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PREFACE

The purpose of this thesis is to assemble the most important
results of Frée Lattices into one consolidated form, giving an
orderly presentation which is not necessarily chronological, but rather
natural in development. Only free lattices without additional rela-
tions are considered, ihat is, free modular, distributive and Boolean
lattices are not considered,

In Chapter O, in the language of Universal Algebra,are found
the less familar definitions and theorems which shall be used,
| In Chapter 1, we construct FL( n), the free lattice generated
by nr unordered genefators; then CF(P), the free lattice generated by
a partially ordered set, P, and preserving only the order of P; then
FL(P,4 ,§& ), the free lgttice generated by P, a partially ordered set,
preserving the ordering as well as finite meets and joins of P; and
finally FL(nl+...+nm). the free lattice generated by a set P consisting
of countably many chains of lengths R PIREE etc., preserving the
order of P. This development seems natural since at each step we give
the lattice more complex structure by changing the properties of the
set of generators,

Chapter 2 considers tie sub-lattices of the free lattices
constructed in Chapter 1. In particular, all distributive sublattices
of a free lattice are characterized.
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CHAPTER O

Preliminaries

Many of the notions we shall need in the ensuing chapters can
not only be stated in the setting of lattice theory, but can be stated
in the more general seiting of universal algebra., For this reason we
shall state the definitions in terms of a class K of algebras (in our
case the algebras will have the same operations, i.e. the same type),
but realizing that we shall use the definitions relative to the class
of all lattices., We assume definitions of algebra or algebraic system,
isomorphism, homomorphism and subalgebra are known.

Definition 1. Let A be a K-algebra (i.e. Ag K) and X a subset of A,
Then A is said to be freely generated by X and X is said to be a free
set of generators of A iff X generates A and every mapping f:X—B
(Be K) can be extended to a homomorphism, T:A—»B. An algebra Ac K
is said to be a free K-algebra iff it has a free set of generators.

Definition 2. A K-algebra A is said to be a free K-product of a non-

empty family (Ai)i eI of subalgebras of A iff A is generated by U IAi‘
ie

and for every Be K and every family (fi) of homomorphisms

iel
fi:A{—-—+B there exists a homomorphism f:A-—»B which extends every fi.

To insure the existence of free K-algebras and of free K-products
we assume that K is a non-trivial equational class in the wider sense,

~
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that is, K is the class of all models of some finite or infinite set
of equations, and there exists Ae K such that IA[Z:Z.

Definition 3. A class K of algebras is said to have the embedding

property iff for any A,Be¢ K there exists C¢ K such that A and B are

isomorphic to subalgebras of C,

Definition 4. A class K of algebras is said to have the amalgamation

property iff the following conditions are satisfied: if A, B., Ble K

and fo and fl are isomorphisms of A into Bo and into Bl‘ respectively,

then there exists C¢ K and isomorphisms &, and &, of BO and of B1
respectively, into C, such that go'fo = gl' 'fl.

Theorem 1. Suppose the class K of algebras is non-trivial and
equational in the wider sense, and assume that K has the embedding
property and the amalgamation property. If A is a free K-product of a

family (A,) + if B_ is a subalgebra of A, for each ie¢ I, and if B
iel 1
is a subalgebra of A that is generated by the set U Bi' then B is a
iel
free K-product of (B,) .
i’
iel
Proof. SeeJonsson [9] .

Corollary. Take K the class in Theorem 1, If A is a free K-product of

(A,) » and if for each i¢I, A, is isomorphic to a subalgebra of

iel
a free K-algebra with m, generators, then A is isomorphic to a subalgebra
of a free K-algebra with z m, generators.

iel
»

Proof. See Jonsson [9] .



Remark. If K is taken to be the class of all lattices, that K is non-
trivial and equational is clear. The direct product of two lattices
being therefore again a lattice, and coupled with the fact that every
lattice has a one;element sublattice, it follows K has the embedding
property. The proof that K also satisfies the amalgamation property is

found in Jonsson L8 J..

Definition 5. If K is the class of all lattices, and LeK, a lattice,

then a€L is called meet-irreducible ( A-irreducible) iff a = xAy

implies a = x or a = y. Dually we define join-irreducible.



CHAPTER I

Free Lattices

1. Construction of FL(n)

In this section a free lattice on " (unordered) generators will
be constructed, It is pertinent to observe that this structure will de-
pend only on the cardinalin, since two free lattices on the same number
of free generators are isomorphic and any lattice isomorphic to a free
lattice is also free with the same number of generators, Hence the free
lattice we shall construct on " unordered generators will be uniquekup to
isomorphism,

Take G any set whose cardinality is 0.

Definition 1.1: We define inductively sets Tn and Sn (n=12,...) as

follows:
Tl = Sl = G
T = I ofr=01; g4 ASS__.; A finite; and for each acA,
there exists a}%fN such thataeTk and n = % ka + 1}
:  Ta acA
Sn = Sn-l U’I‘n

We can assume without loss of generality that Gf\Tn = @ for all n>1, If

this were not the case, some G' of same cardinality could be selected such

that G'f\Tn = @ for n>1, and by the above remarks the same structure

would resuit.



Remark 1. Sl = 82 < ... S Sn S ... by definition.
Remark 2. Tn n Tm =@ forn # m.

-

Proof. We prove Tnﬂ Tm = @ for all n + m by induction over n. For n = 1
the claim holds by assumption. Assume the claim to be true for all
n<p (p>1), and take (A,A)e Tpn Tm, m arbitrary. For every ac A there

exists, by construction, numbers pa, ma such that a e'l‘pan Tma’p = .z pa+1,

and m = I m +1. Since‘pa< p we bave p_ = m_ by inductive hypothesis,

hence p = m and the c¢laim is proved.
L]

- _
Defi S = S = Ldj . S i i
efine U n Tn By remark 2, every u €S is contained
, n=1 n=1
in exactly one Tn' We define the length, L(u), of u to be this unique n,
i.e.

Definition 1.2

L(u) = n iff uc.:'l‘n \

Definition 1.3. We define usv by induction over L(u) + L(v) = n as

follows:
l. n=2,i.e. uveGand usviffu=yv
2, n2 3 usv iff one or more of the following hold

(0,A) and xsv for all xg4

a. u=
b. u = (1,B) and x sv for at least one x¢B
¢c. v = (0,A) and usx for at least one x €A
d. v =‘(.1,B) agd usx for all x €B



Lemma 1.1. (0,A) sv iff x<v for all xe¢ A. Dually us (1,B) iff

u sx for all x eB.

Proof (of the first statement). Clearly xSv for all xe¢ A implies

(0,A) £v by 2a. We show the converse by induction over L(0,A) +

L(v) = n, clearly n23. If n = 3, then ve G and hence (0,A) Sve G
implies y Sv for all y¢ A, as required. If n24, we check the four
possibilities of Definition 1.3, part 2. If (0,A)<v by 2a, then xSv
for all x €A follows by definition. Since (0,A) is not of the form
(1,B), (0,A)<v by 2b, does not occur. Suppose (0,A)sSv by 2¢c, i.e.

v = (0,A'). Then (0,A)<(0,A') implies (0,A) Sx' for some x'¢ A by 2¢,
which implies x<x' for all xe A by induction hypothesis, which in turn
implies x $(0,A') for all x €A by 2¢c. If, finally, (0,A) Sv holds by 24,
then v = (i.B) and /(O.,A)Sy for all ye B. This, by induction hypothesis,
gives xsy for all x¢ A, ye B, and, again by 2d: x s(1,B) = v for all
XecA.

Lemma 1.2. The relation < is reflexive on S,

Proof. We show usu for all u¢ S by induction over L(u). If L(u) =1,
u Su since u=u in G, Assume L{(u)>1 and u = (0,A). Since x<x for all
x¢ A by induction hypothesis, we have x <(0,A) for all x €A by 2c, and
(0,A) < (0,A) by 2a, thus u <u. If u = (1,B), the proof is dual.

Lemma 1.3. The relation % is transitive on S.

Proof. We show that usv and vsSw imply usw for u,v,we S by induction

over L(u) + L{v) + L(w) =n., If n=3, then u = v = w, hence usw.



Assume n24%, If usv or vs<w by Definition 1.3, 1, then usw trivially.
We now consider the possibilities of Definition 1.3, 2. If usv by 2a,
then u = (0,A) and xsv for all xeA. vsw by assumption gives xsw
for all xegA by induction hypothesis, and then u = (0,A) sw by 2a. If
v<w holds by 2d, then the proof is dual.

Assume usv by 2b., In this case u = (1,B) and x<v for at least
one x¢B. v<w by assumption gives xsw for at least one x ¢B by induc-
tion hypothesis and u = (1,B) sw by 2b. If v<w by 2¢, the proof is dual.

Assume usv by 2c. Thus v = (0,A) and us<x for at least one
xeA, But x<w for all xe¢A by Lemma 1.1 implies usw by induction
hypothesis, If'vs\v by 2b, then the proof is dual.

Finally, the only case remaining is that usv. by 2d, and vsw

by 2a. For this case v = (1,B) and v = (0,A) which is impossible.

Remark. Lemma 1.2 and lemma 1.3 show that < is a quasi-ordering on S.
Clearly, if we define the relation Ron S by uRv iff u<v and v<u, R is
an equivalence relation. For each ugS, let[ u ] be the equivalence class
of u with respect fo R. Let F = S/R be the quotient set and define a
relation S on F as follows: [u ] s [v] iff usv, Clearly, this defini-
tion is independent of the representatives. The relation < is a
partial order on F,
Lemma 1.4, For all A,BcS; A,B % & and A,B finite,

i. [(0,4)]

ii. [ (1,B)]

1]

(0,4] =* a\e/A (a], and

(1,8 = A (vl
beB

]

N N



Proof re i. asa for all acA, implies a<(0,A) by Definition 1.3
(2c) and thus [a] s[ 0,A] for all a¢ A making [0,A] an upper bound of
{{allaeh} . Suppose [ a }Js[u] for all a¢ A, and hence as<u for all

agA. This gives (0,A) su by 2a and thus [ 0,A]s[u]. Therefore[0,A] is

the least upper bound of {{ a]| acA}.
Part ii follows dually.

Remark. Thus F is a lattice, and by the above lemma and a suitable

inductive argument is certainly generated by {L x] | xeG}. We shall

write the equivalence classes[ x ] by simply x whenever x¢g G.

