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" ABSTRACT
[ R4
This dissertation examines the theory of general economic
equilibrium in a simple spatial context. Two fundamental issuzs are
confronted. First, the problem of reconciling the technical appayatus
of general equilibrium théory with a geographical setting is solved by

‘reinterpreting the role oi‘ transpor’céi:ion in.the econany Secord, the
“implications of the theory fon. the behaviow of tranSportation mnctions

are formally investigated. .

The analysis damnstgate that, in the postuldted sp;tial structure,
the required behaviour of transpor:tation félationships contradicts
arpir:;cal evidence, This result is true for poth consumption and
production sectors, and holds for any spatial conﬁg\mation oi‘ the
economy which admits the same interpretaion of transportatiox‘x. )
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1. mméoucp;m

1.1. ' Spatial nalysis and The Urban Econcmy

The ‘systematic study of the urban spatial economy has

. traditionally captured the 1nterest<of Scientists from mxnemlfs
denominations. The recent, exponential growth of scholarly activity in
this field is attributable to both the increasing urbanization of .
soclety and the “ramatic intensification of urben social problems. One
of the most vigorous growth areas in this general scientific development
i3 the theoretical approach to the spatial structure of the city,

reflecting a widely-felt netd for a forma) ratarding of urbsn

geography. This need itself arlses for seve
hend the simplification which modeldbuil

reasons. On the one
entails and the ease and

economy with which models can be manipulated and tested recoomend them
- .

L

as a foundation of applied, policy-oriented investigations., On the other
hard, theor'etica% mdéls, wnich, i)y definition, concentra‘t‘te on a few
relationships betwaen a E‘mall‘mxnber of miables, may cénvey information
concerning basic properties of cities. Cwrrent research is biased
heavily t&.ms the latter tx:em; ard the inlications are that this

. preponderance will continus., | o
'Despitfe the diversity of subjects and the range of style-,

* cervain features are common to virtually all thmretical‘wbaz; models -
and hiznce pmvide* a Fsource of>Mﬁca;i§n to the field. The most visiblg
feature 1s the pervasive use of mathematics as a basis for model
construotion and analysts.  Althouza éémmm:;& condemmsd by the
 sefentifically fmoeent, the lozteal ond practical edvantages of d"\

-
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formal approach in gaining insights to spatial processes cleérly o&tweigh

-

“contemporary urban, problems are all conzequances of éda@tive pI’éGE‘BS%a

any losses in intuitive appeal. Arother dominant aspect of these models

1s the pivotal role of the equilibrium concspt. “Tnis notion has also

been rejected by many who argus that the dursbility of buildings, etec.,
preventsl~equilihritm from being realizéé, thlle some components of the
ci‘cy's gpatial sf;mcm are best urxderstgod in historical terms it is
equally true that equilibriun analysis is the appropriata tool for
examining many urban phenomena., For exs;;ﬁ;éle, the widespread suburbanization
obaerved in many countries is clearly a mspoﬁse to urderlying equili-
brating forces, In fact, it ¢an be argued that the most significant

amd can-most easily Be comprehended through equilibrium analysis.

More specific prop-érties“az\a ghaved by models in this area.
Usually the city 1s assumad to exist on a flat plain with transportation
equally cmt}.y in all direcctions. The city has an exogenocusly fixed
cmtral busimss district in waich alt smuloym,nt iz concentrated. The

only traval considered is tm.t betizzn residence arad woriplacs, Tals

AN
maans that, with few evexpticns, 1cmticn.., are chmcuemzeﬁ by a sirgle

diw=nsion, el:}stgnce from the G‘I;D., Tea ﬁ’ﬁ«lw tenld- t@ erghasize elthze

the produsticn or ccmm@ieh S":‘thua of ths wrzn eesoony, ord untficd o

ma‘{zr.,n*s of batn ctar” are mm. A=) m:a:r mlavﬂuismu&

mch (e.g. t.;l:x {1972¢)); m:m eﬁ tﬁdvan aoes in flﬁ*{ibﬂity and

~e:>.u= of ug Faa savar, tra rﬂli;:me € f’J‘J‘i&l wmﬁz ard the 'mck

of cw}.iwsim x\.f*ulm Unich t2 diserste apordech dmpliss Lo Ted th.. a
. C‘Jaﬁ'ﬁum m:ﬁcrity of tr\c& ,Iiei:z:; e mlay 8 eénym h’"& o,

‘fs



The prevailing trend in conbergorary research in urban spatial
economies is currently towards the construction of normative models, !
which lay stress upc:n welfare ard optimality aspects, as distinet from
the earlie;r devélozznent of positive theordes whdch sought to identify
and explain spatial equilibpla. Toe typlcal normative model seels an
allocation of population, lard use, ete., which maximizes some soclal
walfare fumetton, * ' a

Cities are distinguishad chiefly as places mare land ugeds more
intense than elue@zhere, hence the market allocstion of urban lard between.
conpeting uses is of furzi..n:,n‘tal ‘coneern to the student of the clty's
spatial structure. Since prices are the machanism by wnich commodities
are allocated in the market, then rent, which is the price for-land, is
of‘ primary imgortance in any equilibrium modsl of urban land use. The
peculiar characteristic of lard 13 that 1t 18 a mmmc‘:uced factor of
production, and this gave rise to mueh debate crong classical and
nzoclassical econcmists in the nincteenth century. Unile controversy
_gtill exists coeerning the nature of renp, the emghasis in coatemporary ‘
\rban uts}aﬁura is on the procass 'cﬁ:-hs:r«eby :ﬁ; 1s dzterndnzd, and the
rget Vel o in Uhtch it influsnees tiw otk eleramiz of t_ht; :w;ial €CONCTY

1.2, Gez;ml L:d P‘*r‘aizl muilib rivn

. Eqw,\i]’.ibz‘iv’z redslaiof. the tyx Gleeuszad 4n the oovs section
. ' e b2 bw“iﬁ.;i elthir 25 pe f“r oo f::: Sy Sl r; on thair .
. pyevoach, Tha vasb majority of oAz ere in i pariiol equilitriim .

"grw;a, vrden analyass the L..*sfi::l LTy VY “i:w::iz‘“ the b.ho.view

*

s B et Q) reor3, W0 uzually



recelve Income through exogenous sources, sale of thelr services, amd
profit shares, and spend this income in accordance with their preferences,
subject to a budget constraint which depends on prices. (2) Pmduém*s,
who employ inputs from consumers as well as o'ther producers, and with a
given technology select a Qroduction plan which maximizes profits.

(3) tarkets, in which producers and consumers interact.

‘ Partial analysis exemines one market, or the supply or demand
corditions for one good, while assuming that incomes, technology, ard all
other prices remain constant. The Justification for the partial approach
is that in many circumstances the relative smallness of a firm, household,
or market 1s such that those assumptions are reasonable. By focussing
on a few selected relationships and makirg the necessary simplifying
assumptlons key elements of the econcmy may be analyzed in considerable
depth in a partial equilibrium model. Among the examples in the spatial
context cited by Roover (1968) are the allocation of lard in the CED,
patterns of residential development, sslection of retall locations, and
the location of industry.

‘ Vogt of tha ecoromic theory of urben land uses and land values
. exemplify the partisl method. "The typical model attempts to explain the
distribution of rents, residential densities, ard related phencmena as
consequences of ratiqral behaviour on the part of elther preducers or
COnSUmaYS,

Censral equilibrium models, on the othar hard, atterpt to fit

the componsnts of the economy tezether. Teay tale c@gxiz;nce simult-
\j&‘»aeusly of all the decicion melers and wariebs and thefr Interdeperdencles.
In th cace of a perfectly coretitive econany (vhich is the subject of
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most investigations) the fundsmental problem is that di" compatibility.
That is, whether the behaviour of each individual is‘cmmtible with
that of every other individual and with equilibrium in every market.
Gemra.l equilibrium in this sense has not achieved prominence in h the
spatial literature., The closest approximation to the type of anilytical
structure discussed here 1s provided by the Intereglonal trading models
of Enke (1951), Semuelson (1952), and Takaysma ard Judge (1954). These
are formulated in linear or quadratic programming terms, and are in
genaral concermed with discovering the equilibrium quéntities of imports,
exports arnd local prices for a set of spatially separated markets., The
interregional input-output models, such as that of Moses (1960) are ina
similar vein. Both approachzs are more restrictive than gereral
equilibrium theory (in the sense s;ccepted here) and are less general,
more empirically-oriented in design. \

In fact the I‘-,’alragign school of general equilibrium theory
(Walras (1874, 1877)) has dévelopaﬁ in aln:s.c;st coaplete isolation from
spatial analysis. Likewlse, urban economic theory has traditioml]y»
assumad away the problems of compatibility, ete., uzhich constitute the
essence of general equilibrium. The fittirg together of the csmpan»a;nts
of the spatial econamy is clearly a complex matter, dus to their inter~
connzetions. For exzuple, ths demard for housing dr:p@rds on housemld
ineccrz, This incom2 is in turn determinzd by the price of labmx'. The
wage s itself a fursbion of supply and demand conditions in factor
markets. Inz:ut dnrd cerditions in tum dﬁp«,m on the prices at wnich
producars e:m :11 thair outr.ﬂ;,, smich is in tumn dh’cmimd by supply
ard demard in commodity rarinbs. But thL; derand depands on housemld

.
.. b



income, and so on.

Interconnections arise between different commodity markeﬁs and
factor markets. Demand for one good, for example, may depend on prices
of other goods. It is consequently impossible to fird one equilibxjiwn
price, then another, and so on, since each price must be suitable in
relation to all other prices. The guiding principle of general equilibrium
is,therefore,that all prices and quantities must be determined together.

”Q!eretofore the notions of campatibility and simultaneity have been

neglected in equilibrium lard use models.

1.3. Structure of the Study

This research is motivated by two considerations. On the one
hand there 13 a clear requirement for theoretical constructions of the
ggneral equilibrium type in the field of urban spatial economics. The
exclusive employment of partial analysis has left many key questions
unanswered and a wealth of 1ssues ignored. On the other hard general
equilibrium theory, which since Walras has flowered into the most
profourd and sophisticated branch of economic theory, has effectively
ignored any spatial considerations. These two factors are believed to
Justify the preliminary examination of general equilibrium in a spatial
context which the present work represents.

To place this study in perspective and to supply the minimal
background for the analysis the following structure has been adopted.

' First, the literature on partial equilibrium urban lamd \;se models is

reviewed. There 1s no suggestion of :p@nprehensiveness, but an attempt

P
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is made to indicate the more significant lines of inquiry, and also to
provide a coherent conceptual framework which suggests some of the
theoretlcal and historical links between the models. Succeeding the /
review is a brief critical assesasment of this group and a restatement of
the significance of general equilibrium in this context.

Secondly, there is an encapsﬁlated pfesentation of the axiomatic
fourdations of modern general equilibrium theory, which s'erves as a
platform on which subseduent arguments are developed. In addition to the
axioms, the function and relevance of general ,equilibrium theory are ¢
discussed, and major criticisms, %oth spatial amd nonspatial in nature,
are enumerated.

Having Justified the reseazigh and having established 1its
analytical background, the final chapter presents the spatial implications
of the theory of general equilibrium. The initial step consists of
constructing a simplified geographical envirorment for the econamy.
Subsequently, the axioms of the theory are interpreted in this new
setting and their spatial repercussions are formally examined. Finally,
general equilibrium theory is evaluated in light of the results of the
analysis, and possible future research areas are indicated.

