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Abstract

Modern Bayesian analysis and empirical Bayesian analysis are dominated by the
exponential distribution family: lots of research works have been done in the liter-
ature. However. for nonexponential distribution families. there are still no system-
atic results from Bavesian and empirical Bayesian analysis. In this Ph.D. thesis.
some systematic Bayesian and empirical Bayesian analysis results are obtained
for the one-parameter truncation distribution families which are nonexponential
distribution families. It consists of six main chapters. In Chapter 2, the general
forms of conjugate prior distributions are obtained for the two different types
of truncation parameter distributions and the particular conjugate priors for the
truncated exponential. Pareto and power function distributions are presented. In
Chapter 3. the explicit relations between the mixing distributions and the mixture
distributions are obtained and the identifiability for the mixture of these trunction
parameter distributions is established. Based on these obtained relations. some
procedures for estimating the mixing distributions are proposed and studied. In
Chapter 4. the explicit analytical expressions of posterior moments for the two
general truncation parameter likelihood functions with arbitrary priors are given
by using the sufficient statistics for these truncation parameters. In particular.
the explicit forms for the posterior mean and variance are presented. In Chapter
5. based on the relations between the Bayves estimators under squared error loss
and the marginal distributions. the empirical Baves estimators are proposed and

the asymptotic optimalities of the proposed empirical Bayes estimators are inves-

il



tigated. Finally, in Chapter 6. the problems of empirical Bayes estimation for the
truncated exponential distributions and the empirical Bayes rule for selecting the
best of exponential populations are discussed and the convergence rates of the
proposed empirical Bayes estimators and the empirical Bayes selection rule are
established. And in Chapter 7. a location parameter family of gamma distribu-
tion. which is not a typical truncation parameter distribution. is considered. The
empirical Bayes estimator and the empirical Bayes testing rule for the two-action
problem are studied and the convergence rates for the proposed empirical Bayes

estimator and the empirical Bayes testing rule are established.
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Chapter 1

Introduction

1.1 Truncation Parameter Distributions

[n this Thesis. we consider two general types of the one-parameter truncation dis-
tribution families with density functions over any interval («.b). finite or infinite.
as follows:

Type | truncation parameter density

fi(x1|6y) = hy(xy)/ki(6y). a< b <ur <b (1.1.1)
Type 11 truncation parameter density

fa(x2]02) = ho(ra)/ha(02), a<ry<0;<b (1.1.2)

From the definitions of (1.1.1) and (1.1.2) as density functions. we assume the
following conditions: (1) Both h;(r;) and h,(r;) are positive. continuous. and
integrable over (6,.0) and («.0,). respectively. for 6, in (a.b). and (2) both k,(6,)

and k,(0,) are differentiable. and satisfving

b
kl(ﬂl) = /0 hl(.l'l)(l.'l'l. (1.1.3)

2
k2(02) = /12(1'2)([1'2. (114)

a



for any 6; in the interval (a.b).
Example 1.1.1 The left-truncated exponential distribution
fi(x1]6)) = Aexp{=A(x, = 0,)}. 0<l, <r<oo. A>0.

is a type I truncation parameter distribution with Ay(r)) = Ae ™! and ky(6,) =

e— M

Example 1.1.2 The Pareto distribution

adf
fl(.l'||01)= o 0<01$l’[<00. a> 0.
I
is also a type I truncation parameter distribution with h\(z;) = a/,z"l‘+l and

kl(ol) = 1/0?
Example 1.1.3 The right-truncated exponential distribution
fa(x4]02) = Aexp{—=\(0: — r3)}. —x<r1<f,<o0. A>0.

is a type II truncation parameter distribution with hy(r,) = Ae**2 and ko(6;) =

yy

Example 1.1.4 The power function distribution

ary!
f2(12|02)= i . O<r; <l <x.a>0.
is also a type II truncation parameter distribution with ha(r;) = ar}~' and

ka(02) = 03.

Note that in the definitions of the truncation parameter distributions (1.1.1)
and (1.1.2). the ranges of the distributions depend on the parameters §,. : = 1.2.

respectively. Clearly these distributions are not exponential family distributions.

tw



A family of distributions is said to belong to the one-parameter exponential
family if it is defined by density functions. with respect to some fixed measure p.

of the following form
f(x|0) = c(8)h(r) exp{Q(#) - T(x)}

where 6 and r are in R and c. h. Q and T are real valued functions; in the

particular case when
f(x]0) = c(0)h(z)exp{d - r}

the family is said to be the natural exponential family. The one-parameter expo-
nential family includes many standard classes of distributions which arise in prac-
tice. for example. binomial. Poisson. geometric. normal. exponential and gamma
distributions.

Modern Bayesian and empirical Bayesian analysis are dominated by the expo-
nential distribution family. Lots of research works have been done in the litera-
ture; see, for example. Berger (1985). Maritz and Lwin (1989) and Robert (1994)
for the general introduction. However. for non-exponential distribution families.
there are still no systematic results from Bayesian and empirical Bayesian analy-
sis. In this Ph.D. thesis. some original Bayesian and empirical Bavesian analysis
results are obtained for the one-parameter truncation distribution families which
are non-exponential families. All these results will be presented in the next six

main chapters.

1.2 Prior and Posterior Distributions

The essential difference between the classical frequentist approach and the Bayesian
approach is that in the latter we assume the existence of a probability distribu-
tion G/(-) on the parameter space ©. This probability distribution describes our

degrees of belief in possible parameter values prior to an observation being made.



and consequently it is called a prior distribution. That means a Bayesian sta-
tistical model is made up of a parametric statistical model. f(z|f). and a prior
distribution G(6) on the parameter (or a prior density function g(6)). Given these

two distributions, we can construct the following distributions:

(a) the joint distribution of (0..r).
pld.r) = f(r|@)g(8): (1.2.1)
(b) the marginal distribution of .

fe) = [ £(210)g(0) do; (1.2.2)

(c) the posterior distribution of 8. given r.

f(x|8)g(0) '

|.r) =
p(0|r) 2]

This conditional distribution (1.2.3) on © may be interpreted as describing our
degrees of belief in different possible values of © after the observation r has been
made, and consequently it is called the posterior distribution of 6.

In this thesis. we always assume that G;(6;) are the prior (mixing) distributions
of truncation parameters 6,. i = 1.2 respectively. defined in the interval (a.b) with
Gi(a) = 0and G,(b) = 1. where Gi,(0,) might not be continuous distributions: then

the marginal (mixture) distributions of z;. ¢ = 1.2. are given by

hy ()

fa, () = file) = TN dG,(6,). (1.2.4)
b h
fa,(x2) = falaa) = ., kj;j)) dG1(6,). (1.2.5)

In general. f(r) and p(6|z) in (1.2.2) and (1.2.3) are not easily calculable. A
large part of Bayesian literature is devoted to finding prior distributions for which
the posterior p(8|r) can be easily calculated. These are the so-called conjugate

priors. and were developed extensively by Raiffa and Schlaifer (1961).



Definition 1.2.1 Let F denote the class of density functions f(z|8). A class P

of prior distributions is said to be a conjugate family for F if the posterior p(8|z)

is still in the class P for all prior g € P.

Many examples of conjugate priors are given in Raiffa and Schlaifer (1961):
further illustrations and additional examples can be found in DeGroot (1970).

Berger (1985) and Robert (1994).

Example 1.2.1 Suppose that r is distributed with the normal distribution

flrld) = : e~ 5T (=0
J .
ra

where 6 is unknown but o is known. Let the prior distribution g(#) be the normal

distribution .N(u.7°) given by

90) = = e O

Vers

where both g and 7* are known. Then

- 2 . _ M2
plOlr) x [(210)g(0) = — exp{_%[(f) P 0)]}

[t follows that the posterior distribution of 8 given r is normal N(yu(r).p~"). where

p = i 4072,
K r ) o* r?
£ = Y by — ] = I
uix) f (7""+cr"2 ¢7'3-+-1"'-’“-{'-:72-{»-1'2

So the prior distribution ¢(#) is conjugate.

Example 1.2.2 Suppose that z is distributed with the Poisson distribution

07e-?

x!

f(z]6) =

r=40.1..



Let the prior distribution be gamma G(a. 3) with

1
= go-1emb18 )
g(6) Fla)o € 6>0

Then
o.re—g (}o—le—(]/ﬁ
x! ['(a)3°

0(u+1‘—l6-(l+1/13)0

= . . >0
r'(a)3e >0

p(Blr) x f(z]6)g(8)

So the posterior distribution is G(a + .r.(1 + 1/3)7") and the prior distribution

g(9) is conjugate.

We now present a general result about conjugate prior families for the expo-

nential distribution family in the following proposition.
Proposition 1.2.1 Consider natural erponential families distributed as
f(r]6) = h(x) ¢rvid),
then the conjugate prior family for f(r|0) is given by
g(0lu, A) = k(. A) e"HmH0),
and the posterior distribution is g(0lp + r. A + 1).
Proof. See Proposition 3.3 in Robert (1994).

We will present the general conjugate prior forms for the one-parameter trun-
cation distribution families in Chapter 2.
In order to calculate the posterior distribution. it is often helpful to use the

sufficient statistics.

Definition 1.2.2 Let r be a random variable with distribution f(z]8). A statistic
t = t(z) is said to be sufficient for the parameter 0 if the conditional distribution

of r given t does not depend on 6.



Proposition 1.2.2 A necessary and sufficient condition for a statistic t(x) to be

sufficient is that f(z|0) can be expressed in the form

f(x|0) = u(t(x).0)v(xr)

where u and v are measurable functions and v does not depend on 0.
Proof. See Theorem 2.8 and Corollary 2.1 in Lehmann (1986).

This is the so-called factorization theorem: we can use it to derive the following

useful result for us to determine the posterior distribution.

Proposition 1.2.3 Suppose that t(r) is the sufficient statistic for parameter ¢

and the factorization theorem holds: then for t(r) = t.

J(t10)g(6)
fiy

Proof. It is straightforward by using the factorization theorem.

p(0|r) = p(O|t) =

The reason to determine p(#|t) rather than p(8|r) is that f(t}0) and f(¢) are
usually easier to handle. On the other hand. given a sample of n independent
observations y = (r;.....r,). we know that f(y|6) =17, f(zi|8). If we can find
a statistic ¢ which is sufficient for 0. then we may work with p(|t). instead of
p(0ly) which depends on the entire data set y. thus reducing the dimensionality

of the problem.

1.3 Bayes and Empirical Bayes Methods

After specifying the prior distribution for the unknown random parameter ¢ and
the form of the likelihood function for the observations. to set up the general
Bayesian decision framework we need the following further components: A loss

function, a class of allowable actions and decision rules.



The loss function L(6.a) gives the loss incurred when 6 is the true state of
nature and we take action a¢. The decision rule d maps the observed data r into
an action a.

The Bayesian outlook on the problem of selecting a decision rule is as follows:
if the posterior distribution is given. we should choose the action that minimizes

the posterior risk
plg.d) = Ea[L(0.d)] =/L(0.d(.r))p(0’r)d0. (1.3.1)

To find the Bayesian solution to a decision problem in another way. we define

the Baves risk as
rg.d) = EsEvo[L(0.d)] = /g(o)do/ L[9. d()]f(2]0) dz. (1.3.2)

Since g(0)f(r]|6) = f(r)p(d|r). we can obtain the alternate computational form

r(g.d) = E.Eg[L(0.d)]) = /f(.r)clr/L[0.d(.r)]p(0|w)d0: (1.3.3)

then we could choose the action that minimizes the Bayes risk. Under very broad
conditions. these two operations are virtually equivalent. Because f(r) is non-
negative we minimize the double integral by minimizing the inner integral for
each fixed . In other words. we choose d(r) for fixed r to be that decision which
minimizes the expected posterior loss.

In the estimation problem. the most common loss functions are the squared
error loss and the absolute error loss. Here. we consider more general losses as
follows:

La(0.d) = w(0)(0 - d)? (1.3.4)
where w(#) is a nonnegative function. and
k(0 —d). ifd<?8.
L,(0.d) = (1.3.3)
ko(d—=86). ifd>6.
Then the Bayes estimators under L,. ! = 1.2, are given. respectively. by Proposi-

tions 1.3.1 and 1.3.2.



Proposition 1.3.1 The Bayes estimator d; associated with prior g and with the

weighted quadratic loss L, is

bic) = E(w(8)8|r)
dr) = E(w()]z)

In particular, when w(8) = 1. L,(0.d) = (0 - d)*, then dy(r) = E(0|r).
Proof. See Corollary 2.19 in Robert (1994).

Proposition 1.3.2 The Bayes estimator dy associated with prior g and with the
linear loss Ly is the (ky/(k) + k) fractile of the posterior p(0|c). In particular,
if ky = ky. in the case of the absolute error loss, L\(8.d) = |0 — d|. d\(r) is the

posterior median.
Proof. See Corollary 2.18 in Robert (1994).

