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In this thesis, we are concerned with the outstanding
problem of overbinding of a A particle in the spin-isospin
saturated nuclear medium. The suppression effect in nuclear
matter due to the repulsive core has been examined carefully
and the single-particle-energy spectrum of the A particle is
then derived.. The two-channel formalism which takes account
of the IA conversion explicitly is used to study the binding
of A in nuclear matter and in AHeS. With phenomenological
AN interactions which fit thellow energy scattering data, it
is shown that in this formalism the experimental binding

energy of AHe5 can be reproduced.
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CHAPTER I

INTRODUCTION

§1 Motivation

The classification of the fundamental particles
within the framework of the SU(3) symmetry or the "eight-
fold way"is now well established. Accordingly, the proton
(p) and the neutron (n) belong to the octet which consists
of p, n, A,2¥,27,5°, =~ and =°. The proton and the
neutron are referred to as the nucleons (N) while the rest
of the particles in the octet are referred to as ﬁhe hyperons
(Y). The SU(B) symmetry implies that these eight particles
are basicaliy of the same nature. As the interaction among
the nucleons is strong enough to form a bound state, namely
the atomic nucleus, then it is only natural to expect that
the interacctions among members of the octet may also be strong
enough to bind them together, provided the SU(3) symmetry
holds or at least it is not strongly broken. Such systems
are called hypernuclei. The earliest experimental evidence
for the existence of a hypernucleus was fevealed in a photo-
graphic emulsion which had been exposed to cosmic ray radiation
at high altitudel. Since then a number of hypernuclei con-

taining one or two A particles have been identified and their

1



binding energies determined. 1In this thesis, we confine
ourselves to those which contain only one A particle.

There are at least two motivations for studying
hypernuclei. Firstly, we want to understand the basic
features of the AN interactions, as a natural extension of
the studies of the NN interaction. Secondly, we hope
to get some new insight into the structure of ordinary nuclei
by examining how the nuclei are influenced by the addition
of one or more A's. Although the A particle is similar to
the nucleon in many respects, they are still distinctly dif-
ferent from each other. There is no Pauli principle acting
between A and N. Also A is neutral and thus the Coulomb
interaction does not come into play in the AN system. All
these features make A a convenient and effective means to
probe the structure of the nucleus.
§2 Experimental Baéis and Theoretical Calculations in

Hypernuclear Physics

A hypernucleus which consists of a A particle and
an s-shell nuclear core is called an s-shell hypernucleus.
The s-shell and p-shell hypernuclei have been studied extensive-
ly in photographic emulsion for their m-mesonic decay modes;
the binding energies of those hypernuclei are thus determinedz.
In Table I, we list the experimental binding enefgies for
the well established s-shell and p-shell hypernuclei. Here,
xA

the symbol A is used to denote a hypernucleus formed from



the nucleus X; A is the total baryon number of the system
'including that of the A particle. Experimentally no evidence
has been found for the existence of a bound state of An or Ap.
This indicates that the two-body AN interaction is not strong
enough to form a two-body bound state.

For simplicity, theoretical investigations in the
past have been done mostly on the s-shell hypernuclei3’4.
There, the AN interactions involved are mainly in the relative
s-state for thens—shell hypernuclei; thus it is possible to
link the AN interactions directly with the low energy AN
scattering parameters - the scattering lengths and the effective
range - which are now available experimentallys., As for the
p-shell hypernuclei, one requires a knowledge of the p-state
interaction which is only vaguely understoods.

In nuclear physics, studies of the deuteron and other
bound states of'nucleons provide valuable information on the
nature of the NN interaction. Likewise, we may try to under-
stand the AN interaction by analyzing the s-shell hypernuclei.
In fact, before the AN scattering data were available, the
s-shell hypernuclei were the only source of information on
the AN interaction3. A most extensive analysis in this respect
Was carried out by Herndon and Tang4. Using a potential of
exponential type, they found that the binding energies of
the s-shell hypernuclei, except for AHes, can be fitted by

a two-body AN potential with a hard core. Their potential



parameters de not leaa to a two-body AN bound’state; thus
it is consiztent with the experimental findings. However,
the potential reveals a peculiar feature, i.e. the calculated
‘binding energy of AHe5 was too large as compared with the
experimental value.

Recently, some experimental data became available
for the AN scattering. A natural approach is to set up
phenomenological potentials which fit these data, and then
calculate the binding energies of various hypernuclei. 1In
setting up phenomenological AN potentials, we can be

88 which have

guided by some meson theoretical considerations
proved to be quite successful in the case of the NN interac-
tion.

For the NN potential, its long-rangé part is dominated
by the one-pion-exchange potential (OPEP). As the inter-
particle distance becdmes shorter, exchanges of two or more
pions and alsd heavier mesons such as n, w etc.vwill be im-
portant. The most significant difference between the NN and
AN forces is, perhaps, that the latter has no OPEP tail. This
is due to the charge independence of the strong interaction.
Hence the long-range part of the AN potentials arises from
the two-pion exchange. Thus we expect that the range of
the AN potential is shorter than that of the NN potential.

With the above consideration in mind, one can set up

phenomenological AN potentials with a "reasonable" range and



then adjust the rest of the potential parameters so that the
available scattering data can be reproduced. In this approach,
one finds that the theoretical calculation of the binding
energies of the s-shell hypernuclei are again consistent with

the experimental value except for AHes. The calculated

binding enexrgy of AHe5 in the literature falls into the range
from about 6 MeV to 9 MeV, but its experimental value is
3.08 + 0.02 MeV. This discrepancy between the theoretical
and the expefimental binding energies of AHe5 has provoked
many speculations on the peculiar nature of the interaction
between or ambng A and nucleons. Before delving into a de-
tailed discussion on this problem, we shall digress for a
while and discuss another interesting problem which is inti-
mately related to that of AHes; this is the so-called A-
'particle well depth which is in fact the ground state energy
of a A particle in nuclear matter.
§3 Overbinding of a A Particle in Nuclear Matter and Also
in‘AHe

Nuclear matter is an infinite system conSisting of
an equal number of protons and neutrohs interacting via the
nuclear forces. Such a system closely resembles the central
part of a heavy nucleus. Because of the translational in-
variance, the single-particle wave functions in nuclear matter
are just plane waves. This makes theoretical calculaﬁion very

simple. Of course, nuclear matter is an idealized physical



system. The "experimental" binding energy of a A particle
in this system has been estimated by extrapolating the

bhinding energies of the known hypernuclei7’7l;

this is the
same process used to estimate the nuclear binding energy of
nuclear matter.

There are essentially four methods used so far for
theoretical calculations of the binding energy of a A particle
in nuclear matter - namely: (i) the ordinary perturbation
theory which is a series expansion in the strength of the
potential, (ii) the Brueckner-Bethe-Goldstone G-matrix
approach which replaceé an infinite sum of diagrams by the
reaction matrix, (iii) the variational approach of Jastrow
which introduces a correlated form factor in the wave function
for all possible particle-particle interacting pairs, and (iv)
the Green's function approach which introduces 'a propagator
at each stage of interaction. Whichever approach is used, it
is found thét a simple central potential which is in confor-
mity with the low energy scattering data and/or the binding
energies of the s-shell hypernuclei always yields a A-particle
well depth of about 50 MeV or more; whereas the extrapolated
experimental well depth is 27 = 3 MeV7'7l. Thus, just as is
the situation for the binding of AHes, we are confronted with
the overbinding of a A particle in nuclear matter.

Since the helium nucleus and the nuclear matter

resemble each other in that their spin and isospin are both




zero, the overbinding of a A particle in these systemé may
result from the same causes. Then any effective means to
‘suppress the nverbinding for one of the systems might be
equally effective for the other. There are various proposals
to account for the overbinding.: (i) The ténsor force should
be included in addition to the central force. (ii) A repulsive
core may be essential in the AN interaction. (iii) The ef-
fective AN force may depend on whether the nucleon is in

the free space or it is in a spin-isospin séturated system.
(iv] The three-body ANN forces or other many-body forces may
set in. (v} The rearrangement effect in the nuclear medium
may be importaht because of the presence of the A particle.

As noted before, the long-range part cf the AN force
will be dominated by the two-pion-exchange potential, which
has been shown to be almost completely centralgo. Hence the
tensor force in the AN interaction can arise only from ex-
changes of X-meson and heavier bosons. However, the strong
tensor'component of the NN force arises from the OPEP4O.
Consequently, the range of the tensor component of the AN
force will be mﬁch shorter than that of the NN force. The ef-
fect of such a short-range AN tensor force 6n the s-shell
hypernuclei were considered by Buxton and Schrillsg, and Law,
Gunye and Bhadurilo; and that on the A particle in nuclear

matter were investigated by Mueller and Clarkll, Bodmer and

Rotel?, and Goodfellow and Nogamil3. All these calculations

indicate that the suppression effect due to the tensor forces




is very small.

As for the repulsive core, its suppression effect
has been analyzed by Herndon and Tang4, and Ram and Jamess.
Their resulits show that the suppression due to the repulsive
core is much more important than that due to the tensor force,
but it is still not large enough to resolve the problems
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of overbinding in AHe or of a A particle in nuclear matter.

The isospin suppression effect was first pointed
out by Bodmer and his collaboratorslz'l4’15. In an isospin
saturated sysﬁem such as AI-Ie5 or a A particle in nuclear
matter, the isospin of tﬁe ground state is I = 0. A very
large excitation energy is required to attain the next excited
energy level with I = 1. For example, the first excited state
of He4 is about 20 MeV above the ground statels. Hence, the
process AN+IN available in the free scattering is suppressed

in the reaction:

*
A+ He4 - L + He4 .

*® .
Here, He4 is the excited state of the helium nucleus. Accor-

14, the triplet scat-

ding to a procedure suggested by Bodmer
tering length in an isospin saturated system should be 20%
less than that in a free AN system. As a result, the binding
energy of AHe5 is suppressed by about 2 MeV17; Thus this is
an appreciable effect.

It would be nice if we could understand every physical

system just through a simple model based on two-body interactions.




However, two-body forces alone do not seem adequate to pro—'
duce the required suppression in the binding energies for
either AHe5 or a A paiticle in nuclear matter. Inevitably,

one has to examine the effect of many-body forces. According
to the meson theory, all interactions are mediated by the
exchange of mesons. For a system with three or more funda-
mental particles, the mesons emitted by each pair of particles
may lose their memory on their parent particles and the mesons
may wander around to form a meson cloud. Certainly, this is

a special feature of a many-particle system.. In addition, the
mesons themselves can interact strongly to émit another chain
of mesons. The interaction picture will become more and more
complicated in this fashion, and one has to resort to some
kind of feasible approximation. Thus far, only simple models

18’19. It is difficult

of three-body forces have been developed
to draw any clear-cut conclusions about the effect of the
three-body ANN forces, because it depends on the cutoff of the
potential, the NN correlations and also the specific choice
of particular diagrams of interaction. The best estimates
are that its suppression in the binding of AHe5 is likely to
be 1.5 to 3.0 MeVl7'19'20.

To separate a A particle from a system of nhcleons,
the energy reguired may not be equal to the A single—partiéle
energy which we have derived from the energy spectrum of A

in the energy denominator of the Bethe-Goldstone equation. In the

absence of the A particle inside the nuclear medium, there is
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a possibility for the nucleons to rearrange themselves to an
energetically more favorable state and this will result in a
release of the so-called rearrangement energy. The re-
arrangement effect for pure nuclear matter was estimated to be

89

about 10 MeV ~. An effect of almost the same order of magnitude

for a A particle in nuclear matter has also been indicated by

the works of Dabrowski and his collaborators78’79.

§4 Scope of the Present Work

The purpose of this thesis is to present a systematic
study of the binding mechanism of a A particle in a nucleus,
by using simple model potentials for the hyperoh;nucleon interac-
tion. The focal point of our analysis is the outstanding
problem of the overbinding of A in AHe5 and in nuclear matter.
Fof the hyperon-nucleon interaction, we assume nonlocal
éeparable potentials of the Yamaguchi type21 whose simple forms
greatly facilitate the treatment of a many-body system.

We shall carry out a detailed analysis on the well
depth of a A particle and also on the binding energy of a A

particle in He5 by the use of the so-called two-channel

A
formalism (TCF). Within the framework of this formalism, it has

been illustrated by Nogami19

that the isospin suppression effect
and the ANN fcrces may be attributed to the same mechanism.

Thus the TCF is very efficient in dealing with the problem of
overbinding. The underlying idea of the TCF will be discussed

in connection with the analysis on the AN scattering in Chapter




II.

i1

Since there are several methods to handle the many-

body problem, we shall outline the essence of each method in

Chapter III. Bishop's claim of the superiority of the Green

function method over the Bethe-Goldstone method will be

critically examined. In addition, the self-consistency problem

on the energy denominator will be

clarified.

In Chapter IV, we shall study the suppression effect

due to a repulsive core in the AN

interaction. At the same

time, the single-particle-energy spectrum of a A particle in

nuclear matter is extracted from a self-consistent calculation.

The validity of various approximations such as the energy-gap

approximaticn and the effective-mass approximation will be

examined. As for the suppression
sive core, we find that it can be
binding energy of a A particle in

The two-channel formalism

VI to study the binding energy of

due to the short-range repul-
as large as 10 MeV for the
nuclea£ matter.

is employed in Chapters V and

a A particle in nuclear matter

and in helium. In this formalism, the suppression of the well

depth in nuclear matter due to the IZIA conversion is found to

be about 15 MeV. As for the binding energy of AHes, we are

able to produce its experimental value with some of our model

potentials. This is indeed a prime success of the two-channel

formalism.



Table I

Experimental binding energies of A particle

- Hypernuclei Binding energy (MeV)
Aﬁ3 0.06 + 0.06
AH4 2.02 + 0.05
AHe4 2.31 + 0.03
AHe5 3.08 + 0.02
Angs 4.28 + 0.15
i 5.56 + 0.06
ABe7 | 5.09 + 0.12
REN 6.80 + 0.05

'ABe8 6.81 + 0.07
i 8.25 + 0.13
A3e9 6.63 + 0.04
° 8.62 + 0.20
ABll 10.19 + 0.10
AB12 11.06 * 0.10
ol 11.32 + 0.15




CHAPTER 1II

ON THE AN SCATTERING

§1 Introduction

In order to understand fully the mechanism of
interaction between particles, we have to study the interac-
tion of the particles when they are at a distance, i.e.
the scattering in free space, as well as when they are in a
. bound state if it exists. Normally, fhe interaction poten-
tial of a two-particle system is derived from scattering
phase shifts. Its validity is subject to a further test on
its ability to reproduce physical quantities such as binding
energy, excited state energies, magnetic moment etc. of a
system of particles. Unfortunately, the phase shifts at very
high energies are generally not known. Thus a potential
derived in this way is not based on the entire knowledge of
phase shifts and hence is not devoid of ambiguity. However,
even if the phase shift is known for all £he energies, exten-
sive works on tihe potential scattering theory reveal that the
potential is still not uniquely determined84.. Therefore, a
check_on its consistency with other information is always
essential.

Thus far, the phase shift analysis has been applied

most extensively in the studies of nucleon-nucleon forces.
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The phase shifts for the NN scattering are known in the labora-
tory energy up to about 350 MeV. There are now several sets of

"realistic" potentials, such as the Hamada-Johnston potentialel,

82 and the Reid soft-core potentia183, that

the Yale-potential
can reproduce these scattering data. As for the AN scattering,
only scanty scattering data in the centre of mass momentum range
110 ~ 330 MeV/c and a few more at higher momenta are available.
These data are sCarcely enough to determine the low energy
scattering parameters: the scattering length and the effective
range.

Currently, there are two sets of experimental data
available for the AN scatterings’ss. Analyses were done using
the s-wave scattering cross-section

37
1 2,2,12
+ 2- rtk ) ‘+‘k

c(Ap) = z +
- L+ 3 kB2 (- é-t-
S

et Tg and r, are the singlet and triplet scattering

lengths and effective ranges, respectively. The best parameters

where as, a

obtained by Alexénder et al.6 are

a = —108 fm H a = _ll6 fm
s ! t (I1-1)
rs = 2.8 fm F r, = 3.3 fm
and that by Sechi-Zorn et al.ss are
a_ = -2.0 fm ; a, = -2.2 fm
S t (II-2)
rs = 2,8 fm H rt = 3.3 fm
where 1 fm =A10—13 cm.
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As was pointed out by the experimentalAgroups themselves

25'26, there is a large ambiguity concerning the

.and others
experimental values of the scattering parameters. This

_ ambiguity can be removed if the AN scattering éxperiment'is
done with polarized A particles so that the singlet and triplet
interactions can be analyzed separately25'27.

In our analysis on the AN interactioﬁ, we shall take
the set of parameters given by Alexander et al.6. Since these
parameters are nearly spin independent, we shall'use their spin
average a and ;o such that the total scatteringvcross-section
o and its derivative with respect'to the energy E, g%v, at E =0

remain the same. Thus, we have the relations

-2 1 2 . 2
a® =7 (as + 3at)

-3, = _ 1,3, _ 3,
a (a-ro) = z{as(as rg) + 3ag(ag rs)}
which yield
=-1.6523 fm

Wi
]

(I1-3)

all
]

3.1717 fm .

Now, we c#n try to relate these parameﬁers to the
potential parameters. A phenomenological potential is then
established. The various potentials that we use to analyze the
A-particle binding energy in nuclear matter and also in AHe5
will be derived in Chapters IV and V. Meanwhile, we shall
discuss some general aspectgof the AN scattering in the one-

channel formalism and the two-channel formalism.
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§2 One-channel Formalism

When the only open channel in a scattering process is
the entrance channel, we can work within thée framework of the
so-called one-channel formalism where the wave funétion‘consists
only of a single component. The studies of the AN scéttering
in this formalism do not include the inelastic processes expli-
citly.

For the potentials used in this thesis, we assume that
they are represented by nonlocal separable potentials so that
the scattering problem is greatly simplified. Now the Schroédinger

equation in momentum space takes the form

2 2

kK Rk N P )
Fp - @y @ J <p|V]p'>¥"(p')d’p (II-4)
where u is the .reduced mass; and the separable potential is

taken as:

<p|vlp'> = - rg(p)g(p") (I1I-5)

Here, A is the strength of the potential and g(p) is called

a form factor. Unless otherwise specified,'the units

M =c =1 will be used. If g(g) is a function of the magni-
tude of the relative momentum P only, we will show later that
the scattering amplitudebis spherical symmetricr' Thus we are
in effect considering‘an s-wave interaction.

By imposing appropriate boundary conditions, the

scattering solution of (II-4) can be written as
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Vo) = ¢ (p) + fﬁ—z%”T‘ <p|Vvlp'>vFpnadpt  (11-6)
: k“=p“+ie | ~ 7 ST
where ¢k(g) = G(E-E) corresponds to the incident plane wave

with momentum k and € is a positive infinitesimal just to ensure
an out-going scattered wave in our final solution.
According to Lippman and Schwingerza, the T-matrix

is defined as
<p|T|k> = <¢p|v|wk> . (II-7)

Now, we can use either the Lippman-Schwinger equation
TeV+Vasio—1 (II-8)
E—Ho+1e

or (II-6) directly to obtain 3
| <p|V|p'><p'|T|k>a"p'

2

<p|T|k> = <p|V]k> + 2u f (I11-9)

(k%-p'%+ie)
where E is the energy of the system and H is the kinetic
energy part of the Hamiltonian operator. This integral eguation

is readily solved by introducing an auxiliary function

g(p')<p'|T|Kk>a’p! |
X = = ) 5 - (I11-10)
k“=-p'“+ie
We obtain finally from (II-9) and (II-10)
Ag(p)g (k)
<p|le> = - m (II-ll)
where
© - 2 g% (pyap
J = u e .
kz—p2+ie

The scattering amplitude f(k) and the phase shift § are re-
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lated to the T-matrix by the following expression:

£(k) = er¥sins/k

¢

4k |T|K>

4n2Ag(5)2/[1 + AT (K) ] (II-12)

Thus it is independent of the scattering angle if g(E) = g(k).
In this case, we have picked up a purely S—Wave scattering
amplitude.