1.4, Notation

Vectors and mgtrices are denoted respectively by single ard
double undeflines, e.g. X, m. There is 1o use mede of the outer product
operation, therefore juxtapoéition of vectors ix;iiﬁates an immer produ;t.
Whether & éiven vect;or is a row or colum ghould be clear from the

v .
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context. The notation for vector mequalities is as follows: X >> ¥
meansxi>y1, all i: x>1maansxi>y1,alli' x>y_meansxi>yi
‘all i, and % >y, for at least one 1. Functions are indicated by
square brackets, e.g. y = y[x]. Sets are denoted by chain brackets or
by capitals; for instance {x} is the set of all vectors x, and Y
represents the set of all vectors y. Much of the analysis is concerned
with the n-dlmensional space of real mumbers, with the ysual Buclidesn
metric, which 1s here denoted as K'. e nonpositive and nommegative
orthants of this space are given the conventional symbols IR and IR,
The real line is designated t§y IR, with its nonpositive and normega‘tive
components as R_and IR nespectivel&. Open, clqsed, and open-closed

intervals. on the real line are written in the form (a,b), [a,bl, and (a,bl
respectively, Ordinary derivatives are denoted both by primes and by d .

notation. Ts g'(x] = dg. Set membership is repxésented by the
symbol €. The end of a 4% roof® 15 farked by the symbol W

A1l other notation is either of comon ugage or is defined, whan
it first arises m the text. ‘mﬂor@ms, lenmas, corollaries,
mﬁnitioas are nmmered eonsecutively within each section. -




2. PARTTAL EQUILIBRIUM MODELS

*

2.1. Producer Equilibrium

The basic unit of production is the firm, which is defined as any
entity using inputs to produce, commodities which are then sold to consumers
or to other firms. The problem facing the firm is to decide (1) the
quantity of output it wishes to prdduce, and (2) the combination of inputs
used in this production plan. Between the set of inputs used by a fim,
denoted x, and the maximum output y which X can yleld, there is a fixed
technological relationship |

y = flx]

where £ is termed the fimm's production function, generally assumed to be
real and continuously differentiable. In the typical neoclassical problem
the prices of the inputs, denoted w, and p, the output price, are gliven,
ard the objective of the firm 1s to maximize profits n, where

m = pflxl - ¥ X .

- ) \"
The first order conditions for a solution to this problem are given by

prs

paf Ix] = wi. i=1,...n N

X
i

}

Production-based theories of the urban economy usually revolve arourd a

more general pxodel wher;é one of the wi's, namely the price.of lard, is a
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spatially variable unknown instead of a parameter. This apparently minor
adjustment releases a torrent of technical and conceptual issues out of
which a rich theoretical tradition has developed.

The earliest and most direct application of the theory of the
firm to the urban economy is the model of Muth (1961), wnich introduces \
many of the characteristics found in ensuing works. Muth commences with
a spatially fixed market around which physically homogenous land stretches
infinitely. Fimms locating on this plain purchase land ani non-lard
(sometimes called "capital") inputs at unit prices r and w ard sell their
output y at some price p at the point of production. It is assumed that
w is fixed and known., The profit function of the firm is given by

T = pf ""Wk"" I“q.

For an equilibrium each firm must adjust its input plan to maximize
profits, hence the conditions ' ’

=
[{]
o
o)
L)
-

Qs
=

r = paf
9q

b

must hold. Equilibrium requires that the fi'm have no incentive to move.
Using the first-osder conditions, then

dr =.fdp - odr + pdf ~ wdk - rdq
) 4
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Muth assumes that price declines with distance from the market as a result

of transport costs. Therefore \ '

dr =
ds

l
Q1
218

A

[

If prices decrease at a decreasing rate with distance, which Muth considers
reasonable, then rents will decline at a decreasing rate if ocutput per
unit of land'also diminishes away fyom the centre, Since weges are fixed
and rent decrease with distance, lamd will be substituted for capita} and
output per ‘acre will therefore also decline.

Mills (1972a) presents a similar approach which is more
sophisticated than Muth's theory in-that sbecific behaviour of the price
function 18 not required. It is assumed that the output of housing H
depends on inputs of land q and capital k, ard that output ard inputs are
related by a linear-rx:mogenous production function of the Cobb-Douglas

type i.e.

H = aqakl-u

mmmom0w<an%mmmmmmm@Mwa
predetermined centre, and location is iﬂrgcated by distance s from this
centre, Input and output markets are perfectly competitive. The price
of capital, w, is given, but the price of housing, ph{s], arﬁ rent ris],
both déperﬁ on locabion ard are determined within the model., The profit
function for thé producer of Musué 1s therefore glven by \



?

v -

u 12 v

) 1-x
ﬂh = ph[sla‘qak ‘—r[s}q-wk.

maximizing with respect to q and k ylelds

« ph[s] R

= r[s],
T

N - .
(1-a) ph[s} H 7

= w s

k

as the first-order conditions., Tt is assumed thab all workers recelve
the same Income y which is determined exogenously, and have the same
tastes. -Tha demand for housing per person at s is denoted h d{s} wnere

g .8
1 2
hd{S] b by Ph(Sl

and 6, , B, are the incame and price elastieities of demard for housirg
pectiVely It 1s assumed that B > 0, B < 0. Asgrezate d@mﬁ for

!

housing at 8, H {a], is given by

Hlsl = hylal N(s].

g

'n:n.,n. Nis] is th..« mﬂ,ation a6 s, Hemea th cqtiilibmnm'ccrmtion for

i:ha. Imuirf marlist. is
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Furt re, equilibrivm\requires that households cannot reduce costs by

movino i.e. locational cogts must be constant, therefore
t(s] h, + t'(s] = O
ph(sl 4 (s

vhere t is the transport cost per unit distance. The amount of lamd used
for housing at distance s cannot exceed the land avallable, and no land

may be left unused, hence
\ ' . =

q(s] = 2mus

The city will extend only to where the rents bid by household equal
agricultural r;ent ra , wnich is assumed to be constant. Consequently

¥ =
'r[s ] ry

where §* derotes the city boundary. N is the total fopulation of the ©
city, where

sk .
fo N[s} ds.

Given this set of relationships the first unkeown solved for is

the distribution of land values, r{s}]. Two solutions are possible,

| 1
r{s] = (r: - c(s* - any
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B

r{s] = r exp(c(s® ~ s))

where ¢ ard y are cong:tants. Once the rent distribution has been solved

e st o o

for, the spatial distribution of house prices, housing cor;struction,
population, and housing demand follow immediately.

The model can be generallzed to allow for more than one incame
class. For example, suppose that two groups have incomes ¥y and Yo
respectively. The class b;rhich lives closer to the C.B.D. has the rent
function rlis], the more distant group has the function rgls]. If vy # 0,
then re[s] is identical to the first solution for r{s] given above.
Assuming that the other income group occupies the inner zone, that is
fraon s = 0 to same bourdary 0 < s** < g%, then the boundary condition

for this group 1s that the rents of both groups be equal i.e.

l
rlts] = rzls] = (r;f{ + c(s® 7 s**“*))y ,
therefore
1
'  (pY % o gi#) X ))Y
rl[s] | = (I'aL + c(st - st#) + cl(s -8)) .,

It is easily seen that x-'l{sl > r,ls] for distances s < ¥ implies ¢ > ¢ys
which in turn fmplies t:hat:,)'f2 >"yl. Hence the lower income group dwells
closer to the centre of the clty. In general, therefore, tbé wealthier

a mass the  » distant is its residential zone from the C.BiD.
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An obvious extension of the single-sector model is to the case
where two land-using irdustries compste. Usually the.two are interpreted
_as housing and transportation, which constitute th: two principal

occupantg of urban land., Such a model has been developed by Mills (1957),

and modified subsequently by tiils (1989) and Pines (1970). The
assumptlons of uniformity of land quality, monocentric ¢iby structure,
fixed incomes, ete., are all revainsd. The production functions for
housing and transportation are of the linear hemogenous Cobb-Douglas
class i.e, \

H = qql kl'u

l . ’ »
S
wnzre H, T are the outputs of i‘mﬁs:\m and trampor"tation respactively,
q and k azain denote lagﬂ and capital Inputs, and & ua.are pammetera‘

with 1 < 0, 8, 2 0. Equating the merginel reveénug pz&iucté of land and
capital 1#th narginal cost yields, after s@n;"marﬂ.&wl&zt;cn

*
phls] = clz*[s]

2 !

- § . :
were rial is rent, phtzil 13 the price of hwusirs, ard ¢y is g constant.
T sers procedure In the tradsportatidn sextor plves

R L s D Lo
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where pt(s] is the price of transportation and ¢, is a constant. It is
assumed that per capita demand for housing and transportation are + {
absolutely inelastic with respect to prices. letting hd represent the ‘f
quantity of housing consumed per household, the spatial invariance of
locational costs requires

d

pt{s] +h pr‘l[s] = 0,

It is agaln assumed that the rent at the boundary of the city s* is
defined by the (constant) agricultural rent i.e.

ris*} = ra. : r

l 4

With this information the equilibrium rent function © can row

be solved for o
.
- ry
r{s] = [r:l 2‘- 03(3* - s)]m1 2

N

where cq is a constant. Rents will decline at a decreasing rate when
Gy > 0. They decrease st an increasing rate when Uy < 0. The nat
density of population D(s] is defined as the amount of residential lard
consumad per person

N 1 , o

-_—_“..?“‘2 14
D‘{s] = oylr, ° | —-03(3*—8)1

* Both rent and net density furctions tend toxards exponentisl
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forms as «, approaches a,. Both rent and nst denzdty functions becoms
exponential wnsn the price of Eusmg is also exvoncnvial,

A varient of this analysis is presented by Avercus and Lee (1973).
In this fremework the economy coqsists of tuwo sectors, ong of wnlch
produces commoditles, wnile ths othsr provides sccsss to tha C.B.D.
Given a transport cost function and e's’lana allecstion ovar which h2 has
o control, ‘the representative enfreprensur seelks to muximize his rent-
paying ability with the conventional esmumptions, and the equilibrium rent
distribution is rexdily obtatned, '

Tnis model has in turn been generalized to alldy for two transport
modes. Capozza (1973) has amiyzed the interesting situation uhare a
lard-using transport mode compates with one walch uzes 1o lard. An"
example 18 a-city with a subway system, Lincar baforenous Cobb-DougLaa

production functions for each Sector are once azain assurad, hcmc

H = q:lkll’&l . | .

(32 1-a ]
T1= q2 k2 - . . ‘

. ;{3’.“_3

vhare T is th% L.:ﬁ-usinb trﬂﬁ*p-:»rfs Tr'd::. Azadn using th: rules for
mﬁt«a&ﬁmb‘:ﬁm tha price Turction fm. ransdrs is deduced:
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where &l i1s a constant. Differentiating with respect to?®s,

-1
p{\[Sl = a a r‘[s}m1

13 rt‘is].

Allowing individual demand for housing to be unity, then the

requirement that locational costs be constant can be written as
1 N | =
PhISI rg {s] 0

where g[slrepresents the cost of commuting a distamce s fram the C.B.D.

It is easily shown that

)
n

a
agr[s] 2 ,

p = a L]
t2 3
The total oost of camuting from s to the city centre is the
integral of transportation costs between s ard the centre. If only the
first mode is employed, then
S 8 %,
cls] = [, pt:L (sl ds,= [, a, ris] ©ds

, If the second mode is chosen exclusively, then

s S
c[s}“ = [, P, slds = [ asfis = 3.

r
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If both modes are selected it is assumed that T2 is used closer to the
centre. The justification for this is that 'I“2 does not use land and land
is more expensive closer to the centre, Given thot & commter switches

. ] '
modes at san2 distance s, then total faansport cosdts will be

e}

o
2ds

O =i }

clsl] = [ a ds+ [ a, r{s]

3

<s

tat

It 1s assumad that at cqui}.ibriwn all lard is occmicd elthzr by
housing or the firat tm of trampor“cation- '

Clllcﬂ +q2{s] = 2us.

As usual, rent at the pariphery is equal to the fixed agriculturel

rent, . .
ris¥] = »r
o Ta?

where s* denotes the urban pourdary. At any distance § the demard for -

transportation is represented by the mumber of pecple 1iving further than

s fram th2 C.B.D, ) ard at equilibrivm ths '?!mply of tn,mpoxfcation fust
eﬁu:al tha dm.:rzi Barce

c =% P
;:t-i{si + T,ls1 = é B{=] da

- Tz madel p 3 o i‘!zll mt& ad ezabe £olved for tha
S ~'*-~"’zt§t,ﬂruttv§;*of

— =



transportation is used the solution is
1 .

o, ~04
= - 172
r{sl (c1 02 s)

[}

where ¢, ¢, are constant. If only t. is involved, then

2 2

QIH

1
Zlsl = (¢, -c, s8) o
3 ] o ‘ i

The corresponding net density functions are respectively

»

l—al

l -

m———

o, =0
D[s] = (01-025)1 2 2,0

1-a
*
D{s] = (c3 - Cl} s) a0y .
Where both modes are employed the point at which commuters switch from
one mode to another 1s demoted s. The resultant rent function is given
by
. 1

T - o
= + .
r{s] (r + ¢ 8+ Cp s)
where r = r[gl arg és > 0, 66 < 0, are constants. ' Using thls result
Capozza deémonstrates that rents in the inner rirg are lowered by the
introduction of a land-econamizing tranépor,’?cgi:ion system., The impact of
such an innovation on city size, houyavsr, is Meterminate. The
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h

increased supply of lamd will encourage n\iore housing inste4d”of
transportatiori in the imner ring, which implies a smaller city. On the
other hand lower rents encourage larger lot size$, and lower transport
costs Increase real.income and enciourage immigration.