For the one-parameter exponential distribution family. the Bayes estimator
under squared error loss can be expressed in terms of the marginal distribution of

r as follows.

Proposition 1.3.3 Consider the natural exponential family given by
f(r|8) = h(x)e’ =+,
Then for every prior distribution g. the posterior mean of 8 is given by
d

/
@m:EMMM—éme

where f(z) is the marginal distribution of r associated with g,

fu)=/fuwwwwa

Proof. See Lemma 4.1 in Robert (1994).

9



Note that this result is satisfied for every prior g. We will present similar
results about the posterior mean for the truncation parameter distributions in
Chapter 4.

In practical situations. however, the prior distribution G is rarely known even
if it is believed to exist. In the empirical Bayes framework, we assume that
(r;,0;). 1 = 1.2,....1s a sequence of pairs of random variables. where the r,’s
are ohservable but the #;'s are not and conditional on 6, = 0, r; has probability
distribution f(.r[#). It is also assumed that the ;s are i.i.d. having unknown
distribution G. Therefore, the pairs (r,.6;) are i.i.d. Let (ry,..... r,) denote the n
past observations and let r,4+; = r denote the current observation whose observed
value is r. We want to make a decision about #,,, with loss L. where (i is assumed

unknown and r,..... oy is a random sample from
fale) = f(x) = [ fl218)dGl0).

We expect that r...... r, do contain some information about the prior (i and we
want to use such information to define ¢,(-) = t,(r,..... I,:+). a decision rule for
use in the (n + l)th decision problem to decide about #,,;. We then incur an

expected loss at (n + 1)th stage given by

E(r(ta.G)) = // E[L(ta(x).8)|f(£]0) dzdG(8).

Since the Bayes rule dg achieves the minimum Bayes risk r(G). then E{r(t,.G)} -
r(G') > 0. This nonnegative difference is often used as a measure of the optimality

of the emprical Bayes rule {¢,}.

Definition 1.3.1 T = {t,} is said to he asvmptotically optimal relative 1o the
prior G if
Jim E{r(t,.G)} - r(G)=0.

10



1.4 Organization of This Thesis

Modern Bayesian analysis and empirical Bavesian analysis are dominated by the
exponential distribution family. Lots of results are available in the literature
for this family: see. for example. Berger (1983) and Maritz and Lwin (1989)
for the general introduction. However. for non-exponential distribution families,
there are still no systematic results from Bayesian and empirical Bayesian anal-
ysis. This thesis considers truncation parameter distribution families (1.1.1) and
(1.1.2). which are non-exponential distribution models. by Bayesian and empiri-
cal Bayesian methods. It consists of six main chapters. In Chapter 2. the general
forms of conjugate prior distributions are obtained for the two truncation param-
eter distributions and the particular conjugate prior distributions for truncated
exponential. Pareto and power function distributions are presented. [n Chapter
3, the explicit relations between the mixing distributions and the mixture distri-
butions are obtained and the identifiability for the mixtures of these truncation
parameter distributions is established. Based on the obtained relations. some
procedures for estimating the mixing distribution are presented and studied. In
Chapter 4. the explicit analytical expressions of posterior moments for the two gen-
eral truncation parameter likelihood functions with -arbitrar_v priors are obtained
by using the sufficient statistics for these truncation parameters. In particular.
the explicit forms for the posterior mean and variance are given. In Chapter 3.
based on the relations between the Bayes estimators under squared error loss and
the marginal distributions of r,. 1 = 1.2, the empirical Bayves estimators are pro-
posed and the asymptotic optimality of the proposed empirical Bayes estimators
is investigated. Finally. in Chapter 6. the problems of empirical Bayes estima-
tion for the truncated exponential distributions and the empirical Bayes rule for
selecting the best of exponential populations are discussed and the convergence
rates of the proposed empirical Bayes estimators and the empirical Bayes selec-

tion rule are obtained. And in Chapter 7. the location parameter family of the

11



gamma distribution. which is not the tvpical truncation parameter distribution.
is considered. The empirical Bayes estimator and the empirical Bayes testing rule
for the two-action problem are studied and the convergence rates for the proposed

empirical Bayes estimator and the empirical Bayes testing rule are established.



Chapter 2

Conjugate Prior Distributions

2.1 Likelihood Functions

Let r,;..... rIin be independent and identically distributed samples of size n from

truncation parameter distributions fi(.r;]6.). i = 1.2, given by (1.1.1) and (1.1.2).

respectively: then the likelihood functions of samples y; = (z,..... I,n) are given
by
nn—l hl(IlJ) .

¢ )= Lt——m—. a<t <o, <b j=1.....n0. 2.1.1

1(y1]6h) k001" 1 S0y J ( )
and

" ho(xa
[g(yzwg):M a<r21~$02<b. j=1.....n. (212)

{k2(0,)}"

These likelihood functions can be rewritten in the following forms

1)<y halay,)

(i ]6,) = a< 8 <t <b. 2.1.3
(y161) TAIE 1St ( )
and
[T7=\ ha(x2y)
((y2]0s) = —L——rm <t; <0, <b. 2.1.4
2(y2102) {ka(02)]" a<t; <6 ( )
where ¢, = min{r..... z1,} and t; = max{zry..... Tn}. It is obvious from the

factorization criterion theorem that ¢, and ¢; are sufficient statistics for truncation

parameters §; and 0,. respectively.

13



2.2 Conjugate Prior Distribution

In this section. we will present the conjugate prior distributions for the samples

yi = (zi1,...,Tin) from truncation parameter distributions (1.1.1) and (1.1.2) in
the following Theorems 2.2.1 and 2.2.2.
Theorem 2.2.1 Let ry,...... r'in be a random sample of size n from the type |

truncation parameter distribution. Suppose that the prior distribution of trunca-

tion parameler 8, is given by

a{ki(bg)}"
0,) = ——————— h(6). <f <l a>0, 2.2.1
q1(6y) k(0] n(61) a < <bp a ( )
with parameter a < §y < b and o > 0; if
b
lim k,(()l) = 1im hl(l‘l)(l.l'l =
0y —=va 6= ‘N
then the posterior distribution of 0, given X\, =xy,. yj=1..... n, is
, (@ +n){ki(65)}*"
pl(()ll‘lll """ -lln) - {kl(ol)}u+'l+l hl(()l)‘
a<b <l a>0. (2.2.2)
with parameters 3 = min{x;..... Iin.0g} and a + n.
Proof. Since
hy(61)
gl(0,)oc T )+t a<6, <l
0. otherwise
and
l -
= . ¢ <0, <min{zr..... r
G(yi]0)) x { O l tou o}
0 otherwise
then we have
hy(8y) .
T o - a4 < 0, <86
pl(l)‘l.r“ ..... .Z')n) x thi(@y)orn¥t : 0 (223)
0. otherwise.
It is seen from the relation (2.2.3) that the posterior distribution of §; must
be given by (2.2.2) with parameters 5 = min{z,,..... I'1n.00} and a + n.

14



Theorem 2.2.2 Let zy,.... Iy, be a random sample of size n from the type I
truncation parameter distribution. Suppose that the prior distribution of trunca-
tion parameter 0 is given by

O{k 00 }0

2( 2) {A,_O}_Q'H 2(02). 00 < 82 <b a>0, (224)
2)
with parameter a < g < b and a > 0: if
6,
(};Tbko(()q)—ul)l_n}b ha(ra)dr, = x
then the posterior distribution of 0, given Ny, =y, j=1...., n. s
(a + n){k2(65)} """
Oaryy... ... n h,(0;
p2(b2|T2 I2n) Thg(0y) o+ 2(02)
05 < b6,<b a>0, (2.2.5)
with parameters 05 = max{r,..... Iy Oy} and a + n.
Proof. Since
ha(f2)
92(02) Tral62) 1577 0 <b,<b
0. otherwise
and
1
/2(y2|02) ~ IR max{rgl ..... 1‘2,,} < 02 <b
0. otherwise

then we have

__hat) .
pa(b2]ran.. ... Ian) X {"2(02)}‘”"4" <t <b

(2.2.6)
otherwise.

It is easily seen from the relation (2.2.6) that the posterior distribution of §, must

be given by (2.2.5) with parameters 05 = max{rz.....22..600} and a + n.

Example 2.2.1 Let r;,....,2,, be an independent and identically distributed
sample from the Pareto distribution as follows

abf
.’l'l|0|)— a+l‘ 0<01Sl'[<m,a>0.
T



This is a type I truncation parameter density with hy(r;) = a/z{*" and k(8,) =
1/6%. Then the conjugate prior distribution is given by

a{kl(ao)}u hl

T (81 + (61). 0<6, <by<oc. a>0,
1

ald) =

65° )"
= {00{_“0}011 <0f+1) . 0<6, <8< a>0.
1 1

aa-1 291
= Qa(ﬁm =J(;'d . 0<b, <fy<x. J>0.
0 [¥]

which is a power function distribution. In this case, the posterior distribution is

(a + n){ki(65)}*"
{Ai(0y) ottt

/11(01)

(a+n){0g7"}*" [ a
= ge+1

{()l‘“ }u+n+l

(a+n)a=-1

05(a+n)a

O<0,$05<oc.

which is still a power function distribution.

Example 2.2.2 Let r,,.... Iy, be an independent and identically distributed

sample from the right-truncated exponential distribution as follows
fa(z2]02) = Aexp{—=A(62 — x2)}. —x <<t <oc. A>0.

This is a type I truncation parameter density with hy(r;) = A e'*2 and k;(6;) =
€%, Then the conjugate prior distribution is given by

a{kz(go)}a h (0 )

gg(o'g) = - 2(02). —x <<, <. a>0.
{ka(8,) !
[ \Go\u
a{e .,
= T&}u_}-fl(/\e'\a-)’ —oc<00§02<rao.a>0.
\a 6.\a@g u 6-“02
= v = P —x<0p<O,<oc,u>0.

16



which is a left-truncated exponential distributicn. In this case, the posterior

distribution is

ka(05)}+
pllafen o) = CEDLLEET 0,

(a+n){e\ga}a+ﬂ '
(e fotne (

A 6.\02)

(@ + n)\ ¢-Matnits _
= C—.\(u+n)05 . -x < 00 S 02 < 2.

which is still a left-truncated exponential distribution.
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Chapter 3

Estimation of the Mixing

Distributions

3.1 Introduction

Let (ry.0y)..... (rn.0,) be independent and identically distributed pairs of ran-
dom variables in which the z,..... I, are observable but the 8,..... 6, are not.
with the conditional distribution of r, given 6, being f(r;|0;) and 6,..... 0, he-

ing regarded as a random sample from an unknown mixing distribution (/. The
problem of estimating the mixing distribution is to determine the G from the
observations r..... rn. This problem arises in a variety of statistical problems.
A useful application of such a problem was introduced in the empirical Bayes
decision theory (see Robbins. 1964 and Susarla. 1982) where the mixing distri-
bution is called the prior distribution. Various methods have been proposed for
estimating mixing distributions in the literature. In addition to Robbins (1964)
and Susarla (1982). see Berger (1985) and Maritz and Lwin (1989) for the general
introduction. In particular. Susarla (1982) mentioned that it is very useful in
empirical Bayes theory if it is possible to express the mixing distribution in terms

of the mixture distribution and then propose the explicit estimator by using the

18



observations z,,.....r,. Early works on this topic include Fox (1970), Susarla and
O’Bryan (1979). Blum and Susarla (1981) and Prasad and Singh (1990). They
investigated the relations between the mixing distributions and the mixture dis-
tributions for uniform and truncated exponential distributions and constructed
estimators for the mixing distributions through the obtained relations. Recently.
for two general types of truncation parameter distributions, which include uniform
and truncated exponential distributions. with continuous mixing distributions. Ma
and Balakrishnan (1997) demonstrated the expliicit relations between the mixing
distributions and the mixture distributions and studied the asymptotic property
of the proposed estimators for mixing distributions based on the relations.

In this work. the previous results of Ma and Balakrishnan (1997) are extended
to the case where the mixing distribution (' is a general distribution which may
or may not be continuous. We first demonstrate the explicit expressions for the
mixing distributions in terms of the mixture distributions and establish the identi-
fiability for these mixture distributions. Then. we investigate the mean integrated
squared error (MISE) convergence rates for the proposed estimators for the mix-
ing distributions and show that these estimators are asymptotically normal in

distribution.

3.2 Relations

Consider two different kinds of truncation parameter distribution families with
density functions over any interval («.b). finite or infinite. as follows:

Type [ truncation parameter density
Silx]6y) = hy(ry)/ ki (0,). a<b <o <b (3.2.1)
Type Il truncation parameter density

f2(1°2|02) = hg(l‘g)/kz((’g). a<ry < 02 < b. (3.).2)
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where h(z;) and h,(r,) are both positive, continuous and integrable over (4;,b)
and (a,0,), respectively. for 8,. ¢ = 1.2. in the interval (a.b).