Now we can relate the scattering length a and effective

range r by the relation

kcot8 = -~ % + % rokz + eeee (II-13)

For simplicity, let us take the Yamaguchi-type 21‘fc_n:‘m factor:

1

glp) = -
p2+62 (II-14)

then we obtain
2 ,2

k) = arfug o) 21525 - ik]

and finally (1I-12) and (II-13) yield

3 .
1 B8 8
-= = (l - ) (II-lS)
a 2 2n2uA
' 3
= 1 B -
r, =37 (1 + m) (Ix-16)

Since the Fourier transform of g(p) gives

-fr

J a®p g(p)e’B L s
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we shall interpret 1/8 as the range of the potential. The
‘strength A and the range 1/8 for the AN scattering may how'be
detérmined by combining the results of (II-2), (II-15) and (II-16).
Here the'fitting of the potential parameters is done
phenomenologically and only the low energy scattering phase
‘shifts have been taken into account. However the high-energy
behaviour of the phase shifts is important if we want to get
a more realistic potential from the scattering data. In fact the
off—the-energy-éhell matrix element of the scattering ampli-
tude can be quite different for potentials with different |
phase shift behaviour at high energies. This poses a serious
problem in the studies of interaction potential by a phenomeno-
logical approach because thevoff—the-energy-shell matrix
element is essential to determine the bound state properties of
a many-body system,
Of course, there are many other fundamental problems
in the analysis of potential scattering, even_if the experimental
phase shifts are known to all energies. It is known that phase
shift alone does not guarantee a unigue potential. However it

84 provided we restrict

is possible to obtain a unique potential
ourselves to a one-term nonlocal separable potential. The
procedure to deduce a potential in this fashion is called

the inverse_problem. A general discussion of the inverse
problem for a nonlocal separable potential may be found in the

works of Tabakin84.
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§3 Two-channel Formalism

The discussion of the AN scattering is incomplete if
We ignore the inelastic processes AN e—;e IN which involve a
mass difference of about 78 MeV. Even if thé AN system is
at an energy well below the IL-production threshold, the virtual
processes could play an important role because the form of the
AN scattering matrix will be modified by these processes.
In order to take into account the IN channel, we

have to introduce a two-component Schrodinger equation29'3°:

(6 + V)Y = E VY (II-17)

where ¥ is a two-component wave function which will repre-
sent the mixture of AN and IN components ih the system. T
consists of the kinetic energy operators of AN and IN and the
potential V contains diagonal as well as nondiagonal terms.
The diagonal terms VAA and VZZ are responsible for the pro-
cesses AN -~ AN and IN -+ IN respectively, and the nondiagonal

term V converts a A into a I and vice versa. To be more

AT
specific, we write

(Y
= | A

\1)4

{ z

[ v 2

oA 0

A T, O 2u )
T = = \7z

\
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and

v v

AA Az

V= v
Ven Viz)

where yu, = MM/ (M, M) Hy = MEMN/(M2+MN) and My is the
mass of the I particle. It is now possible to write (II-17)
as two coupléd equations:

Tsby + (Vgp = Bplyy = fvawA : (I1-18)
ahd

Tava * Vap — By = Vg (II-19)

where EZ andEA,are the energies of the IN and AN systems.

Conservation of energy requires that

31 have

Below the I-production threshold, Fast et al.
shown that‘oné can obtain an effective one-channel potential
for the AN system. To see the effect of a two—éhannel poten-—
tial, we shall derive such an effective one-channel potential.

From (II-18), we get
Yo = =Ty + Voo = Eo) SV, ¥, «
r T TV L% X TAYA C
Substituting this into (II-19), we obtain the effective one-

channel Schrodinger equation

(T + Vad¥p = Eg¥y (I1-20)
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where

Vi =V

AN = Vanm Vag (Tgp + Vgp - Bp) Vg, . (II-21)

Let us introduce the free-particle Green's function

_ _ -1
Gy = (T; - Ej)
Thén we have the following expansion:

Consequently we can interpret the effective interaction VAN
in terms of a famiiy of Feynman diagrams., The graphical
representation of this effective interaction is shown in Fig. 1.

Here, the over all AN interaction is represented by a blob and

i N & N A N A N
A A A A [} A A A
2¥a%a e
’ Ol z
aqp = -4 +: T N
~ z v
B e A
4 A 4 A A A * ' 4
A N A N A N A N
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a dashed line is used to include interaction of AN other than
the process of the AZ conversion. In addition we have used a
wavy line to represent the interaction which causes the AL
conversibn as well as that whichrgives rise to the elastic IN
scattering.

For a A particle ‘in a many-body system, such as
nuclear matter, (II-22) is slightly modified. The effective

OCF (one-channel formalism) potential VN becomes

V,. = 2: v (i) ->: viBe v o 5 vWe vl o L (11-23)

N . L°ZA

A | AA AZ 2 ZA i3 AZ

where the superscript i is to identify the nucleons with
which the A or I particle is interacting. The first and the

second term are just interactions involving two-body forces but

a three-body ANN force appears in the third term. The various

A N's )y N A N N, A N
A S S S R
NNANN NN
= -1 +2 + T+
a¥a"% NN
A R S S N S
A N's A N A N N A N

(a) (b) (c)

Fig. 2
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interactions are shown graphically in Fig. 2. In fhis
diagram we use a heavy line to represent the many-nucleon
system. We see, therefore, from Fig.‘2 how a three-body»ANN
force comes into play in an effective OCF potential. Figs.
2(b) and 2(c) contain new features of an OCF potential derived
from a two-channel formalism. They serve as correction terms
to the normal OCF potential where only the A particleAappears
in the intermediate states.

| Let us examine the second-order term of (I11-23) more
closely. From the field theoretical point of view, we have to
incl@de the isospin of the nucleon in the representation of
The modifications are as follows:

\'/ and V

AZ A
(1), g Dy
VAZ + ALt /V3
and
v T(l).z Av(l)//g
7
where K - K+ and E, §+ are the annihilation and creation

operators for A and I particles respectively ; and E(l) is

the isospin of the ith nucleon. With this in effect, the second

term of (II-23) remains the same but the third term becomes

"%‘ZI
i#]

(1) __(3) (1) (3)
T Vs GyVsi

where we have omitted the annihilation and creation operators.
For an isospin saturated system such as He4 or nuclear matter,

the ANN force contributes only from the exchange term because
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expectation value of I(i)-z(j) vanishes for the direct term.
Therefore we have a repulsive ANN force which is essential for
getting the suppressive effect that we are looking for.

| We have seen, therefore, that the twé-chanhel formalism
includes in essence the three-body forces. We shall use this
formalism in our studies on the binding of a A particle in
nuclear matter and also in AHes.

Of course there are other three-body forces which

*
result  from intermediate states involving Y, (1385) etc. One

particular diagram is shown in Fig. 3. The contributions from

N A N
A A A
A/ NN
*
IAAAN]
A A A
N A N

Fig. 3
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the various types of three-bbdy forces may be estimated by‘
Calculating the S-matrices of the corresponding Feynman diagrams;
the Feynman rules fqr evaluating the S-matrix can be found in
the works of Miyazawa, Fujita and MiyazaWa32.A.In particular,

one cah calculate the contribution from a two-pion or a three-
pPion exchange potential of the three-body ANN force. This

has already been done by Bhaduri et‘al. and Loiseau20 in a
‘static approximation. For the binding of AHes, thei; findings

show that as much as 3 MeV suppression can result from the

twc—pion—éxchange.three body ANN forces.



CHAPTER III

MANY-BODY PROBLEMS

§1 Introduction

The treatment of many-body problems ih a finite
system has enéountered many technical difficulties. In par-
ticular, it is by no means simple to obtain the exact wave
functions of the system and hence a knowledge of the éxact
correlation of the particles is normally not available. Con-
Sequently, various models and approximations have been in-
troduced. For example, we may like to study.the central
portion of heavy nuclei. It will consist of almost equal
number of neutrons aﬁd protons which are distributed uniformly
inside the nucleus. A generalization of this configuration
of the nucleons leads to the concept of nuclear matter.

Nuclear matter is defined as a system containing
equal numbers of neutrons and protons which fill the infinite
space with uniform density. The normal density of nuclear
matter is taken to be 0.17 nucle'ons/fm3 which yields a Fermi
momentum kp = 1.36 fm L. Of course, we have to switch off
the Coulomb force. Otherwise a configuration of nucleons
with mass numker much larger than 200 will be unstable.

The many-body problem of an infinite system such as

nuclear matter has some very simple characteristic features.

27
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There will be no surface éffect, and translatiohal invariance
of the system implies that the single-particle wave functions
are just plane waves. We can then hse the meﬁhods described
in Sec. 3 of this.chaptei to calculate the physical properties
of the system. -

Although our works will be guided by those on pure
. nuclear-matter calculations, we will not study nuclear matter
as a problem by itself. 1In fact, we assume that it has been
solved by pure nuclear-matter calculations. ,Ouf main concern
will be to investigate theé nuclear-matter system with an imbedded
A particle. We hope that the studies of this hypothetical
system will provide further information on the basic AN in-
teraction as well as the many-body effect in finite hypernuclei.

The experimental basis of such a systeﬁ will be dis-
cussed in Sec. 2. We show that the binding energy of a A
particle in nuclear matter is around 30 MeV. In Sec. 3, we
present various approaches'to the many-body problems. It is
interesting to examine the relation between the Bethe-Goldstone
approach and the Galistsgii method. Recently Bishopso-has
claimed that‘fheSe two methods are not egquivalent. However,

we shall show that they are essentially the same.

§2 Well Depth of a A Particle in Nuclear Matter
The Weizsacker semi-empirical mass formula can be used
to deduce  the binding energy of a nucleon inside nuclear matter,

but for a A particle in nuclear matter an equivalent formula
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is not available to extrapolate its binding energy. To circum-
vent the difficulty, we make use of the foilowing simple
physical property of this A particle system. Since we are
éonsidering iny one A particle inside the nuclear medium and
besides it is distinguishable from the nucleons, the lowest
energy level available for the A particle will be at k, = 0,
where kA is the momentum of the A particle. Thus for the
~ground state, the A particle will stay at the bottom of the.
potential generated by the interaction of the A particle

with nuclear matter. Therefore, its binding energy is just
eqﬁal to the well depth of this potential. Based on this
observation, one can invoke the following procedures to extract
the binding energy of a A particle in nuclear matter.

One may try to reéroduce the binding energies of
various known'hypernuclei by using a model potential for the
~A-nucleus interaction. The well depth of this model potential
for a very large nucleus will then be identified as the A
particle binding energy in nuclear matter. The procedurés,
which have heen used in the literature, are based mosﬁly on the
assumpticn that the range of the AN potential is much smaller
than the radius of the nuclear core and the shape of the
potential will therefore vary roughly according to the nuclear
density.

Let us consider first the model of Walecka>d. Here,
we assume that the depth of the potential well is independent of

the mass number and the adding of extra nucleons into the system
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only causes the increase of the range of the potential, R,

which is given by
R =.I°(A-l)l/3

where A is the total mass number including that of tﬁe A

particle; and rob= l1.12 fm is a size parameter determined from
the electron scattering of atomic nuclei such that 3/(4ﬂr03)
.gives the average nucleon density35. By so doing, weé have

~generated a square-well potential and the binding energies

of the hypernuclei will be given by34

2.-2/3
EA) =D, + =2 "~ (1 -243) (III-1)
A oM, r 2 s s®
‘ A¥o
where § = [2r°2A2/3MAE(A)]l/2. This equation was employed

by Lagnaux et al.7 to analyze the T-mesonic decay of the spal-
lation hypernuclei resulting from the K capture 6f silver and
bromine in nuclear emulsion. The events which they observed
correspond to the hypérnuclei with mass number 40 < A < 100.
The energy released by the process of m-mesonic decay could
then be used to calculate the binding energies of these hyper-
nuclei. The best fit to their experimental data yields

D, = 2713 MeV. A refined experimental analysis by Lemonne

71

et al. gives D, = 27 £ 1.5 MeV.

It is also possible to extract the value of DA by
studying the family of the p-shell hypernuclei®r14:25,36,38
In this connection, the A particle is éssumed to move in a

Wood-Saxon potential well:
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V%rA) = = Vo/[l + expf;A—Ro/ng

It is found that the binding energies of the family of the p-

shell hypernuclei can be fitted by.the following parameterszs=

30.0 MeV

<
]

=
]

1.08(a-1)1/3 fm

S = 0.50 fm .

Thus the extrapolated well depth is D, = 30.0 MeV which is
slightly higher than the value obtaihed from the studies of the
spallation hypernuclei with 40 < A < 100.

In the methods presented above, we have assumed
that the shape of the potential folléwsAroughly the nuciear
density. Hence, the uncertainties in the shape of nucleon
distribution will in turn affect the uncertainties in the shape
of the potential of A particle interacting with the nuclear

core. Recently Downs and Kunz>>

estimated these effects by
considering the hypernuclei with A = 45490. They found that
the well depthvshould lie within the range of the values given

below:

27 <D < 35 MeVv .
This is a rather large uncertainty. 1In addition, if three-body
forces are important,which may well be the case for ANN
system, the A-nucleus potential may not be well represented by

a Wood-Saxon shape19’4l. Furthermore, it has also been pointed
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out by Bhaduri et al.41 that the present extrapblation'pro—

cedure depends on the smoothness of the curve E(A) as a func-
tion of A-2/3. In fact, because of the spin and isospin de-
pendence of the AN force and the presence of ANN forces, the
curve may hot be very smooth for the p-shell hypernuclei.
Explicit calculations including ANN forces on heavier hyper-
nuclei ASJ‘.z9 and ACa4l show that the binding energies lie far
below the extrapolation curve of the uniform model.
Currently, most of the estimated well depths are
around 27 + 3 MeV. As a basis for our theoretical investiga-

tion, we will accept this value as the "experimental" binding

energy of a A particle in nuclear matter.

§3 Methods of Calcﬁlation in Many-Body Problem

Our analysis on the problem of a A particle in
nuciear medium has benefited by the extensive works so far
done on pure nuclear matter. The techniques of calculation
for nuclear matter can be employed to study the well depth -
for a A particle. Of course, here the A particle is distinct
from the nucleons and the eigen-state of each AN pair néed
not be antisymmetrized.

Before we proceed to calculate the A-particle well
depth; we shall discuss briefly the following methods that
are available in nuclear matter calculation: (a) Rayleigh-
Schrodinger perturbation theory, (b) Brueckner taeory,

(c) Jastrow correlation approach, and (d) Green's function
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method of Galitskii and Migdal??.

(a) Rayleigh-Schrddinger perturbatioh theory

The Rayleigh-Schrodinger perturbation theory is one
of the simplest of all perturbation theories. The -
method is valid. . on the assumption that the interaction
potential is weak. To see this, we will work out the pertur-
bation expansion of this theory up to the second order.

Suppose the Hamiltonian H of our Schrédinger equation
can be separated into two parts |

Ho=Hy +Hj | (111-2)
and
H]wo> = Eo[wo> S (III-3)
where l?o> is the exact ground state wave function and E_ the
~ground state energy of the total Hamiltonian. The unperturbed
Hamiltonian Ho is chosen to have simple form so that its

Schrodinger eqguation can be solved exactly to yield

Ho|¢n> = Wn[¢n> (I1I-4)
where [¢n> is the eigen-wave function of the unperturbed
Hamiltonian with' the corresponding eigen-value Wn. As usual,
the state with n=0 will be taken as the ground state. To

keep track of the order of perturbation, we introduce the

parameter Ao into the Hamiltonian, so that
H = Ho + AoHl

and A will eventually be set equal to 1.
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The perturbed wave function and energy level will

now be written as

|W°> - |¢°> + Ao|wl> + A°|W2> + o,o

th order correction to the wave

where ]?i> and A; are the i
function and the energy respectively. Substituting (III-5)

into (III-3) and comparing terms of every brder of the expansion
coefficient Ao we get'

<o |Hy o ><o, [H o>

Wo - Wn

+ e (IiI—e)

. N ]
E, = Wy + <¢O|Hl|¢°>v+ ﬁ

where the priﬁe over the summation symbol is to exclude the
~ground state from appearing in the intermediate states.

From (III-6), we can obtain the A-particle well depth
by considering just the contribution from the AN pairs.
Assuming that Ho contains the kinetic energy part only, the
'ground state of a A particle in nuclear matter will then be
'giVen.by

[ ] 1 [ [ ]
<kyky [Hy [kykp><kyk, [Hy [kyk ;>

TR : ' N

.‘_
)

D,= - T <K K, |Hq|kyk,>= .
A NTATLIITNTA < > ' v _
‘ <k . k kF'kN kF WN + WA WN WA

+ ceene (X11-7)
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where kyp is the Fermi momentum of the nucleons; Wy and W
are the single-particle energies of the nucleon and A reépec-
tively; and |kyk,> is the product of plane waves for the
nucleon and_A‘pérticle with linear mome.ntumvkN ‘and kp. 1In
arriving at (III-7$, we have used the fact that kA =‘0 for
the ground state of the A particle, therefore thé term, Wo'
corresponding to the kinetic energy does not appear there.

In the Rayleigh-Schrddinger perturbation theory, the
expansion is one in ~ ‘powers of the matrix
elementé of the potential, and hence the series will converge
rapidly, provided the interaction potential is very weak. In
the caseof a potential with strong repulsive core, the theory
breaks down because the series of the expansigh diverges and
each of the matrix elements tends to infinity when a‘hard
core is used. This imposes a severe restriction on its appli-
cation. Nevertheless, Bodmef and Sampanthaf, and Bodmer and

Rotel?/18

did apply the theory to the problem of the well
depth of a A particle as an illustrative calculation by using

Yukawa potentials.

(b) Srueckner theory and Brillouin-Wigner
perturbation theory

The best known method in nuclear-matter calculation

is based on the Brueckner theory43. Its mathematical foun-
dation is laid by the Goldstone expansion44 which is a linked-

cluster perturbation series for the ground state energy of a
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many-body system. The physical contents of the theory and the
method of calculation have been investigated extensively by
Bethe and his collaborators. Reviews on nuclear matter

45, and the method

calculations are available in the literature
will be discussed briefly in this subsection.

To begin with, we assume that only the two-body interac-
tion is effective and the Hamiltonian for our'many-body system

takes the form

Hs L T, + L V.
i * is<j i

H0+Hl

where

H ; (Ti + Ui)

b

o

H

]

2 V.."ZU..
1 i

i<j ij i
Here, 'I‘i and Vij are the kinetic energy operaﬁcr_and the
two-body interaction potential resPectively. Ui is the single-
particle potential which is chosen in such a way that it may
cancel some of the higher-order terms in the perturbation

series72'73

and thus makes the lower-order expansion a better
approximation.

In a simplified version of the Brueckner theory,
there is a so-called independent-pair approximation in which
each pair of particles is treated_independently70 and the

rest of nuclear matter is supposed not to affect the (virtual)

scattering of the pair. The particles inside the Fermi sea
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will serve only as a background for the interaction of the pair
and their sole effect is to exclude the independent pair from
scattering into the intermediate states with ky 2 kF because
physically all these states are occupied.

Basically, the method is similar £o‘that of Rayleigh-
Schradinger. But instead of treating each term of the infinite
series of ladder diagrams shown in Fig. 4 separately, we sum
the whole series by introducing the Brueckner G-matrix. Here

in Fig. 4, a wavy line stands for G and a dotted line for each

interaction that is induced by a two-body potential V. Formally,

\/\—/

kl k3

__-.—-.—
.
-

3 \\//“3 ky ky
_ | |
= i |
| + ]
.l |
k, K, ko kg

Fig. 4
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the G-matrix is defined by
G=V -V g G (III-9)

where O is the Pauli operator which will ensure that the momenta
of the nucleons in the intermediate states are larger than kF,

and e is the energy denominator which is given by

e = Ho - W (IIIflO)

W is the starting‘energy which will be defined as the sum of
the single-particle energies of the initial state of the pair
of interacting particles. 1In this respect, we say that the
G-matrix is evaluated on the energy shell. This definition of
the»G-matrix is related to the choice of the single-particle
potential U;. We hope that the choice would'result in the
cancellation of some higher-order diagrams. In connection with
the Hartree-Fock variational calculation, we may choose Uy

self-consistently so that

U(k

[} [ !
N =2 <kaN]G|kaN-kaN> (I11-11)

]
kyskp |
where lka§> is the product of the single-particle wave func-

tions of the Hamiltonian Ho'

Brueckner and Goldman72

73

and also Bethe, Brandow and
Petschek found that the third-order diagrams given in Fig.

