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ABSTRACT
) [
. This thesis studies the maximal ideals and minimal overrings
™ L 4
of the rings of the title. It is.shown that then maximal ideals are

L

segregated into projective and non-projectives with no interplay between
these classes. Moreover, the pr$;;:;ive maximal ideals behave as

though the ring were heredit!ry.

The maximal spectrum of minimal equivalent ordgrs is célculéted
in terms of that of R. This enables a comp;rison of their link-graphs
. . , .
(they are almost the same) and a Ehafacterization of when a minimal
‘equivalent ordef also has the attributes of the title. This inducfivé\t;\

property is shown to be preserved by the "cycle map" as well as passing

up to the minimal equivalent order itself.

iil



// ‘ ’ - ' X : . .
{ ACKNOWLEDGMENTS
N - “ L. ..’

The author would like to express his deep gratitude to

r

which have greatly improved the thesis. I would also like to thank my

-

~fellow graduate students at McMaster University for their fellowship
- .

and comraderie 'as well as my friends and family for their moral suppert
- .

and patience, especially P.B. " Final thanks to McMaster University for

its academic and financial support, and.the Secretaries of the Mathematics

- Department for &peir i?riendly help with the various administrative
problems, especially G.B. for her fine typing job.
. Ef " - .
: " -
f
b »
’ h

iv



2
) TABLE OF CONTENTS
¥ -
”
y o
INTRODUCTION .
b " ‘ - .
CHAPTER {
I  FRACTIONAL-IDEAL THEORY

1. Generalities about Dual Modules

2. Duals in a Prime Noetherian Ring
e

e for (Usually Prime) Noetherian Rings

4, [Fractionail Ideals in a Bounded Noetherian Prime
Ring of Injective Dimension Ome :

—

II  EQUIVALENT ORDERS . .
1. KXrull Dimension One .
2. \Idjective Dimension One fo; Equigalent Orders
‘3. Minimal Qverriﬁgs; Distinet Conductors
4, qunimal Overrings, Non-distinct Conductors )
5.  Some Open Problems. dnd.Conjectures )
REFERENCES ‘

3. ;ﬁiaracterizations and Properties of Injective Dimension'

PAGE

14

u7

47

S50

56

86

102

104



.

INTRODUCTIQN )

This thesis has grown out of an attempt to'study links in the

fairly tame setting of tﬁe title. Links were introcduced by Mueller in

‘[13) as obstructions to localization at a prime ideal in a fully

X
bounded noetherian ring. It is hoped that by studying links in rings

of low dimension that a better understanding of links(in general will
folloé, sheading some liéﬁ% on the problem on localization in non-
coﬁﬁutative rings in gener;l.

Much of this thesis is inspired by the woqk of Eisenbud, Robson
and othé;s on the localizations of a bounded noetherian prime ring of
global dimension one (all modules have injective dimension less or
equal one) which are called Sounded HNP rings. In this setting one
of the major tools is the cycle map. It has been shown that the link
directed-graph is the same as the cycle map directed-graph in a
bounded HNP)ring. The links aré thus too well-behaved here and a more

general setting is more appropriate.

«n
The rings of the title (where only the R-modules RR and RR

e.assumed to have injective dimension one) are precisely the bounded

——
N

noetherian prime rings for which the cycle map is still well-defined
(ie. is still a map). The¢ link directed-graph is not nearly as well

behaved, but one still has enough control to make teir study feasible.

]
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2.

In Chapter I, the first three sections present known material
which is necessa?y for the rest of the thesis.- %ection IV 1s concerned
with three related types of questioms: (i) Since in a bounded HNP
ring all one sided ideals are projective, to what extent do projective
ideals in our rings mimic ideals in bounded HNP ringé? (2) Since

all of the‘éssumptions of the title are symmetric, can one-sided

_properties be shown to be two-sided (expecially projectivity)? (3)

Since linksiégcur exéqtly between non-commuting maximal ideals, what

5

o Ns o .
sort of commutativity reéﬁifaxfgn be shown for fractional-ideals other

than maximal ideals? l

Cﬁapter II is concerned with equivalent orders (especially
minimal ones). The main questions are: (1) When is an equivalent?
order also bounded ncetherian prime withiinjective dimension one?
(2) Can ocne describe the spectrum of a minimal equivalent order in
terms of the spectrum of R? (3) Camrone describe the links and

"cycle map" of a minimal equivalent order in terms of those of R?

e



: i CHAPTER I
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- | FRACTIONAL-IDEAL THEORY a

}hrodghout the thesis R will be a not necessarily commutative

Essociatige ring with unity deroted by 1., K will be reserved for the
Goldie quotient ring of R, when itex{sts. S and T will be res-
erved fer equivaleﬁt orders to R, and M, N, P, Q for R-modules

or ideals. Any condition is assumed to be two-sided unless prefixed

by the word right or left. "W g and £7n_ will denote the categories
L J

of right and left R-modules respectively. M-Spec(R) denotes the
maximal spectrum (the set of all waximal ideals) of R. The abbrev-

iation f.g. is used for finitely generated throughout.

In the-probfs of many of the results, there are strings of
equalities where ea&h step. is derived from the previous one by a sub-
stitution. To facilitate the réa@ing of these, the quantity that is
to-be substituted for is bracketed on the left of the equality sign.
Thus, for example, we might write (MN)P = XP - if we knew that MN = X
holds.

&

I. GENERALITIES ABCUT DUAL MODULES.

— -

" In this section R and .R' -will dénote arbitrary rings.

-3-



The information in this section is all well known and hence

- .proofs are omitted or sketched. It is, however, fundamental to all

that follows so it is collected here for completeness. \\\\( g
\\\\, ~

1.1.1. Definition. For M€ “th, the right dual of M is

I:ﬁ
1]

hom (M,R). Similarly, for N & gﬂTl, the left dual of N is

*

hom {N,R).

|=
]

7
Although, for one-sided modules the differing notations may

seem redundant, for bimodules the two notations differentiate which

. . . . x .. .
structure is being dualized. The abelian group M is in a canonical

7

1.1.2, Proposition. For right moddles M and N with
!

way a left R-module.

o € hom (M,N)} a” defined via u*(f) = fe¢¢ is a well defined

*

" R-homomorphism from N to M. If a is epi then a* is mono.

1.1.3, Corollary. The right R-dual of an R'-R bimodule is

an R-R' bimodule.

Proof. © is a ring homomorphism frem End(M) to End(M”).q.e.d.

. * * _* .
1.1.4. Corollary. [MeN] = M eN canonically.

1.1.5, aorollary. 1), R" = R canonically;
FR ’
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(2) The dual of a f.g. prbjective medule
s N . *
‘is £.g. projective.

-
-

. . ~ _
1.1.6. Proposition. If R is left hoetherian and M is

right £.g. then M is left f.g. : L

. . 1 r
1.1.7. Theorem. [Dual Basis Lemmal A right module M is

f.g. projective if and équ if 1 e (MMXM) or equivalently,

()" = Endy (M). The multiplication (M)(M") is given by
+ 4 '
mem*:M+M via [mem 1(m') = ne[m*(m')] for m,m' .M, m" € M,
? .
LS
Since the dual of a module is again a module, albeit on the

other side, it is natural to iterate the process and compare successive

duals. . )

*»

1.1.8., Definition. For M E VHIR, the right module (M) =
1 . i

hom‘(M*,R) is called the second dual of M. There is a canonical

R-homomorphism, w:Mf*(M*), called the'evaluatiqusz which is defined
by @(m):M"+R via @(m)(m™) = m*(m) for meM, m € M. If o is
a monomorphism M is said to be torsionless. If «® is an isomorpkism

M is said to be reflexive. The submodule of M, t(M) = n , ker (£}
feMm

is called the torsion part of M. L o
. | //

#
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The following Proposition lists the some useful properties.

The' proofs are all straightforwa¥

1.1.9. Proposition. For M, N &-M,: Q\.

(1) t(M) = ker o. _ ™

"
(o]

)
(2) M is torsionless if and only if t(M)
(3) M/t(M) is torsionless.
(4) M* is torsionless or zerb.'

(5) If McN with N torsionlgss, then M is torsionless.

(6) If M is also a left S-glodule then ¢ is a bimodule homemorphism

canonicalliy.
{(7) MeN is torsionless if and only if. M and are torsionless.
(B) MeN is reflexive if and only if M and N reflexive. v

(9) R is reflexive,

(10) If M is f.g. projective, it is reflexive.

!
w

’ < .
II. DUALS IN A PRIME NOETHERIAN RING. '

Throughout this section R is a prime Noetherian ring with

— »
Goldie quotient ring K. .

Recall that K is a simple artinian ring, which is. the Ieft

and pight injective  hull of R. It is obtained by inverting all the

regular elements of R. It is an easy consequ?ntesqéz}his fact that

-
e



\
f.g. right submodule ¥ of X there is a regular element <,

\ -
such th%t cM = R ‘holds.

For an essential submodule of K, there is a more concrete

1. Definition. For a right submedule M of K set,

{x € K|[kM < R}. Similarly for a left submodule N set,

| [

{x € X|Nk < Rr}.

-

Clean&z\\ﬂr is a left submodule of X and Nl is a right

submeodule. \\W

1.2.2. Proposition. For an essential right submcdule M of K,

M H* caﬁonically. Further, the K-multiplication of M by el
corresponds to homomorphism evaluation. The multiplication used in the

Dual Basis Lemma is alsoc equivalent to K—multiplicafibn. 45

Proof. The proof hinges on the fact that any map from an
essential submodule of K, to ancther essential submedule (in this

case R}, extends to a unidue map from K to K which can be realized

as an element of K. q.e.d.

Note that the proof techmique can actually be used to show that
. for J;y two essential right submodules of K, M and N,
.hoﬁ (M.N) =_{k € K|kM < N}. This enables us to also obtain a concrete

- realization of the endo-morphism ring of an essential submodule of K.
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1.2.3. Definition. For M a right submodule of K set -

Ol(M) = {k € X|xM < M}. OE(M) is clearly a ring. It is called the

left order of M. Similarly for N a left submodule of K,

0. (N) = {k € K[Nk € N} is called the right order of N.

L -

1.2.4%, Proposition. For an essential right submodule

3

M of K, OQ(M) o EndR\$M) canonically. If M is in fact a right

ideal of R, then Oz(M)EMr.

- Proof. The first statement is immediate from the above remark

and the fact EndR (M) = hom (M,M). If WM is a right ideal then we
.~

have M c R so for k ¢ 02 (M), kM c M c R holds, forcing k € M. q.e.d.

The following lemma presents some simple but useful broperties

of 'p". 4

1.2.5. Lemma. For M, N < K:
(1) M) u < R. . »
(2) R =R.
(3) If M>N then M <N,
() ()T 2 N a
(5) ()" = " o N, .

(6) (M nN) 2 M + N,



Proof. Properties (1), (2), and (3)™ are immediate from the
definition. The proofs for (%), (5), and (6) are similar, so we

present the proof of (5).
\\\ t

— . We have k & (MHN)" if and only if k(M+N) € R holds but the
- latter clearlf gives " kM R and kN E_R;v’so that k is in M n Nr,
ie. (M#N)T E_Mr n\;r. Conversely, if k ¢ M o NT holds, then we have

kH € R and KNEK which yields k(MIN) = kKM + kN < R. q.e.d.

. -
Although the previcus lemmas require no finite generation

assumptions, the addition of some f.g. assumptions produces a much

t 3
richer theory. The rest of this section will be concerned only with
f.g. submodules of K.

.

. : 1.2.6. Proposition. If M is a f.g. essential right submodule

of k then:

(1) M° is a f.g. essential left submodule of K.
(2) W *u®) canonically.
(3) ¢ (the evaluation map) factors through the inclusion 1:M + Mrl

and the isomorphism in (2). Thus M is reflexive if and only if

M= ME,

Proof. (1) Since M =~ M holds and R is noetherian, M
\\d§ f.g. by 1.1.6. To see that M is essential, use the Ore condition

. © to find a regular element ¢ in R such that cM € R holds, Thus we

-
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&

have a regular element ¢ in M° whence M is essential in K.

The proofs (2) and (3) are easy exercises in element chasing.

Proposition 1.2.6. completes the proof of the assertion that
"p" and "2" may be used in place of the more abstract hom. sets when

discussing duals. The next proposition gives some elementary properties

of such submodules which will be needed in Sectiocn IV.

1.2.7. Proposition. For M < N, two f.g. essential right

-

submodules of K:

(1) M is torsionless.
(2) M is reflexive. ’ ) t

(3) If M is reflexive and M° = N° then M = N.

Proof. (1) There is a regular element c¢ of R with cM
contained in R. By 1.1.9. (5) cM and hence M is torsicnless.
(2) We want to show M = Mrgr. So consider x € Mrlb
' L

ie. x 1is an element of K for which xMF cR holds. But now

Hrz E.M forces. xM E-xMrR <R and x € Mr.

(3) Since M reflexive, we have j
M= Mrg = (Nr)2 2 N, with M ¥N by assumption. g.e.d. _ﬂ_5‘_///
3,
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One technique in this‘thesis is the application of these tools
to bisubmodules of K, especially ideals and duals of ideals. Thus
it is imporfant to know that these are essential and to have some
criterion for when they are f.g. on the other side. The second part
of the next proposition can be thought of as one of the main reasons for

restricting to bounded rings. . .

&

1.2.8. Proposition. For a bisubmodule M of K:

(1) M is left and right essential.
(2) If M is f.g. on one side and R 1is bounded then M is f.g.

on the other 'side. .

Proof. (1) 0.# M n R is an ideal of R which is essential
in R since R is prime., But R 1is essential imn K, so M n R ig

essential in K and even moreso M is essential in X.

(2) write M= I mR. Now by the Ore condition
fin

there exists a regular element ¢ with 'mlc € R for all 1. But by

boundedness, there is a c', also regular with cR 2 Rc!. Thus we have )

M=~ Mc! E_mlcR © R. Since R is noetherian M¢' is left f.g. so M

N

is also left f.g. q.e.d.
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III. CHARACTERIZATIONS AND PROPERTIES OF INJECTIVE DIMENSION

\
ONE FOR (USUALLY PRIME) NOETHERIAN RINGS.

In this section R will denote a noetherian ring.

rl

This section presents several kmown facts from the literature
\
without proof. These will be used freely in qution IV.\;ﬁ\

RNy

1.3.1. Theorem. [Jans & Bass]. The following are equi

(1) inj dim (RR) = 1.
¥
(2) Every f.g. torsionless left module is reflexive.

(3) Every essential left idédl is reflexive.

1.3.2. Theorem. [Zaks]. If R is prime with inj dim (R) =1

-

then the Krull dimension of R is 1.

&Notéz In [17], Zaks shcw§ that every f.g. #orsiap right -
R-module is'artinian, ie. has Krull dimens}on zero. Since, for'any
essential right ideal E of R, R/E is a f.g. torsion module, we
have |R/E| = 0. But for a noetherian primé ring R,

|R| = sup (|R/E| + 1) holds. gq.e.d.

~

Eass . %§§T,

1.3.3. Corollary. [Zaks]. If R is prime with inj dim (R) =1

then a non zerc prime ideal s maximal.
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. 1.3.4. Theorem. [Mueller]. (1) If R is prime with

inj dim R = 1 and X is an invertible ideal of R then R/X is a
quasi-Frobenius. I |

(2) If R is prime and every ideal of. R contains an
invertible ideal X for which R/X 1is quasi-Frobenius, then

inj dim (R) = 1,

1.3.5. Theorem. If R is prime with Goldie quotient ring K,

then inj dim (R) =1 if and only if X/R is an injective (\_‘f____,__,///

cogenerator.

Procf. Note that 0+ R+ K-+ K/R+ 0 is an exact Sequence

with K being R-injective. Clearly inj dim (R) =1 if and only if

K/R 1is injective. Thus th:\éﬁntent of the thecrem is that X/R is
actually a cogenerator when it is injective. By [1], 18.15 K/R is a
cogenerator if and only if every simple R-module can be embedded into !
. K/R which is equivalent to EXTl(U,R) being non zerc for a simple
R-module U. But for a simple R-module U with annihilator M, we

have 0 + Rl + ¥ + EXTi(U,R} is an exact sequence, where 1 is the
natural inclusion. Since M is reflexive, M- cannot be equal tq R,

so EXTl(U,R) is non zero. q.e.d.
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IV, [FRACTIONAL] IDEALS IN A BOUNDED NOETHERIAN PRIME RING OF

INJECTIVE DIMENSION ONE.

¢

Throughout this section R will be bounded Noetherian prime

with inj dim (R) = 1 and Goldie quotient ring K.

This section examines mainly the maximal ideals of and the
minimal equivalent orders to R. The two basic tools (besides the '
information in the first three sections) will be the cycle map (see
Definition 1.4.1.) and links {(see Definition 1.4.4.). The aim is to

show "two-sidedness results" and éommutativity results.

