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1 Abstract

Due to the large and costly nature of ocean models, they are often limited in computational
resolution - meaning accurate solvers must take into account boundary geometry at the subgrid-
scale without explicitly modelling it. One method of characterizing subgrid-scale features is
Brinkman penalization, where the solid/�uid interface is modelled as a porous medium, which
yields many stability, accuracy, and e�ciency bene�ts [10, 11]. In this work, we aim to extend
the Brinkman method by testing a penalization that accounts for a position dependent tensorial
permeability which will allow the model to experience friction in a directionally dependent fashion
- implicitly preserving roughness that may be lost in a porosity-only approach. We simulate �ow
through solid/�uid and semi-permeable permeability-de�ned substructure con�gurations using
the porous shallow water equations at both the subgrid-scale as well as the coarsened scale. Our
�ndings indicate that coarsened simulations well approximate averaged �ne-scale simulations in
both velocity distribution and total kinetic energy. We coarsen subgrid-scale permeability using
the periodic homogenization approach, which we �nd to be rigorous, fast, and accurate.

2 Introduction

There are many di�erent types of coastline topographies, each with distinct characteristics that
play an essential role in determining ocean�coast interactions. For example, just west of the
Mississippi river, the swampy Atchafalaya Basin of Louisiana is dominated by clusters of herba-
ceous plants. Understanding water �ow through this region is imperative for �ood control and
wetland conservation. The ocean dynamics in the Gulf of Mexico depend on the gulf's shape
as well as its bathymetry, which is a mix of continental shelves, slopes and submarine canyons.
It is important to accurately simulate since it plays a key role in circulating warm water into
the global ocean system [19]. The Strait of Gibraltar is a narrow channel which connects the
Atlantic Ocean to the Mediterranean Sea, which is not only signi�cant for similar reasons to the
Gulf stream, but is also widely used as a benchmark case for testing ocean models.

The diverse nature of these complex coastal geometries means that their accurate simulation
not only requires a technique that properly represents their unique characteristics, but also one
that accounts for their consequent numerical challenges. Simple rocky bathymetry or coastlines
are reasonably well-approximated by solid, no-slip boundaries, but the introduction of any more
realistic and sharply varying features make them prone to numerical instability. Areas that are
not quite solid nor pure �uid, like patches of plant growth in a marsh or estuary, are more accu-
rately modelled as a porous medium, but their small scale makes them di�cult to characterize
given a limited resolution. Processes that model �ow through small and distinct passages, like
a narrowing channel, even sometimes require ad-hoc hand tuning like the manual opening of a
gap.

On top of these numerical challenges, the development of techniques that model water �ow
along and through complex coastlines must also strike a �ne balance between e�ciency and
accuracy. As such, realistic ocean models are large and costly, leading to a limit in computa-
tional resolution. To mitigate any resulting instability, they might smooth sharper features and
reintroduce an arti�cial friction term to compensate for the loss of roughness. Though both
regional and global ocean models either implicitly or explicitly require some characterization of
the unresolved subgrid-scale (SGS) features to ensure accuracy at a limited resolution, ful�lling
this through a scalar friction term is not only arbitrary but also neglects to capture directional
dependence.

An alternative approach is Brinkman penalization, described and successfully implemented
on peaked bathymetry by Debreu et al. in [10]. This approach modi�es the Shallow Water
Equations (SWE) by the addition of a scalar permeability�porosity term that is used to pe-
nalize a region between the true bathymetry and a smoothed computational boundary that
lies fully within the solid area (Figure 1). Brinkman penalization corrects for the failings of
topography-conforming coordinate approaches such as spurious �ows caused by staircase geome-
tries in z� coordinates and the trade-o� between smoothing and pressure gradient errors in� �
coordinates while increasing robustness and improving computational performance [11]. The
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modelling of the interface between a solid/�uid boundary as a porous medium is what allows
this method to include the impact that SGS features have on the �ow, which provably maintains
accuracy at a lower resolution without compromising stability (see [11] for the successful results
on the Gulf Stream Separation problem).

As successful as Brinkman penalization is with porosity, we believe that the inclusion of
a permeability factor would only provide further improvement. While porosity quanti�es the
�uid volume fraction, permeability gives a measure of the interconnectedness of pores. One
computational cell may have a small amount of solid material, but arranged in such a way that
completely blocks the �uid �ow. For example a cell �lled with clay, which is highly porous
but has a low permeability. Conversely, gravel has a low porosity but a high permeability. A
penalization that only relies on porosity can severely misclassify substructure that truly needs
an additional tensorial permeability characterization to properly describe �ow through.

Therefore, to ultimately build on Brinkman penalization, we propose to test an improvement
on the scalar implementation of permeability�porosity by replacing it with a Darcy-type tensor,
which would �exibly permit the independent penalization of velocity along both its principal
axes [6]. In a scalar approach, the representation of SGS features at the grid-scale is done by a
spatial average, which does not need to change for the upscaling of porosity (due to its inherent
scalar nature as a volume fraction). However, the coarsening of an anisotropic SGS permeability
matrix in the context of a di�erential equation is provably not an average [1, 17, 22], so we choose
to coarsen SGS permeability using periodic homogenization, a rigorous coarsening method that
is well-established in its application to conductivity and elasticity problems [18]. In fact, a
tensorial permeability applied to the di�usive Darcy equation is even often referred to as a
�hydraulic conductivity� in the engineering community [15].

