AN EXACT THEORY OF STRAIN IN RODS OF

FINITE TRANSVERSE DIMENSIONS



AN EXACT THEORY OF STRAIN IN RODS OF

FINITE TRANSVERSE DIMENSIONS
BY

MICHAEL R. TROTH., B.Sc., (Eng.,)

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILMENT OF THE REQUIREMENTS

FOR THE DEGREE

MASTER OF ENGINEERING

McMASTER UNIVERSITY
FeBruArYy 1971



MASTER OF ENGINEERING (l97l)b McMASTER UNIVERSITY
(Civil Engineering and Hamilton, Ontario
Engineering Mechanics)

TITLE: AN EXACT THEORY OF STRAIN IN RODS OF
FINITE TRANSVERSE DIMENSIONS

AUTHOR: MICHAEL RICHARD TROTH, B.Sc. (Eng.),
Queen Mary College, University of London

SUPERVISOR: Professor G. AE . Oravas

NUMBER OF PAGES: xii, 114, A.10,B.18,C.6,D.11

SCOPE AND CONTENTS:

An exact analysis for the state of strain in a three
dimensional rod continuum is presented. The exact geometrical
description of the rod involves the evaluation of a power
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that by a suitable choice of cobérdinates in the reference
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gradient as a material transformation, the strain tensor may
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in order to make this three dimensional analysis compatible

with the exact analysis of one dimensional rods.
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NOTATION

The subscript, C, for any tensor indicates the
conjugate of the tensor.

Refers to quantities defined on the axis in the
reference configuration, C.

Refers to quantities defined on the axis in the
current configuration, ec.

Repeated indices imply Einsteinian summation
convention unless indices are underlined in which
case summation is suspended.

Greek indices take the values 1, 2.

Latin indices take the wvalues 1, 2, 3.

Axial directors in current contiguration = (ak)c

Axial directors in reference configuration = (BK)C
Rod axis in current configuration

Rod axis in reference configuration

wli

)

The Green deformation tensor (= F . c

Directors in current configuration
Directors in reference configuration

Kroenecker delta

Material element in current configuration
Material element in reference configuration

Permutation symbol

Euler strain tensor

X
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Euler-Lagrange strain tensor

Affine Proper Euclidean three space

Deformation gfadient

Base vectors in current configuration

Base vectors in reference configuration

Metric tensor in current configuration

Metric tensor in reference configuration
Identity tensor

Transformation tensor in current configuration
Transformation tensor in reference configuration
An Orthogonal tensor

Position vector in current configuration

t

.
s An wracsknAr
- wrda V A Wt e W

in reference configuration

csi
Position vector of rod axis in current configuration
Position vector of rod axis in reference configura-
tion .

Displacement vector

Curvilinear codrdinates in current configuraﬁion
Curvilinear codrdinates in current configuration

Generalised curvilinear codérdinates in current
configuration

Generalised curvilinear codrdinates in reference
configuration
Binomial coefficient

n!
r! (n-r)!

Christoffel symbol of second kind



EXPLANATION OF TERMS

A physical rod is modeled by a mathematical
continuum Consisting of a space manifold of points. .When
discussing the physical rod the adjectives "undeformed"
and "deformed" refer to the states of the physical rod
before and after deformation. When discussing the mathe-
matical model the adjectives "reference" and "current"
refer to the configuration of the space manifold occupied
by the rod before and after a deformation ié applied to the
physical rod. The term “mapping” refers to process underaone
by the space manifold correspondihg to the deformation of the
physical rod. The term "configuration" is applied to both

the physical rod and the space manifold.

xii



CHAPTER 1

MULTIPOLAR MEDIA THEORY IN CONTINUUM MECHANICS

*
Definition of a Body in Continuum Mechanics(l)

In the classical continuum mechanics a body, B, con-
sists of a set of particles sometimes called a manifold of
material points. Each particle of the body is given a label
or name, R. In the mechanics of discrete mass points labeling
is usually done by means of a subscript, e.g., we may talk of
the kth particle having mass my and being at the position ﬁk'

The narticles of the body mav occupyv various positions of a

three dimensional Euclidean point space, Ej. (See Appendix A)

R 3 Body B

w

» Figure 1

The complete specification of the positions of the _
particles of a body is called a configuration of the body.
Such a configuration can be represented by a one-one mapping

X or its inverse x‘l. (See Appendix A)

* Superscripts in parentheses refer to references on page 114

1



R =X (R) R=x1 (R) (I. 1)

where R, or R* is a point in E; and is shown in Figure 1.

Consider another configuration,

-1

r = 0 (R) R=0 (r) - (I. 2)

The two configurations i and O are related by,
xR = R(R) (I. 3 i)

R =1 (I. 3 ii)

r = 0 (R)

Thus far the body B is simply a set of points. We
complete the definition of the body B by specifying that the
transformation R = R L (%) be piecewise continuous*. Continuity
means that two points arbitrarily close in the configuration
X are arbitrarily close in 8. We shall also require that
= K

- > ’ 3 -
(r) be piecewise continuously different

-

el

order may be required.

Multipolar Media(3)

Multipolar media theory introduces a new concept into
the classical model of a manifold of material points by postu-
lating a set of vectors associated with each point. These
vectors are called dinrectors, the number of vectors may in
general be arbitrary but normally the number is the same
as the dimension of the space. These directors define directions
associated with the point and are susceptible of rotations and

stretches independant of the deformation of the material elements.

* See Appendix A, § "Limits and Continuity"”



Such a model of a directed medium should include, amongst other
possibilities representation of a molecular concept in which
the molecules have an internal structure. These ideas will
now be expressed in mathematical form.
In addition to the classical deformation characterised

by a mapping,

r =r (R) (I. 4)
We have a transformation,

d, =d () = 4, (R) | (I. 5)
which may be defined independently.
Where 5a are the dinrectenrs in the neference configuration and
ﬁb are the directons 4in the currnent conﬁigundtion.

The directors may be defined with respect to a local

curvilinear basis at the point in the following way.

We have, Ea = ﬁa'?
= 5_-G"G,
"+ B, = by & (I. 6)
where Di = ﬁa°§K

We define the reciprocal directors, ﬁb, such that,

b_=.=b_ K= . bzM
6a = Da DY = Da GK DM G by (I. 6)
_ K b M
= Dy Dy GK
. b _ K. Db
.o 6a = Da DK (1. 7)



and so,
-  -a K 5.2 2M_ K _a M
.*. pK Dy 65 (I. 8)

Having now defined a director triad at every point in
the continuum together with the reciprocal director triad, we
may use this new basis at any point as a new frame of reference
in the local Euclidean point space.

The metric tensor components for this director

basis may be calculated as,

M

=75 .5 = pk p ;

D, =D, D, = D, Dy Cgu (. 9.1i)

- - b KM ‘s

and Dab = D3 Db = Di Dy G _ (I. 9.1ii)

We define a tensor W by,

= _ K - °_"M _ 3 ~ —-a
W=W,p GKC = —5 [Da] D
X
or,
= K = =M _ K a = gM .
= = G
w W MP GK = Da,P DM K | (.10 .1)
so that,
K - K a ..
W Mp = Da,P DM (I.10.ii)



where DE;P is the partial covariant derivative (See Appendix
B). This tensor, W, is called the Wryness of the directonr
frame in the undeformed material. It may be obserﬁed that

for the special case in which the magnitude of the directors
and the angles hetween them are constant, as is the case for
example if the directors are chosen as an orthogonal ﬁnit
triad, and if the point R is made to traverse the XP coordinate

line at unit speed, the quantities WKM are the components of

P
the angular velocity of the director frame, Ba’ carried by R;

and we have,
2 0,1 = ®-D (r.11)

We could similarly define the wryness of the director
frame in the deformed configuration but a wryness tensor so
defined would not afford a comparison between the deformed and
undeformed configurations since it refers only to the relative
configurations of the director frames at different points in
the deformed material. In order to compare reference and current
configurations we use the generalisation of the angular velocities
of the director frame at r relative to those of the director
frame at R when r traverses the curve into which the path of R
is deformed. Introducing.the nelative wryness tensdor, ¥,
where,

3

— [d_] &%
axP a

-l

_ wk -  -m
=¥ p 9 9



Lo F=vk g, s ab, 25 " (1.12.4)
so that,

‘Pkmp = ds;p a2 ‘ (I.12.ii)
where

dg;P = dg,p 2;5

is the total covariant derivative. (See Appendix B)

)

J I P
>eClial Lases Of

AS

We may summarise by stating, that in a directed medium
a deformation consists of a transformation carrying R into r

and the directors D_ at R into directors aa at r.

i.e. r =1 (R) d =d_ (D

a a b) (1r.13)

Conceptually, a deformation consists of a dibplacement
0f the point and independent sitrnetches and rotations of the
directors. Within this general concept we may define the
directors to suit our convenience. They may be‘purely geome-
trical frames of reference transforming completely independently
of the material continuum, or on the other hand they may be
defined to represent some aspect of the material, possibly it's

microstructure, transforming accordingly. For example in the



special case when,

d, = D °F (1.14)
where F = 3§, the material deformation gradient, the directors
dR

are material elements and their presence adds nothing to the

classical descriptioﬁ of strain. 1In the special case when,

il

d =D_*

a a (I.15)

i
i
Ot

a a

the directors are invariable elements and again add nothing new.



CHAPTER 2

DEVELOPMENT OF THE ANALYSIS OF RODS OF FINITE DIMENSIONS

Rod Analysis

Rod analysis as a branch of continuum mechanics seeks
to analyse the behaviour of continua having geometrical pro-
perties such that the space occupied by the rod comprises the
neighbourhood of a mathematical curve given by the parametric

K 2

equations X = XK(S), bounded by a surface f(xl, X“, X3) = 0,

The curve, C, is called the axis of the rod and the axial
dimension of the rod is assumed to be of
either of the other two rod dimensions, which are called cross-
sectional dimensions. The limiting case of a rod is a mathe-
matical line in which the cross-sectional dimensions are
reduced to zero.

In tracing the modern development of the analysis of
rods of finite dimensions we shall examine the work of Hay,
Ericksen and Truesdell, Suhubi, Antman and Green, Laws and
Naghdi.

The Analysis of qu(z)

The first work on the modern approach to rod analysis
was done by G.E. Hay in 1942. Hay's analysis is a rigorous

mathematical treatment of a rod of uniform cross section with

8



the external forces acting only at the ends. The scope of the
paper is however limited to rods whose cross-sectional dimen-

sions are of infinitesimal order.

Hay's Description of Rod Geometry

In Hay's description of the rod geometry in the reference
configuratioh, the curvilinear coférdinates are defined as the
two principal axes of inertia of the cross section and the
axis of the rod. The cross section of the unstrained rod is
therefore defined plane and the coordinates identified with
principal axes of inertia are defined straight., This assump-
tion of straight co6rdinates is justified within the limits
of the cross sectional dimensions since any cuiviliinear
coordinates may be regarded as straight over an infinitesimal
length. The unstrained cross sections are defined normal to
the rod axis. 1In the description of the strained rod, it is
acknowledéed that the unstrained plane cross section will have
deformed into a general surface. The lengths of the codrdinates
at a point in the unstrained rod cross section are constrained
to remain constant throughout deformation, so that within an
infinitesimal distance from the rod axis the cross-section
in-plane deformation is accounted for in the transformation of
the base vectors defined at every point on the rod axis.

In Hay's analysis the configuration of the unstrained
rod is completely described by the rod axis and the cross

section at each point on the axis, where the axis is the locus
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of the cross-sectional centroids. Consequently the description
of the rod axis, which is an arbitrary space curve, is of
fundamental importance to the analysis. In order to describe
the reference configuration of the rod axis Hay introduces

a rotation vector instead of the classical Frenét-Serrét
description of a curve. The base vector triads defined at each
point on the rod axis are all orthogonal in the reference
configuration as a consequence of defining the curvilinear
coordinates as the two principal axes of inertia of the normal
cross section and the rod axis, since each base vector is
tangential to a curvilinear coordinate. In the reference

configuration Hay considers two adjacent cross sections

then defines a vector at each point on the axis which describes
the rotation of the base vector triad at that point which
would be required for it to align itself with the adjacent
triad, in the direction of increasing arc length. In the
strained configuration such a vector may not be so simply
defined since the base vector triads along the axis are no
longer geometrically similar. A rotation vector, in this case,
is defined again by considering two adjacent cross sections.

In order for each cross section to align itself with the
adjacent cross sec;ion, a certain displacement of the cross
section would be necessary and a hypothetical strain is
introduced in order to describe this displacement. A vector

is in this case introduced at each point on the rod axis which
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describes the rotation of the principal axes of this hypothe-
tical strain between adjacent cross sections which would be
necessary in order to align each cross section with its
adjacent cross section, in the direction of increasing arc

length.

Hay's Analysis of Strain

In his analysis of strain Hay's approach is to treat
the rod as a three dimensional continuum, defining the strain
tensor components eij by,

ze.. = g" - g-. (II- l)
where g,., and g:. are the metric tensor components in the
unstrained and strained configurations respectively at an

arbitrary point within the rod continuum.

Hay's Method of Approximation

In the strained rod configuration Hay expresses various
parameters of the problem such as the metric tensor, Christoffel
symbol, stress tensor and strain tensor at any point within
the rod continuum in Taylor power series expansions about the
corresponding parameters defined on the strained rod axis.

The coefficients of the power series are found for the first
few terms by use of constitutive equations and compatibility

relations.
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The Analysis of Ericksen and'Truesdell(3)

In their paper Ericksen and Truesdell develop an
exact analysis of the stress and strain of a unidimensional
continuum which they call a rod but which is actually a
mathematical space curve composed of material elements. Their
geometrical description is thus more fundamental than that of
Hay since their rod has zero cross sectional dimensions instead
of first order infinitesimal cross-sectional dimensions. The
rod is defined as a unidimensional Cosserat continuum with
directors defined at each point of the curve subject to the
restriction that the directors are defined as material elements.
Thus the directors, which are vectors, transform as material
elements. In a three dimensional continuum this transformation

would take the form,

R _ Rk K
da = x;K Da (IT. 2)

where x% is the deformation gradient. However a three

K

dimensional deformation gradient cannot be defined in a one
. . . ko, .

dimensional continuum so that a tensor A gk 1S defined by the

directors of the one dimensional continuum such that,

k _ k a
Ag = d3 Dy
then,
. kB X ‘
where AkK = x?K along the axis of the rod.