A few words about the assumﬁtions on R are in order. The
Noetheriaﬁ assumption is natural for considerations of local;zation
which was our original motivation. The primeness assumption simplifies
many of the considerations, but it is to be expected that much of what
is done here could be generalized to semippime rings or perhaps even
rings with artinian quotient ring. The boundedness assumption is
useful both because this is the original setting for the definition of
links and because it implies by 1.2.8. that all bisubmedules f.g. on
- cne side are f.g. on the other., The injective dimension one assupptidn '
is preciselﬁ what\}E/ﬁ;eded to define<éi€ﬁcycle map (ie. the
cancellation of "r" and "&"). The cycle map has been used exten-
sively in the study of bounded hereditary rings and in this case the

—
cycles occur exactly where links occur. The object here then is teo
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study the rings fof which the cycle map and links are both defined

(with the primeness assumption for added simplicity).

1.4.1. Definition. For f.g. bisubmodules, M,N of K,

write M= N read M arrow N if Ml = N { holds.

Since "r" and "" cancel each other M = N is equivalen

to ‘M = N'° and also to Mlg = N. The cycle map is clearly not only a

-

map, it is also a bijection.

1.4.2. Proposition. r and £ are inverse lattice anti

isomorphisms between the lattices of all right and left f.g. essential

submadules of K. ‘Ihey respect bimodules and have fixed point R. The

cycle map (=32) is—;—lattice isomorphism on the lattice of all f.g.

-+

bisubmedules of K which also has fixed point R.

The first assertion is a summary of some results in the first
three sections. To see that r respects bimodules, consider Mr for

\ M a f.g. bisubmodule of X. M° is a left module canonically, but we

also have (M'R)M = M'(RM) = M'M € R, so that MR is contained in

M° and M is clearly thus a right module also. The second statement
. ’

is a simple consequence of the first. after recognizing that the cycle
map is 22 (ie. the composition of two anti isomorphisms is an isomor-
phigm) and that f.g. bisubmodules are exactly those to which & can be

applied twice. g.e.d.



-

The above proposition (and Krull dimension one which implies
that the quctient module of two essential submodules of K has
finite length) a%lows ﬁs to conclude that. r, £ and the cycle map
preserve lengths. Mcore specifically, if M and N are two f.g.
essential right submodules of K with M containing N, then the
quotiqnt modules M/N, and Nr/Mr all h;va the same length. If

M and N are f.g. bisubmodules of K with M containing N, then

the quotient bimedules M/N and M T/NT  have the same length as

‘right modules, and as bimodules.

In the rest of this section, most of thé results stated have a
left and a right version. Since both versions are needed in the future
development, the results will be sfated and proved for the right versicn,
with the left version added in parentheses for easy reference. In all

cases, the left version can be proven by a simple appeal to’ R°P,

" 1.4.3. Corollary. For a f.g. bisubmedule M of K, the

following are equivalent:

(1) M 4is a maximal ideal of R.
(2) M is a minimAl overbimodule of R. @

(3) N=M" (de. N = M} is a maximal ideal of R.

[Left versions: (2) ME is a minimal overbimodule of R.

) N=M" (fe. MmwN) isa maximal ideal of R. ]

-
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o -

Proof. ( Tha; (1) is equivalent to (2) is an easy consequence

of 1.4.2.. an%ifﬁf;}gmark that »r preserves lengths (cne sided lengths

and bimodule lengths).

That (2) is equivalent to (3) follows from the left version of

the equivalence of (1) and (2) using N = ¥, q.e.d.

One sees f;om 1.4.3. that restricting the cycle map to‘
M—Speé{R} gives a biﬁection =: M-Spec(R) + M-Spec(R). Aitérnatively,
one can think of the cycle map on M—SpecsR) as impggtiﬁg a directed-
graph structure in which each vertex_(maxémal ide;l) has exactly one

.

incoming and one outgoing arrow.

There is ancther way of imparting a directed-graph structure—
‘en R and this is via links. Links were introduced by Muelﬁhr in f13].
They are directed arrows between prime ideals of the same Krull dimension
in FBN rings. Because R has Krull dimension one, boundedness is
actually fully boundedness, and non zero prime ideals are maximal ideals.
Thus, we need only give the definition for a link between maximal ideals

in

1.4.4. Definiticn. For maximal ideals M and N of R, write

M=~y N and read M} links to N if NM § M a N holds,

For M = N, there is a link M=~)M if and enly if M2 ; M

holds, :Ekernatively My M holds, . if and only if the length of

C
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s
-

R_/M2 is greater than ome. Such a link is called a self link.

For M # N, the existence of at least one of the links
~— /M~——9N or N-—+?M Ils equlvalgnt to M does not commute with N

since for comaximal ideals M and N, ¥ n N ¢ MN + NM. [ie.

.
MoN=(MnNR=MnN(N+H cMN +NMcMnN. Alsc M~yN
holds if and only if the length of R/NM is greater than two. Such

~. . .
//’ ‘\\\ a link is called a non-self link.’

: 1
v .

\\ Some remarks on links are in order. Links are important

because a finite link-component is precisely a minimal classically
localizable set of prime ideals. What we have presented here is
actually called a right link. However, the corresponding notion of

* left link adds no new information, since a left link M~~3N exists

if and only if the right link N~~~y M exists. This is the same as

the situation for the cyéle map, wheqF there are really two cycle maps

(ours and the‘inverse of ours), but it is sufficient to study only one.

) *
We present two technical lemmas which will help to show the

relationship between the cycle map and links.

i.4.5. Lemma. For f.g. bisubmodules M'and N of K,
0" = oFTNHE, |

. Ll

[Left version: (MN)E = (lele)r. ]

e

W



R} = {x|x4 = N°}’
M} = {x|MTN T

Proof. We have (MN)T = {x|xMN

In

R} =

In
in

{x|xM < WY = (| N < R} = {x|N'Tx
=
(MrrNrr)Z' q.e.d. A

1.4.6. Corollary. For f.g. bisubmodules M and N of K,

Qa7 = WL S ' \

[Left version: (MN)ZE = Mngll. ] \\_}-_‘\-’/I/—~\,)

. Procf. Apply "r" to 1.4.5. g.e.d.

. v
The corollary says -M =P and N=Q imply MN = PQ, ie.gghe

¢cycle map preserves products. The next lemma says .that the cycle

map also preserves links,
. -

-

1.4.7. Lemma. For maximal ideals M and N of R, M~ N
if and only if M N T,

L Ek_ ]

[Left version: M~-9N if and only- i@ Ml A~y N

Proof. The cycle map preéérves,products, R and lengths of
quotients. There is a link between maximal ideals exactly when the
length of R/M2 is greater than one for a self-link at M = N, or of

R/NM is greater than two for a nonself link from M to N. q.e.d.

The above lemma, together with 1.4.3., shows that the
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:The next proposition is the first Nn a series leading up to
TTheorem 1.4.20, which statds that left proj¢ctive is.equivalent to
right projective for maximal ideals. ng the way, several résults
concerning minimal equivalent orders and their maximal ideals must be
established. These will be used not only for 1.4%.20., ﬁut also in much

13

of what comes afterwards.

_—

1.4.8. Proposition. For a maximal ideal™ M, the following are

equivalent.

(1) M is invertible.
(2) M is left invertible,
(3) M is left projective and M = M,

(4) MrM;M. o R

eFtversions:. (2) M is right invertible.
<

(3) M is right projective and M = M.

//\ (1) MM";M. ]

Proof. (1) = (2) 1is clear.
<i (2) » (&) Since M is left invertible we have
XM = R for some X. Clearly X is contained in M so MM also

equals R, hence properly contains M.

IS T
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(2) = (1): As just noted M‘éM = R helds. Since

Re Ml holds, we have M EHME < R, with M maximal. If we had
mi* = M, then R = ME(M) = (FM)MY =rM* = ¥¥ would follow. Con-

tradiction. Thw must equal R and M is actually two-sided
/ N

invertible?
- (u)
//’Fop if WM 3 M hol

): This is essentially done in (2) = (1).

, then since M is maximal and we know R 2 MPM,

MM must equal R.

~

1
(1) = (3)1#:‘ ‘M is invertible, it is projective and

M-1 myst equal both of ¥ and Ml so M= M holds.

(3) = (4): If M is left projective then we have
1€ H‘P'M. Since M = M holds we have M = H‘q' and 1 € MM. Thus’

MM cannot equal M. q.e.d. .

Part of the above proposition was already noted in [14] by

Mueller.

1.4.9. Lemma. For maximal ideals M and N of R; either
(a) W nR=M or (b) M=1N is right projective with MM n R = R.

Further, in case (b) e = R if M is invertible and o= M 2 R

if M 4is not invertible.

[Left version: either (a) N'Q'M NR=M or (b) M=N is left

projective with 'y n R =R, Further, in case (b) MzM =R if M

L . . . .
_is invertible and M‘Q'M =M 3 R if M is not invertible. ]
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" Proof. Assume that M¥" n R does mot equal M. Since
MNr n R is an ideal which contains the maximal ideal M, MNr nR=R
must follow. Also, by 1.4.3., R is maximal as a bisubmodule of Nr,
so either MN" = R or M = §° holds. If now MN" = R holds, then

L3

M is invertible with N° = M % = M holding, which forces M = N and
we are done. If, on the other hané, HNr = ﬁr holds, consider MNrN.
If now N 1is invertible, we have NN = R, whence MNN = MR, and
also MN'N = N°N = R. Thus MR'= R holds, contfadicting tﬁat M is av
maximal ideal. If N is not invertible them NN = N (by 1.4.8.),
whence -MﬁrN = MN and also ﬁhrg = NN = N. Thus MN = N € ¥ holds,
fo;cing M=N and 1 € M- = Mo, .so that M is right prdjective.

g.e.d.

The following lemma, which applies immediétely to any non-
invertible maximal ideal, characterizes when the dual of an ideal is

an equivalent order.

1.4.10. Lemma. For an ideal I of R, the following are

equivalent:

(1) (15 = (152,
(2) IfI=1I.

.r—
(3) 1" =0,(D).

[Left versions: (1) (Il) = (12)2. -

(2) 1 =1
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(3) I2 =0 (I). ]
r

Procf. (3) = (1) is clear from section II, since 0, (I} is
a ring. . -
(1) = (2): If I = (Ir)2 helds, then we have
"I = (IP)ZI and so I" is contained in (1I"1)". since I is an
ideal, we have al > R and I'1 > I so that I° contains (ITI)F.
Thus I" = (I'I)" and I = I"I follow. |
C(2) = (3): By 1.2.4 we know 0,(1) c I¥ holds, and

since I'I = I holds, we see that ol is alsc centained in OR(I)'
qle.d. s . \;;/

1.4.11, Corollary. A maximal ideal M is not invertible if

_and only if w o= OQ(H).

Since invertible prime ideals are always localizable, the
Corollary states that for any maximal ideal which cannot be treated by
this paicularly nice method of localization, we have that the dual is

an equivalent order.

1.4.12. Proposition. For a right projective maximal ideal

P of R either P is invertible with nP™ = 0 (ie. P is not even

eventually idempotent) or_ P 2
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Proof. If P is invertible then (P™)™* = (P = p™® ang

PP ™ o p 2 p ™" 2R so P® # P®™ forall n. Thus R/(nPM)

. s n . X n .
is not artinian, and nP is an ideal so nP  must be zero. (Since

If P 4is not invertible then by the Dual Basis Lemma, 1 is
in PP’ and since P = (P*)? = 0.(P), and PP’ = P" hold, we have

P(P'P) = P?, (PP*)P = PP = P and P = P2. g.e.d.

,/\»., ~
Note.that in 1.4.20. we will show that right projéé;;:;:—
implies left projective so that the right prefix can then be dropped
from the hypotheses of 1.4.12. This remark also applies t; the
following theorem 1.4.13. which will then assert that projectivity is B

preserved by the cycle map on M-Spec(R).

: 1.4.13. Thecrem. For a maximal ideal M of R, M is right

projective if and only if MY is left projective.

[Left version: M is left projective if and only if HQE is right

projective. ]

. .
Proof. Since the backwards implication is just the forward

implication of the left version applied to M'T  (instead of M) it is

only necessary to show the forward implicatiocn of the right version.

PN AE T, 1 N .
Thus, assume M is right projective.” If"M is invertible
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then M= M holds (ie. M = M) whence M is left and right- pro-
jective and there is nothing to show. Thus, assume also that M is
not invertible. Tt follows that M is distinct from both M * and
Hzg, and that these are also not invertible (they do not cycle to
themselves). After setting the stage with these preliminarigs, we

assume that MT is not left projective and estabiish the following

three claims which will lead to a contradiction.
Claims: (1) MM = M°; MM = M; MW = ¥°
(2) MM c WuTH e mT = u oo ET

(3) WFT 5 T = T

Proof. (1) Immediate from 1.4.10%

" = L,

1.4.11., and the fact

(2) That Mereri M"M holds, follows from R being
contained in M . Since M~ and M are both (maximald ideals of R,
MM tand MM'T  are both contained in M n M. . Now multiplying
MoK by M yields MM M) c (MM) o MNT =g T =
Mn(Ra¥NMT) =Mna MW", Thus M'M'°M which contains MrrM, must
also be contained in M n M'T. Since M is right projective, we have
e = M;, which forces (M )M''M = M(M' M "M) < M(M o M) E_MMrr, Now,

since M and M are maximal ideals, we know that M n M'T = MM°T +

Y X :
MM holds, whence, using MM E_MMPP we conclude that '

'\\\\\ C m—
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W' = M oa N holds

{3) Consider TIRNTIVE On the.onelhand we have
HEGETIONT T = m™T while on the othéf hand we also have
r T‘I‘(”M ) - P(”TY‘ r) - HI"‘HI"T‘

To finisﬁ\offﬂ{he proof, note that we have established that

E'HTT < MY € R holds. Thus we have M © w2k, and by the

. . . re .
maximality of " M we must have M = M, which contradicts the fact

\

rr
that M iz distindt from M . ﬁ.u.d.

The next result, which describes explicitly most maximal ideals

’

, .
- N .
‘of a given minimal eguivalent order, belonps orpanizationally in’

Lhayter I1. It is-in fact the basis of 2.3.1. and 2.4.1, Since,

however, the result ig alao nvedod in several places in tho proof of
\
1.4.20., 1t is presented here.  Besides describing  the maximal ideals “of

a mlnlmal cqu‘vulent order, the theorem it also a commutativity result: |
Host maximal ideals of K (all cxcept the conductors) commtte wlth a-

. ..
s iven minimal equivalent order,

.14. fTheorem. For maximal ideals M and. N of R with
. . . .. ‘ rr r ro.
M not inveriible and N distiner from M and M, M N = NM i3

- . . . . . .
The unique maximal Jdeal of M which containg M.

' o TR p .
[Lelt verdion: Ter ® dJdistinel -from Woamd M, MTH = NM in the

' | \

* +  POOR COFY

- e mimugEe e ——
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unique maximal ideal of ME which contains N. ]

Proof. As noted in 1.4.11., the non-invertibility of M is
precisely the assumption necessary to assure that the dual of M %s
a pinimal equivalent order. This justifies discussing the {maximal)

ideals of Mr and MR.

Let M and N be chosen aé in the hypotheses. Now N is a
maximal ideal of R and R is (bimodule) maximal in Mr, so that -
N g R g M°  is a bimodule composition series for M#/N. Thus both of
the series N S_MrN < MrNMr'E_Mr and N E_NMr E_MPNMr é_Mr must have
length less or equal to 2 and we will be done after establishing fhaf ‘

N#MN, N#NT and M # N all hold.

Suppose n0q/;;;:) N = NM* holds (the case N = M'N is similar).
Since we have NM® = N € R, we also have M- E_Nl and M > N after
applying r. But,‘fffi/;ontraQicts the fact that N is a maximal ideal

'

of R which is distinct from M T.

If no Mr = N holds, then since MM = Mrerrl = T
and MM =¥ also hold, we have MET (M) = WE(MTIM = (MEEMD)N(MTM) =
METNM € N. But for N a distinct maximal ideal from M and MT we

‘cannot have MrrM' contained in N.

{

Thus we have that M'N, N and M NM* are identical, and .
R-bimodule maximal in M°. It is clearly an. M -ideal, and the Snly

~
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M"  ideal which contains N. gq.e.d.

For a commutative domain A, with overring A', the dual of
A' in A is called the conductor of A'. [See Kaplansky [9], pg. 467,

It is the largest A'-ideal contained in A. By analogy define:

3

8.4.15. Definition. For an equivalent order § containiﬁg R

the right conductor of $ is Sr. The' left conductor of § is Sl.

|
An equivalent order to R, thus has two conductors which mPy

i
. - 2 . . N . s |
coincide in some cases (ie. if M= M when M is a not-projective

|
maximal ideal, then M  has left and r}ght conductors equal to M)g
Theorem 1.4.14, may thus be phrased as foliows: For any minimal B
equivalent order S, S commutes with all maximal ideals of R, except
its conductors. In 2.2.1. we will see that S does not, in fact,
commute with-its conductors if they are distinct, whereas §° does
compute with its conductor if the conductors coincide.

