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Abstract

We are concerned with the existence of hypersurfaces in hyperbolic space whose
principal curvatures Kk = (K1, Ko, ..., kK,) satisfy a prescribed curvature relation
f(k) =0 € (0,1) and has a prescribed asymptotic boundary at infinity.

Under standard assumptions on the curvature function f(x), the problem has
been extensively studied by Bo Guan, Joel Spruck and their collaborators in a
series of papers [27, 25, 18, 16, 14, 15, 17]; a special case of the problem in which
the curvature vector k lies in the positive cone K" = {k; > 0 V i} has been
completely solved in [17] and the result is essentially optimal. In [14], by applying
the same approach to the general case, they proved the existence of solutions only
for 0 < 0¢g < 0 < 1 where gg is some number between 0.3703 and 0.3704.

In this thesis, we follow their method and extend their result in [14] to hold
for all 0 < o < 1, with the help of an additional assumption Y ;" , f; < C on the
curvature function. In particular, our theorem applies to the curvature quotient
f = Hlﬁl for all 1 < k£ < n in the k-th Garding cone, where Hj is the k-th
normalized elementary symmetric polynomial.
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Chapter 1

Introduction

Fix n > 2. Let H"™! be the hyperbolic space of dimension n + 1 and let 0, H"*!
denote the ideal boundary of H"™! at infinity.

The study of minimal hypersurfaces (i.e. hypersurfaces whose mean curvature
vanishes everywhere) with prescribed asymptotic boundary I' was first initiated
by Anderson [2, 3], in which he proved the existence of a complete, absolutely
area-minimizing locally integral n-current ¥ in H"™! whose support M has I' as
its asymptotic limit; the boundary regularity at infinity of his construction was
then studied by Hardt and Lin in [19]. In particular, they found that near points
of the boundary I', M UT" may be described as the graph of some function which
is a solution to a Dirichlet problem and the PDE is degenerate along the part
of boundary corresponding to I'. In [24], Lin studied the Dirichlet problem and
proved that the graph is as smooth as the boundary. Based on Lin’s method, Tone-
gawa [31] extended their results to hypersurfaces with constant mean curvature
and later the same problem was studied by Nelli-Spruck [25] and Guan-Spruck
[18] using a different approach.

For hypersurfaces of constant Gauss curvature in hyperbolic space with pre-
scribed asymptotic boundary at infinity, the problem was initiated by Labourie
23] in H? and settled by Rosenberg-Spruck [27] in H"™!. It is then natural to
consider the problem for more general curvature functions as in the works [16, 14,
15, 17] of Bo Guan, Joel Spruck and their collaborators.

Suppose that f € C?(K) N C°(K) is a symmetric function defined in an open
symmetric convex cone K C R" with vertex at the origin, containing the positive
cone

Kr={AeR": N\ >0Vi}CK

Given a disjoint collection of closed embedded smooth (n — 1)-dimensional
submanifolds T' = {T'y,...,[,,} C 0,,H"™! and a constant 0 < o < 1, we study
the problem of finding a smooth complete hypersurface ¥ in H"™! satisfying

k(z) € K and f(k(z)) =0 for all z € & (1.1)

with the asymptotic boundary
0% =T (1.2)
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where k = (Ky,...,ky,) denotes the vector of induced hyperbolic principal curva-
tures of 3 and for a hypersurface ¥ satisfying the second requirement (1.2), we say
it is asymptotic to I' at infinity. We will call (1.1)-(1.2) the asymptotic Plateau
problem in hyperbolic space.

The first requirement (1.1) in its most general form will be of

f(ﬁ(x»:w(xvy)a reX

for some well-defined positive function 1 of position x and the unit normal v. Here
we consider only the case that the right-hand side is a constant ¥ = o € (0,1).
We shall show later in chapter two that the right-hand side must be smaller than
one for a solution to exist; see corollary 2.5.1. Note that (1.1) is a relation among
the hypersurface’s principal curvatures, so the equation will be referred to as the
curvature relation satisfied by X. Two typical special cases that have been well-
studied are hypersurfaces of constant mean curvature in which f(k) = =37 | &;;
and hypersurfaces of constant Gauss curvature in which f(k) = (k1 - - lin)%.
There are several equivalent models of the hyperbolic space H"™!, each of
which is useful in certain contexts. In this thesis, we will use the upper half-

space model for H"*!:

H"* = {(z,2,11) € R"™ 1 2,1 > 0}

equipped with the hyperbolic metric

ds? — > iy da?
22
n+1

so that we can identify O,,H"™ with R" = R" x {0} C R""! and (1.2) may be
understood in the Euclidean sense.

Since the hyperbolic metric is conformally equivalent to the Euclidean metric
with a coefficient xﬁrl of conformality, the hyperbolic principal curvatures x; of
) are related to its Euclidean ¢ principal curvatures by the following relation:

Ki = Tppiks + 0" 1<i<n at (z,7,01) €X (1.3)

where v is the Euclidean unit normal vector to ¥ and v"*! = v-e,,,;. Consequently,

a smooth hypersurface solution to (1.1)-(1.2) must be the graph of a smooth
function v over some bounded domain 2 C R”

Y = graph(u) = {(x,u(r)) € H"™ : 2 € Q}

and the asymptotic boundary I' must be the boundary of that domain i.e. I' = 0€.
The proofs of both (1.3) and that ¥ = graph(u) will be given in section 2.1.
Therefore, we can begin by assuming 3 = graph(u) is a graphic hypersurface
and for it to satisfy the two requirements (1.1)-(1.2), the function u must meet
some conditions as well. It turns out that the curvature relation (1.1) can be
written as a partial differential equation (PDE hereafter) in a local orthonormal
frame and hence our geometric problem can thus be reduced to the following
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Dirichlet problem for an implicitly defined fully non-linear second order elliptic
PDE:

G(D*u, Du,u) =0, u>0 inQ CR" (1.4)
u=0 ondQ="T (1.5)

where the exact formula of G will be given in section 2.4. We shall seek solutions u
with k[u] € K where k[u] := k[graph(u)] and call them the admissible solutions.
Once we obtain such a solution u to this Dirichlet problem, its graph ¥ := graph(u)
will be a solution to the asymptotic Plateau problem (1.1)-(1.2).

The following illustration of a similar problem considered in R"*! would be
helpful to understand our problem in H"*!.

Example 1. Let I'y and I'y be two strictly convex smooth closed codimension 2
hypersurfaces in parallel planes {x, 1 = 0} and {z,,1 = 1}, respectively. Suppose
the projection 77 of T'; onto the lower plane {x,,; = 0} contains I'y. Does there
exist a hypersurface ¥ of constant Gauss curvature K, for K, sufficiently small?
Intuitively, the answer is affirmative; see below for a drawing by Spruck [29].
Moreover, the hypersurface is the graph of some function u over the annulus €2
whose inner boundary is Iy and outer boundary is ;. The function is a solution
to the following Dirichlet problem

det(uij) = K()(l + |VU|2)nT+2, in Q2
u=¢, on 0f)

where ¢ =1 on 13 and ¢ = 0 on Iy.

Figure 1.1: A drawing by Joel Spruck [29].

For more details, see [20, 13, 12].

Before we proceed to discuss our method of solution, we shall state the as-
sumptions imposed on the curvature function f(x). First of all, f is assumed to
satisfy the fundamental structure conditions:

)
Jih) = a{-

(A)>0 for e Kand1<i<n (1.6)
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f is a concave function in K (1.7)

As shown in [6], the first condition will imply the PDE (1.4) is elliptic for admissible
solutions and the second condition will make G concave with respect to D?u.
We shall also assume

f>0in K and f =0 on 0K (1.8)

This third condition implies that the PDE (1.4) will be uniformly elliptic on com-
pact subdomains of € for admissible solutions satisfying a priori bounds in the C?
norm and therefore allows us to apply the Evans-Krylov interior estimate [10, 22]
to derive the C?® and higher order estimates.

In addition, the following few mild conditions are imposed:

f is normalized: f(1,...,1)=1 (1.9)
f is homogeneous of degree one: f(tk) =tf(k) fort >0and k € K  (1.10)
}%im F, o An—1, A + R) > 1+ 9 uniformly in Bs,(1) (1.11)

—00

for some fixed ¢y > 0 and 9y > 0.

All these assumptions though technical, they are satisfied by a large class of
curvature functions, especially those of the most interest. For example, consider
the k-th normalized elementary symmetric polynomial

1 1
Hk(lﬁll,...,/ﬁn) = m()’k(ﬁjl,...,/{n):ﬁ Z Rj Kjy = Rjps 1§k§n

k k) 1<j1<ja<--<jr<n

Ho =1
which are defined in the k-th Garding cone

Remark 1. K, is the positive cone and we denote it by K' to stress the positivity
feature k; > 0.

