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ABSTRACT

Wavelet Packet Division Multiplexing (WPDM) is a multiple signal transmission technique
in which the message signals are waveform coded on wavelet packet basis functions for trans-
mission. It has the advantage of a parallel transmission system, but the overlapping nature
of such waveforms in time and frequency provides a bandwidth efficiency improvement over
the Frequency Division Multiplexing (FDM), whilst their orthogonality properties ensure
that the overlapping message signals can be separated by a signal correlation receiver.

The interference caused by timing errors in the receiver is examined, and modeled as
the information signal sequence filtered by interference filters. A design procedure which
exploits the inherent degrees of freedom in the WPDM structure to mitigate the effects of
timing error is introduced and a waveform which minimizes the energy of the timing error
interference is designed. An expression for the probability of error due to the presence of
Gaussian noise and timing error for the transmission of binary data is derived. The perfor-
mance advantages of the designed waveform over standard wavelet packet basis functions
are demonstrated by both analytical and simulation methods.

The performance of WPDM in impulsive noise and Gaussian noise is analyzed, simu-
lated, and compared with the performance of a commonly used serial transmission system,
Time Division Multiplexing (TDM). The results support the instinct that WPDM as a

parallel transmission system provides greater immunity to impulsive noise than TDM.
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The performance of WPDM in fading channels is analyzed, and the time domain equal-
ization technique - Pilot Symbol Assisted Modulation (PSAM) - is applied to suppress the
error floor which is common in digital communication with coherent reception in fading
channels. The derivation and simulation show that in flat fading channels, the error floor
in WPDM is suppressed as successfully as FDM with the PSAM, and the frequency of
pilot symbols used in WPDM is less than that in FDM to acquire the sufficient channel
estimation, thus the WPDM wastes less capacity and energy on pilot symbols than FDM.
The analysis of WPDM in two-ray frequency selective fading channels with PSAM is done,
and shows that error floor is also suppressed to some extent, but not as striking as for flat
fading channels. The reason for this is revealed in the analysis.

The bandwidth efficiency improvement of WPDM, its simple implementation, its greater
immunity to impulsive noise, and its good performance in fading channels indicate that

WPDM holds considerable promise as a multiple signal transmission technique.
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Chapter 1

Introduction

1.1 Wavelet Packet Division Multiplexing

Multiplezing is a commonly used technique in multi-user communication systems [1-3],
whereby a number of independent message signals can be combined into a composite signal
suitable for transmission over a common channel. In practice, there are two commonly
used methods for multiplexing signals: (1) frequency division multiplexing (FDM) and (2)
time division multiplexing (TDM). In FDM, the band-limited baseband signals are shifted
upwards in frequency by modulating different sinusoidal carriers to occupy non-overlapping
bands as shown in Fig. 1.1. On the other hand, in TDM, the baseband signals are sampled
and are usually represented in digital codes. The transmission of these samples engages

the channel periodically for different non-overlapping time slots as illustrated in F ig. 1.2.

Figure 1.1: FDM: nonoverlapping frequency bands.



Figure 1.2: TDM: nonoverlapping time slots.

The non-overlapping frequency band in FDM or the non-overlapping time slot in TDM is
usually called a subchannel.

To facilitate separation of the subchannels at the receiver, specific orthogonality con-
straints are imposed in multiplexing. Let 1;(t) be the modulating signal of ith subchannel,
which is assumed to be in the space of finite energy signals, £,(R). The orthogonality
constraint is

(%i(t), j(t — kT)) = 6[ — j]6[K], (1.1)
where (9;(t), ¥;(t)) denotes the £ inner product of the two functions ¥;(t) and ¢;(¢) defined

as
0

(%i(t), ¥;(2)) = /oo Gi(t);(t) dt,

and é[k] is the Kronecker delta defined by

1, k=0
8[k] =
0, k£#0.
In FDM and TDM, the orthogonality of different subchannels is obtained by non-
overlapping frequency bands and non-overlapping time slots respectively.
FDM was the earliest technique used to enable multiple simultaneous voice conversations
to be transmitted over a common channel, and originally was used exclusively in commu-
nication systems. Gradually, FDM has been replaced by TDM. This evolution to TDM

was based upon the advantages associated with digital signaling in comparison to analog

signaling, such as reliability, voice and data integration capability, ease of encryption, etc.



Nevertheless, FDM can also be used to transmit digital signals. In such cases, FDM is
favored over TDM for the following reasons. Firstly, in contrast with TDM in which each
data symbol occupies the entire available bandwidth, an individual data element in FDM
occupies only a small part of the bandwidth. Therefore, FDM is less sensitive to wide band
impulse noise interference, and less sensitive to channel distortion [4]. Secondly, FDM is
essentially spreading out the total signal interval, thereby reducing the sensitivity to delay
spread. Thirdly, in TDM, certain types of noise, such as narrow-band interference or strong
attenuation in some frequency band, may cause the entire system to be disabled. This can
be avoided in FDM by dropping out only the subchannels affected.

The advantages of FDM over TDM are, in fact, the advantages of a parallel transmission
system over a serial transmission system. FDM is one of parallel transmission systems (in
which the signals of different subchannels are transmitted in parallel), and TDM is a specific
serial transmission system (in which the signals of different subchannels are transmitted in
sequence).

However, nonoverlapping spectra of the different channels in FDM results in inefficient
use of the bandwidth. Sufficient guard band is needed between adjacent subchannels to
isolate them at the receiver using conventional filters. When much more efficient use of
bandwidth is required, one of the popular multiplexing is orthogonal FDM (OFDM), which
was first proposed in 1960’s [5,6], and is now attracting widespread interest from both
researcher and product developer. OFDM abandoned the use of steep bandpass filters that
completely separated the spectra of individual subcarriers in FDM. Instead, in OFDM the
spectra of subcarriers are permitted to overlap as in Fig. 1.3, with the orthogonality in
waveforms.

That is, for each subchannel, the waveform 1;(¢) to modulate one symbol has to be

orthogonal to its translated version in order to eliminate intersymbol interference (ISI)
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Figure 1.3: OFDM: overlapping frequency bands.

and different subchannels remain mutually orthogonal to eliminate interchannel interfer-
ence. Design of these functions v;(¢) overlapping in both time and frequency domains was
discussed in [6].

With each subchannel of OFDM modulating a subcarrier, for a large number of sub-
channels, the array of sinusoidal generator and coherent demodulator would become unrea-
sonably expensive and complex. However, it has been shown that OFDM can be effectively
realized by discrete Fourier transform [4,7], which has a fast algorithm and can be easily
implemented by using a digital signal processor. It is the digital realization that makes
OFDM attractive, and proposed as part of the standards in High-speed Digital Subscriber
Line (HDSL) and Asymmetric Digital Subscriber Line (ADSL) [8]. Now OFDAI is also
considered to be employed in mobile radio applications and wireless multimedia communi-
cations [9]. It is well known that mobile communication channels are not reliable transmis-
sion media since they are time varying and experience various fading. Depending on the
environment, some sub-frequency bands may lie in the frequency null (i.e., the attenuation
in these bands is extremely high) or suffer severe interference from other transmitters [10].
OFDM has the flexibility of allotting the given signal power to different subchannels accord-
ing to the channel condition to maximize the channel capacity. The bandwidth efficiency

advantage, together with the simple implementation, and the flexibility in assignment of



signal powers, make OFDM attractive in wireless communications.

Looking at the wavelet transform developed in late 1980’s, we find that a set of basis
functions from a wavelet packet matches the waveform requirement in OFDM. These basis
functions are orthogonal with one another and are orthogonal across translations. Using
these functions in a multiplexing system guarantees efficient use of the spectrum because
of the overlap spectra of these basis functions. Moreover, these functions are essentially
generated from one function, therefore the problem encountered in OFDM due to inaccurate
subcarrier frequency and phase never occur in the multiplexing based on wavelet packet.
Following the convention in [11-13], the multiplexing based on wavelet packet is called
wavelet packet division multiplezing (WPDM).

Furthermore, using directly the properties of wavelet transform, WPDM elegantly cor-
responds to a digital realization and can be implemented in two steps. First, data streams
of each subchannel are digitally multiplexed by the discrete wavelet packet reconstruction
filter, which is a finite impulse response (FIR) filter bank. The second step is the waveform
coding of the reconstructed sequence. The wavelet packet demultiplexer is just the inverse
of the above procedures; i.e., demodulate the waveform coding, then decompose the demod-
ulated sequence through the discrete wavelet packet decomposition filter. Again, the filter
is in fact an FIR filter bank.

It is the interesting properties of wavelet transform and OFDM that motivated us to
propose the WPDM. On the other hand, WPDM and OFDM have a fundamental difference

that motivated us to investigate WPDM in more details.

1.2 Major contributions of thesis

By exploring the various properties of wavelet transform, applications in several areas have

been found, such as image processing [14], acoustic signal processing (15], communica-



tions [13,16-24], etc. As one of the applications in communications, multiplexing based on
wavelet packet is proposed and studied in the thesis.

The basis functions from a wavelet packet may be orthogonal and each function may
be orthogonal to its translated versions, although these functions overlap in both time and
frequency domains. This property satisfies the waveform requirement of OFDM exactly.
Therefore, WPDM is proposed as an alternative bandwidth efficient OFDM. Wherever the
OFDM is used, the WPDM can be used with more bandwidth efficiency and less complexity,
which will be addressed in more detail.

One difference between OFDM and WPDM is that for OFDM, each subchannel has
the same spectral shape, while this does not hold for WPDM. Thus, although WPDM and
OFDM should behave similarly, exactly identical performance cannot be expected. The
performance of OFDM in various noise environments has been extensively researched [7,25]
since it was first proposed in 1960’s. For WPDM, performance analysis and simulation
are also needed. This constitutes another main topic of the dissertation beside the system
model [11-13,26-28]. The following environments are focused on: 1. timing error and
Jitters existing between transmitter and coherent receiver; 2. impulsive noise channels; and
3. fading channels.

First, the proposed multiple signal transmission and reception system WPD)I exploits
the self and mutual orthogonality of a set of basis functions so that the message signals
can be separated by coherent detection. Signal transmission schemes based on coherent
detection are vulnerable to errors caused by timing discrepancy, so we analyze the effects
of timing errors and jitters [11-13]. The interference due to a timing discrepancy is made
up of two components, intersymbol interference (ISI) and interchannel interference (ICI) or
crosstalk, which we model as the message signal from the given channel and the adjacent

channels passing through interference filters. The simple model leads us further to propose
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an optimum design of wavelet, which minimizes the timing error interference. We also
obtain expressions for the probability of error under the effects of timing error and additive
white Gaussian noise (AWGN). Corresponding simulations are employed to confirm the
validity of our interference model.

Second, impulsive noise may be a primary source of system performance degradation
in some cases, such as in the transmission of data over telephone networks. Intuitively,
multiplexing in frequency domain performs better than multiplexing in time domain in
such environment. Here, we derive an expression for the probability of error for WPDM
in the presence of both impulsive and Gaussian noise [26,27]. The derivation extends
previous work on the performance of digital communication systems when impulsive noise
and Gaussian noise are the causes of error {29-32] to WPDM. For the purpose of comparison,
the performance of a TDM system in the same channel environment is also evaluated. The
calculations and corresponding simulation results illustrate that WPDM can provide greater
immunity to impulsive noise than TDM. This result is intuitively expected, since. one noise
burst, which can destroy one bit in TDM, will be spread over all the channels of 2 WPDM
system. In each channel, the spread effects of the impulsive noise may not be strong enough
to cause an error.

As in OFDM, besides bandwidth efficiency, in WPDM the limited transmission power
can be allotted to different subchannels according to the channel characteristics to maximize
the overall transmission rate. This property makes WPDM attractive in mobile commu-
nications, in which communication channel varies from time to time and channel gains in
different subchannels may have a big difference. In general, a mobile channel is character-
ized by fading, which may be flat or frequency selective. Usually, flat fading causes an error
floor (or irreducible bit error rate), in digital communication systems, including WPDM.

That means that the system performance cannot be improved by simply increasing signal
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power. A time-domain equalization technique Pilot Symbol Assisted Modulation (PSAM)
is applied in WPDM to suppress the error-floor. The theoretical analysis and simulation
results show that the PSAM helps WPDM suppress the error-floor successfully. The perfor-
mance comparison between WPDM and FDM illustrate that WPDM wastes less energy and
bandwidth in pilot symbols than conventional FDM [28]. The similar PSAM is also applied
in two-ray frequency selective fading channels. The performance analysis and simulation
demonstrate that when the time delay spread is small relative to the bit duration. e.g. less
than or equal to 20%, WPDM performs well, although the error floor is not completely
suppressed.

In frequency selective fading channels, since some of the subchannels may lie in the
frequency bands which have small channel gains, a high bit error rate may be expected from
these subchannels. However, in WPDM the errors do not spread over other subchannels.
Thus, we may either allot little power on the subchannels with low channel gains or simply
discard them. These discarded subchannels may be used by other users which may be in
another location and may not have small channel gains. In TDM, since one bit occupies the

whole available bandwidth, no such flexibility is available to enhance system performance.

1.3 Outline of thesis

We have explained the motivation of proposing WPDM as an bandwidth efficient multi-
plexing scheme in the present chapter. The concepts of the scheme will be developed. First,
wavelet transform, wavelet packet, and their properties relevant to our application are re-
viewed in Chapter 2. In Chapter 3, system model of WPDM based on the orthogonal basis
of wavelet packet and its equivalent discrete realization are described. The bandwidth effi-
ciency issue is also discussed. Since wavelet functions often look irregular, concerns on how

to recover the synchronizing signals may be raised. Hence, one of many possible schemes
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on symbol synchronization is briefly addressed in Chapter 4. Followed immediately is the
discussion of the interference due to timing error. The mathematical model is proposed
to characterize the interference. Based on the interference model, the optimum wavelet
design criterion is proposed and the probability of error is analyzed. The theoretical anal-
ysis and simulation of WPDM in the presence of both impulsive noise and Gaussian noise
are presented in Chapter 5. Moreover, a quantitative comparison between WPDM and
TDM is given. Chapter 6 focuses on the performance of WPDM in fading channels. In flat
fading channel, the performance of WPDM using PSAM is analyzed and simulated, and
WPDM is compared with FDM. In two-ray selective fading channels, analysis and simula-
tion of WPDM with PSAM is also presented. Finally, Chapter 7 concludes the thesis with
a summary of what has been done, and future work is suggested to promote WPDM as a

practically competitive bandwidth efficient multiplexing scheme.



Chapter 2

Wavelet and Wavelet Packet

The theory of wavelets and wavelet packets is by now a well-developed subject and can be
found in a number of textbooks [33—40] and tutorial articles [41-46]. However, in order to
keep the thesis self-contained, we briefly summarize the concepts of wavelets and the proper-
ties related to our application. Since multiresolution analysis provides a natural framework
for the understanding of wavelet bases, we will start from multiresolution analysis.

A multiresolution analysis (MRA) [14,33] consists of a collection of embedded subspaces
Va!

.CVacVncVpCcVoC... (2.1)
in the space of finite energy signals, £,(R), with properties:
ﬂlEZWI = {0}7

Usez"a = £L2(R),

and

s(t) € Vg <> s(2t) € Vp1.1,

!Whilst the double subscript notation may seem redundant at this point, it simplifies the extension to
wavelet packets.

10
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where Z represents the set of integers, and s(t) is a £o-function. Each subspace V;; has an
orthonormal basis {¢¢1(t —nT¢)}nez, ? generated by translations of a single function ¢g (2).
Furthermore, the basis functions for different subspaces can be obtained from each other
by dyadic dilation; i.e.,

da(t) = 242p0 (274%), (2.2)

and T; = 2¢Ty. Since Vi C Ve—1,1, we can write ¢¢(t) as a linear combination of the

orthonormal basis functions of Vp_; 1; i.e.,;?

ée1(t) = Y _ h[n]e—1,1(t ~ nTe-y), (2.3)

where

h[n] = (@e-1,1(t — nTe-1), P (2))

and (-,-) denotes the L, inner product.* A cursory examination of Eqs (2.2) and (2.3)

reveals the close relation between h[n] and . (2); i.e.,
da1(t) = V2> _ h[n]de (2t — nTy). (2.4)
Integration of both sides of Eq. (2.4) with respect to ¢
[ eatvit=vES hin) [ ga(2t - nTar

yields

which ensures uniqueness of ¢z ().
The construction of ¢ () from h[n] can be carried out using several algorithms [39,41,

48], one of which is the “cascade” algorithm in which the approximations are successively

2The translation factor for the space Vo1, To, is set equal to one in most developments of MRA, but it
will represent a fundamental symbol period in our application so we leave it explicit.

3We follow the signal processing convention to use square brackets for the argument of a discrete-time
sequence [47].

*Due to the dilation isometry (Eq. 2.2), k[n] is independent of £.
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refined by dyadic contraction and (tapped-delay line) filtering with the filter coefficients

h[n], starting from a unit energy “box” function of duration T,. That is,

#)(8) = V23 hln]gli (2t - nTy), (2.5)

where ¢g) is the jth approximation of the ¢4 (t) and

1/VTe 0<t< Ty,
#(t) =

0 otherwise.

We terminate the iteration of the approximation when ”¢$’{) (t) — ¢g_1)(t)”2 < €. where
(| - ll2 denotes the L2 norm and €4 is a pre-set accuracy measure. The above procedure
generates an approximation of the ¢ (¢).

Indeed, in order for the set of functions {¢¢ (t — nTy)}nez to form an orthonormal basis

for the space Vi, h{n] must satisfy the orthonormality constraint
Z h[n]h{n — 2m] = §[m], (2.6)
n

where §[m] is the Kronecker delta [34,48].

Given such a sequence h[n], we can find a sequence g[n] satisfying

Z glnlhln—2m] =0

such that the function

$e2(t) = Y _ gln)de-1,1(t — nTp1) (2.7)

forms an orthonormal basis for the orthogonal complement of Ver in Ve_y,1, which we will
denote by Vq; i.e.,

Ve-11 = Vo P Vee,
and

(ber(t), de2(t)) = 0.
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The sequence g[n] can be chosen to be a reversed, modulated and shifted version of h[n],
gln] = (-=1)"R[1 - n}, (2.8)

where n € Z. The resulting basis functions ¢¢; () and ¢ (t) are called the scaling function
and wavelet at scale £, respectively. To interpret Eqgs (2.3) and (2.7) in the familiar frequency
domain, we note that ¢ () occupies only half the bandwidth of b¢—1,1(t), due to their
dilation relation. Thus Egs (2.3) and (2.7) can be conceived of as a low-pass (LP ) and a
high-pass (HP) discrete-time filtering (i.e., tapped delay line filtering [2,49]) of the signal
Pe-1,1(t) to obtain ¢ (t) and @e(t), respectively. If the sequences h[n] and g[r] in a
particular MRA are finite, they can be realized as FIR filters forming an orthonormal two-
channel perfect reconstruction filter bank [34,48]. This connection is the key to many
applications of MRA [14].

In an analogous way to Eqgs (2.3) and (2.7), we can recursively partition the spaces Vi,
(£>0,1<m<2%as

Vl,m = I/l-{v~1,2m—-1 @ Vé+1,2m1

with the corresponding orthonormal bases {¢¢11,m(t — nT¢)}necz obtained in the following

tree-structured manner [17]:

Pes1,2m-1(t) = Z h[n]pem(t — nTy), (2.9)

Ser1,2m (1) = D glnlem(t — nTy). (2.10)

Here, the first subscript denotes the “level” in the tree structure induced by the recursive
decomposition of Vo; and the second subscript denotes the position of a node in a given level.
We can grow or prune the tree in any desired fashion, and the functions dem(t) at the “leafs”
or terminals of a given tree structure provide a set of “wavelet packet basis functions” or
simply a wavelet packet, as exemplified in Fig. 2.1. The corresponding subband structure in

the frequency domain is shown in Fig. 2.2.
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Figure 2.1: A typical wavelet packet tree structure.
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Figure 2.2: The subband structure of the tree, for representative filters.
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It is worthwhile to summarize the property of such a wavelet packet: The orthonormal
wavelet packet basis functions overlap in both time and frequency domains; each function
has a duration several times longer than T,, which provides the wavelet packet with a
potential of having a good frequency concentration, and therefore is a desirable property in
communications.

Since Viy12m is the orthogonal complement of Vit1,2m-1 in Vy,,, we can write the
function @¢m, (t) as a linear combination of translated versions of Ot41,2m-1(t) and ey 2m(t)-
Using Eqs (2.9) and (2.10), the coefficients of the linear combination can be shown to be

reversed versions of the decomposition sequences h[n] and g[n] [14]; i.e.,

bem(t — nTe) = D h[n — 2k)et1,2m—1(t — kTeq1) + > gln — 2k]es1 2m(t ~ kTg4r). (2.11)
2 k

Continuing this process, we can reconstruct ¢o;(t) from the terminal functions of an arbi-
trary tree-structured decomposition:
$o1(t —nTo) = > > fimln — 2%k]¢em(t — kTy), (2.12)
teL, meM, k
where £ denotes the set of levels containing the terminals of a given tree, M, the set of
indices of the terminals at the £th level, and fem[n] is the equivalent sequence (filter) built
from the combinations of [n], g[n] and dilation (down-sampling) which lead from the root

to the (¢, m)th terminal; i.e.,
bem(t = nTe) = Y fom[k — 2n]do1(t — kTo). (2.13)
k

For a given tree structure, the functions ¢y, (t) in Eq. (2.13) will be called the constituent
functions of ¢o1(2)-

In addition to providing a framework for understanding and constructing wavelet packet
bases, multiresolution analysis leads naturally to a fast scheme for the computation of the

wavelet packet coefficients of a given function.
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Figure 2.3: Schematic representation of wavelet packet decompostion.

