


























































































































































































































































































































does not vanish . In case the first derivativ<-· vanishes Al gorithm's 

method of (regula frtiai ) can be used . 
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In s e veral i nstances t he extremizing problems end up in 

diffez-ential equations which are very difficult to solve. For solution 

of such equativns , the finite dif ferencee approach can generally be used 

with success . If trte criterion as well as cons trn.ints happen to be 

homogeneous Bedford ' · f inite increment technique can successfully be 

used . Since par ameters are c hanged one by one for reaching the extremum, 

t he designer is kept aware of the inside pict ure of the des i gn situation. 

If the criterion function is unknown or only partially known, 

t he s tatistical e:>-'1 eriment a tion technique of s earch can be used. F'or 

t he univariable unimodal determinist ic model , Kiefer's method very 

quickly rea ches the extr emum . i''or multivaria.ble strongly unimodal 

functions the contour tangent s e limination technique is very valuable . 

Other cases can generally be handled by various versions o 1 gradient 

methods . Gradient methods are not very eff icient and hence acceleration 

are usually appl ied to impr ve efficiency. If constraints 

are involved pattern search technique i s of considerabl e value. For 

stochn.stic s ituations Kiefer's approximations y,ermits easy handling of th e 

error problem. Dvoretzky 's me thod still better results . 

lf t he extremu h ppe ns to be on t h e bouncw ry rather than in the 

interior of t he pres cribed region, programming methods can be of very 

grea t value . case subjected to both equality and inequality 

constraints can easily be handled by linear programming method$ . I f 

the basis of t he problem happens to be triangular the sim .. le trs.ns­

porta tion method is tl.e best to o therwise t he s implex method may 



be tried. Simplex is a c.trong opt ir:.iL.at i n tool ai.d can be a. ;plied to 

several des ign situations . 
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For multistage ncnlinea.r functions , par ametr ic or otherwise , 

dyns.mic programmint; often solves the problem by reducine t he multi­

variable probl em into a series of sequential singl e vari(:jble problems . 

The calculations are usually lengthly <:U,d hence computer rneroory increases 

exponentially with the number of variables . Tho method, however , is 

reliabl e and car. be applied in both ordinary and v~riational problems. 

Pontryae;in ' s maximum principle in its special di~itized form ca n be 

succ~ssfully l'tilised to reduce the dynrun'lc progr: .. r.:ming defect of 

rise in computer memory capacity. However , this sives ris e to a 

cumulative error which in ordinary c ircumstances is very difficult to 

deter mine . 

The problem of optimization of quadratic f unc tions subjected to 

linear equality or inequality constraints c~~ be handled by Beal ' s 

extension of the simplex method. For linea r equality or inequality 

constraints and nonlinear cri t .rion ,/olfe' s rcth .. c~d. t;r a dient method, 

Hosen • s gradient projec tion method I and. l\ell ey ' s cutting plane method 

seem to be promisin~~ · Economic models are s<?.id to have been suc •. ess­

fu l ly nandled by these methods 1,u t t !le cor.1pututions £'t e rot avai lab le 

fo r common use . 

Hosen ' a r;radient 1;roJection met.nod. ar.d Kelley's c t:. tting plane 

me thou a l ong with the separabl e rrogrotcJi inr.:; :nethod nd decoraposi tion 

method a re a pplicable t o problems \llhcre til " critoricn as ~1ell as 

constr :iiuts ( e o.uo.litie& or ineq\.lalities) ::trt! n, t...l i. ·.e..lc . Rosen's l<ethod 



seems more s uited s ince it does not dep~nd on the pro p ert ies of the 

criterion oth er tha n smoothness and computational exp er:Lence is 

avnilable . 

Cone lusio ns 
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Choice of a part icular methJd varies with the type of problem 

and h ence it i..s ve ry difficult to s ugge s t one I'art icula r technique. 

However, a s soon as the p roblem is formulated, the nature of the 

criterion and the constraints suggests a method to be preferred. Exp­

erience is limited in many of the ne •,;er techniques , making it diffi­

cult to give fi r m recommendations on choic P of method. 

For the sub-optimiz ation problemr; such as t he design of mech­

anical elements, syntheHis of mechanisms, uesi6n of s Lructures or 

m<.~chine scheduling problems of p roduction de sign, if t .>Je criterion a nd 

the const r<J ints happen to be linear, simplex can be selected. Since it 

is generally sufficient to know the how's of it rather tha n th e why's 

of it, one c.: an handle simplex by knowing just eleMentary mat '1ematical 

principles. Eany sub-o~t imiz nt ion problem[; do not fall under linear 

programming case. In such cas es, sub-optimization problems can usually 

be s olved by Lagrange 's method of undet ermined multipliers with Klein's 

extension and Ne wton-Raphson' s e .1u c.1 tion solution proc cdure. For fairly 

l a rge number of van .ables z~ner' s Method along with Ch arnes and Cooper' s 

cxtenio n and convex programming seem to be }J romising p!'ovided it sati ~;­

ries Zener's method' s requirement s . An alternative c ho ic e is Johnson's 

a pp roac h which is more or l ess a graphical app r oximation techni que and 

is particularly Uoeful when the design problem involves a choic e of 

material~ . Certain multivariable problems of de~ign can be handled by 
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dynamic programming methods. 

