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ABSTRACT

This thesis presenfs a continuation in the process of rational-

izing, unifying and imﬁroving existing madel reduction techniques.
) .

Thus a method of reduction {s developed which combines the method of

.

aggregation and partial Pade approximation in ;uch a way as to maintain
their separate advantages while simultaneously removing their disadvan-
tages. The 1important aspects associ#ted with the reduced-order models
obtained are: guaranteeing the stability of the reduced-order models,
saving computation time, retaining the Iinvariance property under state
variable feedback conditions and matching some of the original system
.time moments. ”

Also, a criterion is proposed foE.selecting the state variabies‘
of the original system to be retained in the redubed-order modei. This
criterion leads to developing a reduction” technique which can be

“regarded as a combination of thé methods of aggregation and singular
per}urbation. Therefore, the reduced-order model obtained retains the
physical significance of the state variables and the dominant eigen-
values of the original system.

Furthermore, a procedure 1is developed for obtaining dynamic

equivalents of multimachine systems, This procedure utilizes the

iv .
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concept of component cost analysis for identifying the coherent groups

of generators. P

.Verification of the methods developed in the thesis is ::stab-.
lished using a varilety .oE realistic power system models includi.ng a
single synchronous machine connected to an infinite bus, a three-

machine system. and a 1O-machine system. Thege applicatioﬁs inelude

simulation, analysis and simplle.controller design.
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LIST OF PRINCIPAL STMBOLS
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stator voltages in direct- and quadrature-axis cir-
cuits, r;spectively.
stator voltage.
stator currents in direct- and quadrature-axis cir-
cuits, respéctivély.
stator flux linkages in direct—~ and.quadrature—;ils
circuits, respectively.
synchronous reactances in direct— and quadrature
4
self reactances of field and direct-axis damper
windings.

. . .
self reactances of quadrature-axls damper windings.

stator field mutual reactance.

stator-rotor mtual reactances with damper wind-
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stator resistance.

field and damper winding resistances, \

~ currents in field and damper windings.
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wf wkd1'¢kq1'wkq2 - flux linkages with field and damper windings.

>

Efd - field voltage. . -

X, - total reactance between generator terminal and bus-
bar. - )

R - tota;\ resistance between generator terminal and
busbar.

- < rotor angle.

W .- angglar frequency of 1nf£nite bus. S

H or M - inerti; constant.

Tm - input torque to generator shaft.

w - angular speed of rotor. \ i

P.Q — active and.reactive power.

E ~ voltage behind synchronous impedance.

Eé . voltage proportional to quadrature-axis flux link-

age. \'

E& - voltage proportional to direct-axis flux linkage.

x' - stator transient reactance.

Téo ’ " ~ quadrature-axis transient open-circuit time con-
w stant.

Téo' ~ direct-axis transieat open-circult time constant.

D - damping cobfficient.. .

Excitation System

VR ~ voltage sensor output.

Vi _ - amplifier outpyt voltage.

N

vit “



Vg - stabilizer output voltage.
TR - voltage sensor time constant-
Ta - amplifier time constant.
. TF - stabilizing loop time constant. \
Tp — exciter time constant.
KA ~ amplifier gain.

- - stablizing loop gain

exciter gain.

AN

ef - reference voltage.

Miscellaneous v

A ~ prescript denoting incremental change.

. - superscript denoting differentiation with Tespect

to tim;; ’ -
o . — gsubscript denoting veigkr quantity. .
[ & .

T or t - superscript denoting matrix or vector transpose.

-1 - superscript denoting matrix inverse.

s - Laplace operator.

¥ .
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CHAPTER 1

INTRODUCTION

1.1 . The Bagic Problem

The study of power system disturbances for the purpose of
planning or security assessment requires the soluticn of potentially
over a thousana coupled differential equations. To obtain the time
domain response of these equations, even in linearized form, for as
little as one second, Is a very expensive computational task. There~
fore, there has been a considerable effort over the last ten years to
reduce the number of equations required to perform a satisfactory
analysis of a power system's Tesponse to a disturbance. Besides
reducing the computational burden associated with simulation, analysis
and control system design, the reduction of the order of the large—
scale system provides a better understanding of the phenomena being
studied and facilitates the design of égntrollers with a simpler
structure that are therefore more easily implemented.

Historically, there have been two major approaches to reducing
the order of power system models. In coherency methods, the full set
of equations is solved for a test disturbance. The accelerations bf

all the generators are then checked, to see {f a group of generators

accelerate at the same rate, thereby maintaining their initial angle



differences with respect to each other. Such a group og generators Is
called coherent. Each coherent group is then replaced by one equiva-
lent, or "aggregated” generator, thus reducing the number of equations
by reducing the number of generators. This reduced-order model 1s then
used to analyze the power system response for all disturbances that
occur In areas outside the coherent group.

The other approach to forming dynamic equivalents for power
systems 1s the modal approach. In modal analysis methods, the inter-
connected power system is assumed to consist of an internal {study)
system and an external system. A detalled model of the internal system
i1s retained while the external system 1is reduced. This is done by
finding a linear xnodel of the "externél gsystem, transforming it to
canonical form, and then eliminating the modes that have no impact on
the internal system using controllability, observability and fast
eigenvalue concepts.

Both methods .have certain advantages and certain disadvan-
tages-‘ The coherency method has great {intultive appeal because it
ylelds a reduced-order model composed of equivalent lines and genera-
tors. Further, the models for the equivalent lines and generators can
be either linear or non-linear, and of any degree of Qetail desired.

The major shortcoming of the éoherency method 1s that {ts
theoretical foundations are incomplete. This causes no operational
problems with using the method in its present form, but a more complete
understanding of the theory of coherency equivalents would undoubtedly

lead to a better utilization of this method.



The modal analysis method of producing reduced-order equiva-
lents has no shortéoming theore£1cally. but it has sowme drawbacks from
the functional point of view. P

First of all, the reduced-order model 1s not formulated in
terms of equivalent lines and generators, but in terms of retained
canonical states. This robs the equivalent of wmuch of 1its physical
insighé._ The second drawback 1s that the mode elimination proé;dure
requires the calculation of eigenvalues and eigenvectors. This 1s a
computationally expensive step. However, one Iimportant advantage of
the modal approach {s that ) reduced—order model can be found for a
group of generators that are not necessarily coherent.

In addition to the previous methods, the singular perturbation
appreoach has been applied recently té the power system. This approach
is basically of interest where a system has two groups of time
constants, one relatively fast compared with the other. The solution
technique 1is to set the derivatives of these fast modes to zero, thus
changing a subset of the dynamic equations for the sysFem from
differential to algebralc form. These algebraic equations are then
solved for the fast modes and back substituted into the remaining equa-
tions to eliminate the fast variables. Thus, the singular perturbation
approach provides a means‘of &ecoubling the‘fast and slow dynamics of a
system through an approximation method.

Among the model reduction techniques which have no prior appli-

cation- in power systems 1s the Padé approximation (moment matching)“



method. Although this method leads to satisfactory reduced~order
models and {s computationally simple, it has several shortcomings that
have limited its application.

First, it may lead to an unstable reduced mpdel for certain
stable large-scale systems or vice-versa; and second, the method loses
its computational appeal in the multivariable case.

The major goal of this thesis 1is to continue rationalizing,
improving and combining some of the existing model reduction tech-
niques. A method of reduction is developed which unifies the method of
aggr;gation (modal techniques are a special case of aggregation
methods) and that of moment matching, in such a way as to secure the
separate 'advantages of each technique while simultaneously removing
their disadvantages. A second reduction technique 1s developed which
unifies the two well known techniques of singular perturbation and

aggregation.

1.2 Thesis Structure

The thesis has a total of eight chapters. fhe seven chapters
following this introductory chapter are divided into two groups. The
first group includes Chapters 2, 3 and 4 and may be viewed as back-
ground information. The remalning chapters develop, describe and apply
the proposed reduction techniques.

Chapter 2, defines the apﬁroximation prbblem to be studied in

this thesis. The problem formulation is divided into two categories -



frequency domain and time domain. Also, performance criteria that
provide a measure of the approximation accuracy are defined.

Chapter 3 reviews four different types of reduction methods
which have appeared in the literature, includﬂgg-tbp-Padé approximation
(moment matching) method, feduction methods based on erréq,ndnimiza—
tion,' redubtioﬁ 'ﬁethods based on the aggregation principle and the
singular perturbation approach.

Chapter 4 reviews, in some detall, the two primary methods of
forming power system wynamic equivglents, nanely ccherency and modal
analysis. Also, a linearized model for a power sysf@ﬁ is establishedl

In Chapter 5, an algorithm for obtaini;g reduced-order models
for scalar: systems as well as multivariable systems has been
developed. This algorithm combines the method of aggregation with that
of moment matching in such a way as to secure the separate advantages
of each technique. This teéhnique is computationally simple and can be
used to obtain a variety of reduced-order models. Two examples of a
synchronous machine connected to an infinite bus (with and without
excitation system) have been cons;dered to 1llustrate the application
of this algorithm. v

Chapter 6 15 divided into two main sections. In the first
section, a criterion is proposed for selecting the most important state
variables of the original system to be retained in the reduced-order
model. -Also, an algorithm for obtaining reduced-order models which

retain the physical signficance of the state variables  has been

-

developed.



In the second section, a procedure for obtaining dynamic
equivalents of wmultimachine systems 1s proposed. This procedure

utilizes the idea of component cost. analysis for identifying the
coherent generators. | -

The procedure has been applied to a system of 46 transmission
lines, 39 buses and 10 generators. This system is a well known and
documented model of the 345-kV system of the New England area.

In Chapter 7, several model reduction techniques have been
utilized for designing PID controllers so as to minimize the integral
square error as well as designing compensators satisfying frequency
domain specifications. The responses of a sample gystem équipped with
various controllers has been compared in order to 1illustrate the
usefulness of the reduced-order médel for the design of suboptimal
control of the original system.

Chapter 8 summarizes the msin conclusions of the thesis. Also,

the specific contributions of the research and suggestions for fdture

work are outlined.

v ‘



CHAPTER 2

FORMILATION OF THE APPROXIMATION PROELEM

2.1 " Introduction . -

This chapfér defines the approximation problem to be studied in
this thesis. The)problem,simply stated, is that given a linear system
find a reduced—éfdia‘methematical model or system which approximates
tﬁe given system 1in some specified sense. This problem is often
referred to as order reduction of dynamic systems. Such ﬁodel reduc-
tion has several advantages, including (1) reducing the computational
complexity and burden, (ii) providing better understanding of the
system, whether the problem is analysis, synthesis, or ide;tifi;ation,
(111) fac{litating the désign of controllers with simpler structﬁre
that are therefore more easily implemented. Often, thése model-reduc—
tions are justified on the £asis of physical reasoning related to the
phenomena and processes concerned.

The appréximation problem may be performed in either the time
domain or the frequency domain. In the frequency domain, it i1s assumed
that the transfer function of the original nr‘h order sfstem is k;own
and Is in the form of a rational function of the complex frequency s.

th

The objectivé is to compute an r order transfer function (rgn)

which approximates the given at? order transfer function.

. B | \\\



In contrast to' the frequency - domain approach, Eﬁe time domain
fo?mulation of the approximafion problem starts froﬁ differential
equations. It 1is assumed that the state space rtepresentation of the
giveq;-nt%_,drder system is known. The objective 1s to compute an

rth gstate space representation (rqn) which approximates the given

nCh order original system. One way to use the time domain approach
to solve the approximation problem is to first transform the problem to

the frequency domain.

In order to compare var;zus “model reduction techniques and
different ‘reduced-order models for a glven system, it is desirable to
défine an error criterion as a measure of the quality of a reduced
model. In other wbrds, we must have a criterion to determine how
closely and in what sense a p&rticular aspect of the behaviour of a
given large system hasg been approximated by a particular reduced-order
model. The question of accufacy 1s related to the problem of deter-

mining the most suitable order for the reduced model. Tﬂis will bhe

discussed in Section 2.4.

2.2 Frequency Domain Formulation

The problem of reduced-order modeling of large linear systems

v

in the frequency domain can be stated as follows:

Given the transfer function of a large system as

n
Gls) = — +B_ £ (2.1)

rl



Tl

=
obtain the transfer function of a reduced model as

él Sr—l +' Ve - - - - + ér -
= A + .
G (s} ey . . - B,, rn (2.2)
s a; s + - =-=--=- - +,ar

For a linear system with % outputs and m inputs, the numerator
coefficients in equation (2.1) and (2.2) aré £ x m matrices., In some
of the reduced models thé matrix ﬁo\may be zero, but in some oﬁyers

it may be non-zero even though the traqsfer .function/q;: (2.1) is
striktly proper so that B, 1s zero. /

"

- »
The freqibncy domain expression of the approximation problem

may be stated as the computation'gf (2.2) from {2.1) so that Gr(s) is

a good approxidgtion of . G(s). The question of what 1is meant by a
"good” approximation will be delayed until Section 2.4 when accuracy
criteria are discussed. The objective, therefore, is %o find an
algorithﬁ for computing the polynomial ?oefficients in (2.2) from the
polynomial coefficients in (2.1).

/

Approximation methods may be classified In two groups. For
some methods, the denominaj§>\\g§ Ge(s) 1is computed from both the

numefator.andxdenominator of G{s). For other methods, the dencminator

of G.(s) is computed from only the denominator of G(s). - For both
groups, the numera;df of the reduced-order model is computed from both
the. numerator and denominator of the given transfer functon. An

algorithm for computing the approximation represented by the second

grdup will be discussed in Chapter 5.

A



2.3 Time Domain Formulation

Consider a 1linear system described by a set of@rst crder

’

differential equations where the number of equations {(n) may be high.

Writing the differential equations in matrix form gives the state space

formulation

BN
R
%
+
o

e

(2.3)

where x, y, and u are the state, output, and input vectors of dimension

n, £, and m, respectively. A, B, and.C are matrives of order n x n,

n xm and £ x n, respectively. - .The problem of finding a2 new state

Space repr tation . ) o -
o -

v (2.4)

free
L]
i
N
T
&

Y. = Hz +Du

-

of reduced-order (dimension of z 1s r<m) such that (2.4) approximates
(2.3) shall be.referred to as a time domain formulation of the
~approximation problem.\,\!

In (2.3) it is assumed there 1s no direct path from the input

!

vector u ‘to the out¥ut vector y. The direct path in the approximate

¥

system denoted by D is a funetion of the matrices A, B, and C. If the

N .- [

b

N



given system does happen to possess a direct path whose gain matrix is

D, of dimension g x m, then replace D in (2.4) by D + Do.

The time domain formulation of the approximation problem'may be

viewed as developing algorithms for computing the matrices in (2.4)

from the matrices in (2.3) as depicted by the solid arrow in

Figure 2.1. Another method, 1is to first compute the exact transfer
functien G(s). Finally, compute the matrices F, G, H, and D which
realize Gr(s). This indirect approach reduces the time domain formu-
lation to the frequency domain formulation\ of the problem and {is
indicated by the dashed arrows in Figure 2.1. The difficulty with the
Indirect approach is the task of computing the coefficients of the
transfer function G(s). The objective of the time domain approximation
is to find a direct method for computing the matri;es ¥, G, H, and
from A, B, and C which avoid the computational problems inherent in
first finding the transfer function.

Another reason for studying the time domain formulation is that
it {s desirable that a relationship between the given system and
reduced model states be known. This will help in utilizing the reduced
order model for ﬁesigning suboptimal controllers and for studying the

dynamic behavior of the large system.

2.4 Accuracy Criteria

Model reduction involves a trade off between model order and
the degree to which the characteristics of the plant are ﬁsflected by

the model, "Tecause the relative importance of various plant

(1Y
[y



Time domain approximation

A B > F ,G ,H
[ and C ] [ and D ]
Laplace I
l transformation Realizarion l

Y |

Frequency domain approximation

G(s)___________________b.Gl(s)

Figure 2.1 Time domain and frequency domain formulation

of the approximation problem,
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characteristics is highly dependent upon the application, there can be
no universal model reduction algoritham. The statement that an rth

order linear system {s a good approximation of an ntD order linear

system (n>r) refers to the accuracy of the approximation relative to

the exact nth

order linear system. ‘'In order to compare various model
reduction techniques and different reduced models, it is desirable to
define an error criterion as a measure of the quality of a reduced

model. A meaningful error criterion in the time domain would be
=t 7 1] 25

where lle', and "yll are the norm of the function g(t) and y(t),

respectively, and e(t) = y(t) - yr(t)._ This ratio defines an

accuracy criterion that depends on the choice of the norm and the

choice of_ the input u(t) used to determine y(t) and yp(t). Another
criterion is the component cost analysis [43], which identifies the

critical components (physical or mathematical) in a linear system.

2.4.1 Relative Impulse Error

In this subsection a reduced-order model (F, G, H) will be
judged by the impulse response matrix. The error impulse response

matrix

E(t) = CeM's - He'lG ' (2.6)

| S



characterizes the error. Moore [30] proved that a reduced-order model

1s good if the largest principal component of E(t) over (o, =)} is
“small” compared to the smallest principal component of Ce”ts.
A different way for evaluating the quality of any reduced-order

model, regardléss of the means used to obtain {t, 1is defined by the

model error index (ME)

(2.7}

<t |On
1=

and v o= U ]y -y |[]% vos e []y][f

t + t + =

where y 1is the output of the original model (2.3) and y, 15 the

output of reduced model (2.4). To calculate the ME it {s convenient to

define a model whose output is (y-y,). Such a model is obtained as

x| . v o} [, [B] lul
z 0 [;] I3
(2.8)
fen) - e H
The cost associated with model (2.8) s
_ §V = lm lly-yer = tr[P) (2.9)

t + @
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where [P] satisfies

SP+ PSL 4+ W = 0 (2.10)

and where

and

v - cTe ’ -cTy
ule u'H

The ME may now be expressed as:

&v T -
ME = —- = ¢r(MP) x (tr C CP) (2.11)
v
where [ﬁ] satisfies
AP + PAT + BBT =~ 0 (2.12)

2.4.2 Relative Step Error

If the norm is defined by (2.9) and the input is a unit step

1 t>0
u(t) = u(r) = (2.13)

0 t<0
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then the step response is

y(&) = ca™l e - 1 (2.14)

From equation (2.14) for an asymptotically stable system, the

step response will eventually settle to the steady staté value

which is usually different from zero. Consequently, the integral
[ Y (t)de (2.16)
0

is likely to be unbounded and cannot be used to define the step‘

response energy. This difficulty is overcome by defining a new

r

function g(t) which is

g(t) = y(=) u(t) - y(t) (2.17)

The new function eliminates the steady state bias, i.e., g(e) = O.



The step response energy is then defined by
= 2
Ve Of g (t)dt

The step response energy Vg 1s related

s

response energy V as given below:

17

(2.18)

to the iwmpulse

¢ Conslder the solution of equation (2.12). response energy 1is

V = tr(C'cP)

From (2.3), (2.15), and (2.17)

g(t) = € x(t)

where

T = - ca’l

Substituting (2.20) in (2.18) gives the step response energy

VS = tr(ETEE)

(2.19)

(2.20)



The choice of the étep response energy or the impulse response
energy as a criterion for accuracy should depend upon the type of
laputs that are likely to occur. Also, 1t has been shown [18,41)
that the usefulness of the reduced-order model for the design of a
suboptimal controller for the original system depends wvery much upon
the criteria used for designing the controller. This will be discused

in detall in Chapter 7.

2.4.3 Modal Cost Analysis

In this subsection ;e choose the modal equations as component
models for the system to obtain the component costs., The choice will
be based on the selection of the modes having the highest input-output
interaction for a given input-output pair (uy» yj)- Only highly
observable and or controllable modes are presented. In this case, A

might be in Jordan form or its real counterpart

-

A = block diag {... Iy ...}, i = 1, ..., n ‘ (2.22)

where the efgenvalues of A are Ay = og ¥ Jug, 1 =1, ..., nand

1f w, = 0 and J, = ! if|m1|>0

-

18
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which can be obtained by the following choice for a real matrix U

U= Mg Uyps Uggs Ugps Usps Ugpy onnly (A - A W v 30y = 0
)
where
n
i = 1, ..., Ny N = § g
1=1 1%

and the complex part of the {th eigenvector, Ui, 1s suppressed in

U if Ay is real.
After a coordinate transformation x = Ux {s applied to the

system (2.3), the new system will be

I% > o
i

11

+
o
|le

(2.23)

where A = UT'aAU, B =yuls, and ¢ =y
The matrices A, B and C will all be real, and for convenience

this notation will be used.
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Rewriting (2.23) to be in the form

X = Ji X +Bi£’ i = 1, ..., N
— (2.24)
" oa N L.
= C. x,, = C, x,
Iy 1% L ) 3 %

where Jy has been defined before, and

(@B
n
n
-~
m
E

L §
(=]
-
leX:

- (1) (2)
[t:i h ] if 'mi!>0

[=-28 ]
¥
o
[y
h

: T . - T(1) ,T(2) :
L = 0, B = [bi » by ] 4f Iwi|>0

»

/

The component costs Vy (44] are given by

-

n
v, = 21 vij, i =1, ..., n (2.25)

v
-~

- T
where, vij tr(P1j :Bj Bi)’ and Pij is the solution of

T ~T
Pij Jj +Jy Pij + cj ci = 0 (2.26)



Note, Vij 1s the correlation between the excitation of the ith and

jth modes, . and vy is the effeet of all excitation of the ith

wode. We therefore select the r largest values of Vy- The quality

of the reduced-order model will be evaluated by

5V

ME = —2—— (2.27)
VR + 4§V
where
. n T n n T
v = 3 Vigo Y = I (0 vij) + 7 (5 v) (2.28)
i,j=r+l i=1 j=1 i=r+l j=1 {j

However, {f, in addition to the component uncoupling enjoyed by the
modal components, the inputs for the modal components are also
uncoupled, then BjBI = 0 for all i#j, then §V and VR in equation (2.27)

will - be given by

r n
Ve =LV, V.o ) vy (2.29)
i=1 1 {=r+l1
»
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CHAPTER 3

A REVIEW OF EXISTING METHODS OF MODEL REDUCTION

3.1 Introduction : we

This chapter 1is a review of existing work in four ﬁajor
approximation methods described in the literature for reducing the
order of large-scale systems. It 1is not iIntended to be an exhaustive

discussion of all possible methods. The four methods described in

.

Section 3.2 through 3.5, respectively, were chosen because they are.
[+ -

considered the most prominent methods and because they are in some way
related to what has been done in Chapters 5 and 6, respectively.

The -first approximation method, descriﬁed in Section 3.2, 1is
based on the well known Padé approximation. It is shﬁwn how continued
fractions can be wused to facilitate the computation of the Padéa
approximation. Thé Padé approximation possesses two major limitations

In connection with approximation of linear systems. First, it is

possible fdr the Padé method to result 1in an unstable reduced-order

model to a stable .system. Second, the methoed is not designed for
approximating multiple input -multiple output systems. A modification
of the Padé approximation method for removing these limitations 1is

developed in Chapter 5. —

o
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it

\
In'Sectjﬁs 3.3, the method of computing the reduced-order model
i

ﬁg an accuracy criterion chosen a’ priori.

In Section 3.4, aggregation methods are described. These

is based on mit

( .
methods_ suﬁstitute the complex system representat}ﬁh by one of much
smaller dimension which retains key features of the system for the
given problem. It has been shown that most of the modal and préjection
tecﬁnésgsi are subsets ofrthg more general aggregation technique.

In Section 3.S,Jprinciples of the singular perturbation method
have been discussed. This method provides a means of decoupling the
fast and slow dynamics of the original system, and can be viewed as an
approximate aggregation technique. However, it is appiicable to both

linear and npn-linear problems. '

\

3.2 Reductiob~M=thods Based on Padé Approximation -

Consﬂder the(apprpximqtion problem in the frequency domain as
defined in Section 2.2 where, given the exact transfer function G(s),

the objective {s to compyte an approximate transfer function G.(8) of

N

reduced~order. For the time being the problem is restricted toiiigkle
input - single output sjstems. subsequentiy the discussion wf1ll be

extended to multivariable systems.

»r

/!

3.2.1 Definition of the Padé Approximation Method

T/»\ Starting from the ekaqt@transfer function, expand G(s) ;Hy'a
a

ylor series about s = 0 to give
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%) = ¢ +cis+c252+ .......... - 3 e, st (3.1)
o i
i=0
. ;,,r} 4
i where |
‘ 7 ; p-—3

1 ' w P
o = SHS) = DY [T lgerae = a7l '
i "dsi s=0 N 0
t 1 -‘g; 1, 2, «..... (3.2)
¥

1 . . L]

[&], [B]. lﬁ are the matrices of the state model corresponding to the

given G(ﬁqu\g(tj represents the impulse response of the system.
The objec?i}e-w find a strictly proper rational function

- -

G.(s) which is identical to ( ) for as many low order terms as
possible. The maximum numb'er of terms is 2r.
To computblcf(s), form a. polynomial of degree 2r-1 by
”. truncqtinglé—l«)\aﬁ; Ithe first 2r terms. Settin;; “this pol}_momial
N equal t; Gp(s) 1in the standard form results in the equation '

-

j\,—j blsr_1 + ... + br = (sr + a) 131-“l + ... + ar) x
. \J : v

— oA
] L ~/ - - //»\ “‘:].:

numerator denomightor

N (cg +eys™ ..o +¢p 57770 3.3y -

\/\\ -1
' . . [','.
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Performing the multiplication and equatding the coefficients of 1like

powers 1n sgleads to the following set of 2r simultaneous equaticns
™

b, = 1 3,4 €4y (1 =0, 1, ,.., 2r-1) (3.4)
j=0
where br;i = 0, i>r and a_y " 0 for 1 >r

>

Equation (3.4) can be solved uniquely for the unknowns

-~

b, (1 =1, 2, ... r) and ;i(i 1,2, ..., 1)

This method of finding a rational functien approximation based on a
truncation of the Taylor series 1s not restricted to transfer functions
and was developed by the French mathematician Padé [31]. In the
development given above, tﬁe degree of the numerator is one less than
the degree of the denominator. However, 1n the development of the -
general Badé approximaéion method the degree of the numerator and
denominator may be arbitrarily chosen.
;

3.2.2 Continued Fractions

The use of the Pade approximation as described above requires
the computation of the Taylor serles coefficients in (3.1). Next '
(3.4) muyst be solved for the unknown coefficients of the approximate
rational function. This tedious computation can be simplified by

-

introducing the use of continuea\gractions.