Since {¢¢m(t — nT¢)}ncz is an orthonormal bases of the space V., the projection of
an Lr-function s(t) on Vim is 3f Zem[klbem (t — kT¢), where z4n[k] = (s(t), em(t — kT2)).
Suppose that we have computed, or are given zg;[n]. By taking the inner product with
s(t) in both sides of Eq. (2.13), it follows that the wavelet coefficients at the terminal (€m)

(£> 0) can be computed from
Tem[n] = Z femlk = 2'n]z01[E). (2.14)
k

That is, the z¢m[n] are obtained by convolving the sequence zq;[n] with fen[—n] and then
retaining only samples at 2‘n. Eq. (2.14) is called the wavelet packet decomposition formula.
On the other hand, suppose the coefficients zm[n] are given. Computing the inner

products of s(t) with both sides of Eq. (2.12) results in

zalrl= Y Y femln — 2%]zem[k], (2.15)

el, meM,; k

which is called the wavelet packet reconstruction formula.

Schematical representation of wavelet packet decomposition Eq. (2.14) and wavelet
packet reconstruction Eq. (2.15) are presented in Fig. 2.3 and Fig. 2.4, respectively.

If h[n] is chosen to be finite length, both wavelet packet decomposition and reconstruc-
tion are implemented by a bank of FIR (finite impulse response) filters, and there are no

interconnections among the filters.
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Figure 2.4: Schematic representation of wavelet packet reconstruction.
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Chapter 3

Wavelet Packet Division

Multiplexing

In this chapter, we will present how the orthogonal wavelet packet bases are applied in
multiplexing and key features of such a multiplexing scheme. The analogies and differences
between multiplexing based on the wavelet packet and other major multiplexing schemes are
discussed. As one of the main advantages, the bandwidth efficiency of the new multiplexing

system is compared with that of conventional FDM.

3.1 Application of wavelet packets in multiple signal trans-
mission

In our application of wavelet packets to multiple signal transmission, we consider a TDM
system in which there are Ky, independent message signals interlaced with one another.
Each message signal can be either binary or multilevel, independent of the number of levels
in other signals. In the thesis, we treat the case of binary signaling in each message signals.

Thus, in between two consecutive binary symbols of the same message there are K¢y — 1

18
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other binary symbols, one from each of the other message signals. The combined sequence
forms a composite sequence of binary symbols z¢,[r] such that z¢,[n] = 1. The system
that we propose here seeks the representation of the binary symbols “1” and “—1” by ¢ ()
and —@en(t), respectively, so that the waveform-coded composite TDM sequence is given
by

Sem(t) = \/E;Z Tem [n]Dem (t — nTy). (3.1)
Here Ej is the energy in one symbol. The optimal receiver for s¢,(t) in the additive white
Gaussian noise (AWGN) channel is the well-known correlator followed by a sampler [1,3.50,
51]. In practice, the scaling function ¢o1(t) will usually be chosen to have finite duration,
so that the constituent functions ¢, () are also of finite duration (and the filters h[r] and
g[n] are FIR filters). Note, however, that the duration of ¢, (t) is often larger than the bit
interval, T;. The orthogonality of the set {¢s,(t — nT¢)}necz ensures that such overlap will
not cause (inter-symbol) interference.

Since all the constituent functions in a given tree structure are orthogonal to each
other, we may employ all of these constituent functions to carry binary data from different
TDM groups of users, whilst maintaining the simple correlator structure of the receiver.
The configuration of this multiple signal transmission system is shown in the left half of
Fig. 3.1, in which the tree structure has been chosen to have M terminals. At the (¢, m)th
terminal (the mth node of the fth level), the group of binary messages {ry,...,rx, .} is
time multiplexed by a commutator, and the resulting binary sequence z.y,[n] is waveform
coded as in Eq. (3.1). Obviously, binary sequences waveform coded by constituent functions
at different levels will have different bit intervals (or, equivalently, different bit rates), while

sequences at the same level have equal bit intervals. At the output of the transmitter, we
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Figure 3.1: WPDM system model.
have a composite signal given by
s)=VE Y. D zum[n]pwm(t - nTe). (3.2)

el,meM, n
The reception of such a composite signal can be carried out using a bank of correlating
receivers, as shown on the right half of Fig. 3.1.
However, by using the efficient wavelet packet reconstruction formula Eq. (2.15), it can

be seen that

s(t) = VEy y_ zo1[k]oor(t - kTo), (3.3)
k
where zo;[k] is the equivalent sequence at the root of the tree,
zalkl= Y. D femlk —2'n]zem[n), (3.4)
eL,meM n

from which the original message signals can be recovered using wavelet packet decomposition
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formula
Zem[n] = ) fem[k — 2'n]zor[k]. (3.5)
k

Egs (3.3) and (3.4) suggest an alternative realization of the WPDM system in which the
bank of modulators in the transmitter is replaced by a multi-rate filter bank built from
filters with impulse responses fyn[—n] (or appropriately shifted versions thereof), and a
single modulator.

The receiver can also be alternatively realized, as suggested in Egs (3.3) and (3.5), by a
single correlator followed by a bank of discrete-time multi-rate filters with impulse responses
fem[n]. This alternative realization of the receiver simply implements Mallat’s algorithm
for the calculation of a wavelet series [14], and the alternative realization of the transmitter
implements the inverse algorithm. This equivalent configuration of the system is shown in
Fig. 3.2.

The multiple signal transmission and reception system in Figs 3.1 and 3.2 is the so-
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Figure 3.3: A basic OFDM system.

called wavelet packet division multiplexing (WPDM) in the thesis. It is noted that the
transmitted signals in both realizations are identical, and hence so is the performance of
the systems in the AWGN channel. It is also noted that since the WPDM system transmits
orthogonal antipodal waveforms to represent the binary data, its performance in the AWGN

channel is identical to any other transmission system which uses such waveforms.

3.2 Analogies and differences between WPDM and OFDM

OFDM was proposed to make fuller use of the available bandwidth by allowing subchannels
overlapping, while maintaining the advantages of FDM systems such as combating impul-
sive noise and avoiding equalization. Since the subchannels are overlapped, time-domain
waveform has to be carefully designed to satisfy the orthogonality constraint stated in
Eq. (1.1). One of the OFDM system block diagrams is shown in Fig. 3.3 [4], where G(w)

was carefully designed to eliminate ISI and interchannel interference. As an example, go(£),
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the time-domain function of G(w), is chosen to be a rectangular function; i.e.,

1 0LtL<T

go(t) =
0 else

where 1/T is the transmission rate of one subchannel. The functions
2r .\ .
gi(t) = go(2) cos (th) ,0=1,2,...,N. -1 (3.6)

are orthogonal with each other, although they all lie in the duration [0, T] and their spectrum
is overlapped with subcarrier separation 27/T. Because of the window effect of go(t).
each of the subchannels takes a shape of fﬂ;ﬁl in the frequency domain. With the N,
functions as the modulating waveforms for N. subchannels, N. bits are transmitted in
duration [kT, (k+ 1)T],k € Z, each from one subchannel. In digital implementation. since
the DFT or inverse DFT is performed on the N, bits, the N, bits are usually called a
block [52]. The OFDM signal is, in fact, a block followed by another block, and there is no
overlap between the adjacent blocks.

It has been seen that orthonormal wavelet packet basis functions may overlap in both
time and frequency domains, and satisfy the constraints in Eq. (1.1) exactly. So they are
natural choices to be used in bandwidth efficient multiplexing system.

In OFDM, in order to avoid the arrays of sinusoidal generators and coherent demod-
ulators, digital implementation of OFDM was proposed. Fig. 3.4 shows one of the digital
models, where DFT (or FFT) is used. Through MRA, the digital implementation model of
WPDM was also derived as system model II.

In spite of the similarity between WPDM and OFDM, there are major differences be-
tween the two bandwidth efficient schemes. First, the spectrum of each subchannel in a
WPDM system has a different shape, while all the subchannels of an OFDM system have the

same spectral shape. The spectral comparison is illustrated in Fig. 3.5. More importantly,
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Figure 3.4: A digital implementation of OFDM

(2) WPDM.

(b) OFDM.
Figure 3.5: Spectral shape comparison between WPDM and OFDM.
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WPDM is more bandwidth efficient than OFDM. When the OFDM signal passes through a
bandlimited channel, the waveforms representing one block extend beyond the duration T
and thereby causes interference between adjacent blocks. Usually, a rectangular function,
such as go(t), has a strong sidelobe, thus the interference due to the bandlimiting is severe.
In order to alleviate the interference, a guard period is inserted between the blocks [7,52].
On the other hand, in WPDM, the duration of a wavelet packet basis function is not limited
to [0,T], and is usually much longer than 7. Thus the waveforms can have such a good
frequency concentration that a bandlimited channel will essentially not cause interference
and no guard time is necessary. It is the guard time in OFDM that makes OFDM less
bandwidth efficient than WPDM.

In addition, digital implementations of WPDM and OFDM have different structures. A
WPDM system is implemented by a bank of FIR filters, and there are no interconnections
among the filters of each subchannel. Hence, a simple and real-time implementation can be
realized. The implementation of OFDM, however, requires inverse DFT and DFT trans-
forms. Although there are fast algorithms for DFT and inverse DFT, the implementation
of the transforms is more complex than a bank of FIR filters (no interconnection). Thus

WPDM has a simpler implementation than OFDM.

3.3 Features of WPDM

— Bandwidth efficiency

As discussed in the last section, even compared with the bandwidth efficient OFDM, WPDM
is more efficient in the bandwidth usage, since no guard time is necessary.

Since the constituent functions used in WPDM can overlap with one another in both
time and frequency domains, we can expect the multiplexing is more efficient in bandwidth

usage than conventional FDM systems. We will give a detailed discussion on this in Section
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3.4.
— Generalized form of TDM, FDM and CDM

We can view the WPDM system as a combined form of TDM and FDM. If each user in a
WPDM system is assigned a constituent function ¢, (t) to carry the message data, then
the WPDM system is reduced to a wavelet carrier (WC) FDM system. On the other hand,
if only ¢01(t) is employed to carry the time-multiplexed binary data from different users,
then the WPDM system is reduced to a WC TDM system. It should be emphasised that
the WC TDM/WC FDM systems arrived at by taking the extreme cases of WPDM are dif-
ferent from conventional TDM/FDM systems in the sense that a conventional TDM/FDM
system does not have overlapping time slots/frequency bands. However, in the special WC
TDM/WC FDM systems, overlapping time slots/frequency bands are allowed. The signals
from different users are separated by the orthogonality of the waveforms. The allowance
of overlapping frequency bands results in an increase in the number of users being able to
share the channel compared to an FDM system.

We can also interpret the WPDM scheme as a member of a class of generalized orthogo-
nal code division multiplexing (CDM) schemes in which the codes are the equivalent filters
fem[k] and the chip waveform is @o1(t). This generalized class includes the conventional
orthogonal CDM schemes, but extends those schemes to allow for real-valued orthogonal
codes which overlap in time, and orthogonal chip waveforms which have a duration longer

than the chip interval.
— Dynamic assignment of channels

It has been seen that in one particular partition of Vp;, the functions dem (t) at different
levels ¢ carry information bits at different rates, and therefore can be assigned to users
to satisfy different transmission rate requirement. This useful property turns out to be a

complicated solution if the system model I is employed and every waveform of ®em(t) has to
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be generated explicitly. However, by using the equivalent digital model, only discrete filter

coefficients need to be changed to employ ¢¢n(2) at different levels.
— Immunity to impulsive noise

It has been explained that WPDM is a generalized form of TDM and FDM. When WPDM is
used as WC FDM, it has the advantages of an FDM system. Greater immunity to impulsive

noise is one of the advantages. This property will be discussed in more detail in Chapter 5.

3.4 Bandwidth efficiency of WPDM

Similar to OFDM, WPDM is proposed as a bandwidth efficient multiplexing scheme. In-
deed, this is one of the original motivations for WPDM. In order to appreciate the advantage
and substantiate our intuition, we compare the required bandwidth of the WPDM system to
that of the FDM system. In deriving the following results, we assume that the transmitter
filters and data processors operate in baseband, since in practice signal shaping and data
processing are usually performed in baseband (5].

We consider a multi-user communication system in which there are 2¢ user messages,
each having a bit interval of T; seconds. In an FDM system, each message modulates a
different sinusoidal carrier and requires a bandwidth of (1 + a)/Ty Hz, where a is the “roll—
off” factor of the frequency characteristic of the pulse used to represent the signal. If a
pulse with an ideal LP characteristic (having a bandwidth from —2LT, to %7 Hz) is used,
then @ = 0. In practice, pulses with a raised cosine characteristic, for which 0 < a < 1, are
generally used [1,3,50,51]. In addition, to avoid interference from the adjacent subchannels
due to subcarrier frequency drifting, a guard band of bandwidth 04/T; is inserted between

the frequency bands of the message signals. Thus, the total bandwidth required from the
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transmission channel is

21 +a+d,) Hs
== Hz.

Wr
Now, consider the same 2¢ users employing the WPDM system in which each message
modulates a finite duration constituent function from the ¢th level of the tree structure in

Fig. 3.2. Although the total bandwidth of the constituent functions is theoretically infinite,
we can define a 7-effective bandwidth of ¢o1(t) to be B,/Tp such that
228/ To oo

Lo o 20 o = 1 [~ @0a(w)” dos (3.7)
where ®¢;(w) is the Fourier transform of ¢g(t), for 0 < v < 1. It is customary to choose
7 = 0.99[53,54]. Of course, the y-effective bandwidth in Eq. (3.7) is also the total v-effective
bandwidth of the 2° constituent functions. We transmit the 2¢ constituent functions in
double side-band (DSB). The total y-effective bandwidth needed to transmit the 2¢ messages

in the WPDM system is

B, 2B,
Wy = 21 = .
w=T, =T, 12

and hence the ratio of the total bandwidths of the two systems is given by

_Ww 28,
= WF - 1+a+6g.

There are many orthogonal scaling functions for which 8, < 1, among them, the well-known
functions generated by Daubechies filters of length greater than or equal to 6 (34,48]. If
we choose one for which the ratio < 1, we obtain a bandwidth reduction over the FDM
system. Table 3.1 shows the values of 3, for the Daubechies filters of different lengths,
as well as the values of the bandwidth ratio 5 for the representative values a = 0.5 and
6g = 0.2. It can be observed from the table that if a Daubechies filter of length 14 is
used, the WPDM system requires only 70% of the transmission bandwidth required by the

corresponding FDM system — a substantial saving. The spectral energy characteristics of
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the two systems in the case of four users are illustrated in Fig. 3.6. F ig. 3.6(a) shows the
characteristics of the four user messages in the FDM scheme, and Fig. 3.6(b) shows the
characteristics of the four user messages in the WPDM scheme (using Daubechies filters of
length 14). The combined frequency characteristic is shown by the solid line and the 99%
energy bandwidth is also indicated. In closing this argument, we point out that the nature
of the bandwidth saving discussed above is independent of the structure of the WPDM tree.

It is worth of noting that although the Daubechies wavelets employed throughout the
thesis illustrate the principle of WPDM system properly, they may not be good wavelets
when the bandwidth efficiency is considered. The reason is that the Daubechies wavelets
are aimed at giving the maximum regularity, not particularly for frequency concentration.

A wavelet with better frequency concentration is given in [20].



N

4

6

8

10

12

14

16

18

20

By

1.62

0.77

0.66

0.63

0.62

0.60

0.60

0.59

0.58

n

1.91

0.91

0.78

0.75

0.72

0.70

0.70

0.69

0.68
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Table 3.1: Values of 8, and 7 for scaling functions generated by Daubechies filters of length

N with a = 0.5, 6, = 0.2 and 7 = 0.99.



Chapter 4

Timing Errors

4.1 Introduction

In digital communications, there is a hierarchy of synchronization problems to be consid-
ered [3,50,55]. First, the baseband signal, such as the multiplexed signal in the last chapter,
often needs to be modulated on a high frequency carrier for transmission. Thus, there is
the problem of carrier synchronization which concerns the generation of a reference carrier
with a phase matching that of the transmitted signal. This reference carrier is used at
the receiver to perform a coherent demodulation operation, recovering the baseband signal.
Next comes the problem of synchronizing a receiver clock with the baseband sequence. This
is commonly called symbol synchronization. Beside these, there are also word and frame
synchronizations.

Carrier synchronization is necessary for any coherent reception communication system.
Various methods [55-58] have been proposed, and for each method, the effect of synchro-
nization error has been analyzed. These carrier synchronization methods and performance
analyses can be directly applied to WPDM if carrier modulation is employed in it. Within

the scope of this thesis, we simply do not consider carrier synchronization and always assume
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that carrier synchronization is perfect.

On the other hand, although the symbol synchronization in baseband exists in any
digital communication system, waveforms used in WPDM are often irregular. This may
may raise concern on how to carry out synchronization in WPDM. To relieve this concern,
we note that WPDM is a particular format of Pulse Amplitude Modulation (PAM), for
which timing recovery is a well solved problem. Thus, all the techniques to recover PAM
timing signal can be applied in WPDM.

Since the synchronization errors in PAM timing recovery depend on the signaling wave-
forms, we will analyze the effect of timing errors on WPDM performance. There are usually
two kind of synchronization errors. Ore is so called timing bias, which can be regarded as
constant error over a group of symbols. Another one is timing jitter; i.e., timing error is a
random variable at different instants. These two kind of errors will be analyzed under one
framework in WPDM.

It is well known that synchronization errors cause intersymbol interference (ISI) and
interchannel interference (crosstalk), which will be characterized in our analysis by interfer-
ence filters. From the interference filters, the probability of errors will be derived, and an
optimum wavelet design criterion will be proposed. As an example, we design one optimum

wavelet to minimize the interference due to synchronization errors.

4.2 Symbol synchronization of WPDM
The model for a baseband PAM signal [55,57] is

spam(t) = Z z[k]qprM(t - kT — 1'), (4.1)
k

where z[n] is the message sequence and ¢p am(t) is the signaling pulse. We want to make an

accurate determination of 7, from the operations on spam(t), to obtain the best sampling
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instant of kT + 7.

Recall that the multiplexed signal in WPDM is
s(t) = VEo Y _ zo1[k]o1(t — kTp)- (4.2)
k

Assuming there is no channel distortion, the received signal is just the delayed version of
s(t); i.e.,

r(t) = s(t = 7) = VEo Y _ zo1[k]¢o:(t — kT — 7). (4.3)
k

By comparing Eq. (4.1) and (4.3), it is obvious that WPDM signal has exactly the same
expression as the PAM signals. Therefore the synchronization scheme of PAM can be
directly applied in the symbol synchronization of WPDM.

In the timing recovery of PAM signals, the property that a PAM signal is a zero-mean
cyclostationary process is used by assuming {z[n]} is a zero-mean stationary sequence with

independent elements. The square of the PAM signal possesses a periodic mean value

E{span()} = E{’[n]}D_ pan(t —kT — 1)
P

Bt} > [ teas (7 - 1) @ean(h)ef esp (15-n).

(4.4)

where the Poisson Sum Formula (2] is used, E{z2[n]} represents the average power of z[n],
and ®paar(f) is the Fourier transform of épam(t). It is a common practice to choose
|®par(f)| = 0 for |f| > F for a practical communication system, and therefore there are
only three non-zero terms (£ = 0,{ = *1) in Eq. (4.4).

This result suggests the use of a timing recovery circuit as shown in Fig. 4.1 with the
bandpass filter tuned to the symbol rate 1/7". Alternate zero crossings of the timing wave
5% apnr(t) are used as indications of the correct sampling instants. Assume that the BPF is

a very narrow-band filter tuned at frequency 1/7. The mean timing wave is sinusoidal with
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PAM 2

BPF [——— w(t)

/T

Figure 4.1: A simple timing recovery scheme.

a phase of —2x7/T, for a real ®paar(f),

B(shan) = Z U Re [[” wpaar (1 - 1) pa( s ono (522 - 527))].
(45)
Let us define
C= [~ tpase (3 - ) epar(i)ar (4:6)

Eq. (4.5) becomes
E{shan()) = LI e [oxp (7222 - 220)]

The zero crossings of the mean wave are at a fixed time offset relative to the desired
sampling instants. This timing offset can be handled by counting logic in the clock circuitry.

The mean timing wave can be regarded as a kind of discriminator characteristic for
measuring the parameter 7. Discrimination is enhanced by increasing the slope at the zero
crossing. As this slope is proportional to C in Eq. (4.6), the shape of the pulse ¢papr(t) af-
fects timing recovery. We see that C depends on the amount of overlap between the functions
®pam(f) and ®paps(1/T — f), hence it depends on the amount by which the bandwidth
of ®par(f) exceeds the 2_11" Nyquist bandwidth. With no excess bandwidth, C = 0 (which
results in E{s},,,(t)} = 0), and therefore this method of timing recovery fails. Although
WPDM is a bandwidth efficient system, the function $o01(t) in Eq. (4.3) has bandwidth in
excess of the Nyquist frequency (Fig. 3.5b). Thus, the synchronization schemes based on

the above principles can be used for the symbol synchronization of WPDM.
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The actual zero crossings of s%,,,(¢) fluctuate about the desired sampling instants
because the time wave depends on the actual realization of the entire data sequence and
additive channel noise. The fluctuation is the cause of timing errors. In the next Section,
we will analyze the effect on WPDM performance of zero crossing fluctuation or timing

€rIror.