In the limit of vanishing permeability and porosity, the porous SWE approximate no-slip
solid boundary conditions. Coupled with a rigorous homogenization procedure, appropriate
choices of spatially varying porosity and tensor permeability allow one to model coastlines of
arbitrary complexity. Therefore, with the ultimate goal of later being able to apply this method
to realistic ocean models, we test periodic homogenization's performance on diagonal and full
matrices against another well known coarsening method, as well as a testing a porous Shallow
Water Model with substructure con�gurations that mimic marsh and tunnel domains in both
�ne and upscaled resolutions. We test a variety of permeability matrices, both semi-permeable
and solid-representing, with the hope that this method can provide improvements in modelling
not only solid/�uid boundaries, but also expansive low-lying wetlands like coastal Louisiana.

Figure 1: The bathymetry of an ocean model is often smoothed to prevent numerical instability
(default bathymetry in the Figure), where an arti�cial bottom friction is added back in to com-
pensate for the loss of roughness. A proven alternative approach is Brinkman penalization, which
takes a smoothed boundary internal to the true bathymetry and represents the area between this
boundary and the pure �uid as a porous medium.
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2.1 The Darcy, Brinkman, and Shallow Water Equations

Figure 2: Fluid modelling equations from simplest (Darcy) to most involved (Navier-Stokes).
Brinkman penalization was developed as a modi�cation to the Navier-Stokes equations via the
analysis of the Brinkman equations [4, 5].

The simplest model for �ow through a porous medium is the Darcy Equation. In Darcy �ows,
velocity u at some point in space is proportional to the pressure gradientr P:

�u = � K r P;

where � is the scalar porosity (� = 1 for a pure �uid) and in n dimensions, the tensorK is the
n� n permeability matrix. Taking the divergence of this equation, and enforcing incompressibility,
r � u = 0 , gives the Darcy equation,

� r � (K r P) = 0 : (1)

When supplemented with Neumann boundary conditions for the pressure, (1) is an elliptic
Cauchy problem (i.e. Laplace equation) for the stationary distribution of velocity and pressure in
a porous medium given a permeability distribution K (x). The Brinkman Equation modi�es the
Darcy Equation by the addition of a viscous di�usion term and allows for the modelling of time-
dependent �ow that is in a transitional state between the Darcy and Stokes regimes. Through
the analysis of the Brinkman Equation was the idea of Brinkman penalization formed, which is
the addition of a friction of the form K � 1u to the Navier-Stokes equations [4, 5]. An assumption
is made that the permeability will be symmetric positive de�nite to ensure invertibility.

The SWE, which are the limit of the Navier-Stokes equations for long, shallow regimes, can
also be penalized by a Brinkman-type term. These are the equations we will look at in Ÿ6 when
simulating �ow over complex boundary geometries, but this �rst requires the homogenization of
SGS permeability, for which now turn our focus back to the Darcy equation.

2.2 Homogenization

The discrete homogenization problem for permeability is characterized by accurately representing
permeability on a coarse grid from data on a �ne grid (Figure 3). We assume there is a clear
separation of scales between the two grids. An accurate or physically useful homogenization can
be proven or obtained in a variety of ways, for example through a mathematical limit [2, 14], in
a statistical sense [12], or numerically [15].

Naively, one might think that spatially averaging the permeability over a grid-scale cell is
an acceptable homogenization. However, this method may fail to preserve important quantita-
tive properties of the porous medium �ow, such as blocking e�ects and �turning the �ow� (see
Figure 4).
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Figure 3: The process of homogenization assigns every cell in a domain, of which each had pre-
viously a unique permeability matrix K � varying on the subgrid, one representative permeability
matrix K l .

Figure 4: A homogenized system should still preserve key characteristics of the original �ow,
such as �ow being turned by a barrier.

Homogenization, also known as upscaling or coarsening, is essentially a type of subgrid-scale
(SGS) model, which is such a generalized tool that it has been implemented in many di�erent
subdomains within mathematics, physics, and engineering. Periodic homogenization (PH) is
a well-established and mathematically rigorous method widely used in engineering disciplines
to model qualities such as small-scale conduction or elasticity. It was introduced in the early
1990s by Allaire [3], and was soon after implemented numerically by Moulinec and Suquet [18].
This original theoretical and computational approach forms the basis of many homogenization
algorithms for elliptic equations used today.

Although we will primarily use PH for two-dimensional domains, it can also be applied
to three-dimensional systems with very little modi�cation [13]. In our case, the two spatial
dimensions can either be thought of as a horizontalx� y 2D-SWE model (e.g., swampy coastlines)
or a vertical x� z slice (e.g., ocean models, bathymetry), as illustrated in Figure 5.

In this work, we present a new application of PH to upscale the Darcy Equation in order to
provide accurate grid scale coastal or bathymetry conditions from SGS permeability data. PH
generates a coarse-scale topography model that can be used in conjunction with a �ow solver to
create SGS-informed simulations at a limited resolution.
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Figure 5: Horizontal and vertical homogenization problems. The two dimensions can either
represent an aerial view, like a swamp with pockets of lower permeability [9], or a vertical slice
with complex bathymetry. The small scale permeability can take on any value depending on the
local properties of the small scale topography data.