The procedure for utilizing continued fractions to compute the

Padée approximation consists of the following steps. Starting from the
exact transfer function G(s) in the standard form (2.1), expand G(s)

Into continued fraction in Cauer second form

G(s) = 1
h, + L
h;
-—_ 4+ 1
s
hy + 1 -
hh ¥
s_- F o oreereen +-—-;—
. hzn
s
-
T_
f A}
6 L1 1 U 3.5
hi+ hy hy + T hpg G-
— + —
8 8
Then truncate it as
1 T 1
Gr(S) W h_z'— sessasanan th s ILND (3.6)
— 4+~ .
s s

¢

It has been shown [28,56] that the G.(s) obtained from (3.6)

has the same first 2r coefficients of the Taylor series expansion as ,

G(s) and hence Gr(s) 1s the Padé approximation of G(g). f



Padé approximation about s = =« may also be accﬁmplished. In

this case, the Taylor series (3.1) 1s replaced by a Laurent series,

G(s) = dys™h 4 dps™ 4 iiiiiiiin. = a,s7! (3.7)
1=1
where
d = 1 al ™l gce) 1 i-1
i , -1 " s G(s)ds
—_ 1
\ (1-1) de £=0
~caltls, 1.1, 2,03, ..., (3.8)

it can be easily shown as in the case of low frequency Pade
approximations (expanding G{s) about s = 0) that an et order high
ffequency reduced model ({expanding G(s) about s = =)} can be simply
obtained by expanding G(s) into continued-fraction 1n Cauer first Fform

and truncating ic, {.e.

1 1 1 1

G(s) = _ eeeeens (3.9)
Hys + Hy +  Hys + Hon
- )
G (s) = L L L (3.10)
r Hys + H, + H, _

Similarly, a Padé approximation G.(s) which approximates low as well

as high frequency response, can either be obtained by expanding the



given G(s) about two points (s = 0 and s = =) and obtatning an approxi-
mation Gr(s) which matches‘tﬁe first suitable number of terms of the
expansion of G(s) agout é.- 0and s = =.

Such a reduced model can equivalently be obtained by expanding
G(s) into continued fraction in mixed or third Cauer form and trun-

cating it. TFor G(s), the mixed form 1s

G(s) = 1 e L (3.11)
(h] + Hys) + (= + Hy) +

In fact, Padé approximation provides as with a method for modgl
reduction for the general case when the poles'of G(é) are not clustered
close to or far from the origin (s = 0) but are scattered in the left
half s-plane.

\ .

3.2.3 Limitations of the Padé Approximation

Pade approximation leads to satisfactory réduced order models
for many large scale systems and it is computationally a simple method.
However, it has several shortcomings that limit {its application.
First, it might lead to an unsfable reéucéd model for cerféin stable
large-scale systems or vice-versa, and sgecond, the method loses 1ts
cowmputational appeal in the multivariable case where polynqﬂihl matrix

inversion becomes necessary. Finally, when applied to the reduction of

multivariable systems it may lead to nominally reduced models that are,

28



(3]
)

in fact, higher in order than the original system. As an example the

first order Padé approximation of

85+8_

G(s) = ———— (3.12)
s + 6s + 8
is
Gi(s) = — (3.13)
s - 4

~

which i1s clearly unstable.
The reason for the {instability is attributed to the fact that

the poles of the Padé approximation are a function of both the poles

and zeros of the exact transfer function.

]

Another example considers the first order Padé approximation of

'
s
G(s) = (3.14)
»
h
which 1d - S
-4 -4
-4 T IR S g

i - 4

§ G (s) = |-% i e L (3.15)
82 - 3s - 4 b
s - 1



The approximation of (3.14) results in a different first order
denominator for each element. of Gy (s). Thus the characterist.ic poly-
nomial of G)(s) has degree 2. In general, for a system with p outputs
and m inputs, the degree of Gr(s) will be equal or less than rxpxm.

Some solutions have been suggested to -overcome the stability
problem [24,39]. For example, we may choose the r dominant poles of
G(s) as the denominator of the low frequency reduced medel Gr(S). and
determine.}he r.numeragor coefficients of Gp(s) by matching the first
r terms 1In the Taylor series expansion of G(s) and Gr(S) about
s = 0. This can be done by solving the first r equations in the set of
equations (3.4), which. may be called a partial~Padé approximation.
However, 1f such clustering of poles does not exist for a given system,
we may determine the denominator of G,(s) from only the denominator
of G(s) by Routh approximation, as proposed by g;tton [24]. Once the
denominator of the reduced moﬁel is obtained, the numerator can be

obtained by partial-Padé approximation. It will be shown in Chapter 5

that the proposed Routh approximation wmethod in the time domain over-

comes these shortcomings.

-

3.3 Reduction Methods Based om Error Minimization

In this approach, a criterion such as mean square error for the

error between the large system dynamics and the reduced order model 1is

defined. Assuming a suitable form for the dynamics of the reduced

model, the unknown elements of the reduced model are determined by

minimiiing the error function. . The error criterion may be defined in

-
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time or’ frequency domain. The criterion commonly used is the square

S

root of the integral squared error

o] = [peo> = 500

"El’ -/ fm e2(t)d t . (3.17)
_ 0 .

where y(t) and y.(t) denote the output of the exact and approximate

-
Y

systems, respectively.
When the approxtmation problem is expressed In the frequency

domain, (3.17) can be written, using Parseval's theorem, as
. R .

1 ¥

'le’lz = _gm ’E(s)}z ds - ‘ (3.18)

with 'E(s)'2 = E(s) E(-s) and where E denotes the Laplace transform of

€.

x
3

It should be noted that the minimization problem 1s not

restricted to deterministic inputs. By replacing (3.17) with

E |le|]2 - E fm e2(t)d t} (3.19)
0



.

3

where the operator E { } denotes the expected value, it 1{s possible to
identify a reduced-order model from noisy input-output data. Also, the
reduced-order model obtained depends on the cholce of. the norm 1in
(3.16) and the input signal.  This approach may also be used for

obtaining an optimal aggregation mitrix corresponding to an optimality

criterion.

™

-~

\{Advantages of this method include the possibility of guaranteed
coest control, and its application to nonlinear distributed parameter
systems. However, apart from the numerical difficul;ies and compli-
cated computations involved, there is no guarantee that these models
will be useful for obtaining a near-optimal design- of t@gﬁggptroller.

Furthermore, the states of the reduced model are mot directly related

to the states of the original system [42].

r
‘

3.4 Reduction Methods Based on Aggregation Principle

The intuitive idea behind the notion of aggregation is quite
simple. Suppose that 5 is a mathemati%al description of a physical

system using a given set of variables, and S, 18 a consistent descrip-

tion of the sanme system using a smaller set of variables. Then 5, is

termed an aggregate model for S), and the variables of the system S5,

are termed aggregate variables. The phrase "S, 1s an aggregated model
’ "

of §;” has been introduced in the control theé%gtic literature and made

.
.
;

precise by Aoki [3] for linear Systems.

ur —_

y,
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3.4.1 Aggregation Principle

Suppose that the system S, is described by the state equation

x(t) = [A] x (t) + [B] u (t) (3.20)

where xeR®™ and ueR®, and tﬁg aggregated system S, J8 described by

the state equation ' .a/

z (t) = [F] z (t)+ [C] u (t) (3.21)

where zeRT , r¢n

In order for S, to be an aggregated model of S; the state

vectors of these two systems, denoted by x and z, respectively, are to

satlsfy the relationship

z (t) = [K] x (t) (3.22)

o

where K Is an r x n constant matrix. This requirement 1is termed

dynamie’ ekactness. From (3.20) to (3.22) it follows that dynamic

exactness is achieved if and only 1if the maxtrix equations

FK = KA (3.23)

G = KB - . (3.24)

33



are satisfied. Analysis of these conditions reveals that dynamic

exactness is achieved only when the aggregate state vector z(t) iIs a

linear combination of certain modes of =x(t), 1i.e., the éggregation_

matrix K exists when the matrices F and A have common -eigenvalues

{23]. To see this simply, assume that A has n distinct elgenvalues
dendted by A1, A2, ..., An and let vy, vy, ..., vy be the associ-
ated normalized eigenvectors. Then 1t follows from equation (3.23)
that §. Coa- .
. .
FKvi = I(Avi (3.25)
N )
as . A\r1 - J\ivi ., (3.26)
“ |
then FRv, = XKv, [ (3.27)

The above equation shows that {f Kvy # 0, then it is an
eigenvector of F with the same eigenvalue Xj- Thus, the notion of
aggregation for linear systems 1s, in fact, a generalization of the

familiar idea of simplifying linear systems by retaining the dominant

modes [10]. :

-~

Further insight 1into the nature of the class of matrices for

which dynamic exactness can be achieved is obtained by realizing that

the aggregation problem as posed for Ilinear systems 1s in fact a

preblem of minimal realization. Notice that (3.20) and (3.22)

v
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deternine a dynamic relationship between u(t) and z(t) that can be

described by the transfer function matrix

G(s) = K(sI - A)"!s (3.28)

In order for the dynagig exactness condition to hold, we must

(ﬂ\

‘also have

, G(s) = (sI-'Fr)}"\lG @ (3.29)
Hence, 1f z(t) has lower dimension than x(t), the state description

defined by (3.20) and (3.22) is nonminimal. But this is possible if

3

and only {f there are pole-zerc cancelations. Thus, the class of

aggregation matrices K is restricted to-those that create zeros in the
7

input-output relationship between u(t) aﬁd z{t) that cance¥ poles of
-1

the relationship [35]. i
- A
Although dynamic exactness restricts thef clags_ of possible

-
aggregation matrices for a given system of the form (3.20), there .are

N

1 many ways to choose the matrix K. Varicus model reduction
. -

techniques proposed by several authors can be viewed as aggregation’

ethods with a particular choice of K implied. For'examplc, a natural

approach [10] is to require that a givenlmode of S, that is rejsined in

-
PR

S, be represetned in z(t) 4n the- same proportions that 1s represented
In x(t), i.e., that the mode shape# be preserved. Another criterfon

that has been discyssed by several authors [7,13] is that z(t) should

have the same steady state response to a step input: as x(t). Yet

T——
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another approach 1s to minimize some measure of thé difference
z(t) - x(t) for a given class of inputs [8,45,55]. Any of tﬁf‘gstech:r
niques may be of interest depending upon .the intended use of the

aggregate model.

3.4.2 Determination of the Aggregation Matrix

3.4.2,1 General Case

The system (3.20) can be put into the modal representation

x = (Al x + [B] u : (3.30)
where (A] = '[V]"'1 [A] [V] = diag (A}, Xy «.., An)

3] = (V]! (8]

The dynamic system given by (3.30) can be partitiaﬁed as

follows

- -

x) a0 X1 B)
[ .
IR L A S A I R N Y (3.30a)
X2 0 1 A2 X2 By
-~
where subscripts 1| and 2 refer to 'dominant' and 'non-dominant’ quan-
tities of dimension r and (n-r), respettively. - - : .
Thus the modal representation of the reduced model should be
of the form
k -
x1 = mlx +Bu- \ (3.31) R
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All reduced models, represented by (3.21) and with [F] similar

to [Ay], are defined by the transformation

z = [T] xy - (3.32)
where T 1s any nonsingular but arbitrary matrix of dinme n r.

Thefefore the most general aggregated model is defined by the matrices

-

\ .
(K] = [T) (K] = (1] [1;:0] [v]7" A

(F] = (1) (4] (1178, (8] = (7] (K] (8] (3.33)

In the particular case when T is an identity matrix, ‘F will be

obtained in the diagonal jor Jordan form. : ; \‘\\\
that by chogsing the matrix T as the upper41%ft partition

[(V/] of the modal matrix \ the aggregation matrix takes the form

4

N

[K] = [vl ]‘ (I : 0] [v]-:l ‘W"j‘aﬁ) _

Thus the reduced model is defined by the matrices

Py ‘
IF] = y] (MY )T, [6) - Vi1 (1 : 0] vl . (3.35)

- -

which {s the model proposed by Dévison [12].

: (
1

o
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\
3.4.2.2 Aggregation Matrix with a Steady-State Constraint

In the class of aggregation matrices defined by (3.32), those
which give the same steady—state"response for the system and the

reduced model, when exc{aeg by step 1nputs,€ are of special interest.

Assuﬁing that the system {s stable, this implies that .
g' f
\ .
i i
z (=) T"Tfﬁz_(w) 1 m 1, Le,m (3.36)
L

where P 1is the projection matrix defining the r components of x to be
retained in the reduced model; xi(w) and zi(m) represent the
steady-state values of the system and the reduced model, respectively,
when a step function 18 applied to- the }th input, all other inputs .
not being excited. Equation (3.36) imﬁlies that

v -/

[T] (X)) [A17Y [B) = ([P] [a71] (B) | (3.37)

-5

o

o f ‘
In this lastyéqﬁition the only unknown is the square matrix T

4

which has ,to be nonsingular. For a Qolutigguto exist, the matrices

KOA-lB and PA™'B must have the same rank and tKe general solution is

given by Rao and Mitra [33]

. L §1L- [R] + (N] (5] ©(3.38) ©
*\,gf\\\ﬂ,ﬁ\ - '

S



witha
- -+ [R] = (Pa7lB) [k _AT!B]*
and . {3.39)
§ = 1 - [KA'B] [KA™'B]*
‘ r o o .
Here | 1t represents'the pseudo inverse .of the matrix | ], I, the

identity matrix of  order r and N an arbltrary square matrix of

dimension r.

3.4.2.3 Optimal Aggregation Matrix

The cholce of the aggregation matrices mentioned above is quite
arbitrgry; thus it seems logical to introduce sofe measure for the
quality of reduction. Now, a quadratic criterfon function of the error
regsulting from the reduction processes, is introduced. ~ The reduction

error 1g defined as

.oy = el xl) - 2w

i

(3.40) -

( ) T - (P - TX ) xJ ()

u
where P 1s the projection matrix which specifies the r components of

x(t) to be retained; xJ(t) and 2d(e) represent the states x(t) and



o

z{t) when only the,jth input is excited. Thus a quality measure of

the aggregation can be chosen as

1 LT e

with Q a symmetric positive definite matrix of

equations (3.40) and (3.41) yield

TR = P
o]

which has the solution

with
N |
R = PK_ ,S-I—KOKO"'

I'Jl r

To solve‘for T, J i3 written.in the following form

J = tracé‘(PTQPW) - 2 trace (KQPW) + trace (KTQKW)

where

.
“m
W o= 7

j=1

w T :
[ Jw)y Jeryae , k= 1%
0l — —_ O

order

Te

(3.41)

Thhs

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

Since the matrix T s a function-of san unknown matrix N, a necessary

condition for J to be minimum is obtained by expreasing the nullity of

Lo



the gradient matrix of J with respect to N. Using the results
concerning the derivation of a trace with respect to a matrix [4] and
taking into account the constraints (3.42) and (3.43), the following

relation is obtained

r

[T} IR WKGS ] = (ewk ™) (3.47)

The solution of (3.47), when 1t exists, leads to the optimal
aggregation matrix and thus to the best reduced model. Indeed, since
aggregation 1is a generalization of projection [21] the reduceé model
given by optimal projection is an optimal aggrégated model.

3.4.2.3.1 Determination of the Optimal Output Matrix

In many JInstances, however, one 1is interested 1in closely
-
approximating the output of the large-scale system. The addition of an

output equation to :he reduced model adds a new dimension to the
. / j
problem, - for the cholce of eigenvalues to be retained may become

critical [22]. The following aggregated model of order pxr 1s chosen:

2(8) = [Flz(t) + [6lu(t), y(t) = [H]z(t) (3.48)

where ZERP, UERm, yERr; and, without loss of generality, 1t is

assumed that z(t) = [K,]x(t).

L]



The reduction error is obtained by substitution of z(t) by y{(t)

.1n equation (3.40):

i
ej(t) = ij(t) - yj(t),
and the minimizatiion of (3.41), with respect to the output matrix H,

leads to similar results as those previously obtained.

3.4.3. Control of a System via the Aggregated Model

Control of a large scale system via control policles basgd on

S5, with an_ assdiid aggregation matrix K is now considered. The

criterion funtion for $) is assumed to be given by

o

J = fm (xTQ x + uTRu) dt (3.49)
0

where Q=0 and R>Q.

Consider the behaviour of 59 where u is generated by

.

u = -tz (3.50)

’

and where L 1s a m x r gain matrix'given by equation (3.532) below. Now,

‘ »
1f the system S; has a criterion function

Ly

I,o= [ 2Tz + uTRa) ar ‘ (3.51)

0
o

L2
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then, for a controllable pair (F, G) the control law (3.50) results in
2 stable closed-loop system and is optimal when the control gain for 5,

is given by

L = gRlg* (3.52)

where [P] is the solution of

0 = FIP + PF - peR™I¢Tp + Q . (3.53)

{

and the minimal value of Jn is given by

where [P]>0.

The optimal control for 5, is -

u' = ‘[L*]x - : ' /

where . - I

- )Y et - (3.55)



r

and where {T] satisfies

” ’ S
0 = A'T + TA - TBRIBTT + Q (3.56)
when K is such thaﬁ (3.22) is satisfied. Then from equations (3.23)
and (3.24) and by pre- and post-multiplication of equation (3.53) by

KT and K, respectively,

. 0 =~ ATKTPK + K'PKA — K'PKBR™!BTKIPK + KTQmK (3.57)

Comparing equation (3.57) with equation (3.56), it 1is seen that KIPK

corresponds to T if KTQmK is made to correspond to~Q. Of course,

they cannot be equated because T is of rank n while KTPK 1s at most
-
of rank r. The above argument indicates that the control law given by

equation (3.50) {s a suboptional control for S) with a suitably chosen

Qp» f?; example, where Q  is chogen as

\ r .

- ’ ~

3.4.3.1 Stability Analysis

The closed-loop stability of S, when 1t 1is controlled by

L ) :
equation (3.50) is now investigated. From equations (3.21), (3.50) and

(3.53)

T T
[F - GL) [P} + [P][F - GL] ’:;/:jL/RL + Q1

o) - (k7171 (kKT ] kR ‘ C (3.58)
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Let [LTRL + Q] be positive definite. Then {t 1s well known that

~

[F - GL] is a stablé'aatrix if and only 1if P is positive definite. The
use of the control law (3.50) in S) with Q given by equation (3.58)

results in the value of the criterion function (3.49)

r
/

- EZ[N]EO | ' (3.59)

where N satisfies the matrix equation 2
.
(A - m‘] + [N]{a ~ BLK] = [K'LTRLK + Q] (3.60)
Aoki [3]) has shown that
T
[N] > [K°PK] (3.61)

where KTPK 1g only positive semidefinite.

Thus, a stable [F-GL] does not necessarily imply that [A-BLK]
is stable. This can be also seen from the fact that with an rxn
aggregation matrix K, at most r of. the éharacteristic values of A can
be moved by‘the feedback control. The remaining n-r eigenvalues of A

are unaffected by the feedback and remain the same, i,e., these are the

uncontrollable modes of [4].

*

3.4.4 Approximate Aggregation

Now, consider the case where for a given K, (3.22) and-(3.23)
-«

are not satisfied. As an attempt to apply a similar approach to the

. ey
A



general case, assume that a relationship
\

z(t) [K]x(t) + e(t) ) (3.62)

.\

exists where it Is desirable that the error term e{t) should either die

out or remain bounded as time evolves. A further restriction is that K

should have full rank. Using equations (3.20), (3.21) and (3.62) it is

gvident that

e = Fe + (FK — KA)x . (3.63)

Thus, the discrepancy between z and Kx evolves with time as

[

eF(t) F(t—t)

: ) t
e(t) = e(o) + Of e [FK - KA} x(t) dr (3.64)
Bounds on e(t) can be obtained from this. Sometimes K can be chosen in
such a way that some components of e are zero. If K can be chosen such
that' the modes of F assocliated with nonzero components 05 e die out

very quickly, then even if FK #+ KA, the suboptional controls for 5

derived from S, may still be satisfactory.

3.5 Reduction Methods Based on Singular Perturbations

3.5.1 Introduction

Realistic models %f large scale systems involve iﬁterac;ing

dynamic phenomena of widely different speeds. In a power system model,

46



for example, voltage and frequency transients range from intervals of
seconds, corresponding to generator voltage regulator, speed governor
action and shaft dynamics, to geveral minutes, corresponding to load
voltage regulator action, prime mover and thermal energy storage.
Since such models are of high order and numerically stiff, order reduc-
tion and separatifon of time scales are oftén made using reduction
techniques based on retention of dominant eigenvalues (poles). The
underlying assumption is ‘that during the fast transients the slow
variables remain constant and that by the time their changes become
noticeable, the fast transients have already .reached their quasi-

steady-states (qss). Based on this gss assumption and experience, the

state varlables are divided Into ng “slow” states xg and ng
"fast” states x¢. Thus the full scale model 1is )
. — . 0
Xy f(xs, L t) xs(to) X (3.65)
. ' ) ) ) - 0
Xg g(xs, Xg s t) xf(to) Xe (3.66)

Then the only states used for short term studies are Xg s

disregarding (3.65) and considering the states xg as constant
/’-
parameters. ‘In long term studies the only states are xg and
‘ -
equation (3.66) is reduced to algebraic qu;tion by formally setting

xg = 0. The gss modgl.1is thus
: t

X f(xs, Xes t), xs(to) X (3.6‘7)

i

q
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0 = ‘g(xs, xf,t) (3.68)

An inconsistency of this classical gqss approach 1s the

requirément that x equals a constant as implied by

£

is violated by (3.68), which defines :_:f as a tlme varying quantity.

If a qss model faills to provide a good approximation of the ‘actual-

solution xs(t) and xf(t), there 1s no provision for improving the

"““‘\épproximation.

Singular perturbation is a method for the separation of slow

, .
and fast models which removes the Inconsistencies of the classical gss
approach and systematically improves the accuracy of the lower order

models. ™

~—~— If it 1is known that the states xg are 1/¢ times faster than

(M Xy then x_ is about l/e times larger than X, and equations (3.65),

f
(3.66) then becomes

h!

/l
» (]
x, = f(xs, Xes t) . xs(to) - xg (3.69)
» - - 0
EXp G(xB, Xes t) xf(to) Xe (3.70)
=

ug



4g

For ¢ = 0, the model (3.69), (3.70), defines the gss model asg

f - = o
i f(xs, Xes t) xs(_to) X (3.71)

o,

- - " !
Although this is the same qss model (3.67), {3.68), Ats origin is

differént. The difference is that

t

M.
|

[
\

which 18 now due™té ¢ = 0, and not

xe = 0
ke
b S Although 1in principle applicable to both linear and non-linear
foa cor siom
\/prthems, weT hall for simplicity restrict attention to the linear
case. For a linear system ) > ’
X, [A;] x, t [A2] X t [By Ju (3.73)

J
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e
N

&
€xp = [Ag1)x  + [43;] x. + [By]u (3.74)

—

i
where € is a small positive parameter and [A22] is nonsingular, setting
*

€ ™ 0 results in

- -1 = . -1
Xs = [A11 = Apg Ayy Ay ] x o+ [B) - A, Ayy Bylu (3.75)

i N s
X, = - [Ay Ayl x \A22 B, Ju (3.76)

The major shortcomiﬂ%ref’fﬁg singular perturbation theory is

that the mathematical model of a system is rarely given in the form

(3.73), (3.74). The model_is usually written in the form

[A] x - (3.77)

/_\‘l
]
|

where x i{s n-dimensional state vector and n = ng + ng.

-

. e
3.5.2 Transformation of Physical Models "into Singularly Perturbed .

Form
The main difficulty with the method of singular perturbation is
the problem of dediding the proper partiﬁioning of the state vector.

The problem is complicated by the fact that, in general, the states are

. -
P

—

EAON
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A .

not decqupled:\hﬁﬂ therefore, 1t is difficult to relate a particular

state to a particular mode.

Now,

[ 4

-

in order to convert thé tate equatfom {(3.77) into the
ff q

form (3.73 to 3.74), one needs to examine three aspects:

(1)

(11)

(;ii)

‘ . I :
determination of the number of *states belonging to the

fast or slow state group.

classification of the original state variables as ‘slow

states xg ©or fast- stdtes x; {f such classification

exists.

selection of a small parameter €.