1
Now, we point out that both the higher order mean curvature H/} and the
1

curvature quotient (g—’;) l<l<k<n satisfy all the conditions (1.6)-(1.11)

in K. In particular, they include the following important special cases ':

1 n
Hi(k) = - Z Ki the mean curvature
=1
2
Hy(k) = —— Z ik, the scalar curvature
n(n —1) =
H,(K) =K1 kp the Gauss curvature

IThe prescribed curvature equation that we intend to study is Hj, = const; we impose the
exponent % in order for it to satisfy the homogeneity condition (1.10). Note that it is equivalent

to study H ;/ " — const and the same reasoning applies to the curvature quotient.

4
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Remark 2. The ultimate goal is to solve the asymptotic Plateau problem (1.1)-

1

(1.2) for f = H,i/k and f = <Ié—’;)m in the k-th Garding cone Kj.

The standard way to solve a fully non-linear elliptic PDE is through the method
of continuity; see chapter 17 of [11]. However, as we shall in see in section 2.4, the
PDE (1.4) is degenerate where u = 0 and we cannot apply the continuity method
directly. Instead, following the method exhibited in the works [16, 14, 15, 17] of
Bo Guan, Joel Spruck and their collaborators, we will study the Dirichlet problem
with an approximate boundary condition:

G(D*u, Du,u) =0, u>0in QCR" (1.12)
u=-¢, on Jf) (1.13)

There are two main difficulties in applying the continuity method to the ap-
proximate Dirichlet problem (1.12)-(1.13). The first one is to show the second
normal derivative is a priori bounded on the boundary i.e. u,, < C on 02, which
usually requires some geometrical assumptions about the domain 2. In this thesis,
as in [14], we will assume the domain €2 is mean-convex i.c. the Euclidean mean
curvature of 9d€) is non-negative Hyn > 0. The second problem is that since the
PDE is fully non-linear elliptic, we need to obtain a global C*® estimate instead
of a C? estimate, which can be accomplished either by the Evans-Krylov theorem
[10, 22] or Calabi’s third derivative estimate [8]. In this thesis, as in [16, 14, 15,
17], we will use the former method.

When ¢ > 0 is sufficiently small, it follows from the continuity method that
the Dirichlet problem (1.12)-(1.13) is solvable for all o € (0, 1).

Theorem 1.0.1 ([14]). Let Q2 C R" be a bounded smooth mean-convex domain
ie. Hog > 0. If f satisfies (1.6)-(1.11), then for any o € (0,1) and ¢ > 0

sufficiently small, there exists a unique admissible solution u® € C*(€2) of the
Dirichlet problem (1.12)-(1.13) satisfying the following a priori estimates

1
V1+|Dus2 < =+ Ce, wf|D*uf| < C on 9Q (1.14)
o
€1 N2,,E C :
u\Du|§€—2 in Q (1.15)

where C' > 0 is independent of e.

We can then obtain a sequence of solutions u® from which we can extract a
uniformly convergent subsequence u®*, whose limit as ¢, — 0 is a solution to the
original Dirichlet problem (1.4)-(1.5). However, the estimate (1.15) does not allow
us to pass to the limit. Instead, we shall obtain such an estimate u®|D?uf|*> < C
by proving a maximum principle for the largest hyperbolic principal curvature i.e.
Kmax < C'.

The existence of solutions to the original Dirichlet problem can be proved as
follows. Since k. < C, the hyperbolic principal curvatures of an admissible
solution u° are uniformly bounded above by a constant independent of €. Also,

5
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since f(k[uf]) =0 in K and f =0 on 0K, it follows that the hyperbolic principal
curvatures k; admit a uniform positive lower bound independent of € on compact
subdomains €' of €; see theorem 2.2.1 or lemma 2.5.1. Hence the PDE (1.12) is
uniformly elliptic on €’ for admissible solutions u and by the interior estimates of
Evans-Krylov [10, 22], we obtain uniform C*® estimates for admissible solutions
on . Finally, the existence of solutions to (1.4)-(1.5) can be ensured by taking
the limit € — 0. See chapter three for more details.

Using this method, Bo Guan, Joel Spruck, Marek Szapiel and Ling Xiao have
completely solved the problem (1.1)-(1.2) when K = K, is the positive cone.

Theorem 1.0.2 ([16, 15, 17]). When K = K is the positive cone and I' = 002 €
C?, the asymptotic Plateau problem (1.1)-(1.2) admits a solution for all ¢ € (0, 1).
In addition, if the boundary I" = 012 satisfies either of the following conditions

(i) T'= 99 is C** mean-convex,
(i) T'= 09 is C? and strictly Euclidean star-shaped about the origin, or

(iii) if the curvature function f satisfies (1.6)-(1.11) in K and

STHEY i KPn{A0< f(A) <1}
=1 =1

Y

then the solution is unique.

Remark 3. The latest version of their theorem in [17] greatly improves their previ-
ous results [16, 15] by using a different test function in the proof of the maximum
principle Kyayx < C; see theorem 1.3 in [17].

In [16, 15], the domain ) was assumed to be at least C* but now it is sufficient
for it to be only C?. Moreover, the assumptions (1.10) and (1.11) on the curvature
function can be removed. We also point out that in their theorem, the mean-
convexity assumption Hgq on the domain 2 is not needed for the existence of
solutions.

The next task is certainly to solve the problem in the general cone K. However,
the problem becomes so much harder to solve and so far they only obtained a
partial result.

Theorem 1.0.3 ([14]). Suppose I' = 99 for some bounded smooth domain 2 C
R"™ with Hpq > 0 and f satisfies (1.6)-(1.11). The asymptotic Plateau problem
(1.1)-(1.2) is solvable in K for all 0 < 0y < ¢ < 1, where gy is some number
between 0.3703 and 0.3704.

That is, the existence of a solution ¥ with k[¥] € K for all 0 < 0 < 1 is
still not guaranteed even when the condition Hyn > 0 is imposed. The question
of whether the problem (1.1)-(1.2) is solvable for all ¢ € (0,1) with the general
curvature constraint x[¥] € K and no geometrical assumptions about the domain
2 other than being smooth and bounded i.e. remove the condition Hsg > 0,

6
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remains unsettled. In particular, we expect the problem to be solvable in the k-th
Garding cone for all 0 € (0,1) when f = H ,1/ " is the higher order mean curvature
H,

Most recently, Sui [30] studied the problem with the more general curvature
relation

or when f = is the curvature quotient for 1 <[l < k <n.

H;/k(lf(fﬁ)) =(x) and k € K} for all z € &

and proved the existence of a smooth admissible solution in H? under the assump-
tion that a locally strictly convex subsolution exists. However, the solution to the
most general case is still far from clear and one of the difficulties being that many
inequalities may not work without the positivity condition x; > 0.

In this thesis, we note that the central reason why theorem 1.0.3 fails to hold for
all o € (0,1) is that their curvature estimate kmax < C only holds for o € (o9, 1).
Therefore, the task reduces to improving the curvature estimate. Specifically, we
prove

Theorem 1.0.4. Suppose I' = 02 for some bounded smooth domain 2 C R"
with Hsq > 0 and the curvature function f satisfies

there exists some C' > 0 such that Z filh) < Cforall A€ K (1.16)

i=1

in addition to (1.6)-(1.11) in the general cone K. Then the curvature estimate
KFmax < C holds for all ¢ € (0,1) in K and hence there exists for all ¢ € (0, 1),
a smooth complete hypersurface ¥ in H"*! satisfying (1.1)-(1.2) with uniformly
bounded principal curvatures

| k[E] | <Con X

Moreover, Y is the graph of a unique admissible solution u € C*(Q) N C'(Q)
of the Dirichlet problem (1.4)-(1.5).
Furthermore, u? € C*°(Q) N CH(Q) and

Vv 1+ |Du? <
VIH D -

That is, we extend theorem 1.0.3 to hold for all o € (0,1) with the aid of
this additional assumption (1.16). Our improvement is based on an observation
that, by examining the inequalities in their proof of the curvature estimate from
a different perspective, it would turn out that the key issue is to estimate the sum
>, [i in (optimally a subset of) K and this is the only place we impose the
assumption (1.16); all the other results in [14] remain intact.

Recall again that we desire the problem (1.1)-(1.2) to be solvable in the k-th

Garding cone K, for all o € (0,1) when the curvature function is either the higher

order mean curvature f = H;/k or their quotients <Z—’;> m’ 1 <1<k <n. Note

, ulD*u| < C inQ,

QI =Q |

on 0f2.