3 Implementation of periodic homogenization (PH)

3.1 Set-up

If a global domain (say of an ocean model)
 L is discretized into grid-scale cells with length-
scale l � L , homogenization should be performed on one of these grid-scale cells based on its
contained SGS features. There should be a clear scale separation between a grid-scale cell
 l

and subgrid cell 
 � such that � � l . Any given grid-scale cell 
 l in the domain contains a
permeability matrix K � , which varies on the subgrid scale and can be homogenized into one
representative permeability matrix K l . Our goal is to perform this homogenization using PH,
which along with the assumption of scale separation also requires SGS permeabilitiesK � be
symmetric and positive de�nite (i.e. �ow through a porous medium must dissipate energy).
Having satis�ed these conditions, the following steps are performed on each grid-scale cell
 l to
�nd its corresponding K l :

1. Pose Darcy's equation as a corrector problem, with SGS permeability matricesK � and
grid-scale average pressure gradientE l as inputs.

2. Reshape corrector problem into a discrete Lippmann�Schwinger (LS) form.

3. Solve discretized corrector/LS for SGS perturbed pressure gradientr w� .

4. Use Lippmann�Schwinger formulation and r w� to solve for homogenized grid-scale per-
meability matrix K l .

We now describe each step of the above algorithm.
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Figure 6: Graphic illustrating the separation of scales. The global domain
 L

is split into grid-scale cells 
 l and further into subgrid-scale cells
 � where L � l � � .

3.1.1 The corrector problem

The �corrector problem� is an alternate form of Darcy's equation that splits the strain �eld
(pressure gradient) into an average gradient and a perturbation:

r � [K � (E l + r w� )] = 0

whereE l is the grid-scale pressure gradient andr w� is the periodic SGS pressure gradient. Scale
consistency requires that the average of the total gradient be equal to the grid-scale pressure
gradient (E l + r w� = E l ). Although the corrector problem itself can be solved computationally
for the SGS pressure gradientr w� with a given grid-scale pressure gradientE l (which also
provides boundary conditions for 
 l ), the need to compute derivatives makes a direct approach
computationally ine�cient. However, a clever transformation and discretization allows one to
�nd a r w� that leverages theO(� ) periodicity assumption in order to take advantage of highly
e�cient Fourier methods.

3.1.2 Discrete linear system for the SGS pressure gradient

This process follows directly from the work of de Geus et al. [13] as well as that from Brisard
and Legoll [7], with variables scaled down a dimension (ie. tensor to vector, vector to scalar)
and renamed to increase legibility in the context of this work. De�ning the SGS velocity �eld
u� = K � (E l + r w� ), the corrector problem can be rewritten in its weak form

Z


 l

~F (r � u� ) d
 l =
Z


 l

(r ~F )u� d
 l = 0

using a test function ~F , where the divergence theorem moves the divergence from the velocity
�eld to a gradient on the test function.

The operator � 0 is de�ned such that r ~F = � 0 � � ~F and using the associative property of
convolution and the distributive property of the tensor product over a convolution, a new weak
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Figure 7: Flowchart depicting how the Darcy Equation is taken through the corrector problem
to achieve the LS formalism, whose (numerically determined) solution is microscale pressure
gradient r w� , which can be used in the� ! 0 limit of LS to solve directly for the e�ective
macroscale permeability matrix K l .

integral form appears:
Z


 l

(� 0 � � ~F )u� d
 l =
Z


 l

� ~F (� 0 � u� ) d
 l = 0 :

where � ~F is the new test function that happens to have no position dependence, and therefore
can be taken out of the integral.

This integral is then discretized using shape functionsN that sample discrete values of the
continuous �elds � ~F and u� at nodesX m ,

Nk (X m ) = � km : (2)

Additionally, since this relation must be valid for any � ~F , the integral further simpli�es to
Z


 l

N (� 0 � u� ) d
 l = 0 :

Using the trapezoid rule to approximate the integral, where all nodal quantities have an equal
weight of one assigned by the shape function (2), we have

X

k

N (� 0 � u� ) = 0 : (3)
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Although this integral represents a convolution in physical space, it is a tensor product in Fourier
space. In Fourier space (with periodic SGS cells
 � ), the projection �̂ 0 is a diagonal matrix where

�̂ 0(q) =

(
0; kqk = 0 ;

qi qj

kqk1= 2 ; kqk 6= 0 ;

where q is the wave number. The de�nition of the operator � 0 enforces a zero mean component
such that Z


 l

X

k

N (� 0 � u� ) d
 l = 0 (4)

In the above sums,k indexes the nodes ofN .
SinceK � is a linear operator, solving equation 4 for SGS velocityu� is akin to solving

F � 1[�̂ 0F (K � (E l + r w� ))] = 0 (5)

for SGS pressure gradientr w� .
To use a nonlinear operatorK � , a linearization process is required with initialization such

that u(0)
� = K � E l and u(1)

� = u(0)
� + �u = K � (E l + r w� ). With Equation 4, this results in the

same target equation to solve as the already linear system.
The code used for this section is largely based on that accompanying [13]. Written in Python,

we have modi�ed it use the notation introduced here and with the additional goal of solving for
the homogenized matrixK l instead of only the solution for r w in both two and three dimensions.
The process of solving forK l is covered in the following section.

