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Lay Abstract

The future of computing may reside in a foundation of quantum technologies, where

circuits which use light instead of electrical currents hold much promise. However,

minimization of photonic (i.e. light based) components is limited by diffraction; we

cannot guide light through channels that have arbitrarily small widths. We can ex-

ceed this limit by coupling the light into a ripple in the sea of electrons at the surface

of a metal. These are known as surface plasmon polaritons, which can be confined to

scales much smaller than what is accessible to light. Surface plasmon polaritons can

alternatively be initiated when fast electrons pass by the metal surface and generate

tides in the sea of electrons. The electrons lose a measurable amount of energy in this

interaction which we can track to study the surface plasmon polaritons. I have worked

with staff at the Canadian Centre for Electron Microscopy to design and fabricate

U-shaped structures which have allowed a new class of experiments in which a single

fast electron can pass by both ends, one after the other. This thesis explains the

observed signatures in the energies of the collected electrons, including evidence that

single electrons can excite two separate surface plasmon polaritons with a designed

delay of around ten millionths of a billionth (10�14) of a second. We also discuss the

implications of these experiments for a wide range of potential applications. Addi-

tional works herein include simulations of the entanglement between fast electrons
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and surface plasmons, and analysis of spectral properties for ensembles of gold and

silicon nanoparticles, given that the split-ring resonators are primarily made from

those materials. Ultimately, this work introduces a new domain of possible experi-

ments for electron energy loss spectroscopy in which we can characterize some of the

ultrafast dynamics of surface plasmon polaritons within a time-averaged technique.
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Abstract

Swift electrons passing near metal-dielectric interfaces can excite travelling electro-

magnetic waves confined to the charge density at the interface, known as surface

plasmon polaritons (SPPs). The excitation process retards the swift electrons to an

extent which can be resolved using electron energy loss spectroscopy (EELS). Scan-

ning transmission electron microscopy (STEM) paired with EELS can characterize

these losses with high energy and spatial resolution but is a time-averaged technique.

Hence, spectral data provides statistical information about the number of electrons

which underwent a particular energy exchange, but their existences are otherwise

spatiotemporally ambiguous. We have developed and tested a scheme which partially

lifts this veil. This thesis details the steps taken to fabricate a split-ring resonator

so that single electrons sequentially pass by both ends of the resonator, enabling

what we refer to here as double-pass EELS. We provide evidence that single electrons

have excited SPPs in both events, and that this aloof analogue to common plural

scattering may also lead to an amplification in the second event. This suggests that

our technique could be considered a single electron pump-probe spectroscopy, with

wide-ranging applications, particularly in quantum research.
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Chapter 1

Introduction

I want you to hear my story

and be a part of it.
{boygenius, Without You, Without Them

1.1 Overview

The universal demand for evermore powerful digital electronics has pushed microchip

production near its brink. The benchmark building block is the density of transistors

which can �t on a chip [2{8], which is already approaching the nanoscopic limit [9, 10].

This reality has been foreseen for decades and research groups have been hunting for

the next digital epicentre. Many have reached the conclusion that the path forward

will require circuits that use quantum mechanics and photons in place of standard

binary electronics [11{13]. Using photons holds promise for incredibly high speeds

and manipulation of quantum properties [14{16] but su�ers from the Achilles' Heel of

optics - the di�raction limit [17]. In this context, the di�raction limit roughly dictates
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how small of a channel light can reliably pass through.

Materials science provides the alluring prospect of observing that which is nor-

mally invisible - physical features much smaller than wavelengths of visible light. The

junction of current technological capabilities enables the design, fabrication, and in-

vestigation of structures much smaller than can be seen with the human eye. The

ultimate tool in this domain is the electron microscope. Most people are familiar with

the concept of a microscope; light shines through lenses and illuminates a small object,

and the magni�ed projection of that specimen can then be seen through an eyepiece.

The electron microscope uses electrons instead of light, magnets instead if glass, and

is routinely capable of magni�cations on the order of millions. Magni�cation is how-

ever only meaningful if the magni�ed object's features are spatially-resolved.

This criterion actually reveals the primary advantage of electron microscopy, at

least at its nascence. The infamous refrain of microscopists world over is Abbe's law

[18, 19]dmin = �
n sin( � ) , in which dmin is the minimum resolvable separation of two

distinct features,n is the real part of the refractive index, and� is the incident semi-

angle (i.e., the angular separation of the light from the so-called optical axis). The

denominator is itself often referred to as the numerical aperture - a unitless quantity

related to the light gathering ability of a lens.

Rayleigh re�ned this limit [20, 21] by considering that a di�raction-limited optical

system transforms a point source into an Airy disk pattern, which is a two-dimensional

analogue of the Bessel function. Two features are then considered to be resolved if the

maximum of one central disk at most coincides with the lowest order dark fringe of the

other Airy pattern (illustrated in the familiar fashion below). The resolution for an

optical system is then limited by wavelength. This aspect was largely the motivation

2
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Figure 1.1: Illustration of 2D Bessel functions superimposed with three di�erent
spacings.

for 
uorescence microscopy, in which higher energy and hence shorter wavelengths are

used to excite some specimen to ensure higher localization of excitation, and longer

wavelengths can then be collected, especially with the use of special splitters or mir-

rors [22]. This limits optical microscopy to roughly 200 nm as a minimum feature

scale (though super-resolution microscopy and machine-learning assisted reconstruc-

tion can push this).

Enter Louis de Broglie, whose doctoral thesis proposed a framework in which

quantum particles, especially electrons, could be modelled as having wavelike charac-

teristics (see his Nobel lecture [23]), dependent on their energies (or more accurately,

their momenta p which more broadly encompasses both their relativistic motion at

v via 
 = 1=
p

1 � v2=c2 and rest massm0). This is embodied by the e�ective wave-

length � e = h=jpj = h

m 0 jv j , whereh is Planck's constant. See �gure 1.2 for a plot of

� e against a range of accelerating potentials.

Hence, electron microscopes use voltage supplies to accelerate free electrons to high

speeds on the order of the speed of lightc, enabling minimal wavelengths that are prin-

cipally on the picometer scale. Achieving such spatial resolution seems to exceed the

direct recording limits of most electron microscopes due to aberrations, and limits to

available numerical apertures. However, some groups have been able to approach this
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limit using four-dimensional ptychographic reconstructions (in which two-dimensional

di�raction patterns are collected across a two-dimensional spatial domain to recover

the otherwise lost and wasted phase information coupled into the post-interaction

electron) [24{26], and machine learning (see the sub-picometer structural defect char-

acterization [27]), applied to scanning transmission electron microscopy (STEM) data.

Figure 1.2: De Broglie wavelength� e as a function of
accelerating potentialVacc.

Electrons within the

beam of an electron

microscope can provide

more information than

merely spatially resolved

features of a speci-

men. The individual

swift electrons can also

undergo inelastic scat-

tering, in which they

exchange energy with

the sample, typically (though not exclusively, as will be discussed in Chapter 3)

taking the form of the electron imparting energy to the sample. Measurement of the

electron energy loss spectrum (EELS) can provide insight into several key properties

of the resultant disturbance. EELS data constitutes a count of the collected electrons

which have undergone transitions at a particular energy, but the trajectories of said

electrons are otherwise spatiotemporally ambiguous up to the detection limits of the
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involved instrumentation.

Here, we present a design, implementation, and interpretation, for an experi-

mental con�guration that we denote Double-Pass EELS (DPEELS), in which single

electrons pass by both ends of curved structures known as split-ring resonators (see

�gure 1.3). We document the signatures of this trajectory, including evidence that

some small subset of electrons may undergo two inelastic scattering events, separated

by microns or nanometers spatially and femtoseconds temporally. This means that

those aforementioned electrons could be post-selected to provide information about

two sequential events, analogous to a rudimentary pump-probe scheme which has

been adopted to great notoriety in the photoemission electron microscopy (PEEM)

[28{31] and photon-induced near-�eld electron microscopy (PINEM) [32, 33] commu-

nities. Arrival at our chosen designs and analyses was the product of contributions

from myself and others named in the Acknowledgements section earlier, and both

theoretical and practical grounds for these experiments are described duly in the re-

mainder of this section following a �nal preliminary.

It is by no surprise that most researchers interested in nanoscale physics are fa-

miliar with Richard Feynman's iconic lecture titled \there is plenty of room at the

bottom" [34], while he could not have possibly known how far this statement would

reach nor precisely how far technology would come1. The vast breadth of research

actively done in this �eld appears to have only introduced more room at \the bot-

tom" 2, perhaps counter-intuitively. This dissertation describes work I have performed

1This is not in any way meant to downplay his lecture, in which he appears to have predicted
the general concept of focused-ion beam feature writing, as a proposed means for writing out an
ultra-small version of the Encyclopedia Britannica [34].

2And not just because many electron microscopes require new construction in basements.
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Figure 1.3: Illustration of standard EELS and DPEELS experiments for a strati�ed
split-ring resonator. The expressions we have assigned to these are described at

length in Chapter 3. Delay � t is experienced by a single electron travelling between
two scattering events supported by a single split-ring resonator.

towards the application of electron spectroscopy and microscopy (hereafter spectromi-

croscopy) to the study of a few fundamental properties of a special phenomenon known

as a surface plasmon polaritons, travelling electromagnetic charge density waves, us-

ing specially fabricated split-ring resonators. This project involves phenomena central

to classical electrodynamics and may open new opportunities for a variety of exper-

iments into macroscopic quantum electrodynamics. My hope is that this thesis will

allow someone else to glean even the least bit of inspiration for their own research, as

we plunge further into this arguably bottomless �eld of science.
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1.2 Optical Properties of Nanostructures

All objects which are perceptible to the human optical system interact with visible

light by de�nition. The tenements underlying our intuitions about the world around

us have analogues at the nanoscopic scale, though they are often more e�ectively

interpreted through interactions with electromagnetic �elds near the surface of the

nano-scaled feature of interest. Macroscopically, it is often adequate to focus on the

far-�eld manifestations of light, noting for instance that the sunlight which shines

upon a tinted windshield of a car may re
ect towards oncoming tra�c causing a

glaring hazard, pass through and illuminate the cab of the vehicle, or be absorbed

and produce heat. Each of these quantities, namely transmission, re
ection, and

absorption, have analogues at the nano-scale and can be used to determine important

properties of individual nanoparticles. Transmission and re
ection are both instances

of scattering (forward and backward, respectively), and thus it is often convenient to

denote the object in question as the scatterer.

In the next section, we will introduce the fundamentals of the classical framework

for describing these scattering interactions, with the tools necessary to appropriately

treat light as an electromagnetic wave. We will show that the nature of that wave

depends on the presence of charges and currents at the microscopic level, and will

introduce a type of reaction that occurs on the nanoscale when such waves are incident

upon a metal-dielectric boundary. The resultant coupling of the electromagnetic wave

to the charge density at the interface is largely credited with mitigating optical e�ects

at the nanoscale, and produces an oscillation known as a plasmon (reintroduced

below). Incident light can excite plasmons, which can be localized or travel, and

eventually are converted back into light, or can dissipate some energy into thermalized
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electrons as well as a partial emission, or into lattice vibrations [35{37].

Nonlinear optical properties involve signals which implicate one or more optical

sources impacting the optical response of a material to other optical stimuli [38].

At the materials scale, certain selection rules play well-de�ned roles, including that

centrosymmetric crystals cannot support even-ordered nonlinear optical e�ects, like

the Pockels e�ect (though in practice there are exceptions [39, 40]). However, there are

situations in which nanoparticles, nanostructured features, or nanoscopic defects, can

lift the degeneracy imposed by the symmetry enabling such even-ordered nonlinear

e�ects in materials for which they would be otherwise prohibited [41].

The principle of reciprocity [42] dictates that interactions between electromagnetic

waves and nanoparticles have time-reversal symmetry. Far-�eld radiation can interact

with a nanoparticle's near �eld in such a way that the optical energy can be focused

at the nanoparticle site and produce strong electric �eld strength enhancement [43{

48]. The reversed process implies that the near-�elds of other sources nearby such

a nanoparticle can be coupled into the latter and radiated into the far-�eld, acting

as a nanoscopic antenna (i.e., nanoantenna) [49{51]. This application of metallic

nanoparticles (MNPs) as nanoantennas has motivated a plethora of studies to date

[52].

1.2.1 Classical Electrodynamics

Interplay of charged particles with time-varying electromagnetic �elds is at the core

of many physical phenomena and is often termed electrodynamics. Both classical and

quantum descriptions of electrodynamics have been developed, and will be summa-

rized in the following. This information has undoubtedly been presented countless
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times prior to this work, but is included here nonetheless for completeness, and with

the intention of elucidating aspects which will be paramount for interpretations later

in this thesis.

Maxwell-Heaviside Equations

James Clerk Maxwell is credited with having united several of the pillars of classical

electrodynamics (CED) and proposing the electromagnetic explanation of light [53].

Oliver Heaviside later reframed these equations into a more accessible form [54] (see

the derivation in [55]). We will refer to this group of equations in shorthand as MHE.

For the purpose of this document, we will consider the following forms:

r � B = 0 (1.2.1)

r � E =
�
"0

r � E +
@B
@t

= 0

r � B �
1
c2

@E
@t

= � 0J

(1.2.2)

where B and E are the three-dimensional (3D) Euclidean vector magnetic 
ux and

electric �elds, respectively,� is charge density,"0 is the dielectric permittivity of free

space,t is time, c is the speed of light,� 0 is the permeability of free space, andJ

is the 3D displacement current density. The divergences of the �elds (r� ) are only

non-zero in the presence of a source (as per Gauss' law), which leads to the result

that an electric �eld is generated by� , while the notable non-existence (or at least

lack of substantiative evidence) of a magnetic monopole [56] ensures that there is no
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magnetic 
ux through a closed surface. The third and fourth of the MHE details the

interconnected nature of the electric and magnetic Euclidean vector �elds and their

temporal dynamics; spatially varying �elds of one type will generate time-varying

�elds of the other (as per Faraday's law and Ampere's law).

The excess degrees of freedom involved with the MHE can be dealt with, or rather

leveraged, in order to rewrite in terms of gauges, which reformatB and E as being

constructed from other potentials [57] and lift the degeneracy. Explicitly, this results

in the following:

B = r � A (1.2.3)

E = �r � �
@A
@t

This essentially means that transformations can be chosen in order to produce forms of

the MHE which are more meaningfully solved for particular applications [58, 59]. The

Lorenz gauge is implemented in the Boundary Element Method (BEM) for solving

the MHE, as will be addressed below, and is set by the conditionr � A = � 1
c2

@�
@t [59],

whereA is a vector potential and� is a scalar potential. This choice of relationship

makes it considerably more convenient to �nd wave solutions to the MHE in the

presence of source (i.e., when charges or currents are present). The forms of the BEM

based solutions forA and � will be discussed below.

Meanwhile, we can choose intuitive wave solutions forB and E that are associated

with propagation along direction r with angular frequency ! . Propagation of an

electromagnetic wave is synoptically given by a Poynting vector3 S = 1
� E� B = E� H ,

3I've always found it remarkable that this conceptual basis for which way a wavefront normal is
pointing was developed byPoynting.
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where� is used instead of� 0 to show that the vector may be propagating through some

arbitrary medium, and H = 1
� B is the magnetic �eld vector. Hence, the propagation

is orthogonal to orientations of both constituent �elds, and an appropriate choice

of Cartesian axes can make this exercise less arduous, exchangingr for just those

selected components. We proceed by considering a wave propagating in thexz-plane,

as is conventional for such derivations [60, 61]. One ofE or H must be along the

y-axis, while the other will be con�ned to thexz-plane whilst remaining orthogonal

to S. We assign these choices as follows:

Ex = E0x e(i (kx x+ kz z)� !t ) x̂ (1.2.4)

Ez = E0z e(i (kx x+ kz z)� !t ) ẑ (1.2.5)

H y = H0e(i (kx x+ kz z)� !t ) ŷ (1.2.6)

whereEx , Ez, and H y are the only nonzero components of the electric and magnetic

�elds, E0x , E0z , and H0 are the corresponding �eld amplitudes along the associated

axes, kx;y;z are the components of the wavevectork for the electromagnetic wave.

Before proceeding further, we will replaceE0z by observing that the angle� of E rel-

ative to the z-plane ensures that tan(� ) = E z
E x

= kz
kx

and henceE0z = E0x
kx
kz

. We will

return to this concept later on to motivate a classical description of surface plasmon

polaritons, and in doing so, will dwell brie
y on relevant boundary conditions for the

solutions to the MHE as posed above.

De�ning the MHE above required the inhomogeneous form of Gauss' law for elec-

tricity, in which the possibility is open for a nonzero charge density to act as a �eld

source. The freedom with which such charges can experience motion (translational or
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rotational) within a �eld is dictated by the dielectric permittivity, "0 in vacuum, and

" in general. This generality can be extended to a more intuitive de�nition in that

" is the proportionality of the displacement �eld D to E; D = "E, or equivalently

D = "0E + P, where the relative di�erence of the permittivity in an arbitrary non-

vacuum medium to that of vacuum," r is used to de�ne the polarization contribution

to D , P = "0(" r � 1)E.

Importantly, this polarization of the �eld stems from several material-based mech-

anisms, each with respective frequency domains. The primary sources of polarization

in materials are at di�erent length scales, namely that of bound electrons being polar-

ized relative to a nucleus, ionic bonds, and permanent dipoles such as those on long

charged polymer chains. The varying strengths and lengths of the dipole moments

associated with these constituent polarization hubs leads to an inherent frequency

dependence in permittivity.

For instance, if an alternating electric �eld with frequency ! is applied across

a block of some material, only those polarizable elements which can react on less

than the time scale ofT = 2�=! will have an impact before the next polarization

cycle begins. Ionic bonds may stretch or otherwise distort to minimize the energy of

their dipoles within an external electric �eld. The dipole will not become properly

polarized if this process is much slower than the �eld reversals, and will, as such,

have a diminished contribution to the dielectric permittivity at that frequency. The

contribution from the distortion of the electron density localized around atomic sites

survives to contribute to " generally up to the highest frequency range (amongst the

factors listed here).
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Permittivities of metals can be described through the perspective that the con-

duction electrons are essentially in a gaseous state and only weakly interacting with

the crystal. This is the foundation for the Drude model, which enables several im-

portant predictions about the optical properties of metals at the microscopic scale

and below, and continues to see widespread application as the theoretical starting

point for deriving a multitude of physical e�ects [62{64]. Beginning from this pre-

sumption of an electron gas, one �nds a predicted metallic permittivity given by the

Fourier transform (FT) of the electron equation of motion under the Lorentz force

[65] (F = q(E + v � B ) or F = qE in the absence of a magnetic �eld) with the

following end result:

" r metal = 1 �
! 2

p

! (! + i
 )
(1.2.7)

where! p = nee2

" 0m0
is the plasma frequency,ne is the electron density,e is the elementary

charge,m0 is the rest mass of an electron [66], and
 is a damping factor. This is

further based on the presumption that the solved equation of motion for a single

electron can be scaled byne and e to recover J [67], assuming that the electrons

involved do not actually interact with each other. This assumption does fail to a

detrimental extent at higher energies but performs quite well for! in the infrared and

typically in the visible as well; though higher energies allow for interband transitions

(described later) and other e�ects which are not accounted for by the Drude model

(see [68] for the application of an extended Drude model). This result for" r metal does

not account for a magnetic �eld, though such derivations can be found elsewhere [67].

