enhancements have had electromag-
netisc based starting point. Examples of these enhancements are provided by the
treatment of the grad-div operator and the application of circular convolution to
carry out the operator calculations. Actually, there is another path which has
great potential for improving the performance of existing CG-FFT methods, thal

is improvements to the CG algoritlin itself.

A so-called biconjugate gradicnt (BiCG) method has been developed by
Lanczos [70] [71]. It has recently been successfully applied to MoM problems [72]

[73]. In the BiCG method, the biorthogounality condition
Tl s T =< Tg1, T >= 0 (5.95)
and biconjugacy condition
< Py AP >=< Pugy, A"p, >=10 (5.96)

are used in the development of the algorithm. These are different from the condi-
tion that is used in the CG algorithim (see section 2.2). It has been shown that the
BiCG method is better suited than the CG algorithm for solving problems that are
poorly conditioned. In section 2.2, the CG algorithm is applied to a normal equa-
tion whose condition number is the square of the system matrix itsell. However,
the BiCG algorithm has a potential flaw [73]. The condition < 7,7, >= 0 can
oceur even when |[F|| # 0, [|rall # 0. Under this condition, the BiCG stagnates
and fails to yield a solution. In addition, the termination of the BiCG routine is
much more complicated because the residuals produced at each step do not have

a monotonically decreasing norm.

Another method that has been developed is the generalized congugale resid-

ual (GCR) method [74][75]. 1t has been shown that for appropriate discretization
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of the EFIE, the GCR method has better convergence than the CG method. But
this method has good performance only when the Hermitian part of the system
malrix is positive definite. Another disadvantage of GCR is that after the pth
iteration, all p of the previous search directions must be saved. This increases e

compuler memory requirement.

Researchers in applied mathematics have found that in terms of conver-
gence, iterative algorithms work best when applied to linear systems whose itera-
tive matrices have eigenvalue spectra constrained to a small region in the complex
plane or on a small interval of the positive axis [76]. A preconditioned conjugate
gradient. method was developed based on this observation [77] [78]. Precondition-
ing can be used to reduce the number of ilerations necessary to yield a solution
ol desired accuracy. This is achieved hy transferring the equation to an equivalent
one with eigenvalues in a more favorable location, Le.,in a small cluster. However,
i is nol an easy task to implement this method, because it is very difficult to
choose a proper preconditioner based solely on observations. Preconditioning can
he considered more of an art than a science. Therefore, even though the technique
has been applied successfully in other fields of engineering {79], the use of precondi-
tioning in the electromagnetic analysis is not very popular. Actually, this method
has great potential in the area of EM analysis. In [80], coaxial collinear (COCOQ)
antenna arrays were analyzed by means of the preconditioned complex conjugate
gradient (PCCG) method and very posit_i:y_giresults were obtained. The incomplete
LU decomposition preconditioning is a.ciopl;g in this approach. Compared with
the standard complex conjugate gradient method (CCQG), the technique used in
[80] requires much more computer memory for its preconditioning process, in ad-

dition the technique uses twice the computing time of the standard CCG method
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in each CG recursive iteration. In the analysis, the authors have not taken the ad-
vantage of the FFT to calculate the convolution integral. Therefore this approach
1s not efficient in terms both of computer memory and computing time. Another
published result describing the application of the PCG method to EM analysis was
given in {81]. The authors briefly described the approach used for preconditioning
which consisted of using (A + U/)7! to multiply both sides of the linear system
equation. Unfortunately, the anthors did not give many details on the procedure
used in implementing their approach. Some details for the use of the PCG method
are given in [82]. The Strang preconditioner was duplicated by Smith [82] and ap-
plied to EM analysis. The studies carried by Smith [82] showed that this method
was effective for one-dimensional problems. However, they failed to produce any

positive results for the application of this technigue to two-dimensional strucbures.

In this chapter, a highly efficient spectrally preconditioned CG-1FFT (SPOG-
FFT) method is presented. This method takes full advantage of the FFT by
carrying out the CG operation, constructing the preconditioner and applying the
preconditioner all in the spectral domain. It has the advantage thai no additional
memory and only O(NlogN) additional operations are needed for storing and con-
structing the preconditioner and performing the preconditioning. At the same

time, it has superior convergence properties as compared with any other CG-FFT

schemes. In this chapter, we wili first introduce the concept of preconditioning and -

the existing approaches for coustructing the preconditioners. Following the intro-
duction, the method for designing spectral preconditioners is described by referring
to linear system theory. An outline is presented for the Toeplitz preconditioners
developed by Strang and Chan. Then a systematic approach of construetin g a class
of preconditioners is presented. The proposed approach is then extended to treat

non-Toeplitz matrices that arise in different EM problems. The analysis of the

Do
T

N




42 THE CONCEPT OF PRECONDITHINING 128

spectrum, convergence performance and numerical experiments will be presented

in the next chapter.

5.2 The Concept of Preconditioning

When using the Conjugate Gradient (CG) method for solving a Hermitian positive

definite (HPD) linear system Ax=b, one minimizes the quadratic functional

¢(z) =

w7 Ax — 2Tb (5.97)

o] —

with the unique mizimam giving the desired solution. The convergence rate of the
CG maethod depends on the 3])cactrﬁm of A. Generally speaking, the CG method
converges faster if A has a number of clustered eigenvalues. In order to accelerate
is convergence rate, a precondivioning step can be introduced at each CQ iteration,

which leads to the Preconditioned Conjugate Gradient (PCG) method [16].

The procedure for preconditioning A is to find a nonsingular symmetric
matrix C, such that A = C7'AC™, and A has an improved condition number.

Then the CG algorithm can be applied to the transferred system
Ai =10 (5.98)
where 2 = ¢~ and b = C-10.

In detail, the procedure is given by the following:

fo=0 , To=b (5.99)
For k=1,..,n (5.100)
if k1 =0 then (5.101)

set =%, and quit (5.102)
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LTy Ty >

else [y = ——— 7 7 1 =0 Ho103

else i PERE RIS (# ) (5.103)
Pk = Tr + Bepr (7 = 1) (5.104)

< Ty Tpmy > .

Y. = 1 .l”lr
M=72 C= g, AC1og > (5-105)
Ep = Tpqy + ok Pr (5 IU()')
Th = Tpey — akC“AC“‘ﬁk (5.107)
Lk = Ty,. {5.108)

Here & can be regarded as approximations to #. If we define
P =R e = O ap = 'y, g = C7'"F = b — Ay,
then the above procedure becomes,

=0, rg=0b 09

For k=1, .mn 5410

tf ey =0 then

_:1

AT

set w=xy and quil Ad1z)

._,'l

-.7'
—
—_—
[

else solve Pg_y =y for gu
< k=13 Th—1 >

(5.109)
(5.110)
(A.111)
(5.112)
(5.113)

B = - (5.114)
(5.115)
(5.116)
(5.117)
(5.118)
(

< G2, T=2 >
PE = gk + Brre—
< Qh—1,T-1 >
< pr, Apr >
Tp = ey + Py

o =

\_,'l
-J

Pk = They = o Apy 5118

Ly = Ly,

5.119)

The above procedure is called the Preconditioned Conjugale Gradient algo-
1 /]

rithm, and the matrix P is called the preconditioner. 1t can be shown that when
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the CG algorithm is gencrated in this way, the residuals and the search directions
satisfy

<ry, PTlri>=0 < C7'p;, ACT'P, >=0. (5.120)

The above preconditioning procedure is for HPD systems, which means that
matrix A must be Hermitian positive definite (HPD). However, the system matri-
ces which arise in the case of electromagnetic radiation and scattering problems
cannot be guaranteed to be HPD. To extend this preconditioning concept to those
problems where the matrices are not HPD, the biconjugate gradient can be used as
the basic algorithm for applying preconditioning. In this algorithm, the matrix A
need not, be HPD, but if it is, the algorithm reduces to the standard €7 algorithm.
In our EM analysis, the system matrix A is complex symmetric when the stroctnre

is properly discretized. Under this condition, we give the BiCG algorithm helow

L = 0 3 o = b (5
For k=1,.n {(5.12%
tf 141 =0 then

(
sel 2= w1 and quit (
< Ph sy Th=1 >
else ﬂk = _.i__.]’_kl_.._ (
LTy T2 > .
Pk =1 + Brpra ' (5.i26
< Py Th=1 > (
< P Apr >
LTk = Lp—y + Py (

L =

T =T — C‘t’k/lpk (51:..()

Tp = . (5.130)

After applying a precouditioning step, a preconditioned BiCG algorithm
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(PBICG) can be obtained as

Ly = 0 N g = b (5.'3')
For k=1,..n (5.132)
if 1oy =0 then | {(5.133)
sel x =z and quit (5.134)
else solve Pg_y =1y for quoy (5.135)
<Py ey >
B = ~ k=) 2 (5.136)
< o2y Qre2 >
Pr = qx + Brproy (5.137)
< Phoys Phe
= S Thmn o1 2 (5.1:38)
< P Apr >
Ty = Loy + o (5.139)
Te = Tror — apAp (5.140)
&ry = iL,. (h.141)

We may derive another preconditioned CG algorithm based on the standard

- CG algorithm for normal equations (PCGNR),
A"Ax = A”b, (5.142)

since A”A is always Hermitian no matter if A is Hermitian or not. Actually, the
CG algorithm listed in (2.14) is equivalent to the CC algorithm that is used with
the normal equations. The CGNR algorithm has some merits, such as gunaranieed
CONVergence as the new system matrix A" A is guaranteed Lo be an HPD matrix. On
the other hand, the CGNR has the shortcoming of slower convergence compared
with ﬁl}at of the BiCG, Since the condition number of A"4 is the square of that
of A, it follows that when A is ill-conditioned that the convergence of CGNR, is

often unacceptably slow. The preconditioning process is aimed at improving the
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condition of the system matrix. With this objective in mind, the BiCG algorithm is
used in the design and analysis of the precouditioner. The study of preconditioning

for the CGNR algorithm can be carried out following the same guidelines.

From the above discussion, it is clear that in order to apply the PCG al-
gorithm effectively, one must have an efficient means of solving the linear system
Pq = 7. Further, a good preconditioner can lead to an algorithm that has very
rapid convergence, Therefore, the key issues related to the implementation of the
PCG technique are; (i) how to choose / and (ii) how to solve the linear equation
Pg =1 for q.

RS

It has been proved [16] that a good preconditioner for A is a matrix /?
which approximates A well (77 & A7) in the sense that the spectrnm of the
preconditioned matrix 7' A is clustered around 1 or bas a small condition number,
The convergence of the PCG method on the other hand depends on the distribution

ol all the eigenvalues of P~1A, not exclusively on the external eigenvalnes.