5 cancel each other if U(kN) is calculated on the energy shell.
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(a) ‘ (b)

Fig. 5

Ofvcourse, there are other third-order diagrams such as those

shown in Fig. 6. However, nuclear-matter calculation done by

‘

Fig. 6

(b)

Dahlblom74

shows that they are unimportant. Since the contri-
bution from the self-energy insertion of Fig. 6(a) is small,
the singie-particle potential in the intermediate state will
be taken as zero in the so-called standard nuclear-matter
calculation. Following this standard procedure, Banerjee.and
Sprung66 have recently carried out a calculation on pure

nuclear matter by using Reid's soft-core potential. Their

analysis shows that the single-particle potential for the nucleon
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with momentum less than ki can be represented by the following

expression:

Utky) = (85.17-12.08 kﬁ) MeV  (ky<kp) (ITI-12)

where the nucleon momentum k. is in fm~t. This single-particle
potential will be adopted throughout our works on the A-particle
well depth.

There are many advantages of introducing the G-matrix in
nuclear-matter calculation. The matrix elements of G are
finite even if we are dealing with a hard-core potential, and
each G-insertion will account for an infinite sequence of lad-
der diagrams of all orders for the two-body interaction, as it
is clearly shown in Fig. 4. Besides, the second-order diagrams
of Fig. 7 are in effect already included in the first-order

diagrams of Fig. 8 by the very definition of the G matrices.

(a) (b) '
. 7 _

Fig.

(a) (b) |

Fig. 8
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Thus there is no second-order diagram in the Brueckner theory.
Furthermore, the single-particle potential U; is at

our disposal so that we can make the third-order contribution

vanishingly small. Therefore a mere consideration of the first-

order diagrams may have its validity well extended up to the

third order. 1In fact, most works on nuclear-matter calculations

are done on the line of the first-order diagrams corresponding

to Fig. 8. The binding energy up to this order is given by

E=3IT + £ <k k_|Glk k_-k k >. (I1I-13)
] mm m,n mn mn nm

N

Since nuclear-matter density in the unit of nucleons/
fm3'is much less than 1, it is justifiable to consider only

the first-order Brueckner-Goldstone expansion45. Indeed,

Day45 has shown that each additional hole line to a diagram
reduces its eontribution by a factor proportional to the nuclear
density. Consequently, higher-order diagrams which inevitably
contain more hole lines are unimportant. |

Enough has been said on the underlying principle of
the Brueckner-Goldstone expansion theory. We shall turn to
the studies of a specific éxample by using the nonlocal separable
potential in which the G-matrix can be solved exactly. First,
let us derive some of the fundamental formulae. Here, the
Hamiltonian is again split into two parts so that H = H, + H,.

v.

Ho is now purely the kinetic energy operator and Hl
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Then
- (III-14)
Hol¢n> wn]¢n>
and

CH|Y > = E01Y0> L (II1I-15)

From (III-14) and (III-15), we have for the ground state

(E=W,) <o, |¥ > = <o [H) ¥ > (III-16)

I1f we choose the normalization, <¢o|wo> = 1, then (III-16)

becomes

E, = W, + <o |Hy|¥> . (II1I-17)

In order to calculate the ground state energy, we have to know
lWo> . From (III-15), we may split the total Hamiltonian to.

get
Hy|¥o> = (E=H_) |¥ > . (I1I-18)

As (Ho—wo)[¢°> = 0, we can rewrite (III-18) to get the Bethe-

Goldstone equation
-H
o o _ 1
I¢o> H -E
o "o

ly > =

H,|¥Y >
o Ho Eo 1o

1
= l¢o> H -E_ {Hllwo> <¢o|Hllwo>l¢o>}
o ©
= |¢.> - o2 H |¥ > | (I11-19)
(o} Ho Eo 1'70o
where Q is the Pauli operator which may be defined explicitly
as follows

Q=1- [¢><0,] -
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By an iteration of (IiI619), the so-called Brillouin-Wigner
perturbation expansion-of the wave function can be generated.
Multiplying this expansion 6r (III-19) by the operator H,, one

gets

. ) ) 0 |
H1|W0> = Hl|¢°> Hl ﬁ;:ﬁg H11W°>

. Q Q
= H,|¢_>~-H =— H,|¢ > + H =— H
1i¥o” = M1 H,-Eg 1'%o 1 H,-Eg

Q -
1 ﬁ;:ﬁg Hl|¢0> + ..-.(III 20)

= G[¢o> (I1I-20)

where in the last line we have used the definition of the G-

matrix

- - H 92
(o) (o]

Consequently, the ground state energy given by (III-17) becomes

E, =W + <¢°|G|¢o> ‘ (III-21)

where <¢°iG[¢o> is the diagonal matrix element of G.

To obtain an explicit expression for the ground state
energy Eo' we wjill now evaluate the nondiagonal as well as
the diagonal G-matrix elements. For the sake of clarity, a
superscript will be attached to each eigen-state to specify
ité' energy eigenvalue. Multiplying (III-18) by <¢§|Hl,
we get

k

P Koo <P k., _ <«PlH. —2 s
<¢olleo> <¢olHlMo> <¢olHl HO-EO Hlwo’
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We may now insert a complete set to the above equation to
yield _
Q(p*) <¢P[H, [P >a3p' <oP " 1, | ¥5>
P o'"l'%o P o] 1t "o
W(p')-Eb

‘<¢g|H1|W§$ = <¢§|Hl|¢§> - (III-22)

where W(p') is the energy of the intermediate state and we have
explicitly written down the p' dependence of the operator Q.
We are now ready to solve the G-matrix with the non-

local separable potential of the following form:
t
<¢§|Hl|¢g > = <p|V]|p'>
==Ag (plg(p") (II1-23)

In order to solve (III-22), it is convenient to define

Q(p)g(p)<¢P|H, |¥5>a’p

W(p)—Eo *

(II1-24)

Then with the aid of (III-24), the exact solution of (III-22)
can be obtdined if we use the nonlocal separable potential

of (III-23). The result of this manipulation gives

<¢§|G|¢§> = <¢§|H11W§>

Ag ( (k) -
a,Tgx§4%E;T (III-25)

where

2 3
J(E) = Qéi)? ép)d 2, (III-26)
PI=Eq

Therefore, given the form factor g(p) of a nonlocal separable
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potential, one will be able to calculate the binding energy

by the use of (III-21) and (I11-25).

Of course, here we have the G-matrix eiement for ohly
one of the independent pairs of particles. When the total
~ground staté energy‘of a many-body system is required, we
have to take a sum over all the possible pairs. For instance,

the binding energy of the A particle in nuclear matter will be

= - k k 3
S <toleleg> aTky

kyskp

2
g (k) . 43 -
4x CIAATT(E,) a ky (III-27)

ky<kp

where we have used the fact that the contribution from the
kinetic energy is zero in this particular case. Since
the summation over the spin and isospin of nucleons has to

be included, a factor of 4 appears in (III-27).
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(c) Jastrow Approach

The self-consistent method of Hartree-Fock
cannot be applied to a system of particleS<interac£ing with
strong forces, because the matrix element involved in such
a calculation will be very large and it tends to infinity
when a potential with a hard core is used. The flaw of the
method lies in its assumption that the total wave function
is just a Siater determinant of the single-particle wave
functions. In the presence of strong forces, the product of
single-particle wave functions could be a very poor approxi-
mation for the total wave function. On physical grounds,
we expect that the wave function will be drastically modified
at short distances and hence a strong correlation should
occur.

To overcome all these difficulties, a pfocedure has
47

been suggested by Jastrow . According to his suggestion,

the wave function of a system of N particles is written as

N
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where s(fl“'EN) is the product of single-particle wave
fﬁnctions wiﬁh the appropriate symmetrization for the system
of particles;_ f(fij) is the correlation function which depends
on the relative co-ordinates Eij and some arbitrary parameters.'
Physically, the wave functiéns should vanish inside the hérd
core and recover as plane'waves'at infinity. Therefore the
correlation will be chosen in such a way that it is zero inside
the hard dore and tends to 1 at large distances.

To obtain the ground state.energy of the system, we

do a variational calculation for

* o 3 3
P rqeee ) H(ry o) (£q....ry)d’x...d7x
<E> = ~1 ~N =1 ~N ~1 ~N ; N (III-29)

fw(fl...gN)w*(El...EN)d3rl...d ry

until a minimum is attained by varying the arbitrary parameters

in the correlation functions. Here, H(E eeeTy) is the Hamiltonian
for the N-particle system. In order to obtain a meaningful

result and to make our variational calculation to converge

1 that it is necessary to impose

1l

faster, it was found by Emery

restriction on the correlation functions, such as
3 2 |
[.d r[£°(xr)=-1] = 0 . (III-30)

Otherwise, the correlation functions are completely arbitrary.
Onevunsatisfactory feature of the method is that the calculation
depends on the choice of co;relation functioné,

Instead of suppressing the binding of a A4 particle in

nuclear matter the Jastrow approach has consistently yielded a
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8,11,48

well depﬁh of 60 MeV or more + wWhereas the independent-

pair approximation (IPA) version of Brueckner theory gives
values at about 50 MeVlz. In particular, using the same

A
the Jastrow approach and DA = 46.4 MeV for the IPA. Thus

central potential, Ram and James8 obtained D, = 62.3 MeV for

there is a discrepancy of about 16 MeV between the two approa-
ches. Attempﬁs have been made to resolve the discrepancy
without muca success76'77. Since the two approaches loock
completely different, one has to be'very careful to place any
judgement by.comparing just their final results. It remains

to be seen whether the Jastrow approach has too strong a

correlation among the particles or the IPA does not have

enough of this sort of correlation.

(d) Galitskii method

The Green's function method of Galitskii and Migdal42
has recently been used to calculate the A-particle well
depth49'5°. We shall outline the method in this subsection.

The Green's function for a A particle is defined as

G (x-x') = i<y [T K x|y > (III-31)

where‘x(x) is the annihilation field operator for the;A
particle in the Heisenberg representation; l?o> is the true

*
ground state; and T is Wick's chronological ordering operator.

*
~ 'In this subsection, the co-ordinates x and the momenta P, p,
p', Py and p, are vectors in 4-space, i.e. x=(x,t), p:(g,po) etc.
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We have shown in Appendix E that in the energy-momentum space,

it takes the form
2

. .=1
M, - ZA(p) + ie]

|

GA(p) = [p§ - (ITI-32)

[ %]

Where Po is the energy part of the 4-vector p; ZA(p) is the
so-called compact or proper self-energy of the A particle; and
e‘is-a positive infinitesmal. Of‘course, ﬁhere exists a
similar expression for thé nucleon.

Let us consider the Feynman graphs of Fig. 9 which are
actually the ladder diagrams for the self-energy ZA' At the
moment we shall neglect the correlation of the pafticle in
the intermediate states. Thus we shall use the free-particle
Green's function propagators for the A particle and the nucleon

N in the intermediate states, namely

.2
Ctp) = Ip. - £ . ie]"t (III-33)
Cp P Po = =,
2 .
o P . -1
Gy(p) = [po - 5ﬁ§ + ie sgn(]gl-kF)] (III-34)
where
Sgn'(lgl-kF) = [ +1 Ez>k;

-1 otherwise

To evaluate EA(p), it is convenient to study first
the Feynman diagrams of the scattering process shown in Fig.

10. Here, we have used Fo to represent the totality of scat-
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]
tering processes in our graph. Comparing Figs. 9 and 10,
we note that we can close the nucleon line of the latter to

~get the former.

Schematically, we introduce an integral equation for

Fig. 10,
, _ at
iTo(P1/P2iP3/Py) = iV(P1,P,iP3/Py) 2m) 8 Io(P1=9/P2+diP3/Py)
: m
% Gg(Pz+q) GX(Pl-q)V(pl,pz;pl-q,p2+q) (II1-35)

It has been shown by Migdal that the T o(P1/PaiP3/Py) here is
just the scattering amplitude42. Since the total momentum is
conserved for each pair of particles, Fo can be expressed in
terms of the total momentum P and the relative momenta p and p'

in the centre Qf mass system, where
P = P1*Py = P3¥Py
1
P = am, (MyPy7MRp)
P = e (MgpyMyp,) . - (r13-36)
Myta

Furthermore, to be consistent with the requirement of conserva-
tion of total momentum, we have

V(Plrp2fp3vp4) = <glVl13'> (I11-37)
which is a functiom of the relative momenta only. Then (III-35)

t
and (III-37) imply thatI‘o is independent of Po and p,. Hence
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we can introduce a new notation

Fo(prp'3P) = T (P1/PiP3/Py) - (111-38)

~ ~

Before we solve (iII—35), we have to evaluate the

integral

dg
: Q o o]
1 =(£VT§FT Sy (po*a) 6y (py-a)
c .

where the contour c consists of the whole real axis and the
infinite semi-¢circle on the lower half-plane; and the inte-

~gration is performed in the clockwise direction. Explicitly,

we have
e dqo 1l x
(2n (Ez+§)2 .
o {(p2+q)o - ——7ﬁ§_— + ie sgn(|82+g|-kF)}
1
X
(py-@) ¢
((py1-q)g - + ie]
A

and the only contribution comes from the pole

(€2+S)2 .
9o = "P2o *,"Eﬁg“ - ie sgn(|p,*q|-kp)

provided |p?+q|>kF. Thus, (III-29) becomes

. 3
d
Folprp'i®) = <plVp'> + | ==y Iolp-g/p"iP)<p|Vip-g>

MeP 1 _
- ptq X =— (XIXI1-39)
¥A+MN 22 DO

x 6 -k

Fl
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where we have used p~qg for the relative momentﬁm of P;-9 and
p2+q, and the fact that Potq = Mggﬁ— P-p+q. The step function
~ ~ . . A .
Q is defined»by

0(x) = {1 4if x>0
0 otherwise

and we have set

2
‘ (pt)?  (py-q)?
Do = (Py*Py) o - oW, T M,

+ i€

2 (P-q)2
==+ e

=P - 2(M+M ) T Tom

where u is the reduced mass of the AN system. By changing

the integration variable and introducing

EO = PO - W (I11-40)

we obtain from (III-39)
<p|V|k>8 (| XyP-k|-k )T _(k,p',P)

\ A \ a3k
T eep'iP) = <p|V]p'> +| ——5- k2
(2m) (eo - 57 + ieg)
(I1I-41)
wher'evxN = MN/(MN+MA) . If the nonlocal separable potential

of (YXY-5) is used, we can solve (III-41) exactly to get

Ag(p)g(p')

- Jﬁ(Po) (II1-42)

';P)

Po(g,g

where

8 (|x2-pl-kp)g?(p) a3,
4

T . (ITII1-43)
(27)

J" (Po) =

(fi - Eo - ie)
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The self-energy o(p,,p,) for the A particle of momentum P

which interacts with the nucleon of momentum Py is now given by

dp
. 2
0(81122) =-1 '('2‘1??' GN_(pZ)ro(pl'pZ;pl'PZ)

~ kéz(g)e(kF-lgzl)  ra
I Y T(E) (II1I-44)

where we have to close the contour c in the upper half-plane
because here a nucleon hole line is involved. In arriving
at (III-44), the exact Green's function for the nucleon has

been used. Since we have

2
P
= -2 . : _ -1 _
GN(pz) = [pyy = 3 Ly(py) + ie sgn([gzl kp) ] (III1-45)
Pag of (III-44) takes on the value
2
- 22 ( (III-46
Pao = am * IniP2)- )

In practice, +he self-energy ZN(p) of a nucleon inside the
Fermi sea w.ll be taken from pure nuclear-matter calculation.
To obtain‘the proper self-energy of the A particle
in nuclear mattér, we have to sum c(gl,gz)_over all the possible

AN pairs. Therefore -

- 3
£,(P)) =4 | olp,spy)d’p,

2 3
8 (kp=ip,1)g" (p) d7p

1 -\ J"(P,) (2m) 3
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We can now close the external A particle line to get the

binding energy of the A particle. It follows that

D - O ¢
Dpler) = ~i Qzmy Galpy) 2y (Ry) (I111-48)
(o]

where the Greer's function for the hole is given by
2
£ 1

G = - ____l - - 1 - =
Consequentlyr, we have

e(kF_lgzl)gz(g) d3P2

D, (p,) = 4A e (III-50)
A%l 1 =AJ7(p)) (2n)3
with 2
' _ By 1
The well depth can then be identified as
D, =D, (o). (III-52)

As for the energy denominator that appears in (I1I-50),

we recall that
' 2
6(|X P-a|l-k.)g“(q) 43
J“(PO) = X§~ d F = dg 5 (II1-53)
q _ (2m) =
(—2-.5 - Eol - lE)

2

e, = P_ - iTﬁii_XT .

But from (III-46} and (III-51), we have
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*0
N

* Ippy) + Ig(py)
2
taugmy t I PY) t Ig(Ey)

i v)
(o]

il
RNELS
=4

+
N
o o

D)
=
™

which implies that
2

i ;A(pl) + I (p,) (III-54)

Ia"d

€ =
o

N

Hence J"(Po) of (III-53) and J'(Eo) of (III-26) are exactly

the same except for the normalization factor cf (2ﬂ)3. This in
turn implies that (III-27) and (III-52) are equivalent. We
conclude therefore that the well depths obtained from the method
of Brueckner-Bethe-Goldstone andlthat of Galitskii-Migdal are
identical. |

| It is possible to improve the Galitskii method by
modifying the self-energy diagrams of Fig. 9. We may include
the correlation of the A particle in the intermediate states
with the sea of nucleons. This can be done by considering

diagrams of Fig. l1ll. In this respect, the Gz(p) that appears

> S % .o
= Pz = -*‘2—‘——'-'
+ ﬂ’ -+ & -+ . e .
—— — — : Pl e Cme )

- : = : = O
MNMIANAN =V - = .G-’\ —— = Gy

>, (> = S

1}
il
v
H
T
1]

Fig. 11
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in (III-35) should be replaced by the ekact Green's function
G, of (III-32). We find that the detailed calculation is
exactly similar to the case with the use of free A-particle
Green's function and all the formulae remain the same ekdept

for G' which now becomes

o JeuxNe-gl-kpmw

5 (III-55)
(%i + ;A(p3)-e°-'ie) (2m 3

Thus the energy denominator is further modified by the ap-

pearance of the self-energy ZA(p) in the intermediate states.

To czlculate the A-particle well depﬁh) we have arrived
at a self-ccnsistency problem. If ﬁe do not consider correla-
“tion of the A pafticle with the nucleons in its intermédiate
state, we havé to calculate J"(Po) self—consisténtly ohly
for the self-energy of the A particle in its initial state.

In this case, so far as the A particle is concerned, only its
~ground state e¢nergy will appear in the energy denominator. The
~ground state energy in this approximation is usually referred
to as the en=rgy gap parametef.

Certdinly, a correct treatment of the problem should
be such that correlation in the intermediate states be included.
Then a self-consistent calculation of the self-energies for
both-the initial and the final states is required in the

energy denominator.