'

Theorem 1.1. F is the free lattice generated by G.

Proof. Let L be an arbitrary lattice. Take f: G—»1L any function and
- . - i

define functions fix: Tﬁ-—-—bL and fn: Sr-;—OL inductively as follows:

f. = f and fl = f.

1
fn+l(O,A) = \L/’Z‘n(A) and fml(l,B) ={\ fn(B)

2
t

T =V,

Also, we define T: S—sL by? = U’fn'

Claim 1. For all u,v €S, if u Sv then T(u)s T(v). We prove this by
induction over L{u) + L(v) = n, considering the conditions for u S<v in
Definition 1.3,

If n=2; u,veG usvsy u=v =T(u =1£)=1£v)=T(v) and

Tlu) «T(v). .



Assume nz 3. If u< v by 2a, then u = (0,A) and

asv for all agA 2 T(a)<T(v) for all aecA by induction

Y
Y

If ugv by 2b, then u = (1,B)

>

If usv by 2¢, then v = (0,A)

>

If u<v by 2d, then v = (1,B)

3

' £a) = 70,4) s T(v)

ach

™Mu) = T(v)

and b<v for at least one beB
T{v) <T{v) for at least one beB by

induction hypothesis

/\ £) = T(1,B) £T(v)
beB

Tu) <T(v)

and usa for at least one a €A

T{u) <T(a) for at least one a €A by the

induction hypothesis

2w <V £a) = To,a)
ach

flw) sFv)

and u €£b for all beB

flu) <f{b) for all b €B, by induction
hypothesis

fluw) s /\ 1) = §1,B)
beB A

fla) <flv)
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Claim 2. uRv 2 T(u) = T(v)

uRv 3 usv 3 Tu)s:Tv) - .
- - > f(u) = f(v)
uRv » vsu » f(v)< f(u)
Claim_3. Define f: F—>L by £([u])= T(u) independent of the
representative u, and El = f; then f is a lattice homomorphism,

G
We observe that f is easily a function, then if [u]. [v] eF, we see:

Ta) v T(v)
T([u]) vE([v]).

T([u] v [v]) = T(O, {u,v})

and dually f£([u] A[v]) = £([ul)A £([v]). /
Thus besides being generated by G, the lattice F is free,
Clearly, every equivalence class [u Jcontains an element of

shortest length. It is our next aim to show that this element is unique.

Lemma 1.5. If u = (A,A) is of shortest length, then for all a€A, L(a)
is minimal. |

Proof. Without loss of generality assume A = O, Take a €A such that
L(a) is not minirﬁal. Then, there exists an a' such that aRa' and
L(a') <L(a). Conéider u' = (Q,(A-{a}) Ua').

Claim, u'Ru., We know x su for all x ¢A- {a}, and also a's a su
since aRa'. Therefore by 2a, (0,(A-{a})U a') su, that is usu'. Also
u <u' since x gu' for all xe A-{a.} and a <a's u' by the fact that aRa'

making (O,A) gu' by 2a. Thus we have u'Ru. Now,

Lw) === & L(x) +L(a) +1> T L(x) +L(a') +1 = L(u')
x ed » x €A

x}a . xfa
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which contradicts the assumption that u was of shortest length, and thus

the lemma is proved.

Lemma 1.6. If u and v are equivalent elements of shortest length, then

u = v (i.e. canonical forms are unique).

Proof. We observe first: if (0,A) is a shortest representative of its

1

class, then no a € A is of the form & (0,C). Assume contrary to the

claim, that there exists an a €A such that a = (0,C). Analogous to
the proof in Lemma 1.5 we get (0,A)R (O, (A- {ao} JU UC). But,
T La)+ Z Lie) +1

ach ceC
a#ao

L(0, (A= {ao} W uc)

= ¥ L(a) + L(a )
a€cA °
a:t:ao

< T L(a) +L(a_ ) +1 = L(0,A)
aci °

afa
o

which contradicts the shortest length of (0,A).

We show next: if (7\1,A) and O\Z,B) are equivalent elements of
shortest length, then )\l = >\2' Assume )\l = A,, say }\.L = 0 and )\2 = 1.
From (?\l,A)RO\Z,B) we get (0,A) <(1,B) and (1,B) $(0,A). The first
inequality implies a<b for all acA and beB by Lemma 1.1. The second
implies by definition that either: there exists some be¢B with
bs(0,A)S b or some acA with a<(1,B)<a. In the first case we get
b R(O,A)\‘which together with L(1,B) >L(b) and (1,B)R(0,A) contradicts

the shortest length of (0,A). Dually, in the second case, and hence

>\1 = XZ.
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We now prove the Lemma by induction over L(u) = L(v) = n where

u (?\l,A) and v = O\Z’B)" If n =1, then u,ve G and uRv then implies

u=v. For nzl, we assume without loss of generality )\1 = >\2 = 0. By
uRv we know (0,A) <(0,B) and (0,B) £(0,A), and by our first observation
we know no acA or beB has the form (0,C). We check the remaining
possibilities.
Case 1. Assume there exists a = (l.Ao) € A and some a' er with the
property a' <(0,B)., Then (l.Ao) <a'=<(0,B)=(0,A), and also,

a s(0,B) s(0,A) for a § a'.

Hence (0,A)<(0, {ala 4 aO] u{a}) < (0,B)<(0,A) and

(0,A) R (0, {ala # ao} u {al).
But,

L(o, {a]a # aé} Ukl = ZAI_Ca)+ L(a') + 1,and
’ ae€

a:’fao
L(a') + 1 S L(1,A) = 1(ao) implies that

Y L(a) +L(a') +15 I L(a)< L(0,A)
a#ao ach

achA

which is a contradiction of the shortest length of (0,A). Therefore

case 1 does not hold, and similarly its dual case does not hold.

Case 2. Assume (0,A) <(0,B) and (0,B) £(0,A) by Definition 1.3, 2¢,
which is the only remaining possibility. In this case we have for each
ach a ba € B such that asba, and also for each b e€B we have a e A such

that b <a Hence for each acA, aSba Sab . Suppose for some ach

bc
a
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we have a $+ a Then (0,A)R(0,A- {a} ) and L(0,A) >L(0,A- {a} ), as

o °
a
before, and we would have a contradiction of the shortest length of (0,A).

Thus a = a, s and hence aRba for all aeA. By lemma 1.5 and the induc-

a
tive hypothesis we get a = ba for all a €A, and hence AgB, Dually we

obtain BC A, hence A = B,

2. Sublattices of FL{ n)

Having obtained the free lattice on n generators, FL( n ), we
shall examine an interesting result concerning its sublattices, namely
"FL(3) contains FL( n) for finite or countable n .

Definition 2.1. The subset M of a lattice L is called free iff the

sublattice L(M) of L, generated by M is freely generated by M.

Lemma 2.1. If |G |=n and n finite, n 2 2, and ueS = QLj”l‘n, xeG,
then x su iff u § (0,G- {x} ) and x2u iff u$ QG- {x} ). =

Proof. We show x su iff u$(0,G- {x} ), and the proof of the second
statement is dual. Clearly not both of x<u and u<(0,G- {x} ) hold,
since then we have x £(0,G- {x} ) which requires x <y for some ye G- { x},
a contradiction. We show at least oné of these conditions must hold,
that is, we assume X fu and show u <(0,G- {x} ). The proof of this fact
is by induction over L(u). If L(u) = 1, then u =(1,G- {x}) is trivial.
Let L{u) = nz2, and consider the following two cases.

Case 1. If u = (0,A), then x su’by assumption implies x ¢a for all acA.

By induction a =(0,G- {x} ) for all a¢A, and hence u = (0,A) <(0,6- {x})

by Definition 1.3, part Za.
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Case 2. If u = (1,B), the result follows anaiogously to Case 1.

Theorem 2.1. In FL(n ), a set Mc FL(n ) is free iff it $atisfies 1)
If ueM, M'e¢M and M' finite and u s\/M', then ue M' and 2) If ue M..
M'SM and M' finite and u2/\M', then ueM'.
Proof. M free implies the conditions easily, for assume not, then
uSVM' for some finite M' and u%:M'. Now, define f: M-—-—DBO, Bo the
two element Boolean lattice by f(u) = e, f(m) = O for all me M-u, M
free implies there exists a lattice homomorphism I FL(M)—-—-’BQ such
that fly = £. But e = £(u)2VE(M') for all M'EM,M' finite implies
u=zVM', a contradiction. Similarly condition 2) is verified.

For the converse, a class of representatives C of M is taken and
the free lattice on C is constructed analogously to FL(n ). This free

lattice is shown iéomorphic to L(M ) to complete the proof.

Lemma 2.2. If n= 3, then in FL(3) the following {ui} forms a free set.

u

1 [X]_/\ (XZVXB)]V[XE:A(XlVXB)]

<]
]

[xl/\ (x2Vx3).] v [x3A(X1VX2) ]~

u; = [XlV (x2/\x3)]/\ [xzv(xl/\x5)]

u, = [le (x2/\x3) 1A [xBV(xl/\xz)]

Proof. The proof relies on simple applications of Theorem 2.1.

Theorem 2.2. FL(3) has FL( n) as a sublattice for any finite or count-

able n.
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Proof. By Lemma 2.2, {ul’UZ’uB’uh} ¢ FL(3) is free. We prove the
Lemma by induction over the number of elements in a free set fui}.

Assume {u ,uk} ¢ FL(3) is free. In particular, by Lemma 2.1

100
{ uk-2’uk—luk} is free, and then there exist V1eVaiVaeVy in the
lattice generated by {uk-Z’uk-l’uk} which are free by Lemma 2.2.

Hence {u ’uk-B’vl’v2’v3’v4} is shown free by Theorem 2.1, and by the

1reee
induction it is clear that FL(n) is contained in FL(3) as a sublattice.
Remark 1. We observe that a sublattice S¢cl,a free lattice, is free iff
there exists a set X ¢S with X a free set of generators for S,

Remark 2. FL(1) is trivial, FL(2) is easily finite and is shbwn in
Figure 2.1, and by the above discussion FL(3) is infinite.

Remark 3. It follqws from Theorem 2.2, that for n =25 and any finite or
countable k, FL(n) has FL(k) as & sublattice.