In summary, a good preconditioner, P, of matrix A should satisfy the fol-
: bl Y

lowing two criteria:

o P approximates A well in the sense that P~'A has a small condition number

or that the spectrum of P~!4 has a certain clustering feature.

* P can be inverted effectively or the linear equation Pg = r can be solved

easily.
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5.3  The Design of Preconditioners

An approach that can be used to construct a preconditioner involves computing
an complete Cholesky factorization of A. The idea behind this approach is to
find < lower triangular matrix L with the property that L approximates the A's
exact Cholesky factor . The preconditioner is then taken as P = LLT. The
disadvantage of this approach is that the matrix and its incomplete Cholesky factor
L have to be stored. This would be snitable for the solution of a system with a very
sparse system matrix. However, in EM analysis, the system matrix (impedance
matrix for the integral equation method) is always a Mull, dense matrix. Il the
incomplete Cholesky factorization approach for preconditioning is employed in the
PCG algorithm, it is found that the savings in memory, which one would expecl
when implementing the CG algorithm, is not realized. Thus, this preconditioning

approach is not a promising one in the case of EM analysis.

There have been some other types of preconditioners developed. Such as
mcompleie block preconditioners, which employ the incomplete block Cholesky fac-
torization, and domain decomposition preconditioning for the solution of elliptic
partial differential equations. Because they are developed for differenl systems,
with system matrices having special properties, the amount of extra computer
memory and computing time required for all these approaches is closely associated
with the special structures of the system matrices. They are generally not suited

to electromagnetic problems.

In EM analysis, the impedance matrix has special features, which are the
results of the convolution property of the integral équations. For example, for
one-dimensional EM problems, the impedance matrices are symmetric Tocplilz

matrices. Following discretization, it is found that in the case of other types of
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EM problems, the system matrices are also related to Toeplitz matrices in some
way. Tocplitztype matrices have a number of features that can be used when
developing a preconditioner. The first Toeplilz preconditioner was proposed by
Strang. The Strang preconditioner § is obtained by preserving the central half
diagonal of matrix A and using it to form a circulant matrix (see Section 5.5.2 for
details), Since S is circulant, the matrix-vector product $='r can be conveniently
calculated via the FFT with O(NlogN) operations. In the Strang preconditioner,
only hall of the elements of A are used. It is suggested that a better preconditioner

can be obtained il all of the elements of A can be used.

In this thesis, we present another approach for constructing a class of pre-
conditioners. This approach is stimulated by the Strang Toeplitz preconditioner
and developed using linear system theory. All of the elements of A are used in
oitr approach and at the same time the preconditioning is carried out in the fre-
quency domain by way of the FFT. It is shown that this approach has a better
convergence rate compared with Strang’s approach while at the same time being as
compl.lt;atiou-ally efficient as the Strang preconditioner. The Strang preconditioner
only deals with the SPD Toeplitz system. In this thesis we extend our approach to
design preconditioners for other types of systems, such as Block- Toeplitz - Toeplitz

-Maftrix (BBT-Matrix) systems and block-BBT systems.

Since the design scheme of the spectral preconditioner in this thesis orig-
inates in the application of circular convolution and linear convolution of linear

system theory, it is instructive to start with the introduction of this application.
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5.4 Linear and Circular Discrete Convolution

In this section we show that a linear equation composed of a circular matrix can be
solved accurately using circular deconvolution via the FFT while a linear equation
composed of a Toeplitz matrix can only be solved approximately by the linear

deconvolution via an FFT.

In linear system theory [83], any linear time-invariant system can be repre-

sented by its impulse response. That is, if the fnpul discrete sequence is

. 0, 0<k<N-1 '
O(x) = (5.143)

0 otherwise
and the impulse response of the system is

P ~(N=1) << N-1

\Il(f;) = 3 (5.'44)

0  otherwise -
the ontput diserete sequence f can be obtained by carrying out the linear convo-
Iution of © and W

[e.o]

Bny=¥n)+OQn)= > Y(n- m)@(m) = Z W] Pon (5.145)

M=—00 TM==-00

where 3 is an infinite sequence with dvZation 3N - 2.

Similarly, if the impulse response of a linear system is an N-pericdic se-

guence

E(n) = &n(nfmod N)) (5.146)
Ev = {lo, &1, én ), (5.147)
for an N-periodic input sequence
O(n) = dn(n[mod N]) (5.148)
In = {9o0,91,..., In1), (5.149)
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LINEAK AND CIRCULAR DISCRETE CONVOLUTION
(5.150)

Y. é(n - m)(:)(m)
(5.151)

the output sequence of the system can be obtained using the circulas convolution
TH==00

pln) =
i En((n —m}mod N )In(n[mod NJ)

thy_

M==-00
and 1 is also an N-periodic sequence whose periods are given by
ﬁN = {ﬁO:ﬁh"-’ﬁN—1}- (5152)
Now, we define an N x N Toeplitz matrix ¥y,i.e.,
(5.15

2

thy i
v 1o P Py
Wy =| .. W (i 5) = -y
hn_a PNy 1y (0
PN N2 e o by /
an N x N circular matrix Sy, i.e.,
& & o Enca Eno
Env-1 b0 o En-a En-a -
En=1{ .. . En(i,5) = f(i_j)mod N
& €y ... & &
& v fva Lo

L &

and an arbitrary vector
ﬂN - {0Ua01}"'a1—9N—]}T'

N1
(I’(n) = qu(n)ﬂN(n) = Z t/)In.—'m]l?-m 0<n < N —1.

m=0

The elements of the Toeplitz matrix-vector product can be written as

(5.

]

=

.)4‘)
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~Similarly, the elements of the cireular matrix-veetor product can he written as
N—1

Pn(n) = En(n)ln(n) Z f(ﬂ—m)ll](l(l AN 0Sn <N - L {5.157)

m=0

Comparing 5.156 with 5.145, and 5.157 with 5.151, we can find that the
Toeplitz matrix vector production and circular matrix-vector production are em-

bedded in the linear convolution and circular convelution, respectively, That is
P(n) = f(n) for 0 << N~=1, und
Py(n) = fn) = An(n) for 0<n<N-I.

Therelore, solving the linear equations.

; g q :
Unin = &, and {5H.159)
InUn = by, (5.160)

15 cguivalent o determining the fnput signal sequences O, 6 Imk.ul ot the oulpui,

A, and the impulse response ¥, = of a lincar system.

According to the convolution theorem [83], the circular convolution and
deconvolution can be carried out efficiently via the FFT. This means that if we
apply the DFFT to the periodic sequences 9, 8 and =, i.e., Lo both side of 5.151,

we have

[]])r

Tt
Il
:1:»?

. or

(5.161)

Therefore the circular convolution or the circular matrix-vector product Syiy

{On
I
(1]

can be oblained as

f1]?

On

A= F{OZ) (5.162)
with O(NlogN) operations. Similarly, the circular deconvolution and the solution

of the linear equation Sndn = 5 can also be obtained as

J—‘“{ } (5.163)
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with the same number of operations.

I is also possible Lo compute the linear convolution (equivalently the Toeplitz
maltrix-vector production) and correspondingly linear deconvolution with the FFT.
But one has to be very careful when the FFT is used to solve the linear equation

Uiy = dby.

To perform the linear convolution, we may view #,0, ¥ as if they were all
(3N — 2)-periodic sequence.;,"'haiml:‘.;reat the linear convolution 5.145 as a (3N:=— 2)-
point circular convolution. It is because Wydy = @y can be embedded in the
lincar convolution and that all nontrivial (2N — 1) values of ¥ and N values of ©
are known, that we can calculate § as well as &n without any errors by following

the same procedure 5.158 - 5.160.

However, il is not easy to solve the equation ¥ydy = &, or say to perform
Uy = W'D, This is because we only have N values for the output 4, that is @,
therefore there isn’t sufficient information to carry out the linear deconvolution.
Thus the product ¥y = ¥ ® only partially characterizes a linear deconvelution.
But this partially characterized linear convolution can still be approximated by a

circular deconvolution and then calculated using an FFT.

5.5 The Design of Spectral Preconditioners

5.5.1 General Description

In the PCG algorithm, the important step is to solve the preconditioning linear
equalion

Pqg. =rg, (5.164)
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bl

We know that. the preconditioner P71 & A=Y Therelore solving this equation is:

approximately equivalent to solving

Age =1y, = q; = A" 'rp. ) (5.165)

In EM analysis, the system matrices (impedance matrices) are Toeplilz
matrices (11) case) or block- Toeplitz matrices (e.g. linear antenna array) or other
types of matrices which may relate to Toeplilz matrices some way. lor uxa‘m];lu,
consider a z-directed microstrip strip (as shown in Fig.5.62) of length L and width
w, exposed to an incident field, £:(z), which is parailel to the z=axis. When w < A,
the r-directed current J; is much smaller than the z-directer (.2i';ll‘l‘(!lllj g As well,
J: is approximately evenly distributed in the & direction. Therclore the illl,("-gl'il}-_—_’:

eqquation deseribing the indnced current and incident field is,

| b2 FC(z =) . .
e L) | + G = )| d = - Bl HA66
Jwe oL () i)z + i )| ¢ f.() (h.166)

where (37is the Green’s function for this microstrip structure. As deseribed in

Chapter 2, this integral equation can be transferred to a linear system equation,
Al =V, (5.167)

after it is discretized by using basis functions and testing functions. Corresponding
to the convolution property of this integral, the system matrix A is a Toeplilz

matbrix.

For an array of the above microstrip lines (as shown in Fig.5.62), the integral

equation is

1 N1 o2 , 626'(2 - 31,1';: - -'L'm)
L2 S m) dz?
n=0v" N

= —Ei(z, ) m=0,1,. N—], (5.168)

- + kG = 2w — a) | d2
Juwe
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The resulting matrix A is an N x N block Toeplitz matrix with cach block being
a gt x g Toeplitz matrix (g is the number of expansion segments on each line). In

this thesis we call it as BTT-mairiz.

For planar microstrip structures, the general integral equations can be writ-

ten as
] .
= / ] [L(GJs) + L1a(GJ,)] ds’ = EL (5.169)
1 o .
= f [L12(GJ) + Lan(GJ,)) ds' = B (5.170)
with
, o o2 o
— L2 — = ]
L]] =k0+%, L]Zzg:;;—é'_y’ : LZQ:LS-FE;F (5171)

After dividing a structure into a set of M x N cells, expanding the current using a

pulse function and testing the equation by a point matching scheme, we are ready

to find
Az Ag Sz B,
oo = jwe . (5.172)
Amy Ayy Jy Ey

Because of the convolution property of the integral equations, Az, Ay and Ay,

are all BTT-matrices,

If Ais a Toeplitz matrix, solving the preconditioning equation 5.164 or 5.165
is equivalent to solving 5.159 which was discussed in the last section. As we know,
we cannot solve this type of equation accurately using the circular deconvolution

-technique. But for preconditioning, one doesn’t need an exact solution (of course
the greater the accuracy the better). Therefore we can still use the circular decon-
volution idea to carry out our preconditioning ta,slé-._jlln the\{ollowing sections, we
will make the assertion that there are basically two approaches for approximalely

solving an N-dimensional Toeplitz -type linear equation Ayqi = ri. They are:

e
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1. One can generate another matrix Ay, from An. Ane will have the same size
as Ay but will be generated to be a circulant matrix. The new matrix will

approximate Ay sufficienily well that the solution of the linear equation
ANeGr = T (5.173)

will a,pproxima:t:e the-solution of its original equation 5.164. Equation 5.173

can be solved efficiently us“ing circular deconvolution via the FFT.