The next lemma presents a technical conditionb;qﬂch insures
L .
that a pair of minimal equivalent orders commute. This is immediately

applied to two different situations in the following coreollaries.

. 1.4.16. Lemma. Let M and N be non-invertible maximal

idealss If M n N is a left ideal in both M® and N° then
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MONT = NOMT = (M a N)T.
[Left versfon: If M n N is a right ideal of u* and N* then

MEN2 = NEML z (M n N)l. ]

Proof. If M = N then the lemma merely reasserts 1.4.11., so

we assume M # N.

Since M and N are distinct, R/M n N has bimocdule length &
two, and'consequently so does (M n N)r/R. Since M n N is a left

ideal in both M® and Nr; we have M (¥ n N) = N(M n N) =
MONT(M n N) = NMT(M n N).. Thus M°N® and ¥°M° are both contaiped
in (M n M)¥ which is minimal over both M® and Nr, which are also

contained in M'N* and Ner Thus it is only necessary to show that

n
MK and NOMT properly ceontain N° and M°. But if , for example,
we had M" = MN°  then N £ N = M5 would follew, forcing M =
in contradiction to the fact that M and N were assumed distinct. - *
The others are similar. q.e.d.
(\11.4.17. Corollary. Let M and N be distinct non-invertible
- ,

maximal ideals. If N » M then M n N is a left ideal in , M .

Thus if M# N and Nw# ¥ we conclude M N = NM' = (M n T,

[Left version: If N# M then M n N is a pight ideal in MY,
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\

Tbus; if M= N and N+ M we conclude that MlNl = NRHE = (M n N)l.}
Proof. For ¥ # N and N# M (ie. N7 M7), (MNM = MM
(by 1.%.14.) = NM (by 1.4.8. since M is not invertible). Also,

MMN = MN. Thus/ MT(M n N) = MOCMN + NM) = MOMN + MENM = MN + NM =

Mn N which\ consequently a left ideal of M". The last statement is

just an application of the lemma. q.e.d.

.1.4.18. Corollary. Let M and N be distinct non-invertible

maximal ideals. If N is not left projective then M n N is a left
ideal in M. Thus, if M and N are both not left’'projective, then

N = N = (M0 0.

»

[Left version: If N is not right projective then (M n N} is a right

ideal in MR. Thus, if M and N are both not right projective, then
Wt = wt - SR I /_

| o

. &
- Proof. If M # N M then we are done by 1.4.17. If, on the

other hand, M # N= M (ie. NR = M) and N is not ieft prdjective,

then M(M aN) cMMaMN=MoMN (by 1.5.8.) =M nRa NN S

M n(Rn NEN) =M N (by 1.4,9. (left version)), Thus, M A N is a

left ideal of M° and the final statement is just an application of

the lemma, q.e.d. ‘ }

The next theorem is a leong promised result that right projective

\
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i5 equivalent to bi-projective for maximal tdeals. This result,
fogether with the previous result, allows a much stronger statement
than cither 1.4.17, or/1.4.18. Thus, if the above corellaries had not
been necessary for 1 H.lé. it would have been neater to place them

afterwards.

Let uu, for a moment, consider the of fect of 1.4.20. on the above.
The first thing to noyé-is that 1.4.20. makes the assumptions of the
left and right ve}sfgns of 1.u.15. the same. From 1.4.20, we will also
conclude (in 1.4.22. and 1.4.23.) that for ¥ invertible and N any
element of M-Spec(R) MN = NM = ¥ n H. Trom this, one can éasily derive

r r -1 2 £

that W =Y = (00 T and wiint o gttt

= (Mn N)ﬁ. Finally,

for Me N # N we will have (1.4.92.) that HOUF# ™", Thus:

1.4.19. Corollary. Let M and N be maximal ideals of R.

Bither N'#' = NN or else N=M or M=HN holds, where both M  and

? -

N .are bi-projective.

[Left version: Lither MS?'N'Q = NRM2 or else M= N or N=M holds,

>

where both M and N are bi-projective. ]

It is surprising that although the link-directed &raph of
M-Spec(R) (which joins those maximal ideals which do not commute) may
be fairly arbitrary, the analopous dirﬂc?cd—graph on the duals of

- .
M-speclR)  has no edges invelving Lhe non-projective maximal ideals, and

POOR COPY ST
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is the dual of the link-directed graph on the projective maximal ideals.

1.4.20. Theorem. A maximal ideal is right projective if and

only if it is left projective.

Proof. 1In light of the symmetry of assﬁmptions, it is sufficient

to show that right projective implies left projective.

Thus, let M be a right projective maximal ideal. If M=H [

-

then M is (two-sided) invertible and hence birprojective. Assume,

therefore, tha% N = MEQ # M and distinguish two cases: (I) fhj:fif>
(II) N # M7, .

Case I: Suppose N = Mll = M #M holds and M is right but
not left projective. The follewing observations will lead to an eventual

contradiction: -

(1} N is left but not right projective.

(2) wf = =y = oty

(3) N = o) = utyt =‘(NM)£

(x) MN<IM, W<IN

(5) N'MNN" < M n NI N

(6) M mad® = M°

(D W3 0M0% gm0 3 0O 3 W 3 T 3N ¥ 3 w7 g

(8 ¥t =, o) =
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()  (FM)T (M) = M
(10) MN'M = M
(11) (FmT g¥F

o'
(1) 1.4.13. *
‘(2) Note M and N ate both not invertible and then we use 1.4.12.
(and definition of =).. _
() Using M= N= M, write ()T = (MrrNrsjl = (NM)i. Further,

subétituting M = Nz and ME = ¥ we see NN = Mle. It only remains
to show that N°M' = (MN)° holds.' Since M is not i vertible,

MM = M, so that we can write N (¥M) N = NrMN.E Ty SR, and we

see that N'M" is contained in ()" Conversely, for x an element
of (MN)T, we have xMN < R, ?nd even _xM e qﬁﬂ’hglding:; Multiply bx
' noting that 1 e M = MHr, to obtain x £ xMM® E.Ner- Thus

(MN)T < N"MT holds also and we are done.

(4) That M'MNN = MN holds follows immediately from M'M = M and

M = ¥ = N. That NNMNT = NM holds is similar.

(5) Since M is not left projective and N is not right projective

we use 1,4.18, to conclude that M n N is a left ideal of Nr and

MnN is also a rfght ideal of MR = N
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(6) Since M is right projective and N is left projective, we have

i ~
M = M and NLN = NE with’ Nz = ¥ so that WNMF = (Mr)2 =M

helds.

*

(7) He pfove o g’(NrM)r ? M and note that the others are similar.
Since N and M are distinect, N'M cannot be contained in R whence
NrM properly contains M. Further then we must. have O propérly

P r . r - . L M‘Q
contains {(N"M) ., Also, M not left projective forces M ; M

i

where Ml ¥s the same as g Applying r now yields M § (H!'H)r =
, .

()T,

(8)  Frem (5) we see that (NfM)l contains -NNr. Thus, we conclude .
from (7) that N° 3 wm* = o 3 N where N°/N has bimodule length
2. ‘Tﬁus' (NrM)l =_NNr._ Th?'other eqﬁéli;ies aré‘alirsimilér.
.(9) Since we have (NrM)rNrM cont?dned in R, we aisd have (N'M)TNT
contained in M° whence ;e see that (NrM)rNrM E:MrM =M fﬁolds. On
" the other hand, M is idempotent by 1:u.12; and M E’(NrM)r holds by
(7) so that we have M = M2 ] MMlM = MNPM_E (NMTNTM.
(10) Since 1 is an-elemen¥ of Mr we clearly have NrM contained in
M'N"M. On the other hanﬁ, multiplying BN M by NNT yields ._-\
MrNrMNNr.E.HrtN n.ﬁ].s_ﬁru < R using (5) and consequently M I'M"is
ryr.

contained'i% (NNT)™, But (NNr)r = ¥M holds by (8) and we are done.
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(11} To see that (M) is an ideal of M  we multiply on the left

and right by M° and show that the resulting expression still multiplies

¥M into R. Thus consider Mr(NrM)er + N'M. Since W N"M=N"M  the
inside M is absorbed and we have Mr(NrM)erNrM=Mr(NrM)rNrH.' But
in (9) (¥FM)'NM was shown to be equal to M whence ML M)TNTM] =

MM =H < R heolds and. G _is indeed an ideal of M.
Vs

We now combine several of these observations to reach the desired

contradictiori. By (2) we have MT = M"MM" which is contained in

-

M OE T by (7). But (NPM)P ‘is a proper ideal of el by (7) and

(11), so that M- E.(NrM)r g 'l holhs, which is a contradiction.
. )
o

Case II: -Suppose now that M is right but ‘not left projective

4

and that Mgz, which we will denote EY“ Ny is distinct from MT. As

For Case I, we present several observations, leading up to a contradiction.

‘_51) M, MT and N are distinet and not invertible.

(2) T is left projective and N is not right projective.

(3 M and N are idempotent.
(i wf =y o W s T gt

. . R o . 2
(s) A N is a left ideal in M ' and in M.

(6) Wu* = v = (M

27 -7 \\\\‘,fﬁ
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" Proof. ’ ' ©
(1) 1.4.8. o ‘\h,»//'
- -
(2) 7 1.4.13,
(3) M is idempotent by 1.4.12. N is them idempotent by 1.u4.7.
4 1.4.14,
(%) /

(s)’ Since M is not left projective, 1.4.18, tells us that M n N

‘is a left ideal of N° = M'. On the other hand, N i didtinct from

T (ie. N M Holds) so by 1.4.17., M na N is a left id{a})of M. s
(6) 1.5.16. Note that N = M%.
- T L .
To ish off Case II, note that MM = Mr _and MM™ = M since /

M is a right projective non-invertible maximal ideal. Thus-MHrM!' =

M whereas MMM = MM = M°  where Mrlfl'q' 3 M" which contradicts j e
that MrMR' = M’Q'Mr q.e.d.

’”

In light of 1.4,20. there is a'partition of M-Spec(R) int\o &,
the biprojective maximal ideai.s and N the maximal ideals neither left F
no ':L’ght projective. That @ », @and hence .M, is closed under beth
the cycle map and its inverse follows from 1 4.13. apd 1.4.20. Our
next aim isrlto show that & d are also closed under incoming and

outgoing links. “This is done by completely aescribing all 1links involving
) .

an element of @ . Recall that in an HNP ring, there is a link

¥ ~ N if and only if M= N holds. The following thegrem generalizes

this result to elements of &. ' o

| 7
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1.4.21. Theorem. For maximal ideals M and N of R with
e € :

(a) M~oN if and only if M= N

( N~~~y M if and only if N = M,
In either case, N 1is clearly also a member of & .
Proof. The proof is immediate from the following two lemmata

which deseribe the situation explicitly.
»

1.4.22, Lemma. For M e & there are three possibilities:

(a) M= M. Then is invertible and M ~%M.

0
(b) M= NewM, N¢Ms Then M N is incomparable with N'M°, MN is “
incomparable with NM and M-~ N~y M.

~

(c) M=»NwM, N#M. ThenMrNriNer=(MnN)r, NM;Dm:MnN-

and"so M ~) N “~> M.
S -

' Proof. The three possibilities are clearly exhaustive and
mutually exclusive. It remains to check the further conclusions in
each case.

(a) 1.45.8. and 1.4,12.

"\ .
(b) Consider MN and NM. We have MP(MN}Mr = MrMNN£ = MN whereas
Mo = N'Q'NMHr = N'Q'Mr = M Yolds. Thus MN cannot contain NM fhlse

MN > M 2R # ). A symmetric argument shows NM cannot contain. MM,

so that NM and MN are incomparable and M~y N ~M.

‘\\4"\ Sﬂ’_‘ .
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Essentially the same argument works for NN and NOMT. Thus,
By 2 )ﬁ, E TyTy = 2
we have MM N'M = MMM = MM = M'N  whereas MN M =¥ holds 58\:3
that N'M° cannot contain M N'. Similarly, multiplying both sides by

N one shows that MrNr cannet contain Ner.

(¢) We have N = Mzz, distinet from M and M''. Thus we have

NM° = MN by 1.4.14.° But also M N'NM = M'NM = NM"M = NM G R holds,

so that M'N° is contained in (M. Conversely, for x an element
[

of (NM)T, we have xNM SR, xN ¢ X and x ;'xﬂr = xNNr‘E MrNr._

Thus MN° = (NM)T holds and a similar argument shows that NM© = (un)T

holds. But, now N M NM = N NM'M = NM £ R holds whence Ner is

_contéined in (M)Y. Thus we have NM° E‘MrNr and NM < MN.

It only remains to show that these containments are proper. Thus

G-s‘-\’_‘
consider the effect of multiplying N'M and HrNr>’E§- M, noting that

MMr = Hr whereas MNr = MMz = M. Thus we have MNer = MMP = Mr

whereas MM N' = MrNr. Since Mr is distinct from MrNr, Nt is

also. distinct from M N'. q.e.d.

The above lemma establishes 1.4.19. and also shows that there

is a link following the cycle map for a pair of elements in & .‘ The

next lemma shows that s¥ese are the only possible links involving an

element of C? .



1.4%.23. Lemma. For maximal ideals M and N of R, with
Me & |
(a) If M~9N then M =N
(b) If N~y M then N -'M..

In either case, N 1is also in 6’ .

Proof. If N is not distinct from M then the link in either
(a) or (b) is a self-link. By 1.4.12., if M has a self-link then M
is invertible and M = M holds by 1.4,9. Thus w.l.o.g. we assume that

M is distinct from N.

Suppose now that N~ M holds ,Qbu‘t N = M does not hold, with
M and N distinet. By 1.4.,22. (¢}, M= N alsoc does not hold. Thus
by 1.4.17. we have M'N = N'M° = (M n N)'. As in the proof of 1.4.22.

(c), we can show that (M) = N°MF holds, since this only used that

M 'is projective. .But, this yields that (MN)p = (Mn N)r and even
MN = M n N which contradicts the existemce™df a link from N to M.

Thus, if N~ M holds, N = M also holds.

A similar argument (showing that (NM)'Q = (M n N)E) shows
that if M~ N holds then M = N also holds. Note that N 1is

: : L
projective by 1.4.13. q.e.d. !

The next result is an easy but important consequence of 1.4.21.

- 1,4.24, Corollary. ‘and n are both closed under links.
o r- @ N

N

-0F



We have shown now that links and the cycle map respect the
partition of . M-Spec(R) into & and N In @ we have also seen
that links interact with the cycle map exactly as they do for a bounded
HNP ring. The next few results show tha# several othgr properties of
bounded HNP rings apa}y to GP .

¥ )
& 1.4.25; Definition. For a maximal ideal M of R, the link

e - .
closure of M is the smallest link closed subset of M-Spec(R) which

Fﬁ_’/,ggntains M. The cycle closure of M 1is the smallest subset of
M-Spec(R) whfich contains M and is closed under the cycle map and its

inverse.

These are cobnectivity components of the corresponding directed
graph structures on M-Spec(R). If the link closure of a maximal ideal
is finite (ie. has a Finite vertex set) then it is called a clan. The

.

intersection of the vertices of a clan is a classically localizable
semiprime ideal. It is thus of interest to know when a maximal ideal
is an element of a clan. It should be noted that in a bounded HNP {ifg,

every maximal ideal is an element of a clan, &nd the intersection of any

clan is an invertible ideal.

1‘4.26.A Theorem. The link closure of an element of 67 is

finite. The intersection of a clan in & is an invertiblf ideal. Thus

every projective maximal ideal of R contains an invertible ideal.

'
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Proof. Since the link graph mirrors the cycle map graph in
® . a link component in & is infinite if and only if there exists :
an infinite sequence of projective-maximal ideals M1 with MI-—a M1+1,
where (by 1.4.23. and 1.4.24.) these are the only links involving the

_'MI. In [14], Mueller shows that in any bounded prime ring of Krull

dimension one, the link diagram starting from a maximal ideal cannct be

a tree, (ie. it must loop back on itself at some point). Hence, such an

infinite link cgmponent is impossible,

at the—intersection of a clan in 63 is invertible, is proved
in the same way as for a bounded HNP ring. The proof is presented here

for compléteness.

Thus, let {M }" be the vertices of a clan in » numbered

1 151
so that M ~q M1 ({ mod n) holds for each 1 and also set .
o 17
n .
X= nM. If n is 1, the ideal M1(=X) is invertible by 1.u4:8.
=1 1 :
1

Thus, we assume n > 1, so that nc Ml is invertible. Ehr each k,

_ r_ L - - _
set § = (M) = (M _,)". Both SM =M =HKs ., and M Sy, =S =

SkMk+1 held by 1.4.12. We can write F'i Mk+1 = Mk+1sk g_xsk 2

I

ﬁkM¥+1Mk§;= AM .5, where A# is any irredundent product of all
»
/\ ~

! i = = 125 i
the Ml s except M and Hk+1 (if n=2 set A R). ?hus X5, is

. : e T, L . . .
contained in R, and Skf ls®contained in X +, Since Mk is prime,

S :
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A'k”k-;-i is not contained in M.k, - and even moreso is XSk not contained

in M. Thus R2 XXZ 2 ¥, £ M holds for all k. e is an ideal
' '

of R /which is contained in no maximal ideal and consequently must equal

. _ 1
R. A similar argument shows X'X = R also holds so that X = Xz = X

is the inverse of X. q.e.d.