~

lg=\i:5.2.1 A Two-Time-Scale Property = .’ . \
X, -

Let

— /‘

the . eigenvalues of A in model (3.77) be arranged in

increasing order of magnitude.and @g;ﬁig}ded into two distinct sets

A, = {)\sl. ceeens A b g

g
(3.78)

‘ -
| Ae = D voees g
~ : f
such that 'lsi| <_'Afj. i=1, ..., n_ B =1, ...,an.

Model (3.77) is said to poSiess a two—time-scale property 1f

the

smallest absolutey

largest

abs ' igenvalue' of A_, 1s much smaller than the

51
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glven Uin [9], that is

sele L—)zhlfr.'t'.>r1:1 x ’is ng d the number of fast states is nf.' Once

“s and g it 19 necessary to group the given state

variables 1into slow and fast wes xg and Xg- The set x
includes the states exhibiting pri_jma'rily slow modes -whereas xg

incltégles those exhibiting fast modes. Now, if we rewrite (3.77) into

the partitioned form

C
X, Ay ! A2, L
|
- . - . (3.80)

- S . I

- | )

X Ay ! 822 Lif
— - L [P “ - -

-

where the matrix A 1is appropriately rearranged and partitioned. A

Ay

suffic Mndition that (3.80) is 1in $ingularly perturbed form {is

L . - . .
< 7 -1 . ,. i -1 i . .
||a2z || << ¢[[a,[] + |82 ||| oo |12 (3.81)
-1, - ]
where ‘ L, —A22A21, Ao An + Alz Lo
- It should be emphasized that as mentioned. in [1,27] the

criterion is somewhat restrictive and is not satified by some typlcal
two time-scgle proilems. Once the sufficient condition (3.83) is

satisfied the small arameter/e{ can be shown as in [1],

oI e
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or as in [1],”

£ 7 'ASnl’ / ’lfnz' (3.83)

Thus the major problem in converting a given system to

-

singularly perturﬁed form i{s in grouping the state variables into slow
and fast states such that (3.81) is satisfied. If the ogiginal systeﬁ
bossgsses‘ the two time-scale prober%y (3.7§), but the sufficlent
condition is not satisfied, it may still be possible to satisfy (3.81)
by an appropriate scaling and regrouping of the state variables.
Differe&t methodoiogies‘for regrouping the states are given in
[1,9,32]. 1In [1] state groupin;'is pursued by comparing'row no;ms of
the matrix A while [9] compares row nofms of normalized eigenvectors
corresponding to slow modes. In receﬁt work [34], the cholce of the
states is made on the basis 6f an energy integral paﬁ%icipation matrix.

\

3.5.3 Control Design Using Simplified Models

= ognizé& from the last séction that the aggregation
approach to model simplification 'neglects the fast wmodes. In the
Wular perturbation approach both slow modes and fast mocies are
retained, but control anqusis and design are performed in two stages.

Consider equations (3.73) and (3.74) together with an output vector

L

" described by \é@ '
Y " G x +Cx | (3.84)

f

53
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Using the quasi-steady state assumption the slow subsysteﬁ is

given by ‘
- L4 » .
x -
—S
(3.85)
Is
where A "
s -
C ]
3
and ‘the fast subsystem is described by
' ¢
dx |
=f - - - -
F = A22.)£f + Bzu » xf(o) = E_f(o) = .’—"—f(o)
(3.86)
Yp = CGox
Whlere < T = ._t_
: €

We now present the main results of using the simplified.models
the control design of linear dynamical systems. These results are
diviYed into:

(1) state feedback by eigenvalue assigﬁment,

(11)\ linear quadratic control design.

3.5.3.1 State Feedback by Eigenvalue Assignment

The control design problem is that of finding a state feedback
galn matrix so that a set of elgenvalues 1s placed at desired

-

sS4
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= T

locations. A two stage control design can be obtained in the form

-1 -1
u = [(I + KfAZZBS)KS + KfA22A21] 3:_9 +‘Kfif (3.87)

where KX places the elgenvalues of the, pair (A

o

desired locations and K¢ places the eigenvalues of the paif;(Azz, Bz)

s g BS) at ng

at ng desired locations. The control law (3.87) when applied to the

system (3;73, 3.74) gives an order of ¢ épproximation to the n desired
locations [9]. 1In deriving (3.87) both the slow and fast 3ubsystems

are assumed completeiyrcontrollable;

3.5.3.2 Linear Quadratic Control Deisgn
Teel
Consider that the performance of the system (3.73, 3.74 and

3.84) 1s regulated by the minimization of the performance measure

SN tly + ulRu)dt: , R> 0

- +

Chow and KoRotovie [9] have shown that a composite near-optimal control

is given by

where B = [Bl, By/e] (3.88b)

(3.88a)



K 0
’ L B (3.88¢)
T
eKm : er
]
] -1.T T T
[KS(BIR Bzxf"Alz) = (AZ].KE + C1C2)]*
LT . (3.88d)
(Ag2-BR "ByK.)
0 = -k (a-8R1Ipc)-(a -BRrRcHK
8 5 5 s 8 s 8 0O 8 8 8
T _ . (3.88e)
., +KBRIpk -c(1-pDprp),
8 5 0O 8 8§ 8 0 8 5
and - p
0 = -K - ALK, + K_B,R°! B, - cF 3.88
: ghez = ApaKp + KB R BpK. - 60 (3.88f)
and R =R -+ DTD
o §S

The Riccati equations (3.88e¢ and 3.88f) . are completely
independent under the assumption that (A5, By and C.) and (A,,,

1 .
B,, and C,)} are stabilizable-detectable. 1If an optimal control u* is

defined as
* = ---—IT‘ ! x - l T 3
u R™“BPx , J > xOPxo (3.89)
1 T '
and J = - x P x where P {s the solutidn of
c 2 "o'c’o c

< p (A-BRIBTM ) + (A - BRVBTM )T P+ MiBR L8TMe
c [} c c C

+ cTc = 0 \“‘\
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then it has been shown that [10]

. u, = oukt +0e) I = J* 4 0(e?)

which means that the composite control u xui (3.88a) is a first order
approximation of u* and ylelds a second order approximation to the
optimal solution of the system (3.73, 3.74 and 3.84).

Hence, the near-optimal design consists of the following steps:

. L
1. Solving %ns(n5 + 1) algebraic equations (see 8Be).

2. Solving %nf(nf + 1) algebraic equations (see }.88f).

x n, matrix in (3.88d4).

3. Inverting the ne £

f—

The com?utational simplicity of the above procedure compared

-_

with solving the Riccati equation of the large system

1 i
= + +n,
(2(11S nf) (ns N + 1) algebraic equations]

.

R r
is threefold. First, it represents ng{ng - 1) less algebraic

rd

‘equations than solving thé large-scale Ricecati equation. Second,

steps 1 through 3 can be performed consecutively.

7N

A review of four major .methods of model réduction has been

3.6 Conclusions

presented. The Padé approximation methods require the least amount of
" '
computation but suffer from the serious drawback that the stability of
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the reduced wodel cannot be .guaranteed. Another shortcoming is the .

//’4__\ limitation in approximating multi input - multi output systems. A

[ e

-

modification of Padé approximation to alleviate this difficulty, based
upon Routh approximation, will be discussed in Cpapter 5.

The reduction méthod; based on error minimization give a
measure of the quality of the reduced model. However, apart from the
numerical difficulties and complicated computations involved, a
reasonably good fit can not always be obtained .and a reduced-order
model may furn ouk to be unstable even for a stable gystem. Also,
there is no guarantee that these models will be useful for obtaining a
near-optimal éesién of the controller. Furthermore, the states of the
reduced model are not directly related to the states of the original

system.

The reduction wmethods which wuse the, aggregation principle

" appear to be highly inferesting since they retaln some modal and

structural properties of the original system- Moreover, the

possibility of stabilizing the original system by a control law based

on the simplified model holds for every aggregated model. For a given

linear-time-invariant system defined by 1its state, Input-output
matrices [A],'[B] and [C] the determination of an aggregated system

consists of two problems:

(i) the choice of the eigenvalues of A to be retainea,
(11) the choice of the ouput matrix C.
In the singular perturbation épproach. the reduced model {is

N
o;::¥ned by first neglecting the fast phenomena, i.e., =0 in equation
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(3.74) and substituting for xg¢ 1n equation (3.73), a reduced-order
model is obtained for studying the slow phenomena. Although this
method suffers from the disadvanﬁage that identiffcation of the proper
partitiqning form of the state vector may be very difficult, it remaians
the only method which allows pagtial recovery of the inforpatiqnﬂlost

.
upon passage to the reduced model. It has been successfully applied in

" obtaining a control law based on the simplified model. It may be

pointed out that unlike other methods, singular perturbation preserves

the physical nature of the problem.

-
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CHAPTER 4

A BREVIEW OF METHODS OF PRODUCIRG
SIMPLIFIED PCWER SYSTEM DYNAMIC MODELS

/ It | =

4.1 "Introduction

The igkreasing size and, complexity of'modern'powér systems has

stimulated the search for new methods ,of analysis, modeling and

control. Power systems are characterized by certain features that play

a primary role in determining the class of solution metW8ds to be used,

and these include the following.

(1)

(11)

(i1)

(iv)

The spatial distribution of power system covers a sizable
area. :

Power systeﬁ phenomena are often haracterized by a

variety of different frequencles /and time constants that
extend over a wide range.
Poger systems often use an " overall control structure
consisting of a number of controllers at the local level
which seek to meet 1local and, it is hoped, global,

objectives.
L]

.

Power systems use an information structure such that often
only a mafll gubset of total ayséem information 1is

avéilable to each "local controller”.

60
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(v) The problem specification for power systems is highly

complex. i

: -

(vi) The problems involved are often of very high dimension-

ality involving large  numbers of variables and

~

constraints.
Traditionally, the analysis'of the dynamic behaviour/of power
systems has been reduced to a manageable level by finding some simpli-

fied or lumped model for a large part of the system. This approach has

great appeal in the sense that it is consistent with the usual ques-—

[

tions asked about the stability 0E6§Pwer systems. That 1is, stability
is norpalXy analyzed from the perspective of a particular utility.

That utility is interested in the dynamic stability of its own genera-

tion and transmission network to disturbances, and primarily to distur-
banceS/({at octur within 1ts own network. A particular utility'l‘ -
interest is how disturbances impact the remainder of the system 1is

quite secondary to its interest in how its own equipment {s affected.
-,

The natural approach to analyzing dynamic behaviour has been to

J”

L
divide the overall system into a study system“and one or more external
systems, as illustrated in Figure 4.1. The study ' system is that area

where disturbances are to be applied and where responses are to be

®  observed (i.e., whose detailed behavior is of interest). The detalled

~.

behavior of the external syztem is of no {Interest. The external
systems are impbrtant only insofar as they affect the response of the

study system to disturbances. It 1s therefore desirable to represent

the external systems by equivalenfs that faithfuylly presérve the

»

/" | < .
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Internal System
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........ Vi
.
Xternal
‘\ System
E —i— - .,\/.T - E .
»
Figure -4,1 Interconnected Power System Structure .
~ - SR are boundary bus voltages . -
El‘i l,~m——- ,, 0 are genefator internal -voltages. 4
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interaction between the study and external systems. Thus the

simplification of the? analjsi is done at the expense of losing

information about the detailed/ behavior of the externafl systems.
~ .

~

Historically, thereg(have been two distinet" approaches Eo

. ¥
finding simplified models (er systems. One gpptoach, called the

.

coherency method, is based.oﬁutﬁe empirical obgervation that when a
power‘ system 1s disturbed, groups of generators tend to\_gsgelerate
together, maintaining the same relative angles with respect to each
other. Thisg is particﬁlarly true fqr generators electrically distant

from the disturbanca: overall procedure fog.getting the coherency

based equivalent is as follows:

(i) identification of groups of coherent- generators,
(11) network reduction and equivalencing of the coherent groups
7 with appropriate power generation gﬁd iﬁertia, o LY
(iii) combination of the equivalent witﬁ the system retained.

The two major 1imitations of the coherency based dynamice

equiﬁalenté nmethod are: //"(

’ . < .
(1) 1t requires the numerical integration of the differential

equgtions of the entire sgysten, ﬂwhich 1s precisely the
problem one wishes to avoid,

(1;) there 1is no theoretical justificat}da' for the coherency
based method of producing dynamic equivalents when

éoherency is defined based sgrictly on the difference in

. angles. | 9.

=
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The recent work by Systems Control Incorporated (SCI) on

coherency based dynamic equivalents has shown that coherencyﬁr\:ﬁbe

[
-

evaluated using a model based on.the following assumptions:

(1) The coherent groups of generators are independent of the

-

: < ;
size of the disturbance. Therefore, coherency can be
— . .

determinef/ by considering a linearized system model,
(11) The coherent groups are indgpendent of the amount of
Y . .\\__

detail in the generating unit model. Therefore, a classi-
- L A 4

cal synchronous ma;:hine model is considered and the exci-

tafion and tyrbine-governor systems are ignored. This
assumptio }s%{upon the observation that 'aléhough thé
R amoun; f detail fn the generating wunit models has a

significant effect upon the swing curves, particularly the

damping, it does not radically affect the wmore basic

characteristics such as the natural frequencies and mode

<

\(, are quoted from [3{].

~t

O shapes. ~ These abﬁ\-assumptions and their justificatiorifb

The other approach to forming dynamic equivalents for power
—~4systems 1s to obtain a Iinearized model of the external system and t?teh
reduce the order of this linear model by applying the results of linear
- v '

system theory, in particular the concepts of aggregation [3,12]. There
is a cofsiderable weal of li!./er;ature on the use of aggregation to
generate reduced/-érder models for power systems. Undrill et al. [52]
suggeasted aggregation of a part of the dynamics asﬁciated with a power

system using Davison's methed ([13]. Vag Ness et al. [53] developed a °

X ' s

‘ : )
v ) B v Q
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simplified model of the total system retailning the dominant modes -and

then used a change of coordinates to produce a. state representat

"with satisfactory structure. Altalib and Krause [2] prbposed decom—

posing the system .and simplifying eacH subsystem wusing Davison's

;} -method, i.e., keeping only the slowest modes and then choosing appro-
priate {ntgrconnection Garigbles. A ckxiticfsm that can be made of
several of these approaches {s that tﬁe reduced-order systgm aoften
loses physical meaning. Furthermore, the effects of degqgning regula-
tors based on an aggregated model being applied to the original power

system model needs to be investigated in greater detail, as' modes not

repregented in the reduced model could possibly interact with the

feedback loops. ) i
The two methods of constructing power system equivalents
putlined'above'represent the two main lines of research.
. They have developed in qlmost complete isolat;Ln. and appear to
- . . R
be unrelated. However, the fact that they both yield good equivalents
*nﬁh? . ~ might lead one to specuiate that the two methods are related. In fact,
some recent work ([36] indicates that, Ffor ths proper choice of .
- coherency measure, the two;petﬁgds areCindeed closely related.

. ) / - S
The Form of the Lineartzed Model of Multi-Machine Power Systéms 1(

nearized power system 16351 is introduced at this point.
be used throughout the subsequent analysgs. Tt repre- >

sents “power ?ystem‘ in 'term_s of a‘.set of sordinary, linear

. . -. - ‘ . _':_‘:—.. w

/ ,-‘éj”\' )M :
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R L. . ‘_2_)\
’ ¢
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‘differential equations for the electromechanical motion of the genera-

tors plus a set of algebraic equations for the power flows among the

'generators and load buses of the system. The differential equations

are: \\\h_m

\‘ -
L A 8P,y = Dybwy (4-1)
Aai = anonmi, i=1,2, ... N (4.2)
~
where i subscript for generator 1. )

a indicates that this variable ré&{Esent ; ﬂg;iation from
a specifieﬁ steady state operatinngoint.

My inertia constant of generator ; = pu

Awy speed deviation of generator i - pu“

Ady rogor angle deviation of generator { — radians

Dy —damping constant of generator i - pu

AP,y change in mechanical input power at ggqeragsr i - pu

Apgi change in electrical outﬁut power at génerato) 1 - pu

The' network equations in polar form are % ndarized J&th the

real power equations decoupled from the reactive power equat%gns to

obtain? ¢ )
/ 7
T
Agg \
-2 - . (4.3)
»
. AP éP» N ™
N 2 B
. 1\._,.-v L
' . y " A -~
) - L ‘
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where -

AP T = [AP ., aP AP ]

AP T . [aP AP AP ]

2 L1’ Thg2 7Tt Ok

AST (86, a6 A8 A

— 1! 2 1) y}\}
‘ABT = [A8., AB AB

fudl [ 1! 2 e ’ KI

[-4

Some comments are in order about these equations. First, there
are two first order differential equations required to represent the L\{
dynamics of one generator. Thlf 1s essentially the simplest dynamic
model. The behaviour of the génerétor-can be modeled in much greater
detail fo account for all the electrical and mechanical phenomena at AN
work (see Appendix I). Even a modest attempt at accounting for these
phencmena results in a seventh or ;ighth order differeatial equation
set for each generator.  In dealing with large systems this obviously

-~
\\\\:> ~ results in an enofmous number of differential equations. Thus for the

analyéis of large power systems there 1s really no choice to use
A

the simplestjrepresentation possible. The simpig; representation u
" -
here neglects the effects of exciter and turbine governor, at ast
datail.‘ The dampin con3t D serves to represent in a general way
P 8 i
. o~
the overall effect of these control s’gtems. In power system the
various control systems tend to dampen the res of the power system
without greatly affecting its.natgsal frequencies/ \32]. . E'
- ' s . ,’
5 ' - ’ A . c ) “ ) . :
AN 4 > - \ # i

- T



The second observation is that the real power equatifons can be
decoupled from the reactive power gqqaﬂfons. This is a commo;ly made
approximation, based on the ?bllowing rEaséaing. The real power flows
are largely dependent on the voltage angles at the generator and léad
buses, ~not the voifage amagnitudes; further, the generator voltages
behind Ehe transient reactances are constant.

With this background information, and assuming uniform damping
D

(z— = 8 for all 1), the equations-for the powér system can now be put
M . q
i

in state space model form as follows.

First, a reference frame is chosen for the angles and speeds of

the generators. We can have the state space model based on machine

angle as a treference (MAR) or centre of angle as a reference (COA). We

typ:f;§o£\\models in this subgection and paint out the
X hem. o _ :

Using Machine Angle as Reference

discuss bo

connectio

-
-
s

{
The reference frame chosen 1s the generator angle of the nth
A ) a

machine; ASy- That 1s, one establishes N-1 angle diffgrence:/

Adi = Aﬁi - AGN , 1=1,2, ..., Nu{ﬁ . {(4.4)
- 5 | \
and N-1 speed difference ) .
~ () - . .
Awi ‘?. b emn , 1 =1,.2 ..., 81 . ¢(£.5)
’ r
% .
* . ! !
&a g
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Next consider the N equations of the form represented by T4.1),

and subtract equation N from equation i to get

. . AP AP AP AP D D
Ami - Awk = ( Hmi - Mgi) - ( L EN) - (—l Aw, - X dw

C R T Ry Ty Tt TR ) 0

Now the left hand side of equation (4.6) is simply Aw

i How-

evet, the right hand side contains all N speeds. Let us consider the

-

case of uniform damping, the last term on the right hand side will bg{

)
written as
’

B(Awi - AwN) - BAwi.
Iy

The state variable will now be

- [ - - 6 - - - e - s T
R O N LEREE T WISE T NERE Se SN Sjr mery ST 8yl
The state equations will be
. 51 = 2 fogﬁaf
" y L]
) .&- 1 ( — -1 - - -
W L (AP P ) 1 (AP AP ) BAw y (4.7
i M, mi gl My aN gN i A

/ . ' A _ L)
../// )/////// i=1,2, ... , n
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Now, equation (4.3) must be written in terms of .the new
varlables, {i.e.,
)
/
[ ] : I
-2 - \ ~ -
aés 30
S SN S A ---J (4.8)
ap 3P -
AR, o T 4 A9 J
J SR I A
-~ _ )
. where 9i 61 6N , 1 1, 2, , K
L
and .
-
- i [611 62! ] GN_I]QB [al‘ 82' - ex]
#
‘ ’ The next step is to expre a\Afé in terms of A§ and A?_l. This
can be written as - /
L Y ‘ 3P 3P 3P, 1-! 8P ) ~ 8P [aP -l
ap = B e s+ B | | ap
3 38 38 a8 ' 38 38 {38 |,
or "
~ AP = [T]as e, (4.9)
&
The model becom
BN
Q_ S (‘ b , | .
. e : ' .
R x(t) = [a]x(t) +[B]u(e) (4.10)
/ . L
”
J . A 4
- i .
- - -
- N / ¥
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where : [
. ) o
+*
@ - E B » >
he 88 AP {
x = -t > u = -- .- //
Aw Agl
] }
0 V2af I 0 0
| o .
A = ---—:-—---, B = ===
-MT 1+ =8I M | M
i i

%

\
i’tIH_ flp-

>

1 1
0 0 e - =
My My
L 4
&
- = -
4.2.2 State Spage Model in Center of Angle Reference Frame \ -
. -
-An alternative way of viewing the model 1s through what is
called the cBFer of 1inertia o;: center of angle (COA) formulation. ‘
. ’( This was propoged) by Stanton -['la@ As we shall see, this formulation
‘ _ -
is particularl _/suited for the aggregation of generators used in
i = -
' coherency equivalents. s
7‘-;\\ . [ . r
. \ - - : \ i~
—
2 ~ i 5



Assume that, there are N » min generators in the power system,
the first m being the study group and the last n = N — m being the

external group.

Define the center of angle 8o 3

1 N
°HT-Z;+

8 M 61 (4.11)
‘ [}
, N .
where . U = 7 M
HT *{emt] 1 .
L

LY
Also define the new rotor angle with respect to §, @

LEt __/ 61 - i b wi = mo_Q

L7 - i : EL
of &4 it follows that . . . -

\\\\‘“ where Ei's and ai's are linearly indepéndent since from the definition

N Lo N
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-

Equations in the new reference frame\hse)obtained after some

manipulations and for assuming uniform damping case as
" )

LY

) . é////ﬁ_—
Adi waal . - (4.13)
)
A; - l—;(AP - AP ) - l—-(AP ~ AP _) - BA- (4.14)
1 M, o gl’ M CaT gT “q )
3P ! 3P
- AP | Ad
4 ; ) '__& -
v - s _ _-.238 _——
; P | 27 £ ‘ (4.15)
AR — A9
~& — v =
38 3e
LN
where -
5 8§, - &
S 1 i e =12, .00, N-1
/// ©y vy T “s ) b
L
\\
. 4
- : ¥
BJ~ aJ‘—so‘ J =1, 2, . K
. . s
- - ) -7 c
, i [61 » 621 . L] N-I] .
‘ = -~ = ~ . T
" _a_{l' [81 . 82- . ’ BK] +
Y :
) MR ;;_ .
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where

T
[Pgl’ sz' hd ’ Pgn]
T
) S S
(Pe1 Py ok
g N
P , = J P
fept1 B gl e+l 81

It .

IS SN
N-1 N-1
t
1
0 | zwaIL\"l
_________ -, - — o -
- |
-HT -
: ol N1
1
]
:
e o9
- 1 -
M ' Ld ML -
. | B
- 1
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with,

’—D o 1
M, | M
1 1
0 i =
1L
o g
Hp
**
.
MT
L
0 Mo
aP. 3P ]
AR
3§ - 38 3

A

S

"

5

o

Note that equation '(4.16) is ldénticak to equation (4.10) with

~ . u'
substituted for M. Thus, the state space representation for the uni-

form damping case 1s the same whether we take the machine angle or

center of angle as reference angle.

However, one should remember that

inge case of non-uniform dgmping, the COA reference equations do not

lend

themselves to a neat representation.

-
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The linear model plays an important part in both coherency and

modal analysis, although the role in the two methodq/ls quite diffe-

-
[

rent. If ‘the dynamic equivalent is produced using ‘the modal analysis
technique, the iInternal system 1s represented in detall, with each
generator being described by high order (seven or more) linear or non~

;

linear differential equations. The external system is divided into

-
~
1

; subsectiops and each subsection is représented by a linear modé;. The
principle of aggregation described in Chapter 3 is then used to reduce
the order of:each—linearized subsection of the external system.. In the
coherency method, a iinearized model of the entire power system, inter-

nal system and external system, is subjected to a disturbance and the

coherent generator groups are detetmined. Those generators that are

coherent are then replaced by a single "equivalent” generator, and a

*

linear or non-linear model can be produced. Thus in the coherency
approach the linearized mpdél 1s used only to determine which generé?)
}//;,/ tors swingx\together ’1n response to a disturbance. A This cohéren;
behavior could just as well be determined using a non-linear model of
\\\\hﬁﬁ——\\“‘“~ ‘the system, ﬂut thislwould{ ;f course, be comgjtationally much more

experisive. The justification for assuming that the linear model of the

power system-captures the coherenéy behaviour of the system is givén in

reference [32]. —
T e _ o .
, :L:.L .l 4.3 Cohgrency-Based Dynanmjic Eéuivalents
B . The concept of forming reduced o;der dynamic equivalents using
~ . c;herency was first introduced by Chang and Adibi [5]. They defined
. . .
’ \
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two machines to be coherent if there exists a constant cijLSUCb that
Gikt) - Sj(t) = c.ij for o <t < ty
\ /
A\gFoup of generators is said to be coherent 1if each palr eof generators
in the group is cohmrent. The principal work im coherency ﬁas been
done by Podmore and’ rmond [32]. - The over;11 procedure for forming
coherency-based dynamic equivalents can be divided into four basic
steps:
(L) The study system is‘defined.
(11) A disturbance is;applieﬁ to the power system and the coﬁerent
. groups are detérmined. The coherency of both gengrator
1ntefnal ana terminal buses 1is of 1ntérest. The coherené; of
the generaﬁor terminal buses forms the basis for the_netw;rk
reduction step. The céﬁerency of the generator internal buses " e
r 1s assumed.in the dynamic aggregation step.