We will not make such an exchange but will instead point out that there is a

singularity in the real part of a metallic permittivity at ! = ! p (e.g., Re(" r metal )j ! = ! p =

0). Naming the plasma frequency as such is then understood justi�ably as the angular
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frequency at which the bulk of the electron density in a metal can undergo a collective

plasma oscillation. The quantized form of this oscillation is denoted plasmon, and

such modes will certainly be discussed at length throughout this document. A detailed

picture of the transitions these electrons can undergo is saved for the summary of

quantum electrodynamics (QED) below.

This baseline context of the partial di�erential forms of the MHE combined with

this rudimentary dielectric formulism allows us to begin to postulate one of the most

crucial notions of electrical properties of materials, namely a propagator that relates

the charge at an arbitrary position in spacer 1 to an electric �eld contribution at

another position r 2. The quantity which ful�lls this role is called the dyadic Green's

tensor, G, and is de�ned by:

E(r 1; r 2) = � 0! 2G(r1; r2) � p (1.2.8)

where p is a point dipole source located atr2. As per Hohenester's book [69], the

Green's dyad for the wave equation is compactly given by:

G(r 1; r 2) =
�

1 +
rr
k2

�
eik jr 1 � r 2 j

4� jr 1 � r 2j
(1.2.9)

where k here is a simpli�ed scalar wavevector given by:k2 = "�! 2. It will also

be relevant later to describe another object, still a Green's function, but for the

Helmholtz equation:

G(r 1; r 2) =
eik jr 1 � r 2 j

4� jr 1 � r 2j
(1.2.10)

Both of these will demonstrate utility in the BEM section below.
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Shortcomings

The widespread success of CED is undeniable, but there are instances of e�ects or

empirical results which are either di�cult or even impossible to rationalize with CED

alone. For instance, QED introduces disturbingly counter-intuitive concepts such as

virtual particles which have incredibly short lifetimes (e.g., on the order ofzepto-

seconds, or 10� 22 seconds, for virtual electrons or positrons [70]). Such virtual par-

ticles mediate interactions between electromagnetic �elds and the quantum vacuum,

and have even been proposed as a means of inducing light-light di�raction in vac-

uum [71]. Additional examples include the Casimir force (which is due to quantum


uctuations in the the vacuum for a system of closely spaced objects [72]), and most

notably for this thesis, entanglement [73, 74], in which it is possible to �x information

about one entity by performing a measurement on another. This e�ect and its place

in a quantum description of electrodynamics will be the focus of the next section.

1.2.2 Quantum Electrodynamics

A proper quantum electrodynamics (QED) derivation is not needed for the interpre-

tation of the results described herein. Instead, a subset of key consequences of the

theory for practical experimentation are discussed.

Wavefunctions and Operators

Quantum mechanics (QM) asserts a probabilistic character towards measurements

[75]. Normal introductions to QM mention early-on de Broglie's theory of wave-

particle duality [23], a matter which was arguably veri�ed4 by the adaptation of
4This can only arguably have been veri�ed if one ignores work from the last few years in which

theory established that wave-like and particle-like characteristics do not form a duality, as that would
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Young's optical double-slit experiment [77] for an electron beam [78, 79]. While

ballistic models of particle motion were rationalized based on comparisons to macro-

scopic behaviours5, the wave-like nature was shown to be important at the so-called

quantum scale. A quantum entity is then described by a wavefunction 	, which

does not have a direct analogue in classical physics; it is the product of 	 with its

complex conjugate that provides insights according to a probability density function

(PDF). Any quantity or trait of the quantum wave can be estimated by applying

an appropriate operator, shown by left-hand multiplication [75]. For instance, the

Hamiltonian operator Ĥ acts upon a wavefunction to produce eigenvalues of energy

[75], Ĥ 	 = E	 (which is the simplest form of Schr•oedinger's equation [82, 83]).

QED fundamentally veers from CEDvia quantization, as expected for any quantum

related discipline. Motions of quantum particles are aptly described by Hamiltonians.

Thus, a straightforward lineage exists between a classical equation of motion for a

charged particle interacting with an electromagnetic �eld, a Lagrangian modelling

that motion, and �nally a Hamiltonian which is de�ned from said Lagrangian (i.e.,

the Euler-Lagrange equation) [84].

The probabilistic interpretation6 of quantum mechanics [75] indicates that the

expectation value for the outcome of a particular measurement associated with the

action of a real observable operator̂A is hAi =
R

	 � (x)Â	( x)dx. The order in which

operators are applied generally requires preservation for accurate calculations as op-

erators can be di�erential or otherwise act upon a wavefunction in a transformative

suggest that a decrease in one aspect leads to a corresponding increase in the other. To the contrary,
a third quantity - self-entanglement- appears in what is a triality and balances the exchange; the
theory purports a means for \turning o� duality" [76], with ludicrously exciting implications for
physics.

5Einstein is credited with hypothesizing the particle-like character of light [80, 81].
6See [85] for an interesting dive into the Copenhagen interpretation of quantum mechanics.
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manner that may result in in 	 � (x)Â	( x) 6= 	( x)Â	 � (x), for instance.

Measurement Uncertainty

Application of multiple operators to a wavefunction builds upon this logically; there

are combinations of wavefunctions and operators in which the order of application

leads to di�erent predictions. Such operators are said not to commute. Explicitly,

commutating operatorsÂ and B̂ satisfy [Â; B̂ ] = hÂ; B̂ i�h B̂; Âi = 0 (which is always

true in classical physics [86]), while the result is nonzero for pairs of observables that

do not commute. The uncertainty on a quantum measurement is usually interpreted

by its classical analogue, standard deviation� A =
q

hÂ2i � h Âi 2.

The infamouscanonical commutation relation states that conjugate observables

(i.e., those observables which access members of a Fourier transform pair) commute

to i~. We can then extend these concepts to predict the minimum joint uncertainty

on simultaneous measurements on conjugate observables, which simpli�es to [75]:

� A � B �
1
2

�
�
�h[Â; B̂ ]i

�
�
� (1.2.11)

The two most notorious applications of this principle are towards the position-momentum

and energy-time pairs, which have the same lower limit,~=2. This de�nes an ultimate

boundary for metrology, prohibiting the acquisition of completely certain simultane-

ous measurements of two conjugate variables (as in the infamous position-momentum

uncertainty product, illustrated by the single slit di�raction experiment in �gure 1.4).

Alas, there is a loophole, in which quantum mechanics has both posed a limit, and

elucidated a means for circumventing it.
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Figure 1.4: Single-slit
di�raction illustrated as a

conduit for interpretation of
the uncertainty principle. The
dimension of the slit sets the

uncertainty in the initial
position � x of some incident

quantum packet. The
assortment of waves which
superpose to reconstruct a

spatially well-de�ned packet
carries a broad swathe of

momenta values. The
single-slit experiment
illustrates this as the

\fuzziness" and peak-widths
(half width is proportional to

uncertainty on momentum
� px ) of the produced
di�raction pattern are

inversely proportional to the
slit width, approximately

determined by the uncertainty
principle.

Quantum Entanglement

It is humbling that perhaps the most exotic feature of quantum mechanics (and by

extension, QED) was argued by Einstein, Podolsky, and Rosen to have been evidence

that it was an \incomplete" theory7 [88]. The template for this argument is based

on quantum entanglement, in which two or more wavefunctions are combined into an

inseparable form. Consider a wavefunction 	1 = 	 A + 	 B . Expectation values for

observables applied to this wavefunction can be determined by a superposition of the

7Their publication was published in March of 1935 and arguably refuted by Bohr by July of that
same year under the same title [87].
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expectation values for the constituent wavefunctions. Alternatively, a di�erent wave-

function 	 2 = 	 A 	 B is no longer a linear combination of wavefunctions. An example

of such a state could be constructed by considering a pair of entangled electrons [89]

which split into separate electrons at some point. Each individual electron may have

either spin \up" or spin \down". The classical interpretation of such a con�guration

would be that each electron is automatically in only a single one of these two states,

and that the complementary nature of the states means that we only need to measure

one to learn about the other. However, in the quantum scheme, each electron exists in

a superposition of the two states until a measurement is performed. The Copenhagen

interpretation of QM then interprets the act of measurement as serving to collapse

the superposition into a separable wavefunction with each electron in a well-de�ned

quantum state. This implies an instantaneous determination of quantum states, re-

gardless of separation in spacetime [90], and is akin to the non-local reality which

Einstein famously (and perhaps sarcastically) termed \spooky action at a distance"

[91].

Several di�erent classes of entangled states exist, and there also exists a con-

tinuum of potential extents of entanglement. A common technique for quantifying

the completeness of entanglement is based on the density operator ^� , de�ned by the

outer-product � = j	 ih	 j, where j	 i is the wavefunction expressed as a vector in

some orthonormal basis, andh	 j is its complex-conjugate transpose [75]. The main

diagonal elements, given say by� mm represent the relative probabilities of themth

state, while all other elements� m;n are referred to as the quantum coherences. Phys-

ically real density matrices must always be positive and semide�nite8 [92], meaning

8Though Fano's wording is that the density matrix must be positive de�nite, the condition
provided is that � kk > = 0, which indicates it must be positive semi-de�nite [92].
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that � = � T and that all of its eigenvalues are both real and non-negative. Presuming

that all states have been properly normalized beforehand such that integrated the

probability density for 	 across all spacetime, the extent of quantum entanglement

can then be evaluated based on thepurity metric pu, given by:

pu = Tr( � 2) (1.2.12)

where Tr is the trace. The result is theoretically always a value between 1=d and 1,

with the former meaning that 	 is maximally entangled, and the latter indicating

completely separable (e.g., non-entangled) states. The value ofd in the lower bound

is set by the dimension of the Hilbert space within whichj	 i is de�ned; pu = 1 im-

plicates a quantum state that has identical nonzero values for all� mm .

Remarkably, entangled states can achieve uncertainty principle violations [93]. In

fact, uncertainty principle violation is often used to verify entanglement, being the

hallmark of non-classical mechanics [88, 93]. Let us brie
y recall the example of the

disrupted pair of entangled electrons, only now we will consider measurement un-

certainties, as was investigated recently [89]. A direct measurement which contains

information of the position and momentum for the �rst particle e1 (after the pair

has split) still cannot hold precision below the~=2 limit, and the same is true fore2.

However, one can presumably precisely measure one of the two conjugate measure-

ments on a single particle, and the complementary measurement on the other particle

(e.g., measure ^xje1i and p̂je2i ). The act of the position measurement with arbitrarily

high precision (or conversely low uncertainty) one1 immediately determines the cor-

responding position fore2 so long as they are entangled, and the performance of the

complementary measurement is not distorted to compensate the uncertainty product
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[94].

Electronic Bands

Incident electromagnetic radiation can excite electronic transitions between the states

of electrons in a specimen. The states available are dictated by quantum mechan-

ics and atomic spacing. Pauli's exclusion principle [95, 96] leads to a smearing of

the discrete energy levels available around individual atomic sites, manifolded by the

number of such sites in the crystal until bands are produced [97]. Metals (used here

interchangeably with the labelconductors and not exclusively for those labelled as

metals on the periodic table) are then materials for which the smeared band of occu-

pied states (from the occupied orbitals of individual atoms) is continuously connected

to unoccupied states along the energy axis; there are open states immediately acces-

sible to electrons which occupy the uppermost states. Equivalently, the density of

states is continuous by de�nition.

Conversely, insulators are materials for which there is a separation between these

occupied and unoccupied states, leading to a band gap, in which electron transitions

are only virtual [98, 99]9. Semiconductors enter as essentially insulators with nar-

rower gaps, enabling a greater probability for the electrons at the uppermost of the

valence band to be thermally excited into the minimum of the conduction band. Band

gaps can be tuned with great precision through doping, as was crucial for the proli�c

9It is with insu�cient humility that I will anecdotally mention having taken Donna Strickland's
Nonlinear Optics course at the University of Waterloo just months before she was awarded the 2018
Nobel Prize in Physics. It was while attending a lecture for that course that I heard for the �rst time
an accessible explanation for refractive indices. If she ever sees this, I hope she will not be ashamed
of my recollection, but I believe it was in short that electrons can very brie
y absorb energy from
incident radiation and be promoted to virtual states within energetically forbidden ranges, but can
only exist therein for incredibly brief durations before re-emitting said radiation, propagating the
wave with a slight delay at each instance, and slowing down the overall propagation.
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success of the transistor (or more speci�cally, CMOS) industry. This tuning modi�es

dielectric functions [100{103] and densities of states [104, 105] in said systems.

1.2.3 Localized Surface Plasmon Resonance

The concept of bulk plasmon resonances at a frequency! p was introduced in our

discussion of CED. Plasmons were stated as collective oscillations in the charge density

of a metal which have coupled to some form of electromagnetic wave. The alternate

class of plasmons are those which are con�ned to a surface. We will now return to

the earlier description of electromagnetic waves in thexz-plane with the remaining

components listed in equations 1.2.4-1.2.6. Consider that a semi-in�nite bulk of a

metal with dielectric function "m has its upper surface 
ush with thez = 0 plane, and

meets the lower surface of a semi-in�nite bulk of some dielectric material described

by "d. Boundary conditions from the MHE ensure thatE and H must be continuous

tangential, and normal to, the interface, respectively. This means thatExm = Exd and

H ym = H yd . The z-component at the interface can be determined by Pythagorean

comparison of thex-component and the overall wavevector magnitudek2 = k2
x + k2

zm
,

where k2 = "m � 0! 2 so long as we assume the metal is non-magnetic. Metals have

negative real parts of their dielectric functions (at least within the spectral domains

for which they are metallic, as will be discussed later in Appendix A) so"m � 0! 2 < 0.

Taking the propagation to have a positivex-component means thatkzm must be

imaginary, which indicates that the �eld is evanescent.

The magnetic 
ux density boundary condition provides additional insights; the

amplitudes of the the two �elds are equal, so application of Ampere's law results

in Re(kzd
" d

) = Re( � kzm
" m

). Our targeted wave description is a mode which should

22



PhD Thesis { P.A.C. Neathway; McMaster University { Materials Science and Engineering

be evanescently decaying along z (in order to be con�ned to the interface), sokzd

and kzm must have the same signs, and hence the corresponding real parts of the

dielectric functions for the dielectric and metal must be of opposite sign such that

"d(! )"m (! ) < 0. The basic dispersion formula for such a plasmon mode can then be

derived by rearrangingkx for k as:

kx = k
r

"d"m

"d + "m
(1.2.13)

Propagation along this plane at the interface means thatkx is real, so the negative

numerator in the radicand means that the denominator must also be negative and

hence� "m (! ) > " d(! ). This is the second condition that must be satis�ed for a sur-

face plasmon. The ascription of being alocalizedsurface plasmon resonance (LSPR)

is interpreted as a consequence of the electromagnetic oscillation being con�ned to the

surface of a nanoparticle and not travelling, with �eld con�nement to regions smaller

than the free space equivalent wavelength [106{110]. This is a collective mode and is

not generally considered to travel [111, 112]. The other scenario in which the pulse

can propagate is described later in the section on surface plasmon polaritons (SPP).

A worthwhile closing remark on this topic is a re
ection on the choice of coordi-

nates and axes for the electric and magnetic �elds supposed for the above derivation,

with Hy being the only surviving component ofH , and E being fully contained in a

plane perpendicular to the interface. This is the condition of an incident transverse

magnetic (TM) wave. Qualitatively, a transverse electric mode could not excite a

surface plasmon as the oscillations inE would all be within the plane of the interface

or parallel to it, meaning no oscillation would be induced normal to the interface.

However, some special cases have been reported [113]. Nonetheless, it is a common
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idiom of plasmonics that TM waves are necessary for LSPR or SPP excitation [114].

Moreover, momentum compensation is required, as LSPR and SPP modes have

momenta given byk
q

" d " m
" d + " m

while light has momentum!=c [115]. Several methods

are frequently used to compensate for the momentum mismatch [116, 117], involv-

ing the use of wedges or gratings to provide additional wavevector components. The

mismatch can alternatively be utilized as a means of evaluating momentum resolved

e�ects by depending on momentum-exchanges [118]. Electron spectroscopy avoids

the struggles of optical plasmon excitation by instead relying on Coulombic inter-

actions and can thereby excite plasmon modes with comparatively high momenta

[119]. Electron excitation also permits observation of optically inaccessible modes for

which the LSPR cannot be initiated by incident electromagnetic radiation, known as

dark modes [120, 121]. The advantages, challenges, and electrodynamics of electron-

plasmon interactions will be described in the spectromicroscopy section below.

Geometries of MNPs in
uence the LSPR, including impacts from both classical

and quantum factors. The spatial distribution of LSPR for a particular mode is re-

lated to an eigenmode of the shape [122, 123]. For instance, the standard case of a

thin triangular nanoprism has been well reported on, and the spatial distributions of

the modes invokes harmonics of the structure [124{126]. The evanescent character of

the LSPR leads to �elds extending away from the MNP surface into the surrounding

media [127], to an extent referred to as the inelastic delocalization length.

The LSPR responses of MNPs are dependent on their scales. Intuitively, increas-

ing the size of a nanostructure should lead to an increase in the spacing of nodes in

the spatial intensity distribution and hence a red-shift if the positions of resonances

[128]. However, the empirically observed sign to the spectral shift of LSPR is material
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dependent [129], and not necessarily monotonic [130]. Classical and quantum expla-

nations of LSPR lead to qualitatively di�erent predictions on this matter [131, 132].

There are other materials-related factors that impact the choice of metals used in

MNPs beyond the di�erences in size-based spectral shifting behaviours. The depen-

dence of plasmonic resonance quality on electrical conductivity favours silver as the

material of choice for many applications [133]. Silver also has low inelastic absorption

in the visible-IR region compared to other metals, due to its electron-hole pair tran-

sitions existing at primarily higher energies [134, 135]. Copper can however support

high quality resonances, despite being normally considered quite lossy, because most

of the plasmonic energy is outside of the metal [135]. Silver's higher conductivity

and lower losses lead to high quality resonances, but it is also prone to environmental

degradation in atmospheric environments [136]. By contrast, gold nanoparticles do

not tarnish as quickly, but normally have weaker resonances in the visible spectral

range due to the apparent di�erences in conductivity. However, the plasmonic re-

sponses of gold and silver nanoparticles in the infrared region are more comparable

(at least in terms of their propagation lengths [137]). Aluminum nanostructures have

also received some interest [138]. Silicon nanostructures for plasmonics have not re-

ceived much attention but perhaps some would be warranted because the real part

of silicon's dielectric function becomes negative in the ultraviolet region [139] (poten-

tially at an energy depending on thickness [140]).

Crystal grain size has a substantial impact on plasmonic properties. Smaller grains

generally invoke a greater density of grain boundaries which can scatter plasmons

[141, 142]. Metallic nanostructures are commonly polycrystalline as the metal layer
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is often produced through sputter deposition for subsequent lithography (as is de-

scribed in more detail below amidst the fabrication information). The less accessible

counterparts are nanostructures carved into single crystalline metallic 
akes/particles

[143] as is implemented in this thesis. The absence of grain boundaries leads to conse-

quently improved plasmonic properties (from the perspective of most nanophotonics

applications). Thermal annealing can improve the crystallinity of metallic nanos-

tructures [144, 145, 142, 146, 147]. Excessively high temperatures may degrade the

structural integrity of the sample, or by requiring otherwise avoidable additional han-

dling steps (such as the encapsulation demonstrated by Bosmanet al [142]).

