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ABSTRACT

This thesis is concerned with the study of integral

operators of the form
. o« '
(KE) (x) = Ik(x,t)f(t} Qu(t), x¢R,

between Lebesgue and "weak" Lebesgue spaces with general
zeasures. For large classes of kernels we characterize the

measures u and v for which the operator KELE.;Lg, or

K:LE-;weak LS, 0<g<=, 1sp<» is bounded. If X is the Hardy
operator our results are applied to prove a weighted
Marcinkiewicz intepolation theorem and if X is the
Stieltjes transform our characterization has an application
to the Hilbert double series. In Ehe case that X is the
Fourier transform, we consider also the higher dimensional
analogue and prove'several weighted norm inegqualities for
near optimal weights. The one-dimensional. form is applied

to prove Laplace representation theorems for functions in

weighted Bergman spaces.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

[

The purpose of this dissertation is to study

mapping properties of integral operators of the form

o

(K€Y (x) = jk(x,t}f(:) du(t)

between Lp spaces with general measures. In particular we

characterize measures and weights for which K:LE-&LE,

-—-/’3;;<m,15p<m, is bounded. The operators include the Har-dy
X

-

operator, [f(t)dt; the Stieltjes transfornms,
« b

j(x+t)‘kf(t)dt. A>0; the Fourie
Qo

L=

H

<
- + -
transfora, Je rixXieeyae,
-

rt

and the Laplace transform, [e‘x £

0

The study of the Hardv operator originated in 1915

——

tiét.

with 2 note by G.E. Hardyv [20] showing that

X

. _ .
(1.1) I[um@ﬂmdq &x < w, a>0,

[



(1.2)

The ftact

(x+y)"1E(x) E(y) ax Qy < oo,

R g
c—— g

. o
that (1.2) holds whenever J'f{x)?dx < ® is a
P

theorenm due to Hilbert, and is éssentially the statement

that the
work, the
difficult
elementar

inequalit

(1.3)

thus prov

-
L

and for =

1.5)

S

Stieltjes transform maps L2 to L2. Before Hardy's

only known proofs of this fact were quite

+ Over the next few Years, he presented several
-

Y Proofs [21],[22],[23] of various forms 0f the

Y

f[(l/x)jff(t) dt]z ek < Cff(x)z ax,
a a a

iding a sinple proof of Hilbert's resuls:.
o 1928 Hardy [2¢] gave the following Dore general

often referred to as Hardv's inequalities. I¢ n>1,

- = o
jx“fjff(t) dtlp & s (p/{:‘—l))PJ-x‘rIxf(x)[P ex,
Q [o} Q

<1 we have

[x-rl rf(t} at]® ex s (p/(:—:-)}pjx—rle(x) D &x.
3 ‘ 0

"

ince these inequalities Provide 2 relationship



between a function and its derivative they have
applications to the'theory of Sobolev Spaces. Moreover, the
Marcinkiewic; interpolation theoren, the Hardy-Littlewood
maximal theorem and Sobolev's theorenm 2re proved using
Hardy's inequal;ties. It is therefore not unexpected that

the 'ollowing weighted form of Hardy's inequalitv

@™ x -
(1.6) [I[I:(t) dt,qv(x) dx]lfq < c[ []f(t)lpw(t) dt] utd
00 0
ieads Lo £ar nmore general results and humerous applications
(see, for exanple, [12],[26],[2?],[40]).
In 1969 Artola {3], Talent: [S1], anag fc:aselli
{52] characterized all thaose Acn—-negative, locally

integrable weight pairs v, w for which (1.6) holds wit?

P=c. Thevy showed that the condéition

[ -] v
. 1 1 t
(1.7} ' s&n( J‘v(x) éc] /q[ Iw(t)l‘?' dt} /2 < @,
- : v 0

again with P=g, Is both lecessary and sufficient for (1.8).

Muckenhount [{37] provided a simple proof of their reguis

»

gave the dual inequality (which §eleralizes (1.5)), an

extended both of these fro= weights +o neasures, Sradlev



[11], Aﬁdersen and Muckenhoupt (2], and Kokilashvili [33]
independently proved that, in the case pug, (1.6) holds if
and only if (1.7) holds.

In the case 1sg<p., Mazja and Rozin [36] showed that

(1.6} holds if ana only if

@® ™ _/q t "/CI' 1/=
(1.8) [ I‘[Iv(x) c*x]‘ [lw(s)lT' c‘:s)‘ w(t)1-p' dt] © <,
DY

where 1/r=1/@q-1/p. Sawyer {46], while studving mapping
. - : ’ x
pProperties of the modifiegd Hardy operators x‘”j:(t)dt
Q

on Lo;ent: Spaces, proved that (1.6} holds in the range

0<g<p, p=1 if and only if

: X+l = 150y =
s E[[J- v]‘/q[j wl‘S-"J /p]‘ <o
RS Rl o1

where l/r=1/g~1/p and ¢ >\fupremum is taken over all
Y
Dositive increasing seqguences {Xy}. But zhis implies that
for 1sg<p this weight condition is equivalent to (1.8) so
the qguestion ariges whether or not these two conditicns are
eguivalent in +the Tange 0<g<i, »=2. As a conlsecuence of the
[ 4

werk here we see that this ig indeed the case,

I this dissertation we consider the zore general
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e
e

Hardy inequality .
S

® x <o
(1.9) [j] If(t') dn(t)lqdv(x)]uqsC[Ilf(t)lp d,u(t)]l/p.

which differs from (1.6) in several respects. Firstly, the
weights are replaced by measures and secondly, the Lebesgue

Zeasure in the classical Hardy operator is replaced by the

[easure u. Further, the integrals in {1.9) 2ll have -= as

h

the lower endpoint instead of 0. This :ciitively unicpor-

tant changé is adopted in order to fepiacd{duality argu-
2ents by simple changes of variablel One advantage of
giving results for general measures is that both weighted
integral inequalities and series inequalities may be recog-
aized as special cases o0f the same theo;e:. Also, this nmav

be taken to be a more natural Hardy operater for in the

Tight side of (1.9), £ is assumed to be u-measurable so it

th

seexs reasonadble to integrate against u on the left side

b

as well. Writlng the inequality in +thig way also sipplifies

- ~ N\

3
the ceonditions which correspond to (1.7) and (1.8}, an

4

i

zakes the extension to measuras muckh more nztural.

The characterizaticns (1.7) and (2.8) follow froz



the resulits of Chapter 2. Muckehhoupt considered only the
classical Hardy operator in his extension ffom weights to
méasures, and so obtgined results wh;ch neifher inply nor
are implied by those given here.

Another approach to the characterization of weight
palrs satisfying the weighted Hardy inequality (1.6) iﬁ_;nv__
terms of the existencé of solﬁtions to certain differential
equations (see, fof example, [5], [6], [10]), [18], and
({52]). Another approach, (cf. [34], (18], [50]) involves
finding an expression for one weight in terms of the other.
However, in this dissertatiop we concern ourselves entirely
with integral conditions on weights and measures.

We mention here that a characterization of weights

(iﬁ terms of integral conditions) for the two-dimensional

welghted Bardy inequality
[co
o]

was recently given by Sawver {47]. The characterization of

+4

I

o-—
ot—H
(S—

g 1/q
£(s.t}) &t Ss| vixy) dydx] sC [

o=
O—g

o
1£(2,v) 1Pw(x,v) Qv d*c]

Q

~

weights for the higher dimensional generalization of this

inequality is still open.
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The Hardy operator is fundamental in the study-of

integral operators of the form

(Kf) (x) = J’k(x,t)f(t) duft).

In Chapter 3 we characterize measures 4 and v for which

'T_“n,::gxlﬁﬁuyLE. 1=q<p<@, with-rather general Kefmiels, is bounded.

' The Stieltjes kernel kix,t)=(x+t)=A, A>0, is a
speclial case and therefore we obtain a new eharacterization
of measures for which the Stieltjes transform is bounded
from Lﬁ to ?5, 1=g<p<w. Andersen f13] obtainéd such
results in the case 1<psg<e, however, our proofs gre quite

- different. As in Andersen's work we are able to glve a
generalization of the Hilbert double series theoren.

Also in Chapter 3 we prove a weighted, weak tvpe
napping property of operators whose kernels are monotone in
one variable. This result has been given by different
2uthors for several particular operators {1]1,f2]7.,[48].

in 1966, Calderdn [13] showed that a sublinear

operator T is of weak tvpe (Po,gq) ana (P1,q91) i and only

Hh

(XD



¢ (1.10) (TO%(t) s c[r-lfcn fasl/Po'lf'(s) dset~1/q T SU/PL-1£%(s) es]
(o] L o> T

Sk\\<re£e * indicates the rearrangement with reépect to
Lebesgue measure and o«=(1/q49-1/q1)/(1/pp-1/p1) - Since it
is often easy to v?rify weak type conditions this
characterization ﬁas wide applicab&lity and. is especially
useful for proving boundedness of Qany classical operators,
whose weak mapping properties are well known. Heinig [26],
[27] aéplied some of the previously mentioned'resultslon
the weighted Hardy ineqﬁalities to estimate the right side
of (1.10), giving conditiéns which imply weighted norm
inequalities for very general operators. In pafticular this
approach leads to a characterization of weighted Fourier
estinates when the weights are assumed to be nmonotone. In
Chapter 4 we follow his development using the weiéht
conditions derived in Cﬁapter 2. Tc illustrate the results
obtained, specific (not necessarily nmonotone) weights are
given for which a weighted Fourier inequality holds. Also
in Chapter 4 we‘use weighted Hardy inegqualities to prove a

variant of the Marcinkiewicz interpclation theorem in which



the usual wealk tfpe hypotheses are replaced by integral
conditions. Chapter ¢ concludes with an application of the
discrete form of the general Hardy inequality. We show that
the operator S defined by (Su)n=angnuk/qk is boundea
on 1P if and only if thé sequence {oy,) satisfigs a type of
monotonicity condition.

The weighted Bardy space Hﬁ, 1sp<w, consists of
those functions £(z), holomorphic in the right half plane,:

Re(z)>0, for which
(2]

(1.11) s [winrty) 1£oe19) [P ay < o
4 |

and £ has boundary values. For example, if w=1 and p=2,
Paley and Wiener [41] proved in the late 1920's that fcy2

1fiand only if there exists a function FeL2(0,«) such that

(=)
(1.12) : £(z) = Je‘ZtF(t) dt, Re(z)>0.
-
This result was generalized by Doetsch [14] and later in a
series of papers by Rooney [42].,[43] involving certain

bPower weights. More Tecently Benedetto, Eelnig and Johnson

[{7] extended these results further bv permitting more



10
general weights. For example, they have shown that if u and
v belong to some weight class Fp'qhm15p5q<m, g>l with u, v

radial and v and 1/v non-increasing as a function on (0,x),
and if £ satisfies (1.11) then fGHg and there is an
FGLg(O,w). such that f has the Laplace representation.

(1.12). Moreover for all x>0,

< 1/ € 1/
[ Ie-xtu(t)mt) 19 dt] 1 s c[ Jlf(x+iy) [P (x+iy) dy] p.
Ly =2

Also, with the same weight functions u and v, If Feng(o,w)

and £ is defined by (1.12) then fAis heolomorphic and

feH].

If instead of the weighted Hardy spaces one
considers the Bergman spaces of functions f(z), holomorphic
in the right half plane such that

[~ = B - . ]

(1.13) J’[ fw(miy) |£(e+iy) P dy]q/p dx
Q t=—

< o,

1<p<e, 1<g<w, then (1.13) does not in general imply the
existence of boundary values of £, not even for the weight
w=1l. Yet Rooney [42, Theorem 3] has shown that in the case

p=g=2 with w{x+iy)=|{x{%, «>-1, a2 Laplace representation of
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—

such functions is possible. More recently Genchev [17] has
given Laplace represen;ations of functions in Bergman
spaces satisfying (1.13) with w=1, 1<ps2 and g=p'.
Generalizations of the results of Genchev to quite
géneral weights and a larger range of indices are given ‘in
Section 3 of Chapter 5. As in the Hardy space case, reﬁre-
sentation theories for functions in weighted Bergman spaces
depend strongly on weighted Fourier inequalities. We estab-

-

lish such estimates in Section 1. For the mon?tone weighfs
we consider, the Ap-weight class of Muckenhoupt is shown t§
be optimal.‘These results were recently bProved in (8],
however our p?oofs are different and depend on a weak tvpe
inequality which seems to be new.

Weighted Fourier norm inequali;ies are important in
the solution of many problems of analvsis and vervy few
results are knogn in higher dimensions. Section 2 of Chap-
ter S gives such estimates for weights which are products
of cne-variable, nonotone weights and for weights which are
radial and monotone on (0.,=). The general case seens very

difficult and is unknown. However, we give an n~dimensional
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fone weight) generalization of a result of Kerman and
Sawyer [47]) for wéighté which satisfy a monotonicity condi-
tlon in each wvariable Separately. This in turn leads to a
weighted n-dimensional form of Plancherel's theorem an;

consequently a weighted Hausdorff-Young theorem.

The work of Chapter 5 is in collaboration with Dr.-
Heinig. We particularly appreciate that the material on the
Laplace representation of functions in weighted Bergman

spaces is included here.

The definitions and theorems in the remainder of this
chaptg; are well known and are inclgded here for easvy
reference. For the definitions and notation of set and
measure theory we follow Rovden [45]. A table of symb;ls

begins on page 20.

A subset E of R is open if for every x<E there
exists a 3>0 such that (x-&,x+3)cE.

Two sets are disjoint if their intersection is the
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empty set, ¢, the unique set having no elements.

A set E is countable if its elements may be placed
in a one to one correspondence with the elements of a
subset of ££e intggers. In particular each finite set
(having only f#nitely many elements) is countable.

Every open subset of R may be expressed as the
union of countably many disjoint q?en intervals.

A collection of sets {Ea}.is said to cover a set E
if ESUER.

A o-algebra of sets is a collection of sets closed
under complementati&n and countable union.

A Borel set is a member of the smallest c-algebra
contalning all the open sets.

A measure u is a map from a c-algebra to R*U{m$
satisfving ug=0 and R(VEL)=FuE, for any sequence En of

Pairwise disjoint sets. The sets in the o-algebra are

S—

called p-measurable.

A measure u is a Borel measure if all Borel sets

are up-neasurable.

A measure on R is ¢-finite if there exist sets E
M TSR A n
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such that ESEn+1. UEn=R; and uEp<e.

A measure u is complete if every subset of a sethof
M-neasure zero Iis u-measurable.

A set E has full p-ﬁeasure if the complement of_E
has zero u-measure. In this case we say that # is supported

on E. If some property holds on a set of full d-Deasure we

-
-

say that it holds u-almost everywhere (u-a.e.) or that it

holds for u-almost everv x ip—a.e. x).

The supremum of ; set E is the least upper bound of
E written sup E. The infimum of E is the greatest lower
bound of E written inf E,.

The essential supremum with respect to the measure

# of the function f over the set E is given by

esssup{f(x):xcE}=sup{a:p{f(x)zu}>0}. The essential infimum

is defined similarly.

Lebesque neasure on R is a complete, Borel measure

with res?ect to which the measure of an interval is jits
' »
length. This i1s the neasure of "ordinary" integration. For

2 detailed construction see Rovden [45].

A function f is called m-measurable if for all ocR
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{X:f(x)>x) is a MK-measurable set.

A simple function is a function which take; only
finitely many values. If a simple function £ which takes
values ay,...,a, is u-measurable then the integral of ¢
with respect to & is defined by jfdp=£akp{x:f(x)=ak}. The
integral of an arbitrary nen-negative p-measﬁrable function
f is defined to be éhe supremum of the integrals of simple
functions which are less than or egual to f. ..

A function £ majorizes a functibn g if fag at every

point. We call f a majorant of .

L3

The monotone convergence theorem: If £f.5¢ pointwise
s no® and fosfp.q for n=1,2,... then jfdp=limjfnd“.
A point x is an atom for a measure u 1f u{x}>0. If

the u-measure of every set E is the sum of the measures of

the atoms in E then x is an atomic neasure. We will call an

atomic measure discrete if al}l of its atoms are integers.

L

A measure u is absolutelvw coentinuous (witl resvect

to Lebesgue nmeasure) if RE=0 whenever E has Lebesgue
neasure zero. Anv such neasure may be represented by 2

fon-negative function in +the sense that if 4 is absolutely

A
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continuous then there exists weo such that Ifdu= fw for all
f, We refer to w as a welight and identify w and u. The
nen-negative fuhction [X]|* is an example of a commonly

considered weight called a power weight.

The norm of the Lebesgue space Lg, p=1, is

1/ .
lflp'“=[f|f|9dp] p- The triangle inequality for this

norm is Minkowski's inequalitv which states that

lf+glp'ﬂslflp,“+rgnp‘“.

For any positive P we define the harmonic coﬁjugate
P' of p to be the solution to 1/p+l/p'=1. Observe tﬁat if
0<p<1 then p'<0 and if P=1 then p'=sw,

Bdlder's inequality provides the following

relationship between the spaces LB and LE‘ for 1<p<w:

ufﬂp'“ = sup{jfg du: Ignp..P51}.

This expresses the fact that LE and 1B’ are gual spaces.

The simple functions are dense in Lﬁ for 1sp<ew
that is, giwen a hon-negative function £ and £>0 there
exists a simple fenction ¢ such that ﬁf—gﬂp.p<s. For this

Teason it often suffices *o establish the validity of a
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proposition for simple fgnctions in order to conclude that
it holds for all functions in Lﬁ-

G;ven two measures u and v on R we define
{uXv) (AXB) to be (kA){(»B) for all p-ﬁeasurable A and all

v-measurable B. The map uXy extends to a complete measure

on RXR called the product measure of M and vp.

Tonelli's theorem: If k and v are o-finite measures

and £ is non-negative and uXy-measurable then f(x,y) is a

u-measurable function of x for v-a.e. v, If(x,y)dp(y) is a

s-Reasurable function of x, and I[ jfdv)dg=jfd(uXv}.

Fubini*s theorem: If M and v are complete measures
and I[f[d(ng)<ﬁ then Ilf(x,y)[dp(x)<m for v-a.e. v,

Ilff(x-Y)d#(x)]dv(y)<m, and j[ Ifdv]dp=ffd(uxv).

Minkowski's integral inegquality: If u and v are

o~finite measures and f is uXy-measurable then

P y1/p {1/p
[j[ftfldu] @) sj[fffspdv] .
An operator T (a_map O 2 space of functions) is
linea? s¢ T(af+g)=aTf+Tg where £ and g are Sunctions

and xCR. T is sublinear i< IT(Z+G) Is|TE+|Tg].



The (noﬁ—increasing) rearrangement of a function £

with respect to a measure M is fo(t)=inf{8 u{X: [£(x)]>B)st
The rearrangement with respect to Lebesgue measure is
denoted £*. The symmetric rearrangement of £ with respect
fo Lebesgue measure is denoted @, ®(t)=£"(2]t]). (For
properties of the rearrangement see [9]).

