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Figure A 1 - (a) Schematic of a 16 points grid used to discretize the Hamiltonian operator. (b) 

A lattice point and the 4 surrounding points showing the relation between the number of the 

point in the lattice and the corresponding indices in the radial part i= 1 to 4 and the z part j=l 

to 4. (c) Schematic shows that each lattice point has 5 places of non-zero values in the 

Hamiltonian matrix. 

The radial differential part is given by 

[( 
1 8 r D ) ] 1 [( r D ) ( r D ) ] - If/ = - -- - -- If/ 
r Dr m'(r,z) or iJ ariJ m' or ;+112_1 m' or ;_112.J 

11 

lj+1i 2.j ( ) 
r lf/;+I,j -ljli.j 

m ;+11 2.1 
= 

lj_l/ 2.j ( ) .. - '/ . 
r lfl1.; If- 1-1.1 

m ;-112.1 
(A.6) 

( 
r r ) 

12 
lf/;+1,j - lfli ,j 

m i+l.J +m i ,J 

= 
1, ) / - , ) ( r .+r 1 .)!2 ( ) 

and 
157 



I PhD Thesis - Mohamed A. Naser McMaster - Engineering Physics I 

[(
? J] ( ?) -n· -n· 

r 0 If/ = 2 r 2 If I ij 
m (r,z)r· iJ a m ;/'iJ 

The z differential part is given by 

[( 8 1 8J] l[ I (8 ) 1 (8 ) ] - If/ =- - -lj/ - - -lj/ oz m- (r, z) oz iJ a m· i ,J+i : 2 8= ;,; +i i i m\1_112 oz i.J-112 

= a2 

-
2 

- ( lf/i.j+I - lf/i ,j) 
m\;+1 + m- i.J 

z 
2 

: (If/;.; - lf/i ,j-1) 
m i ,J + m i ,J-1 

and the potential energy part is given by 

(A.7) 

(A.8) 

(A.9) 

By combining the equations A.6 to A.9, the Hamiltonian differential equation in 

A.4 is given in a matrix form as 

[H w] .. = -r[c1w _, + c2w _, + C31f/ . + C41f/ i + Cslf/ i .J II y I .) 1.) I ,) l , j+ I+ ,) (A.10) 

where t = ~ and m
0 

is the free electron mass while m,. and m= are the 
2111

0
a 

electron effective masses in the materials in the radial and z directions and 

158 



I PhD Thesis - Mohamed A. Naser McMaster - Engineering Physics I 

c1(P) = 'i .J + 'i- 1.1 
= 

rp +1?-N, 
mr . +mr I. 

r r ' 
1, ) 1- , ) m P +m P-N_ 

c2 (P) = 
2 2 

= 
m= . . +m= .. 

1 mzp +m=P-1 
I ,) l ,J-

c4 (P) = 
2 2 

= 
m=i,j + mzi,j+I mz p +m=P+I 

c;(P) = 
lj ,j + 'i+ l,j 

= 
rP +rP+N, 

and r ,. r ,. ' m i.J + m ;+1,1 m p+m P+N, 

The Hamiltonian matrix elements for a grid of Nz x N,. points are given by 

Hn(P, P) = C3(P), 

Hn(P,P-N:) = Hn(P-Nz ,P) = C1(P), 

Hn(P,P+N;) = Hn(P+N:,P) =C5(P), 

Hn(P,P-l) = Hn(P-1,P)= c2 (P), and 

Hn(P,P+l) = H,,(P+l,P) =cAP) 

(A.11) 

(A.12) 

where P is from 1 to Nz x N,. . The rest of the elements of the matrix are zero. The 

boundary conditions should be specified at the elements corresponding to i= 1 and 

i=N,. andj=l andj=Nz. For zero B.C atj=l corresponding to the points 1, 5, 9, 13 

andj=Nz corresponding to the points 4, 8, 12, 16, the Hamiltonian matrix elements 

are given by 

H,,(P,P-l)=Hn(P-1,P)=O forj=l 

H,,(P,P+ 1) = Hn(P+ l,P) = 0 for}= N= 
(A.13) 

For zero B.C at i = N, corresponding to the elements 13, 14, 15, 16, the 

Hamiltonian matrix elements are given by 

H,,(P,P+ Nz) = H,,(P+Nz ,P) = 0 for i = N, (A.14) 
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Around the cylinder axis at i=l corresponding to the points 1, 2, 3, 4, the zero 

derivative B.C should be applied. The wavefunction value should be the same 

around the axis and SOlf/n(l) = lf/,,(O) . By using this B.C in A.IO, the Hamiltonian 

matrix elements will be given by A.12 except that 

(A.12) 

For the corner points such as 1, 4, 13 , 16, they have two B.C corresponding to 

both the radial and = parts and both of the two conditions will be applied to the 