CHAPTER IV

SINGLE-2ARTICLE~ENERGY SPECTRUM OF A A PARTICLE
IN NUCLEAR MATTER

§1 Introduction
The extrapolated experimental well-depth of a A

particle in nuclear matter is found to be 273 MeV
model calculestions using simple central potentials without
short-range repulsion that fit the low energy AN scattering
data or the binding energies of the s-shell hypernuclei have
invariably yielded values of well depth in between 50 and 60
MeVlz. This discrepancy has provoked many théoretical specu-
lations. As we have mentioned in Chapter I, the disparity may
be caused by overlooking the following o effects
in our simple model: (i) tensor forces; (ii) repulsive core;
(iii) isospin suppression; (iv) three-body forces and
(iv) rearrangement energy. The prospects of arriving at a
reconciliation be:ween the theory and the experiment by im-
posing these respective effects in our calculations have al-
ready been discussed in Chapter I. We shall in particular
study the effect of a repulsive core in this chapter.

From the analysis of the NN scattering phase shifts,

we learn that there exists a repulsive core in the basic NN

interaction. If baryon-baryon interactions possess a universal

58
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feature in their interactions as is suggested by the SU(3)
iﬁvariance, it is natural to include a repulsive core in the
AN interaction. We shall use a two-term nonlocal separable
potential to examine the effect of a repulsive core on the
A-particle w=11 depth.

In the preceding chapter, we have shown that the
calculation of the well depth of a A particle in nuclear matter
is a self-consistency problem. In a crude approximation we
may ignore the correlation of the A particle with the nucleons
in the intermediate states, the energy denominator should then
be calculated self-consistently with the presence of a gap
parameter. 7Tais gap parameter is just the well depth because
it corresponds to the single-particle-energy of the A particle
in the ground state. On the other hand, the intermediate
states of the A particle may be modified through a correlation
of the particlas inside the nuclear medium. In this respect,
the single-particle-energy spectrum of the A particle will
also have to be. calculated self-consistently in the inter-
mediate states. _

Before discussing the problem of the A-particle well
depth, we shall express the scattering length and effective
range in terms of the potential parameters of a nonlocal separable
potential of rank two. Then we can use the low energy scat-
tering parameters to determine a potential for the AN interac-

tion.
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§2 AN Scattaring in a Nonlocal Separable Potential of Rank Two
Let us assume that the AN interaction is represented

by a nonlocal separable potential of the following form:

<k|V|k'> = -'{Algl(k)gl(k') +_A2g2(k)g2(k')} (Iv-1)

where the for.a factor gi(k) is taken to be

g; (k) = 1/(k%+83) , i =1,2

and Ai and Si "are constants to be determined by the AN scat-
tering data.
According to Appendix A, the wave function is given by

2 X.2.9.(p)
vE(p) = 6(p-k) - 2u 3 -—* 121 (IV-2)
- i=1l k%-p* + ie

where
23 = {9300 [By, ()A,#1] = g, (WIB (A 1/80 (IV-3a)
2, = g, (k) [B;, (OA+1] = g (K)By; (K)A,}/4" (1v=3b)
A" = 14B (KA B, (K) A, + [By; (K)By, (K) =By, (K)2IAgR,  (IV=3c)
and _ 3 gi(p)gj(p)
By (k) = 2u J_d P (1v-3)

Consequently, we obtain for the scattering amplitude
f(k) = elssind/k

2. % -

= 47w L & 2,q9.(k) (IV-4)

. B g :
i=1
2 .
21% N/D
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where

N = =A%, [g, (k) 2R, o+g. (k) 2R, < =20, (k) g (k) Re ~1+A. gy (K) 242 -q. (k)2
14219, 22792 11749 k)9, 127491 292

D= A;Aq(Ry.Rao=R..2) = AsRe.=A.Ron + 1 - 2m2ikN
122 (Ry3Roan=Ry o 1R11722Ry,

and

2.x%)1a%p . (1v-5)

Ryj = RysU0) = B f 2ulg; (p)9; (p)/ (b
The reduced mass of the AN system is denoted by u, and the P in
front of the integral stands for the principal part of the
integral. Using the relation kcotd = -1/a + rbkz/z for the

scattering length a and effective range ror we get
B1+82

= L -
a 2 -fl—s—z— Z | (IV 6)
-2 ' z! .
ro=—20 (& - X (IV-7)
°  a(8B” ¥ z
where
y = ¥ 7,878,072 = (B1+8,) (v;85 + v,80)

_ ‘A —a v2 _ 2 3 23 _ 3
z = vY;Y,(8; 62) (Bl+62) {YlBZ + Y,8] (3182) }

2 2 6 . 46
y' = v1Y(B1-B,) “{2(B,+B,) “=38,8,1-2(B,+8,) (¥8; *+Y,B;)

Voo e 12 2_ _ 2 5 5
z2' = Y Y, 18,78,) {3 (8+8,)4-28,8,1-3(8,+8,) 2 (v 87 + v,87)

and

. 2 ) )
Y; = 27 uxi : 1=1,2.
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The potential parameters A and B can now be fitted to
the average scattering length and effective range of (II-3). We
have four parameters at our disposal. We first assume some
reasonable values for the range-parameters Bl and 62. Al and xz
are then determined. We take Al > 0 and Az < 0 so that they
correspond to attractive and repulsive par£ of the potential,
respectively. For B's,we assume Bl < 82 so that the range of
the attractive part is longer than that of the repulsive part.

In our calculation, we take MN = 938.9 MeV and
MA = 1115.6 MeV. The values of the potential parameters are
displayed in Table II. In the last column of the table, we
indicate the energy E_ at which the AN scattering phase shift
changes sign in the centre of mass system. Thus far, experimental
value of Es is still not available because the scattering data
are too meagre to yield a definite value for ES} Once Es is
known experimentally, we have less ambiguous choice among the

phenomenological potentials.

§3 A Particle in Nuclear Matter

In nuclear matter, all the states of the nucleons
below the Fermi momentum are not available for scattering,
therefore we héve to impose a restriction due to the Pauli
exclusion principle in the intermediate states. In this con-
nection, the Bethe-Goldstone wave function may be obtained by

a slight modification of (IV-2). We should have therefore
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'k * 2 Aizigi(p) -8
v (p) = 6(§-~) N iil e(p,k) (Iv-8)
where Zi is obtained from (IV-3) by replacing Bij(k) everywhere
by |

K _ 3. QP)g; (Pl gy (p) | |
Bij(k) = J a°p =5 %) (1v-9)

Here Q(p) is the Pauli operator and e(p,k) is the energy denomi-
nator to be defined later.

We can now solve the G-matrix to get

<o¥|c[6Fs = <o¥|v]pr¥s |

(1v-10)
= NI/DI

where

Nt = -xlxzxgl(k)zaéz(k)+g2(k)ZBil(k;—zgl(k)gz(k)Biz(k)]+Algl(k)2

oy 2
*,Azgz(ﬂ)

' ] 1 1 2 ] t (k l
DY = A By (K)Byy (k) = Byp (K71 = AyByy (k) = ApByp (k) +
and ¢k is the relative plane wave state of the AN system.

Thus the single-particle energy of a A particle in

nuclear matter is given by

2
ky
E) (k) = o - Dy (i) (IV-11)

"with
3 .
'DA(EA) = -4 | d kN<¢le|¢k> (Iv-12)

<kF

Here kN and K, are the momenta of the nucleon and A particle
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respectively. Hence the relative momentum k can be written

as

k= Xkt Xk

where XA = MA/(MN+MA) P Xy = MN/(MN+MA)
The ground state of the A particle can now be identified as
D, = =Ejp (o) = Dp(o) . (TVv-14)

t
To calculate the G-matrix, we have to evaluate Bij(k)
of (IV-9). 1I%s integration can be done with the help of the

result worked out in Appendix B, ie.

© k +XNK
3 2 1 F 2 .2
dpQ(p) = 47| p<dp + XX { (p+XX) “~kg}pdp
kptX K | k=X K|
-k _+X_K |
‘ 2
+ 8 (-ky + XK) { FONT péap)
(]
where K = + kA is the total momentum.

‘Now, the energy denominator that appears in (IV-9) has

to be specified. We define
) 2 2
e(p,k) = P°/2u - k“/2u + A(UN + UA) (IV-15)
where AUN and AUA are the differences between the intermediate

and initial single-particle potential energies of the nucleon

and A particle respectively. As for AUN, we adopt the standard pres-
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cription‘in ruclear-matter calculation by setting UN;O in the inter-

mediate states. In accordance with (I11-12) ,we have

AU = (85.17-12.08 xﬁ) MeV

= (0.4316-0.06122 k2) fm™* (ky<kp) (IV-16)

Now the A particle may be treated in the same way. By so

doing, we have

ApA = PA (IV-17)

which is refzrred to as the gap parameter. Certainly, this
has to be calculated self-consistently.

In addition we may like to include correlation in the
intermediate states for the A éarticle. Then the result of
(I11-55) indicates that the single-particle-energy spectrum
EA(kA) will also appear in the intermediate states. Consequent-
ly, EA(kA) or DA(kA) must be evaluated self—donsistently in
the energy denominator for the initial states as well as the
intermediate states. It is rather difficult to achieve an
exact self-consistency. However, we find that DA(kA) can be

well represented by
= k2 7 _
DA(kA) = DAexp[ nkA] (IV-18)

where n is a gonétant. The error involved is about 1% or less

for ki < 1.5 tm-z. For larger values of kA' the form of (IV-18)

is less accurate, but DA’ the binding energy of A particle, is
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not sensitive to DA(kA) at large k,. Hence we shall use (IV-18)

in our calculation. In this case, we get

-npi -nkA

AU = =D + Dje (Iv-19)

It
where Py is trhe momentum of a A particle in the intermediate

states.

§4 Results of Calculations
We have considered two sets of potentials. Those of

the first set fit a and x, of (II+3), while those of the second

80

set were given by Schick™ ", who cliose to fit a = -1.95 £fm

and ib = 3.50 fm. The values of the pote%tial parameters, B's
and r's, are listed in Tables II and III.?AS is seen from the
energy where the phase shift changes sign, thg strength of the
short-range repulsion becomes weaker in the order of I, II, III
and IV in the first set, and A, B, ... and N in the second set.
Potentials IV and N are of rank one and have no repulsive part
at all. 1

These potentials can now be appliédvto (Iv-12) to cal-
culate DA(kA). Wé first consider the case where AUA is given
by (IV-iQ); In the representation D,(k,) = DAexp[;nki], the
first approximation of D, is obtained by setting AUA.= 0 in
(IV-15). In the next and subsequent iteration
AU, = DA{exp(—nki) - exp( -npi)} is used. D, and n are adjusted
uhtil é self—cohsistency is achieved within 1% for the range

of ki < 1.5 fm_z. Normally, about three iterations have been
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enough for our purpose.

We have listed the values of DA and n for various po-
tentials in Teble IV. As a reference.for comparison, we include
alsc the value B which is the well depth of a A particle in
the case where AUA = 0. Bo is of course the crudest approxi-
mation for the wéll depth because the A particle is taken to be
free both in the initial and the intermediate states. Because
n is quite small, we may expand UA(kA) of (IV-18) with respect

2

to n for small values of kA' The single-particle energy of

the A particle then becomes
- ; 2
E)(ky) = =D, + {(1/2M;) + Dynlkj + ...

= - 2 * -
= = D, + ky/(2M;) + ... (IV-20)

where

*
MA = MA/(l + ZMADAH) (IV-21)

In this context, we have obtained an efféctive—mass approxi-
mation for the single-particle-energy spectrum. Certainly,
a Géussian approximation in the form of (IV-18) is better than
an effective-mass approximation. As we expect physically,
EA(kA) at higli energies should be dominated by the kinetic
energy term. Notwithstanding, the value of the effective mass
MX for various potentials are listed in Table IV.

| In Table V, we show the values of the well depth B

g
obtained from an energy-gap approximation. Here,we assume
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that AU, = D,.

A A
There is another version of the methodé of approxima-
tion. One takes the effective masses that appear in the single-
particle-energy spectra literally50 and replaces all the
physical masses in the Hamiltonian as well as in any relevant
formulae by these effective masses. Of course, the effective
mass is only meant to be a convenient aéproximation for £he
shape of the single-particle-energy spectrum. Assigning a
definite physical content to this value may overstress its
importance. Nevertheless, calculations in this fashion are
often found .n the literature. To see the outcome of such an
.approximation, we have calculated the well depth-Bm by setting
ey P4 kb X , . 2
e.(p,k) = (TEN- + -Z—MT) - (Q—M-N- + rvll 0.4316+0.06122 k) (;v-zz)
A A
nge MX will be calculated self-consistently. According to
(xv-22), M§ = 0.6319 M when the nucleons are below the Fermi
sea. In the intermediate state, we have M; = Mg because

we assume that the nucleons are then free. The results of our

calculation for Bm and MX are shown in Table V.

§5 Conclusion
Our results of Table IV indicate that BO-DA is larger

for stronger repulsive core. For a weak repulsive core, B_ - DA

o
is negligibly small. Therefore whenever we are dealingIWith

a strong repulsive potential, the single-particle-energy spec-
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trum has to be treated properly. With réference to a simple
one-term nonlocal separable potential such as potential IV or
N in Table IV, the suppression effect of the repulsive core
can be as lérge as 10 MeV which suggests~tha£ this effect may
play a very important role in the status of a A particle in
nuclear matter. A further detailed analysis on the AN scat-
tering phase shift is necessary to qonfirm such an indication
because its effeciiveness depends on.where the phase shift
changes its sign.

The gell depth calculatéd with the energy-gap approxi-
mation is or the average about 0.5 MeV smaller than that calcu-
lated with tne use of single—particle-enérgy spectrum. This
can be seen by conmparing DA and Bg of Tables ;V and V. Thus
a self-energy insertion in the intermediate state of a A
particle does nct make a major contribution. A similar con-
clusion has also been reached in pure nuclear-matter calcula-
tion’4,

In an effective-mass approximation, a drastic
suppression effect is possible to attain,pProvided we take the
effective mass literally. For instance, comparing the well
depths Bm's of potentials A and N in Table V, we obtain a
suppression cf about 30 MeV. Howeve:, we mentioned before

that this aprroximation procedure is not justifiable.



Potential parameters of the AN interacticn

Table 1II
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2

Potentials 8. (fm L) B, (£m L) A, (fm %) -A.(fm~2) E_(MeV)
1 2 1 2 s
I 3.27 4.0 51.133 2842.9 82.8
II 3.20 3.5 36.126 55.848 84.9
II 2.80 3.0 10.948 13.915 93.4
v 1.4663 - 0.033867 0.0 w
Table III

Potential parameters of the AN
from Schick

%Bteraction adopted

Potentials Bl(fm-l) Bz(fm-l) ll(fm—z) -lz(fm-z) E (MeV)
A 3.1250 10/3 363.77 2146.1 65.8
B 2.9851 10/3 59.745 151.48 66.3
C 2.8571 10/3 22.364 57.588 67.0
D 2.1053 10/3 0.66242 3.2609 77.4
E 1.6260 10/3 0.098660 0.63519 116.6
N . 1.3060 - 0.024462 0.0 o
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Table IV

A-particle well depths and parameters for the
single~particle-energy spectrum
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Potentials

——

I

Z H U 0 w »

Bo(MeV) pA(MeV) n(fmz) M;/MA
45.80 41.53 0.190 0.689
49.78 47.55 0.171 0.682
52,22 51.68 0.155 0.685
£0.85 50.48 0.116 0.749
44.69 38.38 0.264 0.633
47.50 42.21 0.255 0.618
49.54 45.21 0.239 0.618
55.25 54.60 0.193 0.623
55.18 54.98 0.163 0.661
53.99 53.60 0.138 0.702




Table V

A-particle well depths in the energy-gap and the
effective-mass approximations

Potentials B, (MeV) B, (MeV)  M,/M,
I 41.13 27.84 0.770
I 47.26 39.62 0.741
I1I ' 50.91 48.56 ©0.744
v 49.95 47.42 0.838
A 137,95 17.07 ~ 0.708
B 41.93 23.82 0.679
c 45.00 29.90 0.656
D 54.53 52.75 0.644
E 54.72 53.04 0.717
N 53.14 50.43 0.795




CHAPTER V

~A-PARTICLE WELL DEPTH IN THE TWO~CHANNEL FORMALISM

§1 Introduction

In this chapter, we will examine another aspect of
the supprescion effect in the well depth of a A pafticle in
nuclear mattar. Here, we will study the effect of IA con-
version in the so-called two-channel form&lism, In this for-
malism, the inelastic process AN ¢«—>IN is treated explicitly.
In addition, it takes care of not only the isospin suppression
effect in an isospin saturated system but also the effect of
vthree—body AMN fofceslg. Some detailed discﬁssion on this
point has already been given in Chapter II and it will ﬁot be
elaborated here.

As we know, in the one-channel formalism, only the
scattering data of AN + AN have been used to fit the potential
parameters and nothing can be said on the process‘AN <> IN.
When we are working in the two-channel formalism, besides the
scattering data of AN -+ AN, the potential parameters must now be
consistent with.the scattering data of AN<=IN aind IN -+ IN .
Therefore, by so_doing, we can derive a leés ambiguous phenomeno-
logical potential. Since the scattering data for the hyperons
are scarce, especially at high energies, we are still left with

some uncertainty on the potential parameters. However, this

73
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difficulty has been relieved to a certain extent by the'recent
discovery o1 a 3S,Ap resonance below the IN thresholdel’sz,
though the nass M* and the width I of the resonance have not

yet been determined vety accurately.

Currently, there are two sets of_Ap resonance data61'62 -
namely:
a) M" = 2126 MeV , T < 10 MeV
(8) M* = 2110 MeV , T =

20 MeV .

The ambiguity in the potential parameters is greatly reduced

by the requirement that the resonance be réprodﬁced by the
potential. 1In passing, we would like to méntion that the Ap
resonance is the first baryon-baryon resonénce ever observed
experimentally. It may be interpreted as a quasi-bound state
of IN due to a strong IN attractive interaction. Indeed,
meson-+theoretical potential models which réproduce the Ap reso-
nance as a quasi-bound state of IN in the 3S state have already
been proposed33'63.

Since it will be interesting to inQestigate the outcome
of vérious models with different physical boundary conditions,
we shall present the results on the calculated A-particle well
depth with and without the Ap resonance being £aken into ac-
count. In the following, we shall follow essentially the works

of Nogami and Satohzz.
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§2 Model.Potentials in the Two-channel Formaiism

We will use a simple one-term nonlbéal separable po-
tential for each stage of the interactions: AN - AN, AN «— IN
and IN + IN. This simplified feature of the potehtial_will
enable us to haﬁe a clear picture on the effect of a potential
in the two-channel formalism. Thus the potential in momentum

space is taken sas

:
_ <k|V,,|k'> <k|V,.|k'>
<k|V|k'> AA SAL

<k|Vg,lk'> <k|Vgp|k'>

(V-1)
)

=2 g, (k)g, (k') ,-AXgA(k)gz(kz)

) i
“A 95 (kplgy (k1) -Azgz(kz)gz(kz)

-

Heré, AA' Ax and Ai are the strengths of the potential;
g; (k) = l/(k:+B§) with i = A or L. The B;  appearing in the
form factor gi(k) is the inverse of the range of interaction for
the respective channel. One should alsc note that k stands for
the relative momentum of the AN system and ky; for that of the

IN system. In our calculation, the potential parameters will

be chosen in such a way that the calculated scattering cross-
sections for the various channels are compatible with the
experiment data. Furthermore, if we consider the Ap resonance

as well, the potential has to reproduce the resconant data.

In order to derive a relationship between the scat-

tering crosé-secfions and the potential parameters, we have to
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solve the Schrddinger equation

(T + V)¥ = BY (V=2)
with
% T, ©
y = A H %: A
wz 0 Ty
and o 2 o 2
A I
A §PA z 2uZ

Next, the 2x2 matrix equation of (V-2) can be written as two

coupled equations
(Tp + Vypd¥y +V pz¥s = By¥y (v-3)
(Tg *+ Vpgd¥p *+ Vpp¥p = (By=8)¥y (v-4)

where A = M;-M,. When a nonlocal separable potential of the

form given by (V-1) is used, (V-3) and (V-4) become

2 .
B5 = EQVER) - 29, @) J g, (0" 19k ") a’p!

