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where 

F 

G 

dC 

ln (L) -(1 - Pel p) - pCAB / 4 
2pe 0 

+ 2pV p- + ctB) 

1 - pCo + -p- 1 ((3 + + 6N2 

--PC2 + 6N/2p 
"- 2 A 

-pC4 + PedC48N/2p 

CAA - CBB 
' 

while Cn (c:A + 6[!B + 2c:B)/4 and dCn - c:A - c:;B. 

(B.2) 

The previous equation can finally be cast into a form similar to that presented 

in Section 9.4 of the text , 

F 
pk BT 

j dr[fo +%[Be+ Bs(2R2 '\72 + R4 '\74
)] n 

n3 n 4 w 8N 4 £ 2 

6 + 12+28N2+12 + 2 l'78Nl2 

+ 18N + 8N'\748N] 

(B.3) 

where B s = F 2 / (2G), R = J2G/ F , w = (1 - 6C0/ 2) , £ 2 = 6C2/2, H 2 = -6C4/2 
and 2p/ = (J( l - n3

) + dC((p- Pe)2 - (6Cn as in Eq. 9.13). 

The dependence of t he coefficients in B1, Be and R on the density difference 

can be explicitly obtained by expanding them in 8N as well. This gives , 

BS 

R 

where 

+ B f 6 N + 8 N 2 

Bg + 8N + 8N2 + ... 

Ro + R1 8N + R2 8N2 + · · . 

e - "-B0 = 1- p Co , 
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- e 2 ~ 
pB1 = f3 + PedCo/2 , (B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.10) 

(B.11) 

(B.12) 

and 
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Appendix C 

Multigrid - Full Approximation 

Scheme 

In this section, we develop a nonlinear Full Approximation Storage (FAS) 

multigrid method to solve the system in equations 10.1 at the implicit time level. 

The fundamental idea of nonlinear multigrid is analogous to the linear case. First, 

the errors to the solution have to be smoothed so that they can be approximated on 

a coarser grid. An analogue of the linear defect equation is transformed to the coarse 

grid. The coarse grid corrections are interpolated back to the fine grid , where the 

errors are again smoothed. However, because the system is nonlinear we do not work 

with the errors, but rather with full approximations to the discrete solution on the 

coarse grid. 

Equations 10.1 can be rewritten as: 

(C.1) 

where 

N so (Un ' un+l, cn+l / 2 ' vn+l) = ( C.2) 

( (
{Jdt + 1) n+l + 2n2 n+l / 2 

2 ui,J a v ci ,J , 
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and source terms are 

(Jn n n) (2 n n - 1 ( (3dt 1) 0 v2 n ) , 9 , e = Pi,j + Pi,j 2 - , , Pi,j (C.3) 

In what follows , we assume a sequence of grids nk. vis the number of pre-smoothing 

and post-smoothing steps. An iteration step for the nonlinear multigrid method using 

the V-cycle is formally written as follows: 

FAS cycle 

(C.4) 

That is {Pk+ 1, µ;;i+112 , vk+1
} and {Pk+1,µ;;i- 112 ,vr} are approximations of 

Pk(xi, Y) ) and µk( xi, yj ) and vk(xi , yj) before and after FAS cycle, respectively. Now 

we define a FAS cycle: 

Presmoothing 

Compute {.Dk , µ;;i - 112
, vk'} by applying v smoothing steps to {pk' , µ;;i- 112

, vk'} 

(C.5) 

which means performing v smoothing steps with initial approximation Pk' , pk, , µ;;i- 112
, 

source terms f'f:, gJ: , ek, and the SMOOTH relaxation operator to get ,Dk , µ;;i- 112
, vk' 

One SMOOTH relaxation operator step consists of solving the system given 

below by 3 x 3 matrix inversion for each i and j . 