(iii)‘ The static ‘negbork equations are r dﬁced Iin order by first
replacing all the coherent geﬁeratq;/termiﬂh} buses.by a singlg
equivalent bus. The cqherency-ba§ed reduction'of the generator
buses can be‘rigorously and mathematically expressed as a power

- 1hvariant transformation of the network admittancé equations on -
' -

the [ basis that certain voltages are linearly dependent.
. 9 . .
Second, node el{EinTZion techniques are used to remove as many
1b

- -
load buses as poss

The network representing the qi;ginal power systemn 1is

‘

naturally very sparse. When a network reduction is performéd

N



(iv)

. Q. -

and |buses are® eliminated, additional equivaleat 1lines are

introduced into the network. Thugig boint is;reached at which
P ,
the elimination of additionalligié_busts actually increases the

number of non—zeri/;axm&_lp/qhe admittance matrix, i.e., the

equivalent network may have many more branches than the origi-

,nal\gne. Since the computation time is roughly pébportional to

-

the number of non-zero terms %g_ghe admittance matrix, load Dus
\

v k)

elimination 1s ended at’khe polnt where the number of non-gero

W : -
terms in the admittance matrix begins to increase. Recenedy,

sparsity techniques #ave been .épplied sutcessfully to Ehe\
‘ .

. ©
network ;edizf}on problem in order "to minimize the number of

branches .whi are 1n;roduj$d.into the equivéﬂént network [Y].

/
The generators at the coherent tdees are repla@fg@:i ong or a

-~ ’ H M
small number of equivalent machines at the equival te nal

bus. One equivalent machine will be used at the bus L{f the set

teristics. A ™small number” of generators will be used 4 the

coherent generators are of very different respohse characteris~

- -

tics. For instanck, if the set of coherent generators ‘include

both steam and hydko units, then two equivalent generators will

be used at the bus since 1t has been found empirically that a’

f) .

of coherent generators are similar enougH Fn response charac-

’

78

satigfactory single machine equivalent for a groupnof genera- .’

tors‘ that 1include both steam aqd hydro cannot usually be
' ' g
found. The criteria for an acceptable equivalent model of

generating units, from the dynamic viewpoint, 1s that its
v ' -

’
o

l'."



electric power output response matches the total electric power
coutput of the unit it replaces, and that thé voltage response
at its termhnal bus matches the voltage response of the bus
with the individual unit models. The aggr;gation method relies
upon the consideration that the units to be aggregated, being
attacheﬂ to the same bus, have the same terminal voltage: and
the éssumption that these units, being coherent, have the same
sseed. Thus, every excitation system among a group of coherent
units wmeasures the sgame Input wvoltage signal. Also, every
governor-turbine system among a group of coherent wunits
measures the séme input speed signal. . ?he equivalencing
pfocedure assumes that each generator in the group to be
equivalenced can be represented by a block diagram of transfer

.

functions of the same form. The equivalent machine is assumed
to have‘a block diagram of the same form; and an identification
procedure, based on least square error, is used to identify the
parameters that best :ﬁatch the frequedc; response (or time

response) of the equivalent machine to the cummulative

frequency responses(or time response) of the coherent group.

Also, any of the wmodel reduction approachés mentioned 1in
Chapter 3 can be used to obtain the aggrefate model. This will

be 1llustrated in Chapter 6.
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4.3.1 Structural Conditions Under Which a Group of Machines Behaves

as a Single Machine

Some more recent work by Dicaprio [14,15] and Dorset et al.
(l6] defines a structural condition under which a group of generators
responds to a disturbance outside the group as if it were a single
generator. These conditions are fundamental to an understagding of the
relationéhip between ccoherency and modal dynamic equivalents.

Consider the power system network.of Figure 4.1. Dicaprio
shows that if certain structural conditions exist in the power system
at time t = 0, then no matter what disturbance occurs in the internal
system at time t > 0, generators Gy i = 1, ... n of the external
system will remain strictly coherent, for all t > 0. The conditions

that must exist in the system of Figure 4.1 at t = 0 are:

E o o] E
ﬁ Ti eIy T8 . ﬁ Yok C(417)
for any 1 = 1, 2, ... , n-1
any k=1, 2, ... , m
Dicaprio calls lhe conditions specified in (4.17) the condi-
tions for "theoretical coherency in the large”, with “iarge" meaning

that the conditions inply coherency for the nonlinear representation of

the system used to derive (4.17), namely the algebraic equations

[ ) [ o | ] [ ]
lK YKK ! YKn !K
1
O [ T IS v N A (4.18)
|
I
En J YnK T Ynn Eﬂ J
]
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plus a second%rder differential equation of the form

for each generator in the system with

Ix

=]

L:!

L’m

an

Kn

a K x 1 vector-of the currents fnjected at the boundary
buses

a n x 1 vector of the currents injected at the internal

buses of the n generators of the coherent group.

"a K x 1 vector of the voltages at the k boundary buses

an x 1l vector of the yoltages at the internal buses of

the n generators of the coherent groups each with

magnitude E;, phase angle

a K x K matrix of the admittances between the k
boundary buses.

a K x n ﬁgtrix of the admittances between the k
boundary buses and the n internal generator buses of
the coherent group

an n X n matrix of the admittances between the n
internal generator buses of the coherent group.

T
Ynk

g1



ml
of the ccherent group
Pgi the electrical output power of the generator i of the
coherent ‘groups
My the inertia constant pf generator 1 of the coherent

groups.
LIS
The coherency that results from the satisfaction of condition
(4.17) will be referred_to‘as strict geometric coherency (SGC) because

it results from the structural geometry of the network and load flow

conditifons. These conditions are purely hypothetical in the sense that
they could probably never be satisfled exactly 1in any real power
system. The utility of an approximate satisfaction of these conditions

can only be answered empirically. It 14 interesting to note that the

most important use of the cenditions (4.17) comes from their trivial

satisfaction when the Yy are very -small. That is, conditions (4.17)
explain conceptually the well known empirical fact that generators a
long electrical distance from a disturbance accelerate together, even
if their iéertias are different.

The second type of <coherency, will be called strict
synchronizing coherency (SSC). ‘This type of coherency results from a
group of n‘machinesﬁbeing very tightly interconnected. Its utility
when approxiﬁately satisfied has been well astablished by Podmore and

' AY

others.

Dorsey has shown that those conditions yield'the same .result 1f

the .equations for the power system are linearized about some' stable

82
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point. Consider the state space representation of (4.10) and assume
that load buses can be in the following locations:

(1) In the part of the power system outside the external

group.

(2) On the boundary between the external system and the study

' system.

" That 1s, that all the load buses and generator terminal buses of the
external system have been eliminated and only the generator internal

buses remain. Consider now, the N-1 differential equations

-~ -~ K -~ -~ -~ AP
Aw = -[MT]AQ - [8l)aw + [M : ML) 'A;m‘ {4.19)
-

-

of edhation (4.10). Then partition the matrices of equation (4.19) as:

- -~ L]

| . "
A_f-ﬂm - (HT)II ; = (HT)IZ Aém - BIU! :- . -0— AE(_L):n--
I R B T B P . .
Awn_l = (MT)ZI b= (HT)ZZ Aén_ 0 . BI Agn—l
-~ ' p4
+ SR - - | (4.20)
Hz ' (HL)Z Agﬂ
1

where m {s the number of generators in the study system, n {s the num-
ber of generators in the external system. Considering the assumbtion
mentioned above concerning the locations of the load buses, Dorsey has

shown that SGC and SSC are assoclated with structural conditions on ome



of submatrices of ~(MT). He proves that SGC causes -(MT),; = 0. Also,

that SSC qauses —(HT);; + 0 in the limit as n-1 interconnections among

group of n generators are progressively stiffened. Then, SGC can be’

considered as a loss of contrellability condition between generators in
the shud} system that can be disturbed and those in the external group
that swing toéether. This loss of controllability permits  eliminating
eigenvalues by modal analvsis rules for fofming dynamic equivalents or
aggregation of the group of pgenerators satisfying SGC by cpherency
based methods. Klso. it was shown that {f the system can be subdivided

— .
into groups of generators that are stiffly bound and thus satisfy the
SSC condition, the magnitude.of imaginary pafts of elgenvalue pairs

]

that describe the oscillationg within such groups are large compared to
the elgenvalues that describe the intergroup oscillations. As the
pover system model has ‘;o modes that are highlx damped and decay
rapidly to zero the singuiar perturbation ‘approéch is not directly
applicable to the‘power system model. Howevef, Chow et al. [11] have
shown that this same approach can be applied to the case where. a system
contains a set of lightly damped high frequency modes. Thus, this SSC
condition causes the two time scale condition required for singular

perturbation dynamic equivalents. Also, Dorsey has identified a third

type of coherency called Pseudo coherency (PC). This is reflected in

the lincar model by the fact that the condition for PC 1is (—MT)lz = 0.

This condition causes the external group to appé€ar to swing together

[

(even though 1t doesn't) based on the observed effect of such

oscillation, in the external group on the study system. The conditon

i

.
ol



can 5& applied to eliminate eligenvalues in the_external system based on
the loss of observability mode elimination rule for producing d&namic
equivalents. In [168] aﬁ algorithm has been geveloped for detecting
coherent groups based on S3C and based on HSSC/SGC using the rms
coherency measure defined as
c,, = + L

Ke n

T ‘
- 2
T E {Of [551((1:) Aﬁl(t)] d.c} (4.21)

?

where E is the expectation operator. The expectation operator appears,
because as shown in {36], the optimum disturbance for detecting
coherent groups that depend on the power system structure 1s not

deterministic.

The method of forming equivalents by the use of coherency has

been reviewed 1in detail in this section. The motivation for deing so

i
[

I1s that this equivalent {s the one most widely accepted and used.

’

4.4 Modal Dynamic Equivalents Technique

The main work in forming power system equivalents by modal
analfsis has been done by Undrill [52].

For purposes ‘of applying the modal analysis technique, the
power system 15 divided 1into a study system and one or more external
systems. The study system l§ that area where disturbances are to be

applied and where the response of machines 1is to be observed. It 1is

modeled in derail.

<

.
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The exéernal systems are not of direct interest in stablity
studies‘;nd are important only insofar as they affect the response of
the 'study system to disturbances within the study system. It s
therefore desirable to represent the external systems by equivalents.
The key step in the modal anaiysis approach is to define the

buses that connect the external system to the study system and the

other external systems. A basic set of assumptions {s needed in order

‘to make the problem mathematically tractable. The first assumption is

that the buses that connect the study system with the external systems
are far enough removed from the site of the disturbance, for the loads

of the external system to be modeled by linearized current-voltage

characteristics. The second assumption 1s that the disturbances

L]

propogated into the external system are sufficiently small to allow its

generators to be modelled by linearized algebraic and differential

equations. Within the assumptions cgncerning linearity, each

generating unit in “the external system may be modelled to any desired

degree of detail.
Implementation of the modal analysis dynamic equivalents
consisgts of:
(1) The construction of a comprehensive linear differential
equation describing the externgl system.

(11) Transforming the equations into a simplified canonical

form.

(1i1) Reduction of the order of thé canonical form equations by

o the deletion of selected natural modes.

()
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The comprehensive linear differential equation takes the form:

where

X

- ;
The integration of the reduced linear differential equa-

tions, in conjunction with the nonlinear differential

equations of the study system, to give a simulation of the

study system as it 1s affected by the external system.
4

L] - +
x A x+ Biv,

(=3
i
]
[
| =

+ D

é!T‘ (46.22)

is a vector of state variables sufficient to describe the

behaviour of the external system.

Avey and AET ;> are vectors of the current and gbltage

changes at the boundary nodes between the study system and

external systém.

wgp

the sgpeed deviation of reference gererator in the exter-

nal system.

The

diagonalized state equations are obtained from the

linearized state equations (4.22) by obtaining the eigenvalue, and

eigenvectors of the A matrix and performing a canonical transformation

to decouple the modes. Using the transformation,

x = [Vly . (4.23)
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the resulting equations have the following form:

~
1

-1
+
Ay + V"B av,

5

AT, = CV y +Dav

(4.24)
N

w = EVy

where A = V'IAV

To avaid handling complex quantities. the following algorithm

18 wuseful for determining V. This algorithm was wmentioned In

Chapter 2, and is presented in this section for clarity.

(1) Perform eigenanalysis on A, 1.e., find U such that
AU = diag [x;, X, ... A,lU.

(2) Suppose }1 is real and l1 and Aj+1 are a complex pair

for some {1 and j. Then the ith column of V 1is taken as

the 1th column of U and the jth and j+1St columns of V
are taken as¥ the real and imaginary parts of the jth
column of U.

The reduced state equations ;re obtained from the diagonalized

state equatioﬁ (4.24) by eliminating selected ‘modes.
Some of the grounds for deleting specific modes are:

1. The negative real part of any eigenvalues of the system

matrix-for the linearized state model, corresponding to a

. particular mode, 1s very large.

g8



2. The corresponding column of [C][V] contains such small
numbers in relation to other columns‘that the mode may be
assumed unobservable.

3. The correéponding rows of [V_l}[B] éontains such small
numbers in relation to other rows that the mode may be
assumeg uncontrollable.

In Chapter 6 the component cost analysis presented fn Chapter 2

will be considered as a criterion for deleting the unwanted modes.

Once the required selection of modes to be retained has been.

made, equation (4.24) can be rearranged in the form:

NI

T

11 - 0 l\l 0 ll + el
12 0 0 AZ 22 82
T - - ST (4.25)
_ -
AL, z

= -H ¢1 62 .Z.l
wR_ ,_zz
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where

-

z subvector of y to be retained

-

Yy subvector of y assumed to have fast response and Jump
immei}étely to steady state.

)2 subvector of ¥ assumed to be zero.

Now, assuming y, = O and y, = 0, the form of the reduced-order
1 ¥2

model 1s as follows:

z = Fz + GAy,

(4.26)

+
I

w_ - | H 051)\1‘131} J[AET]

There are several points worth noting about the dynamic
equivalent. First, the dynamic siﬁulétion of the power system requires
the simultaneous integration of the differential equations of the study
system and the external system. The integration of these equations is
straightforward, once the input Avyp has been determined.,_ The
determination of the vy ‘requires the combined solution of the

algebraic network equation for the study system and the  external

system.

Second, the modal analysis technique determines a linear
equivalent for the extérnal systém.- In the coher;ncy method, by
contrast, the ‘equivalent can be either linear or non-linear. In one

respect this Is a drawback. However, an advantage 1s that a reduced
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order model can be found for a group of generators that are not
&
L
necessarily coherent.

Third, the {nput to the modal equivalent model are the voltage
4 -

difference Avp at the boundary. '

There are some significant disadvantages to the modal approach
that also deserve some attention. First, the order of the gxtérnal
system to be equivalenced must be limited dbe to the cost of computing
eigenvalues and eigenvectors. Second, 1t may be difficult to‘give the
aggregated variables z(t)  a physical interpretation, furthermore, 1in
aggregation some of the original structure of the problem m#y have been
destroyed, leading, for instance, to the intro&uction of nonphysical
coupling. ‘ Th}rd, th; form of the equivaient is a linearized state
vector model and cannot be‘rgpresented in terms of equivalent power
system components. These equivalents c;nnot be used witﬁput modifying
present transient stability programs. Fourth, the step disturbance of
voltages on bﬁundary buses does not describe physical disturﬁaﬁbe in
the internal system and thus the modes eliminated may be quite
different if based on some general deterministic or probabilistic mosel

of- actual power system disturbances.

4.5 Summary

This chapter has established a linearized model for a power
system and then described, in some detall, the two primary methods of

forming power system dynamic equivalents, nipely coherency and modal

analysis. It has provided the basic understanding neéesaary to
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discover the connection between these two approaches. An algorithm,for
obtaining power system dynamic equivalents will be presented ia
Chapter 6. First, the coherent generators will be identified using
component cost analysis. Second, dynamic equivalents of each coherent

‘group will be obtained using a proposed aggregation procedure.

X y

s
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CHAPTER 5
A UNIFIED ALGORITHM FOR MODEL REDUCTION

OF LINEAR TIME INVARTANT DYRAMICAL SYSTEMS

5.1 Introduction
The gbal of. this chapter is to combine the method of aggrega—

tion, discussed in Chapter 3, with that of moment matching, in such a

way as to

ecure the separate advantage of each technique while simul-
taneously removing their disadvantages. It\~has become increasingly
clear that -there are common features™ between the different model
reduction techniques. For example, gyst of the mq?al and projection
techniqued are subsets of the more general aggregation technique.
Similarly, most of the series expansion techniques can now be classi-
fled as wvariations of the Padé approximation. A large class of
continued fraction techniques have been shown to fall within the larger
class of Padée approximation [31]. The Pade methods, however, initially
suffered from a serious‘drawback in that the stability oﬁ the simpli-
fied model could not be guaranteed. This drawback was removed by
Hutton and Friedland [24] who 1{fntroduced the Routh approximatien
method. This method has been genefali;ed and extended to multivariable

system in a recent paper [41]. A brief discussion of the Routh

approximation technique will be presented in Section 2.

[

93



An algorithm for obtaining reduced-ordér models for
single-¢nput - single-output systems will be presented 1in Section 3.
This procedure does not require the calculation of the system eligen-
vectors. Furthermore, it gives one the opportunity to obtain reduce?-
order models which retain some specified eigenvalues while matching the
first r time moments of the original system (r 1s the orde£ of the
simplified model).

A numerical example of a synchronous machine connected to an
{nfinite bus is presented in Section 4 to {llustrate the application of

this reduction technique.

5.2 Routh Approximation Method

5-2.1 Frequency Domain Routh Approximation

" Consider a scalar linear system represented by

G(sg) = - (5.1)

The transfer function can be expanded as

»

§1W(s) SoWy (8)Wa (s5) anl(s) .o Wn(s)

+ o + (5.2)
8 ] 8

G(g) =

-

[y

vwhere §4» 1 = 1,2, ... o are constants and



(5.3)
Y, 1

for 1 = 2,3, ... n; however,
Y1

pal If an rth order model 1s desired (r<n) the

for 1 = 1 the first term in the expansion

Y1
is (1 + ;—) instead of
y—& expansion (5.2) is truncated after r terms.

The y and § coefficients for the expression (5.2) are obtained

by employing the procedure of Hutton and Friedland [24]:

5.2.2' State—Space Routh Approximation

Let a phase wvariable representation of (5.1} be

I
[}
&
+
[e-]
[~

. (5.4)

A Routh canonical form of

realized and in the following form ' -

f<o
N
=
|<
+
=
|e

(5.5)



where the system matrices are given by

g -3 0  —yg --..- v, (17
0 0 Y3 0 Yg eees Yn 0
R = Y1 ~Y2 Y3 o) Y5 ce--- g - 1 for n odd
0 0 0 0 Yg eeenn Yo 0
-1 Y2 Y3 T Y5 e i R
- - (5.6)
or
0 Y2 Yy o ..... Yn_] 0
Y1 <Yz Yy e Y, 1
R = 0 0 0 Yy, 0 eees Y, M- 0| for n even
Yy Yz Y3 Y4 e i 1
-1 Y2 T3 Yy Y5 e =y 1
. n L] (5.7)
and
E = [6; 6 -+ 8] (5.8)

The required linear transformation v = Px can be derived from

the Routh table, as shown below. The Yy coefficients are also



determined from the Routh table. Let the characteristic equation-of

system (5.4) be given by

0

al 83 85 --------- an-l 1
82 aq 3.6 an 1)
2 2 2 for n even
ag aj) az 1 0
ag_l 0 0
ag 6]

The vy coefficients can be determined from Routh table as
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The linear transformation matrix P can be developed from Routh

table as
[ a 0 a 0 0 ... 0]
2 2 4 2 % 2
P - 0 ao 03 8,1 03 82 ..... 1 (5.9)
0 ao 0 al 0 ..... O
L 0 0 . . . 1_

for n even

For an odd order n the 1last column of P 1is replaced
[1. 01 ... 1]T. If an rth order model 1s desired it can
obtained by discarding Vsl V2o --»» V. state variables
(5-5). The value of r should be even for an even order system and
for an odd order system. Let the state variable representation of
reduced-order model derived by a truncation of (5.5) be given by

following equation

[bae
¥

15
+
0

=

L (5.

I
|
o =4
N

where F = KRKY, G = KM, H = EK*

(5.

and Ko» [1p:0]py

by
be

in

odd

the

the

10)

11)

38



Thus

'z - KE = KPx = Lx

For the Routh approximation procedure an evaluation of .the
system elgenvalues and eigenvectors is not neceséary. the reduced model
1s guaranteed to be stable if the original model is stable, models of
all orders can be computed recursively, and the impulse response energy

of the model 1increases monotonically with an {Increase of the model

order r.

5.3 A Proposed Procedure for Obtaining Reduced-Order Models [20]

Consider a 1linear time-invariant system described by the

equations
x = Ax + Bu (5.12)
¥y = Cx (5.13)
where xeR", yeR®  and ueR*  are the state, output and ‘' input

.vectors. respectively.
The first step is to transform equations (5.12) and (5-13) to

the controllable canonical form or the observable canonical form [34].
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In this chapter” the procedure will be described through the
controllable canonical form. '
5.3.1 Case of Single—Input Systems s

We shall first consider the case’ of a single-input system

defined by equations (5712) and (5.13) and completely controllable from

its only input.

»

Since the system is controllable from its sole input, we know

that there exists a transformation matrix [M] (x = Mx) which converts
the matrix A into a companion matrix A, and)the matrix B Into B, with
-1 7 1

B and C = M

A = M AM, B = M (5.14)
where
0 1 0 ...e..... 0 0
A = c 0 1 . B =
' 1 0
[al o VY —a_ )\
cC = [Cl pC2 sevea e Cn]

ico
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In this form, the characteristic equation manifests {tself

directly as

Now. apply the following linear transformation

x = P (5.15)

z
/
where
(p] = [P }[Py]

and P, Py and P, are matrices of order n x 1, respectively. Also. the
structure of the matrices P, P, and P, is dependent on the order of the

reduced order model chosen. 1If the order of the reduced-order model is

r, then,
\ _ -
1 By By Bomp
K 1
0 1 Bl 82 ------ Br_z [} 0 i
P]. = T ! : . . ! (5-153)
[}
" )
0 1 Bl '
y o . 1 '
'y - - - - - - - =" - - -l- = - .
n-r 0 ! n-r., n—r
ioL v .




and
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f— —— n-r -
' 0 0 0
1)
! 0 0 0
]
t
|
|
]
I )
r.r
1 T
P, = ' _ T5.15b)
] 0] 0 -8
t r
e o e e e e = e e e m e -
! I
- 1 n-r,n-r
!
Using the above transformation (5.15), we get
.E - Ki'i-ﬁg
(5.16)
y = Cz
with
A = Plap, B = PlB anda © CcP (5.17)



103

where,

: 0 1 0 0 l i " 0
1
7’ 0 0o 1 0 - 0
. _ﬁ | X
- 1 A2 _
A = 0 0 1 \ , B =
- - - ( -
=a) "82 -ar 1 Bl‘
_____________ - = — - __
i 0
i Az) ' Ay 1
!
and
E, - [El ,Ez s a EI" vas C;] -
Using the following aggregation matrix
.z = {Ir:O] z {5.18)
the rth reduced-order model wi¥;§be
Z) = Fz) +Ga
(5.19)



) ™
where .
AN
3
[0 1 o0 0
0 0 1
F = , G
0
- 0 1
-51 —;2 . . - e —;r
and
H = [C],C0,C3, sevns c.l
<>
with
_ i-1
\ a, = (ai + i Bi-j aj) Br

1 jzl Bi—y ©;

[0

), 1 =1,2, ... r, and Bo = 0

(5.20)

{5.201)

The reduced order model represented by equation (5.19) always

matches the first r time moments of the original system.