7
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that the cases that (f, K) = (Hy, K7) and (f, K) = (Hﬁ/",K;) have already been
taken care of in [23, 27, 25, 18]; the results in [16, 15, 17] apply to general f in the
posmve cone K© (but not in the k-th cone K}) and in partlcular to the quotients

<Ié’;> , 1 <1 < n. In other words, the case (f, K) = ((Ié?) K+) has been

resolved as well. For the remaining indices 1 < k < n, the problem (1.1)-(1.2)
still awaits solutions and new methods should be employed We emphasize here
that our theorem 1.0.4 applies to the particular quotient - in the k-th Garding

cone where 1 < k < n, therefore it fills in one of the mlssmg pleces to the “jigsaw
puzzle”.

Curvature Function Cone Solution
H, K, [25, 18]
Hy'" K} 123, 27]
(%l)l 1<l<n K} [15, 17]
general f K (15, 17]
o 1<k<n K, theorem 1.0.4
Hl/k 1 <k<n K, unknown
(%)1 0<l<k—-1<k<n Ky, unknown

Table 1.1: Current Progress on the Asymptotic Plateau Problem

The thesis is organized as follows. Chapter two is of a preliminary nature,
providing necessary background for understanding the problem in concern and a
list of facts we will use frequently in our proofs of the main results. While chapter
three is devoted to prove theorem 1.0.4; we also prove the uniqueness of solutions
for (1.12)-(1.13) in section 3.1, which immediately yields a global gradient estimate
V1 +[Dul> < L. We note that the gradient estimate and the condition (1.11)
are essential for the derivation of a boundary C? estimate i.e. |D*u| < C on 01,
which will be proved in section 3.2. The centerpiece of this thesis is section 3.3,
which contains the proof of a new curvature estimate k., < C relying on (1.16).
The proofs of all these estimates are all heavily dependent on the auxiliary results
listed in chapter two. Together with the boundary C? estimate, we obtain a global
C? estimate and hence a C** estimate as required by the method of continuity.
This new curvature estimate improves theorem 1.0.3 and yields theorem 1.0.4; we
emphasize that this is the only place we make changes to the results in [14].




Chapter 2

Preliminaries

We recall here some notions of Riemannian Geometry and introduce our notations
along the way. All these materials can be found in a standard textbook such as
9].

A Riemannian manifold is a smooth manifold M equipped with a Rieman-
nian metric g, which is a correspondence associating to each point p of M an
inner product denoted by (-, ), or g,(-,) on the tangent space T,M and varying
smoothly in the following sense: for any two smooth vector fields X,Y € X (M),
the inner product g,(X,,Y,) is a smooth function of p.

An affine connection V on M is a map X(M) x X(M) — X (M) denoted by
(X,Y) — VxY which satisfies

(i) C°(M)-linearity in X: VixigvZ = fVxZ + gVyZ.
(il) X(M)-additive in Y: Vx(Y +2) = VxY + VxZ.
(ili) the Leibniz rule: Vx(fY) = fVxY + X(f)Y.

for any vector fields X, Y, Z € X(M) and smooth functions f,g € C*(M). Every
Riemannian manifold (M, ¢g) admits a unique affine connection V such that it is
symmetric

VxY —-VyX=XY -YX
and compatible with the Riemannian metric
XY, Z)=(VxY,Z)+(Y,VxZ)

. We call it the Levi-Civita connection on M. From now on, V will always
denote the Levi-Civita connection of some Riemannian manifold rather than an
arbitrary affine connection.

The curvature tensor R of M is a correspondence associating to every pair
of vector fields X,Y € X(M) a mapping R(X,Y) : X(M) — X(M) given by

R(}(7 Y)Z = VY<VXZ) - VX<VyZ) + V[X,Y]Z

Let {ei,...,e,} be alocal frame on M. We denote the local representation
of the Riemannian metric by ¢;; = g(ei, e;) and its inverse by ¢”; we also use the

9
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following abbreviations:

VZ- = Vei, Vij = vzv] - vViej

Rijp = (R(e, 61)€j7€i>a R;kl = gimijkl

and the Christoffel symbols Ffj are the unique coefficients such that V.e; =
Ffjek

Moreover, for a smooth function v defined on M, we identify its gradient Vv
and Hessian V;;v as the vector fields defined by

(Vv)p,w) =dvy(w), peM weT,M
Vz-jv = V,(VJ'U) — FZV}CU
Finally, we list a few important formulas in Riemannian geometry which will

be used in section 3.3. Let X denote the position vector of M, v the outer unit
normal on M and {h;;} the second fundamental form of M, we have

X; = —hjv Gauss formula
v; = hije; Weingarten equation
hije = iy Codazzi equation
Rijrr = hixhj — hahjy, Gauss equation

where hjj, == Vih;.

In the following sections, we list auxiliary results that will be used frequently
and implicitly in chapter three. Note that most results are provided with detailed
proofs except those requiring tedious proofs, for which we shall only briefly sketch
the proofs and refer the reader to sources of their full proofs.

Throughout this thesis, all hypersurfaces in H**! are assumed to be connected
and orientable. If ¥ is a complete hypersurface in H"*! with compact asymptotic
boundary at infinity, then the normal vector field of ¥ is chosen to be the one
pointing to the unique unbounded region in ]RTrl \ 2, and the principal curvatures
are calculated with respect to this normal vector field.

2.1 X as a Graph

In this section, we derive the simple relation (1.3) between Euclidean principal
curvatures and hyperblic principal curvatures; as a consequence, we establish the
fact that X is the graph of some function over a domain €2 C R".

Let ¥ be a hypersurface in H**!. We shall use g and V to denote the induced
hyperbolic metric and Levi-Civita connection on X, respectively. As ¥ is also a
submanifold of R"™!, we shall distinguish a geometric quantity with respect to the
Euclidean metric by adding a ‘tilde’ over the corresponding hyperbolic quantity.
For example, § denotes the induced metric on ¥ from R"* and V is its Levi-Civita
connection.

10
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Suppose ¥ is locally represented as the graph of some function u € C?(Q), u > 0
over (2
Y= {(z,u(z)) e R"" 12 € Q}

. The coordinate vector fields on ¥ and the hyperbolic unit normal are

X, =e;+ue,r1, n=uv

< Du 1 ) —Ui€; + €pi1
U = - =

where

w w w
is the Euclidean unit normal and w = /1 + |Du/?.
The first fundamental form is then by definition

1 Gij
9ij = (Xi, Xj) = E(@j + uuj) = u—g

The Christoffel symbol for the hyperbolic metric is

1
FZ = 5 Z(&g]m + ajgmi - amgl])gmk

1
= (—0k0imt1 — Okl nt1 + 0ij0k nt1)
Tn+1

and it is related to the Euclidean version by

s =1% — u;0k; + u;0i — G g
1] 1)

u

Let V be the Riemannian connection of H”*!. Then

0ij iUj € + Ui€;
VXX ZFka ( +ui~—uu3)en+l_w

J
xn+1 'TnJrl
and the second fundamental form is

i +wgu; + uug;  hy vt
hij = (Vx,X;,n) = j A 7% (2.1)

w2w U

The hyperbolic principal curvatures k = (ky,. .., k,) of ¥ are the roots of

1 ~ 1 1
det(hij — /{gi]‘) = E det (h” — E (l‘i - _) gm) =0

Therefore,
1
ki = uk; + " = uk, + — (2.2)
w

and we can use this relation to prove

11
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Theorem 2.1.1 ([16]). If ¥ is a complete C? hypersurface in H"*! with compact
asymptotic boundary 0% C {z,11 = €} for some £ > 0, then X is the graph of
some function u € C?*(2) N C(Q) over a bounded domain Q C {z, 1 = ¢}

Y = {(z,u(r)) e R" 1 2 € Q}
such that v > 0 in 2 and u = 0 on 0€2. Moreover, 9% = 0f).

Here we say ¥ has compact asymptotic boundary if 9% C 9, H"*! is compact
with respect to the Euclidean metric in R"™.

Proof. Let T be the set of t > ¢ such that ¥, := XN {x,41 > t} is a vertical graph
and let ¢ty denote the minimum of 7.

Suppose to the contrary that ¢y > c¢. Then there must exist a point p € 0%,
such that "™ (p) = 0 i.e. the normal vector to 3 at p is horizontal. It follows
from (2.2) that &; = ’:—0 >0foralll <i<natp.

However, if P is the plane through p spanned by e and v(p), then XN P is a
curve having non-positive curvature at p. This is a contradiction and so ty = c.

See lemma 2.1 in [30] for a slightly different proof. O

2.2 Properties of the Curvature Function

We first recall the Euler’s theorem on homogeneous functions, which will be
used most frequently throughout the text but without saying so.