It is well known fha‘t for any ideal X in a bounded HNP ring R,
R/X is a serial ring, and that-this in. f#c‘t characterizes HNP rings in
the collection of bounded prime rings. We wish te generalize this to ,
ideals which are in & (ie. ideals all of whose maximal over-ideais are »

in @ ). We first need the following technical lemma.

1.4.27. Lemma. If -A. and &r are finite link closed compdpents

of M-Spec(R) than setting A = nA, B = nfrwe have AB = BA.

’

Proof. Assume first that J{ ‘and -f-': are minimal link components.
Then, either A, = X or they are disjoint. If A = ;Cf then A = B
and there is nothing to show, so assume that J:L and £‘ are disjoint.
-

Claim. A and B can be written as a sum of proeducts of maximal

ideals in A, and ﬁr respectively.

-

n
. Proof. HWrite A = n A1 where. the A  are the maximal ideals
—_— =4 1
1=1 .

of fL . If n=1, A= Al,' so there is nothing to show. We proceed by

. . U
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induction so assume.that the intersection of {Al""’Ak} can be written
. ‘ ~ - \

! LIS

. ’ i . ‘ :
/ k+1 - k '
as a sum of .products of the A and consider n A . Since n A1 and e
. 1 __1 1 .
1- .

1:1 ¥
k+1 k- k . _
Ak+1 are comaximal, g 5k = Ak+1(nA1) + ( T A1)Ak+1'. By substituting
171~ 1=1
k
the sum of products of the A . for n A which exists by induction
. 1 =1 1
1=

hypothesis we are done.

Since ~R. and Jfr are link closed and disjoint, AIBj = BjA
- : : 1
<4
for any ,j. Thus AB =(Z T A MNET Bj) and expanding this sum we
’ 1
have a sum of terms of the form WA 7B,. The varicus A commute across
' 1 1 .

the ij to . give TA nBj = nBjﬂA and the collection of terms then
1 1

yields’fi T AI)(E'“ Bj) =(Zm Bj)(E i AI) so that AB = BA as required.

If now fL and &r are any finite link closed subsets in

'
M-Spec(R), the intérsection of A (and of ?Ef) is precisely the'ppoduct
D * »é&u .
(in any order) of the intersections of the minimal link closed subsets
and these all commute. ;7 * . .
. ( .
1.4.18. Theorem. For an ideal 0 # X which has every maximal
overideal in & ,R/X is a serial ring.
LY

g
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ffﬂh Eéggﬁj-'From 1.3.4., for any invertible ideal Y of R, R/Y
is-quasi-Frobenius. Since X # 0, there exist only finitely many
maximal ideals which contain it. Let ¥ = link closure of this finite
set. ¥ 1is again finite by 1.4.26. Set J = n¥, so J. is a finite

product of invertible ideals (ie. the intersections of the maximal

link closed compqpents)- so J-is inﬁertible, as is J° for all n.
By 1.5.;. there exists an n with X 2 J* ie. R/X 1is a factor
ring of R/Jn. It is thus sufficien& to show that R/Jn. is s;rial.
However, J = the Jacobson radical of R/J® and so R/T is a quasi-
Frobenius ring for which R/;I2 "is aiso quas%—FrobeniuS. By faith {el,
25.4.3,, R/IV is serial. q.e.d.

1.4.29. Corollary. If every maximal ideal 6f R 1is projective,

e

~

then 'R is hereditary.

-

~ Proof.. Singh's Theorem [16]. q.e.d.

Although the elements of’¢Ap cannot be so completely described,

there are still some generalizations of the above that apply.

1.4.30. Proposition. For a finite cycle compoment {M }"
L=1
=

Ml. Then J° = H(Mf) and J°J = J.

in ;Af'set J =

[ -

=
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r k_/

-
1

Proof. By 1.4.1B., all of tﬁe H1 commute pairwise, so the

product can be taken in any order. For each ,, we have HTJ < MTM; SR,

n : n )
so that M.J = ¥°( n M) € n Mer A MM = o (MFU.R) N M = QM 5 d
Vooobgm d Tap VI g v ! )

1 - Rl

holds. Now with each MTJ equal to J, (HM?)J' must alse equal J,

14

since J, can absorb the product factor by factor, and -(Hﬁ?)<.is clearly

contained in J°. Conversely, for each 1, (HM?) cofitains M, forecing
1
(HMr)L to be containeg/iﬁ\gach L. M . In other words, IIM" contains
1 1 1 _ _

r - . ' : '
J . Since we now have established J = (HMP), we also can compute
-

o

J°y = HM':J = J. g.e.d. \,\

L 4. 31. Proporsbon. For M and JVas in 1.4.30., J° = J*

{ 8 an equivdlent~Shder, and even (IMT = (¢™* for a1l n.

A _

for a permutation j of (1,2;5..,n).

Since the products can beNtaken in any order we have J* = JE. 3 is

an equivalent order by 1.4, b. That (Jn)r = SJE%P for all n follows

from 1.4.6., by an easy induction arguT?nt. q.e.dy

The following corbllary is an interesting generalization of 1.4.8.

- ' . ___//l
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‘ (1)
\\\$\\‘
(2)
(3)
(4)
$ sy

1.4.32. Corollary.

are equivalent:

J is invertible.
3 . » .\
J is right invertible.
J is projective
J73 ; J

AlitheMl arein@.

For

M
1

\\ Lg.

!

—

and J as before, the following
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CHAP'I'EE II

o
/7

. EQUIVALENT ORDERS -

é;ﬁ_____,//

Chapter II examines the (especially minimal) overrings of a

bounded noetherian prime ring of injective dimension one.- Qur aim is
to compare the maximal spectrum of such a ring with the spectrum of its »

minimal overrings. We also want to discover when the minimal overring is

again bounded noetherian and prime with injective dimension cne.

In section I, some‘background material on bounded noetherian
prime rings of Krull dimensicn one is presented Sectlon IT deals gth\
the characterization of. ﬁ?jectlve dlmen51on one for equivalent orders
to a bounded noetherlan prime ring of injective dimension ome. Sections
ITI and IV examine the minimal equivelent orders, separating into the

vt . . L
cases of distinct conducters and unique conductor.

I. KRULL DIMENSION ONE. S ?

Throughout this section R will denote a bounded noetheridn

prime ring with Krull dimension one, and Goldie quotient ring K.

+ The aim of this section is to collect some important, but well
wn properties of R - and its overrings which can be applied to.

bounded noetherian prime rings of injéctive,diﬁension one by 1.3.2,

47~



2.1.1. Definition. A =ubring & ; K which containz R is

. called an overring of R. An overring S of R for which there ewytsis

a regular elementsc of R with ¢35 and S¢ contained in R is called

an equivalent order of R.

.

2.1.2. Theorem. [Michler]. Any ovcriﬂpg of R has Krull

dimension ome. In fact, for any essential right (or left) ideal A of

S. B/A has tinite JLnlgih even asoan R-module,

Proof. [17] Hilfoatz 3.1, q.l‘.ll.

:;iiﬁt/f; 2.1.3. Lewma. Any overrving 8 ot K is bounded. ]

~

—— -

Proof. The proof is lifted from [11] where, it was used :g:!ﬂzz

only that an overring of a bounded HNP ring isifgéiz:éigﬁﬂég;d/)

By 2.1.2., S/A has finite length as an R-module for any essential -

right ideal A of S. Thus, S- can be written as 8 = ( L XIR) + A
fin

"Since R is bounded, there is a repular element ¢ of R for which

(L x R}e © R holds. Since A ik.essentidl in S, R N A is essential
1 -,

.

in R, and so R n A containg an’ideal B of R.

But *now we have
‘ﬁ- ¥

" 0 # (8)eBS = (I x.R)eBS + AcBS € RBS + AS < AS = A, which gives a non
. 1 - -
toro ildeal of S contained in M. This shows that 8§  is right ‘
bounded, and a similar agrument on the other side shows that § is left
: a.
- e e e
| POOR COPY -
: | COPIE DE QUALITEE INFERIEURE |
4 R e —_ ey e i san it -
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bounded. q.e.d.

2.1.4, Corollary. Any overring S of R is again bounded

noetherian prime with Krull dimension one.

It is occassionally hecessary to be able to distinguish the
P
equivalent orders in the class of overrings. The following proposition

gives a useful characterization. ///
4

. ‘ N\
2.1.5, Proposition. For an overring S of R the fo1l;;}ng___ﬁ_,//f7:\f\\4

™~

~

are equivalent:

(1) s is an equiYalent ordery ‘
(2} s is f.g. as(an R-module. ’Eg -
(3) s

(4) s” # 0.

$§3\‘? contains a nen zero ideal of §.
h |

19

Proof. The rgg;lar element hc from the definition 'of equiv-
alent order is a non zero element of both S° an s*. Thus (1)
implies (3) and (4).

(1) jme-(2). Since cS is right isomofphic to S, and Sc is
left isomorphic to S, and R is noetherian, (1) clearly implies that

S is f.g, as R-bimodule, Conversely, if S is f.g., the Ore condition

guarantees the existance of regular elements <y and <, of R with

cis and Sc2 contained in R. But then the regular element c¢ = ©,Cy



50.

yields ¢S and Sc contained in R.

‘ . A
(1) = (5). Since S is an R-bimedule, so are s and § .
. by £ . . . . r r
ie. 8 and S are ideals of R, Since S isaring 5§ =S5 and

SSz = SE hold. Thus SRSP is an ideal of S which is contained in

R and non zerc since R is prime.

(5) = (2). For X a non zero ideal of S, X is essential
since § is prime. Thus S/X has finite-length as an R-module, and

\\Eince X is f.g. as R-module, so is -S.
. \

(3) = (2). s° is a non zero ideal of R, hence must contain
a regular element ¢ of R. Thus ¢S is contained in R, so that

S 1is right f.g. By 1.2.8., S 1is also-left f.g.

(4) = (2), is similar to (3).~ (2)._q.e.d.

II. INJECTIVE DIMENSION ONE FOR EQUIVALENT ORDERS.

In this section, R denotes a bounded noetherian prime ring
with injective dimension one and Geldie quotient ring K.

By 2.1.4., any overring of a bounded noetherian prime ring of
Krull dimension one is again such. It is also true (see [11]) that any
overring of a bounded HNP ring is again such, Since the class of rings

we are studying is sandwiched between these ‘two classes it is natural to

o
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-~ ‘
ask: When, if ever, is an overring or equivalent order Fb R again in

this elass? In light of 2.1.4., we only need to verify that the
injective dimension of the overring or equivalent or@er_is cne. For
general overrings of R,' it seems that little can be said, for there f“

__€xist minimal equiv;lent.orders which-do not have injective. dimension
one. We can, however, characterize when an equivalent orde? has

injective dimension one.

Before producing the characterization, we introduce a notational C
device to distinguish between duals with respect to R and duals with
b

respect to S, for a given equivalent order S of R.

2.2.1, Notation. Let S be an equivalent order to R, M a

right S-submodule of K and N a left S-submodule of K. Since §
contains R, M and N are alsc R-modules, so one can form their

R-duals, as well as their S-duals. To distinguish these, we use

’

‘guperscripts as befocre for R-duals and subscripts-for S-duals. Thus,

we write M = {kek|kM < 8} and N, = {xex|nk < s},

JP———

There is a straightforward relationship between the S-duals

and the R-duals.

2,2.2, Lemma. For S an equivalent order of R with

conductors M = Sz and N = Sr, and A a left  S-submodule of K,

B a right S-submodule of K we have B = (B1)" and a, = (NA)E.

2
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1
A

‘Proof. We have B = {keK|kB c S}. Since M = s* holds, we
AY

-

, T
have M Zs/ by reflexivity so B = {kek|kB g M}

: : o
(M)~ hot?s. The formula for‘bAg is similar. q.e.

{keX|kBM ¢ R} =

[»9

We can now give the promised characterization of when S has

injectivd dimension one.

/

2.2.3, Theorem. For an equivalent-order S of R with con-

ductors M —-Sg and N = §° the following are equivalent:
(1) inj dim (SS) = 1.
(2) M is left S-projective. -

(3) () *y = 0_(M),

[Left versions: (1) inj dim (SS) =1,
(2) M is right S-projective.

(3) NOM)T = 0,(N). ]

Proof. As noted in 2.2.2, 5 = M  holds and by 1.4.10., we
have Sﬁ-= M so that M is in fact a left ideal of S.

Since K. is aléo the quotient ring of §, inj &i itﬁé) =1 ~
holds if and only if K/S 1is right S-injective. The ma tp:K+hom(M,K/R)
defined via @(k):MK/R by @(k)(m) = km is onto because K/R is
injective, Its kernel is precisely S(=M") so that K/S is isomorphic

to hom(M,K/R). We can now show the equivalence of (1) and (2).

4

-
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(1) = {2). Since K/S = hem(M,K/R) is injective, the functor
r

PN

Doy )
homs( ,hom(M,K/R}) is exact. By the adjoint iscmorphism.theorem

>
homR( @ M,K/R) is alsc exact. Since K/R 1is a cogenerator, @ M
S} - ' -5
is also exact (see eg. [1] Prop. 1.8.14)., - Thus M is S-flat, but §
being noetherian yields M 1is also finitely presented, hence M is

S-projective. . i

(2) = (1). It is standard (see eg. [10] pg. 131, Prop. 3) that
_for a projective S-module M and an injective R-module K/R,
4

homR(M,K/R) is right S-injective.

(2) o= (3). By the dual basis lemma M is left S-projective

if and only if MlM = Ends(M)x holds. Now Ends(M) = Or(H) and

M2 = (NM)l held by 1.2.4, and 2.2.2. respectively. g.e.d.

{;& special case whezs the conductors coincide is of sufficient
L ' .
interest to be.stated separatelys.

’ [
2.2.4. Corollary. Tor an equivalent order S of R with

unique conductor M = Sr = SE we haye inj dim(Ss) =1 if and only if
f . ' -

(M2)2M = 8.

u
w
—t

[Left version: inj dim(SS) = 1 if and only if M(M2)r

Proof. Since S is a ring, we have SM = MS = M by 1.4.10.

whence S is contained in Or(M) and Oz(M). But by 1.2.4. S

\
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S~

S4.

contains Or(M) and OR(M)' g.e.d.

Since R-projectivity forces the maximal ideals of R to be
=
<
very well behaved, it would be hoped that R-projectivity should
guaréﬁtee S-projectivity. The next lemma shows that this is in fact

true.

2,2.5, Lemma. Let S be an equivalent order to R with

conductors M = Sz and N =S§". For a right R-projective right ideal

X of R, X$ 1is a right S-projective right ideal of S.

- .

v m—

[Left version: For a left R-projective left ideal Y of R, 'SY is
a left S-projective left ideal of §. ]

Proof. X 1is right R-projective if and'only if 1e XX quds.
Also XS, which is certainly a right ideal of ‘S, ‘is right S-projective -

if and only if 1 ¢ (XS)(XS)r holdg. For an element 'k .of X, ‘r :(
kXS ¢ RS © 5 holds, so that X" is contained in (XS)P. Thus . .

(XS)(XS)r E_XXr, whence if 1 & XX° holds, 1 € (XS}(XS$)" certainly

~ B - . -

-holds. q.e.d. - -

«
2.2.6. Corcllary. Let S be as above, and suppose that M is

left R-projective.4’ﬂhen inj dim(S_.) = 1 holds. ) Jggi:;”,d"
J S )

[Left‘iii?ioﬁ: If N 1is right R-projective, then inj dim‘(SS) =1
L .

/“- —

holds. ] ' )
. : Y (
( , i ‘ | —



-
LY

55.

Proof. 2.2.5. [left version] and the observation that SM = M

holds. q.e.d.

a

The foregoing has interesting applications in the ccmﬁutative
case. In [u], Bass investigates a commutative domain, A whose
integral closure A' 1is a f.g. A-module, qnd with the property that
all rings between A and A' are Gorenstein (ie. have injective
dimension one). He shows that all ideals of A are projective over
their endomorphism rings and coﬁjeotupes that this is also character-

. —_

ization of ghese rings. Handelman [7], has verified that “this condition
does In fact characterize these rings. If we drop the assumption that

A' is module finite over A, then by what we have just shown if &

has injective dimension one, every ideal is projective over its endomorph-

. . ism ring implies every equivalent order to A has injective dimension
f .
- \bpei_’;g fact, one only needs that the conductors of the equivalent

: . orders %fe projective over their endomorphism rings.

This information (in.the commutative case) suggests several ; hﬁr

: Cyd Pl - : s e s :
interesting questions. Can one verify dlrectLY'!ﬂht if every ideal is

pFojecfivé over its endomorphism ring then the ring has injective
dimension one? What can one say about a local commutati
which every equivalent order (or every.overring) has infjective dimension
. : one w%ﬁhout the assumption of module finiteness for, the integral closude?