Let (;(6;) be the mixing distributions of truncation parameters §;, : = 1,2,
respectively, defined in the interval («¢.b) with Gi(e) = 0 and G(b) = 1, where
G;(6;) might not be continuous distributions: then the mixture distributions of z,.

i = 1,2, are given by

for)) = fila1) /{hm/k ) }Gy (8,). (3.2.3)

b
for(x2) = falzs) = / {ha(r2)/ k2 (62) }dGal(62). (3.2.4)

In this chapter, we will pay some attention to continuous mixture and finite

mixture models. A mixture is called a continuous mixture if
= [ fl6)0:0:)40, (3.2

i.c.. the mixing distributions G, i = 1.2, are continuous distributions with density

functions g;(0;). t = 1.2, respectively. A mixture is called a finite mixture if

k
Ja.(xi) =3 piy flzild;)) (3.2.6)

=1
e.. the mixing distributions G,. { = 1.2, are finite discrete distributions with
probability mass functions p(G; = 6;;) = pi;, j=1..... k.t = 1.2, respectively.
From the ahove density functions (3.2.1)-(3.2.4). we will demonstrate the ex-
plicit expressions for the mixing distributions in terms of the mixture distributions
of z;. i = 1.2, respectively, for the two general truncation parameter distribution

models in the following Theorems 3.2.1 and 3.2.2.

Theorem 3.2.1 For the type [ truncation parameter distribution family (3.2.1).

we have

Ghty) = rl(tl)+ )

oo
-1
-~

fx( 1) (3.
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no matter what kind of distribution the Gy might be. where f, is the mirture
distribution given by (3.2.3) and F| is the corresponding cumulative distribution

function.

Proof. From the conditional density function f;(x,|6;) of (3.2.1), we have

Fi(t0,) = / Nl }0)dr, = / k

h(/m
ky(ty)
= 0, < - —— [{8, < 1),

116, < ty) kl(ol)[( 1 S 4),
where k) ( fo hy(r;)dr, and I(-) is the indicator function. Then we are able
to get

b
Flt) = [ R(ulodGuo)
ky(ty) :

= —_— — < y

[ 1010 < 0= 253 101 < 0)1dGy(0)
ky(ty)

= G{t,) - —— L.

1(4r) ) filty)
That is.

ky(t
Gi(ty) = Fi(t) + Fi‘it_i; filth)

Theorem 3.2.2 For the type Il truncation parameter distribution family (3.2.2).

we have

ka(ta)
ha(ta)

no matter what kind of distribution the G, might be. where f; is the mirture

Ga(ta) = Fa(ta )—

fa(ts) (3.2.8)

distribution given by (3.2.}) and F, is the corresponding cumulative distribution
function.
Proof. From the conditional density function fy(z2 | 62) of (3.2.2), we have
2  ha(za)
Rty = [ flnala)dey = [T 2R dry
a a  ka(02)

o)]



= kz(log) [A2(02)[(02 S t2) + ]\-2([2)1“2 < 02)]
ha(ta)

(6, < ta) 02)

by using k;(6,) = fo ho(r;)dr,; then we are able to get

I(t; < 82)

Fy(t2)

b
/ Fi(t3|0:)dG2(62)

= /b [[(02§12)+ walla) i, < 0, dGa(6)

ka(0,)
ka(ty)
= r'-) o] . t')
Ga(ts) + TN fats)
That is,
hea
Galts) = Fa(ts) — h)“ 2(t2).

Example 3.2.1 Counsider the left-truncated exponential distribution
filxr1]0y) = dexp{=A(z;-6,)}. 0<6, <r <, A>0.

as a type [ truncation parameter distribution with hy(x;) = Ae™*' and k(6,) =

e~%. Then by Theorem 3.2.1. we have

k(¢
Gty = Fl(’l)'{"‘i‘l‘)'fl(tl)
hy(ty)

1
= Fi(h)+ 1 hHity)

This relation was also obtained by Blum and Susarla (1981) and by Prasad and

Singh (1990).

Example 3.2.2 Consider the Pareto distribution

[a}

9
fr(edl0y) = °+'l. 0<6 <r<x.a>0.

as a type | truncation parameter distribution with h(zr,) = a/z{*" and ky(0,) =

1/6°. Then by Theorem 3.2.1. we have
{
Gi(t) = Filh) + gl filty).

This relation was also obtained by Tiwari and Zalkikar (1990).

1y
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Example 3.2.3 Consider the right-truncated exponential distribution
fa(x]0s) = Aexp{=A(f; — 22)}. —x< ;< 0, <20. A>0,

as a type I truncation parameter distribution with hy(r;) = Ae’*? and ky(6;) =

e*%. Then by Theorem 3.2.2, we have

Ga(ty) = Fa(t) - Talls) fa(ta)
1
= F.(fz)—x 2(12)

Example 3.2.4 Consider the power function distribution

-1

>0

aug.

b:

fg(l"gwg): 0 <y 509<oc. a > 0,

=
o

as a type Il truncation parameter distribution with ha(rs) = ary™! and ky(6,) =

65. Then by Theorem 3.2.2, we have
. t
Galtz) = Falt2) — = fulta).
Q

This relation was also obtained by Fox (1970) and by Susarla and O'Brvan (1979).

Note that Ma and Balakrishnan (1997) obtained the results in (3.2.7) and
(3.2.8) by using different methods for the two truncation parameter distribution
families with continuous mixing distributions. Certainly. the results of (3.2.7)
and (3.2.8) are more general than former ones by Ma and Balakrishnan (1997). In
particular, if G,. 1 = 1.2, are finite discrete distributions. we will be able to esti-
mate the mixing proportions in the finite mixture for these truncation parameter
distributions by the relations (3.2.7) and (3.2.8). We will discuss finite mixtures

later in this chapter.

3.3 Identifiability

Before we estimate the unknown mixing distributions G, i = 1.2, we must discuss

the problem of identifiability. Identifiability means that there is a one-to-one
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correspondence between the mixing distribution G; and the mixture distribution
fi. It is obvious that the estimation of mixing distributions will become feasible
only if the identifiability condition is satisfied. For the general introduction about

identifiability, see Teicher (1961. 1963).

Definition 3.3.1 A class of mixtures is called identifiable if, and only if. the

condition
fuldy = fulr) 2 G=H (3.3.1)
is satisfied for every pair G and H.

From the obtained explicit relations of (3.2.7) and (3.2.8) in Theorems 3.2.1
and 3.2.2. we can easily establish the identifiability for the two truncation param-

eter distribution families with arbitrary mixing distributions, respectively.

Theorem 3.3.1 (a) The class of mirtures of the type I truncation parameter

distribution (3.2.1) with arbitrary miring distributions is identifiable.

(b) The class of mirtures of the type Il truncation parameter distribution (3.2.2

with arbitrary miring distributions is identifiable.

Proof. (a) and (b) are obvious from the relations (3.2.7) and (3.2.8) in Theorems

3.2.1 and 3.2.2. respectively.

As a special case of the general mixing distribution. when G;. ¢ = 1.2, are
finite discrete distributions. we can get the identifiability for the finite mixtures of
the two truncation parameter distribution families. respectively. as stated in the

following theorem.

Theorem 3.3.2 (a) The class of all finite mirtures of the type I truncation

parameler distribution is identifiable.

(b) The class of all finite mirtures of the type II truncation parameter distribu-
tion is identifiable.



3.4 MISE Convergence Rates

Since the mixing distributions G; can be represented in terms of mixture distri-
butions f; and Fi. i = 1.2, respectively. as given by (3.2.7) and (3.2.8). it suggests
us to estimate the mixing distributions by simply estimating f; and F;, 1 = 1.2
respectively.

Let z;1,....z;, denote the observations from mixture distributions f;(z;). i =
1,2, respectively. In order to estimate f;(r;) and Fi(r;). i = 1.2. we denote the

empirical distribution functions F,,. { = 1.2. as follows:
| & .
==Y I(r, <t). (3.4.1)
n I=1
Then we employ kernel estimators for f,. 1 = 1.2,

fnlts) = — ik(t' "“). (3.4.2)

n/zn oy I,

where k(-) is the kernel function and h, is a sequence of positive numbers such
that h, = 0 and nh, — oc as n = oc. We will propose different conditions on
k(-} according to the different estimation situations in the following study.
Utilizing f.» and F,. we propose the estimators for the mixing distributions
Gi. t = 1.2, respectively. based on the relations (3.2.7) and (3.2.8) in Theorems

3.2.1 and 3.2.2, as follows:

ky(
Gin(ti) = Fialt )+_—f1n (3.4.3)
hi(ty)

k t
("'2n(t2) = an( 2(2

= Jlt (3.4.4)

Using results available in the literature about the estimators f;, and F;,. { =
1.2, we will study the asymptotic optimality properties of mean integrated squared
error (MISE) for the proposed estimators Gi,(t;), ¢ = 1.2. for the continuous

mixture and finite mixture cases.

(]
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3.4.1 Continuous mixture

Under the statistical framework of a continuous mixture model, in order to esti-
mate f;(z;), { = 1,2, we employ kernel functions suggested by Miiller and Gasser

(1979). Let k(-) be any kernel function satisfving the following conditions:

(i)  support of k(-) = [-7.7]. 7> 0O (3.4.3)
) , | 0. {=1.....r—1
(ii) k(y)y'dy = (3.4.6)
=T I, £=0:
(111) k(y)y dy # 0. (3.-0.7)

where r is a positive integer.

Theorem 3.4.1 Le! Gin(t,). i = 1.2, be defined by (3.4.3) and (3.4.4). respec-
tively, with kernel function k(-) satisfying (3.4.5)-(3.4.7). Suppose the regularity
conditions in Theorem | of Miller and Gasser (1979) are satisfied. Also, as-
sume k;(t;)/hi(l,) is bounded and [|t,|f(t;)dt, < >. Then, with the choice of

hy, = n'ﬁ. we have
E/{G,,,(t,) — Gi{t)}dt, = O (7)., (3.4.8)
Proof. From the definitions of G/, (¢,) ¢ = 1.2. we can get
E [{Ganlt) - Gilt)}dt, < 2E [{Fult) = Ft)}dt,
k(1)) 2
of | M —f ,
+-£/h?m{fm(t.) filt)}dt..
Now.
2 l
E [{Fa(t) = At} = [ = () - Ft)de
< o™ [ Ittt



and from Theorem 1 in Miller and Gasser (1979),
E [Unlt) - 0V et =0 (x~57).

Then the theorem is proved.

3.4.2 Finite mixture

Under the statistical framework of a finite mixture model, since G¢;. i = 1.2. are
finite discrete distributions. f,(r;). ¢ = 1.2, are obviously discontinuous at the
support points of G;. ;.. ... 6. ¢ = 1.2, respectively. In this situation. in order
to estimate f;(r;). i = 1,2, we use kernel functions suggested by Cline and Hart

(1991). Let k(-) be any kernel functions satisfving the following conditions:

(1) /k(y)dy =1 (3.4.9)
(2) //cz(y)dy < . (3.4.10)
3 [ lylkly)dy < . (3.4.11)

Theorem 3.4.2 Let G, (t;) be defined by (3.4.3) and (3.4.4), respectively, with
kernel function k(-) satisfying (3.4.9)-(3.4.11). Suppose the regqularity conditons
in Theorem | of Cline and Hart (1991) are satisfied and also assume k;(t;)/hi(t;)
is bounded and [ |t;|f(t;)dt; < oc. Then with the choice of h, = n~%. we have

E/{Gi,,(z,) — Gt} = 0 (n7F). (3.4.12)
Proof. From Theorem 1| in Cline and Hart (1991).
E [{fulti) = f(t)}dt, = O (w74).

Then, with a discussion similar to that in the proof of Theorem 3.4.1. the theorem

is proved.

(8]
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3.5 Asymptotic Normality

In this section. based on the definitions of i, in (3.4.3) and (3.4.4), we examine
the asymptotic distributions for these estimators (. respectively. under contin-

uous mixture and finite mixture situations.

3.5.1 Continuous mixture

Theorem 3.5.1 Let G, (t,) be defined by (3.4.3) and (3.4.4). respectively. Then
G'in converges tn distribution to a normal distribution, | = 1.2, respectively, as
follows:
C’ln E{G‘n t )} (1
\/var{G,‘n (L)}

N(0.1) es n = . (3.5.1)

In addition, if
Gilt,) — E{G ()}

\/var{G,,. )}

— 0 asn = o,

then

Gin(t:) = Gi(t) 4
\/Uar{G,-,, t)}

Proof. By Theorem 3.3 in Ma and Balakrishnan (1997) and Section 2 in Parzen

- N(0.1) as n = x. (3.5.2)

(1962). we can get the result of (3.5.1). then the result of (3.5.2) follow by using

Slutsky’s Theorem.