( 

(3dt / 2 + 1 

(-1- r) - 3/ 2 (Pi,/+ Pi:/) 
2/ dx2 

160 

4a 2dt2 / dx2 

1 

0 

0 ) ( pm. ) 4/ dx2 - 2 p,"/'j~~ /2 -

1 v1n 
t ,J 



PhD thesis - Peter Stefanovic, McMaster - Materials Science and Engineering 

2 n n- 1 ({Jdt/2 1) 4 2dt2/d 2(-m-1/2 m-1 /2 m-1/2 -m-1/2) p · + p · - + a x µ ·-1 · + µ+1 · + µ ·+1 + µ - 1 i ,J i,J i ,J i ,J i ,J i ,J 

r;:- sourceterm 

(vZ:1,j + vH.1,j + Vw+1+v0-1)/dx2 +1/2 (P~/ +pr,/) - 3/2 (P~/ +Pi:/) Pij C.6) 

("fl:_1 ,j + PH.1 ,j + PiJ+1 + lf2i-1)/2dx2 ( +P~ 1 ,j + P":+l,j + P~i+l + P~j- l - 4p~i)/2dx2 

g k - sourceterm 

Compute Defect 

(d-lm d-2m d-3m) _ (Jn n n) NSQ (-= -='1"n - m-1 /2 - m) k, k, k - k , gk , ek - k Pk , Pk , µk , vk (C.7) 

Restrict the defect and {Pk , µ;;-112
, vr} 

(C.8) 

(
-=""Tt - m-1/2 -m ) Jk-1 (-='l"n -m- 1/2 -m) Pk- 1, µk-1 ,vk- 1 = k Pk , µk , vk (C.9) 

The restriction operator 1z-1 maps k-level functions to (k - 1)-level funct ions. 

A full weighting restriction operator is applied according to Eq. 10.11 . 

Compute the RHS 

Compute an approximate solution {pk=.-1 , µ;;_-/ 12} of the coarse grid equation 

on n k - 1 i.e. solve 

(C.11) 
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if k = 1, we explicitly invert 3 x 3 matrix to obtain the solution If k > 1 we 

solve Eq. C .11 by performing a FAS k-grid cycle using { .iJk_ 1 , p, :_-/ 12} as an initial 

approximation: 

{
Am Am-1 / 2 Am } 
Pk-1 , µk - 1 , vk-1 = 

FAS l {k 1 n - m -m-1/ 2 - m NSO Jn n n } 
eye e - , Pk-1• Pk-1 • µk-1 , vk , k- Ii k-1 ' 9k-l• ek-1• v 

Compute the coarse grid correction ( CGC) 

Al m Am -o'ln 

v k-1 = Pk-1 - Pk-1 

V2m-l / 2 _ Am-1/ 2 _ -m-1/ 2 
k-1 - µk-1 µk-1 

A3m Am - m 
v k-1 = vk-1 - vk-1 

Interpolate the correction ( CGC) 

Al m Jk Alm 
v k = k - lv k- 1 

A2m -l/ 2 _ Jk A2m-l / 2 
v k - k-1v k-1 

A 3m Jk A 3m 
v k = k-lv k-1 

(C .12) 

(C.13) 

(C.14) 

(C.15) 

(C.16) 

(C.17) 

(C.18) 

The interpolation operator It 1 maps (k - 1)-level functions to k-level func­

tions. Here, the coarse values are transferred to the four nearby fine grid points 

according to bilinear operator in Fig. 10.5. 

Compute the corrected approximation on Dk 

p:•afterc GC = 'fl:' + iJ l:;;1 

m-1/ 2,aftercGC _m-1/ 2 + A2m-l/ 2 
µk = µk v k 

m,aftercGC _ ,- m + A3m 
Vk - Uk V k 
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Postsmoot hing 

Compute {Pk+ 1, µ;:1+ 1! 2, vk+1
} by applying v smoothing steps to 

{ 
m ,after-CGC m-1 / 2,after-CGC m ,after-CGC} 

Pk , µk , vk 

{ 
m+l m+l / 2 m+l} _ Pk , µk ,vk -

SM QQT Hv ( n m ,after-CGC m - 1/ 2,after - CGC N SO Jn n n) Pk , Pk , µk , k, k , gk,ek , 

(C.22) 

which means performing v smoothing steps with initial approximation Pk , pk, , µ;:1- 112
, 

source terms f'k , gJ: , ek, and the SMOOTH relaxation operator to get Pk , p,;:1- 112
, vk 
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