- ,

These questions are beycnd the scope of the tﬁesis, but the author hopes

. to. return to them later.

‘ D
‘l
. A\‘
-
. ,



56.

L]
III. MINIMAL OVERRINGS, DISTINCT CONDUCTORS. r//{\\i///
: . y
. In this section, R is still a bounded noetheriaﬁ’prime ring

with injective dimension one and Goldie quotient ring K. T will be

-

used to denote a minimal overring with distinct ¢onductors M = T" and

T/ 5= T. 'Thus, we have T = N* = M and N = M holds. Since T

minimal overring, M and N ,are maximal ideals of R. After 2.3.12.,

is a

f "
M and N ‘are assumed to bé/;n‘ﬁf .for the rest of the section.

The aim of this section is compare the max-spectra of R and

//—\\\\\w T. More specifically, we wish 4G describe M-Spéc(T),‘its link directed-

graph and its cycle map (#hen T has injective dimension one) in terms

~

of those iwr R. We beggin by .considering the maximal ideals of T.

Tq‘\‘\ky Recall from 2.1.2. £hat every non zero prime ideal of T s maximal 50
e .

that we are 1ly describing the entire prime spectrum of/ T.

There is a.g%lation @ on M-Spec(R) x M-Spec(T) “given by
Q' if and only if P is a minima prime ideal over Q n R. This
relation is defined on the spectra whenever one has a subring of another

ihg. Since we are déaling with Krull dimension one and the only, prime

idgal (in either R or T) that is G-related to 0 is zero, there is

no loss of generality in restricting to the ma ~spectra. Generally, for

noetherian rings, the relation © is a finife fo many correspondenge.
-

In cur setting, however, it is almost a bijectioh when M and N are °

' projective, and is a bijection when M and N are not projective,
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- T 2.3.1,

Theorem. The relation @ is an onto function from

M-Spec(R) to M-Spec(T). It is a bijection if M and N are not

projective. J

For a maxiral ideal ‘P of R, disti\nct from M and N, -
oP z-FT = TP. If\q’and;/N are not projective, then OM = MT and

ON = TN, If M and N(/ e projective then ©OM = GN = MN.

e -
.
! -

If ! and N~ are projective -then ol = Y4,N}. For any

-1

other maximal ideal ‘Q of T, © "Q = ¢ n R holds whether or not M‘

and N are projective. - -
o d . T -1-
Proof. We verify only the explicit description of © and ©
-given in the secwnd and third parag.raphs, since the statement of the first

paragraph follows easily from them.

PT = TP 1is the only proper T-ideal which contains

1.4.9, and 1.4.14, This shows that ©O(P) = PT = TP holds and phat

o Xy = P.

Claim. I.ﬁ M and N are non-projective, then MT is the orily
proper T-ideal which contains MT N R =M and TN is the only proper '

T-ideal which contains TN n R = N.

Proof. We only treat M, since the arguments for N are

similar. Since M is a left ideal of T, MT is an ideal of T. It

—_ - Y. ) \

]
PN
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is a proper ideal since M is not projective. MT n R,= M holds by
1.4.9; Since any ideal pf T 'whicﬁ contains M, must contain MT it
only remains to show that MT is maximai in T. However, since M is
dlstlnct from N(=T"), 'MT must properly contain M. - Now T/M as

R-bimodule length two, so MT is even maximal as R—blmodule in,  T.

This proves the claim.’

Before verifying the rest of 2.3.1., we present some observations

concerning an arbit}af& ideal X of T.

«

——

Claims. (1) X/X n R has R-bimodule length zero or one.

(2) Either X nR is an ideal of T and X nR¢
. ®
M n N holds, or else (X nR)T or X=T(XnR).
(3)/If M and N are ﬁrojectiye, and X € R holds,
then ' X © MN also helds. |

~

Proofs. (1) If X is contained in R then X = X n R holds
whence X/X n R has length zero. Suppose therefore, that X is not
' 4

contained in R. Since RYis bimodule maximal in T, we have

R § X+ R ferces X + R T. By the classical isomorphism theorem

X/% n ﬁ = T/R holds and T/R 1is R-bimodule simple. ok claim-(i).

(2) If XnR is an ideal of R ‘then ‘T(X n.R5 = 4
XnRGR helds forcing X n R ¢ T£ = M., Similarly, XnR must also
be contained in. N. If XnR {s not an ideal of T, then X nR is

preperly conta%ped in at least one of the bimodules T(X n R) or
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(X n R)T, both of which are contained in X. Now we gﬁg:gpne>py
. 5
elaim (1}. ok claim (2). *’/.
» > . .
#(3)~Since M and N are projective, we have T = MT =
\L/r— .
TN. Thus, writing~ X = TXT we have X = MTXTN = MXN < MN. ok claim (3),
. &

Claim. If M. and N are projective, then MN is a maximal

J ' ideal of T.

: e
Proaf. Since M = TM an%,\ﬂJEJ;T hold, MN is ideal of

- T+ Suppose that X is a proper ideal of T which properly contains MN.
L* 3

L By claim (3) above, X is not contained in R. Also, by claim (3),

o ! iy . ’ ;
X nR were a T-ideal i* would be contained in MN, and then we

could write X = TX =ﬂTNX;'wﬁere NX ¢ NT = N.c R -holds, forcing
NX<XnRcM and XY TNX_C TN = MN, Since ' this last part is
impossible, we have that X n R is not 55 ideal of T. Now By claim
(2) we know that either X = T(X n R) or X\= (X n R)T holds. We -
T e
- qonsider X =T(X nR), noting that X = (X n R)T is Eﬁmilar. Sinc?u
X contains MN, X n ﬁ ‘Elsc contains MN. Since X ‘I; properly con-
tained in T, X n R .is properly contaihed in R, hence must be con-
tained in some maximal ideal of R. Since X n R contains MN the
only possible such maximal iaeals are ¥ and N. If XnRcM holds
then X =T(XnR)cT™=McR follows which is impossib%e. Thus,

the only maximal ideal which can contain X n R is N, However, in a

neetherian ring, any ideal contains some product of the minimal primes®
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over it.” Thus X n R must contain some power of N,- but N being
idempotent forces X n R = N. Butnow X=T(XnR)=THN=T con-

tradicts the assumption that X was proper in T. ok claim

It only remains to show now that any maximal ideal of T has
one of the following forms: (1) MN if M and N are projective, '

(2) MT or TN if M and N are not projective, or (3) PT = TP
. ' ' - ) ’
for some maximal ideal P of R distinct from M and N.
S

-

To this end let Q be a maximal ideal of T, which we assume

tqféfzdifferent from MN if M and N ér; projective. We will sho: i . -

that Q can be written as TP or PT for some maximal ideal P of\

R. If M and N are not projective, and QnR is an .ideal of T W

then Q n R is contained in the T-ideal MnN by claim (2) and . ?\\‘

1.4.17, If Q does not cont§in MnN, le. if -Q n R is.prop;;ly ' }
. . //.

. !
contained in M n N, them Q + M n NoT holds by the maximality ?f Q. /'

L}
i 7

By the modular law this forces Q n R\ M n N = R where we alread.yl
have Q n R € M n N. Contradiction. /Thus Q does contain M n N,\,/”’///——’/

sothat QAR=QNM=QnN=MnN follows. Note that m;ug}\\\

so that M n N is not a maximal ideal of 'T, and further“-Q must o

properly‘con?ain Q nR. Since, by claim (1) aﬁove, Q/@ nR is

bimedule simple, if Q 1is mot iontained in either of MT or TN we

_a;éo have Q nR=QnnMIr=Qn TN aﬁd‘ Q= HT =Q+ TN =T. Now, By

Ehé classical isomﬁrphism theorem, we have T/MT = Q+MT/MT = Q/Q n MT = ’///’
- .

Q/Q n TN = Q+TN/TN = T/TN, which contradicts the fact that T/MT and- <:i:r“
’ R ' .
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*
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T/TN have distinct annihilaters. Thus if M and N are not projective .

Q "R is not amr ideal of T, and we have Q = T(Qiﬂ R) or Q=1(Qn R)T..

If, on the other hand M and N are projective and QAR i;\an ideal

of T, then as.we argued in the laét claim, ;;\have Q=TQ ; TNQ with
'NQ@T_ = N <R, so that QS'T(Q n R) c ™Y = MN follows, contradicting

. our assumption that Q is different from MN. Thus for either case, we’

conclude that éither Q=T(QnR) or Q=7(Q n R)T.

Eut now Q N R must be contained in some maximal ideal P Bf
R, whence Q is contained in either TP or PT. If P is distinct
from M and N then TP = PT is ' T-maximal', so Q = PT = TP follows
a Q has the prescribed form. If M and N are non-projective and
QA R 1is contained in M tﬂen Q@ =T(Q n R)T < TMT = MTV follows and
—/fgain Q has the prgscribed-fgrm.' Similarly, Q°1 R ~contained in N
forces Q =TN. If M and N .are projective and Q A R is contained
in M,—then "Q = T(Q n R)' forces Q 5\# < Rp whence. Q EZEN follows
by claim (3) which again contradicts our assumption that ' Q is differ-
ent from MN. If, on thelotBer hand, Q.= (Q n R)T then Q n R .is ngt
contained in N (else Q= (d n R)TIE_Rl which force” Q =MN)_ and
QnR is not cont!?hed in any other maximal ideal P (else Q ¢ PT

. A 4 I’
forces Q = PT and Qn R = P.E M) so QnR=M follows from the

idempotence of M and “Q = MT =& -centradicts that Q. is a maximal

ideal. Similarly, Q n R c N leads to a contradiction. q.e.d.

N

b B . J
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In much of the rest of this section, it is necessary to consider

duals with respect to both T and R._ We will use the notation con-

. ventiomrcutlined in 2.2.1. throughout ;:Ehion IIT for this situaticn

only. The next 'proposition sets out several computational formulas that

we will need. (—\f

: r
D
r~2'3'2' Propositiion. (1) For a right T-submodule X of K,
BT S
X = (x)". .
T ‘ -

oo +a- (2) For a left T-submodule Y of K,

¥, = o). L -
- {3) Nr = (NM)" 3 M2 = (NM)"; (MT)r =

oA (mo, = o omy = emb (= (0T, ALLof these’
contain 'T.. ¢

(u) (Nm)z = (MMT  for all natural numbers
m.  In particular (MT)r ='(TN)1 holds, andkthis properly contains T

if and only if M {(and N) has a self link

. ; (-
(5) (MT)_ = MT; TN(TN}, = TN. :

(6). If Mw3yM holds, then

E_ :

(a) (MT)rH

(b) N(TN)E = TN .
(c) MT(HT), = MT ' it
(@ (T0)_TN = T '
(7) TNM = NMT if M and N®are not
projective.
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Procof. (1)-and (2) are just 2.2.2.

N {3) Immediate from (1) and (2), and the Ffacts that N>

~

(/, and NM and ‘TNM are contained in N while H2, NM and NMT are

.

contained in M,

/\
(4) The first statement follows from an easy induction

argumeht en 1.4.5. . The second statement follows from (3) and the fact
that "r" is a lattice anti-isomorphism.

. (5) We only -show that (MT)PHT = MT holds, since the

other assertion is similar. If M is projective, the assertion is

trivial_ so assume is not projective. Now 1 ¢ T=e (M’I‘)r holds, and
NN .

imal ideal of T, so T3 (MT)THT' and (MT)rMT > MT holds,

and it is onl cessary to show that (HT)rMT is not equal to T. But,

if ?é/iéfe3 we would have (MT){ = (T)(NT), = (MT)_(NT(MT),) < (MD) T =

(MTjT. Using (2), (3) and (&), we would then have (NMT)E 5_(M2)r =

(N%)n and even M > NMT 3_N2 which contradiets the assumption that M

and "N are distinct.’ : &
(6) _We assume now that M~ M holds. .

{(a) Since M ¢ 2 holds, (MT)r # T holds and 1 is an element of

(MT)s, so MT = (MT) MT > (MT) M 3 B with M binodule maximal in MT

forces (MI) M = MT. ' o : N

(b) Similar to (a).

(c} As in the proof of (5) we only need show that MT(MT)z is _not

EN
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J

equal to T. Still following the proof of (5), if it were thep e

- _ﬁ“"" 4

N2 3 NMT > M would follow. But them N = NR = N2 + NM = N.'2 would

follow, ie, N has no self link, However, N ihas a self link since
M has a self link by 1.4,7, -»
(d) Same as (c). T

| (7) We ccnsider '}:he cases M=y M and MeryM

separately., If Mww-9M holds then (TN)M = l;I(TN)E'M = N((m}m/:

NMT by (6) and (4). If, on the other hand MwyoM holds, then since

’

F
M= webave (M0 MM = (MU + NHOM = MM + NCHD) = MM + N = MM
and similarly N(M n N) = N¥ holds also. But B n N Q

1.4.18. forces NM S NMT = N{NMT) < N(M n N) & NM, whence

Similarly, TNM = NM alsc holds and we are done. q.e.d.

The relation © outlined in 2.3.1. allows us to completely
deseribe M-Spec(T) in terms of M-Spec(R). We turn now toc the problem

of describing the links in T in terms of Fhase in

For M and N projective the two maximal ideals M and N of
R collapse to the one maximal ideal MN of T. As we shall see in
2.3.3., modulo this collapse and the destructicn of the link NA—yM,

@ and 07! preserve the link structure,

e preserves all links except for MT .wgTN W
/\//\ -

For M and N not projective © is a bijec}tion. In this case

always exists in T

—



and © preserves all links except possibly the self links for M and
\

N or links which come from the situation Wiy P~y i with P diff-

”
erent from M and N, ’ 7 W

-

2,3.3. Theorem, For M and N projective, and R-maximal

ideals P ‘and Q, we have P~—Q in R if and only if OP ~30Q 1in

T except that: - . . -
(a) Tf M=N holds, them MN = OM = ON fas a self link in T, but

M and N do not have self links in R. . -

(b). If M+ N holds, then N~—M. holds in R, but ON = MN = OM | l

does not have a self link in T.

#N holds, then ON-awyOMT and O8*%aw OM hold in T

Lw o m hold in R

\

The theorem is proved by lemmata ?.3.5., 2.3.7., 2.3[8.,

3 o,

2.3.4. Theorem. VTor M and not proiocg’ive and R-maximmal

ideals P and Q we have P .aQ in R if and %JZ if we have
OP «0Q in T except that:

(a) OM~> ON holds in T whether or not M-~ N holds in R.

(1) If P is distinct tipm M agd N, and M-~ P ~y N _holds in R,
it is open whether OM ~ (0% or OP ~ON must hold in T,

(¢) If MAgN and M has & selt link in B (and henee N has'a self -

——y ‘
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~ - . /) )

link) it may happen that OM and ON have no self link in R.

" open whether exactly one of OM or ON can hate' a self link in this
//‘“\\\\__ fF*\\51tuatlon. {//////4’—*““\\\ . .

E§S;L§z> . ‘Proof. The 1heorem is proved by lemmata 2.3.6., 2.3.7., 2.3.8.,

-’
‘\) and 2.3.9. q.e.d,

Note that there are examples Cor () and {(¢) in 2.34.21. and

2.3.22. respectively.

The next lemma verifios that the exceptional cases of 2.3.3. do

—_— -

in fact occur.

2.3.5. Lemma. For M and N projective the link directed

sraph in R at {M,N} is given by N££~_q N~ M ~9M87T whereas the

///”“\%ink directed graph in T at MN is given by 0N2£A~c:MN -00Hrr

-

Proof. The statement concerning the link directed graph in R

at  {M,N} follows directly Irom 1.4,22,

o L | Tor the statement coneerning the Tink directed sraph in T, nole
first that by, results of Section I1, T is a bounded noetherian prime

ring with injective dimension one.

™

"Now, if M =N ‘hold$, we have M =N ", N ='MR1 aﬁd M s

T—in?ﬁ?tiblv with foverse TN'. We are done now by 1.4,22.

I 2 ' ' ' -f
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If Mw N holds in R, we have M =M, KN =N and N is

.
\ f
distinct fég;' M and rrr so that M'N = N¥ apd MNMN = EMPNNr = S

b
! )
MW 3 1_hold. By 1/4.23. we have NN c WM c (0" e (m)_,
1
whence we conclude that MN is T-projective. Thus MN bhas exactly

!—\ . h 1
' ;>> one incoming and one ou%going link by 1.4.23, To see that ON'T does in

&

‘/“/ fact link to. MN in T, we show that HN(GNrr) cannot contain (N )My,

( . Note that ON~ = TN'® = N'°T by 1.4.1%. and suppose that MNB(N'")
b & . , ) ‘ .
does contain O(Nrr)MN.' This is the same as MNN © E.NrrMN. But now,

.

multiplying on the right by N = Nrrlv yields ‘HNN#?Nrrl = HNNrr'z A,

R’ = N = W = NTH, But N oo MM, and N 3 NH hold.