2. One can extend the Toeplitz matrix Ay to a 2N x 2N circulant matrix Aop
and also extend r¢ to 1',£2N) by padding extra N elements following ». The
new linear equation

Aon g = 2 (5.174)
can be solved ‘_by circular deconvolution via the FFT. The ¢ is extracted
{from the solutmn for q,(fN) in 5.174. The N extra padded elements of 7-£2N)
are artificial and cannot be guaranteed to be’the true output of the linear
system, Thus the solution extracted from ¢&"" is an approximate solution

of the original equation 5.164.

The accuracy of the solution obtained by using the above two approaches
is closely related to the manner in which A, was generated (using approach 1)
and 7, g were extended (using approach #2). In the following sections, we will

fully exploit these approaches in the construction of our preconditioners.

5.5.2 Review of Toeplitz Preconditioners

We first introduce preconditioners for a Toeplitz matrix that have been developed

by mathematicians. These Toeplitz preconditioners are constructed using approach
e

#1 as described above. if

[

o8
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The Strang Preconditioner

Strang proposed [84] the use of a preconditioned conjugate gradient method with
a circulant preconditioner for solving a symmetric positive definite (SPD) Toeplitz
system Ayz = b. Following this approach, a circulant preconditioner Sy is ob-
tained by copying the central diagonals of Ay and bringing them around to com-
plete the circulant. This ;mef;hod falls into the category of approaches identified by

#1 above. It can be formulated as foliows.

If N=2m (which means the matrix has even numbers of rows and columns),

the elements of Ay are given by

An(i,J) = aj;) 0<4,5 <N, (5.175)

‘and the elements of Sy are
SN(Z,_}) = Sl,‘_j' (5]7())

with
ay 0<k<m '
se=1¢ = (5.177)
an-—x Mm< k< N.
The number of operations per iteration will be of order O(NlogN) since a circulant -
system can be solved efficiently using an FFT. In numerical experiments, it is found

that the eigenvalues of S5’ A cluster around 1, except for the largest and smallest

eigenvalues. The numerical example given below demonstrates this point.

For a Toeplitz matrix with the first row of elements a,, = {*, a preconditioner
Sy can be composed following the procedure ’given in 5.175 - 5.177. N can be

proven that there are only five distinct eigenvalues for the matrix S5' A. These are

ﬁ, =4 1, ?f?ﬁf and 1_:]?;[ (5.178)
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Thereafler, for large N and |t} < I, most eigenvalies of S5'A cluster around 1,

1 . -L . . . . N
TH d.l]('l - This behavior implies that

if the CG method is applied to solve the preconditioned system, such as the one

except for the two extremes, which are

above, the convergence could be extremely fast.

The Chan Preconditioner

It is clear that the Strang preconditioner Sy only uses half of the information of
An, the other half is lost in constructing Sx. It is intuitive for people to consider
that if more of the information in Ay is included in Sn, the preconditioner may

have a better convergence performance.

Chan has proposed another circulant matrix Cy [85]. It is obtained by
averaging the corresponding diagonals of Ay in the manner that is described in
the following formulations. This method falls into the category of approaches
identified by approach #1 given in section 5.5.1. Specifically, the elements of Cn
are given by

Cn(z,7) = cjizjy (5.179)
with

A

It has been proven that such Cy minimizes the Frobenius nerm ||Cy — Anl|r

and numerical experiments have showed that the spectrum of the preconditioned
matrix Cy' Ay is also clustered around 1 with the conditioner number of Cy' An
often being smaller than that of S5! A . However, it has also been shown that the
Chan preconditioner does not necessarily improve the convergence rate compared

with the Strang preconditioner.
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5.5.3 The Proposed Spectral Preconditioners

Strang and Chan preconditioners are obtained by dirvectly processing the Ay ma-
trix to construct the circulant matrices SnsCr. The Chan preconditioner improves
the Strang preconditioner by including more information about the original mairix
An in its preconditioner Cy. Stimulated by Chan’s idea, we take a different, diree-
tion and look for other preconditioners of Ay with all the elements of Apn being

clfectively nsed so that a better convergence may be achieved.

The starting point of this approach is the construction of a circulant matrix
{rom the system matrix Ay, To do this, Strang cul Ay into two and used one hall
of Any to compose a circulant matrix Sy Therefore, Sy has the same dimension as
An. If we recall the approach we used in Chapter 2 to perform the operation L[J]
via the FFT, we can find that we also need to compose a circnlant convolution
from the original linear convolution forn1. Instead of cutbing the size of Lhe system
mabrix to achieve the goal, we extend the matrix along with the vectors J and
L. Here we use the same idea to start our derivation of the eirenlant, preconeli-
tioner. Apparently, this method falls into the category of approaches identified by

approach #2 given in section 5.5.1.

5.5.3.1 One-Dimensional Linear Structures - Tocplitz Preconditioners

In the electromagnetic analysis of one-dimensional linear structures, such as wire

antennas or thin, narrow microstrip lines, etc., the resulting system matrix is a
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Tocplilz matrix. We define an N x N system mabrix
!

An

(L) LA
(2] [£43]
(4% [¢5]
Uny-z dpny-3
ay_t Gn-2

&)

iy

e

(I

AN =1

aN-2

an-3

Ly

ap

F1G

(5.181)

In order to generate a circulant matrix from the system matrix, we can extend Ay

to a 2N x 2N matrix Z as follows

( o iy
{8} (117}
aAN—1 an_p
Z = T
0 an-—1
TN 0
[{3] 1%}

[£%]

{3}

an_3
ay-2

an-1

y

aN_2

47,V )

[£3]

1y

3

e N

N -

ap_2

iy
ity

i3

0

AN

{5

Lty

a)

AN

An—

0

(D]

A

LN

anN-2

ay-2

AN—3

5

iy

ay_3

ave

y

(il

iy
(¥ N

aN-3

(3]
(5.182)

It is casy to show that Z is symmetric circulant. If we use A% to denote the

submatrices at the upper-right and lower-right corners of 2, the circulant matrix

can be rewritten as

Ay A%,
Al

After defining extended vectors

AN

(5.183)

{5.154)

[13]

(ly

0

(Lpr_q

aN—2

{15}
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an augmented preconditioning system is obtained as

AN A(‘v {q T
Ay Av f\e ) \ O

~r g
Zq =7

(5.185)

From the discussion in section 5.4, it is clear that the above linear equation is

embedded in the following circulant convolution

[

t>

® G = (5.136)

where 205 a 2N-periodic sequence obtained from the first row of the circulant
matrices Z; 7 and ¢ are also 2N-periodic sequences corresponding to the vectors
" and ¢". Therefore, the linear equation can be solved by cireulant deconvolution
using the FET with O(NlogN) operations as
i
q" = F | = (5.187)

R
el
poo

where 7¢, 2¢ are the 2N-point DFT of 7 and 2%, respectively. The solution is
q = the first N elements of ¢°. (5.188)

From the above derivation, we can find that l.lu :}-n;(:z_(-:(;)mli1.ium-:r 15 con-
structed in the spectral domain using the same speciral content of the system
matrix A as we used in our CG-FFT algorithm. Thus no extra computer memory
and computing time are required to derive this preconditioner. In addition, the
preconditioning equation is solved efficiently in the spectral domain via a 2N-point,
FFT. Therefore, we call the CG-FFT method combined with this preconditioning
approach, the Specirally Precondilioned CG-FFT (SPCG-IF T} cthod and 2 is

called the Spectral Preconditioner.

To get the expression for the preconditioner in an N x N matrix format,

we can re-organize equation 5.185. Since r and ¢ are all N x 1 vectors, there must
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be N x N matrices A and A®) existing, which make
O=A  p=Alg | (5.189)

where AU A yre diagonal matrices. The ith diagonal element of A() is

(i)

6 = =22, 5.190

i T(?) ( ) )
The elements of A can be solved for in a similar manner.
Putting these expressions into equation 5.185, we get

(AN + AFVAQ)) g = v, and (5.191)

(A + AnA®) g = ALy, (5.192)

Compared with the formulation of PCG in section 5.2, we know that the precon-

ditioner is

ZM = Ay + AYA®, o (5.193)
ZO = (AMYT(AY + An)A® (5.194)

Therefore, a large class of preconditioners can be constructed using this approach
by making a selection between Z},” and ZI(,Q) along with using different values for
AW 3 = 1,2, Here we study only those preconditioners that are of interest Lu us.
[n our study, the preconditioner Z},U is exploited because of its simplicity. The

~ study of preconditioner Z;(,z) can be carried by following the same procedure.

PRECONDITIONER #1 A® = A® =1 Iisan N x N Identity matrix.

The preconditioner becomes

2 = An + Ay
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gy @y Fanoy et an_s ... dn—s + a; AN~y -+ o
a +any ag @ +an-y ... an-—ztaz an_;y + as
ay-1 a1 ay—2+ay ay_g+az ... a;+any_; ap
' (5.195)

Surprisingly, Z},” is an N x N circulant matrix! This implies that il the
yreconditioner Z{) is used, we onlv need to serform an N-point. circulant decon-
] < , y ]

volution to obtain the vector ¢

g=F [’—] , (5.196)

2]

where z; is the first row of Z,(,’) and 21,7 are the N-point DFTs of z; and »,
respectively. This practice implies a great saving of computer memory and CPU

time.

PRECONDITIONER #2 AWM =A@ =_T Tisan N x N [dentity matrix.

The preconditioner becomes

20D = Ay — Ay

g A —OaN—1 Qu —aAN_z .. UN_2 =03 ApN_] —
a1 —aN-_y g ay —aN—1 ... Ony_3— 3 @N_y — Uy

= 7
AN-—1 — @ GN_2— Gy QN-3— Gy ... G —aN_) (g

(5.197)

4
!
y
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where Z{=) is a symmetric Tocplitz matrix. The first row of it is

y

{@to, a1 — an_1, G2 — ANz, .oy @y — aN_gyy —(a@y — aney)y .o, — (a1 — an—1)}
J forodd N: g=3(N-1)

{an, 1 — an-yy a2 = an-z, o @y — an—y, 0, = (e — an—y)y ooy —(an — an-1)}

| foreven N: p=1IN-1
(5.198)
This-type of Teeplitz matrix is called skcw circulani. A skew circulant matrix can

be converted into a circulant matrix by a transformation, i.e.,

'V”Z;(,")V = N x N circulant matrix (5.199)

where V is a diagonal matrix. The details for this transformation can be found
in [86). Therefore, for the preconditioner Z}," ), the preconditioning operation can

also be performed using an N-point FFT.