4.3 Interference in transmission

The proposed multiple signal transmission and reception system (F igs 3.1 and 3.2) exploits
the self- and mutual-orthogonality of the constituent functions so that the message bits
can be separated by a synchronous correlator. Signal transmission schemes based on syn-
chronous correlators are vulnerable to errors caused by timing discrepancy. In this section,
without considering how timing errors are caused, we will analyze the effects of timing er-
rors. Moreover, at early stages of analysis, channel additive white Gaussian noise (AWGN)
is ignored. In the analysis, we make the assumption that the bandwidth of the communica-
tion channel is sufficiently large so as not to cause any significant distortion on the waveform
of the transmitted signal.

Since the realizations in Figs 3.1 and 3.2 are equivalent, we may use either of them to
analyze the performance of the WPDM system. Here we analyze the realization shown in
Fig. 3.2, for which the transmitted signal s(t) is given by Eq. (3.3). Let A, denote the
timing discrepancy at the nth symbol between the transmitter and the receiver. In an
attempt to recover the transmitted signal, the output of the correlator in the receiver is

given by

5:01[77.] = %/S(t)¢01(t et nTo + An) dt

= zoi[k] /¢01(t — kTo)po1(t — nTo + A,) dt
k
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= Y zo1[k]Rs(KTo — nTo + Ayn), (4.7)
k

where 1//Eq is introduced as a normalization factor, and Rg(7) is the autocorrelation

function of ¢g;(t) defined as
Eo(r) = [ dor(0)ont + )t (48)
We assume that Ry(t) is K times differentiable for some K > 1. Then we can employ
Taylor’s formula with remainder [59] on Eq. (4.7), giving
£o1[n] = zoy[n] + sz (k| Ry(kTo — nTo)An + O(A2), (4.9)

where Ry (kTo — nTp) denotes the derivative of Ry(7) with respect to 7 evaluated at r =
kTo — nTo, and the equality Ry(kTo — nTp) = §[k — n] , 6[k] being the Kronecker delta,
has been used. Ignoring the terms involving second and higher orders of A,, we can regard
the second term on the right hand side of Eq. (4.9) as the timing-discrepancy interference
denoted by Igp;[n]; i.e.,

Ioi[n] = sz [K]R,(kTo — nTo)A,. (4.10)
In Eq. (4.10), whether A, is a constant error or a timing jitter is not specified. However,
constant timing error will have a different effect on system performance from timing jitter.

Hence, we discuss these two cases separately.

4.3.1 Constant timing errors

In the case of constant timing error, A, is a constant over n, therefore the subscript = in

A, can be omitted, and the interference term becomes
IOl TL] AZzOI k]R (kTo - ’nTo) (4.11)
Using the fact that Ry(r) is an even function, we can rewrite this interference term as

Inln] = AY (zaln+ k) - zoln - K]) RY(KTo). (4.12)
k
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After the correlator, the recovery of the estimates of the message signals, £4,[n], requires
the passing of £o1[n] through the appropriate path of the wavelet packet decomposer given
in Eq. (3.5). The interference at the (£, m)th terminal is simply In;[n] passed through the

same path of the decomposer; i.e.,

Iem[n] = Y fem[k — 2'n] Lo [k] (4.13)
k
=AY M ($01[k + 1] — zo1 [k — i]) R (iTo) fem[k — 2%n)]. (4.14)
kot

Substituting Eq. (3.4) into Eq. (4.14), we have

Im[n] = A D" > za,[d] ZRé(ZTO)

AEL, ueM,
XY fulk+i- 2’\J]flm[k — 2] — foulk — i — 225 fem[k — 2¢n).
k

To simplify the notation, we define the cross-correlation sequences
Comln] = 3 Faulk + nlfenk] (4.15)
and the coefficients
TN Z Ry(iTo) (Cotln +14] - Cotfn — ). (4.16)
This allows us to express the interference at the (¢, m)th terminal as

Im[n] = A Z Zz)\,‘[] ZR (zTo)( “[z—2"_7+2‘ ] - \“[Qn—z—2 ]])

AEL, ueEM, 5

= A > Y mulilankee - 22 (4.17)

/\EC. #GMA j

We can interpret Eq. (4.17) as follows: The interference at the (¢, m)th terminal is the sum
of multi-rate filtered versions of the constituent sequences z au[n] from each of the terminals.
The filtering process consists of up-sampling by 2*, filtering with impulse response Jg\,: [n],
and then down-sampling by 2¢. We will therefore refer to a set of coefficients Jl’\rf: [n] as

an interference filter. As expected, the interference due to timing discrepancy arises not
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only from message signals using the same constituent function (intersymbol interference —
IST), but also from message signals using other constituent functions as waveforms (cross-
talk). If the user message bits are independent, then using Eq. (4.17), the variance of the
interference at the (¢, m)th terminal can be shown to be directly proportional to the sum
of 3, IJZ\,;‘ [n]I2 over all relevant A and u.

An important observation is that the total energy of the interference at the terminals is

independent of the tree structure. We formalize this as the following proposition:

Proposition 4.3.1 The total energy of the interference at the terminals of a WPDM sys-
tem due to timing discrepancy is independent of the tree structure; i.e.,

DlafrlP = Y S |Im[n)?.

n el meM, n

This energy balance between the initial and decomposed interferences is a direct result of
Parseval’s theorem. The wavelet packet decomposition is an orthonormal transformation
and hence the norm is preserved.

Proposition 4.3.1 has a far-reaching implication: If our sole objective is to reduce the
total energy of the timing-discrepancy interference then, regardless of the tree structure of
the WPDM system, we can achieve this by choosing a ¢01(%) so that the energy of Ig;[n] is
minimized. In Section 4.5, we will design an optimal @01(t) based on the minimization of
the total interference energy. However, it is observed from Eq. (4.13) that the interference
at a particular terminal depends on both ¢o;(¢) and the position of that terminal in the
tree. Thus, while the total energy of the interference remains independent of the tree
structure, the distribution of the interference energy to different terminals is dependent on

the structure.
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4.3.2 Timing jitter

Similar to the case of constant timing error, we want to find the interference due to timing
jitter to each subchannel. The interference due to timing jitter at the terminal (¢ém), denoted
by I, 1Y )[n] is obtained by passing Jo1[n] in Eq. (4.10) through the wavelet packet decomposer;
ie.,
12(7] = 3 Toufu) fem[ — 2]
"
Substituting Eq. (4.10) in the above equation and making use of the wavelet packet recon-

struction formula, we have

(J)[n] Z Zz,\u U]ZZ Frulk = 220 fom[u — 2‘n]R¢,(uTo - kTo)A,.  (4.18)

AEL, ueM, v

For simplicity, denote
Y [n, v] = ZZ frulk = 220) fem[u — 2°0) Ry (uTo — kTo)A,. (4.19)
As a function of the random variable A,, Yl’,\:[n,v] is a random process. Substitution of
Eq. (4.19) into (4.18) results in a simple expression of I (J ) 2 [n],

D= S T eaul¥4(n, ). (4.20)

AEC. #GM[ v

From Eq. (4.20), the interference at terminal (¢, m) is composed of two parts: ISI and
crosstalk, which are 3, zm [v]Y{7}[n, v] and 37, 7, 22, [0]Y, 24 [n, v] with (A, z) # (£, m),
respectively. Comparison of Eq. (4.17) with Eq. (4.20) reveals that the interference under
constant timing errors and timing jitters have the similar form of signal sequences Taun]
passing through filters. However, the interference filters in the two cases have different
properties. Under constant timing errors, the impulse responses J, *In] of the interference
filters are deterministic, which in turn dictates the different interference energy at each
terminal as stated in the Section 4.3.1. On the other hand, in the case of timing jitters, the

filter Yz’,\,i‘[n] is a random process. Therefore, even if the patterns of = aux[n] are known, the
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I e(an) [n] is still a random variable. The statistical properties of Il(,";l) [n] can be derived from
the properties of z,,[n] and A,,.

By assuming that the timing jitter A, has zero mean and variance azn (but no specific
distribution is assumed), and making use of the fact that z,[n] are independent sequences,
I, l(fn) [n] has zero mean and has variance
Olm =Ohn 2, 220 Frulki=2*v] frulka—20] £, [u] R (uTo— by To) Ry(uTo—k: To),

AEL, EM, v ki Ky
which is independent of n. The interference Il(fn) [n], therefore, is a wide-sense stationary
process. It can also be verified that the same variance of interference occurs at every
terminal (¢, m). Thus, unlike the case of constant timing errors, the interference under
timing jitters is independent of terminal location. Because the wavelet packet decomposition
is an orthogonal transform, Proposition 4.3.1 still holds in timing jitter case. Therefore,
minimization of the total interference at the root Ip;[n] results in the minimization of

interference at each and every terminal.

4.4 Probability of error

We now turn to the derivation of the probability of error in the reception of the binary
messages under the influence of timing error interference. We examine the case where the
channel is corrupted by stationary zero-mean additive white Gaussian noise (AWGN) v(2),

using the equivalent realization of Fig. 3.2.

4.4.1 Probability of error under constant timing error

In the case of constant timing error, since the interference at a particular terminal depends
on the position of the terminal in the WPDM tree structure, as seen in Eq. (4.13), the

probability of error at each terminal is structure dependent. The binary message signal
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Tem(n] at the (£, m)th terminal, which takes on one of two possible values, +1, is carried
across the channel by the constituent function ¢¢m(t—nT;) and is recovered by the correlator
and sampler at the receiver. A consequence of the orthogonality properties of the constituent
functions is that the output of the (£, m)th correlator, in the absence of noise and timing

error, is simply

denln] =[5 aemllbem(t — KT2) bem(t ~ nTy) dt
k

1 if a “1” is sent,

- / Zem[n] 62,,(t — nTe) dt =

-1 ifa “—1” is sent.

Therefore, assuming equal probabilities of +1, the optimal decision threshold is at zero.
To incorporate the effects of timing error interference, recall from Eq. (4.17) that the in-
terference at the (£, m)th terminal is the sum of multi-rate filtered versions of the message
signals from each terminal. For each instant n, the message bit x4y, [2] can be modeled as a
random variable which takes on the values +1 and —1 with equal probabilities. In order to
determine the probability distribution of the resulting interference, we must determine how
many message bits contribute to the interference. To this end, we note that if the filter A[n]
is of length N, the length of the equivalent filter from the root of the tree to the (£, m)th
terminal, fom[n], is N¢ = (2 — 1)(NV —1) + 1 [39]. Using Eqs (4.15) and (4.16), and the fact
that Ry(7) is zero outside (—(N - 1)To, (N - 1)To), the interference filter Jé\,ﬁ[n] is zero

outside an interval of length
N}=(2"+ 2N -1)-1.

This means that from the (A, u)th terminal to the (£, m)th terminal, there is a linear com-
bination of N} binary random variables, yielding a total of 2V¢) discrete values. Another

terminal at the level A will contribute another 2(V2) possible discrete values. Thus, the
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total number of possible discrete values of interference at the (£, m)th terminal is given by
Lem =[] QMA(NZ)
AeL
where M) is the number of terminals at level \. The magnitudes of these discrete inter-
ference values depend on the coefficients of the interference filters (Eq. 4.17), but because
Txu[n] takes on values of +1 with equal probabilities, these discrete interference values are
equally likely and are symmetrically distribuied about zero. If we denote the total interfer-
ence due to timing discrepancy at the (£, m)th terminal by the random variable ugy, then
its probability density function (pdf) is given by
1 Y=
p(uem) = I ; 6(vem — Lomsi)s (4.21)
where 6(-) denotes the Dirac delta function, and Izn.; denotes the value of Iy, [n] when the
ith combination of +1 is substituted into z,,[j] in Eq. (4.17). We note that many of the
I¢m;; under different combinations of +1 are of equal values.
Now, let us consider the probability of decision error due to the combined effects of
timing error interference and zero-mean white Gaussian channel noise having power spectral

density No/2. The output noise of the correlator and sampler is a zero-mean Gaussian

random variable with variance given by

2 _ i _ 1 _
Bialnl} = [ [BOOAN}=ben(t = nTe+ ) men(r = T + &) d ar
= 2NTO /5(t — 7)Pem(t — 0Ty 4+ A)Perm (T — 0Ty + A) dt dr
0
= NO/(2E0)7
where F{-} denotes expected value. In the presence of timing error, the expected value of

the output of the (¢, m)th correlator when a “1” is transmitted at the (£, m)th transmitter

terminal is 1 + ugm. Therefore, the probability of error due to channel noise under the
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influence of timing error is

Pp(elttem) = \/—#/Eo/ioexp (— (v—- (1+ugm))2 /(No/Eo)) dv

= %erfc (M) , (4.22)

where erfc(a) = \/L; Jo* exp(—2z?)dz. Hence, the probability of error for the (¢, m)th termi-

nal is given by

Pem(e) = / P (€l uem )p(em) druem

Lem
= 2}_},: g erfc <%) , (4.23)
where Eq. (4.21) has been used in the second step.

Eq. (4.23) yields an exact expression for the probability of decision error in the (¢, m)th
terminal due to timing error and Gaussian noise. To use Eq. (4.23), the possible interference
values I¢m;; generated by all possible combinations of values of zy,, filtered by J, é\r:: have to be
evaluated. Unfortunately, Ly, may be a large number (e.g.,for £ =2, My =4 and N = 14,
L¢m = 2316), which may make Eq. (4.23) difficult to apply. We may, however, approximate
Eq. (4.23) using the Central Limit Theorem [60]. Since the random variable ugy, is a linear
combination of a large number of binary random variables, we may approximate it by a
random variable g, having a Gaussian pdf. Note that the mean of U¢m 1S zero and the
maximum and minimum values of us, occur when all z,,[j] in Eq. (4.17) are +1 and —1
respectively, with coefficients IJE\"‘: [n]|. We may take these maximum and minimum values
to be +3(¢m, where (sm denotes the standard deviation of @s,,. In this way, we have ensured
that the probability of finding the approximated random variable iz, within this range is
over 99.7%. Substituting Eq. (4.22) and p(ds,) into Eq. (4.23), interchanging the order of

integration, and factorizing the exponential part, the approximated probability of error can
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be written as

PZm(E) = </—°:o Cgmi/z_ﬂ' €xp (_&gm/(2cgm))

./_ooo 7—7%/1‘70 P (—(U -1+ {‘lm))z/(No/Eo)) dvdiem

= lerfc( ! ) . (4.24)
2 v/ No/ Eo + 2¢%,,

Eq. (4.24) indicates that a smaller variance of interference (7, leads to a smaller prob-

ability of error in the (£, m)th terminal.

4.4.2 Probability of error under timing jitter

It has been shown that the interference at the terminal (¢,m) is a random variable when
A, is a timing jitter. Since Iz(i) [n] are functions of both z),[n] and A,, to get its exact
probability distribution is difficult. Under constant timing errors, the interference Iy, [n]
is approximated by Gaussian distribution as a result of the Central Limit theorem. With
A, being a random variable, which is usually assumed to be either uniformly distributed or
Gaussian distributed, the assumption that I,(,Q [n] is Gaussian distributed may be adopted
reasonably. Furthermore, as in the case of constant timing errors, it is assumed that the
channel AWGN is independent of [, t(fn) [n]. Thus, the combination of AWGN and the interfer-
ence [, l(j ) [n] is still Gaussian distributed with zero mean and variance being No/(2E) +o}lm .

m

The probability of error can then be easily derived as

00 1 ’1)2
Pim(e) = / exp (— ) dv
" o \/2r(No/2Eq+ 0%, ) No/Eo +20%,,

= lerfc L (4.25)
2 v/No/ Eo + 203, |

A smaller variance of interference results in a smaller probability of error in the (¢m)th

terminal.
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4.5 Optimum wavelet design

From the discussion in Section 4.3 we can see that timing discrepancy in the WPDM system
gives rise to interference in the forms of ISI and cross-talk. Various standard techniques,
such as adaptive equalization [1,3,50,51], may be used to reduce this interference, but in
WPDM we have an extra degree of freedom: the design of the waveform @o1(t). Once the
scaling function ¢o;(t) is determined, all the constituent functions to be used as waveforms
are also determined, by Eqs (2.9) and (2.10). Hence we need only design &o;(t). If we
design ¢o1(t) to minimize the energy of the timing-discrepancy interference at the root of
the WPDM tree, such a function also minimizes the total interference energy, regardless of
the wavelet packet tree structure (Proposition 4.3.1).

In order to formulate the optimization problem, recall that ¢o;(t) is intimately related
to the filter coefficients h[n] via the dilation equation of Eq. (2.4) [34,48]. In practical
implementations of 2 WPDM system, we would also like the resulting ¢o1(%) to be of fi-
nite duration, which simply requires that h[n] be an FIR filter [34,48]. Once the filter
coefficients h[n] are specified, the scaling function ¢o;(t) can be obtained using any one
of a number of possible algorithms [34,41,42,48], one of which is summarized in Chapter
2. From Eq. (4.10), we see that if the message bits are independent, the variance of the
interference at the root of the tree is directly proportional to 3, IR;(nTo)lz, no matter A,
is constant timing error or timing jitter. Thus, minimization of the interference energy is
equivalent to the minimization of 3_, |R;(nTo)l2. In addition, R}(nTp) can be calculated

directly from the set of filter coefficients {k[nr]} using the formulae [61]:

N/2
Ry(nTo) = 2Ry(2nTo) + 2 CHI2k — 1] [R} ((2n — 2k + DTo) + By ((2n + 2k — 1)To)| ,
k=1

and

> kRy(kTo) = ~1, (4.26)
keZ



where N is the length of the filter A[n], and
N-k-1
Ciilal= ) h{klh[k +n],
k=0
is the autocorrelation sequence of k[n].
Thus, the problem is reduced to the design of a sequence h[n] to minimize the objective

functional

F =Y |BynTo)[ . (4.27)

The domain of h[n] in the minimization of F' must be constrained so that h[n] satisfies the

orthonormality condition of Eq. (2.6), which is re-written here as

N-—
21 h(n]h[n — 2k] = 6[k],k = 0,1,...,N/2 -1,

n=2k

for which a necessary condition is that N is even [62]. In addition, to ensure that the locally
linear approximation of Eq. (4.9) holds, R4(r) must be at least first order differentiable,
which requires the scaling function ¢g;(t) to satisfy certain differentiability conditions. For
FIR filters, the differentiability constraint on R4(7) is satisfied if we choose a filter satisfying

the following ‘regularity condition’ [34,48] with K¢ > 1:

Proposition 4.5.1 Let h[n] be a sequence of length N starting at n = 0 which satisfies the

orthogonality constraint in Eq. (2.6) and has a Z-transform of the form

1+ 271 K
H@):ﬁ( 5 ) P(z), (4.28)

where 1 < K < N/2 and P(z) is a polynomial in z~1 of degree N — K — 1 with [P(1)| =1.

If P(z) is bounded such that
[P(e™)| < B, forallwe [0, 7] (4.29)

then Ry(7) has (at least) Ko = 2K —1—[2log, B] continuous derivatives, where [z] denotes

the least integer > z.
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Proof: The proof is based on the fact that a sufficient condition for a function ¥(t) to have

k € N continuous derivatives is (e.g. [48])
JIEAI+ 14 df < oo (4:30)
where ¥(f) := [(t)e~?2"f*dt is the Fourier transform of ¥(t). Let
B := sup |P(e)| = max [P(e)| < B,

and for notational simplicity set Tp = 1. Using a result of Tchamitchian (cited as Lemma 3.2
of Daubechies [48]) for h[n] satisfying the conditions of the proposition, there exists a

constant ¢ such that

[01(f)] < e(1+ |f|)~KHlo82 B,

Let R(f) denote the Fourier transform of R(r). Since R(f) = |[®(f)|? we have that

[R(AI < (14| f|) 2R H2o8 b,

Hence

/Ié(f)l(l + Ifl)k+1 df < c2 /(1 + lfl)k+1—21\'+210g23df_ (4_31)

Using the fact that [(1+]|f])7%df < oo if £ > 1, Eqs (4.30) and (4.31) imply that R(r) has

(at least) K, continuous derivatives, where
K; < 2K —-1-2log, B.

Therefore, R(7) has at least K < 2K — 1 —2log, B continuous derivatives. Consequently
R(7) has at least Ko = 2K ~1—[2log, B] continuous derivatives, and hence the proposition.
For given N and K, the factorization of Eq. (4.28) can be ensured by having [63]
N-1

> (-1)*nfhr[r] =0,k =0,1,...,K - 1,

n=0



49

and for a given B, since

?

IH (e-""), = Nz;%lh[n]e‘j“’"

the frequency response bound of Eq. (4.29) can be enforced by requiring that

N-1

S h[n]emion

n=0

— 9-K+1/2 |(1 +e K[ (B-¢) <0, (4.32)

for all w € [0, 27] and an appropriate small positive number e. The constraint in Eq. (4.32)
is difficult to apply when we seek a numerical solution, since w is a continous variable, and
the left side of (4.32) is a periodic function with period 27. We discretize the w in [0,2%)

by the interval 2w /M. Instead of Eq. (4.32), we impose the equivalent condition,

N-1 2

Z h[n]e—j27rnk/1\'1

n=0

_g-2K+1 l(l n ej27rk/M)?-K| (B-—¢€)?<0, (4.33)

fork=0,1,...,M—1. Eq. (4.33) and (4.32) are equivalent at w = 2xrn/M,n =0,1,..., M —
1. However, in between w = 27n/M and w = 2r(n+1)/M, | P (¢’*) | might not be bounded
by B. On the other hand, H(z) cannot contain singularities on the unit circle, since H(z)is a
polynomial in z™! (it is an FIR filter). This ensures that for an appropriate ¢, the frequency
response bound in Eq. (4.32) is not broken between the discrete constraint frequencies in
Eq. (4.33).