3.5.2 Finite mixture

Suppose that 6;,..... 0ix, 1 = 1.2. are support points of G;. respectively. such that

0, < - - < 8;. Then we have

h(xr hy(:
H{x) = pn ﬁ (0, < 1)+ pr2 kl—l((oil;—)) 1(6,; < 1)
hy(x))
.. 0 ..
+ Pik T 0n0) [(6i £ 14) (3.5.3)
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and

holx /
falx2) = pn [12'2‘(('0% [(xr2 < 021) + p22 A:z((022)) [{(r; < 02)
/lz( 2) I
+ - tp k To(Oar) I{ry < ). (3.5.4)

It is obvious that f;(x;). { = 1.2, have jumps at 6;;.. .. 0;x. respectively.

In this finite mixture situation. one may be interested in estimating the mixing
proportions instead of the mixing distributions Gi. © = 1.2.. From the mixture
distributions f(r;), { = 1.2. we can get expressions [or the mixing proportions in

terms of fi(xr;). i = 1.2. respectively. as follows:

Py = C"l(glj)—("l( _)

011)

IJ
k() - . _ -
= TR [f(()lj) f(UU)]. J=1l..... k. (3.5.3)

and
p2, = Gafy) — Ga(by))
ko ( k (0

= [Fy(b,) - F2(03;)] - ol )fz( /z 021)) f2(03))

2
— éz_(gﬁ -— - Y — . Q=
= " Tally,) [f(02,) = f(63,)]. Jj=1....k (3.5.6)

Then we propose the following estimators for the mixing proportions p;,. : = 1.2.

respectively,
1(61,) - oz -
hm = h(ﬂlljj [fln lJ fln(oljl (33‘)
pyn = /h( [fzn( 2;) = fan(03). (3.5.8)

Theorem 3.5.2 Let p;,n. i = 1.2, be defined by (3.5.7) and (3.5.8). respectively.
with kernel function k(-) satisfying the conditions in Theorem { of Cline and Hart
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(1991). Then p;jn converges in distribution to a normal distribution, 1 = 1.2.

respectively, as follows:

Pijn = E(pijn) 4
n = EAPin) 4

v var(pijn)

N(0.1) as n — x. (3.5.9)

In addition, if

%‘Tgi—; [£i(0i;) = fi(05)] — E(pin)

— 0 as n = .

Jeartpom)
then
Pign — Piy i

— N(0.1) as n = x. (3.5.10)

v var(pin)

Proof. See Theorem 4 in Cline and Hart (1991).
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Chapter 4

Posterior Moments

4.1 Introduction

Let {(y|0) be the likelihood function of an independent and identically distributed
sample y = (r..... r,) from distribution f(r]d). Then the Baves estimator
and posterior risk. under squared error loss. are the posterior mean E(fly) and
posterior variance var(fy). respectively. For the normal likelihood function with
known variance and an arbitrary prior distribution. the explicit expressions for
the posterior mean and variance are derived by Pericchi and Smith (1992). For an
arbitrary location parameter likelihood function and the normal prior distribution.
the exact form of the posterior mean is given by Polson (1991). Pericchi. Sanso
and Smith (1993) also discussed the posterior cumulant relations in Bayesian
inference assuming the exponential family form either for the likelihood or for the
prior. They all have mentioned that analytical Bayesian computations, without
the assumption of normality either on the likelihood function or on the prior
distribution, were very difficult and needed investigation.

In this chapter. we consider the likelihood functions of random samples from

the following two different types of truncation parameter distributions:
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Type I truncation parameter density

filz0) = k(1) /ki(61). a< b <oy <b: (4.1.1)
Type I truncation parameter density

falxa)0a) = ha(r2)/k2(82). a <12 <02 <0 (4.1.2)

where h(zr,) and hy(r,) are positive. continuous and integrable over (6,.5) and
(a.0,). respectively. for A, i = 1.2, in the interval (a.b). —>¢ <a < b < x.

The object of this chapter is to find the exact analytical expressions of poste-
rior moments for the two different truncation parameter likelihood functions with
arbitrary prior distributions. In Section 4.2. the explicit forms for posterior mo-
ments are derived by using the sufficient statistics for these truncation parameter
distributions. In particular. the explicit expressions of the posterior mean and
variance are given. respectively. for these two truncation parameter distribution
models. In Section 4.3. two examples representing the two different truncation

parameter distribution models are discussed to illustrate the obtained results.

4.2 Posterior Moments

Let y; = (ri..... ;) denote the independent and identically distributed samples
of size n from truncation parameter distributions fi(r]6;). i = 1.2. given by
(4.1.1) and (4.1.2), respectively. Then T\ = ry) and T; = r,(,) are sufficient
statistics for 0,. i = 1.2. respectively. where r,(; is the smallest order statistic from
y1 = (1ge.--e I1,) and Ty, the largest order statistic from y2 = (r21... .. r'an).
The conditional density functions of T} and T, can be easily derived as follows

[Arnold. Balakrishnan and Nagaraja (1992. p. 12)]:

Ir(t]6,) = n{k (£)}" " () {k1(61)}"
H](f[)/l\-l(ol). (l<0| <t < b, (421)
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[r(12102) = n{ka(t2)}* " ha(ta)/ {k2(62)}"
= H’_A(tg)/[\'g(a')_). a<t;<6,<b, (422)

where H;(t;) = n{ki(¢;)}"* " hi(t;) and K(8;) = {ki(6:)}". i = 1.2. and the second

equalities in (4.2.1) and (4.2.2) are obtained by using relations

b
kl(91)=/0 Joy (y)dry.

and

62
ky(0:) = / fea(ay)das.

]

respectively. Note that the conditional density functions of T and T, are still
type I and type Il truncation parameter densities respectively.

It is assumed in this chapter the truncation parameters ;. ¢ = 1.2, have
arbitrary prior distributions G;(6,) on (e.b) with G, (a¢) = 0 and G(b) = 1. re-

spectively; then the marginal distributions of T,. ¢ = 1. 2. are given by

fa,(t) = filty) = ['{Hlul)/A}(ol)}dm(ol). (4.2.3)
b
farlta) = fulta) = [ {Halta)/Ka(62)}dCial6n) (4.2.4)

From these density functions (4.2.1)-(4.2.4). we are able to demonstrate the
explicit expressions of posterior moments in terms of the marginal distributions
of T;. i = 1.2, respectively, for the two different truncation parameter likelihood
functions with arbitrary prior distributions.

We first demonstrate the exact relations beiween the posterior means of general
functions g¢;(6;) and the marginal distributions f;(¢;), { = 1.2, respectively, in
Theorems 4.2.1 and 4.2.2. Then we can easily give the explicit expressions for

posterior moments and posterior means and variances in Corollaries 4.2.1-4.2.4.

Theorem 4.2.1 For the type I truncation parameter distribution model, if g(-)

is differentiable and

_/a“ lgi(s)I{H\(t1)/ Hy(s1)}dF\(s)) < oc.
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then we have

E(g1(0:) | y1) = E(gi(61) | t1)
= q(t) - I gi(s){Hi(t)/ Hi(sy)}dF\(s1)
o fi(ty)

_ St g (s)[{k ()} ha(8)/{ki(s1) ) ha(s1)]d Py (sy)
= q(t) —
filty)

(4.2.5)

where fi(+) is given by (4.2.3) and F\(-) is the corresponding cumulative distribu-

tion function.

Proof. By Fubini's theorem

f 'y [11(11) i
L gitsn) gy ARt

H,

Y L ) e Hi(sy) ]
= /u 91(~1)H1(él){/ I\I(OI)dﬂ’l(gl)}dM

Y AL L Hi(t)
= /a A g1(s1) W(0,) dsydmy(0,)

= q(t)fi(t) —/all gi(01) fi(ty | 0y)dm (6,).

/a“g',(sl) Hlé )f( )d31
1

Then we obtain

I g1(61) filty |01)d7"1(01)
hHt

_ Ja' g -51){Hl(ll)/ﬂx(sl)}dpl(sl)
= qi(ty) -
filty

(01) | )

Theorem 4.2.2 For the type Il truncation parameter distribution model, if ga(-)
is differentiable end

b
[ 19l Halta)/ Ha(s2)}Falsz) < 0.

then we have

E(gy(02) | y2) = E(ga(02) | t2)
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1292 2){Hz(t2)/ Hy(52) }dFa(s2)
fa(l2)

12 92 [{Im }"-lho /{}\.2 82 }n l/lg(ég ]drg 82)
ga(ta) + A

= ga(f2) +

(4.2.6)

where fy(-) is given by ({.2.4) and Fy(-) is the corresponding cumulative distribu-

tion function.
Proof. [t is similar to the proof of Theorem 4.2.1 and is omitted.

Corollary 4.2.1 For the type [ truncation parameter distribution model, we have
f rsi” {Hi(t /Hl (si)}dFi(s1)
fult
L st ki ()} tl)/{l‘ (s} ha(sy)]d Ry bl)
fit

E(1ly,) = E(@|t) =1t -

= t'{—

(4.2.7)

where fi(-) is given by (4.2.3) and F\(-) is the corresponding cumulative distribu-

tion function.

Corollary 4.2.2 For the type Il truncation parameter distribution model, we have

fz,"“z "{Ha(t2)/ Ha(s2) }dFa(sa)
fa(tz)
+ jhl\q [{IL }" lh /{L .52 ]"1 lhg(s'z)](lp)(\f))
; fa(t2)

E(0ly) = E(B3lts) = 65+

(4.2.8)
where fa(-) is given by (4.2.4) and F(-) is the corresponding cumulative distribu-
tion function.

Corollary 4.2.3 For the type I truncation parameter distribution model. the pos-

terior mean and variance are given by, respectively,

(Oilyy) = E(i|t)=t, — l}:(:l; (4.2.9)
v - 2

vary|y) = var(fy|t,) = 2"““}:211)”‘“) ;;E:I; (4.2.10)
3
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where

w(ty) = [1"{Hl(tl)/Hl(sl)}dFl(sl)v

ei(ty) = /tl 25 {Hi(t1)/Hi(s1) }dFyi(sy).

Corollary 4.2.4 For the type Il truncation parameter distribution model, the pos-

terior mean and variance are given by, respectively,

St
E(b2ly2) = E(0:|t2) =12+ uzlfz) . (4.2.11)
fa(ts)
l'g“g) - 2[2([2([2) llg(tg:l
var(fzlys) = var(bs|t,) = - = . 4.2.12
2lo2) | falts) T
where
b -~
us(ls) = /t {H(t2)] Hy(s2) }dFy(sy).
b
va(ty) = /: 28y { Ha(t2)/ Ha(s2) }dF(s7).
4.3 Examples
Example 4.3.1 Let r),....,r;, be independent and identically distributed ac-

cording to the truncated exponential distribution as follows:
p(r1]6)) = dexp{-Ar, =0,)}, —-x<b <1 <=x.2>0.

This is a type I truncation parameter density with h;(z;) = Ae ™', ky(0,) = e™\O
and T, = min(zxy;..... I1y) is the sufficient statistic for ,. Then we have by
Corollary 4.2.1.

0 ] Ts'{_l{6—"'\("-")}(1171(.51)

E@07)t,) =t] - == 4.3.1
(Gl l filty) ( )
and when r = 1. the posterior mean is given by
t i -n.\(tl—sl)dl,“
EBilt) =t - === i) (4.3.2)

filty)

for the special case n = 1, A = 1. this result of (4.3.2) is exactly the same as that

given by Fox (1978).
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Example 4.3.2 Let 2,,..... ry, be independent and identically distributed ac-

cording to the power function distribution as follows:
pg(xgl()g):a:r;"l/ﬂg. O0<ry §02 <oc. a>0.

This is a type II truncation parameter density with hy(z;) = az3™'. ky(6;) = 65

and T, = max(z,..... Iy, ) is the sufficient statistic for #;. Then we have by
Corollary 4.2.2,
E(O|ty) = € + Jolray T T a5 ) d Fy () (4.3.3)
: fa(tz)
and when r = 1, the posterior mean is given by
E(Bts) = ty + o6 /s3 )dFy(sa) | (4.3.4)

fa(t2)
for the special case n = 1. a = 1. this result of (4.3.4) is exactly the same as that

given by Fox (1978) for the uniform distribution.
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Chapter 5

Empirical Bayes Estimation

5.1 Introduction

Consider the two types of truncation parameter density functions with different
truncation parameters ;. : = 1.2, as follows:

Type I truncation parameter density

fi(ey|0y) = hy(xy)/ki(0)), a< 8 Ly <b (5.1.1)
Type Il truncation parameter density

Ja(x2|02) = ha(r2)/ka(82). a <1< 0, <l (5.1.2)

where —oc < a < b <ocin (5.1.1) and (5.1.2).