Contradigtion. To show that HN-~7GH££ holds is similar. g.e.d.

L/

The lemma establishes that the exceptional cases of 2.3.3. do in

fasf/décur. It is only left to show that all links in R that do not

*

involve M or N are preéerved by © (2.3.9.) and all links in T

S

that do not involve MN are preserved by o2 (2.3.7, and 2.3.8.).

The next lemma establishes that for M and N not projective
GM ~a3,ON -always helds in T, as asserted in the exceptional -case (a)

of 2.3.4.

[

2.3.6. Lemma, For M and N not projective, OM~3GN in

4



~4p

Proof. Sinée OM = MT and” GN = TN holds, we have the link

OM ~3OF—~in T if and only if TNMT ; TN n MT. Sinee NM is contained

in the T~ideal M n N, sc is TNMT. It fis enough to show now that MTN,

(,\cﬁ;ot be contained in R,

much less in TNMT. But if MIN is/'contair;ed in R then MT is
/ ‘

which we know is contained in

contained in N. But N = Fl\;sr/also contained in N so N'q' =T =

T,

o ' ‘ 9

.RT = MT + NT must be contained in Nr, and minimal’ity forces N = M

and M = N which contradicts our standing assumption. g.e.d.
/

The next two -lemmas show that 0—’1 preserves all links of T

except as noted in 2.3.3. "(a) and (c) and 2.3.u4. (a). \j
. ) - " Ll

2.3.7. Lemma. [Self Links are preserved by’ 6 1f P isa
maximal ideal of 'R which is distinct from M and N then ©OP — 0P
in T implies' P -—-: P in R. Jér if M and N are non-jprojgctive
then eithe.r of OM ;.,qu ‘or O ~YON in T fofce, M~3M and

N—~3yN in R.

A
Proof. For P distintt from M and N with @Py@P in T,
but not P-~4 P in R, we have OP = PT = TP and P = P2'. Thus (BP)2 =

2

: 2
(PT)” = PTPT = P°T = PT = OP holds contradicting the existence of the

link OP ~ GP. \

If M and N are not projectivé and M~ 0OM holds in T,
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then (BM)2 = (M’I’)2 = M2T ; MT clqﬁrly forces M2 #M and M ~—~MNM.
Similarly, ON.~3@N forces N-~—9N. Finally M ~3M holds if and only

\

if N~3N holds by 1.4.7. g.e.d,
);

Since MH~—M -holds if and only if N ~9N holds it would be
desirable to be able to show that OM has a self link if and only if
ON has one. I have been unable to show this or to find a counter-

example. It is easy to see that a:ijffch counter-example would have to

satisfy M2 = M3, but this does nof seem to help.

. 2.3.8. Lemma. tNon self links are preserved by @-1].7 Lef P
and’ Q be distinct maximal ideals of R with OP ~3@Q holding in T.
Suppeose further that P and Q are both distinct(qum M and N -if
these are projectiye and P is different from y when Q = N holds in

the case that M and N are n&; projective, Then P ~~»Q holds in R.

Proof. Suppose that P-~3Q does not hold in R. Thus QP

- .
QNP holdsand T ? R ; Q ? QnP=QFP is a bimodule composition

series for T/QP. For Q and P as in the hypothesis, we have P
TPT and @QI= TQT. ‘Now that @P ~38Q helds in T means precisely that

QP = TQTET g TP n TQ holds. Note that since 1 is an element of T

we have QP < TQTPT, A simple iength argument shows tﬁ;t QF = TQTPT

)

must hold. But QP < R thus forces QTPT € T* = N ¢ R which then

forces QTP < ™ = M.  Reversing this shows that QTP‘S N also holds so



+
we have QP < QTP < M n N. Since Q and P are distinct maximal
ideals, this forces {Q',PR= {M,N}. By assumption Q cannot be 'N .
since then we would have F—= and Q = N at the slame time. Thus,
we must have P = N and Q = M so that MIN cMnNeR holds and as

L ’ ;
in 2.3.6, this forces MT _c_-Nr, N = MR' and N = M, Contradiction. q.e.d.

The t) lemma shows that @ preserves most links by descrii:ing

quite explici ly those links which might possibly not be preserved.
L\ ) \

2.3.9. Lemma. [Most links are preserved by 0O]. Let P\gnd Q
be maximal ideals of R not necessarily distinct but both distinct from
¥ and N when these are projective. If P~ Q holds in R but not .
OP mey@Q in T, thgn w; have either M ~P and Q=N or P = M

and Q ~3HN.

%f.. Note first that the case of P or Q being an el?\
of {M,N} when these are projective has already been dealt with i ’

2.3.5.

We will prove the theorem as follows: Assuming first that P
and Q' are both distin’ct from M we show that M ~3P and (¢ = N

hold. A dual argument, assuming that P and Q- are distinct from N then
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shows j::j—j? = M and Q3N hold. Ifboth M and N are menmbers

of {P they P =N and Q = M hold by 2.3.6, A separate argument #//

then shows that N-~~yM implies ONwwyOM. h'///’“

From Proposition 2 of [13] it is easy to see that P »»Q in R
if and only if EXT (V,U) is nom zero whgré V-and U ts;,m/sirnple,
right R-modules with ann(V) = Q and ann(U)-= P, For'no;atidnal
Purposes we write Ux for the simple right module annihilated by ' X.

Thus the U given above would be written as UP' Also for the simple

right T-module which is annihilated by @GP we write U Recall that

op”
for R-modules A and B, EXTI(A,B) is non zero if and anly if there
éxists a module C such that there is a non split exact sequence

0+B+C+A~>0. The sequénce 0 —+ U, » X+ UQ + 0 which is guaranteed

to exist and be non split exact since P~~4Q will be referred to by

n(*)ll_ . ~

.

Suppose now that’ P and Q are both distinct from M. We ‘use

-

(%), the exact sequence 0 -+ R 7'f + T/R+ 0 and the various hom-functors'

to S%pstruct the accompanying large commutative and exact diagram. -Since
hom(R,_) is naturaliy equivalent to the identity functor we identify the

R-module hom(R,Y) with Y for the various Y.

\\\
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0 0 0
¥ ) + + +
r . D
Amz.m\,:ﬁ._km +  (nfy/L)woy «  (X*¥/l)uoy nma.m\tso; + 0 , -
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9+ + + +
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v . + + . .
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Some immediate observations are in order. The row (*,*) is a
T-exact sequence of right T-modules. The diagram is infinitely

repeating, so.the 4, in the upper left is the same as the §, in the

i 1

lower right. The maps @ are just restrictions of domain from T to R.

Our aim now is to shew that, unless M 3P and Q = N, all of
the p maps are isomorphisms whence (*,*) can be identified as an
R-sequence with (*). But (*,*) being T-split, is certainly R-split

which yields a contradiction, Note that aﬁni(hom(T,UP)) = TP = @FP and

annT(hom(T,Up)) = TQ = Q.

Claim. pp and pQ are epi. ‘J/}'

Proof., This does not eﬁen require that P and Q are distinct
from M. For ény maximal ideal Y (distinct from M and N when these
are projective) OY \is not contained in R. Since R is Bimodule ‘
maximal in T, €Y +R = fi " The R-module T/GY W};J?ight annihilated by \\‘33

Y, hence has right medule decomposition as T/0Y (urin for scme n.
Thus there is a non Zero R-map from T to Uy, call it Ff. Since
f(OY) = 0 we have 0 # £(T) = £(8Y + R) = £(R). Thus p,(£) is a nom

‘zero element of UY’ and UY being simple ‘forces pY to be epi.

* i
ok claim,

~
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Claim. pP,pQ and px are all mono.

Proof. We actually show that hem(T/R,Y) = 0 for any R-module
Y with ann(Y) comaximal with M. Note that ann{X) = QP is comaximal

with M.

Consider f:T/R+ Y an R-homomorphism. Now we have f£(T/R)M =

£f(T/R M) = £(0) = 0. But also we have F£(T/R) ann(Y) c Y ann{Y) = 0.

Thus we have f(T/R) = £(T/R)R = F(T/R){M + ann(Y)] = 0. ok claim.

We have now established that pP and are iscmorphisms.

Q-

Claim. If M~y P holds or Q # N holds then px is an

" isomorphism. (J\

Procf. We only need tq show that Py is epi. Since the

o hom(T,UQ) " does

diagram is exact, it is sufficient to show that U

Q
not embed into E}fTi(T,UP)_.

Consider the map 8 e It is clear from the,' diagram that '61 is
epi. Since the diagram is ‘exact; we have ker(Gl) = cék;ar(pp). In
’
claim 1 we showed that Pp is epi, sc ker(_Gl). =0 Vholds,and 61 is:
also mono. Th?s 61:EXT1(T/R,UP)' + EX;I‘i('_I‘,UP) is an isomori:hism..

-

f now M ¥ 3P holds then sinece T/R is a f.g. R-module
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with right annihilator M it has 2 right module decompositign ag (UM)m

75.

for some m and we have EXTl(T/R,UP)ntEXTi(UE,UP) o [EXTl(UM, - ™ =0

*

Thus Ele(T’UP) = 0 also holds and we camnot have 0 # UQ \EmhggE\\\

into EXT'(T,U,).

Ifnow Q # N holds and UQ embeds into EXTi(T/R,UP) ot

EXTl(T/R,UP) then since T/R is a bimoduld with left annihilator. N,

EXTI(T/R,UP) is a right module with annihilator N, whence UQ is also

annihilated bx N. But Q distinect from N forces Q + N = R ‘and UQ =

U (Q+N)=0 whiFh is a contradiction. ok claim. ' .
Q ’ -
- .. f\(

We have thus shown that P and Q distinet from M forces //”—)
MwyP and Q = N. For the other case, recall that as well as the g%gmt'
links which we have been using there is also a concept of left links

- . - : " -

which is exactly dual to that of right }iﬂEE but uses left modules and
P~~3Q holds if and on;{\if,tgsfffig/a left link-frc?- Q to P. Using
this notiocn the same argument will Show that if P and Q are both
distinet from N-then P = M and there is a left link from N to Q..
But a left link from N to Q is equivalent to a (right) link from Q

to N, Q-=N. .

It only remains to consiger ~{P,Q} = {M,N}. As pointed out
before ©OMww ON always holds in T 'so the hypdtﬁesis that 6P ~~s0Q

does not hold in 'T' forces P =N and Q = M. We consider the cases ->
- . .
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M has a SQW M does not have a self link separately. If
M ? M2 and OGN ~30OM does not hold in T, 1.e. MIN = MT n TN then

'

(%)M = MT holds by 2.3.2. and (M2)MN = MIN = MT N JN > NM, We

also have N(M%) = TN, so that MN.,= (T)MN > TNMN = N(u2 )TN > N(NM) =
' \ ‘ , .
N'zH follows. Now MM also contains MNM whence we have MN 2NM+

-

MNM = (M + N)NM = RNM = NM, Thus Nwwo M holds in R. Contradiction.

\

2 holds, then N = N° also(holds.' Now

If, on thﬁfther hand, M{= M

N(M.n N) = N(NM-+,MN) = N°M + NMN = NM + NMN = NM holds and (M n N)N =
MN follows similarly. Thus,we have MN = (M n N)N 2> NMTN = N(MT n TN)

S2N(M nN)=NM and NwAyM again holds in R. Contradiction. g.e.d.

.

2.3.10. Corollary. If O does not preserve the self link for ' /

either M or N then MwwN holds in R.

- Proof. sSubstitpte P = Q™M or P=Q =N into 2.3.9. g.e.d.

- . 'r‘_.)
LIN . "

Ana:logqg;: with Ux, we define Vy 1;3"‘; thg simple left module
annihilated by the maximal. idedl A

rd

{2.3.11. Corollary, For P distinet frc@. M, or from both M

and N- when tMese are projective, UP can be ‘identified with UeP' For

L'}
he )

Q distinct frem N, or from both M and, N when_these are projec{-ive, .
- ~ .- ' .
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V. can be identified with V...

Q aQ

Proof, That7j$‘.frcm the proof of 2.3,9, is an isomorphism

b
»
" depends only on P befing distinct from M and ‘' N. The statement for

VQ follows from the dual argument.,’

¢an be identified with U is

\\\\\4 .- v
Th% question of whether U oM

M
Costin open for M not projective. The'right R-module T/MT has the

same R-length as R/M, so that Uone has an R-decomposition Uenix

U; for some m. In many cases, e.g. if M is actually right maximal

in R, UGH Xan bé identified with Uﬁ, .but I have been unable f?

verify that m must be one in general.

st S,

We turn now to the questions of when the injective dimension of

T is cne and what its cycle map must be in this case. Recall from
Section 41 that M and ‘N project{ve yield that T has injective

dimension one. In 2.3.5. it was éstablished that MN i3 T-prdﬁective.

L8

\x Now by 2.3.5. and 1.4.22:, we must have that ON"~ = MN = OM'° holds in

- !
T, whereas sz 4~N - M __Mrr holds in R. As we shall shortly see,
this is'the cnly case where the cycle map is not preserved when injective

dimension of T 1is one, "

.

<

. T Censider two;maximal ideals P and Q of R for ﬁhiéh

o hold. Using 2.3.2. and 1.4.5., ¥

&P = TPT, 6Q = TQT and ep),, = (8Q)

~




Q™ =P and hence Q= P, Thus, we have. shown:

* holds in- T.

78.

. . L
we see that ((-)P)r = (TPT)r = (TPM)" ' and (8Q)y = (MT), = (¥QT)" =

. ’ . %
(HQMTM')]? hold. Thus (C—)P)r= (BQ)Q forces TPM = MQ Tg' . Now

) e
P =M forces M2 = TH2 = HQ“’TM' S Mn Q’u < Q‘u and hence Q =P

!..Q.TM.

holds. Even if P # M holds, then MQ*% < Mg = TPM P with P

different from M forces Qu‘ = P. Thus (eP)r = (0Q), forces

4

e

28 ]

!

-

2.3.12, Theorem, If inj dim(T) = 1 holds then P=Q in R

if and only if OGP =« 0Q in T except that if M and N are projective

[

Nn-‘-tN-oM-bMR'E' holds in ‘R whereas GN'® = O =9N=MN¢GH“'

The rest of this section is devoted to characterizing a'tnd
describing the siutation that inj dim(T) = 1. Since the case of ¥
and N projective is already adequately described, we make the standing
asstnx;ption for the rest of Section III: - ‘

hl

. Assumption. M and N are not projective. .
* . . - : N 7-
Before presénting the: characterization of inj dim(T) = 1, we

characterize the condition that (GP)l = (GP“')P. p

hd -

2.3,13. Lemma. Fqr a maximal ideal P of R ‘distinct from M, N°T

ol - c\ . L

—
o
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.and N (GP)g = (GPZE)r holds if and only if P is link independent

of N. . '

L

Proof. By 2.3.2. (eP)z =1('I‘P)£ = (NTP)" = (NP)’". Since P

. " .
is fistinct from Nrr, PLz is distinct from N and we have (GP%z)r =

cp“-r)r = ") = (e)t.  Thus, (6p), = (@p"‘)r if and only if -

PN 2 i.e. there is no link between N and P. g.e.d.

From 2.3.2. %e know that (MT)r = (TN); always hélds, so the
- Ny = ' Y ‘
only remaining cases are (© )i = (GN)r and (BM) )= (OM~ )r' These
e . et rr rr
two are similar, so we only donsider- (6N )E = (BN x If N is

distinct from M, 2.3.2. appliediﬁs above, yields NNTN = NNT  and

N

.
-

applying 1.4.6., we ohtain TNM = MN with TNM = M n N following as an’ p////

rr

easy consequence. On theé other hand,- if N~ = M holds, we obtain
')

TNM = MNN® with TNM = M a N again an easg consequence (i.e. TNM

‘contains NM and MN). What is surprising, is that this condition .

TNM = M n N together with NM § MnN aﬁénoted below, should have the

iy
e

full force of injective dimension one for T3. /

2.3.14, Lemma, If inj di;u(.'r,r) = 1 holds, then Mey N hdld\s
/ . / _ ot

!

in R,

(S
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Procf. We show that if M is left T-projective, but not R-
projec\tive, and Mws) N holds in R, then M is left R-projective.

€

Contradiction. -
4

Thus, s‘ﬁppos’g Mw£s N holds in R, i.e., NM=MN N, and M .. =

is left T-projective, i.e. (NM)R'M = OF(M). By 1.4.18., we have

o (M) = (n)*m = (M n N)EM'= wntu R Wu. But this‘,says pre-

r
lx—sely that M is left R-projective. q.e.d. . ' /

and N not-projective, the following

2.3.15. Thecrem, For

v

are eqﬁivalent:
. ‘(1)“'_ ingpdin(T) = 1
t2) 'inj dim('I‘T) =1
(3) inj din(, D) c1

(4) MnN}TNMgNM

Proof. Clearly (1) is equivalent to (2) and (3) together. We
show (2) implies (4) and (3) implies (u4) will follow by symmetry. That

NM g N n M holds, follows from 2.3.14{ Y Also, since TN is maximal in

T, (MnF = ™ and TN = e have .(m’)z = TN .whence left
) . . . r r
reflexivity yields (TNM) = (TN)r- = TN = (MnN) and TNM = Mn N,

- . ] v . -
We will be done after showing (4) = (2) since (4) = (3)-is s;&metric. '

N




(4) = (2) We only need show that () gields (Nnty = 0_(H).