?
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Also, the first r time moments of the reduced-order model are
independent of the values of B's in ;i and Ei
The proof of this result is given below:

+

DefinPtion: Consider a 1linear time {invariant system described by

equation (5.14), the time moments are defined by
-’ ’

T, = - ca (it

s i=0,1, ..y

N\

We can prove our result by induction. First, assgume that we

have an original fifth-order model, with

- - - -
¢ 1 0 o 0 0
A = 0 c 1 0 0O y B = 0
0 0 o0 1 o 0
0 0 o 0 1 0
T2 Ta; ~az -a, -~ag -~ 1

- 4 L. -

and
\

C = [cy1,e3,e3,04,¢5)
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;
< ¢
and 1t 1{is f{ntended to obtain a third-order model. Following the

procedure presented above, we get

with *

2 Fl
F o= o 0 1 c = |0
. "51 ";2 ";3 83
@
'and‘
~—
H o= [c].cp.c3]

where a and ¢ are defined by equations (S.ZOf/::;_(SiZI) as

a) L2 :1133, as b (az + Blal )33 and 6_13 = ({!3 + ﬂlaz + 8231 )33
El = Cl' Ez - CZ + Blcl and (—:3 - C3 + 61‘:2 + Bzcl
.,
¥ 4




-

and

The first three timgﬁa{ents of the reduced-order model are

The first three time moments of the original system are

<
*T?‘-{———
ay
1
- a
0 . o _ %
* T <
a a
1 1
A%
r‘*/!‘
/.
83 az.. C3
* = - = G — = =
K -C1[ a3+a2]+282 a
; 1 1 1 -

§

¢ c]

* T = = T B3 '—al . T
a,
a [od
3 . T 2 -2
* T <y B3 = = B3
. a a) -
ciay +81a1) T (ep +B1cy)
-—— Bg .-
= 2 2
al B3 v al B3 .
o v
. LT et
s A
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€1 3 €2 0
2 - 32 = Tz
2
;3 ;3 - & E3
*T3 7o - S YSTEIto = B3 = T B3
a g a; 4
(a; +8,21)° | a3 + 812 + 8,3
B S 3 3 P37t 2 .2 %3 /
a) 83 ay By e
\
(ap + Bra;) 2
+ (cp + Bycy) 7 2 B3
a) B3
C3 + BICZ + Bzcl .
- 8
a) B3 3
a% a 32 C3
Ty = ¢ - — + Y + ¢y L
al al al al

Thus the first three time moments of the original system and
the reduced-order model are the same, independent of the By

coefficients.



If a second-order model {s needed F. d'and H matrices will

have the following form

F = |0 1 G ~ |0]and H - [ cpey ]
-a) -a B2
where
aj = a8, and a; = (a; *8a)f,

cp = and ¢ = (e * Bycp)

The first two time moments of the reduced-order model are

T ! i )
1 a; B2 a, 1
2 ~ 4 €2
T, = ¢ 582 - T8
2 2y

(ap +‘Blal) 8% (cy + B:cl)
= cl e i e e e — Bz

af B2 ay By
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Thus the first two time moments of the original system and the
second-order model are the same, independent of the value of B8y
coefficients.. This proof can now be generalized through induction.

Following the above result, one is able to solve r algebraic
equations in r«8 parameters to obtafin a reduced-order model! which
satisfies one of the following conditions:

(1) The first r time moments and the first r Markov parameters of the

reduced-order model are matched to those of the original system

Definition: Consider a linear time invariant, system described by

equation {5.14), the Markov parameters are defined by

Ji = CA'B )

To obtain a solution for, the 84 coefficients which satisfy the above

condition, one must sclve the following equatien

Lg - J (5.22)



where L 18 rxr matrix with the following entries:

LD ey §o= 2, ., x
1-1
L. Crt2-(1+§) " kg_l IR-1 Bptkt2-(1+1)
1 = 2.3 cr and § = 1.2 ....r
B ™ (Bt BB ByB_ t eeececieiininn B, 81T
r 1%y 2%y r-1
T
and Jo= [Jg 2 Jyp ot o + J ]

\

It may be noted while the reduced-order model obtained 'by
satisfyling the above condition has the best fit about 8 = O (matching
time moments makes the steady state fesponse of the redu;ed model
clo;er to that of the original system) and 8 = = (matching Markov para-
meters improved the transient respemse), it does not guarantee the
stabilitj,of the reduced—oraer mode%j:f the original system is stable.
(2) The first r time moments of the reduced-order model are matched
to those of the original system. Moreover, the stability of the

reduced-order model 1is guaranteed if the original system is stable.
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This can be achieved by solving equation (5.20), provided that the
.

characteristic polynomial of the reduced-order model 1is known, {.e.,

51, 1k- l,....r in equation (5.20) are known. The characteristic

polynoélel of the reduced model is obtained by one of the.following:

(1) We start with the continue? fraction expansion, about the

origin, of the ratio of the even and odd parte of the
characteristic polynomial of the original system.
Truncation of this expansion after r terms gives the
characteristic polynomial of the reduced model, and
guarantees stability through the Hurwitz criterion
provided that the original system is stable.

(11) We obtain the zero§ of the characteristic polynomial of
the original system (eigenvalues of the system). Wg form
the charaq;eristic polynomial of the reduced modei from
the dominant eigenvalues. :

(3 The first r time moments and one Markov parameter of the
reduced-order model are matched to those of the original system,
prov;ded that the reduced-order model is stable if the original system
is s}able. The following procedure is proposed.

First, we obtain the rth_; characteristic polynomial as 1in

I3

(2). Second, we assign the rth zero (eigenvalue) so that the first



Markov parameter of the reduced model matches that of the original

system. If the rthoy characteristic polynomial 1is

th

the r characteristic polynomial will be

r

- 1
+
8 (a

r— - - -
_1+A-)s R (al+az,\)s+alA

where -1 1s the value of the assigned zero. Solving equation (5.20),
one is able to 6btain the value of By coefficients in terms of ).

Equating the first Markov parameter of the reduced model and
the original system we obtain the value of 1. Thus, we obtain the
value of By coefficients. Finally, we form the transformation matrix
in equation (5.15).

The first 2r time moments of the reduced-order model can also
be matched to those of the original system, but in this case, we have
to solve r nonlinear aigebraic equatibns.

.

5.3.2 Case of Multi-Input System

Consider the general case of a system having several inputs.

The control matrix B is then of dimension (n,f), 2 being the number of
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inputs. and the system is assumed ot be controllable from the complete

set of its inputs, i.e.,

-

rank [B, AB, ...., A Bl = n

~
Y

Two cases can arise:

(1) The system is completely controllable from a single input

uy, L.e., 1f 13 s the ith column of B (corresponding to the

input “i)’ the matrix [iB, AiB. .o, A“"l iB] is of,rﬁﬁEF;T—/’

The matrices A and B of (5.14) will appear in the form

0 1 0 0
1 0 1 I i 0. 1
: tp' 25! I-lp 0 1 (d+l) e
A = ,and B =[*B, <B, B, BI"B
0o 1 ' ! 'y :
—8y, By eeeeannnn. - _ 1
Lal az an- i |
Now, applying the linear trQnsformation
"

x = Pz (5.23)

where [P] = [P ][P2]([P3]



113

and [P;], [P,] and [P;] are matrices of order nxn, respectively. Also

[P;] and [P;] have the same structure as in (5.15a) and (5.15b),

respectively, while [P;] has the following structure:

- —a———— ~r~] ——————p |

™ =
1 ) pl2 Yo
rxr ) 3 '
P, = : - (5.23a)
- - - r 4_' . - - -— - - - L -
0 | Learyx(e-r)
L ' .

where, r is the order of the reduced model,
. £

r S n - £

P%z is matrix of order rxn-r-1. This matrix has (g£-1) non-zero columns

and the rest of the columns are null. For example, 1f o = 10, 2 = 2, r

is < 8.
Now, 1f we choose r to be = 5
~ 4 -
, Y11, I
) by
: 21
JE 0 oot 0 5
] ]
Py !
L ,rl i Y

Pl



116

Consider that the original system is completely controllable
from the first input. Applying the transformation (5-23) together with

the aggregation matrix (5.18), one is able to obtain a reduced-order

model which has the following form $

0 By ceerienion.. B
21
G = 0 By,
8y Bzr sor

It {s important to know that,
- The value of gy coefficients will be obtained as in
single-input - single-output case.
- The first r time moments, with respect to the first
input, of the reduced-order model are matched to those
of the original system.

= The columns of matrix G, except the first column, are

linear function in y; coefficlents. .

s
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.
L]
aa?
-t

- One is able to obtaln a solution for the vlaué of vy
coefficient so that, the first r time moment, with
respect to the second, the third, ...., and the £th
input, reSpectively, match those of the or{ginal system.

(2) The system is controllable from the whole set of inputs.

In general, the system will not be completely controllable except
through the action of several inputs. If a system is controllable, it
i1s always possible to partially decompose it into k subsystems (k 1is

less than or equal to the number of inputs £) such that

S, reacts on subsystems Sk-l' savesssssy, 31, 5)

5, reacts only on S;, where Sk denotes the kP system

The decomposed matrices A and B will have the following forms

- N
Ay A, A, _ B o 0 X /
2
A = | 0 | Ay Ay , B =l 0 B 0 X
~ k
0 0 ALk o o "B X

where the matrices A > Aij and i have the forms

0 1 0 0
0 0 1 _ 0 4
Ay, = - , A - 0
ii‘ "1 13,i/1 0
i i X X X X X X
E -a 1 =a 2 —a : L .J
. )



118

‘ and

In particular, {1t can happen that the abov$_ structural
decomposition leads to the number of subsystems being equal to the

number of inputs £. In this case each column of B contains only one

non-zero element, which 1s unity.

Having decomposed the original system into controllable subsys-

tem, we apply the following linear transformation

x = Pz : ' (5.24)

with

P = 0o Z2p ) 0 (5.25)
0 o0 o |*
¢ o0 kp

where the number of subsystems k 1is less than or equal the number of

inputs 2. . :



In case of k is 1less than 2, the sub-matrices 1P in
equation (5.25) has the same structure as that of P in
equation (5.23). However, if k is equal to the number of inputs, the
sub-matrices 1P {in equation (5.25) has the same structure as that of
P in equation (5.15). At this point, each subsystem is decomposed iato
two smaller subsystems, 1.e., the state vector 2z of the transformed

system has the following form

where #51 are ‘the state variable§ of the 1 subsystem to be

retained in the reduced-order model, 1 = 1,2,...,k.
» By using a nxn permutation matrix, we rearrange the state

variables in equation (5.26). Thus, Z can be rewritten as

1 2 K
z = [lz; 2g Y2z Tz 2]

Finally, we apply the aggregation matrix given by equation
(5.18) to the system described Sy the states in equation (5.27).
- | Some observations about the reduced-order model obtained are
(1} The first r, time moments, with respect to the first input
of the reduced-order. model are matched to those of the
~original system (r, 1is the order of the reduced-order

hy
model of the first subsystem). -

(5.27)
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[
(2) A_numbgg of time moments (equal to the minimum of ry. and
— -
.ra, r3 1is the;ﬁ ‘ of the¢ reduced-order model of the
second subsystem),&th respeé:t to the second input, of
s thg reduced-order model ate matched to those ; of the
original sysfem. "///

(3) A number of time moments (equal to the minimum of
), Tp,... and rk), wifh respect to the kth 1;pué, of
th;\‘?éduced-order mogél ére matched to thsse of the
Qriginal system;

S.A Appiication to Power Systems

5.4.1 ' A Synchronous Michine Connected to an Infinite Bus
r

The system to b

infinite bus

synchronous machine is given 1in

studied is that oflqne machine connected to an

agsmission line. The model used for this

through ;ﬂ

ppendix 1.

" The synéhronous'hmchine to be studied is a 60 Hz synchfonous

machine with

.Xd

the following parameters:

s
= 1.79 pu ' xq = 1.74 pu
= D.165 pu xkql = 2,025 pu
o
- 1-796 ?u i xquﬂ-




The linearizqd state space repreéentatiod for this systeﬁ is

. ,'\\
= .7
%kd1 179 pu_
' Faliuns .
Ra | O.OOALRE/
(r/—‘"-—- 1 '
P b
del = 0.027 pu
f /
©
quz = .0.023 pu
B f Rated MVA = 625 1
l Rated Voltage = 20 KV A?
“""gh
Note: Reactance and resistan
20 kv.
. This machine 1is connected
infinite Pus voltage’ 1
0.85 Pf).
r 4 k]

given by:

Power Factor

\

Speed

to an

MBE
¥ Cx + Du

ce ;;EEEE“Brg\i:Hpu

0.001 pu

0 041 pu

2.0 pu

2.5 sec

0.85

3600 rpm’

based on 675 MVA and

infinite bus

v * transmi#fion line hajéggijﬁif?§50.02 pu and x, = 0.4 opn. The

$ 1.0 pu. The ‘machine loading is P = 1 pu at

»
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Wwhere

t . L
x0T [id ie. ikd iq lkql iqu §. w]
t L
u [Begr Tol
yt = [VL & w]t

and the matrices A, B, € and D evaluated for this specific example and
operating conditions are on the following page.
The procedure discussed previously-in this chapter is used to

obtaln two reduced-order models (two variations within the procedure}.

The first- reduced model is a third-order model with a characteristic

equatioﬁ obtained using thé Routh table.” The second.reduced model is a
third-order model with a characteristic equation obtained by éssigning
some of the original model efgenvalués. The reduced-order models
matriees are:

(1) The first reduced model is

5

0.0 . 1.0 0.0

F = 0.0 ' : 0.0 1.0

—0.27365x10"%  -0.36326x10"%  -0.43992x10"}

0.0 -0.3154204x10°

¢ = | 0.0 0.5923547x103

0.56R4x10"% 0.617799xL0\i)
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0.311035x1077  0.38929x107°  -0.3647x1073
~0.25662x1077 -0.2788115x10™° 0.327606x10~>
i 0.0 -0.2566x1077  -0.278x107°
[ 0.09674599 0.0

0.0 . 0.0

0.0 0.0

(2) The second reduced model is

{ o.0 ' 1.0 0.0

0.0 0.0 1.0
, -0.645018x107% -0.7747x1073  -0.5262872

0.0 0.9390718x10°

0.0 : 0.1038811610°

0.134424x10%  ~0.121047x10%

0.311035x1077  0.003517»107° 0.13472xi0™*

0.25662x10™’  0.037705x10™° 0.37666x10~"
| 0.0 'o.3zao9;10‘? 0.0469x1073
[ 0.09674594 0.0 | -

0.0 0.0

0.0 0.0 ‘

g

The elgenvalues of the original as well as the reduced models

are shown in Table 5.1. Also, the torque angle time response to a 10%

step change {In

Ty and the terminal voltage time response to a 10%

step change in Egy. are shown iIn Fig. (5.1) and Fig. (5.2),

respectively.
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6 ( p.u,)

.128 L

.081

.034

-.013  LifF

-.060 : L. . s .
0.0 2.0 4.0 6.0~ 8.0 10.0 time(sec,)

Figure 5.1 Torque angle {(p.u )} response following a 10X step

change in mechanical torque.

- ‘ original system
- - ~ reduced order model-l

...+ .Teduced order model -2
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T
T T I T Ll
vt( p.u.} ) \
.046
.032
i
.018
-
.004
-.010 L , . » 1
0.0 1.0 2.0 3.0 4.0 5.0 time(sec,)
]
Figure 5,2 Terminal voltage fésponse to a 10% step change ,
in field voltage. - (B
original system \) .
- - - reduced order model - 1 »

o
- veses Teduced order modidl ~-2
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Table 5.1 Eigenvaluestbf Original System as Well as Reduced Models

Original System Reduced Model ! Reduced Model 2
-0.00216 * j0.02768 -0.033343 , -0.00216 *+ 30.02768
—0.000836 -0.000836 -0.000836

~0.00967 ~0.00091 |
-0.09559

-0,0372 + 30.999
~-0,08069

All the eigenvalues are given in rad/rad. Note that there are
two pairs of complex eigenvalues in the firstxgqlumn. The first pailr
correspond to frequency of approximately l.66 sz they are damped with

\;\;?ﬁé/zans:ant of 1/(0.00216x377) or 1.228 s&ﬁ,; This complex pair and
the real eigenvalue -0.000836 dominate the:¥;;£§{knt response of the
system. The other complex pair corresponds'tégﬁiwery fast trahsient of
about 60 Hz, which is damped at a much faster‘géte. This is the 60 Hz
component Injected into the rotor circuits to‘balance the MMF caused by
the stator dc currents. Note also that the real parts of all eigen-
values are negative, which means that the system is stable under the
conditions assumed {n development of this model, small perturbation
about a quiescent operating condition.

In the second column, the pair of complex eigenvalues
(-0.00216 + 3j0,0276) has been approximated by the real eigenvalue

-0.03334, whilé’the other two real eigenvalues are almost the same as

-the two smallest real eigenvalues of the original system. Thus, the

N

-
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eigenvalues of the {gduced-order model obtained by Routh approximation
approximates those of the original system which have the smallest
absolute values.

In the tﬂird column, those eigenvalues of the original system
which dominate the transient response have been retained. As the
second rteduced-order model retains the doéinant eigenvalues and the
first three time moments of this model ;re matched to thogse of the
original system, we expect that its response to a step disturbance will
be better than the first reduced-order model. This is confirmed.from
Figs.’ (5.1) and (5.2) which show that the second redgced-order modal
has an oscillétory respbnsé as that of the original system. Also, its
steady state response approximates‘thac of the original system.

..‘.

5.4.2 A Synchronous Machine Connected to an Infinite Bug Through a

.

Tansmission Line with an Exciter

In example 5.4.1, we were not able to decomposé the original

. system into number of blocks equal to the number of Ilnputs because it

-

was controllable from each igput alone. Thus, we present here another
;xample of a system which is decomposed into number of blocks equal to
the number of inputs. in this example the excitation system is
included. The model used for the excitation 1is given 1in Appendix I,
In this example another synchronous machine has been modeled with the
following parameters [58]

= 1.7 pu = 1,65 pu

xd Xf
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x, - 0.15 pu xkql = 1.526 pu
xq = 1.64 pu del = 0.0131 pu
Xq1 " 1.605 pu Rf " 0.000742 pu
N-‘\x"r\\\
Ra = 0.001096 pu _ D = 0.0 pu
qul = 0.054 pu M = 2.37 sec
Rated MVA = 160 Power Factor = 0.85  Rated kV = 15 kv
Frequency = 60 Hz Speed = 3600 rpm
3 . -
+ <

This machine 1s also connected to an infinite bus through a

» 0.02 pu and x_, = 0.4 pu. The

transmission 1line having R a

e
infinite bus voltage is 1 pu. The machine loading is (P = 1.0 pu at
0.85 Pf). Note: Reactance and resistance values are in pu based on

160 MVA and 15 kv.

The excitation system parameters are given by:

T = 0.0l s i T = 0.53s

X, - 1.0 K, = -0.05
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T = 0.05 g T = (0.715 s

K = 40 K = 0-04

The exciter saturation is represented by the followlng

nonlinear function ;ﬁf
7 €

SE = 0.0039% exp (1-555 EfD)

A

The linearlized state space representation for that system is
A 1

~

given by

[ %
]
1
+
e

where

t
X Mgl gl 8w,V V3 Vg By ]

t
u " [Tm’vref]
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Two reduced-order models are obtained using the same procedure
as before. The first -red#ced model 1s a fifth-order model with a
characteristié equation obtained using the Routh table. The second
reduced model 1sya fifth-order model with a characteristic equation
obtained by assigniné some of the original model g}genvalues:

The eigenvaluggﬁaf the original model ps well as the reduced
‘'models are shown in Table 5.2. Also, the terminal voltage liqg
response to a 10X step change in V. ,¢ 1s shown in Fig. 5.3.

N

Table 5.2 Eifgenvalues of Original Systen as Well as’Reduced Models

Bleck No. Original System Reduced Model 1 Reduced Model 2

+

-0.0015 + 4§0.029 -0.0329 + j0.0203 -0.0015 + 30.029
. -0.0002 ¥ §0.0064 —0.0002 + 30.006903  —-0.0002 * §0.0064
1 -0.0986" -
" -0.09559 -
-0.0359 *+ j0.9983 ' -
~0.1217

+

-0.0037 -0.00369 -
2 ~0.0548 - ~0.0548

-0.2653 - i

All the eigenvalues are given in rad/rad. Note that there are

two pairs of complex eigenvalues in the first column which dominate the

-

4
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.160
.080 -~
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s Figure 5 Terminal voltage! rtesponse to a 10% step
change in reference voltage.' -
original system
' - < - reduced order model -1
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transient response. These pairs are =0,0015 * 30,029 anq/’f
-0.0802 * j0.064. The first pair of couwmplex eigenvalues carrespond to

the aft dynamics while the second pair r%spresents the 1nteraction_(lxqa
beeﬁeen the field circuit and the ei:lter. The reﬁl eigenvalues
-0.0037, -0.0548 and -0.2653 are related to the exciter parameters.

These eigenvalues correspond to the stabilizing circuit, the regulator
amplifier and the regulator input filter, regpectively. Although the.
stabilizing circuit has a small time constant it has a small gaiao.

This makes us consider the eigenvalue corresponding to the regulator
amplifier to be dominant.

In the second column, the pair of complex eigen;alue
=0.0002 + j0.006403 and the real eigenvalue =-0.00369 are essentially
present in the first column. Note that the reducéd-order models
obtained by Routh approximation may have non-dominant eigenvalues-
(-0.00369). The reason is they approximate the eigenvalueé which have e
tﬁe sﬁalzest absolute value. | .

In the third column, those eigenvalues of the original system
which dominate the transient response j;have beeﬂ retained. THus tEF
secppd reduced-order model retains the dominanéi eigenvalues and iés
Hteady' state response 1is matchéﬁ to that of tﬁe original system.
Figure (5.3) illustrates that the second reduced-order model responds
to a step disturbance better than the first reduceg—order model. Based
on the results shown in Figs. (5.15, (5.2)*and (5.3) and the charac-

teristics of the reduced-order models obtained using the procedure

présented in this\Ehapter, we may say that a reduced-order model which
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7
—Jretains the domiannt eigenvlaues of thé& original sys;:;\:;ﬂl respond to

a step disturbance better than the one which has a reduced-order

characteristic equation obtained from the Routh table. ’I

;,5 Conclusions

An algorithm for obtaining reduced order models for single-
input - single:output systems, as well as multi-input - multi-output
systems has been presented in this chapter. This algorithm combines
the method of aggregation with that of moment matc?ing, diécu{iié'in
Chapter 3, in such a way as to secure the separate advantages of each
technique while simultaneously removing their i disadvantages as
discussed in the following paragraph.

The meéhod of aggregation suffers from the drawback thétlan
eigenvalue/eigenvector calculation must be accomplished - for the
A matrix, which will- generally be a yﬁmetric. After trgnsforéatién to
Hessenberg form{/;;;;:%1 iterations ¢f the QR algorithm, requiring n?
ope;ation p iteration,'may be nee ed.to-determine each eigenvalue
[21,22,23[. Calculation of the eigenveétors will take at least as pag}
operations and thus the compute; time fnvolved™ become éroh& itife
for a large matrix (n > 50). It is worth n iﬁg that the procedure
presented in this chapter does not require 'the *calculation qf' the
system eigenﬁectofﬁgz Howefer, i£ requires Ehat the state equations of
the systep be transformed to either the controllable or observable
companion form. This transformation 1is quite Btraightforw;rd an& can
be performed in a routine manner. - voreover, “ifh ;his‘transformation

1 ;

/
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1
we may decompose the original system (multivariable system) into number
of blocks less than or equal to the number of inputs. This means that
in order to obtain the system eigenvalues, it is possible to solve for

the eigenvalues of subsystems wi;KﬁE‘gller order, 1.5:, it ﬁas.the

t

advantage of reducing the computation of the system eigenvectors and
- .

reducing the computatjon of the system eigenvalues.
P - L.

‘ : . L]
The reduced-order modelsggggg;ned using this procedure retain

L)
all the. good features of the method of apggregation, e.g., -
. : -

- A relationship between the states of the original and reduced
-y model.

= The invariance property under linear state variable feedback.

~ A stable (unstable) reduced model of a stable {unstable)

system.

Y

Furthermofe, thevfirst r time momen;s (r is the order of the Bimﬁli-

fied model) af'the reduced-order modél ;¥g/matched to t‘ se of the

original system. In the case of single-input - single-outpu; systems,

one 1s able to obtain .reduced mod?ls gdch that its first r Markov
~ ‘ :

parameters are matched to those of the original system.

'5 - Two examples of a synchronous machine conne;ted'EbJan infinite

-

bus (with and without excitation system) have been considered to 1llus-

this procedure. The time responses .of the

trate the applicatiop o
reduced-order models 6btai'ed to ag_&abtep disturbance indicate that they
| N

e o{f;;e original system, when the reduced

‘models retain the dominant eifepvalues of the original system. In case

are almost the same as th

Of.reduced-ordeg\mbd:IE\ﬂﬁfhined by using Routh approximation, the time

-

s <~ hY



~
responses to a step disturbat;ce differ slig}'{tly from those of the
original system. This may be due tec the farct that these reduced models
may have non—dominan;' eigeﬁva.lues of the original lsyst:em.