The role of economles of scale, so crucial to any understanding
of urban economic structure, has been wholly neglected in amalyses of the
preceding types. Alao (1974) has attempted to inject this essential
ingredient into a model which has the additional attractive feature of
mot requiring a specific form for the production function. In Alao's
scheme output deperd?s in the first place on a spatially invariant
production function of the form y = y{q,k] where q and k retain their
previous mterpret'atj:pn. This has the usually concave pr;aperties but
does not exhibit constant returné to scale. Secondly, firms experience
a positive, distance-deperdent externality, denoted g{s]. The spatial
production function is now defined simply as gls] ylq,k]. The demand
function d is glven to be of the form '

d = (p+st)z o

where p is the mill price, t is unit transportation cost for output’, and
Z1sa constant.: Hence the problem of the. firm 1s to maximize profits
subject to a constraint that supply equal demand, i.e.

Maximize p gls] yla,kl - ris] q - wk
a,k,p }

: 'i/ L \a
subject to . . - gls] ylq,kl = (p+ st} Z.-
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The first-order conditions for this maxinum are

(p - A) gls] %)1 {g,k] = r{s],

g
(p ~ A) gls] g_% fa,kl = w,

\ a-l
glslylq,kl = -X a(p + st) Z,

a .

gls) yla,kl = (p +st)  Z. -

where A is a Lagrange multiplier.

Alao proceeds to analyse this system by conventlonal comparative
statistics. When rents, which are exogenous to this model, are disturbed
infinitesimally it is deduced that the price of output alters a
corresponding amount in the opposite direction. Furthermore, a change
in rent has a negative own effect, amd indirectly induces a positve
distance-land input substitution effect. v

2.2. Consumer Behaviour

r,

The neoclassical problem of the vmusehqld is that of deciding
the quantity" of each available good and service it should purchase,
glven the prices of all commodities and the household's income.
Formally, it is assumed that there Is a finite nomber, n, of available
- comodities, and the quanbities of each purchased by a conswer is .
repressited by the vector z. - Each comodity 1s perfectly divisible so

=y

o

srmE |
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that any nonnegative quantity may be .obtained, Thus the set of all |

possible commodity vectors {2}, sametimes referred to as the cammodity

e i e TR

space, 1s given by

Z2 = {z]z >0},

That 1s, {z} is the nomnegative orthant of R". The choice of

the consumer is governed by his tastes , wnich are expressed by the

preference relation. For any g_l, _2_2 e 2 the statement

,?_12;22 .

R
18 interpreted as sayinz that z is preferred or imiifferent to z-.
This relation is assumed o have the properties of being a complete
preordering of 2z and of being contimmuenoé it follows that there
ez::iats a conbtinuous real-values functlon u[zldefined on 2 such that
25 2 tmpltes uiz] > ufzf). - It 1s traditionally postulated that u(z}
is contimouéiy dif’fere‘ntiable,a;ﬂ_ih pa—ri',iculiar,"that it is atrict]/.y '
concave. : ’ o |
. In'the neoclassieal fremework all money prlces, denoted p, and
Inccrs y, are, knoun, t‘ixeii, and positive. -The budget coz;xstra;.nt of the
mdseh?ld is conéequently o
‘ REEY, .

. and the omrt‘ux'ﬂ.tyl set 1s given by

—
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2k

¢ = {zlpz<y, 220

The problem of the household is that of choosing a most preferred
zin C. That is, to

maximize u(z]
z

i \

subject topz <y
9.

N
v

Since ufz} is continuous and C 1is compact, then by the

Welerstrass theorem a solution‘exists.' Since u is strictlgr concave ard
Z 1s convex, then this solution is also unique.

Consumer-based theories of urban economic structure,are
generalizations of this problem 150 allow for spatial effects. The most
general treatment is that of Long (1971) who considers the following
problem: ' -

Maximize ufz}
subject to pim,k,8]l 2z =y .

w

mare m is a, vector of mﬂl prices, k iz a vec‘i:,or of undt transportation

rates and 8- demtes distanc to.thfs uma.n ecee, Trvis th= known and

13 reslaced by a km':n but atially variable one.
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The first order corditlons are

=
#

l,‘o. n

,gp_ = Ap,[my,ky,8] = 0,

wiere A 1s a lagrange multiplier. Differentlation with respect to s
ard reafrangament yields the effect of locational change on consutpbion
i.e,

" wheve A i3 the determinant {I H ard Byy 18 a cofactor. Long interprets
923

the ﬁrst.term on the right hand side as the gpatial income effect-the

change in incame csused by price changes resulting from spatial wovement.

Similarly Long dercnstrates by standard methods, that the secord term 13
the spatial substitution effect-the change m demard for a comrodity
resudting fmm price change, real Incans belrg held eonﬁtant.
. In this framswork the effect on demrxi of a change in mi11 price
corrcsnbzxis to the "tanda!d, Ten spatia.l pmblem, where mﬂl price ard
 deldvered price are ideniical, Moo effect 1s given by

——

‘ 321 o aziz -a,pj o apj Ai,j .
,’é&ig.-q 3y - 33153 ‘ ’“z:;.} - S

(1 : '1-""' n) -
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3z A
Tl
3y 9 5
Ip .
if _J = 1, Similarly, the effect of a charge in a transport rate Ky
am
J

is &mmarized by the equation

9z 9z 9p p A
L 123 J+a 3 U 1 = 1,...n)
k ] 3k 3k, A
3 Y J 3

where the first term on the right-hard side indicates the transport
income effect, and the second term shows the transport substitution
effect. Long indicates that for a linear transport rate function the
effect of change in ki on demard for a specific cammodity depends on
the distance fram the consumer to the mill.

It is clear that an explicit treatment of residential lamd and
its price (rent) would greatly enhance the amalysis since these variables
are of primary importance in the urban ecorcmy. A simple extension of
the basic model along these lines leads to the following problem

maximize u({z,ql
%54 .

subject to pz +'rq + k[s] =y
\ where'q denotes residential lard, r is rent, k(s] is the cost of commftirg,
and 7 is now a caimosite of all comodities except residential land (for

convenience z is assumed to be a scalar). Tnis problem has been examined

L LT
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3

by Muth (1961, 1969) and by Wheaton (1974). The first order conditions
for a maximum are

- A
L\z p

]
(]
-

")\ (er'l"d__lf_) = 0 1)
ds ds

pz +rislg+ ki{s] -y = 0

Muth is especially concerned with the third equatibn, which when

rewritten as

4
1

qdr
ds

al&

states that, in equilibrium, the commubting costs saved by a shift in
lotation are precisely offset by an increase in residential cost. That
is, the household is unable to increase real incame by movirg. By
assumption, commting costs increase with incams, which imblies that

dr < 0. Stability of equilibrium requires that
ds P
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At equilibrium, real income 1s constant under locational charge, hence
the change in demand for residential land due to such a shift is given by

aq = [3 .ar
3o (s%)m; s

-

where 939  _ 1is the slope of the demand curve when real income § is
aroysy -,

held constant. Substituting this into the stability condition yields,'

after rearrangement

Assuming commuting costs increase at a decreasing rate, and also

that housing demand ﬁ not perfectly elastic, then dr > 0.

g d52
Muth does not employ a specific utility function, and his
amalytical style leads to relatively weak qualitative results. By
contrast, Vheaton, with starderd camparatic static methods, produces a
wealth of information on this problem. Fram the first order conditions

he derives the equation

U :
Z . . .
-)-l..-R : . »
u r
q
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Secondly, he assumes that at equilibrium, households attaln a fixed

utility level u 50 that there is no incentive to move.
ufz,gl = 0. )

(Wheaton implicitly assumes that the representative household is’

m

at a fixed location s, at which 1t selects the utility maximizing

combination of 2 and q). The parameters of the problem are u, y, ard s,

ard VWheaton assumes that the unknowns q, 2z, and r may each be expressed

as implicit functions of these parameters. With this equipment he deduces
" the following qualitative effects of parametric variation on the rent

distribution:
¢ = 1>0, B
oy q
o= dkls)L<0, ‘
% ds q °
== q'ﬁ'z-
au .

"In like mammer, using the cordition that rent at the bourdary of
the city, s¥, equal agricultural rent, i.e.

ris*,uyl = r.°,

L]

and given the total urban population N whare
; = o
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then by a similar strategy Wheaton demonstrates that increawed population
diminishes the equilibrium utility 1eve1; as does higher agricultural
rent. Furthermore, amlys;s of the impact of commuting costs reveals
that an increase in the marginal cost of travel causes shrinkage of the
urban bourdary and ralses rents and pOpleation densities at the centre.
Finally this model shows that under a given restriction of commuting
costs, a rise in income has the effect ©f increasing the size of the
clty and lowering central poi)ulation density amd rent.

Solow (1972) employs a structure of the Muth~Wheaton type, but
with a specific form for the utility function. He postulates that
utility depends in a log-linear fashion on the consumption of land amd
a composite good. Henece the problem becames to

maximize u[\z,q} = allnz+a Ingqg

2

subject to y = pz +r q + kis]

where al,u2 are constants. Hanipulating the first order conditions leads

to the differential equation
!

>

t = o k![s]

. .
r qsly-ﬁie.]5 |

B e -
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where a3 is a constant. If the transportation cost at thz edge of the ;
C.B.D. is zero,then this equation has the zolution - ‘

‘ i

1 . ;

o

ris] = ry (1 - kis] )

v | (
where ry iz the rent at the inner boundary. Given %l{‘ > 0, then rents {
)
must decline with distance. This result yields the davard function for
residential land,

qls] = ay (1 -kisl)
ry . y

-

w,

The primary objective of Solow's amalysis is to incorporate the
rotlon of cmgést;!.on into a 1ang1 use mdel., This toplc 1s clearly of
great significance in any study of urban spatial structure but is
notably absent from most theoretical studies. Solow attempts to
Introduce congestion by postulatling that the cost of travel par parson
at any point depends on the number of psople usincr, transportation at
th;{g\pemt and on the land area devoted to trampar&a.#ion at that poirs.
The raxrper of people living bey&zﬁ a point &, denoted Uis], is given by \

™~
lils j = f niz] ds
where nfs] Is the moder of p*woln p:':z* mit oi‘ ruial aistance Jiving in

Phe r'inﬂ' ab radius & from the cmim': ey i,f...i‘zlu oi‘ lard ::.t oistme, s

aﬁvnt to tren,wr s,ion is am(l—b{s].), Vare b{{;:} iz f‘:h;"mt cccupled ‘
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by housing. Solow assumes that the cost per unit of radial distance of i

comuting at s is . . o
1] t
Nis) s

2ns(l - bls])

that 1s, a power of traffic density. Total commiting costs betwaen s
and the C,B.D. boundary are tharefore

sk m *
kis] = | N{s] ds .
-85 \2ms(l ~ bls])

Rence commuting costs depend on the population distribution which in

. turn depends on commuting costs., This mutual interdependence is the
esgence of the conzestion problem, and wnalytical solutions have thus
far proven elusive. To obtain any results Solow 1s compelled to resort
to numerical mathods,

. Tha proteding models make no allowance for households having
explicit spatial xz'e‘fex;ences‘. ‘;-rnen\ such preferences are &dnutﬁed the
standard rodel becarss '

maximize ufz,q,s}
2yQy5 -

- *
- ¥

_Em;}ecbtd p2rrgt ksl =y . - a.;,

. )
i

Tats problen was first formidated by Mlenso (1950, 1964). Tha

cbjectiv:—:‘ of tha izzusa}:olq ir{ bhts eontest is to fird a location as well
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{
)
as a quantity of the camposite good amd a quantity of residential land z‘\
which together maximize utility. Taking the total derivative of the
utility function Alonso obtains the following:

u
~-dz = q R
dq u,
u
-dz = *
dk u
d

Similarly, taking tha total derivative of the budget constraint he finds o

that i

~-dz = ;:

d p

-dz = 1(qgr+dk)

ds p ds ds
Combining the two sets of results leads to -

u "