- . &
Note that M has a self link, for otherwise we would hav® NM = TNM

(as in the proof of 2.3.2. (7)) contrary to hypothesis,

Consider (NM)(NM)-‘Q‘. Clearly, we have N 3 NH(NM)!' > NMT =

-

N M. If NM(NO® = NMT hélds then TNM(NM)® = TNMT = NMT € R also

holds forecing (NM)‘O“ < (THM)‘?‘ and NM > TNM. Contradiction. Thus
N i
NM(RM)E = N must hold. Further, we have T 2 M(NM)" 2 MT and

i
| | : \
NMOM)® # NMT, so M(N)® s T must hold. But now ¥ 2> (xM)*M > Mly

2 A

M follow, so (NH)R"M must equal M*  which
Y

and” MONM)2H = ™3 M = MM

equals 0.1‘:'( M). q.e.d.

The theorem has several corollaries. It is clear that condition
(4) which 'only says that there is a linl;“/fr:c:vm M to N‘. which can be
bridged by multiplication with T restricts what other Iinks which.
involve ¥ or N may exist in R. ’ R

2.3.16. Corollary. If M N N = TNM 2 NM  then the link directed

graph at “{M,N} in R is given by M“‘

Ay Uy M N vy N w=a N,

Proof, M w~3 N holds since NM ; M NN holds. That M and XN

ke 7

_ have self links was established in the proef of 2.3,15. That M -y M

- -

and N «“~3N° hold follows from 1.4.7. There are no other links |

\

N

S \ | B )
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Tnvolving  Mooand - e oo ha, and U fact that N =~y M holds unleso

.8 o
I'= Y holds (whenee M b Noand W= H). q.e.d.

2.3.17. Corollary. The cycle map preserves injective dimension

one feor minimal overrings.

Proof. Note fiest that the cycle map, which is defined on all

t.y. R-bisubmodules ef K, preservas minimal overrings by 1.4.3.
N s

Condition (&) of 2.3.15. involves only lengths and products with

the conductors, all of wWhich are preserved by the cycle map.

|

As well as passing alony the eyvele map, the inheritance of
Injective dimensien one h\\ passes up to rnlnkm_n overnings of T which

have conductors in the cycle component of MT. To see this it is only,

UGG 1o vori that  inj di T =t holds.  This in essentia
neceggary 1o verify that  inj (llm((M])l‘) wld his in essentially
p.r'ow.'d in the next lemma. *
v 7
2.3.18. Lemma. 1f inj dim(T) = 1 lolds, and MT is not T- . -
\, .
prgdective, then MT n TN = (MT)P(TNMT) ? TNMT.
A a - \ ;
Proof. By 2.3.15. TNM = M n N = NMT and this is bimodule '
.maximal in MT n TN. Sionce MW is not T-projective, MT n TN is an -
' i
ideal of (MT)P, whnce MT. n TN ‘_:1 GT)P(TNHT) > TNMT = M n N follows’ ;
i i
2 i ' L " 2. . .
By 2.3.16., M # f! holds ;md‘l)y 2.3.2. (I-H)I‘ « (M) holdg. Since ) i
r i
L . |
.. .
_POOR TOPY - ] -
COPIE DE QUALITEE INFERIEURE .
! -~
: » : e N e eeeeaap
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M2 does not contain TNMT = N n M, we cannot have (HT)rTNMT contained

in R, whence (HT)T(TNHT) = MT n TN follows. q.e.d.
-3

2.3.19. Cerollary., If inj dim(T) = 1 holds, then inj dim(,(M’r)r)

= 1 holds,

N~ D

Proof. If MT 1is T-prejective, then (MT)r has injective dim-

‘ension one by Seetion II. If \(MT)r is not projective, then (MT)r

with conductors MT and TN in T satisfies the condition (4) of

2,.3.15. and again we conclude that inj dim((HT)r) = 1 holds. q.e.d.

L’_EHE’;;ht corollary shows that 2.3.4. can be 1mproved when 7\\;5
inj dim(T) =yalds. ' B ' «

. 2.3.20.  Corollary. If inj dim(T) = 1 holds, then either. © CEEE:)

and 0-1 both preserve all links or else M = N hold, MT and TN .
e
T-projective maximal ideals and the only links which are not preserved
y are the self links for M and WN. | 4/,~’

"Proof. ﬁxceptioﬁal case (a) of 2.3.4./;ang9t occur since . -

///,,(’"‘\\M wgN holds in T. Exceptiopal\case (b) cannot cccur by 2.3.1r. Thus
* " exceptional case (c)'of 2.3.4, is th only possibility, ' i

~

Note that since -
b3

T has injectivg dimension one and TN = MT holds in T, TN has a

-
v \

self link if end only if‘ MT 'has a self link.

-

P
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e

- . Suppose now that \HT does not have a self link. If MT were

not T-projective then by 2.3.18., (MT}r with T-conductors MT and TN

would satisfy condition (9) of 2.3.15. which would force a self link on

) ™~
MT by 2.3.17. Contradiction. Thus- MT must be T-projective and *
MT wvy TN in T-(by 2.3.6.) forces MT = TN in T (by 1.4.22.) d

whichr forces M =N in R (by 2.3.12,). q.e.d,

If T has injective dimension gge, then every minimal overring

of T, who%g conductors lie in the cycle. component of MT also has

" injective dimension one. ' We can continue this construction by induction

to get a tower of rings, each with injectiveé dimension one and each one

minimal over the previous one. Since the cardinality of the.cycle

compenent is preserved, this process can terminate only If .the original
cycle coﬁ:onent has only two el%nents (i.e. if M=\ “holds). Thus,

we have for iﬂstance, that if R were semilocal with one cycle component
. ’ )
which had more than two elements, and with some mipimql overring which -

alsc has injective dimension one then R would not have a maximal

equivalent order. N

- -

' -~ .
2.3.21. Examples. In the following, each Rn is a bounded

noetherian prime ring with injec}ive dimension one. Each Rn is minimal
PR . -

- 3 X
over R ., and R1 is-HNP. These examples will demenstrate several things.

- _\
Each Rn’ n > 2 js an example of R with one cycle component of noﬁf
projective maximal ideals for’ which every minimal overring has injective

0 + . .

4 - - . . - “:2

. T ‘



dimensicn one. The case n = 2 shows that excepticnal case (c) of ‘
?
2.3.4. can occur. Note that this example is consistent with 2.3.10.

These .examples also show that both possibilities of 2.3.20. can occur.

. ) i ‘
Note that/for. n » 2, © and 0O _1 prescrés all links whereas for

. n =2, 0 destroys tho self(links but all other links are prescrved.

Let A De a discrete valuation ring with unique maximal ideal-

<x>. Tor €ach npatural number n.’sut Rn = I' A A]. Rn is clearly

n
<X > A

prime noetherian and satisfies a polynomial identity, hence is fully

N bounded. The element X = |:x 0j| is a central regular element in “+

0 X

the Jacobson radical of Rn. Thus ‘XHU iz an invertible ideal, and
LY

-

since the quotient ring R“/.\'R“~ is quagi-Trobenius,  R.™ has injective
1
b 4 .

n
<X 7 A

-
' . *

dimension onc by 1.3.4. The maximal ideals Hn = <x> A and
A T

-

. N o= [:A n] make .dp M-Spec(R ). The cycle directed graph is .
“ ‘I -~
<N > <H>

given by M e= N  in each R_. We have M&~—N and M and N
n n n n n n n

." ~ . [ ) 7 . ' !
- . have self links unless n 1 holds. HWe have 1'-1:: = Nn = Rn-‘i and :
. .

MU= N = [TA <x"">9 . It follows from Rebson [34]. that R
> A ]

[

® - Is HNP if and only if n is one. ' . !a
' L ) _ ' ' <.

! }r’.z- * ’ ’ \\/’/ . . - 1
* i Yy, S POOR COPY o o _
ST R T lcopm DE QUALI'I‘EE mmnnum : _ ]
! - fo e e e St Co e Y




will now
- . . . . r L g?
denote a minimal overring,«with unique conductor M, Thus M = H7 = 17

86,

.3.20. Example. \11b;£ZjiSfinu o an example to show that

exceptional casc (g) of 2.3.4.

cali pccur. Thus, we wish to find R

with non projective maximal ideals M and N such that N =M holds,

b
but not HMwwy N. This example is based on the cxamples of Mueller in
f13].

Let A be a local noctherian intepral domain, with injective
. ’ )

r

dimension one, unique non projective maximal ideal e > and invertible
no .

ideal «<y»> €M . Mueller shows that the ring

- : '{ ke
? g . . . oo . .
R = A A <y > <y> is an I'BN prime ring of injective dimen-
3 2
<y> A wy o> <y > & .
-1 ” ) ~
<y > owy > A A ’
-1 , . ) ' Q/
Lhr s <y~ iy A

.
sion one, which has four maximil ideals.  These.are cebtained by substi- -

tuting for A

in the (y,y)-position and we denote them by M

. The<:
cycle map id piven by Ml - M{+1. The link diagram is glvén.by: M <M ,
1
T,

/ ' .
. There are no links M ~wl or M~y . (Subseripts are
11 : 1 11 vt

taken dulo 4) . . '

IV. MINIMAL OVERRINGS , NON=DISTINCT CONDUCTORS.

In this scction R is still a bounded ncetherian prime rdnp

.

with injective dimension one, and Goldie quotinnl‘?inn Ko T

holds, and T = 1* =M isa méximgl ideal ot «R. ‘By ?_u.g.: M is
y 'POOR COPY ) o
P : : COPIE DE' QUALITEE IRFERIEURR

—_ Rt v 7 o e s
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-



87,

not projective,

.

OQur aim is to provide a treatment for T with unique conductor,
similar-to that in Section III, where T had distinct conductors. 1In
particular, we wish to compare M-Spec(R) with‘ M-Spec(T), in terms of
theix elements and their link dire;t%d graph and their cycle directed
gfaphs when T has injective dimension one. a

As in Section III, we comnsi the relation © on H—Séec(R) x
M-Spec(T) which is given by PEQ and only if P is a minimal prime
~ideal in R over Qn R.‘ As no;ed in Sect®™n III, the relation ® is- -
actually defined on the entire prime spectra, but in our setting thére is

ne loss of generality in restricting to the maximaltspectra.

In Section III, it was shown that for distinct conductors ©
1

-was an ocnto function with exactly one collapse of maii;af jdeals (of R)

-

when M and N were projective and a bijection when M and N were

not projective. Here wée will see that 9_1 is an onto function with
exactly one possible collapse of maximal ideals (of .T). Also, while in

Secticn III, g1l of M-Spec(T) could be completely described, here @(M)

does not always have a natural iepreééntation. a s
2.4.1, Theorem, The relation 0-1 is in fact an‘onto function
from M-Spec(T) to M-Spec(R) given by O—l(Q) =Q n Ry ’i

For an R maximal ideal P, distinct from M, O(P) = PT = TP.
', . - \

- L

¢ . -8 | o
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>

r
@M can be- M, a unique R-bimodule strictly containing M or up-'to

two R-bimodules- X and Y, cdntainipg ¥, with X = Xz = Y,

Proof. For P & M-Spec(R} - {M}, OP = TP = PT is the unique
proper‘ideal of T which properly contains P, by 1.4.14, and -

TP n R =P by 1.4.9.

r Q a maximal ideal of T, Q n R is ah idg;} of R,

whichiis contained in some maximal ideal N of R. If Qn R is not

contained’in M then T(Q n R) is not.conféined in R. Since R is
maximal in T = wa R, ¢nR is maximal in Q. fkué Q=T(QnR)c
TN = ON holds, foreing Q = ON and Q ﬁ R =N ~If, on the other hand,
-Q hR is cén?ained in M then Qn ﬁ =QnM,- If now, Q does nof
cantain M, ther Q+ M =T fby the maximality of - Q, forcing
QnNR+M'= R ¢ M, which contradicts that M is a maximal ideal of R.

2
Thus, if Q n R c M, then Q 2 M, whence QnR=MNM as required.

o

\ It only remains to consider GM. If M is not a maximal ideal ™

of T, then there is some X which properly contains M and which is
a proper T-ideal. Since T ; R ; M is a bimodule composition series of
. , .

-

T/¥, X is already a maximal ideal of T, Since T 2 X 3 Ww holds, ,we/ :
3 % ks idea
also have T ? ? M and T ? X ;-M. In fact, for any other idedl Y

with T3 Y3 M, wehave YnX3M and M>Y nX by the maximality
. S

"

" . ¢

g e
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of M in X (and in Y)." Thus XY ¥ nXcM and YXcYnXcM

both hold, fercing Y =‘X£ = X°. *The enly two possibilities given X

-

are thus: O(M) = X = ¥ = Xz or else X £ X = Xz Holds and ©OM =

'jg,xr = X"} has two elements.
' 3

-
We n8w collect a few formulae for computing with duals taken

. with respect to T. We still use the convention introduced in 2.2,2.

R i g
"(i.e. subscript r' or £ denotes T-dualization).

v

-
iy, . -
a . 2.4.2. Proposition. (a) For X a right T-submodule of K,
X = ()T, .
r R .\ .

§.9)] For> Y a‘left T-submodule of K,

Y, = (fo._ : ' /

(@ T = oML, SRR
2 F 2.4
@ M =) = =y
.t (e} ,inj dim(TTj =
. 3
MM = T. ‘
3 ) ~ -
(f) 1inj dim(TT) =1
MM = T,

-3

Proof. (a) and (b 2.2.4,
' (e), - & simple inductien using 1.4,5.

L)

(d, (é), (b) and (c).

-t T .
1. if and only if
8 ‘ :

if and only if .

AN

’

. - A e e e b et e
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M. 'The gHestion of preservation of links im ing M or an-element of

2 .
&M and another-maximal ideal is still largely open. When. T has -

injective dimension one, however, OM can be completely described and

the question is completely settled in 2.4.8.

[
~

-
.

2.4.3. Theorem, For maximal.ideals P and Q' 25_ R, both

distinct from M. We have P wmwdQ if and only if we have OP w9 0GQ.

K
.

Proof. Suppose P 3 @Q holds in T, and P ~AyQ holds in
R. Then we have QP = Q n P and since QP is not contained in M,

-QPT 3 QP. However, GP = TP = PT and ©Q = TQ = QT and TP n 7Q is
E .

minimal over 'Q n P and contains QPT.. Thus QPT, which equals GQOP,
also equals _GQ n @F which contradicts that OP ~~0Q holds. Note that

P and Q are not assumed“to be distinct here.

The converse statement islpboved’by a slightly modified version
of the proof of.2.3.9. One has only to substitute N = M in that
agrqunt to arrvive at the éontradiction that either P =M or Q=M

holds, g.e.d. °

We turn now to the questions of when T has injective dimension
one, what the cycle map of T is in this case, and what restrictions

this assumption'puts on the link directed graph of R.



\—7

>

Note that by 2.4,2., if T has injective dimension one then
M= ¥ holds in T, and QM is cidsed under the cycle map, i.e. if
6M has only one. element then BM = 6M holds in T, and if OM = {X,¥}
then either we have X e Y or we have X - X d Y=Y, On the

other hand, if P is different from M and\"(@P)r = (E)Q)z for some

maximal ideal Q of R, neceésarily also distinct from M, then we N
r. . .r . ) ’
have (GP)r = (PM) " and (GQ} (MQ) = (MQ"™) . This forces PM = g
1!./ 2L and Q'u' distinct. from M also forces P = Q'u.' Thus we

cQ
n . -~ . ..
have proved the following two results. _ .

2.4.4. Theorem., If injective dimension of T is cne, then \\

P = Q holds i}\ R ‘rif and only.i_f OP = BQ holds in T except that if

= {X,f} we have M= M and either of X=X and Y=Y or X e Y,

[ - [

2.4.5, Propo;,?%'ion. If injective dimension of T is cne and

P is distinct from M then P J.S link independent of M. ~

2

Proof. 1In the above, we not pniy have that. P = Q@ , but also
"R

that PM = MQ"" = MP. But this says precisely that P wiwM and MwpyP

both hold.

2
-

’I‘m:‘n;u(g now to the charactem.zmg of when inj dlm(T) i holds

note that the next theorem is a.nalogous to 2,3,15,%nd also generalizes
1.4,8. .
W a
& ’ \



2.4.6. Theorem. The following are equivale

¥
TN

(1) inj dim(T) = 1, ?!
'
' (2, inj dim(T)) = 1. )
&Q_ga) inj dim(,T) = 1. | : o J

(4} M is left invertible in T..

(5) M is right invertible in T.