This type of transformation is only admissible for
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vectors of infinitesimal magnitude which is satisfied in
this case since the directors have been defined to be material
elements.

The orientation of the director triads in the reference
configuration is described by a wrvness tensor and the
relative orientation of the director triads in the current
configuration is described by the relative wryness tensor.
In Hay's analysis the directors are collinear with the base
vectors whereas in Ericksen and Truesdell's more general
approach this would be a special case. It is demonstrated that
the relative wryness includes and generalises Hay's rotation

vector.

Ericksen and Truesdell's Analysis of Strain

Since only a unidimensional curve is considered, the
strain in the rod is completely described by the stretch, A,

which is defined by,

A = g.g_ (II. 4)

where s and S represent arc lengths in the deformed and

undeformed rod respectively.

Ericksen and Truesdell's Analysis of Stress
The analysis of stress by Ericksen and Truesdell is
based on the stress principal which they define as:-"At each

point on a rod, the action of the material to one side upon the
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material to the other is equipollent to that of a stress

resultant vector, 5, and a couple resultant vector, M." An

elemental length of the rod is considered and the conditions

of its equilibrium give two equations relating;

i) the stress resultant vector and the external force

and |

ii) the couple resultant vector, external force and external.
couple.

The Analysis of Suhubi(s)

Suhubi's paper is an attempt to adapt the methods of
rod analysis to a physical rod of finite cross sectional
dimensions in order to develop a method of analysis to meet

practical engineering needs.

Suhubi's Description of Rod Geometry

| In order to describe any point within the rod, Suhubi
introduces normal codrdinate systems associated with the éxis
of the rod. That is, in both the reference and current con-
figurations he introduces at each point on the rod axis an
orthonormal vector triad, one vector of which is tangential
to the rod axis. The rod axis is described by a curvilinear
codrdinate X3. The cob6rdinate system is such fhat the trans-
verse coordinates are rectilinear and define a plane cross
section which is normal to the rod axis. On the curvilinear

coordinate X3 which is associated with the rod axis the
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e . : 1 2
transverse coordinates have a zero value, X = 0 = X". The
transverse base vectors defined on the axis are collinear

with the transverse codrdinates. See Figure 2.

Figure 2

The position vector in the reference configuration to an

arbitrary point in the rod cross section is then,

R = ﬁ(x3) + xASA (II. 5)

where ﬁ(x3) is the position vector to the rod axis and KA are
the base vectors defined in the plane, normal cross-section.

Similarly in the current configuration,

T = T(zd) + 2* a, (II. 6)
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the geometry of the current configuration being defined in
the same way as that of the reference configuration.
Between the reference configuration and the current

configuration there is the mapping,

r = r(R) (II. 7.i)
which is considered to be invertible such that,
R = R(r) (II. 7.ii)

Since in the reference configuration the rod axis is

defined to lie along the X3 curvilinear cobérdinate for which

Xl =0 = x2 and in the current configuration the rod axis is

defined to lie along the x3 curvilinear codrdinate for which

xT =0 = xz, the transformation imposes the restriction that

3 3

the mapping between X~ and ¥~ must be isomorphic. (See

Appendix A.)

23 = 23 (x3) (II. 8.i)

x3 (23) (IT. 8.ii)

<
]

The transformation of the Xl and X2 coordinates
however must be of a form such that rectilinear codrdinates

Xl and X2 are mapped into rectilinear codrdinates xl 2

and x
during an arbitrarily imposed deformation., Therefore the

mapping between XA and zb cannot be isomorphic, and is defined



17

to be of the form,
2% = % (x5 (@ = 1,2; K=1,2,3) (II. 9.i)

whose inverse is,

A k

=1,2,3) (II. 9.ii)

X = xA(x ) (A =1,2; k
c s axl2 BXK
Suhubi then calls the quantities —= and % the deforma-
| \ oxK da

tion gradients.

The Transformation Tensor

A useful geometrical development of Suhubi is the
evaluation of the form of the transformation tensor, ﬁ, between
the base vectors, éi’ at an arbitrary point within the rod and
the base vectors, Ej, defined on the rod axis in the same cross
section, such that,

g; = H ° a (11.10)

or,

so that in Suhubi's notation,

-— _ j -
9; = W'; Ay (I1.11)

Using this transformation, all tensor quantities defined
at any point within the rod with respect to the local base
vector system may be referred to the base vector systeﬁ defined

on the axis in the same cross section.
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Suhubi's Analysis of Stress and Strain

Suhubi deals with stress and strain as for a three
dimensional body. His developments are only unique to rod
analysis in that the vector and tensor quantities are referred
to the axial base vector systems by use of the transformation

tensor, Y.

Suhubi's Analysis of Deformation

For thin rods Suhubi proposes the functional form for
the transformation,
% = 2% (xXX)

to be a power series in XA with coefficients which are functions

of X7, +truncated *to the lincar teorms, Similarly he preopoeses
a power series for
A A k
X = X" (x7)

Criticism of Suhubi's Geometrical Description of a Rod and his

Definition of Deformation

The criticism of Suhubi's geometrical description is
that his definition of each cross section as beiné plane and
normal to the axis in both the reference and current configura-
tions will give, for an arbitrary space curve axis, a multi-
valued position vector for each point within the rod for any
cfg;ébséctional dimension greater than first order infinitesi-
mal. |

His geometrical description of the cross-section in the
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reference and current configurations.

A g

viz R ﬁ(x3) + X A

T(z3) + 2% 3

Hi
Il

and -

while being mathematically correct has the disadvan-
tage that the two cross sections so described are, in general,
not the same material surface in the reference and current
configurations respectively. This is an immediate consequénce

of the anisomorphic mapping of the two transverse codrdinates,

Mh dr\an -3 An v»ouAdant 110AR Ter Cishiaalad ~ -
.A.h\;‘_ ‘\—J—v.&.ma'\_lu g-'.g.\.s-.(.. - o e 4 P S d"C- ..Ot_

LN - ~

therefore describe the material deformation but has only a

purely geometrical interpretation.

(4)

The Form of the Radius Vector Suggested by Antman and

(5)

Green, Laws and Naghdi

A more general approach to the geometrical description
of a rod which takes into account rod cross sections which are
not plane was suggested by Antman. His radius vector takes
the form of a function which is analytic with respect to &

such that,
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where

(mén) ) 1 am+n z
2

5 (@)™ 5 (22D

m!n!

This is a generalisation of Suhubi's form of the radius vector
and it may be observed that by truncating this éeries to the
linear terms we may reproduce Suhubi's form of the radius
vector. Antman's proposal of the form for the radius vector
has the structure of a Taylor power series expansion abouﬁ

r (x3

). Antman describes the base vectors, the directors and
the displacement vector in terms of this symbolic representa-
tion of the radius vector. The summation is not explicitly
evaluated.

The power series expansion form for the radius vector

is also mentioned by Green, Laws and Naghdi in the form,

o
e
Al

_ _ 3 '
r =r(07) + ¢)
A0y oo Gy

where it is noted that the d are completely sym-
a a * " o a
172 n
metric in Ayr Onr eeey O Symbolic forms are given for the
differential coefficient of r, but the power series expansion
is not explicitly evaluated. This is also of the form of a
Taylor power series expansion about r (93) and the symmetric

property of aa in Ays Oys oe., @ May be demonstrated

lazo [ .an

for a Taylor power series expansion.
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This work as a Natural Consequence of the Previous Analyses

While it has been recognised in previous works that
the form of the radius vector to an arbitrary point within
the rod is a power series expansion, this power series has
only been expressed in symbolic form and development of the
expressions for the displacement vector and the strain
tensor have utilised the truncated series only. It is £here—
fore a natural step to investigate the consequences of the
full power series expansion for the radius vector to a point

within the rod.

The Thesis

The geometry of the rod and its form in previcus werks
have been described by the radius vector and its functional
form respectively. This approach restricts the form of the
radius vector expression to the linear terms of the power
series expansion due to the complex nature of any calculations
based on the full power series expansion for the radius
vector. In this work it is shown how, by judicious choice of
the codrdinate system in the reference configuration and an
interpretation of the deformation gradient as a material
transformation, the strain tensor may be evalﬁated with the
degree of accuracy inherent in using the full power series
expansion, without recourse to evaluating the power series and
its derivatives.,

An investigation was also made to determine the
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applicability of Ericksen and Truesdell's analysis of a one-
dimensional rod, viewed as a multipolar medium, to the problem

of the three dimensional rod.



CHAPTER 3

GEOMETRY OF RODS OF FINITE CROSS SECTIOMNAL DIMENSIONS

Curvilinear Codrdinates and the Rod Axis, ¢

In the current configuration we define, without loss
of generality, the affine space occupied by the rod to be
spanned by material parametric coordinates, xk, such that the
curve ¢ lies along that x3 cobrdinate associated with

xl = 0 = x2. A cross section of the rod at any point on ¢

]

is that surface defined by x3 constant. We shall not define

Iy -~ e o _ A — - - - - p—— - - S - 2. o PR 2. S
the cross sections Lo be planes normal Lo ¢ in any confiigura-

w

tion since this Would entail defining the =% codrdinates
perpendicular to ¢ which would imply, for an arbitrary
space curve axis, that at distances from ¢ greater
than infinitesimals of the first order the cross sections'
along ¢ would intersect.

We define, in general, the cross sections along ¢ to
be arbitrary non-intersecting surfaces. The position vector,

r, of any point on ¢ is given by,
- - 3. _ -, 3 A
(r)c =r(0,0,z7) = r(x”) (I1X. 1)

Since we have specified that the line ¢ lies aiong an
x3 codrdinate we may reduce the equation of the bounding sur-
face for a prescribed cross section to,

23
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£zl ,2%) = 0 (III. 2)
(5)

After Green , we define the relationship of the

1 2

curve ¢ to the boundary f(x~, ) = 0 by the condition,

i
o

0z% da (III. 3)

where p is the mass density and the integration is taken over

any section, x3 = constant, which is bounded by f(xl, xz) = 0,

Geometry of the Rod

We have the structure of the rod space in the current

configuration,

Figure 3

where (§h)c indicates the base vector Ek defined on the axis e.

See Figure 3.
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Let us consider a cross section, x3 = constant

as shown in Figure 4.

f(xl,xz,x3)—f(0,0,x3)

flx ,xz) =0

tet,22,23) |/£10,0,23)
0 Figure 4

The position vector of any point on the cross section, x3 =

constant, is given by,

1 .2 3) 2

T(zt,2%,23) = £(0,0,23) + [E(xl,x ,x3) - E(O,O,x3ﬂ (III. 4)

The expression,
f(zt,22,23) - £(0,0,2°)
may be expanded into a Taylor power series in the following

way;
F(zt,z%,23) - £(0,0,z°)

= ol E—T_E(o,o,x3) + 22 & _ F(0,0,27) +
ox ox
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2 - 3 2 - 3
. %_' L1102 i(g,o,x ) 4 ppln2 2 lr(cz),o,x ) .
) 9 (x) dx~ dx :
2 - 3
+x2x2§——§-(—g-'o'x)+......+
d{x™) "
1 1.n 3™ 7(0,0,z) n\ , 1.n-1_2 3 £(0,0,z3)
a0 e *(1)‘“’ a1,z Tt
: 3 (x™) 3{x™) ox
n = 3
+ (xZ)n 3 r(0,0,x7) + (III. 5)
2 n L] ) . - ) L]
3 (x")
where
- r - - P |
o7 ¥(0,0,x°) _ ta“ r(zt,x?,22)
l,n-r 2. r l.n-r 2. r
3 (x) 3 (%) 3 (x™) 3(a)T | Lo _ (III. 6)

Alternatively we may write,

2 23y - F(0,0,23) =

. n
z 2 n\, 1.,n-r, 2.r 3™ £(0,0,z°)
(™) (x™) Lt n=1,2,3,...
! (r) a(acl)n—ra(xZ)r
n r=0 ’

which may be expressed as,

f(xl,x

= J 1
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;(xl,xz,m3) - E(O,O,x3)

n = 3
- 1 ( i.n " f(o,o,x3) + (32)n 93 _r(0,0,x7) +
ns B(x )n X

n-1

+ (n)(xl)n—r(xz)r a8 f(O,O,x3) (ITII. 7)
r a(a{:l)n-ra(mz)r

r=1

n=11,2,3,...

Finally,

E(xl,xz,xB) - ;(O,O,x3) = xl(al)c + xz(gz)c +

n - 3 n - 3
. %. zhHn 2 i(o,o,x ) 4+ (g2 B ;(0,0,x ) +
: 3 ()™ 3(xc)™

n

n-1
' ' _ n - 3
+ (?)(xl)n r(xz)r.a - ifg,o,g i (III. 8)
3(x™) 3 (x”)
r=1
n > 2
.where,
- 3
9 r(0,0,z~) _ ,-
o = (940, (III. 9)
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Consequently we have,

22 1—7(0,0,:::3)= 3 -
ox

k -
—5 g = (g,) (III.10)
3(xl)3(x2) 2 l)c 1 2 : R'a
o4

where'{lkz} is the Christoffel symbol of the second kind which

‘ . k
we assume is analytic in x= where,

ml agZp + e _ agkp
R AP - sz

1 ITI.11
= e .
k p 2 9 5 ( )

and it is easily demonstrated, that for symmetric rod space,

Ca1 [
ik‘“p‘r - 1)0‘"&} (II1.12)

We shall calculate the repeated differentials for an

arbitrary radius vector, f(xl,xz,x3), and then evaluate the

result at (0,0,x3).