}or the p rimary optimi~ ation problems such as the problem of 

dec;i gn of a machinE>, synthesis of systems, synthe :=:is of electrical 

networks and p rocess equipment de s ign problems, p rogramming methods 

are bett er. If such problems happen to be non-stochastic and criterion 

can not easily be determined, which is generally the case with the 

process sy s t em de ~>ign, particularly with c n emical ;) rocess systems, 

direct s earch methods can b e u sed . If the problems are not error free, 

such as c ontrol sys tem design ; roblems , U .ese cun be handles by Kiefer 

or Dvoretz ky 's method. Certain control syc.·tem design problems can be 

<,olved by dynamic rrogramming or the digitiz ed maximum principle. Some 

of tbe electrical a t:paratus such as t r ansformers or reactors can be 

!.andled by Bed ford c 's finite increment technique IJhere as electrical 

network problems can generally be solved by the t ransportation method 

or the convex progrurnming methods. For a special typ e of problem which 

may occur in pr ocess o~~ign Zener's me Lhod of minimizing system cost 

in t e rms of sub-system cost can be used to reach the optimum with fewer 

computations . When reliabili t y is of paramount importance, such as in 

aerospace de s ign, certain c ontrol system designs a nd some o f the process 

des ign problems, s imula tion techniques are the only choic e for deter­

mining the behaviour of the system bef ore it is actually designed and 

manufactured. 

Some of the nonlinear proe;ramming method s such as gradient proj­

ection met hod can l andle the problem of finding the extremum whether it 

lies in the int erior or on the boundary of the given region. However, 

generally such problems can first be tri ed by simpler method of ordin-
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a ry c a lculus . If these methods f ail, it is at onc e known that the e xtremum 

does not lie in the interior of t~e region and hence the p rogramming met hod s 

can be a pplied for the location of t be extremum at t he boundary . 

Ce r tain fields in engineering d e s ign are more or less neg lected 

so far and depend mostly on cut and try methods; rationalization of such 

method s by using standardization proc edures and various st a tistical 

techni ,lues such as s tatistical control method and regre s sion methods seems 

advisable. 

Since no experience with nonlinear programming in the design fi e ld 

is so f ar reported , it would be worth while if further res e a rch were done 

in t his field. It would seem to be more appropriate to conduct such research 

in one of the few promis ing nonlinear programming techniques • .. ith the 

intension of evo lving a simple code that could be handled by less experiencec 

designers engaged in practical fields, rather than in re s e a rc h. This th es is 

i s prepared with the point of view of t h e des i gners a nd though some of t h e 

recent t echniq ue s s uch as search methods, s imulation, dynamic programming 9 

maximum principle a nd nonlinea r programming are includeu , s imulation and 

search techniques are just touched, dynamic programming and maximum princ i p l E 

are covered only in part, and nonlinear progr amming method s are dea lt with 

very briefly. On account of the r apid pace of development t h e se days it is 

very difficult to call any work comprehens ive and up to d a t e . Ho we ver , it 

is an at temp t to provide an exten<>i ve up to date s urvey of optimiz a tion 

t ec tmi ques a nd their applications. 

For t he guide of the designers a compara tive c hart of various 

methods is included at the e11d o "!' t h i :-.; section. 
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22. 

23. 
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'J S~:., 'I Gr Xl::T !luJS 

Cri t Prion Con~troints 

Lagrange's l-lethod of Jndetr>rnin r>a r t< l .;.pliers No r J lE>d r Equa l ity 
j 

Klein' ~' Ex t ·· n :.>ion of Lahrc.!n[';c 1 s !k~r, ,.J Linea .. or Nonli nt·<;J Any 

Zener's Method Linear or Nonlinea r No 

Charnes a nd Coop e r 1 s E;xte ns ion of L,,_nc r 1 s Heth ,d Nonlinear( Conv P.· ) 
Any I 

I s op erime t ric Problem Functional E4uali ly 

Mayer's P roblem Functional Equ u. l :i,,Ly 

Pontryagin's Ha xi mum Prinic i p le Functiona l Any 

E;uler's Met hod o f Yini te Differenc e:.; Func t i ona l No 

Hi t z Method Fur1c tiona l No 

Kiefer's Searc h Method ( de t ermini .::;L i c ) Unknown ( unimodal) No 
( uni variable) 

Contour Tangent .t:limination Ivlethod ( e t rmini :..,Lic ) Li nkno .. n ( .mimoaul) No 
(multi v:1 ri a b l e ) 

Gradient Me t hod ( d etermini stic) Known or Un kno\-m Sp . He t ho d - a ny 

Accelerated Gradient Method ( .\' tc rmini a tic) ,;a rne ClS c-. bove ( ·nore efft: i q ient ) 

Hooke a nd Jeeve s Method ( deLcrmini .:,~Li c) 

K ~efer a nd Wolfo witz Hethod ( s 1.och~L:;Lic) 

Tra nsportation Method 

Simplex 

Dynamic Programming 

Simplex ~ ethod of ~uadratic Pro gramminb 

Hed uc ed Gradient Method 

Separable Programming 

Cutting Pla ne Method 

Gradient Projection Method 

Dif f e rentia l Gradient "eth0d 

Unknown Any 

Unkno ~m ( tociw, .) 

Linear 

Linear 

Nonlinear( f unc tic ll x- Any 
Funct ional) 
~uad ratic Any 

Nonlinear A.r>:;~ 

Nonlinear(sep.) Any 

Nonlinear( convex) Any 

Nonlinear Any 

Nonlinear Any 

I 

I 

Nat'J.re of Const . Nunber 

Linc -J:' cr Ko nline3r F ew 

• :..in ~:: ·1 r or Nonlinear Many 

h.wc ti u na l Few 

Any Mnny 

Lin • or NonlineHr F'ew 

Any 

Many 

Many 

0um 

Linear Many 

Linear or ~onlinear Many 

Linear or Nonli:wa r Hany 

Line ar or Nonlinear :•iany 

Lir1ear or Nonlinea r Muny 

Linear or L'lonl inear F'~w 

Johnson's Method Nonlinear Any( f umctio n ineq- Linear or Nonl:i .near few 
u~lit' es can not be) 