In the script associated with Table 1, equation 5 is represented in a single line of code

GK_fun(grad_w) = -GK_fun(E),

which is solved for the SGS pressurer w� using the conjugate gradient method. A summary of
code objects, their types, and their descriptions is provided below.

Code Object Type Description
ndim scalar number of physical dimensions (ie. 1D, 2D, 3D)

N scalar number of nodes/cells in one dimension
prodN scalar number of entries in E and grad_w (ndim x Nx N)

K (ndim,ndim,N,N) vector symmetric invertible positive de�nite microscale perme-
ability matrix K �

E (ndim x Nx N) vector macroscale pressure gradientE l

grad_w (ndim x Nx N) vector microscale periodic pressure gradientr w� (found using
conjugate gradient method)

K_l variable 2� 2 symmetric positive de�nite homogenized macroscale
permeability matrix K l

G_hat (v) function projection operator �̂ 0v
K_fun(v) function applies permeability matrix K � v
G_fun(v) function applies F � 1(�̂ 0F (v))
GK_fun(v) function applies F � 1[�̂ 0F (K � v)]

Table 1: Description of key code variables and functions used to solve for the microscale pressure
gradient r w� in the function get_K_l(ndim,N,A) .

3.1.3 The Lippmann�Schwinger formulation for homogenization

Using the Green's function, the corrector problem can be transformed to the Lippmann�Schwinger
equation [7][16]. This equation takes the form

r w� = � � 0 � (E l + r w� );
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where in the limit as � ! 0 a homogeneous form

K l E l =
Z


 l

K � (E l + r w� ) d
 l

is obtained. K l is the homogenized permeability coe�cient, which is constant over grid-scale
cells 
 l , and E l is the prescribed grid-scale pressure gradient.

Choosing appropriate values forE l and pre-factor T allows one to solve for each of the three
distinct entries of the symmetric grid-scale permeability matrix K l using the relationship

TK l E l = T

 
1

prodN

X

k

K k (E l k + r w� k )

!

:

As a two-dimensional example, to �nd the entry K l 11, we prescribe a macroscale gradient pressure
E l = [1 0]T and a pre-factor T = [1 0]. The left hand side of the above equation then becomes

T K l E l = [1 0] K [1 0]T = [1 0] [K l 11 K l 21]T = K l 11:

The other components of the homogenized permeability matrix can be found similarly, using the
given E l in Table 2.

K l component Choice of macro-strain Pre-factor
K l 11 E l = [1 0]T T = [1 0]
K l 12 E l = [0 1]T T = [1 0]
K l 21 E l = [1 0]T T = [0 1]
K l 22 E l = [0 1]T T = [0 1]

Table 2: Imposed macroscale pressure gradientsE l and pre-factorsT for computing components
of the homogenized macroscale permeability matrixK l in 2D. Note that the expected symmetry
of the permeability matrix can be used as a sanity check by verifyingK l 12 = K l 21.

The same method can be applied to extract the components of a homogenized permeability
matrix in 3D by making the appropriate dimensionality respecting choices for the macro-strain
and pre-factor (Table 3).

K l component Choice of macro-strain Pre-factor
K l 11 E l = [1 0 0]T T = [1 0 0]
K l 12 E l = [0 1 0]T T = [1 0 0]
K l 13 E l = [0 0 1]T T = [1 0 0]
K l 21 E l = [1 0 0]T T = [0 1 0]
K l 22 E l = [0 1 0]T T = [0 1 0]
K l 23 E l = [0 0 1]T T = [0 1 0]
K l 31 E l = [1 0 0]T T = [0 0 1]
K l 32 E l = [0 1 0]T T = [0 0 1]
K l 33 E l = [0 0 1]T T = [0 0 1]

Table 3: Imposed macroscale pressure gradientsE l and pre-factorsT for computing components
of the homogenized macroscale permeability matrixK l in 3D.

In order to determine whether PH is a viable means of coarsening data, it needs to pass
a series of validation tests. Most importantly, a valid method should be able to reproduce
comparable results for cases that can be solved analytically and cases that will have known and
observable physical e�ects. In the following section we present validation results in two and three
dimensions.
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4 A quick validation of PH

4.1 Laminate tests

Domains that have laminated structures have known analytical homogenized solutions where
coarsened matrix components are expected to follow the arithmetic mean of the corresponding
SGS components in the direction parallel to the laminate and the harmonic mean in the direction
perpendicular to the laminate [6]. We introduce a simple case where the domain
 l is �lled with
permeability matrix K 1 except for a �blocking" band with lower permeability K 2.

Figure 8: Blockage set-up where the computational homogenization domain with permeability
K 1 is split by a blockage of less permeable (K 2) cells. Vertically-directed pressure gradients
should theoretically turn �ow horizontally and homogenization of the entire domain should aim
to preserve this characteristic.