An operafor T is of strong tvpe ((p.n).(g.v)) it T

is bounded as a map from LR to L. That is, there exists a

constant C>0 such that for all £ ITf1 =sCIf}

q.v T is of

P.a"

weak tvpe ((p,u).(q.v)) if (v {x: [(T£) (x)|>8})1/ds(Cc/B)1£18

or equivalently (Tf)e(t)st-l/qlf!p'“.

The Marcinkiewicz interpolation theorem: If Po#P1

and T is a sublinear operatqQr of weak tvpe ((Pg.m), (gg.v))

and ({Py,u),(qy.v)) then m.LE-;Lg is bounded whenever psg

-

where 1/p=(1—a)/po+q/pl, 1/@=(1~x)/qgo+x/qy. and O<a<i.

The Riesz-Thorin theorem: T¢ Po#p1, go¥gy and T is
a linear operator of strong tvpe ((po,p),(qo.v)) and
((PloH)-(Q1-”)] thea _:-D_,rg is bounded where
1/p=(1-u)/po+a/p;. i/e=(l=)/gotx/¢e, and O<«x<l.

The Fourier transform 0f £ on R is gdefinegd by

18

}

P.p
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f(x)ffe‘z"ixtf(t)dt. On R® it takes the form
f(x)1£ e‘zﬂix'tf(t)dt where X-t=Xyty+...+xptn. We
n
will occasionally find it convenient to omit the factor 2w
in the exponent.
~

We will adopt ;he following conventions: A product

of the form 0.« is taken to be 0. ASB means that if B is

£inite then A is finite and A is less than or equal %o B.

ent at different occurrences.

.
b
2]
h
0
H



-

Rn
-
RD
{RcX:P(xX)}

[a,b]

(a,b)

" AUB

ANB

A=B

AgD

. X€A

X¢3

Table of Symbols

the gmppy set
the integers
the positive iﬂtegers including zero
the rational numbers

the real numbers

n-fold Cartesian product of R

. the positive real numbers including zero

"+ n-fold Cartesian product of RV

the set of x in X satisfving P{x)
{x:asxsb}, the closed interval from a tob

{x:a<x<b}, the open interval from a to b

‘the union of A and B

the intersection of A and B

A isTa subset of B
A is not a subset of B
X is an elexent of a

X is not an element of A

the Cartesian product of A and B

20



A\B
x|
=
3
max{a,b)

min{a,b)

{x€A:x¢B}

+ the

appreoaches

relative complement

absolute value or modulus

the larger of a and b

the smaller of gz and b

the characteristic function of the set E

the u-measure of the set E

the integral of £ over E

the integral of f over [a,b]

m—almost evervwhere, u-almost every

the product measure

the left limit of f at x

the harmonic complement

- Lebesgue

ﬁebesgue
Lebesgue
Lebesgue

-

aorn en L

space
space
space

Space

- D2
nerm on Ly

*.

of index » over (X,pm)
of index p over (R,u)
over R, Lebesgue measyre

over Z+, counting measure



Hy

{fn}g=0'

f*g
Re(z)
sgn(x)

@.
Cy(0,1)

CH(R)

f is bounded above ang below;bﬁ g

rearrangement of f with respect to u

with respect to v

with respect to Lebesgue measure

symmetric réarrangement. Lebesgue measure

is defined to be

the Fourier transform of £

the sequence fg.f1,...

fﬂg convolution of f and g

the real part of the complex-number z

1 1f x>0, -1"4if x<0, the sign of x

functions on (O,i) which vanish at 0 and ;,
and have derivatives of all orders.

functions'on R which vanish at « and -

and have derivatives of all orders.
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CHAPTER 2

THE GENERAL HARDY INEQUALITY

The purpose of this chapter is to study the general
X
Hardy operator (Kf)(x) = If(t]d,u.(t) and its dual.
. 2 ,
Specifically, we give‘necessary and sufficient conditions =~

on non-negative measures u and v such that
£ F ¢ 1/q r 1/p
{2.1) [_fl If(t) dp(t)l dv(x)] = C[_Jlf(t)lp dn(t)]

1sp<=, 0<g<e, holds for all p—measurable functions €.

For varjous values of the indi;es p and g and
specific measures this problem was solﬁed by wvarious
lauthors. For example, if p=g=1 and u and v are absolutely
continuous and defined on RY, then A:?ola [31, Tomaselli
(52}, Talenti {51] and Muckenhoupt }37} gave a complete
solution to this problem. Iﬁdeed Muckenhoupt ccnsiﬁered
also general measures on R*. The case lspsgse with

absolutely continusus measures on Rt was solved by Bradley

[11] and independently by Andersen zand Muckenhoupt [2] and

N

23
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Kokilashvili [33]. The weight conditions given there are
qﬁite similar to the conditions we give he?e for measures,
The case 1sqg<p<=, for absolutely continuous measures on rRt,
was solved by Mazja_and Rozin [36] and independently by
Sawyer [46]. Sawyer's weight condition is quite different
from that of Mazja and Rozin and his method also.extends

&

the result to the range<0<q<p, p=1.

-

E? this_chapter we generalize and unify thesel
results. Séction 1 contains a number of estigates invvaing
general measures, required in subséquent sections. These
gesults are summarized in Propositién 2.5. The content of
Theorgms 2.6, 2.7 and 2.8 of Section 2 is the characteriza-
tion of the measures p and v for which (2.1) holds in the
cases 1<psg<e; 0<g<p, p=1; and 1sg<p<w,. In qrder to prove
the characterization in the case 0<g<l, 1<p<=, we need to

construct a function g° for every u-measurable bounded g

such that g° is non-increasing and satisfies

=< X '
s aww s [ern a

and i]g"llp"Ll s Iglp,u. PZ1. This construction, we thipk, is’
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to Lorentz [35]. Section 4 concludes our work on the
general Hardy inequality by broving the characterization in

the index range 0<g<i, l1<p<em., In addition, a number of

Particularly noteworthy is Theorem 2.19 in which a Hardy
inequality for O<p=qg<1 is given provided £ satisfies a

monotonicity condition.

1. INTEGRATL ESTIMATES WITH MEASURES
For a non-negative, Lebesgue measurable function f

and an x>0 integration vields

ek p-1 P p
pj[ e dy] £(t) at = [jf(t) dt)
\ o0 . [e]

for aili p>0, and

- o x

Ipl_[ ! _ Tty ar s [l[f(t) dt]p
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-

for all p<0. These inequalities play an important role in
_ generalizihg the classical Hardy inequality. In order to
prove our results we require a number of estimates of this

type in which Lebesgue measure on the half line is'replaced

by a measure u on R.

These estimates are given in the next four lemmas.

LEMMA 2.1. If p(-=,x]<e and 0<as5s1, then there i ‘a

—_—

Z€(==,x], depending on «, such that
1) p(—==,z]zau({->,x]:

i1) plz.x)2(l-a)u{—=,x].

ggggg. Let m=u({—=,x]. The lemma holds trivially if
m=0 so we may assume m>0. Set A(s)=(1/m)p(—m.s]!;9: seER.

The set E={s:A(s)2x} is non-enpty énd'bounded below
since x€E ang éiﬁnh(s)=0<q. Let siinf E then by the right
continuity of A, A{Z)2«x. Therefore Ml—=,z]=x(zZ)m=am and i)
follows.

Also p[z.x]=é§fb+p(z—c.x]=m-m%§fb+h(z—s)a(l—q)m

which proves ii).



Riramy

27

LEMMA 2.2. For any measure # on R and any pz1,

there exists a constant ¢ such that

x x t  0x

C[_J:dp)p s_i[_al‘odu]phl du(t) s [_Jf“]p

-

—
-

Eroof. Since the conclusion of the lemma is trivial
in the case P=1l, we proceed to the case p>l.

The inequglity on the right follows by extending
the range of the inner integral‘from {(—=,t] to (;w,x].

To prove the other inecuality, we choose ZE€ (=, x]

as follows:

b
x z X
i) If Idp=m, choose 2z so that both Jﬁp and Idg are
—< - z )
non-zero. Observe that at least onle of the integrals must
be infinite.

X
ii) If J-dp<°°, let z be as in Lemma 2.1 with a=1/p’, then
—CTy

both inegualities

x X X
fdp = (1/p") [an am Jau 2 (/m) fau
—c - z . -
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hold.

In either case

ud;‘] s [pzd"], > _-Ed'“] i j: (_jﬂ]g—l Qu (1)
sC l[@du]p_l du(t) s c_a[[_a[dp] Y e,

This completes the proof.

LEMMA 2.3. For anv measure & on R and any pe1,

there is a constant C such that

(2.2) [_Id,u] e sj:[

or all XER.

j‘d‘u] 1/p-1 ey C[ fdn] 1/p

—

Hh

|

Proof. Since (2.2) holds trivially for p=1, assume

The Jeft inequality follows by extending the range

of the inner integral in (2.2) from {—==,t] to (—»,x].

To prove the other inequality in (2.2)1 we aééumé
x

that 0< Idp<m. for otherwise the conclusion is trivial,

—0

T X
Fix xe€R and a>1 and let EA={tsx: Idpsa_n j&p}, n=0,1,2,...,
—C

-
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" then Eh+15Ey for éll n, and Eg=(-—=,x]. Since Jﬁg is
—00

non—decreasing as a function of t, thereﬁ,re numbers ty

such that E is (~m th) or (-, tn]- If Ep=(-«.tn) then

X
e e

and otherwise

J_ tn x
= dusan [q.
fonfosam]

Using this and the fact that for T¢En+y
. X X

fau > a1 [an
- —d

we get (since 1/p-1<0)

f[ fdu]llp_l au(ty = £ 4 [f ]l/p_l u(t)
- \ETH-I —_
X
E "-{\E'nﬂ ‘("*“ f d.u)l/p-1 () = [ _L du] Vel a(nﬂ)/Pin

s, [J-du] 7 }: a®H)/p'yn J-d# {iﬁdg]lfpalfp' goa-w:c[ ﬁs,u)w

-

where C=a/(a1/p—1).

REMARK. Minimizing a/(al/p-l), a>l, we get -
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t
p/(p')p/p - This contrasts with the constant p of the

inequality
J-(M{x.m))'-llp' du(x) S plult,=))1/P
t

given without proof in [37].

LEMMA 2.4. For anvy measure'p on R and p>1, there

exists a constant C such that

@ t -5 X 1-p
f[ fd.u] au(t) s c[ fd.u]
I —Co ' -
for all xeR
x
Proof. If Jdp=0; the result is trivial.
X -

-P
If Idp=m, then [ fd#] =0 for all tzx, so again
-—c o —C0

the conclusion holds.

x
We now consider the case 0< Jdp<w Fix xeR and
t
a*l and set B n={teR: IdpSan Jdp}, n=0,1,2,..., and

F_3=(-.x). Then FpSFp4+y, for all n and ng-1Fn=R‘ Arguing

as for the En‘s in Lenmma 2.3 we derive

X
du = an‘fdg.

“n
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Using this and the fact that t¢E,_; implies

t x
fau > a1 fau

we get .
T f P m‘ ) £ -p
i[_idu] du(t) = nEOF}[\Fn_I[-ld#) - du(t)
< n{; - [an—ljdﬂ]"’ du(t) s [jd,.]'p rgo aln=1) (~p) l du
n

n

. x 129‘” ﬂ¥§n:c x 112p°° 1oy _ x p
(o) g s (o) 0P o Ja]

where C=aP/(1-al-p), Minimiziﬁg this expression we obtain

i
(p'+1)P'+1/pep"

PROPOSITION 2.5. Let p>1 and £ be non-negative and

K-Reasurable.

The following estimates holg

degending onlv on p:

with constants

1) [ff(t) dmt)]' ~

—0

9
")
—~—
He—xmg
Ay
0
a
| S
‘g
t

- Ve
[ff(s) du(SJ)p_ £(t) du(t);
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o 1/p © o - —1/p"

iv) [If(t) cwt)] ~ f[ jf(s) dn(S)] £(£) du(t):
. x x t )

o 1t -p x 1~p
v) f[_[f(s) d.u(s)] £() du(t) = c[ ff(t) du(t}] :

X "=—<0 - -0

X o

-p : 1-p

vi) f[ J;f(s) d.u(s)] £(t) du(t) < c[ jf(t) du(t)] :

— X

Proof. Statements i), i1ii), and vf are immediate
consequences of Lemmas 2.2, 2.3, and 2.4 respectively. The
only change is that we apply the lemmas to the measure fdu.
Staéeﬁents ii), iv), and vi) mav be obtained from iy, iiiy,
and v) by making the change of variabies t3-t, s>-s, and

X-=>-X.

2. HARDY'S INEQUALITY I

In order to prove the general Haréy inequality
(2.1) it clearly suffices to consider only non-negative €
on R..We shall assume therefore that f=o0 throughout.

Let u and v be o-finite, Borel Deasures on R and

define M and X by

{2.3) M(v) =fd.u. ﬁ(‘:’) = Tdv
= ¥
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Our first main result is

THEOREM 2.6, Suppose 1<psSq<w, then there exists a

constant C>0 such that

@ 3 o ‘
1/ 1/
- (2.4) [I[Iftt) duct)]q dv.(x)] s C[ jf(t)Mt)] P
holds for all f20 if and onlv if
2.5 N(v)1/9 M(v)1/P' ¢ .
{ ) ;’3 (v) {v)

Procf. Note that M{v}>0 u-a.e. v énd N(v)>0 v-a.e.
Y. Fix xeR. If M(t)=x for sone tsx, then M{X)=w; s0 in view
of (2.5), N(x)=0. Consequentlvy M{t) <o for all t<x K—a.e., x.

Hence we may write

P x
Jf{t) Qu(t) = J’f(t)M(t)l/@.M(t)-I/@' du(t)

~r-a2.e. x.
Now by HEdlder's inequality ang Mickowsikirs integral

inequality
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@ x ‘_ 1‘/-q
[j[ff(t) dp(t)]q dv(x)] :
Tt T \a 1/q
= [_[[Jf(t)m't)l/PP'mt)'”PP' du(t)] dv(x)]
o 3’ _‘.' - q/p-x L o' i/q‘.
s [ [ Jewr moie (@) 5[ fueyare au(o) @ )
(o stpor [ VWP NP payLp
= [[ | ff(t)Prgt)Vp'['f M due)] T auw) @) q]
@ o i x "| }
< [ | [ i {f(t)PM(t)lfP‘[ij)-W EWE gp]qpa»m]yqdu(t)]vp
- 1t -0 N j )
[~-] o0 x - .
] 3 ! / 1
(2.6) = [ff(t)P M(t) /P U[jms)‘lfp duis)| VP dp(x)]pqd,u(t)] P

-0

4

By Lemma 2.3 and assumption (2.5) the inner
. = . .
integral satisfies jM(s)'lfpdu(S)SCM(x)1/P'SCN(X)_1/qr

so that

X t

J[ Jucs)‘l/P d,u(s)]q/P dv (x)
t

-0

[+ ]

s C‘[N(x)"llp' dv (x) s N(t)1/P = c(N(9) /P < ou(t) VPP,
4 .

where the last fwo inequalities follow from Proposition 2.5

(iv) with u=v a;d £f=1 and from assumption (2.5) respective-

ly. Substituting this into (2.6), it follows that (2.6) islr

dominated by
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) % . . . 1/ © 1/
c[ [erp meyre (M(t)~ VPP P/q t_iu(t)] e c[ £ d,u(‘t)] g

‘which Proves that (2.5)‘1mplies (2.4).

| To prove the converse note that since u is
oc-finite, there are sets Enén guch that EnsEn+i. gEn=R,
and ME <o, Pix Y€R andulet fn(t)zxgﬁ(t)x(_m’ya(t)rfor

each n. Now by (2.4)

=]

U d"""]llq ffn(t) (o) | |
(.jj[_l-er(t) du(t)] v (x )] . [I[J‘fn(t) dn{t)] o )] 1/q

[~

-S ( [an{t) du(t)] v (v )] . SC‘“'fnmp d“(t)]llp

N1
= CU a(t) qu(n] 7.

; 1/ .
Dividing both sides by [ Ifn(t)d“(t)] P, we have for

L]
each n

-0

T /gr ¥  y1/p &
[fd»(y)] (_ffn(t) cxu(t)] sc
b4

As n—)m,'N(y)I/q M(Y)I/p‘SC for all veR,

Unlike the known results for weights, the case p=1
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’ . -
for measures is much easlier to state and prove separately.

THEOREM 2.7. Suppose that 0<qg<=, and let

E={x:M(X)#0}. Then

-0

@ 3 <«
1/q
@ ][ few du(t)] @) % s ¢ [re am

if and only lﬁv<w

Proof. Since M is.a-non—decreasing function, the
set E is an interval of the form E=(z,») or E={z,=), If
% :

X¢E we have M(x)=0, and so jf(t)dp(t)=0 for any f.
A .

Therefore

[”J‘f(t) dp(tw]? dv(x_)]
q [~-]
[ﬂ ff(t) dp(t)] d»(x) f""" jf(t) du(t).

The proof of necessity is gfven in two parts.
Firstly, suppose that z in an atom for u. Set
f(t)=(1/p{z})x{z}(t). Since zc(—=,x] for every x<E we have

by (2.7)
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1/q- X ' < q 1l/q
[idv] T = [g[ £{t) d}.l(t}) dv (x))
© x
1/
< [f“f(t) d.u(t)}q dv(x)] 4

s ¢ ff(t) du(t) = C < o,

Secondly, Suppose that z is not an atom for u. Let

£>0, and f(t)=[_1/n(z,z+£)]‘x(z'z,,_s)(t). Thus by (2.6)

@«

=~ X i o
[f dv'] = {J' [If(t) d,u(t)] dv(x)] < ¢ ff(t) du(t) = c.
Z+g Z4+g o ~o

+ ) ' I/q *
As £507, we have dv SC<oo,

We now study the general Hardy inequality in the

case 1sg<p<ew,

THEOREM 2.8, Let M and N be given bv {2.3). su ose

1sg<p<es, i/r=1/9~1/p, then there exists 2 constant C>0,

such tha% {2.4) holds ;;Aand onlyv i

—

. . [+~ , 1/ .
(2.8) [IN(t)r/q M(t)*r/q du(t)] i < oo,

Proocf. we consider only the case Q>1. The proof for
g=1 follows by the Same argument with obvious sinplifica-
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tions. To prove sufficiency we first show that

) Tk P 1/p . 1/p
(2.9) U[J‘f(s) dp(s')] M(t)P d.u(t)] < c[ ff(t)P dmtj]

holds. By Theorem 2.6, this follows provided

-]

1/ .
i‘éﬁ[ J-M(t)‘-‘? dn(t)] pM(x)l/P <o
X .