Simple cas e of o 1·d ini:lry th eor·y of ,a · ximn mel 

minima 
No 

Eq o to l:e so lved Camp E:xp Camp t- rog" 

Di f fe1 ·ent i a l 

Simult a n eous ony 

S i mulL:Hl"OU E: Lin o 

Pro p; . Availab l e Simple 

Diff e rential 

Differ enti a l 

P rog . Avai l able Available 

Prog . Simple 

Avoi lable Ava ilable 

Exp erim ,;n ta l 

Experimfmt a l 

Differen ti ,, l Available Av .::; ilable 

Experimental 

Prog . Available Available 

l-'rog . Av &i l able Available 

Prof, . Available Avai lab le· 

r'ro g . Available Available 

Prog. No t Avni l a bl-£> 

P rog . Avail able 

Prog . Ava il able 

Prog Available 

Pro g . Available 

Graphi c J i. ly 

Not Availab l e 

Not Availah le 

Expec ted to 
to be a va ila­
b l e . 

Available 



volutio n o f si mult '"ncous equntions--- Ne •. ton- Haph.;on' ~ l"in thoci 

0o lution of aiJ icr'nLi tl cquationn--- ~1elhod of finit e diff erNIC'P'< 

i v 

ii. 

iii 0 

iv. 

V o 

vi v 

ln the usc c!,ar·t of methods follo;,ing abr c viati ~ ns or u:;l'd: 

Con st. . 

t:q , 

Camp . i~>.'P. 

Comp. t'rog. 

Prog . 

Con. ineq. 

Constraint s 

Comput a Lionul Exoerienc e •..:ith ..;o mp uu ~., 

Computer Programme (nature of) 

Prccr<mmJ.ng 

Convertnble t o e t u ~ lity type in~ u ~lL ~ 



\ 

HEFERE.'NCES 

1. Sarton, Go, "Introduction to the History of Science", Vol. 1, 
Carnegie Institution of Washington, Reprint 1950, pp. 563-564. 

2. Brown, E. W., ''Mathematics", Chapter I in ''The Development of 
the Scienoee", Yale Uni varsity Preae, New Haven, 1923, pp. 13o 

3. Ore, Oo, ''Mathematics", Chapter I in ''The Development of the 
Sciences", Yale University Press, New Haven, 3rd Print, 1946, 
PP• 11. 

4. Dantzig, T., "Number, The Language of Science", George Allen 
and Unwin Ltd., 1930, PP• 33. 

5. Cajorie, F., "History of Mathematice", MacMillan and Co., 1894, 
PP• 106. 

6. Smith, Do E., "History of Mathensatica", Ginn and Co., 1925, pp. 9. 

7. Leitmann, G., "Optimization Techniques With Applications to Aero­
space Systems", (Forward), Academic Press, 1962, pp. 7• 

8. Irwin, D. J., "Design for Decision", MacMillan and Co., 1953, 
pp. 172. 

9. Saaty, T. L., "Mathematical Methods of Operations Research", 
McGraw-Hill Book Co. Inc., 1959, ,pp. 202. 

10. Garvin, W. W., "Introduction to Linear Programming", McGraw­
Hill Book Co., 19&>, PP• 3. 

11. Siddall, J. N., "Advanced Engineering Deaign11
, Lecture Notes, 

1963. 

12. Connelly, H. E. , "System Design", Chapter A-1, in "Handbook of 
Automation and Control", Vol. 3, (ed. Grabbe, E. M., Ramo, s., 
and Woodridge, D. E.), John Wiley and Sons, 196o, PP• 1-20. 

13. Carrol, c. w., ''The Created Response Surface Techniques for 
Optimizing Nonlinear Restrained Systems", Operations Research, 
Vol. 9, 1961, PP• 169. 

14. Brown, R. R., "A Generalized Computer Procedure !or the Design 
of Optimum Systems I-II", A.I.E.E. 'l'rans., Vol. 78, Pt. I, 1959, 
PP• 285-293. 

155 



15. Lifson, M. W ~, "Criteria and Value Systems in Design", ~ 
Second Conf. on Eng. Design Education, University of California, 
September 1962. 

16. Pfanzagl, J., "A General Theory of Measurement Applic ations to 
Utility", Naval Research Logistic Quart., Volo 6, 1959, pp. 283-
294. 

156 

17. Parker, D. H., "The Philosophy of Value", University of Michigan 
Press, 1957. 

18. Lee, H. N., "The Meaning of Intrinsic Value", in 'Language of 
Value 1 , ( ed. Lepley, R. ), Columbia University Pr ess, 1957, pp. 179. 

19. Abetti, P . J, ., and Williams, s. B., 1'The Practice and the Economics 
of Applying Digital Computers to Engineering Problems", A.I. E. E. 
Trans., VoL 77, Pt. I, 1958, pp. 331-31~2. 

i!J. , Cuthbertson , w. J., and \villiams, s . B., "Philo-
sophy of App lyi ng Dibital Computers to Design of Electrical 
Apparatus", Ibid., pp . 367-?. 

21. Goodwin, G. L., "Optimum Machine Design by Digital Computers" , 
Ibid., Vol. 78, Pt. III, 1959, PP• 478. 

22. Latta, L. \v ., "Least Cos t Tolerances", Product Engi neering, Sept. 
16, 1963 , pp. 111. 

23. Hinkle, R. T., "Design of Mac hines", Prentice Hall Inc., 1957. 

24 . Fau lkner, F. D., "Di r ect Methods", Chapter 2 in Ref . ?, PP • 52-59. 

25. Hall, A. s . Jr., "Kinematics and Linkag e Design", Prentice-Ha l l Inc., 
1961. 

26. Wennberg , J. L., "How to Get Host Out of Metal Cut ting", The Tool 
and Hfg. Engineer, t1arch 1961, pp . 81-84. 

z;. Mai er, K. W., "A New Approach to Compression Spring Design", in 
' Spring Des i gn and Applic at i on' , ( ed . Chi ro ni s , N. P .), McGr aw­
Hill Book Co . , 1957 9 pp. 2. 