In this chapter. we consider the problems of estimating the truncation param-
eters 6;, i = 1,2, under the squared error loss. We know the Bayes estimator of
0, relative to the prior G;(0;) is given by

[0, fi(x:]0,)dGi(6;)

dg i) = 01 ') = 5.1..
G.(x) = E(6i]x.) 1 fi(r]6:)dGi(6;) (5.1.3)
and the Bayes risk associated with dg () is
T,‘(dc;'. G‘) = igxfr;(d.».G.») = T,‘(G,’). (514)
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However. the prior distributions G;(6;), : = 1, 2. are usually unknown in prac-
tice. We adopt the empirical Bayes approach in this chapter. The empirical Bayes
procedure was first formulated by Robbins (1955) and used rather extensively for
various statistical problems by many authors. including Robbins (1963. 1964).
Johns and Van Ryzin (1971. 1972). Lin (1973). Singh (1979), and Singh and Wei
(1992). Also see Maritz and Lwin (1989) for a general description. For certain
nonexponential distribution models. the empirical Bayes method has been applied
by Fox (1978). Van Houwelingen (1987), Nogami (1988), Prasad and Singh (1990).
Datta (1991). Liang (1993). Huang (1995). and Singh (1993) among others.

In this chapter, we consider the empirical Bayes estimation for the two general
types of truncation parameter distribution families (5.1.1) and (5.1.2). In Section
5.2, we demonstrate the relation between the Bayes estimator and the marginal
distribution of z;, i = 1,2, respectively, for distribution models (5.1.1) and (5.1.2)
and propose the corresponding empirical Bayes estimator. In Section 5.3. we
investigate the asymptotic optimality properties of the proposed empirical Bayes

estimators. Finally, we discuss some important examples in Section 5.4.

5.2 Bayes and Empirical Bayes Estimators

In this section. we first demonstrate the explicit expression for the Bayes estimator

dg,(z:) in terms of the marginal distribution of r;. { = 1.2, respectively. as follows

Lemma 5.2.1 For the type I truncation parameter density (5.1.1), the Bayes

estimator under squared error loss is given by
dg,(ry) = 1| — ui(2y), (5.2.1)

where

() = /:l IZZ((f:; dFy(ty)/ fi(xy) < wi(z)/ fi(z1)

with fi(x,) given by (4.2.3) and F\(x,) the corresponding cumulative distribution.
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Proof. See Corollary 4.2.1 in Chapter 4.

Lemma 5.2.2 For the type II truncation parameler density (5.1.2), the Bayes

estimator under squared error loss is given by

da,(x2) = 12+ Un(r2). (5.2.

(@11
(3]
[ 87
s

where

b hy(r
va(r2) =[ 22y) dFy(ty)/ falxa) £ wax2)] fa(22)
+2 hz(fz)
with fo(ry) given by (4.2.4) and F)(x2) the corresponding cumulative distribution.
Proof. See Corollary 4.2.2 in Chapter 4.
Now we consider some examples.

Example 5.2.1 Consider the truncated exponential distribution

filr]6,) =

1 |
— exp{——(r; = 0))}. -x <0 <r <=x.
o o

This is a type I truncation parameter distribution with A, (z;) = L e~/ ky(0,) =

L
a

e~%/° Then we have, by Lemma 5.2.1.

I
dg,(r)) = 1, —/ e~z B=dE ()] fi(zh).
This relation is also obtained by Fox (1978).

Example 5.2.2 Consider the power function distribution

Sa(x2102) = axs™'/63. 0<ry<b<oo.

This is a type II truncation parameter distribution with hy(r;) = ax3 ™!, ky(62) =

05. Then we have. by Lemma 5.2.2.

dg, (x2) = 12+ / (@2 YA (t) ] fal 72).
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When a = 1, the Baves estimator for the uniform distribution {7(0,8) is given by

dg,(r2) = I+ :mdp2(t2)/f2(12)
= 12+ (1 = Fa(x2))/ folxa).

This result is also obtained by Fox (1978).

In the empirical Bayes framework, we assume there are sequences (.r;;.0;).....
(Tin 0:n) (past data) and (4. 0;54,) = (r;.0;) (present data) of independent
pairs of random variables, where ;... .. 0.... 0; are not observable with unknown
prior distribution G;. { = 1.2, and r;..... I'in. I; are observable with marginal
distribution f;(x,). ! = L.2. respectively.

Based on the past data sets (r,..... Lrin). i = 1.2, we define the unbiased

estimators for the functions w;(xr,). i = 1.2. as follows

I & A1)
In = - [a.z ) [t .2.3
wia(z1) P 1_h () @ (1), (5.2.3)
h
w'.’n(-r'l) = Z 2 [(1'2 b)(l'h)' (324)
In order to estimate fi(r;), i = 1.2. we emplov kernel functions suggested by

Miiller and Gasser (1979). Let k be any kernel function satisfving the following

conditions:
(i) support of k = [~7.7], 7> O;

0. £=1..... r-—1.

(i) [2, k(y)y'dy = {
1. (=0;

(iit) [I, k(y)y'dy #0;

where r is a positive integer. Then we define

finli) = == Zk(r‘ x”) (5.2.5)

YlJ
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where h,, is a sequence of positive numbers such that h, — 0 as n = oc. Recently.
these kernel functions have been used by Karunamuni (1996) to consider empirical
Bayes testing problems.

Utilizing w;n(r;) and fin(ri). ¢ = 1.2, we propose the empirical Bayes estima-

tors d;,(2;) for truncation parameters 6;, i = 1.2, respectively, as follows:

din(ry) = (11 = win(x1)/ finley)] o (5.2.6)
and
dyn(r2) = [r2 4+ wan(22)/ fan(£2)],= (5.2.7)
where [u]. is defined by
—c. if u<-—c
[u)e = u. if |ul<ec (5.2.8)

c. if u>e
5.3 Asymptotic Optimality of Empirical Bayes
Estimators

In this section. we study the asymptotic optimality property of the proposed
empirical Bayes estimators in the last section. Under the squared error loss. for
each i = 1.2, the Bayes risk of the proposed empirical Bayes estimators d,,(.;)

and the Baves estimators dg, (r;) are. respectively.
ri(din.Gy) = E(dn(r,) = 0,)° (5.3.1)
and
rddg,.G.) = E(dg,(z.) — 6;)* = ri(G,). (5.3.2)
It is well known that
En{ridn G} = 1iGi) = [ Sil@i)Enldin(,) = do, (x.)da,
E E.(din(1;) = dg, ()% (5.3.3)
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where Ei, indicates the expectation with respect to (z;....,2i), i = 1,2. As
in many papers on empirical Bayes inference. we use the nonnegative difference
E.{ri(din,G:)}~ri(G) as the measure to evaluate the performance of the proposed

empirical Bayes estimator d;,(r;).

Definition 5.3.1 For: = 1.2. a sequence of empirical Bayes estimators {;,(r,)}
is said to be asymptotically optimal at least of order a,, relative to the prior G,
if En{ri(pin.G)} = ri(Gi) £ O(ain) as n > oc. where {a;,} is a sequence of

positive numbers such that lim, .. a,, = 0.

Before giving the main results on asymptotic optimality of the proposed em-
pirical Bayes estimators. we first present some useful lemmas. In the following.
1. ¢; and ¢ always stand for some positive constants and they may be different

even with the same notations.

Lemma 5.3.1 Let y.z # 0 and L > 0 be real numbers, and Y.Z be two real

valued random variables. Then for any 0 < 7 < 2,
TR T Y - y i N
ES([4-3] ) <2 {Edy -1 )+(¢ + L) E(: -2\ (5.3.4)
Proof. This is Lemma 3.1 in Singh and Wei (1992).

Lemma 5.3.2 Let win(r;). i = 1.2, be defined by (5.2.3) and (3.2.4), respectively.
Then for any 0 < § <2,

) 2
En(lwnn(er) = wiz)) < (=72 {/ ("“";) dﬂ(n)}

and

9 §/2
) b [ h ¢
Ezn(lwzn(-'l"z)—wz(l"z)|'s)S("-m){-/; (/ff(?f) dwz)} - 030
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Proof. From the definition of w,(x;). we know that wi,(xy) is an unbiased

estimator for w;(r,). Then

Eln(lwln(II)_wl(-l'l)lz) = V'dl'(wln(.l'l))

. /
= —\/ I{ ll(('::)) [(ﬂ-tl)( 1)}
(1)
s n/ (hl( 1)) dFi(t:)

and by Holder's inequality. for any 0 < § < 2.
Ein(lwin(ry) = wi(x)’) € {Ewallwiala) - wi(z,)*)}?

2 §/2
) oo hy(e)\ .
§/2 1y
< (n >{/ (/um)) dh(m} .

Thus (5.3.5) is true. Similarly. we can show (5.3.6) is also true.

Lemma 5.3.3 Fori= 1.2, let fi.(r,) be defined by (5.2.3) with h, = = p-l/r+1)
If the r-th derivative of fi(r,) is finite. then for any0 < § < 2,

Ein(lfon(z) = fz)) € O 557) [(f ) + (A7 @] (337)

Proof. When h, = n~/¢*+!) from Lemma 3.1 in Karunamuni (1996). we have

En(lfin(z:) = file)?) € OB fix) + {f7 (20},
Then for any 0 < § < 2. by Hélder's inequality
En(lfin(xi) = fi(x)®) € AEmlfinlzi) = filz)?}?
< O~ m{filx) 13 + {If7 (2]}

Theorem 5.3.1 Let {d.(r1)} be the sequence of empirical Bayes estimators for
the truncation parameter 0, defined by (3.2.6). If the r-th derivative of fi(x)) is
finite and for any 0 < § <2

(a) [10,]"°dG\(8,) < oc:
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§/2
) RUAP= {12 () aR ) de < oo
(c) f {Al Il)}l 6[{fl (r1) ]’5/1 + {If(r) l’l)|}6]d1‘1 < oo

then with the choice of h, = n~ Y+ e have

Evn{ri(din. G1)} = 1i(G1) < O(n~551),

—_
(1]
]
oL

—

Proof. From the definition of d,,(.ry). we have

((11"(1‘1) - ‘lGn(J'l))2 < 2(([1,1 - [(l(»;l]lu—l )2 + 2([([01]}1"‘ - dGl )2

S 2{4/1;21”([(;[] 2 h; (11,, - [d(,,]h-l df’;l < h- l)} + [dG‘]h;l - dG, )2
S Cl‘dGl I"’[(I(lc,"l 2 /l; ) + Cg(dln [(l(,l]h-l |d("| < Il )
d

4 -"ln + Bln-
By Holder's inequality and Markov's inequality.

E Eln(~"ln) = F Eln{ldcl I2[(|(101I 2 hr-ll)}

IN

{E Elﬂ(ldGl Izu)}l/d{EEln(”dGll 2 h;l))a}l—l/ﬂ(d > l)

IA

{E Evn(lde;, )} E Eun(ldg, ")} 7.
Let a = 23 = rd: then by Jensen's inequality

EEln(Aln) < EEI"(MG{IQB)hi(J_I)

E(10 )3~

IN

dr=2

< O

-l/(2r+l).

by the assumption (a) and the choice of h, = n Next. by Lemma 3.3.1.

Lemma 3.3.2 and Lemma 3.3.3. we have

E Eln(Bln) = E Eln{(dln - [(Icllh;l )2[(|dcll < hr—ll)}

2
Wyn _ ﬂ . -1
EEln{([fln fl]zh;l) [(Id61|<hn )}
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5

< EEn,{(2h7h)* [‘“‘"-ﬂ] I(|dg,| < h!

< | {( ) ( oo Tl (ldg,| )

< ahSPE( AT Ernl(|win — wi])) + eh P Evn(|fin — A15))]
<

e kS~ E | -3 / hlo) 2(1F(t) "
o P ) T

+erh =GOS+ (A7)

dre2
< O(n™7%7)
by the assumptions (b) and (c) and the choice of h, = n="/Z*+1) Therefore.

Ein{r(di..G\)} = ri(G)) = E\E,(dia(2)) = dg, (11))?

dr=2

< O(n~#3T).

Theorem 5.3.2 Let {da(r9)} be the sequence of empirical Bayes estimators for
truncation parameter 8, defined by (5.2.7). [f the r-th derwvatives of fi(x,) us

finite and for any 0 < § < 2.
((l) f|02|r5(lG2(02) < X!
b 1-5 [ 6 (hatz2)\? 52
(6) [;{fa(x2)} {f,2 (m) sz(tz)} dr; < xc:
(¢) [i{falz2)}'~ [{fe(f'z)}‘s/2 + {|f2(12)|}6] dry < oc:
then with the choice of hy, = n="/ "+ e have

Ean{raldzn. Ga2)} = r2(G,) < O(n™51). (5.3.9)

Proof. It is similar to the proof of Theorem 5.3.1.

5.4 Some Examples

Finally. we discuss some important examples to illustrate the results of Theorem

5.3.1 and Theorem 5.3.2 in Section 3.3.
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Example 5.4.1 Consider the truncated exponential distribution
1 1 .
f 1‘1[0 =; xp{—;(rl—Ol)}. 0<01 <z <oc. (041)
Let G,(6,) be a prior distribution with density function

' AN L A
gl(ﬂl) = (]. - ;) /\2016-'\01 + (;) AG-'\al. 6, > 0. (:

Then, we obtain

[}
ST
(8]
—

hHiry) = /u' filx1]0,)dG o (6y)

= Are 'V, r > 0.