Tag Set-up K 1 K 2 K l

B1 blockage (5x5)
�
1 0
0 1

� �
0:0101 0:01
0:01 0:0101

� �
0:8584 0:0094
0:0094 0:0660

�

B2 blockage (5x5)
�
0:8333 0

0 0:4394

� �
1:0389 0

0 0:2678

� �
0:8627 0

0 0:4025

�

B3 blockage (5x5)
�
0:5 0:2
0:2 0:3

� �
0:93 0:4
0:4 0:6

� �
0:5526 0:2154
0:2154 0:3231

�

Table 4: Test set-ups and their corresponding computed homogeneous permeability values.K 1

and K 2 are permeabilities of the blockage domain (Figure 8).K l is the calculated homogenized
permeability matrix. Diagonal cases reproduce analytically expected results to machine precision.
All values are rounded to 4 decimal places.

Table 4 lists a sample of speci�c SGS permeability choices and their corresponding homog-
enized results using the blockage con�guration. For diagonal subgrid permeabilities, analytical
results are easily recovered to machine precision. The results of the non-diagonal cases, however,
require more analysis.

Theoretically, in the Darcy framework, non-zero o�-diagonal components of subgrid perme-
abilities are responsible for converting some part of a unidirectional pressure gradient into an
orthogonally directed velocity. This �turning� of the �ow (which in this case is not meant in a
time-dependent sense) is an important observed and con�rmed characteristic of an anisotropic
porous medium (e.g. soil or layered media [1, 22]) and therefore homogenization should preserve
such a behaviour. We do observe that in non-diagonal cases (B1 and B2, Table 4), homogenized
permeability matrices successfully preserve the presence of o�-diagonal components. We also test
a fully laminate con�guration (Figure 9) and recover results of a similar nature to the blockage
substructure.

Furthermore, say we attempt to represent a pure solid/�uid system as a porous medium;
a perfect �uid will be represented by the identity matrix while a solid must be represented
by a permeability matrix that properly penalizes pressure-incited Darcy �ow in a way that
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re�ects the physical nature of a completely impermeable blockage. Take for example case B1 in
Table 4, where we choose to de�ne a solid blockage by a full matrix of small coe�cients. We
would expect a vertical pressure gradient to allow little to no �ow in the vertical direction (as
it should be blocked) and we would expect almost unpenalized �ow in the horizontal direction
provided a horizontal pressure gradient. We should also expect that the blockage may turn a
vertical pressure gradient into a horizontal velocity - which would be indicated by an o�-diagonal
component. Looking at the calculated e�ective permeability components for case B1 does in fact
re�ect these e�ects.

Though the requirement of symmetry does reduce �exibility in capturing turning capabilities
of some media, the maintenance of a non-diagonal structure through homogenization is a positive
result regardless. For future testing, there may also be ways to homogenize based on a perme-
ability that has been transformed into a diagonal matrix through the �nding of its principal axes
[6], which could potentially allow for a relaxation of the symmetry requirement.

Figure 9: Laminate set-up where the domain is �lled with bands of alternate permeability.
Homogenized permeability matrix components should follow the arithmetic mean in the band-
parallel direction and the harmonic mean in the perpendicular direction.

4.2 Extension of testing to three dimensions

Figure 10: Three-dimensional laminated blockage test case.

In order to con�rm that the modi�cation of the code to account for three-dimensional struc-
ture calculates permeability correctly, we expand the laminated blockage into a third dimension.
If the previous two-dimensional case represented thexz plane, the computational domain ex-
tends in the y dimensions with layers of the same laminated structure (Figure 10). Given that
the domain remains cubic, we expect �ow behaviour through the newly createdyz faces to mimic
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the �ow through the xz faces. In other words, there should be permeability symmetry in the
two coordinate directions that display physical symmetry. This behaviour is con�rmed when all
blockage and laminate con�gurations described in the previous section are expanded into a third
dimension with the above symmetry.

4.3 A note about using conservation of total dissipated power as a
validation criterion

At the beginning of this study, we thought that we might be able to validate homogenization
results by using a measure of dissipated power over the computational domain to compare �ne-
scale and coarsened representations of the Darcy equation. One might think that along with
preserving the �ow characteristics of a porous medium represented with a �ne grid, a homogenized
block should also conserve the total dissipated power (TDP). TDP over a domain
 takes the
form

TDP =
Z



uT r P d
 =

Z



uT K � 1u d


whereu is the Darcy velocity. However, any type of averaging is dissipative in nature and having
calculated coarse and �ne TDP (with proper scaling and equivalent velocities) generated by sys-
tems with both diagonal and non-diagonal permeability matrices yielded very poor comparisons.
Figure 11 shows probability density function estimates of relative error in coarse and �ne TDP
for randomly generated blockage, laminate, and Gaussian type permeability matrices (with both
diagonal and non-diagonal set-ups) using 500 samples each. Both cases are found to have very
large TDP consistency errors: between 90 and 100%. The Gaussian case represents a domain in
which every �ne-scale permeability matrix was sampled from a normal distribution with a given
mean and standard deviation.

Figure 11: Kernel density estimates for coarse total dissipated power as compared to �ne. Run
with equivalent velocities.