..3 = L

u, p

Us

— = l(gar +dk) .

u, p ds ds

+

The last two equations, together with tha budzet constraint, implicitly
define equilibrium valuss for z,q, and s. To obbain such a solution

-—
.
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however, requires an a priori knowledge of the function r{s], which

.
]
i
¥
}
v

defeats much of the puppose of this type of model. However, it does
11luminate some interesting issues. For example the last equation above

states that the marginal rate of substitution between distance and the

composite commodity is equal to the ratiq of marginal relocation costs’

(q dr + dk) to the price of the composite good It is assumed that
ds ds

distance and the good have negative and positive margiml utility
respectively, and therefore, since p > 0, the margiml cost of movirg is

negative. Assuming dk < 0,Qne is left with the conclusion that ? < 0.
ds . 8

Furthemore, 1t 13 scen that dk < ~q dr, and herce, at equilibrium, the
ds s .

household only settles where savings from cheaper land exceed increased
cammuting cos'ts

The model of Alonso cannot generate contimmus equﬂibriun rent
and population distributions owing, to the fact that it contains one more
unknown (namely rent) than the number of equations. To completely
specify the model an additional relétionship must be assumed., Casettl

"(1971) has proposed the condition that, in equilibrium, identical

musermlds everywhere obtain an identical level of umtility, thus ramvirg
any incentive for movement. This comition subsequently appears im the
analysis of Wheatqn, ard in papers by Stull (1973), Henehik (1973) and
others. The starﬁmd problem tbemfore beccm.s, in Caset’ci‘s framework,

P

to

. maximize ufz,q|s} .
2,4 i . *

$an
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subject to pz+rq+kis] = y
ard ulz,als] = u

where u 1s a constant and the household is assumed to choose z and q at

a glven location. The marginal utility conditions yield

ISh
n

z(r(sl, s,p,y)

2l
i}

a(r{s] ) S’p;oy)

and, after same manipulation

r = r(u,s,p,y)
Letting u = u which is fixed, then
= ;(G,S,p,y) \) -

is immedistely koown. Similarly, substituting r for ¢ yields the spatial
~ equilibriun demand functions g and 2. The equilibriun poi)u]ation density
distribution is given, by a "1 = Dis] and the equilibrium population is
simply 2m f::* E[s] ds, where s* represents the city bourdary.

| The Alonso-type structure has been genéralized In two aspects.
First, the existence of a distribution of income classes 1s recognized

in the work of Beckman (1969). éeconﬂly, the -assumption of monocentricity
has been relaxed by Papageg;rgio;;: (1972, 197Ib).

(.



Beckman assumes a log-linear utility function Enhich is maximized
subject to the usual budget constraint and herce derives the demand
function for residential land qlr(s],y,w], where w repx.‘esents the other
parameters of the problem. In addition there is a Pareto distribution of

incomes
NIyl = ay™® ‘ o

where N 1s the number of households with incame greater than or equal to
¥ “ ' . >

¥, ad a,a are positive constants. In a bard of width ds the population

will be a a y'a“l c_iy.ds. The supply of land is 2ns ds. Ecmatirg the

supply and demand for residential lard yields the differential eciua’cion

q[r[slv, ¥, Wl ca y—a—-l glds = 2ns ds 2
s
:
which can be solve;i for r{s]. This modél has subsequently b&en corrected
and refined by Delson (1970) and Montesano (1972).

The second generalization of the standard model consists of the
relaxation of the assumption of a simgle wurban core. This multicentre
approach provides a means whereby urban land use mdeiliré can be
comected with Central Place theary. The method of generalization has
‘,been,developed by ?apageorgioﬁ (1971a, 1971b) and is applied to an
Alonso-type model in Panageorgiou ani Casetti (1971), where a population
of identical households resides on.a un:i,form plain on which a hierarchy
of urban cen‘tres is located. The centres are ranked S0 that a centre of
"order i proyides all the camcdities of cmtres of order 1 through i-1

[
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as well as other cqmodities which define its order. It is assumed that
households purchase a given commodity from the nearest centre providing
it. Thus every residential location can be characterized by a unique

vector 8 where s, € § indicates the shortest distance to a centre

i .
providing z L then location is given, the consumer equilibrium problem (

becanes

maximize  ulz,qis]
z’q I

subject to y = pz +rq+ kigl ,

{

A

where z 18 a vector of composite go?:ds with each element Zy correspording

1*0 order centre. Using the

"to the commodities whlch characterize an
equilibrium ‘condition u(z,qls} = U the equilibrium rent profile r[a] is
.derived and oonsequertly 80 1s the density distribution- of population
DIsl = q[s}

Other aspects cf consumer spatial behaviow w’nich are receiving
' attent;ion include the impact of emdmnwarrbal “effects (I\elson (1972),
Papageorgiou (1973), YM& (1972)), the var;lation in the helght of
physical si:mctur@s (lh'igh‘t (1971)), ard the substitution of a’
“characta'istics“ space for the can:mdity space (Waltez' {1971)).
| Fimlly, "tm. mador u:m‘cb%ea, such as that by Pap?georgicu (1975) w’nich
involves bo‘ch a m(tlticentric envirormant mﬂ a distribution of Incomes,

.Etc'emw@.rging )
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2.3. Multisector Equilibrium

It has already been stated that both classes of model discussed
in the two preceding sections share a common characteristic - the
assumption that the sector not under consideration is c@omant. The
initial effort at relaxing this very stringent assumption was mede by
Muth (1969). However, this model is based on a strict postulate
(1inearity) about cauuutiré costs. Mn (1972) presents a generé;ization
of Muth's analysis which evicts this requirement. The central thrust of |
fmson's work is aimed at conrecting the population density distribution
to the transportation cost function, His primary a§smnption§ are that
the profit function of firms producing housing is 'of the form

5
n o= ph Hlg,%) - rqg - wo
where ph is the unit price of housing, ard r,w dencte t’he'unit- ‘prices of
land inputs q and nfon—le;rﬂ;‘ irputs % respectively. The production
functipn H{q,2] is assumed to be Cobb-Douglas, Households posgess a
utility function " ‘ “' o @
1

u = u[h;z]

-

‘where h and z correspond to their consumption of housig and a composite
nmutty Tods function 15 maximized subject to the constraint

. ,y'.gll?z'"}'l?hﬁ“%‘kls-]"‘" ’,
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where p is the price of the canposite commodity arnd kls] indicates |,
commiting costs. By postulating that household size and the value of

Kmtisi/ng consumed per household are spatially irvariant, then, using the
conditlons for produser equilibrium Amson demonstrates that the density
of population D myy be represented as -

‘D8] = aph[s]B

wi}ere a,B are constants. Assunir:é that household efuilibrium is neutral
(te. that 31> qpils] - K'ls]] = 0, then the price of housirg 1s
given by

1

, | oH
pIs] = [0 - ¥ (e + 1) Kisl]

7
{
where P,s Y @re constants and e # 1 1s the price elasticity of housing
demand. If'e = 1, then ' & T

P, (sl = p, exp [~y kisl] . ,
* . \“ ~ ‘.\'\ ‘ | H |
'Ihus dcnsity of popm‘ation wrder th‘\go tio cim/ avecs folleus

- Disl = D, exp I~y kfs}] "3.1; gmal,

»
~t

.

[

R Dfﬁi = ia ‘bk{"‘ﬂ }fﬁ,#f}.’ SR A "
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where Do,a,b are positive constan‘cs'. Amson 1s therefore ablg t‘o generate
most of the well-known population density functions as special cases of
the exponential soluﬁion.

A similar approach is &10pted by Hochiman ard Pines (1971) who

employ a Mills-like framework as a star*‘cing point, but unlike the Mills
models the demand for housing amd for lard used 1n transportation are

both determinad endogenously. The household sector in this model is
again assumed to be uniform in terms of preferénces and income. The
representative household maximizes its utility where

u = ulﬁ,Zl L

H denoting the quantity of housing consumed. The tudget constraint in
this instance is given by-

y = p, # + p2 + k{T(s], p, [s1]

;han, ph is the price of‘ rousing arﬁ cc-mmtin: coéts k depenﬂ on the

’ wtity and price of tmnortatien at s, denoted s} ard p {s]

n.s;a:\ctively From the ﬁrst oxder conditions the differen’cial equation
pﬂ[s} = “1?1:[3],', z?hi_sl, E

.ﬁd@i&"i ‘35.17 ': SR, BT |
Qn t?a zmnply sm'c, the pm"ifc f\m*t}cm fer pmucms of muaiﬁa

ard- tmmt@ruaticm am @vhn peaas.w}y ty
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N, = HigA -wt-rislq ,

—

I[t = T{q,8] ~w ~r[s]l a ,

’
4

where £ and g are non-land and land nputs and w, r(s] are their
carresponding prices., The production functions H{g,21, T[q,R) are
assurad to be Cobb-Douglas.- The marginal productivity rules leid to
the équations '

5

Pplsl = By risl. , .

Y2 T
' pt[sl =Y ris] - ,

-

where By ,85,Yy5Y, are constants.. Using the equﬂibrimn"corditions for
producers and consucmers Hochman and Pines are able to derive the n.nt

house price, ad transportation price fumtion. Fran pmduoer equilibrim

© it is seen that ‘ R

p

HEREX rrl.-l?

%l%

N

'mis 15 mstituteﬁ in‘co trﬂ con.,m:.r equuibrim T8 latinnship for pﬁ[s} '
&uﬂ wc\d to holv;.,* far r{s] 5&@ gens:m mlmion :L. gm:n by

1
- J‘ »

R

N - T - Yo . ' : . R A T, ., . L ) "
S @ e L,
atayo= ARl v e e e T

. N . - . ": , RN -7 ar ' - o ° . -

— - A . Wt B

. - R N " »1,‘ N ~:‘: -~ . , ~A :‘ : . )
el 4 seg etnitanio. W0 A =T, thmme
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r(s] = r. exp(As®) exp (-As)
where r, is the rent at s¥, the city limit. Similar.solutions are
obtained for the price functions of transportation ard housing., In all

three cases the solutions are decreasing functions of Qistance. If

d > 1 the relative rate of decreas¢ of each increases with distance. \

If d < 1, their relative rate of decrease diminishes with distance.
If d = 1, the relative rates of decrease are all constant—-hence the

functions are exponential as shown gbove in the case of rents.

2.4, An Evaluation of the Partial Equilibrium Approach

Partial equilibrium models, both single seckor and multisector,
have gained conside;rable success in d;eri\rhwg emirically—supporte@
consequences from simple hypotheses of Lonsumer ard producer behaviour.
This, however, does ot imply that they are wholly satisfactory. In

fact, a formidable battery of accusations has been levelled at this field |

since its inception. Recurrent points of contention include the

+ following: (1) the persistent use of specific functional forms, which
greatly restricts the g ty of any conclusions. In partiq_ular the
widespraéd use of Cobb-Do ~bype functions is especially harmf\xl

The sole justification for\this form is its.amalybieal convenience, ard

4n many models the ‘analysis collapses when alternative functions are

employed. On thé consumption side the use of .this function to ixﬁiogte

.a preference %tructure is ‘clearly a major wealmess, since 1t implies

undt incare elasticities for commodities and a unit elasticity of

-
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substitution. (2) The popular assumpbion of linear homogeneity in both’
utility amd production function compourds the pmblans aseocmted with
selecting speeific foms. It is particularly dsmging on the production
slde, where nonlinearities (i.e. nonconstant returns to scale) are of
fundamental significance. (3) Most models take the 1ocation“ and volums
of employment in the C.B.D. as exozenous. A primary obJectiVe of any
urban land use modsl should be to detem:\n.. these elemants erxiogemusly.
(4) The analytical structure of this general class of models dogs ot
appear ame@;e to t;'ea:thg congestion, oSvim,Ssly on2 of the most ™
Influential factors in the urben ecoromy. Tals impotence 1s amply
demonstrated by the failure of Vickerey (1965), Mills (1972b) and

Solow (1972) to supply analytical soiutions for problems involvirg
c'ongestion.‘ (5) 'Ih:re is a general overemphasis of the suburban aspects
of the économy. For ecmoleten.ss it 1s necessary to consider also the
mature of the C, E}i). , ‘ard to construct theories wnich invélve both the

». urban care and@the suburbs., The literature on- optimali‘by is a}ready

witmssing an emerging interest in trﬁs area (e.g. Livesey (1973))

(6) AX the partial equﬁibrim models reviewad above suffer greatly in
terms of realism and po‘cen‘tial Qppncability by thair total ‘neglect of
the public smctor, vhich s ixmasm;ly p:.*@f\zl in thé **h:mmg of urben

R yERatlal strvctur

3 purpase of ¢his ‘Tescarch hmev»r, 15 vop directed tovards |

d any of th.. abovc**r zz’s;mn"d d&ci%iu. It L; ,n ﬂt“'mt to m
: -‘thcw :‘:“1 28 ah,cn ﬁi:wi ti:.: g,\,r:za.,l cmit.utrim u'apmm, mly

R ok muicm of »irulma hv ;&J‘L:’s. s '. pric) airble Mc:‘*;c;z’ z:s:dﬁls
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evade the problem of simultaneity by holding constant edther the supply
or demand component. The multisector models consider the detx_emina‘:ion
of equilibrium prices and quantities by simultaneous producer-corstmer
interaction, but only in a limited sense. For example, in the Pines-
Hochiman model the demard for housing is detemMed within the model, |
However, this demand is seen to depend on income, which, as is.usual in
partial analysis, 1s fixed. In the general equilibrium Sc:hane‘, however,
the chain of interdependence 1s complete, and incomes depend on production
dgcisions, which are themselves affected by the demand for housing. The
simple interactions which characterize the partial appr:o.acﬁ are replaced
by the more realistic amd complex patterns of éeneral equilibriwn The
secénd questién, eonceming the aggregate attainability of equilibrium
solutions, 1s never considered in partial-equilibriun aralyats.

