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Abstract

In this thesis, we focus on the applications of incentive mechanism design in oper-
ations and supply chain management (OSCM). Most significant—and interesting—
topics arising in OSCM are concerned with the management of relationships among
supply chain members under asymmetric information. Since the incentive mecha-
nism design based on the principal-agent model deals with asymmetric information
in a satisfactory way, it has become an important tool in investigating OSCM-related
asymmetric information problems.

We start with an introduction in Chapter 1. In this chapter, we briefly de-
scribe the theory of incentive mechanism design and its applications to OSCM, and
the organization structure of this thesis. In Chapter 2, we study the optimal wage
scheme and effort level in a contracting problem where both the principal and the
agent are risk-averse. This chapter is a starting point for analyzing the buyer’s op-
timal ordering decision and incentives for yield improvement in Chapters 3 and 4.
Chapter 3 investigates the buyer’s optimal ordering decision and incentives for yield
improvement in the setting of random yield for the critical component and uncer-
tain demand for the finished product. In Chapter 4, we assume the supplier’s effort
and yield become continuous and study a continuous optimization problem where
the buyer decides the optimal order quantities and incentives for yield improvement
under random demand. Our thesis ends with a conclusion and addresses the future
research in Chapter 5.
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Chapter 1
Introduction

This chapter describes the theory of incentive mechanism design and its applications
to operations and supply chain management (OSCM), and also indicates the organi-
zational structure of this thesis. We explain the theory of incentive mechanism design
and address two important concepts related with asymmetric information. One is ad-
verse selection and the other is moral hazard. The theory of incentive mechanism
design has been applied to diverse fields and we focus our attention on its applica-
tions to OSCM-related asymmetric information problems. Specifically, we study how
a buyer designs an incentive mechanism (or a contract) to induce his supplier’s ef-
fort in improving supply yield and what’s the buyer’s optimal ordering decision in
a setting of random yield for the critical component and uncertain demand for the
finished product.

1.1 Incentive Mechanism Design and OSCM

In the last two decades incentive mechanism design theory has found useful applica-
tions in economics and related disciplines including finance (e.g., Bolton and Scharf-
stein [6]), accounting (e.g., Demski and Feltham [12]), organizational behavior (e.g.,
Eisenhardt [14]), management science (e.g., Ha [19] and van Ackere [43]), and mar-
keting (e.g., Basu, et al. [3] and Lal and Srinivasan [29]). The importance of this
theory was recognized by awarding the 2007 Nobel prize in Economic Sciences to
Leonid Hurwicz who initiated the theory, and to Eric Maskin and Roger Myerson
who refined and applied it.

In its simplest form, incentive mechanism design is concerned with a bilateral
relationship where one individual (i.e., principal) contracts another (i.e., agent) to
carry out an action, or exert effort to complete a task. In such problems information
shared between the parties is usually asymmetric. Before the contract is signed, the
agent may hold private information related to the action to be taken giving rise to
an adverse selection problem. For example, the agent’s marginal cost of production
may be private and the principal may only have a prior distribution of this cost.

If, on the other hand, the informational asymmetry arises after the contract is
signed and the principal cannot verify the agent’s effort in completing the task, then
a moral hazard problem arises. In such cases, the outcome of the agent’s effort is a
random variable which creates an additional level of complexity. For example, if the
agent is contracted to complete a project, her actions may not be observable to the
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principal and a given level of agent’s effort results in possibly different outcomes.

Both the adverse selection and moral hazard problems described above are
formulated as mathematical programming problems with the objective of maximizing
the principal’s expected utility, subject to the agent’s participation and incentive
compatibility constraints. The first constraint assures that, if she accepts the contract,
the agent’s expected utility will be at least as high as what she can obtain from an
alternative arrangement. The second constraint takes into account the fact that the
agent will choose the optimal effort level to maximize her expected utility. For an
excellent treatment of these problems, see Bolton and Dewatripont [5], Laffont and
Martimort [28], Macho-Stadler and Pérez-Castrillo [33] and Salanié [40].

As we have mentioned at the beginning, the theory of incentive mechanism
design has been applied to diverse fields and we put our focus on its applications to
OSCM-related asymmetric information problems. Specifically, we are interested in its
applications to random yield literature, which studies the decision-making problem
when the received amount from an order is uncertain. Some random yield papers
are concerned with hidden information problems, which lead to adverse selection
problems. For example, Yang, Aydin, Babich and Beil [44] analyze a problem where
a risk-neutral manufacturer designs an adverse selection model to induce the supplier
to reveal her true reliability type. The supplier’s reliability with two types (high and
low) is hidden information to the manufacturer. Related work by Corbett, Zhou and
Tang [10], Ha [19], Hu, Duenyas and Beil [24], Lee and Yang [31], Ozer and Raz
[35] provide further glimpses of incentive mechanism design related to random yield,
and their focus is the adverse selection models in the presence of private cost and/or
demand information.

Some other random yield papers are concerned with hidden actions rather than
hidden information. For example, van Ackere [43] analyzes a batch-size problem under
random yield and demand through a principal-agent model under moral hazard. In
the paper of van Ackere [43], the worker as the agent exerts costly effort that affects
the yield of good units and the manager as the principal decides the batch-size as
well as the worker’s wage scheme. Similar to van Ackere [43], we study a buyer’s
decision-making problem when his supplier has some hidden effort in improving her
yield performance. However, different from van Ackere [43] that considers a specific
yield function of the effort, our model assumes a more general yield function where
the effort improves yield in the sense of first-order stochastic dominance (FSD), see
Bunn [8, Ch. 4]. Furthermore, we develop an algorithm based on Lagrangian duality
to solve the buyer’s problem under multiple effort choices and yield outcomes. Note
that Zhu, Zhang and Tsung [48] investigate a contracting problem where both the
buyer and the supplier exert effort in the quality improvement in a setting with
deterministic demand. Our research work differs from their paper as we study the
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contracting problem where the supplier is rewarded to improve the yield performance
in a setting with random yield and uncertain demand.

1.2 Organization and Overview

This thesis is organized as follows. In Chapter 2, we study a principal-agent model
under a symmetric information case where both principal and agent are risk-averse.
Assuming that both participants may possess either a power or exponential utility
function, we obtain the optimal wage scheme explicitly as the solution of the resulting
nonlinear ordinary differential equation. We also provide an analysis of the agent’s
level of effort that is optimal for the principal and show that the highest effort level is
not always optimal. This chapter is a starting point for analyzing the buyer’s optimal
ordering decision and incentives for yield improvement in Chapters 3 and 4. Chapter
3 investigates how a buyer designs an incentive mechanism (or a contract) to induce
his supplier’s effort in improving supply yield and what’s the buyer’s optimal ordering
decision under random yield and demand. We first build a model with binary effort
choices and yield outcomes, and obtain the optimal solutions under both symmetric
(first-best) and asymmetric information (second-best) cases. We then extend it to
a model with multiple effort choices and yield outcomes, and develop an algorithm
based on Lagrangian duality to solve the buyer’s problem. In Chapter 4, we assume
the supplier’s effort and yield become continuous and study a continuous optimization
problem for the buyer. Under the first-best case, we find that the optimal transfer
function is increasing and convex in the effort level but independent of the order
quantity. We present the first-best optimal order quantity and effort level through
the buyer’s first-order conditions. Under the second-best case, we find the buyer’s
second-best optimal solution through the first-order approach of Holmstrom [21],
where the supplier’s maximization problem is concave with respect to the effort. In
Chapter 5, we summarize this thesis and address our future research work. We present
a two-period discrete model and we plan to extend it to a N-period problem as well
as provide practitioners some managerial insights as our future work.
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Chapter 2

Optimal Reward and Effort Level in a
Contracting Problem with Risk-Averse
Principal and Agent

This chapter considers a contracting problem between a risk-averse principal and a
risk-averse agent. The principal designs an outcome-based wage scheme (i.e., a reward
function) and enforces the agent to exert the demanded effort level if the agent accepts
the offer. Under the “first-best” case, the agent’s effort and outcome are observable
and verifiable, but the outcome is a random function of the effort. For a given effort
level, the optimal wage scheme is obtained as the solution of a nonlinear ordinary
differential equation (ODE). In order to solve explicitly the resulting ODE we assume
that the risk-averse principal and agent may possess either a power or exponential
utility function and provide the exact solutions for the resulting four combinations.
As it is well-known, the exponential utility function has constant risk aversion which
makes it an unrealistic choice for decision analytic studies. We show that when
the principal has the exponential utility, unless a minimum liability constraint is
imposed, the optimal wage function obtained from the solution of the ODE may
be unacceptable, thus revealing the unrealistic nature of this utility function in the
principal-agent model. In all cases we present results for the concavity or convexity
properties of the reward function. The chapter concludes with an analysis of the
agent’s level of effort that is optimal for the principal and shows that the highest
effort level is not always optimal.

2.1 Introduction

In order to understand the effects of information asymmetry inherent in mechanism
design problems, it is necessary to analyze first the symmetric information (or, “first-
best”) case where both participants share the same information both before the con-
tract is signed, and during the contract execution. Once the first-best solution is
found, one can then compare the results of the “second-best” case where the princi-
pal cannot observe the agent’s actions (or, the effort level) which results in the adverse
selection or moral hazard problem. In this chapter we provide a thorough analysis
of the first-best problem when both participants are risk averse and find the opti-
mal wage scheme and the optimal effort level. That is, our first-best analysis involves
only the principal’s objective function and the agent’s participation constraint. The

4
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second-best case which involves the incentive compatibility constraint giving rise to
the moral hazard problem is not considered in this chapter.

It is well-known that in the first-best case when the principal is risk-neutral
and the agent is risk-averse, then the principal accepts all the risk by completely
insuring the agent who receives a fixed wage; see, Macho-Stadler and Pérez-Castrillo
(hereafter MS/PC) [33, p. 25]. For the same case, when the principal is risk-averse
and the agent is risk-neutral, then the opposite result is found and the agent insures
the principal against randomness in the results; see, MS/PC [33, p. 27]. In this case
the agent keeps the outcome and pays the principal a fixed amount, resulting in a
franchise agreement. For example, Crama, Reyck and DeGraeve [11] consider a model
under symmetric information in a licensing contract design problem for multi-phase
R&D projects where the licensor (principal) is risk averse and the licensee (agent) is
risk neutral.

When at most one participant is risk-averse, as noted above, the optimal con-
tract can be found relatively easily. When they are both risk-averse, the principal and
the agent must accept part of the risk depending on their level of risk-aversion. In
this case the actual wage scheme is the solution of a (possibly complicated) nonlinear
ordinary differential equation (ODE), which can be quite difficult to solve explicitly
depending on the form of the utility functions. However, when both participants have
the exponential utility function with constant risk-aversion (assumed for analytical
convenience), the ODE is solved easily which gives rise to a linear contract. (See,
Hosseinian and Carmichael [23] and MS/PC [33, p. 27| for the symmetric; and Holm-
strom and Milgrom [22] for the asymmetric information case). But since few decision
makers would have constant risk-aversion, linear contracts would be an unlikely out-
come in most practical situations. For example, the executive compensation schemes
such as stock-options commonly used in practice are convex in nature; see Chaigneau
[9], Dittmand and Maug [13], and Hall and Murphy [20].

Principal H Agent H Optimal wage scheme

Fixed wage (MS/PC 2001, p. 25)
Franchise agreement (MS/PC 2001, p. 27)
Linear contract or others?

Risk-averse
Risk-neutral
Risk-averse

Risk-neutral
Risk-averse
Risk-averse

Table 1. Optimal wage scheme when Principal or/and Agent are risk-averse.

To our knowledge, the problem of finding the optimal wage scheme and effort
level when both participants possess non-exponential utility functions has not been
analyzed in a satisfactory manner in the available literature. The exception appears
to be the paper by Chaigneau [9] who considers the case where both participants
have the quadratic utility function, which has the undesirable property of exhibiting
increasing absolute and relative risk aversion; however, Chaigneau [9] does not provide
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an analysis of the optimal effort level for the agent. We believe that our study provides
some insights into the evaluation of the wage function and the computation of the
optimal effort level when both principal and the agent are risk averse. As shown
in Table 1, we are interested in the optimal wage scheme when both participants
are risk-averse. Will the optimal wage scheme always give a linear contract or other
forms? Moreover, the ODE given in MS/PC [33, p. 27, Eqn. (2.7)] is written in terms
of the risk aversion measures of the participants which involve the first and second
(partial) derivatives. But the steps leading to the ODE are not clearly delineated as
the variables of differentiation (principal’s net income? agents’ outcome?) are not
specified when the second partial derivative of the principal’s utility is computed.

In this chapter we hope to provide a clear and unambiguous set of steps leading
to the development of the ODE for the wage (reward) function given a fixed effort
level. We explicitly solve the resulting nonlinear ODE assuming the principal and the
agent are both risk averse and possess power and exponential utility functions. We
also show that depending on the form of the utility functions, the optimal first-best
reward function may be concave or convex in the outcome.

For the special case where both participants have power utility functions with
the same degree of risk aversion, the optimal contract is linear in outcome. In the
case where the principal has exponential utility while the agent has power utility, an
unrealistic result may be obtained where, for low outcomes, the principal pays the
agent more than the outcome itself. This happens when the principal is “generous”
with the agent for high outcome levels. When both participants possess exponential
utility functions, further unrealistic results are obtained where the agent may be
penalized for poor outcomes unless a minimum liability constraint is introduced (see,
e.g., Laffont and Martimort [28, p. 118]). Our results thus reveal that it may be
advisable to avoid the use of the exponential utility not just in first-best principal-
agent problems, but also in the more general adverse selection and moral hazard
problems.

The remainder of the chapter is organized as follows. In Section 2.2 we de-
rive the nonlinear ODE for the optimal wage function in terms of the principal’s
and agent’s Arrow-Pratt measures of absolute risk-aversion. In Sections 2.3 to 2.6
we solve the ODE assuming the principal and the agent are risk averse and pos-
sess power and exponential utility functions. In these sections we also examine the
convexity /concavity properties of the wage functions under different utility function
combinations and point out the practical difficulties arising when the principal has
the exponential utility function. In Section 2.7 we present an easy-to-use method
for finding the agent’s optimal effort level with two illustrative examples. Finally,
conclusions are presented in Section 2.8.
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2.2 First-Best Contracting Problem with Risk-Averse
Participants

In this section we consider the first-best case with risk-averse principal and agent.
We find that the principal’s optimal wage scheme is the solution of a nonlinear ODE,
which is consistent with the result in MS/PC [33, p. 27, Eqn. (2.7)]. However, the
ODE given in MS/PC [33, p. 27, Eqn. (2.7)] is written in terms of the risk aversion
measures of the participants, but the steps leading to the ODE appear ambiguous.
Thus, we first present a clarification of the steps that lead to the development of the
nonlinear ODE.

The first-best case is described as follows: The principal offers the agent a take-
it-or-leave-it contract under the assumption that both participants share the same
information on the agent’s effort level and the outcome. The agent is not willing to
accept this contract unless her expected utility is as much as what she can obtain from
another, alternate, contract, i.e., her reservation utility Uy. If she accepts the contract,
then she will choose an effort level e € [eg, e1], which affects the (random) outcome X
taking values in the interval [zg, x1]. The random variable X has a density function
f(x;e) > 0 which depends on the effort level e. It is reasonable to assume that a
higher level of effort is associated with a higher probability of achieving a specific
outcome in the sense of first-order stochastic dominance (FSD), that is, Pr (X > 2)
is increasing in e for any given outcome & (Bunn [8, Ch. 4]). Both the effort e and
the outcome x are observable and verifiable under the first-best case.

The principal aims to design a wage scheme w(z) contingent on the outcome
x to reward the agent. Thus, given the outcome x, the principal’s net income can be
written as y = © — w () while the agent’s net income is w = w (z). We assume that
both the principal and the agent are risk averse with increasing and concave utility
functions B (y) and u (w), respectively; that is, B’ (y) > 0, B” (y) < 0, v’ (w) > 0 and
u” (w) < 0. The principal prefers the agent to exert a higher level of effort, which will
cost the agent greater disutility v(e), where v(e) is assumed to be increasing convex,
i.e., v'(e) > 0 and v”(e) > 0. Under the first-best case, the principal can directly
control the agent’s effort, and thus, the principal’s problem under the symmetric
information case can be formulated as,

MAaXe 4 (z) f;)l B(z — w(x)) f(x;€) dx
s.t. f;i)l w(w(x)) f(z;e) de — v(e) > Uy,

where the constraint is the agent’s participation constraint (PC).

The development of the ODE for the wage function will involve partial deriv-
atives of the principal’s and agent’s utility functions. Note that the principal receives
x and pays w(z), while the agent receives w(z) for a given z. Thus, B is a function of
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the outcome = and wage w, and u is a function of w. MS/PC [33, p. 27, Eqn. (2.7)]
use only the notation B” in the development of their arguments which may lead to
some ambiguity. In order to avoid potential ambiguities, where applicable, we explic-
itly indicate the partial and mixed partial of B(z —w(z)) as either B, (z — w(z)), or
B! (z —w(z)) or B! (x —w(x)) in the analyses to follow.

Remark 1 We had assumed above that the principal’s utility B(y) was increasing
concave in his net income y = x — w (x). It thus follows that the principal’s utility is
a decreasing and concave function of the wage paid to the agent w(z) for a given z.
That is, using chain rule, we have the first derivative as

dy _

B(x — w(x)) = By 2 = —B() <0, (2.)
since B'(y) > 0 and dy/dw = —1. Similarly, the second derivative is found as,
dB'(y) dy
B! — == =p 0. 2.2
oo =) =Y gy <o e (2:2)

The above result shows that the principal’s problem possesses desirable prop-
erties with respect to the wage paid to the agent; that is, given an effort level e, the
principal’s problem is a well-behaved optimization problem in the wage scheme w (z)
for any outcome x € [z, x1]. This follows since B(z — w(z)) is concave in w(x), the
principal’s objective function f;f)l B(z—w(z))f(x;e) dx is concave in w(x). Moreover,
since f;; u(w(x)) f(z;e) dr is concave and Uy +v(e) is a constant, the feasible region
corresponding to the agent’s PC is convex. Thus, we can use Karush-Kuhn—Tucker
conditions [4, Ch.4] to find the principal’s global optimal wage scheme.

To solve the principal’s problem, we associate a multiplier A with the agent’s
participation constraint, and write the Lagrangian function as,

£ (w(x),\) = / Bz — w(a)) f(x: ) dz — A {UO - / w(w(@)) f(z:€) dz+ v (e)

o o

As shown by Laffont and Martimort [28, p. 185] the problem can also be stated in
terms of pointwise optimization and written as,

L(w(x),A) = B(x —w(x))f(z;e) — MU — u(w(x)) f(x;e) + v(e)]. (2.3)

For any given outcome z, the first-order condition of (2.3) w.r.t. w (x) is written as,

oL
ow (x)

= f(z;€) B, (z — w(x)) + Af (z; e)uy, (w(z)) =0,
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which implies

B, (z —w(z)) + Aul, (w(zx)) = 0. (2.4)
Thus we have that,
= ——B”i"(I —w(@)) or x € (g,
A= A fi € (xg, x1). (2.5)

It’s straightforward to show that the multiplier A is always positive for z €
[0, x1] since B, (x —w(x)) < 0 and u),(w(x)) > 0; which is known as the Borch rule
[7]. This implies that the associated participation constraint is always binding at the
optimal solution from Karush-Kuhn-Tucker theory [4, Ch.4].