Lemma 2.2.1 (Euler’s theorem). Let Q C R" be open. Suppose f € C(Q) is
positively homogeneous of degree k in €). Then

kf(x) =V f(x) x= ixzfz(x) for all z € Q2
i=1

Proof. Define g(t) := f(tx). Note that if we see g as g(t) = t*f(x) by exploiting
the homogeneity condition, then

g'(t) = kt" f(x)

. On the other hand, if we see g as g(t) = f(tx) and apply the chain rule, then
g(t)=Vf(te) - x

. Hence we have kt*~1f(z) = Vf(tz) - v and setting ¢t = 1 yields the result. [

Lemma 2.2.2. Suppose the smooth symmetric function f is concave, normalized
and homogeneous of degree one on an open symmetric convex set K containing
K. Then for all A € K we have

IOEED SIS SIS (23)

12
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Proof. For the first inequality, note that since f is concave we have for all z,y € K
that

f@)=fw) < fily) - (= —y)
i=1
Also since f is homogeneous of degree one, we have by the Euler’s theorem
VIA) - A=F(A)

Applying this formula to A =1 = (1,1,...,1), wehave > | fi(1) = f(1) = 1.
Note further that as f is symmetric, f;(1) = f;(1) for all 1 < 4,5 < n. This can
be seen from the definition of partial derivative. It follows that f;(1) = <.

Therefore, we have

FOO < F(1) + Z HLN-1)

=f(1)+ Zfi(l)& - Zfz‘(l)

This proves the first inequality.
For the second inequality, we apply Euler’s theorem and concavity again

Zm) = Zm) +FON) = FOV)]
= f(\)+ me — Vf(A) A
= f(\)+ Zm)(l — )
> f(1) = 1_

]

Lemma 2.2.3. Suppose f satisfies (1.6)-1.10) in K and let A € K. If A\, <0 for
some 1 < r < n, then

ST E e 2f A £X)

iEr
Z fixi > % i fiX?
iFEr i=1

13
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Proof. Since A\, < 0, we have min;<;<, A; < A\, < 0. Also, since Z?:l fixi=f>0
and f; > 0 for all 1 < ¢ < n, there must be at least one A\; > 0 and hence
maxj<;<n A; > 0. We may now assume A = (A,...,\,) is ordered as

AMZ>X > 2>,

with Ay > 0 and A, < 0.
Since f is homogeneous of degree one, we have by Euler’s theorem that Y | f;(A)\; =
f(A) for all A € K. Hence

D FN =+ fal Al
i#EN

If we apply the Cauchy-Schwartz inequality to the product 3, fi-> .., fid2,
we obtain

(£ () (£7-7) (£

- (f + fn|)‘n‘)2 = f2 + 2ffn|>‘n| + fr%/\i

By concavity of f in K, we have that f, > f; for all 1 < ¢ < n and so

fay 2 2.
It is then easy to deduce that

(Z fz-> - (Z fM?) S(n=1fu- Y fA

Therefore, we have obtained
PPA2ffaldal + £ < (=1 fn- ) fiM
Finally, since |\,| > |\.| and f,A2 > f.\2 it follows that

S A2e S N> (f2/f) + 2F Pl + SaXe o 2l + Fa

2
> Qf‘)\rl + fr)\r
- n—1
This proves the first inequality. m

Theorem 2.2.1 ([6]). Suppose ¥ is a smooth complete hypersurface in H"*?
satisfying f(k[X]) = ¢ in K and the curvature function f(k) satisfies (1.7) and
(1.8) in K. Then there exists some ¢ > 0 such that

ilﬁi25>0 in{rkeK: f(k)>o}
i=1

14
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Remark 4. The same conclusion holds in the set {x : f(x) > inf ¢} for the general
curvature relation f(k) = ¢(z,v).

Proof. The set {k : f(k) > o} is closed, convex and symmetric. The unique
closest point in this set to the origin is therefore of the form (b,...,b) for some
b > 0 and we can take 6 = nb. O

1
Theorem 2.2.2. Both the higher order mean curvature H/} and the curvature
1

quotient (Ié—’;) o satisfy all the assumptions (1.6)-(1.11) in the k-th Garding cone
K.

Proof. For the fundamental structure conditions (1.6)-(1.7), see theorem 2.16 in
28] and section 2 in [32]; these are common knowledge in literature. The condition
(1.8) follows immediately from the definition of the k-th Garding cone:

Kkiz{)\GRnIUj()\)>0 v1§]§]€}

. Similarly, the conditions (1.9) and (1.10) are straightforward to verify from the
definition of the k-th elementary symmetric polynomial:

1 1
Hi(r) = mak(m,...,fin):m Z Kikj,  Kj,, 1<k<n

k k/ 1<ji<jo<-<jp<n

While for (1.11), we have by direct computation that
H

1
Hkm
Hy

| oo,  f
I%E)I;Of()\la--w/\n—l?)‘n_'—R): o 2L
(D f

2.3 The Curvature Relation

In this section, we prove some useful formulas with the help of (1.1); they will be
used frequently without comments in subsequent parts of the thesis.

Let S be the vector space of n xn symmetric matrices. For the open symmetric
convex cone K C R™ with K C K, we set

Sk :={AeS:\A) e K}

where A(A) = (A (A),..., A\ (A)) denotes eigenvalues of A.
For a function F' defined in Sk, we denote

2
_ O, oy O

= aaij (A), A= {a,-j} c SK

8aij 8akl

We are interested in the case that F' depends only on the eigenvalues of A i.e.

F(A) = f(A(A))

15
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Lemma 2.3.1 ([28]). Suppose f is a smooth symmetric function satisfying the
fundamental structure conditions (1.6)-(1.7) in K and F(A) = f(A(A)). Then for
all A € Sk,

(i) F is smooth and {F¥} is symmetric.
; when A is diagonal,

(ii) FY = f;0,; and so the linearized operator L = F'9;; is elliptic.

(iii) we have

Flj al] Z fz z (24)
FZ] alkak] Z fl (25)

where the Einstein summation convention is being used.

(iv) F is concave i.e. F9*(A)¢;& <0 forall € € S and A € Sk.
Proof.

(i) Smoothness of F' follows from the smoothness of f and symmetry of F follows
from the symmetry of A.

(ii) Since F9 = >, fAk aa , we need to compute %. Consider a variation
~ v
A=A +e It j<i then

det(A = M) = [T =N = A+ X)) + Ay =€)

ki, j

. It follows that

e =N, ifk#ij

~ _Az+)\] /\z_>\j 2 9
~ _AZ+)\j )\Z—A] 2 9
Aj = 5 \/( 5 > +e

ie. A =\ +0(e?) and \; = \; + O(¢?). Hence gg‘k =0if k#1,7.

If : = 4, then Mo = g for k # 1 and X\; = \; +¢&. Thus in all cases, we have
gg\; = 5]“51] and

O\
FI=2 P =
k 7,

16
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(iii) We just do direct computation.
Fijaij = fibijaij = fiaw = fi)i
Flagar; = fidijaiwar; = fidija; = fiag, = fiX]
(iv) Let A, B € Sk. We want to show
F7(A)(B — A);; = F(B) = F(A)

. Assume the eigenvalues {\;} of A and eigenvalues {y;} of B are arranged
so that

<.
IV PHIEEEE
. By some linear algebra, we have

FijBij > farbn 4 b
and hence
F9(B=A)i; = F9By—Y  fuAi =D h(mi—h) > f(n)—f(A) = F(B)—F(A)
by the concavity of f.

O

Lemma 2.3.2 ([28]). When A = {a;;} € Sk is diagonal with simple eigenvalues,
we have

(i) (fi = f3) (ki — w;) <0.

i#] Ki—Kj
Remark 5. It follows from (i) that
fimfi o
ANi— AT

. This fact is used in our proof of curvature estimate, when ensuring the positivity
of a particular term; see section 3.3.

Proof.

(i) Suppose A; > A; and let \* denote the vector obtained from A by interchang-
ing A\; and A;. By symmetry and convexity of K, the ray

N t(N —Aj)(ei—e;), 0<t<1
is in K.
Since f is symmetric and concave, the graph of
t—= fN" +t(N — Aj)(ei —ey))
is symmetric and concave about its maximum, which occurs at ¢t = % Hence,

(N =) (fi— f;) <0

17
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(ii) Note that

g O\, O\
Fz],kl ,
Z f 8%8@;@; Z f 8% 8akl
From our previous calculations, we see that

0N, O
Z frs_ = fzkdzjékl

8@1-3- 8akl

82\,
Baijﬁakl

. Similarly, the second derivative is non-zero only when (i, j) = (k, ()

and ¢ # j, in which case we have

92\, 1 92\, 1
= = if A\ > A
8@2- )\Z - )\j7 8@2 >\z - )‘j7 ' - I

) )

. Hence,

1 J

where 61 = 1 if (i,7) = (k,!) and zero otherwise.