There are aspects of LSPR (and likely of surface plasmon polaritons; SPPs) which

require descriptions at the sub-femtosecond scale - the realm of the recently Nobel

Prize winning �eld of attosecond physics [148, 149]. Simulations of attosecond-scaled

responses of MNPs to fast electrons have been reported [150], �nding that the forces

under ultra-close aloof approaches (or impact parameters) are repulsive, due to inter-

actions between the magnetic �eld of the relativistic electron with even nonmagnetic

MNPs. Generally, both attractive and repulsive forces are generated [151]. Attosec-

ond scale nanophotonics has also been performed through a technique involving a

continuous wave source which excites a sample, and modulates an electron beam by

periodically accelerating (and then decelerating) the free electron wave function [152].

This has enabled sub-cycle nanophotonics, revealing even the delay between the sta-

bilization of dipolar and quadrupolar plasmonic modes within a single oscillation of

the excitation [152]. Some groups have previously claimed to achieve attosecond (or

more fairly, sub-femtosecond) temporal resolution based on the controlled delay be-

tween pump and probe sources [153, 154], fostering growth in this �eld. While this
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work does not involve attosecond resolution, it may have implications for events on

that scale, and might be of interest to those who hold this technology.

Conditions may allow for a form of coupling between the bulk plasmonic mode and

LSPR through the Begrenzungs e�ect [155]. A theory-based approach for distinguish-

ing the contributions to the overall spectroscopic response of an MNP to excitation

in terms of bulk, surface, and Begrenzungs contributions was recently achieved [156].

The Begrenzungs e�ect �t into Ritchie's model for losses incurred by swift electrons

passing through thin �lms [157], and names a contribution to surface losses which

depletes energy from the intensity of bulk excitations [155]. These contributions are

believed to be greatly reduced for aloof trajectories by metals [155, 158, 159], as are

central to this body of work.

1.2.4 Surface Plasmon Polaritons

The counterpart to LSPR is the SPP, which is con�ned along some dimension of a

metal-dielectric interface, and can propagate [160]. Such modes can be readily pro-

duced by optical excitation (with the aforementioned momentum compensation) and

can be coupled back into photons which can propagate into the far �eld, which is

important for quantum applications [161], described shortly.

Incredible work done over the last two decades by various groups has led to the

construction of multiple spectroscopic techniques with sub-picosecond temporal res-

olutions using carefully controlled pump-probe delays [28{33, 162{169]. A review of

said technologies is beyond the scope of this thesis, but the results produced thereby

are of interest for later discussions as these profoundly brief time scales have provided
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opportunities for analyzing SPP propagation and have provided unambiguous sub-

stantiation of their general properties [170].

While these techniques, and most others, focus their descriptions on the electric

�elds associated with SPPs, the propagating wave retains both electric and magnetic

character [171]. These dichotomous components are phase shifted from one another,

but both are still present. This magnetic component is not to be confused with

that which could be similarly observed through a propagating magnetic wave like a

magnon polariton [172] or a skyrmion [173]. Magnetic components are necessary for

a complete description of SPPs, but are not important for the results or discussions

presented hereafter. Instead, we will now take a detailed look at theoretical and

empirical �ndings pertaining to temporal aspects of SPPs.

Temporal Aspects of Surface Plasmon Polaritons

The motion of SPPs is understood as a pulse of �nite dimensions in spacetime, con-

�ned to the aforementioned metal-dielectric interface, propagating with a wave vector

kSP P , carrying phase� with phase velocityvp. The center-of-mass motion of the pulse

is determined directly from time-resolved observations [162] or through the ubiqui-

tous de�nition for the so-called group velocityvg = d!=dk .

The form of the expression forkSP P (see earlier form ofkx ) can be rearranged

for ! to reveal two clear asymptotic behaviours. Firstly,! approaches zero linearly

with wavenumbers (jkSP P j), with the ultimate long wavelength limit being upper-

bounder by the light-line ! = ck0. Secondly, the dispersion curve approaches a

plateau for higher momentum transfers, limited at! = ! SP � ! P =
p

1 + "d [174],
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where ! SP is normally called the surface plasmon frequency10. The fact that ! al-

ways haskSP P > k 0 for SPPs aligns with our earlier commentary about the neces-

sity of momentum compensation for optical excitation of SPPs. This simpli�ed and

monotonically increasing form of! (kSP P ) provides a mostly accurate depiction ofvg;

spectroscopic data will be plotted later on mostly along an energy axis (as opposed

to angular frequency) and the result is that higher energy SPPs generally have lower

vg, as the dispersion relation plateaus in its approach to! SP . This means that opti-

cally excited SPPs will generally have slowervg than corresponding optical sources,

but larger momentum (requiring the aforementioned compensation), and thatvgSP P

can be tuned through selection of materials, geometries, and excitation wavelength.

There are special con�gurations in which dispersion curves can continue at energies

higher than the surface plasmon asymptote left of the light line, particularly when

SPPs on either side of a thin metallic membrane are able to couple and hybridize

[175, 176], but these are not reported on within this dissertation.

The many-body component of SPPs is manifested in part through decay and deco-

herence mechanisms. The extent of energy lost through SPP propagation is evaluated

through a few notable channels. The full-width at half maximum (FWHM) of spec-

troscopic peaks associated with SPPs is linked to information on propagation lifetime

[177{179].

Alternatively, scattering through bulk materials can allow for multiple inelastic

events (i.e., plural scattering [180, 155]) and an inverse transform can then provide

the single scattering spectrum [180]. In a similar fashion, SPPs which have su�cient

intensity to propagate along a one-dimensional (1D) cavity for multiple roundtrips

10This is commonly written with a denominator of
p

2, which is recovered as the result when the
interface is that of metal and vacuum.
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can produce Fabry-Perot-like standing wave SPPs (FP-SPPs). A Fourier transform

of electron energy loss spectra containing FP-SPP information which has �rst been

converted into the angular frequency domain contains peaks spaced at intervals of the

average plasmonic roundtrip delay [181, 182]. The intensities of such peaks paired

with a priori knowledge about the resonator's dimensions can then be used to deter-

mine the roundtrip propagation losses [183].

Yet another historically important technique for evaluating SPP propagation length

was accomplished by dyes [184, 185] dispersed along the exterior of such pseudo-1D

plasmonic resonators; the evanescent �elds of SPPs transferred energy to the near

�elds of the adjacent particles which can then radiate evidence of SPPs into the far

�eld for optical observation. There may be a lingering bias in these results towards

underestimating propagation lengths as the SPPs are necessarily losing energy to the

particles along the resonator - perhaps some of the results achieved through these

means would have resulted in measurably longer propagation lengths if there were

fewer external markers, for instance. On the other hand, polymeric dye coatings on

substrates can be stimulated by an additional source to provide plasmonic gain [186].

Propagation lengths are the distances across which an SPPs intensity drops to

1=e of its initial value [187]. These are overall dependent on several factors and the

precision of implemented measurement techniques. The values reported range from

microns [188], up to the order of centimetres [189] (see the discussions in [190] of plas-

monic length scales). Complementary to this is the lifetimes of such modes, which are

typically on the order of tens of femtoseconds [191, 192]. As detailed earlier for the

case of LSPR, the density of grain boundaries or the level of crystallinity remains crit-

ical for SPPs as these imperfections in the ideal crystal lead to scattering which can
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detrimentally reduce the intensity of propagating modes. This is especially important

for the analysis of FP-SPPs which require roundtrips. The technique listed earlier

for measuring the losses across roundtrips of FP-SPPs can also reveal the presence of

major defects along the SPP trajectory, exposed as additional spurious peaks in the

temporal Fourier domain [183].

The power of an SPP wave is dissipated as the mode decays through its prop-

agation, whilst intensity is lost into radiative and non-radiative channels [193] by

interaction with the metal [194]. FP-SPPs are partially re
ected from end-facets

(see [195]) of a 1D resonator while some portion of the wave is transmitted into the

surrounding electromagnetic �eld and potentially radiated as a photon [183]. Prop-

agation losses can also involve the emission of radiation, or the transfer of energy

from electrons which have been excited above the minimum of the conduction band

as they thermalize through lattice vibrations (phonons) and/or radiate proportional

to an interband transition upon relaxation [196]. These local 
uctuations in temper-

ature may lead to subtle modi�cations to the associated dielectric environment and

might consequently lead to some form of nonlinear phenomena within the dynamics

of SPPs [197].

The extent and proportionality of radiative versus nonradiative losses has previ-

ously been linked to the cross-sectional geometry of metallic nanowires [137, 193, 198].

Also, the ability for the evanescent �elds to couple across gaps has motivated plas-

monic nanoparticle chains [199{201]. These can display similar properties to 1D

resonators, potentially with the advantage of mitigating radiative losses due to the

stepwise-nature of the propagation [202].

The SPP wave can also lose or gain energy due to mismatching between its phase

31



PhD Thesis { P.A.C. Neathway; McMaster University { Materials Science and Engineering

velocity vp and the velocities of the particles involved in the plasma which makes up

the SPP [203, 204]. Electrons which are initially moving withv < v p are accelerated

by the SPP which requires a loss in the wave's intensity, andvice versa. These e�ects

are referred to as Landau damping and Landau growth, respectively, and may hold

controlling in
uences over the maximal attainable �eld con�nement [205].

The electrons within the tidal motion of the SPP can scatter from one another

(which is not considered in the Drude model as presented earlier). These scatterings,

and those associated with phonons and crystal defects, can lead to decoherences in

which some portion of the charge density falls out of phase with the otherwise collec-

tive oscillation [206].

Perhaps as important as the propagation length of SPPs is their potential tol-

erance to curvature along their traversed pathways. Plasmonic devices such as Y-

splitters [207{209], logic gates [210{212], and other nanophotonic components, rely

on junctions and curved SPP trajectories to perform speci�c functions or navigate in

proximity to other onboard components. Recent investigations of experimental and

simulated electron energy loss spectra for bent nanostructures reveals spectral shifts

for SPPs and the persistence of antinodal bunching [213] (in which the antinodes of

an FP-SPP standing wave pattern are not found to be evenly spaced but rather are

more closely spaced near the end facets of the 1D resonator [214], and near the bend-

ing point [213]). The antinodes were also found to split into edge modes, e�ectively

decoupling the two contributions [213]. Near �eld measurements of bent nanowires

indicate that the bending losses pale in comparison to the propagation losses, with

the former manifesting as radiative \leakage", dependent on the nanowire geometry,

wavelength, and polarization [213]. Optical and electron excitation strategies may
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result in fundamentally di�erent initial pulse shapes, which could in
uence measure-

ments of propagation-related properties [215, 216].

Quantum Entanglement Involving Surface Plasmon Polaritons

Having toiled through preliminaries about SPPs means there is now at least a meagre

footing upon which we can remark at the quantum nature of these modes. Quan-

tum mechanical devices and frameworks depend heavily on optical interactions due

to the diverse arrangement of quantum e�ects that can be readily demonstrated

with photons. Unfortunately, transmission of photons within waveguides restricts

the scalability of such devices due to the di�raction limit [18, 19, 17, 20] seemingly

hindering purely optical circuits from achieving the miniaturization needed for mean-

ingful prospects in commercialization. We have already noted these factors and that

SPPs stand as a possible solution to the scale-dilemma due to ultra-high con�nements

which have been repeatedly demonstrated in literature nearlyad in�nitum [106{110].

Full compatibility between the quantum circuits of the future and the nanophotonics

research of present day is arguably dependent on a detailed understanding of quan-

tum properties of SPPs. We will proceed with a synopsis of such properties which

have been demonstrated through experiments.

Veri�cation of quantum plasmonic interactions primarily gained traction follow-

ing the demonstration of a wave-particle duality for SPPs [79]. Multiple publications

claim to be the �rst to achieve this milestone [79, 217]. The quantum premise was

satis�ed in that the wave-like nature of SPPs was shown through single-wave inter-

ferences, and the particle nature is demonstrated through antibunching [79, 217]11.

11In typical academic fashion, the second of these sources argues that the �rst presented results
which could be used toinfer wave-particle duality, while they themselves measured it. Kolesov et
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These results demonstrate the quantum nature of the SPP as a quasi-particle in turn

composed of the collective responses of many individually quantum entities.

Several key studies have demonstrated that photon-plasmon (and plasmon-photon)

conversions retain entanglement [218, 219, 161, 220{224], and quantum squeezing, in

which noise is suppressed in one variable and ampli�ed in a conjugate variable to

maintain the uncertainty principle [225, 226]. These investigations normally rely

on a version of two-photon quantum interference, colloquially termed the Hong-Ou-

Mandel12 (HOM) e�ect [227]. The HOM e�ect describes the strange behaviour ob-

served at the outputs of a 50=50 beamsplitter (BS) when quantum light is incident

upon the input ports. The classical expectation is that shining two optical sources at

the inputs results in four possible combinations, including the light modes on say the

left and right exiting along those same sides (both re
ected at the BS), exiting along

opposite sides (both transmitted at the BS), or both exiting together through one of

the two exit ports.

The result for non-classical light is di�erent; the probabilities for both transmit-

ting and both re
ecting are constructed so that they di�er by a phase and annihilate

so long as the left and right optical sources (photons) are indistinguishable by the

time they reach the detector13 [229]. The HOM e�ect is commonly veri�ed using

coincidence detection connected to the two output ports of the BS, demonstrating

quantum behaviour as a relative count of less than half of the incident signal (with

that limit being the classical result since two of four outcomes provide coincidence).

al determined the wave-like nature to be present based on observations of the spectral properties of
a nanorod coupled to the far �eld by a single emitter [79], while Dheur et al recorded interference
[217]. I do not refute either claim, but share both references for the interested reviewer.

12Other groups were working on the same topic at nearly the same time so actual credit may be
a bit more ambiguous [207, 208].

13The fact that the indistinguishable character is \checked" at the detector means that interesting
delays can be introduced, stretching even as much as a day [228].
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The plasmonic HOM e�ect has been demonstrated in multiple schemes, includ-

ing photon-plasmon conversion in both directions, and has demonstrated that an

entangled pair of photons (produced with spontaneous parametric down conversion;

see the review in [230] for more context) can pass through a BS, separately excite

SPPs which are converted back into photons, and satisfy the sub-classical condition

for entanglement veri�cation [220]. Similar �ndings have been made by placing the

photon-plasmon-photon conversions before the BS along one of the two input paths

[161], and in schemes where it was actually the SPPs which propagated through a

plasmonic BS [221, 223] (the method in [222] might also fall into this category). Such

works have used polarization-based [221], energy-time based [220], and path-based en-

tanglement [224]. Comparable studies have even been performed with single-plasmon

interferences [217]. It has been a resounding a�rmation of the quantum nature of

SPPs that they are able to preserve entanglement [231].

The most relevant quantum behaviour of SPPs for this thesis is their capability of

entangling with swift electrons involved with electron energy loss spectroscopy. Fast

electrons passing near MNPs become entangled with the SPPs which can be sup-

ported by that structure, particularly if there are multiple modes available per unit

energy [232]. This interpretation of electron-plasmon coupling was expertly devel-

oped in the seminal work of Mechelet al [232]. They provided a theoretical depiction

of this potential entanglement with a model based on the dyadic Green's tensorG

(described above) with the caveat of a paraxial electron beam, and considered the

expected outcomes from trajectories penetrating multiple MNPs with popular geome-

tries and sizes less than the beam width, as well as an insulator-metal-insulator stack.

The expression produced for the density matrices associated with these circumstances
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was determined by linking the problem de�nitions to particular expressions forG, and

the following expression [232]:

� e(x; y; x0; y0; ! ) �
�

� 2cB

Z

z

Z

z0
dzdz0(e� !

v0
(z� z0) Im[G zz(x; y; z; x0; y0; z0; ! )]) (1.2.14)

whereB is the area of the electron beam spot. This is the foundation of Chapter 2,

which attempts to extend the work of Mechelet al [232] with numerical simulations

based on the BEM (described below).

1.2.5 Metastructures

Sample fabrication strategies have progressed su�ciently far to allow for feature de�-

nitions smaller than the wavelengths of visible light as mentioned earlier in the context

of MNPs. Arrays of such structures can be designed such that the individual building

blocks act as \meta-atoms" [233] and the ensemble becomes a metamaterial [234].

This design space has been highly successful in opening opportunities for optical

properties that were either rare or inaccessible previously. For instance, some meta-

materials have" and � near-zero properties [235], ensuring perfect mode-matching,

and negative refractive indices for cloaking [236]. Stacked graphene-based heterostruc-

tures with many repetitions may even provide access to broadband epsilon-near-zero

character or tailorable hyperbolicity [237], in which the in-plane components of" are

di�erent. Two other metastructures which have received much attention are those

based on arrangements of U-shaped nanoprisms called split-ring resonators [238{243],

and gratings or aperiodically grooved surfaces [244]. These both have seen extensive

applications for fundamental research, and are relevant for Chapter 3.
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Split-Ring Resonators

Quite a variety of relative dimensions for the various lengths of a split-ring resonator

(SRR) have been investigated in research over the years. We will de�ne the generic

geometric condition for an SRR as being a continuous structure with end facets

that are on the same side of the main center-of-mass for the component. The wide

breadth of structures included within this description can display diverse properties

and application-speci�c advantages.

The majority of SRRs are monolithic, meaning they are of uniform composition

and lie 
at against a substrate. These are likely the simplest to fabricate. Electro-

magnetic radiation can couple to SRRs in manners that are atypical of most MNPs;

the proximity of the two ends of SRRs allows for the �elds of those regions to interact

such that modes with odd spatial symmetry can be excited, producing a magnetic

dipole [245]. This suggests a magnetic �eld generated along an axis perpendicular to

the plane of such monolithic SRRs.

Consequently, multiple groups have sought means of fabricating upright SRRs, in

which the bulk of the structure is oriented perpendicular to the substrate [245, 246]

(also see the interesting structure of [247]). Such devices have been fabricated through

two-step electron beam lithography (EBL, described below). The two-step EBL up-

right SRRs were studied individually and compared to BEM simulations, revealing

these interesting modes with magnetic character, and were even studied in an ar-

rangement including four upright SRRs to produce a toroidal magnetic �eld [246].

Upright SRRs have also been fabricated through a focused-ion beam technique, in

which structural perimeters are milled into a metallic deposition, and then erected

through controlled stress [248{250]. Such resonators inherently have a shadow in the
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plane of the original deposition, like the slots left behind in a pop-up picture book.

SRRs have been used for several biomedical sensing applications due to envi-

ronmental modulations of LSPR[251{253], particularly bene�ting from the spectral

distinction of resonances which allow for improved signal contrasts (relative to back-

ground and interference) [254, 255]. Swift electrons can readily excite a variety of

modes at the surfaces of SRRs [256], whereas optical excitation of SRRs has been

shown to be polarization-sensitive [257]. Second-harmonic generation (a nonlinear

optical e�ect) imaging revealed the selective excitation of responses from the individ-

ual prongs of a single SRR through control of the incident light polarization state,

which could be useful for optical switches [258].

Individual SRRs hold promise as directional light sources [259]. They have also

been studied in the theoretical context of feedback elements, as demonstrated in

Talebi's numerical calculations [260]. The work presented in Chapter 3 expands upon

this body of knowledge pertaining to SRRs by the rare (and potentially novel) fab-

rication of a suspended strati�ed SRR enabling spectroscopy to be performed for

electrons passing by both ends of a single SRR in the same trajectory.

Gratings and Grooves

Single SRRs could also be viewed as the quasi-unit cell of a grating structure. The

geometric factors [261], periodicities [262] (oraperiodicities [263]), and groove pro-

�les [264], each can have important impacts on the optical properties of gratings.