(v-5)
. 1 k ] t
~A 94 (P [ gz(pz).wzz(pz)d%z =0
2
Py kZ ' kz 1, .31
(ggg - Ep +A) ¥ (Pg) = A;95(pp) | 95 (Pp)Vy" (Pp1 7Ry
(V-6)

-Xx.gz(pz) J gA(p')IP]Z(p')d3P' =0
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.2 k
= K _ -
where EA Z“A and EA A

the scattering solution of these equations with AN as the

2
= 7%— . According to Appendix C,
z

entrance channel will be

Vi) = S(p-k) + T,,(p,K)/[41%y e, (p,K)] (v=7)
%y 2
v 2 (o) = Ty, (koK) /[4nP e, (py k) ] (v-8)

where

Tup(erk) = 4mu 00y -a(A) Iy gy (k) gy (p) /D (k, Ky)

T, (Pg k) = 4n2uzxng(k)gz(pz)/n(k,kz)

a) = A0 - Ai
1-x.J “aod
D(k, k) = A9 xIA
ATy 1-A;Jy
with
3, = | a3p g%(pl/e, (p,k)
IA 94 &) Pk
and

2
3, = [ a3 g92(p) /ey (py k)

Here, the energy denominators for scattering are defined by
2 .2 .
eA(p,k) = (p»-k -15:)/211A
e, (py.k,) = (P2 = k2 - ie)/2u
z\Ppe¥s r” %z L

The physical meaning of TAA(p'k) and TZA(pE'k) can be



78
better understood if (V-7) and (V-8) are Fourier transformed

into the co-ordinate space. Then the astptotic wave func-

tions becore

A ig-gA ikr.A
wA noe + TAA(k,k)e /rA (V=9)
ikirz
In getting (V" -10) ,we have assumed that kg > 0. We see that

TAA(k,k) and TZA(kZ'k) are just the scattering amplitudes of

AN » AN and AN -+ IN respecfiVely. They are related to the

total scattering cross-sections by64
o (AN>AN) = 47T, (k,K) | o (v-11)
- ’ 2 :
o (AN+IN) = 4ﬂITZA(kZ,k)| (vy/v,) 0 (E,-A) (V-12)

where v, and v, are the relative velocities of IN and AN

z A
respectively: and the step function B(EA-A) will ensure that
the scattering process of AN -+ IN can occur only when the
total energy of the system is above the IN threshold..

Suppose IN is the entrance channel, we then arrive

at anbther set of total scattering cross-sections:

o (SN-IN) =4m|T s Cky ko) |2 (V-13)
o (ZN+AN) =am| T, (K, ko) |2 (v, /vy) (V-14)

Here, Tzz(kZ'kz) and TAz(k’kz) are obtained from TAA(k’k)
and TZA(kZ'k) by changing A into I and vice versa. In the
above manipulation, one should note specifically that k actually

stands for kA‘
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At lcw energies, the phase shift § for the entrance

channel AN is real and is related to the AN scattering amplitude
by

Ty, (koK) = e sins/x . (V-15)

This will allcw us to obtain the scattering length a and the
effective range r, by the relation

rd o o 1.2

If we assume that the ranges of the interactions are equal,

i.e. BA = Bz = B, we have from Appendix C

83[6(6+m')2—72]}

=281 - . (V-16)
YAB(B+K') -a (v)
. 3 4 UZ‘Y?(BS(B"'K') )
ag™  u,k'ly,B(B+k")~d(y)]
where Yy = 2n2uAAA, Yy = ZnZuZAz, Yy = Z“Z(PAPZ) %lx,

a(Y) = v v5-v2 and ' = (2u;A)%. Again, we will fit the low
energy scattering parameters a and r, by their spin average
values given by (II-3). The masses are taken to be MN = 938.9
Mev, My = 1115.6 MeV and My = 1193.1 MeV. Besides the scat-
teriné cross-section of the entrance channel, the potential
parameters must also be cheosen in such a way that they are
consistent with the experimental scattering cross-sections

g(IN - IN) and o (IN =+ AN).



80

Thus far only meagre data on‘the scattaring cross-
sections for I and I'p are available. Most of the data analysed
are. within the range of the momenta Py = 110 ~ 170 MeV/c
in the centre of mass system. Let us quote the values for

py = 150 Mev/c.

o(X p> An) = 147:19 mb
o(Zp~ I p)= 19848 mb
o(Lp> £%n)= 111+19 mb

o(z%p> r¥p)= 203:117 mb . | (V-18)

However, some of these are not pure isospin scattering cross-
sections. Under the hypothesis of charge independence, there
are only two independent amplitudes which deécribe the scat-
tering in all the charge states of IN scattering. These are
the isospin I = % and % amplitudes, because the L-hyperons
belong to the I = 1 multiplet and the nucleons to the I = %
multiplet. Since the AN system consists only of the isospin
I= % state,‘the contribution to the total scattering cross-
sections of (V~18) from the I = % state should be abstracted.
Therefore, we shall analyze the scattering in terms of the pure
isospin scattering amplitude.

First Jet us consider the scattering process

£ p+ I p.
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Its total scattering amplitude<2_p|Tzz|Z-p>may be expanded
in terms of the isospin state II,Iz>, thus
<r - - - ' AR :
P|T ;|2 P>= . zI'<Z PlI,I,><I,I,|T;p|I ,I,><I',I_|I p>
=
1201z
Since the isospin is conserved in the scattering and the scat-
tering amplitude does not depend on Iz, we write
- - - 1 1, .-
<L p|T;|Z = §<z p[I,—§><IlTZZ|I><I,-§|z p> (V-19)
In this equation, we have put down explicitly I, of I p, which
is -%. The values of the Clebsch-Gordon coefficients<z'p|I,—%>

can be found in Condon and Shortley87. Then (V-19) becomes
<27p|gy [27R= 32<3 Ty 15> + <3713 (v-20)

A similar procedure leads to the scattering amplitudes for

£"P+I% and ¥+ :Tp. The results are:

<7p|Tyy %= B2 (- Ty lds + ST 13 -2

<z'plrg, 2T <3Ty, 3 (V-22)

Since the scattering cross-section is proportional to the

square of the absolute value of the scattering amplitude, we

get | |
o(2p=I R) + 0(27p+I%n) = (o5 + 20;) (V-23)

where o,, = |<I|Tzle>|2 is the pure isospin scattering cross-
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section. From (V-22) and (V-23), we obtain the I = % scat-

tering cross-section,

o1 = %{3[c(z'p+2'p) + 0(ZTn>I%)] - o(zThottn) ). (v-24)

If we ignore the errors for the moment in (V-18), we get

9y = 362 mb .

Because of the errors in (V-18), oy may be as‘small as 200 mb,

or as large as 500 mb. Such a large uncertainty on oy will
induceAa considerable uncertainty in the potential parameters.

One can only hope that more scattering data on the hyperon-nucleon
scattering w#ill be compiled in the near future so that the error

is reduced.

§3 Nuclear Matter

After the potential parameters have been fixed by
- using the free scattering data, we can proceed to solve the
Bethe-Goldstone equation in the two-channel formalism. We
write down again some of the basic relations for the G-matrix.

They are:

and
G = VY!'.
Of course, we are now dealing with a two-component wave function.

Hence
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( \
)
o =
0
L)
and o
WA’
Yr= | 1
Yy
L)

where ¢A is just the plane wave state of the AN system and

wA and.wé are the AN and IN components of the Bethe-Goldstone
Wave functions. Except for the presence of the Pauli operator
Q, the Bethe-Goldstone wave functions take the form of (V-7)

and (V-8). Tc be explicit, we have

VS = s(pmk) + Ty, (P )Q/ TR e) (BT (V-25)

i (py) = Ty, (py k) Q/ 14120 el (py k) 1. (v-26)

1
The scattering amplitudes TAA(p'k) and TéA(pz,k) are obtained
. ‘ . . '
from TAA(p,k) and ?ZA(pZ,k) by changing I and Je into J, and

JZ' And we define

3} - { a% 0 g2(p)/e; (k)
3. = f a3p Q gz(p)/e'(p k) | (9-27)
z . I g \Priy

The angular integration of these integrals can be evaluated
by using the vesults of Appendix B. As for the =nergy denomi-
nators, we take the same UN(k) as in the preceeding chapters.

For simplicity, the A and the I hyperons are taken to be free
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in the initial and final states. In view of our calculation
demonstrated in Chapter IV, it is justifiable to make this
simplification, because the potential consider=d here con-

tains no repulsive part. Thus we have
e, (p,k) = e, (p,k) + Uy
ey (Py,k) = ey (g K) + Uy
We .an now evaluate the G;matrix. It may be written
as |
<k|G|k'> = <¢k|G|¢k'>

<o¥|v|yr¥ >

=<¢§ IVAA’¢Ak'> + <¢k[vAz|wék'> . (V-29)

Together with (V-1), (V-25) and (V-26), it yields

<k|e|k'> = g, (K)g, (k') {X,=d (A) 3 }/D" (V-30)

with
!' [ ! T 1
L =1~ gAqA = Agdy t d(A)JAJz .

When we sum the G-matrix over all possible nucleon states,

we get the A-particle well depth

D, = - <k|G|k>a’k (V-31)

A

2

k<xAkF
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where x, MA/(MN+MA)‘ To obtain (V-31), we have used the

relation k = M’N/(MN+MA)]§A + MA/MN+MA)]§N and the fact that

kA = 0 for the ground state of a A particle in nuclear matter.

~

§4 Results of-Calculations

We display the potential parameters in Table VI.
Here, potential III and IX are adopted from Schick and Toepfefz
We do not take into account the °S resonance of Ap in potential
I to IV. If in addition we have to consider the Ap resonance
just below the IN threshold, the triplet scattering phase shift
will'have to,satisfy kcotd = 0 at the resonance energy ER.
And the width of the resonance is obtained by expanding kcoté
around the reéonance energy.» -

To achieve this, we start with the expansion

kcotd = Co(:A-ER) E » (Vv-32)
where C_ =2y (kcotd)|, .,
o] A dki ‘k-kR
_ .2
and - B E kp/2y, .

Next,we have for the total scattering cross-section

47
(kcots)? + k

o (AN » AN) = ' 5 (V-33)

According to the Breit-Wigner formula, the scattering cross-
section near the resonance can be expressed in terms of the

width I' and the resonance energy ER as follows

_ 2 2 2.t
"o (AN+AN) = 7 (T/k) {(EA-ER) + (I'/2)“} (V-34)

3
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Comparing (V-33) and (V~34), and making use of (V-32), we get

2 _ 42,42 _
r* = dkp/Cy . (V-35)

With the use of (V-35) and the condition kcot$] =0,

k=k
we deduced potentials V and VI as shown in Table VI, R

Likewise, potentials VII and VIII have been ob*ained recently

65

by Satoh™~ with the additional assumption that &A#BZ. The

calculated well depths for the various potentials listed in
Table VI are shown in Table VII. The suppression energy ADA
with respect to the OCF potential is also indicated in the
last column of Table VII. It is obtained by the following

definition:
ADA = DA(TCF) - DA(OCF). (V-36)

It is clear from Table VII that the suppression effect
is appreciable when the TCF potentials are used except for
potential II which is spin independent. We find that potential
II yields a suppression of only 3.38 MeV. On the other extreme,
we get a suppreSSion of 27.74 MeV for potential IX. 1In this
particular potential, it has been deliberately assumed that
Ay = Az = 0 in its triplet interaction so that the LA-conver-
sion process :s predominant in the triplet state. For the
rest of the TCF potentials, the suppression falls into the

range

14 MeV < AD, < 20 MeV

A
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which indicates that we can attain a large suppression by
working in the two-channel formalism.

We conclude, therefcre, that the IA-conversion can
play a decisive role in bringing into accord the experimehtal
and the calculated A-particle well depths. Hence it is clear
why all ﬁhe previous calculations of the A-particle well depth
by using OCF‘potentials did notiyield satisfactory results.
Some further studies on this particular aspect will be dis-

cussed in the next chapter for the binding of AHeS.
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Potential parameters in the two-channel formalism

Potentials Singlet Triplet : Remarks
-1 4
I B(fm 1) 1.4663 OCF
A(10™ % fm™" 3.3867
II B(£m 1) 1.4402 . TCF
Ay 2.8596
A (102 fm™%) 2.5
X
As 3.5
o (ZN-+AN) (mb) 183
o (EN-+IN) (md) - 105
III B(fm-l) , 1.1428 1.0685 OCF
A (10”2 £m™ 2y 1.7102 1.2563
IV B(fm 1) 1.4623 1.3233 TCF
Ay 3.3030 0.7222
Ax(lo-zfm-z) 1.0 5.5
Ay 4.0 1.0
o (IN=+AN) (mb) 143
 G(IN-+IN) (mb) 121
v B(fm 1) 1.4295 1.3179 TCF
Ay 2.5949 1.2491 M*=2126 MeV
Ax(lo'zfm'z) 3.3 3.5671 I =9.7 MeV
Ag 1.0 7.5
o (EN-+AN) (mb) 124

o (ZN~IN) (mb) 477

(continued next page)



Table VI (continued)

89

- Potentials Singlet Triplet Remarks
VI B(fm 1) 1.2854 1.3252 TCF
Ay 0.5290 1.6413 M*=2110 MeV
xx(lo“zfm‘z) 4.8 2.4926 [ =8.7 MeV
Ay 4.0 11.02
o (IZN->AN) (mb) 90
o (IN-EN) (mb) 484
VII BA(fm_l) 1.4456 1.3239 TCF
Bz(fm-l) 0.7228 0.6619 M*=2126 MeV
A, 2.9979 1.3982 [ =9.9 MeV
Ax(lo'zfm‘z) 1.2 2.0161
Ay 0.1 1.45
0 (IN+AN) (mb) 125
o (EN-+IN) (mb) 613
VIII sA(fm'l) 1.3807 1.2774 TCF
Bz(fm-l) 0.6904 0.6387 M*=2110 MeV
A 1.9159 1.2078 I =11.9 MeV
Ax(lo-zfm_z) 2.2 1.6039
Ag 0.2 2.4
o (EN+AN) (mb) 84.7
o (IN-+IN) (mb) 724

(continued next page)
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Table VI (continued)

Potentials Singlet‘ Triplet | - Remarks
IX B(fm 1) ©1.1364 0.9803 TCF
Ay 1.5963 0.0
A (107%m™%)  1.0199 3.1978
Ag 1.5963 0.0
o (ZN+AN) (b) 139

o {IN+IN) (nb) 120




TABLE VII

Binding energies of a A particle
in the two-channel formalism

Potentials DA(MeV) ADA{MeV)

T 50.85 -

II 47.47 3.38
III - 53.82 -

v 34.17 16.68
v 36.32 14.53
VI 34.38 16.47
VIiI 36.01 14.84
VIII 32,17 18.68

IX 26.08 27.74




CHAPTER VI
5

BINDING OF AHe

§1 Introduction

In tne last two chapters, we have discussed the
problem of the overbinding of a A particle.in nuclear matter.
We found that both the two-channel formalism - which includes
in effect the I-suppression and the three~body ANN forces -
and the repulsive core give substantial suppression in the
well depth of the A particle. Hence it suggests a very
promising procedure to handle the problem of overbinding in
AHe5 where suppression effects are also beingvsought to ac-
count for the disparity between the theoretical and experi-
mental binding energies. Especially, we know that the AHe5
system is very similar to the system of a A particle ih nuclear
matter. Both cf them are spin-isospin saturated systems
which may have rather important consequences in the effective
forces that are operating among the particles. For instance,
the inelastic channel AN -+ IN is open in the free scattering
if the energy of the system is above the IN threshold, but
isospin conservation hinders the occurrence of this process in
a spin-isospin saturated system.

The problem of overbinding in AHe5 is of long standing.

When a two-body central potential derived from the free AN

92
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scattering data is used, it is found consistently that the
calculated binding energy of AHe5 is larger than the experi-
mental value by about 2 MeV 6r more. However, for the other
s-shell hypernuclei, the central potential deduced from the

AN scattering phase shifts is capable to reproduce their
respective experimental binding energies. This indicates that

s may require

a spin-isospin saturated system such as the pHe
a special treatment.

As the central potential fails to yield a correct
binding for jHes, the first remedy one may suggest is to
include the tensor force. This aspect has been examined quite
thoroughly by Law et al.IO using a Hartree-Fock calculation.
Since the tensor force component of the AN force has not been
extracted from the meagre data of the AN scattering and it
has only been indicated from the theoretical studies of the
K-meson and n-meson exchange forces that it has a range of
the order of 0.4 fm or less, Law et al. have used in their
calculation the Yukawa potentials and also the cut-off Yukawa
potentials corresponding to the exchange of the K-meson and
n-meson which have masses of 493.8 and 548.7 MeV respectively.
In their calculation, deformation of the nucleus He? in the
presence of the A particle is allowed so that the effect of
the tensor fcrce shows up even in the first order. With
reasonable ranges and strengths for the tensor forces, they

find that the tensor forces do not play any impcrtant role in
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AHe?, and the overbinding in AHe5 persists. A similar‘con-
lclusion has also been reached‘for the studies of a A particle
in nuclear matterll'12'13.

Thus it becomes necessary to seek an alternative ap-
proach to the problem. We shall proceed to consider the
effects of the IA conversion and the three-~body ANN forces.

As it has been shown by Nogami19

, we can account for most of
the effects by working in the two-channel formalism. We have
already seen in Chapter V that the calculated well depth
in the two=-channel formalism is very close to the experimental
A-particle well depth. Hence we expect that the I-suppression
effect and the ANN force may be equally important in the
binding of ztHes. Indeed, our calculations indicate that the
problem of the cverbinding of AHe5 may be resolved if these
factors are taken into account.

Recently, Law and Nguyen24 have studied the effect
of Z-~suppression in their free G-matrix expansion model. We
will discuss their model and results in Secs. 2 and 3. The

model will be modified in Sec. 4 so that we can study the

binding of

AHe"J with use of the two-channel nonlocal separable

potentials.

§2 The Free Z-matrix Expansion Model
The motivation for the proposed free G-matrix expansion
model was originally to calculate the well depth directly

from the AN scattering cross-sectionSl. This approach has the
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advantage that it does no£ rely on any phenomenological
potential. Calculation can be done by using the given scat-
tering phase shifts alone; the normal procedure of extracting
a potential from the scattering data is avoided. In the
original work of Bhaduri and Law, it is essential to assume
that the forces are nearly spin independent, so that they can
work with the total scattering cross-section in their calcu-
lation. If, however, the singlet and triplet scattering cross-
sections are known separately, the restriction on the modél
owing to the assumption of spin independence can be removed24.
The relevant equation for the free G-matrix expansion
series is obtained by solving the G-matrix in the nuclear

medium and the G-matrix for free scattering sinultaneously.

The G-matrix for free scattering is given by
P x (VI-1)

where P stands for the principal part and e, is the energy
denominator for scattering, which is just the difference of
the kinetic energies of the intermediate and the initial states.

As for the G-matrix in nuclear medium, we have

G=V -V e G (VI-2)

where Q' is the Pauli operator for finite nucleus and e is
the energy denominator defined to be the difference of the un-
perturbed energy of the intermediate state and the perturbed

energy of the initial state.
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From (VII-1l) and (VI-2), we can deduce the relation

G=K+K (—-92) ¢
eo e

=K+K'(§;—g'-)x+..... . (VI-3)
When K is small, the expansion series will converge rapidly
and G can be determined quite accﬁrately by doing a calcula-
tion up to the second order.
In order to see the magnitude of K and the relation

53

of K to the scattering cross-section, we follow Otter to ob-

tain the diaconal elements of the s-wave free reaction matrix,

thus
4Wn2 tando
2u k

<k|K|k> = -

where k is the relative momentum; 60 is the s-wave phase shift;

and u is the reduced mass. Assuming 60 is small, we can write

. )
- _4m5" "o _
<k|K|k> = 3 — (VI-4)

Next, we note that the total cross-section is given by

_4m .2
oT(k) = ;7 sin 60 .
Therefore,
2 o
<k|K|k> = - %%%— sin-l (k I%J
2
. - m?g_u /o (VI-5)

and the last step follows by the assumption that O is small.
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It is now clear that the free G-matrix expansion may be good
for the AN system but not for the NN system, bacause the
scattering crnss-section of the latter is very much larger than

that of the former.