Consequently,

1.2

f(zt,x%,23) - £(0,0,23) =

= 2%(g,) *+

-2 n-2
1 1,nf 3" k|- 2.nf? L |-
+ E a1 EV N =591 (%] * )\ T2 (%] *

9 (x™) e 0 (x%) e

n-2
+ n)(xl)n—r(xz)r 3 _ k 5
Z (r a(acl)n—r-la(mz)r 191 2(°k

r=1 c

(I11.13)
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or,

f(xl,xz,x3) - E(OrOIxB) = .'L‘a(éa)c +

n-2
1 a.nf o R |-
+ H!(x ) a.n-2 Yo a9k +
B(CC;

n

2

o N od

n-1
2 n l.n-r, 2.r[ a0 2 k| =
(™) (=) g
! , (r) 3(xl)n-r-la(xZ)r—l 1 2(°k
r=1

T ~Awrdar A ~Avral
Add AT wid A UuG

the Leibniz theorem for repeated differentiation which states:

"If u and v are functions of x, then,
n _ [n n
D (uv) = v, * (l) wvoq t (2) L

n n\-
+ (r) WVt e ot (n-l) U, _1vVy tugvg, (ITXT.15)

where suffices denote differentiation with respect to z;

n-r
u; u_ v = pfu D v,"

€.9., Uy r n-r

We may rewrite as a summation,

E (;‘) wv (III.16)

Dn(uv)



an-Z k -
We now consider ;7;@75:5 aa gk
By (III.l6)
n-2
an 2 R (n-z)a“‘z"r sz 3t
5 (z%) P2\ e 2 k r a(xg)n—z—rl? o 5™t
r=0

Where o implies no summation with respect to a.

And
5 . nT-1 hl - \
- r 9k N r—1 ko (9%
o (x o {x=) L =) 1/
r-1 '
r-l-r r
_ 2 (r—l)a 1 Ry |52 5
- r r-1-r, \k a r k
- g (2% 1 3z 1
r.=0
1l
. Br 5’ -
3(xa)r k
r"l ’—rl—l
r-l-r r,-l-r
Z(r.‘l\a 1 ky (rl-l JF17 T
rl}a(xz)r—l—rl kR a r, y g)rl—l—rz Ry
ry=0 r,=0 ?

9k

ko
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(III.17)

by (III.16)
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— o

(Ir11.18)

to as many terms as are applicable for each value of yr Xy

s o o, in the summation until

when rp is only summed over rp = 0.

and then,

r _1—1
rpoq1 arp—l_l-rp . I- kp arp _ kp _
-I-r \k —x, Tk g
, B(xg)rp—l 1 rpl.p_lg B(xg)rp p p-1% p
r =0 .
P
Terms involving derivatives of the form,
arm—l—l_rm R b
T -1-¢ b .« will disappear if the order of
o, m-1 m m-1-— . k
3 (x) | m-1

. a .
in = is less than (rm_l-l—rm).
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Hence (III.17) becomes

T2 k

n-2 r-1
r-l-r
_ (n—Z)Bn 2z R (r—l)a 1 ky
r a(xg_)n—z-r aa ry a(xg)r—l—rl k a
r=0 r.,=0
o l o
ry- N r,-1 ]
( r;-1y,71 2 k, . kp =
r, a(xg)rl—lfrz kyo E kp—lg kp
r2=0 r3=0
L. L - . g
(IT1.19)

where it should be understood that the term

kp _
g

k
is not constant over the summation but rather represents the
terminal term of each expression constituting the summation.

The value of p will be different for each combination of Xy,

rzl o--,r

p-1°
Equation (III.1l9 represents a series which may be

finite or infinite depending on the functional form of the
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Christoffel symbols. If it is infinite it may be evaluated
to any degree of accuracy and if it is finite it may be evaluated
exactly for any given n and a codrdinate system cf prescribed

geometrical properties.

n-2 _
We now consider the term, T hor=T 571 1h2 9
3 (x™) 3 (x”)
én~2 Bl - an-r-—l ar--l k|-
p—— = = e - 9p
B(xl)n r la(xZ)r 113\l 2(°k 3(xl)n r-1 8(x2)r 1131 2
(I1IT1.20)
Now by (IIX1.1l6),
N r—-1
! \ =% 1 ~ ~
il e s o (r—l)ar 1-s R | 38 5,
3 ( 2)r 1{)1 2 k s 5 ( 2)r 1-s Y1 2 3 ( 2)s
s=0
and by (III.18)
B(mz)r-l 12 k
I3 p s-1l-s
- (r-l)ar"l's k (s-—l) 3 ! S
s a(‘7(:2)r--1—s 12 Sy 5 s—l—s1 R 2
s=0 s. =0 3(x”)
| 1 L
sq-1 (5,1 - - e
z s —1)351 1-s, b, z kb, ) -
L] L ] . g - *
-7 2 k
s, 5 S171-s, kl 2 kp—l p
2 53
T_— he ..J -
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where the condition for b P 2( 95 stated on page 32 is
p-1 P

understood.
n"r"l ar"'l h

1 2 ék we must

To evaluate — —
a(ml)n r-1 3(‘762)r 1

an-—r--l

calculate [}quation (III.21)]. Since each term

a(xl)n—r—l

in the final expression for equation (III.21l) will have one
element from each of the individual summations, we may differen-
tiate equation (III.2l) term by term as for the differential

. of an ordinary product. |

Consequently,

3n—r—-l 3r--l [f L ] _ \
5 (@l)n-t-1 g'kxz)r——l\ll 2} glz}

r-l s-1 s-1-s
_ (r—l) ph=2-s ' Ih (5—1)8 ! 1
- - -_—1 - 2 -] -
s a(xl)n r 1a(x2)r 1 sl} 2 Sy a(xz)s 1 Sy R 2
s=0 f}=0 L
- ~ e - ~ - =1
Sy 1 . 1-s s, 1
Sy l)a 1 2 J kz 2 5 s
s, 5 sl—l-s2 kl 2 ZO 2 )4
- 3{x™) -
sz—O 53—0
| | _ JJ
B —
2l r-1-s 23 n+s-r-s,-2 b
. z (r—l)a k (s—l)a 1
s a(xz)r—l-sl% 2 $1 y 1)n N la( 2)sl—l-sl R 2
s=0 Sl=0




35

5,-1 - T 77
s -1- 52 b
517 2 £ - +
s, s.—-1-s R, 2 o 182, 2 9|
1 2 |1 , 0
=0 3(’” ) s.,=0
l—3 —r
r-1 s-1
s-l-s
r 1 gr-1-s k (s—l)a 1 Ry
s 3(xz)r 1-s3%1 2 Sy 2 s—l—s1 R 2
s= 0 s,=0 9(=")
gt B
s,-1 5. -1 B n
1 2
n+s,-r-s.,-2
Py . )
S2 1,n-r-1,, 2, 517175, |k 2 Lo 2 74
S 3 (x™) 3(x™) s =0
2 _3 | _
+ . . - . . ) - L] .
r-1 [ s-1
s-1-s
s 2 (r 1)ar15 k Z(s—l)a 1 Ry
3 ( 2)r l1-s Y1 2 51 a(‘%2)5 1 S1 R 2
s=0 sl=0 L
=
& -1y 517178, k &
(51 3 2
S, 2. 517178, | Ry 2
s =0 a(x ) s.=0
2 |73
[ a-r-1 £l t-1-t
( n—r-l) pR-r-1l-t 2 ( t-l)a 1 4
t a(xl)n—r—l—t 20 2( tl a(xl)t-l-til_ 1
Lt=0 tl=0
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= - m
t -1 . 1 t,-1
: ty-1ly, 1 2 2 £ _
. ( 1 )8 2 q 3 .. .l
t, 1. 517178, zl 1 zq_ll f,q
- 3 (x™) -
t,=0 t,=

(111.22)
the last two lines being the expansion of,
n-r-1
pn -1 L P2 (n—r-—l\an_r—l_t e {af 3
a(ac.'l.)n—r:—l £O 2(°L t )a(xl)n—r—l~t1fo 2 a(ml)t 2
t=0
by (III.16) and (III.18)
where £ = k ; 2=k and the condition for terms
o) p—1 p
L = £q~ -~
¢ 209 and 2 109 . stated on page 32 is understood.
o g-1 d

Having expanded the derivatives of the terms in

equation (III.1l4), we now evaluate the expressions at % =0

so that equation (III. 8) becomes,

f(xl,xz,x3) - ;(0,0,x3) =

a ’ -
x (ga)c +

(n-2 . (-1
5 r-l-r
+ \ l_(xa)n n-2\3" 2-r k r-1\3 1. I
n! r a(xOL)n—2—r o o rl) r—l—rllé
=0

r
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rl—l r.-l-r rz—l [ 1 117
r -1y, 1717 I k b
5 2 _ .
r, o rl~l—r21%l o hp-l 9
r,=0 9(=") r,=0 P
2 3 o _
u - - dddx =0
n~-1 r-1 .
1 n l,n-r, 2. r r-1)3a""2"s J k
+ nt r (=™) (x™) s I.n-r—-1 2. r-1-s)1 2
' 3 (z1) 3 (z2) l
n r-1 s=0
_— - - —_
s-1 sy-1
s--l—sl b
s-1\3 1 £ - +
s s-1-s, |k 2 * 2 2(9
1 2 1
s,=0 9 (=) s,=0
1 h_2 B | 1]
r-1
R § (r-l)ar 1-s J k
s 3 ( 2)r 1 sll 2
s=0
s-1 : '31—1 B T 7
E s1 n+sr512 le ' £2 55 \
a0 SLyn=r=1y 2)5’1"51 k2 Z o
1l _52—0 L | 1
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r-1
. (r-l)ar"l‘s f k
‘ s a(x2)r—l—sll 2
s=0
(s, -1
s-1 s—l—sl b 1l
(s—l)a 1
& Sq 3(:I:z)s-l—sl R 2 Lt
1 | ®2
n-r-l. t-1
t-1-t
(n—r—l)a“'r'l't 2 (t-l)a 1 £
t a(gcl)n—r»l--t KO 2 tl a(xl)t-l—tl £1 1
=0 tl= .
L
£,-1 1 t,-1
tl--l)a 1 2 £2
t2 g(xl)tl-l‘tz ﬂl 1
t2=0 t3=0
-} T b
2
d g
[ ] . L] L l z . e 0 * e o > R
g-1 q :
_] J4 xa=0
(III.23)

Giving the general expression for the radius vector:
to an arbitrary point within a rod continuum. Equation (III.23)
is a series which may or may not be infinite, depending on the

analytic form of the Christoffel symbols. If the Christoffel
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symbols are expressed in such an analytic form that they are
only differentiable a finite number of times with respect to

the curvilinear parameters xk, e.g. if the Christoffel symbols
are expressed as a finite power series in xk, then equation
(I1I.23) is a finite series. If however the Christoffel symbols
are expressed in such an analytic form that there is no maxi-
mum number of differentiations, e.g. if the Christoffel symbols
are expressed in terms of trigononometric ratios of xk, then
equation (III.23) is an infinite power series and may be
evaluated to any required degree of accuracy by prescribing

a limit for n.

The Reference Configuration

radius vector to an arbitrary point within a rod in an arbi-
trary configuration occupying a space of arbitrary geometry.
We could, therefore, obtain the corresponding radius
vector for a reference configuration of arbitrary geometry by
substituting reference configuration parameters for current
configuration parameters directly into equation (III.23).
Since we shall study the interrelationships between
the reference and current configurations, we are at liberty
to choose arbitrarily the codrdinates which span one of these
configurations within the limitations discussed previously.
We are not at liberty to also choose the codérdinates spanning
the second configuration, since these are completely determined
by the choice of one set and the deformation mapping.

Consequently, without loss of generality, we may
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specify codrdinates spanning the reference configuration.
Since we have previously defined the axis of the rod to lie
along an X3 co&rdipate, no restriction can be placed on that
x3 codrdinate. All the XA'coérdinates, however, may be defined
arbitrarily as long as they give a single valued representation
to any point within the rod space. Consider the field of the
Xl codrdinates to be a field of parallel straight lines.
Consider the field of X° codrdinates to be another field of
parallel straight lines which are orthogonal to the Xl
co6rdinates. The rod axis is then an arbitrary space curve
passing through these coérdinate fields. The surfaces defined
by x3 = constant, on which lie the XA coordinates for that
value of x3, will be plane but will not in general be normal
to the rod axis.

Finally, in order to complete the description
of the coordinates spannind the reference configuration, we
must define the field of the X° codrdinates with the exception
of that codrdinate for which x% = 0, which is the prescribed
rod axis. The only condition for defining the rest of the

3

field is that the X~ coordinates must not intersect each

other. We define the field of the X3 coordinates to be such

that for a particular cross section, the angles that any X3

codrdinate in the field subtends with the X1 and X2

coordi-
nates of the cross section are the same as the angles which

the X3 coordinate defined as the axis, where xA = 0, subtends
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with the Xl and X2 coordinates respectively in the same cross
section. Thus for a particular cross section the base vector

triad at an arbitrary point in the cross section is given by,

GK = (GK)C : (II1.24)



CHAPTER 4

DEFORMATION

The Deformation Mapping

We describe the deformation of the rod by the mapping,

r = r(R) (IV. 1)

characterised by the deformation gradient,

(Iv. 2)

oSt}

1
[+%] lq)
Wi

Since the axis of the rod in the reference configura-
tion must map into the axis of the rod in the current configura-

tion we have the condition on the mapping,

x3 = x3(X3) (IV. 3)

We shall differ from Suhubi's definition of the mapping
of the XA curvilinear codrdinates and define the mapping for

4 coordinates to be of the same form as the

each of the X
mapping of the X3 codrdinate; i.e. we define the mapping for

each of the curvilinear coordinates to be isomorphic such that,

xk xg(xg) (Iv. 4.1i)

or 1 = 21 xh (IV. 4.ii)

42
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22 = 22 (x%) (IV. 4.iii)

and = 23 (x3) (IV. 4.iv)

8
!

The reason for using this deformation mapping will become

apparent later.

Then,
i .o i
dx o i 3xT (IV. 5)
ax 3 sx3

Therefore the Jacobian of the transformation (IV. 1) exists,

i.e.

~

S %
AL
iy
~
>

and so we may define the inverse transformation,

R = R(r) (IV. 6)
or

K = xX (%) (IV. 7)

Transformation of Base Vectors

The base vectors in the reference configuration of a

general curvilinear E3 space are defined by,

- 3R
G S —— (IvVv. 8)
K aXK
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Similarly, the base vectors for the current configuration,

= a—
z
Now consider
- ot
gk = _'Ea
x
AR L2
dzx 3R
_axX 3R . oof
22® 3x% 3R
where 2- = gk 2 ¥
3R 4
K
» - — aX —~ « =
x
or by (IV. 5)
- _ axk 5 -5 (IV.10)
gk ox— E

where the deformation gradient F is the transformation tensor

for material elements, dr, of the continuum; viz.

0,
H
1
o)
o]

Q).Q)

wJH:
!
o,
o]
ol

Thus the base vectors of a general continuum do not
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transform according to the law governing the transformation
of material elements.