PRECONDITIONER #3 Provided

50 = (N —1i) 5 2 q(N — 1)

o R O (200
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the vectors ¢ and r are expanded in a wrap-around way into

[0 ) ()

qr ™
gz L)
¢ =| v and = | o | (5.201)
qN-1 "N
qN-2 "N-2
\ P \ o)

The preconditioner for this case, i.e., Z,S"‘H, can be obtained by subs_iﬁ‘il._lzltﬁiug' 5}2)
into 5.193. It is not a Toeplitz circulant matrix. It is not even a symmetric
matrix. The N-point FFT scheme used in PRECONDITIONERs #1 and #2 is
not applicable to this case. The general 2N-point FFT approach (5.181 - 5.188)
has to be used here. Even though this preconditioner is nol efficient compared with
PRECONDITIONERs #1 and #2, for some cases, it may have better convergence

performance compared with the above two preconditioners, ng”.a.nd Z},'”.

PRECONDITIONER #4 Correspondingly, another preconditioner can be

obtained by choosing

5m=~ﬂ%ii 5m=_ﬂ%%ﬂ (5.202)



THE DESIGN OF SFECTRAL PRECONDITIONERS 152

The vectors ¢ and r are expanded using a negative wrap-around into

( w ) ()
)] ™
92 T2
= o |5 =l | (5.208)
—{N-1 —TrN-1
—qN -2 —TN-2
—qo / —Tp

The N X%N:]:)i'econditioning matrix, Z;£+‘), for this case is not Toeplitz circulant. It
is not even a symmetric matrix. A 2N-point FFT is used to carry out the precon-
ditioning operation. However, the convergence performance of this preconditioner,

for some cases, may be better than that of Z?EI) and ZJS'I).

5.5.3.2 TWOgDime‘isiéhal Linear Structures - Block Toeplitz Precondi-

tioners

When the problem to be analyzed consists of a structure where the flow of the
current is only in one direction, the system matrix turns out to be 2 BTT-matriz.
For instance, the microstrip array shown in Fig. 5.62 has N elements and the

current is discretized into u segments on each element. The resulting impedance
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matrix is

Ao Al ees AN-—I L] Ty s Qgip-1)

A] Ag AN..g L¢P LTy} (1,.;(“__.-_3}
A= where A, =

Anar An-y ... Ag : Ap(u=1) Au(p—z) - Qg

{5.204)
with k =0,..., N — L.

The preconditioning

Pyj=r= Ag=r (5.205)
can be achieved by using two-dimensional circular deconvolution via a 2D FFT.

If we define the first row of 4 as

[0, @y, ..., Av_)
with @ = (a0, @1y .- Ag(u-1))s 6 =0,1,...,N—1 denoting the first row of A, and
we define the vectors ¢ and r as
(1325 s Gnaa]Ts [Py T2n s Faeca)”
wit}l ]

T e — . v * ’I‘
qp = [Quo:quh---s(]n(u—])] Ty = [U:O:h:hw-ﬂn(u-l)] 3
we can construct three (N — 1) x u matrices as

( i \

A = _ (5.206)
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and

154

(5.207)

(5.208)

In order to use the convolution theorem, we need to expand the above

matrices. We increase their sizes by a factor of two in each dimension, following a

wrap-around scheme. The expanded matrices are defined as

:;‘\‘. Z%(m,n)

R(m,n)

Qimn OSmSN"'la OSHS#—I
am,2u—n OSmSN_11 F»<nS2#—1
A2N-mm N<Tn-52N_1a DSRSF’_I

AN-mz2p—n N <m<2N-Lip<n<2u—1

0 m=N or n=ypu

Tm.,n
Rl (m: n)
R'Z(ms n)

0€smSN-1, 08sn<Sp—1
N-1<m<2N-1,0<n<pu~1

(5.209)

(5.210)

0SmEN-1, pu—l<n<2—1

Ra(m,n) N—1l<m<2N-1l,u—1<n<2u—1
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G 0<mIN-1, 0<n<spu—1
Qi(m,n N-l<m<2N-1,0€<n<u—1
Q(m,n) = J 1m,m) e (5.211)
Qy(m,n) 0<m SN~ p—l<n<sy—1
Qa(m,n) N=l<m<IN-Liu-l<n<! 20— 1,

\

where Ry, Qc, & = 1,2,3 are arbitrary matrices. The preconditioning equation

(5.205) can now be embedded in the following 2D circular convolution

Ré(m,n) = Z°(m,n) ® Q%(m,n)
= Y Z Z*{(m — a)[mod 2N], (n — A)[mod 24e]]

G=—00 =~

Qv mo:.[ 2N, flmod 24]] . 5212
/

Defining £, R and O° as the 2D DFT of Z5 R and @, respectively, we
have

éeét =Rr — Qe — _7-_] [R] ]

The solution of 5.205 is

)~ OF —INT [ F 5.214
g(&) = Q [INT(#—I) m — IN'T (”_1) J (5.214)

with 0 <x < Np—~ 1.

The expanded matrices Z°, R® and Q° are all 2N x 2p matrices. Therefore
two 2N x 2p 2D FFTs and one 2N x 24 2D inverse FFT are necessary to gencrate

the spectral preconditioner Z¢ and carry out the preconditioning of the BT

maetriz in the spectral domain.

In order to obtain the mairix form of the preconditioner, we need to explore™

this problem from another direction.
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It is not difficult, although tedious, to show that the 2D-circular convolution

- (5.212) is equivalent to the following matrix-vector multiplication

NN R
1 9= (5.215)
Ny R o Ry

where R, Ry are block- Toeplitz matrices. They are represented by their first block-

row as
R = Toeplitz{ A, A5, ..., Ay_;} (5.216)
Ro = Toeplitz{®, Ay_,, A%_p, ..., AT} (5.217)
with § denoling a 21 x 24 zero-matrix and
. Ar: A,;u oy
As = £=01,..,N~1 (5.218)
Ar:O A,;
© Ao = Toeplitz {0, a1y, Gfuezyy -yt }. (5.219)
The vectors @, Qg, R and Ry are
(Jo = ©0Q; fy=TR (5.220)
@ = (45,95, 455 - =] (5.221)
Ro={rg,r5,v5, s 4] (5.222)
where
G T
= ; TR = (5.223)
G0 Txo
with
Tn0 = Qi Tro = Bl (5.224)

The quantities @, T and ay, B8, are Np x 2Np and g x g diagonal matrices,

respectively.
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From the above expression, it can be found that the expanded system matrix
in 5.215 is a 2N x 2N block cirenlant matrix with each block A% being a 2p0 x 2
cireulant matrix as well. Now we can carry out the same process as we did in

Section 5.3.1.

In the first layer, equation (5.215) can be re-written as

(R + OR)Q = R. (5.225)

Detining £ = R + Ny, we have

AE, A? + 01 ?V—l A?V-—I + ON_|A']‘
T4 Og AS 5 e Ay 01 AS
g | ATH AN & Alv-a T 0n4g (5.226)
Ao+ 0AY Ay , +0,A5 .. A

where 6., £ = 0,1,..., N—1 are tie diagonal matrices decomposed from the diagonal

matrix ©.

In the second layer, we know that

Al =
A,s = Ar: + n‘r:.Af:U
@0 el T Qg Uu(pu—1) o Cufp-1) + Qp(p=1) 0]
i @+ Caoy(p—1) G0 v Qyfp-2) + Xy (u—2) i

(5.227)

ew Lo sen ans

Apfu~—1) + Qo Cp(u—2) + Qg1 ... ¢y
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Therefore £ can be further reduced to

H A4+ 0, A%, .. An_y + On_1 A3
A 4 0y A%, Az e Ay, O AS
23— 1 0N - 0 N=2 N=-1113 ‘ (5.2‘28)
Ax_ +00AT A%, +0,45 ... T

The preconditioning equation becomes
Zg=r7 (5.229)

and Z7 is, of course, the preconditioner in matrix form. [t is an N x N block
matrix and each block is a g x g2 matrix. A large class of preconditioners for BT7T-
matrices can be constructed using the above procedure by choosing different values
for ©,7, and A. Generally, the matrix Z* has no special structural advantages
that we can exploit. The spectral preconditioning procedure described in (5.209 -
5.211) needs to be used to carry out the construction of spectral preconditioners
and to perform the preconditioning efficiently in the spectral domain via the FFT,
However, when some special values of @, T, o and A are chosen, the preconditioner
Z* can possess some special features which can help us to further improve the

efliciency of this technique. Here we only give one example.

We choose ©, T, o and £ all to be Identity matrices. It is easy to show that
A% and Z¢ are circulant and block circulant, respectively. That is, the matrix form
preconditioner Z* consists of an V x N block circulant matrix, and each block is
a g % q circulant matrix. Therefore, to solve this set of preconditioning equations,
the expansion process is not necessary. Two-dimensional FFT processing can be
directly performed on both side of this equation. Specifically, if o is an N x p

matrix composed of the first-row elements of Z*, then



w4 THE DESIGN OF SPEGTHAL PREGONDITIONENS 1564

The quantities, 7, R and Q are the 2D DPTs of o, R and Q, respectively. The

solution of the preconditioning equation is

-

e

q(r) = Q [INT ( ) ,m— INT | = ) 1 (5.231)

=1 i1

with0 < x < Np— 1.

Compared with the general preconditioning procedure where 2N x 24 2D
DFTs are employed, the present treatment only needs o x p 2D DFTs. A consid-
erable saving of computer memory and computing time can be achieved using this

preconditioner.

5.5.3.3 Two-Dimensional Planar Structures - General Preconditioners

Up to now, all the preconditioners we designed are for the EM analysis of linear 1D
or 2[) structures, that is, the current on the structures flows in only one direction
(such as the approximate formulations that are used [or single narrow microstrip
lines, or microstrip dipole arrays). Now, we are going to design the preconditioners
for planar structures with the current flowing in variable directions. Eventually, the
current can be decomposed into two components (x- and y-directed com ponents)
with mutual coupling between them. The simplest example of this case is thai of

scatlering from a rectangular microstrip patch.