But by Proposition 2.5 (v}

o o .
. 1/ . ) :
[ JM(t)-p &*(t)] pM(x)J-/P S OM(x) (I-P)c.fp M(x)l/P =L < 0,
x
which proves {2.9). -
To estimate the left side of (2:4), we argue as in

[28]. Utillzing -Proposition 2.5 {i), and then interchanging

the order of integration we have

® x .
2 i/q-
[f[_[f(t) (0] aw )]
© x * ' ‘ .
g-1 /g
< c[j f[ ff(s) d,u(s')] £(t) du(t) d»(x)]
. g-1 l/q
= c[f[ [z dp(s)) | f(t)ld»(x) d,u(t)] :
We mulitiply by M(t)l-gam(t)e-l (which is justified in much

the same way as in the proof of Theorem 2.6) and applvy
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Hblder's inegquality with indices P. P/(g-1), and r/q to

obtain

PP 1/‘
U“f(t) du(t_)]qdv(x-)] 4

[-=]

. t . .
1 1/
sc If(t) [ jf(s) d,u(s)]q— M(t)1-aN(t)M(¢)S-1 d.u(t)] d

[
sc(

[ fﬁt)P d“'(t)]}/P[ f[ fﬂs) d"(s)]pmt)—p d#(t}J (@1/p

-3 ' s 1
(IN(t)r/%(t)r/q d.u(t)]qr] /q.

By (2.9) the‘second factor in the above exp:essionr
is bounded by (a multiple of) the first. The third factor
is finite by hypothesis and hénce thé'sufficiency part of
the theorem follows.

Since p-is o-finite, there are sets E,SR such that
t .

ENSEpntg . gEn=R and pEn<®. Set M(t)= J%En(s)dg(s), and

-

fn(t)=Mn(t)1'/Pq’min(n.N(t)fqu)xEn(t) for each n.

We first show that

. t \\«ﬂ\
(2.10) faltiM,(t) s CJ-fn(s) du(s). \

N{(t) is non-increasing, so for ssé;‘min(n,N(t)r/PQ)

Smin(n.N(s)r/Pq), hence for SCEnn(_m't]‘ the definition of



. ' _ :
- £y, implies that fn(t)Mn(t)—r!pq =fh(s)Mp(s) ;{pq - By
Proposition 2.5 {1) (with f'replaced by_xgn)'and this

argqument
En(tIMy(t) = £o(t)M, (1) T/PI'M (1) F/PT"+1
) t
S Cfy (t)My (1) 7/BT JMnfs)r/pq‘xsn(s) du(s)

t ‘ t
s ¢ Ifn(S)bh(S)-r/Pq!Mn(s)r/pq'XEn(s) au(s) = ¢ [£(s) duls),

which proves (2.10).

Next, by the definition of f_ £ ()P M, (£)9 IN( 1)

for each T€E,. Applying this inequality and (2.10) vields™

%] 1/q -] . 1/q
( Ifn(t)p du(t)] = [_an(t)fn(t)q‘lfn(tjp‘q d.u(t)]

-] _ 1/q
s (J‘fn(t)(fn(t)ﬁn(t))q 1N(t) d.u(t)J

—

e £
q-1 l/q
s of jfn(t)[ [t au(s)]” N au®) .

o«

But N(t)=fdv(x). S0 an interchange of the order of
T

integration and Proposition 2.5 (i) show that the last

integral takes the form

e £ & a-1 - a1/g
. C[f ffn(t)[ RS au(=)) " o) dv(x)]

—rY
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< c[ f[ jsfn(t) dp(t)]q dv,(x)] Vg c[ J?fn{t)p.d#(t)] Ve,

where the last inequality follows from (2.4). Since fn is

—

supported on the g-finite set E, and is bounded above (bv

n(uEn)r/Pq').cwé may divide by (the finite quantity)

w <0
1 ) . i/r
[ Ifh(t)Pdp(t)J /p, to obtain [ an(t)pdp(t}] sSC. Since

fn(t)->M(t)r/pq'N(t)r/Pq_as n-<«, the conclusion follows

from the monotone convergence theorem.

3. TEE LEVEL FUNCTION

Given a finite measure A and a bounded A-measurable
function g, we construct a function g® with the following

properties:

1. g° is non-increasing on R:
X

X
2. Ig(t)dh(t)_s jg°(t)dh(f):

-

3. 1g°0g, )\ S lgly, s for all pe1.

x
Since we deal with integrals of the form Idh

-0
for every x, we must assume that A 1s a Borel measure.

DEFINITION 2.9. A function G on R is A-concave if
-~



.for all asx<b

—— ——

(2.11) (A(B)-A(x)) (G(x)-G(a)) = (G(b)-G(x)) (A(x)-A(a))

¢
where A(t)= fan.
B

~
\

‘l‘\\‘ .

We mav also write (2.11) in the form

(2.12) G(x) (A(b)-A(a)) = G(a) (A(B)-A (x))+G(b) (A (x)-A(a)).

Throughout this section we assume g to be

non-negative and bounded on R and

-

. X
o) = [g(t) an(y).

THEOREM 2.10. There exist non—-nedgative functions

and g° on R such that:

i) G°® is the least A-concave majorant of G;

ii) lim G°(x) = 0.
X3 —co

iii) G° is non-decreasing:

iv) G°® is right continuous:

X
v)  Go(x) = Ig°(t)_dA(t):

vi) g° is non-increasing A-a.e..

42

GO

P
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Proof. Let B be a bound for g. Then BA{x) is

A-concave and dominates G. Also the conétant function
1im G(x#) (which is finite) is a A-concave majorant of G.

b

Set G?(x)=inf{§(x):§ is a A-concave majorant of G}.

- 1) If we show thiat G° jis A-concave then it is
cléa:ly'the least A-concave majorant of G. To show that G°
has ;his property, fix asx<b. If Afa)=A(b), tﬁen
n($)=n(x)=n(b), SO (2.11) holds trivially flor G°. If
A{a)<A(b), fix £>0 then by the definition ;:Jf_G'" choose a a-
concave majorant G of G such that é(x)—Gé(x)SE/(A(b)-Afa)). ﬂ

We have
G (x) (A(b)-(a) )4e = C—S(;cltnfb)—A(a)J
Z G(a) (A (D)~ (%))+3(b) (A (3)-A (2)) = G° (@) (A(B)-A{X) )4G° (b) (A (x)-A(a) )
and sihce € is arbitrary,
G°cx)(nib)—n(an = &% (a) (A()~A(x))+G° (b) (A(x)~A(a)). -

Therefore G° is A—-concave,
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ii1) BA(xX) is a A-concave majorant of G(x) so

0sG® (x)sBA(x), but lim- BA(X)=0. Therefore 1inm G°(x)=0.
X —o X3—o

ii1) Suppose to the contrary that G° is not.non~
decreasing, tﬁen there are numbers a and b such that a<b
~ and G°(a)>G°(b). Since i%ﬁLG(x) is é A-concave majqrant of
G, we have:igas(x)as°(a)>s°(b), S0 there exists a y>b,

such that G(y)>G°(b). It follows that G°(v)>G°(b). But by

i) G° is A-concave, that is
(2.13) (A(y)-A(D))(G°(b)—G°(a)) = (G° (¥)-G° (D)} (A(b)-A(a)).

éince G°(y)—e°tb)>o -and A(b)-A({a)=0, the J.eft- side of‘.
(2.13) is non-negative. Morecver the factors'safiéfy
G°(b)~-G°(a}<0 and A(y)—A(b)zof This can only occur if
A{¥)-A(b)=0. Hence
6= B f an(t) = f g(t) da(t) = G(y)-G(b) = G(y}-G° (b).
(b,vl (b,v] -
This contradicts the choice of y. Therefore Gy is

IS

non-decreasing.

iv) Fix x=cR ang v>x. If A(X)=0, then by iii)
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0 = 6°(y)-6°(x) s 6°(y) < BA(y) = B(A(Y)-A(x))
and since A is right continuous
0 lim G°(y)G°(x) < 1im B{A(Y)-A(x)) = O,
“ = Hm (y vt M EI-A(x)) _
If A(x)>0, and a<x<y,. then by (2.11)

(AB)-AE@NGE(¥)6° (x)) S (6°(%)-6° (a)) (A(y) -A(x)).

‘Let a»—o, then by ii) A(x)(G°(y)—G°(x))SG°(x)(A(y)—A(x))-
Now.as in the previous case, the right continuity of A

implies
0 = lim. 6°(y)-G°(x) < (G° (X)/A(x))lim A(v)-A(x) = 0.
vaxt yoxt
Therefore G° is right continuous at x. .

v) Let Ap be the restriction of A to the o-algebra
of Borel sSets. Since G° is non-decreasing and right contin-
uous, [45, p. 262, Prop. 121 asserts the existence of a

Borel nmeasure », such that for all a<b v(a,b]=G"(b)-6°(a).

Claim: v is absolutely continuouns with respect to'AB_
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For this it suffices to show that v(a.b}SBAB(a.b)

for all ac<b.

?ix a and b and let 8>0, such that, a<b-5. First

consider the case Ag(~=,b)=0. Since
v(2,b) = lim »(a,b-5] = Lim G°(b-8)=G°(a) < lim G° (b~3)
¢ J 590#’( ] 30+ S0+
s 1lim BA(b-S = BAg(-»,b) = 0,
S0t (6-3) B

v(a,b)SBAB(a,b). In case Ag(-=,b)>0, choose & so small that

A(b-3)>A(x) as x->—». So by A-concavity

v(a,b~8] = G°(b-3)-G°(a)

S [AD-8)~A(a)) /(A (D-8)-A (X)) ](G® (b-8)-G° (x) ) -

Now let x-—o, then A(x)50 and by ii) G°(x)->0. Therefore

_ 'b— = - °{b-&
v(a,b)' %ifmv(a 5] %:,t_g:m[(n(b—é) A{a))}/A(b-8)1G° (b-5)
% B éi_?m(n(b—&-n(an = BAg(a,b),

where as before B is the bound for g. Thus v is absolutely

continucus with res?ect L0 Ag. Bv the Radon-Nikodvm theoren

[45, p. 238, Theoren 23] there exists a non-negative
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function g such that v(E)=Ig (t)aa(t) for all Borel sets

E. In particular,

6°(x) = 1n_p(a.x] = a_}_@(aj‘x]g (£) dr(t) = ig (t) aa(t).

| P

This completes the Proof of part v). Specifically,
we have shown that
g°{t) da(t) = vi{a,b) = BAg(a.b) = Ba(a,b)
{a.b)
for all a<b, where as before B is the bound for g.

Consequently
(2.14) -[g°('t) Ar(%t) s BAE, -

E a Borel set.

Y
vi} For each x let =essinf g®(t): B‘=esssu °(t
) T SxTEEt 9 ! xTERIFIR g (%)

where the essential infimun and essential supremum are with
Tespect to the measure A. We wish to show irst that 2B
“-. -
Suppose to the contrary that «,<g, for some x.
Choose « and g such tha+ Fx<alB<By and let A={t<x:g° (%)<}

and B={t>x:g°(t)>8}..Clearly AA®O and AB#O. Fix >0 and

choose open cove=s {A;} and {5 } of A and § Tespectivelyv
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with Aié}—w,x’ an@,Bictx,é) such that §AA1<(1+e)ﬁA and

§h81<{1+:}hB. This is possible since A coincides with its
outer measure on A.and B (see {45, Ch. 12, Sect. 2]). It
is easily showg that, there must e€xist an A' among the Ay,

and a B' among the By such that

(2.158) ' 0 < AA' < {1+g)A(AMA'), .-
and
(2.186) 0 < AB' < (1+g)A(BNB').
n . .
‘\\\ Let A'=(ag,a;) and B'=(bg,b;). Since ag<aj<x<by<b,,
S ) - ) ?

goncavity of G° implies
[6° (a;~8)—G° (a‘au,@(al—s)-n (ag)] . ™

~

2. [6° (b)~6° (3} 1/ A (tp)—A (ap) 2 [G° (b1-8)-G° (tp) I/[A(b~8)~A ()]

.

for allﬂsufficiently small &>0. Henceg
(2.17) [ £g°(tt) iih(t}] { l dA(t)]
= in (G°(a;-5)-G° (2g) ) (A(by—=8)-A (b))
&30 7

21 (6°(or-5)-6" (Bod) (Ala5)-A(ag)) = [ £g° (t) dx(t)] [ i dm)] :
: . _ J,

v
~

T——
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We now apply (2.14) and the fact that g°(t)sx on A,

then

Ig°(t) da(t) j g°(t) aa(t)+ Lg"(t) dA(t)
At . A'na Al T

S «A(MNA')4BA(A'\A) < o AA'4+B(AAT-A(A'NA)} )

S oAA'+BEA(ANA') .S (octBE)AAY,

where the second’ last inequélity follqws from (2.15); Also,

. ‘.‘-“!——
by (2.16)

fg°(t) da(t) 2 j g°(t) dA(t) = BA(B'MB) = BAB'/(1+¢).
B B'NB e

e

Therefore by (2.17)

(octBE)AR'AB® 2 {Ig"(t) d.\(t)]hB'
A'

-

> [lg"(t) dut)]m' 2 [(BAB'})/(1+£)]AA"

LI

and hence ot+ZB2B/(1+c). As £50 we obtain o8, a

contradiction.
Having established that x>fyx for each x, we
construct a set S of A-measure zero such that ¢g° is

non-increasing on R\S, for once this is done, g° is
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non-increasing A-a.e..
For each ratiocnal q, let_Sa'n={x>q:8q<g°(x)—lfn}
and Sa,n={x<q=“q>g°(X}+1/n}' where,ﬁq=e§3§up g®(t) and

uﬁ=eg§%nf g°(t). Clearly, the SEts_S&,n and Sg,n have

. o
A-measure zero. Therefore S¥= v
. s

-]
p _1Sa'n={x>q:8q<g {x)}.

Sq= glsa'n={x<q:qq?g°(X)?- and S=qgo(séysa) have

A-measure zero. To show g° is non-increasing, suppése X<y
with x,v¢S and choose a rafipnal o ﬁuch that x<g<y.
g°(x)aqqagqag°(y).This‘comp;etes fhe proof of the tﬁeorem;x

Since G° is a majorant of G, the second of the
three properties stated at the beginning of this section
follows immediately. The girst, of course, is part 1iv) of
Theorem 2.10. In order to prove Property 3, that is,
1g°1

of the function g°.

LEMMA 2.11. Let U={x:G°(x)>G(x) and G°(x-}>G(x-)}

where G° is the majorant of G of Theorem 2.10.

i} If G°(x)>G(x) then there exists b>x such.that {x,b)<U.

p,h5“9"p}a- we must examine more closely the structure °
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i1) If G°(x-)}>G(x-) then there exists a<x such that {(a,x)sU.

gggég..;) G.is righf.§ontinuous,_so we may choose
b>x so that G°kx)>G(b). If ye(x,b) thep veU since
-G°(§)2G°(Y;)EG°(x)>G(b)EG(Y)EG(Y‘)-
| rii) Choose a<# s0 fﬁat G°(a)>¢(#—)- If ye(a,x)},

then y€U since G°(y}zG°(y-}aG°(a)>G(x-)EG(¥)EG(Y-)- '

COROLLARY 2.12. U is open.
We can write U=181(ai,bi). where (a3.bs),

i=1,2,..., are disjoint.

ﬁsFInITIog 2.13. Let I ‘be égg of (aj.bj).. [ai.biﬁ.
(33.b31, [aj,b3] where azer, whenever 6°(a;)>G(a;) and
b3€I; henever G°(by-)>G(bs-).

Note that Ii, i=1,2,..., are disjoint. for if
bi=aj=c for some i, j and Siczi and 24€I4., then by

Definition 2.13 G°(¢c)>G(e)} and G°(c-)>G(c-) and therefore

€€U which is impossible.
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THEOREM 2.14. The function g° co'nstruc;tt;:d.ig.
Theorem 2.10 satisfies |
| g°(t) = (1/AIi)j g(s) d)t(s.)
s Iy
for A-a.e. teii i=31,2,....
H
Proof. Let I=1I,, a=aj, b=b;. and for s>0.

B =fa . ad¢1 and b, = ¢b b e IYy.
aerx b-¢ b¢xI

We assume that AI>0 since otherwise the theorem is trivial.
Now, for ¢ sufficiently small ang g° as in.Theorem 2.10,
the denominator of mg=(e°(bg);s°(a£))/(A(bsl—n(as)) is pbt
zero. Let CI=%§fB(G°(bS)—m£A(b£)) then an easy‘calculagion

shows that Ci=lipy (G°(a )~meAl(ag)). If we let m=lim m_ ang
I 8-)0( ( £ = £ £330 ¢

- R

C.=su (G(x)-mA(x)) then mA(x)+C is a A-concave majorant
D LeR m s ,

of G(x) so that

(2--% i G® (x) s mA(x)+C,

holds for each x and in particular cpsc.
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To show that_CdSCI we take a segquence {dp} of real
‘numbers such that lim (G(dn)-mA(dn))=cﬁ. For each n either
n-ow _
dn>b, dp<a, or asd,sb and at least one of these conditions
- ‘ -
must hold for infinitely many n. We distinguish three cases
- based on this observation.

Pirst suppose that dn>b for infinitely many n.

Since G° is A-concave we have
(Aldy)~A (b)) (6° (be )6 () 2 (6 (d)~6° (Be ) (A(b, )= (ag ) -

or equivalehtly G°(bt)—msh(bs) = G°(dn)-msA(dn). Allowing
£30, we obtain CI§G°(dn)—mA(dn)zG(qp)—mA(dn) for infinitely
many n. This implies that Cy2Cp-

Next suppose dpn<a for infinitely many n. By -

A~concavity of G° we have

-

(A(dg)-A(ag) }(G° (ag)=6" (dn)) 2 (G°(b)-6" (2¢)) (Alag)-A(dy)).

-for all sufficieﬁtly small €, that is G°(a.)-mcA(ag)
z G°(dy)-meA(dy) - Allowing £-0, we have Cr; 2 G°(dp)-mA(dy)
2 G(dp)-mA(dy) for infinitely manv n so that Cr=Cp, .-

In the remaining case, as5d,sb for infinitely many

ot
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n. Since the sequence {dn} has a limjit point, say, defa,b],

(2.18) implies that if 4 is a right limit point, then
Cm=G(d)—mA(d)SG°(d)—mnéd)scm and‘if d is a left limit point
then Cm=G'(d-)—mA\(d-)SG°(d-—)-m!\(d—)scm. Clearly, then,
G(ci)=e°(d) or G(d-)=s°(d¥) so d¢U. (see Lemma 2.11). We
are left with tw; possibilities, either d=é or dcb, If.§=a
then d mFst be a right limit point so G(a)=G°}a) which
impliés that a¢I and hence CI=G(a)fmA(a)=Cm- S;milarly{ if
d=b, 4 is a left limit point and therefore G(b-~)=G®(b~},
bcI;'and CI=G(b-)~mA(b—)=Cm-

Now we use the fact that Cp=C; to show that g° is
constant A-a.e. on I. Let x€I, then for all ¢ sufficiently

small, a.sx<b. and since G° is A-concave

(Alb)-A(x))(6° (%)-G° (a.)) ' (G°(b.)—G° (X)) (A(x)-A(a,))

's

which can be written in the form G°(x)-m_A(x) 2 G°(by)m A(bg).

Let €90 in this inequality, then applying (2.18) we obtain

\
!
[

G*(x)-mA(x) 2 Cp = ¢, 2 G°(x)-mA(x)

x
for all xcI. This implies that j(g“(t)—m)dut) is
. —CEy

e
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constant on I and hence g°(t)=m A-a.e. on I, except
possibly at x=a. If a€l and A{a}SO then
a a-¢
(g° (a)-m)A{a) = J'(g°(t)—m) A (t)-lim J (g° (t)-m) AA(t) = Cp-Cpv= O
_ o €50 J
so g°(a)=m as well.