‘f(r) l < ¢ /\f-.\.r; + e /\2l,l6—.\rl
and

U _2(p-t)) TV _2ry2, (2o
/ e~ THIfi(t)dty = / e A ete TN,
4] [1]

< ¢ filz)

where ¢;. ¢; and ¢ may depend on A and r. Thus. for any 0 < § < 2.

o]

, ;
/om{fl(rl)}“s {/U (/;l‘l((:'l‘;)zdn(zl)} / dr,
< c/""‘{fl )P e, < x
[N AP + (1 )Yl
< [Tlelhil@) = + alite) P A + qf fi(e)}dn < x

and
/“ 07 g, (0:)d0) < .
(]

Therefore, conditions (a), (b) and (c) in Theorem 5.3.1 are satisfied for the prior
distribution (5.4.2) for any ¢ arbitrarily close to 2 and any arbitrarily large r.

Then the convergence rate can be arbitrarily close to O(n~!) in this case.
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Example 5.4.2 Consider the power function distribution
fa(z3]62) = azy™! /63, 0<r;<b; <0.a>1.

Let (G5(0;) be a prior distribution with density function

1 I L
92(0,) = (1 - -) e 4 (3) N0, 9,50, a > 1.

(03

Then we obtain

falrz) = /rw fa(r2]02)dGo(0,)
— /\6_'\12.
If'y,(l’zﬂ < Ne™“2 =¢ fo(ry)

and
3 l

2
> [ry” i = - —2(u—-
/ (lj") fa(ta)dty = / .L'.j( l)l._,z( Ve~ \zdt,
I ] I

2 2

< eafalry)

where ¢;. ¢, depend on A. Thus. for any 0 < § < 2.

i s | (Ra(z2)\ o’
_/O{fz(fz)} /x2 Talls) dFy(t7) dr,

<e /(f{fz(xz)}‘-“/"’dzz < %

/OI{f.’(-l"z)}l-s[{fz(l"z)}5/2 + {17 en) |} ) das
< /Om[{f'z(lfa)}l—'s/2 + c2{ fa(r2)}]dr2 < oc

and

/0“ 035 g2(8,)d0; < oc.

(5.4.3)

Therefore. conditions (a). (b) and (c) in Theorem 5.3.2 are satisfied for the prior

distribution (3.4.4) for any ¢ arbitrarily close to 2 and any arbitrarily large r.

Then the convergence rate in this case can also be arbitrarily close to O(n~!).



Chapter 6

Empirical Bayes Estimation and
Selection for Exponential
Populations With Location

Parameters

6.1 Introduction

The empirical Bayes approach. formulated by Robbins (1953). is appropriate when
one is confronted repeatedly and independently with the same decision problem.
This approach has been used extensively for various statistical problems by many
authors including Robbins (1963, 1964) Johns and Van Ryzin (1971, 1972). Singh
(1979). Gupta and Liang (1986. 1988). and Gupta. Liang and Rau (1994).

The exponential distribution with location (or threshold) parameter arises in
many areas of applications including reliability and life-testing, survival analysis.
and engineering problems: for example, see Balakrishnan and Basu (1993). In
the literatures, the location or the threshold parameter is interpreted to be the

guaranteed life-time. For this distributional model, Singh and Prasad (1989) and
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Prasad and Singh (1990) have discussed the empirical Bayes estimation under
squared error loss. They have also discussed some asymptotic properties of their
empirical Bayes estimators under the assumption of the class of all prior distri-
butions having support in a compact interval of the real line. Lin and Leu (1994)
have studied the problem of selecting the best population from k independent
exponential populations with different location parameters through the empirical
Bayes approach; however. they have not examined the convergence rates of their
empirical Bayes selection rule.

In this chapter. we consider the problems of the empirical Bayes estimation for
the location parameters without the assumption of the compact support for the
prior distributions and the empirical Bayes selection of the best of k exponential
populations with different location parameters. In Section 6.2, we formulate the
selection problem and derive the Bayes estimators for the location parameters and
the Bayes selection rule. In Section 6.3. we construct the empirical Bayes estima-
tors for the location parameters and the empirical Bayes selection rule. Finally. we
discuss the asymptotic optimality properties of these empirical Bayes estimators
and the empirical Baves selection rule in Sections 6.4 and 6.5. respectively. and

give an example to illustrate the obtained results in Section 6.6.

6.2 Bayes Estimators and Bayes Selection Rule

Consider k independent populations m,.... 7. where an observation r; from =,
has an exponential distribution with location parameter #, and scale parameter o
as follows:

€I — 0,‘

pu }. Ir; > 0,‘. 0.‘.0 >0. (621)

filzil0) = % exp{—

The density function (6.2.1) provides a model for life length data when we as-
sume a minimum guaranteed life-time 6;. which is here a location (or threshold)

parameter. It is assumed that all the & populations have a common known scale
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parameter 0. The §;'s are unknown and let ;) < --- < 6y be the ordered pa-
rameters of 6;,...,0c. A population m; with 8; = 6 is considered as the best
population. Our interest is to select the population m; associated with the largest
guaranteed life-time 6; = ;). Note that the best population also has the largest
mean life-time O}y + 0.

let Q = {0 ]6 = (6,....00), 6; > 0.1 =1...., k} be the parameter
space. It is assumed that the parameter  has a prior distribution G(8) with a
joint distribution function G{8) = [T_, G:(8:). Note that §;’s are assumed to be
independently distributed.

Let A={i]i=1..... k} be the action space: when action ¢ is taken, it means
that population m; is selected as the best population. For the parameter 8 and

action . the loss function is defined by
L(0.:) = 0y — 6., (6.2.2)

the difference between the life-times of the best population and the selected pop-
ulation. This loss function is very common in Bayes and empirical Bayes selection
problems.
Let X be the sample space generated by & = (r,..... ri). A selection rule
= (dy..... di) is a mapping from the sample space X to [0.1]* such that for
each £ € X. the function 8(zx) = (di(x)..... di(x)) satisfies 0 < d;(x) < 1.
t=1..... k.and 5, di(z) = 1. Note that d,(z). i =L..... k. is the probability
of selecting the population 7, as the best population when & is observed.
Let D be the set of all selection rules. For each § € D. let r(G.é8) denote
the associated Bayes risk. Then from the loss function (6.2.2). the Bayes risk

associated with & can be written as

k
r(G.6) = [ [ L L6.)di=)f(= | 8)dG(8)dz
1=1
k
=c-f {Zdi(z)v;(xf)}f(c)dz, (6.2.3)
=1
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where

k -
fl@) = TLfteo. fitr) = [ fla]00dGi(b), (6.2.4)
=1
¢ = [ [ bw stz 101dG@O)dz = [ 64dG(0), (6.2.5)
and
70 filei ] 0,)dGi(0;
aile) = E(0, | z,) = 0 0T & 1 904G 0) (6.2.6)
filx)
Note that o;(r,). ¢t = L..... k. is the Baves estimator of location parameter 0,

under the squared error loss.
The minimum Bayes risk among the class D is defined by r(G') = infg , r(G. 9):
any selection rule 8 such that r{G.4) = r(G) is called a Bayes selection rule. For

each ¢ € X. let

I(z) = {i ]| pile)) = lrls“-fis-\'ka:,(dj)} (6.2.7)
and
=" (x) =min{i | € A(x)}: (6.2.8)
then from (6.2.3). a Baves selection rule d¢ = (d\g.. ... drc) is given by
V ife=1t
dig(z) = (6.2.9)
0 otherwise .

6.3 Empirical Bayes Estimators and Empirical
Bayes Selection Rule

Since the Bayes estimators p;(x,), t = 1..... k. and Bayes selection rule 85 are
both dependent on the prior distributions G;(6;). i = 1.....k. which may not be
known, it is impossible to apply the Bayes estimators and Bayes selection rule in

practice. Hence, we adopt now the empirical Bayes approach.

(1]
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Let z;; denote the observations from population =; at stage 5. y = 1...., n.
It is assumed that conditional on §;;, r;; follows an exponential distribution with

location parameter §,;. as follows

;r,-j|0,-j~£ exp{—r'J;ou}. r;, >0, 0,,.0>0. (6.3.1)
Denote 8; = (6,,..... bi,) and assume that 8;. j = 1..... n. arei.i.d. with the prior
distribution G(8) = [1%, Gi(6;). Let &; = (z1;,.... Iy;) denote the observations
at the jth stage. j = 1...., n. We also let &4 = & = (1y..... ri) denote the

observations at the present stage.
Under this statistical framework. for each : = 1..... k. by a method similar to

the one used in Lemma 4.1 of Fox (1978) we can derive
pilzi) = E(0i|r;) = i — wi(xy), (6.3.2)

where

[§ e s AR () ¢ wi(xy)
f:(-ri) - ft(-l'l)

with f,(r,) being the density function of r; and F(r,) the corresponding cu-

vi(ry) = (6.3.3)

mulative distribution function. Note that under the statistical model (6.2.1).

0 < pi(x;) < r,. then we have 0 < yi(z;) < x..

For eachi = 1..... k. based on the past data z;..... I;n, we define
Win(zi) = 2 e~ = =ma) [0 (x)) (6.3.4)
) 1
as the estimator of w;(z;). In order to estimate f,(r,). we employ kernel functions

used by Johns and Van Ryzin (1972) and Singh (1977. 1979). Let k, be the class of
all Borel-measurable real-valued bounded functions k(y) vanishing off (0.1) such

that

/k(y)dy = 1. /y‘k(y)dy =0forf=1.....r—1. (6.3.5)
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where r is an arbitrary but fixed positive integer. Define

finlzi) = n;n Sk (I’——I—) . (6.3.6)

= hy,

where h, is a positive function of n such that h, — 0 and nh, 5 cc as n - oc.

Utilizing w;, (r;) and fi,(xi). we propose the empirical Bayes estimators ;s (z;)

for location parameters 6;. 1 = 1.2...., k. defined by
win(l'i))
Sin Ly = ;- 0ov A :
T ( ) (fin(-l'i) . '
4 o= i), (6.3.7)

where ¢ V b = max(a.b) and a A b = min(e.b).
Next. we propose an empirical Baves selection rule 8}, = (d},...., dy,,) for the
selection problem under study as follows:

For each @ € X let
@) = i | pule) = may £nle,)} (6.3.8)
where 2,,(x;) is given by (6.3.7). and
L=i(x)=min{i|i€ A (@)} (6.3.9)

then define the empirical Bayes rule as

0 otherwise.

I ifi=i"
d.‘,.(m)={ BT (6.3.10)

6.4 Asymptotic Optimality of the Empirical
Bayes Estimators

Under the squared error loss function. for each i = 1.....k, the Bayes risk of the
proposed empirical Bayes estimators ¢, (2;) and the Bayes estimators y;(r;) are.

respectively,

Ri(Gi.gin(1:)) = E(0; — pin(7:))*. (6.4.1)
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and
Ri(G:) = Ri(Gi.o(z:)) = E(6; — pil2:))? . (6.4.2)
Since i(x;) is the Bayes estimator of 6. obviously.
En{Ri(Gi, pin(xi))} = Ri(Gi) 20, (6.4.3)

where E,, denotes the expectation with respect to (r;;...., Iin). It can be shown

that

Em{Ri(Gl-Pin(ri))} - Rx(Gx) = -[r fi(l‘x)En(Pin(-l.i) - ?‘:i(l'i))zdl'i

3

= Em(y’;m(l'x) - ;x(l'i)r (6'14)

where E,, denotes the expectation with respect to (&r,.z;,.... Lin).

Definition 6.4.1 A sequence of empirical Bayes estimators {i,} is said to be

asymptotically optimal at least of order a, relative to the prior G, if
Em{Rt(Gn ‘Pin(-ri))} - Rt(Gl) S O(Qn) asn— 2.
where {a,} is a sequence of positive numbers satisfying lim,x a, = 0.

In order to investigate the asymptotic optimality of the proposed empirical

Bayes estimators y,;,(z;). we present some useful lemmas.

Lemma 6.4.1 Let y, = # 0 and L > 0 be real numbers, and Y. Z be two real

valued random variables: then for any 0 < 7 < 2,

E ('2 - ’7 A L)? < =" {E|g YT+ ("il + L)r Els - 21*} (6.4.3)

Proof. This is Lemma 3.1 in Singh and Wei (1992).

Lemma 6.4.2 For:=1,2...., k. let fin(z;) be defined by (6.3.6); if for r 2> 1,

the r-th derivative of fi(z;) ezists, then for any s > 0.

(41}
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(a)
Ein(|fin(zi) = filz)|?) S ORI fE ()] + O(n™ ') fie(zi)  (6.4.6)
where fie(z;) = SUpggy <. f(2i + ). f(2:) = supggy, . | F7) (i + wi)l:
(b) for any 0 < § < 2, when h, = n~t/r+1),
En(|fin(2:) = filz)l®) < O (0777 ) {{frelza) 2 + S (2]}, (6.4.7)
Proof. {a) is easily proved by Theorem 3.3 in Singh (1977). If b, = n~1/Gr+b),
from (a). we have
Eu(lfunlz) = filzd)) € O (n7797) {fiele) + [f (2P
then for any 0 < § < 2, by Hélder's inequality
Ellfnlz) = fiz)l') < [Ea Itz = £l "
en™ 75 {[ Ll + (1)}

IA

This proves part (b).