Though this measure of TDP is not a reputable method of validating homogenized perme-
abilities, we do go on to use it as a measure of permeability-dissipated energy in the analysis of
our shallow water models later in this study, where it proves to be an important contributor to
balancing energy levels in systems that reach a steady state.
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5 Comparison of PH to a well known intuitive approach

PH is not the only technique known to coarsen simulations of porous media. Given the nature of
upscaling, it is not surprising that studies that require the use of a lower resolution often rely on
some form of averaging, whether the average is applied to �uxes, gradients, or another variable.
Such methods tend to be empirically derived and lack a rigorous mathematical foundation.
However, they have practical advantages since they require fewer constraints and assumptions
(e.g., periodicity, symmetry, positive-de�niteness) and can be easier to implement than a method
like PH. To judge how PH performs compared to an averaging approach, we implement the
volume averaging method (VA) described in [20] and will run a series of tests. VA also uses the
Darcy equation to �nd a homogenized permeability tensorK NSF . As indicated by the subscript,
this method is derived by requiring that the homogenized coarse-scale net surface �ux (NSF)
matches the �ne-scale (SGS) NSF.

5.1 Testing methods

The test cases that we have chosen to compare the PH and VA approaches upon can either be
solved analytically or have well established empirical results. The computational domain is an
n � n square grid on which four �ne-scale structure con�gurations are tested: blockage, laminate,
Gaussian, and homogeneous.

The homogeneous con�guration assigns every grid cell in the domain the same permeability
matrix K 1. Therefore, when homogenized the coarse-scale permeability matrix should also be
K 1. The blockage con�guration is shown in Figure 8. The domain has cells with permeability
matrix K 1, except for a single row of cells with a lower permeability matrix K 2. The laminate
con�guration is shown in Figure 9. The domain alternates between bands of permeability matri-
cesK 1 and K 2. As mentioned earlier, the blockage and the laminated con�gurations have known
analytical solutions: the e�ective permeability in the parallel and perpendicular directions are
exactly the arithmetic and harmonic means respectively [6]. The Gaussian test case samples
randomly generated permeability matrices for each �ne-scale grid cell from a normal distribution
with a given mean and standard deviation. It has been shown to homogenize into an e�ective
permeability matrix whose entries re�ect the geometric mean, which is valued slightly less than
the arithmetic mean [17].

Blockage con�gurations were tested with 11 � 11, 31 � 31, and 101� 101 cells to quantify
accuracy in terms of the upscaling factor. These cases are referred to in the analysis of results
as low, medium, and high resolutions. The other con�gurations were tested with31� 31 grids.
All con�gurations were tested with both diagonal and non-diagonal SGS permeability matrices.
A full summary of con�gurations and results is provided in Table 5.

5.2 Results of PH and VA test cases

The volume averaging method is not stable for non-diagonal SGS inputs: the e�ective perme-
ability components calculated get extremely large. This is indicative of the conjugate gradient
method failing to converge. No orientation nor resolution is able to produce reliable results.
There would be an argument to modify this method by �rst diagonalizing the matrix before
homogenizing and then transforming back to its original basis were not diagonal trials of PH to
outperform VA in both accuracy and computational time by at least an order of magnitude.

All laminated and blockage cases tested with PH produce the expected analytical results
within a couple orders of machine precision, and the homogeneous test cases further produce the
exact result (reproducing the �ne-scale permeability). Higher grid resolutions (greater upscaling
ratios) increase accuracy, but also run time. However, all run times (including high resolution
non-diagonal) are fast: 0:01 to 0:1 s. It should be noted that PH is by nature limited to grids
with odd-numbered side lengths and the method cannot be used for grids of even dimensions.

Figure 12 compares the accuracy and computational time of all con�gurations for VA and
PH, where accuracy is measured against the known analytical results described earlier. Every
single VA case ranks below the worst performing PH case in both metrics. In fact, every non-
diagonal VA case lies in the worst quadrant: slow and inaccurate (or unstable). In fact, the
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highest resolution (101� 101) non-diagonal VA case is not even included on the plot as it did not
even reach the iteration ceiling without timing out. Con�gurations which produce unexpected
results, or use other methods of inferring accuracy are marked with an asterisk and are detailed
in the following section discussing �special cases�.

The high computational e�ciency of PH compared to VA is an not unexpected. VA must
make a conjugate gradient calculation with a complex derivative structure, whereas PH reduces
the same system to a linear one via the Lippmann�Schwinger approach and is consequently a
much cheaper approach. The same computational complexity may also explain VA's lack of
accuracy in diagonal cases, but its instability for non-diagonal cases rules it out as a practically
useful method in its current state.

The two methods also di�er signi�cantly in their assumptions and enforced conditions, though
we �nd PH's requirements easily met. Although PH assumes periodicity on the �ne-scale, this is
not necessarily a drawback since our goal is to apply this method to homogenize SGS structure
in order to provide better physical models at a �xed computational resolution. In other words,
taking permeability matrices that are constant for a single �ne-scale cell satis�es the periodicity
assumption, which is automatically ful�lled by the nature of the subgrid's O(� ) structure. The
fact that PH can only be applied to grids of odd dimension is no more of a serious limitation on
the method. The only requirement that must be treated with more awareness is maintaining a
separation of scales.

Because PH lacks an explicit conservation of net surface �ux between coarse and �ne �ows,
we look to test its more physical e�ects on stationary and non-stationary �ows modelled by the
porous shallow water equations (pSWE). The following sections will ultimately apply periodic
homogenization to upscale permeability for the pSWE, where permeability enters via a Brinkman-
type penalization term and porosity is set equal to one.