§3 Applicacion of the Free G-matrix Expansion in AHe5

The free G-matrix expansion in the one-channel for-

51 {0 calculate the

malism was first applied by Bhaduri and Law
A-particle well depth and, more recently, similar calculation
was extended to the two-channel formalism to include the
Z-channelsz. All of the above calculations are done with the
assumptidn ~hat the forces are nearly spin independent. This
spin independent model is not an unreasonable approach for
the AN system in the sense that the singlet and the triplet AN
scattering phase shiftsvhave not been well differentiated.
However, as a theoretical model, it is also interesting to in-
corporate the spin dependence in our calculation. Therefore
in this section a model, in which the spin dependence and the
I-channel arzs included, will be discussed and applied to the
AHe5 system. We will not present here the full details of the
results and the calculation, as they can be found in the works
of Law and Ngﬁyen24.

Let us introduce a superscript y(y = s;t) in (VI-3)

to distinguislh the singlet and triplet reaction matrices,

then we have
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g = kY + KY (2— - gl) cY (VI-6)
(@]

where GY and K are 2x2 matrices. For example, we can write

explicitly
Y Y
Can Caz
G'=
\ Y
Gyp Gy

with its respective matrix elements corresponding to the
processes: AN =+ AN; AN «» IN; and IN -+ IN. In this represen-
tation, we have

+ K! (g— - Q—IK)GY + K P

y
K T AA AL (;f
(@]

o -
AL AA AN T ZA

o

- 9%) Gl . (VI-7)
[

To obtain the singlet and triplet free reaction matrix
elements, we proceed with the following argument. The total
scattering cross-section is given by

cT(k) = % os(k) + % Op -

Since no detailed experimental information on the singlet and
triplet scattering cross-sections separately is available, we

shall assume that they are related by a scaling factor ¢, such

that

We have then
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o (k) = %%E o (K) (VI-8)
4 -
Ut (k) = '3—_'-_2- O'T (k) . (VJ.-9)

Next, it is found that the AN scattering data of Alexander et al.>?
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and Sechi-Zorn et al. can be reasonably fitted by the following

. 51
expression™ :

2

op (k) = 30.0 exp(-3.7638 k°) fm (VI-10)

If we assume that the total free reaction matrix KXA is local

and energy independent, then51
T 12
<k|KAA]k> = -3 iz
= J dr jg(kr)KXA(r) (VI-11)
. _
where jo(kr) is the spherical Bessel function. Now KiA(r)
56

can be deterniined by the inversion®® of (VI-1ll) to give

Ky, (r) = 25.8(1-1.061 r?)exp(-0.5305 r°) MeV  (VI-12)

Because of the relations given in (VI-8) and (VI-9), we have

finally
K3 (x) = /55 Ky (@)
KE, (x) = /rggg Ky, (r) . (VI-13)
Similarly, KT (r) can be derived by fitting the
Z—p+ AN scattering dgia of Engelmann et al.57. According to

Lawsz, it is given by
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T N /3 18.6 exp(-0.7 x) : _
KAz(r) —//; X Y MeV (Vi-14)

It is found that the binding energy of AHe5 is not sensitive to
the spin dependent factor ¢ in the I-channel hence we will

work direct.y on the total free reaction matrix KXZ.

To calculate the binding energy of AHes, we will use
harmonic oscillator wave functions as our basic states. Let
us first estimate the contribution to the binding energy
B(A = 5) of AHe5 from the kinetic energy alone; The kinetic
energy operator with the correction for the motion of the
centre of mass will be

__i - (s + p, )2/ (2m) (vI-15)
2M ) Pi T By ' -

L=}

I
"LV.IA

I"’“
%2 il

~

where P, and k) are the momenta of the nucleon and A particle

respectively: and M = 4MN + M. Rearranging terms in (VI-15),

we get
4 M-MN sz._ M-M, pi
T= § ——— + . - I (p,*p: *+ pP,*p,)/(2M).(VI-16)
j=1 M 2My 2M 2MA igy ~E *3 ~i <A

Its matrix element with respect to the ground state oscillator

wave function yields

M- M-M .
<o|T|O> = 3 MMN fiwy + 2— —M—A,Hw (VI-17)
| A

where Wy and w, are the oscillator frequencies of the nucleon

and A particle respectively. To obtain (VI-17), we have used
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the fact that the expectation value of a kinetic energy opera-
tor in harmonic oscillator represehtation is %vﬁw , and
<0[Ei.gjlo> = 0 when i#jss.

The binding energy can now be written as
M- s t
-B(A=5) = 3 i 'ﬁwN + 3<¢N¢N|GNN + GNN|¢N¢N>

, M-MA . . |
3o Buy + e 3G, + 6y, ey, . (vI-18)

where ¢N and ¢A are the ground state oscillatcr wave functions
for the nucleon and A particle respectively; and G%N is the
G-matrix for the nucleons. For the AN pair,'the prbper wéight
3 td 1 appears fof the triplet and singlet states as.indi—
cated in.the fprmula. However, for the nucleons inside He4
nucleus, each pair of nucleons can only be in either a spin-
singlet;isospin-triplet staﬁe or a spin-triplet-isospin-singlet
state. Hence, a factor of 3 appears for both the spin singlet
and the spin triplet G-matrices.

In this calculation, the nucleon-nucleon reaction matri-
ces are approximated by using Volkov's soft-core effective

59

potential™",

s _ -t _ _ _r 2 (o L\ 2 : -
Gun = Gy = —83.34 exp( TTEJ + 144.86 exp( g7 MeV (VI-19)

which will lead to a binding energy of 27.89 MeV for He4 with

ﬁwN = 22.0 MeV. As for the AN reaction matrices, retaining up

to the second-order terms of (VI-7), we get
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t .8 _ i JaT, T T P _ QT
3GAA+GAA—(3//3+C f 3+C)KAA(r)+4KAA(r)(;K ;K)KAA(r)
. o]

T P Q' T
o+ 4KAZ(r)(;f - ;E)KZA(r) (VI-20)
o

We notice that the second-order terms are independent of the
scaling factor T.
We can now solve (VI-18) with

the aid of (Vr-19) and (VI-20) by a variational calculation.
The oscilla‘or frequencies Wy and w, are varied until a minimum
is attained for B(A=5). The A-particle binding energy (or
more appropriately the separation energy ) in AHes is then
identified as

B, = B(A=5) - B(A=4) (Vi-21)

Where

-B(A=4) = %~ﬁwN + 3<¢N¢N]G§N + G§N|¢N¢N> (Vi-22)

which is the ground state energy of He4.

The final results of the above calculation show that
if the I-channel is not included,a large spin dependent force
with ¢ = 11 is required to bring into accord the theoretical
and the experimental values of the binding energy of the A
particle in AHes. However, if the I-channel is introduced,
the spin dependence is reduced to § = 4.5.

The calculation using free G-matrix expansion is not

devoid of any criticism. For instance, the off energy shell

matrix elements of K have to be obtained by the Born approxi-
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mation with the assumption that the matrix is local and energy
independent. It is also found that the results are sensitive
to the choice of the.range of the reaction matrix Kizsz.
As a remedy, we will modify the free'G_matfix expansion

model in the following section so that it can be adapted to

the nonlocal separable potentials discussed in Chapter V.

The binding energy of AHe5 will then be calculated by using

this new model. By so doing, we are able to compare the
suppression effects in the two-channel formalism for the binding

5

energy of ,He~ and that of the A particle in nuclear matter.

A

§4 Binding Energy of He5 with Two-channel Nonlocal
Separable Potentials

We will continue to use the model with the harmonic
oscillator wave functions as the basic eigenvectors, and hence
we still have the following expression for the binding energy

5,
of AHe :

-B(A=5) = 3 T

s .t
Ty + 30y | Gt Oy | Oty

3 MM,
T Ay + <ge, [3<;AA AAlcchpA . (VI-23)

S and G't are approximated by the same expression

NN NN
as given by (VI-19), but GXA will be obtained by solving the

Again, G

Bethe-Goldstone equation in a two-channel nonlocal separable

potential.

The relevant matrix elements of the 2x2 Bethe—Goldstone
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equation
G=V-YV QL G
e
are given by
1
- Q - Ql
“an™ Van~ Van OF €T Vaz T G
Q" Q! |
247 Vea™ Voa OF €m” Viz % Go ¢ (VIi-24)

Here we have dropped the superscripts s and t for simplicity.
We shall restore them whenever it is necessary to distinguish
the singlet and triplet G-matrices. Now if we assume that the

nonlocal separable potential takes the form

<k|V]k'>

- gy (K)g, (k') -Aggp(k)gp (k")) (VI-25)

the G-matrix can readily be solved in the momentum represen-
tation. As it is shown in Appendix D, we can insert inter-

mediate states in (VI-24) to get

<k|GAA(k)|k'> = -g, (K)g, (k") [A,=d () 3, 1/D(X) (VI-26)
where
Sy L .2
diM) = A0y - A2
D(E) = 1 - )\AJA - )\ZJZ + d(A)JAJZ

Q, (p,K)
Iy = J a’p gi(p) —%—1—1—
: e (ErI_S)
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and .
Qs (psk)

gy =& T oy
e (Er]f)

b ngé (p) .

The Pauli operators which appear in the above integrands have

the following properties:

My
M+,

1
Q,(p,K) =1 if |p + I~<|>kF

= 0 otherwise

and

)

t
Q (p/K) =1 if |p + 57— K[>k
R MM S F

= 0 otherwise

where K is the total momentum.

As for the Fermi momentum kF'

wayses. In the first method, we can define an equivalent

it may be obtained in two .

density of the He4 nucleus by p = 4/[(4ﬂ/3)R3], where R is the

root-mean-square radius such that R = VSE7(2MNwN5. Now,

1/3

using the relation kF = [(3ﬂ2/2)p] from the uniform model

of the nucleus, one gets kF = (9'rr/2)l/3 .‘/ZMNwN/(Sh). In the
other method, we note that the kinetic energy of an s-shell
nucleon is % HwN , which can be equated, in the Fermi gas model,

to.the average kinetic energy of a particle, (3/10)(h2k§/MN).

This gives kF = /SMNwN/(Zﬁ) which is numerically almost iden-

tical to the value obtained by the first method.
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For the energy denominator, we assume that the single-
particle potential is zero in the intermediate stéte.b As
long as we are not considering an interaction with a repulsive
core, we have demonstrated in ChapterAIV that our assumption

is reasonable. Thus we take (in the units of i = ¢ = 1),
2 2

e (p,K) = — + = - W
£re ZuA 2(MN+MA)
and .
p2 K2
z ~ ~
e“(p,K) = + + (Mo-M,) - W
A Zuy T T Z70A

where M and Uy are the AN and IN reduced masses, respectively;
and W is the starting energy which corresponds to the self-
consistent sum of the A and N kinetic and potential energies
in the ground state. Ih our calculation, the starting energy

can be writte: as

3 3
W= qlegHhe,) + T<¢N¢NIG§N + Gyyl o0y
3 t
+<¢N¢A|GAA + 3GAA|¢N¢A> (VI-27)

Now we can proceed to evaluate the matrix element

<¢N§A|GAA[¢N¢Ax. In the momentum space representation, we have

3 3 3, 3.0
<OntnlGpploney> = J dky J dky { dky J d°ky

¢§(kN)¢X(k )<kaAIGAAIkékA>¢N(k§)¢A(kA) . (VI-28)
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For the s state, the harmonic oscillator wave function is given

by
2 2
o (k) = N exp(-k“/20°)
where .
N = (a/?)_3/2
a2 = mw/H
and
m = MN or MA .
To simplify (VI-28), we introduce the transformation:
RK=kytk
= Ky + gy
with Xg = M./ (M+M,) and X, = MA/(MN+MA). Since the total

momentum is conserved, we have
] ] [ !
<kykplGyylkyky> = S(R-K ) <k[Gy  (K) [k> .

Also we note that kN =k + XNK and kA = -k + X § : therefore

the product 0f the nucleon and the A particle wave functions

may now be written as

_ _1,..2 2 0c(1.
¢N(}~<+XNI~<)¢A(-1§+XAI~<) = NNNAexp[ 2(A1~< +BK“+2C (k K) 1
where
1,1 1
A= =(=+ =)
2 a2 a2

]
2 Z

w

Il

N

~~
ZlJ

+
TR K =
>|4=>w
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and

e R N
Tof o

Thus (VI-28) can be reduced to

GydalGpployt >

= N2n2 J a3k J a3k’ f @’k expl-a(k%+k'?)-2BK%-2¢k - (k+k ') )%
<k|G,, (K) [k'> . (VI-29)

With further rearrangements as shown in Appendix D, the
matrix element <¢N¢A|GAA[¢N¢A> can be simplified so that it

takes the form

@®

! 16 1.2
OntalCppitygt,” 3.3 | f@E@exp(- Aa)dg (VI-30)
' N*A
(@]
where
i 2 (p+q/2)2+s2
H(q) = pexp (-=2Ap°) on 5 '% dp
2 2, .2 (p-q/2) “+8
o (P +e) A
and
= A ~a(0) 3y
flq) = K sinh(2CKq) __BTKT___ exp (- 2BK )dK
o

Now we have everything ready for carrying out a de-
tailed calculation. In the last chapter, the two-channel non-

local separable potentials deduced from the AN and IN scattering



109

have been applied to the problem of a A particle in nuclear

5

matter. They can now be cast into our formulae for the AHe

system. '

| The process of getting the.binding énergy of AHes
from (VI-23) ls to minimize B(A=5) by varying fwy and‘ﬁwA'
and insert the starting energy of (VI-27) self—consistehtly
into the energy denominators. In most‘céses, we find that
,ﬁwN's is not very much different from Hflwy = 22.0 MeV which
corresponds to the oscillator energy of He4 nucleus alone.
In fact, minima are attained with‘ﬁwN = 22.0 MeV for all
the TCF potentials except potential II of Schick and Toepfer23.
This indicates that the He4 nucleus is rigid in the sense that
the core of the nucleus does not deform ih the presence of a
A particle.

After we have found the binding energy of AHes, the
séparation enefgy of the A particle in the AHe5 system is
obtained by using the definition given in (VI-21). The re-
sults of our calculations are displayed in Table VIII. We
see that there is a tremendous overbinding of the A particle
in AHe5 when the OCF potentials I and III are used in the
calculation. This result is consistent with all the previous

calculations given in the literature4'17'36’60.

Here, poten-
tial III of Schick and Toepfer yields slightly better results
than potential I because the potential parameters of the

former is moderately spin dependent.
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Wofking with the TCF potentials, we obtain about 2
MeV suppression for potenﬁial ITI but a tremendous amount
for the rest of the two-channel potentials. One could ascribe
the discrepancy to the way in which.the potentials are being
fitted. 1In potential II, the singlet and the triplet potentials
are assumed tc be the same, whereas the other TCF potentials
are derived with the assumption that the singlet and the
triplet states are interacting differently, even though only
the spin average scattering length and effective range of (II-3)
have been used. In addition, one may be tempted to ascribe
the difference as due to the "weak" and the "strong" coupling
of the AN channel to the IN channel. However, this is some-
what misleading. On the contrary, at Py = 150 MeV/c, the
scattering cross-sections o (EN+AN) are 183 mb for potential II
and 143 mb for potential IV - the experimental value is
147+19 mb; therefore one would describe potential II to be
stronger than potential IV and not vice versa. Nevertheless
our analysis indicates that a spin dependent force is neces-
sary in order to get the right amount of suppression.

We have also examined the special case . of TCF po-
tential of Schick and Toepfer23 with AA=A2=0. Howeﬁer this
potential produces so large a suppression as not to bind the
A particle to £he core of the He4 nucleus. In fact, we have
seen that this particular potential has a drastic_suppression

effect in the case of a A particle in nuclear matter. The
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suppression is 27.74 MeV as compared with about 15 MeV for
the other TCF Spin dependent potentials listed in Table VII.

3S AP resonance is included to fit the poten-

If the
tial parameters as . has been done for potehtials V and
VI , we can obtain reasonable value for the binding energy of
AHes. Moreover, when the ranges BA and BZ of the potentials
4are allowed to be different, instéad of overbinding, we may
underestimate the binding energy of AHe5 as we can see from
the results of Table VIII for potenfials VII and VIII. How-
"ever, these qualitative results are obtained with the sacrifice
of the accuracy of fitting onN#AN). For instance, potential
VIII is fitted with o (IN+AN) = 84.7 mb, whereas its experimen-
tal value is 147*19 mb.

In summary, we note that there is a close correlation
for the suppression effects in the binding of AHe5 and that
of A-hypernuclear matter. Within the accuracy of our method,

a potential which gives almost the correct experimental bin-
ding energy of AHe5 will produce a suppression of 15 to 16
MeV for the A—particle well depth in nuclear matter.

Thus within the framework of the two-channel formalism,
when the I-suppression and the ANN forces are_incorporated
implicitly, we are able to reproduce the experimental binding
energy of AHes from the scattering data. Hence we conclude
that those effects are indeed important for this particular

s~-shell hypernucleus.



Table VIII

Binding energies of AHe5

N :

Potentials _,6bN(Mev) Aw, (MeV) k; (fm~ 1) B{A=5) (MeV) B, (MeV)
I 24.5 23.2 1.2153 37.41 9.52
1T 24.0 21.7 1.2029 35.74 | 7.85
I11 23.0 18.5 . 1.1776 35.12 7.23
IV 22.0 16.5 - 1.1517 30.63 2.74
v 22.0 16.5 1.1517 30.88 2.99
VI 22.0 15.5 1.1517 29.98 2.09
VII 22.0 16.0 1.1517 30.36 2.47
VIII 22.0 14.0 1.1517 28.64 0.75

¢TT



CHAPTER VII

CONCLUSION AND DISCUSSION

In this thesis, we have endeavoured to understand
the basic AN and the A-nucleus interactions through analysis
of the binding of a A particle in nuclear matter and also
in the He4 nucleus. The overbinding of.the A particle in
both of these systems is an outstanding problem which serves
as a valuable source of detailed information on not only
the nature of the two-body AN forces but also the many-body
effects in a many-body éystem. |

Of course, prior to our studies of the problem on
the overbinding of a A particle, we have to seek a reliable
method of calculation on many-body problems. Therefore, we
have devoted part of our effort to reviewing various calcu-
lational methods. At the same time, we have attempted to
clarify some of the confusions concerning the approximation
procedures that have been adopted by various authors. For
instance, Bisho?50 claims that the Brueckner-Bethe-Goldstone
method is an approximation which can be derived as a limiting
case of the Calitskii-Migdal method. Thus he means that the
latter is more reliable than the former. ‘However, Bishop's
assertion is based on a drastic approximation in his treatment

of the Brueckner.-Bethe-Goldstone method. 1In a systematic

113
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analysis, we have demonstrated that, indeed, the two methods
are equivalent.

- The Green's function method of Galitskii is further
developed in this disseration to include the correlation of
the particles in the intermediate states. As a result, we
arrive at a seif-consistency problem on the single-particle-
energy spectra for both the intermediate and initial states.
Thus the energy denominator in the Bethe-Goldstone equation
becomes somewhat involved. HOwever in a simpler approximation
if we do not take account of correlation in the intermediate
states, only thé single—particle—energy spectrum of the ini-
tial states is calculated self-consistently in the energy
denominator. We show that this crude approximation corres-
ponds to introducing an energy gap parameter in the energy
denominator for our calculation of the A-particle well depth.
Also we point out that the so-called effective-mass approxi-
mation which has been used quite commonly in the literature
can lead to a gross error. It is an approximation only for
the single-particle-energy spectrunm, and‘thus it is incorrect
to replace the physical mass in the Hamiltonian by the effective
mass deduced from this approximation.