Charged particles moving over metallic gratings have been known to produce radia-

tion for nearly seven decades [262]14. This is known as the Smith-Purcell e�ect (SPE)

14The actual �rst reporting and prediction of this e�ect is a bit contested, like the HOM e�ect
described earlier. Although the discovery of the e�ect is normally credited to Smith and Purcell,
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after the two researchers who are credited with its discovery. Explanations for this ra-

diation (i.e., Smith-Purcell radiation; SPR) have spurred much debate, though most

experimental aspects of the SPR seem to be well reproduced by classical theories

[266]. The expression for the angular distribution as a function of outgoing angle� of

SPR with wavelength� produced by an electron moving with initial velocityv = �c

over a grating with spacingd was initially reported as:

� = d
�
� � 1 � cos�

�
(1.2.15)

The initial report by Smith and Purcell reported experimental evidence of this rela-

tionship, with the production of coloured and highly-polarized light, sensitive to the

initial angle between the axis of periodicity for the grating and the electron trajec-

tory [262]; this angle dictates the e�ective spacing of the grooves along the electron

trajectory. The classical interpretation of the e�ect was understood early-on as the

movement of the mirror charge traversing the surface of the grating [267, 268]. The

angular dependence in their model reproduced that of Smith and Purcell's original

work by accounting for the Doppler shift between the electron motion and the phase

delay for the radiation produced by neighbouring rising edges in the grating pro�le.

Others have explained the e�ect as a generalized extension of di�raction radiation

[269, 270]. Another description was proposed in those early days of SPR explaining

the e�ect as a grating-based di�raction facilitated by evanescent waves produced by

the travelling �eld of the electron, producing �elds that can radiate into the far-�eld

[271]. That explanation further suggests that the emission brightness is maximized

Salisbury applied for a patent in 1949 on a mechanism using a swift electron interacting with a
di�raction grating to generate radiation. In actuality, Salisbury's patent application was preceded
by Frank in 1942 [265].
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by narrowing the height of the electron trajectory over the grating, and maximizing

the charge velocity (consistent with the mirror charge explanation [267, 268]).

An initial quantum description of the SPE accounted for a Hamiltonian which

had terms representing the electron moving through the periodic potential produced

by the grating, the coupling of the swift electron to the radiation �eld, and the free

electromagnetic �eld (though it neglected the interactions between the bound charges

of the grating and the radiation) [272]. This quantum model also predicted that single

swift electrons should be able to interact with a grating in order to produce single

photons, where the latter has energy exactly matching that lost by the former through

energy conservation, and momentum mismatch is mediated by the momentum of the

grating's periodicity [272].

Recently, Ido Kaminer's group and their colleagues have made monumental con-

tributions to our collective understanding of the SPE. Their group produced sev-

eral important publications in 2017 [273, 266], including the introduction of a model

grounded in exact energy and momentum conservation. This modelling approach

led to reports of potential di�erences in spectral and angular properties of SPR de-

pendent on electron recoil. Emission wavelength di�erences arise in predictions from

the standard SPE compared to a momentum-exchanging SPE for forward scattered

radiation when the initial electron energies are at either extreme (e.g., very small or

very large) [266]. They also found a cuto� in the emission distribution due to some

wavelengths being forbidden by the aforementioned energy conservation (which would

therein require electrons with energy below that at rest). This group has also reported

on the notion of aperiodic gratings in which the spacing of grooves changes along the

length of the structure, and the SPR can be focused for a particular wavelength to a
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particular point at some distance above the grating [273].

Returning from whence this section began, we will summarize several intriguing

�ndings from SPE experiments performed withshort gratings, in which the unit of the

structure is only repeated for a small numberN of periods. Such grating truncation

leads to a direct truncation of the electromagnetic wave constructed by the mirror

charge in the �rst classical model described in this section, and directly impacts SPR

bandwidth [274]. This observation was reported by Burdette and Hughes in 1976

who sought to test earlier theories from the �rst couple of decades of SPE research

relating to the minimum number of grooves that would be needed for the generation

of SPR [274]. Their work revealed SPR produced from gratings with as few grooves

as N = 4 but did not detect signals for N = 1; 2. The lack of signal for the single

and double groove cases may have been a consequence of experimental limitations at

the time, as opposed to a nonexistent signal.

Analytical expressions for spectra produced by swift electrons over �nite gratings

have been presented previously [275]. Others have focused on the use of gratings to

characterize electron wave-packet bunch length through measurement of superradi-

ant SPR [276{280], an emission enhancement dependent on the nature of the exciting

wave-packet. Doucaset al [277] reported that each groove of a grating contributes a

predictable amount of the detectable SPR intensityI as a function of solid angle 
,

such that the overall response for a single electron moving relative to anN -groove

grating is given by the angular distribution:

�
dI
d


�

1

=
e2! 3

4� 2c3

Nd2

n
R 2e

� 2x 0
� e (1.2.16)
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where n is the di�raction order, R 2 is a complex vector quantity related to the

grating geometry and spectral properties15, x0 is the height of the electron trajectory

over the grating, and� e is the evanescent wavelength de�ned in [277] as a function

of the � , the emission angles relative to the grating, and the relativistic electron

velocity parameters. From inspection of equation 1.2.16, the angular distribution of

the radiation produced by a SRR, treated as a grating withN = 1 and for impact

parameters arbitrarily close to the two end-facets (in the case of a U-shaped SRR with

parallel ends) should be essentially completely determined by this complex factor,

which is reportedly best calculated through numerical means [277].

1.3 Spectromicroscopy via STEM-EELS

The entirety of the results in the latter portion of this thesis all pertain to micro-

scopically (or nanoscopically) resolved spectral information, jointly referred to as

spectromicroscopy. We perform spectromicroscopy by means of a scanning transmis-

sion electron microscope (STEM) equipped with an electron energy loss spectrometer

(EELS)16. This section highlights a few of the fundamental principles behind the

various components in a standard STEM-EELS instrument and the most recent ad-

vancements. Also, see �gure 1.5 for a high-level synopsis of such technology.
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1.3.1 Instrumentation

STEM

Our description will follow the order of a standard electron trajectory through the

STEM column and then into the spectrometer, beginning at the aggressively named

gun17. The electron source of a STEM is usually categorized based on whether it

relies on thermionic (Schottky) emissions, �eld emissions [283], or both [284].

The thermionic case requires that a tip be heated to high temperatures such that

some electrons will have su�cient energy to \spill-out" over the work-function of the

material used [285]. Field-emission sources instead rely on strong electric �elds near

the source �lament, which narrow the potential barrier and enable a comparatively

narrow-band of electrons near the Fermi level to be extracted [285]. The narrower

spectral calibre of the extraction is paramount for approaching high energy resolution

applications; the monochromator, which will be discussed shortly, acts as a narrow

band pass �lter, and hence selecting a portion of the initially extracted beam into a

small spectral domain reduces counts and brightness. Combinations of these tech-

niques have been implemented (see [286], for instance), but the state-of-the-art at the

time of writing still appears to remain cold �eld-emission guns (cFEG).

Electron source surfaces are contaminated over time by adsorbed species, includ-

ing during operation [287{289]. The high extraction voltages that are involved may

15Doucaset al point towards earlier work for those interested in more details on theR2 term [281].
16EELS will also be used herein as a shorthand for electron energy loss spectra, and electron

energy loss spectroscopy, with the context hopefully making it clear which use is intended.
17While electrons depart from the source and gun, they are not truly synchronized to any triggering

mechanism in a standard STEM-EELS setup (though they are in some pump-probe techniques; see
[282], for instance). Perhaps eventually there will be a less violent analogy which can be drawn for
a more suitable name.
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consequently need to be increased during the lifetime of an individual source to main-

tain a relatively consistent beam current across sessions. Contamination also builds

up on the tip during operation leading to current reduction, so users occasionally

have to 
ash the tip, whereas tip 
ashing is much less important for Schottky de-

vices. cFEG also requires high vacuum restrictions and in exchange delivers higher

current density [290].

Electrons are focused using strong electromagnetic lenses through the in
uence

of the Lorentz force (see the prelude to equation 1.2.7 and �gure 1.5). A magnetic

material with a hole along the beam trajectory is wrapped with a copper solenoid

that produces a current through said hole [291].

Magnetic prisms are used to spatially disperse and un-disperse the spectral com-

ponents of the electron beam [292] (see [293] for a more comprehensive summary).

This is �rst relevant for the beam monochromation, as foreshadowing in the discus-

sion of the importance of a spectrally narrow electron source. The preliminary beam

current is focused through a series of lenses o� of the main column trajectory and

onto the entrance aperture of the �rst magnetic prism in a monochromator. Pas-

sage through said prism spreads the beam such that a slit can be used to select a

su�ciently narrow notch band from the initial input to achieve the desired energy

resolution. The opposite sequencing is then implemented for the second half of the

monochromator; the �ltered beam passes through another prism such that the inverse

action is performed and it is gathered spectrally by the exit, before being returned

to the beam axis through another series of lenses [292]. This form is known as an

� -monochromator because of the� -shaped trajectory followed by the electrons.

The analogy between the function of electromagnetic lenses and prisms, and their
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optical analogues unfortunately carries over to the existence of aberrations [294, 295].

The electron beam exiting the monochromator is accelerated into an aberration cor-

rector, which attempts to compensate for otherwise unavoidable hindrances on the

point spread function (PSF) of the beam. Both the cFEG and monochromator e�-

ciently improve the spectral width of the beam, but it is still not an energetic delta

function, and consequently undergoes chromatic aberrations [296] in which electrons

of essentially slightly di�erent energies have di�erentv and as such experience di�er-

ent de
ections due to the Lorentz force. We cannot possibly trim the monochromated

signal down to a near in�nitesimally narrow notch as this would completely diminish

the current and make data collection prohibitively slow. Similarly, the transverse

separation of the electrons from the beam axis leads to di�erent de
ections and cor-

respondingly di�erent focal lengths, resulting in spherical aberrations [297].

Aberration correctors use a series of multipolar electromagnetic lenses in succes-

sion to compensate for these imperfections in the point spread function [298{301].

This is performed procedurally and programmatically with the assistance of com-

putational software which iteratively wobbles currents for various lenses in order to

measure the deviation of the existing electron optics relative to the ideal probe. The

deviation can be manually improved initially by focusing to the sample plane and pro-

jecting the shadow image onto a detector much farther away to the so-called blow-up

point (or in�nite magni�cation plane [302]) in the column and studying the resulting

probe image over an amorphous region (i.e., an amorphous carbon �lm or select areas

on a lacey carbon grid that are essentially anisotropic), known as the Ronchigram

[303, 304]. Improving the uniformity of the Ronchigram generally subdues the aberra-

tions, but can be subjective (see comments related to the optical Ronchigram in [305])
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and very time-consuming. The automated protocol requires some reference specimen,

and in our case is performed by using the Ronchigram camera to produce a decently

focused (within the electron equivalent of the \circle of least confusion" [306]) image

of some gold nanoparticles which have been deposited onto a lacey carbon grid. This

tuning of the lenses is repeated until the net measured error is below a tolerance

partially determined by the convergence semi-angle of the probe, the desired spatial

resolution, and the camera length (within Nion Swift [307]).

The swift electrons pass through additional condenser lenses before arriving at the

sample stage. Multiple types of holders exist, including several within-situ controls

[308, 309], but this thesis only involved the use of standard single-tilt and double-tilt

holders. Double-tilt holders aptly allow users to tilt the sample along two axes, with

the maximum achievable tilt being limited to roughly � 30o (based on our own ex-

perimental results). The single-tilt holders we have access to have a wider tilt range

(� � 50o) and can only be rotated along a single beam-orthogonal axis.

Those electrons which are forward scattered by the sample or unperturbed, con-

tinue through the column until being collected by a detector. The �rst we shall review

is the high-angle annular dark �eld (HAADF) detector. This annulus can be used to

learn about speci�c structural and compositional information in a specimen, based on

intensities of signals scattered to high angles by atomic nuclei (i.e., Rutherford scatter-

ing [310] - if it is truly incoherent [311]). The scattering probability� is proportional

to Z 2 whereZ is the atomic number [310, 312]. The intensity of signals collected at

the HAADF are therefore indicative of dissimilar compositions, and can be calibrated

for atomically-resolved measurements [313]. Ptychographic reconstructions have even
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enabled picometer-scale resolutions [24{26]. Lighter elements are more di�cult to re-

solve as they do not scatter as intensely to higher angles, and have been recently

resolved relatively well using annular detectors at smaller radii (see [314] in which

ptychography was artfully combined with angle-dependent annular dark �eld data to

reconstruct information about both light and heavy elemental dopants and defects in

a monolayered specimen).

EELS

A portion of the beam which is forward scattered into a narrow solid angle is then

collected into a chosen collection semi-angle, and focused to the entrance of the �nal

magnetic prism - the spectrometer. The electrons which follow this path are mostly

elastically scattered and form a bright region on the detector. This is conveniently

named the zero-loss peak (ZLP) and contains information on the remaining distortions

in the system. The ZLP is treated as the PSF [315, 316] (or rather the convolution of

the PSF with a delta function at zero energy loss, and herein is considered to include

the spectral spread from the emission source [317]), and provides a marker against

which to align spectra, and to discern the losses incurred by the electrons which have

interacted with the sample. These electrons have inelastically scattered and can then

provide fundamental insights into the physics occurring.

The extent of dispersion at the spectrometer is chosen in order to digitize and bin

the resulting EELS data with a certain precision. The low-loss region, from the ZLP

up until the start of the UV around 4 eV, contains valuable information about LSPR

or SPPs, phonons, bandgaps, interband transitions, and intraband transitions, among

other contributions. The higher loss region contains signals a�orded to swift electrons
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from the beam inelastically scattering o� of inner shells and exciting transitions be-

tween said shells - the \core-loss" region [318]. To access core-loss EELS, one would

need su�ciently \wide" channels (or low dispersion) in order to resolve both the ZLP

and the targeted edges in the spectra produced by the inner-shell scatterings, which

are commonly into tens [319] if not hundreds of electronvolts of loss [320]. Hence, the

dispersion needed is much weaker than that required for low-loss analysis. For in-

stance, ultra-low-loss EELS performed for the experiments described herein involved

channels as spectrally narrow as 0:0001 eV/ch, while core-loss experiments readily

are performed with 0:5 eV/ch.

We are very fortunate to have access to revolutionary equipment at the Cana-

dian Centre for Electron Microscopy (CCEM), and the physical portion of the results

collected for this thesis were nearly entirely collected using the Nion HERMES 100.

This is equipped with aberration correction, monochromation, and most importantly

for my research, a highly sensitive detector - the Dectris ELA [321, 322]. The ELA is

a pixelated detector with the dispersion channels controlled by interplay of the spec-

trometer and the pixel dimensions. This importantly facilitates a high frame-rate

readout from the detector with virtually no noise. Electron-hole pairs are generated

by primary electrons incident at the detector, and the high dynamic range means

that strong and weak signals can be simultaneously resolved. That in particular is

critical for my results, which we will address later in Chapter 3.

1.3.2 Limitations

The merits of STEM-EELS are many but there remain bounds on its prospective

measurements. These are normally cumbersome limitations which prohibit insights
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into the �nest of details, and paint a more practical portrait of STEM-EELS. We will

tackle primarily qualitative arguments for the spatial, energetic, temporal, and mo-

mentum resolution limits in STEM-EELS, particularly as these apply to the collection

of EELS data.

Spatial and Momentum Resolutions

The smallest feature which can be resolved from a spectromicroscopic feature is re-

lated to the localization of the signal. Electrons passing near but not penetrating

through a sample (i.e., aloof) are still capable of interacting with excitable modes

hosted by the sample, especially at the surface [155, 158, 159]. The spatial resolution

of a spectroscopic channel is then related to this inelastic delocalization, with lengths

which have been examined from various perspectives historically (see the notorious

contribution by Egerton [323], which catalogued several interpretations and conse-

quences of those perceptions).

Knowledge of multiple spatially di�erentiated spectral features with di�erent lev-

els of delocalization has previously been used to improve measurements [324]. Being

aloof has the additional bene�t of suppressing bulk contributions to collected signals

[155, 158, 159]. Thin specimens are generally easier to image with higher spatial res-

olution in STEM [325], and the same is important for EELS if one desires to acquire

spectroscopic data for penetrating trajectories. Increased accelerating potential can

also contribute to the overall spatial resolution as the relativistic electron velocity

dictates the aforementioned de Broglie wavelength [23]. However, Nion have recently

reported very high energy resolution with lower accelerating potentials whilst retain-

ing nanometer or even atomic spatial resolutions [326].
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The last of these applications which might prioritize spatial resolution was recently

investigated through an interesting scheme balancing that limit with the bounds of

momentum resolution [327]. Momentum resolved EELS (which has seen amomen-

tous boost due to the popularization of parallel collection schemes [322]) colloquially

su�ers through the trade-o� with spatial resolution, locked-in by Heisenberg's uncer-

tainty principle [328, 329]. The uncertainty principle has been mentioned multiple

times as the limiting factor here, based on the conjugate nature of the position and

momentum operators as described earlier.

The defect related paper mentioned here sought to study the dispersion of phonon

modes contributed by a single stacking fault in a silicon carbide specimen [327].

Achieving high spatial resolution requires a large convergence semi-angle for the beam,

coming to a sharp point and small beam waist at the sample, whereas high momentum

resolution requires a narrow convergence semi-angle so that the angular separations

in the inelastically scattered beam can be distinguished [330]. Hence, the authors

chose to essentially perform two separate experiments with each satisfying one of the

convergence conditions [327].18

Energetic and Temporal Resolutions

Another important conjugate pair of parameters for STEM-EELS is that of energy

and time. STEM-EELS is a time-averaged technique; measurements are not generally

performed to capture temporal events, thoughin situ experiments can be performed

for characterization of relatively slow processes [331, 332]. The ELA camera does

allow for high readout speeds and controls can facilitate smaller readout areas from

18It was knowledge of this limitation which prompted the commencement of Chapter 2; entangle-
ment was sought with the underlying ambition of usurping the uncertainty principle.
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the detector [322], but collecting su�cient counts for inelastic events combined with

typical currents (which impact the energy resolution as mentioned earlier) restricts

the minimum timing for data collection in STEM-EELS to the order of milliseconds

[333, 334]. There have been instances where this is pushed to microseconds and even

nanoseconds, especially in the case of coincidence measurements facilitated by addi-

tional detection schemes which hunt correlations between swift electrons and cathodo-

luminescence signals [335]. Regardless, standard STEM-EELS still has nowhere near

the temporal resolution to directly resolved SPP dynamics.

Instead, the conjugate nature of energy and time measurements has been applied

previously as a means of judging the lifetime of plasmonic modes [177]. The energy

uncertainty is interpreted based on the width of the corresponding loss peak in the

EELS signal, and hence the lifetime of the mode is interpreted from the presumed

minimum uncertainty product. This may be an oversimpli�cation of the true result

as it is reliant on the decoupling of the PSF (or ZLP) contribution from the �nal

spectrum in order to evaluate thetrue width of the peak (see [316]).

Other than quantum limitations, the energy resolution is primarily limited by the

instrument and alignments, as described earlier. The monochromator, slit, aberration

corrector, spectrometer, and detector, all play essential roles in setting a lower bound

for the smallest resolvable spectral features. Again, the challenge to the previous

notion of SPP lifetime being interpreted from the peak widths in EELS data is that

the sum of the spectral actions of these components as comprised in the PSF likely

does not inherently equate to the quantum limited uncertainty, which is what the

conjugate pair limit is meant to represent.
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1.3.3 SPP Detection and Mapping

We have already indicated that swift electrons passing near metal-dielectric bound-

aries can excite SPPs [160], and will now summarize some relevant details of this

excitation in the context of STEM-EELS.