Remark 4. FL(m) is not modular for m >3, since the assumption that m =

and FL(3) is modular yields contradiction.

(0,{x,y})

&

) (1, {xy])

S Figure 2.1: FL(2)

3,



3. Construction of CF(P)

We have considered in the preceding sections the free lattice
on a set of unordered generators, which was offered by Whitman in
1940-41., Dilworth in 1945 introduced a free lattice generated by a
partially ordered set P preserving meets and joins of pairs of elements
in P where they exist, and suggested the possibility of considering the
(in a certain sense) weaker structure which would preserve only order.
This structure was offered by Dean and is analogous to FL(n), and we
shall call it the completely free lattice, CF(P)

Definition 3.1. Let P be any partially ordered set, and analogous to

Definition 1.1 take ’I'l = Sl = P and define

Tn = { (A ,A)]x = 0,1, Ac s.n N A % @, A finite and for each ac A 3 k, such that
. =Ly i )
n= T k+l1} \
ach & \
S =8 Uur and
n n-1 n
o0 -1
Ss= U 8§ = U T
n=l ®  p=1 "

Definition 3.2. uesS = ue 'I'n for some n, then the length of the

element u (L(u) is defined to be n (L(u) = n).

Definition 3.3. On S define the relation < as follows:
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u,vesS, usv by induction over
L{u) + L{v) =n" pn=1 us<v 4iff u<v in P

nsl u<gv . iff one or more of the following hold

a. u=(0,A) and x<v for all x€A
b. u = (1,B) and x<v for at least one x€B
¢c. v =(0,A) and u<x for at least one x €A
d. v =1(1,B) and usx for all x€B

It is clear that these basic definitions are directly anélogous
to those used in constructing FL{(n). The results obtained for FL(®) are
obtained for CF(P) by precisely the same reasoning and argument and shall

therefore be assumed without further proof or statement.

L4, Construction of FL(PU,®)

A\

We shall denote by FL(P), the free lattice generated by a
partially ordered set P preserving the order in P and the least upper
bounds (joins) and greatest lower bounds (meets) of pairs of elements
which exist in P, and we shall denote by FL(P, U, c). the free lattice

generated by the partially ordered set P preserving:

i. the ordering of P;
ii. those least upper bounds of a system {1l of finite non-

empty subsets of P which possess least upper bounds in

- P; and
/ iii. those greatest lower bounds of a system § of finite non-

IR empty subsets of P which possess greatest lower bounds

in P, ~
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Certainly FL(P) (originally illustrated by Dilworth) is but a
particular case of FL(P, y1, §) (by Dean). Unfortunately the structure
of FL(P, U, ~) does not follow the reasonably easy format of FL(n) and
CF(P). For this reason it is necessary to modify the technique, and

rephrase some definitions, but maintaining a similar technique to the

one outlined for FL(n).

Let P be a partially ordered set with < the relation. Let

U < P(P) with the properties
i. psq in P implies { p,q }ell
ii, S ¢ U implies S finite, S %@, - and VSeP
and € € P (P) with the properties

i p<q in P implies {p,qlek

ii", Se¢§ implies S finite, S $ @, =~ .. and /\SeP.

For the convenience of the reader, we shall write for (O, {A,B} )
the element AVB, and for the element (1, {A,B} ), the element A AB,

which is the association made as before.

Definition 4.1. We define the elements of FL(P, 1, §) recursively as
follows: i. p,q,ry... € P are elements of FL(P, 1, &) and ii. if A
and B are in FL(P, U, &), then AVB and AAB are in FL(P,Uu , §).

Definition 4.2. The length of an element will be (intuitively) the

number of generators . appearing in it (admitting multiple appearances).
More particularly A ¢P will mean A has length 1 (L(A) = 1) and

further L(AVB) = L(AAB) = L(A) + L(B).
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Definition 4.3, In FL(P, U, &) define A<B if

1. L(B) =1 i.e. B = p for some p¢P in which case Agp iff

for some integer n, A <p(n) with
a., A<p(0) iff A = q and q<p in P and inductively iff one

or more of tﬁe following hold

b, A 1,2

A_ VA < - i
L VA, and A p(n-1) for i

AL AA, and A, < p(n-1) for i

d, 3 Se¢€ .»- /\SSp in P and Ass(n-l)for all s¢ S,

lor2r

c. A

2. L(A) =1 i.e. A = p for some peP in which case p<B if for
some integef n psB(n) with
a. p<B(0) iff B = q and p<q in P

and inductively iff one or more of the following hold,

1,2

o
[o+]
[}

< _ .
BlA B2 and p Bi(n 1) i

< _ .
B,VB, and p Bi(n 1) i

d. 3 seu such that p< \/S in P and s B(n-1) for all

lor 2

(2]

.
w
]

se S,

3. L(A), L(B)>1 A< B iff one or more of the following hold.

= v i =

a. A Al A2 and AiSB for i = 1,2
b. A=AAA and A,<B fori=1o0r2

1 2 i
¢c. B=B AB, and A B, fori=1,2

172 i
d. B=B VB, and A &B, fori=1o0r2ea

1 2 i :
e. A= Al/\ AZ’ B = BlV B2 and for some p eP, A $p and p $B,
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Remark. We observe that Definition 4.3 will not give us a solution to
the so~called word problem of this lattice since parts (1d) and @d) of
the definition are non-constructive.

Lemma 4.1, If A<p(n) and p<Q, then A<q(m) when m2n,

Proof. We show this for m = n + 1 which is sufficient. Take S = { pl,

S ¢8 (by definition) A S = p<q in P and then by Definition 4.3 (1d)
Asqg (n +1). ‘

Theorem 4.1. If q<p in FL(P,U,&), then q<p in P.

Proof. Only parts 1 and 2 of Definition 4.3 could hold, in which case
it suffices to show "If q'$p(n). then q €£p in P". By induction if n>0
apply (1d), that is for some Se& AS<p and q<s(n-1) for all s€S,

By induction q<s in P for all s ¢S, therefore qSAS<p .. q<p by

transitivity of (s).

The only other possibility is q <p by (2d4) which follows

analogously.

Theorem 4.2. If A VA, SB, then Ai' <B for i = 1 and 2,

Proof. By induction on L(B)., Assume L(B) = 1. We show if A VAasp(n)
then Ai <p(n-1).

If AlV A, <p(n) by (1b) of Definition 4.3 the result is trivial,

If A VA, <p(n) by Definition 4.3 (1d) we have A, VA, $s(n-1) for all

s ¢S. This is impossible for n = 1, hence if n = 1 A, VA, <p(n) ?
Ay <p(n-1). For n >1, by induction A <s(n-2), and by Definition 4.3

(14), Ay <p(n-1) for i = 1 and 2. Assume L(B) >1 and B = B,V B,.

Now either (3a) or (3d) of Definition 4.3 may hold. If (3a) holds the

~

AN A AU
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result is trivial. Assume (3d) holds. B = BlVB‘2 and A sBi for i =

1l or 2 and by induction Ai sBl for i = 1 and 2 and then from (3d) we

get AisB for i = 1 and 2.

If B = B, AB, then by a dual argument using (3b) or (3¢) of

1772
Definition 4.3, Ai <B for i = 1 and 2.
Theorem 4,3, < on FL(P, U, &) is reflexive,
Proof. We show A <A for all A ¢FL(P, U, &) by induction on L(A).
Assume L(A) = 1, then A = p for some peP » ps<P » psp(0) hence
psp and A<SA, Assume L(A)>1 if A = A, VA,, by induction A, <A, and
then apply (2¢) or (3d) of Definition 4.3 to give A VA, zA fori =

1 and 2. This by (3a) gives AsA, If A = A, AA, a dual argument holds.

Theorem 4.4, £ on FL(P,U,8) is transitive.
Proof. Assume C<B and B <A and we show C €A by induction on

L =1L(A) + L(B) + L(C), Take L =3 9 A=p, B=qandC=r
' 3 by Theorem 4.1 and transitivity

-of son P

r<p » Cx<A

We observe that if C = Cl VC2 or A = A1 /\A.2 we get the transitivity by

using Theorem 4.2 or its dual and a suitable induction. Thus we shall -

assume L(C) =1 or C C, AC, and similarly L(A) =lor A= A VA,

1, L(C)>1

Case 1. L(A) = L(B)
We show that if C sq(n) ‘and q <p, then C £p(n) by induction on

n. If n=0, then C = regP and a simple application of Theorem 4.1

and the transitivity of < gives C<A, If n>0 and C = Cl A02 and
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C;= q(n-1), then by induction C, < p(n-1) and again the statement holds.

If C = C_AC_< g(n) holds by (1d) of Definition 4.3 i.e. for some

1 2
Se € C< S(n-1) for all se¢ S and/\Ss q. But since q sp, and thus

/\ 5SS p and we have Cs< p(n) by (1d), proving the Theorem for case 1.

= i = = = \"/
Case 2, L(B) =1 (i.e. B=peP) C C,AC, and A = A VA,
Transitivity follows here by direct application of Definition 4.3 (3e)

Case 1 and its dual and case 2 complete the cases for which L(B) = 1,

Case 3. C=pand B = BlV B2.

We show if p SB V B, (n) and B <A, then p sA(n) by induction on

1
n, Clearly BiS A for i = 1,2 by Theorem 4.2. For n = O, the statement

is vacuously true., Assume pS Bi(n-l) then, since BjS Aj by induction

p €A(n). Finally if p SB V B, (n) by Defintion 4.3 (2d), that is, for

1
some Se U s <B(n-1) for all se S and pS\/S, we have by induction,

s SA(n-1) for all s €S, and therefore p $A(n) by 2d making case 3

complete.

= \")
> and B B1 B‘2

- If C =B holds by Definition 4.3 (3b), then cis Bfori=1o0r2

Case 4. C = ClA C

and by induction on L, C,< A and thus C <A by (3v). If C<B by
Definition 4,3 (3d) then C SBi for i = 1 or 2 and since Bis A for i = 1,2
by a similar induction C <A, Finally if C<B by (3e), that is there
exists p eP such that C <p and p €B, then by case 3, p <A. Hehce if

A= A1 VA2‘ (3¢) » C SA. It remains that the only other possibility
is that A = q in which case C<p and pS$q but then C £q by Case 1.
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The dual cases for B = Bl/\B‘2 cover all possibilities and follow
in an analogous manner, and complete the proof of Theorem 4.4,

Definition 4.4, Fer A,B ¢ FL(P,4,&) A = B iff A<B and B<A,

Remark. As in FL(pn) Definition 4.4 is easily an equivalence relation,
and the resulting equivalence classes are partially ordered by [ Al<[B ]
iff A<B. This order is independent of class representatives, and thus
we may work with only representatives of these classes.