28 . Bowman , E. H., and Fett e r R. B., "Analysi s fo r Pr oduction Manage­
ment", Richard D. Irwin Inc ., rlevised ed ., 1961, pp . 269-295. 

29. Vo l mer, J ., a nd Jenson, R. B., "Four-Bar Power Linkages" , Product 
Engineeri9S, November 12 , 1962, pp. 71-?6. 

,30. Will is , R. Jo Jr., " Ligh t Weight Gears", Product Engineering, 
January 21 , 1960, pp . 64-75. 



31. Courant, R., and Hilbert, D., "Methods of Mathematical Physics", 
Interscience Publishers, 1953, pp. 164. 

157 

3la. Lavi, A., "Some Techniques of Optimizations", I. .~<.; .E.E. Trans., No. 
70, 1964, pp. 116-120. 

32. Sokolnikoff, I. So, and Redhoffer , R. M. , "Mathematics of Physic s 
and Modern Engineering", McGraw-Hill Book Col, 1958 , pp. 247-249. 

33 . Leitma.nn, G., "The Optimization of Rocket Trajectories", A Survey 
in ' Progress in the Astronomical Sciences', (ed. Singer, s . F. ), 
N.H. , 1962. 

34. Johnson, R. C., 110ptimum Design of t1echanical Elements", John 
Wiley end Sons . , 1961. 

35. }:;cl elba.um, T. N., in Ref . 7, pp. 8- 9 . 

36. Asimow, M., "Introduction to Design" ', Prentice-Hall, 1962. 

37. Zener, C., "A Mathematical Ald in Optimizing Engineering Designs !", 
Proc. Nat. Acad. Sci., Vol. 47, L961, PP• 537-539. 

38. Fein, A. E., "A Mathematical Aid in Optimizing Engineering Designs 
II", Ibid. , pp. 705-711. 

39. Duffin, R. J . , "Dual Programmes and Hinimum Costs", J. Soc. Ind. 
Appl. Math., Vol. 10, 1962, PP• 119-123. 

40. Zener, C., 11A Further Mathematical Aid in Optimizing Engineering 
Designs", Proc. Nat. Acad. Sci., Vol. 48, 1962, pp. 518-520. 

41. Zener, c., "Hiro.mization of System Costs in Terms of Sub-System 
Costs", Ibid., Vol. 51, 1964, pp. 162-64. 

42. Sher·wood, T. K., "A Course in Process Design", The l-l .I.T. Press, 
1963, PI'• 95-96. 

43. Charnes, A., and Cooper, W. w., "Optimizing Engineering Designs 
Under Inequality Constraint s", O.N.R. Research Nemo, No. 64, 
1962. 

43a. Valentine, F., "The Problem of Lagrange with Differential Inequali­
ties a a Added Side Conditions 11

, Contrib utions to the Calculus o f 
Vari~tions, 1933-37, University of Chicago Press, 1938 . 

43b. Pennisi, L. L., 11An Introduction to Sufficiency Proof for the 
Prob lem of Lagrange with Differential Inequalities as Added Side 
Condit ions11

, Amer. Math . Soc. Trans., Vol. 74, 1953, pp. 177-198. 



43c. Klein, B., "Direct Use of Extremal Principle in Solving Certain 
Optimizing Problems Involving Inequalities", Operations Research, 
Volo 3, 1955, PP• 168-175. 

44. Bliss, G. A., "Lectures on the Calculus of Variations", Univ. 
of Chicago Press, 1947. 

48. Elsgolc, L. E., "Ca lculus of Vari ations", fl ergamon Press Ltd., 
1962. 

46. Halfman , R. L., ''Dynamics", Vol. II, Addison-Wesley Co. Inc., 1962. 

47. Edelbaum, T. N. , see Ref. 7. 

48. Holda, R., "Optimum Proportioning of Two Propellants to Obtain 
Maximum Burnt Velocity", A. R. S . Jour., August 1959, pp. 598-600. 

49. Miele, A., see Ref. 7, pp. 120-126. 

50. Bellman, R. E., ''Dynamic Programming", Princeton University Press, 
1957. 

51. BoltyanRltiJ. , v. G., Gamkerlidze, R. v., and Pntryagin, L. s., 
''The Theory of Optimal Processes", (ed. for Tr. Neustadt, L. W.), 
Interscience Publishers, 1962. 

52. Faulkner, D. F., Aee Ref. 7, pp. 33-43. 

53. Albanna, Jildulawal (Vol. 1), pp. 211, (Tr. Suter, H.), Bibl. 
Math. II (3). 

54. Leonardo (de Pisa), "Libre Abaci", Chap. XIII, Under De Regulis 
Elchatayan. 

55. Hildebrand, F. B., "Introduction to Numerical Analysis", McGraw­
Hill Book Co., 1956. 

56. Asimow, M., see Ref. 36, pp. 113. 

57. Lapidus, L. , ''Digit a l Computations for Chemical Engineers" , McGraw­
Hill Book Co., 1962. 

58. Macon, N., "Numerical Analysis", John Wiley and Sons, 1963. 

59. Bedford, B. D., v/illiama, C. H., and Dodson, G. c., "An Analysis 
of Optimum Core Configuration for Magnetic Amplifiers Using a 
Simplified App:roach", A.I.E.E. Trans., Vol. 74, Pt. III, 1955, 
PP• 62-?0o 

00 o Sokolnikoff, see Ref. 32. 