We have shown that the system matrix used for the analysis of planar
structures is a 2 X 2 block BTT-matriz as shown in (5.172). The preconditioning

equation for this case can be written as

‘4 T A:t:y (I.I T:L'

= . (5.
Agy A

vy Ty Ty

o

12)
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Sinece Az, Asy and Ay, are all BT T-matrices, we can treat each of them
separately as we treated A in the Jast section. The result of this treatment is

similar to thal oblzained above:

Zo,0Q+ 2,00, = R (5.233)
Z'.:::y @ Q: + Z;y ® Q—; = R;- (h.234)

The construction of Z¢

er 25, and Z follows the same procedure that was

uy

used for deriving (5.209), using Agz, Azy and Ay, respectively. The quantities
Q:, QR and R are 2M x 2N matrices. They are constructed using ¢z, ¢y, 7s
and r, by following the same procedure that was used for deriving R™ and Q" in

5.210 and 5.211.

In the spectral domain, (5.234) can be written as

2, Lt+Z,Q = R (5.235)
Ze, Qi+ 2,0y = R (5.236)

Thus, the solution of this spectral-domain linear equation is casily obtained as

Qg = BT e’ , and (5.237)
Ze, - Be, — 22, 22, .

_ Fe L Re _ Ze L Re

QfF = = v T T (5.238)

v = 7 Ze . e

2oy i~ By 2oy

The solution of the preconditioning equation 5.232 can be obtained by sim-

ply carrying out the 2D inverse Fourier transforms of Qf and QF via the FFT,

truncating the results and then re-organizing Q% and () to get the solution ¢, and

Gy

Now we can say that the spectral domain preconditioning can be performed
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to simulate 2D planar structures. in this instance, there are three spectral precon-
ditioners which are Zigs Zey and Zyy- The 2D DFTs involved in ks case consist,

of four 2M x 2N 2D DFTs and two 2M x 2N 2D inverse DIFTs.

The matrix form preconditioner can also be derived from the spectral pre-

conditioner. It has the following form:

35 ZS

Z° = 7” v (5.239)
S S
“zy Zyy

where Z7, Z2 and Z? are the matrix preconditioners corresponding to the spec-
tral preconditioners égz,é;y and E;Sy, respectively. Generally, this is notl a sym-
metric matrix. The matrix-extending process has to be adopted here in order to
employ the circular convolution/deconvolution. But, when we choose precondition-
ers as we did in 5.230, we can achieve a considerable saving in computer memory
and computing time. The DFTs involved for this preconditioner consist of four
M x N 2D DFTs and two M x N 2D inverse DI'T's in contrast to four 2M x 2N 2D
DFTs and two 2M x 2N 2D inverse DFTs for the general preconditioning cases.

5.6 Summary

In this chapter, a new highly efficient spectrally preconditioned CG-FFT method
has been presented. Starting with the Strang and Chan Toeplitz precondition-
ers, a new systematic approach for designing a new class of spectral Toeplitz pre-
conditioners is developed. Further, this approach has been extended from sim-
ple one-dimensional problems to two-dimensional linear problems and then two-
dimensional planar probleins. We described an approach for designing non- Toeplitz

preconditioners. This method takes the {ull advantage of the FF'T hy carrying oul,
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the CG operation, consiructing the preconditioner and operating the precondition-

;'::;_ ing all in the spectral domain. It has the advantage that no additional memory

" and only O(NlogN) additional operations are needed for storing and consﬁructing

the preconditioner and performing the preconditioning,

The analysis of the spectrum, convergence performance and numerical ex-

periments will be presented in the next chapter.



Chapter 6

Spectra of Spectral

Preconditioners

We already know that a good preconditioner for A is a matrix P that approxi-
mates A well in the sense that the spectrum of the preconditioned matrix P='A
is clustered in a small region around (1,0) in the complex plane. Thus the spee-
tral properties, that is the distributions of the eigenvalues of the preconditioned
matrices, can be taken as criterion with which to judge the performance of the
preconditioners. In this section, the spectral properties of the preconditioners de-
veloped by Strang and Chan are compared with a preconditioner that has heen
developed during the cause of this study. Some numerical examples of the appli-

cations of these preconditioners for EM analysis are also presented in this chapter.

163



Rl ANALYSES OF PERFOGRMANCE OF PRECONIHTIONERS FOR 1D STRUCTURES ]Gq

6.1 Analysis of performance of preconditioners

for 1D structures

As a demonstration of the use of SPCG for 1D EM analysis, we analyze the char-
acteristics of microstrip lines. Consider a narrow microstrip line with a width
w = 0.005) and length L = 2) as shown in Fig. 5.62. Z-directed roof-top func-
tions can be used Lo discretize the current on the strip. If the number of segments
N =79, the system matrix (i.e., impedance matrix) is a 79 x 79 Toeplifz matrix.
The three preconditioners developed by Strang, Chan and ourselves are all applied
to this system matrix. The specira of the system matrix A and the preconditioned
matrices ST A,CTTA, (27T A (2T A, (Z0)) 1A and (Z{+))71 A are cal-
culated. In Fig. 6.63 are illustrated the spectra of $714,C~'A and (Z{7)~1A4.
It can be seen that the spectra of all the preconditioned matrices are clustered
around (1,0) while the spectrum of the original matrix A is widely spread over
a large region in the complex plane. The eigenvalues and the condition numbers
of A and the preconditioned matrices are listed in Appendix B, Table B.1. These
results indicate that for the Toeplitz system that arises from EM analysis of 1D
structures, the preconditioners §,C and Z, can improve the spectral properties of

the system matrix, but to varying degrees.

To further compare the properties of these different preconditioners, we
plot a blown-up ‘view of the spectra of §'4,C~'A and (Z{))~'A in Fig. 6.64.
From this graph, we conclude that the spectrum of Chan preconditioner is spread
ont beyond (1,0). Strang and the proposed preconditioner have similar spectra.
Actually, the proposed one is a little bit better. They only have 4 outliers located
near (2.6,-0.5), (0.4,0.05), (1.0,0.25) and (0.8,0.1). All the other 75 eigenvalues

are closely clustered around (1,0). This result shows that the proposed and Strang
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Spectra of original impedance matrix and preconditioned matrices
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Figure 6.63: The spectra of system matrix A and the preconditioned matrices
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preconditioners may have similar performance which is much better than the Chan
preconditioner when they are used {o ireat system matrices for 1D structures. The
convergence rates of the solutions using different, preconditioners are illustrated in

Fig. 6.71 which agrees with the resulis given above.

The spectra of the preconditioned matrices, based on four options for the
proposed preconditioners, i.e., (Z{))7 A, (Z{-1)714, (Z§++)71 A and (ZN1A
are shown in Fig. 6.65. The condition numbers of these four preconditioned
madtrices are listed in Appendix B, Table B.2. It can be found for this example that
among the four preconditioners, the Zr(:+_) has the best performance. That is, it
has the smallest condition number and most clustered spectrum. The convergence
rates of the corresponding four solutions are shown in Fig. 6.72. They also support

this assertion.

6.2 Analysis of performance of preconditioners
for 2D Structures

As an example, an array of microstrip lines is analyzed to study the spectra of
different preconditioners for BTT matrices. Three types of BTT preconditioners
have been compared. They are Strang BTT preconditioner and the proposed BTT

preconditioners #1 and #2.

The Strang precoudifidner is generated using the same principle as was
applied to the Strang Toeplitz preconditioner. If the system matfix isan V x N
BTT matrix with each of the block a g x g Toeplitz matrix, the Strang BTT
preconditioner approximates this matrix with an N x N block-circulant matrix

which has g x g circulant blocks. Therefore the preconditioning operation can be
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Spectra of the preconditioned matrices

0.6 ] x ] 1 T .I T i
0.4 .
0
0.2F ¥ X -
x
x @ O XX
Or X X xomka " .

=
o
T
]

Im{eig.value
iy .
i
[]
1

-0.6F o : the proposed #1 1
Q +

0.5 +:Strang"s -

-1 x: Chan"s .
-1.2F .

X
- 6 1 ! 1 I I ] L
2 0.4 0.6 0.8 1 1.2 14 1.6 1.8
Re(eig.vaiue)

Figure 6.64: A blown-up view of the spectra of the preconditioned matrices
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" Spectra of the proposed preconditioned matrices
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easily performed using an N x p point 21} FFT,

Proposed preconditioner #1 is constructed by choosing @, T, & and #all to
be Identity matrices. This preconditioner is also based on an N x N block circulant

matrix with g x g circulant blocks., An N x # point 2D FFT is also used to carry

out this preconditioning,

Proposed preconditioner #2 is constructed by choosing O, T, and 8 all
to be elementary matrices. This preconditioner is neither a circulant nor a block
circulant matrix. A 2NV x 2y point 2D FFT must be used to carry out the precon-

ditioning after doing the expansion given in 5.209 - 5.211,

The spectra of the original matrix and the preconditioned mairices are
shown in Fig. 6.66. The proposed preconditioned matrices show a strong clus-
tering feature compared to the original one. But the Strang preconditioner is less
clustered, even though it improves the original spectrum. Fig. 6.67 shows a blown-
up version of the previous figure with the original spectrum omitted. It is clear
that the Strang preconditioner’s spectrum 3 spread over a much larger region in
the complex plane than is the case for the proposed preconditioners. This implies
that the Strang preconditioner may not have good performance when ii, is applied
to a 2D problem. The numerical examples given in the next section will also help

to illustrate this point.

The Strang preconditioner works well for 1D analysis but not well for the 2D
case. This is attributable to the principle used in the construction of the Strang
preconditioner and the structural properties of the impedance matrices arising
from the EM analysis. In EM analysis, the elements “' _impedance matrices
are inversely proportional to the distance between t]‘fé“tés.ting and the basis func-

tions raised to a power greater than or equal to one-half. For 1D structures, if the
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The spectra of original matiix and the preconditioned matrices for 2D linear case
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Figure 6.66: The spectra of original matrix and the preconditioned matrices for
2D linear structure analysis
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The spectra of original matrix and the preconditioned matrices for 2D linear case
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discretized segments are sequentially numbered, the magnitude of the elements of
the matrix can be made to decay with the “distance” as one moves away from
the diagonal. In the construction of a Strang preconditioner, a circulant matrix
is developed by replicating the central diagonals from the original matrix to com-
plete the circulant (see Section 5.5.1 for details). The error matrix has non-zero
elements onIy"in the upper-right and lower-left corners. Since the original matrix
has diagonal magnitudes decaying as one moves away from the diagonal, the error
marrix is minimized in the infinite norm [16]. When a 2D structure is analyzed,
the impedance matrix is a BTT matrix. The elements of the matrix do noi decay
monotonically with distance from the diagonal. The off-diagonal blocks have rela-
tively large elements, especially along the diagonal of the off-diagonal blocks. The
poor performance of the Strang preconditioner for 2D analysis can be attributed
to this fact. The proposed preconditioners are constructed in a, totally different
way. All the elements of the original matrix are used in the construction. They
contain more information about the original matrix than the Strang preconditioner
does. And they do not rely on the special structural properties of the original ma-
trix, such as off-diagonal-decaying. Therefore the proposed preconditioners work

equally well in 1D and 2D cases.