(6) M is invertible in T. : . -, -

o
Proof. Clearly (1) is equivalent to X2) and (3) together, and ~

can be taken to be (M2)r = (M2)z.

7

also (6) is equivalent to (4) and (5) together. By 2.4.2., (7) iﬁ

‘squivalent to (4) and (3) is equivalent to (5). Thus, the real content

of this theorem is the equivalence of (2) with (3) op of (4) with (5).

Note also, that by 2.4.2.) if M is one-sided invertible, its inverse

To show the equivalence of (4) with (5), we suppose that M is
left but not right invertible and afrive at a contradiction. The re:jf}e '

implication is dual. With this supposition, we derive the follewing

cbservations. (’,J"’w

(1) 04" =1, MHD® is idempotent.

(2) For X

)™ we have X = (MOAT1® # MO and X is a

. ' ’ /
proper ideal of T properly containing N, :
(3) x =M, MO#H™N = w?)x = m,

() (% = T,



M

}

s

-

/

.l\'

—'-\‘._
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‘ . 2.r.2
(5) ‘{Mz)r-, X and M are all not eventually ide ent; (M) M 2

. .2 :
M2, uzcuzf"? M2, .
(6) X(MHTX = X = X(°) M, - ' - v
\-\—.
: £ o, .
(7). X, = tx)* ;,(ux)“; 00" =% 0¥ is idempotent. J
) o | )
(8) YPMX # MY, y . - (L ?
Proof. (1) (Mz_)rM = T holds, since M |{s invertible,
i .
Thus  [M09)T1% = wa® ) ue®)T = ra?)®  hougs alsh. - D)
" (2) - si have * (HQ)r- = ( 7 and M is not :;i ht )
— ince we have = o 1g i

invertible, M § M(Mz)r g T follows. Setting X = [M(H2)r]r,° T.g X 3 M-

* is'immediate, as well as X being an ideal of T. -Since ‘M(M?)r is

tained in M(=I~mr).'

‘hand, by (-2),we know that M(M2)rx < R,

idempotent and r\ot contained in R, M(Mz)r # [M(M2)r]r holds. . Similarly

we have T 3 (Mw3HT1* 3 M, M%)*1* is an ideal of T, and QP

[M(Mz)r'.]'q'. Sincey by 2.4.1., there are at most two T-ideals between M

ama T, MOOTE = o™ o P . ?
. : R 2 -:

(3) By (2) we have ' XM(Mz)’E R, whence XM c M°,
whereas we have X 2 M . foreimg XM > ,'M2 r We have,’ M(Mz)rM =M rﬁince o ’ ' ‘:

)™M = T holds, M(H2)x 2 M holds since X > M holds, On the ot;;;V/i . :

50 that M(MQ)rX must be con-
Mo ~ "



\
* 9y,
‘ ~ o 2.0, £ o
ad (4) We have (M“)'X 3_(M_1,§,;\g/rand (M7) XM«

(1-12-)::;1‘42 < R forces (M2)PX < T

. .
(8) Any (even one-sided) invertible ideal cannot be ,

eventually idempotent. Since (.H?.)r' # ((H?)r‘)2 holds, we have

(Hz)rM 3 M2 by 1.4.20. 3imilarly, (M2)r = (HQ)R' forces HQ(M2)P 3
2 : ' " .
M. - o , )
. - . 2.r 2. r
(6) Thi ol]%ws from XT =X and (M°)'M = (M°)°X

1]
© 3,

(7) We have XP, =_B)}jfrom 2.4.2,, and (MX)R' =

(M'Q"Q'X'Q"q')r = (M)T  from 1.4.5. ‘Since X cannot be right invertible in

‘\‘ - T and we have T > X(MX)R' 3 X with X haximal in T, we must have_
’ Y
X(M}'{’;= X and MX( MX)"Q"=‘I~D{. That .(MX)E' is idempotent’ now followd
from 1.4.10. .
'</_/H ' (8) Clearlygwe have ¥ < (MX)™M < X" = M(M®)T  with M
’ . R >

maximal in M(M%)T. If we had M = (MOTH then (MX)T S T would follow,
4 . v ’ 2 ’ ' ) 2
forcing MX = M, and then even X" 2 M. Since X # X holds, X" # M

also holds, and the maximality of M in X forces X to be ide'mpotent

in contradiction to (5). Thus, (MX)™M = M(M%)F holds;—fjéﬁg— (Mx)TMx

= M(M2)rx = M # MX, ol‘c cbservations, A=

To finish off, we have. (MX)r is not idempotent by (8) and

©1.,4,10., while (Mx)¥ = (MX)R' is idempotent by (7). Contradiction. q.e.d.

L
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¥

If the injective dimension of T is one, then (Mz)r which is

: ¢
the inverse of M "in T properly cont;iﬁs T an@/gehcei H2 # M, Thus

M has a self-link in R and by 2.4,5., this is the only link in T
which involves M, The next thefrem completely describes all of the
bossibilities for ©OM and its links when inj dim(T) = 1 holds. This

theorem and the above remark will then allow us to compIately describe

the extent of the preservation of links by © and 6"1.

2.4,7. Proposition, If“inj 6:;:})'= 1 then exactly one of

the following holds:

«

(1) OM = M. In this case M is invertible in T, hence, the localization

- 1 -
TM id a valuatien ring. . .

| m’ . - . ot
(2) eM=x 2 M, and X is invertible in T. 1In th&%JEg;e Ty is
&

again a valuation ring and M = X2. ' _

(3) oM =X 3 M and X is not invertible in T. In this fase MX = XM,
X is a self-cycled maximal ideal in T, which is invertible in -

0_(X) = (M)F. )
r

(4) OM = {X,¥Y} with X #Y and XY = M., In this case X and Y are
invertible maximal ideals of T, (i.e. self-cycled, self%lin@gd and

Projective), so that T

y 1S Dedekind, ' . 4\_

x -

(5) oM = {X,Y} with X Y and' XY # M, In this case X ‘and Y are

T-projective maximal ideals with X e= Y in T, so . that 'I'H is HNP



R

Vg™

. (3)_ Clearly we have M 9= ((M2)r)r = (MUDHT)T = 17 = M, so that

96.
with a two cycle. o .
g
Note that cases (1), (2) and (%) yield T Llocally Dedekind, so e

that T is the largest (oniy)equivalent ordeér tc® R whose conductor

contains a power of ‘M. In case (5) the overrings Xr(=YE) and X£(=Yr)
. o -

are the largest equivalent orders to R whoag conductors are contained in
a pdwer of M. However, in case (3) the relationgbip between M and

T exactly parallels that between X and Or(X) so that case (?) can o

conceivably lead to an infinite tower of overrings with conductors con- .
tained in~ M, each minimal over the last. In fact, if M does fall °
into case (3) then either X ‘also falls into case (3) allowing: another

step in this tower, or X falls into one of the other four cases stopping .
@ .

the’ tower with at most one more step.

' ]
N _ —
Proof. Clearly these possibilities are exhaustive and mutually,

exclusive, It only remains to verify the resulting conclusions fox each

»~
3

_case. e T ' ) - >

(1) When- inj'dimLT)/;-l holds, M is invertible by 2.4.3. any

’ . t
invertible maximal iggal is localizable with a v uatioﬁhping as its
localization. ' A | { -
-~ - N -

(2) . It only rémains to verify X2 =M. But X = X' forces X2 cXnR=

X
o2

‘M and X an invertib;e maximal ideal forces X/X té be T-bimodule

simple,

>

~



™

k ) ' . ¢ g7,

T ? X i M forces T = T~ 3xn‘ _D_Hrr = M, whence X" = x follows, -

3

Now X = 0T = 0, = 0" = MM 2 00T forces wies mx.

1Y

<
Further, we have (Xz)r: 2 (M29r 2 (Hz)r so that (x2)rx 2 (MQ)PX 2

. :
(Mz)l?M_B 1 holds, and this is sufficient to guarantee Or(X) has

! .
injective dimension one by 2,2.6, . ((__ v

(4)' Since XY(=M) 1is an invertible ideal of . T, Y .is a left invert-
-~ ible maximal ideal of B, which mhst be invertible By 1.4.8. Similarly

-~ X 1is infvertible. ¢ ’ .
. (5) " Since XY g M=XnY tolds, there is a link from Y to X, and

so X and Y are both not invertible. Now. XY 2 M2 holds, .since we °

., have X and Y both contgin M, and XY cannot gqual‘ﬁ%ince M2

.4 g . L
is invertible (in T). Thé following observations will e helpful.

' \T. - L. . S L
(1) Xr (XM)" 3 Xg = (MX)‘, T, = (YM) 5 Yg = (MY)™.

n

‘ ‘ - e w2 Dy _ 2,r, "_ C o 2Ty ter 2D
;:.(2‘)_xr_yz-(M)Y-x(M).,xl-Yr-(M)x_‘Y(l'a)._-
"(3) XY = XM = MY; YX = MX'= YM. : .

.-
— -

) % = YO = 8% = ey
o = |

Proof. (1) 2.4,2.. -

. -
- L

(2) since we'have (M)Txy & ()M =1, )X is

contained in Yr. Also, (Mz)rx 2 (M2)rM'= T holds with (M2)PX £ T.

since ‘X 1is not invertible. Nr-aw, (M2)~rx must equal Yr by the
v

.
-.P) - -~
. LA .
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Now MX = XM yields *Y = YzY ;,(MQ)FXY 2_(M2)rxm = fMQ)rMX = TX

98.

.. . .. 2.r 2T !

minimality of Y  over T. Similarly, X, = Y(M™)", Ko = (MY “and
l .

YR = X(Hz)r all hold, Now, using X~ = X, YY" =Y and MT =M, we

. obtain XE = (MX)L = (Mllez)? = (MX)", Either we have X =Y in T, or

XM,

X = X. But, if X=X holds in T, then Xr = Xz forces™ MX

X.

But, X and Y are incomparable so MX cannot equal XM and X can

-

Dot arrow to X, so that X =Y holds in T. Similarly, Y = X aiso

holds in T; ' ’

X3) These Follow immediately from (1) and (2).

-

;. (4) Both Y(Mz,)r and (Mz)rx contain T(=(M2)rM ;:

M(Hz)r). Thus X and ¥ are both contained in Y(Mg)rx, whence
‘ .

T'= X + ¥ ¢ YOU)'X also holds. Thus, we have 1 e T < r?)Tx = X, X,

-

forcing' X to be left projective and then xlx = XQ holds required. ;

These observations, in conjunction with tde resglts of Chapter I,
finish off the remarks for case (5).
’
Note that case (2) is characterized by M = X 3 M with X° = M

N

while case (3) is characterized by OM = X 3'M with X2 M. Case (4)
L 7

is characterized by OM = {X,Y} with X Y, but XY = YX, .
/\
N

R.4.8, Exdmples, The following examples show that all of the

T e
pPossibilities of 2.3.5(S can actually occur, In particular, GM can

t : -



have cardinality two, even when R 1is commutative.

The examples are numbered to correspond to the different cases
of 2.3.5. The first four examples are commutative and all examples are
local. We make use of BasF' criferion which states: If in a comm-
utative domain, A, every maximal ideal is 2-generated, then A has
injective dimension one. In these examples’ k' with denote a field,
with an element e K, which does not have a square root in Kk (for
Example (145/:;;;u X and. y are a pair of indeterminates. -

. //
Example (1). Set B = (E[/E].)[x]<x>. Bll is'a DVR with

unique maximal ideal xB. For A, we take xB + K, which is clearly a

subring of* B, with unique maximal ideal, also pB. Thus A is a

commutative domain which is noetheridn since B = A4 + YaA is f.g. as
an A-module. To see that xB is two gesfrated as a A-module, write

K{va]l = kK + K/@ whence we have B = xB + § + k/a (as K-vector spaces)

and xB = sz + xk + wlak = x2A + x/ok = XA + x/0A. Thus A has

~

injective dimensibn one, the A-dual of xB is minimal bver A, henff_ﬂ\#/ N

must be B. By constructioq1 xB is also the maximal ideal of B and ~

we.have case (1).

. A is a commutative.
<x,y>

Example (2).. Let A = [E[x,y]/<x2 = y3>]

-

_noetherian domain with unique two generated maximal ideal <%,y>, which

is

we denote by ™ - It is easy to see that“h{ = A+ Ax/y = E[x/Y]<x/y>

+
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Y

. the localization of a polynomial ring, hencé a DVR. Its unique maximal’

ideal is x/y(klx/yl), which prioperly contains “m_ (i.e. (x/y)2 = vy,

(x/y)? = x), and is invertible with inverse y/x(k[x/yl). Note that

\

[x/y(E[x/y])]2 contains both‘y(=(x/y)2) and x(=(x/y)3) so that

-,

[x/y(E[x/y])]2.= e

Example (3). For A = [k[x,y]/<x2 = y5>] A is still a

<x,y>’
commutative noetherian «domain with unique two generated maximal ideal

<X,y> which we again denote by"ﬂ*\‘.“ﬁn\: is still A + Ax/y, but in

@ this case, it is no longer a polynomial ring. It has unique maximal

A

1]

ideal <y,x/y> whick properly contains “r, - Now aﬂ%? <y,x/y>2 =

<y2,x,x2/y2> = <y2,x,y3> = <y2,x> s properly contained in Uﬁw\f whence
we are in case (3).

\

*

ExaEE}e'(u)..;We construct the example in a manner similar to

" Example (1). In this case, we want ﬁf.to be noetherian Dedekind.domain,

which is a K-algebra, with exactly two maximal ideals, <x> and <y> say,

such that B = <x> + k = <y o+ kK as k-vector spaces. Concfetely, B

) ‘ ,
might be taken as k[xl<x2 -y With y=x-1 or k[x,y]<xy>. Set

A= <xy> + k which is clearly a commutative noetherian domain with

wnique maximal ideal xyB.: Clearly, wefhave XA + yA € B, but also we
_ W2 2 " 2 o 2. _ =
have xA + yA = x"yB + %k +.xy'B + yk where X'yB + xy' B = xy(xB +.yB) =

1

-
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xyB hold, and xyB + yk = y(xB + k) = yB., Thus xA + YA contains

xy(xA + yA) = xzyA + xy2 is

xB + By which equals B, Thus xyB

two geﬁerated as an A-ideal, Since xyB is an ideal of B, B is
clearly the A-dual of xyB,-and © = {xB,yB} both(of which are

invertible maximal ideals of B,

-

~ .
¢ Example (5), For commutative rings, all links are self links,

so case (5) can not occur. Thus, consider a DVR, A, which is a k-

algebra, with unique maximal ideal <x> and ‘A = <x> + k as veetor Space.

-

Consider T = A A and R =J(T) + kK = F<x> A + ¥k r1 oM.
<> A [<x> <H> I:O 1

R is local with unique maximal ideal J(T), and T is an HNP ring

with two cycle [<x_> A,] l: A A ] by Example 2.3.20. To show
e .
<

t<x> A x> <x>

¥

“that R is noetherian, use the fact that the simple T-modules are simple

R-modules, so that any T module of finite length has finite length as
an R-module. R satisfies a polynomial identity and R is prime since
it coptains an ideal of the prime ring T, so R is fully boundeﬁ
noetherian and prime. To see that R has injective dimension one, use
1;3.4. and show that for the unique maximal ideal of R, .J(T), there is
an invertible ideal, namely xR, contained in J(T), with R/xR quasi-
Frobenius, This follows from the fa;t that R/xR ié & local, 4~dimen-

sional k-algebra, whose socle, J2(R)/xR, is simple. Clearly, T is

8-

I,

b
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" the left and right R dual of the unique R-maximal ideal J(T) and

el = |:<x> A A A as required.
' * { <x> A ’ <> <x> } ) ) .

V. BSOME OPEN PROBLEMS AND CONJECTURES.

/\ - ; o ’

. ‘ B
If M is in M then T has injective dimension}e/if and only i:_f

Problem 1. Let M and N be as in Chapter II, Section ITI.

TNM = MN 3 NM. On the other hand M e @ if and only if TNM = M3

*

NM ? MN. These conditions completely determine the link directed graph
locally (i.e. for the c&cle oornpon'ent) Can thJ.s .uupl:.cat:l.on be

reversed° Inliother words, can there exist cycle components with the .
L4 v,
correct link directed graph, bi.n: with injective dimension of T not-

one? . o . vl.- 7 V" LY

Problem 2. -The primeness restriction is quite Sstrong. Can *
these results be generalized to R .semippime?®To R- has a quasi-

Frobenius quotient ring?

-

Problem'3. What can one say about non-minimal equivalent orders?

For example; Is a maximal equivalent order HNP? - S

¢ Problem 4, 1In [7], Handelman shows that if every r:.ng between

a. cotmnutat:l.ve ring A and its module finite integral, closure has “injec-

. e -

C e
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-

 — . : . ‘ s .
1mension one then every module betwegn Q and A' "is a ring.
’ N ) o

-

’

Can this be generalized to the non-commutative sefting?
P . -

'

“J
, TN
, |
L ]

N \

o \
!
}
|} -
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