The following theorem is one of the main results in this chapter concerning the
convergence rate of the empirical Bayes estimators. In the rest of this chapter.

c;. ¢3. ca3 and c always stand for some positive constants, and they may be different

even with the same notation.

Theorem 6.4.1 Fori = 1.....k, let {@in(2i)} be the sequence of empirical Bayes
estimators defined by (6.3.7): if for r > 1, the r-th derivative of fi(x;) erists and
iffore>0,0<6<2,

(a) [T e [ [T ende "’dF.-(t.»)]mdx.- < so:

(%) /0°° SHIVZED) {[f'f(xx)]m + [fi(:)(-ri)]‘s} dr; < oc;

then with the choice of hy, = n=/3 +1) e have

Ei{R(G:.9in( X))} — Ri(Gi) < O (n™757). (6.4.8)
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Proof. Foreach i = 1,....k, from the definition of w;,(z;), we know that w;,(z;)
is an unbiased estimator of w;(z;); then we have

Enlwinlz) = wi(z)?) = Var(za) = = Var {e 55, (1)}

n

< _E(e‘;(r. W [.2(t ))2

n
- -l-/ e TR (L)
o}

n

and by Holder's inequality.

Eiu(lwin(zi) = wi(l'i)|6) < [EinlJwin(:) — wil ]6/2

= (| [° e-:‘f--'-un(tf)

§/2

Now. by Lemma 6.4.1 and Lemma 6.4.2.

Em{Rt(Ghrm )} - Rn C’z = Em(ﬁpin(ri) - ‘\r’i(l‘i))z

‘ 3,

= En(vinlzi) — v(2))?
lUm(I: U), l
lL','n(.l',') _ wi(xy)

E ( fm fx )
- 2=8 ’

Em [I' ( finlxi)  filzi) AI‘) }

E {21'.;2—5|fl(-l'i)r5[Em(|win - wiis) + Cllf;-sEm(If,'n - fll‘s)]}
akE [I?"sf,_‘s (/Oz e™5 (@m ')dF.'(ti))s/z] (n'%)

+ B {2275 (felz )T + (S0 )]} (n775)
< O(n '?'6_:‘7)

IN

IA

IN

IN

by assumptions (a) and (b). This proves the theorem.
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6.5 Asymptotic Optimality of the Empirical
Bayes Selection Rule

Now we investigate the convergence rate of the proposed empirical Bayes selection
rule {§,}. By the formula (6.2.3). the Bayes risk associated with the selection

rule {4} } and the Bayes selection rule d¢ are given by

k

r(G.J;)=c—/{Yd (@)l )}j(x)dz (6.5.1)

=1
and

k

rG) = r(G.8g) = ¢ _/{Zd,c(z),a,-(x,»)}f(z)dz : (6.5.2)

=1

respectively. It is obvious that
E{r(G.6;)} -r(G) >0 (6.5.3)

because the Bayes rule 8¢ achieves the minimum Bayes risk () and the expec-
tation K, is taken with respect to (x,..... z,).
From the following straightforward computation, we have
0 < E.{r(G.4;)} - r(G)

k

= /{Z(de(z) E ((lm(l));,‘(l‘,)}f(m)dl

=1

/En{di‘G(z)ﬁpx'(Ii‘) - l ( “r“l n(‘ll }f

X
/s

1=l =1

VAL

=1 J

—

k
Z 1(.':;,:;:])(77:'(_1'i) - TQJ(IJ))} f(a:)dz

J=

i Ma- ipM]-

P{r = i:;=.j}('~r’i(1’i)_"r’j(-rj))}f(z)dz

IN
M~

H\.
/'\

1
fpinlz) = alz)] > 3l = wa)l)
1 >

1
+ Pl‘ ISQJu(‘TJ WJ(IJ)I > .—l‘r’i(l't) - ﬁ’)(‘r))l)}
x |pi(xi) = VJ(IJ)U ) f(x 3) drdz, . (6.5.4)

ot
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Definition 6.5.1 A sequence of empirical Bayes selection rules {4,} is said to
be asymptotically optimal at least of order 3, relative to the unknown prior dis-

tribution G if

E.{r(G.8,)}—r(G)<0(3:) as n = oo

where 3, is a sequence of positive numbers such that lim, . 3, = 0.

The following theorem is another main result in this chapter; it establishes the

convergence rate of the empirical Baves selection rule {87 }.

Theorem 6.5.1 Let {8} be the sequence of empirical Bayes selection rules de-
fined by (6.3.10); if forr > |, the r-th derivative of fi(r;) exists and, if for : > 0

and 0 < 6§ <2,

x I, §/2
(1028 -é(rl-‘l) c(f- . .
(a) /0 [filzd)) ™ s [/0 € dP,(t,)] dr; < oc;
(©) /o i)' =8 ad {{frel a7 + (£ (2] } dai < oc:
then with the choice of h, = n=YC+Y we have
E{rG.8%)} - r(G) <O (n"T_* 7 ) (6.5.5)

Proof. Let

Nipw = {(zi2))|lvil2) = ¢,(2))] S €0}
where ¢, > 0 and ¢, = 0 as n = oo. Then by Markov's inequality, and Theorem
6.4.1, we have

E{rG '}—r(G

:-1 )= “"./,/ filxi)[)(x;)daidz,
+ZZ// {Pr(lﬂn(ri)— (@)l > 5 I»o(x) o)

1=l )=

+ Pr(losm(z;) = #5(2,) > 5 Iv.(r) 1-71(1'1')[)}
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x|pi( 1'1) wilz) filx:) fi(r;)dr;dz;

Einlpin(zi) = @i(2:)]?
< et (
“ cz.; ,Z//.‘,n lpi(zi) = i)l
Ejnlein(z;) = 9,(x; |2) () F(x:Vdr: dr
[EX r') »’J(rj)l Sz filz;)deida,
< anntal Z [ & Buloute) = ez e, deide,
=l = yn VT
S €1<n + 2 :_Z Eln(l"rain(‘rl) - ‘r’)i(‘l'i)'z)
N o=
< eint ey (n‘ﬁ‘f) _

&r
Thus. letting z, = n~ %+, we obtain

Eu{r(G.87)} = r(G) £ 0 (w57 ).

6.6 An Example

Finally. we discuss an example to illustrate the results obtained in Theorems
6.4.1 and 6.5.1. Without loss of generality. we assume the common known scale

parameter ¢ = 1 in (6.2.1). i.e.. forz = 1,....k.
fi(zi10;) = exp{—(z, — 0,)}. ;>0 60, >0. (6.6.1)
Let G,(0;) be a prior distribution with density function
gi(0i) = (1 - %) b eF + (l) Lt 6, >0, 7> 1. (6.6.2)

T2 )T

With such a prior distribution on ;. we have
fe) = [T fiailf)dGi(o
0

= e ™ (/I' (1 - l) —ol, e Ve b do, +/ =€ 2fleg‘dG)
0 T/ T*°

= —e¢ xf. ,>0.7>1. (6.6.3)
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Then

RNETERATS S P T RN R AY
/ € ! 'f,‘(t,')dl,' = f e F e s,
0 0 <
I £ .
< e T =cfi()

and

r 1 T " _x
) = e (; f__"L) + ¢ (:L— € -’L)

TZ
1e -% - . .
where ¢;. ¢; and c¢ are dependent on r and 7. Since re~* is increasing when

0 < r < 7 and decreasing when r > 7. then. for any ¢ > 0.

Slai) ife 27

fx:(Ia) = sup fl(‘l‘l + U,) S {
filr) fr,<r

0<u, <

and

f2) = sup [N e+ w) <

_a ET
cre” T +crie”r fr, 21
0<uy, <

¢ + e fi(T) fri<r.
Thus. for any 0 < ¢ < 2,

§/2

< C/'x 20 fil 2]
0

o . -8)z
= c/ 1'?(2"5)/2 e~ T dr; < > (6.6.4)
0

and

/Um fila )] frele )7 + [f(20)] Yz,

T .
- _ll-é):l
< cl/ x? (1,‘ Se-—= )d:r,
0

+ c2 _/Tch I;',[fi(l'.)]l—‘s{[fi(.l‘i)lslz + CS[fi(‘l")]é}dI‘

= /T 1‘?_66__—'_’-(1.1‘,’ +C2/°“ l‘?[f,’(l‘,‘)]l-s/zd.’l‘,‘
0 T

+ ¢ /°° 22 fi(zi)dr: < oc. (6.6.5)
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Therefore. conditions (a) and (b) in Theorems 6.4.1 and 6.5.1 are satisfied for the
prior distribution (6.6.2) for any d arbitrarily close to 2. so that the convergence
rates can be arbitrarily close to O(n~') and O(n~'/?), respectively, if integer r is

sufficiently large.



Chapter 7

Empirical Bayes Estimation and
Testing for a Location Parameter

Family of Gamma Distributions

7.1 Introduction

The gamma distribution with location parameter is useful in many areas of ap-
plication including survival analysis. life-testing. and reliability theory (in these
cases. the location parameter is often referred to as the ‘threshold parameter’);
for example, see Balakrishnan and Cohen (1991). and Johnson, Kotz. and Balakr-
ishnan (1994). For this distribution model. Fox (1978) studied empirical Bayes
estimation of the location parameter under squared-error loss; however. Fox did
not examine the convergence rate of that empirical Bayes estimator.

In this chapter, we consider the empirical Bayes estimation of the location
parameter as well as the empirical Bayes two-action testing problem. In Sec-
tion 7.2, we formulate the two problems and derive the Bayes estimator and the
Bayes testing rule. In Section 7.3. we derive the empirical Bayes estimator of the

location parameter and the empirical Bayes testing rule for the two-action prob-
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lem. In Sections 7.4 and 7.3, we examine the asymptotic optimality properties
of the proposed empirical Bayes estimator and the empirical Bayes testing rule.

respectively.

7.2 Bayes Estimator and Bayes Testing Rule

Consider the family of gamma distributions (with location parameter § and shape

parameter a) with conditional density

1
f(r]6) = i) e (r -0 r>0.6>0. (7.2.1)

where ['(-) is the complete gamma function and a > 2 is fixed. In life-testing

situations. # in (7.2.1) is interpreted as 'minimum guaranteed life-time’.

7.2.1 Bayes estimation

Under the squared-error loss. it is known that the Bayes estimator relative to the
prior (/(8) is

_ [0 J(x]6)dG(9)

o) = T 10 4o

For the gamma model in (7.2.1). Fox (1978) obtained the Bayes estimator of 6 as

oglr)=E@|zr)=1r—v(r). (7.2.3)
where
_ o fy e UTdF(t) ¢ w(r) -
I — = l.‘_.4
v Ta) 7o) (24
with

fla) = [ 1 10)dG0)

being the density function of .\ and F(r) the corresponding cumulative distribu-

tion function.
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7.2.2 Bayes testing

Consider the problem of testing the hypothesis Ho : 8 < 0 vs. Hy : 8 > 6y with

the linear loss function

L(a;.0) = bmax(0.0—-6y) ifi=0
= bmax(0.6p-60) fi=1.
where 6y is a given positive constant and q; is the action in favour of H;, 1 = 0. .
L{a;.0) denotes the loss when action a; is taken { = 0.1). and b is a positive

constant. Let
d(r) = Pr{accepting H, | r} (7.2.6)

be the decision rule for the two-action problem considered. Then the Bayes risk
associated with d(r) under prior G(8) is given by [Johns and Van Ryzin (1971,

1972)]

MG.d) = b/a(r)d(.r)d.r +C6 . (7.2.7)
where
alr) = [0(r0)dG(0) - o f(2)
= (r—=6g)f(x) - a/xe'(r") dF(t)
0]
= (r—6p)f(r)— w(r) (7.2.8)
and
Ce =/L(al.0)dG(0) . (7.2.9)

From (7.2.7), a Bayes testing rule dg(r) is then given by

dg(z) = 1| ifa(r)<0
= 0 ifa(r)>0.

(7.2.10)



7.3 Empirical Bayes Estimator and Empirical
Bayes Testing Rule

Since the Bayes estimator and the Bayes testing rule presented in the last section
are both dependent on the prior distribution G/(8) which may not be known. we
adopt the empirical Bayes approach in this section.