Excitation Mechanism

Swift electrons travel with velocities at a fraction of the speed of light through the

STEM column. Scanning coils in the STEM allow automation software to raster scan

the beam or to position in at selected positions. The electrons can then be made to

pass near (or through) a MNP which is usually supported on some sort of grid (e.g.,

lacey carbon or silicon nitride membrane) inside of a sample holder. While some

have found ingenious schemes for studying individual nanostructures in truly 
oating

states [336], such schemes are a rarity, if not an anomaly in the standard practices of

STEM-EELS for plasmonics.

The charge density along the outer surface of the MNP can respond to the motion

of the high-speed electron by redistributing in order to retard the electron's motion,

acting to decrease the induction caused (analogous to Lenz's law [337]). The swift

electron is then slowed down, and it is precisely that change in energy which is probed

by the spectrometer and detector [338]. The density of electrons which collectively

rose to the occasionexperiences Coulombic attraction back towards the net positively

charged metallic ion sites from which they came, and there is a collapse [150]. The

electromagnetic charge density wave will continue to oscillate brie
y, with femtosec-

ond scale lifetimes as mentioned earlier.
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The electrons which undergo a particular inelastic exchange are counted by the de-

tector, and the result is theoretically a Poissonian distribution [339, 340], though the

�nal result will actually have been convoluted with the system PSF [316]. The number

of counted electrons in each channel at the detector, and the energy values they are

registered to, provide the �rst two of four standard dimensions in the STEM-EELS

datacube. The remaining dimensions are transverse coordinates associated with the

beam position [341]. STEM-EELS mapping has become an irreplaceable tool for in-

vestigating LSPR and SPPs.

As brie
y indicated earlier, electrons circumvent the topical limitation of optical

SPP excitation in that electrons can interact with SPPs that have in-plane even-

ordered spatial symmetries, so-called dark modes [120, 342, 121]. Additionally, the

optical excitation requires penetrative incidence (see [343]), whereas swift electrons

can excite SPPs up to as much as microns away from the nearest metal-dielectric

boundary; one metric of inelastic delocalization length is the diameter of a region

into which half of the inelastic signal is scatteredd50 � � e(E0=� E)3=4 [344], with � e

the de Broglie wavelength of the exciting electron,E0 the energy of said electron, and

� E is the energy loss - infrared losses and high accelerating potentials mean that

relatively long range excitation becomes possible.

Typical currents used by expert spectromicroscopists are on the order of some

hundreds of picoamps [293]19, so we will consider a subjectively high current of a sin-

gle nanoamp. Hence,� 6 electrons pass through the STEM column per nanosecond,

or at a more relevant time scale (and making the forceful assumption that the elec-

trons are on average evenly spaced spatiotemporally), the electrons pass through the

19The authors of said paper are pioneers in high energy resolution spectromicroscopy and note
the use of 300� 600 pA based on multiples of the coherent current produced by a cFEG.
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column 160 ps apart20. Recall from earlier that the lifetimes of SPPs is on the order

of tens of femtoseconds, meaning that each individual electron in the beam should

at most interact with a single SPP; the SPP lifetime is su�ciently short that it will

have decayed before the arrival of the next electron [345]. The actual disparity is even

more egregious noting that the beam current with monochromation is much smaller,

and hence consequent electrons are separated by greater delays than mentioned here.

This usually prohibits a normal STEM-EELS experiment from probing the inelas-

tic exchanges of swift electrons with SPPs that were excited by previous modes. Even

SPPs with high lifetimes are normally decayed in much less than a hundred picosec-

onds (see [346] for a notable exception which achieved resonances approaching this

range). Hence, a true pump-probe type experiment within the existing STEM-EELS

framework is rather implausible21.

A notable exemption to the last argument is conceded in favour of a previous ex-

periment of electron-SPP excitation on a liquid indium surface [339]. Careful exper-

imental design enabled atypically high SPP excitation probabilities, and the smooth

surface of the liquid indium meant less radiative losses so that SPPs survived long

enough after an initial scattering event to interact with subsequent electrons. The

details of the story may be di�erent but the results of Chapter 3 could be interpreted

as mimicry of such an experiment with the substitution that the leading and trailing

electrons are played by a single electron. Electrons following in very close proximity

could undergo vicinage e�ects, which are described in de Abajo's 2010 paper [345] for

those who are interested.
20A similar calculation is mentioned in [345] with a 100 keV beam and 100 pA producing electrons

that are separated spatially by 26 cm and temporally by 1:6 ns, which is even more drastically
disparate from the conditions needed for probing electron-excited SPPs.

21And hopefully a su�cient focus for a doctoral thesis.
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The interaction between individual electrons and samples have been theoretically

examined through many interesting outlooks [347, 348, 232]. For instance, Ritchieet

al described the interaction in terms of the infamous electron self-energy [347]. This

provided an interpretation of the interaction allowing for the energy to pass back and

forth between the two entities of interest; an electron could lose energy whilst exciting

a sample and then regain some or all of that energy, and so on22.

Ritchie and Howie reported that inelastic scattering measurementsvia EELS

would match classical predictions if the entirety of the inelastic signal were included

[349] (though ful�lling this condition would mean an arbitrarily large collection aper-

ture). However, the intensity of SPP signals drops o� with the cube of the scattering

semi-angle [338]23, meaning that there is a rapidly diminishing return for increasing

the collection semi-angle in the context of SPP detection. Fortunately, and again

shown by Ritchie and Howie, EELS signals collected through small collection angles

are still well represented classically so long as some normalization steps are considered

[349].

The majority of the results presented below are based on aloof signals, but a wake

is produced behind charged particles movingthrough a conducting medium [338]

with the wake oscillating at ! P . The wake spreads laterally away from the axis of

the charged particle's trajectory along a cone with a semi-angle de�ned by the ratio

of the Fermi velocity to that of the particle [338].

A similar e�ect is present when an electron (or other charged particle) moves with

a velocity v through a medium with refractive indexn = c=vp wherevp again denotes

22One of the Feynman diagrams included in [347] described the lowest order self-energy interaction
in which the electron loses energy and then regains it. The results of Chapter 3 could principally
be summed up by similar diagrams, noting the novel discrepancy in the human-controllable timing
between the interactions.

23Special thanks to Dr. Egerton for pointing me towards this result.
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the phase velocity of light (in this hypothetical medium) andv > v p. The electron

loses energy through radiation produced (Cerenkov radiation; see the summary in

[345]). This radiation is often present in the low-loss region of EELS spectra and

cloaks the signal of interest [350]. These losses can be �ltered through the use of

specially designed apertures which block the central angular component of the EELS

signal because the electrons which undergo such transitions have only exchanged a

minuscule amount of momentum [351].

Modal Hybridization

Discussion of SPPs up until now has focused on single well-de�ned modes. Many

plasmonic nanostructures have been developed which support inter-modal coupling,

resulting in hybridized modes. This hybridization can manifest through multiple

pathways, including through hierarchical structures, and proximity.

Hierarchical nanoprism structures can be designed to mimic fractals24 - patterns

with self-similarity and non-integer Hausdor� dimensions [353]. A common feature of

2D fractals is that they can theoretically obtain in�nite perimeter within a �nite area

(see [354], for instance), though this is only an approximation in real world structures.

Mathematical models of fractals follow recursive de�nitions [355], meaning that fea-

tures at smaller scales contain all of the information of larger scales - a property

known as self-similarity. In practice, generation of fractal patterns often starts with

some initial shape or curve which can then be predictably altered [356], transforming

the canonical base structure from the zeroth generation (G0) of the fractal pattern

24Fractals were actually brought up in my �rst meeting with Dr. Botton as I was actively using
multifractal analysis for my masters thesis at the time [352] and he mentioned having previously done
simulations of the Mandelbrot set. I did not understand much about practical electron microscopy
at the time, but the interest in fractals felt like a nice starting point.
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into the �rst generation (G1), and so on (e.g., the true fractal structure would be

reproduced by G1 ).

Geometrically fractal nanoprisms (GFNs) have received attention for applications

as broadband nanoscopic antennas, and support LSPR or SPP modes which can dis-

play modal hybridization e�ects which are otherwise localized to spatially distinct

subregions of the nanoprisms [357{359] (see [360]). Our group has previously demon-

strated STEM-EELS analysis of Koch-curve mimicking GFNs [358] and Sierpinski

gasket mimicking GFNs [357], with the latter hosting a number of modesNm pro-

portional to the associated generationm in the fractal pattern via Nm =
P m

i =0 2(3i )

[357].

The other modal hybridization approach that we will discuss involves pairing

multiple components with di�erent nanophotonic properties in order to merge their

responses. This strategy has been implemented in various geometries and combina-

tions of materials. This includes two-layer nanowire-like antennas in which one layer

supports a bulk surface phonon mode and the other supports SPPs with resonances

tunable by length selection [361]. This combination revealed strong coupling of the

phonon and plasmon modes, leading to Rabi splitting [362{364] in which symmetric

and antisymmetric combinations of dipolar modes from the two constituent nanoan-

tennas could interact [361].

Another interesting instance of modal hybridization is that of the recently pop-

ularized plasmon-exciton coupled modes, now shorthanded as plexcitons [365{367].

These hybrid plexcitonic modes have been revealed in multiple studies as of late, in-

cluding through the use of quantum well heterostructures [368].

Theory of plexcitons primarily stems from descriptions of dipolar excitations or
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quantum con�ned emitters (e.g., quantum dots, wells, etc.) interacting with plas-

monic resonances on MNPs [369]. Some proposals suggest an arguably doubly hy-

bridized condition in which coupling between dark plasmons on a MNP couple to

the excitons supported on a quantum dot and lead to e�cient gain, which can then

spectrally overlap with an analogously hybridized bright (or optically active) plexci-

ton [370]. Conditions for plexcitons will be discussed more in Appendix A. Other in-

stances of modal hybridization include plasmon-magnon coupling [371, 372], plasmon-

polaron coupling [373{375], and plasmon-skyrmion interactions (see the recent review

in [376], and work using \spoof" plasmons [377]).
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Figure 1.5: A generic
aberration-corrected and

monochromated STEM-EELS
instrumentation. Electrons from a source

(a) are focused through an
electromagnetic condenser lens (b) to the
entrance aperture of a monochromator
(c); the beam is focused through lenses

(d) onto a magnetic prism that disperses
the beam (e). It is �ltered using a slit

(f), and un-dispersed using another
prism and set of lenses, and then enters
an aberration corrector (g), is focused

through a chosen convergence semi-angle
using an objective lens (h), onto the tip

of a sample holder (i) supporting the
specimen (j). The exiting signal passes
through the post-specimen objective

lens, into projector lenses (k), and then
to various detectors (l), permitting the
direct beam into the spectrometer (m),

and onto the detector (n).
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1.4 Boundary Element Method

There have been several references up until this point regarding the Boundary Element

Method (BEM), and we will now pierce the veil. As preamble, note that the following

information will adhere very closely from seminal work by De Abajo and Howie [348],

and subsequent work again by De Abajo [345]. Their descriptions and derivations

produced BEM from which sprung work by Hohenesteret al resulting in the free

MATLAB [378, 379] toolbox MNPBEM [380].

1.4.1 Returning to the Lorenz Gauge

We will begin by returning to the MHE equation suite 1.2.1, speci�cally with the

choice of a gauge which leads us to revisit equation 1.2.3. The Lorenz gauge was

given earlier by r � A = � 1
c2

@�
@t [348], and a similar gauge is used for the BEM,

r � A = ik"�� [348, 380] (clearly equivalent if@�
@t = � ic2k"�� = � ikn 2� for a

medium with real refractive indexn). MHE can then be rewritten with natural units

as follows using this gauge:

(r 2 + k2"� )� = � 4�
� �

"
+ � s

�
(1.4.1)

(r 2 + k2"� )A = �
4�
c

(� J + m) (1.4.2)

(1.4.3)

with � s represents the additional charges at the interface given by� s = (1 =4� )D �

r (1="), and m is a current at (and askew to) the metal-dielectric interface, and is

written in the more involved form of m = ( � 1=4� )[i!� r ("� ) + cH � r � ]; � s and m

are zero everywhere other than at the interface.
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The ambition of the BEM involves recasting this problem into a scenario involving

hard boundaries between two di�erent materials with surface charges and currents

which satisfy appropriate boundary conditions. For brevity, we will state the result

that the chosen gauge condition combines with previously mentioned boundary con-

ditions to necessitate continuity of bothA and � across any interface of interest [348].

Greens functions of the wave equation on either side of the interface act on the surface

charges and currents to produce di�erences in equivalent sources expressed through

modi�ed forms of the scalar and vector potentials, respectively:

� e
j (s) =

1
" j (! )

Z
dr 0Gj (js � r 0j)� (r 0) (1.4.4)

A e
j (s) =

� j (! )
c

Z
dr 0Gj (js � r 0j)j (r 0) (1.4.5)

(1.4.6)

wheres are coordinates along the surface. Our goal is to uncover a numerical approach

to the estimation of solutions to the MHE (within the aforementioned Lorenz-like

gauge) - De Abajo and Howie explain the discretization of arbitrary geometries for

interfaces into a series of panels comprising an approximation to the desired surface.

Accuracy corresponds to the number of discretized surface panels and the anticipated

slow variance of surface charges and currents within individual facets (e.g., nearly

constant at each).

The discretized self-consistent solutions for the surface charges and currents along

the interface in mediumj (� j , and h j , respectively) non-magnetic materials can be
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written as:

� j = G� 1
j � � 1f D e � " j 0� j 0� e + ik ns � � � 1

[("1 � "2)( � + ik ns" j 0� e) + ( "2� 1 � "1� 2)A e]g (1.4.7)

h j = G� 1
j � � 1[� � � j 0A e + ik ns(G1"1� 1 � G2"2� 2)] (1.4.8)

with j representing an index to one of the materials andj 0 always representing the

other, ns is the surface normal, and the following de�nitions provided:

� = ( ns � r s)(A e
2 � A e

1) + ik ns("1� 1� e
1 � "2� 2� e

2) (1.4.9)

� e = � e
2 � � e

1 (1.4.10)

A e = A e
2 � A e

1 (1.4.11)

� j = H j G� 1
j (1.4.12)

� = � 1 � � 2 (1.4.13)

� = "1� 1 � "2� 2 + k2("1 � "2)2ns � � � 1ns (1.4.14)

Earlier, the LSPR response was connected to the geometries of MNPs with the intro-

duction of eigenmodes of said structures. It is an elegant conclusion in the context

of such derivations (at least from the perspective of this thesis' author as an experi-

mentalist) that the eigenmodes, or natural oscillations can be foundvia solutions to

detf � g = 0.
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1.4.2 EELS

Let us continue with this fully-retarded framework and discretized solutions to these

semi-gauge �xed forms of the MHE, and use the original expressions for� and A to

solve for E = ik A � r � . This leads to an expression for electron loss probabilities

that has bulk and surface contributions, of which we are only truly concerned with

the latter. This result is given by:

� s(! ) =
1

�!
� j

Z t1
j

t0
j

dtRe

(

e� i!t �
Z

Sj

dsv � [ikG j (jr e � sj)h j (s) � r r eGj (jr e � sj)� j (s)]

)

(1.4.15)

MNPBEM relies on a slightly di�erent expression, which makes use of some cancelling

terms and simpli�cations (and reintroduces those constants which were set to unity)

[381]:

�( ! ) = �
e

� ~!

X

j

Im
I

@Vj

� j (s) f kv � h j (s) � qv� j (s)gda (1.4.16)

where we are integrating over the areas of each surface element along the discretized

interface at medium j , q = !=v is another wavenumber. The superscript has been

dropped as this term actually includes both surface and bulk losses (with the latter

de�ned in [345]).

1.4.3 Dyadic Green's Tensor

The EELS probability can also be described in terms of an integral along the tra-

jectory of the swift electrons in the beam interacting with the sample with �elds
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propagated by the dyadic Green's tensorG. Recall that G was introduced for the

description of quantum purity [232] in equation 1.2.14. The form for the total loss

probability is described in [345] is:

�( R 0; ! ) =
4e2

~

Z
dzdz0cos

�
! (z � z0)

v

�

Imf� Gzz[R 0; z;R 0; z0; ! ]g (1.4.17)

These expressions facilitate simulations of various nanophotonic properties and ex-

poses important spectral predictions for plasmonics [380{382, 48]. The remainder of

this introductory section will delve into conceptual background for the fabrication of

nanostructures.

1.5 Fabrication of Nanostructures

Theory and simulations predict a broad swathe of fascinating and useful applications

for nanophotonics, leaving the physical production of microstructures and nanostruc-

tures with the burden of realizing such devices. It is �ne and well to model the optical

response of a nanoscopic device, but fabricating said device typically involves train-

ing, equipment, environmental controls, and patience; nanostructure fabrication can

be performed through various strategies, and often requires calibration and tedious

re�nement of recipes25. This section will focus on factors pertinent to electron beam

lithography, and then brie
y, nanoparticle drop-casting.

25This statement is at least true in my personal experience.
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1.5.1 Electron Beam Lithography

Based on its optical analogue (a common theme in nanophotonics), electron beam

lithography involves a multi-stage fabrication. The majority of the relevant processes

can be thought of as paralleling the steps used in stenciling. A substrate is selected,

which needs to have su�cient rigidity to sustain its form through several steps, and

to support the particle or structure of interest. A droplet of photoresist liquid (like

polymethyl methacrylate, PMMA) is then placed on the substrate, and this is spun

at high speeds in order to ensure an evenly deposited liquid �lm is produced. This is

then baked in order to set, forming a layer which will eventually become the stencil.

An electron beam incident upon the baked photoresist can then denature the

polymeric chains in the immediate vicinity of the beam incidence [383]. The baked

photoresist-coated substrate is placed inside of a scanning electron microscope (SEM),

with precaution taken to avoid manually and unintentionally exposing the photoresist

to the electron beam. Programmatically automated software reads in a pre-selected

pattern, which is then used as to generate a path for the electron beam, with controls

for the planned dwell time (and the corresponding exposure from beam current) [384].

The denatured portions of the photoresist are removed in order to clear a path

to the substrate in regions that will host the nanostructure [385]. This involves a

chemical development which prepares the targeted regions of the photoresist so that

they can be dissolved and rinsed or otherwise etched away [386].

Nearing the end of the procedure, we �ll the newly created cavities in the otherwise

complete 2D photoresist layer by depositing metal onto the surface of our sample

[386, 387]. Metal sputtering was used in this thesis but other techniques are available

like electron beam induced deposition [388], or molecular beam epitaxy deposition
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[389]. The sputtered metal ions leave from a puck (target) under a high voltage in a

vacuum chamber when a plasma is established [390]. The ions decorate the surface

at a controllable rate and for a set duration [391], leading to the formation of a

thin metallic layer. Finally, the nanostructures are procured atop the substrate by

removing the stencil layer of photoresist [387], through another wet rinsing process.

Writing Limitations

The resultant structures produced by EBL can easily achieve dimensions smaller than

those available to standard optical lithography techniques [392]. However, it still suc-

cumbs to side-wall slant [393, 394], and the lack of surface adhesion between silicon

and gold can require a wetting layer to be deposited [395], or the acceptance of a re-

duced device throughput. The limit to features which can be written using EBL [387]

lies in the nanoscopic range, with some having produced features below 10 nm [396{

398], which is crucial given the scope of nanophotonics. Di�erent protocols, choices of

photoresists [399], spin coating speeds [400], electron beam current [401], interaction

volume [402] (related to accelerating potential [403]), development [387, 404], and

nearly every other parameter involved in EBL, play deterministic and interdependent

parts in the creation of nanolithographic features.