159 

6lo Jackson, ~. P., ''Optimization of Transformer Geometry by the Method 
of Finite Incrementa", A.I. E.E. Trans., Vol. 80, Pt. III, 1961, 
pp. 854-58. 

62. Kraus, I., Shaffer, B. vi ., " Refinements of Finite Difference 
Calculnti.ons in Kinematic Analysis", J. of Eng. for Ind., Volo 
82, 1960, pp. 377-81. 

63. Wilde, D. J., "Optimum Seeking Methods", Prentice-Hall Inc., 1964. 

64. Hotelling, H., "Experimental Determination of the Maximum of a 
Function", Annals of Math. Stat., Vol. 12, 1941, pp. 20-45. 

65. ~x, G. E. P., and Wilson, K. B., "On the Experimental Attain­
ment of Optimum Conditions", J. Roy. St at. Soc., Vol. Bl3, 1951. 

66. Kiefer, J., "Sequential Hinimax Search for a Maximum", Proc. Am. 
Math. Soc., Vol. 4, 1953, pp. 502. 

67. Johnson, S . H., "Best Method of Search for a Naximum is Fibonaccian", 
Rand Corp., Santa Monlca, California, Rep. No. P856, 1956. 

68. Brooke, S . H., "A Comparison of Maximum Seeking Methods", Operations 
Research, Vol. 7, 1959, pp. 430-57. 

69o Shah, B. V., Buehle r, R. J., and Kempthrone, 0. , ''The Method of 
Parallel Taneents (Paratan) for Finding an Optimum'', Tech. Rep . 
No. 2, of Naval Research Contract Nom- 530(05), Iowa State Univ., 
St atistical J~b. Ames., Rev. Aug. 1962. 

70. Hooke, R., and Jeeves, T. A., "Direct Search Solutions of Numerical 
and Statistical Problema", J. Assoc, Comp. Mach., Vol. 8, 1962, 
PP• 212-29o 

?l. Mugele, R. A., "A Nonlinear Digital Optimization Programme for 
Process Control Systems", Proc. West. Joint Comp. Conf., 1962. 

?2. Roaenbrock, H. H., "An Automatic J.tethod of Dinding Great eet or 
Least Value of a Function", Computer Jour., Vol. 33, l96o, pp. 175-84. 

73. Robbins, H., and Munro, s., "A Stochastic Approximation Method", 
Anala of Matho Stat., Vol. 23, 1952, PP• 462-66. 

?4. Kiefer, J., and Wolfowi tz, W., "Stochastic Estimation of Maximum 
of a Regression Function", Ibid., Vol. 23, 1952, pp. 462-66. 

75. Dvortzey, A., "On Stochastic Approximations", Proc. 3rd Berkeley Symp. 
on Math. Ste.t. and Prob., (ed. Neyman, J.); Univ. ·or California 
Press, 1956, PP• 39-55. 

76. Lapidus, L., Shapiro, E., and Shapiro, s., and Stillman, ~.E., 
"Optimization of Process Performance", A.I.Ch.E. J ., Vo • ?, 1961, 
PP• 288-94. 



77. Bertral!l, J. E., "Cont rol by Stochastic Adjustment", A.I.E.E. 
Trans., Vol. 78, Pt. II, 1959, pp. 485-491. 

78. Chang, s. s. L., "Synthesis of Optimum Control Systems", McGraw­
Hill Book Co., 1961. 

79. Hitchcock, F. L., "The Distribution of n Product from Several 
Sources to Numerous Localities", J. of Math. and Phys., Vol. 20, 
1941, PP• 224-230. 

8o. Dantzig, G. B., "---------"• U. s. Air Force, 1947. 

81. Bellman, R. E., "The Theory of lrJnnmic Prograr:1ming", Proc. Nat. 
Acad. Sci., Vol. 38, 19521 PP• 716-719. 

82. Gass, S. I., "Linear Programming", HcGraw-Hill Book Co., 1958. 

83. Garvin, w. w., 

84. Vajda, s., "Mathematical Programming", Addison-Wesley Pub. Go., 
1961. 

85. Charnes, A., and Cooper, w. w., "l~anagement Morlels and InduRtrial 
'Applications of Linear Programming", Vol. I-II, John Wiley and 
Sons, 1961. 

160 

86. Dennis, J. B., "Mathematical Programming and Electrical Networks", 
John Wiley and Sons, 1959. 

87. Bowman, E. H., and Fetter, R. B., see Ref. 28. 

88. Reinfeld, N. v., and Vocal, w. q., "Mathematical Programming", 
Prentice-Hall, 1958. 

89. Gase, S. I., "R~ent Advances in Linear Fro~ramrning" 1 Advances in 
Computers, Vol. 2, Academic Preas, 1961, pp. 296-376. 

90. Dantzig, G. B., "Computational Algorithm of Revised Simplex 
Method II' The Rand Corp.' Santa Honica, California, m~-1266, 
October 26, 1953. 

91. Dantzig, G. B., and Hays, W.o., "Alternate Algorithm for the 
Revised Simplex Method Using Product Form for. the Inverse", The 
Tiand Corp., Santa Monica, California, RM-1268, November 19 1 1953. 

92. Zoutendijk, G., "Methods of Feasible Directions", Elsevier Pub. 
Co., New York, 196o. 

93. llays, J. B., "Land Locomotion Mechanics", University of Michigan, 
1959. 



94. Evans, D. H., "Design by Algorithm", I. R.E. Trans., Vol. PGPT 4, 
1959, PP• 4-lOo 

95. Orden, A., "Application of Linear Programming to Optical Filter 
Design (Abstract)", Second Symp., Linear ProgramMing, NBS/U.S. 
DC, 1955. 