A m%cembf this research .is to initiate an inyestigation
of these two problems in a spatial comtext. Tne vehicle employed for
this purpose is the established genaral equilibrium model, suttably
modified to rerﬁer it compatible with a simple spatial enviroment.



3. GENERAL EQUILTBRIUM THEORY i
3.1. The Objectives of General Equilibrium Theory

The approach embodied in the models of the preceding chapter is
essentially that of microeconomics, a field which concentrates on the .
individual decision-making behaviowr of economic agents. It is explicitly
assumed that these agents act ratiomally in accordance with certain choice
criteria. The spatial consequences of ratiomal individual behaviour ére _
the concern of partial equillibrium anaiys&s of urban structure.
Macroeconomics,on the other hand, examines the entire economy using
aggregates such as output level, employment, ard the level of prices,
ard 1s concerned with such toples as economic growth and inflation.

The theory oi" gereral equllibrium uses the formal structure of
microeconomics in emdeavouring to answer macroeconomic questions. It is
related to decentralized economies, and investigates not only individual
activity, but also, in contradistinction to partial equilibrium, the
interaction of agents of different classes in the ecoromy., This latter
glves rise to four critical issues. The first is the question of an
equilibrium state. It is of fundamental Importance to know the |
conditions wxer which such a state can exist., Secondly,; there is the
question of the uniqueness of an equilibrium po‘a.itién. Tairdly, the
stability of an equiltbrium is of furdemental importance. Finally, there
is the m@tivg problem concénmg the optimal properties of an
equilibrium, Of these four, only the first issue is-dvelt upon in the
following discussion and subsequent analysis.

w o B ~
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tumerous formulations of the general equilibrium concept have

. been developed, from its initial expression by Walras (1874, 1877), to

the rigorous statement by Debreu (1959). It is not proposed to review
at this juncture the historical development of the theory (numerous such
reviews are available, for example Arrow (1968)). Rather, it is felt
that a more pertinent programme would be to specify the axiomatic
foundations of general equilibrium, and to enumerate same of the more
prominent criticisms. The Justification for this course is found in the
ultimate objective of this dissertation, which is to discover the
implications of the axiamatic structure for a spatial economy.

For illustrative purposes an amalytic framework modified from
Arrow and Hahn (1971) is employed. This model epitomizes contemporary
.general equilibrium theory. All the behaviowral assumptions contained
therein relate to an econcmy which exists at a glven instant. There is
a positive number, £, of camodities. Each commodity is a good or
service campletely specified physically, temporally, and spatially. Thus,
for example, a given good at one location is distingulshed fram the
identical good at any other location. With each commodity 1 is
associated a real number, its price Pys which may be positive, negative
or zero. The econoxy contains a finite number of agents, classified as
Tirms and households, the former being distinguished from the latter by .
their ability to produce goods ard services. . There also exists a finite
quantity of resources in the econamy, which are distributed amorg the
households. A feasible state of the economy is described as one in
which aggrezate consumption dogs not exceed the sum of aggregate production
and resources, Given behavioural mleé governing producers and consumers,
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the existence problem reduces to finding a price system which induces
reactions in individual agents which in turn generate a feasible state
of the economy. The following two sections present the conventional
behavio@al pestulates of the agents.

3.2, The Axioms of Preduction *

Production is organized through a muber of separate firms, each
of which may use several inputs to produce several outputs. By convention,
inputs are represented by negative quantities and outputs by positive
quantities. Any specif;lcation of possible relations between inputs and
outputs for a given fim f is denoted by the vector Ye m'q',whieh 18 referred"
to as a production plan. 'I‘he set of all such plans open to the fimm is
called Yf and is termed the production possibility get for fim f.
To reiterate‘a previous point, a given input or butput at different
locations i.n‘ space or time is considered a distinet commodity at each

such loeation.

Given a set of prices for all ccmoditieo it 1is possible to
calculate for each production plan its profit, aihich' m‘tM‘excess of
the valuz of' its outputs ow]er the valux of its inpi.ii‘.s, It isassxmad
that, ab & given price s&stan, cach £im chooses an sotivity wnteh

. yieldsatlea@taummﬂtaswomqmtoit. Any’suim of
individual ﬁms plans is deroted Igp =y end 15 xeferred to as an -
egrezate r.mauction plan. T2 seb of 211 ‘-‘fuch plar" is the amregzate
picdﬁctioéa | Car 1bility a.@ %Y, Eaoth ir,sliviuu.,i .,zd .,g;rcme preduction

= se’sa are ascmxl to pcsaess extain pm ::imic.u
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First, it is supposed that it 1s always possible for the fim to

.

engage in no activity.

-
~N
13

Assumptriorr 3.1

This assumption pertains to all the leading models of general
equilibrium, with the exception of that by Gale (1955) whd employs the
weaker assumption that 0 ¢ Y, where Y is the aggregate production set
(defined below), ‘

Secondly, if there are technically possible production plans

{arbitrarily close to a given plan, then the given plan is also in the

possibility set,
Assunption 3.2

Yf‘ 18 closed.

*

AAgain, the property of closure is assumed only for aggregate
production sets in the models of Debreu (1959), amd h'lci(enzie (1959).'

Thirdly, it is assumed $Aat production is divisible. That is,
1f y* 1s & possible production plan, then 5o 1s M2, for 0< X <1,

Considerable controversy surrounds the acceptability of this assumption.

It 1s empirically cbservable that many commodities are indivisible, and

consequently produstion plans containing them ave indivisible, Since any

A

1 / .



Assumptlon 3.6

. lig
1/ N
convex set contalning the origin is divisible, this property is embodied
in the following assumption. C

Assumption 3.3

Yf' 18 convex.

S

‘In addition, it is required that firms be capable of using up
comodities without consuming inputs in the process.

Assmpﬁion 3.4

' 2 1,
Ij‘xfe Yf andzf<xr,theny_l,e Yf.

The aggregate production possibility set 1s}def1ned as
Y o= (y=Iyly.e v, ,aln.

(Tre following two assumptions are elegantly combined into &’
single statement by Arrow and Hahn, They ave presented separately here
to elimirate the supplementary discussion a d:lrect transcription of the
Amw«nsm assumption would entaﬂ) ’ o .

The possibility ‘that ‘the econcmy could producé butputs without

. using ihputs is ruled out explicitly. S

AT = g.

' uhere T 1s the intertor of B

‘ . ". .
R .
N . .
'
» Ky e N ‘
v ! t * - - .
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Furthermore, 'no aggregate pnoducfion plan may be completely
‘urdone by another. (To guarantee this all that is necessary 1is to
assume that there exists some non-produced input used in production,
e.g. labour). - -

Assumption 3.6

) O
IO () = {9).\3 i

If we note the initial resources of the economy by the vector g-E_ ,
then a final characteristic of ag@egate\ production is that the firms
as a whole ard the initial erdosmernt can 'coéether generate a positive

quantity of each commodity.

Assumption 3.7

‘f'

For some y € Y ; 3+ x> Q. v oL

The assumption of irreversibility (3.6) Is not employed in the'
"works of McKenzie (1959) o; Debreu (1962), and a weaker condition is
emnloyed by Gale. Free diaposal !Aeaumptwn 3.7) is not explicitly stated

in MeKenzie (1959) or Debren (1962), and is assumed only for the aggregate

production set in Debreu (1959)

33 me Axmms of Consmtion

‘Bm'e @xists a finite number of Msefn}ds, and X denotes a

, eonsunption plan of muachold h. &mh a plan cmprises a listing of the

) c;uan’cities oi‘ each cmodi&y ug cd b,z th.,, meho‘.!d. As stated previously,

A

LR

e e
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which it sells to purchase goods and services. The set of all consumption

each household possesses an initial stock of resources, denoted by

plans open to a household constitutes its consumption possibility set,

Xh . As in the case of producers, certain properties are required of

consumpt ion sets.

Assumption 3.8

Y

)(h 18 closed and convex; > 0 for X € X

h h

This assumption eliminates the possibility of negative
consmrgtion for any camodity. The closure and convexity characteristics
are basic to all models of this class. Lower boundedness, however, is
not required in the geb;‘eu (1962) mogel,

Secondly, it 1s assumed there 1s a possible consumption plan for

each household which is "less than" the households' initial endowment.

Assumption 3.9

There exists' an ;—Eh € Xh such that:

xhiixhi all 1,
xhi<xmifxhi > 0,

¢ In several works the mare stringent requiremert that x>0 1s |

employed (e.g. Debreu (1962), Wald (1951)). ' ¢

-
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L4

The incane of the household is derived from the sale of its
initial endowment ard the share of the household in the profits of firms.

It 1s assumed that household h owns a fraction dpp, of firm f.

Assumption 3.10

For household h total income Mh at a given set of prices p and a given

set of production decisions Yf. i8 given by a

k)

Moo= R ih +-'§ dhr(p_.xf),

wheredmg_o,idhf-r- 1. ' | {

The objective of the household is to choose the most preferred
point in its consumption possibility set, given 1ts income and the price
é?stan. Preferences are characterized by the following assumption.

i
Assumption 3,1 1

’

Por each household h there is a relation b‘h for pairs of elements in the .

" consumption possibility set, with the following propertics.

(a) Transitivity:
1 S 2 2 3, .1 ‘ ,
x & X“adx & Cimlicex N i3
R s S R it N

Ty
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(b) Connectedness:

\

1 2 1 2 2 1

l ’ 3
Foral;gh,_}ghe Xh,etthergt_h é-‘)_{_horzh vi; _Ighs

() Continuity:

Fop a given _ng, the sets {Ehln’{h {i'i\: g;} and{lih]ﬁ; i}‘ _X_h}, are

closed ;
(d) Semi-gtrict Convexity:

1 w2
If 8‘» x2, then (l--)\)x'+,)\x2 o §hfor0<)\<1;

1
X
h h h . “h h- h

(e) HNon-eatiation:

: o o .
There 18 no X such that x (‘: X for all x €X .
h R h] % %

~ 1 2 1
{The relation }E}in_,,(d) means that x );: x. anmd mt x2 ] x1.
R b h "h, h h h

K v

3.4 A Definition of General Colipetitive Equilibriim.

N )

'IS 'pemi’c nirzerieal repff'eseﬁtation of':preferemea a real-valued

, mmtien uh is defirad on X with tka property that _75h o xh 1f ard only
ii‘ v;tx ] >u1‘x 1. ‘I‘he mm'cion 18 mi‘m to 8.3 a utility ﬁmction.