To complete the proof it remains to show that
m=fl/hl)l§(s)dk(s). If a€I then by Definition 2.13
G°(a)>G(a), but a¢U so G® (a~)=G(a-), hence linb G°{ag)

£~ .
=G°(a—)=G(a—)=1§fb G(ac). If a¢I éhen G°(a)=G(a), so
b
) - @ - - '

%ﬂ% G (a;)—G (a)—G(a)—ég% G(ag). In the same way we
how that lim G°(b =11 b.). s

show s G (b.) s;% G e) ince
me=(G"(bg)-G"(a2)) /(A(b )-A(ag)). 11n6(s°(ba)—c°(ag))

£

=lim‘(G(b£)—G(aE))= Ig(t)dk(t),and linm A(bs)—A(a,)=?\(I)
£=>0 T £-2>0 -

we obtain m=linb me=1/A(I) lé(t)dh(t):
£ :

.

THEOREM 2.15. g°(t)=g(t) A-a.e. for t¢ §§i

Broof. Let F=R\ U I;, h(t)=g(t)Xp(t)+g° (t)Xg\p(t),
> =

and H(A)= J'h(t)d.\{t). It is enough to show that

H(x)=¢°(x) for all xcR for then g®=h A-a.gf/and hence
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o

g°=g A-a.e. on F.

‘Suppose x€F. If G°(x)>G(x) then by Lemma 2.11 there
"‘exists b>x such that (x,b)SU. But X€EF ;lmplies Xx¢U so x is
the left endpoint of some interval Ij and by Definition

2.13 x€I; which is a contradiction. Therefore G°(x)=G(x).

Now (-m,x]\F=iUJ11 where J={i:I1;%(—,x}}, so by Theorem
€

2.14
o
X,
H(x) = J.h{t) dx(t) =iE€J'y[ g°(t) dA({t)+ J. g{t) da(t)

. =X

= ‘[ s aner [ gy any) = Joty ant) = 6ty = 6o .
i€l :
i (==, X1 E . ™

Similar arguments show that H(a;-)=6°(a;-) whenever
aj€I; and H.(ai)=G° (a;) whenever aj¢I;. (Recall that aj an.d
bj are the endpoints of the interval I;.)

Suppose x¢F, then X€l; for some i. If a3¢€Iy then
laj.x]sI; so

: X X

H(x) = H(ai*)ff h(t) dA(t) = G°(ag-)+]| g°(t) an(t) = 6°(x).
N =

If 2;¢I; then

B =K+ | nio aae = i+ [ gt ann = e* ).
(24,x1 {(a3,x]
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This completes the proof.

‘THEOREM 2.16. fg°(t)°‘g(t)dut)= fg°(f)°‘+1dut)

for x€R.

Proof. Let mi=(1/AI)£ g(t)dx(t), and F=R\i§§i
_— 5 =

as above. Since g®=m; A-a.e. on I; and g=g°, A-a.e. on F

g°(6)°g(%) aa(e) = 5 '[g (£)%g(t) an(t)+ g (£)%g(t) dA(t)

N

— e Y——e

—Bni jgtt) cL\(t)xig (*c)°""1 d:\(t) = 2m§=+1ui+Jg (t)°"“1 da(t)
I

T~ ‘/-—'g\—,' 8

/ §lg (ryetd da\ft)+fg (£)o+tl da(e) = fg (t)"‘-““l da(t).
i .

Property 3 of the level function is given by

COROLLARY 2.17. ng°ﬂp.‘,\sngupd for all p1.

Proof. From Theorem 2.16 with «=p-1 and Edlder's

inequality we obtain

J.g"(t)P dia(t) = Ig°(t)p'lg(t)- da(t)
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© ‘ 1/p1 o 1
< [fg"’(t)(P-l)P cn(t}] P [Jg(t)P cn(t)] /p

-] 1/p' <o . 1/
= {Ig°(t)P dh(t)] ® [J-g(t)P d.h(t)] P

Since A is finite and g° is bounded we may divide by the

first facto: to obtain

=4 1/ o X 1/
Ug"(t)P dxtt)] P [J'.g<t;9 dm)] P

4. HARDY'S INEQUALITY II E?

"In this section we return to the general Hardy

inequality
©ox q 1/q r. - 1/p
(2.19) [I[If(t) d,u(t)] d»(;_c)] = c[ jf(t)P d,u(t)] )

Our main result is to extend the characterization of
Theorem 2.8 to the range of indices 0<g<l, §>1. In addition
we characterize the measures for which (2.19) holds where 4
O<p=g<1, provided f is non-decreasing. This inequality
arises naturally in the theory of interpolation {9, D. 20].

To complete the chapter we summarize the results for

general measures, weights, and discrete neasures together

ly
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with their dual results.
Reéall that M and N are defined by (2.3) as follows

M(y) = Tdn. N(y) =7J‘dv.
- ¥

THEOREM 2.18. Suppose 0<g<l and 1<p<w, then there

exists a constant C>0 such that (2.19) holds for all f20,

'if and enly if
o < ' 1/r
(2.20) - [J‘N(t,rfq M(£)2/Q d.u(t)] 2 B <

holds.

Proof. (Sufficiency) Since 4 is o-finite, there are
= 1. pEL<e and v Y )
sets Ej such that E,SEpy. MER< _nEn=R With M and N
as above and B as in (2.20) define #pn. My and B by

€ Y
—_— i/r
U ()=Xg, (T)du(t): My(t)= _[dun: Bn=( JN(t)r/%(t}‘/q_ dun(t)] .

Proposition 2.5 ii) and 1ii) vield

€ e 1/7
5= [ [307/em @ e qunm)
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o« oo _ ’ . 1/r

~ [I[IN(x)r/P dv(x)]nn(t).r/q dpn(t)]
: e o

<«

) . |
[ 1/r
[IN(x)r/P[ [EXSRAS d.un(t)] dv (x)]

-0

1
~ [IN(::)"’P My () TP @ (x )} & <X

By the monotone convergence theorem, this last expression.

tends to [JEN(x)r/pM(er/P'dv(x}]lfr as n-«. Repeating the

above calculation with’un replaced by u shows that

[jn(x)r/PM(x)r/p dv ( ]1/r~s. We conclude that B,sCB .

for sufficiently large n.

| | Fix £20 and let fo(t)=min(£(t).n), n=1, 2,...’. The

résults of Section 3’imply the existence of a non—negative,

X

non-increasing functzon £2 “(fn) such\ﬁhat an(t)dpn{t)

jf (t)duy(t) and ﬂfnnp'#nsufnﬂp,#n. Using this féct we

proceed as in Theorem 2.8. Applying Proposition 2.5 iii)

and intérchanging the order of integration we have

[j[j:fn(t) dp,,(t)]q'dvtx)]yq [ f[ [N %[t)] & (x )] Ve

[

ll

é“—we b‘—sa

x g-1 1/
J'( J'f;;rs) an(9)] 7 £2(0) dup() & (x))

R o S 1/q
£5 (s) dun(S)] fngt)J-du (x} d,un(t)) .
t
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Since M is never infinite and is poéitiv?é‘ﬁﬁ-a.e. . we
multiply and divide by MI~! and apply Hélder's inequality
with indices P/q and p/(p-q) to obtain - . -

@© x - : .
q 1/q
[ I['Ifn(t) d»n(t)] a )

o . t - .’ - '
N1 : 1/
c[ J et [ (S dun(s)]q' M (63T Nt ()32 df*n(,.t)] :

> e |
- /a? . v 731/
< c[ ..J‘f;(t)p/q[ If;(s) dpﬁ(s)]P Ty (P/a d.un(t)] 2
' @ o 1/
[J‘N(t)r/q M, (£)™/d d*‘n(t)] )
D e e vp
=_C3n[ J‘f;(t)p/q[J (s) dun(s)] Mn(t)‘P/q d.un(t))
- -—

Since f; is non-increasing, f;(t)SMn(t)—l If;(s)dpn(s)
. * '__m' Q?_
so by {2.9) with M=po, f=f;1 the last expression is

dominated by

-

<«

t . * '
c8, [ _[Ph(t)'gq{ [ge@ d.un(s)] q[ [z d.un(s)]p’q e () W

[J?[ ffn(s) dpn(s{] Mn(t)'P d.-.:-n(t)] E L od

\J .
s csn[ I £2(L)P dnn(t}] < canfn(t)P d.un(t)]l_ 2

-

As nNow we obtain
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© x - o o .
.1/ 1/
. [ I[ £(t) cwt)]q @ () Is ca[ e dn(t)] ®

ST

To prove that (2.20) is also necessary for (2.19),

we require the inegquality

<

t : © .
(2.21) |- [ £ems)™/T d»(s)}p/q MU P () < ¢ [ SOPaMuTa aun.

But Theorem 2.6 shows that (2.21) .holds whenever

i

T apr @/
?é%( [ue au () (Jmoa w (o] <o
x . == S

fr\ﬁpp&{:ng Proposition 2.5 v) and 1ii) the left side is less
than or equal to sup M(x){(1-P)a/Plm(x)[(T/q*+1)a/r], '
-~ ™ KGE (x) (x)

-~

which is finite since (1-p)a/p+(r/q'+1)q/r=0. Therefore

(2.21) holds.

' Since u is c—fiﬁite, there are sets E, such that

EpSEp+1r MEp<® and VE,=R. Set g(t)=M(t)I7IN(t),
dn(t)=nin(n,g(t))Xg_(t), and hp(t)=M(t)I"1g;(£)T/P then

L=

[fgn(t_)r/q du(t)]”q's [j?gn(t)rfpg(t) dp(t)]uq

v

=) . . lfq -] =] 1/q
= [Ihn(t)N(t) dp(t)] - [fnn(t)jd»cx) d.u(t)] .
A R

After interchanging the order of integration, we applv
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Proposition 2.5 1) and use the hypothesis (2.19) with

/q’
f(t)—-[ J-hn(s)dp.(s}] ) h.n(t) to obtain

. ) | 1/q © X 1/q
[fgn(t)r/q d,u(t)] = [I fhn(t) du(t) dv(x)]

<
r

r X _ t _1/q| q 1/q
s¢c _[[ Ihn(s) d,.l(s)) Ba(t) du(t) dv(x)]
e |

t
-p/q'
[ [onte) au®) " nyoP aun)

t .
r -p/q! i/p.
Jhn(s) dp(s)} P M(t)[p(q"lngn(t)r d.u(t))' p-

Now Hélder's inequality with indices 1/({1-q} and 1/q,

followed by (2.21) with f£(s)=h(s)M(s) /' yielad

T @

~. 1/
[ Jgn(t)r/q du(t)] <
.

C{ j?[ I%(é)“‘du_(s))p/q M(t)P d.u(t)) (l-q)-/p[

_ f%(t)r/q dp'(t)]q/p

t .
t t P/
= c{ [ Ihn(s)M(s)_r/q M(s)T/9 _,d.u(S)] 6P au(t)

(1-a)/p
] X

é_sg_

o

[ J‘gn,(;\if/q d»(t)]q/p

-0

-0

s [ | (hn(tmct)“'/q /e M(t)f/q d.u(t)] (/e [ fgn(t)rfq du(t)]q/p

r [

= -[_\ign{ )7/ dp(t}] e
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where multiplying and dividing by M(s)T/9' is justified
since M>0 u-a. e., and if M(s)=m then M(t) P=0 for all t2s.
r/ 1/p
Dividing by [ fén(t) qdu(t)} . we have
[--]
/ l/r ‘ :
[ Ig (t)y~r qd#(t)] SC. As n-e, the monotone convergence
- .

' - .y1l/r
theorem implies that ( IN(t)r/qM(t)r/q'du(t)] < which
. —= . .
completes the theorem.
If feLp, 0<p<1, it is still possible to

characterize the measures -for which the general Hardy

operator is bounded on LE. provided f isg noh—decreasing.

—

- THEOREM 2.19. Suppose that 0<p<1, then

<

X ’ [~
. p 1/p i/p
(2.22) ( I[ e d,u(t)) d»(x)] < c[_jf(t)P dp(t)}

s R T

holds for all non-decreasing functions £20, if and onlv if
X )
b
[Jhp] @ () s cfau
k4 Y

holds for all veR. Also

[ r( Tf(t) d*‘(t))p d"(x)J VR c[ j?f(t}P d#(t)] 1/
% _ 4

-

{2.23)

gl g




holds for all non—-increasing functions f>0

" f[ :rd,u)P v (x) s C'Jde
EAEA S A

-—

Hh
W
o
o
-[O
:
[
s

holds for all vyeR.

—~
S
T

L]
Proof. It clearly suffices to prove only the first

equivalence since the second follows from a change of

variable.

Necessity‘follows if we note that (2.23) is jugt
(2.22) with f(t)=X[Y,m}(t).

We prdceed with Fhe prqof of sufficiency. Fgr each
nez, let Eﬁ:{x:2n<f(£)}. Since f is non-decreasing, E, 1is

an interval of the form (¥Yp.,®) or [yn.=). If E, is empty,

let Yn==.
\. -

Since nEZXEn\En+1(§)=1 whenever f£(t)»0 and

£(t)s2R*1 41f t¢E ., we obtain

© % © ¥ .
P ‘ p
_J;[if(t) au®)]” @ o =_L [_mn%zn%\g (D) au(n)” @)

—
oM

x N
: P .
[ sy (E®) du(t)] @ (x)

X

| P
‘an\aﬁ-J.(t) dﬁ(t}] dr (x)

—cl

1A

b—p by

~—
1)
E
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- & p e S p
, 1 (n+1)p - -
si[ = “_‘[‘xgn(t) du(t)] W (x) S_J; z2(@ [_L'Xgn(t) au(®]” e
. : <
. © x b .
=c gznp_;[[_a[xgn(t) dﬂ(tq & (x).
where the last inequality relies on the fact that 0<p<1.-

If Yn€En then

J?[ fxg(t) d.u(t)]P @ (x) = ]f{jdu(t)f ®(x) 5 C _po(t}' = CJ;dp.(t)
= Yn Yn : Yn . |

-_—

by (2.23) If Yn¥En+r @ limiting argqument gives the same

estimate. Substituting we get

I[jﬂt) a®)” @ s c Eﬁrid#(t)

=cz @x {. d#(t)‘-'CZEJ; [z.zﬂp]dp(t)
I=n . 13 ns<ic .
nez Ei;Ek+1 X2 NEiesy

=C b = P .
= 4 2P du(t) < ckzezJ( £(t)P Qu(t) CIf(t) Au(t)
\Eiot1 ' 4 \Elor1 R _

~

We now summarize our results for the Hardy operator

and its dual.

THEQOREM 2.20. Supnbse k and y are o-finite measures

on R. Then there is 2 constant C>0 such that




€7

@™ X ' ©
(2.24) [j | [e0) aunr|® @ () e of [1eer au(t) e

for all u-measurable functions f, if and only if

i) for 1<psg<w

ii) for 0<q<p, 1<p<oo, and 1/r=1/g-1/p

~

@ +
r/q r/q! i/r
LU= (e o)™ <o
-0 ™ T —n )
111) for p=1, 0<gKo
Idv < o'where E = {xeR:‘J‘dpm}‘.
E ! ) -
If we apply Theorem 2.20 to the neasures u, ¥ where

E'E=p{—-x:x€E} and ;E=v{-x:x€E—} we obtain dual results.

THEOREM 2.21. Suppose M, and v are as in Theorem 2.20.

Then there is a constant C such that .

[J?[ -Tf(t’ d‘;‘(t"q d‘;(x)] Hse [ f!f(t)ip du(tl].lfp
EAEA 1

holds for all u-measurable functions £, if and oniv if
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1) for i1<psg<w

;‘&[_Id”] lfq[ ;‘[d“] 1/p' < o

1i) for 0<g@<p, 1<p<w, and 1/r=1/g9-1/p

¢

(T (o™ )™ =

-0

i13) for p=1, o<qg<e

£d» < o where E = (xeR: _[dp>o}. &
X

Weighteqd 1nequ§l;ties for the classical Hardy
operator are ohtained b;béonsidéring absolutely continuous
measures supported oﬁ‘TO,m). Specifically, if in Theorens
2.20 and 2.21 d,u(t)=u(t?i‘9dt, Jdv(x)=v(x)dx ang
g{t)=£(t)u(t)1"P' we obtain:

COROLLARY 2.22. Suppose u>0 and v>0 are weight

functions defined on (0,=). Then there is a constant C such

that

<

x . [+ :
[f] fg(t) dt[qv(x) dx] Ve c( Jlg(t)lpu(t) dt)ljp
[6 e . Q



holds for all measurable functions g, if and only if

-1} for 1<psg<e

%B[ Iv(x) dx] q[ E(t)lﬁ? dt] < o
Y - .

ii) m 0<g<p, 1<p<=, g_n_g 1/r=1/g-1/p

o

o t
/ , ' .81
[ J;[ Jv(x) dx]r q{ J;u(syl-P cb)r/q u(t) P dtJ T ¢ s
t J -

iii) for p=1, 0<g<w

x
. Q}‘(:{) dx < = where E = (x: ju(t)l_p'dt > 0}.
[

T

COROLLARY-2.23. Suppose u, and v are as in

Corecllary 2.22. Then there is a constant C such that

- [“ Ig‘t’ d.t.|qV(x) dx] e c( Jc;lg(t)lpx;(t) dt] /P
Q x - .

holds for all measurable functions g, if and onlv if -

i) for 1<psg<«

sup Tv )d:-:llq ]? tl-P'dtI/p|<m.
'M[o(x ] [Vu” ] ’
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i11) for 0<g<p, 1<p<m, and 1/r=1/g-1/p

=t r/q Fy r/q' l/r
[J-[ v(x) dx] {Iu(s)l'P' ds] u(t)lP' dt] L <
[o B d's ] t .

e ,
£v(x) dx < @ where E = {x: Ju(t)l‘P'dt > 0}).
— ) |

Even in the classical setting the results for

0<g<1, p>1 seem to be new.

The c:cxgresponding series inequalities are obtained

by letting uS= 1-P', vs= 5 ¢ =f (kK)ui~P' in
; I HSS EN nes’n and ap=f(k)ug

Theoremé, 2.20 and 2.21.