Hamiltonian matrix elements as shown above. After obtaining the Hamiltonian 

matrix including the B.C, the eigenvalue problem can be solved to get the energy 

eigenvalues and the corresponding eigenstates. For the continuum part of the 

spectrum, a proper self energy function should be added at the cylinder 

boundaries to simulate the proper open B.C. After obtaining the Hamiltonian 

matrix and the self-energy due coupling with the surrounding or due internal 

interactions, the Green's function of the system can be calculated and from which 

the electronic and transport properties can be obtained as showed in the thesis. 
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APPENDIXB 

The retarded Green's function in the lead satisfying the equation 

(B.l) 

can be written as 

G~ = LXm(z)x111 • (=')f,,,,,(r,r') (B.2) 
Ill 

where x
111 

(z) satisfies the eigenvalue problem 

(B.3) 

and 

LXm(z)x.,°(=') = S(z-z') (B.4) 
Ill 

Substituting B.2 into B.1 and using B.3 and B.4 we end up with 

( E - &m) /,,., +- --::;-r---, f,
1111 

= -S(r-r) 11
2 

( I a a n
2 J 1 I 

2m r or or r r 
(B.5) 

This can be written as 

( 
l a a ) ( 2 n

2 J 1 , 2m --r-::;- f,,,,,+ km--2 f, 1111 =-S(r-r)x-2 r 8r or r r Ii 
(B.6) 

Which is Bessel differential equation with a delta function source tenn in the 

H S d k ? 
2m ( E - &m) ' h" h · · "d h l" d R. . an ;;, = 1 . For Rs r < r , w ic is a pomt outs1 e t e cy m er 

11-

which has a radius of R and lies in the surrounding lead, the solution to B.6 is 

given by 

(B.7) 

For r > r', the solution should be finite at infinity, so it is given by the Henkel 

function of the first kind 
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f,,m = C3H!1)(kmr) (B.8) 

The first solution should give zero B.C at r =Rand therefore 

(B.9) 

The two solutions should be equal at r = r' and therefore the solution can be 

written in the form 

(B.10) 

where r < and r> are the smaller and greater of rand r'. By integrating B.6 

around r = r', the solution should satisfy the equation 

8~~· 1r=r'+c - 8~;• L .. ·-c = :, X ~7 
Substituting B. l 0 into B.11, we get 

H'(l)(k r')(J (k r')-Y(k r')Jn(kmR)) 
11 m n m n m y (k R) 

c II m 

-H<1l(k r')(J'(k r')-Y'(k r')J;,(k,,,R)) 
11 m 11 m 11 m y (k R) 

n m 

l 2m 
=-X­

r' '12 

(B.11) 

(B.12) 

Solving B.12 will give the value of the constant C. To solve B.12, the asymptotic 

behavior for large value of r --+ oo of the Bessel and Henkel functions will be 

used to do the derivative and the required substitution in B.12. The asymptotic 

value of the Bessel function at very large r are given by 
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(B.13) 

H~l)(x)~ /2 exp[i(x- n;r - tr)]. x »l v-;; 2 4 

Substituting B.13 into B.12, the constant C can be obtained and it is given by 

(B.14) 

So the radial pa1i of the Green's function can be written as 

f, (r r') = (tr Y,, (k,,,R) J x 2m [J (k r<)- Y (k r<) J" (k111 R)l H(1>(k r>) (B.15) 
• 11111 ' 2 H (l) (/i R) /i2 11 m n m y (k R) n m 

n (m n m 

and r< and r> are the smaller and greater of rand r' . Specifically the radial part 

calculated atr = r' = R +a , which is one lattice constant inside the lead and 

outside the cylinder is given by 

f, (r=r'=R+a)= tr 2m[Jn(k111(R+a))Y,,(k111R) ]H,'.
1
l(k111 (R+a)) (B.l 6) 

11111 

2 11
2 -Jn (k111 R) Y,, ( k,,, (R +a)) H,'.

1
l (k111 R) 

and the Green's function is then given by 

G,. = °" . (z) *(=')tr 2m[J,, (k,,,(R+a))Y,,(k,,,R) ]H~')(k,,,(R+a)) (B. l?) 
11 L..,Xm X,,, 2 n2 ( ) ( ( )) H(11(k R) 

111 -Jn k111 R Y,, km R+a 11 m 

The previous derivation is obtained for propagating modes for E > 8 111 . The same 

procedure can be used to obtain the Green' s function for evanescent modes 

where E ::;; 8,,, . And in this case, the modified Bessel functions I and K will be used 

and the same procedure will be applied. So the Green's function for all energy 

values is given by 
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Gr= 
II 

", ('?) ' *(,-')1i 2m[J,,(k,,,(R +a))Y,,(k111 R) ] 
f...J x Ill - x,,, - 2 p,2 ( ) ( , ( )) m -J,, kmR Y,, k111 R + a 

H,~ 1 J (km ( R + a)) 
x H~Il (k,,,R) ' E > e"' 

• '? • _ , 1i 2m [K,, (km ( R +a)) I,, ( k,,,R) ] 
LX,,,(-)Xm (-. )27 ( ) 
Ill . -Kn(k,,,R)I,, km(R+a) 

Kn ( k,,, ( R +a)) 
x ( , E ~ e,,, 

K,, k111 R) 
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