The Directors

From equation (IV.10), we have for the base vectors,

k
3 = _T:i: G, - F
or,
ax.k_ - - k=
axk T T Ok

(IV.11)

Now we define vectors ah in the current configuration

fo 3
F

d, = = g, (IV.12)
X —

i

|

Each vector ak will be collinear with the corresponding base

vector §k but their magnitudes will differ by the scalar
k

multiple ﬁﬁg.

oX—

In the reference configuration the corresponding

vector, BK will be,

_— 3x§a
K K K
orx
Dg = Gg

(IV.13)
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Then equation (IV.ll) becomes,
dk = Dk‘F ’ (IV.14)

We notice that equation (IV.1l4) expresses a "material" trans-
formation law between vectors ah and ﬁk defined in the
current and reference configurations respectively. This
transformation law is identical to that proposed by Ericksen
and Truesdell for the transformation of their directors of a
line. For this reason we shall call the vectors ak and ﬁk
defined by equations (IV.12) and (IV.13) the directors of

the three-dimensional rod.

It will be noticed that although the directors we
have defined have the same transformation law as the directors
of a line defined by Ericksen and Truesdell, they differ
frdm the directors of Ericksen and Truesdell in one important
respect, their order of magnitude. Ericksen and Truesdell's
directors represent material elements and are therefore of
infinitesimal magnitude. Our rod directors are, as may be
observed from equations (IV.12) and (IV.13), of finite
magnitude. The analogy between the directors of a line and
the directors of a rod holds therefore only in the mode of
transformation of the directors and not in the geometrical
description of the directors.

It may be seen that di;ectorrtriads defined at each

point within the space occupied by the rod will constitute
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unique non-coplanar base vector systems and therefore
represent a linearly independant set of vectors. The recip- -
rocal directors ak therefore exist and the director triads
may be used as alternative bases for the local Euclidean point
spaces instead of the corresponding curvilinear base vector
triads. |

In order to calculate the relationship between the
reciprocal directors and the reciprocal curvilinear base

vectors we use the identity,

-3 - gjx gk

e..kg
1 - — 1—
’ 91:92%93

where eijk is the permutation symbol, whose indices never

take part in a summation.

Then,
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. . g - __'i" d""’ (IVQlS.i)
9X=

=

or d = — 5'1—" (IV.lS.ll)
1
dxr—

giving the relationship between the reciprocal curvilinear

base vectors and the reciprocal basis gk

Later on, for reasons which will become apparent we
shall replace the geometrical description of the rod in terms
of the axial curvilinear base vectors with a geometrical

description in terms of the axial directors.

The Generalised Curvilinear Coordinates

Consider again the expression for the position vector
in the current configuration, equation (II1I.23). The right
hand side of the equation is a vector summation; the result
of which we may refer to its components with respect to the

base vector system in the cross section on the axis, c.



i.e., we may write,

Tzt ,22,2) - £(0,0,2°) = g'k(gk)c (IV.16)

b
where &"‘(gh)c3 is identical to the right hand side of

equation (III.23). Using equation (IV.12) we may express

(§k)c, and hence the vector summation &'k(ak)c in terms of

the director base system at the same point on the rod axis.

. . we may write,
F= i) + k@),

where,

gIz _ Em(axﬁ)
322 e
or,
T o= r(zd) + a’zsk‘ (IV.17)
where
3, = @, | (1V.18)

and where henceforth,

E(xl,xz,x3)

n
Il
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and £(0,0,23) = T(z>)

We shall designate the Ek as the Genenralised Curvilinean
Coordinates of a point in a cross section of the deformed rod
configuration.

Similarly by substituting reference configuration
parameters fbr current configuration parameters in equation

(I11.23) we obtain,

= =3 :K‘_

R=R(X") + E (GK)C
where =X (EK)C is the vector summation in the reference
configuration corresponding to E'k(gk)d in the current

configuration. Since we have defined,

GK = DK

Then let,

(¢ )C ZK

K

and we may write immediately,

R = R(x2) + =X A (IV.19)

We shall refer to the EK as the Generalised Curvilinear
Coordinates of a point in a cross section of the undeformed
rod. After the simplification of the reference configuration

geometry we have,
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and

K = -
A A = 0 A =1or 2,

Therefore from equation (III.23) we have,

- — 3 A -

R = R(X") + X (GA)C

cLoER = gk Kb (IV.20)
where GA is the Kroenecker delta.
€ince the current configuration ic compleotely prescribed by

the reference configuration and the deformation gradient, all
properties of the current configuration geometry may be derived
from them. We have seen how the base vectors and directors

in the current confiquration may be calculated by equations
(Iv.10) and (IV.l14). We shall now demonstrate how the metric
tensor components, reciprocal base vectors and Christoffel

symbols of the current configuration may be calculated.

Calculation of the Metric Tensor Components

The metric tensor in the reference configuration for

the curvilinear base vector system is,



52

§-%-¢ &
i
= éi G*-I (See Appendix B) -
= &, ¢*-&J G,
1 3
.°. & =c¢6" G, G.
i 3
where
¢l = G*.g?
Similarly,
¢ =¢:,,. ¢t d’
1j
where,
Gij = Gi'Gj
Now since
Dy = Gy

the metric tensor components of the director basis in the

reference configuration are,

Dij = Gij (Tv.21.1)

or after the simplification of the reference configuration

geometry,

Dij = (Gijkl = Gij (Iv.21.1i1)
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Similarly,
= eldy o el
Dij (G )C G (IV.21.1ii1)
The components of the metric tensor in the current

configuration,

gij = gi.gj
i’- - = i = =
= 3_X_l, G+ Fy- X (E- F) by (IV.10)
dx— = dxd
RO T |
IX=  3X= = .,5 . &
= —— - (G,* F)'(F.* G.)
sxx Bzl L ¢ 1
i j - = = -
= 3X= 3X= & . (F.F.) G
i j i ¢’ 73
dx= odx= =
i.- 1 - - = =
x> dxd * L
ioaxd - o =
. . gl = .B_XI EL i G : C
J szt axd L 1
where C = Ciy Gt @l = F'Fo, is the Green defoamation tensonr

and the double dot product is defined by

-F

o]

*G, = G,G,:(



so that,
g.. = 0x= 3xL
1] Jxt §5pd XL
Similarly,
d,. =D, D. : C
i) 1 ]

To calculate glJ we use the identity,

= +1; e

i
t
]

€123 T ©231 T €312 213 ~ €132 T €321

Similarly,

e, 5l = _Jp
jmp =
Vig|
where -\/Igl = 9;°9, X g3
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(Iv.22)

(IV.23)



or

[
Q |
g |
joest |
A
I~
g8 |5
13118
Q |
T B
rsls
r—
e
[
| &5
Hli
b4
i
| =
L[]l
[y o '
x
@
g
||
L~ 1
o
i

and writing,

@l
=)

Il
el
2]

n C. o etc.

[»5]
s

i

o
2]
il
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_ axt axR ox@ axﬁ[

dz= dx% 3zD szl

_ axZ= 3x® axT axP

dx= Iz 9zl 9P

£ Rk

ox% axk axl axB| =
= = (G
dxs az® 52T 3l

.t 13le. 0. gtd = c, C,_-¢C,_C
lgle; ppeympd 2L 32F 2™ soP | 4m kp km zp]
(IV.24)

Similarly,

= ij
Idleiﬂzejmpd

= (DL Dm:E)(Dk Dpza)-(Dk sza)(Dt ﬁp:C)

(IV.25)
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Calculation of Reciprocal (or Dual) Base Vectors

We have,

i
(™
]
Qi
[ 8
i

.. g =g g. (IV.26)

§j is given by equation (IV.10) and glj is given by equation
(IV.23). Hence the reciprocal base vector, 51, may be
calculated.

Similarly,
at = gt 4. - (IV.27)

where dj is given by equation (IV.12) and atd is given by

equation (IV.24).

Calculation of Christoffel Symbols

We have,

1]
L]



58

m 3g _
. : . ‘zkm = a}<—m _I% ¢ g”2 (IV.28)
9x— dX—
X2
Now — is a component of the prescribed deformation gradient,
dx— ‘

§£ is given by equation (IV.10) and ék is given by equation
(IV.25). Hence the Christoffel symbols in the current configura-
tion may be calculated. Therefore the connection of the rod

space as a mathematical structure is fully established.



CHAPTER 5

THE TRANSFORMATION TENSOR

Derivation of the Curvilinear Base Vectors

In a current configuration the radius vector of an

arbitrary point within the rod is,

F= ) +£fa,

where the vector &kék is given by the right hand
side of equation (IIl.z3).
The curvilinear base vectors at any point are

defined by,

- - . 3
_dr _ or (x7) ) k~
—_ — + 5;1(5 a)

Now by equation (III.23) we have the functional form

of Ekak as,

59
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+ Z}T, | (‘;)(xl)“‘r(xz)r[s(x3):| | (V. 2)

where A&x3) and B(x3) may be obtained by comparison
of equation (V. 2) with equation (III.23).

Therefore,

d k- - 1 -1 3
= (g a&)=(ga)3 + ?W' (xg)n [_Aéx )-! +

2(x™) 7/ .
ot s
n
‘ n
+ Z L Z (g)%la(n—r) e R P L L PR (xz)r_l]B(x3)
n Cr=1 , |
(Vv. 3.1i)
and
'i:-‘3(£kak) = Z 3-—1'! (xa)n a—3 [A(x3)] +
z ox
n
n

+ N1 (n)(x1>““r(x2)r - 1B(?) (V. 3.ii)
n! r 3x3
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%éxB) and B(x3) are products each term of which is a summation.

The derivatives —3—3 [Aaéx3):l and 9——3- [B (x3):l are obtained
ox ox

from the rule for differentiation of a product, each term
being differentiated one at a time. The differentiation is

an elementary operation and the full expression is not included

here because of its length. Each derivative i-a(gkak) and
°ox
2—3 (Ek Sk) will be itself a vector summation
ox
and we may express the result of E—T (Ek Ek) in terms of its
ox

components with respect to the director base system.

prk
We define the guantity =2+ cuch that,
D:cl
k
3 kR - _ D - .
ox : Dx
pzX
Similarly we define —:I for the reference configuration such
DX .
that,
~K
_a__i_ (=X P il Al (V. 4.ii)
9X DX

After simplification of the reference configuration geometry,
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~A
e (V. 5.1i)
DX i .
Dz
and _:T = 0 (V. 5.1i1)
DX
by (IvV.20).
The Transformation Tensor
Consider equation (V. 1)
i.e.
- 1
ozt ozt R
or,
=, 3 kR
- 3 3r(x") D =
g:, = 6, = + —— a
i i 3x3 Dx* k
then by equation (IV.12) we have,
i -, 3 k
= dx— 3 3r (x7) Dg " =
d,. = =< |63 — + =2 a (V. 6)
- axX= I: 1 5z Dzl k]
a k
. I —_ 3.’8— Dg - .
[} L] da - ——E "—a' ak (V. 701)

oX— Dx—



and,

orx,

by equations (IV.12) and (IV.18)

where,

and

=z«£[9_§_‘i; +{(
3X3 Dx3 B

Dx 3xl

Dx

Now we have,

B
pe® _ s R - 1. -
i "[ g (E, ak)]

o
Y
H{ W
!
 ——
QQ
'.l
-
S
w1
a:/
L=
[+
w

63

(V. 7.1ii)

(v. 8.1)

(V. 8.ii)
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I
W
e
oI
=
1
~

. d. = a.[a d,l = a. - p (V. 9)

(8)

where the product Sk ak defines a second order tensor

(v.10)

i
i
&
m
=i

We may express this tensor completely in terms of the
axial director basis in the following way;

We have,

dk] by (V. 9)

~ _k - —
ai. [a (dk’T)]

a,-1a* a,-a a.)

k

3 =3 -1@-30) k3
Y. d; = ay [(dk a’) a aj] (V.1l1)
comparing with equation (V. 9)
. 3 =(d,al) 3k a C(V.12)
* L] k j »



=il
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or
3ok 3
= a a.
Uk j
where
Calculation of the Transformation Tensor
Consider, di = di°T
=d,-a’ a.
1 ]
= (d.-ad) a
e 3 j -
o di My aj by (v.13) (V.14)

dx~ DET -1 -
D N a a +
09X~ Dx 1
1

+ éﬁf 257 a2 a, +

89X~ Dx
3 1l

+ 2 DE 33 g 4

X~ D=x

have the form,

axl DEZ gl i + axl DE3 al a
3x1 Dzl 2 3%x% Dzl 3

2 2 2 3
dx” DE” =2 = dx” DE” =2 -

a“ a + — 2= a“° a (Vv.15)

3% D2 2 3%% px? 3

3 2 3 3
9z> DES -3 - 3z [(ax ) DE ]—3 -
—3 —3ya a + =]+ —|a
8X3 Dx 2 3X3 8x3 ¢ D=z 3



The Inverse Transformation Tensor
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Consider equation (V.10). By an elementary rule of -

tensor algebra,

i-l = (ak a‘k)"l
= @yt @b
Lot akg, (vV.16)
Now we have,
- _ k-
ai = Oi ah
_3.3ts
= 4,-d" a,
LA = ai-ﬁ”l by (V.16) (V.17)
Consider,
- = .=k -
al = di d ak
_ 5 .dtG, T
= di’[d (a,z 7)1
- 3.3k 5.5
= d;-1d" 3,-8 a1



i =4 -1G.-3) 3t 3
or a; = di [(ak da-) d dj] . (V.18)
Comparing with equation (V.17)
. o==1 _ = .33, sk 3
«Te M (ak d’) d dj
= -1y 3 3k 3 | (V.19
where
,—l. jz.- .-j
(u )k -akd (vV.20)
Now we have,
a, = ak'T
- 3.3 3
= ak d di
- -1, i =
or a, = (u )‘2 d, (v.21)

Substituting equation (V.21) into equation (V.14) we have,

67
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- J _l k -
from which we deducei
w oy R o sk (V.22)

Similarly, substituting equation (V.14) into equation (V.21)

we have,

from which we deduce,

(V.23)

Director Metric Tensor Components in Terms of the Axial

Director Metric Tensor Components’

We have,
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= pu.> a_*p.- a by (V.14)

gy = S a_, ujt (V.24)
Also,
a5 = 2;°a;
= wh S et E by
gy = S e etht (V.25)
Consider,
1= qi d; &, =a™ 3, a,
ceoatd s a F‘jt a, = a™a a (by (V.14)

