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pB} = B + p;dCo/2, (B.6)
Bl =1, (B.7)
By = —p(C2)*/Cy, (B.8)

a a A o A 22
B'ls = —C2pz(C2dC4 = 2C4dC'2)/4/3C'4 (Bg)

& = a N 2.3
B; = —p2(C1dCy — C4dC5)?/8p°C,, (B.10)
Ry =1/2C4/Cs, (B.11)
Rl/RO = —pf(dCA'4/Cﬁ'4 = dég/ég)/4,52, (B12)
and
a ~ & N -y ~ o ~ 2222

RQ/RO = —pg(cde‘; = C4d02)(02d04 + 3C4d02)/32540402 (B13)
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Appendix C

Multigrid - Full Approximation

Scheme

In this section, we develop a nonlinear Full Approximation Storage (FAS)
multigrid method to solve the system in equations 10.1 at the implicit time level.
The fundamental idea of nonlinear multigrid is analogous to the linear case. First,
the errors to the solution have to be smoothed so that they can be approximated on
a coarser grid. An analogue of the linear defect equation is transformed to the coarse
grid. The coarse grid corrections are interpolated back to the fine grid, where the
errors are again smoothed. However, because the system is nonlinear we do not work
with the errors, but rather with full approximations to the discrete solution on the
coarse grid.

Equations 10.1 can be rewritten as:

NSO (pn’pn+1’un+l/2’vn+l) _ (fn,gn, en) (C.l)
where
NSO (u",u”“,c”H/Q,v”H) = {(C.2)
<(%+1) "+1+a2V2021~+1/2,
(-1=r)u n+1+¢( ?W n+1) +c?;’1/2+ (—V2—2) :z;—l,v2 n+1_+_vn+1)
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and source terms are

n n n n n— ‘Bdt n
(f*,9" €)= (291‘,;' +pi,j1 (_2‘ = 1) .0, V2pi,j> (C.3)

In what follows, we assume a sequence of grids §2;. v is the number of pre-smoothing
and post-smoothing steps. An iteration step for the nonlinear multigrid method using

the V-cycle is formally written as follows:

FAS cycle

{or w2t = (C4)
FAScycle {k, g™, pp. i e /%, v, NSOx, f, g e, v}

That is {pfcnﬂ,u;nHﬂ,v,'c”“} and {pk”“,,u;n_l/ z,v,'c”} are approximations of
pr(zi,y;) and pi(x;,y;) and vi(x;, y;) before and after FAS cycle, respectively. Now
we define a FAS cycle:

Presmoothing

Compute { Prs ﬁ;n_l/ ! 17,2"} by applying v smoothing steps to { i ,ukm—l/ “ v;”}

{7 a7 o ) = SMOOTH” (o o, 1™, NSO, i gk €k) . (C.5)

which means performing v smoothing steps with initial approximation p}*, p, /LT_I/ 2

source terms f{, g, er and the SMOOT H relaxation operator to get gy, ﬂ,'f“l/?, o
One SMOOTH relaxation operator step consists of solving the system given

below by 3 x 3 matrix inversion for each 7 and j.

Bdt/2 + 1 4adt?/dz? 0 i
(-1—r)—3/2(p2;2 + o732 1 4/d? -2 || g% | =
2/dz? 0 1 i
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- —m—1/2 -1/2 ~1/2 —-m—1/2
207+ pi7 " (Bdt/2 — 1) +4ade? /da? (B3] + i + wi + By

N~

fi—sourceterm
(B + U + 0 + T ,)/da? +1/2 (o7, + p15°) — 3/2 (p7,% + p2) ol
Py + Py + Pl + /523—1)/2d$25+P?—1,j + Pi1; + P T PLj—1 — 4.021')/2‘13321

gy, —sourceterm

Compute Defect

(A1, d2g, d3y) = (fi g €) — NSOk (a7, %, i~ /%, ) (C.7)

Restrict the defect and {ﬁ;c", Y 2,17,2"}

(dip,, d2p 5, d3p ) = IF* (dip, d2p, d3y) (C.8)

(7 i o) = 1 (a0, 2, o) (C9)

The restriction operator I}~ maps k-level functions to (k — 1)-level functions.
A full weighting restriction operator is applied according to Eq. 10.11.

Compute the RHS

(foon gion i) = (d17y, @201, d3 ) + NSOy Py, A7y, iy 2, 7™)(C.10)

Compute an approximate solution { Pr1s ﬂ;"__ll/ 2} of the coarse grid equation

on (21 i.e. solve

NSOk, (PAZ—vﬁ?—hﬂ?—?ﬂ’ﬁm) = (fi‘_l,g?_l,ez‘_l) (C.11)
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if k = 1, we explicitly invert 3 x 3 matrix to obtain the solution If £k > 1 we
solve Eq. C.11 by performing a FAS k—grid cycle using { Prtqs ﬁ;n__ll/ 2} as an initial

approximation:

AT ~m—1/2 ~M
{Pk—l»ﬂk—l/ ’Uk—l} = (C.12)
n —m —m—1/2 _m n n n
FAScycle {k = L, P15 P15 P—1 / y Uy NSOp_1, fi 1, 915 €15 V}

Compute the coarse grid correction (CGC)

01Ey = PR — Prea (C.13)
com=1/2 _ ~m-1/2  _m-1/2
vzk—l/ = H;cn-1/ —#Zn—l/ (C.14)
U3ELy =Tkl — T (C.15)

Interpolate the correction (CGC)

i =I 10, (C.16)
o212 = [k pom /2 (C.17)
3T = IF 937, (C.18)

The interpolation operator If_;, maps (k — 1)-level functions to k-level func-
tions. Here, the coarse values are transferred to the four nearby fine grid points

according to bilinear operator in Fig. 10.5.

Compute the corrected approximation on

p;n,aftercGC - ﬁ;cn +7311I;n (019)
u;cn—l/laftercGC _ ﬁ;n——l/2 £ 0221—1/2 (C.20)
y[rofteroGC _ gm | gam (C.21)
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Postsmoothing
Compute {,OZLH, /LTH/?, UL”H} by applying v smoothing steps to

m,after—CGC m—1/2,after—CGC m,after—CGC
Pk s Mg » Uk

m+1/2
{or ™ upt = (C22)
v n _m,after— m—1/2,after—CGC n n .n
SMOOTH" (pp, pi¥t7=CC, p~1/2e/1e7=CCC NSO, 7, 67, €}) ,

which means performing v smoothing steps with initial approximation p}*, pg, u;n_l/ 2
~1/2

source terms f7', g¢, e} and the SMOOT H relaxation operator to get p7*, i, ', vy
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