It remains-to show that FL(P, U,& ) is indeed a lattice_ and
that it is free.
Theorem 4.5, FL(P, Uu,€) partially orderdby < is a lattice in which a
meet and join of a finite set of elements S is preserved if SegU or
Se € respectively., In particular P is embedded in this lattice.
E&i. It follows from the definition of < on FL(P,U,§ ) that AVB
and AAB are the least upper bound and greatest lower boﬂnd respectively
of elements A and B in FL(P, U,& ). Also the order is preserved, since
by Theorem 4.1, p<q in P iff p<q in FL(P, U,€).
Claim. S finite, S¢ U with V'S in P, then V'S is the least uppér
bound of S in FL(P, U,8 )., We know \Vszs for all s¢S .. VS is an
upper bound. Assume Ag¢FL(P,U,€ ) and Azs for all s¢S. Since S is -
finite, lemma 4.1 permits the assumption A zs(n) for all se¢S. But now
we have condition (2d) of Definition 4.3 with respect to \/S and A,
hence A 2VS (n+l) and thus A2YS in FL(P, U, S ) making vY's the least

upper bound of S in FL(P, U, &), The preservation of finite meets is a

dual result,
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Remark. Bounds of infinite sets need not be preserved. To observe
this consider the lattice in Figure 1.2. P is a partially ordered set,
containing the 'i‘nfin‘ite sequence f‘ = {cl... oy cn....] possessing a
lub, p, and enough other' eiements such that there is an element W with
c,< W(i), ci$ W(i-1) and yet p $W. In this lattice W and p are upper
bounds of I: .

We formthe free lattice on P preserving meets and joins of sets
§ and |1 respectively, where § is arbitrary except for the condition

p<q 9{ pa}e€ and U= {{x3]| x¢P }Uifsi.cj'i, {ci,cjl.fsi.pz.

fci,p} , [si,b}, {cl....cn,...S}

for i« j;i,j= 1,2,...

For the least upper bounds of the sets in |1 we will take thoseof
Figure 1.2. We observe that ¢y sc v b(i), but that c; $ciVb(i-l) for
i>1. The latter comment follows by contradiction as follows: ci$ b

Vb(i-1), we have ciS\/S with x<c_ Vb(i-2)

and cis[: c,, thus if c, s¢ 1

1’ 1
for all xe¢S, Now, if x = p or x = . for k>i-2 by the dual of

lemma 4.1 we get ¢, 1S ¢V b(i-2), the contradiction. Thus the members
of S must be among the following: b, s'j or ¢ with j = 1,2, ... and

k £i-2, but there is no set Sgl with these members.possessing a leasf

upper bound Vs containing ¢, . Similarly it is shown P #cl Vb and

hence p is not the least upper bound of K in FL(P,u ,§).
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Theorem L.,6, Let P be a partially orderea set and let | and § be
families of subsets as defined previously. Let L be a lattice and ¢
a function, ¢ : P—»L, such that

i. If SeU , then in L cp(\/s) =\/cp (8)

ii, If Se € , then in L oU\S) = No (8)

+hew @ can be extended to a homomorphism of FL(P, I, § ) into L

Proof. Let P' = ¢ (P). The elements generated by P' are clearly a
sublattice of L, which by hypotheses . must be all of L, We extend
¢ naturally to FL(P, 4,8 ) by replacing every occurrence of pe P in

the elements of FL(P, 1,8 ) by ¢ (p) = p'e P', thus giving an element

of L. Thus if g(P) is some element of FL(P, U, &) ¢ (g(P)) = g( o(P))
g(P'). l k

Claim. ¢ preserves the ordering i.e.if £(P)2 g(P) then £f(P') 2 g(P'),
Let L = L(f(P)) + L(g(P)). If L =2, then f(P) = p and g(P) = q for
some p,q ¢P. Now pZ q implies p3 q,:;nffi p,qe U with pV q = p and thus
by condition (i) ¢ (p)écp (q),i.e. £(P')zg(P'). If L>2, we consider
the folléwing. ;;Vlvmree cases,

Case 1. g(P) = gl(P) v ga(P) implies that if f(P)=z g(P), then f(P)Zgi(P),
i = 1,2 by Theorem 4.2. Hence by induction f£(P')2 g(P'). The dual

case also follows.

Case 2. g(P)

1]

q. In this case, by Definition 4.3 (2), £(P)2q(n) for

some n, If n =0, f(P) = pe P and, as above ¢ (p) 2 ¢ (q) implies

1]

f(P)Zg(P‘). Assume nZ 1, and take f(P) = fl(P)V fZ(P)' If fi(P)zq(n-l)

\



27

then case 1 implies fi(P')z o (q) in L giviné f(P')z ¢(q). Now suppose
there exists Se U with the property that V8 2 q in P and s< f(P)(n-1)
for all s ¢S. Here, induction again implies o(s) €f(P') in L, for all
s ¢S and hence \/cp(s)s £f(P'). By (i) we have\/cp (8) =g (Vs) and
therefore cp(vs) <f(P'). Finally, Vs 2q implies @ Vs) 2 o(q) and
hence @ (q) sf(P'). The dual of this argument concludes the possibili-
ties where L(f(P)) or L(g(P)) = 1.
Case 3. If f(P) = fl(P) VfZ(P) and g(P) = gl(P)A gZ(P). then when
f(P)z g(P) by Definition 4.3 (3a), (3b), (3¢) or (3d), the induction
hypothesis on L gives f(P') 2g(P'). Assume f(P) 2g(P) by (3e), that is,
for some p eP, f(P)Z p and p 2g(P), but then by the previous case and its
dual we have f£(P')Z ¢ (p) 2g(P').

Thus order is.preserved by ¢ , and also the equality and there-
fore f(P)——»f(P') is a Qell-defined mapping of FL(P, U, &) onto L.
By virtue of the order preservation if u—su', v—=av' and w = uVy,
then w' = WwVv' in L and joins are preserved. Dually, meets are preserved.
Remark 1. . If U and & consist of only the pairs {p,q} where p £q in
P, FL(P,u , &) is simply CF(P).
Remark 2. If U consists of all pairs {p,q} such that p Vq exists, and
§ consists of all pairs {p,q} such that p Aq exists, then FL(P,U ,§& )
is the free lattice of Dilworth preserving meets and joins of pairé of
elements existing in P, . ‘
Remark 3. The lattice FL(P,U ,& ) is different from Dilworth's pair

preserving lattice due to the following example. Consider P, as in
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Figure 1.3. P is embeddéd in a lattice Ll as depicted in Figure 1.4,
and Ll preserves the meets and joins of pairs of elements in P. 1In
Figure 1.5 P is embedded in a lattice L2 which also preserves the meets
and joins of pairs of elements of P. However, if we examine the least
upper bound of [a.b.c} in P in Ll it is preserved, but in L2 it is not.
Hence the conclusion that the free lattice preserving meets and joins

of pairs of elements need not necessarily preserve the meets and joins

of finite subsets of P.

5. Construction of FL(nl+ eos +nml

We have observed in the preceeding four sections of this

chapter free lattices which were generated, first by unordered sets,
then partially ordered sets, and in this section, we shall generate a
free lattice from a set consisting of countably many unrelated chains
of finite length. It is clear that for such a set, Pc’ this lattice
is essentially CF(PC). since all we really wish to preserve from P, is
the order within the chains.

Let Pc'be the set of unrelated chains: 8,,< 8;5< ...<8y

1

<a - <...<a . The elements of

8y <8yp <oew <8y §oee. B mn

2
FL(PC) are defined analogously to CF(P), and the order in an equivalenf
fashion. Thus the following theorem results.
Theorem 5.1, Let Pc be a partially ordered set consisting of a set of
unrelated chai:ns. In FL(PC) A.zB iff one or more of the following

hold; provides the necessary lattice structure, and the lattice is free.

~ o~ .
N \






i. p,q ePc p2q iff pz2q in Pc

ii, p=2B.  AB iffszl or sz2

1 2
idi. A VA =2p iff A 2p or A,=zp
iv. AZB:LVB2 iff AZB:L and A2B2
v. AAA 2B iff A 2B and A2 B
vi. AIVAZZBlABZ iff Al 2Bl/\ BZ or AZZBIA BZ
or AIVAZZBl or AlV AZP.B2

Remark. Since the elements of Pc are determined only by the length of
the chains and the number of them, Pc is usually written nytn,t ... tnp
and the lattice is written FL(nl+n2+ ees *n ),

m

Definition 5.1. - If Ae FL(nl+n2+ +nm) define A', the dual of A

inductively as follows:

- (—
1. If A= aij A ai(n—j+l) \
= ' = A A
2. If A AlVA2 A AlAAZ
= ' o= Al '
3. If A Al/\ A2 A A lVA 2

The details of the structure of some of these free lattices generated
by a set of chains are quite interesting, in particular where m is

finite. We shall first examine FL(2+2), that is m = 2 in .yt tn

and nl = 2 and n, = 2.

We take al <a2 é.nd bl< }:,2 as our two chains and define the

elements of FL(2+2) as follows:.
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A, = a B. = b, ; and for n>1

A =a,A(aVB .) B =b,A(b VA )
Cn = alan

Dn = blVAn

P =A VB

Qn = CnA Dn

Mpo=2a, Vo)

M, = (aZAbZ)Valvbl

v, = b, A((azl\bz) Va, Vb, )

v, = (a; Ab,) V(b,A (a1 Vbl)

v3 = bZA(alVbl)

W = azl\((azv/\bz) Va, Vbl)

W, = (azAbZ) V(azl\(al Vbl))

w3 = a, A (alvbl) and the duals of these.

Since the generators of FL(2+2) appear among these elements and their
duals, in order to show we have described all elements of FL(2+2), it
suffices to exhibit that these elements are closed ﬁnder meets and
joins. Actually, it is quite sufficient to show closure under either
meet or join, since it follows that A AB = (A')' A(B')' = (A'"V B')' and
dually. This still enﬁails some lengthy checking of a meet or join
table, but for the purpose of this exposition only a diagram of

FL(2+2) shall be included (see Figure 1.6).