Lemma 2.3.3. Let u be the height function of ¥ and v € C*(¥), we have
(i) Vijy = 49 — " hyy)
(ii) V2 UVZJU + V U — jgklukvlgij.
(iti) (v"*); = —hi;§*uy.
(iv) Vv = =g " hahg + wVihig)
Proof. We first recall how we define the Hessian of v € C?(X).
Vv = V,;(V,v) — Ffjvkv = Vv + i(uﬂ}j + w0 — G ugvidig)

(i) If we substitute v = w into the Hessian, we get
Viju = @iju + 2u_;uj — lgklukmgzy
and
Vij% = —ul Viju + 139 U Gi
— b L= () g,

VnJrl (Vn+1)2 ~ 1 .
=——hi+ Gis + — L= (V"")0,

1 n
= —(gi = V" hiy)

18
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where we have used

Gluguy = [Vul? =1 — (11)?
Viju = hy"t!

Jij = u*d;;
along with (2.2).

(ii) This follows from the same computation as in (i), just start with the defini-
tion of Hessian.

(iii) This is the Weingarten formula as stated in the beginning of this chapter.
(iv) This is the Codazzi equation as stated in the beginning of this chapter.

[]

Lemma 2.3.4 ([15]). If ¥ is a smooth hypersurface in H"*! satisfying (1.1), then
in a local orthonormal frame we have

iy 1 ot 1 &
FY9V,j— = — — i
i ty 2

u
Fiv, 1/7:1 _ % B 1/7:-1 gﬁﬁ?
Proof. For the first identity,
FijVij% = %Fij(gij — V") by lemma 2.3.3 (i)
1
== (Zﬂfi SR fm> by (2.4)
" 1
_ _"Vu +- Sh by lemma 2.2.1

Vn+1

To prove the second identity, we first expand F7V,;%—

by lemma 2.3.3 (ii)

VnJrl

3 S B R 1.
FIV; = V”HF”vUa + aF”vijy”“ — 5 F Gk (V)34 (2.6)

and we compute each term as follows. The first term follows from the identity we
just proved:
VnJrl

- (Z £ Vn+10'> (2.7)

. For the second term, we use lemma 2.3.3 (iv) to get

. 1
Vn+1Fz] Vz’j— —
u

| 1 .. ~ o~ ~ o~
—FUIV M = —F (=g (0 byl 4wV gha))
u u

19
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and we need to evaluate each term in the bracket. For the first one, we do direct

computation
ij~kl3 T 1 ij7 7 : ~kl __ Okl
F9g%hyhgy = — FY hihy since g = —
U U
B I/n+1 Vn+1
— i L 5. o g
=F (hzk U2 gzk> (hkj U2 gk]) by (21)
= Flj(hlkhkj — 2Vn+1hl'j + (Vn+1)2(5ij) since gij = u25ij

n

— Z fik? — 20"t Z fri+ 2N by (2.4)-(2.5)

=1

=Y fist— 2o+ (2N S, by lemma 2.2.1 and (1.1)
=1 i=1

For the second one, we proceed as follows. By (2.2) and (1.1), we have
fluky +v" L uk, ") =0

, or equivalently o
F{g"™ (uhg; + 1" gj)}) = 0
We differentiate it to obtain

Fij (U@kﬁw + ukﬁij + (V"+1)ku25zj) =0

and so
F”thij = —ukF”—j — (I/TH_l)kuFU(Sij
U
ij e n+1 ij
= —ukFijhij + ukl/"“Fijéij — (I/”H)kuFijéij since g;; = u25,~j
= —Ug Z fi/{i + QL]§I/7Z—~_1 Z fz — (V”“)ku Z fz by (24)
= —upo + upy" Z fi — (V”H)kuz fi by lemma (2.2.1)

The second term in (2.6) then evaluates to

| 1 .. -~ - .
EFZJVMVTL-H = aF”(—f]kl(l/n—i_lhilhkj + ulvkhw)) by lemma 2.3.3 (1V)
v ij ~kl7 7 Lo e 7
= - » FYg hilhkj_ag w Vk:hij
l/n-l—l N o (Vn+l>3
— K 2 n+1\27  \" ;
R VG E D o
Vul>  [Vul? n+1 Uk nt1
D S A Y

20



M.Sc. Thesis - Bin Wang; McMaster University - Mathematics & Statistics

and by using |[Vul? = 1 — (v"*1)2, we have

|
7 n+1l __
EFJVUV = —

ulf n+1 Z f

(2.8)

For the third term in (2.6), we do not need to expand it too much further,
because it will be cancelled out by the last term in (2.8):

(" igij = (Vn+1)k2fi

Finally, we substitute everything that we have computed so far back into (2.6):

'ﬁf 4 [1 n+1

1
FZ]Q UV

B il 1
FOVi—— = VRN — + F”va
! F”g uk( "G5 by lemma 2.3.3 (ii)
(Z fi— VnHU) -
+ 1+ (@
/i? —|— -

2.4 The Differential Operator G

In this section, we show the conversion of the curvature relation f(k[X]) = o into
the PDE (1.4)
G(D*u, Du,u) = o

and prove a few properties associated with the operator G.
According to [4], the Euclidean principal curvatures x¢ are the eigenvalues of

the symmetric matrix
1

: ik, lj
ag; = il Uy (2.9)
where
”Z&'—#Wi‘chinverse Z~:(5,L--—|— J_ and 5 .= o
v J w(1+w) Yij J 1+w YikVkj gz]
By the relation (2.2), the hyperbolic principal curvatures k = (ky,. .., k,) are

the eigenvalues of the symmetric matrix

0ij + uy™upyY
w

a;;lu) = (2.10)
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From now on, we confine ourself to consider the symmetric matrix Afu] :=
{ai;[u]} and the matrix operator F'(A) = f(A(A)). The differential operator G in
equation (1.4) is given by

G(D*u, Du,u) = F(A[u))

. We shall now prove a few properties of the operator G which will be used in
section 3.1.

Lemma 2.4.1. If we define

0G i 06 0

ij . _

auij ’

, then
(i) G = LFM~M~il and so G is degenerate where u = 0.
(i) G, =G — v 3 f
(i) |G°| < &+ 230 fi+23 filkil-
Proof. We prove by direct computation.
(i) Since

i 0G  OF  OF Oa U _py i
G — — - = —F trd by (2.10
8uij 8Uij Gakl 8uij w T Y ( )

, it follows that G is degenerate where u = 0.

(ii) we compute

oG  O0F  OF Oayj 1 ,
Gyi=——=—= L= Pyt by (2.10
ou  Ou  Jday Ou w ! y (2:10)
= Fijafj by (2.9)
= fiKs by (2.4)
i=1
"Lk —
oy g by (1.3)
; u
i=1
1 n+l 1
=—f(k) — 7 by lemma 2.2.1
u u

i=1
In other words,

uGy =G —v"" Y f; (2.11)
=1
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(iii) By direct computation, we have
aG . 3F 8aij
3us n 8aij (9us

Us P wugy? + e 2
= E k. — — FYq. J = WA
w? Jiri wF ik ( IT+w * w2F i

G® .=

and the result follows.
[
The eigenvalues of {G%¥} are related to the eigenvalues of {F*} (which are
fi’s) by
Lemma 2.4.2 ([14]). Let 0 < py < pg < -+ < p,, denote the eigenvalues of {G7}

and let w = /1 + |Du|?. Then

wpy < ufy <wpp, 1<k<n
Proof. For € € R™, we have from lemma 2.4.1 that
uFIEE; = wG & = wGhgE

where
(€ - Du)u,

& = Yieke = & + T

Note that
€1 <IE'PP = 1€ + € - Dul® < wlgf?
Since both {G"} and {F“} are positive definite, the result follows from the
min-max characterization of eigenvalues. O

We also prove a few properties for the linearized operator £ of G:
L = G”é)ﬁj + GZ& + Gu

Lemma 2.4.3 ([14]). Suppose the curvature function f satisfies the fundamental
structure condition (1.6)-(1.7), the normality condition (1.9) and the homogeneity
condition (1.10) in K. Then

(i) L(1-5)<— (1 22) T2 fi in Q, where

2 .
L:=L— —ZF”aikuk@j
w

(i) L(zu; —z;u;) =0 and Lu; =0 forall 1 <4,j <n.

Proof.
For (i), just note that by computatlon

(1-5) < Lo2E S

For (ii), see [7]. O

azkukuj
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2.5 Height Estimates and the Asymptotic Angle
Condition

Throughout this section, unless otherwise stated, let 3 is a hypersurface in H"*!
with 03 C P(e) := {x,41 = ¢} and let Q C R"™ x {0} be the region such that its
vertical lift Q° := {(z,¢e) : © € Q} to P(e) is bounded by 0% and R™\ 2 is connected
and unbounded. It is allowable that €2 has several connected components.