4 Wth ;ifuxis final piece of equimnt, a cc ""‘1tive e«uilibriun may be

A 3

Al

o e
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defined as a set of pi'ices p* and production and consumption cholces X¥,
Y¥* guch that each firm maximizes{profits at the glven pric':es, each
household maximizes utility given prices and income, ard aggregate
consumptlon does not exceed the sumi of resoﬁrces ard aggregate production.
Formally, p*, X¥, Y¥, constitute a general equilibrium if

(a) p*>0

() tx*<zy +x;
h~ f

8

: ¥
. : Y ;
(c) y_f max#nizes R Y, subject: to y, € e

(a) 5‘; maximizes u[g_:_h] subjett to' <3 J_;_; < g* _;;_h + 1}5 dhf(p_*x;) .
\ ) . \ .
From assumptions 3,1 -~ 3.10, and using standard amalytical
c@vices suetf as the Kakutanl fixed-point theorem, the existence of an
‘equilibrium so define;d 1s demonstrated rigorously hy Arrow and Hahn (1971).

3.5, Criticiems of Genéral Bqilibrtwn

The emlysis of cempetitive equilibrimxas expomﬂed by Arrow,
Debreu and others has been severely critmsed on naArous grounds
, ':tnclt,\d.'n.n0 empirical vacui’cy and dmplausible axiomatizatiom It nas 'veen
; censured both on speeific Agieuies and in its entircty.‘ Ia mta.ble example
of the, lattar anpmc.ch 13 trsa evaluation af Iﬁumai (1971) who dismisses

n . gen.ral emﬁlibri\m as "mleas as’ a r-ezl ucime theery“ “The m;a;;or
. : S

! b ' * e A 7
* ( - EE '" ! N t l‘\
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thrust of Kormal's thesis is that the theory provides an inadequate
description of the workings of an actual economy. In a rejoinder,

Hahn (1973) indicates that the function of the theory is not to describe,
but to discover what the econcmy must look like if a general equilibrium
were to exist. In such a mamner, claims Hahn, the implications of much |
traditional and intuitive econcmic reasoning may be logically deduced.
F;mther, great practical rglevance is claimed for the theory. Hamn

cites the example of exchange rates. The corventional wisdom is that a

floating exchange rate terds to an equilibrium level. General equilibrium
i

theory however, irdicates that not only may there not be an equiliﬁrimn
level, but even should one exist, it need not be unique.

Numerous objections of a specific mature have been directed at-
general equilibriwn'. For example, the adoption of -perfect competition,
deteministic tastes, fixed techmlogy‘, ete. are all regarded with .
disapproval. The response of equilibrists is that such objections relate
to the state of'the art rather than any furdamental flaws in the theory,
ard they point ito work on wncertainty, stochastic equilibria ete., to
support their grgmient However, it is generally conceded that important
wealmesses are visiple, exemplified by the inability of the theory which,
while rigorously describirg equilibrium, fails to discuss how it comes
into exlstence. S |

. One major defictency waich has escaped most critical attacks is
the glib assunptioxfx that a comtiodity at: diffemﬁt points in space and
time ma,v be defined as a distimbf cmodity at each poirxt Such a

.definition trivializesthe voles of space amd time in an equﬂibriwn

.:etting It has been pomted out tha‘b this trwtment gives n i.rasight

f . N\

et et i s
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M

as to the relaf;ionship between a good in one time perlod ard the next,
(For example, see Quirk and Saposnik (1968)). From the spatial point of
ﬁea Starrett (1973) argues that "... the resulting theorems are weak

in the sense that they ignore the additiomal stfucture implied by spatial
arrangements.”  Starpett proceeds to 'attaék the convexity assmptions of
general equilibrium, which, he alleges, elimimate the possibility of any
spatialization of the theory. The essence of location theory, accordirg
to Starrett, is tied to the notion of increasing returns to scale, which
in turn imply non-convexity. " ' . '

In the following analysis tm} theory of general competitive
equilibriun 18 re-examined. with one vital assumption relaxed: a -
conmodity. at different locations will henceforth be considered the
same commodity. Assuming that the economy has a particularly simple
spatial structure, the following question is poséd, Urdder what
circumstances can a general equilibrium exis'c 1n this economy when
commodities are not spatially specified? It will be demonstrated that.

the requiremérts for equilibriupm are in general very restrictive and.

occasionally. preposterous,

)
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4, QENERAL EQUILIBRIUM IN A SPATTAL ECONCHMY
4.1. Tne Spatial Structure of The Economy \ e

For expository purﬁoses the geogzrephy of the model economy 1s
assumed to be extremely simple. All firms are concentrated in a single
urban centre, the “eity", which is also the exclusive location for
trading and selling commodities, There 1s.1a:£‘1n1te population of
 consuninghouseholds distributed in same arbitrary, fixed pattern around
this centre. Each household occuples a single residential IOZation,
t_>ut any éiven residence may be the hame.of moré than one mftsemldm
| In this eccmny camodities differ only in their physical and
| temporal characteristics, Thus, a given good of a specified vintage is
considered to be identical at-all locations In ‘c.he_ region, This is the
eritical de“par’t\n*e\ from established thinking, ‘

In general, households purchase .goods amd. ser:viqeg gt the centre,
ard finns_px&nhase inputs from other £ims ot the centre g8 well as from
households at their places of residence, | (The latter clags of inputs
conslsts, for example, of labour services.) Any location in this region
is cmmcterized by the effort required to. supply gooda ‘and services ab
' that location. 'I.’his effort. is, oi‘ course, mmmm in tranaportation

' ,'outlays, Patmr than censiderirg tr;mpor‘*ation as 2 spatially

corzbixmous tmmfcmtion Qi‘ priceh, (xlzieh lmis to analytically

’mractame aiffieulties), it 15 tres sted n th.. folicng tanner,

y ociaﬁ:ed mth *upplym, a wﬂt of wcrp cmmoiity xi at a
' ’ﬁlocatign ..3_ 15 an expa.mlitm of‘ lu* m:m:dity 'bi, called

* 'SI .
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"transportation". Assuming that Py is the spatially invariant unit price
of transportation, then, if x4 units of the commodity are consumed, the
total outlay on transportation is Py £y x4, It is readily seen that to
supply a vector x of commodities at 84 involves a transportation outlay
of P t x. Hence, if we are considering the consumption plan of a
household at some residential location, the £ x corresponding to that
locatlon enters as an element of the plan. Similarly, the input-output
vectors of the flrms will have an additional input, namely t X, which in
their case indicates the transportation required to bring labourers, etec.
fram their hames. The constant o occupies a natural place in the price
vector corresponding to t x in the production and consumption plans.

With this characterization of location the assumptions of
topographic uniformity, geametric regularity of settlements, etc. which
are frequently employed in spatial analysls may be dispensed with. The
esserce of the approach taken here is that every location is identified
by the quantity of the cammodity "transportation" required to supply a
given set of comodities there. Altermatively, one may say that a given
comodity differs at various locations only in the input of transpbx;i:ation
it demands at ez;ch.‘

" locations in the econamy are designated sy, and the set {si} =3

denotes the spatial extent of the econamy. >

1
In the followirg sections, elements of convex amalysis are occasionally
introduced: without discussion. Elaboration on these toplcs is available
in the standard texts by Rockafellar (1970), Stoer and Witzgall (1970),
Roberts and Varberg (1973), and Valentine (1964). Mangasarian (1969)
also covers much of this material,
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4,2. Production in The Spatial Economy

All producers are concentrated in a single location. Each
obtains inputs from the othér producers, and at least same of them
recelve inputs from the household sector, It i3 assumed that a
producer wno employs a transported input pays the entire cost of
conveying 1t from its source to the production centre, Congsequently,
there 1s assoclated with any input-output vector v a relationship
indicating the minimum outlay on transportation required to obtaln the

input components of v,

Definition 4,2.1,
54

[ :

' Let R{v] denote the minimm transportation outlay corresponding

to a produstion plan V. Sinece this relationship associates an input-

output vector with a single commodity,then by notational convention: R: R+ TR.

Let T denote an actual consumption of transportation. Thus

elements of the production set are indicated as (v,T).

Definition 4.2.2.

The produation possibility sct Y; in the opatial coonomy ie

f
‘1; = ((x,Dly e ¥, T <RI
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In the following anmalysis the implications of Assumptions 3.1 -
3.7 when Y‘:\ replaces Yt‘ are discussed. In addition, the propertiles of

R are examined.

Tneorem 4.,2.1.
R i8 concave.

1 2

2
Proof: By Assumption 3.3, ‘x’f is convex. Llet v , v ¢ ‘ff.

1 2 s
Tren (gl, R{v 1), (11_2, Riv ])e YIS,. By the convexity of Yf,
- 1 2 1 2 s
((1-2)y + Ay, (I-MR{V'] + AR[v 1) ¢ Yf, for 0 < A < 1: Trerefore,
s 1 2 1 2
from the definition of Yf, RI(-A)y +Av ] > R[v'1 + ARIv"] for

0 <X <1. Therefore R is concave. ||

Theorem 4,2,2,

Riv] is continuwous on the interior of Yf.

Proof: Since Rlv] is concave, -R[y] is convex on Yf,. It'can be shown
anLt a convex function is continuous if its domain is open and convex.
[see Tn;\cz‘e*m 4.3.2.1 Simce Yf is convex, its interior is convex and,
then -Riv] is continuous on its interior. Clearly, Rly] is also
contirucus oa the interior of Y. i

For all fimms vhich do not produce transportation R{v] represents
the groes cutlay on transportation naquireéj? cotaln the vector v. The

’ r
folledny theorem applies to 21l such fimms,

B e— - - Py
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Trieorem 4.2.3.

The funotion R[v).has the form
R: IRm + 0.

Proof: By Assumption 3.1, tr;e production plan (v = 0, T = 0), is
possible. Choose any V e Y.. By constructing the plan (v,0), 1t is
clear that (v,0) < (0,0), ard therefore, by Assumption 3.4,

(v,0) ¢ ‘1’?.. Siﬁce by definition, the range of R 1s the nonpositive
real line, then the minimum transportation outlay assoclated with any
production vector cannot be less than zero. Thus if (v,0) ¢ Y?., then

Rlv] = 0. But v is arbitrary, hence for any.v € Y, Riyl = o.f] -

Tnis result is, of course, preposterous, but it does irdicate
in samewhat spectacular fashion the danger of assuming that gensral
equilibrium theory translates into a spatial theory as a simple |
consequence of re-interpretation. Once a reasomable spatial structure,
however simple, is sdmitted, then the plausibility of axloms such as
that of free disposal cen mo longer be sus:tained. The essentially
spatial property of a lotation in the econamy 15 the cost involved in
reaching it from any other locatlon. In the instance of a firm located
in a city, the distinctive feature of a labour service obtained from a &
.s;ceciﬁc household vis-z-vis all otiears is the transportation invblveq
in brir@igg rambers of that I;c:uaemld to the plant site. In traditional
"general. equilibriun amalysss it 1s "a.swzsd that all such inputs are



accessible at mo cost. Thus a producer can, in a technical sense,
amploy an arbitrar{ly large quantity of any input without producing any
poads or services.  Having introduced space in a meanir%ful fashion
(oo having attachad a transportation cost to transported inputs) this
possibility ne longer exists. To employ any quantity of some Input
requires, again in a technical sense, a quantity of another input,
namely transportation. Thus¥a {lrm may still dispose of arbitrarily
large amountg of‘:my irilput, but the Cor{:straints imposed by space oblige
him to dispose simultaneously of presc;“ibed amounts of transportation.
Thus it 1is 'seen that the axiomatic fourdations of general
equilibrium theory require restructuring if they are to retain
‘eredibility in the spatial context. On this particular issue the
motivation behini the assumption of free disposal is examined, ard a
suitable modification is proposed and justified. On examination of the
Arrow-Hahn model 1t is seen that this assumption 1s used 1In amalysis
relating to the continuity of supply correspordences ard the different-
iability of prorit functions. The reason for 1ts employment in this area
1s that these theorams require that the production possibility set have
full dimensionality, a property which is guaranteed once the nonpositive
orthant is admifted. It can be shown, however, that a production
possibllity set which is constrained by a nontrivial transportation
function maintains full dimensionality. First we note the following:

-

Remark:

Since R{v) 18 concave, then from the properties of concave funetions it
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18 known that

tvlRiy) ="=) = 2

Given that
g ..
Yf = {(yx,Mlv e Yo, T <RIVl ,

then Y? ig nor;empty‘and there exists at least ome. (V,T) € Y; such

that T < 0.