From the above discussion, the criterion for the design of a scaling function ¢g;(2) for
WPDM which minimizes the total erergy of timing-error interference can be summarized

as follows. For the chosen N (even), the length of the FIR filter A[n], K, and B,
1. The objective function is

min Y | Ry(kTo)|*> with respect to h[n]. (4.34)
k

2. The orthogonality constraint is

> hlklh[k —2n] = 6[n], n € Z. (4.35)
k
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3. The regularity constraint is

> (-1)*k™h[n] = 0,n =0,1,..., K, (4.36)
k
and
lv—l . 2 . -~
Z h[n]e—121rnk/M _ 2—2K+1 l(l + eJ2ﬂ'k/M)2[\ l (B _ 6)2 <0, (4.37)
n=0

The optimization is a typical constrained optimization problem. Since how to obtain an
optimal solution is not the main theme of the thesis, we simply use one of the well-developed
packages called constrin MATLAB [64] to get a numerical solution. In constr, Sequential
Quadratic Programming(SQP) methods are used, which allow one to closely mimic New-
ton’s method for constrained optimization just as is done for unconstrained optimization.
At each major iteration an approximation is made of the Hessian of the Lagrangian func-
tion using a quasi-Newton updating method. This is then used to generate a Quadratic
Problem(QP) sub-problem whose solution is used to form a search direction for a line search
procedure. An overview of SQP is found in [65], and the implementation of constris clearly
explained in [64,66].

The procedure for the design of a scaling function ¢g; (%) using the above criterion is as

follows:

1. Choose N (even), the length of the FIR filter H(z). Choose K (1 < K < N/2), the
number of zeros of H(z) at z = —1, and B > 1 such that Ko = 2K —1—[2log, B] > 1,

the number of continuous derivatives of Ry(7), satisfies Ko > 1.

2. For a set of filter coefficients A[n],n = 0,..., N — 1, R}(nTp) can be calculated using

Eq. (4.26), and thus the cost functional F of Eq. (4.27) can be evaluated.

3. A new functional G which is the sum of F and the (N/2 + K) equality constraints

of Eq. (4.35) and (4.36) and the inequality constraints of (4.37) multiplied by their



corresponding Langrange multipliers can then be formed.

4. Employ the constr routine in MATLAB to find a stationary point of G and hence

obtain the optimum set of filter coefficients A[n].
5. The optimum scaling function ¢(t) can then be obtained.

When a solution k[n] is produced from constr, the gradient is checked so as to make
sure that A[n] is at least a local minimum. It is well-known that it is very difficult to obtain
global optimization for a non-quadratic functional of multiple parameters. We employ a
simple strategy to get a solution as close as possible to the global minimum. The strategy
is that we proceed to local minima from a lot of random starting points, and then compare
the functional at these local minima. The local minimum which gives the smallest ob jective

functional is chosen as the best solution.

4.5.1 A design example

We employ the above procedure to design an optimum scaling function for the WPDM

system in the following example:

Example 4.5.1 In this example, we show how we designed a scaling function &g,(%) to
minimize the total interference energy due to timing discrepancy in the WPDM system.
For the design, we chose V = 14, K =2 and B = v/2 — 107° so that Ry4(t) was guaranteed
to be at least first order differentiable. A procedure based on the steps outlined above
was employed to obtain the optimum filter coefficients {Z[n];n = 0, 1,.. .,13} subject to
the orthonormality and regularity constraints. The values of these optimal coefficients are
shown in Table 4.1. The optimum scaling function d~>01(t) was then obtained from the set of
filter coefficients by the “cascade” algorithm [48] we summarized in Chapter 2. The above

procedure generated an approximation of the optimum ¢~501(t) “off-line”, which is shown
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in Fig. 4.2. Its energy spectrum and autocorrelation function are shown in Fig. 4.3 and
Fig. 4.4, respectively.

Table 4.2 (last column) shows the comparison of the total interference due to timing
error between the optimum scaling function (VN = 14) and two scaling functions which have
been widely used in other signal processing applications — the function generated by the
Daubechies filter of length N = 14 [34,48] and the Lemarié-Battle scaling function based
on cubic splines [67,68] (approximated by finite-duration function of length 317p). In the
table, timing error A is normalized to 1. It can be observed from Table 4.2 that the use
of the optimum scaling function yields the smallest amount of interference due to timing
error.

To illustrate the distribution of the interference energy in the case of constant tim-
ing error, we also show in the first four columns of Table 4.2 the values of the ISI en-
ergies Y, |JH[n][> and 5, [J32[n]]> at the first and second terminals of the first level of
the WPDM tree, as well as the respective cross-talk terms 3, [/32[n]|* and 5, [7L3[n][>.
It is confirmed that the interference energy distribution is structure dependent. although
T [T = Ta [ 0]

Table 4.3 shows how the interference energy is distributed under timing jitters. As
expected, the distribution of the interference energy is indeed independent of tree structure,
since Yo, [/ [n]|* + 3, [JE[n])F = 5, [JB2(n]|* + ., [JE2[n][%; ie.,different terminals have

the same amount of interference energy.

It should also be noted that the mapping from signal waveform to energy is many-to-
one, and therefore that J)(t) is not unique. A different initial point in the optimization may

lead to a different optimum @(¢) which also minimizes the interference energy.
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Figure 4.3: Energy spectrum of ¢o;(t) from Example 4.5.1.
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Figure 4.4: The autocorrelation function of the optimum scaling function ®o01(t) from Ex-

ample 4.5.1.
h[0] h[1] h(2] h[3] h[4] h{5] h{6]
0.021474 | 0.061336 | 0.144399 | 0.269674 | 0.427230 | 0.513130 | 0.364040
h[7] h[8] h[9] h[10] h[11] h[12] h[13]
-0.090059 | -0.463195 | -0.042816 | 0.299628 | -0.034431 | -0.086468 | 0.030273
Table 4.1: Coefficients of the optimum filter 4 in Example 4.5.1.
Ll [ S NHEE [ S 1I51P [S [T ] total
optimum 0.261 0.542 0.542 0.742 2.086
Daubechies 0.422 0.464 0.464 2.024 3.374
Lemarié-Battle 0.548 0.304 0.304 3.228 4.384

Table 4.2: Interference energies for several scaling functions from Example 4.5.1 with con-
stant timing error.
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4.6 Numerical results

We now examine the transmission error rates for WPDM system under the influence of
timing error and Gaussian channel noise in the following example.

The optimum scaling function design in Section 4.5 seeks to minimize the total energy of
the interference. Thus, we may expect the average probability of error over all the terminals
using the optimum scaling function to be lower than that using other scaling functions. This

is also illustrated in the example.

Example 4.6.1 Consider a WPDM system consisting of two branches, using ¢11(t — nTy)
and ¢12(¢ — nT1) as carriers for the binary message signals z;1[n] and z15[n]. The transmis-
sion of the modulated signal through a communication channel is disrupted by spectrally
white zero-mean Gaussian noise the spectral density of which is Ng/2. At the receiver, the
signal is demodulated by a correlator and sampler at the root of the WPDM tree which
has a timing error A, relative to the transmitted carrier scaling function. The output of
the correlator and sampler, £o;{n], is then passed through a wavelet packet decomposer to
obtain the sequences #1;[n] and #;5[n].

The performance of such a system, in terms of the bit error rate under different bit
energy to Np ratios (Eo/Ng), was evaluated both theoretically and by simulation.

For a constant timing discrepancy of A = 0.157Tp, the results obtained by employing the
optimum scaling function designed in Example 4.5.1 and the Daubechies scaling functions
of the same duration, are plotted in Figs 4.5(a) and 4.5(b) for the the message signals at
the (1,1) and (1,2) terminals respectively.! The theoretical error rates given by Eq. (4.24)
are also plotted, for reference. It can be observed that for the message signal z1;[n], the

performance of the WPDM scheme using the optimum scaling function ¢o;(t) is almost

!For easier viewing of the graphs, the results obtained using the Lemarié-Battle scaling function (which
are inferior to the Daubechies functions due to higher interference) are omitted.
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Figure 4.5: The probability of error for a range of Eq/Ng for the two-channel scenario
studied in Example 4.6.1.
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identical to that obtained by the Daubechies function, both in simulation and theoretically.
Also, the theoretical analyses agree very well with the simulation results.

For the message z;5[n], the theoretical performance using ¢o;1(t) is almost the same as
the corresponding performance for z11[n], but the theoretical performance using Daubechies
functions has greatly deteriorated. This can be easily explained by the difference in the
amount of interference at the (1,2) terminal as shown in Table 4.2. With much higher
interference, using the Daubechies function will certainly result in inferior performance.
That the use of q;ol(t) results in superior performance to the Daubechies functions is also
confirmed by the simulations. However, there is a discrepancy between the theoretical
evaluation of performance and that from simulation in each case. The discrepancy can
be attributed to the terms containing second and higher-order powers of A being ignored
in Eq. (4.9). The second and higher-order terms in Eq. (4.9) contain second and higher-
order derivatives of R4(r) and therefore tend to have little or no low-frequency content.
(Differentiation in the time domain is equivalent to multiplication by w in the frequency
domain.) These higher-order terms are passed through a LP filter h[n] and a HP filter g[n]
(just as the first-order terms are) to form parts of the interference at the (1,1) and (1,2)
terminals, respectively. Due to the HP nature of these higher-order interference terms, their
contribution to the interference in the (1,2) terminal is much more significant than that
to the (1,1) terminal. Thus, ignoring these terms in the linear approximation will lead to
a larger discrepancy between the theoretical and simulated results at the (1,2) terminal
than at the (1,1) terminal. In Fig. 4.5(b) the difference in performance between using the
optimum scaling function ¢g;(¢) and the Daubechies function become significant only when
the Eo/Np is relatively high (> 8dB). This is because at low Eo/Ng, the performance is
dominated by errors due to the Gaussian channel noise.

Figs 4.6(a), (b), (c) and (d) show a comparison of the performance of a second level
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(£ = 2, Mz = 4) WPDM tree structure using the constituent functions of the optimum
scaling function ¢o;(t) and the corresponding Daubechies function.

(The theoretical performance is evaluated using Eq. (4.24).) Again, at the first two
terminals (i.e., the (2,1) and (2,2) terminals), the difference between the performance of
the optimal and Daubechies schemes are rather small. However, at the (2,3) and (2,4)
terminals, the use of the constituent functions of ¢g;(t) results in superior performance to
the use of the constituent functions of the Daubechies scaling function.

For a timing jitter of uniformly distributed in [—0.15Tp,0.15T], the performance by
exploring the same optimum scaling function ¢(¢) and the Daubechies scaling function of
N = 14 is shown in Fig. 4.7. Several observations can be made from Fig. 4.7. First, as under
constant timing errors, the optimum scaling function results in a lower probability of error
than the Daubechies scaling function with the same compact length. Second, in contrast
with the situation of constant timing error, in both (1,1) and (1,2) terminals, the theoretical
analysis closely agrees with the simulation results. One of the reasons is that the variance
of A (unformly distributed in [-0.15T5,0.15T¢]) is smaller than A2 (A = 0.15T,). With
smaller timing error, less error is introduced when we make the approximation in Eq. (4.7).
However, there is a more important reason here. The ignored high order terms of A,,, which
cause 1-2dB discrepancy at the terminal (1,2) between theoretical and simulation results in
the case of constant timing errors, are no longer having the property of a high-pass filter,
since A, is a random variable. This implies that the ignored high order terms of A, have
the same effect on terminal (1,1) as on (1,2) terminal. Third, from both the theoretical
and simulation results, the same probability of error present in the terminals (1,1) and
(1,2). This further confirms that the distribution of interference energy under timing jitter

is structure independent.
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4.7 Summary

In this chapter, we have examined the problem of timing error (both constant timing errors
and timing jitters) in WPDM and observed that the interference due to a timing discrepancy
between the transmitter and receiver is made up of two components, ISI and crosstalk,
which can be respectively modeled as the message bits from the given channel and the
adjacent channels passed through corresponding filters. It is also found that constant timing
errors and timing jitters have different properties. In the case of constant timing errors,
the interference due to timing error is wavelet packet structure dependent. On the other
hand, the distribution of the interference energy due to timing jitters is independent of tree
structure. In spite of the difference, the simple interference models led us to propose a simple
optimum design of the coding waveforms (i.e., the scaling function and its constituents) in
which the total timing-error interference is minimized. Interestingly, an optimum wavelet
serves both constant timing errors and timing jitters. We have also obtained expressions
for the probability of error under the effects of timing error and additive white Gaussian
channel noise. Simulations have confirmed these expressions and shown that employing the
optimum scaling function as the fundamental waveform results in a lower probability of

error in transmission than other commonly used scaling functions.
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Table 4.3: Interference energies for scaling functions from Example 4.5.1 with timing jitters.



Chapter 5

WPDM in Impulsive Noise

Channels

5.1 Impulsive noise

Impulsive noise, along with thermal noise, crosstalk, and intermodulation, constitutes four
categories of noise in communications [69,70]. Impulsive noise can emanate from natu-
ral sources such as lightning, or from man-made sources such as switching transients [70].
The out-of-band intermodulation products due to saturated amplifiers were also found to
have a similar effect on the probability of error performance to that of the impulsive in-
terference [31]. Impulsive noise is sporadic, may occur in bursts, and has broad spectrum.
Usually when a noise burst is said to be impulsive, its spectrum is flat across the passband
of the RF filter at the receiver. Therefore, an impulse burst causes a response in the RF
filter which is essentially the same as the impulse response of the filter [29-32].

In most cases, impulsive noise can be neglected for telephone speech transmission. How-
ever, for data transmission, it can be a major source of system performance degradation.

Therefore, evaluating the probability of error of various digital communication systems in

64
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the presence of impulsive noise has received considerable attention. Bello and Esposito
proposed an approach of analyzing the error rates and applied it to a BPSK system [29]
and a DPSK system [30]. In both cases, impulsive noise was the only noise source under
consideration. Oshita and Feher subsequently extended the analysis to an environment
which included both impulsive and Gaussian noise [31, 32].

In previous chapters, Wavelet Packet Division Multiplexing (WPDM) was introduced
as a bandwidth efficient multiplexing scheme. When it is used in the extreme case as
WC/FDM, WPDM has the advantages of a parallel transmission system, one of which is
the great immunity to impulsive noise. Intuitively, one noise burst, which can destroy one
bit in TDM, will be spread over all the subchannels of a WPDM system. For each channel,
the spread effects of the impulsive noise may not be strong enough to cause an error. In this
chapter, we evaluate the system performance of WPDM in the presence of impulsive and
Gaussian noise. An expression for the probability of error for WPDM will be derived. The
derivation extends Oshita and Feher’s work on the performance of digital communication
systems when impulsive noise and Gaussian noise are the causes of error [29-32]. (Part of

the analysis was reported in [27].)

5.2 Channel models

To transmit the multiplexed baseband signal s(t), carrier modulation or RF modulation

is often necessary. We assume double side-band suppressed carrier (DSB-SC) modulation

with carrier frequency fy is performed on s(t) before transmission; i.e., the transmitted
signal is

so(t) = s(t) cos(2 fot). (5.1)

The system to be analyzed in impulsive noise channels can be generally represented as

the cascade of two processing operations, the first of which is RF filtering, as shown in Fig.
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5.1. In the figure, p(t) is impulsive noise, v(t) is AWGN with spectral density No/2, and
so(t) is defined in Eq. (5.1).

The impulsive noise p(t) has a broad spectrum and is essentially flat over the RF filter
bandwidth. Each noise burst gives rise to an output which takes the shape of impulse

response of the BPF. Therefore, the low-pass equivalent of p(t) can be modeled as
o
pe(t) = p(t)exp(—j2r fot) = > aiexp(j6:)6(t - ), (5.2)
i=—o00

where a; and 7/ are the random amplitude and occurrence time of the ith noise burst,
respectively, and 6; is the phase of the ith noise impulse relative to the carrier. Usually,
a; is assumed to have a log-normal distribution and the pulse arrival is assumed to have
Poisson distribution [71]. Furthermore, the average arrival rate v, of noise bursts in one
symbol duration Tp is assumed to be small. For instance, for a wide variety of practical
applications, it has been shown that v,Tp is in the order of 10~3 [29]. For a Poisson
distribution with arrival rate v, Ty, we know that the interval t, between two events has an

exponential distribution

Gt,(t) = v, Tp exp(—v, Tot).

Given an impulse burst happening at t;, it can be computed that the probability of the
next burst occurring in (¢1,%; + At) is

At
P = th(t)dt
0

At
= / VoTo exp(—v,Tot) dt
0
= 1-exp(—v,ToAt).
For a small v, To, such as v,Tj being on the order of 1073, the probability of the two bursts

occurring in 207y is small.

The receiver receives the transmitted signal together with channel Gaussian noise and
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impulsive noise. The low-pass equivalent of the received signal is:
rp(t) = S(t) + ve(t) + pe(t), (5.3)

where v.(t) is the complex envelop of AWGN y(2).

5.3 Performance analysis

Under perfect carrier synchronization in the demodulator (frequency and phase synchro-

nization) in Fig. 5.1, the received baseband signal of our interest is
ri(t) = s(t) + vr(t) + Z a;cosf;h,(t — 77) (5.4)

where v/(t) is the in-phase component of AWGN, whose spectral density is Ng [3], a,.nd
hp(t) is the equivalent low pass of the impulse response of the RF filter. The assumption
of a symmetrical bandpass filter makes h,(t) real. Note that the BPF may distort s(z).
However, by assuming the bandwidth of the BPF to be wide compared with that of s(2),
the effect of the BPF on s(t) is negligible. For Gaussian noise, since we are interested in
the part in signal bandwidth, the shaping effect of the BPF can also be ignored.

In order to simplify the analysis of the probability of error due to impulsive and Gaussian

noise, the following reasonable assumptions are made [29-32].
1. The random variables a;,7/,8; and vy(t) are statistically independent.

2. The random variables 7{ and 6; are uniformly distributed over the intervals Tp and
(0,2), respectively. Let G,«(7]) and Gy(6;) be the probability density functions of 7/

and 8;, respectively. Then,

1
Go(r!) = T klo <7 < (k+1)Tp

0, otherwise,
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and

Gq(6;) = %, 0<6; <27

3. The v, Ty is assumed to be much smaller than unity, and the probability of more than

one impulse in Tp is negligible.

To recover the information sequence z,[n], the demodulated signal r,(t) passes through
the wavelet packet demultiplexer, for which we use the structure in Fig. 3.2. That is, rp(¢)
first passes through a matched filter matching to the scaling function ¢o:1() and a sampler
to get estimated data sequence &o;[n], which is then decomposed by discrete wavelet packet
decomposer to get the estimated Z¢m[n].

In WPDM, the duration of the support length of the compactly supported scaling func-
tion ¢o1(t) is equal to (N — 1)Tg where N is the length of the FIR filters employed in the
wavelet packet multiplexer. By defining the effective support length D.ss as the region
beyond which |¢g;(2)] is very close to 0, D.ss of the Daubechies wavelets is about 3 or 4
times of Ty, which is much less than (N — 1)Ty. Thus, after the matched filter and sampler,
one impulse noise burst results in a short sequence containing 3 or 4 non-trivial values de-
pending on D.ys. Passing through the short sequence through wavelet packet decomposer,
we obtain the interferece from the impulsive burst at each terminal. The interference has
just small numbers of non-trivial values, because the wavelet packet decomposer is an FIR
followed by a down-sampler. Since the length of the FIR filter in the wavelet packet decom-
poser is usually longer than the length of the short sequence resulting from one impulsive
noise burst, the input of the FIR filter might include the effect of more than one impulsive
noist bursts. However, we have shown that for small v,Tp, the probability of two impulsive
noise bursts occurring in 20Tp is small. Here we wish to emphasize that 207 is long enough
for most FIR filters, especially when the effective length of FIR filters is considered. Thus,

we may simply ignore the effect of two impulsive noise bursts and assume that one data
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symbol at terminal (£m) is affected either by AWGN alone or by AWGN and one impulse

burst.

The estimated data sequence £g,[n] is therefore given by

S‘L:01[TZ] = ﬁ/rp(t)qﬁm(t— ‘nTo) dt

_ voi[n] . Foi[n]a; cosb; c[n, 1]
= 201[7‘] + \/f'() + \/EE ’ (5.5)
where \/I—E—; is introduced as a normalization factor to ease our analysis,
vor[n] = /Vl(t)¢o1(t — nTp)dt, (5.6)
(N=1+n)To
cn, ] = /T hp(t — 7§)¢01(t — nTp)dt, (5.7)
nTy

and Fo[n] is simply a flag to indicate whether an impulsive noise burst affects the nth

symbol of zg;[n],

1 if a noise impulse occurs in D¢y of ¢o1(t — nTy),
Foiln] = (5.8)
0 if no noise impulse occurs in Desy of ¢o1(t — nTp).
For each noise burst, there exist several n which satisfy Fop;[n] = 1. Instead of treating each
Foi[r] = 1, we will consider the effect of one impulse noise burst collectively. In Eq. 5.5,
vo1[n] is the linear combination of a random Gaussian process vy(t), and therefore is still a

Gaussian random variable with zero mean and variance Ng.

For notational convenience, we use the following normalization:

ho(t) Tohp(tTo),

Go1(t) = Todo1(tTo),

= T,-,/To.
Thus, Eq. (5.7) can be written as

1 N-14n __ _
cn, ] = 170/ hp(t — 7i)do1(t — n) dt,



with 7; being uniformly distributed over [0, 1),
1 k<m<(k+1)

0 otherwise

Furthermore, we normalize a; and vg [n] with respect to Ey. Let

a;
a; = s
VEoTo
and
Penln] = 222,

Using the normalizations, we re-write Eq. (5.5) as
Zo1[n] = zo1[n] + Vo1[n] + Foi[n]a; cos b;c[n, i].