Lemma 2.5.1 ([14]). Let B; be a ball of radius R centered at a = (a’, —0R) €
R™™! and By be a ball of radius of R centered at b = (b',0R) € R""! where
o € (0,1). We have

1) TN{zps <e}=0.

(ii) If 8% C By, then ¥ C B,.
(iii) If By N P(e) C QF, then B;NY = 0.
(iv) If BoN Qs = (), then B, NX = (.

Remark 6. This lemma yields the C° estimate for admissible solutions u to our
Dirchlet problem and a uniform positive lower bound for the hyperbolic principal
curvatures of graph(u). There are other methods to prove these results but they
are all similar in nature.

Proof.

(i) Let ¢ := miny z,,4+1 and suppose to the contrary that 0 < ¢ < e. Then the
horosphere P(c) satisfies f(x) = 1, since all such horospheres have principal
curvature 1. So P(c) lies below ¥ and has an interior contact point, which
violates the maximum principle. Hence ¢ = ¢.

(ii) We expand B; continuously untill it contains ¥ and reverse the process.
Consider S; := 0B; NH". Note that x;[S;] = 0. Since both ¥ and S,

satisfy f(k) = o, there cannot be a first contact.

(iii) We shrink B; until it is inside ¥ and when we expand it there cannot be a
first contact as in (ii).

(iv) Suppose By N Y #. We may shrink B, unitil it lies below P(e) and so it
is outside Y. Now reverse the process, if there were a first interior contact,
then the outward normal to X at this contact point is the inward normal to
Sy := 0B, NH". Since k;[S3] = o with respect to its inward normal and
f(r[S2]) = o, this violates the maximum principle.

]

n+1

Now we show the upward unit normal """ tends to a fixed asymptotic angle

on approach to the boundary.
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Lemma 2.5.2 ([14]). Suppose f satisfies (1.6), (1.9) and (1.10) in K. If k[¥] € K
and
oy < f(k[X]) <oy

for some 0 < 0y < 0y < 1, then we have for 0¥ € C? and ¢ > 0 sufficiently small,

JIi—ad (1 VI 21—
c o _ £l §02)<V”+1<01+€ Ul+€< 201> on 0%

09 —

where r; and 7y are the maximal radii of interior and exterior spheres to 0f2,
respectively. In particular, when oy = 09 = 0 we have "1 — o on 9% as ¢ — 0.

Proof. We assume ro < oo and fix g € 0§2. Let e; denote the outward pointing
unit normal to Jf) at xq. Define

ay = (vg —rier, —Rio1),  ag = (zo + 1201, R207)
where Ry, Ry satisfy
R =7{+ (Rioy +¢)*, Rj=r)+ (Ryop —)” (2.12)

; and let By := Bg,(a1) and By := Bg,(a2).

Then B; N P(e) is a ball of radius 7 internally tangent to 0Q° at = and
By N P(e) is a ball of radius ry externally tangent to 0Q2° at xo. Therefore by
lemma 2.5.1 (iii) and (iv), we have BN X =0 and Bo N Y = () i.e.

u— oo u+ o1 R
AP S VLA P S at xy € 092
Ry Ry

Since u = € on 02, we have

€ g
02—E<I/n+1<ﬁ+0'1 at:r;()E@Q
2 1

and from (2.12),

1 V(U —a)¥ri+e—co _ 1—0%+5(1—01)

R, r? + g2 r1 r?
1 (=09} +e%+coy _ V1 — 02 N e(1+ oy)
Ry, T3 + &2 To r2
Hence the result. O

We have the following two important consequences, the first of which will not
be used in our proofs of the main results but it is helpful for us to understand the
problem.

Corollary 2.5.1. Suppose f satisfies (1.6) and (1.9) in K. If ¥ is a solution to
the asymptotic Plateau problem (1.1)-(1.2), then o < 1.
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Proof. By lemma 2.5.1(i), we have u > ¢ in ¥ and so
rlu] == rlgraph(u)] = s[X] < &[P(e)]

. Note that [P(e)] = 1 by (2.2), thus we have

o= f(x[%]) by (1.1)
< f(s[P(e)]) by (1.6)
= f(1,...,1) by (2.2)
=1 by (1.9)

O

Remark 7. The conclusion still holds even if we replace o by a general right-hand
side ¢(x,v) in (1.1).

The following second consequence will be used in section 3.1.

Corollary 2.5.2. Suppose ¥ is a smooth hypersurface in H"*! satisfying (1.1).
If X is globally a graph of some function u over some domain {2 C R"™:

Y = {(2,u(r)) e H"™ 1z € Q}

, then

+1

iy o—v"
FiVj—— >0
U
and so
o — o — pntl
<sup——— on X
u oy u

Moreover, if u = ¢ > 0 on 0f2, then there exists some ¢y > 0 depending on 0f

such that "
o—uv" Vi—02 e1+4+0) . —
e<egy= < + ( 5 ) in Q
U r r

where 7 is the maximal radius of exterior sphere tangent to 0.

Proof. By lemma 2.3.4, we have

Vn—i—l n-+1

.. o — 1%
Fljv@'j—
u

. 1 .
=0 - F”Vij— — F”Vij
Uu

U
2. n+1 n+1
oy o o v 9
=\ - + = i) = |- = i
(- I) - (S-S )
Vn+l

2 () 5 (D)

Now, by the Jensen or the Cauchy-Schwartz inequality, we have

2., (Z/‘fifi)2_ o’
D S D
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and therefore

o — l/n-i-l

F”VMT =

AV
219 219 219 €19

™

=k

|

; —
N—

_|_

S

S
x

~ M| q
&Hl\?

|

S

[\]
N———

>0

where we have used the facts that ) f; > 1 and that < 1.
By the usual maximum principle, we have

o — Vn+1 +1
sup — < sup
Y U 1)y U

o—v"

From this and the asymptotic angle condition in lemma 2.5.2, we can deduce

o — o — pntl
sup — < sup
py u o u
V-0 e(1+40)
< +
- r r?
and the proof is complete. O
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Chapter 3

The Dirichlet Problem

In this chapter, we derive a maximum principle k. < C for the largest hyper-
bolic principal curvature of admissible solutions, which holds for all o € (0, 1) (as
compared to theorem 6.1 in [14]) and along with the well-established gradient es-
timate and boundary C? estimate in [14], it will lead to the existence of solutions
for (1.4)-(1.5) and hence yields our theorem 1.0.4.

Before we proceed, we shall describe the method of solution by Guan-Spruck
in [14] which we entirely follow here. As we have mentioned in chapter one and
demonstrated in section 2.4, the PDE (1.4) is degenerate where u = 0 so we shall
consider the Dirichlet problem with an approximate boundary condition:

G(D*u, Du,u) =0, u>0 inQ (3.1)
u=¢ on 0f (3.2)

whose existence of solutions can be ensured by the method of continuity, as illus-
trated in [5]. More specifically, we consider a family of Dirichlet problem indexed
by 0 <t<1:

G(D*u', Du',u') =to + (1 —t) inQ (3.3)
u'=¢ on 0N (3.4)

and the set
S ={te]0,1]:(3.3)-(3.4) is solvable}

. The philosophy of the continuity method goes as follows. We shall show that
S is a non-empty, open and closed subset of the unit interval [0,1]. Since [0, 1]
is connected, it must follow that S = [0, 1] i.e. the Dirichlet problem (3.3)-(3.4)
is solvable for all 0 < ¢ < 1. In particular, the problem is solvable for ¢ = 1 and
hence the Dirichlet problem of our interest (3.1)-(3.2) admits a solution.

To show S is non-empty, it is usually easy to find a solution for the case t = 0.
In this problem, the constant function u° = € serves as one such solution. Indeed,
when u is a constant, the symmetric matrix in (2.10) is just the identity {d;;} and
SO

Glu’] = F(A[u")) = F(8;)) = f(Md55)) = f(L,...,1) =1
by (1.9).
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On the other hand, while the openness of S follows from the Implicit Function
Theorem (see chapter 17 in [11]), the closedness requires a global a priori C*
estimate |ulz, < C for some constant C' > 0 independent of ¢ where

g0 = max u] + 3 max u] + 3 max uy + Y sup Jugj (@) — Uif'(y)’
Q i Q ij Q i z,y€Q,x#y ‘ill' - y‘

. According to the standard elliptic theory [26] or the L, theory in [1], in order
to derive the C%“ estimate, it suffices by concavity (1.7) to show a C? estimate
| D?u| < C; this has been perfectly done by Guan-Spruck in [14] by exploiting the
geometry of the domain {2 and taking advantage of condition (1.11), so that we
have

Theorem 3.0.1 ([14]). Let 2 C R™ be a bounded smooth mean-convex domain
ie. Hog > 0. If f satisfies (1.6)-(1.11), then for any o € (0,1) and ¢ > 0

sufficiently small, there exists a unique admissible solution u® € C*(2) of the
Dirichlet problem (1.12)-(1.13) satisfying the following a priori estimates

1
V14 |Dus]2 < =+ Ce, uf|D*uf| < C  on 0Q (3.5)
o
€l N2,,e ¢ .
u\Du]ﬁg—z in Q (3.6)

where C' > 0 is independent of e.