COROLLARY 2.24. Suppose u,>0 and v,20 for

A
n=0,1,2,.... Then there is a constant C such that

(Bl &l ™) ™ = o £ e )™

holds for all sequences {2r} i€ and onlv if

i) for 1<psqg<e
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s, (Eva)  [E) T <=

11) for 0<q<p, 1<p<=, and 1/r=1/q-1/p

‘ ¥
w [ o r/q 1 -. r/q n1/r
. =P 1_p co-
(E(B) (E57) 9] < |
1ii) for p=1, 0<g<e
S 1-p" :
where E = : > 0}. .
T v, < .{nléguk }

neg &

N

COROLLARY 2.25;3Suggose u,, and vy are as in

Corecllarv 2.24. Then there is a constant C such that

jlfq

(& Ead ) 7 = o £ 1o )

holds for all secuences {ay} if and onlv i

1) for 1<psqg<e

1/ ¢ = 1 1i/p!
Sup E‘: = 'i’] < o
mec2+ [n:O:J [k:muk
ii) for 0<g<p, 1<p<«, and 1/r=1/g-1/p

b o :'/q €O 1 l:-;/q' |1/r
T l_p w.
(EolEm) (B k?) <o
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o

CEAPTER 3

MAPPING PROPERTIES aF-INTEGRAL OPERATORS WITH PCSITIVE KERRELS
Let K be the operator defined by

{K£) (x) = _[k(x.t)f(t) du(t)

where k(x,t) belongs to scome c;ass of positive kernels. In
this chapter we study the boundedness of this operator and
specifically answer themfolrowing question: For which

o~finite, Borel measures u and v does'the inequality

r 1/ s 1
[ J-I(K‘f) (x){9 dV_(x)] d < c[ Jlf(t_) 1P d#(t)] /p,

1<g<p<=, hold? In Section 1 we answer this question by

‘showing that the condition

Y . T/ar ¢ . x/q" 1/r
[ J [ k(x99 dv(x)] [fa:(t.s)/k(t.tnl’ d.u(s)] 2 d.u(t)] <w,

where 1/r=1/g-1/p. is necessarv and sufficient for bounded-
ness of K:qﬁemgl The class of kéfnels that we consider

is defined below, but we note that the Stieltjes kernels

I3
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k(x,tj-(x+t)** are n;nbers of this class, so that'uevalso
obtﬁin nesw mapping properties for the Stieltjes transform
and the Hilbert double se:ies. These results are giygn in |
Section 2. We pdint out thaé Q‘characteriéation of weights

for which the Stieltjes transform is bounded from Lf: to

Lgrtor 1<psQ<eo was recgntly given by Andersen [1] and his
work has motivated our study here. Our results cd;;lement
Andersen’s work even though the proof; are gquite different
in the index range 1<g<p<«.

Fof another class of kernels k(x.,t), we characterize

the measures u and v for which the weak type inequality
(v (e [ (RE) () AN/ D s (ava) gD,

holds in the range g>0, pe=l. This is done in Section 3.

.1. STRONG TYPE INEQUALITIES FOR 1<g<p<w

Suppose the kernel k of the integral operator K is
a product of the form k(x,t)=a(t)a(x) where a and 2 are
acn-negative functions. A duality argument shows that foxr

g>l, »>l1, the boundedness of K:LE-)LE is equivalent to

N
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' [ Ta(t)p' «:u(t)] Ve [ fs(xﬂ dv(:_c)] Y

which, in the case 1<g<p<w, may be written .as

-
-

< © l . -
, ! xAg 5 AT Ur
(3.1) [I\E/fmtﬁcbm] [j'an(t,swmtnp du(S)]‘ d.u(t)] <a
-0 e i - )
- \‘_‘.
without explicit dependence on the functions a and a.
'This suggests that (3.1) ’lﬁfay characterize the boundedness

of x:r.ﬁ-;x.? for a larger class of kernels.

Suppose now that there exist positive functions a,

a and b, b such that

k(x,t) ~ a(t)a(x) tsx

and
k(x,t} ~ b(t)bx) t=x.
If we inpose these conditions, then Clearly
k(X £) /R(x,x) ~ a(t)/a(x) =
(3.2)

L=, t) /k(x,x) ~ "B{t) Bix) tx.

DEFINITION 3.1. A non-negative kernel k(x,t) is

said o belong %o class R .if there exist positive functions




T
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‘a.and b such that (3.2) holds.

-

d

ol

' With these preliminaries we give our first result,

R THEOREﬁS 2. If k is emel_classkthen fﬂq
with 1<q<p<no implies K: Lp-)l:. is bounded. - ' \ ,
| \\/f

g.r;h\ By Minkowski's 1nequa11ty‘and (5.2)

»

quﬂ(an & (x)

-

<« X )
q - y1/9 .
= C[[ Il J-a(t)f(t) d#(t)] fk(x,x)/a(x)]19 dp(x)]
‘| F 4 1/ g
. l Nelptsretn) -cm(t)] [k(x.%) /b(x) 19 d,,,(x,] q] & Cidyagl,
. o -5: " : . l‘

A N . .
respe;tif‘fy. . S
oy D e ; » '
R s apply Th€oren 2.8 with f(t) replaced bv

£(t)a(t )h? an(t) -eglaced by a(£)P ducey, and av (x)

E ]

zeplaced by [k(x. x)/’a(x):qa»(x)to obtata .y
' “ ) . / -
. _ @ . . .Q N, l 1/
B sC [f act)1'9 JPafti? d.u(“)] =of [ewp a(e))
.\’ . : —CD PR . » . B -y . -‘\ )
-o- " r f\ - a -
; s, \ ) N

. [ / [ fMt)f(t; d“(t)) * (X)] Mi[ f[ .F K )£(t) d.u(t}]q & ﬁﬂ] e
ERE X | i -

2

»
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‘o]

provided ,

w

27

[ I [ I tk(;.x)/a(x))q dp(x)] [ Ia(s}P d“(s)] "atty®' Mt)] e

P

But k(x.x)sa:(x,t)a(x)/a(t) for t=x, and a(s)SGa(t)k(t,s)/.k(t,‘t) '

fo:jgst 80 the last integral is domiaated by ' ~

([ qu,t)‘!d»m]

[ I ((t.5) A, )P d.u(s)] (P -Tp'TAT d.u(t)]

- and since p'-r+p'r/g'=0 this is finite by hypothesis (3.1).

To estimafe Jo replace f£{t) bwa(f)b(t)l“P'o du(t)

by b(t)P'du(t) ang

@ (%) by [k(x,X)/b(x)I%w (x) 1A Theorem

2.21, then the same argument shows that '

Jn\

restrict onrselvia

L4

o

In order to.

Jp s c[ J‘f(t)P dp{t)] P

give a converse to Theoren 3.2 we

to the class of kernels gpfined below.

~

DEFINITION 3.3. A non-negative kernel is said to be
A is to be

9% class X provided

such that

“there exist positive func*ions a .and b
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1) R(x.t)/k(x.x) ~ a(t)/a(x) fo

——

R
i B

A4} k(x,t)/k(x,x). ~ b(t)/b(x) for

111) k(x,t)/a(fﬁ is non-increasing in t for each x;

o
e
o]
0
H

iv) k(x,t)/b(t) is non-decreasing in each .

We remark that conditions 1) pnd 11) apove ensure

that ZXox.

/

THEOREM 3.4. If k is a kernel of class X, 1<g<p<w,

and K:LP5 LY 15 bounded then

L -] <o 1‘/ [--% _ ' / ' 1/
(] [ Jrm s @ (x)) q[ Joee.o) ee 60 au(e)] ™% i) I
-0 N —C "\-‘-

—
Proof. The proof is in two Parts. Pirst we

construct two sequences of sets E; and F such that:

1) ESEneqs uElce, #(R\UER)=0;

e T —"
-

1) FpSFaey. aFL<s, #(R\UFS) =0;

< [=-] [ ' \ -
SN o1 . TAL .
111) [ | { e évntx)] [ | srsme P d.unfs)] dnn(t)J../'\C‘@
| /’\‘\‘-__/ : .
where dup(t)=XgZ(t)du(t) and ‘' n(L)=Xp2(t)w (t). In the

~

L
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J 2 second part we show tha;'
(3.3) [J'm[ f'm;mq @] m[ fu:tt.s)/k(t.t)‘)é' ) xﬂ(;d«-«}t)] se

. with C independent of n. By 1) and ii) above and the .
-monotone convergence theorem this will brove the result.
We now construct the sequences {E%} and {Fo}.

éince u is c—finite there exist sets E, such that

EnSEn+1s MEp<®, and gﬂnkgz.) Let
A

b

En = Erf{x:1/n<a(x) i (x: 1/n<b(x) <a) =1,2,....

| Y * ‘
Clearly EnSEn+1 and pEp<w. Since a and b are positive
functions, finite u-a.e., VE;. has full u-measure,

. n o
completing 1}.
We nav certainly assume that A is not the zero
measure so that ugﬁ#d. Since k is neasurable with respect
b3 .
to the product measure vXu, Tonelli's Theoren implies the
existence of ZCUE; such that k(x;z)<= for v-a.e. xcR.
n B -’ M -

Without loss of generality we assuoe that -es; for all n-

{S

This = will be used in the definftion of 7f below.
: ol

hf"’
)
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The measure p is o-finite so there are setsg Fn such

-

. that PnsFne1, vFp<o, and Y¥n=R. Define

Fa = FofMx:1/0<a(x) )N (x:1/n<b ) xsk(x, 2)<a

It is clear that F;=F;+1 and vFp<e, As before we have

- .

S
O<a(x)<e, 0<b(x)<w, and k(x,z)<= for v-a.e. xeR so

p(n\gr;)=o and 1i) is complete.

To prove iii) it is enough to show that

<o . 00

Ji(x.t)qavn(x)_and I(k(t,s)/k(t.t})P'dnn(s) are bounded
-y B -— .
above for t€El. The first integral we split at z and apply
the monotonicity of k(x,t)/a(t) ana k(x,t)/b(t).

e

Ly « ’ - .
Ik(x.t)q Wpix) s Ik(x,t)q v (x)+ Ik(x,t)q W (x)
—cn z -

»

) < zZ - . .
. = f () A(k(x, t)/a(t) )9 I p(x)+ jb(t)qtk(x,t)/b(t) )9 dop (x)
Z R—-—Y

@ =
s [ataix,z)/a(z)) @a@H+ [bit) ez, z) /oz))2 v (%)
z —o :

o« z
s [A(/(1/2)2 @ (x)e JHr/m9 & (2 < 28 vE? < o
z —

7o bound the secand integral‘we split the Tange at t and

use k(t,s)/x t.t)“a(s)/a(t) on the first summand angd

k(t,s)/k(t,t)”b(s)/b(t) o2 the second, so that
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-

o0 ko - - -]

f KE.8) At 1))P' Quy(s) < J' ((t,8) AT, 0))P' G, (sh+ _[(k(t.s)Mtt))P' Supy(s) .
< C[ j (a(e)/a(6))®" dun(a+ j' (b(s) /b(t))P" dun(s)]
s C[ j (VA o)+ f (0/ (/0P Gun(m)) = 200, < .

For the' second part of the proof we f£ix n and

define f, £, ana Ez by

Fe® = U k(e 6)9 don )™ [fu:(t,s)/k(t NP dig(s))

’

F1(0P = [ Ik(x,t)q d"n(xi] r/q( J-(a(s)/a(t) )P %(s)]r/w
By (t)P = { J' k(x, t)q dvn(x)] [ J’ (5(1/B(£))P" du(s )] T/qt

~Note that we have shown in Part 1 that

£(

é%S é‘-——nﬁ

t)Pdu(t)<» and now to pProve (3.3) we must show that

1/r '
(t)Pd.u.n(t)] sC with ¢ 1ndependegt of n.

Since

f ((5,8)/K( 1)) du(s) < C[ f (@(s)/20)P du(sh+ _[ ({s)/E L P d.un(s)]

we have S(t)sc(f 1(t)+f2( )} and therefore, bv Minkowski's

]
- _/-/
-
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\32
[

inequality

Py
P

| [ fi(t)? d-un(t)] P . c[[ filtt) d.un(t)] Y p+[ ‘ffz(t)P a,'un(t)] Y "J

Using the definition of Ei and interchanging the order of

integration we have

« @ )

j' (0P dun(t) = [ £ ()9 & ()P qu (1)
~—C0 - -3 :

n=f,§1(t)q[[ J:c (a(S)/a(t;))P' dun(s)]:j/é‘ [ fkmt}q d’—‘n(x)] r/qu-q%(t)
= j? (1) [El(t) jt (ats)/a(t) )P dun(si]q_l[ f k(x,t)q dvn(x)] kn(t)

)
-y

. |
= [ [rxvgm [k(x.t)flct) [ @s)1am)p d.un(s)]q_ Gen(t) dop(x).

If we show that

[

t ’ t
(3.4) k=0 (8) [(@s)/a(e)P quys) s ¢ Jree)E(s) qugs),

th;;“:é\

K:LE LY to obtain that

may apply Proposition 2.5 i) and the boundedness of

o

. J-El(t_)p Sun(t) S C j?[ J?k(x,t):fl(t) dg%.(t)]q d"'n.(x) -

- e e

o oo .
- q
sc | [ [ 0rE coxdon; au ()" @)
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f-\"

- 2(R)PN{z/Rq +1) =g () = (1+T/C) then by Proposi:tionz.s 1)

- 83

-

= c[ j?(fltt)xa‘;(tnp d»(t)]-q’p - c[ _Q[DEltt)-‘-" dun(t)]q’p.

-

By a cdmpletely analogous argument

I 2(t)P dun(t) < C[ ffz(t)P dnn(t)]q/

»

Therefore

(3-8 [ r E) dun(e)) S-C[[ f ()P %(t)]w+[ f N %{t)]w] |

where C is independent of n. But since by hypothesis
f (a(s)/a())P" Gup(s) s ¢ [ i, s)/m(t,0))P" qus)
I (BSI/BINP" dunts) s © [ (e, )/, £))P" Sy ()
t ~a )
we have El(tiscf(t) and -f_z(t)sc-f(t). Therefore by (3.5)
T | 1/q %p
( If(t)P d#n(t)] s c[ I‘(t)P d.un(t)]

f¢
so that L;E(t)Pdun(t)J SC as required.

It remains +o show that (3.4) holds. Observe that



' t . . .
k(x, OF1(t) [ (als)/a())P' du(s)
| ™ | % | . ' t+1
=kx 0 { [ky,09 () rqu[ [ atsrzacene %(S)Jr/pq
| . .

et [ o] fane )55

(- -] . . /
s Clktxt) /a1 J et ty/aitr s dvnm]r M x

£ r/pqt .
f [ Jaw® %(Y)] P duys)

t - /o
sc I tk(x.s)/a(s)][' f (k(y.s)/a(s) 19 dvn(yl] X
o = T
< e anm]) T e ane

—

. =c ft kix) fmuys)qa;nm]rqu[ f(a(y)@(a))?‘ %(Y,]r/pq' dun(s)
=cC’ ft k(x,s)fll(s) Qun($) .

The last inequality is a consequence of the ﬁonotonicity of

k(x,t)/a(t). This proves (3.4) and hence the theoren.

2. TH®R STIEifJES TRANSFORM AND HILBERT'S DOUBLE SERIES
The classg of kernels X considered in the previcus

section includes kernels of honogeneous tyoe.



~

85

LEMMA 3.5. Suppose that for some o<0 the kernel

ki{x,t) satisfies:

1) kkx;t);o is defined on (0,)X(0,x);
11) k(xs,ts) = 8%k (x,t), «<0, s>0:

111) k(x,t) is non-increasing in both x and t;

iv) k(0,1), k(1,0}, ¥(1,1) are positive and finite;

A ]
then k belongs to the class X.

. ggggg.'net a(t)=1, b(£)=ta for ail tzo.lFirst we
show that if tsx,.a(x)k(x,t)"a(t)k(x,x}. This follogs at
once Qince a(x)k&;,t)=k{x,t)5k(x30)=x“k(1.0)=0x“k{;.1)
=Ck(x,x)=Ca({t)k(x,x),where C=k(1,0)/k(1,1), and'a(g)k(x.t)
=k(x,t)zk(x,x)=a(t}k(#,xs.

Next, if t2x, then b(x)k(x,t)=xk(x, t}chk(o t) .
=t (0, 1) =Ctox™k (1, 1)=ct“k(x xX)=Cb(t)k(x, x). where
C=k{0,1)/k(1,1), and b(x}k(x,t)=xk(x,t)= x°%(t,t)
SERTR(1.1)=b(t)k(x,x), so that b(x)k(x,t)~b{t)k(x,x).
Therefore kcx. | -

keX since k(x,t)/a(t)=k(x,t) is non-increasing in +



SR T YT

86

for each x, and E(x,t)/b(t)=t™>Kk(x,t)=k(x/t,1) is

non—décreasing in t for each x.

Let (S,f) (xyaj'(xn)-kf(t) du(t}), A>0, denote
- o ‘.

the Stieltjes transform with measure u. In the next theoren

we characterize the (c-finite, Borel) measures A and ¢ for

which s,\mﬁ’-)r.f is bounded with 1<g<p<eo.

¥ .-, THEOREM 3.6. Suppose 1<q<p< 1/r=1/q-1/p, and a>o0.
. Then,

o

H 1/ N1/
[ll(shﬂ (x)14 dv(x)] qﬂs c[ J'|fm|P dp(t)] P
. ' 0

-

bt
Fh

holds if and onlv it

[

<

/g 1/
[f(mtrq’* dvcx)] U(t/(fas))P A du(S)] ¢ d#(t)] PP

o— g

BV

4

=oof. k(x,t):{x-i-t)‘A satisfies the'conditicns of

Lenmma S.i/?o, taking u and » to be supported on (0 m),‘

Theorens 3 2 and 3.4 wvield the result., .



For the Stieltjes transform with Lebesgue measure
(Saf) =) = [r£(0)/coe)Ay at
(o]

we deduce the following weighted norm inequality.

COROLLARY 3.7. Suppose p, g, r, and A are as above

and u>0 and va0 are weights. Then,
- yi/a (T 1/
[ [1s,91@119 v ax) 5_0[1[ l9(e) P u(e) ae) 7
o . : - L ,
if and on 1y if

/——mLLLQ(m’-qM’” dx] [j(t/(t@)P Mafs) 19’ es] e’ at]”"

-
2

-

Proof. Let dv(x)=v({x)dx and d.u(t)=u(1:}1"P dt in

Theorem 3.6, and make the substitution g(t)=f(t)u(t)i-pP',

~

™~
~Andersen [1] obtained such a characterization in
the range i1<psg<we.
We also obtain +he following extension of the

Hilbert double series theoren:

87
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substitution ap=£(k)ufP'., we obtain that

e ey,

W T TR v
88
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COROLLARY 3.8. Suppose p, g, r and A are as i

-

8 .
Theorem 3.6, and {u,} and {vh} are positive sequences. Then

o - o 1/ /g
| £, 20 ] 5 0 £ 1ai? w) [ £ thatstn)

) 0 r/q ' r/q
. - —q A @,
(3 G)k.gl[z(_m-k) Aq vl ] [3‘2 l:/(h+j))P na"P] ul P <

Proof. Define u and v by pEé b u%‘P' and
: ne<E

pE= Eévé‘Q. Applying Theorem 3.6 and making the
ne :

(sl o gara)™

holds if and only 1f (3.6) holds. The conclusion follows by '

HSlder's inequality. N ’ .

In this section we give a weak *vpe Tesult for the ~

o

operator (Kf)(x)= j’L(a,t) (t)au(t), xcR, 2ssuming onlv



that k(x,t) is non-negative and monotone in the first

variabler

THEOREH.S.S. Suppose that 0<g<o, 1§p<w, and

k(x,t)20 is non-decreasing in x for each t. Then . )

(3.7) (v {x: [KE(x) [>}11/T < (A/ex) [ Ilf(t) [P d.n(t)] e
if and oniy if . ~

wvqr & . 1/pt
dv) /q[ _[k(Y.t)P d.u(t)] P <

LY

(3.8) (

-*>

—— g

for each yeR.