Given an effort level e, what is the wage w(z) that should be offered to the
agent? To answer this question we develop an ordinary differential equation for the
unknown function w(x). First, we differentiate (2.4) w.r.t. x and get

B! (x —w(x))+ A\l _(w(x)) =0. (2.6)
Substituting (2.5) into (2.6) and simplifying we find
Bio(r —w(x))  uy, (w(z))

wTr

Bz —w(@) o, (w(n) 27

w

The next theorem derives an ordinary differential equation for w(z) which is
given in terms of the principal’s and agent’s Arrow-Pratt measures of absolute risk-
aversion. Letting v/ (w(z)) = ul, (w(z)) and v (w(zx)) = u? (w(zx)), these measures
for the principal and the agent are respectively given as,

B" (y) u” (w(z))
— , and 74 (w(z)) = ——F7F=5, 2.8
B )= ) 2
see Arrow [2, Ch. 3] and Pratt [39]. Note that both measures are positive, i.e.,
rp (y) > 0and r4 (w(x)) > 0 since both the principal and the agent are assumed to be
risk averse with increasing and concave utility functions B (y) and u (w), respectively.

rp(y) =

Theorem 1 Suppose we fix the agent’s effort at some level e and consider an arbi-
trary outcome a € [zg, r1]. The wage function w () = w(z;e) is found as the solution
of the ODE
dw (x) rp(z —w(x))
= , (2.9)
dx rp(x—w(z))+ra(w(x))

and it increases in the outcome x with a slope not exceeding 1. The initial condition
for the ODE is w(a) = b for b < a where the unknown b is determined from the

9
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equality part of the participation constraint
x1
/ w(w(z)) f(x;e) de = v(e) + Up. (2.10)
xo

Proof. Differentiating (2.1) w.r.t. x and using the chain rule, we obtain the mixed
partial derivative of the principal’s utility function as,

BlL-u(@) = ~CWY
- B =B [1 _ d“;f)} S @)

since from (2.1) we have B! (y) = —B'(y) and dy/dx = 1 — dw (x) /dz. Similarly, the
mixed partial derivative of the agent’s utility function is found as,

() = PR _ ) 200 (2.12)

Using (2.11) and (2.12), equation (2.7) can be written as,

(BT [, du )] _ o ol o) .

Since (2.13) involves the Arrow-Pratt measures of absolute risk-aversion, it can be
written equivalently as,

—rn) |1 20—y w22,

where, as before, y = x — w(x). Finally, isolating the derivative dw(x)/dx, we obtain
the nonlinear ODE for the unknown function w(x) as,

dw (x) _ rp(z —w(z))
dx rp(z—w(x))+7ra(w(z))

which clearly has the property that dw(x)/dx < 1 since r4 (w(z)) > 0. To solve
the ODE we need an initial condition w(a) = b. Since a is given, using the fixed
effort level e, we find b by solving f;ol u(w(z)) f(z;e) dv = v(e) + Up. This proves the
theorem. W

10



Hangfei Guo DeGroote School of Business

2.3 Principal and Agent both have the Power Utility
Functions

In this section, we assume that both the principal (hereafter, “P”) and the agent
(hereafter, “A”) are risk-averse with power utility functions B (y) and u (w (z)) re-
spectively, given as,

1—c1 1—co

Bly) = 2—, and u(w(z)) =

_1—61

w (x)

1—02

with ¢1, o > 0 and ¢, ¢3 # 1, see Larsen [30]. Then both participants’ Arrow-Pratt
risk aversion functions can be calculated as,

B"(y) 2!
TP(I'—?U(IE)) = _B/y):Q?—'IU(LE)’
v (w(2) O
) = @) e

Using (2.9) in Theorem 1, the ODE corresponding to the optimal wage scheme
w (z) for outcome x is,
dw (x) cw(z)

dv aw(x) + ez —w(x)] (2.14)

Remark 2 Note that since B” < 0, B’ > 0, (i.e., the principal is risk averse with an
increasing and concave utility function) in this case we must have rp > 0, implying
that w(z) < z for all z. The fact that w(x) < x also follows by noting that dw/dx < 1,
from which we obtain the inequality. Similarly, as u” < 0, v’ > 0, we have r4 > 0,
implying that w(xz) > 0. Thus, the principal would not be willing to pay more than
x for any given outcome z. <«

We set the initial condition for the ODE (2.14) as w(a) = b with the property
that b/a < 1. Then the solution to the ODE (2.14) is found implicitly as

w(z) + Ky[w(z)]? = x,

where the constant K is determined using the condition w(a) = b.

Proposition 2 If the principal is less risk-averse than the agent, i.e., ¢; < co, then
the wage function w(z) which solves (2.14) is concave in x; otherwise i.e., if ¢; > ¢,
it is convex.

11
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Proof. Differentiating (2.14), we obtain

W) — el (@) —w(@)]
ferw(@) + el — w(@) P

Substituting the RHS of (2.14) in (2.15) and simplifying gives

(2.15)

"(z) = crcu()[(cr — ¢o) (2 — w(x))]
{aw(z) + ez —w(z)]}?

Since the denominator is always positive, we find that w”(z) < 0, i.e., w(x) is concave
if ¢; < ¢9; and convex otherwise. W

Next, we discuss three cases where the principal and the agent may have
different degrees of risk aversion. First, we obtain an explicit solution to the special
case ¢; = ¢y where the optimal wage function w (z) is a linear contract in z. For
¢1 # o, we provide (graphical) examples and show that if ¢; < ¢z the wage function
is concave in x; and if ¢; > ¢y then it is convex in z.

Example 1 For the special case ¢; = ¢y (where both P and A have the same degree
of risk aversion), we have w(x) + Kjw(x) = x with K; as the constant of integration.
Using the initial condition w(a) = b with b/a < 1 gives K; = a/b— 1, from which we
obtain the explicit solution as
b
w(z) = (5) x,

which is a linear contract. As expected, this solution has the property that w(z) < x,
since b/a < 1. However, note that even though a can be fixed arbitrarily since
a € [zg, 1], the exact value of b depends on the assumed value of the effort e € [eg,e1]
and the solution of the agent’s participation constraint (2.10). Figure 1 presents a
graphical description of a family of solutions (i.e., direction fields) for w(z) for different
values of b when ¢; = ¢y = % It should be noted that a unique w(z) will correspond to
the optimal effort e* and the constant b which will maximize the principal’s objective
function.

Let’s now consider the case where P is less risk-averse than A, i.e., ¢; < c¢s.
In this case one would expect the outcomes to have less effect on A’s wages. When
¢1 # ¢, the solution of the differential equation must be obtained numerically (except
in simple cases where cy/c; is a small integer). For example, when ¢; = %, Cy = %,
the family of solutions is found as in Figure 2 where the w(z) curve is below z and it
is always concave (as was shown in Proposition 2).

When ¢; > ¢o, P is more risk-averse than A, and the opposite happens, i.e.,

A’s wages should be more sensitive to the outcomes. For example, when ¢; = % and

12
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¢z = &, the family of solutions w(x) is shown in Figure 3 with the property that
lim, ., z/w(x) =1, i.e., the asymptotic solution for the wages w(z) is approximated
in the ratio as the result of A’s outcome x. In this case the w(zx) function is always
convex (as was shown in Proposition 2). 4

100 A 4 4 1 $ 1 .‘"‘ .d A .’f fd A 4 4 2 .'l Fd ';‘]
.a 4 f 4 44 d .-‘ 17 A2 AAALS
YAV PP PIIIIIIAAE
:z 4404 B A PPPRART ,‘,‘,’1,',,

BON S A LR PP PP ARSI A 20 w(100) = 80
b4 fp A A AA A AAA . -
:a 49 :& 1 fl}l .(:4 # )f{ﬂ/’ .
b p A f A A A AR -

601 & 4 g g ALAR ‘¢°/¢ e, .. w(100) = 60
w(x) l [} l ;‘ f A o A ‘0 o -
’ RNy -
444 9049 25 -

W00 55 4% :;' . w(100) =40
NN EYY o
f r7 'f.-" it o v _w g >

wl| PP 2AS —==" w(100) =20
A -
7 f T
o
0 20 40 60 80 100

Figure 1. Direction fields for the ODE (2.14) when both participants have the power

utility with ¢, = ¢o = % In this case the wage function is always linear in the outcome
x.

2.4 Principal has Power and Agent has Exponential Utility
Function

In this section, the principal’s utility is the same as that in Section 2.3, i.e., B(y) =

y'= /(1 — ¢;) with ¢; > 0 and ¢; # 1, and the agent’s utility follows the exponential
utility function given as,

u(w) = — [1 - exp(—raw)]
A

with 74 > 0. The principal’s and the agent’s risk aversion measures are given respec-
tively as,

13
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Figure 2. Direction fields for the ODE (2.14) when both participants have the power
utility with ¢; = % and ¢y = % In this case the wage function is always concave in
the outcome x.

re(z—w(z)) = :c——w(x)’
ra(w(z)) = ra.

Substituting the risk aversion functions into (2.9), we find the ODE for this
case as
dw (x) ¢

dr o +raz—w)] (2.16)

Remark 3 As in Remark 2, we note that since rp > 0, we have w (z) < z for every
x € [zg, 1], i.e., the principal would not be willing to pay more than z for a given
outcome x. This result also follows by solving the inequality dw/dx < 1. <

With the initial condition w(a) = b, (where b < a) the solution to this ODE is
w(z) =z — RV (Klr—A exp (T—Aa:)) ,
TA €1 €1

where K7 is the constant of integration. Here, WW(x) is Lambert’s WW-function which
is the solution of the equation W(z) exp(W(z)) = . Lambert’s W-function is imple-
mented in Maple (www.maplesoft.com) and it is a concave increasing function in its
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Figure 3. Direction fields for the ODE (2.14) when both participants have the power

utility with ¢; = % and ¢y = % In this case the wage function is always convex in the
outcome .

argument with YW(0) = 0, as shown in Figure 4.

Proposition 3 The wage function w(z) as the solution of (2.16) is always concave
in x.

Proof. Differentiating (2.16), we obtain,

_ara[l —w' (z)]
{c1 4 rafz —w(x)]}?

since w’ (x) < 1 from Theorem 1, thus proving the Proposition. B

w'(z) = <0,

Example 2 For the special case of ¢; = r4, and with, say, w(100) = 60, the solution
is found explicitly as

w(x) =x —W (40exp (z — 60)) .
It can be shown that, as before, and as expected, w(z) < x for all 2. This function is
concave, as shown in Proposition 3.
Now consider the case where ¢; < 74, i.e., in a “relative” sense P is less risk-

averse than A. When (c1,74) = (£, 3), and w(100) = 60, we find the solution exactly
as

w(zr) =z — ;W <100 exp <§x - 150)) .
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[
[
'S

Figure 4. The shape of Lambert’s YW-function as the solution of W(x) exp(W(z)) = x.

In this solution, as the one in Example 1 with ¢; < ¢g, the wage function w(z) is
concave.

Finally, for the case where ¢; > r4, we set (¢1,74) = (%, %), and for w(100) = 60
we find the solution as,

w(z) =z — gw (IGeXp (ggg _ 24)) |

Since from Proposition 3 we know that w(x) is always concave in x, we plot the

solution curves for the present case with (c1,74) = (3, £) in Figure 5. ¢

2.5 Principal has Exponential and Agent has Power Utility
Function

Now consider the case where the principal has an exponential utility function given
as
1
B(y) = —[1 —exp(—rpy)]
rp
with rp > 0, and the agent has the power utility function as in Section 2.3, i.e.,
u(w (z)) = w(z)' " /(1 — ¢;) with ¢; > 0 and ¢; # 1. Then both participants’
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Figure 5. Direction fields for the ODE (2.16) when principal has power and agent has
exponential utility with ¢; = % and ryq = % In this case the wage function is always
concave in the outcome zx.

Arrow-Pratt risk aversion functions can be calculated as,

e wi) = A =
ra(w(z)) = u'(w(z) o

S (w () w(e)
Substituting the above risk aversion functions into (2.9), we find the ODE for this
case as,

dw(z)  rpw(w)
dr  rpw(z) +c (2.17)

Remark 4 In Remark 2 we had shown that when both participants have the power
utility we have 0 < w(x) < x for all z. The fact that w(z) < =z also followed
from the observation dw/dx < 1. In the present case when the principal has the
exponential utility and agent has the power utility, it is not possible to show that
w(z) < x for all x since rp(r — w (x)) = rp, a constant which does not involve z.
The condition dw/dx < 1 in the ODE (2.17) also gives ¢ > 0 which does not give
any information on the wage function w(x). Thus, in this case it is possible that
for some values of x, the principal may pay the agent more than the outcome she
produces. Note, however, that the principal cannot punish the agent for any outcome
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since 74 (w (7)) = co/w(z) > 0 implies that the wage is always positive. <«

The solution of the ODE (2.17) is found as,
w(x) = exp (Z—P(Kl +z)—W (T_P exp (Z—P(Kl + x)))) )
2 2

where K is the constant of integration to be determined from the initial condition
w(a) = b and W (z) is Lambert’s W-function as described in Section 2.4.

Proposition 4 The wage function w(z) as the solution of (2.17) is always convex
in .

Proof. Differentiating (2.17), substituting the RHS of (2.17) into the result, we
obtain,

r%cow ()
[rpw(x) + o]

Since w (x) > 0, we always have w” (z) > 0, thus proving the proposition. W

w//(x) —

Example 3 Consider the case where rp < ¢y, i.e., in a “relative” sense P is less
risk-averse than A. When (rp,c2) = (3,3), and w(100) = 60, we find the solution
exactly as

w(z) = gw (24 exp (gx - 16)) .

In this solution w(0) ~ 0, and the wages are sensitive to the outcome since w(z)
is convex as shown in Figure 6 with lim, .., z/w(x) = 1. Note however that in
the extreme case when w(100) = b for a large b ~ 100, (say, b = 99) we find that
the principal still pays the agent a small but positive amount, i.e., w(0) = 6. This
outcome is unlikely to occur in practice since the principal would not be willing to
reward the agent to such an extent.

Now consider rp > co with (rp,cs) = (%, é), which indicates that P is more
risk-averse than A. With the initial condition w(100) = 60, the solution to the ODE

(2.17) is found as,
2 )
w(z) = EW (150 exp (§x - 100)) :

In this case the direction fields are quite similar to the one in Figure 6, thus we do
not reproduce it here. ¢
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Figure 6. Direction fields for the ODE (2.17) when principal has exponential and
agent has power utility with rp = % and ¢y = % In this case the wage function is
always convex in the outcome z.

2.6 Principal and Agent both have Exponential Utility
Functions

For the case where both participants’ utility functions are exponential, the risk aver-
sion measures are, respectively, rp (r —w (z)) = rp and r4 (w (x)) = 74, with con-
stant 7p > 0 and r4 > 0. In this case the ODE (2.9) reduces to one with a constant
RHS,
dw (z) _ TP ’ (2.18)
dx rp+ T4
which suggests a linear contract in .

Remark 5 We had shown in Remark 2 that when both participants have the power
utility we obtain 0 < w(z) < z for all z. In Remark 3 we found that w(x) < x, but
w(z) could possibly be negative. Remark 4 showed that either w(z) < x or w(z) > =
could be possible, but we always had w(x) > 0. In the current section we again have
either w(x) < z or w(x) > z since rp (r — w (x)) is a positive constant not involving
either = or w(x). Moreover, since 74 (w (x)) is also a positive constant, w(x) can be
either negative or positive, meaning that the principal can punish or reward the agent
depending on the outcome. <«

The solution of the ODE (2.18), with the initial condition w (a) = b is obtained
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as,
rp

w(x) E—— (x —a)+b. (2.19)
The linear contract solution (2.19) indicates that if r4 is very large, then w(z) ~ b,
a constant; that is, the principal must insure the agent against any uncertainty in
the outcomes and pay her a fixed wage. On the other hand, if rp is very large, then
w(z) = x+ (b—a) < z, then the wage payment to the agent depends linearly on the
actual outcome.

Example 4 Consider now the case where the participants have the exponential
utility with the same risk aversion constant, i.e., rp =1y = % Figure 7 displays the
direction fields where the wage function is linear with a slope of % Clearly, in this
case it is possible to have either w(x) < z, or w(z) > x. It is also possible to have
a negative w(x) meaning that the principal can punish the agent for some outcomes,
unless a minimum liability constraint is introduced. ¢

100 w(100) = 100
w(100) = 80
! w(100) = 60
wlx) 50
’ w(100) = 40

w(100) = 20

=50

Figure 7. Direction fields for the ODE (2.18) when principal and agent has exponential

utility withrp = ry = % In this case the wage function is always linear in the outcome
x.

Table 2 summarizes the properties of the wage function w (x) under different
utility combinations for the principal and the agent. These findings demonstrate that
the exponential utility function with constant risk aversion makes it an unrealistic
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choice for decision analytic studies in the first-best problem.

Combination for P and A ODE Properties of w ()

linear if ¢; = ¢o,

dw (x) cw(x)

Power - Power = i
concave if ¢ c
dx crw(x) + cor — cow(x) 1< 2,

convex if ¢; > ca,

dw (z c
Power - Exponential (2) = ! concave in x,
dx c1+rar —raw(z)
) dw () rpw(x) .
Exponential - Power = convex in ,
dx rpw(z) + c2
dw (z r
Exponential - Exponential (2) = P linear in x.
dx rp+TA

Table 2. Four utility combinations for the principal (P) and the agent (A) and the
corresponding wage function properties.

2.7 The Agent’s Optimal Level of Effort

Our discussion so far focussed on the explicit solution of the nonlinear ODE (2.9) to
find the wage function w (x) for the agent. Since an initial condition for the ODE
was not (yet) available, we demonstrated the solution of the ODE as a family of
curves determined by the direction fields. In this section, we consider the problem
of finding the optimal effort level the principal demands from the agent to maximize
the former’s expected utility.

As noted by MS/PC [33, p. 28], in general, finding the optimal effort level is a
difficult problem as the principal’s objective may not be concave with respect to the
agent’s effort since the density function of the random outcome depends on the effort
level. But given an effort level e € [eg, €;], in principle it is not too difficult to evaluate
the principal’s expected utility. Since the participation constraint is always satisfied as
an equality, we can determine the wage function and evaluate the principal’s objective
J(e) as follows:

(1) Fix the effort level e € [eq, e1],

(2) select an arbitrary outcome, say, the highest one as a = x; to anchor the initial
condition w(a) = b of the ODE (2.9) where b is still an unknown,

(3) with e and a given, find b = b(e) for which the unique solution w(z;e) of the
ODE (2.9) satisfies the agent’s participation constraint f;ol u(w(x;e))f(x;e) de =
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v(e) + Uy,

(4) use w(z; e) in the principal’s objective to calculate J(e) = [ ' B(z—w(z;e))f(z;e) dr,
and

(5) using an optimization routine, maximize .J(e) over e € [eg, €1].