Remark 8. Note that we also have uniqueness for the Dirichlet problem (3.1)-(3.2).

Note that the estimate (3.6) does not allow us to take the limit ¢ — 0. In
other words, it is sufficient for (3.6) to ensure that (3.1)-(3.2) admits a solution
but it cannot be used to guarantee a solution to the original Dirichlet problem
(1.4)-(1.5), when take the limit € — 0. We are then motivated to prove a new C?
estimate for admissible solutions u* which is independent of e. We will do so by es-
timating the principal curvatures k = (ky,. .., K,) of X, = graph(u®); here we are
concerned only with an upper bound because a uniform positive lower bound has
been obtained in theorem 2.2.1 and lemma 2.5.1. Once we have obtained the cur-
vature estimate, it follows that (3.1) is uniformly elliptic on compact subdomains
of © and we have |u®|2, < C on compact subdomains of Q2 by the Evans-Krylov
regularity theory [10, 22]. Letting ¢ — 0 will give us a solution to (1.4)-(1.5).
Therefore, we can prove theorem (1.0.4) which we restate here for convenience.

Theorem 3.0.2. Suppose [' = 92 for some bounded smooth domain 2 C R™ with
Hoqa > 0 and the curvature function f satisfies (1.16) in addition to (1.6)-(1.11) in
the general cone K. Then the curvature estimate kp.x < C holds for all o € (0,1)
in K and hence there exists for all o € (0,1), a smooth complete hypersurface ¥
in H™™! satisfying (1.1)-(1.2) with uniformly bounded principal curvatures

| k[X] | <Con X
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Moreover, ¥ is the graph of a unique admissible solution u € C*°(2) N (%)
of the Dirichlet problem (1.4)-(1.5). Furthermore, u* € C*(Q) N C*!(Q) and

1
V14 |Dul2 <=, wuD*<C in,
o
1
V14 |Dul?> == on S
o

Finally, we emphasize that our result applies to the particular curvature quo-

tient f = =, for 1 <k <n.

Corollary 3.0.1. For the curvature function f = Hilf - the asymptotic Plateau

problem (1.1)-(1.2) admits a solution in the k-th Garding cone K}, for all o € (0, 1).

Proof. We only need to verify that f = Hlﬁl satisfies (1.16) in Kj. Indeed,

OH),_
n 8Hka71 — H, k—1

n
= I o
§ = §
H2
i=1 i=1 k—1

n OH,
B i1

<
i=1 H’g—l
(n —k + 1)Hk_1Hk_1
N HE
=n—k+1
for all A € K. O

Now, in what follows, we first prove that G, < 0 in © which implies uniqueness
of solutions for (3.1)-(3.2) and a gradient estimate /1 + [Du[?> < 1 as an immedi-
ate consequence; this is where we need the mean-convexity assumption Hyq > 0.
Next, we employ the gradient estimate and the asymptotic behavior condition
(1.11) to derive a boundary C? estimate for admissible solutions; the method we
use here is highly based on the one developed by Caffarelli-Nirenberg-Spruck in
[5, 6, 7], which is somewhat complicated but also truly delicate. We might skip
a few tedious computational steps in order to make the proof clearer. Finally, we
end the chapter with a detailed estimation for the hyperbolic principal curvatures
of admissible solutions, which along with the boundary C? estimate derived in
section 3.2, produces a global C? estimate and hence a C%® estimate.

3.1 Gradient Estimate and Uniqueness of Solu-
tions

Theorem 3.1.1 ([14, 17]). Let 0 < ¢ < 1 and © C R"™ be mean-convex i.e.
Hoq > 0. Suppose u € C%(Q) is a solution to (3.1)-(3.2) for some ¢ > 0. Then
G, < 0in Q. Consequently, the linearized operator of G satisfies the maximum
principle and has trivial kernel. That is, (3.1)-(3.2) admits at most one solution.
Moreover, we have the gradient estimate 1 =" > 5 in Q.

v/ 1+|Du|?
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Proof. Since
UGu:G_Vn+1Zfi SO__yn-i-l

by (3.1), (2.11) and lemma 2.2.2, we have G, < 5 for n := " Hence, it

u
suffices to show 1 < 0 in Q.
According to corollary 2.5.2, 1 achieves its maximum on 02 and we may assume
the maximum occurs at 0 € 9€2. We then choose coordinates (z1, ..., z,) at 0 such
that x,, is the interior unit normal to 02 at 0. Then at 0,

u, =0, 1<a<n

U, >0
Upn, <0
In addition, we have
M =———7——N<0= — <7
U w u

On the other hand, by lemma 2.2.2,

a:f(/i)S%Zm

i.e. the hyperbolic mean curvature H(X) of ¥ is greater than or equal to o. Thus,
by (2.2), the Euclidean mean curvature H¢(X) satisfies

11 Uil . H(X)—v"t g —pnt!
ML - Yy < gy < ALV 0,

nw u u

. Since

. Hence (n — 1)n < 0 and the gradient estimate follows immediately
1 —
n<0=1"">0= /1+|Dul2< = inQ
o

. The proof is now complete. O

3.2 Boundary Second Derivative Estimate

Theorem 3.2.1 ([14]). Suppose {2 C R" is a bounded smooth domain with Hag >
0. If u € C*(Q) is an admissible solution to the Dirchlet problem (3.1)-(3.2), then
for € > 0 sufficiently small

u|D*u| < C on 99
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Proof. Consider an arbitrary point on 02, which we may assume to be the origin
of R™ and choose the coordinates so that the unit vector in the the positive x,-axis
is the interior normal to 0f) at the origin. There exists a uniform constant r > 0
such that 9Q N B,(0) can be represented as a graph:

1
z, = p(a') = 5 Z Bugtazs + O(2' %), o = (z1,...,201)

a,B<n

We may assume r > ¢. Since u = ¢ on 0f2, we have u(a’, p(z')) = € on
0N B,(0) and so
Uas(0) = —un(0)Bag, o, <n

. Hence,
|uas(0)] < C[Du(0)|, o, f<n

where C' > 0 depends on the Euclidean mean curvature of 0f).
Now consider for each o < n the operator

T, := 6a -+ Z Bag(xﬁan — $nag>

B<n

. By lemma 2.4.3 and the boundary condition u = € on 052, we have

L(Tyu) =0
1
|Tau|—|—§ZulZ§C’ in N B.(0)
I<n
1
|T0lu|—|—§z:ul2 < Ol on 092N B.(0)
I<n

from which we can define

1 s O o
¢ = j:Tau—|— §Z<Znul — g‘x|
so that ¢ < 0 on J[Q2 N B.(0)]. It follows from lemma 2.4.2 and lemma 2.4.1 that
26> Y Gugny — < (X 1+ Y flnd)
I<n £
. According to [21], for each point at 2N B.(0) there exists an index r such that
S Gy > 2 (S ft - 23
I<n T 2u i#£r Z w?

. Thus,
L¢ > ~C) (G%mj 53 fi)
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Now define h := (¢©1¢ —1) — A (1 — %) with A large enough. By lemma 2.4.3,
we have

h <0 ond[QnN B.(0)]
Lh>0 in QN B.(0)

. It follows from the usual maximum principle that A < 0 in Q2 N B.(0). Since
h(0) = 0, we have h,(0) < 0 and the mixed normal-tangential derivative estimate

It remains to estimate the pure normal second derivative. We may assume
{uap} is diagonal, 1 < a, f < n. Since u,(0) = 0 for a < n, we have from (2.10)
that

1+ uugy 0 Uy, /W
1 0 14+ uu Uy, /W
Al = L 22 on/
w
Ul /W Ul /W 1+ Uy Jw3

By lemma 1.2 in [6], if €u,,,(0) is very large, then the eigenvalues of Afu| are
given asymptotically by

Mo = %[(1 + ctaa(0)] + 0(1), a<n

S d Ew)]

. However, from the double tangential derivative estimate |u,z(0)| < C|Du(0)],
the gradient estimate in section 3.1 and condition (1.11), we see that for ¢ > 0
sufficiently small

1 € €
02—(1+—)20<1+—>>J
w 2 2

which is a contradiction.
The proof is now complete. O

3.3 Curvature Estimate

We prove the following maximum principle for the largest principal curvature of
Y. by following the same method in [16, 14, 15, 17], which improves theorem 6.1
in [14] and hence extends theorem 1.0.3 to hold for all o € (0, 1).

