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ABSTRACT

This thesis studi~s the maximal ideals and minimal overrings
~ .

of the rings of the title. It is.shown that then maximal idea~s are . ,
l

segregated into projective and non-projectives with no interplay between

these classes. Moreover, the pr~tive maximal ideals behave as

though the ring were heredit~.

The maximal spectrum of minimal equivalent orders is calculated

in terms of that of R. This enables a comparison of ~ir link-graphs

(they are al4 the same) and a ~~acterization of when a' mini~l

equivalent or~ also has the attributes of the title. This inductive~,

property is shown to be preserved by the "cycle map" as well as passing

up to the minimal equivalent order itself.
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INTRODUCTIQN

This thesis

fairly tame set~ing

has grown out

L
of the title.

of an attempt to study links in the

Links. were introduced by Mueller in

'[13] as ob~truc~ions to localization at a prime ideal in a fUlly

""bounded noetherian ring: It is hoped that by studying links in rings

of low dimension that a better ~derstanding of linkslin general will

follow, shedding Some lignt on the problem on localization in non-

•
cOlIIlllUtative rings in general.

Much of this thesis is inspired by the work of Eisenbud, Robson

and others on the localizations of a bounded noetherian prime ring of

global dimension one (all modules have injective dimension less or

equal one) which are called bounded HNP rings. In this setting one..
of the .major tools ,is the cycle map. It has been shown that the link

directed-graph is the same as the cycle map directed-gra~h in a

bounded HNP~ring. "The links are thus too well-behaved here and a more

gener~tting is more appropriate, .

..
The rings of the title (where only the R~modules RR and ~

~e.ass~~,to ha~e injective dimension one) are precisely the-bo~nded
r no~therian prime rings ¥or which the cycle map: is still well-defined

, (ie, is still a map). Th~ link directed-grap~ not nearly as well

behaved, but one still has enough control to make ~ir study feasible,

-1-
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In Chapter I, the first three sections present known material

which is necess~ for the rest of the thesis.· Section IV is concerned

with three related types of questions: (1) Since in a bounded HNP

ring all one sided ideals are projective, to what extent do projective

ideals in our rings mimic ideals in bounded HNP rings? (2) Since

all of the assumptions of the title are symmetric, can one-sided

/ properties be shown to be two-sided (expecially projectivity)? (3)

Since linksLcur -:1ctlY between non-commuting maximal ideals, what
-'-- \

sort of commutativity re~ b~ shown for fractional-ideals other

than maximal ideals?

Chapter II is concerned with equivalent orders (especially

minimal ones). The main questions are: (1) When is an equivalent"

order also bounded noetherian prime with injective dimension one?

(2) Can one describe the spectrum of a minimal equivalent order in

terms of the spectrum of R? (3) ~an-One describe the links and

(

"cycle map" of a minimal equivalent order in terms of those of

. ,

R?

,



•

CHAPTER I

,
•

FRACTIONAL-IDEAL THEORY

S and T will be res-

de~ote~ by 1:( K

R, when ~~~~s.

jhr0Ughout the thesis R will be a not necessarily commutative

will be reserved.for the

Goldie quotient ring of

~ssociati~ ring with unity

erved for equivalent orders to R, and' M, N,. P, Q for R-modules

or ideals. Any condition is assumed to be two-sided unless prefixed_

by the word right or left. ~ R ~d ~ will denote the categories

•
of right and left R-modules respectively. M-Spec(R) denotes the

maximal spectrum (the set of all ..maximal ideals) of R. The abbrev-

iation f.g. is used for finitely generated throughout.

In the proOfs of many of the results, there are strings of

equalities where each step. is derived from the previous one by a ~ub-

stitution~ To facilitate the reading of these, the quantity that is

to be substituted for is bracketed on the left of the equality sign.

Thus, for example, we might write . (MN)P = XP . if we knew that MN = X

holds.

•
I. GENERALITIES ABOUT DUAL MODULES.

---
In this section R and .R' ~ll denote arbitrary rings.

-3-
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~ha~ follows so i~ is collec~ed here for

The informa~ion in ~his sec~ion is all well known and hence

. \~ proofs are omi~~ed or ske~ched. I~ is, however, fundamen~al ~o all

comple~eness~~\

1.1.1. Defini~ion. For M e: "1rlR' ~he ri!!.h~ dual of M is

* (M ,R). lfe: R/Tl , isM = hom Similarly, for ~he left dual of N

'"'\' * (N,R):N = hom
.,

AI~hough, for one-sided modules ~he differing no~ations may
F

seem redundan~, for bimodules ~he ~ no~a~ions differentiate which

s~ruc~ure is being dualized. The abelian group M* is in a canonical

way a left R-module. /

( (

~ 1.1.~. Prop·osi~ion. For right modUles M and N wi~h

(M,N) * *a e: hom a defined via a (f) = foa is a well defined ,.,
R-homomorphism from N* * is * is mono.~o M . If a epi ~hen a

1.1.3. Corollary. The right R-dual of an R'-R bimodule is

an R-R' bimodule.

Proof. * *is a ring homomorphism from End(M) ~o End(M ).q.e.d.

... 1..1 .4. Corollary. * * *{MeN] ~ M eN canonically .

\

1 ..1.5. dorOllary. (1) R* ~ RR canonically;
I •














































































































































































