In general, ;:e may say that such reduced-order models combine

the excellent qualitities of both aggregation principle and moment

matching approaches. . -
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CHAPTER 6
ALGORITHMS FOR DETERMINING DYNAMIC

\ /

EQUIVALENTS OF MULTIMACHIRE. SYSTEMS

This chapter is divided into two main sections. In the first

6.1 Introduction

section, a new procedure iz presented to obtain a reduced order model

computed by aggregation techgiques which is a good approximation to
T

the original model. Moreover, a measure 1is proposed permitting the

recognition of the dependence of the state variables upon the dominant

elgenvalues. Those state variables which. strongly correspond ta .
dominant eigenvalues are chosen to be state vector components of ‘the

reduced-order model. The proposed method of reduction retains the

-

pﬁysical significance of the state, while retaining the important
elgenvalues of the original system. Aﬂ exémple of a synchronous
machine connected to an infinite bus through é transmission line isg
used to illustrate the results. ,
In the second section, a procedure for obtaining dynamic
equivalents of wmultimachine systems 1is proposed. This procedure
utilizes the £dea of component cost analysis, [44,45] for identifying

the coherent generators. It has the advantage of relating the

coherency measure to the parameters of the system and the statistics

137
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of the disturbance such that simulation is not required to determine
coherent groups.
Moreover, one is able to obtain a measure of quality of the
»

dynamic equivalence with respect to the original system. The

procedure has been appliéd to a system of 46 transmission lines,
e |

39 buses and 10 generators. This system {s a well documented model of"

the 345-KV system of the New England area [29].

6.2 A New Algoriihm for Model Reduction

6.2.1- The Proposed Algoritha

One appreach to determine a reduced-order mwodel 1{is to

decompose a linear time invariagt system

x = Ax + Bu
(6.1)
y = Cx
into two parts.as follows
.1 1 [ 1-
x| A A X B [E]
- = = +
‘ ' )
X Ayy o Ay [ X7 ] e
- C (6.2)
r.1
y ~ 16 | G ] "y
- X J

5.
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1

such that the state variables x* are the most sgignificant states of

the original system, i.e.f/:E:‘states to, be Eetained in the reduced-

order model.

The first step (is to determine the dofminant eigenvalues for
the system. The domi::h{ eigenvalues have been defined bgfore in
Chapter 4. They can be reliably found using the modal cost analysis
discussed earlier in Chapter 2.

In the second step, those state variables which:- are heavily

influenced by the dominant efgenvalues are found. |

This can be done by employing an.appropriateiy defined measure
as:

Aty

1 T ¢ ,
PO g | ey JZ by | (6-3)

1

where Wy is the kth entry of the gth right elvenvector

T h -
A 1s the 1P teft elgenvector transpose

b, 1s the jth vector of the B matr corresponding to the

4|
ith input : ’ L
m 1s the number of inputs.
The measure Pr{Ay) -accounts. for the 1nfiuence of the eigenvalue
Ay on the kth gtate variable. This me;sure is derived from the

step response of equation {6.1) when exciting the‘jth input only,

XE) = Ve () V' (x(0) + A7b) - 47lp (6.4)
B L

]

4
where U is the right eigenvector matrix, AU = UA
V' is the left eigenvector matrix transpose, ALV = VA

&

]
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AN
V  .1s the left eigenvector matrix transpose, Aly = VA
A is dimgonal [AI,XZ,A3,...AHI, gésuming that the eigen-
values Ay are éistinct (not repeated)

A™! is equal to uATlVT,

It may be noted that in this measure both the A and B matrices -
have been utilized, unlike the measure in [54] which utilizes the A
matrix alone.

After re-ordering the eigenvalues Ay An accordance with
decreasing modal costs, Table (6.1) can be fo;meq to study the depen—p

dence of the state variables upon the eigenvalues. ,

For convenience Pk(Ai) 1s shortened to Py

Table 6.1 Dependence of the States Upon the Eigenvalues

Eigenvalues
States - Al A2 Ar
x) P11 P12 Pir
x P P P
] jl 32 jr
X Pnl Pn2 ;Pn’r
F= ]
To obtain an assessment which 1s easier to-interpret, the
value P 4 is replaced by ) ///
i ) ‘ L
= )
Q4 ) Py s (6.5) ,

This. measure will show how the kth state varlable will

participate {in the time response of the first 1 dominant eigenvalues.



>

~ a2
pHLth ij from (6.5), Table (6.2) can be obtalned as

-

' 4 ’ >

Table 6.2. Dependence of the States Upon a Subset of Eigenvalues

Eigenvalues : ’ ‘ ¢
Y A A
States r n
X1 Q Q. an‘
% le ri an

*a in Qnr : an

Asgsume for the present that the reduced model order is r.
- . ’ ‘”-
Then, the rth columm_ in Table (6.2) is used to choose the components

— .
of 51 in equation (6.2) as those which have the Jargest measure Qy,-

After we have selected the most-significanf states of the
original system, we need to obtain the reduced model. Let us consider

that, by a permusation of the states, they have been so arranged that

\\\::: first r sfate variables are the most significant. We now parti-

n the state veccor‘z as . ' r
\ .

xI = [x!, £2T : (ﬁ?\/

so that we obtain equation (6.2).

a

Introducing the Eg}Lowing similarity Eransformation

)3
x| o 10 x

a B T S - - (6.7)

4]



where V,, is ainon-singular matrix, and

N

)_—I
VvV = n-r V21 1 Vg is the n-r rows

of the left eigenvector matrix transpoéé,corresponding to the n — r

non-dominant eigenvalues: N
*

This will transform equation (Q.ijiﬁo

P UL Rt
£ -
[ ] l ‘
1 -1 , -l 1
X All ~ A1aV2Va) ' AppVa x B, [2 ]
- - = e T - -]+ - e e = -
£ o Ay £ V1B + Vy,By
' b
(6.8)
o
-1 | -1 —_
I = (€1 = CaVaaVay | CaVyo ]
£

where A, 1s diag [(Apt1s Apg2e-+0hgls Ay, 1 = r+l,...,n are the
”~
non-dominant eigenvalues.

L]

Since the state variables £ in Equation (6.8) cor}espond to
the non-dominant eigenvalues, they can &e set equal to zero. This

will lead to the following reduced order model

r
- -1 . 1
X = [Ay) —AaVa,Vyp ] X0 + [By]

(6.9)
- -] 1
y = [g ‘¢02V22V21] x ‘

1

12



which has the same dominant eigenvalues as the original system.

Moreover, its state variables 51 retain the physical significance of

\—..,
the states of the original system. Also, it preserves the physical

coupling through the matrix B; unlike that reported by Van‘ Ness~

et al. [53]. '

One possible criticism of the proposed method is the require~
ment of calculating the eigenvalues and eigenvectors of a large
matrix. For instance, when we are trying to understand the structure
of a nominal model of a system that {s going to operate for a large
set of slightly different operating conditions, one may permit a
single computation of the complete eigenstructure of the Aominal
model; structural insights QStained from this case may then be applied
to slightly different operating conditions. |

Sometimes the information . concerning the dependence _6f the

state variable upon a subset of eigenvalues (Table 6.2) is not avail-

able. In this case, the criterion to be used in the selection of T

significant state variables will strongly depeand on a priori informa-

tion about the sysE?m, sinée knowledge regarding the exiéﬁénce of
critical modes, of their approxima;e natural frequencies, or regarding
the most significant state variables might be ;vailable. A fact that
has been observed in all the -power system models studied so fér is
that the set of'significant.state variables always includes the: speed
and rotor angle of all the machines and, sometimes, a feﬁ more state
variables. Also, in dynamic stability studies we are often ianterested

.‘ S—

-
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in those lightly damped, oscillatory modes in the frequency range of
0.1 to a 2 Hz, that are aséociated with power oscillations. Based on
such a priori information, one is able to obtain a partial eigen-
soluticon for the original system [26,47,48].

This will provide us with the set of eigenvalues of largest
absolute magnitude for the matrix togetﬁér with the corresponding left
or right egenvectors.

In the next sectlon two examples are considered to test the

model reduction technique developed above.

6.2.2 Simplified Models of Power Systems

The algorithm presented in the previous section has been

utilized for obtaining simplifiéd models ofF a synchronous machine
connected to an infinite bus, as well as a nine-bus power system that

has three generators and three loads.

6.2.2.1 Single Machine Infinite Bus System

-

Figure (6.1) 1is a single line diagram of a syhchronous machine

connected to an infinite bus through a transmission line having resis-

tance R, and reactance Xg- The synchrenous machine {8 represented

be eight state variables which répresent the shaft dynamics, the"

stator circuilts, and four rotor circuits. Théz}otor circuits are the
. . - M
field circult, one amortisseur circuit in the direct aMs, and two

amortisseur circuitqlin the quadrature axls. The system data is the
: t
same as in example (5.4.1).

1uy
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Infinite bus

. O |
}m,g

Figure 6,1 Single machine-infinite bus configuréfion.
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* - In Table (6.3) the eigenvalues of the original syst and
their modal cost indices (the information concerning the modal cos

indices has been discussed in Chapter 2) based on the output

. T
¥ [Avt, Aw, AS]

- T -

-;are listed. Exathble (6.3) indicates that the complex

pailr of eignvalues -0.00216 * 30.0276 and the real eigenvalue -0.00083

should be retained in the refluced order tr'Lodel. These eigenvalues are

—

the dominant eigenvalues 1in thg output vev;tor Y.

The most significant« state variables ard objined from
o

Table (6.4). This table 1llustrates the dependence the state

variables upon the eigenvalues of the original system, - whereby the

eigenyalu\es/arg arranged with respect to decreasing modal cost

9

indic s‘w results given in this table are calculated based on -the

information provided by Table (6&)-1. As only three eigenvalues
dominate the transient response, we Fecided to obtain a third order
. . :
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Table 6.3. Eigenvalues of the Original System and the Respective
Modal Cost indices o
- &f
Eigenvalues . Dominance Indices
‘ —-0.00216 * j0.02768 L 3075.4 ‘\7
-0.00083 294.8

N ~0.00967 1.4826
el ~0.09559 0.10318
\' -0.0372 £ j0.999 0.00072
P -0.080697 0.00025

Table 6.4. Dependence of the State Varia?ifgzypon the Eigenvalues

fldg;values
States :
-0.00216 : . -0.0372
t j0.0276 -0.00083 -0.0096 -0.095 + §0.999 =-0.08069
} ' P
At 25.3 50.7 59.5<//, 59.9 99.9 100.0
a1, 41.6 ¢ 99.3 99.6 99.9 99,91 {EE:%
AL 35.8 66.5 78.4 88.2 91.3 100.0
ai "23.8 47.5 55.4 65.1 99.8 100.0
AL, 41.2 69.4 85.4 93.7 95,6 100.0
ql jx:
A, 39.5 58.2 81.4" 91.2 93.9 100.0
q2 .
AS 80.8 99.8 99.84 99.9 100.0 ~100.p
Aw 99.6 99.9 99,92 100.0

100.0 100.0

R
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model. The three staﬁé\\zafiables representing this reduceﬂ order
model are selected Iaccording to the second column of Table (6.4).

These are the state variables which influenced heaﬁily by the dominant

/)

eigenvalues. Thus, the reduced order model 1is represented by the

Q

, following state variables. _ - .. H
1
A8 : the change in torqd% anglé
Aw  : the change in rotor speed

. Aif : the change in field current

. Applying the proposed algorithﬁ discussed previously in this

chépter we\obtain ﬁhe following reduced order modei

|t
1
15
+
o
Ie

1T
.whpre‘ z = [a8, bw, AifJ
"= . [AE AT ]T
u [AEgq, AT, -

y = [Avt, Aw, ZG]T

0.0 1.0. 0.0 - 0.0

[ -0.00039 -0.0052 . 0.0 0.00047 -

0.00295 1.688 3.4554 0.0
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[~0.9918 -0.029§ & 0.1151 0.0967 0.0
. e 4 } : :
H = | 1.0 Q\‘o.o ' ,and D = | 0.0 0.0
L5 i
- 0.0 ’% 1.0 0. 0.0 - 0.0
»

The above reduced o"rdet model Li_s/a'égined by setting the

values of the sta_;;te variables £ in equa;;ion (6.8) “equal to zero. If, :
instead,. we set the values of the-derivitive of these state variables
equal to zero we obtain k@ reduced order model which has F and H
m a8 similar to the abové F and H matrices, but different G and D

pat®ftes which they are:

0.0 0.0 2.3136 0.007

.G = 0.00118  ~=Q.00087 . and D=""~| 0.0 0.0
!
1.53509 -0.0004 . 0.0 0.0 -

Figures (p.2) through (6.4) are simulgtions comparing the
— .

response of the c:siginal system to those of the first_ (£ = 0) and‘—the ‘
second (; = Q) reduced order models. The disturbances .used in the

é.gimula.tiona are 10% step change.ip the me:':hanical torque-aﬁd i:hg field
\\hﬁge, respectively. These: simulgns illustrate “that althc;ugh the
first ‘r‘educed ;odel responds to a s‘l:ep disturbance the same way as the
origina?system‘ (has the 'same shape), it provic.les a poor stea;iy state

respo{mse'./ However, the second reduced order has almo\»%ﬂthe same

responses as the original system. These differences in the response

" .
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- T—= —T T T T
'vt( p,u.)‘ ) \\_/ .

0638

L0476,

0314

0152

-.001

0.0 3.0 6.0 9.0 12,0  15.0 rime(sec.)

Figure 6.2 } oltage response following a 10% step
change”in field voltage .

) original system

- - = « reduced order model - 2

%

vevesas Teduced order model --1
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§ ( poul) _ . .

.012
-.076
. -0164

-.252

-.340 . ,

0.0 1.5 .3.0 . 45 - 6.0 7.5 -time(sec.)

Figure 6.3 Torque angle (p.u.) response following a 10%
step change in fleld letage:
"original systeﬁ

- = « Teduced order model - 2

Ceeten ;:duced order model ~ 1

.
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6 ( P.u. - -

.130

.010

-.030 1 1 i i 1 1

0.0 1.0 2.0 3.0 4.0 5.0 time(sec.)

a

o

Figure 6.4 Torque Qngle (p.u.) response following a 10%

step change in mechanical power .

original system

- = ~ reduced order model -.2

\

VA vv.:» reduced order model -1
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of the first reduced order model occurred because we neglected the
effect of the non-dominant eigenvalues, while in the second reduced
order model, their effect had been approximated by their steady state

values.

6.2.2: Multimachine System

The system under study comprises three generators and three

loads [58]. A one-line impedence diagram is given in Figure (6.5).

The initiaT‘cqggition indicating the power flows and bus voltages, is
glven in Figure (6.6). Data for the three generators are given in

Table (6.5). The synchronous machine model to be used are as follows:
- L .0

a classical model for generator l, and two—axis model for‘geheratoré 2

and 3. The gnerator equations are as follows (the prefix A 1s

omitted).

- Generator 1 (classical)

Miwgwy; = Tml - Equl -'_Dlu.'l]_
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Figure 6.5 Ning-bus system impedance diagram;all imedances in pu on

-a lOd-MVA base *

100.0 '
. A T €
18 LV Wy : 70V 13.84v
1::_,:)0 163 5161 [ 78.4 -75.9] =241 24.2 |-850 % 85,0} 8s.0
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Figure 6.6 Nine-bus system load-flow diagram showing prefault

conditions;all flows age-in MW and MVAR *.

*~ Reference [58] .
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— Generators 2 and 3 (two-axis model)

T’ E’ = -E' - (x - x;) I
. qol di di ql i ql
T g0t éc';i T Frar Fq +—. (g ""i; Tat
2“1“’0"‘:’1 = Tmf . ‘Di‘*’i'“ Iy01Ba1 '" Tqo1Bq1 ~ E.:crloildi - Ectlpilqi;.
;si 7-‘ R

To obtain an independént set of equations, we define 6; as

~
-

Mabo + M3dj
v - .- 5.1 .
S Mp + My

‘and 8,3 as 8, - &3, where §, describes the motion of the centre_o{

inertia of

y

machines 2 and 3 with respect to machine 1, while 823

describes the motion of machines 2 and 3 relative to each other.

Thus the system\hqder'study comprises nine first-order differ-

“entall equations and is rEpresented by the following state variables

k(a

LY



.

E’ E'

L] T
q2’ "a2’ Eq3’ Ei3r s W, W3, 6 and §,3 (generator 1 is the

reference generator).

156

This sytem is subjected to the following forcing variables

Efq2> Efq3» Tm1» Tpp and T 3.

Table 6.5 Generator Data [58] .
kg

Generator 1 - 2 3
Rated MVA 247.5 192 128
KV 16.5 18.0 13.8
Power factor 1.0 0.85 0.85
Type Hydro Steam Steam
Speed 180 rpm 3600 rpm 3600 rpm
x4 0.146 J/'“'* ~ 0.8958 1.3125
x} | ; 0.0608 0.1198 0.1813
x ' 0.09695\\\\\;\\\ 0.8645 1.2578 -
xé 0.0969 0.1969 0.25
X, |  0.0336 0.0521 0.0742

1 .
L ' 8.96 6.00 5.89
T! 0.0 0.535 0.6
. qo \ .
E' -1.0558 0.7882 0.7679
Egg 0.0419 ' 0.6940 -0.6668
1 -0.678 0.932 0.6194 -

qo -
I 0.2872 ~1.2902 -0.5615-

do .
M ' - 23.64 6.4 3.01

1 1 1

Note: Reactance values are. in pu on a 100-MVA base.

All time constants are in sec.
The Inertia constants are In sec.
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As in the case of the single machine infinite bus system we

calculate the eigenvalues of the original system and their modal cost
A '

indices as well as the contribution of theiy step responses to the
step respopses of the state variables (the reader 1s referred to
Table (6.2). These results are given in Tables (6.6) and (6.7),

respectively. Examifi;ion of I?ble (6.6) indicates that two pairs of
’ 5

complex eigenvalues (-0.000198 * 3j0.000129 and -0.000622 + 30.02298)

—

and one real eigenvalue (-0.00045) ‘have the largest modal cost

indices. Consequentltp these eigenvalues will be retained in the

-

reduced order model. Examination of the third column in Table (6.7)

indicates that the state variables (w;, w_, & E'. and E'q3 are

r’ ‘r’ “q2

influenced heavily by the dominant eigenvalues. Thus, we select these
state variables to represent the reduced order model.

Here the results have been obtained in a purely formal and

routine way, but they are consistent with the a’ priori information

about the candidates for the most significant state variables. These

t t . -4
candidates are uw, W, Gr, qu and Eq3- A phygical interpretation of

this is that the motion of the two smaller machines gogether against

J/ the largest machine (large inertia consiaﬁt), which analogous to
the motion of the single machine against an infinite bus is slower
than the motion of the two smaller machines relative to each other.

Also, the time constants associated with the quadrature axis component

of the voltages behind the transient reactflgce are larger than those

associated with the direct axis components



. Table (6.6) Eigenvalues of the original system and the respective

modal cost measures

Eigenvalues Dominance Indices &
-0.000198 * 3j0.000124 _ 0.8133
-0.000622 * j0.022484 0.0993
) ~0.00045 0.0408
~0.00266% 10.03464 0.00748
~0.01662 0.0000012
-0.010373 0.0000004

8

Table 6.7 Dependeace of the Stafe Variables Upon é#

the Eigenvalues

Eigenvalues
States —
-0.000198  ~0.000622 - —0.00266 : I
+ §0.000129 % 30.0229 -0.00045 * §0.0346 -0.01664/~0.010373
/
. w) 51.1 92.4 94. 98.9 99.2(/ 100.0
o, 17.7 89.8 90. 94.6 100.0 100.0
5. 18.5 88.1 93. 99.9 100.0 100.0
Ely 73.1 76.2 92. 93.9 100.0 100.0
2 _
E}, 46.2 55.2 59, 704 100.0 . 100.8
By 78.3 89.4 95. 96.2 97.3 100.0
Els 42.1 58.3 65. 67.2 * 79.1 100.0
Wp3 29.3 50.4 " 59, 89.3 95.1 100.0
‘P
893 25.6 41.5 56. 86.6 95.4 100.0
<
. ra
/ _ >
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A%

Applying the proposed reduction technique, we obtain the

reduced order model matrices as

' '
qu Eq3

. 5868 0.7951 0.3429 ]
-5.278  -4.716 -2.397
F = x 10~
0.0 0.0 0.0
-7.156 -9.727°  ~-2.648
2.856 -6.6908  ~2.898  -1.493 -5.368
Tm T2 Ta3 Eo2 Eps
- 0.561 0.0 . 0.0- 0.0 0.0 T
-0.561 1.409 1.409 0.0 0.0 _
G = | x 107
0.0 .0.0 0.0 0.0 0.0
0.0~ 0.0 : 0.0 4.421 0.0
| 0.0 . 0.0 0.0 0.0 4.503 |




A

1

fy

matrices, which is:

- ) ‘ ] ~.
0.5781 -0.067 0.005 §’1’535015 ~0.0036 ‘

-0.5579 1.538 1.11 0.0 0.0 -
G = S , " 10
0.0 0.0 - 0.0 0.0 0.0
-0,051 -0.8818 ' 2,279 4,399 0.0326
0.1969 1.309 -4.368  0.0537  4.413

- -

.Figutes (6.7) through (6.12) are simulattsa omparing the
| g2

transient response of the original system to those of the first

(£ = 0) and fhe second (£ = 0) reduced order models. The disturbances

used in the simulation are 10X step changes in the mechanical torque

and field voltage at the third generator. All the resfonses indicate

that thé second reducéd order model (£ = 0) approximate the original

system’ better than the first one (¢ = 0) does. Although the above
simulations indicate that the second feduced-order model is probably
the moré accurate method of‘}educing the original system, it may lead
to a réduced system structure that cannot be inteépreted easily in
tefms of the physical sttem as the first reduced model does. This 1s
clearly indicated by examining the entries of the G matrice? for the
reduced models. ‘F;ni example, 1in the case of the single machfﬁg’

connected to an infinite bus we notice that in the” second reduced

.

v

e
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medel the field current has an input from the mechanical power, and
the rotor speed-has an input from the field voltage.

In conclusion, we may say that the proposed modél reduction
technique has provided us with two different reduced order /Inodels.
Both models  have indicat‘ed satisfactory transient responses compared
.with those of the original system when they are excited by g‘hg same
'disturb_ance. Although the first reduced order model (£ = 0‘) has less
accurate transient response than the second one (é = 05, it preserves
'the physical structure of the sgsr_em (the 1interaction between the
state variables and the forcing variables). The ch.oice between these

tv{rNeduced models depends upon the purposes of the study (simulation

or controller design).

-
6.3, An Algorithm for Identifying Colérent Generators of
. ™~
Multimachine Systems [

6.3.1 Concepts of Cost Decomposition

Let a linear time invariant dynamic system having n components

with stata ‘Variables xiaRni be des%ibed py

n
3‘«1'321“1151““312' =

oy

where yeR‘e, peRm ands u(t)#tagl--be modeled as zero mean white noise

unit infensity I. - ﬁ ’ '
- . ‘b ) '
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/

The total system has an associated norm ,of y which 1s called

Vs
the system value, or "cost function™, V defined by ® '
N ' ¥ |
+
|| S| PR
Lt = . .

Component cost analysis ::onsists of the decomposition of V
into the sum of contributions Vy associated with each component
state xy, Where the vy sat'i_sfy the cost decomposition property

+ -

v = F v (6.12)
- ‘ Ci=l :

s .
In order to  compute the expected value of the norm of y in

~
~equation (6.11) the random excitation of equation (6.10) 1is

A

described. The random excitation is used because, as shown in [34},
the optimum disturbance for detecting coherent groups, that depend dn

power system structure is not deterministic.

6.3.2 - Disturbance Models

The task in this gubs_ection is to define the form of the

probabilistic input u{t). This u(t) will then be used to derive the

linear power gystem model of Chapter 4, "equation (4.10)", for deter-

mining coherent groups.k.
\/\

N .

-y U
o
-

168



(,_Eirst, decompose u(t) into two functioms u)(t) and u,(t),

f.e., u(d = uj(t) + uy(t).

The function u;(t) is defined as /a)
{ for Lt >0
wi)y - k (6.13)
0 for ; -t < 0

That is, u){(t) is a vector step function, initiated at time t = Q.
In the ;1@nearlized model, u(t) represents deviations in

) . . ’ %
mechanical power to the generators and deviations in electric power at

load buses.

b .
Since u)(t) is a step function, non zero entries in u () will
del )
metel B , . . .
fl) Loss of generation.
(2) Loss of load dug to load schedding.

(3) Line switching

lh(t) to represent the random occurrenchgf\iiig events,

then

E{gl(z)} - [% - o (6.14)

and
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- ?
where m); and [R;;] describe the uncertainty in the location and
magnitude of generation changes AP,. Also, o, and [R,,] describes
the uncertainty int hellocation and magniépde of power injections at

buses due to either loads being shed or lines being switched.

To model a fault, define

]
0 t > T,
u(t) ={ult), 0<t<T ' (6.16)
0 t< o0

That - is Ez(t) represents a pulgse of duration T, , occurring at

time t = 0. The faults i;e_represented'hy changing the mechanical
power to a genrator. Thus *~

!
g

(L) = [gm] ' (6.18)

1o b

-

a  If uy(t) is to be probabilistic, then define .

E{ w(t) ]} "[-"&1]".‘"2 RN

Ry 0 o

L

s
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The initial conditions are also assumed to be random

E{x(0)} = o ;
{6.20)
T

E{ x(o) x(0)} = P_(0)

o | O

the vafig/née of such deviation is non zero.