~

~ o \ ~



Figure 1.6
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Theorem 5.2. In FL(2+25. Al> A2> e e > An >

B>B2>"'>Bn>"'

1
C1>CZ>' . .>Cn>. . o
D1>D2>. . Dn>...

Proof. It is clear that Al 2A2 2... ZAn 2,.. and similarly for the

B's and C's and D's from their definition. The equality may be dropped

by showing An' Bn’ Cn’ and Dn are canonical for all n, and since the

length of these elements are strictly increasing no equality could hold.

Remark. A, VB, = \ P, i=j
m—— 1 J 1
c. b i
j 3

Proof., re: i=j implies Ai VBi = Pi by definition

1 1V A =Dy

v = .
Also b)V A2 A VB, (b, A (o) VAj_l)) VA, and A 2 A

n<m implies by (v) b,V A2 bV Aj_l for i <j and then by (iv)

re: i<j we have Bj 2b, implies AiV sz b

VA, = B,VA
i

; 5 i<j.

b, VA2 B, VA and hence D, = b
1 i J i 1
For j<i, C, ="Ai VB, is shown in a similar fashion.

In an analogous manner we consider FL(4+1). Here we take for

the chains a_.< a2< a3< a, and b, Then we define:

1
‘Al~= a; Bl = alVb A2 = agA (a‘2 VBl)' and
B, = (&1Vb)/\al+ ) |
for n>2 A = a; Aay B ) B =B, Al(a, ABIVA )
\\Cn = (a‘+ AD) VAn
D =

n a.ZVBn '
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F =AVB

n n ‘n
Gn = An VBn+l

Hl = 8, '/\Dl and, for n >1 Hn = Cn-lA Dn

E1 = a, and, for n’>l En = CnélA Dn-l

Sn = AnV Hn

Tn = DnA Gn

P, = a, AF, and, forn>l P =C . AF_

% = B VE,

V= ay /\((a3 Ala, Vb)) Va,V (a,Ab))

v, = (a3 Ala, Vb)) V(a3 Aa,V (a, A D))

Vs = ay Aa, V(a, A D))

W, = (al Vb) /\((a\3 Ala, Vb)) Va, V(a, Ab))

W, = (ag Ala; VOV ((a) V b) Ala, V(a,AD)))

Wy = (a; Vo) Alay V(s Ab)) |
M, = a, V(a,Ab)

M, = (aL3 A(alv b)) VaZ'V(a4A b)

: These eleménts together with their duals form all of the
elements of FL(4+1), which is, as in the case of FL(2+2) easily verified
by showing the closure of meets and joins for these elements., Again we
shall rely on a diagram for this fact, rather than check a meet and
join table. Figure 1.7 is a diagram for FL(4+1).

Definition 5.2. L, a lattice B ={ bi [i=1,2,...}c L is said to

order converge to b iff 9 { u, } and { vi} e d . ViRV, 2b .2u .20

for all i ahd‘\/ui =/\vi = b,
i+
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Figure 1.
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Theorem 5.4, 1In FL(2+2) W, is the greatest lower bound of {An} v V)

and M_ are the greatest lower bounds of { Bn} and, {Cn} and{Dn} respect-

2

ively.
Proof. Examine Figure 1.6 wherein it is clear that An le . Bn le and

C zM, and D zM, for each n. Thus W, is a lower bound of { An} » V3

2 2 1
is a lower bound of {Bn} and M, is a lower bound for (Cn } and {Dn} .

We must now show Wl, Vl, and M2 are greatest lower bounds. i.e. show

1

ii., If anK for each n, then VlzK,

iii, If anK for each n, then Ma'zK

i. If AnzK for each n, then W, 2K

iv. If DnZK for each n, then MazK

This is shown by induction over L(K), where the notion of
length for FL(nl+ +nm) is defined analogous to that of the previous
lattices. Suppose L(K) = 1, then A 2K for each n implies K = a,, but
then W, ZK. A similar argument is used for V andM,. Suppose L(K) >1
and for L(K)<k; 1, ii, iii, iv above hold. If L(K) =k and K = K A K,

with A 2K for each n, then a,2K and a, VB 2K for n>1, But,
n 2 1 _n-l

alV Bn-lz K iff one of the following holds:
a. a, 2 Kl A K2
b. B, 2K AK,
. 2K,
St
d. C 2K

n-1l 2
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S . . . .
uppose a, holds, then alz KlA K2 implies le KlA K2, trivially
If a. does not hold, then one of b,¢, or d must hold. We observe

B B

2 implies if Bm* KlA KZ' then Bn# KlA K2 for ns m, for otherwise

B,>B_2K A K, gives B> K AK,. Also cm:} K implies cn:): K for ns m.

Hence b,c,d fail to hold for n = max {i,j,k} where b fails to hold for
some i, ¢ fails to hold for some j and d, fails to hold for some k.

N - I3 .‘ '. A
Thus if a fails to hold , and also b, ¢, and d, then alv Bn—l* Kl K2
for each n>1, a contradiction. Therefore one of b, ¢, and d wmust hold

if a does not. If b holds, then b22 KlA K2 and a22 KlA K2 implies

Wl ZKlAK2’ By induction hypothesis if ¢ or d hold, we have Maz Kl or
. . - . W .
KZ' hence MZ 2Kl/\ K2, and this together with AZZ r(l/\ K2 gives 12 Kl,\ K2

i 2 = 2
Thus if An K A Kaffo; each n, and L(KlA K2 k, we get wl KlA K.

Si@ilarly for K = KlV’Ka‘and AAZKl\VKZ for each n, we have wlz Klv K2
and also Dn2 K for-each n implies M22 K, BnZ K for each n implies

V12 K, and C 2K for each n implies M, ZK vhere L(K) = k.

Corollary. 1In FL(2+2) the sequence {An}order converges to W, {Bn}
order converges-to Vl' {Cn] and {Dn} each order converge to M,.

Proof. Take ﬁn = Wl, v,o= An and apply Definition 5.2 with \/@un}=
//\ &n}= wl, we get {A&}order converges to Wl. Similarly by sﬁitable
cgoices the other conclusions follow.

Theorem 5.5. (Generalized Theorem 5.4). In FL(nl+ eee +nm). where
ni'ZZ and nj 22 for some unequal i,Jj, the correspondingstqmwe{An} order

converges to W_; {B& order converges to V., and {Cn} and {Dn}‘each order

converge to ME'
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roof or the 2 chains all < <ain'and ajl< <a3nj we take the

least elements ail' aiZ' ajl and ajZ' Now {ail' aiz, a:jl' ajz} = 2+2

In An, Bn’ Cn' Dn’ wl, Vl and M2 of FL(2+2) replace a, by 8, and br

= 3 v ' ' ' v 1 v '
by ajr for r = 1,2 giving An . Bn . Cn . Dn . Wl . Vl . M2 . These
elements are in the same relationas A , B, C, D, W, V., M, of

n’ ' m’ ' 17 1’ 2

Theorem 5.4, and thus ﬁhey order converge .
Theorem 5.6. In FL(4+1), {An} order converges to V_, {Bn} order converges
to wl, {Cn}and {Dn} each order converge to Ma.
Proof. The proof is analogous to Theorem 5.4,
Theorem 5.7. (Generalized Theorem 5.6). In FL(nl+ +nm) where n, 24
for some i and m22, {An} order converges to Vl, {Bn} order converges to

wl, {Cn} and {Dn} each order converge to M2’

Proof. The proof is analogous to Theorem 5.5.



CHAPTER 2

Sublattices

With respect to structures built from sets with progressively
stronger order properties, the situation is settled by the foregoing
chapter. The consideration of sublattices is now of distinct interest,
for the question arises "Is every sublattice of a free lattice in
some sense free?", The result is, of course, false since every chain
of length two or greater in FL( n) is not an FL(m) for suitable m.
However, certainly any chain in Fi( n) is its own completely free
lattice, and hence the conjecture that every sublattice in FL( pn) is a
completely free laétice, CF(P) for suitable P. This is, of ourse, also
false because of the following example, ‘

Let a,b,c be generators of FL(3), and consider the sublattice
in Figure 21 which is contained in FL(n). It is clear that this sub-
lattice is Boolean and has no elements which are both meet and join

irreducible, yet by the definition of ordering on CF(P) every generator

must be both meet and join irreducible.

avbve
avb ‘ bV
(avb)alave Q (ave)a(bve)
(avb)AlaVe)A(bve) ——
Figure 2.1. -

29



Lo _

1. Sublattices of FL(nl+nq+...+n ).
-

(1)

In this section we shall examine some interesting results
concerning particular free lattices of the type FL(n1+...+nm).
Theorem 1,1. Let T = {ti} be any subset of CF(P) with the property that,
for any finite subset of indices R, t.< \%{ti implies there exists ke R
ie

such that th t_ and dually. Then, the sublattice L(T) of CF(P)

generated bva is lattice isomorphic to CF(Q) where Q is a partially

ordered set isomorphic to T.

Proof. Let the elements of Q be denoted by 9 and the correspondence

qiﬁ—->ti. Certainly L(T) provides a minimal embedding for Q; and there-

fore L(T) is a homomorphic image of CF(Q) through the mapping generated

by qf———»ti. That this correspondence is one to one is shown by proving

that uRv in L(T) for u,ve L(T) implies u'Rv' in CF(Q) where u' and v'

are the images under the qiv——rti correspondence. This is\accomplished

by induction over the length of u and v, and the result is established.
That the conditions of this theorem are necessary for L(T) to

be isomorphic to CF(Q) comes from the observation in CF(Q) that

q.s v q. implies qu q, for some ke R and dually, by the definition of

iR 1 k
< in CF(Q).

Applying Theorem 1.1, and Theorem 5.5 of Chapter 1, we get the

following theorem, Theorem 1.2.
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Theorem 1.2. Let I be a subset of FL(nl'+n2'+...nm') and let

= i i +n.+...*n . . i i =

u : {uij} be isomorphic to n +n,*...+n . Let ulazupq iffi=p
i . i i i F * o i 3

and j2q. Then, FL(U ) is isomorphic to L(n1+ +nm) iff \/uiJZuab

implies i = a and j2 b for some i and j and the dual property.