96. Kuehn, D. R., and Porter, J., ''Process Control System Design", 
I. E. E.E. Trans., Vol. I ECI-11, 1964, pp. 64-70. 

97. Fanshel, S., e.nd Lynes, E. S ., "Economic Power Gene ration Using 
Linear Programming", I. E. E. E. Trans., Vol. 83, 1964, pp. 347-355. 

98. Pyne, I. B., "Linear Programming on an Elect ron:ic Analogue Com­
puter", A. I. E. E. Trans., Vol. 75, Pt. I, 195f>, pp . 139-143. 

161 

99. Bellman, R. E., a nd Dreyfus , s. E., "App l;ed Jlynarn;.c Progr8111llling", 
Princeton University Press, 1962. 

100. Wolfe, P ., "The PreFJent Statue of Nonlinear ProgrAmming", The 
Rand Corp., Santa Monica, CaliforniA, Rep. P2181, Ja~. 12 , 1964. 

101. Brown, R. R., ''Grarlient Met hods for ComputP.r. Solution of ~y~em 
Optimization Problems", W. A. D. C. Tech. Note 57-159, Sept. 1957. 

102. Dickinson, J. R., "A Computer Programme f or System Optimization", 
Can. G. E. Civ. Atomic Power Dept . Rep . R58, CAP 18, 1958 . 

103. Cu~ry, H. B., '~e Method of Steepest Descent for Nonlinear 
Minimization Problems", Quart. Appl. Math ., Vol. 2, 1944 , pp. 258-
261. 

104. Harria, T. I., "Scientific Design Procedure Utilizing a Small 
Computer", Proc. of the 1959 Comp. Applic. Symp .. A. oq . F ., 1960, 
PP• 122-31. 

l05o Bryan, V. G., and Darwent 9 'l'. T., "The Shortest 'Qout e to Optimum 
Design", Engineering, June 1961, pp . 860-81. 

106. , ''How Automatic Optimization ie App lied", Ibid., 
July 1961, pp. 14-15. 

107. Miller, C. E., "The Simplex Methods for Local Separable Program­
ming", in Ref. 10'-+, pp. 88-100. 

107_a. Chames, A., and Lemke, C. E., "Minimization of Nonlinear Convex 
Functionals", Carnegie Institute of Technology, May 27, 1954. 

108. Wolfe, Po, HMethodB of Nonlinear Progr amming", in " Recent Advances 
in Mathematical Programming", (ed. Gra ves, R. L., and Wolfe, P .), 
McGraw-Hill Book Co., 1963 9 PP• 6?-86. 



162 

l08n . , "An Extended Simplex Method", t1otic cs of th e Am. 
Math • • oc., Vel. 9, Augu s t 1962, pp. 308 ( Abstracts). 

109. Rosen, J. B., "The Gradient Proj ection Hethod for Nonlinear Pro­
gramming , Part I Linea r Com;trai nts" , J. Soc. Indus. Appl. Math., 
Vol. 8, 1960, pp. 181-217. 

110. lt/o lfe, P ., "Ace elerating t he Cutting P lane Method for Nonlinea r 
Programming", Ibid., Vol. 9 , 1963, pp . 481-488. 

111. Beale, E. ~~ . L., "On ~uadratic Programming", Naval Research Log. 
Quart., Vol. 6, 1959, pp. 227-243. 

112. Ho1fe, P ., "The Simplex Hethod of Ouadratic Programming", Econo­
metrica, Vol. 27, 1959, PP• 382-398. 

113. Kelley, J. E. Jr., "Cutting Plane Method for Convex Proeramming", 
J. Soc. Indus. Appl. ~ath., Vol. 8, 196o, pp. 703-712. 

lllt. Rosen, J . B., 'The Gradient Proj eqtion Met hod c-f Nonlinear Pro­
gramming, Part II, Nonlinear Constraints", Ibid., Vol. 9, 1961, 
pp. 514-532. 

115. Witzgall, C., "On the Gralii~nt Projection Methods of R. Frisch 
and J. B. Hosen", in Ref. 104. 

116. Frisch, R. , "The Hultip1ex Hethod for Ltnear Programming", Uni v. 
Socia1o~nomiske Inst., Oslo, Mem., Oct. 1955. 

117. Lemke, C. E o1 "The Constrained Grndient Met hod of Linear Programming " 
J , Soc. Ind us. and Appl. Math, Vol. 9 1 1961, PPo l-17 o 

118. Tucker , A. W. , " Linear and Nonlinear Programming", Operations 
Research , Vol. 5 , 1957, pp . 244-57. 

119. Arrow, K . J., nnd Hurwicz, L. , "Gradient MP.thoda of Constrroned 
Maxima", Ibid., pp . 258-65. 

120. Kuhn , H. W., and Tucker , A. W., "Nonlinear Proe r amming", Second 
Sym. onMRtl ' . r tat . and r ob. (ed •• eyman, J.), Univ. of Calif. 
Prose , 1951 , pp. 481-92 . 

120a. DJ- l.a.;ld~ . E o. C o 1 "GontinUOt!S Programming Mett-od.s on an Analog Gompt~.ter", 
Tl1e Rand Corp~~ ~)-l 31J, S~~L· 2 -, ,,1~59; 1 _ . ' 

120b . Abluw,,~o.Ho>tand . Br.: 0b.am 1 Go, _11An Analo-g Solution of ~~ro~rammj_ng 
Problecns"., OpE=rat i orL& . Re"'suar~h , 'folu 3'1 1955, !' ~· :Z,88-394. 

l20c. Courant 1 Ro 1 ''Variati o nal Methods for the Solution o f Problems of 
Eqt..ilibrium and Vibrutions", 3ull. A:n . Math . S::>c o, VoL 49, 1943 9 
pp . 1-23. 



121. 
163 

Merril, R. P., ''Gradient Projection- Dencription and Use of 704 
Prog.r~me'!, ~:resented Et.t Rand .Symp.._ on Math~ .Prog. , March 1959. 