To compare the spectra of the different proposed preconditioners, a blown-
up version of Iig. 6.67 is shown in Fig. 6.68 with the Strang spectrum omitted.
We can see that they are clustered in a very small region ([-1.5:2.5),[-1:0.4]) com-
pared with that of Strang ([-15:25),{-35:15]) and the original one ([0:40],{-600:1n0]).
Among the four proposed preconditioners, #3 has the greatest clustering of its
spectrum. It spreads over only a tiny region ([0.25:1.2],[-0.35:0.2]). We can expect

that it also has the best rate of convergence.



6.2, ANALYSEIS OF PERFORMANCE OF PRECONDITIGNERS FOR 21 STHUGTURES 173

The spectra of the proposed preconditioned malrices for 2D linear case
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Figure 6.68: A further blown-up view of Fig.6.66 (Strang’s spectrum is omitted.)
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6.3 Numerical Results and Comparison of Con-

vergence Performance

As a further demonstration of the SPCG-FFT method, several EM structures hiave

been analyzed.

First, the current distribution on a long microstrip fine is simulated us-
ing the Method of Moments, CG-FFT and SPCG-FFT. The conlignration of the
structure is illustrated in Fig.5.62. It is driven by a d-gap sonvce at one end of
the microstrip line. In the first example, 199 narrow roof-top functions are used
to expand the current. Figs.6.69 and 6.70 give the simulated results obtained Ly
the Method of Moments, CG-FFT and SPCG-FIT. All of them are in excellent,
agreement. Fig.6.71 shows the convergence rates of the CG-IFT and ditferent
versions of the SPCG-FFT. The ERROR is defined as a 2-norm of the residnal
(i.e. j|r|]2). It is obvious that the proposed SPCG-FFT has better performance
than the others. The Strang preconditioner is close to the proposed one. The
Chan preconditioner is worse than the other two even though it still improves the
convergence rate of the non-preconditioned CG-FFT. For the non-preconditioned
CG-FFT, a steep decline of the convergence rate oceurs after 90 iterations (heyond
the graph) while the proposed SPCG-FFT achieves an error of 107% just after 12
iterations. This is a remarkable difference. Fig.6.72 shows the convergence rates
obtained by using different, proposed preconditioners. Of the {four preconditioners
to be tested, #4 has the best performance. This is consistent with ils speciral
properties which were described in the last section, where it achieved the greatest,

degree of clustering from among these four preconditioners.
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Figure 6.69: The magnitude of the.current distribution on a long microstrip line
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The convergence rate of the four proposed SPCG-FFT algorithms
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Figure 6.72: The rates of convergence of the four proposed SPCG-FFT algorithms
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To further investigate the convergence behavior of the SPCO-FFT algo-
rithm, the microstrip line in the frst example is discretized and simulated using
different numbers of basis functions. Table.6.2 lists the run times and iteration
performance of the non-preconditioned CG-FFT method, the Strang PCG-FFT
method and the proposed SPCG-FFT method.

From the CG-FFT algorithm, we know that the computation time per it-

eration T; follows the relation
T:=CN,log N, (6.240)

with N; denoting the number of unknowns and C being a constant related to Lhe
mumber of FFTs performed during eacl iteration. The total compulalion time I

required to solve the problem follows the relation
T=NT.=CN:N, log N, (6.241)

where N; denotes the number of iterations required to arrive at a solution. Theo-
retically, the CG algorithm fully converges with at most N, iterations. Thus the

computation time for a solution can be as large as
T=CNZ:log N,. (6.242)

However, from the above numerical experiments, it can be found that the humber
of iterations N; required to obtain a fixed error (e.g. lrllz < 1075, which s
good enough for most engineering problems) is much smaller than the nmimber of
unknowns. In order to understand the asymptotic behavior of these algorithms,
graphs of log,(T) vs. log,(N,) are plotted in Fig.8.73. A measure of the asymptotic
performance for large N, for each algorithin can be determined by taking the
gradients of the lines fitted to the last three points on each graph. We observe

that the computation time for the non-preconditioned CG-FFT grows roughly as
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Table 6.2: Iteration performance of different CG-FFT algorithms

The proposed algorithm

N,
N;

CPU(Sce.) 0.1162 0.1500 0.2331 0.3500 0.6

6

o |
n
o)

16 32 64 128
5 6 6 6

1

—

77 1.1333

2.2600 4.3160

1024 2048 4096
7 T T

10.9000

Strang’s algorithm

N, i6 32 64 128 256 512 1024 2048 4096

N; 3 6 6 6 T 7 7 7 T
CPU(Sce.) 0.1667 0.2000 0.3501 0.3667 7.6177 1.4833 2.7634 4.8160 15H.4500

Chan’s algorithm

N, 16 32 64 128 256 512 1024 2048 409G

N; T 9 9 9 9 9 9 9 9
CPU(Sce.) 0.3328 0.4368 0.4991 0.5889 0.9036 1.5698 3.9901 6.5488 15.5231

Non-preconditioned CG-FFT algorithm

N, 16 32 64 128 256 512 1024 2048 4096

N; 12 22 39 70 129 244 72— ——
CPU(Sec.) 0.2833 0.4000 0.9000 2.7000 8.6833 28.250 100.38 — ——
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O(Ns% log N;). On the other hand, in the case of the PCG-FFT methods, the com-
putation times are O(N; log N,). Comparing these with retation 6.241, we see that
the number of iterations for CG-FFT is roughly proportional to the square root
of the number of unknowns, i.e., N; = O(v/N,), while the computing times for
PCG-FFT are independent of the number of unknowns. This observation can be
confirmed by the almost constant number of iterations for PCG-FFT algorithms

in Table.6.2,

In the next example, we carry out a simulation of a microstrip line array.
The array is composed of 5 long microstrip lines with inter-element spacing of
0.6A. Each line is 6.45) long. Only the first microstrip line is driven by a §-gap
source which is located at the end of line. 128 narrow roof-top basis functions were
used to expand the current on each line. Totally there are 640 unknowns. This
problem was simulated using the Method of Moments, the CG-FFT, the Strang
PCG-FFT and the proposed SPCG-FFT. In Fig. 6.74 is shown the n-wgnit,udc
of the current distribution on the first three microstrip lines. The graph with
the circles gives the results obtained using the Method of Moments. The results
obtained using the Strang and the proposed PCG-FFT totally overlap wilh each
other. They are represented by the solid lines in the figure. All the results are in
excellent agreement. Fig. 6.75 shows the curves of convergence rates for the four
different CG algorithms. We observe that the non-preconditioned CG-FFT algo-
rithm has the slowest rate of convergence. Strang’s preconditioning algorithm can
improve the performance of the CG-FFT but not as good as the proposed ones.
The proposed preconditioning approach #3 has the best performance among all
the preconditioners, especially in the case of more restrictive convergence require-
ments (||r]| £ 107*%). This observation agrees with the speciral properties of the

preconditioners described in Section 6.2.
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Performance of non-preconditioned and preconditioned CG-FFT

8 T 1 1 L T ] [

non-preconditioned

preconditioned

log2(T)
3%

o solid line: proposed
_____________ dashed line: Strang"s
**** dash-dot line: Chan"s

-
-
-

_4 H 1 1 1 1 1 1
4 5 6 7 8 9 10 1 12

log2(Ns)

Figure 6.73: The log-log plot of the CPU time T vs. the number of unknowns N, of
Table 6.2, The asymptotic performance of the Strang’s, Chan’s and the proposed
PCG-FFT algorithm can be determined from the gradients of the graphs.
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Figure 6.74: The current distribution on a microstrip line array
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The convergence rates of different pre- & non-pre- conditioned algorithm for 2D linear analysis
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Figure 6.75: Comparison of rates of convergence for preconditioned and non-
preconditioned algorithms for analyzing 2D linear problems
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To use these techniques in a practical application, the simulation of the
radiation from a microstrip dipole array (a type #2 hexagonal array with M, =
8,M =15, and N = 15, see F 1g.4.17 for parameters’ definitions) has been carried
out using the SPCG-FFT method. 18 basis functions were used to span a distance
equal to a wavelength on each dipole. The number of unknowns for this problem
is 5593. It takes 56 minutes for the CG-FFT to converge to an error of 1073, while

it only takes less than 2 minutes for the SPCG-FFT to converge to the same error.

As a final example, a simple but large 2D problem was solved using both the
CG-FFT and the SPCG-FFT. In this example, we derive the current distribution
on a large rectangular metallic patch, which is excited by a plane wave. The angle
of incidence for the wave is normal to the patch. The size of the patch is 10X x 10A.
Figs.6.76 and 6.77 show the components of the surface current densities that are
excited on the metallic patch. In this example, a total of 625 square pulse functions
were used to sample the current on an area equal to Ax A, The current was sampled
in two dimensions. The total number of the unknowns of this problem is 125,000.
This large number of unknowns presents a, great challenge in the implementation
of the Method of Moments because of the requirement for a very large computer
inemory. In contrast, the CG-FFT can handle this problem with ease. On top of
this, our SPCG-FFT technique enhances the convergence efficiency of the CG-FFT
algorithm. This means that this iterative approach now possesses greater potential

for solving large EM problems.

6.4 Summary

In this chapter, the spectrum and the convergence performance of the new highly

efficient SPCG-FFT method have been studjed.
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Figure 6.76: The induced co-polar current on %10 x 10A microstrip patch with a
normally incident plane wave (only a symmetric quarter of the patch is shown on
this graph)
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Figure 6.77: The induced cross-polar current on a 10X x 10\ microstrip patch with
a normally incident plane wave (only a symmetric quarter of the patch is shown
on this graph)
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The study shows that for one-dimensional problems, this approach has sim-
ilar performance to the Strang approach while it is much better than the Chan
approach. However, for two-dimensional problems, our new method bas been found

to have superior spectral properties over all the other techniques.

The numerical results in this chapter have demonstrated that the new
method can greatly improve the convergence rate of the conventional CG-FFT
algorithms. Also, the new approach has superior convergence efficiency when com-

pared with other preconditioning methods.

By means of numerical experiments, it has been found that the number of
iterations required by the new method is independent of the number of the un-
knowns. The new method is found to converge with a fixed number of iterations,
no matter how large the problem. Tlis method achieves a computational com-
plexity of O(N,log N;), in contrast to O(N;N,log N,) for conventional CG-FFT

algorithms.