Proof. Since u is o-finite, there exist sets E_

i
such that + MEp<o, d v . -
‘ EnSEp+1. mEp ¢ @04 UE =R
Suppose that (3. ?) holds and v<R is fixed. If
Ii(y,t)P du(t)=0 there is nothing to prove. Otherwise,
le fn(t)=min(n,k(y,t)1{FP“1))Xgn(t), and choose
~» m )
*n>0 such that «u< I?n(typdp(t for sufficientlv large
. -—Cry 4 ) ’

A3

2. Since for such n

°'n-< j?n(t)gn(t)p_l d,u{t) 5 Jrfn(t’)k('?ct) .d.;-(t)r

-



90

the monotonicity of k implies that for x=vy, «n<(K§n)(x)

and hence [y,w)s{x:(Kfn){x)>an}. Therefore by (3.7)

[ J dvl < (v {x:(KE,) (%)>o}) /9 = (Ao [ jf,fn(t)p dl;*(t)] llp. |

~

~ The only restriction on «, is that «u< J'r (t)Pdu(t). If
i/p-1
we allow oo I:n(t)Pdp(t) and divide by Ifn(t)m.u(t)]
then (3.8) follows from the monotone convergence theorem.
Now suppose (3.8) holds. (KEf)(x) is non—decreasing
50 {x:(Kf)(x)xx'} is an interval either of the form [v,») or
(v.=). In the fii:st case, since (Kf)(Vv)>«x

<«

< 1/ 1/
(v {x= (R (x) >} ) 1/Q = [j d»] s [ j dv] % (xE) () /o)
v v

/a0 ¢ . 19 ¢ 1/p
d»] Uk(y,t)P d.u(t}] Ulf(tﬂP du(t)]

1/p
1£(t) [P du(t)} .

= (1/0:)[

é‘—-ﬂa 1g— g

S (M) [

wiere the second ineguality follows from Hlder's

In the second case, the arguaent is sinmilar excent

that we =Sust cozpenszate for the fact that ve{x: (Xf)(xX)>«}:

(o (m: (15} (0> 2/8 = 222§ [ @Y/ (x2) (o) o)
£+ I

L

~
-
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= e frr(t) P (0] Fasm [I @) W( rktwc R3S dp(t)]m"
g € -

@ 1/
< (A/fx}[[lf(t)]P dp(t)] P

. In Theorem 3.9 we assumed that k(x,t) was non-
decreasing in x. fhe result when k(x,t) is non-increasing

in x is:

THEOREM 3.10. Suppose that 0<g<™, 1<p<®, k>0 and

kix,t) is non-increasing in x for each t. Then, (3.7)

holds if and onlv ir

[,'Yd”] Uq{ fk(Y-t)P' d.u(t)] YR oA

—C0

th
o]
H
fu
bt

veR.

|
|

2roof. Apply Thecrexm 3.9 +o the kernel k(-x,t). -



CHAPTER 4

APPLICATIONS OF HARDY'S INEQUALITY

In this chapter we give applications of the general
Hardy 1ne§uality developed in Chapter 2.

Heinig [26]).[27] showed that est;nates for
operators on weighted A nay be obtained from unweighted
weak tvpe conditions. This extensiqp of the Marcinkiewicz
iﬁterpolation theoren provides sufficient conditions on

welght functions u and v for an inequality of the fornm
s /g ,F 1/

(4.1) [ f(Tf)‘(x)q v{x) dx) s c[ ff"‘(x)P w(x) dx] ®,
[s) ' ks

for a large class of operators T, whére * indicates the
non-increasing Tearrangement with :e;pect to Lebesgue
-eéasure. In the case 0<g<p, the .weight conditions given by
Heinig are ;nwieldy, and difficult %o verify for specific
welghts. The coaditions given here are in integ=al form and
consequently easifer to cozpute.

<2 the £irst section of this chapter we state an

92
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prove a weigﬁted Marcinkiewicz ihterpolation theorem with
weight conditions in integral form. In addition we give
examples of weights u, v for which i&.l) holds.

In Section 2 a special case of the Marcinkfiewicz
interpolation theorem is proved, where the hypotheses of
weak boundedness are repl#ceg by different (and possibly
weaker)} conditions. The resuilt is given to illustrate the
role of the Hardy operator in interpoiation theorv.

The f£inal section contains an application of the
result on the characteri:ation ?f Hardy's inequality for
discrete neasures. This exanple (Theorem 4.5) is interesting
because it proves the equivalence of an 1P _poundedness
property and a tvpe of nonotonlcity condition. Moreover,

the corresponding result for absolutely continucus measures .

J

is false,

1. A WEIGETED INTERPOLATION TEEOREM b

Recz2ll that a2 sublinear operator T is of weak tvpe

(2,q) £f x1/g(me (x)scrfng,.
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THEOREM 4.1. Suppose T is a sublinear operator

defined on simple functions such that T is of weak type
(Po.qo) and (p3.qi1) with 1spp<py<®™, 1=qos®e, 1=<qi%®, and
Qo¥qy - Let «=(1/90-1/q1}/(1/po-1/p1), I(t)=(t™.®) when «>0,

T(¥)=(0,t) when «<0, and J(t)=(0,e)\I(t). If 0<Q<p, 1sp<e,

1/r=1/q-1/p, and v and W are non-negative weights such that

- . /
. =/
(4.2) [{[J v(x)x-q/% d}:) q)( . ‘

(%)

»a

t
' t ' . ‘ . 1 1/
[ I[W(x) 1-p"p" /5% dx] T ) 1P /R0 dt] 7w

and

(¢.3) [l[U' vix)=/u ac)r/qx
(v)

<o
et T/aqt . ' /-
[jw(x)l‘?'x‘P /P dx] q w(t)1-2'+=2'/p1 dt] / <
t

then (4.1) holds fo=- 2ll simple £.

~

Proof. Caldersn f13] bhas shown that the weal: tvpe
conditions on T ioply
-l

e S'c("{-“/‘:"f ©/R72E%(0) et + i@ /p-1an ey e.t].
° o
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Now by Minkowski's inequality when 9>1 and directly when

q<l, we have ,

o X< - 1/
s c[ l[x-lfqof t/Po-1£% (1) dt] v(x) dx]
0
[--]

. L~ -]
+C [ ‘L[x—llqu’ t1/P1-1¢% (¢ dt] qv(x) dx]l/q_
XX )

We complete the proof by showing that both summands in

<>

1
(4.4) are bounded by [If'(x)Pw(x)dx] e change

of variable y=x* in the first summangd vields

{

b4 ) .
[rlloqojtllm-lf‘(t) dt]qv{ylfot) (1/]ex|)yt/e—1 dy] /a
0

O%Y— 8

r 1 R P
< [ J; (x1/E01£* () ) Buw( )l 1-1/F0)P ex] [ _g £ () Re(x) dx]

where the above inequality holds by Proposition 2.22,

prcvidéd the condition

LI

(1/ || ywwd/oxyy=(1/a) (g/go-1)-1 dy] /g %

ot— g
rte——g

-
- -~

IW(X)'?'/E-‘X'P'(I-I/R)) dx]:/‘.;'i(t)-?'/p‘:p‘(l—:/m) e:}lf‘ <
O .

~—

holds. A change of varizble im the first fmnmex integral
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shows this to be (4.2).

The bound on the second summand of {4.4) follows

from condition (4.3) in exactly the same way. We omit the

details.

The following important special case of Theorem 4.1

was proved in [7] and [15] for the range 1<g<p<e:

COROLLARY 4.2. If T is of weak tvpe (1,®) and

(2,2), then for all simple functions £

3 \ 1/ P 1
[f(rf)‘cx)%(x) d*:] . c[ J'f“cx)Pw(xl dx] &
v} (o]

——

0<g<p, p>1, provided

w 1/t t
T/ o/qt 1/=
[I[ J- v(x) c’.:-:) q{ J-u(x) c‘.x} < u(t) dtJ < ™
o+ 0 0

~
(==} (-~ (=]
- '~

-
-

r/q /2 =/q . 2 ar .
[‘g[l‘[tv(x)x'gzdx_] [_[u(x)x*? dx] u()t"P.d“] <

(£.5)

where u{x)=w(x)2*"?P' anda 1/>=1/¢c-1/p.

Since the Fourier fransform is of Ltvpe (1,x) and
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{2.2), (hence of weak type}. Corollary ¢.2 establishes
welghted norm inequalities for the Fourier transform in the
index range 0<Q@<1, p>1 which are neg with the integral
conditions (4.5). In addition the argument given in [15] to -
Prove norm inegqualities involving the Hankel-, K~ and v-.

' transforms for the Tange 1<¢g<e, 1<p<e extends to the range

0<q<1l, p>1 by applying Corollary ¢.2.

Finally we note that the weights

VO = AR g, ) Ry 2D ) ()
U =GR gy (DR /2R ()

satisfv conditicn (4¢.5) provided A, B, C, D, a, b, c, d are
Positive, a/g+d/p'>1/2, angd b/g+c/pt>1/2. Specifically,
Corollary 4.2 holds for these weights with u=wl-p°,
”
2. A VARIANT OF TEE MARCINXIEWICZ INTERPOLATION EEEOREM

et £ and © denote the Tearrangezents of £ with

regaxd to u and v Tespectively.



THEOREM 4.3. Suppose M Aand v are o-finite, Borel

Beasures and u is hon-atomic. Let 1<po<p<p1<m, and define

OJ by
o4(t) = sp( (P20 LU <1y, 3=0,1.
Ir
(2-0)/ P at.
=\PP0 PO‘£¢%b(t) at;
(4.6)

X .
x-1 J.(:e-t)P/Pl ¢p1(t)P at
0

are bounnded for all x>0, then ﬂtflp p3CLE

Proof. Let t>0 be a point of continuity of M zna

-
fom

b
!;ﬁefine E={x:[5(x) |>9(t)}. Witn Zo(R)=f(x)Xz(x) ana

fl(x)=f(x)-fo(x). It is not difficult to show that

f%(s)=f®(3)x(o,t)(5) and £9(s)=2P(s+t), so that

’b ¥

*/po T }i/P2
Ifolny, , = { ()% és) = 1z,1,, = [Ifa(s)p:_ cs] _

p—.

(&)

Since (T2)9(20)5(22,)O( £y +(=£. )92y, Minkowski's fnecualiey



Y

[_jlmx&]p & (x)]W s c[ [ Ic'r:ow(t_)? dt] 1/p+[ J:(ﬂ:) oty dt] WJ |

o o

[ rrotmotor )" [1epc0m 297)

o ¢ '
(oo ren

o<,

([ o om )
o* t

Hence the proof of the boundedness of T:Lﬁ—;l’.‘? reduces

to obtaining bounds for the Hardy operator and its dual.

Therefore by Theorems 2.6 and 2.19

pProvided
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l/p
Since L!fo(s)pdﬂ] -lrlp'ﬂ the result follows.

3. AN EXAMPLE FOR SERIES
In this section we answer the following question:
For what positive sequences {ag,) is the operator s

defined by (Su)n - ‘nkgouk/ak bounded on lp?

DEFINITION 4.4. A sSequence {an}) of positive real

humbers is almost stronglv decreasing (a.s.d.) Provided

there are non-n egative constants A and N such thar

g
b 2 Aan whenever kan-: '

iiy 2ak S ay whenever ken+N.

HEOREM 4.5. Given anv positive secuence

{an}, define § by (Su)n = anfgouk/ak' If 1<p<e then S:lp-)lp

is bounded if and onlv is {an}.;§ a.s.d..
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< for al; sequegces {op}. 'If.uk-vk.a}:‘P' this becomes
. - ]llp < c[ o b _p.]lfp
ERRXE-AI £, el

for all sequences {vp}, and by Theorem 2.26 this is

equivalent to

~

(4.7 FEH (2] <

It remains to show that {a,} is almost strongly
decreasing i1f and onlv if (4.7) holds. Suppose that {34} is
2.s.d. then bv Definition 4.4 there exist consjants A and N

S
satisfving ApsAa3, for kan, and 2ay=sas wWhenever kan+N.

Repeated application of this lase property implies

49y s 2772, for 3=0.1,2,... so that

- \
T P& (o) p] sgz_jp[rg’.'i—lp} = 2P < eate?
¥ * 550 (k';;m-a n X TS T & X :f__‘? = B

\

since kxn.

If o=N
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(9 (2] = w2 <o

which in turn implies (4.2). ;

<
To prove that {an) is a.s.qa. suppose

.

{2 (E) T e

then for any kam, ayaglsB so 1) of Definition 4.4 holds

i1th A=5. If 1) of Definition 4.4 fails, that is, if fo=

~—

any N there exist n and k such that ¥»n+K and 23, >3, we \Y

b
have L]

ui

< 1/'-3 é ' 1/?' - -\.A.\. ' /P'
= [J-:L 3) [.__0339] “a*( .
2 (1/2)a,(N(Bag) PP = (1/2m)8/P".
- 1/2)a, (N(3a,)

Since X was arbitrary we have a contradiction.



CHAPTER S

IAHUEE!EPREENNH!URSCE‘EMCENJESINF&HEEHﬁ)EEHEﬂN!SHKES

The Fourier transform f of £ is defined by
F(x) = Le-%ix'Yf(y) ay, XeR®, -

whenever the integral converges, Here x=(x1,x2,...;xn).
dy=dyydyp...dyn and X:Y=Xq¥y+...+Xp¥n-
The weight class Ap 1<p<w=, consists of all non-

negative functions w, locally integrable, such that,

i/pt
]sc

i/p '
(5.1) [mcu w(x) dx] [1/1Ql£w(x)1"i’ ax

for all cubes Q=RM®, with sides parallel to the coordinate
axes. Ig/g:l, cubes Q in (5.1) are of course replaced by )
—_— ’ °
intervals I with Lebesgue measure |I|.
In Section 1 we give 2 weak tvpe Fourier estimate
(Lem=a 5.1) which is used to“ﬁ:ove welghted Fouriex

inecuzlities for monotone welights in A, . These Inectalities

were a2lso obtained in {8]. but the proofs Given here

103
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{Theorems 5.4 and 5.7) are quite different. In Section 2,

several weighted inequalities are obtained for the Fouriler

transform in higher dimensions including a new Hausdorff-
Young inequality which is particularly noteworthy.
The existence of Laplace representations for

_functions in weighted Bergman_ spaces’ depends on-weighted

Fourier inequalities. We derive such representations in

Section 3.

N

1. WEIGHTED FOURIER INEQUALITIES ON R

”

We now establish a nupber of weighted Fourier
inequalities for functions defined on R. The first result

constitutes a weighted weak type estimate for a Fourier

operator.

~

We assume in Sections 1 and 2 that £ is simple. The

extension to functions in weighted LP follows standard

argunents (see [{7]) and is therefore ozitted,

\ -



{

then for any }§DR\

(5.2}

: x
\ a(x) = sgn(x) Iv(lft) dt,
0

m{xeR: |a(x)g(x) |>A} < 21gly/a,

where

(5.3) ME = la(x)"2v(1/x) ax,

Proof. Since 19(x) [sigl,,

ESR\{0}.

K{XER: [a(X)G(X) |PA} S p{xeR:a(x) Igly>a}

=)
=2

a‘{(?tfﬂgﬁ 1)

a(x)"%v(1/x) &x = 21g1,/a,

and (5.2) follows. Here we interpret a‘l(y) to be

inf{x:a(x)>y} so that a(a~1l(y))=y.

LEMMA 5.2, If v is a non-necative,

even function

aon—decreasing en (0,®) and 2 2nd u are as

then

in Lemma 5.1,

105
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Proof. Since (5.4) can be written in the form
o (-]
~ j]é(x) |2v(1/X) &x < C IIg(x)[zv{x} ax
-y —Cr>

the result follows from [8, Theorem 3.1} with p=2.

—

THECREM 5.3. Suppose v is a non-negative, even

function, non-decreasing on (0,®) and let a be defined as

in Lemma 5.1. If 1<ps2, then

(5.5) _[|E(x) [Pa(=)P2v(1/x) &k < € Ilf(x) |Po(x)PT ax
- -0
if and-onlv i€ VCA;

Proof. Let g=f/v in {(5.2) and (5.4), then

p{xcR:[a(x)(f/v}—(xH)A} = (2/A)Uf[11‘1/v

and
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- .
- 1/2
(fla(x)(r/v) (x) |2 du(x)] = culz'm,.

By the Marcinkiewicz inﬁérpolation theorem [9]
Y

fla(x)(f/v)“(xnp du(x} s C I [£(x) [Pr(x)™1 ax

for 1<p<2 ang replacing f/v by £, (5.5) follows.

Conversely, let f=x(o's)/v, s5>0, with v>0, in

{5.5), then since a is an even function we obtain

« s

A .
I a(x)P%v(1/x) [ lim(m) Iwviy)~1 dy]p dx < C I[vr(x)'1 ax.
0 .

Reducing the range of integration on the left from (0,®) to

(0,1/s) so that Cos(Xy)>cos(1l) we have, for all s>0

1/s s

1
. [ I a(x)PZr(1/x) dx] [ {v{yl‘l d‘.’]p_ s C.
O
Now integration and a change of variable viela
1/s (-~
1
[ ae2via/m ax = /@) f [y dy]p_
[o] s
SO that
[~ 5
( Jyraw dsr] { fom2 dy] s c.
s o) :
But

by [8, Corollary 3.2] this is ecuivalent to V<a,.
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As a consequence we establish the weighted Hardy-
Littlewood inequality given by Benedetto, Heinig and

Johnson [8].

X
THEOREM 5.4. With v and a as in Theorem 5.3,

(5.6)  [120 PP 2o(1/mP? ax s € [ 2o PueoPt &, 1cpsz

-

if and only if vphlcap.

Eroof. Let veA,, then by [29, Lemma 1], for each

x>0
X o 1/x .
a(x) = Iv(l/t) dt = J-t“zv(t) dt = o2 v(t) dt s Cxv(1l/x).
(o} 1/x - o

Since p-2<0, (5.6) follows from (S.5). If (5.6) holds then

arguing as in the proof of Theorenm 5.3, VP“IGAP.

It remains to show that v€A, whenever vP=leA, with

1<p<2. This is contained in the next lemma,
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LEMMA 5.5. Let v be a non-negative, even function

non-decreasing on {0,=), then V€A, if and only if vp'leﬁp

with 1<p<2.

Proof. Let 1<p<2 and VEA,, then for each interval

o«

ISR, Holder's inequality with index 1/(p-1)>1 yields
1/ 1 1/ !
[(Ulrl)lv(x)P*l de p[u/lrn‘[(v(x)P‘l)l‘P cb:] ?
1/p' 1/p"
= [(lllll)lvm) dx) [(1/[11) v(x)~1 dx] P <C

which shows that vp_leap.