An estimate of z¢m[n] at terminal (¢m) is obtained from &g;[n] by passing it through the

decomposition filters; i.e.,

Eem[n] = Y fimlk — 2'n)E01 (K]
k

= Zem[n] + Tem[n] + Fem[n]@; cos b; gem[n, 7], (5.9)
where

Timn] = Y feml[k — 2'n]v01[],
k

gem[n, 7] = ToY_ fem[k —2'n]clk, 7], (5.10)
k
and Fy,[n] is a flag to signal the effects of Fp;[n] and may be defined as

. - k— ¢
Fynfn] = 1 if 3ok femlk — 2°n]Fouk] # 0 (5.11)

0 otherwise.

In Eq. (5.10), gem[n, ;] should be considered from a short sequence c[k, 7;] which is generated

from one single impulse noise burst.
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To analyze the probability of error at the (¢m)th terminal, the joint effect of the Gaussian
noise and the impulsive noise is examined. Ignoring the probability of having more than
one impulsive bursts in the duration T, we can consider the effect under two separate cases
of having no impulsive burst and having one impulsive burst, the probability of which are
designated Py and P, respectively. From the point of view of each z4,[n], the probability of
error can be approximated by Py multiplied by the probability of error due to the Gaussian
noise alone plus P; multiplied by the probability of error due to Gaussian noise and the
impulse burst [31,32]. On the other hand, from the point of view of noise burst, one
impulsive burst generates several gsm[n, 7], which take different values and affect several
Tem[n] in different ways. Because the occurrence of one impulse burst is independent of
time n, if we take the short sequence gem[n,7] as a whole, the effect of impulse noise
is independent of n. In other words, the noise at terminal (¢m) is stationary, and the

probability of error is
Pen(e) = Py / Po(ely)Go{y)dy + P S /REfi(E;)Ga—(E;) da;, (5.12)
y k

where G3(y) is the probability density function (pdf) of Gaussian noise Ty [n], Ga{(@;) is
the pdf of @;, Pg_(e|y) and RE’:,{(&';) denote the probability of error when y and @; are given,
respectively. The summation with respect to k is taken over the length of g¢m [k, 7] resulting
from one impulse noise burst. The relationship between RE’:,]I(E,-) and gem[k, 7] will be clear
later. We now analyze each term in Eq. (5.12).

The impulse occurrence times 7} have been assumed to be a result of a Poisson point
process. For a positive integer k, if P; denotes the probability of k£ points occurring in an

interval of length T, then [72]

—llaTo (VaTo)k .

Pr=e 3]
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By the assumption 3 that the average arrival rate v, is slow with respect to Ty, we have

(VaT'O)Ic

Pe="5

+0«%nfﬂy

Thus P, = v,Tp, and Py = 1 — v, Ty when the arrival rate is slow.
Since a wavelet packet decomposition is a linear and orthogonal decomposition, and
each filter satisfies the normality constraints, Usn[n] is still a Gaussian random variable

with zero mean and variance Ng/ Eo; i.e.,

1 y?
Gu = - .
—(y) \/27T‘N0/E0 exp ( 2N0/E0>
If binary transmission is assumed for each user, z¢n[n] = £1 , the probability of error

due to the Gaussian noise alone is

-1
Goy)dy

-0

1 | Eo
= §erfc ( m) , (513)

where erfc(z) = —}-; [2° exp(—2%)dz is the complementary error function.

/y Pe,(el9)G(y) dy

In Eq. (5.12), RE’;,{(E,) is the probability of error conditioned on @;. By making use of

the assumptions 1 and 2, we have

R@) = [ [ [ (el 7:,6,4)Gra5(r, 65, y)dr: b dy
= / / / Prm(e[@:, 72,0, 9)G(7:)Ga(68:), Goly)dr; db: dy

1 2T
= i/ / /Pgm(el?i,-,r,-,ﬁ,-,y)G;(y) dy df; d;. (5.14)
27 o Jo v

where G, 5(m, 6;,y) is the joint probability density function of the random wvariables.
For notational simplicity, we omit the subscript 7 in @;, 77, and 8; in the following analysis.
Since Tgn[k] and @cosb gom [k, ] (6 € [0,27)) are symmetric about 0, we can suppose

that z¢n (k] = 1 without loss of generality. For z4y,[k] = 1, an error occurs if the combined
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impulsive and Gaussian noise is less than —1; i.e.,

if 14 vgnlk]+ @cosqem[k,7] <0
le(elaa T, 0, y) = i (515)
0 if 14 vegm[k]+@coslqum[k,7]>0

Denoting the innermost integral in Eq. (5.14) with respect to y by I,,, we have

I = [ Pun(el@,n,6,0)Go(u)dy
—1-agemlk,7]cosé
/ Gw(y)dy

-0

1 Eq _ _
= -2-erfc ( m(l + @qem [k, 7] cose)) . (5.16)

We represent the integral in Eq. (5.14) with respect to 8 by Iy, i.e.,
27

I = [ 1,40

27 1 EO _
/0 -2-erfc (‘ / m(l + @qem[k, 7] cosﬂ)) dé

T Eo . _
= /0 erfc ( m(l + @qem [k, T] cos 0)) dé.

Let z = cos 8 so that

1 1 [ Eo —
Iy = /_1 merfc ( r\,o(l + aqzm[k,'r]z)) dz. (5.17)

Integrating Eq. (5.17) by parts, we have

Eo —
Iy = ﬂerfc( m(l—aﬂm[kvﬂ))

S S (1 + @gem [k, 7] 2)”
~2 —_—_— k - T . (5.
/_1 TIYI @qem [k, T] arccos(z) exp ( 2No/ Eo dz. (5.18)

Substituting Eq. (5.18) into Eq. (5.14), we obtain

1t E
Rl@ = 3/ erfc( Q-Nio(l—ifkm[kﬁ])) dr

1t 1 1 (1 + Tgem[k, T]2)?
Sy S S kT
~ /0 T o anqg [k, 7] arccos(z) exp( 5No/Eo dz

(5.19)
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The relationship between RE’;{(&) and gsm[k, 7] is established.
Now, let us deal with the integration with respect to 7. From Eq. (5.10), ggn[n, 7] =

To Sk fem[k — 2'n]c[k, 7], while c[k, 7] is given by Eq. (5.7); i.e.,
N— 1+n.
c[n, ] = —/ hp(t — 7)o, (t — n)dt.

In order to analytically evaluate the integral in the right hand of Eq. (5.7), simple forms
of h,(t) are often used [29-32]. However, observing that the scaling function do1(t) is
often defined implicitly, and that any closed-form expressions can be quite complicated, the
numerical form for ¢g)(¢) is used instead. Therefore in Eq. (5.7), even if the simple form
of hp(t) is assumed, the integral is unlikely to give an analytical solution. Here, we seek a
numerical evaluation of Eq. (5.19) using numerical values of ¢g;(%)-

The integration with respect to 7 over [0, 1) can be approximated by its sum with 7 rep-
resented by a set of discrete time instants {0, 4,27, ...,(N, — 1)7,}, when 7, is sufficiently

small. Thus, Eq. (5.19) becomes

Ne-—-1

1 E .
[k] @ = 5N Z erfc < E—\%(l — aqem[k, z‘r,]))
T =0

Nr-1 - .
1 & 1 1 mlk, i75]2)?
N / \/%2_”_ £ aqlm[k iTs) arccos(z) exp (—( + C;q]";ro[/E:T] ) ) d=

(5.20)

Substituting Eqs. (5.20) and (5.13) into (5.12), we have

Pin(e) = %(l—uaTo)erfc (‘/%)

N,-1
”“T" / erfc( QETO(I—qum[k,z’rs])) Ga(@)da
=0 0
Nr-1
”°T°z: > [ @

=0

(14 ?iqgm[k,i‘r,]z)z) dz] .

[ ‘/; ) ———,_7_271_1\,0 A aqem |k, i) arccos(z) exp ( 5No/ Eg

(5.21)
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In order to calculate the probability of error in the presence of impulsive noise for certain
user in a WPDM system, we need only to compute Eq. (5.21).

The probability of error due to impulse noise and Gaussian noise at different terminals
may be different, since it is a function of gy, [n,iT,], which is calculated from c[n, irs] by
using different fem[n] filters. To compare the overall performance of various multiplexing
schemes, we define an average probability of error for WPDM as a whole. Assuming the
usage of channel at the root terminal (01) being 1, the usage of the channel at a (£m)

terminal is 1/2%. Thus, the average probability of error is
= 1
P(e) = Z 2—ngm(e), (5.22)
tm

where (¢m) represents each and every terminal which is used to carry the signals.

It is easily shown that an expression similar to Eq. (5.21) can be derived to evaluate
the probability of error of a TDM system with PAM being low-pass equivalent signals. (In
later examples, for each user, BPSK is assumed to be the modulation scheme, of which
the low-pass equivalent is a bi-polar PAM.) In TDM, the received signal #o;[n] does not
go through further filtering, and the decisions are made solely on Zg;[n]. Thus, in a TDM
scheme which provides the same bit rates as a given WPDM scheme, assuming that the
coding waveform @tdm(t) for each user in TDM is a unit energy rectangular function of

duration Ty
=, kTo <t < (k+1)Tp
Gam(t) = ¢ VT
0, otherwise
we have

1 (n+1)To

gln, 7] =c[n,7] = /hp(t — T)btam(t — nTp)dt = ﬁ/,;;r hp(t — 7)dt.

1]
We can see that one impulse burst only affects one symbol in TDM, but affects several

symbols of different users in WPDM.
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Analogous to the derivation for WPDM, the expression for TDM can be derived as

Pim(e) = —(l — v Tg)erfc (” 2?;)0)

Ne~-1
VaTo Z/ ( fToo(l_EQ[n’iT’])) GE(E)dE
UaTo Nr--1
G
= .Z; [ @

— . . (1 + ag[n, it,]z)? | =
[/;1 27rNo/Eo ag[n,irs] arccos(z) exp (— 5No/ Fo dz| da

(5.23)
Furthermore, since the performance of each user in a TDM is uniform, the average
probability of error for a TDM system is the same as the probability of error of a single

user.

5.4 Numerical results

In this section, we evaluate the performance of both WPDM and TDM systems in several
impulsive noise scenarios.
Following [29-32], it is assumed that the amplitude of the impulsive noise @, has a

lognormal distribution with the pdf

Gx(a) = —M) . (5.24)

1
oa(2m)i/2g P ( 202

The skewness parameter B of the lognormal distribution is defined by

B = 20log, (\/E{a?-} /E{E}2) = 4.34302. (5.25)

As in [29-32], we define the signal-to-impulsive noise ratio p as the signal power to the
impulsive noise power in the information bandwidth at the root terminal {01}; i.e.,

_ E3/2
P = VE{a?)(2To)
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1
= TEET (5.26)

The pdf of a lognormal distributed random variable is uniquely determined when p and

B are given. Given p, the noise power is

1
E{@®} = .
@’} pvaTo
Given B, o2 is known
B
2 _
75 = 1343

and E{@} can be calculated from Eq. (5.25); i.e.,

E{a} = 107B/%,/E{@}

10-B/o__L1__
Vpv.lo

In lognormal distribution,
o2
E{g} =exp(p+ ?“ .
Thus, g in Eq. (5.24) is calculated as

o2

po= log(E{a}) - 3¢

= —(log10/20 +1/(4.343 * 2)) B — log(pv,To).

The probability of error is calculated as a function of p for some combinations of the
parameters v,Tp, SNR, and the skewness parameter B.

Although in our approximation method %,(t), the low-pass equivalent of the impulse
response of the RF filter, does not have to have a simple form, for simplicity, we choose
hy(t) as

Fo(t) = %exp (-é) , (5.27)

where 1/C is the 3dB bandwidth of the BPF. This choice was also made in [29-32].
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In the first two examples, the parameters are: v,Ty = 1072, Ey/Ny = 13 dB, B = 1,
and 1/C = 20. In the third example, B = 10 and the other parameters remain the same as

in the first two examples to see the effect of skewness factor B.

Example 5.4.1 Consider a two user case. In WPDM system, the first level functions
{#11(t), $12(%)} of a Daubechies wavelet packet are used to modulate information sequences
of two users each with transmission rate of 1/2T5. At the root terminal (01), the overall
transmission rate is 1/Tp, which is kept as a constant in all the examples. Arbitrarily, the
length of h[n] is chosen to be N = 14; i.e.,the support length of ¢n;(¢) is [0, 13T0).

With Pj;(e) and Pia(e) computed from Eq. (5.21), the average probability of error is
Pe = Pu(e)/2 + Plg(e)/Q, (528)

because each user has the same transmission rate and uses the channel with equal probability
of 1/2. The results of the numerical calculation are shown in Fig. 5.2. The corresponding
simulation results are shown on the same graph.

In order to compare the performance of different multiplexing systems, the probability
of error of a TDM system shared by two users is also computed and simulated. The overall
transmission rate is 1/To. The transmission rate for each user in the TDM system is 1/(27p)
and the bit duration is Ty. In the system, BPSK modulation is assumed. The results are

included in Fig. 5.2.

Example 5.4.2 In this example, we use the second level functions {¢o:(t),7 = 1,2,3,4}
in the same wavelet packet tree used in Example 5.4.1 to modulate the data sequences of
four users. Similarly, with Ps;(e), Pya(e), Pas(e), and Pay(e) calculated from Eq. (5.21), the

average probability of error is

Pe = P(e)/4+ Pyy(e)/4+ Pas(e)/4 + Paa(e) /4, (5.29)
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Figure 5.1: Receiver model in impulsive noise channels
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Figure 5.2: Theoretical and simulated probability of error of the WPDM and TDM systems.
(The skewness factor B = 1.)
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Figure 5.3: Probability of error of the TDM system and WPDM systems with different
wavelet packet functions.

where the coefficients 1/4 result from the equal usage of the channel by four users. Fig. 5.3
shows the calculation results for the WPDM system.

In order for a convenient comparison, the calculated P, curves in Example 5.4.1 are also
plotted in Fig. 5.3. For the TDM system used for comparison, since the overall rate is 1/7g,

each user has a transmission rate 1/47,.

It can be seen from Fig. 5.2 that our theoretical derivation agrees with the simulation
results in both WPDM and TDM systems. When the signal-to-impulsive noise ratio is very
high, e.g., p > 35dB, the system performance is dominated by AWGN. That is why a floor
effect is observed on the P, vs. p graphs. When p is moderate, e.g., 15dB < p < 35dB, the
WPDM system performs better than the TDM system. This is expected, since an impulsive
noise burst, which is strong enough to destroy one bit in a TDM system, is spread over all
the channels in WPDM system. For each of the channels, the spread noise burst may not

be strong enough to cause an error. On the other hand, when p is low, the noise burst is
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strong and likely to destroy one bit in TDM system. In WPDM system, the strong noise
burst, though spreading over all the channels, may be still strong to cause errors for every
channel. In practical situations, an impulse burst cannot be very strong, since the dynamic
range of the amplifiers at the front end of the receiver cannot be infinite. Thus in most
cases, WPDM outperforms TDM when impulsive noise is in concern.

In a WPDM system in which more users share the channel, i.e., users employing @m,(t)
with larger ¢, the system should provide greater immunity to the impulsive noise, since a
noise burst is spread over more channels. This can be validated by the results of Example
5.4.2 shown in Fig. 5.3. From Fig. 5.3, it can be observed that for both WPDM systems
in Example 5.4.1 and Example 5.4.2, there is a range of p in which WPDM system behaves
better than TDM. The range in Example 5.4.2 is wider than that in Example 5.4.1, and at
the same signal to impulsive noise ratio, p, the probability of error of the WPDM system
in Example 5.4.2 is lower than that in Example 5.4.1. By extending the above results, we
can expect a wider range of p, in which the performance of WPDM is better than TDM,
when a WPDM system with a large number of users is employed.

To see the effect of skewness factor B, we present one more example, in which the

parameters are v, To = 1072, Eg/Ng = 13 dB, B = 10, and 1/C = 20.

Example 5.4.3 The system setup is exactly same as in Example 5.4.1; i.e.,, two users are
sharing the channel, and the wavelet used in WPDM is the Daubechies wavelet with N = 14.
The average probability of error in impulsive and Gaussian noise channel is calculated from
Eq. (5.21) and Eq. (5.28) and the evaluation result is shown in Fig. 5.4.

The calculated result on the probability of error for a TDM system is also included in

Fig. 5.4. The TDM system is as in Example 5.4.1.

It can be observed from Fig. 5.4 and Fig. 5.3 that when p is small, the bigger B cor-

responds to better performance for both WPDM and TDM; when p is big, the bigger B
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Figure 5.4: Probability of error of the WPDM system and TDM systems. (The skewness
factor is B = 10.)

relates to higher probability of error and the systems approach the error floor slowly. The
observation is directly related with the property of a lognormal distribution. As shown in
Fig. 5.5, the impulse noise burst with the bigger skewness factor has higher probability to
have week noise bursts, which are not as destructive as strong noise bursts.

Let us assume when the amplitude of a noise burst greater than a,,, the burst may cause
error. (a, should be a big number, for instance, a,, = 2.) For a small p (e.g. p = 10dB), we
can see that the probability of the amplitude greater than a,, for a smaller B is much higher
than that for a bigger B. Thus, both WPDM and TDM performs better in the impulsive
noise channel with bigger B than in the similar channel with smaller B for a small p. On the
other hand for a given big p (e.g. p = 30dB), though the noise burst more concentrates on
smaller amplitude, the probability of the amplitude greater than a,, for bigger B is higher
that that for a smaller B (refer to Fig. 5.5(c)). Therefore we have our observation that for

a high signal to impulsive noise ratio p, bigger B corresponds to higher probability of error.
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Figure 5.5: The pdfs of lognormal distribution. Assume voTo = 0.01. In the figure, B is
the skewness factor. (a) p = 10dB. (b) p = 30dB. (c) Enlarged version of (b).
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Furthermore, comparison of Fig. 5.4 and Fig. 5.3 reveals that bigger skewness factor
corresponds to a wider range of p in which WPDM performance better than TDM; for
example, for B = 10, the range p is from 7dB extending to beyond p > 40dB in contrast
with the range 15 < p < 35dB for B = 1. The reason for this still lies in the relationship
between skewness factor B and the pdf of a lognormal distribution. In scenarios in which
B is high (e.g. B = 10), for a given p there is an increased probability of noise bursts with

small amplitudes, to which the WPDM schemes are more robust than the TDM schemes.

5.5 Summary

The performance of WPDM system in the presence of both Gaussian and impulse noise
has been analyzed. While the algebraic analysis makes significant progress [29-32], the
lack of simple closed-form expressions for general wavelet packet basis functions makes
further algebraic analysis difficult. Progress has been made by using numerical approximate
techniques. As illustrated in the examples, the calculation of the approximations closely
matches simulated performance. This makes our derivation more widely applicable than the
approach in [29-32] in the sense that the simple form assumption of hp(2) is not necessary.
The performance of WPDM system has been compared with TDM system and it has been
found that WPDM provides greater immunity to impulsive noise of moderate amplitude
than TDM, especially when the functions ¢ (t) with larger ¢ are used in the WPDM
system. The intuitively pleasing result is due to the fact that in a WPDM scheme, an
individual noise burst is spread over subchannels. A noise burst which is strong enough to
cause an error in one bit of TDM scheme may be sufficiently spread in the WPDM scheme
§0 as not to cause an error. The result also substantiates that a parallel transmission system

is more robust than a serial transmission system in impulsive noise channel.



Chapter 6

WPDM Performance in Fading

Channels

6.1 Introduction

In mobile and indoor wireless communication channels, there may be more than one path
from transmitter to receiver [25,73]. Such multiple paths (multipaths) arise from multiple
scattering by buildings and other structures in the vicinity of a receiver. Multipath scat-
tering may contribute constructively or destructively to the received signal, thus producing
random amplitude and phase variations in the received signal as the vehicle moves in the
multipath field. The variation of the amplitude in the received signal is usually termed
fading. Experimentally, we transmit an extremely short pulse (ideally an impulse) over a
fading channel at time instants ¢; and ¢,, respectively. The received signals at ¢; + ¢4 and
t +tq (4 is an arbitrary delay) would have different strengths. Thus unlike in an AWGN
channel, the signal at ¢, + ¢y cannot be predicted even if we already know the signal at
t1 + t4. Hence, the effect of a fading channel is that of temporal de-correlation. The tem-

poral de-correlation effect is called flat fading, or time selective fading. Here "flat” means

85
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that at certain instant the mobile channel has a constant gain and linear phase response
over a bandwidth which is greater than the bandwidth of the transmitted signal, and the
distortions to all the frequencies in the signal bandwidth are even.

Depending upon the differential delays over all the paths, there can also be distortion,
which is referred to as frequency selective multipath. If we transmit two sinusoids having the
same strength at frequencies f; and fa (f2 # f1), the received signal strengths are different;
Le., we cannot predict the signal for one frequency based on the received signal for the
other frequency. Thus in contrast to flat fading, the effect of a frequency selective channel
is that of frequency de-correlation and the distortion to the signal varies with frequency.
When frequency selective fading occurs, the received signal includes multiple versions of
the transmitted waveform which are attenuated and delayed in time. Hence the channel
induces ISI.

The harsh channels in mobile communications makes the system design very challenging,
but the spectrum is scarce and expensive. For instance, in recent spectral auctions in USA,
licenses in the 2G H, frequency band cost companies over nine billion dollars. The limited
spectrum must be used efficiently to get a reasonable return on the investment, and at the
same time the increasing demand for wireless communications has to be satisfied.