Chapter 7

Conclusions

This thesis is devoted to the development of an accurate and efficient CAD tool that
can handle very large and arbitrarily shaped arrays with feed networks. To reach
the goal, a hybrid CG-FFT method and a highly efficient spectrally preconditioned
CG-FFT method have been introduced in this thesis. Qur efforts have been focused
in two directions: (1} the improvement of the accuracy of the CG-FFT algorithm
and (2) the improvement of vhe efficiency of this algorithm, both in terms of

computer memory and computing time.

The thesis began with the development of a spatially discrete implemen-
tation scheme of the CG-FFT method. The distinguishing feature of this scheme
was the treatment of the grad-div operator in the integral equation, combined with
the spatially discrete procedure. This feature makes the algorithm very accurate
because (1) no finite difference approximations are involved and (2) all the aliasing
and truncation errors are eliminated. At the same time, the accuracy makes this
algorithm very efficient because fewer iterations are needed to achieve the desired

error criterion. The efficiency in memory size is achieved by decreasing the size of
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the zero padding required for implementing this algorithm.

In this thesis, the accurate and efficient spatially discrete scheme of the
CG-FFT method has been extended to the analysis of microstrip problems. This
extension was accomplished by developing a hybrid CG-FFT techrique, which
consists of a merging of the complex discrete image technique with the spatially
discrete CG-FFT scheme. This combination supplies the full-wave closed-form
Green’s functions, which are essential for realizing the spatially discrete procedure,
with negligible computational cost. Essentially, we avoid the cumbersome evalua-
tion of the Sommerfeld integral, the latter being an inherent feature of microstrip
problems. By implementing the spatially discrete scheme, we take advantage of
all the algorithm’s strength for solving free-space problems, and extend them to

microstrip problems.

Another major accomplishment of this thesis is the development of a new
highly efficient spectrally preconditioned CG-FFT method. A systematic approach
for designing a class of spectral preconditioners for one-dimensional, linear two-
dimensional and planar two-dimensional problems has been presented. The new
method has been numerically tested. It has been demonstrated that the new
technique has a superior convergence performance compared to that of the non-
preconditioned CG-FFT algorithms. This method also has other advantages over
existing preconditioning schemes, both in terms of memory efficiency and computa-
tional efficiency. In contrast to the computational complexity O( NV, log N,) of the
CG-FFT method, the computational complexity O(N, log IV,} has been achieved
for the new method, which means that the number of the iterations required to
achieve a solution with a certain error criterion is totally independent of the num-
ber of the unknowns involved, and the solution is obtained within a fixed number

of iterations no matter how large the problem. All the numerical experiments have
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demonstrated the potential of this method, which suggests that the technique is

worth further exploration.

The hybrid CG-FFT algorithm developed in this thesis has been adapted
into a simulation software package to run on UNIX systems. The package includes
a draw editor, an automatic mesh generator and a simulation engine. The software
has been developed so that What you draw is what you simulate in a very user-

friendly way.

Using this software, several types of microstrip antenna arrays have beeﬁ
numerically and experimentally studied. A number of features of interest to mi-
crostrip array designers, such as: edge effects, shape, size of an array, spurious
radiation from the array’s feed network, current distribution, Input impedance,
and the array’s radiation pattern, have been analyzed in this thesis. Conclusions
and discussions were presented. The capacity of the proposed hybrid full-wave CG-
FFT method was demonstrated through modeling studies of very large microstrip
reflectarrays. Design schemes and proposals for improvement were put forward,

based on the the results of the modeling studies.

It should be mentioned that a number of assumptions were adopted in the
algorithms developed in the thesis. It was assumed that the ground plane and the
substrate of a microstrip structure were of infinite extent. The metallic surface
of the microstrip antenna was assumed to be infinitely thin. These assumptions
are not true for real microstrip structures, but it has been shown by previous re-
searchers that these assumptions have little effect on the accuracy of the solutions.
In actual fact, improvement can be made to reduce or eliminate some of these ef-
fects. For example, the method of treating the finite ground plane was proposed in

[87). The finite thickness of the metallic surface can be treated using the equivalent
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impedance boundary condition. All these improvements can be implemented with

the new algorithm, but at a cost of increased computational complexity.

The microstrip structures dealt with in this thesis are limited to single
layer planar structures. In fact, the method can be extended to a large range of
microstrip problems, such as multilayer, CPW structures, and microstrip struc-
tures enclosed in metal boxes. The only thing that remains is the derivation of the

closed-form Green’s functions for ecach of these cases.
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Appendix A

Formulations of Fourier
Transform and Discrete Fourier

Transform

The one- and two-dimensional Fourier transforms of a function g(z) and g(xz,y)

are defined as,

10

Fli = k)= [ mg(m) e~k dy (A.243)
Fg = =§1— f )€k dky (A.244)
2D

Fld = alkek) = [ glap)emsierimdsdy (A.245)
Fel = =2i f §{kzy by ) e HV) ek, (A.246)

The convolutions are defined as

1D:  gz)*xh(z) = f_ Z g(7)h(x = 7)dr (A.247)
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2000 gle,y) » hia / / (r.Q)h{e — 7,y — )drd(. (A.243)

The couvolution thecrem says

Flg(e) * h(z)] = (k) - hiks) (A.249)
Flo(e, 1) * (e, y)] = §lkes ky) - R(ker ky). (A.250)

In the computer solutions, continuous functions must be replaced by dis-
crete versions of these functions. Therefore, the continuous Fourier transform must
be replaced with the discrete Fourier transform (DFT) in order to be able to make

nse of the efficient fast Fourier transform (IFFT).

U a finite duration contitmous Tuuction L) is sampled at a space interval

Air, the resulted finite sequence is
hin) = h{z,); z,=nAz, n=0,1,.,N-1. (A.251)

The quantity -;—x is called the sampling rate. The discrete Fourier transforms of

this finite sequence are

H(k) = DFT[h{(n)]= 3 z(n)e F% (0<k<N—1) (A.252)
n=0
1 N=1 ;
h(n) = IDFT[H(k)]= ~ H(k)e? T (0<n<N-=1). (A.253)
k=0
Similarly, 2D DFTs are defined as
N-t1 M- o
H(k,) = DFT[h(m,n)]= Z Z z(m, n)e~ i mk)
n=0 m=0
(0<kSM-110<I<SN-1) (A.254)
1 Mal N=1 .
h(m,n) = IDFT[H(k )] = -~— Z H(k, l)cJ( 3 )
MN k=0 (=1

0<m<M-L0<n<<N=-1). (A.255)
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The relation between the Fourier transform and discrete Fourier transform
can be described in the following way. That is, if h{n) is the discrete form of a

finite duration continuous function k(z), we can generate a periodic sequence

ho(n) = h(n [mod N}) (A.256)
i.e.
h(n) = hy(n)Rp(n) (A.257)
where
1, 0<n<N-1
Ry(n) = " : (A.258)
0, elsewhere
Then

DFT[h(n)] = Flhy(n))- (A.259)

The next question is the accuracy that is achieved when we replace a con-
tinuous FT by its corresponding DFT. The sampling theorem can answer this

question.

Sampling Theorem For a band-width limited function h(x), i.e.,H(k) =
0 for all |k| > kun, the information content of h{zx) can be 100% recow-
ered from its discrete form hin) if the sampling rate Ax < -2-1:; Thz"s
sampling rate is called Nyquist rate and k,, is called Nyquist frequency.

However, if the continuous function is not band-width limited to the Nyquist
frequency, it turns out that all of the spectrum which lies outside of the frequency
range —&y, < k < ki, is aliased into the range by the very act of discrete sampling.
This phenomena is called aliasing. Thereby, we have to be very careful when using

FFTs to replace continuous FTs.
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Table B.1 the eigenvalues and condition numbers of A and the preconditioned matices

A Za s1A cla

real imag real imag real imag real Imag
26,481 50971 1.613 -0.696 1.692 -0.692 1.195 -1.292
25.886 49,979 0.383 0.080 0.389 Q.077 0.550 0.571
24,896 48316 0.849 0.291 0.863 0,240 0.310 0.069
23.513 45.969 0.878 0.083 0.903 0.062 1.380 0221
21.743 42915 1.028 0.005 1.035 0.007 1.264 0.151
10,539 39.125 0.971 -0.004 0.572 -0.001 0.762 0.012
17.061 34.550 1.009 0.007 1.025 -0.00] 1.171 0.071
14.173 29,126 0.992 -0.006 1.018 -0.002 0.866 -0.037
10.952 22.739 0.999 0.003 0.994 -0.009 1.149 0.062
7.452 15.213 0.999 0.003 1.003 0.010 0.890 -0.002
3,953 6.108 0.998 0.001 0.999 -0.006 1.124 0.046
1.587 -4.566 0.998 0.001 1.000 0.005 1.114 0.042
0.803 -15.385 0.999 0.001 1.003 0.001 1.104 0.036
0.570 -25.693 0.999 0.001 1.000 -0.003 1.100 0.035
0.429 -35.855 1.000 0.000 1.000 G.003 1.096 0.032
0.347 -45.992 0.999 0.001 0.993 -0.002 1.094 0.032
0.284 -56.178 1.000 0.001 0,999 -0.002 0.936 -0.013
0.241 =66.428 1000 0.000 1.000 -0.002 0.941 -0.004
0.206 -76.760 1.000 0.000 1.000 0.002 0.961 -0.007
0.179 -87.171 1.000 0.000 1.001 0.001 0.963 -0,002
0.157 -97.661 1.000 0.000 1.001 0.000 0.971 -0.005
139 -108.219 1.000 0.000 1.000 0.000 0.975 -0.002
0123 -118.840 1.000 0.000 1.000 0.000 0.975 -0.001
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A sA ca

real imag real imag roal imag raal imag
o1 -129.510 1.000 0.000 1.000 0.000 1.027 0.001
0.099 | -140.221 1.000 0.000 1.000 0.000 0.982 0,002
0.090 -150.958 1.000 0.000 1.000 0.000 0.982 -0.001
0.082 -161.713 1.000 0.000 1.000 0.000 0.987 =3.001
0.074 -172.471 1.000 0.000 1.000 0.000 0.987 -0.001
0.0638 -183.221 1.000 0.000 1.000 0.000 0.990 -0.001
0.062 -193.951 1.000 0.000 1.000 0.000 0.991 -0.001
0.057 -204,650 1.000 0.000 1.000 0.000 0.993 -0.001
0.052 [ -215305 | 1.000 0.000 1.000 0.000 0,993 0.000
0.0438 «225.906 1.000 0.000 1.000 0.000 0.995 -0.001
0.045 -236.441 1.000 0.000 1.000 0.000 0.595 0,000
0.041 -246.900 1.000 0.000 1.000 0.000 0.997 -0.001
0.038 -257.272 1.000 0.000 1.000 0.000 0.997 0.000
0.035 -267.547 1.000 0.000 1.000 0.000 0.99% -0.001
0.033 -277.715 1.000 0.000 1 0.000 0.998 0.000
0.030 -287.768 1.000 0.000 - 1.000 0.000 0.999 =0.001
0.028 -297.696 1.000 0.000 1.000 0.000 0.999 0.000
0.026 -307.491 1.000 0,000 1.000 0.000 1,000 0,000
0.024 -317.143 1.000 0.000 1.000 0.000 1.000 0.000
0.023 | -326.647 | 1.000 0.000 1.000 0.000 1.001 -0.001
0.021 | -335993 | 1.000 0.000 1.000 0.000 1.001 0.000
0.020 -345.176 1.000 0.000 1.000 0.000 1.001 0.000
0.018 -354.1389 1.000 0.000 1.000 0.000 1.001 0.000
0.017 | -363.024 | 1.000 0.000 1.000 0.000 1.001 0.000
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ZiA sA cla