Theorem 1.3. FL(n1+n2), nlz 3 and n,2 2 contains a sublattice iso-

morphic to FL(1+1+1), i.e. FL(3).

Proof. Choose a,<a.,<a, and b < b, as the chains.

——— 1 2 3 1 2

Define g a,

u a_A (alV bl)

21 3

31 alV (a3/\ b2)

u

and show they are unrelated. Then, by Theorem 1.2, FL(u 119 l,u31)

FL(1+1+1) and the theorem is proved.

Theorem 1.4, FL(nl+n2) n, 2 5, nyz 1 contains a sublattice isomorphic

to FL(1+1+1).

Proof. Choose a_< a,< a3<a <a5. and bl as the chains,

1
Define U, T 33
“uy = s A (a,V (asl\ b))
ug) = a,V (an (alV b))

and the remainder of the proof follows as in Theorem 1.,3.

Theorem 1.5. The free lattice generated by 3m unrelated elements,

FL(1+1+...+l) contains a sublattice isomorphic to FL(nl+n2+...+n ).

Proof. Denote the generators by X.L"' ”xjm' Then, select m sets of

elements of FL(n1+n2+...+n ) as follows: for i = 1,2,...,m let

. . . )
0= x}i-Z and for j21, u; 5 = X35 oV (x3iA(XBi-lV(xji—ZA(XBiV(XBi-l
uij-l))))). By a suitable induction u, <u.,<..., and also
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172°

lattice generated by U isomorphic to FL(nl+n2+...+nm).

ue {u.j} = n,+n.+ ..+nm, then using Theorem 1.2 we get the sub-

Corollary 1. FL(1+1+1) contains a sublattice isomorphic to
FL(nl+n2+...+nm).

Proof. FL(1+1+1) contains a sublattice isomorphic to FL(n) for
countable n. Let M be a set of 3m generators, and hence FL(M) is
isomorphic to a subla€tice of FL(1+1+1). By Theorem 1.5 FL(M) contains -
a sublattice isomorphic fo FL(nl+n2+...+nm), hence so does FL(1+1+1).
Corollary 2. FL(ml+m2) with mlz 3 and m2:22, or m 2 5 and m, 21
contains a sublattice isomorphic to FL(nl+n2+...+nm).

Proof. Apply Theorems 1.3,1.4 and 1.5 directly.

Remark. Theorem 1.5 holds for any cardinal number m, and each chain

contains at most countably many elements. In the two corollaries m

must be countable, since FL(1+1+l) contains only countably many elements.

2. Sublattices of CF(P)

In this section we shall discuss several additional observations
concerﬁing éF(P), the completely free lattice on a partially ordered
set P,
Lemma 2.1. If P is any partially ordered set, and if in CF(P), W = AvB
where W4 A and W $# B, then W = C AD implies W = C or W = D,
Proof. Certainly C 2W, D2V, vile and W 2B, If AVB 2CAD, then
A2W, or B2W, or W2C or W 2D, But A =W implies A = W, a contradiction,

and B 2W implies B = W a contradiction. W 2C or W 2D imply the theorem.

~ =
~ A
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Remark 1. It is clear that the lattice shown in Figure 2.2 is not a
sublattice of CF(P) for any P, for there we see W = A VB and also

W=CAD, but W=C and W = D,

Figure 2.2
0

Remark 2. The question "Can any coun£;b;y generated lattice be
embedded in a lattice with 3 generators?" is answered affirmatively
by the following theorem.

Theorem 2.1. For any countable partially ordered set P, CF(P) is a
sublattice of FL(3).

Proof. Since FL(Wg ) is a sublattice of FL(3) it is sufficient to
embed CF(P) as a sublattice in FL(N,). Let P = {pili=l,2,...} and
the generators of FL(Np) be 811850000 & Set up the following

correspondence

[
o

pe—>b

'ti
(=2
1]

a.v V v)ac/ Ny

)
\ rooT i€ L Fu_
o : r r
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where U ={j|j<r,pj zpr} and L = {i]i<r, pispr} and with the
convention that if Ur or Lr is empty, that term is omitted., By a
suitable induction P. Sps iff br sbs and also Theorem 1.1 is this

chapter is satisfied. The embedding is completed by inductive proofs

of the following:

i. arsb: iff pr_$ps
ii. b_sa  iff p_<p_
iii, b Sb iff P.. SP
iv. b 2 /\ b for a finite set T implies bzb for some teT.
v. b Sv bt for a fln:.te set T 1mp11es bSb for some ter.
tel
Theorem 2.2. In CF(P)‘ if x,y and z are three iacomparable elements such
that xAy = XAz = yAz = B, then xVy,»sz, yVz, are incomparableand
(xVy)A(xVz)A(yVaz) =
Proof. The proof follows from the dual of Lemma 2.1, and a contradiction
of the canonical form of B,
Corollary l.> in CF(P), there is no sublattice isomorphic to the

lattice of Figure 2.3. E

Figure 2.3
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Corollary 2. The sublattice generated by x,y and z in Theorem 2.2 is

finite, and is the sublattice shown in Figure 2.4.

XVyVvVz

xVy yvz
(xvy)A(xv . ‘ ' (xvzIA(yva)
X tZ

Figure 2.4

3. Some General Theorems

Theorem 3,1. If A is a free-lattiece product ofﬁﬁi)j.elr‘and for each
ieI, A, is isomorphic to a sublattice of a free' lattice with m,

generators, then A is isomorphic to a sublattice of a free lattice with

¥ m, generators.
iel B
Proof., We have the conditions of Theorem 1, Chapter O satisfied, and
can thus conclude this result.
Theorem 3.2. Suppose m is an infinite cardinal and F is a free lattice

with m generators. If a,beF and b<a, then ]b,a contains, as a

sublattice, a free lattice with m generators.
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Proof. Let X be the set of generators of F, i.e. | X |= m. There
exists a finite subset Y of X such that a and b belong to the sub=-
lattice F' of F which is generated by Y. The sublattice F" of F which
is generated by Z = X-Y can be mapped'homomorphically into Jb,a[ by
f as follows: f: Z—>]b,a[ by f(z) = bv(aAz) for z ¢Z.
Claim. f is an isomorphism.
F is a free lattice-product of F' and F", It then follows

from Theorem 1, Chapter O, that the lattice D generated by {a,b} and
%2 is a free latticé product of F" and the two-element lattice E = {a,b}.
Let F be a lattice obtained by adjoining a zero element, O, and a unit
element,1l, to F", We map E and F" into F by mapping a into 1 and b
into O, and each element of F'" into itself. These isomorphisms'have a
common extension g which is a homomorphism of Z into F. Since f is a
homomorphism of F" into D, gf is a homomorphism of F" into F. Further-
more gf(z) = g(bV (anz)) =0 V(1Az = Z for all z ¢Z, and therefore
gf(z) = Z for all z¢F". Consequently f is an isomorphism of F" into

]b,a[ , and the theorem is proved. A
Theorem 3.3. If m23, and if the lattice A is the union of a countable
chain ¥ of sublattices each of which is isomorphic to a sublattice ‘
of a free lattice with m generators, then A is isomorphic to a sub--
lattice of a free lattice with m generators.
Proof. Since a free lattice w%th > generators contains as a sublattice

a free lattice with infinitely many generators, we assume m is
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infinite. Let F be a free lattice with m genefators and let B8 be
the family of intervals Jb,al , with a,be F and b<a. Then B is a
partially ordered set. Furthermore, for any two intervals ]b.a[ and
Jd,c{ in F, ]b,a[< Jd,c[ , that is, b< a <d <¢, then by Theorem 3.2
there exists x,y ¢F with a <y <x <d, and hence J]b,al < Jy,x[ <]d,c[ .
Consequently, if C is a maximal chain in 8 , then C is dense in
itself and Y is thegefore order-isomorphic to a subchain C' of C ,
Now, Theorem 3.2 and the hypothesis gives each of the lattices ‘BeB
isomorphic to a sublattice B' of the corresponding quotient in C',
and thus the union A' of these lattices B' is a sublattice of F. Thus
A is isomorphic to A',

Remark. Theorem 3.2 can be used to show the existence of an infinite
chairn in any free lattice, F, simély by taking a,be F, b<a, placing
the free lattice between a and b, hence the existence of X, and MY
such that b< x < Y <a, then putting the free lattice between X and

1

yl and continuing as before.

4, Distributive Sublattices. Our final consideration will be a

characterization of those distributive lattices which can be embedded
(isomerphically) in free lattices. It is clear from our observations
of CF(P) that in a free lattice each element is either meet or join
irreducible, and hence every sublattice also has this property. We

now examine the class of all distributive lattices in which this

condition is satisfied.

~ .
i
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Definition 4.1. If A is a partially ordered set, non-empty subsets

can be partially ordered (linearly ordered) as follows: B,CSA,

B<C iff B = C or b<c whenever be B and ce C. We define a linear
decomposition of a lattice L to be a system % of sublattices of L
such that L = W and for any two (distinct) A,Be¥ either A<B

or Bs A,

Definition 4.2. If Ae ¥ , then A is called a component of the

linear decomposition ¥.

Definition 4.3. A lattice, L, is called linearly indecomposable iff

every linear decomposition of L has L as a component.
Lemma 4.1. If K consists of all those sublattices S of L which
satisfy: for all,xé S either x<s for all se¢S or s<x for all se S,
then a sublattice S of L is a com>ponent of some linear decomposition
iff 8 e K.
Proof, Take ¥ a linear decomposition of L with S € 4, and take
x ¢S. Then, there exists A € U such that x€ A, and either S<A or
A<S, If S<A, then s=x for all s€S and if A<S, then x=<s for all
s€ S which gives S¢€ K.