It has been shown that WPDM is a band efficient parallel data transmission system.
A parallel transmission system may have advantage in fading channels intuitively. In a
parallel approach, a subchannel occupies a narrow bandwidth and the symbol duration is
much longer than that in a serial approach. Thus in a specific physical channel environment,
it may turn out that for a parallel system, such as FDM or WPDM, the channel may be
modeled as flat fading, but for a serial transmission system such as TDM, the channel
may have to be modeled as frequency selective fading. It is well known that for frequency

selective fading, equalizers are usually needed to obtain acceptable performance. Therefore,
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with a parallel approach, equalizers may be avoided and a certain level of performance may
be still obtained. This is one of the motivations to propose WPDM to be used in wireless
communications.

However, whether WPDM will be adopted is determined by the performance of WPDM
in various mobile communication channels. The evaluation of the performance is the main
theme of this chapter.

It is well known that fading produces irreducible error or error floors in many digital
transmission systems [50,73-75]. That is, increasing the signal power does not lower the
probability of error. In order to suppress the error floors caused by fading, channel sounding
(channel measurement) techniques are usually employed to compensate for fading distortion.
One of the commonly used channel sounding techniques is Pilot Symbol Assisted Modulation
(PSAM) [75~77]. In PSAM, known pilot symbols are inserted periodically to allow the
receiver to estimate the time-varying channel gain and phase shift. The estimates of the
channel may then be used to compensate the channel distortion to the transmitted signal.
The PSAM is a time-domain equalization technique which is effective in combating flat
fading. For frequency selective fading, frequency domain equalization, such as inserting
pilot tones, may mitigate the fading effects. More specifically, the RAKE receiver [50] can
be used to take advantage of the signals in different paths to improve the bit error rate.
However, in this thesis, we confine our study to the application of PSAM in frequency
selective fast fading channels and examine the extent to which PSAM helps to combat
frequency selective fading.

In this chapter, we first develop a statistical characterization of the fading channel,
and illustrate the principles of PSAM. Then the performance of WPDM system is derived
over both flat fading and frequency-selective fading channels with PSAM. In time-selective

fading, or flat fading channels, the error floor is successfully suppressed with PSAM and a
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comparison illustrates that WPDM wastes less energy and bandwidth in pilot symbols than
FDM. In frequency-selective fading channels, when the time-delay spread is small relative
to the bit duration, e.g. less than or equal to 20%, WPDM performs well, although the

error floor is not completely suppressed.

6.2 Fading channels

Multipath fading channel is usually modeled by a time variant filter with the impulse

response a(7;t) [50]. Let us assume the transmitted signal to be
so(t) = Re{s(t)e’>™ '},

where s(2) is a baseband signal. Assume the wavelet packet multiplexed signal in Eq. (3.3) is
further modulated by a double sideband modulation (DSB), s(t) would be the multiplexed
signal.

Then the received bandpass signal may be expressed as

y(t) = /00 a(T;t)se(t — ) dT, (6.1)

-0
where a(7;t) denotes the random attenuation of the signal components at delay 7 and at

time instant ¢. The equivalent low pass impulse response of the channel is
u(t;t) = a(r;t)e 2 HT

which is a complex valued random process. From the autocorrelation functions of u(T;t),
we will see how the fast/slow and frequency flat/selective fading are defined.

First, define the autocorrelation function of u(7;t) as

1 .
Yu(m1, T2 t1,t2) = EE{U (riit)u(met2)}.

If u(T;t) is assumed to be wide-sense stationary, the autocorrelation is just a function of

time difference At = 5 — ;. Making use of the fact that in most radio transmission media,
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v ,(10)

Ty
Figure 6.1: One of the typical delay power spectra.

because of the uncorrelated scattering, the attenuation and phase shift at two different

delays m; and 1 are uncorrelated [50, 73], the #,(.) can be obtained as
Yu(11, T2; At) = Pu(11; At)O(1 — 12). (6.2)

If we let At = 0, ¥,(7;0) is simply the average power output of the channel as a function
of the time delay . Typically, the function %, (7;0) may appear as shown in Fig. 6.1. The
range of values of T over which %,(7;0) is essentially nonzero is called the multipath spread
of the channel denoted by 7.

In the frequency domain, the time varying channel can be similarly characterized. Tak-
ing the Fourier transforms of u(r;t) with respect to 7, we obtain the time variant transfer
function U(f;1?), i.e.,

u(r;t)e %7 4, (6.3)

U(f;lt)=/_oo

Similarly, we define the autocorrelation of U(f;t)

(> o]

Vu(fu, fai A1) = SEU™(fu )0 (foit + AD). (6.4)

Substitution of Eq. (6.3) into (6.4) and using Eq. (6.2) results in the relationship

w .
Yu(fi, fo; At) = / u(ry; At)e=P2 =t g
—00
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or

O .
Yu(Af; At) = / bu(Ti; At)e=3278 T g
-_00

with Af = fi; — f,. When At = 0, the above relationship becomes
0 )
w(afi0)= [ pu(re;00e 4 ar,. (65)
—o0

Since ¥y (Af;0) is an autocorrelation function in the frequency variable, it measures the
frequency coherencé of the channel. As a result of Eq. (6.5) and the property of Fourier
transforms, the reciprocal of the maximum multipath spread 74 is a measure of the coherent
bandwidth (A f). of the channel. The bigger the maximum multipath spread is, the smaller
the coherent bandwidth is.

When (Af). is small in comparison to the transmitted signal, the channel is said to be
frequency selective. On the other hand, if (A f). is large in comparison with the bandwidth
of the transmitted signal, the channel is said to be frequency-nonselective or flat.

We now focus our attention on the time variations of the channel as measured by the
parameter Yy(A f; At). The time variations in the channel are evidenced as a Doppler
broadening. Let us consider a situation in Fig. 6.2 when the transmission signal consists of
only one carrier wave with frequency f;. Assume that the wave is coming in at an azimuthal

angle § with respect to the vehicle motion. The time domain signal can be written as
r(t) = Ag cos (27rt (fo — -vcﬁcos 6)) , (6.6)

where Ap is a constant amplitude, v is the vehicle speed and c is the speed of light (¢ = 3108
m/s). We will look at the signal in Eq. (6.6) from two points of view.

First, the envelope of the received signal in Eq. (6.6) is considered to be constant while
its frequency f;, is given by

fr=fo—- va()cosG.
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Q-

Figure 6.2: Doppler effect in mobile communications.

The received frequency differs from the transmitted frequency by

v fo

fa = — cosé.
c

This displacement in frequency is called the Doppler shift. It can be seen that if the
automobile is moving toward the direction of arrival of the wave, the Doppler shift is positive
(i.e., the apparent received frequency is increased), and if the mobile is moving away from
the direction of arrival of the wave, the Doppler shift is negative (i.e. the apparent received
frequency is decreased). Multipath components arriving from different directions contribute
to Doppler spread of the received signal, thus increasing the signal bandwidth.

Second, we may express Eq. (6.6) in terms of in-phase r;(t) and quadrature ro(t) com-

ponents as
r(t) = r1(t) cos(27 fot) + ro(t) sin(2x fot)
where
ri(t) = Ao cos(2r fat)
and

rQ(t) = Agsin(27 fat).
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Eq. (6.6) is interpreted as the complex envelope of the received signal varying in Doppler fre-
quency fq. In other words, the complex envelope signal spectrum is a sinusoid at frequency
fa. Multiple components arriving from various direction cause the complex envelope of the
received signal to vary at various frequencies from 0 to maximum Doppler frequency. By
the property of Fourier transform, the spectrum of the received signal is the convolution of
the spectrum of the complex envelope and the transmitted signal. Therefore, the received
signal is broadened by the Doppler effect.

To extend the relationship of the Doppler effects with the time variations of the channel,

we define the Fourier transform of ¢y(A f; At) with respect to At,
Ty(Af;A) = / Yu(Af; At)e 28t gA
Setting A f to zero, Uy (.) becomes
o0 N
Ty (0; ) = / Du(0; At)e=i2TABE gay (6.7)
—o0

¥ (0; A) gives the signal power intensity at the Doppler frequency A. If the channel is time-
invariant, ¥y (0; At) = 1 and ¥y (0; A) becomes §(A). That is, with no time variations in
the channel, there is no spectral broadening. The range of values of A over which Uy (0; )
is essentially nonzero is called the Doppler spread fp. Since ¥y (0; A) is related to Yu(0; At)
which measures the time coherence of the channel, the reciprocal of fp is a measure of the
time coherence (At). of the channel.

A slowly changing channel has a large coherence time or equivalently a small Doppler
spread. Then the channel is called slow fading channel. On the other hand, a channel with a
big Doppler spread implies that the channel loses time correlation quickly; i.e., the channel

changes fast. Such a channel is called fast fading channel.
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6.2.1 Flat fading channels

As explained in Section 6.2, when an information-bearing signal is transmitted through the
channel, if the coherence bandwidth (Af). of the channel is large in comparison with the
bandwidth of the transmitted signal, the channel is called a flat fading channel. Because
of the inverse proportionality relationship between (Af). and the multipath spread 74, a
flat fading channel essentially imply 74 ~ 0. Referring to Eq. (6.1), the equivalent low-pass

received signal after a flat fading channel is
r(t) = u(0; t)s(t) + ve(2). (6.8)

For notational simplicity, in the context of flat fading channel, we denote u(0;t) = u(t).
Thus, the received signal is simply the transmitted signal multiplied by a complex-valued
random process, which represents the time-variant characteristics of the channel, corrupted
by the AWGN. When u(t) is modeled as a zero-mean complexed-valued Gaussian process,
the envelope of the channel response at any instant has a Rayleigh distribution and the
phase is uniformly distributed in the interval (0,2x). In this case, the channel is said to be
a Rayleigh fading channel. The rapidity of the fading is determined from the correlation
function ¥y (0; At) or the Doppler spread fp.

We may generally express 1y(0; At) as
Yu(0; At) = 02 R,(At),

where o2 is the average signal power in u(t) and R,(At) has unit power. Although the
analysis is not limited to a specific autocorrelation function, in this chapter, we assume

that u(¢) is characterized by Jake’s power spectrum ¥y (0; A) [73]

a2 1
b Al < fp
Ty(0;0) = VIR (6.9)

0 [Al> fD
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with fp being the maximum Doppler frequency experienced by the moving vehicle. From

Eq. (6.7), the autocorrelation function of u(t) is
Yu(0; At) = o3Jo(27 fp At), (6.10)

where Jo(t) is the zeroth order Bessel function of the first kind.

6.2.2 Frequency selective fading channels

When the coherence bandwidth (A f). is not large in comparison to the signal bandwidth,
i.e., the time delay spread is a significant fraction of the symbol duration, frequency selective
fading would characterize the channel effect. We have illustrated that the channel is usually
modeled as a time-varying linear filter, and the low-pass equivalent of the output of such a

channel is

r(t) = /0 " u(r; 1)s(t - 1)dr (6.11)

where u(7;t) is the channel gain, observed at ¢, of scatters with delay 7, and 74 is maximum
delay. As in flat fading, we assume u(7;t) is a complex-valued Gaussian process in ¢, so
that the channel is a Rayleigh fading channel.

In this thesis, we will consider a special case of frequency selective fading: two-ray
multipath fading. Although the model itself is simple, it is widely used to approximate the
channel characteristics {77,78]. In a two-ray multipath, the channel impulse response u(r; t)
is

u(7;t) = ur (2)6(7) + ua(2)é(r — 1) (6.12)
where u; () and uz(t) are uncorrelated complex-valued Gaussian processes, and are assumed

to have the same kind of power spectral density as described in Eq. (6.9).
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Channel compensation
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— filter rfk)/ v[k] —A[—k]
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Vi tiM] ol by interpolation of \'}[1M]

Channel estimate at iM

Figure 6.3: Illustration of the principle of PSAM

6.3 Pilot Symbol Assisted Modulation (PSAM)

Pilot Symbol Assisted Modulation (PSAM) is an equalization technique used to estimate
channel distortion, in which prespecified symbols are inserted periodically into the informa-
tion sequence zo;[n] prior to modulation. Both pilot symbols and data symbols experience
the same fading distortion after they pass through the channels. At the receiver, the re-
ceived signal is split into two streams. One stream consists of faded pilot symbols, and the
other one consists of data symbols. Since the pilot symbols are known, an estimate of the
channel distortion on pilot signals can be extracted. If the channel does not change too
quickly, the estimate then may be interpolated to form an estimate of the channel distortion
on data symbols, so that channel distortion to data stream can be compensated for and
better performance can be expected. Fig. 6.3 is the diagram illustrating the principle of
PSAM.

We assume every Mth symbol is the prespecified pilot symbol. Without loss of gener-
ality, take zo1[¢M],¢ € Z to be pilot symbols. In order to prevent the transmission of a

discrete tone the pilot symbols are usually randomized.

6.3.1 Review of receiver processing with PSAM

Suppose that the equivalent low-pass received signal is expressed as

r(t) = v(t)s(t) + o(2), (6.13)
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where v(?) is a low pass complex-valued Gaussian process, 7(t) is a noise process, and s(t)
is the equivalent low-pass of the transmitted signal whose modulating pulse is assumed to
be ¢01(t) - In the next section, we will relate v(¢) and #(¢) with the timing variant filters
and AWGN in flat fading channel and frequency selective fading channel.

Multiplicative fading broadens the spectrum of the transmitted signal, and may cause
interference to the adjacent channels. Sufficient guardband will limit such interference. On
the other hand, the fading may also destroy the orthogonality in the signal and result in
ISI. However, it is usually a reasonable assumption that fading is slow enough not to cause
appreciable distortion of the signal pulse. For example, at the carrier frequency 800 MHz, for
a vehicle speed of 100km per hour, the Doppler frequency is about 80Hz. When compared
with the moderate signal transmission rate 24.3 kbaud/s, which is the air interface rate in
the IS-54 and IS-136 digital cellular standards, the complex envelope due to fading is so
slow that for several tens of symbols the fading can be considered as constant attenuation.
Therefore little ISI resulted. It is stated that 5% Doppler shift results in only 1% maximum
ISI in the case of 25% rolloff spectral raised cosine pulses [76]. Under this assumption, a
suboptimum reception employing the matched filter could be used.

At the receiver, by assuming the perfect carrier demodulation, the demodulated signal
is r(t). Passing r(t) through a filter matched to the transmitted pulse, and sampling the
output of the matched filter at exact instants nTy (i.e., perfect symbol synchronization has

been assumed), we have

1
Ty[n] = ﬁ/r(t)%l(t—nTg) dit

= v[n]zoi[n] + Fo[n], (6.14)

where v[n] are samples of the fading process v(t) at ¢t = nTp, which makes use of the fact
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Figure 6.4: Diagram for interpolating the channel estimation

that v(t) is essentially constant in the integration interval, and

Do[n] = \/_IE_; / 5(t)dor(t — nTo) dt.

To carry out fading estimation at n = mM, r,[mM] is simply divided by the known

symbol zg;[mM]. The fading estimates at n = mM are therefore

To[mM]

onr[mM] zo1[mM]

170 [mM]

roufm 3T (6.15)

= o[mM]+

If the noise 7(t) is zero, the channel distortion at mM due to multiplicative fading v(t)
is accurately found. With nonzero noise o(t), the fading distortion can only be estimated
with the noise % as shown in Eq. (6.15). Given ©(t), bigger zo1[mM] would result
in smaller estimation errors. Hence, if zo;[n] takes multiple amplitude, the pilot samples
should take the biggest amplitude to reduce the channel estimate error. However, such a
choice requires more signal power to be spent on the pilots.

Since the fading process is band-limited, the fading distortion on the data symbols can
be interpolated from the K nearest pilot samples dpr[mM]. In [76], 2 method was proposed
using a Wiener filter to obtain estimates (k] for jM — M /2] < k < jM+|M/2], where j is
an integer. As shown in Fig. 6.4, let d*(¢, k] be the coefficients corresponding to as[(j+1)M]

for the estimation at the kth position. Then we can express 9(k] as
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LK/2]
okl= > d°[i, Kol + 9 M], (6.16)
i=—|K/2]

where the symbol |z] represents the operation of taking the integer part of z.

Denote

d[k] = [d [—%M,k] - d[—M, k] [0, ] d[M, K] ...d[KM, kHT,

2
and
K K 117
= [eM (G0 = S0 iV~ M) opai M) ol M+ ] -y a4 + Tz‘—MH .

Eq. (6.16) can be written as

(k] = df[k]opr,
where the symbol { represents the conjugate transpose. The coefficients d[i, k] (d~[i, k] is
the conjugate of d[7,k]) can be determined by minimizing the variance of the estimation

error

ek] = v[k] — B[k].

To minimize E{e[k]e*[k]}, we differentiate it with respect to d[i, k] and set the derivative to
zero. By assuming that the fading process is a wide sense stationary process, an optimum

estimate is achieved when the coefficient vector d satisfies the normal equation
Q d[k] = w[k],
where the elements of Q and w are given by
Lo tar e
Qi = FE{aliMI"[kM]}

1
E {|zo1[iM][2}

= o2R,((iM — kM)Tp) + Ry ((i — k)M Ty) (6.17)
wilk] = %E (v [k]3[iM] }

= 02R,((iM - k)Tp). (6.18)
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Optimum d[z, k] can be calculated from the normal equation
d[k] = Q" w(k],
and the variance of interest is

oi[k] = wik]Q lwik], (6.19)

ollk] = o[kl - o2[k]. (6.20)

v

For the information symbols, the channel fading compensation is carried out by dividing
each received symbol r,[k] by the corresponding fade estimate %[k]. Thus, the compensated
samples are
. Ty[k] .
o[k] = ——. .
The above equalization procedure can be used in many digital communications systems.

We will apply PSAM in WPDM when the channel of interest is a fading channel.

6.4 Performance analysis of WPDM in fading channels

6.4.1 Performance of WPDM in flat fading channels with PSAM

First, we analyze the performance of a WPDM system with ¢, (¢) being employed by users
to transmit binary sequences of +1.

The equivalent low pass signal of the output of a flat fading channel is
r(t) = u(t)s(t) + ve(t), (6.22)

where u(?) is the fading process with a power spectrum given in Eq. (6.9), v.(t) is the
lowpass equivalent of channel AWGN v(t), and s(t) is the equivalent low pass signal of the

transmitted signal. In WPDM,

s(t) = VEo Y zor[n]doi(t — nTo),
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with zg;[n] being reconstructed from the signal sequences zy,[n], which is the modulating

sequences of @¢m (2).

Comparison of Eq. (6.13) with Eq. (6.22), reveals that
(1) = u(2),

and
(t) = v(t).

Therefore, the PSAM fading compensation process discussed in last section can be directly
used to compensate the distortion caused by the flat fading. The received signal r(t) is
first passed through a matched filter matching to ¢o;(¢) and sampled at the exact instants
nTp. Recalling Fig. 6.3, the resulting signal r,[n] is split into two streams. From the
stream consisting of the distorted pilot signal, the channel distortion at the instants of
the pilot symbols, 4[kM], is extracted and interpolated to form the estimate of the channel
distortion on the information symbols, 4[k]. In the other data stream, the channel distortion

is compensated by the estimate. As in Eq. (6.21), the compensated samples are

. _ rulk] _ ulk]zoi[k] + v[k]
where
1
Vi) = = / ve(£)dor(t - nTh)dt. (6.24)

By assuming that the spectral density of the AWGN is Ny/2, we can calculate the variance
of the complex v[n] to be 62 = Ny/Ej.
It has been shown in the last section that the variance of the estimated channel distortion
ulk] is
o2[k] = wilk]Q  wik],
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where Q and w are defined in Eq. (6.17) and (6.18) with v replaced by u such as

Qi = 3B {aliMlakM])

No 1 — k]

= 0ZR,((iM — kM)Tp) + E ol an[.

wilk] = ZE{uw[klaliM] }

= 2R, ((iM - E)Tp).

The variance of the estimation error e[k] (e[k] = u[k] — 4[k]) is as defined in Eq. (6.20);
ie.,

ai[k] = oi[k] — o[K]. (6.25)

e

Passing the compensated data samples 7,[k] through wavelet packet decomposition fil-

ters, we obtain the estimated z¢n,[n],
Eem(n] = D Fulk] fem[k — 2°n). (6.26)
k

Substitution of Eq. (6.23) into (6.26) results in

ulk]zo1[k] + v[k]

Zym[n] = Z alE] fem[k — 2'n]
%
— Z + € k;lu)[zjn[k‘] + I/[ ]f [L _ 2£n]
%
= Zemln]+ Z k]xm[k] + vk ]fgm[k — 24, (6.27)

Assume z¢m[n] are real valued. Then it can be seen that the overall noise of interest to

T¢m[n] is the real part of the second term in Eq. (6.27). Let us denote it as Ipm[n].

_ e[k)zo1[k] + v[k]
Im[n] = Re {; °1ﬂ[ ] femlk — 2‘n]} :

Under the assumption that the fading process u(t) is a Gaussian process, @[r] is Gaussian

distributed. The channel estimate error e[n] is also Gaussian distributed, since e[n] is a

linear combination of Gaussian distributed random variables. If zo1[n] = 1, e[n]zo;[n] has
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a Gaussian distribution. (The proof of e[n]zo;[n] being Gaussian distributed can be found
in Appendix A.) However, in many cases, such as multilevel QAM [50] and the WPDM
described in the previous chapters, zg;[n] takes on multiple amplitudes so that it is difficult
to find the pdf of e[n]zo;[n] even if it is possible. This in turn complicates the derivation of
the pdf of I, [n].

To derive the probability density function (pdf) of Im[n], we make use of the slowly

varying property of @[n}, and express Iz, [n] as

Iim[n] ~ Re { 2k (e[k]zo1 (K] z:j-[nyELk]]) fem[k - Q‘n]} |

as long as the varying rate of i[n] is slow compared with the length of fon [n]. In many

(6.28)

practical situations when WPDM system is used, this requirement can be easily satisfied.