Figure 12: A comparison in speed and accuracy of each case in Table 5 where cases su�xed with
1 refer to PH and cases su�xed with 2 refer to VA. All cases that use PH perform faster than
those that use VA and all but one perform more accurately. In most cases, accuracy is measured
against corresponding analytical or known solutions, however, cases with asterisks have particular
unphysical properties, such as unexpected negative entries or non-zero entries (see Ÿ5.2.1).
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Tag Diag Method Run Time K 1 K 2 K l
11x11 Blockage

B11D1 yes PH 0.00212 s
�

0:7226 0
0 0:2667

� �
0:1473 0

0 0:4958

� �
0:6703 0

0 0:2784

�

B11D2 yes VA 1.4901 s " "
�

0:5943 0:0758
0:0758 0:2038

�

B11ND1 no PH 0.00145 s
�

0:7226 0:4338
0:4338 0:2667

� �
0:1473 0:1253
0:1253 0:4958

� �
0:6537 0:4181
0:4181 0:2784

�

B11ND2 no VA 2.0687 s " "
�

2:6477 2:7776
2:7776 2:9138

�

31x31 Blockage

B31D1 yes PH 0.00886 s
�

0:7226 0
0 0:2667

� �
0:1473 0

0 0:4958

� �
0:7040 0

0 0:2707

�

B31D2 yes VA 1.6183 s " "
�

0:6328 0:0712
0:0712 0:1997

�

B31ND1 no PH 0.00682 s
�

0:7226 0:4338
0:4338 0:2667

� �
0:1473 0:1253
0:1253 0:4958

� �
0:6980 0:4284
0:4284 0:2707

�

B31ND2 no VA 7.6023 s " "
�

28:56 15:99
15:99 8:952

�

101x101 Blockage

B101D1 yes PH 0.07777 s
�

0:7226 0
0 0:2667

� �
0:1473 0

0 0:4958

� �
0:7169 0

0 0:2679

�

B101D2 yes VA 2.1700 s " "
�

0:6487 0:0682
0:0682 0:1977

�

B101ND1 no PH 0.06516 s
�

0:7226 0:4338
0:4338 0:2667

� �
0:1473 0:1253
0:1253 0:4958

� �
0:7150 0:4321
0:4321 0:2679

�

B101ND2 no VA timeout " " N/A
31x31 Laminated

L31D1 yes PH 0.00935 s
�

0:7226 0
0 0:2667

� �
0:1473 0

0 0:4958

� �
0:4256 0

0 0:3502

�

L31D2 yes VA 1.440 s " "
�

0:3984 0:0635
0:0635 0:2908

�

L31ND1 no PH 0.00681 s
�

0:7226 0:4338
0:4338 0:2667

� �
0:1473 0:1253
0:1253 0:4958

� �
0:3627 0:3212
0:3213 0:3502

�

L31ND2 no VA 7.469 s " "
�

5:6020 7:2797
7:2797 17:312

�

31x31 Gaussian Random

G31D1 yes PH 0.01062 s � = 3 , � = 0 :1 N/A
�

3:0041 � 5e � 5
� 5e � 5 2:9997

�

G31D2 yes VA 1.5473 s � = 3 , � = 0 :1 N/A
�

3:00438 � 1e � 3
� 1e � 3 2:9974

�

G31ND1 no PH 0.17131 s � = 3 , � = 0 :1 N/A
�

2:8181 2:8187
2:8187 2:8340

�

G31ND2 no VA 7.528 s � = 3 , � = 0 :1 N/A
�

209:5 279:66
279:66 373:29

�

31x31 Homogenous

H31D1 yes PH 0.00707 s
�

0:7226 0
0 0:2667

�
N/A

�
0:7226 0

0 0:2667

�

H31D2 yes VA 1.5966 s " "
�

0:6532 0:0694
0:0694 0:1974

�

H31ND1 no PH 0.00798 s
�

0:7226 0:4338
0:4338 0:2667

�
N/A

�
0:7226 0:4338
0:4338 0:2667

�

H31ND2 no VA 7.637 s " "
�

15:615 10:065
10:065 6:4875

�

Table 5: Comparison of periodic homogenization (PH) and volume averaged gradient (VA) in
their performance and calculation of homogenized results for di�erent grid resolutions as well as
diagonal and non-diagonal inputs. PH performs signi�cantly faster and more accurately in both
diagonal and non-diagonal cases while VA struggles to converge to analytical results results in
diagonal cases and blows up in non-diagonal cases. The type of SGS layout is indicated by the
�rst letter of the tag where B is blockage, L is laminated, G is Gaussian, H is homogeneous.

5.2.1 Special cases

Some special cases where accuracy is determined qualitatively are denoted by asterisks when
shown in Figure 12. The homogenized permeability matrices for these cases are also given in
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Table 5 under K l .
Case H31D2, which uses the VA on a homogeneous and strictly diagonal SGS structure

introduces unexpected o�-diagonal components in the homogenized permeability matrix. This is
likely an artifact of the method, as homogenizing an already homogeneous �ne-scale permeability
matrix must re�ect exaclty that permeability matrix when upscaled with any any method and
any upscaling ratio.