Conversely, suppose VP‘1€AP and let I be the
interval [a,b]. Since v is even we may assume without loss

-

of generality that Os|a|[<b. Hence

b o
1
[(bﬁa)"le(x) dxj = v(b)P'l = V(b)p_{[((b—a)/Z}{x—(b+a)/2)“2 a4
a ' b .

-~

< u/z)l(b-a) (= (b4a) /2) ~2u ()Pt ax

by the monotonicity of v. Now vp‘lcap implies vp'1€A2 so by

[29, Lemma 1] the last expression is bounded by

b
C(b—a)'ljv(x)P'l ax.
a
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;
Since vP‘1€Ap we have

- BN 1/2
_[(b—a)‘l v(x) dx} [(b-a_)‘l _[v(x)fl dx]
a | ) a )

b 1
1/2(p-1
s C{(b—a)'l v(x)P1 dx] _ (- )[

b 1/2
(b-a)L _[ (v(x)P)1-p' d»c] sc
a a

S0 V€A,. This proves the lemma.
The dual of Theorem 5.4 1s the following.

THEOREM 5.6. Let v be a non-negative, even function

hon-decreasing on (0,=}, then

@ X ' ‘ 1/p1 . ] : ' ‘ 1/p!
[j]f(x) |P v(x)lP d:-c] ® < c[ flf(x)[p %P "2w(1/x)1-P dx] P

r

—

1<ps2, if and only if v1-p' CAn..

REMARK. It is easily seen that vl“P'ca;p. if and
only if VE€AL. But by Lemma 5.5, VEA, if and only if
v1/(P-1)ea, and since 1/(p-1)=p‘-1, vP'~lea,. But this

holds if and only if vl‘P'cAz_ Hence with u=vi~P' we have

shown that if u is ever and non-increasing then UCA,: with

25p<e if and onlv if ueca,



111

Our next result is a weighted Hausdorff-Young

ine&uality. -

THEOREM 5.7. Let w be an even, non-decreasing

— T S =2

function on (0,»}, theh

£ - ' 1 i/p! Py 81/
(5.7) [_[|f(x)|p w(1/x)P'-1 dx] P e C[jlf(x)lpw(x) dx] P

~

1<ps2, if and only if WEeA .

Proof. Consider (£/v) , where v is even and
non-decreasing on (0,). Since U(f/v)“ﬂco = Uful,lfv' (5-4)

and the Rieéﬁ-Thorin interpolation theorem [9] show that
-] 1/p® -~ . 1/p
[Il(f/V)'(x)lp'v(lfx) dX} =< c[ _[lf(x)lpv(xrl dx] ,
- -—r

1<p=2, whenever VEA,. Now replacing f/v by £ and vP~l by w
we obtain (5.7) whenever WI/{P‘1)€A2. But Lemma 5.5 shows

that this holds_whenever WCAP.

The sufficiency Part is standardé and hence onitted.
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We conclude this section by quoting two results of
(8] which may be derived from Theorems 5.4 and 5.7 (cf.
[44]).

-]

THEOREM 5.8. Suppose w is even and non—decreasinq _

on (0,~) and 1<psqsp'<e then

o, 1/ © 1/
a) [ jlf(x)lqlxqup"lw(llx)q/P dx] 4 < c( J-]f(x)|R¢(x) dx] P
if and onlv if wCI/PcA1+q/p.;

b} [j]f(x)]p'Mx)l'P' dx]lfp < c( j [£(x) 1D %19 P Lig(1/) 2" /P cbc] g

if and only i wl'P'€A1+p./q.
2. HIGHER DIMENSIONAL CASES

We now study Fourier inequalities for functions on
R, We shall denote a point x<¢RD by X=(Xy,...,xq),
lx|=(x§"'-- ""31?1)1/2 and dx=dx;...dx, is the n-dimensional
Lebesgue measure. Alsc V/5=(1/R9,1/%p, « 2 01 /%) -

Since the n—dir:;ensional Fourier transfornm is a

product operator we obtain the following n-dimensional
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generalization ©f Theorems 5.7 and 5.4-:

n
THEOREM 5.9. Suppose w(x)=in1wi(xix, where -

wi(xy) i=1,2,...,n are non-negative, even functions,

non-decreasing on (0,x).

Let 1<p<2, then

- ' i . i/p' . i/
(5.8) [L]f(x)!p w(1/x)P'~1 cbc] ® s C[L[f(x)lp w(x) d:-:] P

and

- n 1/ 1/
(5.9) [Lﬂlf(x”p W(l/x)il'_fllxilp'z dx] P s c[ L“if(x)[P w(x) dx] P

if and onlv if WyCAp, for i=1,2,...,n.

Proof. We consider only inequality (5.8). The proof
of (5.9) is sim;lar and hence omitted. Moreover we onlvy
prove the result for néz since then the general case
follows by induction.

Following the argument of [4, Lemma 2] we obtain

w

) e e o
| wamp-1] feemimyy [ gy @ ax
2 -

R -z —c.g
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m' , [+ -] ' o N p.
= [Pt w121 f e YL rt) (yy.x0) dyy| ax
where,

(Faf) (yy. %) =‘[e_2"1x2Y2 £(y1.v2) dvs.

-0

Now by (5.7) of Thecren 2.8 the triplé‘integral above is
not larger than

f. af T P'/P
¢ [wpasmy® 1[ f W1 (y1) | (Fof) (y.32) 1P de) e,

-]

B

P'/p
= 0102[ le(Y]_} ( fwg(sz [£(v)} P dvz] dvl]
: » p'/p
= Clcz[ r[;:(y)lf(ynp dv] .

Here we applied Minkowski's integral ineguality and then
(5.7) again.
Conversely, Suppose (5.8) holds (with n=2). Define
1- -
f by £(v)=w(y) p' % A(o si)(lvil), where O<sj <=, then ¥ is
even in each variable separatelv, so that {5.8) takes the

"

£
Lo

w0 s1
[f”a(1/1:2)Pt-1_[w1(1/x1)p"1fI oS (Xyyy J(y1 ) P dyy X
0 0 0 .

———

o~
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s1 s

- ' P’ 1/p' . N1/p
I[‘mi’ﬁzyz)wwz)1":’ dy, | dx, dxz] sc[l z[tve(y)l"i“ dY] E

Reducihg the range of integration on the left side from
(0,=) to (0.1/s4y, i=1,2, then, since cos(xiyil)Zcos(1),
i=1,2,

1/s2 1/s1 s1 82

/pl llpt

[ l[ t[w(l/x)F’ -1 ch.) [ £ J- w(y)1i-p' dv] sC
for all 31]52>0. Fixing s, and then s; it follows that

1/s55 si

_ 1/pt ot 1/p!

[ l w; (1/x,)P' "1 dhl] {J;wi(yi)l P inJ s Gy
i=1,2. Making the change of variable Xij-=1/vi in the first
integral [s, Corecllary 3.2) shows that wQ'hlcaz, i=1,9,

1

But then Lemma 5.5 shows that WieAp for i=1,2.

i the welght functions are radial the previous
a‘gumen* does - not anplv To cobtain weighted inequalities in
this caseiwe Tecall the following result of. Muckeuhouot
'[38].[39] anéd Jurkat and Sazpson [31]:

Suppose u* ana fl/v}"denote the decreasing

Tfearrangement o‘ u and +/v respectivelv (recall. that -

g‘(t)=inf{y>o:;{x:g(x)>y}1st} . If



lie6

1/s' s

gg[ l u*(t) dt] [ Jam @ dt] <
Q

then

T£(x) f2alx) ax < C.["[f(x)lzv(x)\dx.
Re b

Let 67 denote the volume of the unit sphere in RD,
then the radial Tearrangement of a functibn g is defined by

ga(t)=g'(enit[n). The above integral condition thén takes

the form
b 1/(esl/n) (sl/n)/e
su.'a[ j @ (x)rl dl\] j (1/v)®(x)1 dx] < oo,
s> 3 3

Now let v(x) be radial on RD and with I%|=%, v(%)
is non-decreasing. If u(lx])=v(1/{x]|) then wW¥=u and
(1/v)@=1/v. Therefore it follows that

l/es s5/8

(5.10) 53%’” vii/e) el dtJ {j

vty il dt] < @
e )

~.

(5.11) [ 12z ex s ef peeaiixn e
=S
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The result cbrresponding to Lemma 5.2 is now the following:

LEMMA $.10. If v is a non-neqgative, radial function.

defined on kn' such that tl‘nv(t) (f=|xf) is non—decreasing

on (0,®), then (5 11) holds if and only if tl—nv(t)cA2

>~
s

Proof. If.® is (as before) the nth root of'tpe

volume of the unit n-sphere in RD andg tl‘nv(t)cA2 then for

s>0;
. es 1/2
c= (ues)[f +1 0y (¢ dt] [f el Dy(t))~1 dt]
) . -0 0
172 S8 1/2
= (1/es)(f 1Ty (t) dt] f =141 dt]
[a;
since 6>1. But by [29, Lemma 1}
w . 6s

) 1/2 1/2
[i*cl‘ﬂv(t)/'c2 dt] < (C/Gs)[7\[ 10 (1) dt] .

Substituting-this into the above estimate yiélds

-] 5/0

/2% 1/2
c = {j ™30 1) d“] [j £ ly(g)-L git] .
Os ’

Q
But this is clearly eguivalent to (5.10). Therefore {5.11)

-~

holés.

(7
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-Conversely, suppose (5.11) holds. If £ is radial,

so is £ and (5.11) takes the form ([49))

-] < ’ 2 <o -
[ (252 [¥/25 00 a2 &) at s ¢ [ Tun e 2 at
0 . ) ) 0

where J _5)/2 is the Bessel function of order (n-2)/2. Now
let f(t)=v(t)“1x(o'sj(t), $>0, and reducing the range of

Integration on the left to (0.,1/s) we obtain
k_‘ .

- 1/s s S '
2
fvu/t)t[ Jy‘” ZV(Y)_IJ(n_z)/z(tY) dy] dt S'CJ-tn"lv(t)"l at. .
0 0 0

Since J(n_z)/z(ty)zd(ty)(n—z)/z for O<ty<1l this vields

.

lfs.

s
[ j ly(1/t) dt] [ ¥rly(vi—l dV] < C.
o) o

But the change of wvariable t21/y in the first integral and
the fact that yl-3v(y) is non-decreasing show that
yl-nv(y)GAz by [8, Corollary 3.2}.

. The n-dimensional weak tvpe inequalitvy

corresponding to Lemma 5.1 is given next.

LEMMA 5.11. Let v be a2 non-hegative, radial
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»

function defined on R® and let a be given by

. x|
o alx) = J' v(1/t)t1 g,
- Q

If
KHE = ia(x);év(1/|x[)‘dx | ESR™\ {0}
then
R{x€RD: |a(x)E(x) [>A} S (C/A)DEl,.
¢ } -
Proof. Let 0 be the §urface of the unit n-sphere,
then

R{XCRE: |a(x)F(x) |>A) < R{XCRD:a(x) [£],>A)

([ 2t 2/ j5)) @e= [ac ([ a2 (1) e
HERBA()>A/ £ 1} o {ooaltpasiflyy

Il

c J- a(t)™2 da(t) = (C/A)EED,.
al(A/0fD,)

fere we Interpret a~l(y) to be inf{x>0:a(x)>v} so that
a(a=l{y))=v.

43 in the one dimensional case of Theorem 5.3,
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these two resulfs vield a higher dimensional exXtension of

the Hardy-Littlewood theorem.
. [

THEOREM 5.12. Let v be a non-negative, radial

function on R®, such that t1-Py(t) (with t={x]). is

non-decreasing. If a is defined as above and 1<p<2, then

Lﬂ[f(x) Pa()P2v(1/]x%|) &x = ¢ J]f(x)|Pv(x)p_1 éx,

- -]
if and only if t1-Dv(t)ea,.
Now on application of [29, Lemma 1] together with

the fact that tl'nv(t), (t=|x]|) is non-éecreasing we obtain

as iIn the proof of Theorem 5.4
a(x) s [x|D v(1/[x|).
Therefore by Theorem 5.12 we have for such v and 1<p=2

Lﬂif(x)lPlxIn‘p‘z’v(lflxl)P.‘l = Cf ye(x) |Pu(x)Pl ax
- B .

wheneve; tl"nv(t)cAz.

'

~

¢
As observed in the intreduction, the
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characterization of weights for #hich weighted Pourier
inequali%ies.such as those above hold is still open. (For

a discussion of these questions see aiso 7] and_[ej.)
Kerman and Sawyer [47], [32] however, proved that if w and v
are weights on R? which are decreasing} respectively, |

increasing in each variable separately and satisfy certain

addifiol:xal conditions then .
L [£(xr2w(x) &x < cf 1£(x) | 20(x) ax.
2 RZ )

Basic to this estimate is the two dimensional extension of

an inegquality of Jodeit and Torchinsky [30], namely
f
I

where ?(E,n) is the rearrangement of f first with respect

[

1/3
H

s € 2
[ [Eewi2aarsc (€.m) at an)” ax &y
[s s : '

(o]
[
Oh—ﬂk

(6]
to tﬁe first variable and then with respect to the second.
We now carry out the n-dimensional gengralization
of these inequalities ahd give a Hausdorff-Young
inegualitv.
As before we!denote XERR by x=(xl,xé,....xn).

1/x=(1/%q,...,1/xgy) and
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X x1 Xn
: _([g(y) dy =J; ig(yl,yz.....yn) dYn....dyl.

Recall that if g*(t) is the rearrangement of |g(x)|, xe¢R,
then the symmetric rearrangement of lg(x)], xeR, is

g®(t)=g*(2t), t>0, extended as an even function.

DEFINITION 5.13. The sSymmetric rearrangement Rj

with respect to the jtB variable of a function f(x), xeRrn

is defined by
(RyE)() = [£000- 03y o Kyags - - 203 100%5) 1sjsn.

Then ¥, the rearrangement of f with respect o each

variable separatelv, is defined by

F(x) = (RRn_q---Ryf) ().

Note that in R2, f(x,y)=(R2R1f)(x,y)=R2[(R1f)(x-Y)]

=R2(fv5®(x)=(R2Fx)(Y)=F$(Y)' where Fx(y)=(fy)®(x)- To

simplifyv the notation we write the Pourier transform of a

function g on Rn by

§lx) = T!;ne-bc"—’g(y) gy, XCRR,
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whenever the integral exists.

,
. n
LEMMA 5.14. Let D_(x)= n‘lx(

_s‘j'sj)(XJ)/(zsj)f .then
there

is an «»0, such that fﬁl/s(x)|>1/2 for all xer® with

Xj/SjG{"‘Q,Q:) . j=1,2, R o I

Proof. Since'nl=n[1’1'__”1, is bounded and

- n 53

Rn —Sj__
the continuity of 61 implies that there exists «>0, such
that lﬁltx)|>1/2, whenever ~x<X4y<ex, j=1,2,...,n. Now

-

- 3 ~dsgty
Dy/six) =j___11£e 3 j[(53/2)x(—1/5j,1/sj)(tj” dty

n

1
n .
(1727 jgl Jl‘e"'inYj/SJ de (YJ = Sjtj) P

=‘én?-l(x1/sl.---cxh/Sn)‘Y_Dlry) dy = 51(x1/51---5'ﬁh/5n)

s0 that |51/sfx)|>1/2 whenever <Xy /sy<x, j=1,2,...,n.

LEMMA 5.15. .Suppose a, b and C 2re non-negative

functions on RM, then



e

124

: Ln La(x—y)b(x)cm ax dy < Ln Lﬂgtx-y)g(x)&’(y) @ ay,

where ¥ denotes the.

rearrangement of Definition 5.13.

Proof. ff we show that

Lﬂ ‘l;na(x-y)b(x)cfy) & dy = L Lﬂ(Rja) (3-¥) (Ryb) (x) (Ryc) (¥) ax ay

- for any J=1.2,...,n, then the result foliows by_induction.

Now by F. Riesz {25, Theoren 379]
J L ‘Lna(xv)b(x)cry) &xay ‘ -

= .... b e (3
1£2 ILZ[ ILzex(:-w) (R)e(y) @y ay;) (ax ay) ‘

=] ... (Rsa) )Rb)(x)(Rc)(Y)Cb:-dY](dx )y (3
Lo Llmmenemeonns o o) oo

= L Lﬂ(aja) (39} (RyD) () (Ryc) (v) ax ay

-

where (dx dy)(j)ndxldyl...dxj_ldyj_ldxj+1de+1---dxndYn' so

the result follows.

LEMMA 5.16. For anv integer k, Osksp



125

sk oo /s 1/x 2
(5.12) _); l (D £) ()2 ax = C_[ [if(u} du] ax.

(If k=0 or k=n the integral on the left of (5.12) 1is not

"mixed" ang taken fo be of the same form.)

~
Proof. First observe that
(0g*F) () = f Dg(wE (x-u) du
\
= [c/(3152 Spl] .[1 jf(x—u} = {C/(slsz--.sn)] £(u) cu.
'-31- = X-s

Since T is even and decreasing on (0,=) in each variable

separately .

"‘Sj S5
(1/2Sj) f f(u) duj = (I/ESj) J-Jf(u) du (I/Sj) JJE(U) duj-
xj-sj —SJ o]

Also éverages of decreasing functions décrease, so that for

xj>Sj

+sj ‘
(1/2s5) Ji £ &y s (1/xy) [ Ew du;.

X5-s5 ¢
Fix k, then using the first inequality if j<k ang the -
second if >k, we have

21 o
I | o2 ax
0 sk+1 Sn
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% %k Tk n
=C ...l I ...I [( 'r_!lsj)-l( %Ixj)-lx
kel Sat 3
s1 sk Xk+1 An
- 2
(J)J‘j ...J(;f(u)du] o
o ° | .
Replacing Xg by 1/xj for j=k+1,...,n this becohes
Sk 1/Sk+1 1/sn 1/He41 2
J;J; J; [(ns) l:l i f(u)du]dx
1sikel © sn 1/x:<+1 /% s1 -
=c.[ I (Esj)—l[z[ { [J;x
0 0 3=1
Sk S 2
Fo e ) e o) -

0
1/s 1M1 1A

=cJ'[I . I [J Jf(u)dq( dul]dun %1) ax

i/s 1/x :
st[J‘ (u)du] &
o] [}

since for jsk, $4S1/x4. Note that we used the facts

/sy 1/sk k

&g. dxl—(ns)land_[ I%.ul—nsj
0

PROPOSITION 5.17. If S=(S;,Sp.....Sp). S50,
_-_;32 . « .

j=1,2,...,n and £ecLl{(R®), then

s 1/v

l[pf(:-:)lz éx = CI[ i £(u) du] Qv
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where f 'is the rearrangement of f with respect to each

variable separately. : s -

Proof. We proceed as in the corresponding two
dimensional case given by Kerman and Sawyer [47]. Let « be
chosen as in Lemma 5.14, then the well known convolution
property of the Fourier transform, Plancherel's theorem and

Lemma 5.15 vield

ﬁ i .
rlf(xnz dx cJ' 1Dy /s () E(x) |2 &x = C_[ 1Dy /g*£) (%)% &x
o 0 T RR ‘

il

CJ;DI (Dy g€} (x) |2 ax = C':Lnl innl/scmu)f(u) du|  ax

A

CLD L LhDI/S(x‘-u)Dl/s(x—v) fE(Q) [ 1£(v)] Qu &v ax
C}Lﬂ L.‘[ LhDI/s(x—u)les(x-v) dx] IT(u) [ {£(v}] &u av
= ]Ll L“ Luw) {f(u)|[f(v)| endv s an L_Aﬁs(u-v)%'(u)'f(v) cu v

where

Islu—wv) =I Dy /s(¥=(uv))Dy /o (v) Qy.
RrRD

It is clear that L; is even and decreasing on (0,=) in each

-
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variable separately so that Ls=fs. Since all functions are

Positive we can reverse the argument so that

: A
| L Ln:,;(u-v)‘f" WEW) @ av = | (D, F) 0012 &
RO

-] [~-]

= cJ; i“‘%/s‘?’(“”é ax.