Taking scalar products with a® as prefactor and a? as post-
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factor,
m .ij s t n _ mn
ds d My uj dt a
P T uj“ = g™ (V.26)
Also, from,
I = dij d, d = aa_ a
i3 m n
we have,
ij = 3 = mn -1, s = -1, t =
d dl dJ a (u )m ds (u )n dt by (V.21)

Taking scalar products with al as prefactor and dl as post-

factor,

e gl - gmn gl (u—l) ] 63 (u~l) t
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-1, 3 (V.27)

Relationship of Reciprocal Directors to Reciprocal Axial

Directors,

We have,

gt = 1.3
= (3, 83t
( 3 )
=3, gt
J
- w.R 3 it by (V.14)
i Tk v
N -1, i mn , -1, j .
=My 3, (u )m a (w ™) by (V.27)
= -1, i mn .k
= a, (u )m a Gn by (V.23)
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]

= Ek a“+a’ (u

g - (V.28)

Similarly,

|
M
]
o,
=

(v.29)

Calculation of the Inverse Transformation Tensor

We may write equation (V.15) in the trinomial form,

=H
il
oy
o
+
=y}
ol
<
o)t}
2

oX” Dx 39X~ Dx X~ Dz
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-
N

Ez = axl Dgl 51 + 3x2 DSZ -2 + 8x3 D£3 =3
sx? Dz 3% Dz 3x> Dz
- ozt ped -1 a2 pEd -2 L g3 [fax? pe37 -3
h3 = —3 =7 a + —5 =3 + = —3 + —3 a
X~ Dax X Dx 90X ox~ /e Dx

Now by an elementary rule of tensor algebra, the

reciprocal tensor,

where,

"h

Therefore we may calculate the reciprocal transformation tensor
with respect to the axial director base system as long as ht

represents a linearly independant vector set,

Now we have already defined
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=-1 _ (u-l)lj gt aj
but
= whd Feth btk
by (V.28) and (V.14)
- 'a’iz " wh s, by (V.23)
R TR (“-l)mk a" -k
Thus,

=i =z -1, k -m =
4. )m a a, (v.30)

From which we observe that the coefficients of the
inverse transformation tensor are the same whether the inverse
tensor is referred to the Si base system or the ai base
system,

Consequently we finally obtain the inverse transfor-

mation tensor in terms of the curvilinear director base system



as,

where

75

W] =

W N

]

W N

-
3 =1

a‘d,
3 =2

a%,
3 =3=

a%a,

(V.31

pe? D£3:|
Dx sz
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axt ax3

w1y 3 - L = 3 [Dgl pg? _ pel pe? ]
2 15| oxt #x° Lpz® bzt Dzt Do’

R I S U Tl [Dgz ped _ pe? 053:]
3 15| ax! ax? Lpe! Dz? Dz D2t

WLy 2 o 1 3zt 322 fogl ped  pel D€3:]
3 !ﬁ! ail ax? | pxr? Dt Dxl Dx

Wl 3 - L 2 ale:ngl pe? _ pet Dgzl]
3 I ax- 3%x% | Dzl pz?®  Dz? Dol

and |u] or det (1) is the determinant of the scalar coefficients
of the transformation tensor, ﬁ, which is obtained from the

scalar triple products thus,

[ul =(ara, x a3) (hy~hy x hj)

The Transformation Tensor in the Reference Configuration

We may obtain the corresponding transformation tensor
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in the reference configuration, M, by substitution of

reference configuration parameters into equation (V.1l5)

such that,
— —
=1 =2 _1 _ =3 _4 _
o AL A+ R At A, + 2 At A,
DX DX DX
- '.'.‘1 - — :2 -— o :'3 - -
M = +9:—2A2A1+D—“-2-A2A2+-D:—§-A2A3 (V.32)
DX DX DX
=1 =2 . =3 -
+9:Ti3 A +D—~§A3 A, + [1 +9—‘-‘?]A3 A,
DX DX DX
pzK : =
where —7 are given by equations (V. 4.ii) and M is defined
DX
by equation (V.1l0), as,
= _ K =
M = A" Dy (v.33)

In the simplification of the reference configuration geometry
we observe from equations (V. 5) that M reduces to the

‘identity tensor, I, such that,

=i
1}
o
>
il
=4l

(V.34)

See Appendix B.
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Alternatively it is immediately apparent from
equations (V.33), (IV.13) and (III.24) thét M reduces to the

identity tensor, I.

Derivation of Transformation Tensor, ﬁ, in the Current

Configuration from the Corresponding Transformation Tensor,

M, in the Reference Configuration

We have,

=il
th
<
"L
b
pod|

(V.35)

Now the transformation of the directors has been

defined such that,

a, = AK-f by (IV.14) and (IV.17)

M(ay = M3 R, R, (V.36)

Consequently,

= - ij = L= = =
u(ap) M™Z (A, °F) (Aj F)
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=5 (il 3 B
Fc (M | Ai AJ) F
= FC‘M(AP)'F
e §o= ?c-ﬁ-‘f“ (V.37)

Therefore, according to this transformation law, tensor ﬁ
in the current configuration may be obtained from ﬁ, the
transformation tensor in the reference configuration and F,
the deformation gradient.

In the simplification of the reference configuration
geometry when the transformation tensor, ﬁ, reduces to the
identity tensor, f, the transformation law expressed by

equation (V.37) becomes,

=1
0
-
l
il

or,

=i
i
il
ol

(Vv.38)
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The Frame-Indifference Property of the Transformation Tensor

Finally in the investigation of the properties of

the transformation tensor, we demonstrate the frame-indiffe-

rence of u.

Consider equation (V.15). We may rewrite the

equation as,

- i . n _ 3 3y _a _

T = 8= 31 DE a + ?.-“?_3. (32‘-3_) a3 a, (V.39)
X Dx oX dx~ /e
dzt -i 2 n - x5 fax3\ -3 -

g gL (2 B,

X gz -8X ox~ /e

_ A 3 da 3 3 _

5 = axf 31 SEi a_ + Eﬁ? a3 En g + 8x3 (axj) 3 a, (V.40)
aX dx X X aX dx~ /e

Since ak = Sk_(x3).

Consider a transformation of frame of the form,

where

and Q] = =1



In the {O*, r*} frame of reference,

L
59X )
*
. 9> (ax3*
* %*
5x°> x>

Under the change of frame (see Appendix D), the ratios

d o

Consider again,

Substituting,

)

ax
X

~-3* —-%

and the scalar operators

ox
X

3%

a3*

3

Noned
v X e

transform as,

by (D.1l4)

by (D.11)

81

(vV.41)
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(R
Ol

_* - k* -
r = e + E ak
and
— _ — n -—
r = rc + £ a,
we have,
—-% k* - — - n .-_-
rc+€ ak—c+,:rc+£ n:,Q
or
k* -k _ - - .= - +
£ a, = c + rc Q - r o £
But
4 _ — + -— =
r e = c r, Q
. k* =* _  .n - =
o . £ a, = g an Q

&n(—-—ﬁ) (3,),°Q by (IV.12)
C



Ek* (Bxk*) —%
X c(gk)c

by (D.14) and (D.

Ol

Ol

83

(9.42)

(V.43.1)

(V.43.i1i)



.a._Q.j. = 0
ox
o - da -
- —3 (an°Q) = __:3:. * Q
o dx

and so,
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o = 6c~ﬁ-6 (V.45)

Demonstrating the frame-indifference property of the trans-

formation tensor u.



DISPLACEMENT VECTOR AND STRAIN TENSOR

Displacement Vector

CHAPTER 6

The displacement vector is defined as the difference

between the position vectors of the same material point in the

current

or

Strain Tensor

and reference configurations respectively,

-
ek

§

ol

The Euler and Euler-Lagrange strain tensors are

respectively,

ol

i

Fzd) - R(x3) +¢

N

| =

(See Appendix C)

u =

G _ 2
dr  or
3R 9R

86

r-

R

3 =Kz
{(X”) - =7a
\x ¢ hnd --K
k- =Kz

a, 2 AK

(VI.

(VI.

(VI.

(IV.

1)

2)

3.1)

3.ii)



Consider the Euler strain tensor.

expression for the strain

i% ’ E% and ﬁ%
or oY or
We have,
du _ =i 3u
or axl
~-i 9
=g —
Bxl
- =il 3_1_.:'_(.3:3)
Bxl
3 .
But 25? = 6;
axl L
and égix3)
dxt

so that,

T v T
ax’ 9 axl
_a
axJ
by (IV. 5)
a—(x3)
3x3

87

In order to evaluate the

tensor we must calculate the quantities
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du _ 3 3T (7))  _ §3 a_x3_ _a:_(x3) + éi DEk 3 -i ax* psK i
3T 32> 3z> 3x3 Dzt R 3zt px*
or
du _ =3 ,-= 3x3 =3 = pek —i- oxl peK i
— =97(9;3), - —3 9 (Gl + =y g7a, -~ =7 =7 g A, (VI. 4
ar ox Dx dx~ DX
Consequently the conjugate tensor,
- 3 n . jJ =N .

- - — - [, 3 = —_ -
E% = (93)c 93 - §§§ (G3) 93 + ng angJ - -57 9—5 A9 (VI.
r ox Dx dx- DX

ou
we may express -— and
or

exclusively in terms of the director base vector system.

- 3 3 _ Al k
.. gg - 6x3 53 (3X3) 3, - d3A3 + DEl Bxl gi .
or 90X ox o Dz~ 93X
. -K
<1 D& =
<& K

and,

.1i)

4,ii)

.i)
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(VI. 5.ii)
. . : du ud
And using relationships (V.28) we may express -— and —
ar or

exclusively in terms of the axial director base vector systems.

— 3 3
. du aw3 (ax3) ol 3aua3 . 1)u3auA +

or  9x° \az u 3
(¢4
R i . -K .
£ " -1 —1y—- 3 - )
E;I izr ) lauak - E:I (w Ly 3. (VIi. 6.1)
Dzt 8X DX 4 B
and,
- 3 3
3 3X -1, 3- - -1, 3= -
w2z (———3) wh 3aE - wh Ry«
or X 3x °
n J - e - =N - t e -
+ D& 3z (u l)VJanaV - E:T (u l)VJANaV (VI. 6.ii)
Dz’ 53X DX

and finally we have the product,



+

Dg

Dx

u3

3xl
ax*t

90

dx aXx -1, 3 -1, 3,7 .x%
X dx
e
n j . =N . _
DE o3z -1, j DE -1, j,= .
= 2w Ja, - == () J(a,cA))
w3 3xd v 3n T 3 v {3378y
3
ox 0X 1, 3,7 = -1. 3
= (—3) (W (Byedy) - (T, Agy 4
3X ox o
n J . ~N ' .
D¢ 3z -1, 35 .3 DE -1, j
+ —== (v ") " (Aya ) - —= (u 7)_"-A
Dzd 5xJ v T3 Tnt ) v 3N
3 3
dx aX -1, 3 1. 3 5
— (——g) (0 7)), a3 (v ), (a,-A5) +
9X ox o
n 3j . _N .
DE" ox -1, 3 D= -1, j-
+ =2 —— (u ) a - — (u ) a,*
DxJ BXJ v “kn DXJ v %k
3 3
9x 0X 1, 3,7 .= y_,.~1, 3
5;3‘(;;3) (u )v (AK a3) (u )v Ay, +
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n . _j _N .
D" dx 1, j,7 .- DE 1, 3
+ == (v D) (A ra ) - —= ( ),,°A
pz?d ax? v K nt o pyd v KN

(VI. 6.iii)

Equations (VI. 6) may now be evaluated for prescribed
reference and current configurations and a prescribed defor-
mation mapping of the codrdinates. In principle only a
prescribed reference configuration and a prescribed deformation
mapping are required, since the current configuration is |
implicitly prescribed by the other two as we have seen in

Chapter 1IV.

Py AN o MW en o haea s A
aelice ue slael Sciaall el

ol
"
N
+
|
+
|

" may be evaluated.
The Euler-Lagrange strain tensor may be similarly evaluated

using most of the results obtained above.

-uzv
a a



CHAPTER 7

THE DEFORMATION GRADIENT

The Deformation Gradient as a Material Transformation

Since we have defined the deformation mapping of the
curvilinear codrdinates as in equations (IV. 4), we may define
the codrdinates X: to be material lines embedded in the unde-
formed rod whose deformed configurationsare xk. The points

2, X3) and (xl, x2

(Xl, X ’ x3) related by equations (IV. 4) are
then the same material point in the reference and current con-
figurations respectively. A deformation gradient defined in
conjunction with these isomorphic mappings will therefore
describe a material transformation as opposed to the purely
geometrical transformation defined by Suhubi. Consequently
the material cross section described by,

r = f(x3) + Ekak
in the current configuration will represent the deformed

configuration of the material cross section described by,

R=R(x}) + X &

in the reference configuration.

92



93

In this chapter we shall investigate the form of the

deformation gradient for a rod and the consequences on the

deformation gradient of defining the deformation mapping for

each curvilinear codrdinate as isomorphic.