-

/'/ This assumption reflects the idea that for a given steady-
stdte operating point, the power system is expected, on the average,

to be at the operating point, although lastantaneously it may be

subject to transient fluctuaticns. { \

)

The initial conditions are “assumed to be uncorrelated with

u; (t) and uy(t), l.e.,

E{x(0) uf(t)} - o
T

(6.21)
E{x(0) w(t)} = o '

Finally, 1t 1is assumed that u, (t) and uz(t)" are uncorrelated
!} with respect to one another. This assumption is based on the fact

that the model is only used to represent one type of contingency at a

~‘.timel - \‘ > A

e d
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"I"ht).l expected deviation/from any operating state 1is zero but
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6-3.3 Lipear Differential Systems Driven by White Noise

In this section we obtain some of the statistical properties

of the state diffegzkkial system with a white nolse process as input.
! .

In particular, we compute the mean, and the covariance matrix of the

state.x.

N Suppose that x(t) is the solution of

X(t) = Ax(e) + Bj(t),  x(0) = x_ (6.22)

-—*

S

where u(t) is white noise with intensity R and x, 18 a stochastic

variable independent of u(t), with mean m, and

' T
. Po-.- E { (xo - mo) (xo - mo) }

-

as its covariance watrix. Also, counsider without loss of generality

that A, J and R are conetant\mﬁggjces {(time-invariant case). Then

~P

x{t) has mean

i | o a (&) - exp(A(t-t _))em_ g (6.23)

A\

and the covariance matrix of =x(t) 1s the solution of the following

matrix differential. equation

1

-

T

~ -. . T 4 .
&Px(t) = A Px(t) + Px(t) A"+ BRB (6.24)

172

]



Also, the covariance matrix can be written as -

_ Px(p) = exp[A(t—to)] Po exp[AT(tqto)] +

(6£25)
LI T T, :
f exp [A(t-t)] B R B exp [A.(Eft)] dr '
o _ .
It is not-difficult.to.see that 1f, and only if, A is asymptotically
N

stable, s;(t) has the following limit for arbitrary P,:

—

A

lm P (t) -( P = [ exp (A7) BR BT exp [ATr) dr  (6.26)
Lo < D
where P, is the solution of
AP + PAT + BRB' =~ O (6.26)
. AT
W If we define the matrix of the expected value of the energy in
the processg as
1 T
s{(t) = T Of PF(t) dt (6.28)

. - X ’\ e
({//// The criterion for identifying coherency suggested -in this
'.7 h?\\\\‘;TEB?Iﬁhm‘is-thé “component cost”, Vi; which {s defined as

\\\\\_//// ~J
| VY, = trace [s(t) €'C] y (6.29)
— . . . .
- = ‘ [}
-
Kl - \'/ -
B -
rd
< 3 N\
N 4
S | v - - -
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o

*

where C is given by . 2

, y = Cx (6-30)

o
and y are the process outputs.

Let the components :Zi be arranqu in order of their

component costs

Vi 2V, > el > Vr > Vr+1 Z e 2 VN_1 (6.31)
[ L] L — : 1

Retain {non-coherent) . Truncate (coherent)
-~

1] -

6.3.4 A Reduction Algorithm for Obtaining Dynamic Equivalents

k_
The overall procedure for obtaining coherency-based dynamic

equivalents can be divided into -four basic steps:

-

(1) A srudy system and external system are defined.

. (11) TIdentification of ‘groups of coherent gener tors which are

-

valld for faults in the study system. .

(1ii11) Reduction of generator buses. .

(iv) Dynamic aggregatioﬁ of generating unit models.

]

) "
In the following subsections, steps (f1) through (iv) of the

procedure are described..
' . 7

’
.

6.3.4.1 Identification of.Coherent Gé;;Lators

The determination of the coherent groups is dq&e using the

¢

linearized model of the power system described in Chapter 4.
" !

r
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‘,__\____;) -~
- .
Rewriting equation (4.10) - ' ' _ .
\ & : -
. ) ' ‘
_ B ,
x(t) = Ax(r) +Bu(t) . T —(6.32)

where . . ' /v—/_

AP
- 1m
s \l x = - ’ L o .
. - Aw A_Pz
0 i 4 "o
' 2nf IN—l N-1 . .
A = 1o _ W, - - =) - and B - b - -
~ ¥ -~
i
HT =8Iy 1,N-1" . . M
“ ' s - o

Note, we choose the referenceéngle .as the torque angle of one of ttbe

machines in the external system. ‘As the statistic g;the\ disturbak}

mentionﬁ in. subsection. (6.3.2) is similar to the’statistics o S %

random constant model, generated as the output of an integrator with

no input, but with an initial condition with specified mgag m and

variance R. Thus the covariance matrix of equation (6.22) is the

solution of the following differential equation 4
. | T 1 T .~ =T ,-T
- A + A"+ Al B + B A
Px(t) Px(t) Px(t) g B QB

) q (6.33)
- &' exp [A(t~t )] B Q 8Y -"p q 8T exp[AT(é-co)l AT .

where Q=R+ mmT
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As r+x Px will be the wunique solution of the following

matrix equation

*
APx + prT + A"t B Q‘BT + B Q BT AT - 0 (6.34)

_Rewriting the matrix expression A™! B Q 87 + B Q B AT in terms

—

of the statistics of the disturbance Q and the power system Structure

(A and B), we get

A BB +BQBAT = oo —h o] 2z (6,35)

where the matrix Z), i{s equal to

Zyz = ~(MT)"1 M (Ryp + myymiy) BT+ (L) my,mg M
- T -~ T » T o
+ M'mpmyz (ML) + (ML) (Ryp + mypmyp) (ML)T]

The simplification in the structure of the matrix was possible by

selecting the states in a certain order.

\' -
\ _ .

Now, rewriting Py in equation (6.34) asg
i
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Then substituting A and Z matrices in equation (6.34) we obtain the

following four algebraic equations:

) P, + P, = O  (6.37-a)
. 5 .
Do T
Zﬂfonz - PII(HT) - 8?12 = le (6.36"]3)
') . -
2nf Pyp - (MT) Py - 8P, = Z), (6.37-¢)
y N T oy T
~ (MT) Py, = 28Pyy - P, (MT)T = O (6.37-d)
¥

Note that equation\\fG.B?-a) has infinite number of solutions and
equatfon (6.37-b) 'is the transpose of equation“(6.37—c) setting the
entries of the matrix P;, equal to zero as a solution of (6.37-a) and
substituting in equation (6.37-d), we obtain a solution for the matrix
Py, as™P,, = [0]. Then substituting the matrix P), and Py, in

equation (6.37-b) or (6.37-c), we get

Pip = 2y, (AT ' (6.38)

From equation (6.29), we obtain the cost value of the states

~

61; 62. DR RN GN_l,l

4 —

which 1s simply equal to the corresponding diagonal element of the

matrix P;;. According to the criterion given 1in equation (6.31) we
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are able to identify generators that are cohérent with the one chosen
as a reference. Suppose that not all the generators in the external
»system are coherent. We repeat the whole procedure again with another
reference machine chosen from those in the external system that are
not coherent with the ones chosen before: We then identify another
group of coherent machines. Once the coherent groups are determined
the next stép 1s the reduction of the coherent generator buses.

6.3.4.2 Reduction of Generator Buses

Let m machines swing together. These m coherent machines can

4
be replced by an equivalent machine such that

173

(1) The power output of the equivalent machine 1s equal to

the powef output of all m machines.
(ii) The power received at each tie bus from the equivalent
machine is the same as the total power received from
those m machines. *
(1i1) The inertia of the equivalent machine 1s the sum of the
inertias of the m machings- -
1f the subsystem of m machines contains n, tie buses, the

admittance matrix of that subsystem can be written as

f Yy, Y2 \
[}

- - - - - (6.39) .



-17%
which is obtained after elimfnating all the buses other than the tie

buses and the internal buses of th m Benerators. Now let

s, = P+ (6.40)

the power output' of the 1th'machine at 1its terminal. Then the

current output of the ith machine at {ts internal bus will be
[ . )

*
S1 Ei Ii {6.41)
where
- ’ "
= 6.4 '
E, v, + 1,2, (6.429 <
The total power output of all these m machines is given by
z *
5. = 121 E, 1] (6.43)

This should be equal to the power output of the equivalent machine at

its internal bus. That is

m
EIZ = J E1¥ (6.44)
| T =1 L .
where, ' >
m N
I. = 7§ I (6.45)
T !



i3 the current butput of the equivalent machine. Hence, we have,

SRR PRVAR

ul m *
= Y oEIT/ V1
TS L R S

from which the internal voltage of the equivalent machine and the load

angle are determined. The power equation at the k" tie bus is

h |
* o i *
V"‘ - -
I, =V (1 v,E t. L w,Y)
ok kg TKUL e 2R .
(6.47)
* * ot *
. v1© = v, (y E T+ §  y.VY)
_ k'k k ke e g ol ke '
for which we can write \ )’
kS
o .
, Yo ™ R knEsze (6.48)
R :
Since the admittance matrix 1s to be symmetric we take
Vet ™ Ve (6.49)

(6.46)
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From the above equations, the power output equation of the

equivalent machine is

n
t
* - +* -~ r + ““‘ . .50
EeI'I' Ee (yee“e 1_;+11ye1‘1?/Ee (6.50)
gnd hence
. i} m
y - (7 .- ¥ y.v)/E (6.51)
ee =1 1 pegey 2 e
3 -
Now the admittance matrix of the equivalent system is .
i
Yee . Vel en
t
e
(Y] = (6.52)
' Y22 - )
13
y '
i n.e, ]

6.3.4.3 Dynamic Aggregation of Generating Unit Models

With the coherent groups determined and .the generator buses
reduced, the next step is the modeling of the eqhivalent generators
thg; represent each coherent group.

The criteria for an accéptable equivalent model of generating

units, from the dynamic viewpoint, is that its electric power output

P



response matches the total electric power output of the units it
replaces, andth;t the voltage response at itQ*Cerminal bus matches the
voltage response of all the individual units models, .

The aggregation method relies upon the consideration that the
units to be aggregated, being attached to the same bus, have the same
terminal voltage, and the ‘assumption that these units, being coherent,
have the same speéd. \Thus, avery exéitatign system among a group of
coherent units measures the same input voltage signal, Also every
governaer—tutrbine s}stem among a group of coherent units measures the

same input speed signal: In the present research only a very simple

classical model of the generator .is used. This involves only the

-rotor dynamics of the generator. The rotor dynamics for the

equivalent generator are easily derived, and are shown below.

The basic differential equation representing the rotor

-

dynamics used is:

N

dK 1 ] -
ZM‘]. _dt_ = Apmi - Apgi - Diﬁwi (6.53)
with Aw p.u. speed deviation from synéhronous speed

M inertia constant in MWS/MVA

Py mechanical power in pu
Pg electromagnetic power in pu
D damping constant in pu

1 . machine subscript
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Because of the coherency assumption, all the machines of a group-haJE
the same speed deviation. Thus, summing over the machine equations

(6.60) of the groﬁp results in

- , diw

- - - v
T %Mi Tap EAP AwiD

(6.54)
i ol )

Thus for the equivalent machine: .
(a) The inertia copstant i{s the sum of the inertia constants
of the machines of the coherent group.
(b) The damping factor is the sum of the damping faé;ors of
the machines of the coherent group.
{(c) The mechantical power is the sum of the mechanical powers
of the machines of the coherent group.

(d) The electrical power i{s the sum of the electrical powers

of the machines of the coherent group.
5

Results (c) and (d) are in agreement with the power

conservation assumption already made for the coherent bus réduction.
The ‘details of the other components (exciter and governor-turbine) are
not included here because our purpose 1is mainly to ;dentify the
coherent generators. The proCedure discussed in this section is

fllustrated by considering the 39 bus network of the New England area.

6.3.5 Testing the Reduction Algorithm on the 39 Bus New England

sttem .

To test the algorithm formalized in the previous subsection,

simulations were made using a 39 bus model 5f the New England system.

[
ay
W



A schematic of this system is shown in Figure (6.13). The transmis-

sion line data, bus data and generator data are given in Tables (6.8),

(6.9) and (6.10), .respectively. The large system is divided into an

internal system containing generators 1, 8, 9 and 10 and an external

system containing the other generators. Generator 10 is used through-

A
3

out as the reference.
As a first step to test the reduction algorithm, a zero mean;
Independent, inertially weighted (ZMIIW) disturbance was used to

identify the coherent generators.

el

Ri1 = diag {M],M§.M5,449,0,0,0,0,0,0}, =Ry, = [O]

@ = [0], mz = [0]
\
Table (6.11) 1llustrates the coherency ﬁeasures for ZMIIW
disturbance of these fodr generators. A car;ful look at Table (6.11)

recommends the following aggregation levels:

Aggregation Levels . Generators to be Aggregated

\\< 47
4=7 and 2-13
4-6-7 and 2-3

4-6-7-2-3

4=6-7-2-3-5

[V, I - B PU N LR ]
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ion Lioe Data

Table 6.8 Rew England Test System Transmiss
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Table 6.9 Rew England Test System Bus Data

Load Load Gen Gen
Bus Volts Angle (MW) (MVAR) (MW) (MVAR)
1 1.048 -9.574 0.0 0.0 0.0 0.0
/2 1.049 -7.015 - 0.0 0.0 0.0 0.0
3 1.030 -9.862 322.00 2.4 0.0 0.0
4 1.064 -10.658 500..00 184.0 0.0 0.0
5 1.005 -9.471 0.0 0.0 0.0 0.0
6 1.007 - -8.769 0.0 0.0 0.0 0.0
7 0.997 -10.973 233.80 84.0 0.0 0.0
8 0.996 -11.479 522.00 176.60 0.0 0.0
9 1.028 -11.303 0.0 0.0 0.0 0.0
10 1.017 -6.384 0.0 0.0 0.0 . 0.0
11 1.012 -7.198 0.0 0.0 0.0 0.0
12 1.000 -7.213 8.50 88.00 0.0 0.0
13 1.014 -7.099 0.0 0.0 0.0 0.0
14 1.012 -8.768 . 0.0 0.0 0.0 0.0
15 1.016 -9.186 ?  320.00 153.0 . 0.0 0.0
16 1.032 -8.783 - 329.40 32.30 0.0 0.0
17 1.034 -8.780 0.0 0.0 0.0 0.0
18 1.031 ~9.621 158.88 30.00 0.0 0.0
19 1.050 - -3.158 0.0 0.0 0.0 *0.0
20 0.991 -4,570 680.00 103.00 0.0 0.0
21 1.032 -5.377 274.00 ¢ 115.00 0.0 0.0
22 1.050 -0.930 0.0 0.0 0.0 0.0
23 1.045 -1.128 247.50 84.60 0.0 0.0
24 1.038 -7.663 308.60 -92.20 0.0 0.0
25 1.058 -5.653 224,00 47.20 © 0.0 0.0
26 1.052 -6.910 139.00 17.00 0.0 0.0
27 1.038 -8.922 281.00 75.50 0.0 . 0.0
28 1.050 -3.399 206.00 27.60 0.0 0.0
29 1.050 -0.639 '283.50 .- 26.90 0.0 0.0
30 0.048 -4.596 0.0 0.0 250.0 145.10
31 0.982 0.0 9.20 4.60 ., 572. 1207.3
32 '1.983 1.613 0.0 0.0 650.0 206.70
33 1.997 2.059 0.0 0.0 632.0 109.10
34 1.012 0.620 0.0 0.0 608.0 167.00
35 1.049 4.031 0.0 0.0 650.0 211.30
36 1.063 6.724 _ 0.0 0.0 560.0 100,50
37 1.028 1.131 0.0 0.0 540.0 0.70-
38 1.026 6.424 0.0 0.0 830.0 22.80
39 1.030 -11.112 1104.00 250.0 1000.0 88.88

/

-,
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Table 6.10 New England Test System 4 Generator Data

188

Unit
Number H Ra xé_ . x& X, xq T* do T:]o x,

1 500 0 0.006 0.006 0.62 0.019 7.0 "0.7 0.003
2 30.3 0 0.0647 0.0697 0.295 0.282 6.56 1-5 0.035
'3 35.8 0 0.0531 0.0531 0.2495 0.237 5.7 1.5 0.0304
4 28.6 0 0.0436 0.0436 0.262  0.258 5.69 1.5 0.0295
5 26.0 0 0.132  0.132  0.67 0.62 5.4 . 0.44 0.054
6 34.8 0 0.05 0.05 0.254  0.241 7.3 0.4 0.0224
7 2.4 0 0.049  0.049 0.295  0.292 5.66 1.5 0.0322
8 24.3 0 0.057 0.057  0.290 - 0.280. 7.7 0.41 0.028
9 34.5 0 0.057  0.057  0.2106 0.205 4.79 1.96 0.0298-
10 42 0 0.031 0.031 0.1 0.063 10.2 0.0 0.0125




Table 6.11 Cohereancy Measures for ZMIIW Disturbance of
Generators 1, 8, 9, 10

Generator

Coherency Generator Coherency
Pair Measure Pair Measure
1-2 0.1315 5-6 0.0872
1-3 0.1326. 5-7 0.0616
QEQ 1-4 0.1566 5-8 0.1956
1-5 . 0.2083 5-9 0.2545
1-6 "~ 0.1458 - 6-7 0.026
o1-7 0.1593 6-8 0.1356
128 0.1473 6~9 0.2529
1-9 0.2987 7-8 0.148
2-3 ' 0.0155 7-9 . 0.2467
2-4 ‘0.0811 10-2 " 0.2849
2-5 0.1449 10-1 0.4536
2-6 0.0588 10-2 0.4444
2-7 0.0851 10-3 0.4598
2-8 0.1246 10-4 0.525
2-9 0.279 10-5 0. 589
s 0.0656 10-6 0.502
3-5 0.1295 10-7 0.529
3-6 - 0.0433 10-8 0.459
3-7, 0.0696 10-9 0.617
3-8 0.1248
3-9 0.2715
4-5 0.06 57
4-6 0.022
4-7 0.0004
4-8" 0.1459 :
4-9 0.2469
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Figure 6,14 Torque anéle responses at buses 1,8 and 9

following a 10% step change in mechanical

power at bus-~9; aggregation level- 1.
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Figures (6.14) through (6.18) are simulations comparing the
response of the full 39 bus system to the reduced models at the five
levels of aggregation. The disturbance used in ;he simulétion is 10%
step change in the mechanical power at generator 8. These simulations
indicate that the reducgd—order model responses start to deviate at
aggregation level 4. At level 5, the response quality has decayga
badly on generator 8. Note that the main degradation of the reduced
model accurs when a generator i{s aggregated into a group with which it
is not very coherent,

6.4 Conclusions

This chaper is divided inﬁo two main sections. In the first
section, a' criterion 1is proposed for selecting the most important
state variables of the original system to be retained in the reduced-
order model; Those state variables which are strongly influenced by
the eigenvalues are chosen to be state vector components of the
reduced-order model. Thus the proposed method of reduction retains
the physical significance of the state variables, while retaining the
dominant elgenvalues of the original sydtem. = This approach can be
regarded as the combination of two well known methods, "singular
perturbation and aggregation. The application of this approach to the
power system examples studled in this chapter indicates that although
the reduced-order models obtained by setting the derivative of the
state variables (the unretained state variables) equal to zero have

dynamic responses close to that of the original system they may



introduce some 1interactions between the state variables and the
forcing variables which cannot be interpreted easily in terms of the
actual physical system.

In the second section, a procedure for obtaining dynamic
equivalents of wmultimachine systems 1s proposed. This procedure
utilizes the idea of component cost analysis for identifying the
coherent generators. It was shown that by using the classical model
for power gystem generating units (only for identifying the coherent
generators) we are able to obtain the coherency measures without
solving Lyapunov equation. '

| The procedure has been "applied to the New Englahd system
model. The results obtained verify that the reduction algorithm fo;
‘producing dynamic equivalents i1is a valid appreoach for producing

dynamic equivalents.
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CHAPTER 7
A COMPARISON OF MODEL, REDUCTION

[

METHODS FOR COMPENSATOR DESIGN

7.1 Introduction

Several existing model reduction techniq;es have been reviewed
in Chapter 3 through Chaﬁfer 4. Moreover, we have proposed two proce-
dures for obtaining reduced-order models. in Chapter 5 and Chapter 6.
A close examination of the majority of these methods has revealed that
they fall into two categéries those which simplify the high order
system by deriving a low-~order transfer function or state space model

®mretaining the dominant modes or preserving part of the Taylor (or
Laurent) series expansion of the system transfer function (i.e., some
time wmoments or Markov \parameters of the reduced-order model are
matched to those of the original system), and those which involve
fitting a low-order model such that either its time response to a
specified input, or its frequency response is an optimum approximation
to the corresponding response of the original‘system. All of these
methods attempt to obtain a reduced-order model which approximates, as
far as possible, certain characteristics of the original system.

It 1s obviously desirable that the reduction -technique should

be computationally simple and applicable to a wide class of systems.
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Furthermore, it should yield a stable reduced-order model for a given

-~ -

stable system. As a reduced-order model cannot characterize a given
System as completely as the large-order model, it would be desirable
to determine how closely and in what sense a particular agpect of the

behaviour of a given large sysﬁem has been approximated by a par-

ticular reduced-ordér model. This aspect has been discussed in

Chapter 2. However, obtaining a good approximation of the system
response to specified inputs should not be the only goal of a model
feduction technique, more important is th; application of model reduc-
tion to the design of a feedback contrpl system. The object of this
chapter is to examiné the aspect for several different methods of
model -reduction when the reduced-order model 1s utilized for design-

ing, either compensators through the classical frequency response

approach, or designing PID controllers so as to minimize the integral

squdYe error as a performance index. The comparison 1is mad:Jﬁ}r’an

11th

order system representing a synchronous machine connect to an

infinite bus through a transmission line (Ex. 5.4.2); Four methods
are utilized for obtaining sth order models. These are the methods
‘of (1) continued fraction expansion, (ii) frequency domain approxima-
tion (Elliott and Wolovich [17])), (1i1) the method developed in
Chapt?r 5 w}th the characteristic equation- of the reduced ﬁodel

obtained using either the Routh table or retaining the dominant eigen-
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values, and (iv) the aggregation procedure developed in Chapter 6 for -

both cases (£ = 0 and E = 0). These methods have been chosen as they

are repfesentative of the different reduction 'approaches. A



compensator and PID controller are designed for each case, and the
performance with the original system is examined. This provides a
very intereéting.comparison and gives good insight into the applica-

tion of these methods for such design.

7.2 System Degcription

The system to be controlled is that of one.machine conmected
to an infinite bus thfoﬁgh a transmission line. This system comprises
a single synchronous generator and exeitation systew. The models used
for the synchronous generator and the exciter are those given 1in

Laad o

Appendix I. We would like to remind the reader that the data 1is
previously given in example 5.4.2 in Chapter S. As our goal is to
compare between the different model reduction methods for compensator
design, we study the case of a single~input - single-output system.

Thus the system is of 11th order and has the folloging state, input,

and output, respectively:

x = [x ,x ] , vref and v,
where
T T T T
= = v
x [id, 1f’ ikd' iq, ikq' w, §]°, and x Vi, Vg VR' Efd]

Eg denotes the state variables of the synchronous machine.
X, denotes the state variables of the excltation system.
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Fifth-order models of the original system were obtained using
the various methods mentioned in the prévious'section. Again, these
methods are:

(L) Continued fraction expansion.

(2) Frequency domain approximation (Elliott and Wolovich).

(3 The aggregation technique describgd in Chapter 5,

a — the characteristic equation oé the reduced model is
obtained using the Routh.table ~

b - the characteristic equation of the reduced model is
obtajined by retaining the dominant modes.

(4) The aggregation technique developed in Chaﬁter 6,

N a- the\;}ate varlables £ are set equal‘zero.
b - thel derivative of the state variables £ are set
equal zero.

The eigenvalues {(poles) and the zeros of the original system
as well as the reduced-order models are given 1in Table 7.1 and
T;ble 7.2, respectively. Also, the transient response to a'unit step
input in V_.,¢ and the frequency response of the original system and

each of the six reduced-order models are shown in Figures (7.1)

through (7.2).



201

T II v ¥ L
v.(p.u.) \
; )
320 | & ]
\ \’
L2640 L 3! ' v - J
~ ] ) \
| 1 \
\ 1\ ! N £
v I I T [ ¢ £\
. 160 W d o ‘ i i i
B ' | N \ h \ .
l : |‘ : ) I : " )’ ¥ \
) | : Y X,
.080 ‘: i 5 .
. ' 4
; J
E '
.000 ! Yn i '] 1 1
0.0 3,0 6.0 g.0 12,0 15.0 time(sec.)

Figure 7.l-a Original system and reduced ord;r model

tesponses following a step disturbance,

original system . .
‘ ~\~\_ -, =+ o= reduced order model «~1

- ————, .

& -\t'- - reduced order model = 3.-a

Y .:... . reduced order model - 3-b

j
N
\»‘



< 202~

| v.(p.u.)

.320
.240
160

.080

.000

9.0 12.0 15,0 time(sec.)

Figure 7.1-b Original system and reduced order model

responses following a step disturbance.

-

'briginal system
~y o= .- reduced order model - 2 \
= - = = reduced order model - 4-b

tvvess. Teduced order model - 4-a



Magnitude (db)

Phase angle(deg.)