Structures written using EBL are also essentially monolithic (though one could

principally deposit multiple metals, or the same metal in di�erent manners to achieve

some extent of strati�cation). The aforementioned side-wall slants impact modal

pro�les and end-facet geometries. This impacts plasmonic structures in particular

as phases in SPPs are heavily in
uenced by end-facet geometries and cross-sections

of otherwise 
at Fabry-Perot resonators [405]. Two-step lithographic processes can
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de�ne features in 3D with EBL, with each layer being chosen to have symmetry along

the substrate normal. See for instance work done by Bicketet al on upright SRRs as

mentioned earlier [246]. However, this technique is very di�cult, compounding the

challenges of lone stage EBL and dependent on precise stage alignments.

Feature writing is also impacted by the crystallinity of the deposited layers, which

are almost exclusively polycrystalline [406]. The grain size can be purposefully in
u-

enced by selection of sputtering parameters [407], or through encapsulated rapid ther-

mal annealing (which has been used for plasmonic nanostructures previously [142]).

This is important for the propagation length of plasmons as discussed earlier. For

writing, the grain size can further in
uence the smallest surviving features as the

nanostructures left behind by the �nal rinse may have a roughness de�ned by the

outermost grains and their boundaries [408].

1.5.2 Dropcasting

Chemical synthesis of nanoparticles is a long-standing tradition of nanoscience, with

the notable inclusions of fullerene [409, 410], carbon nanotubes [411{413], spherical

particles [414{416], core-shell particles [417], and single-crystalline particles [418{

421], to name a few. This thesis relied on single-crystalline gold nano
akes provided

generously by Dr. Erik Dujardin (following the protocol described in [421], and

synthesized by his former student Laureen Moreaud). These start from small seed

particles of gold which evolve in a solution to various �nal structures including large

area 
at 
akes (over 100 � m across); such 
akes have previously been paired with

etching techniques to pattern single-crystalline plasmon structures of arbitrary planar

geometry with high quality resonances [143].
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Dropcasting is an intuitive deposition process explained by its name; MNPs can

be deposited onto a substrate by simply casting a drop of a solution which holds

the MNPs in suspension [422, 423]. Solutions can be sonicated �rst to deconstruct

agglomerates [424] which may have formed, and then a syringe can be immediately

used to extract and then deposit a micro-droplet onto a substrate. This may be

preceded by a dilution step if the concentration of MNPs in solution is deemed greater

than necessary to achieve the desired average spacing of MNPs on the substrate;

nanophotonics often seeks results from individual MNPs or small groups of coupled

particles and a super
uous density of nanoparticles in solution may result in too small

of a separation to be able to fully decouple nanophotonic properties (due at least in

part to the inelastic delocalization e�ects mentioned earlier).

Otherwise, the droplet is allowed to sit so that the MNPs can decant through

the micro
uidic suspension. The excess liquid is wicked away with a research grade

tissue, and the sample is baked. The baking is required to ensure the specimen is

completely dried before it is placed into an electron microscope, to prevent damage or

contamination. Lower baking temperatures may be optimal as higher temperatures

may result in liqui�cation of some metallic nanoparticles at temperatures well below

their bulk melting points [425, 426].

1.5.3 Focused-Ion Beam

Milling and inspection can be combined into a single instrument in order to better

facilitate inspection and to accelerate turnaround time for prototyping. The penulti-

mate tool in this realm is a focused-ion beam (FIB) instrument equipped with a SEM

[427] (FIB-SEM, see �gure 1.6). There are several primary modes which are readily
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available in FIB based on the currents used [428]. Lower beam currents26 can be used

to produce a surface scattered beam instead of one which penetrates and detectors

can be used to achieve an imaging mode [429].

Gasses and targets can be used with higher currents in order to sputter [429],

which we will show later is useful for deposition of protective layers [430], or sample

fabrication in situ [428]. Most relevantly for this thesis, higher ion beam currents

can be used to mill into materials, with control over the milling rate, which is further

material-dependent [431].

These deposition and destruction techniques can be paired to lift-out a lamella

from a sample [432]. This involves a multi-step protective deposition and milling.

Protective layers are deposited in order to protect the region of interest (ROI) from

ion implantation [430]. Afterwards, ion beam ablation is used to mill a vat down

along three of the four sides surrounding the forthcoming ROI lamella [433], which

meet underneath.

A micromanipulator [434], which is a moderately maneuverable microscopic nee-

dle point, is translated via motor controls and brought to the short side of the three

which have been milled and are now available. It is brought closer until it is either in

contact with the surface or nearly, and then the beam is positioned at this junction

in order to deposit a securing weld [433]. The beam can then be shifted to the one

remaining structural connection between the lamella and the bulk of the sample and

substrate. The lamella is then free to be transported, and can be welded again to a

copper half grid for analysis in STEM and detached from the micromanipulator [435].

This is hereafter denoted in shorthand as a lift-out.
26Lower currents reduces the damage to the sample
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FIB normally uses gallium ions as its primary source [428]. This can be prob-

lematic for applications in semiconductor physics where gallium doping may play a

signi�cant role (unless the doping is desired [436]). Gallium beams are also limited in

the scope of scales for ROIs. Both of these potential shortcomings can be overcome

by means of plasma-FIB (PFIB) [436], which uses other ions in place of the liquid

gallium source (xenon in the case of the Helios 5 PFIB UXe DualBeam instrument at

the CCEM). The large area milling capabilities of PFIB translate into faster milling

for equivalent regions, with more than an order of magnitude improvement upon gal-

lium (associated with higher operating beam currents, and less damage or chemical

reactions) [437{440].

Writable feature sizes in PFIB depend on the ion used, and other operational

conditions [441]. There is also an issue surrounding redeposition; material milled

away from a specimen can be redeposited unintentionally within the chamber [442,

443]. Nonetheless, complex nanostructures have been fabricated with features on the

nanoscale (see the recent review by Zhaoet al[436], which also highlights the use of

ion beam irradiation applied locally or globally to induce deformations).
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Figure 1.6: Schematic illustration of a generic FIB-SEM setup. (a) An overview of
the setup, showing (i) the ion beam and column, (ii) the electron beam and column,

(iii-iv) in column back-scattered and secondary electron/ion detectors, (v)
through-lens detector, (vi) gas inlet column, (vii) Everhart-Thornley detector, (viii)

SEM stub, and (ix) sample on substrate; (b) and (c) illustrate the milling and
deposition modes.
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1.6 Summary

The content of this chapter has now provided a basis upon which the remainder

of this document can be projected. We have remarked on the Maxwell-Heaviside

equations, quantum mechanics, and plasmonics, noting the pertinence of these topics

to nanophotonics. A succinct synopsis of STEM-EELS instrumentation and inter-

pretation was outlined, with some inner workings of the boundary element method

shared to pave the way for Chapter 2. Finally, a conceptual outline was given of

electron beam lithography and the prowess of plasma focused-ion beam technology.

The following chapter will migrate into modestly more detail on these aspects while

detailing the strategies enlisted for the completion of experiments performed as part

of this thesis.

1.6.1 Motivation

The recently developed framework exempli�ed by Mechelet al [232] is the foundation

for Chapter 2. We have modi�ed their analytical approach for a numerical technique,

and extend the circumstance of penetrating trajectories for nanoparticles smaller than

the beam spot size to the case of aloof trajectories near larger nanostructures, which

constitutes a substantial portion of practical LSPR experimental schemes. We lay a

clear path forward for others to numerically simulate similar con�gurations withouta

priori knowledge of an analytical dyadic Green's tensor for their system, using readily

available and well-established techniques [380, 381, 69].

The results from Chapter 2 partially motivated the main topic of this thesis -

the DPEELS experiments, as a scheme which may allow for a new domain of spec-

tromicroscopy. The endeavours of Chapter 3 constitute the �rst work in which a
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suspended SRR has been fabricated27 and analyzed, to the epitome of the author's

knowledge. This is a remarkable novelty considering the library of research which

has been dedicated to other SRRs, in other geometries and con�gurations. Nonethe-

less, the marvels of PFIB have enabled fabrication of such a structure with a layer

of single-crystalline gold, facilitating very strong and distinct SPP signals. The un-

usual nature of our experiment lends to a series of speculative considerations and

rigorous attempts to understand the implications of passing single electrons by both

ends of such structures. Our �ndings hold insights for metamaterials developed using

SRRs, spectral-tailoring of electron beams, and fundamental physics of stimulated

plasmonics.

27Credit for undertaking the fabrication is undoubtedly owed to Hui Yuan.
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Chapter 2

Simulated Electron-Plasmon

Entanglement in Aloof Trajectories

When you choose one way out of many,

all the ways you don't take are snu�ed out like candles,

as if they'd never existed.
{Philip Pullman, The Amber Spyglass

2.1 Introduction

The widely acknowledged success of the dielectric model for the interactions between

a swift electron and a metallic nanoparticle has meant that there are comparatively

fewer explorations into quantum interpretations. Classical and quantum predictions

for the collected EELS are equivalent when the entirety of the inelastically scattered

signal is collected [349]. However, this condition is not always satis�ed, and there are

tests beyond EELS which can reveal further insights that are only directly explicable
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via quantum electrodynamics.

At the forefront of potential motivations for this chapter is the quantum limit

set for simultaneous uncertainties on measurements of conjugate observables. This

property was originally presented by Heisenberg [444] and is mostly trusted in the

microscopy community as the universal limitation on momentum-resolved electron

spectromicroscopy [329, 327]. In essence, momentum-resolved electron energy loss

spectroscopy (MREELS) keeps track of the scattering vectors for inelastically scat-

tered electrons, in addition to the normal energetic information collected in EELS.

This is analogous to tracking the velocity of the electron along a direction in the

reciprocal space of the lattice.

Heisenberg's uncertainty principle (HUP) then informs us that there is a minimum

product for the uncertainties on the momentum and position components of spatially-

resolved MREELS because position and momentum constitute a pair of conjugate ob-

servables. Many breakthroughs in spatially-resolved MREELS have been achieved in

recent years through the advances in spectromicroscopy described in Chapter 1, but

these inevitably seem to run against HUP (even in the remarkable work on phonon

contributions from a single stacking fault in silicon carbide [327]).

Quantum physicists have known for decades of a possible approach towards cir-

cumventing HUP - quantum entanglement, a non-local and non-classical coupling of

two (bipartite) or more (multipartite) quantum entities. The extent of HUP viola-

tion (HUPV) characterizes entanglement. Others have recently reported on a poten-

tial scheme for entangling a pair of electrons through interaction with a polariton-

supporting medium [89], and they indicated that conjugate measurements could hy-

pothetically be applied to either electron without concerns for HUP. More directly,
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momentum could be measured for one of the electrons while the energy could be

measured for the other, with the minimum uncertainty product providing a route to

HUPV.

A framework was presented in a seminal paper by Mechelet al which described a

means for predicting entanglement between swift electrons and surface plasmon po-

laritons (SPPs) on a nanoparticle [232]. The degree of entanglement for penetrating

impact parameters and paraxial beam sizes larger than the considered nanoparticles

exempli�ed the technique analytically. This degree of entanglement increases with

the number of available modes per unit energy. Other recent work has proposed a

technique for using shaped electron beams to facilitate entanglement with localized

surface plasmon resonances (LSPR) on triangular nanoprisms [445].

Here, we have adapted the analytical approach of Mechel to be applied numerically

with data collected through simulation of electron beams passing nearby geometri-

cally fractal nanoparticles (GFNs) to investigate the hybridization of the plasmonic

modes in such structures from a quantum perspective.

2.2 Theory

The primary metric considered here for the evaluation of electron-plasmon entangle-

ment is referred to aspurity, and given the symbolpu. The value ofpu indicates the

caliber to which a particular quantum state can be represented in a separable manner,

essentially the quantitative counterpart to entanglement; an entangled state involves

inseparable wavefunctions and the non-local interconnection of information. For the

purpose of this chapter,pu is more speci�cally the purity of the quantum state of a

swift-electron after it has interacted with a nanoparticle (i.e. swift post-interaction
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electron: SPIE). Spatially-resolved purity maps are displayed later in this chapter

and the extent of entanglement calculated for the simulated systems can be under-

stood as being inversely related topu (i.e., high purity indicates low entanglement

and e�ectively classical behaviours, andvice versa).

Intuitively, a SPIE with pu < 1 is thought of as being in an impure state, or rather

it has an inseparable wavefunction and a measurement of its state could provide non-

classical information about the SPPs it is entangled with. Alternatively,pu = 1

means the SPIE is in a completely separable state and there is correspondingly no

entanglement involved.

The utility and ubiquity of pu is its ease of determination by taking the trace of

the corresponding density matrix� :

pu =
Tr( � 2

e)
(Tr( � e))2

(2.2.1)

The o�-diagonal elements (i.e.,� i;j with i 6= j ) are termed coherences. These impact

pu via contributions to Tr( � 2
e), and provide information about cross-linked terms (� i;j

is weight assigned to the product-termj	 i ih	 j j); non-zero coherence values di�eren-

tiate an entangled state from a linear combination of separable states1. The density

matrix is itself a profoundly meaningful quantity in quantum mechanics, and com-

pletely describes the state of a quantum system. Analytical forms for� can be found

from knowledge of the wavefunction 	 (see the de�nition in Chapter 1). Symmetry

of � is basis-dependent, butpu is not [447].

The beauty in Mechel's description is that� is written in terms of the dyadic

1A diagonal matrix is considered classical-like, but the presence of quantum coherence does not
guarantee entanglement as the former is basis-dependent [446].
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Green's tensorG, a hyperdimensional construct that can be populated through many

numerical means. The true form of the relationship is written as follows:

� e(x; y; x0; y0; ! ) �
�

� 2cB

Z

z

Z

z0

dzdz0(ei !
v0

(z� z0)

Im[G zz(x; y; z; x0; y0; z0; ! )])

(2.2.2)

where (x; y; z) are the coordinates of the measurement point, (x0; y0; z0) are the coor-

dinates of the source point,! corresponds to the angular frequency of the oscillation

of interest, � is the �ne structure constant, c is the speed of light in vacuum,B is

the spot size,v0 is the initial velocity of the electrons, andG zz is the zz-component

of G.

There are analytical forms forG in several important cases, and some of which

were considered in [232]. However, nanophotonics demands practical �ndings. The

beams used in STEM-EELS experiments are very small, and often pale in compari-

son to the scales of nanoparticles investigated (especially considering sub-�Angstr om

beam widths). Additionally, metallic nano particles (MNPs) can take on a likely in�-

nite number of geometries, assuredly far more numerous than the list of analytically

solved expressions forG. Furthermore, while the results of [232] are insightful and

inspirational, SPPs are frequently studied with aloof trajectories to suppress bulk

loss contributions (see Chapter 1, and therefore there is a requirement for a technique

equipped to predict spatially-resolved entanglement metrics outside of realistically

scaled nanoparticles.

Hence, a numerical approach combining the analytical framework of [232] with

the boundary element method (BEM) [348, 345, 380, 381] is needed. The remaining
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challenge is to calculateG. This can be performed numerically using the BEM [348,

345], as implemented in the MNPBEM toolbox [380, 381] for MATLAB [378, 379].

MNPBEM enables the solution of Maxwell's equations at the bounding surface of a

discretized MNP, and has an established history of use in calculating EELS signals,

electric �elds, and other electrical and optical properties. As in Hohenester's book

(and in Chapter 1), G can be calculated as:

E(r 1; r 2) = � 0! 2G(r1; r2) � p (2.2.3)

In summary, the path between parameters can be sequenced asG �! � �! pu.

The electric �eld is calculated using the BEM, which iteratively and self-consistently

estimates the surface charges and currents (see Chapter 1 for more details).

The challenge becomes to manage the computational burden of the large matrix

inversions involved in a reasonable manner. BEM already makes use of clever insights

to simplify the order of the problem involved with calculating the sources for the scalar

and vector potentials, but the numerical calculation is exacerbated by compounding

the electric �eld calculations alongz (for the beam trajectory) and for a number of

transverse positions (x; y).

Parallelization is the natural conclusion2. Additional conditions on � must be

satis�ed to ensure a physical result, namely that its eigenvalues are all non-negative

and real, and that its trace cannot be greater than unity as this would represent

non-physical probabilities [92].

2It would be rational to argue that these results could be used to train a machine learning neural
network, but I have decided to leave that as an exercise for the reader (or optimistically, readers).

79



PhD Thesis { P.A.C. Neathway; McMaster University { Materials Science and Engineering

2.3 Methods

The primary initiative of this chapter is to consider a numerical approximation of the

density matrix and its corresponding purity. The discrete� is written as:

� e(x; y; x0; y0; ! ) �
�

� 2cB

X

z

X

z0

(ei !
v0

(z� z0)

Im[G zz(x; y; z; x0; y0; z0; ! )])

(2.3.1)

The value ofG zz is extracted by using MNPBEM. A square grid of transverse coor-

dinates is selected, and projected along the trajectory of the paraxial beam by choice

of axial sampling point. These coordinates constitute (x; y; z) and (x0; y0; z0) inter-

changeably. A single 3D coordinate is chosen from amongst the grid points to host a

dipole source oriented along the ^z-direction, and the electric �eld is then calculated

at every grid point.

This procedure is repeated by iterating the dipole source location to each of the re-

maining grid points, and scaling the result in accordance with equation 2.2.3. Finally,

only the imaginary parts of thez-components of the calculated �elds are stored. Par-

allelization is accomplished using Matlab'sparfor functionality on a Linux system

with access to 24 dual-cores. The result is then Im[G zz(x; y; z; x0; y0; z0; ! )] which can

be fed into equation 2.3.1, and then the purity is �nally calculated for each transverse

grid point via equation 2.2.1.

The grid upon which this algorithm acted was set by 50 steps alongz (z0) sweep-

ing a range of� � 1 � m relative to the uppermost and lowest faces of the GFN. This

was chosen in order to account for long range interactions between the dipole sources

and �elds at the metal-dielectric boundary. The transverse points were selected to
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mimic nanoscopic sampling, generally with density matrices calculated using 36 nm

� 36 nm regions, correspondingly sampled by 12� 12 points.

Purity values were calculated for regions near GFNs, namely based on the �rst

few generations of a Sierpinski gasket pattern [448], beginning with the primordial

zeroth generation (G0) - an equilateral triangular nanoprism. The successive iter-

ations G1 and G2 are studied by introducing smaller equilateral triangular cavities

(see the illustration of our scheme in �gure 2.1). Sidewalls of the cavities were con-

vex, as prototyping this protocol revealed that concave cavities lead to substantial

de�ance of the positive semi-de�nite criterion. We consider structures with a height

of 50 nm3, and the ellipsometric data of Babar and Weaver [449] for silver4, which are

included by default in MNPBEM. The primary energies studied for these GFNs was

determined based on their respective lowest order SPP peaks in EELS data, simulated

using MNPBEM.

3The actual structures examined have lengths less than 50 nm due to contour rounding in the
discretization process.

4This source of tabulated optical data was chosen over the popular Johnson and Christy set [134]
because it covers a broader range of values.
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Figure 2.1: Illustration of the discrete quantum purity estimation scheme. A
discretized triangular nanoprism rendered in MNPBEM [380, 381] is labelled G0. A
series of planes of grid points are placed transversely near an edge of G0. Electric

�eld values are collected at all points while a single point-dipole (represented by the
double-headed blue arrow) iteratively occupies one of the grid points. This

generates the dyadic Green's tensor, whose values are discretely summed in our
approximation to Mechel's integral [232] to estimate the density matrix� . The trace
of the � 2 and the square of the trace of� are then used to calculate the puritypu.

See the text for more details.
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2.4 Results and Discussion

2.4.1 EELS Maps

Figures 2.2, 2.3, and 2.4 contain simulated EELS maps for the �ve lowest energy

LSPR modes on 50 nm silver G0, G1, and G2 nanoprisms, respectively5. These are

qualitatively in agreement with EELS maps which have been empirically observed

and simulated [124, 450{453] previously.