Let r;and 8, (: = 1.2..... n) denote the observation and the location parame-
ter at stage i, and assume that (conditional on 6;) r; follows a gamma distribution

(with location parameter 6; and shape parameter a) with density

1

~(r=0) (4 gyt . >0;, 0, >0. 7.3,
Ma) © e =0 e 7 e

flzi|0:) =

We assume that 6,.0,..... 0, are i.i.d. with the unknown prior distribution G/(4)
and denote r,;; = r for the observation at the present stage.
Based on the past data, viz.. ri.rq..... r,, we define the estimator for the

function w(z) in (7.2.4) as

a & -r -
wa(z) = ;Ze—(: Hiozy(:)- (7.3.2)
1=1

Further. let k. be the class of all Borel measurable real-valued bounded functions

vanishing off (0.1) such that

/k(y)dy =1, /y‘k(y)dy =0for{=1..... r—1, (7.3.3)

where r is an arbitrary. but fixed. positive integer. Then. define the kernel esti-

mator for the density function f(r) as

fulz) = _‘_ik(‘r‘“"') (7.3.4)

nhy, h,

where h, is a positive function of n such that h, = 0 and rh, = oc as n = x.
These kernel estimators have been used by Johns and Van Ryzin (1972) and Singh

(1977, 1979).
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7.3.1 Empirical Bayes estimator

Note that under the statistical model (7.2.1), 0 < og(r) = E(0|r) < r: then. from
(7.2.3). 0 < ¢(z) < r. Utilizing w,(r) and f,(r) defined in (7.3.2) and (7.3.4).
respectively, we propose the empirical Bayes estimator for the location parameter
6 as [see Egs. (7.2.3) and (7.2.4)]

on(r) = r=0V (L}((:))) A

r—ua(r). (7.3.5)

4

where a V b = max(a.b) and a A b = min(e.b).

7.3.2 Empirical Bayes testing rule

Next, we propose an empirical Bayes testing rule [from Eqs. (7.2.8) and (7.2.10)]
as follows.

Let
an(r) = (r =) fulr) — wa(r) . (v.3.6)

Then. the empirical Bayes testing rule is given by

do(z) = 1 ifa,(r) <0

= 0 ifau(r)>0.

(7.3.7)

7.4 Asymptotic Optimality of the Empirical
Bayes Estimator

Under the squared-error loss function. the Bayes risk of the empirical Bayes esti-

mator o,(z) in (7.3.5) and the Bayes estimator og(r) in (7.2.3) are

R(G.on(1)) = E(6 — 04(2))? (7.4.1)
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and

R(G) = R(G.og(r)) = E(0 — og(x))* . (

-1
.-
.
(3]
~—

Since @¢(r) is the Bayes estimator of 8, we have
E.{R(G.o.(2))} - R(G)>0. (7.4.3)
where E, denotes the expectation with respect to (uxy..... £n). It is known that
Eu{ R onle)} = RGY = [ fla)Ealonlr) = oc(r)
= Ej(ou(r) = og(z))® . (7.4.4)
where E; denotes the expectation with respect to (xr..ry,....z,).

Definition 7.4.1 A sequence of empirical Baves estimators {¢',} is said to be

asymptotically optimal at least of order a,, relative to the prior G if

E.{R(G.va(1))} = R(G) < O(a,) as n — oc . (7.

-1
-—
(1]
—

where {a,} is a sequence of positive numbers such that lim,,. a, = 0.

In order to examine the asymptotic optimality of the empirical Bayes estimator

On(x) proposed in (7.3.5). we need the following lemmas.

Lemma 7.4.1 Let y.z # 0 and L > 0 be real numbers, and ¥ and Z be two

real-valued random variables. Then, for any 0 < 1t <2

E{[(% - 2)A L]} <27 [Edy- ¥ +

Proof. This is Lemma 3.1 in Singh and Wei (1992).

U4 1) £z - 2] (7.46)

Lemma 7.4.2 (a) Let fo(x) be defined by (7.3.4) with kernel function k € k,_y).

where a is the shape parameter; if h, = n=/Cl=U+1) then for any 0 < § < 2.
E(lfn(-r) _ f(.l’)l‘;) < O(”-‘S[Q—I]/(?[u—l]-fl)). (74-‘-)
(b) Let wy(z) be defined by (7.3.2); then for any 0 < § <2,

E(juwa(z) = wiz)’) € O(n~*?). (7.

=1
[IEN
(v 4]
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Proof. (a) Since

1 _ pya—-1_—(z=8)
fla) = | fay (7= 0 0G0

and

f(r)(I) = zr:(_l)t (j) '/(;I I_‘_(la_) (.l‘ _ 0)0—-l+i—r6—(r—0)dG(0).

it is easy to show that both f(z) and fU*=)(r) are finite because the function

T

v(z) = r*e~*. r > 0. a > 0, attains its maximum value at £ = a. Then with

h, = n~1/@le=U+D) by Corollary 3.3.4 of Singh (1977), we obtain
E(|fa(x) = f(2)]*) € O(n~22-1l/Clo=1l+)
Next, for any 0 < § < 2, by Holder's inequality.
E(|fa(x) = f(2)I°) < [E(falz) = f(2))/? < O(n~olomti/izletixt)),

(b) Since w,(r) is an unbiased estimator of w,(r). then

o

E(lwa(x) = w(z)[*) = Var(wa(r)) < -

and

E(jwa(r) = w(z)]’) < O(n~*?).

The following theorem presents the convergence rate of the empirical Bayes
estimator ¢,(r) proposed in (7.3.3). We shall use ¢, ¢; and ¢ to denote some

positive constants which may be different with the same notation.

Theorem 7.4.1 Let {0,(z)} be the sequence of empirical Bayes estimators of 0

proposed in (7.3.5); if for 0 < 4 < 1,
E (6*0-9) < cc. (7.4.9)
then with the choice of h, = n~V@le=1+1) ye have

E.{R(G.9o.(z))} - R(G) < O(n~Sla=1/Rle-11+1)) (7.4.10)
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Proof. From the definition of ¢',(r). we have by Lemma 7.4.1 and Lemma 7.4.2,

Ex(ga(z) - w(2)?) < E; (

where

A4

A,

walz) _ w(z) M)2
I fulz)  f(2)

- §
E" 2_5(wn(x) w(z) )
R\ T el
< B0 fE(Jwa(r) — w(z)])

w) N B - s
+(M +.l) E(falz) = F(0)F))}

< A7)+ C-_)."g(71-6[0—1]/(2[0_11+l)),

IN

E(z*5f~%) = /12-5 (/ f(r]ﬂ)de))l_s dz.
E(ef~%) = /x* (/f(l-w)dc:(a))’”s dr.

To show that 4, is finite. we use Holder's inequality and observe that

I

and

IA

IN

2) (/ f(xw)dc;(()))l-J dr

[/ ([ reivraciey) d ] 1_6/ (12/5@]
c[/o (/0 f(x|0)d:r>d6’(0)] < 2

/100(’2 (/rf z10)dG(6 )l-sd;r
= e [ ([ saiprdcio) )-J]dr
s U ™ ”6"‘”] [1 == (/o f(rl0)dG(0)) d:c]l-J
<<(f [ fa/“'“f(rlﬂ)drdc;(o))1'6

= c(/:c /am:ts/(l-‘s)r(l)(:r

1-§
~9)temtr=0gy dG(o))
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< c{/o /o er(z = )09 + .0 ]F(a) (z - 0)° e dde(o)}
o) 1-§
< [/0 (c1+c203/“"‘5))d6'(0)] <

by assumption (7.4.9). Similarly. we can show that A, is also finite under the

assumption. Then. with the choice of h, = n=1/Cla=1+1) we have
Ex([¢n(x) = w(2)) € enSlomti/Gomil+t),
Therefore. we obtain from the definition of o,(.r).

E{R(G.0.)} — RIG) = Ei(|ea(r)—w(z))

< O(n—.s[a—l]/(2[u-l]+l ))

Hence. the theorem.

7.5 Asymptotic Optimality of the Empirical
Bayes Testing Rule

In this section. we examine the convergence rate of the empirical Bayes testing
rule d,(r) proposed in (7.3.7). From (7.2.7). we have the Bayes risk associated

with the empirical Bayes testing rule d,(z) and the Bayes testing rule dg(r) as
(G dy) =b/a(.r)d,.(.t)d.r+C'G (7.5.1)
and

HG) = rG. dg) =b/a(.r)dc(1')d:r+CG. (7.5.

-1
e
o
~—

respectively. Obviously.

E.{r(G.d,)} -r(G) 20 (7.5.3)



since the Bayes testing rule dg achieves the minimum Bayes risk r(G); the expec-

tation E, is taken with respect to (&r,.r2,.... Iq).

From Lemma | of Johns and Van Ryzin (1972), we have

Ed{r(G.d)} = r(G) < b [ |a(@)] Pr{lan(z) - a(2)| 2 la(x)|}da
b [ la(2)'™" Eallaa(s) - ala)P)dr  (7.54)

IN

for0 <y <.

Definition 7.5.1 A sequence of empirical Bayes testing rules {é,} is said to be

asymptotically optimal at least of order J, relative to the unknown prior G if
E.{r(G.5,)} = r(G) < O(3,) as n — 00 . (7.5.3)
where 3, is a sequence of positive numbers such that lim,o Jn = 0.

Now we present the convergence rate of the empirical Bayes testing rule d,(r)

in (7.3.7) in the following theorem.

Theorem 7.5.1 Let {d.(z)} be the sequence of empirical Bayes testing rules pro-
posed in (7.3.7); if for0 < § < I,

E(0%079) < . (7.5.

-1
ot
(=]

then with the choice of h, = n~"/@le=l+1) ye have

E {r(G.dy)} = r(G) < O(n~Slo-tl/2lo=11+1)) (7.

(1]
=1
~—

Proof. With
En{r(G.dn)} = 1(G) < b/la(;r)l'"‘sE,,(Io,l(x') — a(2)[})dr
and since

a(z) = /0f(r|0)d6’(0)——00f(r)
= (r—bo)f(z) — w(r)

=3
o



and
an(z) = (x — o) fu(z) — walz),

we have, by Lemma 7.4.2,

E.{r(G.d)} - r(G)
< b [ |[050210)dG0) - s
x En(|z(falz) = f(x)) = b falx) = f(2)) = (wa(x) = w(r))*)dz
< O(nSemWRle-UF 4 4 4y + Ag + Ay).

=5

where

4, = /.1-5 (/ 0f(x|0)dG(0)>l—6 dr
4, = /(/9](1[0)(16’(0))‘—6(11
Ay = /15 (/f(z|0)dG(0))l-sdr
A, = /(/f(.z-|0)dG(0))l-6dr.
To show that A, is finite. we use Hélder's inequality to observe
/ [(/ 87 (z|0)dG(8 )'6] dr

5[ .z:d;r][ ( 81(216)dG(0 ) ]1_5

c[/o (/0 f.|odl)dc,(o)]l B
c (/0’” odc:(o))l_s < x

IA

IN

and

b [(/or 0f(218)dG1(0)) "5] dr
= /loo(x-l) [1-14»5 (/Of 0f(1|9)d(;(0))‘-6] i
: Uf(rl)wd’r [ (er-o) ([ os1zi0rdcien) dl-]“s
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< c[/o"“ /0°° (ar+570-9)) 0f(z|0))drdG(0)]

[N oc 1-6
[/ [ oater — 1 (1--0)“-‘e-(f-")dxdc(0)]
0

T(a)
< c{/“’ /"’0 or(r = 0)H/=5) 4 o gres/i- s)]

0 ]

1
(a)

[/Ooo (610 + 6202/(1—5)) de)] 1-§ <o

o

1-§
(r—0)te =9y dG(())}

-

IA

by assumption (7.5.6). We can similarly show that 4,, A5 and A, are also finite.

Then. we finally obtain that

E.{r(G.d.)} - r(G) <0 (n-Jla—ll/(zlu—llm) '

Hence. the theorem.

Remarks

L.

(3]

The location parameter family of gamma distributions in (7.2.1) is not in-
cluded in the typical truncation parameter density family as considered by
Datta (1991) and Huang (1995). The importance of (7.2.3) obtained by
Fox (1978) is that it gives us an explicit expression for the Baves estima-
tor ¢g(r) in terms of the marginal distribution of r, which enables us to

estimate og(r) from the past observations r,,1,,...,z,.

The convergence rates in Theorem 7.4.1 and Theorem 7.5.1 are dependent
on §. 0 < & < 1. and the shape parameter a. If a is larger, then the
convergence rates are faster. If the conditions of Theorem 7.4.1 and Theorem

T

.5.1 are satisfied for § arbitrarily close to 1. then the convergence rates can

be arbitrarily close to O(n~lo=1l/(2u=1]+1))

For the more general location parameter family of gamma distributions when

the location parameter 8 € (—c. oc) instead of 8 € (0,00) as in (7.2.1). the

T4



relation 0 < ¢g(r) = E(8]r) < r is no longer true; we just get og(zr) < r.
Then we can similarly propose empirical Bayes estimator for 8 and an empir-
ical Bayes testing rule for the two-action problem and obtain convergence
rates under some moment conditions on the prior G. However. since the
distribution family (7.2.1) is more useful in applications, we just present the
asymptotic optimality results for this distribution family in Theorem 7.4.1

and Theorem 7.5.1.

-1
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