For notational simplicity, denote
&em(n] = D (e[klzoilk] + v[k]) fom[k — 2%n].
k

Thus,

The complex variable 4[n] can be written as
a[n] = [d[n]| exp(j6a[n]) (6-29)

The circular symmetry of 4[n] implies that 63[n] is uniformly distributed over [0, 27 ). Sub-

stituting Eq. (6.29) into Eq. (6.28), we have
_ égm [n] }
lnln] = Re {lﬁ[2‘n]| exp(j0z[2*n])

étm[n] exp(—70:[2%n
_ Re{ em[n] l’;lféln?rup ])} (6.30)

Because of the circular symmetry of e[r] and v[n], &m[n] has circular symmetry: i.e.,

€em[n] = |éem[n]| exp(j6z[n]) with 8;z[r] uniformly distributed over [0,27). Since 8;[r] and
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fz[n] are independent, & [n]exp(—36;[2‘n]) has the same distribution property as &z [n].

Thus Iyn[n] can be expressed as

Re {&¢m[n]}
|[af2¢n]]

I(m [n] =
without change of the distribution property of Ij,[n].
Let us define

eem[n] = Re {&m[n]},

and”

1

Then Irm[n] is the product of two independent random variables e [n] and eq[n].

It can be seen from Eq. (6.28) that esm[n] is the sum of the K independent random
variables, because Re {e[n]}, zo;[n], and Re {v[n]} are independent, where K is the length
of filter fer[n]. Though K is not infinite, we can approximate ez [1] as Gaussian distributed,
given that (e[k]zoi[k] + v[k]) has finite variance [72]. Furthermore, the mean and variance
of egm[n] are

E{em[n]} =0
and
ot = E{ehnlnl} = 32 {émlnl*} = (o202 + 02) 3 Sl = 2'n).
The accuracy of the approximation is demonstrated in Appendix C. For a wavelet packet,
Sk f2.[k] is a constant for all the terminals (¢m). Hence, c?, is not a function of (¢m),

and all the terminals in a WPDM system experience the same performance.

The pdf of egm[n] is

= e (-2)
etm = = |-
¢ 2ro? 2"'(2m
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The random variable eq[n] is a function of |@[r]|. The pdf of a general function eq4[n] =

Y(Iﬁ[Q‘n]l) is related to the pdf of |%[2¢n]| [71,72] by

Pra (Y~1(2))
Peg(z) = 727 7 (6.32)
where Y~! is the inverse function of Y, ie. [@[2n]] = Y~(eq[n]), and J is the first

order derivative of e4[n] with respect to [@[2¢n]| evaluated at |@[2¢n]| = Y ~'(e4[n]). From
Eq. (6.31),

J = —z2, (6.33)
Since d[n] is a complex Gaussian distributed random variable with zero mean, |i[r]| has a
Rayleigh distribution; i.e.
%g-exp (—%) 220

0 z<0

pia(2) = (6.34)

Substituting Eq. (6.34) and (6.33) into (6.32), we obtain the pdf of e4[n],

_ 2 1
Pes(2) = z3a§CXp T o222
As a product of two independent random variables es,{n] and eg{n], the pdf of Izm[n]

is given by

Pn() = [ e (2) eswiy

-0 Y

/oo ! exp ( 2t > 2 Xp ( L ) d (6.35)
= —_—— — e - Y. .
0 /2ral.y 207,92 ) 3o} o3y?

Simplification of Eq. (6.35) results in

1

3/2
2 1
e (4 )
m

P (2) = (6.36)

The derivation from Eq. (6.35) to Eq. (6.36) is given in Appendix B.
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When z4n[n] takes values of +1 with equal probability, the probability of error of z 4y, [n]

can be evaluated

Pin(e) = Pr(Eem[n] > 0| zem[n] = ~1)
= Pr(Igm(n] > 1)

= [ pra(e
1

1 (o4 )

= 1l —/—. (6.37)
2 ( Voi+ 2a?m)

As an example, suppose the Daubechies wavelet of order 14 is used in WPDM, and

#11(t) and ¢12(t) are the two carriers for two users. After PSAM equalization for a flat

fading channel and demodulation in the receiver, the overall noise to z;;[n] has a pdf,

1

3/2 z2 1 32 2’
2 O11 T2a'u+;r O’t-‘

a

pn,(z) = (6.38)

where

oh = 507 + 020 3 FhlK,
and fi1[n] = h[n] with h[n] defined in Eq. (2.4). To get a better feeling of the overall noise
due to fading, we plot the pdfs of [1;[n] in Figs. 6.5, where fpTo = 0.025.

In Figs. 6.5(a) and (b), the average signal power to the AWGN ratios are 02/Ny = 10dB
and 02/Ng = 20dB, respectively. For the Daubechies wavelet, because of Eq. (2.8), i.e.,
g[n] = (=1)"h[1 - n], and g[n] = fy2[n], the pdf of the overall noise to z;5[n] is the same as
that of z11{n]. Therefore, we can expect the same performance for the two users employing
$11(¢) and ¢12(t) as carriers. The expectation can be extended to a general case; i.e.
different users employing ¢¢m(t) would have the same performance in flat fading channels.
The reason is that flat fading channels have the same distortion to different frequencies in

the signal bandwidth.
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Figure 6.5: The pdf of the overall interference Ii1[n] with fpTo = 0.025, and the Daubechies
wavelet of order 14. (a) 62/Ny = 10dB. (b) 62/Ny = 20dB.
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For the purpose of comparison, we derive the probability of error for an FDM system
in flat fading channels following the similar procedure as in WPDM. For each user in an
FDM system, we assume BPSK is used to modulate its information sequence. Furthermore,
pulse shaping is assumed so that finite bandwidths for the users are achieved. Although flat
fading process broadens the spectrum of the transmitted signal, we assume that sufficiently
wide guard bands are inserted to prevent the broadened spectrum from interfering with
adjacent channels. The performance for each user is just the same as that for a BPSK
system.

In BPSK modulation scheme, the received low-pass equivalent signal is
r(t) = u(t)s(2) + ve(2),

where u(t) is the fading process, v.(t) is the low-pass equivalent of AWGN, and

s(t) = > z[k]e(t — kTo)

with z[k] = +1 being the information sequence and ¢(t) being the pulse shape. Employing
the suboptimum receiver and PSAM for equalization of the channel distortion, we have the

estimated z(n]
e[n]z[n] + v[n]
i[n]

&[n] = z[n] +

7

where e[n] is the channel distortion estimation error which is Gaussian distributed with
zero mean and variance o2 and v[n] is from the AWGN. The variance of v[n] is o2. Since
z[n] = £1, e[n]z[n] is Gaussian distributed as proved in Appendix A, and so is e[n]z[r]+v[n],
whose variance is 02 + o2.

Let I[n] denote the overall noise to z[n], i.e., I[r] = Re {e[r|z[n] + v[n]}. The pdf of

I[n] can then be derived as

pi(z) =

2o
.

32
2\/52 + o2 (3’3{75 + —1;-) o

%
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Hence, the probability of error for each user is

Tu[n]

Pe) = Pr (Re {Tn]} >0 | zoifn] = —1)

= Pr(I[n] > 1)

1 o3
= —-}1- = y (639
? ( Voi+ (a2 + az)) )

which is the same result as in [76], though different derivation approaches are followed.

To verify the validity of our derivation and the effectiveness of PSAM in combating flat
fading, an example is presented, in which the performance of both WPDM and FDM are
illustrated.

Before proceeding with the example, let us clarify the definition of signal power. In
fading channels, instantaneous signal power is a random variable, and therefore is not
appropriate to characterize system performance. When we mention signal power, we refer

to the average signal power.

Example 6.4.1 In both WPDM and FDM, we assume that there are two users sharing
the channels. Each user has a transmission rate of 1/T. In WPDM, ¢11(t) and ¢y2(t) of
Daubechies wavelet of order 14 are used to modulate the signal sequence z11[r] and z13[n]
of two users. In FDM, no interchannel interference is considered by assuming that sufficient
guardband has been added between the two users. Fig. 6.6 shows the derivation and
simulation results about the performance of WPDM and FDM in flat fading channels with
Doppler shift fp T = 0.05 as a function of SNR, where SNR is the ratio of average signal
power o2 to the spectral density No of the complex envelope of AWGN. For the two user
WPDM system, Tp = T'/2; therefore, fpTo = 0.025. Since the two WPDM users have the
same performance as we demonstrated earlier, the probability of error in Fig. 6.6 applies
for both users. Furthermore, for each user in FDM, the pilot spacing M is 6. For WPDM,

the pilot spacing in zg;[n] is also 6. Later we will show that the pilot spacing used in the
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Figure 6.6: The probability of error of WPDM and FDM in flat fading channels with PSAM

example is small enough to result in an accurate channel estimate.

It can be seen that simulation results of a WPDM system closely agree with our deriva-
tion. From Fig. 6.6, the error floor is suppressed successfully. In other words, with the
PSAM the probability of error can be brought to the expected level by increasing the signal

to AWGN ratio.

To compare the performance of WPDM and FDM systems with different pilot spacing,
we present another example in which only two users are in either the WPDM or the FDM

system.

Example 6.4.2 The wavelet packet used in WPDM is generated from Daubechies scaling
function of order 14. Let us assume fpT = 0.05 once more, where 1/7 is still the transmis-
sion rate of one user. For WPDM, Ty = T'/2; therefore, fpTy = 0.025. Fig. 6.7 shows the
theoretical and simulation results of BER vs. the pilot insertion rate M with o2 /Ny 20dB.

It is clear that for the same BER the pilot spacing for WPDM can be larger than

the spacing for FDM. In other words, WPDM needs less frequent pilot symbols; therefore
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WPDM wastes less energy in pilot symbols and gains capacity when compared with the
FDM scheme. In the given example, we assume M = 8 in FDM and M = 16 in WPDM for
reliable communications. Then it is easily calculated that 12.5% capacity is used by pilot
symbols in FDM, while only 6.25% capacity is used in WPDM.
With more users in WPDM and FDM systems, fpTp is much smaller than fp7T. Thus,
smaller percentage of capacity is spent in pilot symbols. However, Ty has to be sufficiently
large to maintain the validity of the flat fading assumption. As a consequence, fpTp cannot

be decreased indefinitely.

6.4.2 Performance of WPDM in frequency selective fading channels with

PSAM

When frequency selective fading channel is a two-ray multipath channel described in Eq.

(6.12), we have the low-pass equivalent of the channel output

r(t) = ur(t)s(t) + ua(t)s(t — 7) + v(t) (6.40)
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where s(t) is the multiplexed signal defined in Eq.(3.3). It is still assumed that every Afth
symbol in zo1[n] is the pilot symbol. However, how to estimate the channel distortion is
not clear at the moment. First, as in the flat fading case, the received signal r(t) is passed
through the matched filter matching to @o1(t) and a sampler. Since u;(t) and u,(t) are
slow processes and can be regarded as a constant in several bit duration, the output of the

matched filter is

r¢[n]

'\/17_6 / r(£)do(t — nTo)dt
uy[n]zo1[n] + ua(n] Z zo1[k]Ry(nTo — kTo — 7) + v[n], (6.41)
k

where u;[n] and uz[n] are the sampled values of u,(t) and uy(¢) at instant nTy, and R,(7)
is the autocorrelation function of ¢¢;(t) whose definition can be found in Eq. (4.8), and v[n]
is as in Eq. (6.24).

Re-arrangement of the right hand of Eq. (6.41) results in

rfln] = (ul[n] + U2[n]R¢,(—T)) zo1[n] + ug[n] Z zo1[n — k]Rs(kTo — 1) + v|n].
k£0
(6.42)

Since u;(?) and us(t) are two bandlimited complex Gaussian process, ui[n] + ua[n]R,(—7)
is still a bandlimited Gaussian process.

Comparing r¢[n] in Eq.(6.42) with Eq. (6.14), we can identify easily that

v[n] = ui[n] + uz[n]Ry(~7) def ugn], (6.43)

whose power is 02 = o2 + be(_,.)az

s u,» and the total noise in frequency selective fading

channels is

Po[n] = v[n] + uz[n] Z zo1[n — k|Ry(kTo — 7) Lef ve[n]. (6.44)
k#0

Therefore, through pilot symbols, us[kM] can be estimated in the same way as in a

flat fading situation. Interpolating @ s[kM] gives the estimates of the channel distortion on
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Figure 6.8: Autocorrelation function of ¢o;(2).

data symbols. The second term uz[n] 3", .o To1{n — k]Rg(mTo — 7) in Eq. (6.42) cannot be
estimated, therefore is an interference, and increases noise level.

The autocorrelation function Rg(t) for ¢o1(t) being a Daubechies wavelet function of
length 14 is plotted in Fig. 6.8. From Fig. 6.8 (where Ty is normalized to 1), we can see
that when the delay 7 of the second path relative to the main path is small compared with
the bit duration Ty, Rg(—7) is usually bigger than R4z(mTo — 7) with m # 0. The second
path contributes more to signal than to interference. On the other hand, if r is big, but
still within one bit duration, the second path serves mainly as an interference, since the
distortion caused by us[n] cannot be effectively estimated. When T exceeds Tp, the second

path is just an interference.

Substituting Eqs. (6.43) and (6.44) into Q¢ and w;[k] in Eq. (6.17) and (6.18), we have
Lots gl
Qi = zE{usiM]azlkM]}
= R (- kM) (o2, + 0%, RY(-7))

+0%, Ry ((i = K)MTo) 3= Ry(mTo — 7)Ry ((kM — iM + m)Tp - 7)
mz#£0
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Nobli — k]
Eo E{|zc1[n]|?}

wltl = ZE{ujlklaglim])

= (o2, +2, R3(-7)) Ru ((iM ~ k)To) -
Similarly the optimum Wiener filter coefficient d[k] can be calculated from normal equation,
and the channel distortion can be estimated. The variance of the estimated @ f[n] is given
by
o2, [k] = wilk|Qw(k].
Let ef[n] be the estimation error associated with the estimate i[n]; i.e.,

ef[n] = ug[n] — df[n]. (6.45)

Its variance is

o, (k] = ol [K] - o3 [K]. (6.46)
As in flat fading, the channel is compensated by the channel estimate,

; sln] (6.47)

where i¢[n] is the estimate of the channel distortion, and therefore a slow complex Gaussian
process.

By substituting the expression of ry[n] in Eq. (6.42) in (6.47), the compensated signal
sequence 7¢[n] may be further written as

(@s[n] + es[n])zo[n] + vy[n]
i f[n]
ef[n]zO}[n] +vsln] (6.48)
ign]

feln] =

= zoi[n] +

Passing the compensated sequence 7¢[n] through wavelet packet decomposition filters,

we have

Eem[n] =) #1[k] fom [k — 2'n]. (6.49)
k
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Insertion of 7¢[n] in the above equation results in

klzou (k] + vs[k]
us[k]

Once again, for real zg;{n], only the real part of the second term in Eq. (6.50) is of interest.

Semln] = 2emln] + 3 2L femll — 2n]. (6.50)
k

For the notation simplicity, we denote

If4m[n] = Re {; i [k]’”";ﬁ}cr ZiLIPay. 2fn1} .

Similar to the analysis in flat fading channels, making use of the slowly varying property

of 4¢[n], we may write I ¢m[n] as

Iy o] =~ Re { T (ef[k]xo1[k];f‘[‘2’{7[:]“]) fem[k ‘2‘n]} ’ (6.51)

as long as the varying rate of @y[n] is not fast compared with the length of fer,[n].
Using the circular symmetry property of es[n], v¢[n], and i [n], Eq. (6.51) can be written
as

Re {Zk (eslklzor[k] + vs[k]) fimlk — 2‘n]}
frntel = 2] '

Denote

estm[n] = Re {Z(ef[k]zm[k] + vs[k]) fem[k — 2‘"]} .

k

Though ef[n] is a sequence of independent random variables and so is zgi[n], vf[n] =
v[n]+uz[n] Xrro zo1[n — k] Ry(kTo—T1) is a correlated sequence. Thus e ¢y, is the sum of K
correlated random variables, where K is the length of filter fym[n]. However, €/ ¢m[n] can still
be approximated by a Gaussian distribution [71]. Usually for an accurate approximation,
the number of correlated random variables involved in the summation should be bigger than
the number of independent random variables. In Appendix D, we demonstrate the accuracy
of the approximation of e ¢m[n] as a Gaussian distribution.

In the approximation, the mean and variance of ey ¢, [n] are

E{esem[n]} =0
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and
Titm = E{efmn]}
= 3 (ZE(Hn) +02) 5 faulk = 2]
+50%, E{adnl} -
Zk: ,Z Ry, ((k = )To) ;124;(2’ ~T)Rs(j — k+i—7) fem[k — 2] fom[j — 2'n].

(6.52)

Similar procedure to derive Eq. (6.36) can be followed to obtain the pdf of I f.em[n] as
1

Pl m(2) = (6.53)

3/2
2 1 2
23/2¢ —5— + o2
flm 2%, + aﬁf iy

If binary transmission is assumed for each user, the probability of error of z,, [n] is
Ptim(e) = Pr(Zem[n] > 0| zem[n] = —1)
= Pr(Ism[n] > 1)

o0
= /1 PI; ., (2)dz

0’,;]

= 3 (1“2—*2—)-
\ /Uaf +20%

It can be seen that the probability of error at terminal (¢m) is a function of 0% m» which

(6.54)

we know from Eq. (6.52) is a function of the correlation of fy,[n]. Thus, users at different
terminals may experience different performance. This is the expected result, since Orm(t)
concentrates in different frequency bands and the frequency-selective fading affects the
different frequency bands in different ways. The performance selectivity will be illustrated
later.

Let us first present an example to demonstrate the validity of our derivation.

Example 6.4.3 Consider a specific WPDM system consisting of two branches, using ¢,1(¢)

and ¢13(t) as carriers for the binary message signals z11[n] and z;5[n]. The transmission
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Figure 6.9: Simulation and derivation results on the probability of error of WPDM in
two-ray multipath channel with PSAM.

channel is a two-ray fading channel, with each of the path having a Doppler shift of fpTp =
0.025. The second path has a delay of 7 = 0.17p relative to the main path, and the signal
power ratio of the main path to the second path is 3dB. Moreover, the channel is corrupted
by AWGN. The pilot spacing is M = 6. The performance of WPDM is evaluated both
theoretically and by simulation, and the results are plotted in Fig. 6.9.

It can be observed that the theoretical analysis agree reasonably with the simulation
results, although during the analysis, approximations were used.

We can also observe that for zyi[n] and z;5[n], different performance was obtained.
This is the expected results, because ¢y;(t) and ¢;2(t) concentrate on different frequency

bandwidth, and the distortion effect of a frequency selective channel varies with frequencies.
The frequency selectivity will be illustrated in next example in more detail.

Example 6.4.4 Assume the second level terminal functions @21(2), @22(t), @23(t), and
®24(t) of a Daubechies wavelet packet of length 14 are used as carriers in a WPDM system.

The channel of interest is still a two-ray fading channel with each path having a Doppler
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shift of fpTo = 0.025, and M = 6 is chosen to be the pilot spacing in PSAM. Fig. 6.10
shows the performance of each user with different combination of delay = and the signal
power ratio of the main path to the second path 012‘1 /032.

In Fig. 6.10(a), 7 = 0.2Tp and 0, /o2, = 0dB. In Fig. 6.10(b), 7 = 0.1Tp and 02 /o2, =
5dB.

The performance selectivity on the different subchannels is obvious, and is characteristic

of frequency selective channels.
We now examine the effect of the relative delay r.

Example 6.4.5 Once again, we consider a two user WPDM system using ¢11(t) and @14(t)
modulating z;:{n] and z12[n]. Fig. 6.11 shows the performance of WPDM in two-ray fading
channel with fpTo = 0.025 and various T and o2 /o2, .

In each of Fig. 6.11(a), (b), and {c), the probability of error for 7 = 0.1T,, 7 = 0.2T4, and
7 = 0.3T are plotted. Fig. 6.11(a), (b), and (c) correspond to o2 /o2, = 0dB, o2 /ol =
5dB, and 02 /o2, = 10dB, respectively.

Fig. 6.11 shows that when the relative delay 7 of the second path is small, for example
7 = 0.179 or 7 = 0.275, WPDM performs well. In this case, the second path contributes
more to signal than to interference. When 7 is big, say 7 = 0.3Tp, PSAM does not help im-
prove the performance. It can also be seen that PSAM does not suppress the error floor in
frequency selective fading as successfully as in flat fading. The reason for this is that PSAM
is intended for the error floor removal in flat fading channels, and the performance improve-
ment with PSAM is limited in the frequency selective fading channels. When main-path
signal to AWGN ratio is large, the dominant noise is the interference from the second path,
which is determined by the relative delay T and the power of the second path. Therefore,
increasing the main-path signal to AWGN ratio cannot give better performance indefinitely;

i.e., the error-floor still exists as shown in Fig. 6.11. Indeed, when the main path to the
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second path signal power ratio is bigger, the error floor suppression is more striking.

6.5 Summary

Since fading characterizes the mobile channels, the performance of WPDM in fading chan-
nels determines the success of WPDM in mobile communication systems. In this chapter,
the performance of WPDM system in both flat fading and two-ray frequency selective fading
channels was derived. As in many other communications systems, to combat the irreducible
error due to fading, a time domain equalization PSAM was applied to WPDM systems.