2.4.2 Density Matrices

The features of density matrices calculated for this chapter are mostly relevant for

the associated purity values, but review of a sample� still facilitates several insights.

Figure 2.5 contains information pertaining to� for the (1; 1) position at E1 for G2,

with (a) and (d) displaying the values of Re(� ) and Im(� ), respectively, and (c) and

(d) contain Re(� � ) and Im(� � ), respectively6. Hence, the contents of �gure 2.5 are

not spatially-resolved.

The positive semi-de�nite character of physically real density matrices is well-

reproduced in the example shared in �gure 2.5, which is visible by the di�erences in

magnitudes when comparing (a) and (b) with their imaginary counterparts (c) and

(d), respectively. The magnitudes of real components for the elements of� and � �

are shown to be several orders of magnitude greater than the imaginary components

- an objectively strong approximation of the true condition which should result in

Im(� ) = 0.

550 nm was set as the initial triangle height, but the �nal dimensions are reduced due to corner
rounding in the discretized nanoparticles.

6� � is a matrix with complex-valued elements along the main diagonal which are populated by
the eigenvalues of� , in order of descending real-values;� i;i

� � � i +1 ;i +1
� and � i;j

� j i 6= j = 0.
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Figure 2.2: EELS maps for G0 simulated using MNPBEM, with the relevant
energies displayed as titles over subplots in eV.
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Figure 2.3: EELS maps for G1 simulated using MNPBEM, with the relevant
energies displayed as titles over subplots in eV.
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Figure 2.4: EELS maps for G2 simulated using MNPBEM, with the relevant
energies displayed as titles over subplots in eV.
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Further insight is gained by speci�cally plotting the real-parts of the eigenvalues

which constitute the main diagonal in �gure 2.5 (b), which is shown in (e). These

populate said diagonal in order of descending amplitudes, and we denote the position

of a single eigenvalue in this list by theirindex. The eigenvalues clearly drop-o� ex-

ponentially, plummeting from the order of 10� 23 down near 10� 30. This point will be

reiterated from the re�ned perspective of the purity metric below, as it substantiates

the interpretation of this simulated interaction between swift electrons and reason-

ably sized metallic nanoparticles in aloof trajectories; the quantum nature of the

interaction is dominated by a single mode contribution, with evidence of only slight

contributions from a second mode, and virtually nil beyond that. Purity is discussed

next and is chosen over a similarly popular metric, the von Neumann Entropy, as

there is evidence that purity is a better indicator of entanglement (including quite

recently [454]).
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Figure 2.5: Sample results for a density matrix (a) collected near a G2 GFN. Plot
(b) displays the matrix for which the eigenvalues of� constitute the main diagonal.
While (a) displays the real portion of the density matrix, (c) contains the imaginary
part, and (d) contains the imaginary part of the diagonal eigenvalue matrix in (b).
Finally, (e) is a plot of the magnitude of the real parts of the eigenvalues for this

particular � .
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2.4.3 Purity Maps

Figures 2.6, 2.7, and 2.8 contain spatially-resolved quantum purity maps for the G0,

G1, and G2 nanoprisms, respectively, captured for a region extending from midway

along the outer side length and past an apex as shown in �gure 2.1 (position (1; 1)

corresponds to the upper-left-most pixel in the purity maps). The regions associ-

ated with said purity maps are analogously de�ned for each of the GFNs, though the

modes are not equivalent. There is no apparent trend in extreme purities linked to

the order of LSPR for any of the individual GFNs, nor is there a clear trend in these

values as a function of generation (i.e., resonances in G2 were not consistently asso-

ciated with lower purity values than resonances in G1 nor G0). Mechelet al noted

that the purity was connected to the number of modes per unit energy supported by

a particular nanostructure, and the mixedness [232]. Hence, these results may have

implications for both parameters as pertinent to GFNs.

These near-unity purity values (with an absolute minimally recorded purity value

of 0:945 for G3 at � E = 2:472 eV; roughly 5% deviation from a completely sepa-

rable state) thereby generally indicate that SPIEs are primarily coupling into single

modes. This could be interpreted as a result of spatially overlapped inelastic scatter-

ing cross-sections for di�erent symmetry-related impact parameters and a particular

LSPR mode that could be excited from identical positions along the GFN surface.

The spatial distribution varies, and indeed changes continuously between resonances

as shown in �gure 2.9 for ten equally spaced energies between the second and third

LSPR resonances of G0, inclusively. The map-wise maximal purity values for that en-

ergy range interestingly peak at energies between the resonances. Hence, even though

such energies correspond to perturbations of the charge density between resonances,
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where modal mixing may be practically expected, the entanglement is less prominent.

This suggests that the resonances may in fact be local entanglement maxima (or pu-

rity minima). The near-unity purity values at these resonances may then indicate

that there is a minor level of degenerate modal mixing; modes excited with 3n-fold

symmetry along the Sierpinski-based GFNs could principally be excited through de-

generate impact parameters, but may preferentially localize modal intensity along the

nanoparticle at portions of the surface closest to the beam, and only weakly interact

with the other degenerate contributions.

The imaginary components of the purity values, which are consequences of non-

physical imaginary components in the corresponding density matrices, were found

to be several orders of magnitude smaller than the real and absolute values (i.e.,

Re(pu) � j pu j >> max(Im(pu)), so long as the spatial domain used in determining�

was su�ciently large - our functional spatial extent was 36 nm� 36 nm. Purity values

calculated with (x; y) spanning a region that was 12 nm� 12 nm commonly produced

more signi�cant imaginary components, and consequently resulted in regions with

pu > 1, a non-physical outcome. The purity maps do not overall resemble the inten-

sity distributions in the EELS maps in a particularly clear manner. However, bothE1

and E2 for G0 have dominant �eld intensities at the triangle apexes and both have

purity values peaking in the same region. A similar connection is observed forE3

and E4 of G0, which both lack dominant features at apexes and instead have �elds

enhanced along the edges.

The spatial distribution of purity values can be further compared to the surface

charge distributions for the GFNs as presented in �gure 2.10. This is muddied by the

limitation that these maps of surface charge are essentially responses to electron beam
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Figure 2.6: Purity maps for G0 simulated using MNPBEM and our modi�ed form
of Mechel's equation [232], with the relevant energies displayed as titles over

subplots in eV. Pixel centers are 3 nm apart.
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Figure 2.7: Purity maps for G1 simulated using MNPBEM and our modi�ed form
of Mechel's equation [232], with the relevant energies displayed as titles over

subplots in eV. Pixel centers are 3 nm apart.
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Figure 2.8: Purity maps for G2 simulated using MNPBEM and our modi�ed form
of Mechel's equation [232], with the relevant energies displayed as titles over

subplots in eV. Pixel centers are 3 nm apart.
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Figure 2.9: Purity maps for G0 simulated between two resonance modes, with the
relevant energies displayed as titles over subplots in eV. Pixel centers are 3 nm

apart.
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excitation at a single impact parameter (here, centred along the left edge of GFNs,

equivalent to the bottom-right-most pixel in the purity maps). A direct comparison

of symmetries is therefore rather challenging and limited. Even a comparison with

simulated EELS maps may prove futile as those are theoretically recovered from a

similar G-related computation [232].

Figure 2.10: Simulated surface charge
distribution maps for (a-e) G0, (f-j) G1,

and (k-o) G2.

Further purity calculations were per-

formed to better study the spatial

distribution of entanglement conditions

for a larger region enveloping the G0

nanoprism. These were performed for

the two lowest energy LSPR modes, with

results for � E = 2:251 eV and � E =

2:945 eV shown in �gures 2.11 and 2.12,

respectively.

Simulating the response of a nanopar-

ticle over a large area is challenging given

the tradeo� between calculation points

and computation time. Hence, produc-

ing a single purity map of the dimen-

sions shown in �gure 2.11 (a) would re-

quire 962 distinct transverse coordinate positions for dipole sources7, compounded by

meshed electric �eld calculations across 962 nodes (or nearly 85 million electric �eld

7Recall that the true grid of positions includes 50 intervals along thez-direction.
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calculations), demanding a prohibitively large amount of memory.

Instead, said map is a composite mosaic-style map, calculated by sectioning o�

the indicated region of 144 nm� 144 nm into a meta-grid of 48� 48 separate 2� 2 pu

maps, with pixel centers separated by 1:5 nm. The number of transverse coordinate

positions for dipole sources remains the same, but the latter con�guration means that

each is only evaluated for 4 nodes on the mesh. Intermediate data-saving steps also

protect against the possibility of a crash, and are much more frequent for this second

approach.

A similar mosaic containing the same information is shown in �gure 2.11 (b), with

the di�erence being that pu values are plotted in grayscale, and the mapped intensi-

ties range from [0; 1:1]; pixels with pu outside of this range are masked in red. These

red locations within the boundary of the G0 GFN are anomalous values with either

negative purity or greater than 10% beyond the physically possible unit purity limit.

This suggests that our discretized imitation of Mechel's formula within MNPBEM

fails at the G0 boundary. However, (a) and (b) in �gure 2.11 provide insights into

the interpretation of these results. Variation is visible at the apexes of the triangular

structure in the former, while the latter again displays that these values are essen-

tially unity with the exception of purities calculated very near (but still aloof) to the

structure - see the shadowing which is visible along the right edge and left vertex of

the triangle, indicative of weak entanglement.

The observable antisymmetry (relative to unit purity) may be a consequence of

the discretization of the nanoparticle surface, or related to the sampling grid cho-

sen. Figure 2.11.a still shows that the entanglement is varying most rapidly at the

apexes for this lowest order LSPR mode (c). The large composite purity map also
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Figure 2.11: Composite information about G0 �E1. (a) A large scale mosaic-based
purity map, composed of 48� 48 separate 2x2 purity maps, covering a total region
of 144 nm� 144 nm. (b) An enlarged region from (a) colourized to mask all pixels
with values pu < 0 or pu > 1:1 in red. (c) and (d) are the EELS and purity maps

shown for this same mode earlier.
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Figure 2.12: Similar to �gure 2.11, but for � E2.
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reveals that the purity trends towards unity outside of the initial radial vicinity of

said apexes. The purity map shown in (d) was calculated using a 12� 12 (36 nm� 36

nm) pu map and appears to show similar qualitative features to the left apex region

in (a).

Analogous logic can be applied to the interpretation of �gure 2.12, included here

for visual comparison. Note the additional features extending along bisectors from

the edges of the triangular nanoparticle.

2.4.4 Additional Remarks

These results lay a foundation for future applications of a similar algorithm for dis-

cretely applying Mechel's algorithm [232] to the determination of density matrices

for SPIEs. Nonetheless, several critical challenges remain. We will address aspects of

these remaining tribulations brie
y in this �nal section of the chapter.

Figure 2.5 demonstrated that� and � � are complex-valued. The imaginary com-

ponents were found to be several orders of magnitude smaller than the corresponding

real parts of the values populating these quantities, but this discretized implemen-

tation is not impervious to nominally concerning imaginary components. Iterating

through our algorithm with a smaller transverse extent led to more signi�cant imagi-

nary contributions, which manifest as purity valuespu > 1 - an obviously non-physical

result. This may result from an insu�cient mapping of the degrees of freedom for the

�elds and the SPIEs.

The imaginary values technically violate the positive semi-de�nite criterion for� .

This is actually a well-studied issue in mathematics; the solutions to the Procrustes

problem seek means of �nding the positive semi-de�nite matrix which is \nearest" to
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a particular matrix of interest [455{457]. Such techniques could thus be hypotheti-

cally applied to push the limits of the methods presented herein.

Another substantial obstacle deserving of review is the computational challenges

posed by calculating� . The most intensive stage in the calculation is the determi-

nation of the electric �elds at all points r due to dipoles placed atr 0, which requires

a matrix inversion scaled by the number of facets on the discretized particle surface.

MNPBEM uses techniques to circumvent much of this load [458, 459, 345, 380, 381].

Such steps greatly reduce the necessary computing time, but our simulations are

still highly demanding. Consider for instance the conditions standard to this chapter

in which a grid of points 12� 12 � 50 is used to map outGzz. This necessitates a

total of 5:184� 107 separate calculation steps, each requiring the inversion of a matrix

with N facets and an inversion duration roughly on the order ofN 3 [380]. Overall,

determining Gzz, � , and pu for a speci�c region near a metallic nanoparticle involved

elapsed computing times ranging from several hours to multiple days depending on the

intricacy of the discretization chosen, while running across 24 workers in aparpool

(i.e., parallelization pool in MATLAB [378, 379]) on a 24-dual core machine.

Experimentation initially began with consideration of a sought convergent be-

haviour in the simulated EELS responses. This meant progressively increasing the

maximum facet size (analogous to decreasing the number of facets in the discretiza-

tion) and evaluating trends in said responses, and then extending this further into a

comparison ofpu(x; y). This enabled identi�cation of suitable conditions whilst also

serving as a metric for the robustness of the algorithm. Similarly, the size of the

GFNs simulated herein favoured a smallerN .

Smaller GFNs were further advantageous due to the contrast between their scaled
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and that of the free-space wavelengths of resonances� 0 they supported; the resonances

in the range have� 0 in the range of [350� 600nm] >> d , enabling the electromagnetic

responses of the GFNs to be adequately approximated by the quasistatic approxima-

tion. This means that the solutions are found (still within MNPBEM [380, 381])

using the electrostatic potential instead of the fully-retarded solution involving the

scalar and vector potentials [380]. This further reduces the computing time.

Non-physical purity values stem from density matrices that are not positive semi-

de�nite. The positive semi-de�nite condition is violated when the eigenvalues of

� (x; y) are either negative or have imaginary parts. Here, most imaginary parts are

minimal, and conditions were considered preferable if the magnitudes of the imaginary

parts were much smaller than the magnitudes of the real components. This motivates

us to revisit the conditions outlined in Mechel's paper. It is assumed therein that the

electron beam is considered paraxial, with no-recoil, and that the specimen-detector

distance is much greater than the interaction length (i.e., the portion of the electrons

trajectory in which it is meaningfully impacted by the nanostructure is much shorter

than the part of its trajectory after the interaction).

The �rst two conditions veer from the true nature of a physical STEM experi-

ment in some cases, but should be appropriate here, especially since MNPBEM is not

accounting for any momentum transfers or a convergence semi-angle. The density

matrix calculated through their approach for the SPIE relies on a basis set spanned

by the electron's degrees of freedom, which may in turn be limited by our discretized

approximation of Mechel's analytical method.

We further consider the origins and meanings of these imaginary values from a
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pragmatic standpoint. As stated earlier, non-physical purity values stem from non-

physical density matrices. The density matrix then has non-physical values in our

context due to axial asymmetries in the dyadic Green's tensor. The density matrix

for an SPIE was shown earlier in equation 2.3.1 and is dependent on a sum over

the z coordinates for both the �eld point and then source dipole (i.e., z and z') of

the imaginary part of the the dyad, meaning only the imaginary components of said

tensor contribute, weighted by a complex-valued exponential term.

The symmetry of the problem lends to at least one possible source for imaginary

values. Euler's formula informs us that complex valued components will arise for

situations when swapping z and z' results in di�erent values for the imaginary part

of the dyad. This would then be indicative of a non-physical shortcoming in the

calculated dyad, perhaps again as a consequence of discretization. Alternatively, �eld

calculations near particle boundaries may be failing in this context due to very sharp

discontinuities in charge density at LSPR conditions.

There are several other geometries and materials that would be interesting to sim-

ulate using this scheme given su�cient time and computational resources, including

coupled MNP pairs (like the popular bowtie resonators [460, 461]). Such schemes

could have interesting implications for the potential for simultaneously generated

entanglement between the SPIE and modes supported by both individual nanopar-

ticles. Chapter 3 is motivated along similar lines; we sought to study a particular

scheme which may enable single electrons to interact twice with a single MNP. While

the experiments which ensued are grounded primarily in classical interpretations, it

may still hold interesting applications as a potential framework for further experi-

ments into extending the ideas of Mechelet al into more complicated entanglement
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schemes. Knowing that the electron-SPP aloof interaction may be anearly classical

e�ect suggests that quantum e�ects arising from an aloof double-pass experiment

could be interpreted as novel consequences of the multi-stage interaction. This pos-

sibility is not rigorously studied here, but is nonetheless an example of insights to be

drawn from the present chapter.

2.5 Conclusion

This chapter has explored a numerical approach towards estimating quantum density

matrices for a set of GFNs based on our implementation of theories presented by

Mechelet al [232], within MNPBEM [380, 381] for MATLAB [378, 379]. Our �ndings

suggest that weak levels of entanglement were possible for electrons passing near said

structures, with the actual purity of the post-interaction states dependent on the

speci�c impact parameter and the energy exchanged. However, higher generations of

the GFN structure did not distinctively lead to greater levels of entanglement, nor

did resonances of higher energies for individual GFNs. The following chapter aims to

build upon the results herein by developing special split-ring resonators which enable

single electrons to pass twice by the same structure.
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Chapter 3

Double-Pass Electron Energy Loss

Spectroscopy of Single Split-Ring

Resonators

This extreme conception may be wrong...
{Erwin Schr•odinger,

An Undulatory Theory of the Mechanics of Atoms and Molecules

3.1 Introduction

A standard STEM-EELS experiment can involve the passage of millions of electrons

in single-�le near a metallic nanostructure. The collected spectrum is a time-averaged

measurement. The speed of the swift electrons in conjunction with standard beam

currents leads to there only being one such electron in the microscope column at any
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point in time. Any plasmonic disturbance in the electron density around a nanostruc-

ture will have settled back to an equilibrium state prior to the arrival of a consequent

electron. This means that surface plasmons at the nanostructure surface can only be

studied based on excitation from an initial ground state.

Ultrafast laser sources can be used to excite a nanostructure optically immediately

before a carefully timed photoelectron packet, but this is normally more limited in

spatial resolution, and obviously requires an optical source. Surface plasmon polari-

tons (SPPs) excited by swift electrons in STEM can be detected through EELS, in

which the extent of energy exchanged between the swift electron and the SPP leads

to a change in the �nal electron velocity relative to those elastically scattered into the

zero-loss peak (ZLP). The collected electrons are essentially indistinguishable; there

is no labelling involved and hence we do not procure any information about the order

of events, whether it was say the hundredth electron or the thousandth which was

inelastically scattered in some speci�ed manner.

However, single electrons travelling through su�ciently thick samples can un-

dergo multiple inelastic scattering events. This is called plural scattering, and can

be parsed using the Fourier-log deconvolution method to retrieve quantitatively ac-

curate information about the single scattering spectrum. The bulk scattering signal

is essentially extinguished for electron trajectories that are aloof (i.e., passing near

but not through a thin specimen). Hence, aloof STEM-EELS allows one to probe

SPPs without concern for plural bulk scattering, though the aloof signal can still be

interpreted through multiple exchanges in some contexts [347]. Alternatively, swift

electrons passing aloof to extended surfaces can result in radiation due to quantum

vacuum interactions [462]. Channelling e�ects for penetrating trajectories can be
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used to choose the parity (i.e., even or odd) of the electron wavefunction when used

in conjunction with particular choices for the collection aperture [463].

Another related phenomenon is the double-plasmon excitation which generated

much interest in the 1970s and 1970s, primarily following predictions from Ashley

and Ritchie [464], though coherent multi-plasmon excitation may have been observed

in the �rst detection of surface modes [465]. Double-plasmon excitation referred to

a single event in which two plasmons were excited by a single swift electron, and is

typically in the bulk. Ashley and Ritchie suggested some small but potentially de-

tectable percentage of the signal at an energy associated with 2~! would be due to

this double-plasmon interaction, while the main signal would be a consequence of a

single electron exciting single plasmons twice (as is typical of plural bulk scattering).