The single-particle-energy spectrum of a A particle
in nuclear matter has been extracted from a self-consistency
calculation. We show that the well depth is not very sensitive
to the detailed shape of the spectrum at high energies and

also that a self-consistent insertion of the single-particle-
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energy spectra in the energy denominator is eséential if we
are dealing with a strong repulsive interaction at short
distances.

Guided by our analysis onvthe calculation methods of
many-body problems, we investigate the effects of a repulsive
core on the binding of a A particle in nuclear matter. We
have found that the repulsive core in the AN potential can
suppress the A binding energy by as much as 10 MeV. For in-
stance, potential A of Table IV yields a well depth of 38.38
MeV. This is & substantial suppression, though the Valﬁe‘is
still too large as compared with the "experimental value" of
about 30 MeV.

The two- channel formalism has also been employed to
study the A-particle well depth. This formalism includes in
effect a part of the suppression due to the three-body forces
and the isospin mechanismlg. Here the suppression in the well
depth is found to be around 15 MeV which indicates that the
three-body forces and the isospin mechanism are important
factors to account for the overbinding.

In the light of these findings with nuclear matter,
the overbinding of a A particle in AHe5 is investigated by
using the two-channel formalism. The analysis is based on
a modified model of Law and Nguyen24. The basic states are
represented by the harmonic oscillator wave functions. The

reaction matrix element is calculated self-consistently until
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a minimum in the binding energy of AHe5 is attained by varying
the oscillator frequencies. We-find that the oscillator fre-
quency for the nucleon in the He4 nucleus remains almost the
same before and after the A particle is introducéd into the
system; namely the He4 core remains rigid even with the
presence of a A-hyperon.

The best value which we obtain for the binding energy
of a A particle in AHeS is 2.99 MeV as shown in potential V
of Table VIII. This is very close to the experimental value
which is 3.08+0.02 MeV. The success of our model calculation
is indeed a great step forward in understanding the overbinding
of the AHes system. Now it is clear that the reason for the
failure in producing the correct binding energysin the previous
literature is due to the omission of the thrée-body forces and

of the isospin-suppression mechanism.
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APPENDIX A

NONLOCAL SEPARABLE POTENTIAL OF RANK TWO

The scattering from a nonlocal separable potential
of rank two is discussed in this appendix. As usual, we
shall work in the momentum space representation. The po-

tential is assumed to have the form
<k|Vik'> = - {9, (k)gy (k") + Azgz(k)gz(k')}. (A-1)

Here we are confining'ourselves to the studies of s-wave
interaction because a nonlocal separable potential which is

a function of the magnitude of the momenta gives rise to an s-wave
scattering amplitude.

Let us substitute (A-1) into our Schrodinger equation

(kz-pz)w(p) = 2u j d3p' <p|V|p'">¥(p') (A-2)
where u is the reduced mass. The units are such that #=c=1.
We get
(kz- 2)\P( ) = =2 g A2 (p) (A-3)
P P = H 2 i igi :p
i=1l
where

3
z;, = { d”p g; (PIV (P).

For the scattering of an incident plane wave, (A-3) takes

the form
2 A;Z.g9.(p)
¥(p) = 8(p-k) - 2u I S . (A-4)
- i=1l k“-p“+ic
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This implies

2
_Zi =g, - 15 AijBij(k) | (A-5)
j=1
where
g. (P)g. (p)
Bij(k) = 2U d3p 12 23. .
k"=-p“+ie

We can now solve (A-5) for Z;. There are two simul-

taneous equations to be considered here, namely:

(Bll(k);l+nzl + By, (k)M 2, = g (k) (2-6)

Byy (k)M Z) + (Byy(K)Ay+l)zy = gy (k). (A-7)

Therefore, we have

2, = (g (K) [By, (K)Ay#1] = g, (K)B ,(K)A,}/0"  (A-8)
Zy = {g,(k) [Byy (K)A +1] - gy (kK)By, (k) Ap}/a" (a-9)
with
" - _ 2
A' = 1 + Bll(k))\l + B22(k)}\2 + [Bll(k)Bzz(k) BlZ(k) ]Alkz.
If g, (k) = l/(k2+6§), we get
B 2 k?-8. 85
ij(k) = 47 ugi(k)gj(k) [ e ; - 1kl. (A-10)

Now the asymptotic form of (A-4) in the co-ordinate space

is given by

. 2 ikr
Y{r) ~ elb r +_4n2u L

1

A;8:9; (k) (A-11)

1 r
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Hence the s-wave scattering amplitude is given by

£(k) = e %sins/k

A
1

IIMN

an2y (k) (A-12)

i

i 191
where § is the s-wave phase shift. To simplify (A-12), we

introduce

Ry = f 2u(g; (p) g5 (p) / (p2-%) 1a%p (a-13)

which, according to (A-10), gives

_ 4.2 2 -
Rij = 47 ugi(k)gj(k)(k -BiBj)/(Bi+Bj) . (A-14)

Thus the s-wave scattering amplitude becomes

£(k) = 2712 N/D (A-15)

where

_ v 20 2. _ 2 2
N = Alxz[gl\k) R22+g2(k) Ryq 2gl(k)g2(k)R12]+>\lgl(k) +Azg2(k)

2 2,

Now the scattering length and the effective range are de-

fined by
kcots = -1/a + rok2/2 o . (A-16)

We can comparz this equation with
f(k) = 1/[kcotd-ik] _ (A-17)

to get
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B, +B
a=2 3-13—2—2- L (A-18)
-2 ::l z! .
b = ——— ( - ——4 - (A—lg)
o 2 Yy z
a(B;8,)

where

o 2 4 4

y = Yle(Bl 82) (Bl+Bz)(Y182 + Yz Bl)
_ 2. 2, .3 3 3
4 = Yle(Bl-Sz) - (61+62) {Ylsz +Y261» (8182) }

2'= y,¥, (B, =B,) 2{3(8,+6,) 2-28,8,3-3 (8, +8,) 2 (v, B3+Y,83)

and

Yy < 2ﬂ2ux.

i ’ i = 1.,20
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APPENDIX B
ANGULAR INTEGRATION IN THE PRESENCE OF THE PAULI.
OPERATOR
When we have thé Pauli operator in the integrand,
the volume integral in the momentum space can be carried out
in the following manner.
Let us denote the momenta of A and nucleon in the
initiél and intermediate states by‘lfA and EN’ and E' and E{,

respectively. The relative momenta in the initial and inter-

mediate states will then be given by

Xikn ~ XK (B-1)

k

t LN
k' = XAEN - XNEA . : (B-2)

~

Here, xA = MA/(MA+MN) and XN = MN/(MN+MA). The total momentum

is conserved. Thus

L] ]

From (B-1l) and (B-2), we obtain

4 T .
ky = K+ XK. - (B4
Now we have to deal with an integration of the fol-

lowing type:
3 |} 1
J d k' Q(k',K)

where Q(k',K) is the Pauli Operator‘which requires that

IE&l>kF' If 6' is the angle between k' and K, we should have
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the conditidn that

cosb' > Z = [k%. - k' - (xNK)zl/(z-xNk'K). : (B=5)

The integration over k' can be split into three parts,

corresponding to Z>1, 1>Z>-1 and -1>Z, respectively.
(i) If 2z>1, i.e. 0<k'<kF—aNK, there is no contribution.

(ii) If 1>2Z>-1, i.e. |kF-XNK|<k'<kF+XNK, the integration becomes

kF+xNK 1 -
2T k'“dk dcost'’

kp=XK 7y

i 9 4 — r 3 1 | R
(iii) If -1>%, i.e. k >kF+XNK or 0O<k'< kF+XNK, we have

oo ‘ 1
ZW[[ ' I k'2dk'dcose' + 6(-kF+xNK).
kF+XNK -l
-kF+XNK 1 5
' k'“dk'dcosbd']
o -1

where e(-kF+XNK) is a step function such that

6(x) =1 if x>0
= 0 otherwise.

Summarizing the results, we get
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. ® 1 ) kF+xNK 1 ”
- d k'Q(k',K) = 2w [ k'“dk' + k' dak'
kptX o K =1 |kp-X K| 2
~kp+X K (1 ,
+6(—kF+XNK) k'“dk']dcosb’. (B-6)
o) -1

If the integrand is independent of 6', We‘have for (B-6),

[ ak'o(k',K) = 4m] k'2ak' +
kgt K
+ ot i {(k'+X.K) 2~k 2}k 'k
ZXNK ' XN F
I kF"XNK I
-kF+XNK 5
+ 6(-kF+XNK) k'“dk"'] (B=7)
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APPENDIX C

SCATTERING MATRIX IN THE TWO-CHANNEL FORMALISM

-We shall present in this appendix a detailed calcu-
lation of the scattering matrix in the two-channel formalism
when a nonlocal separable potential is used. Subseguently,
the expressions for the scattering length and the.effective
range relating to the potential parameters are deduced from
the scattering phase shifts.

The fwo-channel coupled Schrodinger eguations are

given by
2 : |
& - E )V (D) -2 ,9, (p) | g, eV (p") & D!
. 1] k Z 1 3 ] ) A )
-Xng(p)J g5 (Pp)¥; " (p;)d7py = 0 (C-1)
(p§ - E,+A) kz( V-r.g-(pn) | g (p! kz( ya3p.
7, EathIVp (pg)=Apgpleg) | 9y Pp)¥; (pp)dipy
AR (m 1y 33m! =
“AFs(Pp) | 9PNV, (p)ATP! =0 (c-2)

where UA and UZ are Ehe AN and IN reduced masses;

E

2 k
= K A = 2 o
AT 2, » Ey -0 = fﬁ; and A = Mo-M,. For the AN energy

below the IN threshold, E,-A<0 and k§<o.

Let us introduce Z, and Zy. Thus

ZA = J gA(p)‘p]X(P)d:sp
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k
z 3

Then our Schrodinger equation becomes
(§ - 5——)wA(p> = OpZpa, 2509, (p) = 0 (C-3)

py Kk ks, :
(53; - 7E;’¢z (Py)=( A 254X 2, ) gy (py) = 0. (C-4)

MN

With AN as the incident channel, the physical solutions of

(C-3) and (C-4) will be

X ApZptAy 2y
Ylp) = s(p-k) + ———T—-——— gp (@) (C-5)
k ApBotA 2

Z z A

wzz(p ) =

where
e; (p,k) = ( 2—kz-ie)/Zu
Ap' P FA
202y
eplppiky) = (pp-kyl/2u;

If k§<0, there is no pole in the energy denominator of

ey (py,kg) . Otherwise, we have to introduce ie into ey (p;,k;).

From (C-5) and (C-6), we can solve for Z, and Z; to yield
z, = [1-A;3;1g, (k) /D (k,kg) (c-7)
ZZ = A JEgA(k)/D(k'kZ) (C-8)

where
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D(k,kz) = (c-9)
AXJZ l—Asz
with r
5 o gi(p)d3p (c-10
AT eAZp,kS )
.
Jy = EET§7EET P . | ( )
J .
Thus we have
e = s(pun + A TN N E -
A ~oo~ D(R,kz) eATp'k)
= 8(p-k) + T,,(p,k)/[47%u,e, (p,K)] (c-12)
and ,
¢kz(p - Ax?A(k)?z(pz) ) 1
> T D(k,kiT ' ez(pz'kz),
= 2 -
= TzA(pZ'k)/M“ “zez(pz'kz)] (C-13)
2
where d(A) = kAAZ-Ax; and TAA(p,k) and Ty, (p;,k) are the

scattering amplitudes for AN-+AN and AN-+IN, respectively. The

scattering cross-sections are then given by

o (AN-+AN) =

o (AN+IN) =

2
4ﬂ|TAA(k,k)|

an |y, (kp k) |2 (ve/v,) 6 (Ey-0) (c-14)

with vz=kz/uz and v,=k/u,. Here, the step function 8 (x) will

ensure that the inelastic scattering AN+IN is open if the



127

energy of the system is above the IN threshold.

In the case when IN is the entrance channel, we have

]

5
o (IN-IN) = 4m|Tys (ks ky) |

[}

o (EN-AN) 4n[¢Az(k,kZ)|2(vA/vz) K (C-15)

where Tzz(kz'k and TAZ(k'k are obtained from TAA(k,k)

2) 2
and TZA(kZ'k) by changing A into I and vice versa.

Now, let us obtain the AN scattering length and ef-
fective range in terms of the potential parameters. The scat-

tering amplitude and the phase shift are related by
T = eiasiné/k
AA

or alternatively
-1

?AA = -ik + kcotS§. (C-16)
But from (C-12), we have
-1 1 D
T = . (C-17)
AA 4W2“Agi(k) K;
where A, = A, - d(A)JZ, and for simplicity we have replaced

D(k,kz) by D in the formula. Furthermore we have
D/Ao = -J, + (1—AZJZ)/Ao (C-18)

and we can rewrite (C-17) as follows
It = L {3, + i:igiﬁ}
AA 4ﬂ2“Agi‘k) A Ao

(C-19)
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Now , 2
! 3 gA(P)

JA:Jdp—(_ETeAP,

2 2
_ 4 P g (p) ) 2 2
= 47P dp W + i{4nm uAkgA(k)} . (C-20)

@]

2.0, g

Since we are considering the case where kZ

5 and hence AO

are real. Thus we get

.
An!

Im (T = -k (C-21)
and %
tro 1) 1 {-47p | & ngi(p) l—AZJZ} (C-22)
Re ~4T P + -
A 4w2uAgi(k) ep(prk) B

(@]

We see that (C-16) and (C-21) are consistent. Comparing

(C-16) and (C-22), we have

© 2 2

1 p gy (p)  1-A.Js

kcotd = —s— {-47p dp g 5t TR } . (C=-23)
4n%u, g’ (k) APy o

AN

o
We shall take

_ 1

Here, we assume that BA = BZ B for simplicity. Thus we get

) ﬁ——yngi(p) Ty 0787 (c-24)
P dp = - 4 . -
| e, P,k 28 (k%+8%) 2
(o]
2
[ 3 gg(p) 21 Uy |
J. = d p = (C-25)

er(Pukp) gk +8)?
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where

2 _ .2 _
Ky = ZuZ(A k /ZPA) . (C-26)

Substituting these into (C-23), we have

2.2 2..2.2
koots = -g + £tKT L (B +k)” o (C-27)
58 an2n 2
A
‘where
1A, BB+ ) 221y
GD:: = (C_28)

2

-l !
1A g(eeky) 2antua

with A' = d(x)/xA. In order to expand the RHS of (C-27)

in a power series of kA’ we have to convert K into a function

of kA . To this end, we introduce Kk and Ky as follows
2
) = KZ _ K
2uA 2ug

from which we get

_ 2,172
Ky = Kz(l x™)
1l .2 1 .4
= Kz(l - 7 X - § X 4+ L. ) (C‘29)
with
x = k/K.
Consequently, H becomes
6{62+25Kz(1-%x2-%x4+...)+K§(1—x2)}-2n2uzx
® = 2 1214 2 2 2 >
- - - - 1
B{B +2BK - (1-5x"-gx +°")+KZ(1 x€) }=-27 gy
2
N Al BKZ(B+KZ) 5 B‘Kz 4 BKZ(B+KZ) 5
R o v R+ vk A e v
T2 1 1 2
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82K
Z 4}"1
Tt
Ay 2 2 2 4
= K; (l-alx —ajx )(l+a3x +a,x ) (C=30)
where
A, = B(B+k )2 - 2ﬂ2 A
1 ) Hets
A 2 _ 5 2 .4
A2 = B(B+Kz) 2T uzx

= . 2
a; = BKZ(8+KZ)/A1, a, B K2/4Al

V]
i

Thus, the third term on the RHS of (C-27) gives

(82+k2)2 1 Al

'—7———® = 5 ' x {B4+[282K2+(a3-al) 34]X2
47 uAAA 4n uAaA 2
+ [(aq—ala3—a2)64 + 2(a3—al)82|<2+s<4]x4
+ [-(ala4+a2a3)84 + 282K2(a4-ala2~a2)
+ (a3—al)i<4]x6 + teeee } (C—;l)

Now the low energy scattering parameters are defined by the
following expansion formula

_ 1 1 2 3.4 5.6 -
kcotd = - 3 + 5 rok + Porok + Qorok + (.. o (C-32)

Comparing the coefficients of (C-27) and (C-32) we obtain

3 BKZ(B+KZ)/A2; a, = 82K2(6+KZ)2/A2+82K2/4A2-
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2 2 4
r - l + [28 K +(a3"al>6 ] . §£
°F "ZPA3A 2

which may be written more explicitly in terms of the

potential parameters as
2
838 (B+k ") Yy

1 B
=== {1 - (C-33)
2 2 v, B (B4 ") 2=d (y) |
' 5
UeY BT (B+K")
¥ = % - 5 - =X ) z  (C-34)
ap -uAK'[YAB(Bﬂc') =d(y)]
where Yy = ZWZUAAA P Yy = ZﬂZUEAZ; Yy = ZWZ(“A“Z)I/ZAX ;

1
d(y) = YAYZ-Yi ; and k' = K= (2uZA) /2 .
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APPENDIX D

REACTION MATRIX WITH A NONLOCAL SEPARABLE POTENTIAL

We shall set up a model to calculate the reaction
matrix elements of the AHe5 system. Here, again a nonlocal
seperable potential will be used. In the two-channel formalism,
we assume that V takes the form

- k k! - k k'
2,9, Kg, (k') Ax9, (Kg (k')
<k|V|k'>v= : (D=1)
- k k') - k k')
Axgz( )gA( )‘ng( )gz(
where AA' Ax and XZ are the strengths of the potential and
gi(k) = 1/(k2+6§), (1 = A or I); Bi's is the inverse of

the range of the potential. Now we have for the G-matrix

QI
G=V-V I G. (D-2)

From (D-1l) and (D-2),we get

= _V' Q Pt s o
<k|GAA|k'>_<k]VAA|k'> <k'VAA;W Gy k' >=<k|V, T

and

! ' Q' '
<k|GZA|k'>=<k]VzA[k'>-<k{VZA EK Gyplk'>=<k|V;y T GZAlk > . (D-4)

Since V is separable, we observe that the G-matrix is also
separable. By examining (D-3), (D-4) and the other matrix

elements of G, we can write



=29, (RIX, (k)
<k[G|k'> =

-Axgz(k)XA(k')

Where the X's are to be determined.

(D-2) and (D-5) to solve

plete set of intermediate states.
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=h, 9y (k) X5 (k")
| (D-5)
~Apgy () X5 (k')

We can now make use of

(D-3) and (D-4) by inserting a com-

For (D-3), we get

Q
_ L _ N 3. %A 2
Apgy k)X, (k)= xAgA(k)gA(k ) AAgA(k)xA(k') d’p ;K gy (p)
Q
2 > 3 )
”Xng(k)XA(k') d b Z gZ(P)
or
X, (k') = g, (k') + xA RICHE: AZJ A(k") (D-6)
where
3 2, /K
Jy = | 47p g (p) —— (D-6a)
J e (p,K)
f Q. (p,K)
P,
3, = | @’p 2 (p) —%—:;:;- (D-6b)
J e” (p,K)
A 2 K2
e (p,K) = g—— + — - W
~ A 2M
and
: 2 K2
e’ (p,K) = E__ + > — + M_.-M,-W
= 2p2 ZME L A
M
with “A = -A%ﬂ ’ “Z = Z§N ’ MA = MA + MN and MZ = MZ+MN
M M

Here, K is the total momentum

and W the starting energy.