We now consider two cases where both the principal and the agent possess the
power utility function. In the first case, they have the same degree of risk aversion,
i.e., ¢c; = co = ¢ which gives rise to a closed-form solution for the wage function w(z; e)
in terms of the effort level e and simplifies the optimization analysis considerably to
find the agent’s optimal effort level. In the second case where ¢; # ¢5, the closed-form
solution for the wage function becomes difficult (and sometimes impossible) to obtain
and thus we use numerical methods to find the agent’s optimal effort level.

2.7.1 Principal and Agent have Power Utility Functions with the Same
Degree of Risk Aversion

Suppose both participants possess power utility functions with the same degree of
risk aversion, i.e., ¢; = co = ¢, where, without loss of generality, we assume that
c € (0,1). That is, the utility functions are given as

y and wu(w(x)) = wl(%)c_c,

with y = © — w (z). For this case, as shown in Section 2.3, the wage function w (z)
is linear in « for a given effort level e, i.e., w(x) = (b/a) x where 0 < b < a for an
arbitrary outcome a € [zg,x1]. As discussed above, for a given effort level e, the
agent’s participation constraint (2.10) is always binding at the optimal solution. In
order to find the correct value of b corresponding to a fixed a, we solve the agent’s
binding participation constraint f;ol u(w(x;e))f(x;e) dv = v(e) + Uy. This gives,

1
1—c

(1 —c¢) (v(e) + Vo)
f;il xl=cf(x;e) dx

Since ¢ € (0,1), we have b (e) > 0. In order to assure that b (e) < a for all effort levels
e € [eg, €1], we impose the condition that

b=b(e)=a [ (2.20)

vie) + U < /xl v f(z;e) da. (2.21)

(1 _C) xo

Clearly, if condition (2.21) is not satisfied, then the principal pays the agent more
than what she (the agent) is producing; an undesirable outcome for the principal!
Now, writing the wage function as w (z;€) = b (e) x and substituting it in the
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principal’s objective, we have,

1 o 1—c
max J(e) = max / [(m be) ) ]f(x;e) dx
e€lep,e1] e€leg,e1] zo 1—c
1 _ 1—c 1
= max &/ ' f(z;e) da. (2.22)
e€leo,ei] 1—c¢ o

Thus, the principal’s problem is to find the optimal effort level e € [eg, e;] which
maximizes the expected utility J(e). To that end, let’s define the functions G (e) and
H (e) as,

[1—b(e))

Gle) = 1—-c¢

71
, and H (e) —/ o' f(xse) da,

T
so that J (e) = G (e) H (e). The first two derivatives of J (e) w.r.t. e are J' (e) =
G'(e)H (e)+G (e) H' (e) and J" () = G (e) H" (e)+2G’ (e¢) H' (e)+G" (e) H (¢). The
principal’s problem (2.22) is concave in e if and only if the second-order condition
J" (e) < 0 is satisfied. If it does, then we can use the first-order condition to find
the optimal effort level e*. Of course, if J'(e) > 0 for all e € [eg, 1], then e* = e;.
Otherwise, e* is obtained by solving J’ (e*) = 0 for e*.

Example 5 In this example we assume that the agent’s effort level e € (0, 1], that
is, we exclude e = 0 as the agent is expected to provide some positive level of effort.
We also assume that the random outcome X takes values in the unit interval, i.e.,
z € [0,1]. The density function for X is chosen as f (z;e¢) = 1 + (z — 1)e with the
expected value E(X;e) = 3 + 15¢, and the survivor function F(z) = Pr(X > z) =
1 — fe(a? — x) — z. Since F!(z) = —iz(z — 1) > 0, we see that F(z) is increasing in
e for any given outcome x; that is, the first-order stochastic dominance condition is
satisfied.

The agent’s disutility is a convex increasing function v (e) = ~e?, for v > 0.
Solving the participation constraint we find that, for the initial condition a = 1, we

have,

(28 =¢)2 =)0 —¢) (ve* + Uy) 1/(1=e)
b(e)—{ 6+e(l—c)—2c ] '

To gain further insights into the problem, in our numerical example we assume

v = 15, Uy = 5. Then the wage scheme is obtained as

ce) = 1(3_C)<2—C)(1—c)(62+3> 1/(1-¢)
w(x,e)_{g 6+e(1_0)_2c } xT
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7\c | 0.1 0.3 0.5 0.7 0.9

0.1 [ (0.488,0.350) (0.812,0.749) (1.000,1.411) (1.000,2.730) (1.000,9.307)
0.3 | (0.163,0.335) (0.278,0.717) (0.706,1.355) (1.000,2.726) (1.000,9.307)
0.5 | (0.098,0.331) (0.168,0.710) (0.459,1.334) (1.000,2.718) (1.000,9.307)
0.7 | (0.070,0.330) (0.120,0.707) (0.343,1.325) (1.000,2.702) (1.000,9.307)
0.9 | (0.054,0.329) (0.094,0.706) (0.276,1.320) (0.898,2.682) (1.000,9.307)

Table 3. The joint sensitivity analyis of v and ¢ on the optimal solution (e*, J(e*)).

We substitute the above wage scheme w (x;¢e) into the principal’s objective function
J (e) in (2.22) and provide graphs involving the derivatives of the objective J(e).

As shown in Figure 8, for some fixed values of ¢ € (0,1), the first derivative
J'(e) decreases in e and falls below zero, indicating that J(e) has a unique interior
solution, ie., e* < 1. [Figure 9 shows that the second derivative J”(e) is always
negative for any ¢ € (0,1), implying that J(e) is concave.] For some other values
of ¢, J'(e) decreases but always stays above zero, indicating that the global optimal
solution is at the boundary, i.e., ¢* = 1. Performing the numerical optimization, we
indeed find that for ¢ € (0,0.36) we have ¢* < 1 and for ¢ € (0.36,1), the optimal
solution is at e* = 1. For example, when ¢ = 0.2, we find e* = 0.60 and J(e*) = 0.52,
but when ¢ = 0.6, we have ¢* = 1, and J(e*) = 1.92. This implies that when the
principal’s risk aversion increases, he requires the agent to work harder.

A natural question to ask is the following: How does the optimal solution [in
terms of e* and J(e*)] vary as the agent’s disutility shifts upwards with a higher 7 (so
she is less willing to put in the effort) and both participants become more risk averse
with a higher ¢? To answer this question we fix Uy = 1% and re-solve the problem for
different combination of (v, ¢). The results are summarized in Table 3 where both ~
and ¢ vary from 0.1 to 0.9 in increments of 0.2 resulting in (e*, J(e*)) as the optimal
solution.

We note that for a fixed value of ~, as both participants become more risk-
averse, i.e., as ¢ increases, the optimal effort level increases until the highest possible
effort level e = 1. With higher levels of effort, the principal’s expected utility also
increases. Although the agent with higher degree of risk aversion is not willing to
exercise higher effort level since it will bring her more disutility, the principal who
has the power of deciding the agent’s effort level can still demand higher effort level
from the agent.

For fixed values of ¢, as 7 increases, the optimal effort level decreases since the
increasing value of v brings higher disutility for the agent. When ¢ assumes a very
high level (¢ = 0.9), we note that the optimal effort reaches its maximum possible
level of e* = 1 for all v values. This is the consequence of the principal being highly
risk-averse who can force the agent to exert the maximum effort. ¢
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Figure 8. The first derivative J'(e) of the principal’s expected utility drawn as a
function of ¢ and e.

2.7.2 Principal and Agent have Power Utility Functions with Different
Degrees of Risk Aversion

Suppose the principal and the agent both possess power utility functions

1—co

w (2)

_ Y
1—61

B(y) , and wu(w(x)) =

1-— Co
with different degrees of risk aversion, i.e., ¢; # ¢ where, as we assumed above,
c1,02 € (0,1) and y = x — w (z). For this case, and for a fixed effort level e € [eg, e1],
the wage function w () = w(x; e) is the solution of the nonlinear ODE given in (2.14).

However, unlike the previous case discussed in Section 2.7.1, when ¢; # co,
the b(e) function cannot be obtained in closed-form which makes it impossible to find
the wage function w(z;e) explicitly. For a given e, and fixing a as before, the correct
w(z;e) function is found numerically as the one which satisfies the participation
constraint f;ol u(w(x;e))f(x;e) de = v(e) + Uy for that value of e. Once w(x;e) is
determined, it can be substituted into the principal’s objective J(e) = f;;l B(z —
w(z;e))f(x;e) de. With this procedure, one can evaluate J(e) for different (discrete)
values of e and find the optimal e* that maximizes J(e).

We now provide an example that uses the above numerical procedure to find
the optimal effort level when the principal is less risk-averse than the agent, i.e.,
c1 < cg. The optimal effort level for ¢; > ¢, follows a similar procedure, which is
omitted here.
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Figure 9. The second derivative J”(e) is always negative indicating that the function
J(e) is concave with a unique maximum.

Example 6 In this example we assume that the agent’s effort level e takes 10 dis-
crete values between 0.1 and 1.0, i.e., e € {0.1,0.2,...,1.0}, and as before, the random
variable X takes values in the unit interval, i.e., z € [0, 1]. The density function for
X, the agent’s disutility function and reservation utility are the same as those in
Example 5, i.e., f(z;e) = 1+ (x — 1/2)e, v (e) = ye? for vy = 15 and Uy = .

Letting ¢; = ; and ¢; = 3, the nonlinear ODE (2.14) is found as, dw (z) /dx =
3w(z)/(4r — w(zr)) with the general solution w(z) + K;[w(x)]*® = 2. Now, fixing
a = 1, and e = 0.1, we find that the correct value of b(e) which solves the ODE
and satisfies the PC is 5(0.1) = 0.167; the corresponding w(z;e) is concave in the
outcome x; see, Figure 10. Now, evaluating the principal’s objective at e = 0.1 by
substituting the corresponding w(z;e) gives J (0.1) = 0.638. For the other effort
levels, i.e., e = 0.2,...,1.0, we summarize the results for b (e) and J (e) in Table 4
which shows that the agent’s optimal effort level is e* = 0.7, which results in the
principal’s maximum expected utility as J(e*) = 0.691.

The nonlinear contracts may appear too complex for some real-life implemen-
tations. One possible way to make the contracts easier to implement is to provide a
look-up table that lists the optimal wage for different discrete outcomes. For exam-
ple, Table 5 lists the optimal wage for the outcome between 0.1 and 1.0, given the
optimal effort level e* = 0.7. ¢
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e ‘ b(e) ‘ J(e)
0.1 | 0.167 | 0.638
0.2 | 0.167 | 0.647
0.3 | 0.169 | 0.656
04 | 0.172 | 0.664
0.5 | 0.177 | 0.673
0.6 | 0.183 | 0.682
0.7 | 0.191 | 0.691
0.8 | 0.201 | 0.626
0.9 | 0.213 | 0.635
1.0 | 0.226 | 0.643

Table 4. The optimal solution with ¢; = 1 < ¢; = 5 is ¢ = 0.7 and J(e*) = 0.691
indicated in bold font.

0.1 | 0.031
0.2 | 0.053
0.3 | 0.075
0.4 | 0.093
0.5 | 0.112
0.6 | 0.129
0.7 | 0.146
0.8 | 0.161
0.9 | 0.176
1.0 | 0.191

Table 5. The optimal wage scheme w (x) for different discrete outcomes given the
optimal effort e* = 0.7.
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Figure 10. The optimal wage function w(x,e) is concave when e = 0.1 and
1 = %1 < Cy = %
2.8 Summary and Concluding Remarks

In this chapter we consider a first-best contracting problem where the principal and
agent are both risk-averse, characterized by power and/or exponential utility func-
tions. Even though the agent’s effort is observable and thus it can be enforced by the
principal, the outcome is a random variable depending on the effort level. The prin-
cipal’s problem is to determine the optimal wage as a function of the outcome and
the effort level which will maximize his expected utility subject to the agent’s partic-
ipation constraint. For a given effort level, we present a step-by-step development of
the ordinary differential equation (ODE) whose solution yields the wage function.
We examine combinations of power and exponential utilities for the principal
and the agent and find the wage functions for each combination by solving the result-
ing ODE. The exponential utility function is well-known for its unrealistic property of
having a constant risk-aversion. When the principal has the exponential utility, the
wage function assumes a form where the agent may either be paid more than what
she produces (in terms of the outcome), or be “punished” for low outcomes, unless
a minimum liability constraint is included. These results show that the exponential
utility assumption may not be realistic even in the first-best case and thus it may be
advisable not to use it in more general adverse selection and moral hazard problems.
We also present a discussion of computing the optimal level of effort for the
agent by using a five-step procedure. We illustrate this method in two numerical
examples when both participants possess the power utility functions. When they
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have the same degree of risk-aversion, we find the closed-form optimal wage scheme
that depends on both the effort level and the outcome. We also find that as both
participants become more risk-averse, the principal may demand the highest effort
level but the agent may not be willing to do so.

For different degrees of risk aversion we use a numerical procedure to find
optimal wage for each effort level and evaluate the principal’s objective function. This
analysis then yields the optimal effort level corresponding to the maximum value of
the objective function. Assuming a specific density function that satisfies the first-
order stochastic dominance, our results show that it is not always optimal for the
principal to demand the highest effort level even under the first-best case.

Complex nonlinear contracts may be difficult to implement in real-life applica-
tions. One possible approach that makes a nonlinear contract easier to implement is
to list the optimal wage for different discrete outcomes, as we have shown in Table 5.
The alternative approach is to use a piece-wise linear contract in the principal’s orig-
inal problem so that it can be converted to another maximization problem. We then
solve the new problem without developing the ODE. For example, given an effort
level e, the piece-wise linear contract takes the form of

w(z;e) = mi, for 0 <z < wo,
O mex 4 (my — ma) T, for 7o <z <1,

where 0 < my, mg, 1y < 1. Substituting w(zx; e) into the principal’s original problem,
we only need to choose the optimal values of m;, my and xy that maximize the prin-
cipal’s expected utility subject to participation constraint, given the effort level e.
Depending on both participants’ utility functions, the optimal piece-wise linear con-
tract may possess concave, convex, or linear properties. Once the optimal piece-wise
linear contract given the effort level is found, the principal can determine the opti-
mal effort level that maximizes his expected utility. In the future, we will investigate
such piece-wise linear contracts numerically in terms of efficiency with respect to the
optimal wage scheme obtained from the corresponding ODE.
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Chapter 3
Optimal Ordering Decision and Incen-

tives for Yield Improvement under Random
Demand: A Discrete Model

This chapter studies how a buyer designs an incentive mechanism (or a contract) to
induce his supplier’s effort in improving supply yield and what’s the buyer’s optimal
ordering decision under random yield and demand. We embed the random yield
model into the principal-agent framework under moral hazard, in which the buyer
and the supplier behave in a self-interested manner. In our model, the risk-neutral
buyer (principal) faces random yield for a critical component and random demand for
a finished product, which is assembled by the critical component. The buyer offers
the risk-averse supplier (agent) an incentive contract where the unit transfer price
solely depends on yield outcomes. We first develop a model with binary effort choices
and yield outcomes. When the supplier’s effort cannot be observed (moral hazard
arises), our results indicate that the buyer should schedule a higher transfer price for
the high yield but place a smaller order. We then build a general model with multiple
effort choices and yield outcomes under moral hazard. We develop an algorithm based
on Lagrangian duality to solve the buyer’s problem. Given the order quantity, the
resulting dual problem may become linear, quadratic, or other nonlinear programing
problem, depending on the form of the supplier’s utility function. Finally, we present
the numerical results for the model with three effort levels and three yield levels. We
find that it is optimal for the buyer to induce the second-highest effort level that
maximizes the buyer’s expected profit function.

3.1 Introduction

Recently, supply uncertainty has received increasing research attention due to its
significant impact on a buyer’s overall performance. If defective components are
supplied to the buyer who assembles them in the final products, then serious quality
problems may arise. For example, in the auto industry, the defective airbag supplied
by Takata Corporation caused four deaths on US roads and one in Malaysia, which
resulted in Honda’s huge profit loss and degraded this company’s brand equity (The
New York Times [42], Nov. 13, 2014). Having realized that supply uncertainty and the
related quality problems affect the buyer’s business, the buyer intends to improve his
main supplier’s performance through an incentive contract for purchasing a critical
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component (Kim, Cohen and Netessine [25]). Such incentive contract can boost
the supplier’s effort to deliver more desirable units and thus improve the supplier’s
performance (Li, Zhang and Fine [32]). However, the supplier’s effort is not easily
observed nor verifiable by the buyer, which results in the supplier’s moral hazard issue.
This issue can be solved if the buyer has direct control of the supplier’s effort and
writes it in the incentive contract (Laffont and Martimort [28]). The deployment of
such detailed contracts, nevertheless, may destroy the long-term relationship between
the buyer and his main supplier (Zhou et al. [47]). Therefore, the question arises:
how to design an effective incentive contract to maintain the relationship between the
buyer and his main supplier under the moral hazard issue?

The incentive mechanism design based on the principal-agent model under
moral hazard provides an important tool to analyze how a principal should optimally
design an incentive mechanism (or a contract) for the agent who exerts some hidden
actions (Bolton and Dewatripont [5], Laffont and Martimort 28], Salanié [40], etc).
We apply this important tool to study the buyer’s incentive contract design problem
under random yield and demand. In our study, the risk-neutral buyer (principal,
“he”) offers an incentive contract of transfer price to the risk-averse supplier (agent,
“she”), who exerts costly effort in improving her performance. The unit transfer
price received by the supplier is linked with the supplier’s observable performance,
which is measured by the supplier’s yield of good units. Note that the supplier’s
yield is random and the probabilities of different yield levels depend explicitly on the
supplier’s effort. That is, the realized yield is only a noisy signal of the supplier’s
effort. Assuming that the supplier’s effort improves yield in the sense of first-order
stochastic dominance (see Bunn [8, Ch. 4]), then the buyer will prefer the stochastic
distribution of yield induced by a high effort level to that induced by a low effort level.
Thus, through an incentive contract based on the supplier’s observable performance,
the buyer wants to induce, at a reasonable cost, a high effort level from the supplier
although it’s impossible for him directly to contract the transfer price on the supplier’s
effort level.

This chapter also studies the buyer’s optimal ordering decision given the effort
level he wants to induce in a setting of random yield for the critical component and
random demand for the finished product. Since a high level of effort brings the
buyer a high expected yield of good units, it’s better for the buyer to order fewer
units. However, the total yield of good units may not be enough to meet the market
demand, which results in supply shortage. Therefore, the buyer has to consider the
trade-off carefully between the benefit brought from a high level of effort and the
risk associated with supply shortage. Then the questions arise: what’s the buyer’s
optimal ordering decision given the effort level he wants to induce? By comparing
the expected profit given each effort level, which level of effort is finally optimal for
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the buyer to induce?

To answer the above questions, we first build a model with binary effort choices
and yield outcomes and investigate the optimal incentive contract and order quantity
for inducing the high level of effort under both the symmetric information (first-best)
and asymmetric information (second-best) cases. Next, we construct a general model
with multiple effort choices and yield outcomes, when the supplier’s effort cannot be
observed. We develop an algorithm based on Lagrangian duality to determine the
second-best incentive contract given an effort level. Then for each possible effort level,
we evaluate the buyer’s expected profit that is maximized to obtain the second-best
optimal effort level and order quantity.