Results from double-plasmon experiments historically varied in precise value, but

generally found weak signals (see the values compiled in [466]). Spence and Spargo

were notably one of the �rst teams to tackle an experimental pursuit in-line with

Ashley and Ritchie's theory, and used a wedge of a aluminum, generating Bragg con-

ditions for studying the losses associated with electrons which had lost 2~! [467].

They found a clearly better �t to their data when the double-plasmon contribution

was accounted for. Double-plasmon excitation may hold interesting implications for

modern applications in quantum plasmonics, but still involves a one-o� event. Work

by Batson and Silcox further characterized double-plasmon excitation, including mea-

surements of dispersion and spectral widths [468].

Here, we have designed and demonstrated a technique for passing single elec-

trons by the same nanostructure twice using specially fabricated split-ring resonators

(SRRs) to enable a double-pass con�guration (DPC). Our results indicate that the
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second pass can be analyzed through a natural extension of standard electron optics;

the convolution of the point spread function (PSF) with the theoretical loss distri-

bution for the �rst pass becomes a new input probe which is then convoluted with

the theoretical loss distribution of the second pass. We further discuss the possibility

of an ampli�cation in losses of the second pass associated with the non-equilibrium

state of the electron density following the �rst pass, made possible by comparatively

short delay between passes relative to lifetimes of SPPs.

3.2 Theory

The collected signal in a STEM-EELS experiment, �, still contains blurring due to

the overall system response and PSF,P. This spectral response can be represented

as � = P � (� + 
 ), with 
 simply representing the theoretical inelastic scattering

probability distribution that would be expected of the specimen if it were somehow

possible to measure said quantity without a PSF. The� term is implemented here to

distinguish those electrons which have undergone loss from those in the ZLP, and�

is implicitly � � E , a delta function at the zero-energy loss point (i.e., �ZLP = P � � ).

This chapter extends the familiar convolution phenomenon to the study of a two-

stage specimen using the DPC (as displayed in Chapter 1, �gure 1.3). We produced

special split-ring resonators (SRRs) which are oriented especially for this purpose.

The �nal signal � DP C is predicted to be formed by the convolution of the loss signal

following the �rst single-pass con�guration (SPC) eventP � (� + 
 SP C1 ), with the

signal of the second� + 
 SP C2 . The subscriptsSPC1 and SPC2 denote the �rst and

second single pass events.

Additional factors � 1 and � 2 are necessary to account for an important geometric
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limitation. We cannot practically perform EELS for a given structure along both

DPC and SPC without a 90o rotation1. Rotation is necessary such that the orthogonal

trajectories of DPC and SPC by either end of a SRR can be considered in isolation.

This rotation may lead to a di�erent loss probability because of a di�ering projection

along the local photonic density of states. There may be a hypothetical specimen in

which � 1 = � 2 = 1, but this is not likely to be the case in general (especially for the

strati�ed structures investigated in this chapter).

The �nal parameter necessary for depicting the DPC as a convolution of signals

from the individual SPC events is� , representing possible modi�cations of the loss

probabilities in SPC2 due to the SRR being in an excited state during the second

event, as a consequence of excitation duringSPC1. However, the framework we

present below could easily be adapted to ensure� = � , by merely milling away any

conductive pathway between the upper and lower prongs of the SRR, though this

might cause structural issues2. Nonetheless, our starting point is the following:

� DP C = P � (� + � 1
 SP C1 ) � (� + � 2� � 
 SP C2 ) (3.2.1)

Equation 3.2.1 segues our discussion into two fundamentally di�erent echelons of

scattering. First, we expose the fact that the normalized inelastic scattering prob-

abilities are relatively low, roughly on the order of 0.001 at most. Therefore, the

cross-term which arises from 3.2.1,� 1� 2P � � � 
 SP C1 � 
 SP C2 ) will be << 1 so long as

1In other words, an electron beam trajectory passing by both ends of a SRR cannot be directly
used to study the signals from the individual single passes.

2The results for the single-armed strati�ed structure discussed later were only possible because
such a feat was attempted and one of the arms perished into the void between its PFIB fabrication
and its rendezvous with the Nion STEM-EELS instrument.
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� 1� 2P � � is within an order or two of unity. Therefore, � DP C is dominated by some

contribution � 0
DP C given by the remaining terms:

� 0
DP C � P + � 1P � 
 SP C1 + � 2P � 
 SP C2 (3.2.2)

Notice that � has been dropped from �0DP C as it is only relevant in the case that the

same structure is excited twice by the same electron, whereas this dominating term

is meant to contain the sum of the isolated probabilities.

Second, we build upon the assumption of equation 3.2.2, by assuming that the

neglected cross term still exists, though as a �ner 
uctuation of the overall �DP C .

Towards that end, we will later discuss possible routes towards deciphering the hy-

pothetically rich domain of twice inelastically scattered aloof electron spectroscopy,

and for now su�ce to label this contribution by:

� 00
DP C � � 1� 2P � � � 
 SP C1 � 
 SP C2 ) (3.2.3)

Overall, � DP C = � 0
DP C + � 00

DP C , however, the easier form of equation 3.2.2 to work

with requires subtracting the PSF from both sides, giving �0DP C � P = P � 
 0
DP C �

� 1P � 
 SP C1 + � 2P � 
 SP C2 . In this �nal form, we have rewritten the ZLP-subtracted

DPC signal as a theoretical distribution
 0
DP C blurred by the PSF.

Beyond the single-step energy exchanges which are evidently supported by SPC

and DPC trajectories, the DPC further enables two-step energy exchanges. Qual-

itatively, these can be categorized based on whether a gain, loss, or elastic event

happens at either of the prongs. Loss-gain event pairs (L; G or G; L) describe sce-

narios in which single electrons undergo complementary inelastic scattering processes
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along their paths, both resulting in zero net energy exchanged if the magnitudes of

j� EL j = j� EG j, and a weighted distribution of mixed signals ifj� EL j 6= j� EG j. This

weighted signal may have minor local extrema at combinations of peak positions from

the constituent signals.

Clearer yet is that combinations of two identical inelastic events should contribute

such minor peaks at energetic positions markedly doubling the energy lost or gained

by the swift electron in each single event. Simply put, exchanging some quantum of

energy � E0 twice, should produce a feature at 2� � E0. The prominence of such a

feature and hence its distinguishability3 relative to the rest of the spectrum it resides

in, partly depends on the number and probabilities of other multiplexed inelastic

scattering events in the same spectral vicinity.

A hypothetical subset of theL; G scheme may include electrons exciting SPPs

during the �rst inelastic event and then recapturing that same energy during the sec-

ond inelastic event. This would imply a dip in the
 00
DP C signal at an energy satisfying

this single electron energy recapture (SEER) phenomenon.

We are explicitly interested in whether there is an energy value at which the delays

between the two events are su�ciently equivalent for a single electron to race a SPP

it has excited along the SRR, reuniting in the second event and returning to a net

zero energy exchange. This condition of reinteraction would then be stipulated by

delay D = 0, with D given by:

D =

�
�
�
�
LT

vg
�

Lb

ve

�
�
�
� (3.2.4)

3Meant in a colloquial sense; unrelated to the earlier discussions of the Hong-Ou-Mandel e�ect.
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whereLT is the length of the structure,Lb is the distance between the two end facets

of a SRR along the beam trajectory,vg = d!
dk is the conventional group velocity, and

ve is the relativistic electron velocity between the two events. The error onD, � D is

de�ned through error propagationvia:

� D =

s

� 2
L T

�
1
vg

� 2

+ � 2
vg

�
LT

v2
g

� 2

+ � 2
L b

�
1
ve

� 2

+ � 2
ve

�
Lb

v2
e

� 2

(3.2.5)

where

� 2
vg

= � 2
!

�
1

� k

� 2

+ � 2
k

�
� !
� k2

� 2

� ! = � E =~

� k = � L T

n�
L2

T

� ve = � Vacc

@ve
@Vacc

= � Vacc

e

cm
�

eVacc
m0c2 + 1

� 3 r
1 � 1�

eVacc
m 0c2 +1

� 2

� L T and � L b are both limited by measurement precision used in measuring SRR di-

mensions,� E is the FWHM of the ZLP used for a measurement, and �k and � !

are the numerically determined di�erences used in approximating the local dispersion

and group velocity of a SPP. The �nal expression for the uncertainty on the electron

velocity � ve is determined from the derivative of the expression for the relativistically

corrected velocity with respect to the accelerating potentialVacc.

The very nature of the orthogonal trajectories which necessitates the use of� 1 and

� 2 is responsible for their obscurity; we cannot measure an isolated
 SP Ci signal along
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the DPC trajectory. Furthermore, 
 SP C2 is modulated by the� parameter. While we

cannot conclusively determine� 1 and � 2, we can estimate the value of� 1
 SP C1 and

� 2
 SP C2 at a particular loss � EL as the respective peak values from spectra collected

by averaging across maps in theSPC1 and SPC2 trajectories.

For simplicity, we will explain the logic with di�erent symbols, where x0 =


 DP C (� EL ), x1 = � 1
 SP C1 (� EL ) , x2 = � 2
 SP C2 (� EL ), and x3 = 
 DP C (� E2� L ).

Then we have thatx0 = x1 + x2 and x3 = �x 1x2. We then solve for� (� EL ) via:

� (� EL ) =
x3

x1x2
(3.2.6)

Hence, discernment of spectral signatures at �EL and 2� � EL in the DPC spectrum

complements the SPC spectra and allows us to estimate� at speci�c energies.

3.3 Methods

3.3.1 Sample Fabrication

The protocol implemented herein for the fabrication of the DPC-compatible SRRs

is summarized in �gure 1.6. Single-crystalline gold nano
akes were synthesized and

dropcast onto silicon [143]. These 
akes ranged in size and geometry, with thicknesses

observed to be generally sub-micron (often less than 100 nm), and included 
at 
akes

with large surface areas that were several square microns inen facearea4. A variety of

other common polyhedral shapes were observed for single-crystal gold nanoparticles

amongst the 
at 
akes (see gallery of examples in Appendix A). A protective layer

4I am adopting this term, en face, in tribute to ophthalmoscopy, denoting frontal sections parallel
to the surface of the retina.
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Figure 3.1: Illustration of SRR fabrication process. Single-crystalline gold 
akes are
dropcast onto a silicon substrate (a), and then protective layers of carbon (b) and

tungsten (c) are deposited over the region of the 
ake which will be extracted (d-f).
The lift-out segment is then attached to a copper half-grid (g), and milled to thin

the protective layers and produce the desired geometry (h) for DPC experiments (i).
SRR1 was further processed through a severance and reattachment of the

corresponding grid �nger to a separate grid, enabling SPC experiments (j). (k) and
(l) display the orientation of the FIB grid within a single tilt hold used for the tilts

o� of the DPC condition.
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of polymethyl methacrylate (PMMA) was spin coated5, then a 50 nm layer of carbon

was deposited to prevent the PMMA from being exposed by the electron beam while

locating 
akes for the target structure.

Specimens were loaded into a PFIB apparatus. Individual 
akes were located

using the built-in SEM. The PMMA layer may have ruptured under the SEM irradia-

tion. Additional protective layers of carbon and tungsten were deposited over regions

of interest (ROIs) to further ensure that the gold 
akes were not damagedvia ion

implantation during the lift-out procedure. Tungsten has a slower milling rate and

was used to avoid accidentally over-milling and destroying the nanoscopically thin

gold 
akes.

Following the initial spectroscopic investigation of the DPC, the FIB grid �nger

supporting one of the SRRs (SRR1) was detached from the initial grid, and reattached

to a di�erent custom FIB grid 6 in an orthogonal orientation to properly facilitate the

SPC investigation of either end independently.

Standard FIB procedures were used to lift-out rectangular slices that intersected

large 
akes parallel to 
at edges of their geometric perimeters. Slices were attached

to �ngers on FIB grids perpendicular to the usual attachment orientation. Grids

were then extracted from the FIB and reloaded orthogonally so that the desired U-

shape could be milled into the lamellae. This technique was used to produce several

strati�ed U-shaped SRRs for double-pass experiments in our STEM instrument. A

single-armed strati�ed structure (SASS) was also fabricated using a nearly identical

approach, and was used to verify the plasmonic properties of the material system.

5The PMMA was originally deposited with hopes of it later being removed and taking the addi-
tional protective layers with it. This was unsuccessful - the PMMA layer may have been removed,
but the other protective layers remained.

6Both the custom grid fabrication and the reattachment were performed by Travis Casagrande
of the CCEM.
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3.3.2 Spectroscopy and Analysis

Grids supporting the SRRs were individually loaded into a single-tilt sample holder

between thin shims. Point and mapped (spatially-resolved) spectra were collected

with various spectrometer dispersion values using the Nion HERMES 100 instrument

at the Canadian Center for Electron Microscopy. Energy resolutions evaluated by

the full-width at half maximum (FWHM) of the zero-loss peak (ZLP) ranged from

around 5� 10 meV.

Spectral datasets were initially investigated using Nion Swift [307], exported into

Digital Micrograph formats, and �nally imported into MATLAB [378] using a �le

reader available on the File Exchange [469]. Spectra were then processed in various

ways, as will be described below.

Point spectra involved single impact parameters with high trial counts (i.e., 10,000

spectra collected with 30ms exposures). All spectra were post-processed by ZLP-

alignment, and integrated over multiple trials (when applicable). Careful sample

loading enabled limited rotation about an axis parallel to either arm, and the collec-

tion of EELS data for di�erent transverse separations of the end facets (with impact

parameters midway between said facets, or near either one). ZLP subtraction was

performed prior to comparison in most cases.

The combination of DPC and SPC con�gurations allowed for a rudimentary esti-

mate of � via equation 3.2.6. This involved processing STEM-EELS maps by rotat-

ing and interpolating the datacubes parallel to one (SPC) or both (DPC) end facet

edges, then producing spectra that were averaged across the aloof region of such plots

(based on a simple thresholding approach for segmentation). The averaged spectra
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were then further processed by �tting and subtracting the ZLP from each individu-

ally, and then a spectral interpolation which �t each signal to the same number of

points across identical inclusive spectral ranges. This ensured that the normalization

procedure would not be skewed by di�ering energy channel sizes (i.e., spectrometer

dispersion values) for the various spectra. A smoothing algorithm was applied to each

spectrum, and this was then subtracted from the rough spectra to estimate the noise

and �ne structure of said spectra, intending to seek out notable 
uctuations in the

di�erence which may indicate double-inelastic scattering. This so-called noise signal

was then smoothed once more for more practical comparison.

3.4 Results and Discussion

3.4.1 SASS

STEM-EELS of the SASS (which was qualitatively equivalent to an individual prong

in the �rst SRR detailed below; SRR1) was fabricated and studied with aloof excita-

tion (�gure 3.2). This was used to con�rm the plasmonic properties of our material

system. EELS maps displayed the familiar lobular spatial distribution of loss inten-

sity expected of Fabry-Perot like SPPs (FP-SPPs). The FP modes provide basic

information about inelastic delocalization [323] and indicate that the SPPs of this

material system propagated su�ciently far to set up standing wave patterns in multi-

micron structures. EELS signals were also recorded at single impact parameters for

various tilts, which can be thought of as rotations of the single arm about its long

axis. These spectra appear to have essentially identical resonance energies, di�ering

only in intensity.
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Figure 3.2: (a) SEM of a hexagonal single-crystal gold 
ake being prepared for
lift-out; scale is 20� m. (b) Side-view of the single-armed strati�ed structure

(SASS); scale is 500 nm. (c) EELS collected aloof to an end-facet of the SASS. Tilts
represent the angle to an axis parallel to the strati�cation direction (c.i-c.iii). (d-i)

EELS maps collected for the single armed structure. (d-f) Maps associated with the
structure arranged in the same orientation as the arms of the SRR in the DPC. (g-i)
Maps collected whilst the arm had been rotated 45o about its long axis. (j) HAADF

of the SASS when oriented as in (c.ii).
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3.4.2 SRR1

Figure 3.3: SEM images of the steps used in the fabrication of SRR1. a) A
single-crystal gold 
ake which has been located and selected for the gold layer of
SRR1. Note additional clusters of small nanoparticles sitting atop the 
ake. b)

Protective layers which have been deposited over the 
ake, marking the region which
will be lifted out. c) The �nal structure, with layers labelled. Scale bars are 5� m.

EELS experiments were performed for SRR1 (�gure 3.3) in the DPC trajectory

(and several angles o� of the DPC condition; see �gure 3.4) and then in the two SPC

trajectories (by means of severance and reattachment). These measurements revealed

a pronounced SPP peak on both the gain and loss sides of the spectrum, centered

at 38 meV and 39 meV, respectively. The gain peak is due to thermal excitation

of the lowest order plasmon mode, in keeping with the principle of detailed balance,

which was recently used to measure temperaturevia analysis of phonon modes in
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nanostructures [470, 471], and is applicable to all inelastic scattering processes [472],

including plasmon modes [473, 167, 135].

Figure 3.4: Low loss portion of EELS spectra captured for various tilts of SRR1.

The gain peak is not a consequence of a vicinage e�ect (i.e., of a second electron

following the �rst past the SRR and picking up the energy it lost). Logic reminiscent

of the underrated work in [339], in which surface plasmon modes excited on a liquid

indium surface led to energy gains for consecutive electrons, does not apply here as

the plasmonic lifetimes are much less than the temporal separations of electrons in

the beam. This in conjunction with the clear appearance of the gain peak in the SPC
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spectra, extinguishes all but the thermal explanation for said feature. We can also

corroborate our choice to label this mode as a SPP as opposed to a phonon mode,

based on the observation that other FP-SPP modes have been reported in this ener-

getic region, and have consequently been linked to gain features [135].

The spectra reported in �gure 3.4 di�er from the many-peaked appearance of the

spectra in �gure 3.2. This is a consequence of the asymmetrical geometry of SRR1.

The unequal arm widths lead to FP-SPPs with strongly modulated antinodal inten-

sities. The spectral signatures for trajectories by either end facet indicate that the

lowest order mode is strongly excited but most other contributions are much weaker.

See the spectra in �gure 3.7 for additional signals captured for the SPC along other

positions, which expose that there are in fact many more modes supported by this

structure than those apparent from �gure 3.4.

Single-step energy exchanges pile-up to produce the dominant
 0
DP C signal, and

are revealed by7 the qualitative resemblance thatP � 
 DP C bears toP � (
 SP C1 + 
 SP C2 ).

The spectra in �gure 3.5 illustrate this outcome;
 SP C1 has a strong feature at� 0:13

eV while 
 SP C2 instead has a strong feature just greater than� 0:15 eV. Both of

these spectral features appear to be muddled by overlap with contributions from the

silicon dioxide phonon mode at� 0:15 meV. The 
 DP C signal has a much broader

feature that seems to span the energy ranges of these peaks in both
 SP C1 and 
 SP C2 .

Similarly, the composite spectrum
 SP C1 + 
 SP C2 has a broad feature over this same

range, though the actual shape of the feature is di�erent. This suggests that the

DPC signal may indeed be dominated by the sum of signals from electrons having

7The expressionP � (
 SP C 1 + 
 SP C 2 ) is technically an oversimpli�cation for the results here
because bothSPC1 and SPC2 in �gure 3.5 are spectra from which their respective ZLPs have
been subtracted but not deconvoluted. Hence, a more accurate expression for the signal labelled
SPC1 + SPC2 would be P1 � 
 SP C 1 + P2 � 
 SP C 2 .
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