It was shown that in flat fading channels, the error floor was suppressed successfully
with PSAM, although WPDM has a non-constant envelope. For the purpose of comparison,
the performance of an FDM system in the same channel environment was also evaluated.
The calculation and corresponding simulation results illustrated that the pilot spacing for
WPDM can be larger than the spacing for FDM. In other words, WPDM needs less frequent
pilot symbols and therefore gains capacity in flat fading channels compared to the FDM
scheme.

For a special frequency selective fading channel, the two-ray multipath channel, the
performance analysis of WPDM revealed that when the relative delay 7 of the second
path to the main path is small compared with the bit duration Ty, the irreducible error
is successfully suppressed with PSAM. While 7 is big in comparison to Tp, the error floor
cannot be completely suppressed by using PSAM, especially when the main path to the
second path signal power ratio is small. The reason for this is that the second path could
not be effectively estimated and the signal power in it could not be constructively used.
Hence, the second path contributes more significantly to the interference than to the signal.

This is in fact the limitation of the time-domain equalization.



Chapter 7

Conclusion

A new scheme for transmitting multiple signals using wavelet packets (WPDM) has been
proposed. The concepts of the scheme have been outlined and the transmission and recep-
tion systems, with their equivalent realizations, have been developed. Wavelet packet basis
functions are employed as coding waveforms because they provide self orthogonality based
on time translation and mutual orthogonality based on occupancy of different orthogonal
subspaces. As a general form of FDM and TDM, when WPDM is used in the extreme
case as a kind of FDM, it has the advantages of a parallel transmission system. However,
the orthogonalities in a wavelet packet allow the waveforms to be overlapped in both time
and frequency, eliminating the need for guard bands in FDM, and thereby increasing the
bandwidth efficiency of the transmission channel. In addition, the transmission system also
offers communication security, since knowledge of the choice of wavelet packet is required
for decoding of the message signals. While WPDM offers these advantages, we note that in
common with several other communication schemes (e.g., rectangular 16-QAM), the trans-
mitted signal does not have a constant envelope. In order to control the effects of envelope
variations, we may have to limit the transmission power in order to avoid operating the

transmission amplifiers near their non-linear saturation regions [51]. If an attempt is made
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to restore the constant envelope characteristic by passing the composite signal though a
hard-limiter, the orthogonality of the constituent waveforms may be destroyed, resulting in
potentially unacceptable performance.

We have examined the problem of timing error in WPDM and observed that the inter-
ference due to a timing discrepancy between the transmitter and receiver is made up of two
components, IST and crosstalk, which can be respectively modeled as the message bits from
the given channel and the adjacent channels passed through corresponding filters. Though
the interference filters take different forms under constant timing error and timing jitters,
the simple filter models led us to propose an optimum design of the coding waveforms
(i.e., the scaling function and its constituents) in which the total timing-error interference
is minimized. We also obtained expressions for the probability of error under the effects
of timing error and additive white Gaussian channel noise. Simulations confirmed these
expressions and showed that employing the optimum scaling function as the fundamental
waveform results in a lower probability of error in transmission than other commonly used
scaling functions.

Throughout the thesis, we have focused our attention on orthogonal multiple signal
transmission. We can easily obtain extra degrees of freedom by expanding our formulation to
biorthogonal signaling using biorthogonal wavelet packets and filter banks [62,79]. However,
we note that Proposition 4.3.1 no longer holds and the minimization of the total interference
energy becomes structure dependent. We must therefore reformulate the optimization in
terms of the interference energies at each level. Furthermore, care must be taken in order to
avoid excessive noise gain and numerical instability [80] in the wavelet packet decomposer.

As a parallel transmission system, WPDM is intuitively more robust to impulsive noise
than a serial transmission system, such as TDM. The performance of a WPDM system in

the presence of both Gaussian and impulse noise has been analyzed, and has been compared
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with TDM system. It has been found that WPDM indeed provides greater immunity to
impulsive noise than TDM.

With bandwidth efficiency and flexibility in assignment of subchannels and limited sig-
nal power to maximize channel capacity, WPDM is promising for mobile communications.
Since fading characterizes the mobile and radio channels, the performance of a WPDM in
fading channels determine the success of WPDM in mobile communication systems. We
have derived the performance of WPDM system in both flat fading and two-ray frequency
selective fading channels. As in many other communications systems, to combat the irre-
ducible error due to fading, a time domain equalization PSAM has been applied in WPDM
system.

In flat fading channels, the error floor has been suppressed successfully with PSAM,
although WPDM has a non-constant envelope. For the purpose of comparison, the perfor-
mance of an FDM system in the same channel environment has also been evaluated. The
calculation and corresponding simulation results illustrate that the pilot spacing for WPDM
can be larger than the spacing for FDM, and thus WPDM gains capacity and wastes less
signal power on pilot symbols in flat fading channels compared to the FDM scheme.

For a special frequency selective fading channel, the two-ray multipath channel, the
performance analysis of WPDM has revealed that when the relative delay 7 of the second
path to the main path is small compared with the bit duration Tp, the irreducible error
is successfully suppressed with PSAM. When 7 is big in comparison to Tg, the error floor
cannot be completely suppressed by using PSAM, especially when the main path to the
second path signal power ratio is small. The reason for this is that the second path cannot
be effectively estimated and the signal power in it cannot be constructively used. Hence, the
second path contributes more significantly to the interference than to the signal. This is in

fact the limitation of time-domain equalization. To achieve the significant performance im-
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provement in frequency selective fading channels, frequency domain equalization techniques
or diversity techniques should be used.

In summary, given the ever increasing demand on channel capacity in communication
systems, the bandwidth efficient advantages of WPDM, together with the simplicity of its
implementation, its emerging robustness properties, and the flexibility in the assignment of
the subchannels and the limited signal power, show that WPDM holds considerable promise
as a multiple signal transmission technique in both wireline and wireless communication

channels.

7.1 Future work

Although the concepts of WPDM have been developed and the WPDM has been studied
in several environments, there are some interesting issues worth of investigations.

First, by analogy with frequency-hopped communiction schemes, incorporation of time
variation into the WPDM scheme may offer the potential for further performance improve-
ments, especially in frequency selective fading channels, and further security improvements.

Second, since orthogonality in wavelet packet basis functions is not a necessary condition
for a WPDM system, non-orthogonal wavelet packets (e.g. biorthogonal wavelet packets)
may be used to provide us with a more bandwidth efficient WPDM system. However, in
this case, some properties in orthogonal wavelet packets multiplexing may no longer hold.

Third, in WPDM, there may be more properties to be exploited to further improve the
bandwidth efficiency. One of the properties may be cyclostationary property in wavelet
packet multiplexed signals.

These further investigations may lead to a better understanding and a fuller exploitation

of wavelet packets in the applications to multi-user communication systems.



Appendix A

The pdf of ¢[n]zg[n]

In this appendix, we present a proof for that z[n] = e[n]zo1[r] has a Gaussian distribution if
e[n] is Gaussian distributed with zero mean, zg;[n] = %1, and e[n] is independent of zg;[n].
Let us denote p.(.) and p.(.) as the pdf of e[r] and z[n], respectively.
The distribution F.(z) of z[n] is given by
F.(z) = P(e[n]zoi[n] < 2).
Assuming zo;[n] takes on +1 and —1 with probability of P, and 1 — P, respectively,
and making use of the assumption that e[n] and zo;[n] are independent, we have

F.(z) = PiP(e[n] < z) + (1 — P1)P(e[n] > ~2).

Because e[n] is assumed to have a zero mean Gaussian distribution, p.(z) is an even

function and

P(e[n] > —z) = P(e[n] < z).
Thus we have
F,(z2) = PiP(e[n] < 2z)+ (1 - P1)P(e[n] < ~2)
= P(eln] < 2)
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= F.(2),

where Fe(z) is the distribution of e[n]. The same distributions correspond to the same pdf;

i.e.,
pz(2) = pe(2),

and z[n] has a Gaussian distribution.



Appendix B

Simplifying p;, (2)

© 1
e+ [ e
‘ o 2x02 y Tfm Y
22 1
2dlm + ;ﬁr) dy

_ 2 /oo -
\2ro2 o2 Jo y! y?

We re-write Eq. (6.35) for convenience,
22 2 L ),
7ol exp T y
(B.1)

Let us denote
. z? + 1
A
and change variable ¢t =1/y. Eq. (B.1) becomes

2 00

po(2) = / t? exp(—at?)dt. (B.2)
2wo202 Jo

(B.3)

4

The integration part in Eq. (B.2) equals to ﬁl% Therefore we have

1
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Appendix C

Approximation of ¢, [n] by a

(Gaussian distribution

Re-write the definition of esy[n] here for convenience,

eem[n] = Re {Z (elklzor[k] + v[k]) femlk — 2"12]} .
k

where e[n] is the channel distortion estimation error, which has a complex Gaussian distri-
bution, zg1[n] is reconstructed from zsm[n] = £1 by wavelet packet reconstruction filter,
and v[n] is from the AWGN. The random variables e[n], zo;[n], and v[n] are all independent.

As the sum of independent random variables, e;m[n] can be approximated by Gaussian
distribution with

E{em[n]} =0

and
1
Ofn = E{elnlnl} = 5(0202 + 1) 3 f2, [k — 2°n].
k

The pdf of egn[n] is therefore,

Deyn(2) = = exp( 22>
o V2ra}, 205 )

128



129

Now we demonstrate the accuracy of the approximation. For a wavelet packet, 3", fE. k] is
a constant for all (ém), o7 is not a function of (¢m). Thus in terms of pdf property, e/, (n]
from any (¢m) would be representative of every (¢ém). In this appendix, the data from all
eem[n] in a wavelet packet are used to obtain a histogram.

We generate a long sequence of e, [n] in the following procedures.

o Generate a long sequence of Gaussian distributed Re {e[n]} with zero mean and vari-

1,2
ance 30¢.

e Generate a long sequence of Gaussian distributed Re {v[n]} with zero mean and vari-

1.2
ance ;0.

o Generate zgi[n] from z4, = *1 by wavelet packet reconstruction filter. The se-
quence zg;[n] depends on the wavelet packet chosen in WPDM. Here we choose the

Daubechies wavelet with N = 14.
o To get eem[n], compute 3=, (Re {e[k]} zo1[k] + Re {U[k]}) fem[k — 2¢n].

For the experimentally generated e, [n], a histogram A 1st(b;, y;) can be obtained. where
b; is the center of ith bin, the bin size b, is given by bi+1 — b;, and y; is the accumulation

number. For the purpose of comparison, we normalize a histogram by

g = Y
' sziyi’

such that
Z-ﬁibs = 1.

Comparing the histogram with the assumption of the pdf of e [n], we can see heuristically

how accurate the approximation is. Moreover we use the square error

& = 3 @ Peen(5) b,
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to be a measure of the approximation accuracy. To have a more accurate quantitative
comparison, we estimate the up to 4th moments of the experimentally generated e, [n] [71,

81] by

1 &
Th]_ = E g €tm [Z]

Lo
Z (eem[t] ~ 1y )2

=0

Lo
Z (elm[i] - Thl )3

i=0

Lo
S (etmld] — 1)

1=0

1
Lo
1
Lo
1
Lo
The difference between ;{7 = 1,2, 3,4) and the corresponding moments m; of Gaussian dis-

tribution characterizes the accuracy of the approximation. Smaller difference indicates more

accurate approximation. The moments of Gaussian distribution can be calculated [72]as

e (-5
Man = —F 7 exp
27!'0'3lm —oo 2o’l?m

(2n)! 2
gnp) Jtm

and

Mant1 = 0.

In the following examples, the number of bins of the histogram are arbitrarily chosen to
be 31.

First we assume that ¢11(t) and ¢;2(z) are used for carrying the the information sequence
in WPDM. In Fig. C.1, histograms and the Gaussian distribution are shown for (a) o2 /No =
25dB, fpTo = 0.025 and (b) 02/Ny = 10dB, fpTo = 0.0125.

Since ej1[n] and e;,[n] have the same distribution property, the histogram is obtained
from (e11[n], e12[n]). The variance of e[n] are computed from Eq. (6.25). In Tables C.1, and

C.2, we list the estimated moments 77;, the moments of Gaussian distribution m;, and their
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Figure C.1: Histogram of e;j[n] and ideal Gaussian distribution. (a) fpTy = 0.025, and
02/Ng = 25dB. (b) fpTo = 0.0125, and ¢2/No = 10dB.
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Figure C.2: Histogram of e;; and ideal Gaussian distribution. fpTp = 0.025, and 02 /Ny =
20dB.

difference. As a measure of the approximation accuracy, d? for each approximation is also
shown in Tables C.1, and C.2.

For the WPDM employing ¢2i(t),(i = 1,2,3,4) as the multiplexing waveforms. the
histogram of e;[n] and the ideal Gaussian distribution for 62/Ny = 20dB and fpTy = 0.025
are plotted in Fig. C.2.

The moments comparison and the square error d? are listed in Table C.3.

It can be observed from Figs. C.2, C.2 and Tables C.1,C.2, C.3 that the approximation

of egm[n] 2s a Gaussian distribution with zero mean and variance o2, is accurate.



i=1 =2 i=3 i=4 2

; 5.858¢-005 | 2.262e-003 | -1.165e-006 | 1.567e-005 | 4.785¢-004
m; 0.000e+000 | 2.256e-003 | 0.000e+000 | 1.527e-005
[Tn; — m;] | 5.858e-005 | 5.394e-006 | 1.165¢-006 | 3.932e-007

Table C.1: Estimated and ideal moments of e;; in correspondence to Fig. C.1(a).

i=1 i=2 i=3 i=4 d*
m; 7.029e-004 | 6.162e-002 | 1.786e-004 | 1.151e-002 | 3.781e-005
m; 0.000e+4-000 | 6.162e-002 | 0.000e+000 | 1.139e-002
[th; — m;| | 7.029e-004 | 3.061e-007 | 1.786e-004 | 1.197e-004

Table C.2: Estimated and ideal moments of e;; in correspondence to Fig. C.1(b).

i=1 i=2 i=3 i=4 d?
m; 1.973e-004 | 7.066e-003 | 5.916e-006 | 1.503e-004 | 1.624e-004
™m; 0.000e+000 | 7.051e-003 | 0.000e+4-000 | 1.491e-004
|; — my| | 1.973e-004 | 1.567e-005 | 5.916e-006 | 1.213e-006

Table C.3: Estimated and ideal moments of e5; in correspondence to Fig. C.2
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Appendix D

Approximation of e f)gm[n] by a

(zaussian distribution

Re-write the definition of ef ¢m[n] here for convenience,

efem[n] = Re { >~ (eslKlzorlkl + vs[k]) fom(k — an]} :
k

where ef[n] is the channel distortion estimation error, which is Gaussian distributed, zo;[n]

is reconstructed from z¢m[n] = +1 by wavelet packet reconstruction filter. and v¢[n] is

ve[n] = v[n] + ua[n] Z zo1[n — k]Rs(kTo — 1) (D.1)
k0

The random variables e[n], zo1[n], and vg[n] are all independent of each other, but vy[n] is
a correlated sequence.
Though e ¢m[n] is the sum of correlated random variables, it can still be approximated

by Gaussian distribution [71] with
E{eftmln]} =0
and
otemn = E{e}mln]}
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= 2 (o2E{ehiln]} +62) 3 fulk - 2n]
k
+50%, E{ah[nl}-
D23 Run((k = )To) 3 Ro(i = m)Re(G = k + i = ) fimlk = 2°n] frm [ — 2°n].
k J t#0

Since U},cm is a function of fg,, different terminal ({m) would have different Gaussian
distributions. In the appendix, the histograms are obtained for each terminal of WPDM.
Now we demonstrate the accuracy of the approximation.

We generate a long sequence of ef¢n([n] in the following procedures.

o Generate a long sequence of Gaussian distributed Re {ef[n]} with zero mean and

. 1.2
variance 30; .

o Generate a long sequence of Gaussian distributed Re {v[n]} with zero mean and vari-

1,2
ance 50,.

e Generate zo;[n] from z;, = +1 by wavelet packet reconstruction filter. The sequence

zo1{n] depends on the wavelet packet chosen in WPDM.
e Compute Ry(kTp — 7).

e Generate Gaussian distributed slowly varying process Re {us[n]} with zero mean and

. 1.2
variance 20u,-

o Generate Re {v¢[n]} by Eq. (D.1).
o To get ef,em([n], compute Ty (Re {e/[k]} zor[k] + Re {v/[k]}) fom[k ~ 2°n].

For the experimentally generated ey ¢n[n], 2 histogram can be obtained. Comparing the

histogram with the assumption of the pdf of e #,em[n], we can see heuristically how accurate
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the approximation is. To have a more accurate quantitative comparison, we estimate the

up to 4th moments of the experimentally generated e ¢m[n] by

1 Lo
m; = L—Ogef,(m[zl

1 Lo . )
My = Eg(ef"’"[z]_ml)

Lo

Z (ef.emli] — Thl)3
i=0

. 1 & C
My = _L;;(ef'lm[l] —-my) .

1
Lo

The difference between m;(i = 1,2,3,4) and the corresponding moments m;of Gaussian
distribution characterizes the accuracy of the approximation. Smaller difference indicates
more accurate approximation. The calculation of m; can be found in Appendix C.

Again, we use the square error

@ = 3 (5 = Peyen(b0)) b4
i
to be a measure of the approximation accuracy.

First we assume ¢11(t) and ¢;2(t) of Daubechies wavelet of order 14 are used for car-
rying the the information sequence in WPDM. In Figs. D.1 and D.2, histograms of e 11[n]
and ef 12[n] and the respective Gaussian distribution are shown for various combination of
No, fpTy, T, and main-to-second path signal power ratio 031 / 032.

The variance of e¢[n] are computed from Eq. (6.46). In Tables D.1 and D.2, we list the
estimated moments 77;, the moments m; of Gaussian distribution, and their difference.

For the WPDM employing ¢2:(t),(i = 1,2,3,4) as tke multiplexing waveforms, the
histogram of ey 2i[n] and the ideal Gaussian distribution for o2 [No = 15dB, fpTp = 0.1,
7 = 0.1Tp, and 02, /o2, = 0dB are plotted in Fig. D.3.

The moments comparison are listed in Table D.3.



i=1 i=2 i=3 i=4 d?
ef11 m; 1.165e-003 | 9.986e-002 | 3.648e-004 | 3.032e-002 | 9.379e-005
m; 0.000e+000 | 1.006e-001 | 0.000e+000 | 3.038e-002
[fr; — mg| | 1.165e-003 | 7.778e-004 | 3.648e-004 | 6.680e-005
ef12 ™ 1.736e-019 | 1.312e-001 | -2.548e-004 | 4.979e-002 | 5.222e-004
m; 0.000e+000 | 1.312e-001 | 0.000e+000 | 5.168e-002
|f: — m;| | 1.736e-019 | 2.838e-005 | 2.548e-004 | 1.887e-003

Table D.1: Estimated and ideal moments of e;; in correspondence to Fig. D.1

i=1 i=2 i=3 i=4 d?
ef11 M 3.973e-004 | 1.094e-002 | -6.025e-006 | 3.657e-004 | 5.746e-004
m; 0.000e+-000 | 1.102e-002 | 0.000e+-000 | 3.643e-004
|7; — mg| | 3.973e-004 | 8.230e-005 | 6.025e-006 | 1.369e-006
ef12 m; 6.980e-020 | 1.492e-002 | 3.079e-006 | 6.458e-004 | 1.671e-003
m; 0.000e+4-000 | 1.495e-002 | 0.000e+000 | 6.708e-004
[fn; — m;| | 6.980e-020 | 3.698e-005 | 3.079e-006 | 2.492e-005

Table D.2: Estimated and ideal moments of ey; in correspondence to Fig. D.2

i=1 i=2 i=3 i=4 d*
ef21(n] m; 2.194e-003 | 2.658e-002 | 2.364e-004 | 2.169e-003 | 5.722e-004
m; 0.000e+000 | 2.670e-002 | 0.000e+000 | 2.139e-003

| — m;| | 2.194e-003 | 1.168e-004 | 2.364e-004 | 3.006e-005

ef22[n] m; 3.579e-019 | 3.282e-002 | 5.853e-005 | 3.214e-003 | 1.369e-004
m; 0.000e+4-000 | 3.318e-002 | 0.000e+000 | 3.303e-003
| — m;| | 3.579e-019 | 3.586e-004 | 5.853e-005 | 8.947e-005

ef23[n] m; 1.357e-019 | 3.414e-002 | 1.599e-006 | 3.492e-003 | 2.515e-004
m; 0.000e+000 | 3.427e-002 | 0.000e+000 | 3.524e-003
[fh; — m;| | 1.357e-019 | 1.298e-004 | 1.599e-006 | 3.198e-005

ef24[n] ™m; 6.983e-020 | 4.101e-002 | -2.938e-005 | 4.871e-003 | 3.954e-004
m; 0.000e+000 | 4.151e-002 | 0.000e+000 | 5.169e-003
| —m;| | 6.983e-020 | 4.982¢-004 | 2.938e-005 | 2.975e-004

Table D.3: Estimated and ideal moments of e; in correspondence to Fig. D.3
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Figure D.1: Histogram of ef;[n] and ideal Gaussian distribution. fpT, = 0.025, o2 [No =
10dB, the relative delay of the second path 7 = 0.2, and 0'31 /o2, = 0dB.
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It can be observed from Figs. D.1, D.2, D.3, and Tables D.1, D.2, D.3 that the approx-
imation of ef¢mn[n] as a Gaussian distribution with zero mean and variance U},lm is not as
accurate as the approximation of esm[n] in Appendix C, especially when ¢11(¢) and o12(%)
are used. This is an expected result since e ¢m (1] is the sum of a correlated sequence, and on
the other hand ey, [n] is the sum of an independent sequence. However, the approximation

is reasonably accurate to be adopted.
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