Our study contributes to the random yield literature by considering incentives
in the setting of random yield and random demand. It also contributes to appli-
cations of the principal-agent model in supply chain management. Moreover, this
chapter presents an algorithm based on Lagrangian duality to solve the buyer’s in-
centive mechanism design problem under multiple effort choices and yield outcomes.
Our algorithm helps obtain the optimal solution to the original problem by solving
its associated dual problem, without the need to explicitly involve the complicated
participation and incentive constraints. It also provides guidelines for the buyer to
decide which level of effort to induce by using the proper incentive contract. Further-
more, it addresses the buyer’s optimal ordering decisions under random yield, random
demand and moral hazard issues.

The rest of the chapter is organized as follows. After a brief review of re-
lated literature in Section 3.2, we develop a model for binary effort choices and yield
outcomes in Section 3.3, and review the solutions to the random yield model that
only involves the buyer’s ordering decision. In Section 3.3.3, we analyze the opti-
mal incentive mechanism design when the supplier’s effort can be observed and then
obtain the first-best solutions. Then in Section 3.3.4, we analyze the optimal incen-
tive mechanism design when the supplier’s effort cannot be observed and obtain the
second-best solutions. In Section 3.4, we provide a general model with discrete effort
choices and discrete yield outcomes, and present an algorithm based on Lagrangian
duality to solve the buyer’s problem. Finally, we summarize our findings and provide
some concluding remarks in Section 3.5.

3.2 Literature Review

Our research is closely related to two streams of existing literature. The first stream
is random yield literature. Yano and Lee [46] provides a comprehensive review of lot
sizing problems with random yield. Typically in the random yield literature, the total
yield is assumed to be proportional to the order quantity and the supplier’s capacity
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is assumed to be infinite. Under such assumptions, the inventory manager simply
decides how many units to order so as to maximize the expected profit in a centralized
setting. Examples from this literature include Gerchak, Vickson and Parlar [16] and
Gurnani, Akella and Lehoczky [18]. In a decentralized setting, supply diversification
is used to mitigate supply uncertainty, see Parlar and Wang [37], Federgruen and Yang
[15], and more recently, Mardan, Amalnik and Rabbani [34]. However, one implicit
assumption in this literature is that incentives do not play a role. This assumption
will be less reasonable if the supplier is incentivized to improve the yield performance.
Hence, our study contributes to the random yield literature by considering incentives
in the setting of random yield and demand.

In this study, we assume that the buyer incentivizes the supplier to produce
a critical component in good quality, which leads to the second related stream of
literature—incentive mechanism design. Based on the principal-agent model (for
examples, see Bolton and Dewatripont [5], Laffont and Martimort [28], Macho-Stadler
and Pérez-Castrillo [33] and Salanié [40]), this literature analyzes how a principal
should optimally design an incentive mechanism (or a contract) for the agent who
possesses private information or exerts hidden actions. Before the contract is signed,
the agent may hold private information of the action to be taken, giving rise to an
adverse selection problem. If the informational asymmetry arises after the contract
is signed and the principal cannot verify the agent’s effort in completing the task,
then a moral hazard problem arises. Our research problem belongs to the latter one
as we study the buyer’s incentive contract design when the supplier’s effort cannot
be easily observed in the setting of random yield and demand. Hence, this study
is an application of the principal-agent model under moral hazard in random yield
literature.

For applications of the principal-agent model in random yield literature, van
Ackere [43] provides a good example, where a batch-size problem with random yield
and random demand is analyzed through a principal-agent model under moral haz-
ard. Similar to van Ackere [43], this study investigates the buyer’s decision-making
problem when his supplier has some hidden effort in improving her yield performance.
However, different from van Ackere [43] that considers a specific yield function of the
effort, our model assumes a more general yield function where the effort improves
yield in the sense of first-order stochastic dominance (FSD), see Bunn [8, Ch. 4].
Furthermore, our study develops an algorithm based on Lagrangian duality to solve
the buyer’s problem under multiple effort choices and yield outcomes. Note that Zhu,
Zhang and Tsung [48] investigate a contracting problem where both the buyer and
the supplier exert effort in the quality improvement in a setting with deterministic de-
mand. Our study differs from their paper as we study the contracting problem where
the supplier is rewarded to improve the yield performance in a setting with random
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yield and random demand.

Some other papers also investigate the asymmetric information problem un-
der random yield; however, they are concerned with hidden information rather than
hidden actions. Such problems lead to adverse selection, rather than moral hazard
models. For example, Yang, Aydin, Babich and Beil [44] analyze a problem where
a risk-neutral manufacturer designs an adverse selection model to induce the sup-
plier’s true reliability type. The supplier’s reliability with two types (high and low) is
hidden information to the manufacturer. Related work by Corbett, Zhou and Tang
[10], Ha [19], Hu, Duenyas and Beil [24], Lee and Yang [31], Ozer and Raz [35] pro-
vide further glimpses of incentive mechanism design related to random yield, but they
again focus on adverse selection models in the presence of private cost and/or demand
information.

3.3 Binary Effort Choices and Yield Outcomes

We start a simple model with binary effort choices and yield outcomes. The supplier’s
effort takes two values, the low level of effort e; and the high level of effort e;. The
supplier’s yield outcome U is stochastic and only takes two values u; and uy with
0 <u <uy<1anduy—u = Au > 0. We define ps = Pr(U = uy | e2) as the
probability that the yield of good units will be uy given the high effort level es, where
0 < p2 < 1. We also define p; = Pr(U = us | e1) as the probability that the yield will
be uy given the low effort level ey, where 0 < p; < 1. The supplier’s effort improves
her yield in the sense of first-order stochastic dominance (FSD), i.e., Pr(U > 1) is
increasing in e for any given yield level @, (see, Bunn [8, Ch. 4]). Thus, we have
p2 > p1 with po —p; = Ap > 0. Moreover, the expected yield is higher given the high
effort than given the low effort, i.e., 0 < E(U | e;) < E (U | e2) < 1. Depending on
the level of yield u; or ug, the buyer pays the supplier a transfer of £(u;) or t(uz) per
good unit delivered, respectively. We write t; = t(u;) as the transfer to the supplier
if u; is observed for j = 1,2. The buyer must determine not only the scalar decision
variable () but also the transfer menu {¢1,¢s} in the incentive mechanism he proposes
to the supplier. If the supplier accepts the buyer’s offer, then the buyer will receive a
total of Qu; good units for j = 1,2 and process them into final products, which are
then sold at the market. We assume that the buyer faces a random market demand
X with p.d.f. f(z) and c.d.f. F(x). The buyer’s per unit sales revenue is r, but if
there is a shortage then this results in a penalty of s per unit; the salvage value for
any unsold units is v per unit. It is assumed that r 4+ s > v.
The sequence of events is summarized as follows:

(1) The buyer offers the supplier a contract menu {t, o}, i.e., the supplier will receive
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Figure 11. The supplier’s decision tree after she accepts the buyer’s offer.

a transfer price of ¢; per unit if her yield’s realization is u;; otherwise, she will
receive a transfer price of ¢, per unit.

(2) The supplier decides whether to accept the buyer’s offer or not. If she accepts,
she will choose a contract from the menu.

(3) Once the supplier accepts, the buyer places an order of () units. The supplier
makes the production with her effort level. The yield rate of the critical compo-
nent is realized to be u. The supplier delivers a total of Qu good units to the
buyer. See Figure 11 for the supplier’s decision tree where the buyer’s net profit
and the supplier’s net utility are presented under each outcome.

(4) The buyer processes the critical component into the final product. The demand
for the finished good is realized. The buyer receives his profit and makes a transfer
to the supplier according to the terms of the contract, i.e., the transfer contract
is executed.

Note that in stage 1 the buyer offers a menu of contracts to the supplier,
with each contract intended for a possible effort level. For example, the contract
{t; = $4,t, = $6} is intended for the low effort level e; and the contract
{t; = $3,ty = $7} is intended for the high effort level e;. In stage 3, the total yield
is contingent on the order quantity in the manner of QU. Such multiplicative form
of random yield indicates that a total of (1 — U) @) defective units must be discarded
due to poor quality, see Agrawal and Nahmias [1]. We assume the cost of discarding
defective items to be zero in our study.

Given the realized values of the random variables X = z and U = u; for
J = 1,2, if demand falls short of available units, i.e., * < Qu;, then the buyer’s
profit is II = rx + v(Qu; — ) — t;QQ. Otherwise, if + > Qu;, then the profit is
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I =rQu; — s(r — Qu;) — t;Q. As in most published works in this area, (e.g., Hu et
al. [24] and Yang et al. [45]), we assume the buyer to be risk-neutral in this basic
model, and thus find his expected profit given the effort level e as,

I(Q, t1,t2) =Pr(U=wuz | €) [02(Q) — 12Q] + (1 = Pr (U = uz | €)) [0:(Q) — 120 ,

(3.1)
where
Qu; )
b (Q) = /0 [(r —v)z +vQul f(z) dx —1—/Q [(r + 8)Qu; — sz]f(x) dx, for j = 1,2.
] (3.2)

The buyer’ problem is to decide whether to induce the supplier’s high effort level or
not. If he decides to do so, which incentive mechanism should be used? Omnce the
supplier accepts the offer, what’s the buyer’s optimal order quantity?

3.3.1 The Buyer’s Ordering Decision Problem

Before studying the buyer’s problem that involves both incentive mechanism design
and ordering issues, we review the properties of the random yield model that only
involves the order decision variable (). Given an effort level e and a transfer agreement
{t1,t2}, we denote T" as the expected transfer price, i.e.,

T:PI'(U:UQ|€)t2+(1-PI’(U:U2|6))t1, (33)
and then write the buyer’s expected profit II (Q, t1,t2) in (3.1) as,
Q) =Pr(U=uz[)ba(Q) + (1 =Pr(U =wus | ) 1(Q) =TQ,  (34)

where by (Q)) and by (Q) are defined in (3.2). Next, we present the concavity of II (Q)
in the following lemma.

Lemma 5 The buyer’s expected profit 11 (Q) in (3.4) is concave in Q.

Proof. Taking first- and second-order derivatives of I1 (Q) in (3.4) w.r.t. @ gives
Q) =Pr(U =wusz | €)b5(Q) + (1 = Pr(U =uy | ) 0(Q) — T, (3.5)
and
I"(Q) = Pr(U =uy | €)05(Q) + (1 = Pr (U = uz | €)) 0(Q),
where
b;(Q) = uil(r+s) = (r+s—v) F(Quy)], (3.6)
Q) = —(r+s—v)uf(Qu),
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for j = 1,2. Since r +s > v, and f(Qu;) > 0 for j = 1,2, we have b} (Q)) < 0 and
by () < 0, which suggest that

I (Q) = Pr(U = u | ) 1(Q) + (1 — Pr(U = us | )) H(Q) < 0

for the probability value between 0 and 1. Therefore, we proved that the buyer’s
expected profit IT(Q) in (3.4) is concave in ). Thus, we proved the lemma. B
Since IT (@) is concave, the buyer’s problem has a unique optimal solution. We
denote the buyer’s unique optimal order quantity as (), which is given as,
- - r+s)EU |e)—T
usF (Qua) Pr(U =us | €) + w1 F (Quy) (1—Pr(U:u2|e)):( 34_2_’1}) :
_ (3.7)
To guarantee that () is finite and positive, the expected transfer price 1" should satisfy
the condition in Proposition 6.

Proposition 6 Given any effort levels e € {e;, 5}, the optimal order quantity @ is
finite and positive under the condition that vE (U | e2) < T < (r+s) E (U | 7).

Proof. The unique optimal order quantity Q in (3.7) is finite and positive if and
only if I () > 0 at @ =0 and IT' (@) < 0 at @ = +00. So we investigate the sign of
II' (@) in (3.5) at @@ = 0 and @ = +oo respectively. At ) = 0, we have F' (Qu;) =0
and 0 (Q) = u;(r + s) for j = 1,2. The first-order derivative is computed as,

Q) = u(r+s)Pr(U=wuzle)+u(r+s)(1—Pr(U=wuy|e))—T
= (r+s)E(U|e)-T,
which is positive if and only if T < (r + s) E (U | e) given any effort levels e € {e, es}.
Since E (U | e1) < E(U | e2), we only need T' < (r+s) E (U | e1) to ensure that

II'(Q) > 0 for any effort levels. Next, at ) = +oo, we have F'(Qu;) = 1 and
V; (Q) = vuy for j = 1,2. The first-order derivative is computed as,

Q) = vusPr(U=wuz|e)+vus (1 —-Pr(U=uzle))-T
vE (U |e)—T,

which is negative if and only if 7" > vE (U | e) given any effort levels e € {ej,es}.
Since vE (U | e2) > vE (U | e1), we only need T' > vE (U | e3) to ensure that IT' (Q)) <

0 for any effort levels. Therefore, under the condition vE (U | e3) < T < (r+s) E (U | e1),
the unique optimal solution @ is finite and positive for any effort levels e € {e}, e5}.
Thus, the proposition is proved. H

Remark 6 The expected transfer price T defined in (3.3) is actually the buyer’s
expected unit purchasing cost, which is usually assumed to be greater than v and less

37



Hangfei Guo DeGroote School of Business

than 7 + s, see Gerchak et al. [16] and Parlar and Wang [37]. However, in our model,
we have a more restricted condition vE (U | e3) <T < (r+s) E (U | e1) as shown in
Proposition 6. Such condition guarantees that the buyer will always place a positive
order even if the supplier exerts the low effort level e;, so that we can analyze whether
it’s worthwhile for the buyer to induce the supplier’s high effort or not. <

The optimal order quantity @ in (3.7) depends on r, s and v as described in
the following proposition.

Proposition 7 () is increasing in r, s and v, but decreasing in 7T'.

Proof. Taking implicit differentiation of @ in (3.7) w.r.t. v gives
dQ
dv

Pr(U=us|e)usf (Qua) + (1 —=Pr(U=muy|e))ulf (Qul)%
(r+s)EU|e)—T

(r+s—wv)?

10
Isolating % yields,

dQ 1 (r+s)E(U]e)—T

dv_U(Qe) (r+s—uv)?

Y

where
U(Q,e) = ulf (Quz) Pr(U=uy|e)+ulf (Qul) (1—-Pr(U=wuy|e)) >0

when Q > 0. Since E(U |e;) < E(U|ey) and T < (r+s) E(U | e1) from Propo-
sition 6, we have T' < (r+s)E(U |e1) < (r+s)E (U |e), which indicates that
dQ

T > 0 for e € {e1,es}. The optimal order quantity Q is increasing in v. Similarly,
v

we take implicit differentiation of Q w.r.t. r, s, and T respectively, and we have,

@ B 1 T—UE(U]6)>O
dr U (Q,e) (r+s—wv)? ’
@ B 1 T—vE(U|e)>O
ds U (Q’ e) (r+s—wv)? )
aQ 1 1

T TG

since E (U | e1) < E(U | e3), vE (U | e2) < T from Proposition 6 and r +s > v. The
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optimal order quantity Q is indeed increasing in r and s, but decreasing in 7. Thus,
we proved the proposition. H

3.3.2 The Buyer’s Incentive Mechanism Design Problem

Different from the random yield model discussed above, our model also incorporates
the supplier’s effort decision e and the buyer’s incentive decision ¢; for rewarding
the supplier’s yield level u; (j = 1,2). We assume that the supplier is risk-averse
with an increasing and concave utility function A(¢) and A(0) = 0, i.e., A’ > 0 and
A" < 0. The buyer’s order quantity () is assumed to be a positive scalar for the
supplier. Thus, given any order quantity ) > 0, the supplier will be reluctant to
accept the buyer’s offer unless her expected utility is as much as what she can obtain
from another, alternate, contract, i.e., her reservation utility ag > 0. If the supplier
accepts the offer and exerts effort e, then this will result in a disutility level of ¢(e),
which is increasing and convex in e, i.e., ¢ > 0 and ¢ > 0. For e € {ey, e5}, we define
the disutility as c(e;) = ¢; and c(eg) = co with ¢ — ¢y = Ac > 0. Therefore, the
supplier’s participation constraint (PC) given an effort level e is written as,

Pr(U=uy|e)A(ts) + (1 —=Pr(U=wuz|e))A(t1) —c(e) > ao. (3.8)

If the supplier’s effort cannot be observed by the buyer, then there arises an opti-
mization problem for the supplier, i.e.,

max Pr(U=muy|e)A(ta) + (1 —=Pr(U=wuz|e))A(t;) —c(e)].

If the buyer intends to induce the supplier’s high effort level e, then the supplier’s
optimization problem can be reduced to one incentive constraint (IC) since there are
only two effort choices, i.e.,

p2A(te) + (1 —po) A(t1) —ca > prA(ta) + (1 —p1) A(th) — a1 (3.9)

In the next two sections, we will present the buyer’s optimal incentive mech-
anism and order quantity under both symmetric and asymmetric information cases.

3.3.3 First-Best Optimal Solution

As a benchmark, we first consider the symmetric information (“first-best”) case where
the supplier’s effort is verifiable and can be included in a contract enforced by the
court of law. We denote the buyer’s problem for inducing the supplier’s high effort
e as (FB-H) problem, which is formulated as,

. maxgQuyy 1 =p2 (02 (Q) — 6Q] + (1 —p2) [b1 (Q) — 11Q)]
(FB_H) S. t. e pQA (tz) + (1 — p2) A (tl) — Co Z ap,
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where the constraint is the supplier’s participation constraint (PC) and b; (Q) is
defined in (3.2). Indeed, since the supplier can be forced to exert any effort level,
the buyer only needs to consider the supplier’'s PC in (3.8). If the supplier were not
choosing the effort level that the buyer induced her to exert, then the supplier could
be heavily punished, and the court could commit to enforcing such a punishment.
On the other hand, if the buyer lets the supplier choose the low effort level,
then the buyer solves another maximization problem denoted as (FB-L) given by,

. max(q,t,3 1l = pi1[b2 (Q) — Q] + (1 — p1) [b1 (Q) — 11 Q)]
(FB-L) S. t{Q : plA (tg) + (]_ — pl) A (tl) — C1 2 ag.

Theorem 8 Given ) > 0, the first-best transfer price for inducing e; is found as,
7=t =1t"(e;) = h(ap+¢), for i =1,2, (3.10)

where h is the inverse function of A ().

Proof. Given @ > 0, both (FB-H) and (FB-L) problems are indeed standard first-
best models in the principal-agent literature: The risk-neutral principal will accept all
the risk by completely insuring the risk-averse agent a fixed wage (see, Macho-Stadler
and Pérez-Castrillo [33, p. 25]). Thus, given @ > 0, the first-best transfer price for
the low yield is the same as that for the high yield, i.e., ] = 3 for inducing any effort
level. Note that when () = 0, the buyer will not do any business with the supplier
and the contractual relationship between the buyer and the supplier ends.