real imag real imag real imag real imag
0.016 -371.677 1.000 0.000 1.000 0.000 1.001 0.000
0.015 -380.143 1.000 0.000 1.000 0.000 1.001 0.000
0.014 -388.415 1.000 0.000 1.000 0.000 1.001 0.000
0.013 -396.491 1.000 0.000 1.000 0.000 1.001 0.000
0.012 -404.364 1.000 0.000 1.000 0.000 1.001 0.000
0.011 -412.033 1.000 0.000 1.000 0.000 1.001 0.000
0.010 -419.493 1.00¢ 0.000 1.000 0.000 1.001 0.000
0.010 426.741 1.000 0.000 1.000 0.000 1.001 0.000
0.009 -433.775 1.000 Q.000 1.000 0.000 1.001 0.00¢
0.009 ~440,5¢3 1.000 0.000 1.000 0.000 1.001 0.000
0.008 -447.192 1.000 0.000 1.000 0.000 1.001 0.000
0.007 -453.573 1.000 0.000 1.000 0.000 1.001 0.000
0.007 -459.732 1.000 0.000 1.000 0.000 1.001 0,000
0.006 -465.670 1.000 0.000 1.000 0.000 1.001 0.000
0.006 -471.387 1.000 0.000 1.000 0,000 1.001 0.000
0.005 -476.882 1.000 0.000 1.000 0.000 1.002 0.000
0.0as -482.156 1.000 0.000 1.000 0.000 1.002 0.000
0.005 -487.210 1.000 0.000 1.000 0.000 1.002 0.000
0.004 ~492.044 1.000 0.000 1.000 0.000 1.002 0.000
0.004 -496.661 1.000 0.000 1.000 C.000 1.002 0.000
0.004 -501.060 1.000 0.000 1.000 0.000 1.002 0.000
0.003 -505.246 1.000 0.000 1.000 0.000 1.002 0.000
0.003 -509.220 1.000 0.000 1.000 0.000 1.002 0.000
0.003 -512.933 1.000 0,000 1.000 0.000 1.002 0.000
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A sA ca

raal imag real imag real imag real imag
0.003 -516.540 1.000 0.000 1.000 0.000 1.002 0.000
0.002 -519.8%4 1.000 0.000 1.000 0.000 1.002 0.000
0.002 -523.046 1.000 0.000 1.000 0.000 1.002 0.000
0.002 -526,002 1.000 0.000 1.000 0.000 1.002 0.000
0.002 -528,763 1.000 0.000 1.000 0.000 1.002 0.000
0.002 ~531.333 1.000 £.000 1.000 .000 1.002 0.000
0.002 -533.716 1.000 0.000 1.000 0.000 1.002 0.000
0.001 -535.912 1.000 0.000 1.000 0,000 1.002 0.000
C.001 -537.915 1.000 0.000 1000 0.000 1.002 0.000
0.000 -530.348 1.000 0.000 1.000 0.000 1.002 0.000
0.000 -539.407 1.000 Q.000 1.000 0.000 .o 0.000
0,000 -539.601 1.000 0.000 1.000 0.000 1.002 0,000
0,000 -530.527 1.000 0.000 1.000 0.000 1.002 9000
0.000 -539.774 1.000 0.000 1.000 0.000 1.002 0,000
0.000 -539.878 100G 0.000 1.000 0.000 1.002 0.000
0.000 -540.162 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -5401384 1.000 0.000 1.000 Q.000™ 1.003 0.000
0.000 -540.994 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -540.744 1.000 0.000 1.000 0.000 1.003 0.000
0.001 -541.456 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -541.465 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -541.989 1.000 0.000 1.000 0.000 _1.003 0.000
0.000 -542.276 1.000 0.000 1.000 0.000 1.003 0.000
0,000 -542.951 1.000 0.000 1.000 0.000 1.003 0.000




real imag real imag real imag real imag
0.000 -542.838 1.000 0.000 1.000 0.000 1.00% 0.000
0.000 -543.493 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -543.760 1.000 0.000 1.000 0.000 1.003 0.000
0.000 | -544.457 | 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -544.400 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -545.086 1.000 0.000 1.000 0.000 1003 Q.000
0.000 -545,331 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -545.934 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -536.030 1.000 0.000 1.000 0.000 1.003 Q.000
0.000 -546.819 1.000 0.000 1.000 0.000 1.003 0.000
0.000 [:-546,700 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -547.402 1.000 0.0¢0 1.000 0.000 1.003 0.0
0.000 -547.575 1.000 0.000 1.000 0.000 1.003 0.000
0.000 | -548.145 ;" 1000 0.000 1.000 0.060 1.003 0.000
0.000 -548.232 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -551.865 1000 0.000 1.000 0.000 1.003 0.000
0.000 -551.805 1.0V0 0,000 1.000 0.000 1.003 O.000
0.000 -551.745 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -551.745 1.000 0.000 1.000 0.000 1,003 0.000
0.000 -551,545 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -551.547 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -551.265 1000 0.000 1.000 0.000 1.003 0.000
0.000 -551.275 1,300 0.000 1.000 0.000 1.003 0.000
0.000 =550.022 1.000 0.000 1.000 0.000 1.003 0.000

A%
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A sA
real imag real imag real imag real imag
Q0.000 -550.906 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -550.524 1.000 0.000 1.000 0.000 1.003 0.000
.000 -550.47 1.000 0.000 1.000 Q.000 1.003 0.00u
0.000 -550.043 1.000 0.000 1.000 0.000 1.003 0,000
0.000 ¢ -549.971 1.000 0.0 1.000 0,000 1003 0.0
0.000 -549.497 1.000 0.060 1.000 0.000 1.003 0,000
0.000 -348.860 1.000 0.000 1.000 0.000 1.003 0.000
0.000 -548.842 1.000 0.000 1.000 0.000 1.003 0.000
0,000 -549.422 1.0:00 0.000 1.000 0.000 1.003 0.000
CONDITION NUMBER:
116.4918 3R3810 39.8722 346112

—_—
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Table B.2 Eigenvalues and condition numbers of four proposed preconditioned matrices

Z,07 A @ A @)1 A Z T A
real imag real imag real imag real imag
1.613 | -0.606 | 0950 | -0997 | -0.9%50 | -0.997 0.383 0.080
0383 0.080 0.661 0.101 1.613 -0.696 022 | -0352
0.549 0.291 0922 | -0352 | o849 0.291 0.661 0.101
0.878 0.083 1130 | 0139 L130 | -0139 | 0878 0.083
1.028 0.005 1.030 0.004 0.971 -0.004 1.030 0.004
0971 -0.004 0973 | -0004 | o097 -0.004 1.028 0.005
1.009 0.007 0.5%1 0007 | 0.991 -0.007 1.009 0.007
0992 | -0.006 1.008 0.007 0992 | -0.006 1.008 0,007
0.999 0.003 1.001 -0.003 | 0.999 0.003 1.001 0.003

" 0.009 0.003 L001 | -0003 | 1.001 | -0003 | 0999 0,003
0.998 0.001 1002 | -0001 1.002 | -0.001 0.998 €.001
0.998 0.001 L002 | -0.00m 0.998 0.001 1002 | 0001
0.999 0.001 1.00 -0.001 0.599 0.001 1.001 -0.001
0.999 0.001 1.001 -0.00 1.001 -0.001 0.999 0.001
1.000 0.000 1.000 0.000 o000 | -0.001 1.000 0.001
0.999 0.001 L000 | -0.001 0.999 0.001 1L.000 | -0.001
1.000 0.001 1000 | -00m 1.000 0.000 1,000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0,000 1.000 0.000
1.000 0.000 1.000 0,000 1.000 0,000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0,000 1.000 0.000
1.000 0,000 1.000 0.000 1.000 0.000 1.000 0.000
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2" A " A @ A Zp) A
real imag real imag real imag real imag
1.000 0.000 1.000 0.000 1.000 0.000 1,000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000

1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.030 0.000
1.000 0.000 1.000 0.000 1.000 0,000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.06¢. 1.000 0.C00
1.0u0 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 G.000 1.000 0.000 1.000 0.000
L.000 0.000 1.000 0.000 1.000 0.000 1,000 0.000
1.000 0,000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 Q.000 1.002 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1 000 0.000)
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1060 0.000 1.000 -0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000

PN
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(zp('))"‘ A (zp("))'1 A (zp(ﬂ))ﬂ A (zp(*'))'1 A
real imag real imag real imag real imag
1.000 0.000 1,000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0,000 1.00C 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0,000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.0C0 0.000 1.000 - ‘0.0_00 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1,000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0,000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 Q.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0000 | 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0,000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
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(zp(l))" A (zp('l))"l A (zp(”))-'l A (zp('-))"‘ A
real imag real imag real imag real imag
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0000 | 1.000 0,000 1.000 0.000
1.000 0,000 1.000 0.000 1.000 0.000 1.000 Q.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0,000
1.000 0,000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1,000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1000 0.000 1L.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 LK 0.000
1,000 0.000 1.000 0.000 1.000 0.600 1060 Q.000
1.000 0.000 1.000 0,000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0,000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.0™ 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0,000
1000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
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(zp('))" A (zp("))-" A (zp(*-*))—1 A (zp(*'))"l A
real imag real imag real imag real imag
1.000 0.200 1.000 0.000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 Q.000 1.000 0.000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0,000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 [.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000




13%

@7 A @t A @ A @) A
real imag real imag real imag real imag
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000)
L.000 0.000 1.070 G.000 1.000 0.000 1.000 0.400
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
1.o0o 0,000 1.000 0000 1.00% 0.000 L0 0.000
1.000 0,000 1.000 0.000 1000 0,000 1.000 0,000
1.000 0.000 1.000 0.000 1.000 0.000 1,000 .000
1.000 0,000} 1.000 0000 1.000 0.000 1.000 0.000
1.000 0.000 1,000 0.000 1.000 0.000 1.000 0.000
1.000 0,000 1.000 0.000 1,000 0.000 1.000 0.000
Condition Number
38.3810 45.2861 45.2861 17.4300
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