For the converse, assume S € 2-/\ . Define L(S) to be the set of
all lower bounds of S, and U(S) the set of all upper bounds of S.
Clearly U(S) and L(S) are either empty or sublattices of L, and since
S € K we see L = SUL(S)UU(S). Furthermore L(S)<S, L(S)sSU(S), and
SSU(S). Hence if U consists of those of the sets L(S), S, and U(S)

which are non-empty, then ¥ is a linear decomposition of L, and S is

therefore a component of L.
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Remark. K is easily a closure system over L, and thus for every
subset M of L there exists a smallest set K(M) in K contaixiing M.
For ac L, write K(a) for K({al). |
Lemma 4.2. If a<b and af K(b) or b¢K(a), then K(a)<K(b).
Proof. Assume a <b and a¢ K(b). Since a{ K(b), a<b and K(b)¢ K ve
have a< x for all xe K(b), hence ae L{K(b)). Moreover, L(K(b)) # &,
hence a sublattice of L. We show L(K(b))e [ . Take x ¢ L(K(b)). If
xe K(b), then s Sx for all se L(K(b)). If x¢K(b), then x$y for some
ye K(b), but K(b)e J implies ysx. It again follows s<ysx, i.e.
s< x for all se L(K(b)).

We consider ae K(a)N L(K(b))e Lj , i.e. K(a)< K(a) NL(K(b)),
i.e., K(a) SL(K(b)), i.e. K(a)sK(b).

If b¢ K(a), the proof is dual.
Lemma 4.3, 1If a,bel, ihen K(a) = K(b) or K(a)=<K(b) or K(b)=K(a).
Proof. If a and b are incomparable, then clearly ae K(b) and be K(a),
hence K(a) SK(b) SK(a) and thus K(a) = K(b). If a<b and a$ K(b) or
b4 K(a), the Lemma 4.2 gives K(a)S K(b). If a<b, ac K(b) and be K(a),
then clearly K(a) = K(b) and if b<a dually. Finally if a = b,
K(a) = K(b) trivially.
Lemma 4.4, The sets K(a) are linearly indecomposable.
M. Take 4 a linear decompositioﬁ of K(a). Then there exists
A € ¥ such that a€ A, Take x¢ L, xf A. If xe K(a), then there

exists B € ¥ “such that xe B. Either A SB or BS A, hence either y<x

~
~
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for all ye A or x <y for all yeA. 1If x4 K(a), then clearly either
ys x (all ye A, even all y€K(a)) or x sy (all y€ A, even all y€ K(a)).
Thus A € [ . Since ac A we obtain K(a) SK(A) = AS k(a), hence A = K(a)

and K(a) is linearly indecomposable.

Definition 4.4, A set K(a) is called redundant iff there exists K(b)

such that K(a)s K(b) and K(a) $ K(b).

Lemma 4.5, If K(a) is redundant, then K(a) is a one element set, i.e.
K(a) = {a} .

Proof. Take K(b) such that K(a)< K(b) and K(a) # K(b). By Lemma 4.3
we have either K(a)< K(b) or K(b)< K(a). Without loss of generality
K(a) sK(b). Thus every x€ K(a) is a lower bound of K(b), hence a
minimum of K(b). Since minima are unique, we obtain that K(a) is a
one-element set. |

Theorem 4.1. For every lattice, L, there exists one and only one

linear decomposition U with the properties:

1. Every A € 9§ is linearly indecomposable.
2. ‘Ifﬁ U'c¥ , then U' is not a linear de§omposition,
ie. UY' £ L.

Proof. Define %A = {K(a)| ae L, K(a) not redundant} Lemma 4.4 gives
us that each K(a) is linearly indecomposable. By definition and
Lemma 4.5 we get that every redundant K(a) is contained in an irredundant
set K(b), so that we have UY = L. Lemma 4.3 gives the fact that Y
is indeed a linear decomposition. We show that it satisfies 2. Take

\
\

A'lc Y , Kla)e ¥ - U and assume L = U Y'. Then there exists
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K(b) ¢ ¥ "' such that aeK(b) and K(a) % K(b) which implies K(a) SK(b),
K(a) # K(b). It follows that K(a) is redundant which contradicts
K(a)e 9 .

It remains to show U is unique. Take B an arbitrary
decomposition satisfying 1 and 2 and take A ¢ ® arbitrary. By
Lemma 4.1 we have A ¢ I:r, hence K(a)& A for all a€A. It follows
that { K(a) |acA}is a'linear decomposition of A. Since A is linearly
indecomposable we get K(a) = A for some ac A. Assume K(a) were redundant.
This would give a bel such that A = K(a)€K(b). But be B for some
Be B , hence A = K(a)CK(b)<B, Hence B -{A}would be a linear
decompesition of L which contradicts 2. It follows A = K(a)e U ,
hence B <Y . Next, take K(a)e U . Then there exists Ae¢ B  with
ach. Since Ae K it follows K(a)<A. Since BSYU there exists bel
such that A = K(b), that is K(a) SK(b). Since K(a) is irredundant we
have K(a) = K(b), i.e. K(a) =Aec B , i.e. Y SB and therefore U= B,
Remark. Succinctly stated Theorem 4.1 gives us that each lattice L is
the union of a unique linearly ordered family ./ of linearly indecompo-
sable lattices, Furthermore L is distributive iff each member of 5
is distributive and each element of L is meet or join irreducible iff
each of the members of ./ has this property. Thus, in the following
discussion we need~only consider the case of linearly indecomposable

.

lattices.
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Lemma 4.6. Suppose D is a distributive lattice with the property

that every element of D is either meet or join irreducible. If the
elements xl, X5, x3€:D are such that no two of them are comparable, then
they generate an eight element Boolean algebra.

Proof. Since the element (x2Vx3) /\(x3 Vxl) /\(xl VXB).-.(XZ\XB)V(XB/\xl) %
(xlez) cannot be both meet and join reducible, either one of the

factors on the left must be less equal the other two factors, or else
one of the factors on the right must be greater equal the other ‘two
factors. By symmetry and duality we may assume that x2/\x3 and Xijl

are less equal xl/\x2 so that:

= < v
xan3 :(3/\xl xll\x2 (a?

idering t} Vx INx V%) = (x.A
Considering the element (xl x3) (x2 x3) (xl xz)\/xB, we must have one

of the following relations:

L < (14, >
i xlvx3 xa\/x3 111 xrmxz x3
ivi. xan3 lev x3 iv. x32 xl/\x2

If i) holds, then x. = (xf\xz) V(xiﬂx3) and then it follows by (a)

1

= x Ax S . . .
xl xl X5 x2 which contradicts the hypothesis that xl, X5 x3 are

incomparable. If ii) and iii) holds, a similar contradiction arises.

Finally if iv) holds, i.e. X5 ZXIAXZ' then S in (a) becomes equality,

and it follows that xl,x2 and x3 are atoms of a Boolean algebra with

eight elements,

N 3
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Definition 4.5. L, a lattice, the width of L is defined to be the

supremum of the cardinals of the sets of pairwise incomparable elements.

Definition 4.6. A subset J of elements of a lattice L is an ideal iff

x €J and y €J implies x Vy €J, and x €J and t <x imply t €J. The dual

of an ideal is a dual ideal.

Definition 4.7. L a lattice, a €L, an element b is called a cover of

a iff b >a and there eﬁists no x €L such that b >x >a.

Lemma 4.7. Suppose D is a linearly indecomposable distributive -lattice
with the property that every element of D is either meet or join
irreducible. Then the width of D is at most 3. Furthermore, if the
width of D is 3, then D is a Boolean algebra with eight elements.
Proof. By Lemma 4.6, if the width of D is 3 or more, then D contains
as a sublattice a Boolean algebra,rB, with eight elements. Let O and 1
be the zero and unit of B respectively. We show d €D, d €B, implies

d <0 or 4 >1,

First observe that if p is an atom of B, then there exists no
element d €D such that 0 <d <p. In fact, if such an element d exists,
and if q and r are the other 2 atoms of B, then the element q Vd =
(q Vp) A(q V@ Vr) is both meet and join reducible. Now take any d €D
and let p' = 0V(p Ad), q' = 0V(q Ad) and r' = O V(r Ad) where p,q and
r are the atoms of B. Then O <p' <p, hence p' = 0 or p' = p. Since p
is meet reducible (in B and thud also in D), it must be join irreducible.

It follows that if p' = p, then p = p Ad <d.
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Similarly, either q' = O or q =<d, and either r' = 0 or r <d. By
symmetry we need only consider four out of the eight cases that may arise,

If p' = q' ="' =0, then LA(0OVd) = 0. Hence d £0, for .other-
wise the element pVd = (pV¥dVq)A(pVdVr) would be both meet and join
reducible.

If pSd and q' =1 = O, then (gV¥d)Al = qV(dAl) and
qV(dAl) = qVp. Since qVp is meet irreducible it follows that ' qvp =
qvd, d = dA(qvd) = dA(qVvp) = p.

If p£d, q<d and r' = O, then 1Ad = pvg, and hence d = pvaq.

If p<d, gq<d and r=<d, then 1 <d.

Thus we see if d ¢ B, then either d<0 or d>1.

The element O is meet reducible and must therefore be join
irreducible, whence it follows that if there exists elements de¢D with
d< 0, then the set A of all these elements must be a sublattice of D.