Under the (FB-H) problem, the supplier’s PC is binding at optimality, i.e.,
poA (t5) + (1 —p2) A(t) — 2 = ag. Together with 3 = ¢}, we explicitly find the
first-best transfer price for inducing es as

=15 =t"(es) = A (ag + c2) = h(ag + c2),

where h is the inverse function of A with A’ > 0 and A” > 0. Similarly, under the (FB-
L) problem, the supplier’s PC is binding at optimality, i.e., p1 A (t5)+ (1 — p1) A (¢5) —
c1 = ag. Together with ¢ = ¢3, the first-best transfer price for inducing e; is found
as,
f{ = t; = t*(el) = Ail (ao + Cl) =h (G,O + Cl) .

Thus, given any effort level e; for ¢+ = 1,2, the supplier is fully insured by the buyer
with a fixed transfer price, i.e., t*(e;) = h (ao + ¢;). Moreover, the transfer price t*(e;)
doesn’t depend on the buyer’s order quantity () for i = 1,2. The theorem is proved.
|

Next, replacing 7" in (3.7) with t*(e;), we find the first-best optimal order
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quantity QF for inducing e; as,
usF (Qug) Pr(U =uy | €;) +ui F (Qfur) (1 —Pr(U =usy | €;)) (3.11)
(r+s)E U |e)—t*(e)

r+s—wv

Y

for + = 1,2. Proposition 6 suggests that ()} is finite and positive under the condition
that vE (U | e;) < t*(e;) < (r+s) E (U | e;), for i = 1,2. Substituting Q7 into II; (Q;)
for © = 1,2, we write the buyer’s expected profit for inducing e; and e, respectively
as,

I (QF) = p1b2 (Q7) + (1 —p1) b1 (QF) — h(ao + c1) @7, (3.12)

and

Iy (Q3) = p2b2 (Q3) + (1 — p2) b1 (Q3) — h(ap + c2) Q3. (3.13)

Remark 7 Under the first-best case, it is optimal for the buyer to induce the sup-
plier’s high effort level when I, (Q%) > II; (Q7), i.e.,

pab2 (Q3) + (1 — p2) b1 (Q3) — [p1b2 (Q7) + (1 — p1) b (Q7)] (3.14)
> h(ag+co) Q5 — h(ap +e1) Q7

where b; (Q) for j = 1,2 is defined in (3.2), @} and Q3 are solved through (3.11) for
1 = 1,2, respectively. |

Below we provide a numerical example to illustrate the solution to the buyer’s
problem under the first-best case.

Example 7 Assume that the risk-averse supplier’s utility equals the square root of
the transfer received, i.e., A(t) = v/Z, and her disutility of effort takes a quadratic
term to capture the decreasing marginal returns of effort, ie., c(e) = 2. Given
@ > 0, solving (3.10) for i = 1,2 gives the first-best transfer price for inducing e; and

eo respectively as
* 2 * 2
t* (e1) = (ao +¢€7)", t* (e2) = (a0 +€3)",
which indicates that inducing the high effort level is more costly than inducing the
low effort level under the first-best case. We assume that the random variable X
follows an Erlang distribution with parameters « > 0 and 3 > 0, i.e.,
PP~ exp (—ax)

G-Dr

where « is called rate parameter with @ > 0 and [ is the shape parameter, which

f(2) = £20,  E(X)=Bla, Var(X)=p/a’,
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Figure 12. The buyer’s expected profit under the first-best case.

takes positive integers. The following values for the parameters are used: a = 0.1;
=1 (F(X) =10 units); e; = 0; e = 15 ag = 2; w3 = 0.1; uz = 0.9; p; = 0.2,
E(U]e) =0.26; p = 0.9, E(U|e;) =0.82; r =3$50; v =85, s = $10. Then we
have

t* (61) = $4, t* (62) = $9

Solving (3.11) for ¢ = 1,2 with these parameter values and substituting the
results in (3.12) and (3.13) gives

()] = 52.23 units, ()5 = 25.54 units, IT; (Q7) = $46.99, I, (Q3) = $232.55.

Obviously we have IIy (Q3) > II; (Q7), i.e., it’s optimal for the buyer to induce the
high effort level e;. As shown in Figure 12, the curve of I, (@) is much higher than
the curve of II; (QQ) before the interaction (@) = 79.16,11; = I, = 36.81). However,
if the buyer needs to place a large order, i.e., () > 79.16 units, then the buyer is not
willing to induce the supplier’s high effort level since Iy (Q) < II; (Q) for @ > 79.16
units. ¢

3.3.4 Second-Best Optimal Solution

In this section, we assume it’s optimal for the buyer to induce the supplier’s high effort
level under the first-best case, i.e., the condition (3.14) holds. Then the buyer has
motivation to induce the supplier’s effort when it becomes unobservable. In this case,
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the buyer can only design a contract based on the supplier’s observable yield outcomes
to induce the supplier’s high effort level at a reasonable cost. Such a contract must
be an incentive feasible contract (Laffont and Martimort [28, p.147]), which satisfies
both a participation constraint (3.8) and an incentive constraint (3.9), for inducing
the high effort level. We denote the buyer’s problem under the second-best case as
(SB-H), which is written as,

Max(qQ,p,y 12 = p2 b2 (Q) — 12Q] + (1 — p2) [b1 (Q) — 11Q)]
(SB—H) s. t. pQA (tg) + (1 - pg) A (t1> — Co Z ap,
p2A(t2) + (1 —p2) A(t1) —c2 > prA(ta) + (1 —p1) A(t1) — 1,

where the first constraint is the supplier’s PC and the second one is the IC. Given
@ > 0, it’s not obvious that (SB-H) is a concave program w.r.t. ¢; and t, since the
concave function A (t) appears on both sides of the IC. To ensure the concavity of the
program, we change the variables: define A; = A (t1) and A = A (t3), or equivalently
let t; = h(Ay) and ty = h(As), where h is the inverse function of A. Then the PC
becomes,

paAs + (1 —p2) A1 — ca > ay, (3.15)
and the IC becomes,
peAs+ (1 —p2) A1 —co > prAs + (1 —p1) As — a1 (3.16)
The buyer’s (SB-H) problem can now be replaced by the new program (SB-H)' as,
(SB_H)I maxsg, A;,As} H2 =P2 [b2 (Q) —h (AQ) Q] + (1 - p?) [bl (Q) —h (Al) Q]
' s. t. (3.15) and (3.16).

It turns out that the new program (SB-H)’ given () > 0 is indeed a concave program:
the objective function is strictly concave in A; and As since h is strictly convex
in A; and A,; the constraints are now linear and the interior of the constrained
set is nonempty. Therefore, the Karush—Kuhn—Tucker conditions are sufficient and
necessary to characterize the program’s optimality (Bazaraa, Sherali and Shetty [4,
Ch. 4]).

Theorem 9 Given @) > 0, the second-best transfer price ¢; and ¢, are found as,

A A 1-—
tl =h (CL() + Ccy — %Ac) y tg =h (CLO +co + ( A;?Q)AC) 5 (317)

where t; < t5.

Proof. Given @) > 0, associate a multiplier A > 0 with (3.15) and p > 0 with
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(3.16), and write the Lagrangian function as,
L(A, Ay, A ) = p2[b2(Q) — h(A2)Q] + (1 — p2) [b1 (Q) — h (A1) Q]
—Alap + c2 — paAs — (1 — pa) A
—p[prAs + (1 —p1) Ay —c1 4+ ca — p2As — (1 — pa) A4

Optimizing w.r.t. A; and A, respectively, we get the following first-order conditions,

~

—(1=p2) M (A)Q+ A1 —p2) —p(p2—p1) = O,
—(1—p2) h'(A)Q + AN(1 —p2) —puAp = 0,

where A; and A, are denoted as the second-best utility for receiving the second-best
transfer price t; and to, respectively. Simplifying gives

A Ap :| 1 A |: Ap:| 1
h(Ay) = |X— —, h(As) = | A+ p—| —=.
A= oo g o= pedt]
Solving the above two equations for A and p gives,
A= (L= po) I (A)) + pol! (A2))Q, (3.18)
1— A I
po= ORIy - e, (3.19)

where A > 0 since Q > 0, p, < 1, h'(A;) > 0 and #/(Ay) > 0. The IC in (3.16) implies
that (AQ — Al) > (cg — 1) /Ap > 0 since ¢; > ¢; and thus Ay > A;. The inverse
function A is an increasing convex function, i.e., h'(As) > h'(A;), which indicates that
the right-hand side of (3.19) is strictly positive and thus g > 0. Therefore, both PC
and IC are binding given ) > 0. Solving the binding PC and IC gives,

A ~ 1—
A1 =ag+ Cy — %AC, A2 =ag + C2 + ( A;Q)AC,

where Al < 1212 for 0 < ps < 1. Since h is the inverse function of A, the second-best
transfer price ¢; and t, are computed as,

£1 = h(ao—FCQ—g—;AC),

N 1-—
f}2 = h (ao + Co + MAC) s
Ap

where #; < t, since h is an increasing function of A. Therefore, we proved the theorem.
|
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Remark 8 The second-best transfer prices ¢; and ¢y are independent of the order
quantity (), but depends on the supplier’s reservation utility, the disutility of high
effort level, and the yield distribution. Moreover, the second-best transfer price for
the high yield level is higher than that for the low yield level, i.e., t > ;. <

Replacing T in (3.7) with paty + (1 — po) 11, we find the second-best optimal
order quantity () for inducing e, as,

(r+s)E(U | e) — [pata + (1 — p2) 1]
r+s—wv .

P2U2F(QU2) + (1 —p2) ulF(Qul) =

(3.20)

Proposition 6 suggests that () is finite and positive under the condition that
E(U | 62) <p22?2+(1—p2)f1 < (T—{—S)E(U | 62).

Proposition 10 When moral hazard issue arises, inducing the supplier’s high effort
level costs the buyer a higher expected transfer price, i.e., paty + (1 — po) £ > t* (e3),
however, the buyer should order fewer units of the critical component, i.e. Q < Q5.

Proof. The participation constraint is binding under both first-best and second-best
case when inducing the high effort level, which gives,

A(t* (e2)) = ¢z + ag = p2A(t2) + (1 — p2) A(f1) < A(pata + (1 — pa) 1),

following from Jensen’s inequality. Thus we have poty + (1 — py)ty > t* (es) since
A (t) is increasing in t. Moreover, Proposition 7 shows that given an effort level, the
optimal order quantity is decreasing in the expected transfer price 7', then we have
Q < Q3 where Q is given by (3.20) and Q3 is given by (3.11) for i = 2. Hence, we
proved the proposition. W

The buyer’s second-best expected profit for inducing es is then written as,

T5(Q) = p2ba(Q) + (1 — p2) bi(Q) — [pafa + (1 — p2) 11] Q. (3.21)

where Q is given by 3.20 and #; and £, are given by (3.17).

Next, we consider the model with moral hazard and minimum liability issues.
As we have discussed in Remark 6, the expected transfer price is actually the buyer’s
unit purchasing cost, which is usually assumed to be greater than the salvage value.
To guarantee that the buyer will place a positive order even when the supplier exerts
the low effort level, we now assume that the transfer price must be at least the salvage
value, i.e., t; > v and t5 > v. Therefore, we impose the minimum liability and denote
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the buyer’s problem under both moral hazard and minimum liability as (SB-ML),
which is given by,

max{Qu 3 Ha = p2[b2 (Q) — 12Q] + (1 — p2) [0 (Q) — t1 Q)

s. t. paA(t2) + (1 —pa2) A(t1) — ca > ao,
(SB—ML) p2A (tg) + (]. - pg) A (tl) — Co Z plA (tg) + (1 — pl) A (tl) — (1,
th 2 v,
tQ Z v,

where the first constraint is the supplier’s PC, the second one is the IC associated with
e1, and the remaining are the minimum liability constraints on ¢; and ¢, respectively.
Given Q > 0, we provide the solution to the (SB-ML) problem in the following
theorem.

Theorem 11 With minimum liability imposed, the second-best transfer price for
inducing the supplier’s high effort level ey entails:

e For 0 < v < h(ag + ¢z — ppAc/Ap), only PC and IC are binding. Then #; and £,
are given by (3.17).

e For v > h(ag+ ¢ — p2Ac/Ap), then PC and ¢; > v are binding. The solution is
then given by

th = (3.22)
ty = h(A ) (3.23)

Proof. The buyer’s program (SB-ML) is replaced by a new program (SB-ML)" a

r, MAX{Q A1, A, 2 (b2 (Q Q 1—p9) b1 (Q) —h(A)Q
(SB-ML): s 15)p (:[), lé),)h (Al() SN (AZ))Z[ (@ ]

where A; = A(t1), Ay = A(ta), t1 = h(A;) and ty = h(As). From (3.16), we have
Ay — Ay > (g — 1) /Ap > 0 since ¢y > ¢; and thus Ay > A;. The inverse function
h is an increasing convex function, so that we must have h(Ay) > v if h(A;) > v is
satisfied. Therefore, we can drop h(Ay) > v from the (SB-ML)" program. Moreover,
the supplier’s participation constraint (3.15) is always binding to ensure that the
supplier accepts the buyer’s offer, which leaves either (3.16) or h(A;) > v is binding
(otherwise, no moral hazard problem exists). Thus, we discuss the following two
cases: (i) when (3.15) and (3.16) are binding, then the solution to the program (SB-
ML)" are the same as those without minimum liability, if and only if t > v, ie.,
h(ag + ¢ — poAc/Ap) > v, and (ii) when v > h(ag + ¢ — p2Ac/Ap), then (3.15) and
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h(A;) > v are binding, and the solution are obtained as, £, = v and

tl = v,

; h(a0+c2—(1—p2)A(v)>_

D2

Thus, we proved the theorem. B

Remark 9 When the salvage value v becomes larger, the buyer should schedule a
better transfer price menu, i.e., the second-best transfer prices for both high and low
yields should be higher when minimum liability take effects. <

Next we provide a numerical example to illustrate the buyer’s optimal solution
under moral hazard and minimum liability issues.

Example 8 We keep the same assumptions and parameter values as those in Ex-
ample 7. The second-best solution for inducing the supplier’s high effort level entails:
(i) No minimum liability imposed, then solving (3.17) gives the second-best transfer
price for u; and us, respectively, as,

t, = $2.94 s = $9.88.

Substituting #; and £, into (3.21), we calculate the buyer’s second-best optimal order
quantity and expected profit as,

~ ~

Q = 25.09 units I1(Q) = $227.90.

(ii) With the minimum liability imposed as t; > 5 and t, > 5, we find the
salvage value is larger than the threshold value, i.e., v > h(ag+ ca — p2Ac/Ap). Then
PC and t; > 5 are binding. The second-best transfers are then found as

i1 =$5 ty = $13.43

by solving (3.22) and (3.23). Substituting into (3.21), the buyer’s second-best order
quantity and expected profit are calculated as

N ~

@ = 19.04 units II,(Q) = $153.74. ¢

For the above example, we perform a sensitivity analysis of the salvage value
v on the second-best order quantity (), and put the result in Figure 13. As shown
in Figure 13, without minimum liability constraints, the second-best order quantity
(@ is increasing in v, which indicates that the buyer should order more units as the
salvage value increases. However, with the minimum liability ¢y > v and 5 > v
imposed, the buyer should order fewer units when v is larger than a threshold value,
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ie., v > h(ag + ¢ — p2Ac/Ap) = $2.94. Such result implies that the buyer has
to sacrifice the benefits brought from the increasing salvage value and provide more
incentives to the supplier, when it’s worthwhile for the buyer to induce the supplier’s
high effort level.

50.00
45.00 S
40.00 -~
35.00 .
30.00 "
25.00 ) .-
20.00
15.00
10.00
5.00
0.00

( with limited liability imposed

0 Ayuenp JaplO 1528-puoIas
\
%
\
\

0.00 2.00 4.00 6.00 8.00 10.00 12.00

Salvage Value v

Figure 13. The buyer’s second-best order quantity affected by the salvage value v.

3.4 General Discrete Effort Choices and Discrete Yield
Outcomes

In this section, we consider a general model where the supplier can exert more than
two effort levels, i.e., e; € {ey,...,e,} for m > 2, where e; < €3 < -+ < ¢, and
more than two possible yield levels can happen, i.e., u; € {uy,...,u,} for n > 2,
where u; < uy < -+ < w,. For a fixed value of the effort e; (i = 1,...,m), we
define p;; = Pr(U = u; | e = ¢;) as the probability that the outcome will be u;
(j=1,...,n). We also write t; = t(u;) as the unit transfer price to the agent if u; is
observed and define t = (¢, ...,t,). In this general model, if the supplier accepts the
offer and chooses the effort level e;, then her participation constraint (PC) is written
as,

ZA(tj)pij —c(e;) > ap, (3.24)
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and the m — 1 incentive constraints (ICs)
Z A(tj)pij — c(e;) > Z A(tj)pr; — clex) (3.25)

must hold for k = 1,...,m and k # i. For a fixed e;, the buyer’s expected profit is
given as,

n

IL(Q.t) = ) _[b;(Q) — t;Qlpy, (3.26)

j=1
where b;(Q) = OQ"j [(r — v)z + vQu;| f(z) dx + fg:i][(r + 5)Qu; — sx|f(x) dx for
j =1,...,n. Finally, we denote the buyer’s problem for inducing the supplier’s effort

e; under moral hazard as (SB-e;), which is given as,

. maxqoy IL(Q,t) =37, [0;(Q) — ;Qp;;
(SB-e:): s, t.{Q } (3.24) and (3.25). ’

As in Section 3.3.4, we first change the variables in the way of A; = A (¢;) or
equivalently ¢t; = h (A;) for j =1,...,n. Then the supplier’s PC in (3.24) is changed
to

Z Ajpij — c(e;) > ao, (3.27)

and the m — 1 ICs in (3.25) are changed to
> Ay —clen) = Y A — clew), (3.28)
j=1 Jj=1

for k =1,...,m and k # i. Thus, the buyer’s (SB-¢;) problem is transformed to the
(SB-¢;)" problem given by

. max(ga} 1Li(Q,A) =377 [0;(Q) — h(4;) Qlpi
(SB-e;) s. t.{Q / (3.27) and (3.28), ! (3:29)

where A ={A,As,... A}, i=1,...,n, k=1,...,m and k # i. Given QQ > 0, we
find that the buyer’s new program (SB-¢;)’ is indeed a concave program w.r.t. A.
Thus, the Karush—Kuhn—Tucker conditions are sufficient and necessary to characterize
the program’s optimality.

Given ) > 0, for a fixed effort level e;, associate the multiplier A > 0 with PC
n (3.27), and the multipliers p, > 0 (k = 1,...,m, k # i) with the m — 1 ICs in
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. and then form the Lagrangian for the buyer’s problem -¢;)" 1n (3. as
3.28 d then fi he L ian for the b ’ bl SB-¢;)" in (3.29

n

L(AN; fys Hos oo ) = Z[bJ(Q) — h(4;) Qlpi; — A (CLO + c(es) ZAJPU)

j=1
- Z L, (Z Aiprj — cleg) + c(e;) ZAJpU> .
k=1;k#1 j=1

Differentiating the above Lagrangian function w.r.t. A; and regrouping terms gives,

RA) = |2+ D (1 - @>] —, (3.30)
k=1;k#£i Pij Q
for j = 1,...,n. To guarantee the transfer ¢; to be nondecreasing in the yield u;, or

equivalently, A; is nondecreasing in u;, we assume that the yield probabilities py;/pi;
satisfy the monotone likelihood ratio property (MLRP), see Laffont and Martimort
[28, p. 164] and Salanié [40, p. 127]. That is, 1 — py;/pi; is nondecreasing in j for
7 =1,...,n. Under the MLRP assumption, we find both first-best and second-best
transfer prices in the following theorem.