Calculation of the

Deformation Gradient as a Function of the

We have,
§=i§=al
3R
-
= gt
= g3
= g3
= g3

Parametric Rod Space

or
axt
5 {23y . ,k:]
axt [ R

1 . k-
2—'753._- N _[r(ac3) + £ ak]
X" °x

=, 3 . i

9z~ or (x7) =i dx~ 9
o3 A3 R i
X~ Jx 33X~ dx

3 i kR
ox i 3x~ DE™ =
3x3 3 e 3xt pgl R
b3 (3X3) 3 4+ &t dxt Dik
6X3 3x3 o 3 BXl Dxl

by (Iv.12)
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- 3 3 - s _ s 1 h -1 j_
_ &3 ax3 (ax3) (w 1)3ldi + gt axl D_._Ei (W) ,° dy
X X 3X— Dz
by (V.21)
3 3 .o i A R . a3
. = ~ - ~ G D——-—... - ————-3
o F g3 83:3 (ax3) (u 1)31 Bxl g, + & axl gl , 1)’23 £ 3
x> \azx 3X 39X~ Dz X
by (IV.12) (VII. 1)
which may be written
1 =1 2 =1 - 3 =1 =
Fl G" g, + Fl G 9, + F1 G 93
= _ 152 = 2 =2 3 =2
F + F,16% g +F,° 6" g, +F,~ G° g
+Fl(';3' +F263§ +F3é3c}
3 91 3 2 3 3
. —
(VII. 2)
where
P 1 (3 2 DEk -1, 1
1 TlTT) o1 )y
oX Dx
2 azt az? pER -1 2
Fi7o=s -7 )y
9X™ 9X” D=z



Now

2

X

2 8X3
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- gk 2z oF
BXK dx
K —
= gk ____33~'K é_f by (IV. 5)
aX dx
- - K _
R F =gk gﬁﬁ-gK
aX
Consequently F must be of the form,
B N
Bxl =1=
axl 1
- 2 _,5_
F = + 3"’2 G292 (VII. 3)
X
3
dx~ =3-
+ —5 G7g
8x3 3

Since the tensors are mutually independant we may compare

coefficients of (VII. 2) with coefficients of (VII. 3) giving,

1 k k 1
dx~ DE -1, 1 . DEg -1, 1 aX .
— == (u 7) =1 e 0 = () = (VII. 4.1i)
axl Dxl R Dxl R Bxl
1 2- k .k
dx~ dx~ DE -1, 2 . Dg -1, 2 ..
Bxl 3X2 Dxl k Dxl R
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since ﬁﬁ: # 0 in general.
i
X~
3zt 223 pER | -1, 3
1

k
-1, 1 . Dg -1, 1 .
ax2 Bxl sz k Dx2 R
2 kR k 2
ox“ DE -1, 2 . D& -1, 2 _ 3X
5 T (11 ) =1 o« o T (u ) e —d (VII. 4.V)
aXZ sz e Dx2 R axz
k R
dx” dx~ D§ -1, 3 . Dg -1, 3
(v ™) =0 e = (u7) =0
8X2 8X3 sz k sz R

(VII. 4.vi)

k
-1, 1 DE -1, 1
(u ™) + == (n 7) =0
axt ax3 3x3)c 3 pg3 R
k 3
. Dg -1, 1 aX -1, 1
Dx3 k 3x3 e 3

(VII. 4.vii)

(VII. 4.viii)

(VII. 4.iii)
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dx (BX)(—lB DEg -1, 3| _
—= ] (u 7) + == (u ™) =1
3X3 Bx3 e 3 Dx3 R
k 3 3
. DE -1, 3 oX~ _ [3X -1, 3 .
e =3 (u )k = — (““?) (u )3 ‘ (VII. 4.ix)
Dx X oz~ Je

Giving the interrelationships between the components

of the inverse transformation tensor and the quantities

b
EQI defined at any point within the rod.

Dx

Consider equation (VII. 4.1i)

Nl
1]

axl Dg (u
BXl Dxl

Multiplying both sides by ull

. axl DEl (u—l)kl “ll - ull
29X~ Dx
3x ng i i
X~ Dx
. Bxl DEl - i
e TTITTITHM
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Similarly from equation (VII. 4.v)

322 pgt i

= M
8X2 sz 2

It may be observed that these two expressions agree
with the component form of the transformation tensor

expressed in equation (V.15)

Material Transformation of the Directors

Let us define a second oxder tensor, ?, such that,

- zaz
=D da (VII. 5)

=l

over the field of the rod.

Taking a scalar product with Bb as prefactor, we have

= = = -3 =
Db F = Db D da
— =— a—
or Db P = Gb da
. . db = Db‘F (VII. 6)

Comparing equation (VII. 5) with equation (IV.14), we must have,

F F, the deformation gradient. Consequently
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we observe that equation (VII. 5) may be taken as the
definition of the deformation gradient, F.
Alternatively we may consider the deformation

gradient, F, to be defined by the equation,

o,
K
i
o,
el
il

(VII. 7)

representing the transformétion between material elements
dr and dR in the current and reference configuration
respectively since we have previously specified F to repre-
sent a material transformation.

Comparing equations (VII. 6) and (VII. 7) we observe
that due to the wdy the directors nave been defined, the
directors transform in deformation in the same way as the
vectors representing material elements. Now during defor-
mation these vectors representing material elements will
undergo a rotation and a stretching. Consequently we observe
that the vectors defined as directors will, during defor-
mation, rotate through the same angle and undergo a proportionate
change in length with the vectors representing material
elements at the same point in the rod.

Now in order to fully define a deformation for a
continuum, we must prescribe the deformation of each material
element of the continuum, i.e., we must prescribe the
rotation and stretch of each material element. Having pre-

scribed the deformation of each material element in the

MCMASTER Uivivertsil Y LIBRARY,
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material curvilinear coordinate mapping, xh = xé (XE), we

see that we may immediately deduce the deformed configuration
of our directors since, in order to obtain the deformed
director from the undeformed director, we rotate the unde-
formed director through the same angle as the corresponding
material element at the same point and apply the same stretch,
i.e. change in length per unit length, as the corresponding
material element. The deformation gradient may then be
obtained from equation (VII. 5).

Thus we see that defining directors in our continuum
in the manner we have described enables us to obtain the
deformed configuration of the directors aﬁd consequently a
unigue set of bhase vectors at each point in the continuum
immediately from the concept of material transformation,
without a knowledge of the differential geometry of the
deformed configuration.

If required the curvilinear base vectors may thgn be

i
obtained from equations (IV.l12) where the quantities 35:

90X~
may be calculated from the deformation mappings given by

equations (IV. 4).



CHAPTER 8
ALTERNATIVE METHOD OF CALCULATION OF THE STRAIN TENSOR

In the preceeding chapters a method of calculation of
the strain tensor to any required degree of accuracy which is
exact within the limits of continuum mechanics and the Taylor
power series expansion, has been illustrated. First an exact

representation of the radius vector is postulated in the form,

Fzl,z2,23) = £(0,0,23) + !.;?(xl;;nz,m:s) - E(O,.O,_.m?’)_l
L
for a rod of arbitrary geometry defined within an arbitrary

system of curvilinear codrdinates. The term
[f(xl,xz,m3) - 5(0,0,x3)]

is then expanded in terms of Taylor power series of the
geometrical parameters of the rod space about the term
5(0,0,x3). By observing the nature of this expansion it is
seen that the expansion is a vector summation which may then
be expressed in terms of its components with respect to the
curvilinear base vector system, (Ei)c, defined on the rod axis

or, in terms of the axial director base system, aj whose
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vectors are collinear with the curvilinear base Vvectors
defined on the rod axis, such that,

Fzt,z%,23) = £(0,0,23) + gkak

The displacement vector, u, of a point within the rod,
which is defined as the difference between the radius vector
of a point in the current, or deformed configuration and the

radius vector of the point in the reference, or undeformed

configuration,

may then be calculated.

The Fuler strain tensor;

I
or or or or
which requires first calculating the derivative, §%7 of the
or

power series expansion of u may then be calculated. All the
terms in the resulting expression for the strain tensor which
are functions of the Taylor power series representation of the

radius vector, appear in the. form,

3 gk

a,)
9x R

When the form of these derivatives of the power series gkéh is
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examined it is also seen to be a vector summation which may be
expressed in terms of its components with respect to the

director base system which we have expressed by,

k
3 k- . D§® =~
— (£a,) = —= a
axl k Dxl R

Now if the form of the transformation tensor, ﬁ,
between the curvilinear base vector system at any point in

the rod space, and the director base system, is investigated,

_ 3
it is found that p is a function of the terms QéT ’
Dx

k .
where R2&5_={2 (gkah) . at

1 1

Dx dx
. . : = Dgh . .
This functional relationship of u to —7 is also illustrated
v Dzx

in the investigation of the nature of the deformation gradient,
?, in equations (VII. 4).

We now propose to invert this functional relationship

_ k
and instead of regarding u as a function of Eéf , regard Qér
Dx Dx

as a function of ﬁ. Equation (V.15) indicates that a complete

knowledge of the form of tensor ﬁ, after a prescribed deforma-
k
tion, yields a complete description of the terms E_I , such

Dx
that

o
H = e—— - (VIII. 1.i)
o SXE D:cg
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3 o
p3°‘ = 9—% 13-5—3 (VIII. 1.ii)
ox Dx
3 3 3
u33 = 390_3 -D_% i’% (VIII. 1.iii)
oX Dx dx
(4

The functional relationships (VII. 8) could also be

k -
used to calculate QQI from a known tensor p since we then
Dx
k
have nine equations (VII. 8) for nine unknowns EET . This
, Dx

however involves first the calculation of the inverse tensor
ﬁ_l

We alsoc note that the transformation tensor, ﬁ, for
an arbitrary configuration of the rod is calculable from a

knowledge of the corresponding transformation tensor) M, in
the reference configuration and the deformation gradient, ?,
by equation (V. 37);

viz

As outlined in Chapter VII the deformation gradient may be
defined as a function of the directors in the reference and
current configuration. After the simplification of the
reference configuration geometry the directors in this coﬁfigu#
ration may Ee calculated without evaluating a power series

expansion for the radius vector and the current configuration
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directors are obtained by subjecting the reference configura-
tion directors to the same rotaticn and strctch ez vectors
representing material elements. The deformation of material
elements of the continuum is implicitly prescribed in the

mapping of the material curvilinear codrdinates,

xh = xg (XE)
In this way the evaluation of the power series
expansion is unnecessary in order to evaluate the deformation
gradient. If the deformation gradient were considered in

purely geometrical terms,

L]
11}
Q o
WJHI
@
Qi
=

its calculation would involve the power series expansion of
the radius vector in the current configuration at least.

The tranéformation tensor in the reference configura-
tion, ﬁ, is a function only of the reference configuration
geometry and is therefore implicitly prescribed by that geometry.
This tensor is not however sufficient by itself to fully
describe that geometry since it only describes the vectors of
one local point space in terms of the vectors of another local

point space. The spatial arrangement of the two points is not

included in the tensor. 1In order to calculate M for a reference
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configuration of arbitrary geometry it would be necessary to
first calculate the full power series for R. However it has
been demonstrated that, without any loss in generality, the
reference configuration geometry may be defined such that M
reduces to the identity tensor, I. The calculation of the
power series for R is then unnecessary in order to obtain M.
Consequently it is suggested that the calculation of
the strain tensor be approached in the following way. The
deformation gradient may be calculated from a consideravion of
material transformation and the mapping of the material
curvilinear codrdinates. The transformation tensor, ﬁ, in the
current configuration may then be calculatéd from the deforma-

£ and

Tl

tion gradient as in equation (V.?B). The components

the differential coefficients 3?% obtained from the mapping

functions yield Eég directly according to equation (VIII. 1).
x

Alternatively equations (VII. 4) may be solved for Qéf . In

1
k Dx

DE

this way, —T are obtained without recourse to calculating
Dx _
and differentiating the series expansion which would otherwise
k
have been necessary. The EEI may then be used in the expres-
Dx

sion for the strain tensor. If we examine all of the other

(¢}

terms involved in the expression for the strain tensor, i.e.

equations (VI. 6) we observe that they are all either functions
i
of the differential coefficients éﬁ% obtained from the mapping
aX—
functions (IV. 4) or functions of the current configuration

geometry of the rod axis. The geometry of the rod axis in the
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current configuration is not a function of the power series
expansion of the radius vector and is prescribed by the axis
geometry in the reference configuration and the deformation
gradient.

Therefore by this method the strain tensor may be
calculated to the degree of accuracy given by the power series
expansion of the radius vector without recourse to explicitly

evaluating the power series.



CHAPTER 9

CONCLUSIONS

In this thesis, the attempt to reduce the three dimen-
sional analysis of a rod continuum to an analysis in one
spatial variable has been made in the following way.

It was first demonstrated how the geometrical descrip-
tion of an arbitrary point in the rod continuum could be
uniquely specified by a radius vector whose form was a power
series expansion of the one spatial variable, E(x3), which may
or may not be infinite according to the functional form éf the
parameters characterising the geometry of the rod space. It
ﬁas then demonstrated, by using the fact that the coordinate
system of one of the configurations, reference or current, may
be prescribed without any loss of generality, that the geome-
trical parameters of the prescribed space may be considerably
simplified. In our case the reference space Was chosen to be
prescribed.

The strain tensor, which is a function of the displace-
ment vector, which is in turn a function of the radius vectors
to a chosen material point in the reference and current con-
figurations respectively, may then, in principle, be calculated.

This analysis is termed exact since there is no approximation
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in the form of neglecting any terms in view of their relative
orders of magnitude as opposed to many previous analyses in
which a truncated power series representation is used for the
form of the radius vector.

A form for the deformation mapping was proposed such that

k

the functional relationship of the set of values of X* to the

set of values of xh was isomorphic. This allowed each point
(Xl,Xz,X3) to be interpreted as a material point and conse-
quently allowed the deformation gradient to be interpreted as

a material deformation gradient. Then the mapped cross section
in the current configuration is the same material surface as
the corresponding unmapped cross section in the reference con-
iguration. In Suhubi's analysis the mappced cross scction will
not in general be the same material surface as the unmapped
cross section. The deformation gradient as defined by Suhubi
has only a geometrical significance and does not in general
represent a material transformation.

Finite director triads were defined at each point within
the rod such that the transformation of the directors in
deformation was idenﬁical to the transformation of material
elements in deformation. The relationship between directors
and base vectors was established. In this way it was possible
to evaluate the deformed configuration of the directors
directly from considerations of material transformation.

It was pointed out that the current configuration geometry

is completely prescribed by the reference configuration geometry
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and the deformation gradient‘and it was demonstrated how.
some parameters of the current configuration geometry may be
calculated from them.