The set C = D-A is precisely the set of all elemenﬁs deD with 0sd, and
we therefore have A<C, We therefore see that if A were non-empty, then
D is linearly decomposable, a contradiction. Similarly the assu&ption
that there exists de D with 1=d leads to a contradiction and thus D = B,
Lemma 4.8. Suppose D is a linearly indecomposable distributive lattice
with the property that every element of D is either meet or join irre-

ducible. If the width of D is 2,°then D is isomorphic to a direct product

of two chains, one of which has exactly two elements.
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Proof. Case 1: D has a zero element, O.
Claim 1. There exists an atom p of D which is meet irreducible,
Proof. O must be join reducible, for otherwise the set D- {O } would be
a sublattice of D, and D would not be linearly indecomposable. Thus,
there exists p,qeD such that O = pAgq, O<p and 0<q. If neither p nor
q were an atom, then there would exist x,ye¢ D such that O <x<p and
O0<y<gq, and the element.s p,q and xVy would be incomparable, which contra-
dicts the width of D is 2. Thus without loss of generality p is an atom.
If p is meet reducible, p = aAb with p<a and p<b, then two of
the three elements a,b and q must be comparable. Since aAb<a, and
aAb<b, a and b cannot be comparable, and since p*q, a s}q or b #q.
Therefore g <a or q,-Sb' We assume g <a. For any xeD with O<x <q we
have xVp = aA(xVb). | Now x<xVp and p<xVp. Also xVp # xVb,
because equality implies b<xVb = xVp<a, a contradiction. Therefore,
XxVp =a, qsxVp, and q = xV(pAq) = xvV0 = x. Thus q is an atom of D.
If q is also meet reducible, q = ¢ Ad with g <c¢ and q <d, then
psc or psd, say psc., Observe qfb, and therefore d #b and qu%b.
Similarly b $d and pVq#d. Furthermore bA(pVq) = p<b and dA(pVq) =
qg<d, so that b *qu and d :fqu. Consequently b,d and pVq are
»incomparable. This contradicts the hypothesis, and hence either p or g
must be a meet irreducible atom. | |

Claim 2. If p is a meet irreducible atom of D, then the set C = {x|xeD

and pAx = 0} is a chain and an ideal of D, and D is the innmer product

of C and of the 2-element chain C' ={0,p} .
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Proof. Clearly C is an ideal of D, and if x,ye C then either x Sy or
y sx, since otherwise x,y, and p would be incomparable, a contradiction.
Since C and C' are idealsof D and have only O in common, their inner
direct product A = C'X C exists and in an ideal of D. We now show if
B=D-A#4 @, then B would be a sublattice of D and A<B,

Given xe¢ B we have x¢ C, whence pA x # O, and thus p<x. For all
y ¢C we have x A(y Vp) - (x Ay)V p, whence it follows that p< x Ay or
XAysSpor xsyVp or yVps x, The first case is excluded because
pAy = O<p, and the third case is ruled out because it would yield
x = (xAy)VpeA. The case xAysp yields A y = 0, xA (yVp) = p and
since p is meet irreducible it follows that yVp = p, ySp, ¥ = O,
yVp = p <x. Finally, in the last case the equality yVYp = x is ruled
out since yV pe A. Thus pV yg x whenever x¢ B and ye C, whence it follows
A< B.

Clearly if x € B and xls:x2 then X5 € B. To show B is a sublattice
of D it is therefore sufficient to show that if xl? xze B, then xl/\x2€ B.
If this fails, then xl/\xZe A, Since every member of B contains p, we
have p= xlf\xa, and therefore xl/\x2 = p Vy for some ye C. But since
X, N X, is meet reducible, and is therefore join irreducible, it follows

1 "2
that y = 0, p = xlA.xz. However, this is excluded because p is meet

irreducible.

Claim 3. The set C ={ x |xec D and pAx = 0} consists of all join irreducible
elements of D, éxcept the element-p.

Proof. Since C is a chain, every element of C is join irreducible in C,

and since C is an ideal of D, it follows that every element of C is join
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irreducible in D. On the other hand, if a ¢D, a kC, and a % p, then

a = pVy for some yeC, and therefore a is join reducible,

Case 2. D does not have a zero element.

Claim 4, If x ¢D is meet reducible, then the dual ideal generated by x
is linearly indecomposable.

Proof. There exists a,beD such that x = a Ab, X <a and x<b, Let Dx
be the dual ideal generated by x, and suppose there exist sublattices A
and B of Dx such that Dx = AUB and A<B, C(Clearly a,beA. If yeD and
y ¢Dx' then y €a or y b, for otherwise the elements a,b, and y would be

incomparable. It readily follows that if A' is the set of all those

i

elements ye€ D such that y £Z for some Z¢A, then D = A' UB and A'<B

which contradicts the hypothesis.

Claim 5. If d eD,/c <d for some meet reducible c.

Proof. If x €D is not meet reducible, then either x is tﬁe largest
element of D, or there exists y €D such that x and y are incomparable,
for otherwise D would be the union of the two sublattices A ={y|x2yel)}
and B = {y[x<y eD }with A SB, a contradiction. Thus XAy Sx and XA‘y is
meet reducible,

Claim 6. The set A consisting of all the join irreducible elements of D
is a chain, and every member of A is covered by a unique member of D-A.
Proof. Take a,be A. Since D does not have a zero element, there exist
X,y €D such that x <y <a oAb and by Claim 5 there exists a meet reducible
element 2z with z< x. Let Dz be the dual ideal generated by z. Claim &
permits us to apply Claims 1, 2, and 3 with D replaced by Dz. Let p and
C be as in Claim 2. Then a # p % b because a and b do not cover z, and

it follows by Claim 3 that a,be C. Since C is a chain we conclude that



58

asb or bsa. Thus A is a chain. Finally by Claim 2 a is covered by
pva and by no other join reducible element.

Claim 7. Let A be the set consisting of all the join irreducible elements
of D, and for each a¢ A let a' be the unique member of D-A which covers

a. Then the mapping (0,a)-—sa, (l,a)—sa' is an isomorphism of
{0,1} x A onto D.

Proof. For each meet réducible element z of D let Dz be the dual ideal
generated by z and let Az = AﬂDz. Again by Claim %, we may apply Claims
1, 2, and 3 with D replaced by Dz. Observe that p = z' satisfies the
hypothesis of Claim 2, and denote by Cz the corresponding set defined in

Claim 2, Clearly A &C .,
z oz

If ZO and z, are meet irreducible elements of D with z, Szl then
i ‘= 'V = ' < ; .
by Claim 5, Zy zy Zy and z, zo Azl. and hence t:hat\Czl Czo Now

suppose 2z is meet reducible, a gDZ and a QAZ. Then there exist b,c ¢D
such that a = bVec, b<a, and ¢<a., We can then find a meet reducible

element Z, with 2y <bAc. Then a is join reducible in Dz such that
0

a%C . Consequently a ¢C . Thus we see C S A hence A =C .
24 z z z z z

By Claim 2 the mapping (0,a)—> a, (l,a)—>a' = 2'Va is an
isomorphism of { 0,1} xC_ onto D_. The lattices {0,1} x C, form a chain

whose union is { 0,1 } x A, and the lattices Dz form a chain whose union is

D. Consequently the indicated mapping is an isomorphism of {0,1}xA onto

*

D-
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Theorem 4.2. For any distributive lattice D the following conditions are
equivalent:

i. Every element of D is either meet or join irreducible.

ii. D is the union of a linearly ordered family C of sublattices
such that each membér of C is either a one element lattice, or an eight
element Boolean algebra, or else is isomorphic to a direct product of
2 chains, one of which éonsists of exactly 2 elements.

Proof. Theorem 4.1 gives us that D is the union of a simply ordered
family of linearly indecomposable sublattices, i implies ii follows from
Lemma 4.7 and 4.8, together with the fact that a lattice of width 1 (a
chain) is linearly indecomposable iff it consists of just one element.
Conversely, it is easy to show that under the hypothesis ii each member
of C has the property that every element of C is either meet or join
irreducible, thus D has this property.

Lemma 4.9. Every simply ordered subset of a free lattice is countable.
Proof. Let F be a free lattice generated by a set X, Since X countable
gives the result trivially, assume X is not countable. Let Xo be a
countably infinite subset of X, and let Fo be the sublattice of F generated
by Xo'\

For a,b eF write a~b iff there exists an automorphism f of F
such that f(a) %'b. Clearlj ~ is an equivalence relation over F. For
each a € F' there exists a finite Subset Y €X such that a belongs to the
sublattice of F\generated by Y. We can find a permutation p of X which
maps Y into Xo, and p can be extended to an automorphism f of F.

Consequently a~f(a) eF;; Thus every equivalence class modulo ~ contains -
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a member of Fo. The number of equivalence classes must therefore be
countable, and the proof will be completed if we show that no simply
ordered subset of F contains more than one element from any one equiva-
lence class. That is, it suffices to show that if a~ b and a< b, then
a = b,

Suppose f is an automorphism of F such that f(a) = b, There
exists a finite subset YAof X such that a belongs to the sublattice of F
generated by Y. If % is the image of Y under f, then there exists a
permutation p of X such that p(x) = f(x) whenever x¢ Y, and p(x) = x
whenever x eX-(YU Z),

If g is the automorphism of F such that g(x) = p(x) whenever xe¢ X,
then gla) = fl(a) = b, and g is of some finite order n. If now a<b then
asgla)s ga(a)s ...<g"%a) = a hence asbsa, i.e. a = b, and the proof
is complete.

Theorem 4.3, For any distributive lattice D the following conditions are
equivalent:

i. D is isomorphic to a sublattice of a free lattice with
three generators.

~ii. D is isomorphic to a sublattice of a free lattice.

iii., D is countable and every element of D is either meet or
join irreducible. |

iv. D is the union of a’countable, linearly ordered family C
of sublattices Qhere each member of C is either a one-element lattice or
an eight element Boolean algebra, or else is isomorphic to a direct

product of a two-element chain and a countable chain.
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Proof. i implies ii is trivial.

ii implies by the remarks at the beginning of this section, that
every element of D is either meet or join irreducible. By Theorem 4.2
and Lemma 4.9, D is then countable, and we have ii implies iii,

Since Theorem 4.2 exhibits the equivalence of iii and iv we have
iii implies iv. It remains to show iv implies i.

If F is a free iattice generated by x,y and z, then it is easy
to check that the elements yAz, x Az, x Ay generate an eight element
Boolean algebra. Also, F contains as a sublattice a free lattice F' with
five generators x., xl, X5 x3 and X}, . If C is a countable chain, then
there exists an isomorphism f of C into the sublattice generated by x.,

x, and x,. Defining the mapping g: {0,1} x C—F' by the conditions

3

g((1,0)) = x,V (x, Af(e)) g“O&))=(§)VuiAfh)nAxl

for all ceC,
Claim. g is an isomorphism of {0,1} xc—>F",

Let L be the endomorphism of F' such that h(xo) = 0, h(xl) =1
and h(x,) = x, for i = 2,3,k Then hg((1,0)) = £(c) = ng((0,c)) for all
c€C, Thus g is one-to-one one the collection of elements of the form
(1,c), and also on the set of elements of the form (0,c). Furthermore,

if ¢,c'e C, then g((0,¢))sx and g((l,c'))#xl so that g((0,c)) #

1
g((1,¢')) and g is one-to-one. -

If c,c'e C and ¢cSc', then it is easy to check that g((l,c))V
g((0,¢")) = g({1,¢")) and g((1,c))A g((0,¢")) = g((0,c')) and since g is

obviously order-preserving, it follows that g is an isomorphism. Thus

iv implies every member of C is isomorphic to a sublattice of a free lat-
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tice with three generators, and we conclude by Theorem 1.10, Chapter 2,

that i holds. Thus the proof is completed.
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