# ' 203

0.00
-90.0}
-180. | —
\ - ..
\\ “-‘.-—l-"' -
-270,| N $o-Ee
-360. . A — -
0.0p )06 1.2 8 2.4 freq. (Hz)
-~

5'0

i L 1 1 't

0.6 1.2 1.8 2,4 freq.(Hz)

Figure 7.2-a Frequency response of the original system and reduced

order models,

original system
.=+~ reduced order model -1
= -2~ reduced order model -3-a

«1++ Teduced order model -J-b



-

204

. 0.00
o0
L 90.0
\.e,; . rs
i
o
c P
o)
o =180,
0
(]
L
B
-270,
) !
.-3/60__'. 1 N . ) ) '-.;
" 0.0 0.6 1.2 1.8 . 2.4 freq.(Hz)
it ‘ . .
5.0
2.5
i)
z
QU
o]
2 04
ol
-
o
[
=
-2.5
=5.0 | L 1 1
0.0 0.6 1.2 1.8 2.4 freq. (Hz)

Figure f.z-b Frequency response of the original system and the reduced

= ordér models,

original systém

- f;duéed order model - 2

- = ~ reduced order fodelva 4-a -
.+e1s reduced order model -'4-b

£ [ Y .



v £ ; *
Table genvélues of the Original System as Well
as the Six Reduced-Order Models
Reduced—Order Models
Original :
System 1 2 3-a 3-b 4-3 4-p
-0.265 -0.0265° -0.00015 -0.00369 -0.0548 -0.0548 -0.0548
-0.1217 -0.0237 -0.00058 -0.0329 -0.0015 -0.0015 -0.0015
+j0.0203 +£3j0.029 +30.029 +30.029
-0.0986 -0.00037 -0.0039 -0.0002 -0.0002 -0.0002 -0.0002
+§0.0064  +30.0064 +3j0.0064 +10.0064
-0.0548 -0.0026 -0.006
+30.0066 +30.002
-0.0037 ) \
-0.0035
£30.998
=0.0015
+40.029
-0.0002 .L\_/
*+30.0064 -
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Table 7.2 Zeros of the Original System as Well
as the Six Reduced—Order Models

T Reduced—-0rder Models

Original '

System 1 2 3-a 3-b 4-a 4=-b
-0.00313 -0.0037 -0.0029 -0.0025 -0.0096 -0.004 -0.01
+3j0.035 - +30.0032 +10.0119 +30.036 +j0.02
-0.0274 -0.0109 -0.006 -0.1715 0.0116 -0.578 ~0.006
+3j0.994 +3j0.005 +30.01216

-0.0037 -0.0359 -0.1425 ‘ -0.04
-0.118

-0.265

-0.236

-1.0709

The examfnation of Table (7.1) indicates that the first three

reduced-order models (continued fraction expansion, frequency domain
approximation by Elliott and Wolovich, and the aggregation method
using the Routh table} have sbge eligenvalues which are different from
those of the original system.

It is important to meﬁtion that third~order ‘models as well as
f0u;th-order models obtained using the continued fraction approach and
the frequency domain approach, respectively, are unstable. This
i1llustrates that ~*these approaches do not always guarantee the
stability of. the reduced-order models if the original system is
stable. Also, the examination of Table (7.2) illustrates that most of

the reduced-order models obtdined based on matching some time moments

~
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or steady-state responses of - the original system have zeros which are
different from those of the original system. - Column 6 (model 4-a) in

Table 7.2 shows that the reduced-order models obtained by setting

selected state varilables (£) equal to zers are similar to the reduced .

order models obtained by disregarding the less important eigenvalues
and zeros of the original system. The examination of F?gures (7.1)
~through (7.2) shows that the steady-state résponses of all reduced-
order models matches that of the original system, except that one
obtained by aggregation (4-a) which giﬁes a noticeable error at
steady~state. The phase character&gtic of the reduced-order models
‘obtained by the frequency domain approach (2} and the aggregation
(Afa) are closest to tha£ of "the 6rigina1 system in the range of
interest (0.2,Hz to 2 Hz). The investigation of the original systém
responses shows_that the dynamic system pérformance is dominated by
two palrs of complex ejgenvalues (-0.0013* j0.029 and -0.0002+ 30.0064)
and one real eigenvalue —0.0?48. Also, it indicates that the system,
damping 1is ihherthly low. Accordingly, compénsation may be used to
improve the system performance. In the following section, two
procedures for designing compensators' will be utilized. The first
procedure involves designing PID controllers so as to minimize the
integral square error as a performance 1ndeg, while the second proce-
dure utilizes lead or lead-lag compensators so that the frequency
;esponse of the compensated system will satisfy the system specifica-

tions.
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7.3 Compensator Design Using Simplified Models

We now present the main results of using simplified modelg in
l compensator design of linear dynamical systems. These results are
divided into two groups:
1) 'Design of PID controllers so as to minimize the integral
square error.
2)l Design of a lead or lead-lag compensators so that the
frequency rspQ<se of the compensated system gatisfies the

system specif iy

7.3.1 The Design of a PID Controller

The problem is to design a PID controller acting on the error
e(t) = Vref(t) - Vt(t) so that the integral square error is mini-
mized, where vref(t) _1s the reference voltage and Vt(t) is the
actual terminal voltage. The PID contrdller has the following form
, _<if_

.
o

u(e) = le[e(t)' + 11:—1] e(t)dt + T, d—:%) ) (7:1)

To insure a wunique value for Kp» Ty and Ty, other

constraints can be placed on the response. These constraints are:

- ~

(1) a decay ratio of ¥, (2) a value 0.5 for the dimensionless group -

~

KpTd/T. where 1 is the time necessary to reach 63.2 percent of the

final value.



The design procedure volves four steps. fhe first step is
to express the error as a function of the complex frequency s. This
function will involve the parameters of ghe controllers as wunknown
coefficlents. The second step is to express the integral-square error

I in terms of the error transform E(sj_by Parseval’™s theorem; {i.e.,

1 F :
I = Ty _gm E(s) E(-s) ds {7.2)

At this stage, provided E(s) 1is a rationmal function, the

-

integral square error will appear in the form

1 3 b{s} b(-s5) ..
2ry . a(s) a(-s) dﬁ. (7.3

where b(s)'and a(s) are polynomials in (s). The third step 1is to
evalﬁate the Integral. Fortunately, definite integrals of this form
have been evaluated in terms of the coefficlents appearing in -the
polynomials [39]. The -fourth step 1s to adjust the values of the
controller parameters in such a way as to minimize the integral square
error. ’ ) !

Now, for the original system and éach of the reduced models, a

PID controller is designed so as to satisfy the above constraints,

’
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The values of the controller coefficients as well as the integral

square error are illustrated in the following table.

-
Controller K T T I
p ' i d
0 0.669 0.9655 ©0.0132 0.0661
« 1 0.623 1.061 0.0101 0.056
2 0.324 2.495 0.017 : 0.067
3-a 0.526. 0.9056 0.022 0.078
3-b 0.594 1.287 0.0165 " 0.084
b-a 0.841 2.626 0.011 0.07
4-b 0.4912 1.446 0.019 0.088

hY

In the above table O is used to denote the controller designed
with the original system, while 1 to 4-b are used to denote use of the
\ ' )
corresponding reduced-order models. It should be noted that the

controllers are quite diffarent. The closed loop response of the

original system with each controller to a unit step Input 1s shown in
Figure (7.3). Examination. of these responses indicates that the
responses using controllers 1, 3-b and 4~b are reasonably close to the
response usipg the controller designed with the ovriginal system.
Coﬁtroller 3-a makes the system relatively over damped while control-
lers 2 and ﬁ—a.introduce relatively high overshoot and a steady-state
offset. Also, it is seen from the calculation of the integral square

error that controllers 1, 3-a, 3-b and 4-b give a relatively close
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-

value to that of controller 0O, while controllers 2 and 4-a give
different values. These 1integrals are 0.085, 2.206, 0.096, 0.091,

1.97 and 0.11, respectively.

7.3.2  The Design of a Lead or Lead-Lag Compensator

In this section, it 1s desired to design a compensator based
on the original system ana each of the reduced models. This compen-—
sator must compensate for thé phase lag shown in Figure (7.2) over the
desired frequency range (0.2 to 2 Hz). Besides providing the required
da&ping by adding phase lead, the control loop itself should be stable
with the chosen compensator pgain. This 1s achieved by making the
control loop gain margin equal to 10 db and the phase margin 45°. The

transfer functions of the compensators are, respectively;

10.33 (s + 0.0031)
g + 0.0342

So. -

13.26 (s + 0.00146)
s + 0,009

9.63 (s + 0.00336)
s + 0.0342

7.96 (g + 0.0029)
s + 0.0192

83-a "
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5.4 (s + 0.002)

$ B3-b s + 0.023
;
ge. =~ 1.3 (s +0.0034)
4~a s + 0.038
_ 7.4 (s + 0.0015)
84-b

s + 0.025

Again, the subscript 0 is used for the compensator based on
the original system, while subscripts 1 to 4-b are used to denote use
of the corresponding reduced-order 'models. It should be note& that
the compensators designed using the reduced—order model obtained by
the frequency domain approximation is quite close to that one designed
using the originél system.

The closed loop responses of the original systenm with each
compensator to unit a. step input are shown in Figure (214). It 1is
segﬁ.that each of the g and the g3_,, responses is quite close to

- e
that of the gp response while the rest of the compensato*ﬁ produce

quite different transient and steady-state responses. .

7.4 Conclusions

s
-

Several wmodel reduction techniques have been compared for
4
designing PID controllers so as to minimize the integral square error

as well as designing compensators satisfying frequency domain
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specifications. Four wmethods are utilized for obtaining Sth~order
models from an 11tM-order model of a é}nchronous machiné connected
to an infinite bus with excitation system included. These. methods
are: (1) continued fraction expansion, (ii) frequencyA domain approxi-
mation, (i{i1) the aggregation technique developed in Chapter 5, and
(iv) the aggregation technique developéd in Chapter 6). These methdds
have been chosen as tﬁey are representative of the diffefent reduction
approaches.~ It was found that most of the responses of the re&uced—
order model to a unit step input are quite close to that of the
original system except those obtained by the aggregation (£ = 0) and
the frequenéy domain approximation.

Coqparing the responses of the original model equipped with
the.barioJ;&PID controllers with that of the original gystem with its

own controller indicate that some of these respomses are quite close

215

"to that of the original system with its own controller and the others

— -

are quite different. Among the various controllers designed with the
reduced-order models, the best results were obtained with the methods
using the continued fraction expansion, the procedure deveioped in
Chapter 5 and the pfocedure develpped in Cha;ter 6 when the deriva-
“tives of the unretained state variables are set equal to zero (£ = 0).

In another comparison, the controller was designed to meet
frequency domain specifications of éaip margin and phase margin. As
expected, the reduced-order models whiéﬂ provide a good match to the

frequency response of thejoriginal system gave good compensators. The

.
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best compensator was obtained _with the reduced-order model obtaine;i by.
the method of frequency domain approximation.

. It would appear from the above comparison that the usefulness
of the reduced model for the design of suho_ptimal contreller for the
original system depends very much upon the criteria used for designing

-
the controller. \

o
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CHAPTER 8 /// -
- CONCLUSIONS )

L4
— ,

This research was initiated to continue the process of ration-,

/ -
alizing, unifying,- and fmproving existing model reduction techniques.
A close examination of many existing reduction methods has réevealed

that they may be classified in two main groups, those which preserve

eigenvalues (aggregated models), and those which ﬁreserve part of the

Taylor (or Aaurent) serles of the system transfer function {partial

Pada gg}r ximation). A method of reduction has been déveloped in

Chapter 5 Qﬁich benecifially combines the method of aggregation and

partial Pade approximation.

‘ o .
rocedure for selecting state variables for retention in the

' reduced-order model hag been developed in Chapter 6 and applied to the
. v ’ :
singular perturbation method for general model reduction and wlso for

B -

the identification of coherent groupé of genérating units.
. : ~ In Chapter 7, several of the described model reduction tech-

-nlques have been examined and compared for application to PID control-
Tk
ler and compensator design. This comparisog/ﬁhs indicated that the

-

choice of the wmodel reduction scheme erends very much upon_ the,
@ ,

eriteria used for designing the controllr. . Among the’ varfg;s PID

/ controllers from the reduced-order models, the best results have been

B
.
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obtained with the méthods which provide a good match to the time
-

response. However, the best cowpensators have been obtained with the

- N >
methods that provide a. good match to the frequency response of the

ki
PR ,original system.

. - )
A1 Aggregation with Moment Matching
'

The method of a rrégat_ion- suffers from the drawback thHat an

-

eigenvalue/eigenvector chlculation must be accomplished for the entire
state [A] matrix, which will generally be assymmetric. After transfor-

- mation tﬁ?gfﬂessenberg fo;:m, several iterations of the QR algorithm,
o .

7 \

requiring 4 nz. operation per iteration, are needed to determine each

/“‘._ » N - .

eig\e—n'\?z?toe.\Calculation of the eiggnvectors will take at least as(Xany

T T .
operations and. thus th‘e\?nmputer time involved may become prohibitiive -
for a large matrix (n>»50). It 1is worth noting that the procedure
' -

presented in Chapter 5 does not require the calculation of the system

o eiggnvecﬁg{g. However, it requires that the state equations of the

'sfstem e tragsformed to either the controllable of observable

}
companion form. Thils transformation ig quite straightforward and can

- b

be performed in a routine manner. 'Horeover. with this transformation

. ‘ "y
ﬁ_.\f we may decompose the original (multivariable) system into a*numbetyﬁ?—\-)— - A

blocks less than or equal to the mber of {nputs, and obtain the
system eigg:walues by solving for/ the eigenvalues of subsystems of ~

smaller order with the advantage of reducing the- computation effort.

. o . . 3
On the other hand, ‘traditional moment matching methods requir
the least amount 'of computation but suffer from the sertous drawback" '

., #
'(‘ . — L
TN

g

’
- t
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that the stability of the reduced model cannot be guaranteed. Also,
there have traditionally been.difficulties in extending.the method to
multivariable systems. It is worth mentioning that the new method
proposed in Chapter 5 maintaing the separate advantages of the aggrega-
tion and partial‘ Pade approximation methods as described in the
following paragraph. -
The retention of the invariance property under linear state
‘variable.feedback as well as the invariance property in the matched
time moments makes 1t possible to_.solve the suboptimal regulator and
servomechanism problem. Also, the use of canonical realization allows
the aggregation procedure to be accomplished without eigenvector calcu-
lation. Moreover, the stébility of the reduced-order models is
guaranteed and the relationship _between the state variables of the
reducea—order.models and_the original sysfem is maintained.

v

8.2 Aggregation Combined with Simgular Perturbation

Although Ehe‘previous method has these desirable features, it

suffers from the drawback that'the,physical significance of the states
. ‘

is lost. This creates a proplem when the original systém is a part of
a large iInterconnected pﬁwer system, as transient stability programs
are written to accept dynamic equivalents expressed in terms of eq;iva—
lent lines and generators.

The singular perturbation method is an attractive approach for
model reduction since the physigal nature of the model is preserved.

The main difficulty :Jith_tﬁmjmethod 1s the problem of deciding the

N
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proper partitioning of the state vector into slow and fast parts. The
problem is éomplicated by the fact that, in general, the states are not
decoupled. To overcome this difficulty a criterion has been proposed
i1n Chapter 6 for selecting the most important state variables of the
original system to be retained in the reduced-order model. >

The choice of the state variables is based on the participation
of the dominant eigenvalues in the step response of each state. Based
on the previous criterion, a re@uction technique has been proposed.

Ths original system 1s transformed into two subsystems. The | first

subsystem 1s described by the subset- of the actual state variables

chosen to be retained, while the other 1{is described by canonical
diffe%ential equations representing the less-@bminamt eigenvalues in
such ; Gay that the second subsystem acts on the first one while there
1s no coupling path from the first to Ehe seéénd subsystemn.

The reduced;order model 1s obtained, either by setting the

value of the state variables of the second subsystem equal to zero or

by considering their derivatives equal to zero. Thus, the reduced-

order models obtained retain the piysical significance of the state:

variables of the original system while retaining the dominant eigen-

values. This approach can be regarded as the combination of two well

known methods, singular perturbation and aggregation. This methoJ\

requir¢s knowledge of the eigenvalues and eigenvectors of the original

system which is computationally expensive. Fortunately, 1in dynamic

e

- .stabllity studies, we are often interested in those lightly damped,

oscillatory modes in the frequency range of 0.1 to 2 Hz, that 4re
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assoclated with power oscillations, thus a partial eigensolution for
the original system is sufficient. This will provide us with the set
of elgenvalues of largest absolute magnitude together with the
corresponding eligenvectors.

lAlso, in Chapter 6, a procedure for obtaining &ynamic equiva~
lents of multimachine sys;egs has been proposed. This procedure
utilizes the idea of compﬁnent cost analysis for identifying the
coherent generators. The original system;is divided  into an internal
subsystem where the disturbance 1s assumed to occur and whose detailed
behavior is of interest,‘and an external subsystem whose effect on the
internal system must be accounted for. Assuming that the disturbances
are applied to the generators of the internal subsystem, ana that ;Le
reference generator is selected from within the external subsystem, a
generator'is identified to be coherent wtth the reference generator if
the value of 1its comp&nent cost 15 very small (ideal coherency will
exist when the component éost'is zero}. A zero component cost for sich
a generator means that either this generator and the reference genera-
tor respend to the disturbance in the same way, or they are both
uncontrollable. It ﬁgg”been showﬁ that by using the classical model
for each generating unit (for identifying the coherent generator only)
we are able to obtain the coherency measures without golving a Lyapunov
- equation. This Procedure has been applied to the New England system

model. Although the results obtained verify that this reduction

algorithm ?Br producing dynamic equivalents 1s feasible, it would be
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desirable to test the algorithm on a much larger system, e.g., one with
at leaasg fifty generators.

-

8.3 Contributions of the Thesis

The specific contributions of the overall study are considered
to be as follows: | \\

(1} The development of a model reduction technique which combines the

excellent qualities of aggregation apd moment matching. The

important aspects are; guaranteeing the stability of the reduc;d-
order model, saving computation time, and retaining the invariance
property under state variable feedback conditions.

(2) The development of a criterion for selecting the state vériables
of the original system to be retained in the reduced-order model.
This criterion is b;sed on the participation of the system eigen-
values if® the step response of each state.

(3) The development of a re&uétion technique which can be regarded as
the combination of the methods of aggregétion and singular pertur—
bation, The reduced-order model obtained has the advantage of

retaining the physical significance of the state variables and the

dominant eigenvalues 'of the original system. ' i

’

(4) The development of a procedure for identifying coherent .groups of
generators in an interconnected power system, utilizin the //

concept of component cost analysis. \

8
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(5

(6)

8.4

(1)

)
(2)

A comparisbn of various reduction techniques in order to illus-
trate their usefulness in designing suboptimal controllers to
obtain suboptimal control performance.

The verification of the methods developed in this thesis by
implemehtation using a variety of realistic power system models
including a single éynchronous ma;hine connected to an iInfinite
bus (with and without excitakion system), a threetmachine system
with éix buses and nine 1lines, and a 10 machine system with
39 buses and 46 lines representing the %ew—England area. These

applications include simulation, analysis and simple controller

., design.

Suggestions for Future Work

Specific topics which seem worthy of future study are:
In this thesis we have .proposed two techniques for model order

>
reduction. Althgugh the implementation using a variety of realis—

n

tiec power aysEEm models verify quite conclusive}y that these

methods are reasonable and viable approaches to producing dynamic

4 _ :
equivalents, some {fmportant work rema} s to be gone. It would be

4
of Interest 1f these mithods were to be adopted by a utélity where

f .
they can be applied to /the analysis of existing systems of larger
sizes.

The pragedure developed in Chapter 6 for identifying the coherent

generators, together wifh the aggregation technique developed 1in

223~



(3)

£

)

thé beginning of the same chap;er, permits the obtaininé ~of
dynamic equivalents for muleimachine systems which .Preserve the
physical n;ture of the system as well as retain .the dominant
eigenvalues and the associated elgenvectors. Similar application
by utlities would provide valuable operational experience.

Much of the concern of model simplification has been about linear
systems. Extension to more realistic non-linear mo&éls would seem
appropriate for the attention of researchers; for exampley the
éxtens%on of aggregation concept to a certain class of non—linear

systems. Specifically, such developments would permit analysis of

"large” disturbances.

. ~D
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. APPE?DIX 1
SUBSYSTEM MODELS

[}

v
In this Appendix the equations describing the performance of
.each subsystem will be presented. The models are taken directly from
the text by Anderson ([58] but the equations representing them are

rearranged in a matrix form.

1.1 Synchronous Machines

. L I
The modeling of a synchronous machine in state space form has

been considered by many Vauthors. Two different approaches Eﬁye béen \
used by Anderson 1in choosing the states of Ehe model. The firsﬁ
approach uses the stator current and rotor currents (referred to thé
machine rotor frame) ‘as states, while the secondtfppproach uges the
stator and rotor fluxes (referred to the machﬁge rotor fr;me) as
states, In this Appendiﬁ;- the first approach will be used in des-
cribing the schhronous-machine model. The equations of a model-bhsaﬂt
“on linear approximation around an aPpropriate operating condition, for
a synchronous machine, are‘taken‘directly'from réference [58].‘AThe§e
. equations are presented in matrix form as follows.

— The liﬁearized differential equations for a synchronous ﬁachiﬁe

.

,together with tﬁg mechanical equations representing the motion of the

b \ |

Ny .
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rotor {(not including the

for convenience.
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The flux linkage equations are:,
[ Y *a o %ag  Tad [ 1
Ve X ¢ L Xeq 0 1
L *ad  *fd *kd1 : Lea
- ~— (1.2)
\ . .
¥q *q Yaql  Taq2 i
¢kq1 .0 xaql xkql xl]S.qIZ - ikql
- % Y | "
Yiq2 | %aq2  Tkq2  Fkq2 irq2
\_//)
. The terminal voltage /equation is:
o
N do vgo vd .
Ve [ R (1.3)
to to %l .
The electrical torque equation is:
r
. 4 Te = [iqo ' —idO] : 'Pd" + {- qu. ‘Pdol id ‘ (1.4) ]
\bq q
» ' M
1.2 Excitation Sz’ptem; : t

Throﬁél‘wut this thesis one type of exciter is used. This is a

type 1Arotating—exciter. The block diagram representing a type 1

N\Jp\/\ . | .- _
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.

. Totating exciter is taken directly from reference [58]. This 1s

depicted in Fig. (A.l). the first summing point compares the regulator~’

’

reference with the output of the voltage sensor to determine the
L}

voltage error input to the regulator amplifier. The second summing
point combines voltage error with the excitation major damping loop
signal. The next sdmming point subtracts a signal which represents the

satﬁ;htion function of the exciter.- The equﬁgi%’p describing the

I’ .
pecformance of a type 1 exciter are:

o - - 1 A - r1 -
v -— 0 0 0 v ——
R L TR R TR 0 Vt
K K K
v, -A L _ A 0 v, 0 Ay )
'l'A TA TA a TA Te
= +
. K -K, (K.+5.)
i, 0 £ 1 TRglRetSg v, 0 0
TETF TF TFTE .
. 1 "(KE+SE)
Efd 0 —_— 0 —— Efd 0 0
l, " B E ‘ TE J L | L )

(1.5)

.81,
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Saturation function

Bensor
. Eea
I"Et -
R
Btabilization loop .
EX, ' .
I-O-"r

Figure A,1 Type~l exciter

block diegram



APPENDIX 2
FORMULATION OF THE NETWORK ADMITTANCE MATRIX
/\- .7 The bus admittance matrix [Yg] relates the network bus
currents to bus voltages , including non—generator load buses. This

matrix can ,generally, be arranged in the following partitioned form:

> . _ ’ '

Iy
_—- - - --- 2.1)
I Y21 '

where IN and }h are the currents and voltages of all generator buses.
5 and YL are the currents and voltages of all non-generator (lead)
buses.

" The network admittance matrix, [YN], relates the’ generator
bus currents to the generator bus voltages. The construction of this
.matrix from the bus admittance matrix can be achieved by eliminating
all.the non-generator (load) buses. This can, generally, be performed

by two methods.
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]
2.1 Partitioning Method
Expanding equation (2.1) yields:
Iy = tal ¥y + [M2] ¥
(2.2)

¢
r‘<

I o= ] Vg + (Y]

If all system loads are represented by constant admittance the

current-voltage relationship at all non-generator load buses can be

.

described as:
I = -~ [Y 1Y (2.3)

where [Y;;] 1s a diagonal complex matrix with each element represent-—

ing the load admittance at the corresponding load bus. Combining

4

equations (2.2) and ) and upon reduction one obtains:

- [ Yy _ (2.4)

N
where .
Y] = {0Y000 = [¥%2) (1Y) + (% D70 (Y1) (2.5)
[ b
' _J

~
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Thus, the constrection of the [Yy] matrix from the[Yg]
L .
matrix, wusing this method, requires a complex matrix inversion of an

order equal to the number of all non-generator locad buses 1in the

system.

2.2 Elimination Method

This method 1is a modification of the partitioning method in

order to avoid the inversion of a complex matrix which can be of high
: ' ’ :

order. In this method the 1load buses are eliminated one by one.

Consequently, if we start with the last load bus arranged in equa-

tion (2.1), [Y;5] will be a column vector, [Yz1] a row vector, and

hence, Y,, and Yy will become complex elements. Repeating the

process in equation {2.3) we finally obtain the [Yy] matrix,

Z /

—