Following a similar procedure, we get from (D-4)
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(A=A A Tp) Ky (R) = A g, (K)+A A, 0, %, (k). (D-7)
The simultaneous first-order equations of (D-6) and (D-7)
for X, (k) and X, (k) yield

2
I+ (A=A A0) T 1g, (k)
A K, (k) = A x AL 3 g (D-8)
[1-3, 3, =A s Tot (A Ap-A5) 3,3,]

and
gA(k)

2
[l-AAJA-XZJZ+(AAAZ-XX)JZJA]

xA(k) = . (D-9)

Therefore, the G-matrix elements are given by

[AA-d(A)JZ]gA(k)gA(k')

<k[Gy,lk'> = - 57K (D-10)
and
A, 9. (k)g, (k)
Yo X° Y A -
<k|GZA}k > = 5K (D-11)
where 2
d(\) = AAAZ—AX

D(g) = l-AAJA-AZJZ + d(A)JAJE

We can now begin to evaluate (VI-29). We have

<OdplCyplonds>

NﬁNi J a3x J a3k J a3k expl-a(k?+k'?)-2BK?-2C( « (k+k') I

<k|G,,lk'>
AA -
5 [AA d(l)JZ]

2,,2

2
_ 3 ~-Ak 3 -Ak' . 3
= —NNNA J d“k e gA(k) f d k' e gA(k ) J d K D(g)

2
&~2BK - 20K (k) (0-12)
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Since [*x'd(k)Jz]/D‘g) is a function of K only, we have for

the K space integration

( 43x om2CKs (k') @M Tpl _opg?
| ~oT T D (X)
J2m | gk sinh(2CK]5+5'|)[AA—d(A>JZL_ZBK2
c [k+k "D (K) — .

o

Let us introduce the variable g = k+k' into (D-12).

~

guently, we get

<On0nlCpplone,>

~

NNy 3, -ak? 3 _-A(g-k)?
'-‘-‘——C—‘Z‘IT d"k e gA(k) d g e 3 2 gA(q—]f) X

=)

")
| ak K ¢ ?B% sinh(2cKq) [A,~d(X)3.1/D(K)

o

2
- 27N NA[;3q £(q) 2 (q)

J q

2

Qg

where

£ (q)

(@]

—a[k? 2
Z(q) = f a’k g, (k)g, (g-Ke Alk%+(g-k) “]

Since gA(k) = l/(k2+6i), we have

Conse-

(D-13)

j ax ke “B% sinh(2CKq) [A,-d (1) 3;]/D(K)
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N _ 2 .2
Z(q) = ( a’p 9p(ptz) g, (3 - pPle Alp+q/2)"  g~A(g/2-p)

2rq%/4)

[p2+(§)2+ejqux][p2+(§)2+62-pqx]

oo 1 -2A(p
= ZﬁJ pzdp ax 2

2 (p+a/2) %+82

(p-q/2) *+82

_ 2me 2 pe %8P

dp - (D-14)
(p2+§—+82)

in

Finally, (D-13) can be written as

<¢N¢AlGAAl¢N¢A>

3..2..2 1 2
2(2T) " NN -5 Ag -
= - A J dg £(q) H(gle ° (D-15)

C

where

° o~ 2AP (p+q/2)2+Bi
H(q) = [ dp B an

2 2 .2

o




137

APPENDIX E

GREEN'S FUNCTION

§1. Introduction

The Green's function technique has been a very
powerful and elegant method for the studies of many-body
problems. The prescription is one that derived £rom
quantum field theory. Therefore, we will use the language
of second quantization and associate the process of scat-
tering or propagation of a particle (hole) with the creation
of a particle (hole) at a given space-~time point and the annihi-
lation of the same particle (hole) at another space-time
peoint.

Suppcse now we add a particle to an N-body system.
The new equation with N+1 particles can be described by the

state vector

[¥(z,t)> = vFir,e) |y > (E-1)

where we have assumed that the initial N-body system is

in its exact g¢ground state |W°>, and w+(£,t) is a creation
operator, in the Heisenberg picture, for the particle under
consideration. If the particle does not interact with the
initial many-body system, it will propagate as a free par-
ticle. However, when it is allowed to interact with other
particles, it acguires self-energy through its interaction With

the cloud of particles. A renormalized or effective mass may
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have to be introduced to express the physical state of this
particle, Usually, we refer to such a particle as a dressed
particle, physical particle or guasi particle. Of course,

we can alsc nave a state with N-1 particles, such as
[¥(x,t)> = y(r,t) |¥ > (E-2)

where w(;,t) is an annihilation operator. This state may be
interpreted as having a hole in the initial many-body system.
It can be shown that the physical properties of the guasi
particle (hole) are related to the single-particle Green's

function
. + _ _
G(ry,tyir,,ty) = =i<¥ [T (e ¥ (r,, e, 0¥ >  (E-3)

which, apart from'some constant factor, is closely related to
the probability amplitude because it is proportional to the
scalar product of (E-1) or of (E-2). In the above expression,
T is Wick's chronological ordering operator just to bring the
physical contents of Green's function into conformity with

the causality principle such that for the fermions

T (r bV, k00 = [ wlr e (r,t)  AE £t
{‘w+(52,t2)w(§1,tl) if tl<t2 (E-4)
Of course, for the bosons we would have the positive sign in-
stead of the negative sign when t1<t2. In this appendix, we
will consider only the case of fermions.

If we want to study collective modes of the many-body

system, we have to introduce the many-particle Green's functions.



138

In particular, we may consider the two-particle Green's function
which will be related to the density fluctuation in the many-

body system ard also to the pair correlation of particles.

§2 Free-particle Green's Function and its Generalization

It is important to get familiar with the free-particle
Green's function because it illustrates some of the physical
and mathematical properties of the exact Green;s function
which can be regarded as a straightforward generaiization of
the free-particle Green's function.

Let us assume that the total Hamiltonian is given by

H = Hy + H)

where H0 consists of the kinetic energy and Hl the interac-

tion. For the case with H. = 0, we introduce the free-

1
particle Green's function

' ) +
Go(£1rB1ityrty) = ~1<0 [T () 8 )V (o ty)) [0

-i0 (k) =t,) < [y (x vy (x,) [0 >

+ ie(tz-tl)<¢$w :(xz)wo(xi)|¢o> (E-5)
where 6 is the steb function; |¢o> the non—intera¢ting
many-body ground state and x = (f't) is a 4-vector. Now, wo(x)
satisfies

e E—qig—? —*—‘_,_-; v3y_(x) = 0. (E-6)

90 (t)

Using the indentity = §(t), one finds

ot
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(ﬁ—i-—“zvz)c( ix.) = -6 (t-~t.)<0 |{ t(x) 1o
T3e, o TG ixy) = tymty) <@ [y (x) W (xy) e > .

Since the anticommutator at equal time gives S(rl-rz), we get

2
df P A1 2 - e~ -
T gEI - SH Vl)Go(xl;xz) = -ﬁd(xl x2) (E-7)

Thus, Go(xl;xz) is indeed Green's function in the mathematical
sense. We can now generalize our definition of Green's function

from (E-5). When Hl#o, we define the one-particle Green's

function as

. + :
G(xy:%,) =—i<¥ _[T(W(x )¢ (x,)) ¥ > . (E-8)
Here, y(x) is a field operator satisfying

f_sux_ o5 V) + f Wiz eV -r Dz, 0d v (B-9)

where V([E-E'[) is a two-body interaction potential. It is
possible to obtain an integro-differential equaﬁion similar to
that of (E—7)vbut we will do this after we develop a more com-
pact mathematical operator in the next section.

Let us now turn to the momentum representation of
Green's function. We know that the field operator in the
Heisenberg picture has the following expansion67

(2W)3/2
Q

Vi) = g (t)etsE (E-10)

k

~

where Ek(t) is the annihilation operator which can be obtained
from the annihilation operator Ek in the Schrodinger piqture

by virtue of the transformation
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iHt A -iHt /A

where gk satisfies anticommutation relations:
+ + +
{gk'gk'} = Ekgkl + E].S'g],s
2

= Sy w4 (E-12)

(2m) > Kok

+ .+

{€]5'€15|} = {E;]‘Slgkl}

= O (E_l3)

Here Q is the volume of the space under consideration. Thus,

(E-8) can be rewritten as

; 3 -(k'sr ,-k".zr )
G(xl;x2)=-li££%— R <W0|T(gk,(tl)ain(tznlwo>e ~ ~ly o2
S § k', k ~ ~
. 3 ikt'e(r.-r.,)
_ _ i(2m) + ~ ~1 <2 -
== i' <WOIT<£E.(t1)£E.(t2>>lwo>e . (E-14)

~

In the last step we have used the equation

<WOIT(£k.(t1)£;"(t2)>lw6>=6k.,k"<?olT(£k.(tl)aﬁu(t2>)lwo> .

If the interaction is to conserve the energy and momentum,
Green's function can depend only on the difference of the co-or-

dinates. Then, we can write
G(xix,) = G(rj-x it -t,).

Now, the Fourier transform of G(E,t) with respect to the co-
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ordinates yields the momentum representation of Green's func-

tion

G(E,t) = J G(r,t)e =~ 7 da°r .

Therefore, we get from (E-14)

ooy 3
Gl ty-ty) = - 2T <y |1(g, (£)Ep(t,)) [¥ > - (E-15)

For the ground state of a many-body system, all the single-
particle states below the Fermi momentum kF are occupied. If
k = q>kF, we observe from (E-15) that a partiéle is created

at t, and annihilated at t provided t <ty Otherwise,

2 1’ 2
Green's function vanishes because we have Ek(tl)[wo> = 0.

Alternatively, if k = & < kF' then at t, a hole is created

provided t, < t,. Otherwise

and subsequently annihilated at t 1 2

2'

G(2,t,~-t = 0.

1 2)
We will now evaluate the free-particle Green's func-

tion GO(E,t). If k=q > kF and t = tl-t2 > 0, we have

. 3 iH t. /8 —iHét -t.)/H ~-iH t M
~_i(2m) o1 1 27" _+ o2
G (g, t)=-"F—— <¥_|e L Eq © |e,>
. 3 ite M -iH t/
= i fzm) o o + -
ist—e <¢o[gq e gq|¢o> (E-16)

~

where we have made use of the eguation

Hole > =€ [ >

and €o is the ground state energy. Inserting a complete set
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of states I|¢ ><¢ | into (E-16) we obtain
n

—i(eq—eo)t/ﬁ

Go(g,t) =-ie (E-17)

where aq-;o E‘quz/ZM is the free single-particle energy with
respect to the ground state energy. 1If k = & < kp and t < &,
we will get

-i(e,-e )t/
G (L,t) = -ie L o (E~-18)

= ~5222/2M. In summary, we have

with sl—eo =

Go(E,t) = i[—O(k-kF)e(t)+6(kF—k)B(—t)] X

exp[-i(ek-eo)t/ﬁl. _ (E-19)

The analytical properties of Green's function becomes
more transparent if we perform another Fourier transform of
(E-19) with respect to time. The full space-time Fourier

transform of Green's function is defined by

m 0
G(k,hw) = f G(k,t)et®t at. (E-20)
-0
Now, the Fourier transform of 6(t)e *°% should be
® i
Je(t)e-l(c-w)tdt = 1im 3=¢¥3ic ° (E-21)
: e-++0 .

00
This identity can be justified by taking the inverse of
the Fourier transform which will indeed regenerate the func-

tion 6(t)e **%, A rigorous justification of the identity
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will require the use of generalized functions or distribu-

tionssg. With the use of (E-21), the Fourier transform of

(E~19) gives

) AT
F -ﬁm—(ek—€67¥1e

6, (kAw) = 8 (k-k

+ 8 (kp=k) ﬁw—(ekggo)-ie (E-22)
which is equivalent to
G_(k,Hw) = i (E-23)
o'~ hw-(ek-ao)+1a sgn(k-kF)
where
sgn(k-kg) = | + 1 if k > kg
-1 k < kF

From (E-23), we see that the contribution from the gquasi
particle to Green's function comes from the lower half of
the w-plane and the quasi hole contributes only in the upper
half of the w=-plane. Thus, when we are considering a Feynman
diagram in the energy-momentum representation, an appropriate
contour in the>w-plane has to be chosen in accordance with
the physical state. We have to close the contour in the
lower (upper) half of the w-plane, if we are dealing with a
particle (hole) line of a Feynman diagram.

When interaction is allowed, the one-particle

Green's function is not as compact as the one given by (E-23)
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though the general structure remains the same. The Green's
function will be modified by the presence of spectral func-
tions. However, in practice we normally employ the perturba-
tion theory to evaluate Green's function by summing a relevant
~set of diagrams. .Thus, instead of studying its spectral
representation, we will discuss the diagram technique. We

wWill show how this can be done.

§3 Feynman Diagrams

In this section, we would like to discuss the pertur-
bation theory by using Feynman diagrams. It is often convenient
to work with the interaction picture wherefore the interaction
part of the Hamiltonian can be singled out. Following Roman67,
the Green's function in the Heisenberg picture can be transformed

into the interaction picture to give
<o [T (x)v T (x,)8) [y >
G(xy-%,) = = 1 —= =7 %STW - 2 ©
- o o

(E-24)

where

[+ 2

S =T expl-(i/0) | Hy(t)dt]

- 00

. .
is the S-matrix; ¥y (x) is the field operator in the interaction

L ]
picture and Hl(t) is defined by

H(t) = 3 [ v et et vt Dy e, et e dierade,

Expanding the S-matrix, we can rewrite (E-24) as the following

expansion series
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, 1 -in
G(xl_x2) = - z aT (?) X

f cese J <wo|T(¢u(xl)w-+cx2)Hi(t5 e Hi(tnnlwo>

dtn oo o 0 dt‘ (E-ZS)
Hence, the zeroth order of G(xl-xz) will be
69 (x.-x.) = - i<¥ [T (x ) F(x)) ¥ > (E-26)
1 727 o) 1 2 o]

where it is understood that <¥_|S|¥_ > = 1 in the zeroth order.
But the matrix element of the time ordered Heisenberg operators

and that of interaction operators have the relation

<@ xg) vee oy (x DY pm<¥ [STT W (xp) e bt T (k) 8) ¥ >

and also

|Y0> = S]¢°>
it follows that
<Y T (x)Y T (x,)) Y > = <o |sTT(W! (x)y T (x,)8) |¢ >
o 1 2 o o 1 2 Q
= <o |T(pixvT(x,) e >
ol!™% 1 2 o)
We have from (E-26) and (E-27)

G(°)(x1-x2) = G_(x;-x,) . (E-28)
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As for the first order, we have

6 (xyox,) = - h<wo%SlWo> ’ <Y IT (! ey T ) Hy (£ ¥ >de!

-

1 - , o+
- 3“<W¢7S|Wo> jfj <WOIT(w (xl)w (x2).

- 00

" '+(E"t')W'+(£"'t)V(l£'-£"l)w' (E"’tl)wl (Elltl))l\yo> .

adrvadrrae:. (E-29)

To put this into a full space-time integral, we introduce

W(x'=x") = v(|r'-2])8(t'-t")

then

G(l)(xl‘xz) - 2h<W°TS]?o> {J <o [T (kv T v T x!)

Pt et ket ]y oW (xt-x") atxta?

x" . (E-30)
As a consequence of Wick's theorem, we have

<y [T (k) w' T ) ur Ty Tyt (kM) ()] ¥ >

= <y [T (e )¥ T Ux)) ¥ < [T x0T (x,)) (¥ ><¥ [T (x")
ARES I

- <W°|T<w'<x1>w'+<x'>)Iwo><wolT<w'<x">W'+<x">>IW;?<WOIT<W'(x'>

9t + .
v oY e
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- <y |T (q;'(xl)lp'+(x"))|‘1/o><\Po|T(\p'(x")tp'+(x2 )) ¥ ><¥ T (P! (x')
AP L 2R
+ <\PO'T(¢|(xl)wu+(xu))IWO><WOIT(IP|(xu)w-r"(xi))Iqu><‘Po[T(¢l(xn)
V) [
= <TG vt T ) ) [t [T (Y TR ¥ <Y [T (%)
"P|+~(X")) l\yo>

YT v T ) ¥ > [T (M T ¥ > [T ()

W'+(x'ﬂ|wo>

]

- i Go(xl-x')Go(x"-xz) Gd(x'-x") + i Go(xi—x')Go(x"—x") Go(x'—xz)

+ i Go(xl*x") Go(x"—xz) Go(x'—x')- i Go(xl-x") GO(X"—x') Go(x'—xz)

+ i Go(xl_x2> Go(x"-x') Go(x'—x") - i Go(xl—xz) Go(x"—x")vGo(x'—x')'
(E-31)

Therefore, the first-order term of G(xl-xz) can also be ex-
pressed'in terms of free-particle Green's function. One may
proceed to show that this is true for any order and one can
associate Green's function at every order with a set of Feynman
diagrams. Once we have set up the Fenyman rules, we can
calculate Green's function to any order by applying these

rules to the Feynman diagrams. If we use a solid line to
represent the free-particle Green's function and a dashed line
for the interaction W(x'-x"), a diagramatic representation

of the first-order Green's function is given in Fig.l12. The
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diagrams are arranged in the order of the terms appearing

in (E-31).

X2

X1 X
(b) ()
x2 X2

A A

(e) (£)

Fig. 12

Since x' and x" are integration variables and W(x'-x")
is symmetric, diagrams (a) and (d) as well as diagrams (b) and
(c) give the same contribution to G(l)(xl—xz).n For diagrams
of order n, there will be nl topologically equivalent graphs.

Furthermore, diagrams (e) and (f) are disconnected graphs and
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the rest are ¢onnected ones. If we keep the connected graphs
of a particu;ar order fixed and sum over all the disconneéted
~graphs, then the disconnected graphs will yield a factor
%YOISIW°> thch wili cancel the same factor iﬁ the denomina-
tor of Green's function. If.only one of the topologically
equivalent connected graphs is taken, then we have to include
a factor ni<¥,|8|¥ > in the Green's function. Therefore

G(Xl—xz) can be written as

G(xl-xz) =]

™8

-i,® ' o+ ! i 'eun
n=0 . .

-} -0

| ¥ dt'...dat? (E-32)

o’c
' whefe the subscript c¢ indicates that only the connected and
topologically non-equivalént graphs wili be considered. When
the graphical technique is used, it is often convenient to work
in the energy-momentum space. This can be achieved by taking

a full space-time Fourier transform of (E-32). For example,
the contribution from diagram (a) of Fig.l2 in the energy-

momentum space would be

i Go(p)

Go(p-q)W(q)d4q G, (p)
(2w)

with

rll)

W(q) = [ V”E"‘E"l)éj‘g' (£|_~ d3

(E'_E")'



151

Here, we have introduced a 4-vector p such that p = (E,po)s(g,hm).

As a result, diagram (a) of Fig.l1l2 is replaced by Fig. 1l3.

\
P-q Aq
/

Fig.l1l3

Of course, there are infinite numbers of diagrams that
have to be summed. For the self-energy type diagram, however,
it is enough to consider only the compact graphs. A compact
graph is defined as the graph which cannot be separated into
two parts by just breaking a single propagating line. Formally,
all the possible graphs could be included in a way shown by

Fig. 14. The block Z(p) consists of the totality of all the

G, (p)
G(p) G, (p) G (PI— G (P) G, (P) G, (P)
—e e e O Z(p) — G + _-’—JZ(p) 2(p)\-—-)—

i
;

—_—_————e

|
|
j
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nonequivalent compact self-energy graphs. The mathematical

eqguivalent of Fig. 14 is
G(p) = G (p) + G (P)Z(P)G(p). (E-33)

This is the so-called Dyson's equation which may be rewritten

as
G, (p) ;
G(p) = T:EETEJETBT (E-34)

or alternatively

c(p)~t

-thz

-1
G (p) © - I(p)
=% [p, - —f + ie sgn(|pl-ky)1-Z(p)  (B-35)

where we have used (E-23) for the Go(p). Thus we arrive at a
very simple relation for Green's function and the compact
self-energy parts of the propagator, and the studies of Green's
function reduce to that of I(p). An ekplicitvexample of
summing compact ladder diagrams will be demonstrated in Chapter
III. |

Before concluding this section,we woﬁld like to show
that the generalized Green's function is indeed Green's function
of an integro-differential equation. In space-time represen-

tation, (E-33) takes the form

G(Xl-xz) = GQ(Xl-xz) + d4x|d4x|| G.o‘(xl"X')z(x'-x")G.(x"—xz) (E"‘36)

o _ 42 2
Iatl 2M 1

4

Operating this equation by ( ) and using the result
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of (E-7), we obtain finally the desired integro-differential
equation
ﬁ2

9 2 _

4x"zgxl-x")c(x"-x2) (E-37)
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