Theorem 4.2.4,

. Phe dimensionality o:f the produétion possibility set in the
spatial geonomy :zls not reduced by the introduction of a nontrivial
minimum transportation funetion.

Proof: ILet Y:S = {(v,T)|v € ¥, T € IR }represent the production
possibility set 1n the spatial econany when minimm transportation
'outlays ave everywhere zero. Yoo has dmermon (m+1) by virtue of
it containing the ronositive orthat of @, o the other band.
he dimenston of ¥; 43. equal to the Gimension of ‘It aﬁ‘ine Rl where

o

,afff_lf, {w(v T)*w(v T)+..‘+w (v T)l( Ti)
. 5 '«“ | ” “
egf?§ﬁ1=l}.

.,




. 6

Since Y? is nonempty, the éﬁ‘ Yf, is nonempty and has the dimension of

the subspéce L which is parallel to it. By definition
- .

L= gD - @D, @'T) e aff £
where (v!,T') is same arbitrary, but fixed, element in aff Y?, .
Since there exists a (v,T) ¢ Yi such that T # O,then L has dimension
(m+1). Hence Yi also has dimension (m + 1.1}

Theorem 4.2.5.

R{v] ie linear if and only if the production possibility set

Y: 18 a convex cong.

. Proof: This parallels the proof of Corollary 4.3.1.]]
No formal discussion is required to show that the assumptions

relating to the impossibility of free production has no specific

dmplications for the behaviour of the minimum transport cost- function, .
. Similarly, since ' ’ >

~fylRiyle =} = g

‘ 'as a cm$equ°me of coneavity, then the mtroductien of transportation

'doea mt el:lumxate the possibmty of tha society produe:!ig same positive

auount of any con:nodity (11’ the poss y Rfvl = oo were admitted,
then 4n ‘chls ease society, mv:ixg by ption on]y a finite quantity

l (i %

R 1 s ot i 5
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of resources, could not produce any good or service whose proguction
involved transported inpl.\lts). ¢

Thus far it has been established that the minimum transportation
function R[v] facing a given firm is concave and continuous in the space
of input-output vectors. Bearing in mind the fact that inputs are
designated as negative quantities, then the concavity of the transport-
ation function implies nonincreasirg returns to scale in the cost of
carrying inputs from residential locations to the centre. ) This property
does not necessarily run counter to empirical evidence on transportation
outlays. It is, of course, well known that shipping a specific comodity

between two fixed locations leads ‘an almost all documented cases to

decreasing unit costs of transportation as the quantity shipped increases.

However, R{v] refers to the.cost of obtaining variable quantities of a
set of Inputs from a finite set of spatially distinct sources. For a
particular firm f the transported elements of an 1npu';'>f>utput plan gf
may therefore bew obtained fram numerous sources. Correé\.porxiing to each
source is a function describing the minimm expenditure i(equired to
convey variable quantities of Ve to the production centré%} The function
R[y_f] is composed in-d rather complex fashion from these }}s@;vidual

< b
transportation funecty -

Given a set of specified quantities of all
irputs and outputs, deémoted Ve, the fim may ddstribite 1ts importations
fram the residential sectgr in mumercus ways. Associsted with every

such distribution 15 a resultant aggregate minimm transportation cost.
R[y_f] refers to the smallest of these minima. This function .’Ls therefore
by definition the solution to‘ the following problem:



66

AN
minimize R.l[y_li + R2[_\_r.2] +...Rn [y_n] £
|
subject to vl+v2+..._\_7n = Vv

where Ri[y i] denotes the minimm transportation function corresponding
to residence s;.
The function Rlv]is consequently given by

'4

+ R, +.., Yy ot
RIy] = sup (R, 1y, ) + Rylw)] +..R (¥ 1]y, + v Y

it

v}

It has been established that general equilitrium theory requires that
R{v] be a continuous and concave function. The question now ‘arises as
to the properties (if any) of the transportation functions relating to
individual household locations which the concavity ard continuity of '
R{v] imply., This appears to be a problem of considerable intricaey,
énd it appears that the constraints on Riv} permit a wide range of
behgvzkoum An its component functions. It is possible, however, to
eliminate at least one configuration of these functions. *From empirical
evidence one might reasonably hypothesiz.e that for every residentisl
1ocat:ion , the cor'r'espcmdirg minixmm transportation’ fumtion exhibits
increas I‘e‘bur'ns to seale, i, R fv. 3 is convex for alli, It 13

now ahown that 11‘ all the con1p<>nents are convex mn tions, then Riv} -
.is also eonv&x
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Theorem 4.2.6. ' ' -

If Ri{g,i] ig, convex for all i, then R[V] is comvex.

Proof: By definition Rlv} = sup{Rl[y_i] + RV, + .o + RV ]l): v, = v}

v, 1k

Let A > 0, Then we can substitute Ax + (1 - Ay =y, anddp + 1 -12) g=y.

The supremum that ranges over the points vy of an open corvex set. K may
be replaced by a supremum which ranges over the palr (p,g) of K x K,

Therefore °

-]

R+ (L-2A)yl = Sué{Rllkp_‘+ (1-A)gl+ RyfAx + (L -3) y - Ap -
(1 ~A) g}} .
= sup{Rl[)\Q_-i- @- A) g] + Ry (x - p) v

G x)(l - p¥

o
| 2. BuP{ABl{Q] +, (1 X) Rl[g] ¥ AR x - Q] +
@) a?_xl g]} RS
: / ' _”j ‘ | = Asup{Rl{g} +R2[x 2}},;

(1 x) eup{thg'f %« Rzig g]}

. e
. :,:5" .‘
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That 1is
RIAx + (1 - Xyl < AR[x] + (1 - X) R{y]

which implies that R is convex. By induction the argument may be
extended to the n-dimensional case. ||

Thus 1t 1s seen that the concavity imposed on Rly] by the. axioms
of general equilibri\m theoryremvea the possibility that the irdividual
transportation functions Ry(v] mayall be eonvex, except 1n the far-fetched
situation where all transportation functions are linear and posseSs the
deme gradient. However, it is still umresolved as to whether convexity
of same of the component functions is compatible with concavity of RIvl.
In conclusion therefore, the contradiction of the required behaviowr of
‘ R{v]by the cbserved behaviour of transportation functions éan mt be
demonstrated deeisively. On the o}:her hard, the reasonable approximation
to reality represented by mnstric’c convexity of the transportation
functions _for_‘.all residences is not pem:xitted. v

4.3, Consumption in the Spatialﬁcomxw .

'Ihe apm‘oach of this section is similat' to that emnloyed in
studyirg proauction. However, the analysis is simplif'ied by the fact
that the consmaaz' obtaina goods and ser'vices fmn & single source, the
'urban centre 'l'nus, :t‘oranys eS tm:ecomespaﬁstq@ch ’ |

. 1
.cannodity a; mique relationship expreasing tl'se mixﬁmr: zefforb required




69

to carry that comodity to that residential location from bhe centre.

Definition 4.3.1.
;o

To any commodity xithere corresponds, for s, € 3, a funotion

i
g = fi{xilxi, known as the minimum transportation function, where
fi[x_{} notes the minimum amount of the commodity transportation

required to convey a unit of X, from 8 to 84.

Ass\;nnption §]3.1.

minimun tvansportation function g, [x,] associates a
nonnegative outlay of the eommodity tmngporfqtion with any nonnegative

quantity of Xy 1.e,
g ¢ R~ IR . - '

Consider now Assunption 3.8, Under this assunp‘cion the production ‘
possib:!.lity set” for comodity 1 would be defined as { (xi,t Mgty 2 0},
Whem ti denotes the level of consmxp%ion of transpor'tation. This
'deﬁnition no 1ongqr suffices 4n the spat:[al context, bs may be seen
, : Wmﬂsﬂd@rm@ 'che cééemregiix 1 ==ax1 » @5 0. Under Assunptien
R / .3.8 the conntmption plan (x; = 1,5, = 0) 1s feasi‘ole. tmever, for 21 = l

Y T git"i] = u, th’emfcre 'bi < gi(xil amd (x_.L = 1 t = 0} is not possible.
- The eqnswnn’ciﬂn possibility set must be redeﬁned to elimirate all such
’ ‘Plans : l.‘j I L ' S

S

.
. » M
. v .. . P LI . . .
. . . ' ' L. - ) - . . . .
- ' ’ " . 4 -
. ‘ N
S N . . . - . -
| . v e o . ‘ .. - N -y Lt P
! s -~ ’
. Al , . e s




‘Deﬁnitisn u03' 20 . ‘. - ’ “

-

)
Xh = {(xl,tl),(xa,‘qz), (xn’tn)!xi’ti € 13+ .

g.ixl<t,1=1, ... n}
i 1 i’ "

is the c;nsmptioq possibility set for household h in the spatial
economy . '

By Assumption 3.8, x: is closed and convex, The implications of
closure and convexity of X‘; on the behaviour of transportation functions
is now examined. First, the consumption possibility set for household h
of a specific commodity 1 is defined,

Definition 4.3.3.

8

Xih""’: {(_x;,t;i)lxi, IR 6 [xi}} .

128
'Larma 4.3.1.

) B . - ‘ ..:,
I » - » . .
f xih 18 ‘eonvex, tf;en _8'1[}‘_{1],1.8 aam,ea{'

Proof° By def;nition, the epigraph of gitxildef‘imd on IR :Ls

ept gi[xil = {(xi;bi)*xi’t & IR gilx 1.2 ti} obviously, epi gi[xi] g ;
Letxl ifem.« 'Ih’an(x > xl);(x.,gi{x })sepigi[x} By |

*
H

convexity of ep:[ gilxil 1t follows that ((1 Mx + 7\ xi, (1~ A)e;itx l -+

A gi[x ] e epi giixil for 0 < A < 1. ﬂm the defhﬁtion of the epi@aph
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1 2 1 2 S
(L -\ gitxi] + A gi(xi] _>_:gi[(1 - )\)xi + A xil, therefore gi{xi] is

convex on IR . 1

Theorem 4.3.1.

The functions gl,gz s oee B> are convex.

PI'OOf: FO’P al’w ((xl’tl) 3 (xz,ta) ? ') (Xn,tn)) 3 ((xi,ti) L R
. .
(x;x’t;,)) € Xh, it _followsr from Assumption 3.8 that -M(xl’tl_)’ (xz.’t2)’ ves

(xn,tn)) + (1= A) _((xi,ti), (x' t'), (xl,tl)) € Xs. 'l‘herei_t‘m'e

A(x ,t )+ (- A)(x' t') )«(xz,t Y+ (L - )\)(x‘ t'), X(x ,t ) +

v .

(- A)(x' ',t') € Xn " Consequently Mx .t ) + Q- x)(xl,t') € Xm

k(xe,tz) +(1-2) (xn t') € x , ete.’ But (xy,8,)s (x,81) € xlh,
: 8 , - A
(xz,ta) (xz,t') € X , and 50 on. -Therefore X0 1s comvex, i=1, ... N.

ByLenma 4,3. 1., gilxil is ecnvex, 1 1, ove n.