But this integral can be written as a sum of 20 integrals

each of the form

i/s1 1/sk « -]
{ - 1[ o [y etren? e
Q 1/%:..’.1 1/Sn

k=0,1,2,...n, {again when k=0 or k=n the ihtegral is of the

o i/s _
form J respectively ! . 175=(1/sl.1/52....,1/sn))-
1/s

Therefore by Lemma 5.16
oS s 1/x 2
[ 1Ee012 ax s of([fw @)
0 o0

and if o1 the result follows. If «<1 then (with s replaced

by s/«) we have

g sl 1/x 2 S oy 2 s 1A 5 -
j!f(mlzétscf Ufmeu] a:-—cj[jf(u) e.u) dyscj[ T duJ &
o] Q0 .00 o* o0
‘ ) .
where y=«x and m/y=m(1/y1,...,1/yn}.

We now consider the fis-class of weights associated
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with n-dimensional rectangles. i

DEFINITION 5.18. a) Let J denote the family of

bounded n-dimensicnal intervals I=[a1,b1]X...X[an,§n]. The

strong maximal function is defined by

! =
M) (x) = sm (1/1T] )‘[lf(y) | ay.

o
H

b) A non-negative function w om R® is sai

belong to Ap if

. . i/p . l/p'
[(1/III)‘[w(x) dx_) [(I/IIl)iw(x)l‘P- dx] . scC -

We also need the following known result {16,

Theorems 6.2, 6.5; pp. 453-61:

s Cllf!!p'w £ and onlv if

THECOREM 5.19. a) IM_£I

P.w

wcA; 1<p<en.

b) If wcas P>1 then there exist coastants C and

6>0 such that the "reversed Edldert!s inedualitvf
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- 1+46
(17121 fou(x) 348 ax 5 [tcn:nlwcx) dx]

holds for all I¢es.

Now since u(x)=w(x)1l-p’ satisfies”A;.if wcA; then
- aprlving the “reverse H¥lder's inequalitv" to u we see that

W satisfies A]__ with €=(P-1)8/(1+3). Using this fact we

can prove:

LEMMA 5.20. If 1<p<w and weca®

u
rt
o
n
e
rt
r
n
H
1)

'lv-'-
iw

cons+tant CD such that
-—_._—_—- -

~

hi m ‘

'L .I (%)%« 3 Pw(x) éx < Ca(h,hz...hﬂ}"?j . [ w(x) ax.
0 Q

o

Proof. The argument is the same as the proof of

[29, Lemma 1].

We are now able to give «» 2-Cimensional
Seleralization of +he Ker:an—Sawyer result (471,[3237 ¢

also Lemma S.2). ”5
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,THEOREM 5.21. Suppose v. defined on RD, is even and

non-decreasing in each variable separately. Let w{x)=v(i/x)

- . -

,2nd’ (-1)7(3%) /(3% ...3%,) be non-negative and locally

integrable. Then for all ferl

dncreases to w as £-50. Therefore if (5.13) holds with w

~

(5.13) "I;nlf(_xnzvu/x) e < CLn[_f(x)'lzv(x) ax )
if and onlv if veA;- ) ~ -

+

Proof. We mav assume w(x) islcompactly supported,
for otherwise let 8cCH(R) such that G(O) 1, 0s6(t)s1, and

9'(t)$0 for tEO Let
W (KX, e Xn) = O(E Xy [) -8 |3 [ IW(Xy L <. Lxy),

then We satisfies the conditions of the theorem and

E

then Fatou's lemm2 and the Lebesgue dominated éonvergence

theoren give the result. We may further assume that
\ .
{supp £)sR}Y, then integration by parts and Proposition 5.17

vield
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L 1E(x) | 2v(1/x) ax = J;‘]f(x)lzw(x)'dx
? - &

==}

(-1)n ;E(;'cn?{j o [ e/t Loty dt] ax
L ST N '

: - 1t

(-1)n f(a&a(:))/(atl...atnn“ e [ 2 d}:] Gt

0 o} .

et
+

t 1/v 5
s (-1)%!;r [(dTW(t))/(3%q...3%,)] J[ J T(u) du) &y At
‘ i 0~
l/y

S (~1)nc£ ” Fw) &) [remmnsiany. axy) ar
el ) |

C‘E w(y) [ 1[ T du] v (v=1/x)

Tl
-

N

X
7 y 2
C!; v{x) [(1/x1...xn)JE(u) cu] ax.
2 0
+

: X
But vcA, and (l/:{l...xn)jf(u)duS(MSE)(x) where
G
Mg is the strong maximal function of Definition 5.18.

Therefore by Theorem 5.19 a)

x
2
J v(x) [(l/ﬁl...xn}‘l-‘f(u) duJ dx = Ci vix)E(x)2 ax
RS 0 2 '

" which proves the suffftiencv since the monotonicity of v oy,
p Y Y &)

implies i v(x)E(x)zdej é(x)|f(x)|2dx.
S _ RZ :
Conversely, suppose (5.13)} holds and let f(x)=

n
v(x)_ﬂ

L i=1

X(O'Si}(|xi[) thenrf is even in each varizble
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-

separately so that (5.13) takes the form (after reducing
the range of integration on the left side)

i/s

T n 1 )2 2
f vu/x)[ J-( T cos(xyys})viy) dy) &x < c-fv(:a:)'1 x.
o - ‘o 0

Since °<xi<1/51 and 0<yj<sj. we have 0<xjYisl and

n
.“1°°5(X1Yi)2(c°5(1))n° Therefore for $=(Sy,...sp),
i=

S-i>0;
/s s :
(Iv(l/x) dx][ viy)~ 1 dy] < C.
o) : o]

The change of wvariable x=1/¥ in the first integral vields

[=-] n s
[IV(Y)( T yy) 72 .dY] [ J-v(y)‘l dy] s C.
s =1 (o)

Now we argue as inp [8, Theorem 3.1] n times to obtain that

veas.
It now is e?sy to deduce the Hausdorff-Young

inequality corresponding to Theorem 5.7.

£
THEOREM 5.22. Let v satisfy the conditions of
Thecoren 5.21 then ; :
> ' 1/p! 1 i/p .
[J; [£(x) P v(1/x) dx] 5 c[ [ [£(x) [Pr(x)P dx] , 1<ps2,
n =30} .
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if and only if ch;s
Proof. Let f be simple, then 1(f/v) I s 1£0; 1y

and by {(5.13)
f L (£/v) 7 (%) |20(2/x) ax < anmx) |2v(x)" &x.
RO . :

By the Riesz Thorin intérpolation theorem we have

-

- 1 i/p’ 1/
[ Lnuf/v) (x) 1P v({1/x) dx]_ P < c[ Lﬂlf(x”pv(x)_l dx) P

A<ps2. Now replace f/v by £ and the result holds.for siﬁple‘
functions. The genergl Ease follows from the-density of
simple functions in LS- {

The converse follows along well established line§

and is omitted.

3. REPRESENTATIONS IN BERGMAN SPACES

DEFINITION 5.23. Let w be a non-negative,- locallv

integrable function. Ke say f belongs to the weighted

Bergman space quﬂg) if £(=z) is holomorphic ;B.the
- o




B AU

135

right half plane and
[+ -]

(5.16) f“wtxiiynf(xﬂvnp dY)q/pdx <
Q Y—o

where 1<p<w, 1<g<eo,

- In order to prove the Laplace representation theory '’

for functions in Lq(Hg) we need fhe following results:

LEMMA S5.24. ([s, Proposition 3.3]) Let w be event

non-decreasing on (Q,=). Then, for 1<p<=, we if d onlv

if IXIP"2W(1/x)ll‘P'€AP,.-

Recently 30hnson and Neugebauer (pérsonal
'communication) have shown that this result holds also

without the monotonicity condition imposed on w. = .

LEMMA 5.25.'([17]) Let u be a non-negative function

oy

o .
AR Cn(0,1), such that

u({x) cx = 1.

O by
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i
1

(5.15)  Ulz) = je-Ztu(t) ac
: 0

then U is an entire function and [U(z) |sCq(1+|z|)" R,

Re(z)=0, n=0,1,2,...: (Cn 2 constant).
E

THEOREM 5.26. 1f feL¥(EE), 1<peqep'<ew ang

e

wq/P€A1+p/q. is continuous, non-decreasing on (0,), and

w(z)=w(|z|), then there exists a function F, such that
==
£(z) = le'ZtF(t) at, " Re(z)>0.
with
o
J[F{t) 19 tYP'2 (1/1)VP at < .
A _ .

Proof. For x20 let

Ipx) = [ 1£0orty) [P winesy) gy,

then chqcaﬁ) implies that (5.1¢) holds and therefore-

IL(x) is finite a.e.. Moreover, there exists a sequence
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i

(xj}?=1 with x4y, such that' Ip(xj)20 as jo=. Now let
Q= {xeR"':I.p(x)«o}

and define f5(2)=f(z+&8) where 5€q and Re(z)20. Let

. e
Fg(t) = (1/2nwi) j efzfscz)U(éz) az,

_im
where U is given by (5.15) and the integral is tal_cen over
the line Re(z)=0. Clearly the integral exists, for By

Holder's inequality and Lemma 5.25
’ ‘

I IeitYf5{iij(6+iy) 1/p-1/p U(i5Y‘) dYI

-

e 1 r ' ' 1/p
< c[ J [£(S+iy) |Bw( S+iy) dy] /p{ Jw(&iy)l'P (14| Sv}) @ dy]

c . y1/p'
< ca:p(s)wcs)‘l/P( | arisyne dy] < o.

We now claim that for xRt and x+sen .
‘ Xtio
(5.16) Fg(t) = (1/2w1) j eZt5(2)U(5z) dz.
x—iw
To prove this, note that by Fubini's theoren and Hélder's
ineguality with Wg(zZ)=w(3+zZ)
‘ .
=} | X o
.r }Eé(ﬁﬂv) W5 (E+iy ) &€ ey = _[ '[ [£5(E+iv) |PN5(E+iy) Qv &%
- Q<o

TTRTTH
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X

o ‘ : /
= [ J{ ] estersnr mestersm o) ¥® )" P/ w300 < .
ots

Fubini's theorem, Hslder's inequality twice and Lemma 5.25

vield —

I

I£5(E+1y) | 1U(S(E+iy))| &€ Qy o~

Ob——n i

«© ¥ o
i/p .
= I[ f1f5(s+iy)|9w5(s+iy) ds] ® x

x ‘ :
! p— 1/p!
{jw5(€+iy)1‘9 (1+]8(g+iy) | )P dg] P &
O ‘ .

1/
P X

« x
= c[ I~J'|f5(§+iy)lp wg(E+iv) at dy]
e 0

@ X : :
[ | fWa(E+1y)1'P'(1+|6(e+is_r)nﬂ‘P' a dy]
0 . | .

. -

1/p'

N

% . e ‘
. . /' ‘
= CJ(xH/P[( Iw(E)I"P_dE][_[(IHWI)"’P' dy]] ® < a,
N s} -—C ’ .

where we used the fact that wq/P€A1+q/p= :‘ But now there
|

exist sequences {ak};:.__-o, {bk}el.;T:o with ak-)i—m, bp3>+»o as ko=

such that

|
I
% :
£ U(8(E+izy))] 45 = 0
ii_‘,“_m J;I 5 {E+iza) | [U(S(§+ixg)) | E

X

2 {125 (5+0b) [ [U(S(E+iby) )} | g
0

I
o
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Consider the rectangle T:0s€sx, A Sysby and integrate the

holoﬁorphic‘function z-)etzfstz)U(éz), z=x+iy along the

boundary of T. Then-

0= (1/2n;)";etzf5(z)0(az) az

X . -
= (1/2ﬂi)jet(s+iak)f5(E+iak)§1(5(ﬁ+iak)) g
(o)

. \'-\

o B
+ (1/72m [ X0V £4 ety 008 (xriy) ) v
. % .
o
* (1/2mi) e (R +ibid e o (g4t )U(S (g+iby) ) dat
] X :
ak -

+ (1/2«)Lei‘”=’f5(iyw(sciyn ay.
As k-w, the first and third summands converge to zero so

that

Fs(t) = (1/2m) [etOMWes rsyyo(s xriy)) ay

-

which is (5.18).

Now by H&lder's inequality and Lemma 5.25

IFs(t)] = Ceuc[ j]fs(miy) | P g (x+iy) dy) P x _
—

<

-3 i .
t . t 1/ ! by
[j“s(x+iy)1"9 (1+]&(x+iy) [ )77 dy} ° o
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, o LY
s ce(xe8) P( [uwy)1P" apa() 1P [ 1oy ay) "
0 1

Let x=xj such that Ip(xj+6);>0 as j-e, then [Fg{t)]|<0
whenever <0, i.e. Fg(t)=0 for tsO0.

Now

(5.17)  Fg(t)e™™ = (1/2m) [l (aeiy)U(s(xeiy)) ay.
so by Theorem 5.8 a)

[f |Fs () |96~ £ V/P Tu(1/) VP at] Ve
0 .

< c[ folfa(x{-iy) IPIU(6(x+§§)) [By) dy] 1/p s c[ f|f5(m-iy} P g (3+1y) dv] 1/9.

Raising this integral to the qth—power and integrating
vields

<o «© o

[ 500 1 S1EIP"20(2/009/P ac c_[[ | 1£ 6o 1) Ruataersy) dy]‘-I/p .o
o ' N o\l |

 Write Ha(t)=t1/P'-2/QW(1/t)I/PFa(t}. then this shows that
HseLq(o,w) so by weak compactness there is a subsecuence

. 1

8

{5.18) lim
kﬁ“’

Ol

Eg, (1)G(T) &t = Ia(t)c(t) gt = IG(t]tlfP"Z/C?d(J./t}l/F’F(t) at.
5 . 5 .

L~



141 -

Now inverting (5.17) and replacing & by 5. we obtain
: F
(=]

£ 5, (HYIU( Syefomity)) = Je-t(miy)f'ék(t) &t = Ie‘t(’*i&’!ﬁsk(t)@/q“lfp'w(l/t)“w &t
o .0 ‘
Let e~t(X+iy)+2/9-1/p'yq 1/%)"1/9=G(t), then

=]

lim = ~t(x2tiv)p(«
£(xetiy) = k_);sktmivwwk(mv)) éim J-..Sk(t)s(t) 'ge (=+iv)p( )dt-

which proves the theorem, provided we justify the above
Fourier inversion of (5.17) and show GeLq'(o,m),
~,

To justify the Fourier inversion we must show that

F5(t)e"tx€r--l(0,mj. By Holder's inequality

f:Fa(t) @7 at
0

[ f IFg )|G@/D “W1/09P ch Vq( J-e-*aq 2/ DA e ]lfq'.

Q.
The first integral, as we observed above, is finite and +he

secdnd is written in the fornm

]l =
(5.19) [J].ﬂe—xtq't2q'/c:~q'/p'w(1/t)-q'/P at = I, + Iy
respectively. Since csp'

I1 s w(l)‘q'/Pjﬂq'/q—q'/p’ dt < .
? ,

v
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and Lemma 5.24 shows that [xiq'/P‘lw(l/x}'qQ'/PPcA1+q./p.
Therefore

I, = Iem'w(lft) (q/p-llq'/p@q'/q-q‘/p'ﬂ[(w(l/t)-qq'/pptq'/p-l),tq'/pa-ll at
1 ' |

[~ =] F )
s w(l)fQ/P‘liq'/PcI(w(lxt)-qq'/PPtQ'/p—l)/tq'/pi-l at
: 1

1
< cjw(1/t)*qq'(P2tQ'/P-1 at < w
0 _ .

by [29, Lemma 1]. 2

This shows that Fs(t)eftXELl(O,m) and also

. . .
GGLq(O,wl. The converse result is the following:

THEOREM 5.27. Suppose

[=-]
f(z) = Je‘z"z-‘(t} at, Re(z)>0,
! |
where
(5.20) £[F(t)lq’|t|q'/?2w(1/t)‘q'/9 dt < «

I<psgsp'<e, w non-decreasing on (0,™), w(z}=w(|z|), and

) .
wl‘P'€A1+p./q. Then chq:(Egi_p').
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Proof. If f has the Laplace transform

representation, then by Théorem_s.a b)

x

[- J' | £{ze+1y) 1P winriy) 1P dy]q /P < cf X" F(t) |94 /Pla(1/1)9'/D At
' ' 0

-

and the result follows on integrating with respect to x.

r

It only remains to show that f is well defined if
{5.20) holds. By Hblder's inequality
[=~3

J.e'tx]F(tH at
Q
<
-

: 1
=c[[ f+j]e‘qut2q/q 'q/Pw(l/t)Q/Pd_t] /9 m 0[31+J2]1/q

p=]

) (I P Ry 2 ] v [ [emtva-amqamarp d:] v
W

O—g

01

respectively, Cleariy

Jp < w(l)Q/Pje-Uﬂ!tZQ/Q'“Q/P dt < «
1

and

1 . .
Jy = jt2(q—1)'<I/R.;(1/t)Q/P dt.
o]

Now wl‘P'€A1+ps/q'if and only if NQIP€A1+q/p. and by Lemma

$-2¢, wi/Pea;, /. if ang only if w(1/x)¥/P|x 9/

CAI_._q/p | Y
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Therefore:
1 .
Jy s [£2972-/pH-a/D /P 11 /)P at . -
3 _
1 . 1
. ‘ ='Itq-1tq/p'-1w(1/t)qu dt € | e@/P'~1uy(1/£)T/P dt < e,
- Q : ' 0

L]

REMARK. If g=p' and w=1 in Theorem S5.26 we obtain a
result of Genchev [17]. If g=p the theoren takes the

following form:

COROLLARY 5.26. If £eLPm®), 1<ps2 ana WCA is

coentinuous, non-decreasing en (0,=), and w(z)=w(|z[), then

there exists P with

(=]
I[F(t)jptp‘aw(l/t) dt < o
0

2(z) = e TR (t) ar, Re(z=)>0.

For p=g=2 Theorems 5.26 and 5.27 vield the

following characteriza+icn:
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COROLLARY 5.29. Let w be continmous, non-decreasing

en (0,=), w(z)=w(|z|), and WEA,. A function ch2(H£) if
) r . ——— i

and only if

f(z) = _[efz"F(t) dt
0 B

with ¥ satisfying

-

IIF(‘C) |Z9(1/%) dt/t < w.
0

“

3
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