Theorem 3.3.1. Suppose f satisfies (1.16) in addition to (1.6)-(1.11) and o €
(0,1). Let ¥ = graph(u) be a smooth graph in H"! satisfying f(x) = o and
o2 C Oy H L,
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For z € X, define the largest principal curvature of ¥ at x by

Kmax(T) == max Ki(T)

and let @ > 0 be a constant such that
V"M >920>0 on X

. We have

/ﬁ:max K'max
max ——— < max < C, max ———
s pntl — g oy pntl — g

Remark 9. The constant a > 0 arises from the gradient estimate. Specifically, since
"t > C > 0, we simply choose a > 0 to be the number such that 0 < 2a < C.
See section 3.1.

Proof. Denote

ﬁmax
M, = sgp P —

Suppose the maximum M, is attained at an interior point o € X. We choose a
local orthonormal frame around xq such that h;;(x¢) = k;(20)d;; and for notational
convenience, we may assume K1(Zg) = Kmax(Zo). In what follows, we will suppress
notation to not write out xy but keep in mind all the calculations are done at
x9. Note that we may also assume x; > "' > 0 otherwise we would have
k1 < v < 1 already.

Now since ,,n}illl,a has a local maximum at zy, we have

. gt
I VT, (3.7)

hll yntl g
h i VZZ ntl
wi Vil o (3.8)

hll yntl g —

We multiply (3.8) by hy1 F* = k1 F* (and summing over i),

Fiihllii — il Fiiviiyn—l—l S 0 (39)

Our strategy goes as follows. We will estimate each term in (3.9) and conclude
that if k; is bigger than some certain constant then the quantity in (3.9) will be
strictly positive which is a contradiction. Hence x; should be smaller than that
constant and we obtain the desired upper bound for x;.

By differentiating the equation F(h;;) = o twice and using the formulas in-
troduced at the beginning of chapter two, we find that the first term in (3.9)
is

Fihyy = —F5%" b by + o(1+ k}) — Ky (Z fi+ Z ﬁ?fz‘)
. Also, by lemma 2.3.4 the second term in (3.9) is
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’ V 1 n+1)\2
i Fiv, ot = 2/@1F“u v + ok + ()

yntl — g V”+1 —a

(S Yo

n+1_a

So (3.9) becomes

B 1 n+1\2
0 2 _Fﬂ,rshz’jlhrsl +o0o |:1 + H% - %Kl} (310)
ar
+ (meLZ’f?fz‘) n—l_a (3.11)
uz et
e YR 3.12)

Next, for the first term in (3.10) we apply lemma 2.3.2 to obtain

Before we proceed, we derive

V"t = —hg(g )y, by (2.18) in [15]

n+1 )
:( 95 — h,j) (g) " uy, by (2.1)

= Liymet
u

It follows from (3.7) that

I L S R
hii1 = K1 = —

n+1
14
yntl g I/n+1_au<

— Iﬁi)

and so the first term in (3.10) becomes

2 o om1\ 2
Rk ey > 2 fipe _gaNhimfiu Ry
ij 110kl
11 7 2 n-+1
/€1 — K KJl — R;U 14 —a

. Similarly, the last term in (3.12) becomes

2K U; 2K1 T
. E fi—lviyn"’_l _—— - E fz—l . —Z(yn—H — /g;i)
vitl —q u vl —q
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Therefore, we have

S o 1+ (vth)?

020 |14/ — ———r ,,n+1 (Z fi+ ) K fz> (3.13)
n 2 n 2 n+1

2 fi—fl%2 'fi—VH u; Ky — vV

+2ﬁlz,ﬁ_ﬁi$<yn+1_a +2“1‘Zfz 2ol — g (3.14)

i>2

i=1

Recall that our strategy is to make the right hand side strictly positive; more
specifically, we will show the right hand side is bigger than o(k? — C1r; + Cy) for
some positive constants C', Cy depending on a. Then, if k; is large enough, then
this quadratic expression will be strictly positive, which is a contradiction. Hence
k1 must have an upper bound.

There are both positive and negative terms in this inequality and we shall es-
timate each negative term to show that their negativity won'’t affect the positivity
of the overall sum.

There is a negative term inside the square bracket in the first line (3.13) and
we observe that

14 ()2
o1+ —L L

5 2
St g “11 >0 [1 + KT — a/‘él}
which can be made positive by assuming x; > %

For the second line (3.14), the first term is positive due to lemma 2.3.2 but
the second term can be potentially negative if x; < v"*!. The problem being we
are not sure about how negative they are. Let us break it into cases. When k; is
largely negative, we may add those terms to the sum Y7  k2f; in (3.13) so that
we could use the quadratic term to absorb the negativity:

u? k; — v
Vn-i—l me’+2ﬁlzf’ w2 ol — g
>T Z fi - (ar? + 2k; — 2071
v ri<yntl
Ki <Vn+1

Nl\)

where we have used > | =+ =1 — (V") < 1.

Observe that

ar; +2k; —2 >0 if k; < or ki =
a

—1—-+v1+42a —1++1+42a
a

that is, we only need to worry about those x;’s with —n < k; < v"*, where

_1+\/1+2a

a
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In particular, it suffices to consider the summands in the second sum of (3.14)
with —n < k; < V"L,

n+1

ui ki — v Lt
2’{1sz 2+l _ Z I/n+1 Z fl 2 - )

Ki<pntl

2K1 uzQ n+1
piyzieeel ID DD DI P {C Rl

Ki<—1n  —n<k;<vntl

Now we can rewrite the inequality (3.13)-(3.14) as

2 ak -
v=e {HK%_E’“} +,,n+1—l_azfi (3.15)
u? Ky — v
Vn+1 ZF& fit2m Y fzu2 T (3.16)
Ki<—n
fz fl UZ' KR; — pntl 2 u ki — 1
+ 26 Zﬁl_,{.ﬁ ol — g + 261 - Z fquW (3.17)
i>2 t —n<r;<pntl

with the first two lines being positive. It remains to ensure the third line is positive.
Note that the first term is positive by lemma 2.3.2; the trouble term is the second
one. Consider

J={i:—n<nr <"t 0f < fi}

L={i:—n<r <" 0f > fi1}

where 6 € (0,1) is to be determined. We have

u? k; — v u? Ky — vt
2hy - Z f"u2 V"H—a = 21 Z+Z f’uz il _
—n<r;<vntl ieJ  i€L
For the J-sum, since Y i, u—z =1— (v")? <1, we have
2k u; n+1 Vs
Vn+1_aZfi§(’ii_V ) = Vn+1_a2fz Ry =V (318)
ieJ ieJ
Wl ~(n+1) ; fi (3.19)
For the L-sum, we need to employ the first term in (3.17).
fz K — Vn+1 U Ki — n+1
z 2 p
Z K1 — K u2 vl —a + & Z o u? vl — g
€L
fi— fiu? (my—v" up K — v
2261 %L: K1 — K; w2 \ vt — g + 201 - ; figs u? l/”‘H

n+1

2 n+1
K1 u; R; — UV U R —
> (1= 0) Y ———fit (o) + 261 fit
- ( ) : K1 — K; ZUZ VnJrl_a ¢ 2 ynJrl
€L €L
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We note that

il =1+ i >1—L if —n < r; < "
K1 — K; K1 — K; 1+n
Le. - >1—p for some 0 < p := ﬁ < 1. We then have a coefficient of
(1—0)( pw)=1—p—0+pd>1—(u+6)>0 by choosing 0 <0 <1—p.
2 ntl\ 2 2 n+1

K1 w; (ki — v up ki — U

2k1(1 —6) Z mﬂﬁ (m> + 2kK1 - Z fi— 2 i g (3.20)
i€l i€L

u? (K — vt u? Ky — vt

>25 (1 —u—egﬁﬁ (T) + 261 Zf . (321
T T T k; — vt
:251;][@@ ol _ g (I/nJrl — 4 +1) (M+9)m (322)
=0
ui (ki = V") (ki — a)
2261 Z fis u2 (V1 — @)2 (3.23)
€L
— v ) (Kk; — a)
>, Z fl Ty (3.24)
i€L,k;>a
> — 25K Z Ji (3.25)
i€Ll,k;>a

Finally, adding up (3.19) and (3.25)

l/n+1 77+ Zfz_2’il Z fz

ieJ i€L,k;>a

n+1
>=2a— >,

—Nn<K; <yntl

> Ck; by (L.16)
The right-hand side of (3.15)-(3.17) becomes
0> 0'(1"‘/41% —C/il)

for some C' > 0 depending only on a and the proof is complete.
]

Together with the boundary C? estimate in section 3.2, we obtain a global C?

estimate
|u’c2 Q) < C

and hence a C%° estimate for admissble solutions. According to the method of
continuity, we have a sequence of solutions u® to (3.1)-(3.2). Letting e — 0 yields
theorem 1.0.4.
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