-

The folldx:;pg ccrollary is :mdﬁate '

_Coronary Ll 3 T

i v -'u . ¢
., 3 ) . N »
- -

T gi - i8 hnear wf and onZy ‘bf t:he oonomtwn posa‘z.bjil'inty' aet

-waaonve,uaone L e . <o
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‘ 1.1 s
Proof: Let gi[xi] be linear, and let (xi,ti) € X:Lh' Consider (Bxi,eti),
where 8 > 0. Then ti > glx4] implies Bt, > B gi[xi]= g[Bxi]. Hence

o .8 s 1.1
(3"1’8“1) € Xy, and xih is therefore a cone. Now consider (xi,ti),

v L2 .2 S
(xi’ti) € xih' For 0 < A <1, k(xi,t ), )\)(xi,ti) € Xih' Clearly
1 1! 2 2 2 s
A(xi,ti) + (1 - )\)(xi,'ci ()uc1 + (1 -2 xi, )«ti + (1 -12) ti) € Xih
' 1 2 1 2 1
if and only 1f Aty + (1= 2) tiigi[xxi+(l-)\) xg] = Ag, X1+

1-x) gi[xi]. But this condition is satisfied by definition since

1 1 2 2 1,1 2.2 S
ti _>_g[x1] and ti _>_gi[xi]. Therefore x(xi,ti) + (1 - )\)(xi,ti) € Xipp

s
axd X 1s conveX.
ih .

s 1 1 s
Let X;, be & convex cone. Then (xi, gi{xi]) € xih implies

1 1 5 1 1 5 1
(q.xi, agi[xi]) € Xih' But ﬁaxi, gi[axi]) € X:Lh’ therefore oxgi[xi] >
1 1 1 1 1
ax'). Given (x,, 1 g, [ox e ¥, then 1 g, [o;] > g,[x,], which

o

o1 1 1
implies gi[uxil > qgilxil. ansequentlsj gi[ax 1} = ongilxil. Now let

(x2 [le) e X° , where x° = xi'\, and a > 0. Simce xsih is a convex

in’ 1

1\ s 2. s 1 2
cone, then (xi, gi[x ]), (x . g Dsi]) € Xih imply ()‘xijf (1 ~-2A) X,

1 N , 1 . 2.
)\gi[xi] + (1 —ck) g;itx ]) € xih' T?Bmfore-g[kxi + (1 =2) xi} <

‘ 2 1 1 2
Agi[xi] + (l- Yy gi[xi]‘ inen Xi =a xi, then g‘iti\xi + (1 -A) xi] =
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Y

1 1 1 - 1
31“"‘1 +(1-2)a xil = gilxi(k 1 - Va)l =+ - Na) gy(xy] .

X | o
Stnilarly Ag[x,1 + (L~ 3) g, 0] = O #1= 1) @) gy}, Therefore

1 2y - 1 _ 2
g, [, +Q 2) x{] = kgitxil + (1= 1) g, {x]] and hence 8, x,1 1s J:mear.H

PO P —

Assumption 3.9 implies other sigm.t‘ican%;gropemies of the g
transportation function, Defining T as €1 interior of IR, then
continuity of gi[xil on I' may be established, Fiprst, howevé‘, two o
propositions are stated. Their proofs, being widely available (e.g.

Rockafellar (1970), Stoer. and Witzgall (1970)), are omitted.

Lemma 4.3.2,

For any convex function gi[xii and any g € {—,4=], the level
set {x {gitx ] < a} ie convex.
Lema 4.3.3. ‘

A get WG‘Rn 18 convex if and only if for each integer m > 1,

every oconvex combination of m péint& of wig in w.

Theorem 4,3.2. o o
| Tlie'fwiationg ié¢ontinuaua‘an I‘c\'.‘

' Proof's ‘Ihiaissdaptalﬁunﬂarﬁng(l%‘j).}%x ei‘anilet:ube *

tmdistanceﬁ'omxitottéclosxesbpoizrtinmmﬁinI‘ Lethea

" et - sucht}mtc-{xi]x e:IR, -5<x -xi<6} Ietté.ng6<u

w
[ ]
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Implies Cel. Let V denote the set of vertices of C, ard let
B = max gi[xil
Xy € \Y

By Lemma 4.3.2. the set A = {xilxi el , glxle B} is convex. Since
C 1s the convex hull of V ard V& A, then by Lemma 4,3.3, CE A, Let x

' 1 2 1
be any point such that 0 < llxi-xiH < §, and let xi+u,x - u be

-

1}

1
on the line through x ard xi. Hence we can write x1 = xi + Au

2

i
1 1 1 1 1

A + + (1 -2 =X, ~Au=x, +Ax - -Ax =1 x +
(x1 u) + ( )xi, xi R (i n) xi {

i SEDY

o

1 1
A (x ~n)where X = |]x, ~x || 1. ,
JEYNE 1 13

Since gilxi] 1s convex,

. 1 1 1
gilx1 < Xgi(xi +n} + (1~ 2) g lx,] < AB+ (1 -2) gi[xi],

1 bl B
[x]1< 1 [x,] + X =-n} < )
B S ar Y T B T e

/which together lmply that

v

1 P! 2
lg, 151 - &%y 1 < (B - gy (x)1) L, - x .

1
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Thus for any € > 0 1t follows that {gilxil - gi[xill < ¢ for all X,

that satisfy (B - gi(x;f])llx1 - x}i“ll < 8, bence g;[x,] 1s continucus

1
at x1 .

Therefore g (%] 1is continuous on the interior of ]R+.||

Theorem U4.3.3.

&, possesses a left-hand and a prght-hand derivative everywhere

Proof: This follows immediately from the fact that 8y is a real-valued
function of a real variable.|}

»

Tt should be noted that 'the left-hand and right-hand
derivatives are noﬁ necessarily. equal e:rerywhere onT. Consequently,
g, is not necessarily differentiable on I. The followlhg theorem
is also & direct consequencc; of the com’réx and real-valued ﬁmperties ‘

of gi' - "‘\
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¥
¥ e “
* i
:

Theorem 4,3.4, p

. i

The right-hand and left-hand derivatives of g, are : e

. |

monotonically increasing functions of Xy. .

S

Consider next Assumption 3.9, which states that for a given

-«

household there exists a possible consumption plan which is Mless than"

S e b o Ay e

tke houséhold's initial endowment of goods and services*4ibeh that
we are considering a {)articular consumer h at same 84 € 8, then it is
reasonable to assume that the area of residential land h is endowed
with 1é at least the minimum necessary for survival at s;. Similarly,
given an initial location at 84, 1t 18 a:lso reasonable to assume that
h posses_s;as the minimum transpozfyation necessary .to attain the
"smallest" possible plan in his’constmption set. Let.ting ;ths s €h
c;enot;e these two minima respectively, then hséumption 3.9-ma& be

rewritten as follows:

[

There exists a poesible covisumption ;vgetor r)_ih € Xh such that

b_l"ﬂ
3
:z:("'
ct
ba g
N
<t
jo 3
[ 9
L'}
v
d-
jo
Ty
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e
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>

xmixm;xhi<xhiithi>0,i#s.

These modifications render Assumption 3.9 plausible in the

PRI e

context of the spatial econamy. Furthermore, it is easﬂ%f seen that
these amendments do not in any qualitative way affect the assumption,
nor does the assumption require any particular properties of transport-
ation functions, etc.

Assumption 3.10 characterizes the budget constraint. The
important feature of this Assumption is that consumption is boqued
bypx< Mh' Given that the vector p is constant, then the set of
feasible consumption plans (i.e. plans which involve a cost less than
or equal to Mh) is a closed ad convex set. However, in the spitial
economy, experditures may be separated into those related solely to
the purchase of commodities at mill prices, and those related to ‘
outlays or transpartation. That is for any s 1 € S, the budget
constraint is given by

Myl 2 p Xt

where tflc_} dem’ces thel actu;ﬂ "éxpendit\me on transportation involved in
obtaining x. . The boundary of feasible conswnption set: 15 defined by the -
minimm possible values of the ccxrmodities ard by the above constraint
when the equality holds. The question now arises concerning the
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properties t{x] must possess to guarantee convexity of Mh[x] and hence

of the feasible consumption set.

Definition 4.3.5,

Following Hartman (1959), a function f. defined on an open

. 1
convex set D will be called a d.c. funct{an i1f there exists a pair

of convex functions f2’f3 on D such that T, = f2 - f3.

1

Convexity of M, (x] 1mpiies p, tixl = M [x] - p X 1s d.c.
Hence t{x] is d.c. It 1s important to note that a d.c. function is not
necessarily convex. More specifically, it can be shown that onan
arbitrary ciésed interval of its finite domain a d.c. function satis?ies
the Lipschitz condition | l o

flerdy - sixll< Qllx* - %)

where’ §_l,gc_2 e [a,b], a cloged interval on the. interior of {x|t{x] < + «}
and Q 1s a constant. Natanson (1955) shows that fupctions. satisfying

- this condition have finite varia’cion, S;zcia a’ res’criction, however,
 sti11 permits the actual transportation functiop to exhibgt. the |
' qualitative si;ructure Which empirical evidence suggests, 1.e. concavigy.

Finally, Assmption 3.11, which comems the' nature of -

prererences, renains unaltered. Ihe ﬁwoosition of a sgabial structm'e

/does not afi‘/eet the process by wi‘ﬁ.ch a conswxer derives satisfaetion

‘and servi&s. The impa:ct oi‘ 1ocation 1s merely to oonstrain

e e
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the cholce of consumption plans open to an imdividual, and consequently
the repercussions o' spatializing general equilibrium theory are felt only
in those assﬁnptions which relate to physicai pbssibilities facing the

consumer.

4.4, Conclusions

To recapitulate, the motivation for this research was two-fold.
First, the absence of wrban models which were general (in the sense of
contemparary econamics) generated an interest in examining the inter-
action of production and. consumption in a spatial context. , Secondly,
the unsatisfactory treatment of locational factors in tr}e general
equilibrimn literature presented an enticement to investigate the -
implicat:ions of t:he theory when placed in a spatial setting Both
PUrposes were accmmodated by rejecting the key assunp’cion of gereral
equilibrium ghwry that a specific carmodity may be characterized as
different at distinct locations. Locations 4n the economy were
therefore: identified by the transportation required 'co ship ccmnodities
to amd from a unique industrial centre. For operational purposes '
transportation was cagsidered to be a spatially-dependent commodity
vari‘able with a constant price. This 1nterpretation ptr'eserVed the
differentiatirg role of transportation while facilitatirg the uge of '
general equilibrmn theory‘s teemﬁcal structure Qlestions conderrﬂng
‘che :lmpao’c of space were thus resolv:ad dnto questions smnurding the
mtm’e oft transportation ﬂmctions. '

]
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It was demonstrated that the axioms of general equilibrium
theory imply stringent constraints on the behavioﬁr of transportation
ﬁl;wdt;ions, and furthermore that the required behaviour contradicts
emp:\r\,'ical evidence. On the consumption side the,axioms imply that as
the consumption of a good or service increases the minimum transportation
necessary to supply a unit of that good or service increases. This is
patently untrue. Elpp:irical research has established that unit trans-
portatioh costs diminish as the quantity shipped increases. .The closest
approximation to reality permitted by general equilibrium theory is
the asswnptiOn of linear transportation relationships for all comodities.

G kY.

On the p??uction side the implications are even less plausible, The
terpretation of the axiom of free

literal sposal requires that the
cost of delivering any input from a residential location to the
production centre bé zero. When this axiom replaced b& one which
performs the same analyticgl‘purpose while admitting non-trivial
transportation costs 1t was shown that even thén an unacceptable
transportation structure was implied. As in consumer theory the axioms
require increasing unit transportation costs. Similarly, the adoption
of linear transportation functions is the best cqnpromise with reality
which the axiomatic. system can allow, Some exploratory amalysis appears
to indicate that even the linearity assumption may in many instances be
insufficient to accomodate ’che technical structure

Critical wealmesses, from the geographic point of view, have
therefore. been exposefi in the foxnxiaf:ions of‘ the general equilibrimn

model,. Tn a spatial aetéir;g it requires assumptions which are Gonfourded

L ———

o gt it i s 45
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by empirical eyidence.

The analysils, together with the results, is highly provocative
regarding new directions and extensions of the research. First,
refinement ard clarification of the results imdicated above is called
for. For example, the implications for individual input-output
transportation functions of concavity of their point'wise supremum is
still uresolved.

Secordly, the axioms of general equilibrium trieory must be
examined for the possibility of tailoring them to suit the spatial
context. However, as most of the difficultles apparent in the spai;ial
analysis arise from nonconvexities, and as the latter have rot yet been
succe.ssmlly gecomodated in stardard general equilibrium models, this
appears to be a monumental task. Nonetheless it may be possible to
effect san;”sign:lf'icant reconstruction, as recorded in the instance of
the free disposal axicm.

Thirdly, irrespective of any suc?cess in modifying the axioms,
the restriction to a single industrial centre and the prohibition of
movement on the part of consumers and producers must be lifted. The.
concept of equilibrium would tﬁen be extended to include locatiomal |
choice as well as consumption and production decisions

Finally, the proof of existence of an equilibrium in a spatial
economy is only the first stage of amalysis. Once the existence of an
equilibrium state is establishad there imnediate]y appear questions
relating to-its uniqueness, the stability of equilibriun , and its
optimal properbies In conclusion, ‘the above research represents

merely the prelude to a thorough urderstanding of eqtulibriun and

bt i gy PAS W SRk



the spatial ;'econcmy.
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