Cases G31D1 and G31D2 (Gaussian diagonal con�guration), where SGS permeability matri-
ces are diagonal and sampled from a normal distribution, generate negative o�-diagonal com-
ponents using both methods. In the context of a permeability-based friction applied to the
porous SWE (discussed further in following sections), negative o�-diagonal components leads
to acceleration of the out�ow in a perpendicular direction of the in�ow. Whether this type of
homogenization result is physical requires further testing in the context of a �uid model. We
choose to classify these results as accurate, since the diagonal components re�ect the mean they
were generated from and o�-diagonal components remain small. G31D1 (using PH) is classi�ed
as slightly more accurate than G31D2 (using VA) due to its components' tighter convergence to
the expected average.

Case G31ND1, or the non-diagonal Gaussian substructure upscaled using PH, has homog-
enized permeability coe�cients with values lower than the mean used to generate the subgrid
scale. Studies of upscaling statistically isotropic media generally �nd that the resulting e�ective
permeability tensor elements are smaller than their means due to local geometries that produce
bottlenecks [12]. Generally, component values are expected to approach the geometric mean
[17]. For this reason, both G31ND1 and the corresponding diagonal cases mentioned above are
marked as �observationally� accurate.

Case B101ND2 is not included in Figure 12 since it did not converge in a reasonable time.
We therefore conclude that VA is not usable for non-diagonal higher resolution cases.

6 Testing permeability homogenization for the porous shal-
low water equations

This section focuses on the implementation of PH for homogenizing the two-dimensional porous
shallow water equation (pSWE) model with a speci�ed �ne-scale permeability con�guration. A
major bene�t for upscaling through permeability is that the homogenization does not have to
be done in dynamic time, but rather just once as a pre-processing step. Once the coarse-scale
permeability con�guration has been obtained, it can then be used in the time-dependent pSWE
model. Single and multilayer SWE approximations are the standard for ocean modelling, and it
is shown by [10, 11] for the CROCO ocean model that it is relatively easy to extend preexisting
software to a pSWE model that includes an adaptation for the handling of permeability and
porosity.

6.1 Model con�guration

For simplicity we assume that the �ow is perfectly porous (i.e., porosity equals one), but with
location-dependent permeability matrices. In other words, we allow all the penalization to come
from the permeability term itself. Because we assume the �uid is perfectly porous, the mass
conservation equation is unchanged from the non-porous SWE,

@�
@t

+ r � hu = 0 ; (6)

where u is the velocity vector and h(x; t ) = H + � (x; t ) is the �uid column height. H is the
constant mean depth and� is the free surface perturbation. The momentum equation for the
pSWE has an extra Brinkman-type penalization term (-1K � 1(hu)) compared to the SWE to
include the e�ect of permeability:

@hu
@t

= � r � (hu 
 u) � ghr � � f ẑ � hu � Ff ric + � + r � (�h r u) � 1K � 1(hu); (7)
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where f is the Coriolis parameter, Ff ric is an additional bottom friction parameter, � = ( � x ; 0)
is the wind stress, and � is the kinematic viscosity. K (x; y) is the position-dependent 2 � 2
permeability matrix characterizing the material. The indicator function 1(x; y) ensures that
permeability-induced �friction� is not added where the material is a perfect �uid (i.e., where
K = K � 1 = I ),

1(x; y) =

(
1; solid or semi-permeable
0; perfect �uid

:

The equations are time-stepped using an RK4 scheme and spatially discretized using a �rst
order �nite di�erence method. Since �nite di�erences are used to determine velocity derivatives,
the computational domain is spatially augmented by an extra grid point in all directions to
allow for the calculation of gradients at the boundaries. Velocity vectors span this augmented
domain with a correspondingly augmented amount of entries that represent measurements at
cell edges. This discretization follows the staggered Arakawa C-grid layout commonly used in
ocean modelling (Figure 13), where scalars are located at cell centres and �uxes at cell edges. If
west/east periodic boundary conditions are used (which this study does), one ghost cell is added
to each lateral boundary to ensure continuity. The north/south boundaries are closed and can
either be set to free-slip or no-slip boundary conditions.

Figure 13: An Arakawa C-grid layout, where velocities are sampled at cell edges and free surface
height and permeability is measured at cell centres.

A constant mean velocity u1 is imposed after each iteration of RK4 via a split-step approach,

u�
ij = un

ij � un
ij + u1

where un
ij is the calculated spatial mean at time tn and u1 is the x� directed imposed mean

velocity. We take a computational domain that resembles a longer than wide channel with
dimensions[0; 4]� [0; 1] to allow the streamwise �ow to develop. The time step � t is determined
by the advective CFL criterion,

� t =
CFL adv



 u1 +
p

gH



 ( 1

� x + 1
� y )

; CFL adv � 1: (8)

Along with enforcing the advective CFL criteron, we also ensure that the time step satis�es
di�usive stability conditions,

� � t
�

1
� x

+
1

� y

�
�

1
4

: (9)

6.2 Testing model features

We begin by validating the SWE simulations (i.e., without permeability). We �rst test the
case with zero mean velocity and two initial conditions: initial perturbations to the free surface
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