121a. Wolfe, P. , "Recent Advances in Nonlinear Programming" , in Advances 
in Computers, Vol. 3, 1962, pp. 155-187. 

12lb. Dornheim, F. R., "Optimization Subject to Nonlinear Constraints 
Using Simplex Hethod and its Applications to Gasoline Blending", 
Sine lair Research Labs., 1960. 

12lc. Griffith, R. E., and Stewart , R. f,. , "A tlonlinear Programming 
Technique for the Optimizrttion of Continuous Processing Systems", 
Management Science , Vol. 7, 1961, PP• 379-92. 

122a. Manne , A. S., "Concave Programmine for Gasoline Blends", Rand 
Corp., Papor No. P-383, April 1953. 

122b. Harsch£-k, T., ''An Example of rlodified Gradient Method for Linear 
ProgrC\mming", in Studies in Linear and Nonlinear Programming, ( ed. 
Arrow, K. J., Hurwicz, L., and Vzawa, H.), Stanford University 
Press , 1958, pp. 146-154. 

123. Horeenthaler, G. ~~ ., ''The Theory and Applicat-ions of S:i.mu1ations 
in Cpe1·ations Research" , in 'Progress . in Operations Research', 
Vol. 1, (ed . Ackoff , R. L.), John lt/iley and Sons, 1961, pp. 363-
4C:.V. 

124. ~tarr, f·!. l~., "Product Design and Decision Theory", Prentice-Hall, 
1963, pp. 91-101. 

125. Mir , H. f1 ., "Determination of Tolerances by Statistical Methods"l 
Pakistan Pl'<Jductivity, Vol. 1, November 1963, pp. 20-27. 

126. Eary, D. F. , "Tooling :experiments Using Statistics", A.S.T.E. 
Collected Pa1>ers, Vol. 59, 1959, Paper No. 190. 

127. Maynt:ird I n. B.' "I:1dustrial Engineering Hand Book"' HcGraw-Hi11 
Book Co 09 1948o 

128. Hir p W. A., "Production Tachniques" , Paper Presented at Asian 
Productivity Organizationt; \ro:rl~ Shop ConfP.rence, Lahore , Pakistan, 
October 1961. 

129. Haynard, H. B. , !ltegemerten, G. J. and SchNab, J. L. , ''Methods 
Time Heasurement ", McGraw-Hill Book Co., 1948. 

130 o \' az.sonyi, A., "Sc:ientific Programming in Business Rnd Industry", 
John Wiley and Sons, 1958. 

l3l o Hnin, K. ~ "M ec hanism Dr: ir,n in Germany," Transo of the Fourth Conf. 
on Mech a ni::;ms, Oct. 1') 57, Machine De ..;; i gn Public utlon 1 /· 58. 

l32o Ford, h . 9 "Ad vunc ed Mc:c h mics of Mat erials,"Jotn '.-lil c•y and sons,l963o 