The form of the transformation tensor between director
base vector systems defined on the rod axis and director base
vector systems defined at any point in the corresponding cross
section was investigated and a fundamental relationship
between the components of the transformation tensor and the
power series of the radius vector was developed. It was then
demonstrated how the transformation tensor in the current
configuration may be calculated from the corresponding trans-

formation tensor in the reference configuration and the
deformation gradien
properties of the transformation tensor was concluded with a
demonstration of the frame-indifference property of the tensor.
The strain tensor was then evaluated in terms of the
rod parameters and it was discovered that, in view of the
fundamental relationships between the components of the tréns-
formation tensor and the power series expansion of the radius

vector, the strain tensor may be completely expressed in terms

of : (1) components of the transformation tensor, (2) the differential

i
coefficients, EQ;, obtained from the deformation mapping, and -
X~ »
(3) the geometrical parameters of the rod axis. The differential
i
coefficients, Eﬁ; , and the geometry of the rod axis are not
0X=

functions of the power series expansion of the radius vector

whereas the transformation tensor is a function of the power
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series. However it had already been demonstrated that the
transformation tensor, W, in the current configuration was

a function of the transformation tensor, ﬁ, in the reference
configuration and the deformation gradient. Since the
transformation tensor, ﬁ, may be reduced to the identity
tensor, i, without any loss in generality and the deformation
gradient may be defined by considerations of material
transformation, the transformation tensor, i, could be evaluated
without calculating the power series expansion of the radius
vector. Consequently it was shown how the strain tensor may
be evaluated to the same degree of accuracy which would be
obtained from using the full power series expansion of the
radius vector without recourse to explicitly calculating the
power series expansion.

It should be pointed out that in the doctoral thesis
of Antman on Page 1l there is the note; "If we were not to
assume that r was differentiable but only continuous, then
these shifters, (i.e. the transformation tensor components),
would take over as the fundamental kinematic variables." This
point is however pursued no further by Antman and receives no

(4)

mention in the subsequent paper of Antman and Warner. It was

not until after the independent investigation by the present
author that this mention was discovered.

Thus an analysis for the strain in a rod continuum of
finite dimensions is proposed which is both exact, as far as
the Taylor power series is exact and relatively simple

algebraically.
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Finally the form of the deformation gradient in terms
of the rod parameters was investigated. This led to the
formulation of a set of nine equations which are sufficient
to solve for the nine components of the inverse transformation
tensor in terms of the power series expansion of the radius
vector. Two equations of this set were seen to be identical
to relationships expressed in the equivalent set of equations
discovered in the investigation of the form of the transfor-
mation tensor, thus providing a check on the equations which

had been derived by two independent methods.
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APPENDIX A

MAPPING

Sets:

The symbol X represents a set, class, collection or
family which contains elements or objects Lyr&gress We can

write this as,
X = {371,332,...} (AO l)

The element x is in X, or is a member of X, or belongs

to X. We designate this by:
z € X (A. "2)

Consider sets X and Y. The set X is a subset of Y if

every x in X is also in Y. This relation is designated by:

Also Y is said to 4nclude or contain X, and we write Y QX.
The empty set is designated by 0 and is contained in every
set., If all elements of Y are in X, that is, Y'Q;X, and all

elements of X are in Y, that is, XQ;Y} then the sets Y and X



are said to codincide or to be equal.

1f x& v without being equal to Y, X is called a propex

dubset of Y, or we say Y contains X properly. We write,
xC v Y DX (A, 4)
Thus, X(C Y means that all elements of X are in Y and
that there is at least one element in Y not belonging to X.

The union of two sets X and Y comprises all the elements

of the two sets and is denoted by,
xUJUy (A. 5)

The fintersection of two sets consists only of those elements

which belong to both X and Y and is designated by,
xNy (A. 6)

Functions or Mappings; Functionals

A function, or mapping, consists of the following:
l. A set X called the domain of the function.
2., A set Y called the range of the function.

3. A nule or correspondence T which associates with each



element = of X a single element y of Y.

We designate the mapping by,
T: X > Y : or : y = T(x) (A. 7)

We also say that y is the Amage of xz under T. Y may contain
elements other than those for which T(x) is in Y; that is,
Y;QT(X). Suppose D is a subset of X; then E=T(D) is a subset
of Y. The anen&e trnansformation of the set E is designated
by Twl(E) and is the set of elements of X whose images are

inEC Y. D may be a proper subset of L

(E).
Also

-1
T (YY) =X

where it must be remembered that the empty set is included in
X. If no element of X has an image in E, then T T(E) = 0.

It should be noted that if E consists of a single
element of Y, this need not be true of T T (E); that is, T -
need not define a function in the sense above from Y to X;
there may be more than one element of X or there may be none.
The mapping T: X > Y is called,

1. One-one 4into if x4 # z, implies T(zl) # T(xz) for all
xl,xz,EE X.
2. Onto if T(X) = Y, that is, every y& Y corresponds to some

z & X.

3. One-one if one-one into and onto.



If T:X > Y is one-one {into, then T—l(E), where E consists
of a single element of Y, is a single element of X or is 0.
If T is one-one then the {nvexrse function T_l:Y + X is defined;

i.e., it is a function and is one-one, and we can write

Vector Spaces

A vector space (or directed space) consists of the
following:
1. A set V of objects called vectons
2, A f{ielfd F of scalars
3. A rule (or operation), called veciox addiid{oin, which

associates with each pair of vectors u and v in V, a

ci

vector u + v in V, called the sum of and 5, in_such a
way that:
a) Addition is commutative, u + V = V + qu

+ (Vv + W) Q@+ 9) +w

el

b) Addition is associative,
c) There is a unique vector 0 in .V, called the zero vectoxr,
such that v + 0 = v
d) For each vector v in V there is a unique vector -v in
V such that v + (-v) = 0
4. A rule (or operation), called scalaxr muttibﬁication, which

associates with each scalar a in F and vector v in V a

vector av in V, called the product of a and v, in such a



way that,

a) lv=yv

b) (ab)v = a(bv)

il

c) af(u + v) au + av

d) (a + b)Vv = av + bv

n- Dimensional Vector Spaces

Let 51, 52,..., vp be p non zero vectors in a vector

space V. This system of vectors forms a Linearly independant
set of order p if it is impossible to find p numbers ayr ay,

ceey ap, not all zero, such that,

In the contrary case the given system of vectors is
said to be Linearly dependant.

Consider the set of all systems of linearly independant
vectors in V. Two possibilities exist: either (1) there
exist linearly independant systems of arbitrarily large order,
or (2) the order of the linearly independant systems is
bounded. In the second case it is possible to determine ah
integer n such that there exist lihearly independant systems

of order n but not of order n+l. If {él, 52,...,§n} is any

such system of order n, it will be called a basis of V, in

conformity with the following definition: The basis or



directed base of a vector space V is any linearly independant
system of vectors of maximum order.
Theorem*

For a system of vectors to cConstitute a basis of V it
is necessary and sufficient that any vector of V can be
expressed in one, and only one, way as a linear combination
of the vectors of that system.

The number n is called the dimension of iLthe vectoxr
space unden conéide&atioh. We shall use Un to denote an

n-dimensdional vector space.

Euclidean Vector Spaces

Consider first the vector space of elementary geometry.
For each pair of vectors u, v there is a process of multipli-
cation which is called the dot, scalar, on inner product. If
Yy is the angle between the vectors u and v, then the dot
product in elementary geometry is |u||v|cosy. The dot product
has the following properties:
1. u-v = v-'u, commutative property.
2. (au)°v = a(u-v), associative property with respect to
multiplication by a scalar a.
3. u-(v+w) = u*v + u'w, distributive property with respect
to vector addition.

4, If u*v = 0 for arbitrary u, then v = 0.

* For proof of this theorem see Lichnerowicz(e).



Consider, in general, a finite dimensional vector space
Un defined over the field of real numbers. Supposevthere
exists a rule of composition which assigns to every pair of
vectors u, v a correspondence with a real number u°v having
properties 1 to 4. We then say that Vn is a Euclidean
vectors space.

A vector space is said to be properly Eucidean if it is
Euclidean and
5) u'u > 0 for all u # o

The rules of composition 1 to 5 define a dot product

in that space.

Definition of an Affine Space‘a)

The points of the space E of elementary geometry define
vectors - the position vectors of elementary vector analysis.

These obviously satisfy the relations

—_ —
AB = - BA

_— = —
AB = AC + CB

Choose an arbitrary point 0 in E, then each point A of

E is associated with a displacement vector a defined by

—

a= 0A

In general, consider a manifold of points, E, and suppose



that to each pair (A,B) of points of § taken in order there
corresponds a vector of an n-dimensional vector space En
denoted by AB. Assume this correspondance to have the

following properties:

oy —
a) AB = - BA

—_— —_— -—
b) AB = AC + CB

¢) if 0 is an arbitrary point in £ then, to every vector a

of En there corresponds a unique point A such that,

When these conditions hold we say the manifold E is an

affine point space of n-dimensions.

Euclidean Point Spaces

Definition:
An affine point space which is associated with a

Euclidean vector space is called a Euclidean point space.

Linear Transformations

Consider again the general concept of a mapping, T, of
a set X to a set Y, that is T:X » Y. Let X and Y be sets
having an algebraic structure (i.e. certain laws of composi-
tion, together with a set of axioms satisfied by these opera-

tions) of the same type. A function T:X -+ Y which preserves



£he given operations is called a moiphism. A one-one
morphism is called an {somorphdism. A morphism T:X + X, that
is a morphism of a set into itself, is called an endomorphism
of X, and a one-one endomorphism is called an automorphism
of X. |

When the algebraic structure is that of a vector space,
a morphism is usually called a {£inear transformation, Linean
openratorn, or tensor. Thus a linear transformation T of a

vector space V into another vector space W is defined by,

a) T(u + v) = T(u) + T(V)

b) T(av) aT (v)

or in direct tensor notation,

2
3
)
+
N
it
=i
=]
<

oﬁ +

aT-v

g
=0
M
<
1

For all u, v in V and a in F. The linearity of the relation
is usually emphasized by the removal of the parentheses; thus

we write,

w = T(V) TV
or

in direct notation.
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Limits and Continuity

Consider vector spaces V and W, possibly infinite-
dimensional, each possessing a dot product. Let a function
or mapping F:D + I/ be defined, in general nonlinear, where
D is a subset of V.

Let GOGE D and QOEE W. We then say that F has the £imit w

o
as v tends toward Vo written,

lim F(\_/:) =y

Vv °
o]

i Y 41 I - b e amiamalo e O
if for each positive numbeor ¢, there is a positive number 6

such that v_& D and 0 < v -~ vl < 8 imply |F(v) - &ol <€ .

The function F:D -+ W is said to be continuous at GOEE D if

the limit Go exists and is F(Go). The function F is said to

be continuous 4in D if it is continuous at each vector of D.
These definitions are precisely the usual ones when V and W

are one-dimensional, that is, scalar spaces, and require only
the notion of absolute value or distance (here defined by means

of the dot product) in the domain and range to make sense.



APPENDIX B

DOUBLE TENSOR FIELDS

(8)

The Tensor Product of two Spaces

Consider two vector spaces Ea and Eb of a and b
dimensions respectively and associate with them a vector‘space
of dimensionality ab denoted by Ea ]® Eb’ If A and B belong
to Ea and Eb respectively we can set up a ¢orrespondence
between the pair (A,B) and an element of the vector space
E, ® E, denoted by A ® B or AB. This correspondence has the

a1 v >~ 3
fcllewing preperties:

to E, then the

A_ belong to Ea and B, Bl’ 82 b

17 72

distributive law holds with respect to vector addition:

AB. + AB

ii) If o is an arbitrary scalar, the associative law holds:
oAB = AaB = a(AB)

iii) If (il, ﬁz, cee, ia) and (ﬁl, §2, ceny ﬁb) are any two

bases of Ea and Eb respectively the ab elements



g
esd!

(i= l’2].o"a; j= l,2'¢.o'b)

of Ea ® E, form a basis in that space.

b
When these conditions hold we say that the vector

space Ea ® E, is the tensor product of the vector space Ea

b
and Eb and that the element AB is the tensor product of the

two vectors A and B.

Tensor Products of Several Spaces

Consider the three vector spaces Ea’ Eb’ Ec with a, b,

¢ dimensions respectively. If A belongs to Ea, B to Eb’

te E_ then the element AB of E, ® E, can be multiplied

(o]

tensorially with the element C of E,. The element (AB)C of
a vector space H is thus obtained. We assume that the same
element of H is obtained by taking the tensor product of A

with BC
i.e. (AB)C = A(BC) = ABC

which is the associative property of tensor products. The

vector space H will be represented by Ea ® E, ® E.. In

b
general we have the following definition.



Definition:

Each element of the vector space

Ea ® Eb ® Ec ® ...

constructed from the spaces Ea' Eb' Ec,... is called a

tensor.

Reciprocal (or Dual) Base Vectors

If c‘si (1=1,2, ..., a) is a basis of E_ we define

reciprocal vectors GJ such that

From this definition it may be seen that the vectors
GJ (j =1, 2, ..., a) are linearly independant and so the

G} form an alternative basis for E, .

Analytical Expression for the Tensor Product of Two Vectors

For our purposes we shall consider,

Ea = Eb

Euclidean three space, E3:

Let éi (i =1,2,3) be a basis of E3. We write the tensor

product,

w1
to1
m

3l



Now ii and Ei may be expressed in terms of their components

with respect to the éi base vector system,

>
1
b
Gt
se]]
N
ey
Gl

B
i
o
(9]
wi
[}
joy)
()]

LM =

T =2a"B G, Gy =T G G,
where TLM = AL BM
or T=na 8,8 & =1,G &
where TNP = AN BP
or T = al Bp G §P=TLP G, el
where TFP = AL BP
or T=a, 8" g, =1 &G,
where T M2 A BM

(B.

(B.

(B.

(B.

(B.

(B.

2)

3)

4oii)

4.iii)

4.iv)



The Identity Tensor

The fundamental or Identity Tensor, ?, is defined

such that,

A:I = A = TI-A (B. 5)
and I is defined isotropic for all spaces.
such that, I (R) = T(r).
Now since T-EK = EK
we must have the form of I as,
$:3 & (B. 6)

and it may be easily demonstrated that I has the alternate

forms,

2]
il
@



Transformation Law Between Base Vectors of The Same Space

Consider an affine space spanned by parametric
codrdinates XS, each point of which is associated with a

Euclidean vector space whose base vectors are defined by,

(B. 7)

3]
1

where R is the radius vector to the point from an
arbitrary fixed origin. Consider the affine space to be
spanned by another system of parametric codrdinates x-X,
New base vector systems for the Euclidean point spaces are

defined by,

A vector of infinitesimal magnitude at a point in the

affine space may be represented by,
ax® G (B. 9)

Only vectors of infinitesimal magnitude may be representeé as
a product of the base Vector, @s and some multiple of Xx° since
in general the x° codrdinate is an arbitrary space curve and

may only be regarded as straight over an infinitesimal length.

The same vector may be represented in the E‘K base system as,



B.?