Theorem 12 When the supplier’s effort can be observed, then only PC (3.27) is
binding, which gives the first-best transfer prices as t* (¢;) = h (ag + ¢ (e;)). When the
supplier’s effort cannot be observed, then PC and at least one of ICs must be blndlng,
which gives the second-best transfer prices t; <t < --- <, and t = {tl, to, ...t }
is independent of the order quantity Q).

Proof. The function h is the inverse function of A with A’ > 0 and A” > 0. Since
h' > 0, the left-hand side of (3.30) must be positive. To be equal, the right-hand side
of (3.30) must also be positive given @) > 0. That is, we must have A > 0 to guarantee
that the supplier accepts the offer, which indicates that PC must be binding. Under
the first-best case where the supplier’s effort can be observed, no incentive constraints
are considered, i.e., all y, =0 for k =1,...,m and k # i. The equation (3.30) thus
becomes

A=N(A])Q = h(A)Q = -+ = N(A})Q,
where A > 0 given ) > 0 and thus A} = A5 =--- = A> > 0. Note that when @) =0,
the buyer will not do any business with the supplier and the contractual relationship

between the buyer and the supplier ends. Together with the supplier’s binding PC,
we explicitly find the first-best utility as A} = A = -+ = A = a9 + ¢(e;) and thus
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the risk-averse supplier receives a fixed transfer price as
th=th=-=t =t*(e;) = A (ag +c(e;)) = h(ao +c(e)),

Therefore, the supplier is fully insured by the buyer.

Under the second-best case where the supplier’s effort cannot be observed, at
least one of the i, in (3.30) must be positive (otherwise, no moral hazard problem
exists). We have assumed that the supplier’s yield probabilities satisfy the monotone
likelihood ratio property, i.e., 1 — py;/p;; is nondecreasing in j for j = 1,...,n. Then
the right-hand of (3.30) is nondecreasing in j. To be equal, the left-hand side of
(3.30) has to be also nondecreasing in j. Since h is an increasing convex function
with 2’ > 0 and A" > 0, the nondecreasing of h' (4;) in j implies that A; has to be
nondecreasing in j, or equivalently ¢; is nondecreasing in j, for j = 1,...,n. Then
we have 0 < Al < Ag < .0 < An, or equivalently, 0 < t1 <ty < --- < 1, at
optimality. Since PC and at least one of ICs are binding at optimality, then the
following equations,

Z Ajpij = Qo + C(@Z‘),
j=1
and

Z Ajpij - Z Ajpk:j = c(e;) — clex),
j=1 j=1

must hold for some k and k£ # i. Note that these two equations don’t involve the
order quantity (), which indicates that the second-best utility A, or equivalently t
that satisfy these equations must be independent of the order quantity (). Therefore,
we proved the theorem. W

3.4.1 Large-Scale Nonlinear Program

Theorem 12 shows that PC must be binding and one of the ICs must be binding at
optimality. However, we don’t know which of ICs is/are binding and thus it is difficult
to obtain the closed-form solution for the second-best transfer prices. Moreover, the
buyer’s problem in (3.29) becomes a large-scale nonlinear program with n+ 1 decision
variables and m constraints, when m and n are large numbers, for example, m = 200
and n = 100. For such problem, we can use Lagrangian duality to find the optimal
solution.

The original nonlinear programming problem is called the primal problem,
which is associated with another nonlinear programming problem called the La-
grangian dual problem. The primal and dual problem will have equal optimal objec-
tive values under certain convexity assumptions and suitable constraint qualification,
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see Bazaraa, Sherali and Shetty [4, Ch. 6]. Thus, instead of solving the primal prob-
lem with m complicated constraints, we obtain the optimal solution by solving the
dual problem which only has nonnegative constraints. The method of Lagrangian
duality is used by many researchers such as Parlar and Vickson [36] who solved a
discrete-time optimal control problem by converting it to a large-scale nonlinear pro-
gram. Note that given @) > 0, the buyer’s (SB-¢;) program can be turned into a
convex optimization program with respect to A with (3.27) and (3.28) all linear con-
straints. Thus, we use the following steps to form the Lagrangian for the buyer’s
minimization problem with respect to A.

(1) Given @ > 0 and e;, simplify ICs in (3.28) to
ao + c(ex) — Z Ajprj = 0
j=1

for kK = 1,...,m and k # i, since PC in (3.27) is binding at optimality (see
Theorem 12).
(2) Let

G'(A)=ao+cle) = > Ajpyj,  G*(A) =ag+cler) = Y Ajpyg
j=1 j=1

where G* (A) = 0 is associated with the binding PC and G? (A) > 0 is associated
with the m — 1 ICs, for k=1,...,m, k#i,and j=1,...,n.

(3) Convert the buyer’s maximization problem to a minimization problem, i.e., given
@ > 0, the buyer’s (SB-¢;)" problem in (3.29) is equivalent to

ming Y i pijh (4;) @
s.t. G'(A)=0and G*(A) > 0.

(4) Let @ = 1, the solution of A will stay the same since it’s independent of @) at
optimality (see Theorem 12). Then we define the buyer’s problem given @ = 1
as,

ming J(A) =37 piih (A))
s.t. G'(A)=0and G*(A) > 0.

(5) Associate the multiplier v with G' (A) = 0 and the multipliers §;, > 0 (k =
1,...,m, k # 1) with G* (A) > 0 and form the Lagrangian for the buyer’s problem
in (3.31) as,

(3.31)

LAY, ¥®)=J(A)+~7G (A) - TTG*(A), (3.32)
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where ¥ = (1,02, ...,0k,...,0,) for k=1,....m, k #1i.

Then we use the following theorem to obtain the necessary conditions for
optimality, see Bazaraa, Sherali and Shetty [4, pp. 75-77].

Theorem 13 (Kuhn-Tucker) If A minimizes J (A) such that G' (A) = 0 and

G2 (A) > 0, it’s necessary that there exists some 4 and ¥, so that the followings
conditions are satisfied:

Ly = 0=L; =0, (j=1,2,....n)

Ly = 0,

Ly < 0= L; <0, (k=1,...,m,k#1)
(Le)"® = 0= (L;) 0 =0, (k=1,....mk#1i)

U > 0= 0,>0, (k=1,...,mk #1i).

Applying the necessary conditions, we get

P (A7) =Apy + Y bwpw; = 0, (j=12,....n) (3.33)
k=1, k;éi
ag + c(e;) ZAJPW = 0, (3.34)

CLO+C€k ZAka] > 0, (]'C:L...,m,k?éi)

ok ag + c(ex) ZAjpkj = 0, (k=1,....,mk #1)

A~

5p > 0,  (k=1,...,mk#1).

The necessary conditions for the optimality of a solution to the transformed problem
are also sufficient because of the convexity of the objective function in (3.31).

Theorem 14 (Duality Theorem ) The point of (A, ¥) is a saddle point of the
Lagrangian £(A v, ¥) defined by (3.32) if and only if:

(1) (A54) B solves the primal problem:
min {J (A) = J (A) + vG* (A), such that G* (4) > 0}.
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(2) ¥ solves the dual problem: maxgecp, D = {¥|w(¥) exists, ¥ > 0}, where
w(¥) = mina , L(A,y, ¥) is the dual function.
(3) J(A) = w(¥).

The next theorem gives insight into the nature of the dual function.

Theorem 15 The dual function w(¥) is concave over any convex subset of its do-
main D.

Next, we obtain the dual function by first expressing Aj and 4 in terms of the
dual variables 0, which constitutes ¥. Once this is done, /21]- and 4 will be substituted
in the Lagrangian L£(A,y, ¥) in (3.32), and the resulting function of ¥ will be the
dual function. )

Using the necessary conditions (3.33) and (3.34), A; and 4 are characterized
by the following equations,

Aj = h/ (’7— Z 5kpk])

k=1;k#i pi
- - p
rete) = om0 (3= 30 a2
j=1 k=1;k#i Pij

Substituting 121]- and ¥ into the Lagrangian L(A v, ¥) in (3.32) gives the dual problem
as,

maxw (¥) = Zpijh(/h) +4 (3.35)

ao + c(e;) Z iDij

Remark 10 If the supplier is risk-neutral, for example, A; = t;, or equivalently,
h(A;) = A; for j =1,...,n, then the dual problem (3.35) becomes a linear program-
ming w.r.t. ¥ > 0. If the supplier is risk-averse with A (¢;) = /%;, or equivalently,
h(A;) = AJZ for j = 1,...,n, then the dual problem (3.35) will become a quadratic
programming w.r.t. ¥ > 0. If the supplier is risk-averse with the other utility func-
tions, then the dual problem (3.35) will become the other nonlinear programming
w.or.t. W > 0. |

For tractability, we assume that the risk-averse supplier possesses the utility
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function with A (t;) = /7;, or equivalently, h(A;) = A? for j = 1,...,n. Then we
obtain the following closed-form solution for Aj and 4 as,

N 1 [ ik Pk
A = a0+c(ei)+§<z Z OkPrj — Z Ok J>, (3.36)

=1 k=1;k+i k=1:k#i

y o= 2(a0+c(ei))+z Z OkDrj- (3.37)

j=1 k=1;k+i

Note that A; in (3.36) and 4 in (3.37) are obtained as linear functions of ¥. We then
use the duality theorem to find the dual function w(¥), which is obtained directly by

substituting A; and 4 into (3.35). In fact w(®) is the minimum of £ over the variables

4 and Aj since these are obtained from the necessary and sufficient conditions for
optimality. Therefore, the dual problem is written as,

maxw(¥) = iZm( Z 5kp’“> (3.38)

k=1;k#i
—-z (7 e 3 wkpkj)
k=1;k#i
. 1 & 5kpk:'2
LS Sty G
k=1:k+#i j=1 k=1:k+#i Pij
+4 (ao+c(e) — > (an + cler))dx
k=1;k=4i

where A; = : [ﬁ = D ikt 5kpkj/pz-j} and 4 is given in (3.37), both linear with W.

We note that w (¥) in (3.38) is quadratic in ¥ = (dy,02,...,0k,...,0,,) for
k=1,...,m, k # 1 so it can be expressed as

w(P) ="M + q' .

We are faced with the task of solving a quadratic programing problem. But now
our task is relatively straightforward because the only constraints in the problem are
the nonnegativity restrictions on the variables ¥. We can use Maple’s optimization
package to obtain the solution denoted as ¥ = (5 oo Oy m) to the dual problem
(3.38). Next, substituting ¥ into (3.36) and (3.37), we obtain A; and 4, ie., the
solution to the primal problem given () and e;.
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Since there are m levels of effort, the buyer has to consider each level of effort
so that he can decide which effort level is optimal for him to induce. We provide
the following four-step procedure to help the buyer find second-best optimal transfer
prices and order quantity for inducing the optimal effort level:

(1) Given @ = 1, let i = m, the highest effort level e,, with the yield probabilities
DPm; for j =1,...,n, generate the M matrix and the q vector to be used in the
solution of the quadratic programming problem maxg>o w(¥).

(2) After obtaining the solution to the dual problem (3.38) as U= (51, e Oy ,3m)
values for k = 1,...,m, k # i, solve (3.36) and (3.37) to obtain Aj and 4 for
j=1...,n.

(3) Use A = (A, Ay, ..., A,) to compute £ = (fy,...,1,) through A(t;) = \/7; and
substitute t into the buyer’s expected profit function (3.26), which is maximized
to obtain the second-best order quantity Qm and expected profit Hm(Qm) for
inducing the highest effort level e,,.

(4) Repeat the above three steps for the other effort levels in the set {ej,...,emn_1}
to obtain the correspondingly second-best order quantity {Ql, cee Qm_l} and ex-
pected profit {I1;(Q1), ..., Mm_1(Qm_1)}, respectively. The second-best optimal

solution is obtained by solving the problem: max (Hl(Ql), . ,Hm(Qm)>

3.4.2 A Numerical Example with m =3 and n =3

To illustrate our solution procedure to the general case, we provide a simple example
with m = 3 and n = 3. The matrix P is used to capture the probability p;; = P [i, j]
that the outcome will be u; given the effort level e; for i, =1,2,3, as

0.6 0.3 0.1
P = 0.1 0.3 0.6
0.025 0.075 0.9

Observing that the highest effort level e3 is the maximum likelihood estimator of
the effort given the highest yield us since ps3 > ps3 > p13 and that the lowest effort
level e; is the maximum likelihood estimator of the effort given the lowest yield u;
since pi11 > p21 > P31, the buyer first considers to induce the supplier’s highest effort
level e3. Moreover, given the highest effort level es, the yield probabilities satisfy the
monotone likelihood ratio property, i.e., 1 — p11/ps1 < 1 — p12/p32 < 1 — p13/ps3 and
1 —po1/p31 <1 —poa/p3a < 1 — pog/ps3. Thus, the realization of a high yield is good
news about the supplier’s effort choice. The second-best problem for inducing e3 is
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written as,

|
<
L
3
g

maxyq,¢} HB:SQ"C) =@

. s. t. Yo Alt))ps; — cles) > ao,
(SB—es)- 2%21 A(@)pg; _ 0(63) > ZZ:I A(tj)plj — C(el),
> =1 Alty)ps; — cles) = 325 A(tj)p2; — cle2)

Given ) = 1, the closed-form solution for flj and 7 are obtained by letting ¢ = 3,
m =3 and n = 3 in (3.36) and (3.37), i.e

3

i p p

Aj = ag—+c 63 Z (51p1j + 52PQJ <51 L + 62])2])] y
— D3;j 3j

3
¥ = 2(ap+c(es)) Z (01p1; + dap2j) -
—1

Assume that the agent’s effort level takes three possible values, e; = 0, e5 =
0.5, and e3 = 1, and the yield outcome also takes three possible values, u; = 0.1,
uz = 0.5, and uz = 0.9. The values for the other parameters are assumed to be
the same as Example 7. Then substituting A; and 4 in (3.38) with these values, we
calculate the dual problem for es as,

_ _ 2 _ _ 2
%}ggw(\p) = max [61 — 3.653(01)* — 1.3338105 + 0.7508, — 0.250(d2)* + 9.000]

Solving the above quadratic programming problem gives
0, =0,  dy=1500,

which indicates that the IC associated with e; is non-binding but the IC associated
with ey is binding. The second-best solution for A are then found as

Ay = 0.750, Ay = 0.750, Az = 3.250,
or equivalently,
f = (A))? =$0.562, iy =(Ay)?=90.562, i3 = (A5)? = $10.563.

Substituting t = (tl, ta, t3) into the buyer’s expected profit function I13(Q), which is

maximized to obtain the second-best order quantity Qg and expected profit Hg(Qg)
for inducing the highest effort level, as

Q5 = 25.180 units, I15(Q3) = $242.495.
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Next, we follow the same solution procedure to finding the solutions given e;
and e, respectively, and summarize all results in Table 6. Note that in the table, we use
“=" to denote the binding constraint and “>" to denote the non-binding constraint.
The notation “IC-¢;” is used for the IC associated with the effort level e; fori = 1,2, 3.
Therefore, from Table 6, it’s straightforward to see that IIo(Q2) > I3(Q3) > 111 (Q1).
That is, it’s optimal for the buyer to induce the second-highest effort level. We
also note that the order size is decreasing as inducing a higher level of effort, i.e.,
Q3 < Q2 < Q1.

e || PC ICe ICe ICe t=(f,bts) (8) Qi (units) IL(Q:) ($)

e ]| = N/A > > (4,4,4) 54.317 111.180
2| = = N/A > (3.318,5.063,5.389)  46.743 320.645
es || = > = N/A (0.562,0.562,10.563)  25.180 242.495

Table 6. The buyer’s second-best optimal transfer price €, order quantity @1 and

expected profit HZ(Ql) when the supplier is incentivized to exert effort e; for s = 1, 2, 3,
respectively.

3.5 Summary and Concluding Remarks

In this chapter, we study how a buyer designs an incentive mechanism to induce
his supplier’s effort in improving supply performance and what’s the buyer’s optimal
order decision under random yield and demand. By embedding the random yield
model into the principal-agent framework under moral hazard, we first develop a
model with binary effort choices and yield outcomes and then extend to a general
model with multiple effort choices and yield outcomes. The results of the binary
model show that when moral hazard issue arises, the buyer should schedule a higher
transfer price for the high yield level but place a smaller order. Moreover, with
the minimum liability imposed, the results suggest the buyer to consider a trade-off
between risk and incentives when the salvage value is larger than a threshold value.
As for the general model, the algorithm based on Lagrangian duality is quite useful
to determine which incentive constraints are binding. Furthermore, if the supplier is
risk-averse with the utility equaling the square root of any transfer price received, then
the dual program will become a quadratic programming problem w.r.t. nonnegative
multipliers. We then provide a four-step solution procedure to help the buyer decide
which level of effort is optimal to induce and how many units are optimal to order.
Finally, we present the numerical results for the model with three effort levels and
three yield levels. We find that it’s optimal for the buyer to induce the second-highest
effort level that maximizes the buyer’s expected profit function.
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Our study explores the incentive issues in supply management where the buyer
doesn’t directly involve in improving supplier’s performance. An interesting follow-up
question is how to design the incentive mechanism if the buyer also exerts effort in
improving the supplier’s performance. The buyer’s any activities related to improving
his supplier’s performance or capability is called “supplier development” (Krause [26]
and Krause, Handfield and Tyler [27]). The buyer’s direct involvement provides his
commitment to involving actively in supplier development. In such case, both the
buyer and supplier exert effort in improving supplier’s performance, which results in
double moral hazard when their effort cannot be observed. It would be worthwhile
to investigate the optimal incentive contract design and the buyer’s optimal ordering
decision under random yield, random demand and double moral hazard issues.
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Chapter 4
Optimal Ordering Decision and Incen-

tives for Yield Improvement under Random
Demand: A Continuous Model

In this chapter, we study the buyer’s incentive mechanism design and ordering deci-
sions under the assumption that the supplier’s effort and yield are both continuous
variables. Under the first-best case, we find that the optimal transfer function is in-
creasing and convex in the effort level but independent of the order quantity. We
present the first-best optimal order quantity and effort level through the buyer’s first-
order conditions. Under the second-best case, we find the buyer’s second-best opti-
mal solution through the first-order approach of Holmstrém [21], where the supplier’s
maximization problem is concave with respect to the effort. We run one numerical
example to show that the buyer cannot implement the first-best effort level when the
supplier’ effort becomes unobservable. The buyer’s second-best optimal order quan-
tity and expected profit are smaller than those under the first-best case. We also
perform the sensitivity and our results imply that when the supplier’s disutility of
effort increases, it’s optimal for the buyer to schedule the transfer function with a
higher coefficient for inducing a lower effort level.