	Ali_Mir_K_1964_09_master0001
	Ali_Mir_K_1964_09_master0002
	Ali_Mir_K_1964_09_master0003
	Ali_Mir_K_1964_09_master0004
	Ali_Mir_K_1964_09_master0005
	Ali_Mir_K_1964_09_master0006
	Ali_Mir_K_1964_09_master0007
	Ali_Mir_K_1964_09_master0008
	Ali_Mir_K_1964_09_master0009
	Ali_Mir_K_1964_09_master0010
	Ali_Mir_K_1964_09_master0011
	Ali_Mir_K_1964_09_master0012
	Ali_Mir_K_1964_09_master0013
	Ali_Mir_K_1964_09_master0014
	Ali_Mir_K_1964_09_master0015
	Ali_Mir_K_1964_09_master0016
	Ali_Mir_K_1964_09_master0017
	Ali_Mir_K_1964_09_master0018
	Ali_Mir_K_1964_09_master0019
	Ali_Mir_K_1964_09_master0020
	Ali_Mir_K_1964_09_master0021
	Ali_Mir_K_1964_09_master0022
	Ali_Mir_K_1964_09_master0023
	Ali_Mir_K_1964_09_master0024
	Ali_Mir_K_1964_09_master0025
	Ali_Mir_K_1964_09_master0026
	Ali_Mir_K_1964_09_master0027
	Ali_Mir_K_1964_09_master0028
	Ali_Mir_K_1964_09_master0029
	Ali_Mir_K_1964_09_master0030
	Ali_Mir_K_1964_09_master0031
	Ali_Mir_K_1964_09_master0032
	Ali_Mir_K_1964_09_master0033
	Ali_Mir_K_1964_09_master0034
	Ali_Mir_K_1964_09_master0035
	Ali_Mir_K_1964_09_master0036
	Ali_Mir_K_1964_09_master0037
	Ali_Mir_K_1964_09_master0038
	Ali_Mir_K_1964_09_master0039
	Ali_Mir_K_1964_09_master0040
	Ali_Mir_K_1964_09_master0041
	Ali_Mir_K_1964_09_master0042
	Ali_Mir_K_1964_09_master0043
	Ali_Mir_K_1964_09_master0044
	Ali_Mir_K_1964_09_master0045
	Ali_Mir_K_1964_09_master0046
	Ali_Mir_K_1964_09_master0047
	Ali_Mir_K_1964_09_master0048
	Ali_Mir_K_1964_09_master0049
	Ali_Mir_K_1964_09_master0050
	Ali_Mir_K_1964_09_master0051
	Ali_Mir_K_1964_09_master0052
	Ali_Mir_K_1964_09_master0053
	Ali_Mir_K_1964_09_master0054
	Ali_Mir_K_1964_09_master0055
	Ali_Mir_K_1964_09_master0056
	Ali_Mir_K_1964_09_master0057
	Ali_Mir_K_1964_09_master0058
	Ali_Mir_K_1964_09_master0059
	Ali_Mir_K_1964_09_master0060
	Ali_Mir_K_1964_09_master0061
	Ali_Mir_K_1964_09_master0062
	Ali_Mir_K_1964_09_master0063
	Ali_Mir_K_1964_09_master0064
	Ali_Mir_K_1964_09_master0065
	Ali_Mir_K_1964_09_master0066
	Ali_Mir_K_1964_09_master0067
	Ali_Mir_K_1964_09_master0068
	Ali_Mir_K_1964_09_master0069
	Ali_Mir_K_1964_09_master0070
	Ali_Mir_K_1964_09_master0071
	Ali_Mir_K_1964_09_master0072
	Ali_Mir_K_1964_09_master0073
	Ali_Mir_K_1964_09_master0074
	Ali_Mir_K_1964_09_master0075
	Ali_Mir_K_1964_09_master0076
	Ali_Mir_K_1964_09_master0077
	Ali_Mir_K_1964_09_master0078
	Ali_Mir_K_1964_09_master0079
	Ali_Mir_K_1964_09_master0080
	Ali_Mir_K_1964_09_master0081
	Ali_Mir_K_1964_09_master0082
	Ali_Mir_K_1964_09_master0083
	Ali_Mir_K_1964_09_master0084
	Ali_Mir_K_1964_09_master0085
	Ali_Mir_K_1964_09_master0086
	Ali_Mir_K_1964_09_master0087
	Ali_Mir_K_1964_09_master0088
	Ali_Mir_K_1964_09_master0089
	Ali_Mir_K_1964_09_master0090
	Ali_Mir_K_1964_09_master0091
	Ali_Mir_K_1964_09_master0092
	Ali_Mir_K_1964_09_master0093
	Ali_Mir_K_1964_09_master0094
	Ali_Mir_K_1964_09_master0095
	Ali_Mir_K_1964_09_master0096
	Ali_Mir_K_1964_09_master0097
	Ali_Mir_K_1964_09_master0098
	Ali_Mir_K_1964_09_master0099
	Ali_Mir_K_1964_09_master0100
	Ali_Mir_K_1964_09_master0101
	Ali_Mir_K_1964_09_master0102
	Ali_Mir_K_1964_09_master0103
	Ali_Mir_K_1964_09_master0104
	Ali_Mir_K_1964_09_master0105
	Ali_Mir_K_1964_09_master0106
	Ali_Mir_K_1964_09_master0107
	Ali_Mir_K_1964_09_master0108
	Ali_Mir_K_1964_09_master0109
	Ali_Mir_K_1964_09_master0110
	Ali_Mir_K_1964_09_master0111
	Ali_Mir_K_1964_09_master0112
	Ali_Mir_K_1964_09_master0113
	Ali_Mir_K_1964_09_master0114
	Ali_Mir_K_1964_09_master0115
	Ali_Mir_K_1964_09_master0116
	Ali_Mir_K_1964_09_master0117
	Ali_Mir_K_1964_09_master0118
	Ali_Mir_K_1964_09_master0119
	Ali_Mir_K_1964_09_master0120
	Ali_Mir_K_1964_09_master0121
	Ali_Mir_K_1964_09_master0122
	Ali_Mir_K_1964_09_master0123
	Ali_Mir_K_1964_09_master0124
	Ali_Mir_K_1964_09_master0125
	Ali_Mir_K_1964_09_master0126
	Ali_Mir_K_1964_09_master0127
	Ali_Mir_K_1964_09_master0128
	Ali_Mir_K_1964_09_master0129
	Ali_Mir_K_1964_09_master0130
	Ali_Mir_K_1964_09_master0131
	Ali_Mir_K_1964_09_master0132
	Ali_Mir_K_1964_09_master0133
	Ali_Mir_K_1964_09_master0134
	Ali_Mir_K_1964_09_master0135
	Ali_Mir_K_1964_09_master0136
	Ali_Mir_K_1964_09_master0137
	Ali_Mir_K_1964_09_master0138
	Ali_Mir_K_1964_09_master0139
	Ali_Mir_K_1964_09_master0140
	Ali_Mir_K_1964_09_master0141
	Ali_Mir_K_1964_09_master0142
	Ali_Mir_K_1964_09_master0143
	Ali_Mir_K_1964_09_master0144
	Ali_Mir_K_1964_09_master0145
	Ali_Mir_K_1964_09_master0146
	Ali_Mir_K_1964_09_master0147
	Ali_Mir_K_1964_09_master0148
	Ali_Mir_K_1964_09_master0149
	Ali_Mir_K_1964_09_master0150
	Ali_Mir_K_1964_09_master0151
	Ali_Mir_K_1964_09_master0152
	Ali_Mir_K_1964_09_master0153
	Ali_Mir_K_1964_09_master0154
	Ali_Mir_K_1964_09_master0155
	Ali_Mir_K_1964_09_master0156
	Ali_Mir_K_1964_09_master0157
	Ali_Mir_K_1964_09_master0158
	Ali_Mir_K_1964_09_master0159
	Ali_Mir_K_1964_09_master0160
	Ali_Mir_K_1964_09_master0161
	Ali_Mir_K_1964_09_master0162
	Ali_Mir_K_1964_09_master0163
	Ali_Mir_K_1964_09_master0164
	Ali_Mir_K_1964_09_master0165
	Ali_Mir_K_1964_09_master0166
	Ali_Mir_K_1964_09_master0167
	Ali_Mir_K_1964_09_master0168
	Ali_Mir_K_1964_09_master0169
	Ali_Mir_K_1964_09_master0170
	Ali_Mir_K_1964_09_master0171
	Ali_Mir_K_1964_09_master0172