-K

ax** G~ (B.10)

Equating expressions (B. 9) and (B.10) for the same

vector we have,

axs ¢ = ax°¥X G-
s K
_ K _
. G = dxs Gy (B.11)
ax

giving the transformation law between base vectors of the

same space, Gs and G K"

Transformation Law for Reciprocal Vectors

Since the identity tensor I is defined as isotropic for

all spaces we have,

Transforming the ET according to equation (B.1ll) we have,

-B
gT de g, = G2 .
©dx

Taking a scalar product with g-A as postfactor with both sides



we have,

Therefore we have the transformation law between

reciprocal base vectors as,

T
GT = G’A dX -
ax”

Transformation of Tensors

In the tensor product,

the vectors ii and Ei may be similarly expressed in terms of
their components with respect to the E’K base system such

that T is referred to the base G”,.

K

T =K 6"y & (B.12.1)
=17 gt gv (B.12.ii)
= oK, G GV (B.12.iii)
=7~ Tg"g | (B.12.iv)



Imposing invariance of the tensor

bases and equating expressions for

3

Rl

with respect to distinct

from (B. 4) to expressions

for T from (B.12) we obtain the transformation laws between

tensor components expressed in different base systems of the

same space.

We have,
AKT ~ g — LM
T G K G T = T
KT = = LM dx’i
or T~ G'K G’T T L ’1
dXx

from which

components as,
JKT _ LM dx°* x ax”d .1
T =T T Gl M 8.
dx dx J
-K -T
dXx” dx
-KT _ LM
or T = T dxL dxM
Similarly
. ax¥  ax®t
T av TNP u v
’ ax- ax”
K _ L dX'K dXP
Ty =Tpr 1% v
ax” d4ax-~

Gp, Gy
S
dxM 5
ax J

(B.13.1)

(B.13.ii)

(B.13.iii)



N ‘p
and T’uT = TNM ax 5 dxM (B.13.iv)
dax”“” dx

These transformations of the tensor components may all
be expressed in the transformation of the components of a

tensor of arbitrary order,

JK...T _ L...m ax°k axT ax¥  ax®f
T u v - TN P ‘T T ) M u s e v
v e dx dx ax” dx”~
The Ccovariant Derivative
In the derivative,
g*ﬁ = Q'K"[TLM Gy, Gyl
9X X

the base vectors are functions of XK and must be

differentiated.
Thus we have,
3 aTLM 3G 3G

LM -— - — -
[T =% __G. G. .+ T —= G + TG, ——
BXK 3XK L M K ™M L

Q
b

which we may write as,



ac";P
Consider the vector — .
K
0xX
% = % | 3
axK axk
3G
P -1 =
= —= * G G
8XK L

i
~
Q
&
xjro
7L
o
| I
(21

@
=<

d

)

. G% is called the Christoffel symbol

|

The quantity

=

aX
of the second kind which defines the nature of the connection
between distinct neighbouring point in vector spaces and is

denoted,

(5]

G

P =L L

— . Gl = (B.15)
EXK P K



aXK L
. Gp ] g
8XK P
Now consider
- ....L - L
GP G GP

3G
—-% <G4
X

. aC—;L . 6 -
<K P

or

. aGL

axX

L
(B.16)
- _J L
P K
65 = =< ok & Gp
G2 (B.17)



giving the corresponding differential coefficient of
the reciprocal vector EL.

Thus by (B.1l6) we have,

5t _ artM o M) L= = o= J M|z
= ¢ +T G, G, + 179G g
<K oxK CL oM p k( %L M Lo k(M
R )
ax® | axX

+ T

The gquantity,

+ T } ({B.18)
)
) @ K

|
L J

P
3% K

}
o

is called the covariant derdlivative of the second order tensor,

?, and is denoted by TLM K such that,
14
T 9 IM = = IM 5 =
— = == (T G. G,) =T G. G
aXK aXK L M K 'L M

"'The covariant derivatives of tensors of higher order may be

found by a similar process.



B.14

3)

Double Tensor Fields

We consider, as before, an affine space spanned by

parametric codrdinates XK, with base vectors, G , 0f a

K
Euclidean point space defined at each point. We now consider
the affine space to be mapped into a new affine space spanned
by parametric coordinates xk, each point of which is
associated with a Euclidean vector space with base vectors

§k. In general the dimensions of the two spaces may be
arbitrary and independant but for our purpose we shall consider
both of them to be three dimensional Euclidean. R is the
position vector of the point in the XK space and r is the

position vector of the point in the xk space.

As before we may establish the identities;

x
= . - 31-::
X
and the equations,
.k
- dx )



=t _ dx)a g2 (B.22)
dx”

pobeeit _pteem dzf aeet ad? awf (B.23)

U...v N...p £ m Aattt o v )

dx dx dx dx
and
£m

Mmoo ar™ pm } £ gl m

Tt k(T qk (B-24)

A double tensor field is defined as a field at each
point of which is defined a tensor product between a number
of vectors which may belong to either of the two vector
spaces associated with the point in its unmapped and mapped
configurations respectively. Thus a double tensor field has

defined at each point a quantity of the form,

LoooM t..-m ~ -~ -N —P - — -Nn _.p
NeuiP n...p Ono*Cu € +e:C 9 o0y 9 .eeg (B.25)

in which the order of the vectors in the tensor product
may be in general arbitrary and fixed only for each particular

double tensor field.



The simplest example‘of a double tensor field is the
deformation gradient, which is a field at each point of which

is defined a tensor of the form,

)l
m
QL {w
FOI'Hl
1
Q
3]
(2]
=

!
)
&
Q1
>

where the two vector spaces in this case are;

1) That defined in the reference configuration of a
continuum, and

2) That defined in the current configuration of the
continuum which is the space inte which the reference
configuration is transformed during the deformation

process.

Covariant Differentiation of Double Tensor Fields

Covariant differentiation of the double tensor field
with respect to xh and XK may be defined in the usual way if
we adjoin the coﬁvention that R is held constant when we
differentiate with respect to xk and vice versa. These
partial covariant derivatives which we denote by the usual
symbols “,k" and ",K" are double tensor fields of the type -

indicated by the number and position of their indices and

the formal rules of ordinary covariant differentiation remain

valid. .



3
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Consider the second order double tensor field,

3l
il
3
(1]
Wl

The total covariant derivative is defined by,

I [BTK:' ) . [ BTK] } (B.26)
oX aX r constant X R constant
= TLm g 5 + [3% 33’:’2]
X 7L “m axE 2xX | R constant
Lm
Lm - oT Pm L
where T K 7 + T P K
oX
. 9T _ TLm g g+ TLm axk c. o
axK ;K "L°’m ' R 8XK L °m
Lm
Im - T Lg m
where T kTR + T q k

' k
. AT [TL’“ x ¥ Ll Q—x—] G. g (B.27)
’



The quantity TLm K + TLm b o _ is called the totat
14 4

covariant dernivative of the double tensor field TLm EL §m

. L
and is denoted T m‘K such that
14

3T Lm -
=T G
axK ;KL “m

(B.28)

We may easily generalise this result for a tensor

of arbitrary order so that the total covariant derivative

of a double tensor field whose components are T'°° is,
k
T... E T... K + T'.. k axK (B.29)
e e 0oy o e o g ax

ees;K



APPENDIX C

THE STRAIN MEASURE (7)

The quadratic strain measure:

(C. 1)

/

The Euler-Lagrange Strain Tensor

ds? - as? = (dﬁ-gﬁ) . (d§-§£> - (d§~aR) .



o tl]

where,

where, C

where,

o]
il

Cl

as? =

the deformation’gradient

dR dR : [C - 1)

the Green deformation tensor

dR dR : 2E

(C.

(C.

(c.

(C.

(C.

2)

3)

4)

5)

6)



=il
i
N} =

[C - T], the Euler-lLagrange strain tensor

(c. 7)°

Displacement Description of the Euler-Lagrange Strain Tensor

Consider the linear transformation,

r = R + U(R) (C. 8)
Then,
55?-?C = . x3
3R 3R.
(20 2) (24 8)
3R 3R 3R 3R/ C
coEs(EL ). (R, D
3R R 3R 3R

I
——
il
+
Q Io)
wHjc
~——
——
=4l
+
%] IGI
Wi |@
—

3R 3R 9R  9R
c.C= T+, 00 (C. 9)
3R 8R AR 9R



Therefore the displacement form for the Euler-Lagrange

strain tensor.

Es%—[5~fl=%[ﬁg+9—%+9¥°p—f] (c.10)
3R 9R 3R 3R
The Euler Strain Tensor
ds? - as® = dr-df - 4aR-dR
- () () (o) ()
d oR or or
- aFar 2. E1_2R. R
or or or or.
-— o - - —'— — =r- =r
= dr dr [T TC Foe Fo ]
where the reciprocal, F' = gg = !
' or
= dr dar :[I - BV} (C.11)
where B® = F*'F', the cauchy deformation tensor - (C.12)



.*. ds® - as? = 4r 4r :[2%)

where € = %{7 - gr], the Euler strain tensor

Displacement Form of Euler Strain Tensor

We have the linear transformation,

|
H]
=
+
o
o

Then

B s FFf, - R .R
or or

(-E) (-2

ar ar C

() (-3
or or
o . ﬁr ...f _3_1_1_ 9_:3__.*..8_11093

W
a
o)
H
8]
M
@
N

(C.13)

(C.14)

(C.15)

(c.16)



and the displacement form for the Euler strain tensor,

ol
i
N =
—
~Jl
i
i

H

1[36 as aﬁ,ﬁa]
1 =5—+ —--—=" =
or or axr or

(C.17)



APPENDIX D

CHANGE OF FRAME AND FRAME - INDIFFERENCE

Change of Frame of Reference

A frame of reference representing an observer is a
rigid frame endowed with a timing device. The most general
functional relation between the place as referred to the
preferred frame, {0%, r*}, and to another frame of reference,

{0, r}, is expressed by the transformation,

I* = c(t) + £ o(t) (D. 1)
ox £-0(t)
0
c(t)

0*



where c is the position vector of 0 in the frame of
reference {0*, r} and Q is an orthogonal tensor which gives
the orientation of the frame of reference {0, r} relative
to the geometrically similar frame of reference {O*, r*}

such that,

ol

(£) "0, (t) = T = 3 (¢)Q¢)

which may be proper or improper,

Such a change of reference frame will be seen to preserve
distances between particles. It 1is important to note here
that we are not talking about changes of codrdinate systems;
codrdinate systems can be changed within a Euclidean point
space, but we are not doing this. The frames {0* r*} and
{0, r} represent the same frame in two configurations of a
rigid body motion. |

Consider,
r* = c(t) + r-0(t) (D. 1)

for constant time.



differentiating w.r.t. r,

3r*

or

ol
rr

3 =
L. Bt
or

T + D(t)
-

or

or

differentiating (D. 1) w.r.t. r*,

dr*

dr*
or 7
7.0 (t)

+ or

= Q(t)
ar*
3T . Ft)
or*
0r_ . F(t)
ar*
ar i'=

or

© B (t)

(Da

2)



R (0. 3)
or*
Conservation of Distance for the Transformation
We have ar* = qgp- &
or
.°. by (D. 2) dr* = dr-0(t) (D. 4)
.. dr*-ar* = (dr-Q) * (dr-0)
= dr'Q-Qc dr
=dr * T - dr
.*. dr**dr* = dr °* dr (D. 5)

Demonstrating that the transformation conserves distances.



Transformation of Vectors

The frames {0*, r*} and {0, r} have a relative
orientation determined by the tensor 6. Therefore any
vector whose representation in the {0, r} framerf reference
is u will appear to an observer, whose frame of reference
is the {0*, r*} frame, to have a relative orientation which
is actually the orientation of the {0*, r*} frame. If the
same vector is designated in the {0*, r*} frame by>§* then

we have the relationship,
V* = ‘-’ . 6 (D. 6)

Base vectors 53 and §i defined in the {0*, r*} and {0, r}

frames resepctively will also have a relative orientation

determined by 3 and so,

gt = g,-0 (D. 7)
-1 % -1

Similarly the reciprocal base vectors g1 and g1

will have a relative orientation determined by Q and

therefore,

) . (D. 8)



Transformation of Tensors

The relationship between the representation of a
second order tensor in the two frames of reference may be

found as follows. Consider the sacond order tensor,

Tr = &, B,
1 1
= (K, -D) (B, -D) by (D. 6)
= 6C.ii 51.6
.. T =070 (D. 9)

which is the rule of correspondance between the
representations of the same second order tensor in the
frames of reference {O*, r*} and {0, r} respectively.

Consequently vectors v* and v related by equation
(D. 6) and tensors T* and T related by equation (D. 9) are
called Frame-Invariant or Frame-Indifferent, since v* and
Vv are the same vector and T* and T are the same tensor

represented in different frames of reference {O*, r*} and



{0, r} respectively.

Transformation of the Directed Derivative Operator

We have,
_9r .3 ,
-* = Tx - by the chain rule of
r 3r or
differentiation
. 3 _ = 3
o . — = QC ¢ S by (D. 3) (D.10)

oxr or

Therefore directed derivative operators a_* in {0*, r*}
or

3

— in {0, r} are frame-covariant if related by equation
ar '

and

(D.10). Expanding equation (D.1l0) we have,

-i* 3 = ,=j 9
__.__,.=Q 'g P
Bxl ¢ ij
ik
= g3t by (D. 8)
axj
0.. E"—.—= 6:? §——.-
Bxl 1 ij



d _ 9
or — = T ‘ (D.11)

Transformation of the Deformation Gradient, F

(9)

We assume that the two ffames of reference occupy

the same position in the reference configuration such that,

R* = R at t = t (D.12)

0
Then
- T =i dzd -
F = 35 Gl EE? g
oR X
and
_ -k . j* N
Fx = 0 _ gt 9z *
IR axt I
Now
-
Fx = oxr
3R
- _*V
= .a_r b ar
3R ar
F* = F-0 by (D. 2) (D.13)



giving the transformation of the double tensor field, ?,

under change of frame of reference.

Now we have by (D.13)

n
l
ol

ox

or

and since the frames coincide

in the reference configuration,

at t = to



3z | (D.14)

Transformation of Christoffel Symbols

We have,

Now under the change of frame

gp = 9 * 0 by (D. 7)
gt =3k - 3 by (D. 8)
and o = A by (D.11)
9x ox
P -/ L CAE-)
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(D.15)