4.1 Introduction

Recall that in a single-period random yield model, the buyer (as the principal) faces a
random demand X with p.d.f. f(z) and c.d.f. F(z) and places an order of () units (a
decision variable) with the supplier (as the agent) for a critical component. However,
due to the randomness of the yield, the amount received is Y = QU where U is the
yield random variable with p.d.f. g(u;e), (0 < u < 1), depending on the supplier’s
effort level e € [e7,e] with 0 < e~ < et < 1. The effort improves yield in the
sense of first-order stochastic dominance (FSD), i.e., Pr(U, > @) is increasing in e
for any given yield level 4, (see, Bunn [8, Ch. 4]). Depending on the level of yield
u, the buyer pays the supplier a transfer of ¢(u) per unit ordered. The buyer must
determine not only the scalar decision variable @) but also the function ¢(u) in the
incentive mechanism he proposes to the supplier. The buyer processes the received
component to his final product and sells it to the market. The buyer’s per unit sales
revenue is 7, but if there is a shortage then this results in a penalty of s per unit; the
salvage value for any unsold units is v per unit. We define the buyer’s random profit
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as 7 that is a function of @ and ¢(u) and his expected profit as IT(Q,  (u)).

As in Chapter 3, we assume that the supplier is risk-averse with an increasing
and concave utility function A(#(-)) and A(0) =0, i.e., A’ > 0 and A” < 0. She will
accept the buyer’s incentive offer if her expected utility exceeds her reservation utility
ag. If the supplier accepts and exerts effort e, then this will result in a disutility level
of ¢(e), which is increasing and convex in e, i.e., ¢ > 0 and ¢’ > 0. Given the realized
values of the random variables X = z and U = u, if demand falls short of available
units, i.e., < Qu, then the buyer’s profit is 7 = rz +v(Qu — x) — t(u)Q. Otherwise,
if > Qu, then the profit is 7 = rQu — s(z — Qu) — t(u)Q). Thus, the risk-neutral
buyer finds his expected profit as,

(Q.t (u)) = / D@, v) — Hw)Qlg(us ¢) du, (4.1)

where

o0

Qu
b(Q,u) = /0 [(r —v)z +vQu|f(z) do + / (7 + s)Qu — sz|f(x) dx.

u

The supplier’s participation constraint (PC) is given as,

/0 A(t(u))g(use) du — c(e) > ay. (4.2)

If the supplier’s effort e is verifiable, then no moral hazard issue will exist. However,
in reality the effort is usually not verifiable, and thus we are faced with a moral
hazard problem. The complete formulation of the moral-hazard problem now involves
a second constraint for the buyer, due to information asymmetry (i.e., unverifiable
effort). This is indeed an optimization problem for the supplier resulting in the
incentive constraint (IC),

¢ € argmax [ /0 At())g(u: &) du— ()], (4.3)

where the integral is the agent’s expected utility and ¢(€) is the disutility if she chooses
the effort level e.

In the next two sections, we will present the buyer’s incentive mechanism and
ordering decisions under both the symmetric (“first-best”) and asymmetric informa-
tion (“second-best”) cases.
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4.2 First-Best Optimal Solution

As a benchmark, we consider the first-best case where the supplier’s effort is observ-
able and verifiable. The buyer’s problem for inducing a particular level of effort e
is to maximize (4.1) subject to (4.2). We denote the buyer’s first-best problem as
(FB-¢), which is given by,

o) maX{eguey 1(Q = fo [b(Q, u) — t(w)Qlg(u; €) du
(o) 8. t. fol A(t(u))g(u e) du —c(e) > ap.

The above problem will be solved through the following two steps:

(1) Given @ > 0 and an effort level e € [e7,e™], find the first-best transfer function
denoted as t* (u | @, e);

(2) Substitute t* (u | @Q,e) into (4.1), which is maximized to obtain the first-best
optimal order quantity denoted as Q* and effort level denoted as e*, respectively.
The first-best optimal transfer function is then computed as t* (u | Q*, e*).

At step 1, we associate a multiplier A > 0 with the supplier’s participation
constraint (4.2) and write the Lagrangian function as,

£(Q.(u), \) = / D(Q. u)— () Qg (s ¢) du—A[ao+c<e>— / A(t(u))g(use) du] .

Given () > 0 and an effort level e € [e™, e?], the first-order condition of £ (Q,t(u), \)
w.r.t. ¢ (u) is written as,

—Qg(u;e) + AA'(t" (u | Q,e))g(u;e) =0,

where t* (u | @, €) is the first-best transfer function given @) and e. Isolating A gives,

Q
At (u] Q,e))’
It’s straightforward to show that the multiplier \ is always positive for any u € [0, 1],
given @ > 0 and A" > 0. Thus, t* (u | @, e) is the same for any yield level u € [0, 1].
Note that when () = 0, the buyer will not do any business with the supplier and
the contractual relationship between the buyer and the supplier ends. The multiplier
A > 0 also suggests the supplier’s PC is binding, i.e.,

/0 At" (u | Q,e))g(u;e) du — c(e) = ap.

A:

for u € [0, 1] . (4.4)
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Since t* (u | @, e) is fixed for any yield, we explicitly find the first-best transfer function
as,

t"(u| Q,e) =h(ao +c(e)), (4.5)
where h is the inverse function of A with &' > 0 and h” > 0.

Lemma 16 The first-best transfer function t* (u | @, €) is increasing and convex in
the effort level e, but independent of ().

Proof. Taking the first- and second-order derivatives of t* (u | @Q,e) w.r.t e gives,

W — W (a0 + c(e)) () > 0,
W R (ag + c(e)) ¢ (e) + ' (ag + c(e)) ¢(e) > 0,

since A’ > 0, A" > 0, ¢ > 0 and ¢’ > 0. Also, the explicit form of t* (u | @, e) in (4.5)
indicates that the the first-best transfer function is independent of the order quantity
. Thus, we proved that the first-best transfer function is increasing and convex in
the effort level e but independent of (). M

At step 2, we then substitute (4.5) into (4.1), and write the buyer’s problem
as,

HclfeXH (Q,e) = /0 (b(Q,u)]g(use) du— h(ag+ c(e)) Q. (4.6)

The buyer’s expected profit I1 (Q, ) is jointly concave in @) and e if and only if the
Hessian of IT (@, e) is negative semidefinite for ) > 0 and e € [e™, eT]. If it does, then
we can find the first-best optimal order quantity @Q* and effort level e* through the
following first-order conditions,

(r+s) E (u;e*) — h(ag + c(e*))

/o uF (Q*u) g (u;e*) du = (r+s_0) )

/0 D(Q%, u)ge(ts€) |eer du = [N (ag + c(e)) d(€)] |emer QT

where b(Q*, u) = OQ*U[(r—v)x—l—vQ*u]f(:v) dm+f5$u[(r+s)Q*u—sx]f(x) dzx, ge(u;e)
is the partial derivative of g(u;e) w.r.t. e, and ¢(e) is the first derivative of c(e).

In order to obtain further managerial insights into the buyer’s problem, we
make the following assumptions:

(1) The supplier is risk-averse with the utility function A (t) = v/%.
(2) The supplier’s disutility of effort is quadratic, i.e., ¢ (e) = ve? for v > 0.
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(3) The demand of the final product follows an exponential distribution with para-
meter «, i.e., f(x) = aexp(—ax).

(4) The supplier’s yield function takes the form of g (u;e) = 1 + (u — 1/2)e, for
e € (0,1] and u € [0,1]

Under the above assumptions, the first-best transfer function is computed as,

£ (u] Q.e) = (a0 +7¢%)°,

which is increasing and convex in e. Substituting it into (4.6), the buyer’s expected
profit IT(Q, e) can be written explicitly as,

II(Q,e) = é/o [aQuv — (r + s —v)exp (—aQu) +r —v][1 + (u—1/2)e] du

— (a0 + ’}/62)2 Q. (4.7)

The buyer’s problem is maximization of his expected profit by choosing the optimal
order quantity @Q* and effort level e*. We now provide an example to illustrate the
optimal solution under the first-best case.

Example 9 In this example, we use the following values for the parameters: a = 0.1,
i.e., £ (X) = 10 units; ag = 2; r = $50; v = $5; s = $10 and v = 0.14. Given Q > 0
and an effort level e € [e™, e™], the first-best transfer function is calculated as

t (u] Q,e) = (2+0.14¢?)”.
Substituting it into (4.7) gives,

I1(Q,e) = 0.00013Q (—147e* — 4200e” + 3125¢ — 11250)
0.00013

|

0.00013

0 [3.3750Q% + 20.625¢Q — 41.250Q — 412.50¢] x 10°.
As shown in Figure 14, the buyer’s objective function I (Q, €) is indeed jointly concave
in the order quantity @) and effort level e, for @) > 0 and e € (0,1]. Then we can use
the first-order conditions to find the first-best optimal solution as follows,

Q" = 54.38 units, e* =0.86, II(Q*, e*) = $291.86.

2.06250 x 107eQ + 4.1250Q + 4.1250 x 10%¢] exp (—0.1Q)

This implies that it’s not optimal for the buyer to induce the supplier’s highest effort
level (e = 1) even under the first-best case. A natural question to ask is the following:
As the supplier’s disutility of effort increases, what will happen to the optimal first-
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best solution [in terms of Q*, e* and II(Q*,e*)]? To answer this question, we fix
ap = 2 and re-solve the problem for different values of v. The results are summarized
in Table 7, where 7 varies from 0.12 to 0.30 in increments of 0.02.

We note that when v stays at a low level (7 = 0.12), the optimal effort reaches
its maximum possible level of e* = 1. It’s optimal for the buyer to induce the
supplier’s highest effort level for yield improvement. After v = 0.12, as ~ increases,
we find that the optimal effort level e* decreases but the optimal order quantity Q*
increases. The reasons are as follows: The increasing value of + brings higher unit
transfer cost for the buyer, i.e., t* (u | @, e) increases; To reduce the costs associated
with incentives for yield improvement, the buyer then chooses to induce a lower effort
level but to places a larger order. However, the optimal expected profits IT (Q*, e*)
decreases from $295.80 to $279.38 as v increases from 0.12 to 0.30. If the buyer learns
that the supplier’s disutility of cost increases, then the buyer will choose to induce a
lower effort level but places a larger order. ¢

Figure 14. The buyer’s objective function given v = 0.14 and ay = 2.

4.3 Second-Best Optimal Solution

In this section, we investigate the buyer’s problem under the second-best case where
the supplier’s effort cannot be observed. We denote the buyer’s problem for inducing
a particular effort level e as (SB-¢), where the buyer maximizes his expected profit in
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v | @ | e 1@,
0.12 || 53.53 || 1.00 $295.80
0.14 || 54.38 || 0.86 $291.86
0.16 || 55.09 || 0.75 $288.92
0.18 || 55.64 || 0.66 $286.64
0.20 || 56.08 || 0.59 $284.82
0.22 || 56.44 || 0.54 $283.33
0.24 || 56.75 || 0.49 $282.10
0.26 || 57.00 || 0.45 $281.05
0.28 || 57.22 || 0.42 $280.15
0.30 || 57.41 || 0.39 $279.38

Table 7. The sensitivity analyis of 7y on the first-best optimal solution.

(4.1) subject to the two constraints (4.2) and (4.3), i.e.,

(@,100)) = [} Q) — 1) Qlgfuse) do,
o A(t(u))g(u, e) du — c(e) > ay,

MaX{Q t(u),e}

(SB-e): s. t.

Im(Q

€ € arg maxs

o At

w)g(us @) du — ¢(¢)]

Note that in the above problem the supplier’s effort is a continuous variable, which
results in an infinite number of incentive constraints (4.3) for € > 0. One approach
to solving this problem, as suggested by Holmstrém [21] involves replacing (4.3) with
simpler “local” incentive constraints in the form

/A

))ge(u;e) du — c'(e) = 0. (4.8)

With this simplification, we now obtain another continuous optimization problem

denoted as (SB-e)’, which is given by,

maXfe Q.t(u)}

(SB-e)": s. t.

I@,
Jy A
Jy A

t(u) =
u)
u))
(

f b(Q, u) — t(u)Qlg(us €) du,

;e) du — c(e) > ao,

QSU)

—d(e) =0.

Letting A > 0 be the multiplier for (4.2) and u (free) for (4.8), then we write
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the Lagrangian function as,
1
L@t ) = [ BQu) — tu)Qlauic) du
1
) [ao +efe) — / A(t()g(us €) du]
0
1
= [ Attt i) du].
0

Given @ > 0and an effort level e € [e™, eT], for u € [0, 1], the first-order condition of
the Lagrangian function w.r.t. ¢ (u) is written as,

—Qg(ue) + A (H(u ] e, Q))g(us e) + pA'(E(u | €, Q))ge(u; ) = 0,

where £(u | e, Q) is denoted as the second-best transfer function for u € [0, 1]. Isolating

A'(t(u] e, Q)) gives
1 _ 1 ge(u; €)
A ]eqQ) @ {”“ gl e)] | 49)

Note that if @ = 0, then (4.9) reduces to (4.4). The buyer’s problem will become the
first-best case, whose solution is presented at Section 4.2. When p > 0, a real moral
hazard problem arises. The second-best transfer function £(u | e, Q) now depends
on g.(u;e)/g(use) given @ > 0 and e € [e”,et]. Assuming that g.(u;e)/g(u;e) is
increasing in u given an effort level, then the right-hand side of (4.9) also increases in u.
To be equal, the left-hand side of (4.9) must increase in u, which results in t(u | e, Q)
increasing in u given that A is an increasing and concave function. Therefore, given
Q@ > 0and e € [e,et], we have obtained that #(u | e, Q) is increasing in w.

However, the closed-form solution of £(u | e, Q) is still unknown, which makes it
difficult to find the second-best optimal order quantity Q) and effort level é analytically.
One possible approach is to use an approximation whereby the buyer provides a
set of the linear contracts to the supplier. For example, let ¢ (u) = n + pu where
p > 0 (decision variable) and 1 > 0 (parameter), so that ¢ (u) is increasing in u and
t(u) > 0. The closed-form solution of (u | e, Q) will be obtained by finding p given
n for implementing a given effort level e. Substituting #(u | e, Q) into the buyer’s
expected profit II(Q,t (u)), we will find the second-best optimal order quantity Q
and effort level é through the first-order conditions.

In order to obtain further managerial insights into the buyer’s problem, we
use the same assumptions and parameter values as those under the first-best case in
Section 4.2, i.e.,
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(1) The supplier is risk-averse with the utility function A (t) = v/t.
(2) The supplier’s disutility of effort is quadratic, i.e., ¢ (e) = ye? for v > 0.
(3) The demand of the final product follows an exponential distribution with para-
meter «, i.e., f(x) = aexp(—ax).
(4) The supplier’s yield function takes the form of g (u;e) = 1+ (u — 1/2)e, for
€ (0,1] and w € [0,1]. Given an effort level e, the form g.(u;e)/g(u;e) is indeed
increasing in u since

> 0.

0 {ge(u;e)} . 4

Ou g(u;e) eu—e+2)2

Under the above assumptions, the supplier’s problem given a transfer function
t (u) can be written as,

maXHS—/ Vi + (u —1/2)e] du — ~ve?,
which is concave in the effort level e since the second-order derivative is negative, i.e.,
d?Tlg
de?

Therefore, we can use the first-order approach to replace the incentive constraint (4.3)
with the first-order condition. The buyer’s problem is then written as,

=27y <0, for v > 0.

MaX{e,,t(u)} (Q t( ))
s. t. fo Vi) [1+ (u—1/2)e] du—~ve? > ay,
fo Vit(u)(u—1/2) du — 2ve =0,

where

I(Q,t(u) = é/o [aQuv — (r+ s —v)exp (—aQu) +r — o] [1 + (u—1/2)e] du

—Q/O Hu) [1+ (u—1/2)e] du

Next, we assume that the buyer provides a set of the linear contracts to the supplier.
We define t (u) = n+ pu where p > 0 (decision variable) and n > 0 (parameter). Then
the buyer needs to find the optimal value p given 7 for implementing a given effort
level e, instead of finding the second-best transfer function ¢(u | e, Q) directly. Under
such approximation, the buyer’s problem becomes another maximization problem,
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ie.,
max(c,q,} (Q t (u))
s. t. fo VI pu[l+ (u—1/2)e] du—~e? > ay,
fo VN + pu(u —1/2) du — 2ve =0,
where

I(Q,t(uw) = é/o [aQuv — (r + s —v)exp (—aQu) +r — o] [1 + (u — 1/2)e] du

1
—Q/ (m+pu)[1+ (u—1/2)e] du. (4.10)
0
Next, we provide an example to illustrate the results under the second-best case.

Example 10 In this example, the following values for the parameters are used:
a = 0.1, ie., F(X) = 10 units; ag = 2; 7 = $50; v = $5; s = $10; v = 0.14 and
1 = 0.20. Then the buyer’s transfer function is written as

t(u) = 0.20 + pu.
Substituting it into (4.9) gives the buyer’s expected profit as,
I(Q,t(w) = 0.0167Q [5ep + 25¢ — 30p + 138]

1670

+ 02 [1.65e() + 3.3Q + 33¢] exp (—0.1Q)
1670

+ 0 [0.27Q% + 1.65eQ — 3.3Q — 33¢] .

Maximizing the above profit function subject to the supplier’s participation and in-
centive constraints gives the following second-best optimal solutions as,

p=794, Q=>5135units, é=064, T(Q,e) = $270.87.

This implies that the buyer cannot implement the first-best effort level, i.e., e* = 0.86
in Example 9. The buyer’s second-best optimal order quantity is smaller than his
first-best optimal order quantity, i.e., Q = 51.35 < Q* = 54.38. The buyer’s second-
best optimal expected profit is also smaller than his first-best optimal expected profit,
e, II(Q, é) = $270.87 < T1 (Q*, e*) = $291.86.

Next, we perform sensitivity analysis of 7 and 7 on the second-best optimal
solution [in terms of #(u | e, Q), Q, é and H(Q, é)], respectively. The results of 7 are
summarized in Table 8 where n varies from 0 to 1.00 in increments of 0.10 result-
ing in (t(u | e,Q),Q, & 11(Q,¢)) as the second-best optimal solution. We note that
when 7 increases, the coefficient p decreases, and the second-best transfer function
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is decreasing in the yield level u. The buyer will induce a lower effort level for yield
improvement but places a larger order as 7 increases. Finally, the buyer’s expected
profit increases.

The results of v given n = 0.20 are summarized in Table 9 where ~ varies
from 0.12 to 0.30 in increments of 0.02 resulting in (f(u | e, Q), Q, é,11(Q, €)) as the
second-best optimal solution. We find that when the supplier’s disutility of effort
increases (7 increases), it’s optimal for the buyer to schedule the transfer function
with a higher coefficient (p increases). However, the optimal effort level é decreases,
which implies that the buyer should induce a lower effort level for yield improvement.
Although the buyer places a large order (@ increases), the buyer’s expected profit
still decreases, as -y increases. ¢

n |l p || Mule@ | @ | ¢ |m@e

0 8.41 8.41u 50.17 || 0.69 | $268.84
0.10 || 8.17 || 8.17u + 0.10 || 50.80 || 0.66 || $269.94
0.20 || 7.94 || 7.94u +0.20 || 51.35 || 0.64 || $270.87
0.30 || 7.72 || 7.72u+0.30 || 51.87 || 0.62 || $271.70
0.40 || 7.50 || 7.50u + 0.40 || 52.36 || 0.60 || $272.44
0.50 || 7.27 || 7.27u+0.50 || 52.84 || 0.58 || $273.12
0.60 || 7.05 || 7.05u + 0.60 || 53.29 || 0.56 || $273.74
0.70 || 6.83 || 6.83u+0.70 || 53.72 || 0.54 || $274.30
0.80 || 6.61 || 6.61u+0.80 || 54.14 || 0.52 || $274.80
0.90 || 6.40 || 6.40u+0.90 || 54.55 || 0.50 || $275.26
1.00 || 6.18 || 6.18u+ 1.00 || 54.93 || 0.48 | $275.67

Table 8. The sensitivity analysis of 17 on the second-best optimal solution.

4.4 Summary and Concluding Remarks

In this chapter, we study a continuous optimization problem for the buyer when
the supplier’s effort and yield become continuous variables. Under the first-best
case, we find that the optimal transfer function is increasing and convex in the effort
level but independent of the order quantity. We run one numerical example and
perform the sensitivity analysis to investigate how the supplier’s disutility of effort
affects the first-best optimal solution. We find that when the supplier’s disutility
of effort is at a low level, it’s optimal for the buyer to induce the supplier’s highest
effort level for yield improvement. After such a low level, as it’s more costly for the
supplier to exert effort, we find that the optimal effort level decreases but the optimal
order quantity increases. Under the second-best case, we find the buyer’s second-
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v b || Hule@ | Q@ || e | 1Q.e)
0.12 || 7.86 | 7.86u +0.20 || 51.20 || 0.74 || $275.20
0.14 || 7.94 || 7.94u +0.20 || 51.35 || 0.64 || $270.87
0.16 || 8.00 || 8.00u +0.20 || 51.48 || 0.56 || $267.61
0.18 || 8.05 || 8.05u+0.20 || 51.58 || 0.50 || $265.08
0.20 || 8.09 || 8.09u +0.20 || 51.66 || 0.45 || $263.05
0.22 || 8.12 || 8.12u+0.20 || 51.74 || 0.41 || $261.39
0.24 || 8.14 || 8.14u+0.20 || 51.80 || 0.38 || $260.00
0.26 || 8.17 || 8.17u+0.20 || 51.85 || 0.35 || $258.83
0.28 || 8.19 || 8.19u+0.20 || 51.90 || 0.33 || $257.82
0.30 || 8.20 || 8.20u+0.20 || 51.94 || 0.30 || $256.95

Table 9. The sensitivity analyis of v on the second-best optimal solution.

best optimal solution through the first-order approach of Holmstrém [21], where the
supplier’s maximization problem is concave with respect to the effort. Our numerical
example indicates that the buyer cannot implement the first-best effort level when
the supplier’ effort becomes unobservable. The buyer’s second-best optimal order
quantity and expected profit are smaller than those under the first-best case. The
results of our sensitivity analysis imply that when the supplier’s disutility of effort
increases, it’s optimal for the buyer to schedule the transfer function with a higher
coefficient for inducing a lower effort level.

However, the unique solution for the buyer’s problem under the first-best ap-
proach may not be the same as that for original problem, which results in the incorrect
solution by using the first-order approach. The reason is that the first-order condi-
tion (4.8) is not always equivalent to the incentive constraint (4.3). In general there
are more effort levels satisfying the first-order condition (4.8) than those satisfying
the incentive constraint (4.3), since the supplier’s problem may not be concave w.r.t.
e. When the supplier’s problem is not well-behaved, the first-order approach is not
valid. One possible approach is to use an approximation whereby the effort is dis-
cretized as a finite number of possible effort choices and the yield is also discretized
as a finite number of possible yield outcomes. As mentioned in Chapter 3, such dis-
crete model can be solved based on a two-stage process popularized by Grossman and
Hart [17].

First, we discretize the effort e € [e™,e*] ase; for i = 1,2,...,m and the yield
we[0,1] asu; for j =1,...,n, where e =e; < ey <---<ep =e" and 0 < yy <
ug -+ < u, = 1. For a fixed value of the effort e;, we define p;; = Pr(U = u; | e = ¢;)
as the probability that the outcome will be u; for j = 1,...,n, thus discretizing the
density g(u;e) as well. We also write t; = t(u;) as the transfer price to the supplier
if u; is observed and define t = (¢4,...,t,). With this approximation, the supplier’s
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participation constraint (4.2) reduces to
ZA Ipij — cle;) > ag. (4.11)

If the supplier chooses an effort level e;, then the supplier’s incentive constraint (4.3)
becomes the m — 1 incentive constraints

ZA Dpij — cle;) >ZA Vpki — cler), (4.12)

which must hold for £k = 1,...,m and k 3& 7. Thus, the buyer’s continuous opti-
mization problem in Section 4.3 becomes a discrete optimization problem, as we have
discussed in Section 3.4 of Chapter 3. We denote the discrete optimization problem
as (SB-¢;), which is written as

(SB-¢;): maxqoey IL(Q,t) = Z?:l[bj (Q) — t;Q]pi;

s. t. (4.11) and (4.12),
where
Qu; 00
5@ = [ lir =)o +vQuilf(a) do+ /Q [tr+)Qu; — 5o (@) do,

forj=1,...,n

Next, based on a two-stage process popularized by Grossman and Hart [17], we
develop a three-stage process to obtain the optimal solution since the buyer’s prob-
lem not only involves the incentive mechanism design but also involves the ordering
decision. Before presenting the solution procedure, we convert the buyer’s maxi-
mization problem to a minimization problem given @) and e;, i.e., maxgy I1;(Q,t) =

> i-110;(Q) —t;Qlpi; is equivalent to mingy @ Y7, pij, subject to (4.11) and (4.12).

Then the three-stage process is summarized as follows:

e Stage 1: Given () > 0, choose a particular effort level ¢; and find the least total
transfer cost of implementing it for the buyer, i.e., choose an incentive contract t
from the set of menus {t} to minimize @ »_7_, #;p;; subject to (4.11) and (4.12).
We define

C (e;) = inf {Q thpij | t =t implements éz} ,

j=1

when the constraint set is nonempty. Otherwise, we write C' (¢;) = oco. For each
effort level e; € [ey, ..., en], we compute C (e;).
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Stage 2: Substitute t for implementing &; into the buyer’s expected profit function
I1;(Q, t), which is maximized to obtain the second-best order quantity @ (€;) for
inducing é;. For each effort level e; € [ey, ..., e,], we compute Q (¢;).

Stage 3: Choose the effort level that maximizes the difference between the ex-
pected benefit from inducing e; and the total transfer cost of implementing it, i.e.,
choose ¢; € [ey, ..., en] to maximize D7, [b;(Q (e:)) — t;Q (ei)]pi;. We denote the
second-best optimal effort level as é, which maximizes
> -1 0 (@ (61'))]9@'3' —C(e;) on e; € [eq,...,ey]. The second-best optimal incen-
tive mechanism t is the one that implements the second-best optimal effort é at
the least total transfer cost, i.e., @ (&) > 7, tipij; = C(é), and the second-best

optimal order quantity @ is the one obtained from Q (é).

Note that the above solution procedure is more general than that provided

in Section 3.4.1 of Chapter 3 where the supplier is assumed to be risk-averse with

A(ty) = V1.
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Chapter 5
Conclusion and Future Research

In this thesis, we concentrated our attention on the applications of incentive mech-
anism design theory to operations and supply chain management (OSCM). In order
to understand the significant role of risk aversion inherent in the mechanism design
problems, we analyzed a contracting problem when both the principal and the agent
are risk-averse under the symmetric information (“first-best”) case in Chapter 2. In
this chapter, we provided a thorough analysis of the first-best problem when both
participants possess non-exponential utility functions and found the optimal wage
scheme and the optimal effort level. Then, we applied the theory of incentive mecha-
nism design to the OSCM-related asymmetric information (“second-best”) problems.
Specifically, in Chapters 3-4, we studied how a buyer designs an incentive mechanism
(or a contract) to induce his supplier’s effort in improving supply yield and what’s
the buyer’s optimal ordering decision in a setting of random yield for the critical
component and uncertain demand for the finished products.

In Chapter 3, we first investigated the buyer’s optimal incentive contract and
order quantity for inducing the supplier’s high level of effort under both first-best
and second-best cases. We then constructed a general discrete model with multiple
effort choices and yield outcomes under the second-best case. For this general dis-
crete model, we developed an algorithm based on Lagrangian duality to determine the
second-best incentive contract given an effort level. We also found the second-best
optimal effort level and order quantity by evaluating the buyer’s expected profit for
each possible level of effort. In Chapter 4, we considered a continuous model where
the supplier’s effort and yield become continuous variables. The continuous model
involves an infinite number of incentive constraints, which makes the problem more
difficult to solve. One possible approach is to use Holmstrom’s first-order approach,
where the infinite number of incentive constraints is replaced by the first-order condi-
tion. Our numerical example indicates that the buyer cannot implement the first-best
effort level when the supplier’ effort becomes unobservable. The buyer’s second-best
optimal order quantity and expected profit are smaller than those under the first-best
case. We also performed sensitivity analysis to show that when the supplier’s disutil-
ity of effort increases, it’s optimal for the buyer to schedule the transfer function with
a higher coefficient for inducing a lower effort level. All results obtained in Chapters
2-4 are based on the assumption that the relationships between buyers and suppliers
are one-shot.

In reality, the relationships between buyers and suppliers are often repeated
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over time. As a realistic and more challenging extension of the single-period model
presented in Chapter 3, we will address the dynamic moral hazard problem between
the buyer and the supplier in Section 5.1 . In the dynamic model, the buyer is
responsible for determining the optimal dynamic ordering policy in a periodic-review
inventory setting and the optimal long-term optimal incentive mechanism offered to
the supplier. The analysis of such a problem is difficult since the optimal schemes are
history dependent and require strategic commitment. We will present a two-period
discrete model under moral hazard and will consider the N-period extension of the
problem as our future research direction.

5.1 A Two-Period Discrete Model

Recall that in Chapter 3, the buyer not only designs an incentive mechanism (or a
contract) to induce his supplier’s effort in improving supply yield, but also decides
his ordering quantity under random yield and uncertain demand in a single period.
Now we consider a case of two periods, where k denotes the time index and k£ =1, 2.
Then the buyer’s problem involves designing a long-term incentive mechanism at the
beginning of period 1 and choosing his order quantities in each period in a (dynamic)
periodic review framework.

At the beginning of period k, the supplier (agent) privately chooses an effort
level ey; € {e1,...,en}. The supplier’s yield level takes n possible outcomes, i.e.,
uk; € {u1,...,u,} for k = 1,2. We denote the probability of yield uy; given the
effort choice ey; in period k as p;; (er;) = Pr(U = wy; | e = ey;), for i = 1,...,m,
j=1,...,nand k = 1,2. As in Chapter 3, we assume that 0 < p;; (ex;) < 1 for all
eri € {e1,...,en}. The buyer’s incentive design problem is to determine a long-term
contract {t1(u;), ta(uy;, u2j)}, where the transfer function ¢;(uy;) is associated with
the yield uy; in period 1 and transfer function t5(uy;, us;) is associated with the yields
uy; and ug; in periods 1 and 2, respectively.

Besides the incentive mechanism design issue, the buyer also decides his opti-
mal order quantities (); and (), in each period in a periodic review framework. That
is, the buyer manages his inventory using a periodic-review system where he places
an order every period. Thus, the buyer’s inventory is a dynamic process, where 1,
denotes the initial inventory level at the beginning of period 1, y, denotes the in-
ventory level at the beginning of period 2 (the end of period 1), and y3 denotes the
inventory level at the end of period 2. Thus, after a yield realization of u; and a
demand realization of x; in period 1, the buyer’s inventory level y, is computed as
Yo = y1+Q1u; — 1. Similarly, after a yield realization of uy and a demand realization
of x5 in period 2, the buyer’s inventory level y3 is computed as y3 = yo + Qaus — .
At the end of each period, the buyer receives his profit and makes a transfer to the
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supplier according to the terms of the contract, i.e., the transfer contract is executed
at the end of each period. Moreover, the buyer’s optimal long-term contract offered
at the beginning of period 1 is “renegotiation-proof”, if at period k& “the continua-
tion contract is an optimal solution to the continuation contracting problem for the
remaining periods” (Bolton and Dewatripont [5, p.421]). We will find the conditions
ensuring that the buyer’s optimal contract is renegotiation-proof as our future work.
The timing of the contracting and ordering problems is provided in Figure 15.

- ’ Buyer transfers
Buyer offers a long Buyer Buyer's Buyer transfers Buyer Euyer s ; S
term contract ) ) ty(ug;) Q; to inventoryis  f2(U1j U2) Q2
{ta(ues;) places an inventory is X places an o 4 to supplier;
tl uee order of changed to supplier; order of changedto inventory ’
%(.ulff' 2, . Q, units Y1+Q1tly inventory @z units Yo+ Qe =y, +
Initial inventory is v, Yo=Y + Y3=Y2
‘ ‘ Quuy;—xy | | QzUz; i X
A A A
Time0 Time 1 Time 2
Supplier accepts  Supplier Supplier Supplier
and chooses delivers chooses delivers Q,u;;
effort e;; Qyuy; units effort e;; units

Figure 15. The timing line for the contracting and ordering problems in two periods.

5.1.1 The Supplier’s Optimization Problem

As in Chapter 3, We assume that the supplier is risk-averse with an increasing and
concave utility function A(t) and A(0) = 0, i.e., A’ > 0 and A” < 0. The buyer’s order
quantity is assumed to be a positive scalar for the supplier. Thus, given any order
@1 > 0 and 2 > 0 at periods 1 and 2, respectively, the supplier will be reluctant
to accept the buyer’s offer, unless her expected utility at the beginning of period 1 is
as much as what she can obtain from another, alternate, long-term contract, i.e., her
reservation utility 2ap > 0 (no discounting effects). If the supplier accepts the offer
and chooses her effort level as e; in period k, this will result in a disutility level of
c(eg;), which is an increasing and convex function, i.e., ¢ > 0 and ¢’ > 0.

To maintain the separation between periods, we assume that the supplier’s
preference is time separable (see Bolton and Dewatripont [5, p. 420]). In addition,
we assume that the supplier doesn’t have any access to the credit market so that she
has to rely on the buyer’s total transfer wealth over time. Therefore, if the supplier
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accepts the buyer’s offer and chooses her effort strategy as [e;, e2], i.e., the supplier
chooses ey; at period 1 and ey; at period 2, then her expected utility at the beginning
of period 1 is written as,

I (6117 621)
= Zpij (e1i) [ A (t1 (u1y)) — c(ex) + Zpij (e2i) (A (t2(uz, uz;)) — c(€2:))

The supplier will accept the buyer’s long-term contract only if her participation con-
straint is satisfied, i.e.,

IIs (€14, €2:) > 2ap.

The supplier’s optimization problem involves choosing the effort strategy to maximize
her expected utility at the beginning of period 1 given the buyer’s long-term contract
{t1(u1;),t2(u1, ug;) }. Thus, we write the supplier’s problem as,

maX(e, e} s (Cui, Coi | t1(u), ta(uny, ug;))
s. t. g (€14, €2i | t1(uay), ta(uj, uzj)) > 2ao,

where élia égi € {61, ce >€m} and Uyj, Ugj € {ul, Ce ,un}.
5.1.2 The Buyer’s Optimization Problem

To maintain the separation between periods, we also assume that the buyer’s prefer-
ence is time separable. Then, without any discounting effects, the buyer’s expected
profit at the beginning of period 1 is written as,

5 (Q1, Q2,1 (u1) , ta(ury, uz;) [ Y1, 92)
- zn:pij (€1) [ b(Quyurs | y1) — 1 (uay) Q1
=1

+ 205 pij (e2i) (0(Q2,uzj | y2) — ta(uaj, u2)Q2) |7
where

y1+Q1u1;
b(Quouy | 31) = / (r = v) + (41 + Quu) o] f () da

+ /OO [(r + 5) (y1 + Qruy;) — sz f () dz,

1+Q1uy;
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and
Y2 +Qauz;
b(Qa,uzj | y2) = /0 [(r —v)x + (y2 + Qaug;) v]f(x) dx
[ () e+ Q) - sel (o)
Yy2+Qauz;
forj=1,...,n.

If the supplier’s effort cannot be observed by the buyer, and the buyer wants
to implement a particular effort strategy [ey;, €], then the supplier’s optimization
problem in Section 5.1.1 turns into the buyer’s incentive constraint, i.e.,

le1i, e9;] = arg max Ilg (€, €9) -
€14,€24
Thus, the buyer’s problem is to find the optimal incentive mechanism
(t1 (u1j) , t2(u1j,ug;)) that will implement the supplier’s effort strategy [ey;, e2;] and
the best order policy [(1, Q2] that will maximize his expected net profit for inducing
the supplier’s effort strategy [e1;, ex], i.e.,

MaxX(Qq,Qz,t1(u1;),t2(u1j,u2;)} g (Q17 QZa t1 (Ulj> >t2(ulj7 u2j) | Y1, y2)
s. t. g (e1i, €2; | t1(uay), ta(usj, uzj)) > 2aq,
1, €25] = argmaxz,, a3 Ils (€14, €24 | 1 (uy), ta(uay, ugy)).

The above problem is difficult to solve since the transfer scheme is history-
dependent of the yield and the order policy is history-dependent of the inventory.
Fortunately, Plambeck and Zenios [38] provides a general framework for analyzing a
dynamic and stochastic decentralized system within the principal-agent framework.
For our two-period dynamic model, we plan to solve the buyer’s problem in a two-step
backward logic based on Plambeck and Zenios’ framework [38]. The solution proce-
dure is summarized as follows: In the first step, given (); > 0 and (2 > 0, consider
the supplier’s each possible effort strategy and find a minimum transfer cost scheme
that implements the supplier’s best-response effort strategy. In the second step, the
buyer induces the supplier’s best-response effort strategy by using the transfer scheme
derived in step 1, and then maximizes his expected profit by choosing the optimal in-
duced effort strategy and the optimal order policy. The analysis from the first-step
will generate expressions for the per-period transfer cost to the buyer for inducing the
supplier’s effort strategy. If the per-period transfer cost is the same at each period,
then a standard dynamic-programming recursion will be used to solve the buyer’s
problem.
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5.2 N-Period Extension

There are very few papers dealing with the N-period extension of the problem con-
sidered in this chapter, but Bolton and Dewatripont [5, Ch. 10] and Laffont and
Martimort [28, Ch. 8.2] provide useful starting points for analyzing simplified ver-
sions of the problem with few periods and two effort levels; our goal is to extend
their results to multiple periods and continuum of efforts. It is also worth mentioning
Plambeck and Zenios [38] who provide a valuable modeling framework for analyzing
a dynamic and stochastic decentralized system within the principal-agent framework.
We believe the N-period extension of the single-period model presented in Chapter
3 is important and challenging, and plan to study it based on Plambeck and Zenios’
framework [38] as our future goal.

Note that another possible extension is to consider a continuous-time frame-
work of the buyer’s problem presented in Chapter 3. Sannikov [41] provides a good
starting point for the use of continuous-time framework for moral-hazard problem.
Under certain assumptions, we believe that the continuous-time framework will sim-
plify the analysis of finding the optimal solution and provide insightful implications.
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