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An exact analysis for the state of strain in a three 

dimensional rod continuum is presented. The exact geometrical 

description of the rod involves the evaluation of a power 

series expansion of the radius vector. It is shown however, 

that by a suitable choice of coordinates in the reference 

configuration and an interpretation of the deformation 

gradient as a material transformation, the strain tensor may 

be evaluated to the degree of accuracy inherent in using the 

full power series expansion of the radius vector without 

necessitating the explicit evaluation of the power series. 

Some concepts from the theory of multipolar media are used 

in order to make this three dimensional analysis compatible 

with the exact analysis of one dimensional rods. 
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= 
e: 

NOTATION 

The subscript, C, for any tensor indicates the 
conjugate of the tensor. 

Refers to quantities defined on the axis in the 
reference configuration, c. 

Refers to quantities defined on the axis in the 
current configuration, a. 

Repeated indices imply Einsteinian summation 
convention unless indices are underlined in which 
case summation is suspended. 

Greek indices take the values 1, 2. 

Latin indices take the values 1, 2, 3. 

Axial directors in current contiguration = (dk)a 

Axial directors in reference configuration = (DK)C 

Rod axis in current configuration 

Rod axis in reference configuration 

The Green deformation tensor (= F · Fe) 

Directors in current configuration 

Directors in reference configuration 

Kroenecker delta 

Material element in current configuration 

Material element in reference configuration 

Permutation symbol 

Euler strain tensor 

X 



E 

E3 

F, 'F 

gk 

GK 
= g 

G 

!, = 
1 

= 
1.1 

M 

Q 

r 

~ 

"" 
- 3 r (x ) , 

R(X3) 

-u, u 
k :x; 

XK 

t;.k 

;;K 

(~) 

{/m} 

r c 

Euler-Lagrange strain tensor 

Affine Proper Euclidean three space 

Deformation gradient 

Base vectors in current configuration 

Base vectors in reference configuration 

Metric tensor in current configuration 

Metric tensor in reference configuration 

Identity tensor 

Transformation tensor in current configuration 

Transformation tensor in reference configuration 

An Orthogonal tensor 

Position vector in current configuration 

i~ reference confi<:;nr.qt.ion 

Position vector of rod axis in current configuration 

Position vector of rod axis in reference configura­
tion 

Displacement vector 

Curvilinear coordinates in current configuration 

Curvilinear coordinates in current configuration 

Generalised curvilinear coordinates in current 
configuration 

Generalised curvilinear coordinates in reference 
configuration 

Binomial coefficient 

n! = r! (n-r)! 

Christoffel symbol of second kind 

Xi 



EXPLANATION OF TERMS 

A physical rod is modeled by a mathematical 

continuum consisting of a space manifold of points. When 

discussing the physical rod the adjectives "undeformed" 

and "deformed" refer to the states of the physical rod 

before and after deformation. When discussing the mathe­

matical model the adjectives "reference" and "current" 

refer to the configuration of the space manifold occupied 

by the rod before and after a deformation is applied to the 

physical rod. ·.rhe term "mapping" refers to process undergone 

by the space manifold corresponding to the deformation of the 

physical rod. The term "configuration" is applied to both 

the physical rod and the space manifold. 

xii 



CHAPTER 1 

MULTIPOLAR MEDIA THEORY IN CONTINUUM MECHANICS 

f . . . f d . . h . (l) * De ~n~t~on o a Bo y ~n Cont~nuum Hec an~cs 

In the classical continuum mechanics a body, B, con-

sists of a set of particles sometimes called a manifold of 

material points. Each particle of the body is given a label 

or name, R. In the mechanics of discrete mass points labeling 

is usually done by means of a subscript, e.g., we may talk of 

the kth particle having mass mk and being at the position Rk. 

The particles of thA body may or.c:npy various positions of a 

three dimensional Euclidean point· space, E3 • (See Appendix A) 

• • 
• • • 

• Body B 
• • 

• 
Figure 1 

The complete specification of the positions of the 

particles of a body is called a con6~gu~at~on of the body. 

Such a configuration can be represented by a one-one mapping 

x or its inverse x-1 (See Appendix A) 

* Superscripts in parentheses refer to references on page 114 

1 
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R = X (R) R = X 
-1 (R) (I. 1) 

vlhere R, or Ri is a point in E3 and is shown in Figure 1. 

Consider another configuration, 

- 0 (R) r = R = e -1 <r> (I • 2) 

The two configurations X and e are related by' 

- (R) 
- -1 - iC (R) (I • 3 i) r = e = O(X (R)) = 

R 
.,..-1 <r> (I • 3 ii) = K 

Thus far the body B is simply a set of points. We 

complete the definition of the body B by specifying that the 

- --1 -transformation R = K (r) be piecewise continuous*. Continuity 

means that two points arbitrarily close in the configuration 

X are arbitrarily close in G. We shall also require that __ , -
R. = K ... (r) be piecet.Jt!ise continucusl:{ differerltiabl~ to v;hatever 

order may be required. 

Multipolar Media( 3 ) 

Multipolar media theory introduces a ne~ .. , concept into 

the classical model of a manifold of material points by postu-

lating a set of vectors associated with each point. These 

vectors are called di4ee~o4~, the number of vectors may in 

general be arbitrary but normally the number is the same 

as the dimension of the space. These directors define di4eetion~ 

a~~oeiated with the point and are susceptible of rotations and 

stretches independant of the deformation of the material elements. 

* See Appendix A. § "Limits and Continuity" 
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Such a model of a di~ected medium should include, amongst other 

possibilities representation of a molecular concept in which 

the molecules have an internal structure. These ideas will 

now be expressed in mathematical form. 

In addition to the classical deformation characterised 

by a mapping, 

r = r (R) 

We have a transformation, 

db = db(5a> = db (R) 

which may be defined independently. 

(I. 4) 

(I. 5) 

Where D are the di~ecto~h in the ~e~e~ence con6igu~ation and 
a 

The directors may be defined with respect to a local 

curvilinear basis at the point in the following way. 

~ve have, 

where DK 
a 

D a 

Da 

= 

= 

= 

=· D ·I a 

- -K-D ·G G a k 

DK GK a 

-b We define the reciprocal directors, D , such that, 

-D • 
a 

(I. 6) 

by (I. 6) 

(I. 7) 
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and so, 

- -a DK GI<· 
a -M DK a 0r1 

1 = D . D = DM G = DM a a a K 

DK a oK Dl1 = a M (I. 8) 

Having now defined a director triad at every point in 

the continuum together with the reciprocal director triad, we 

may use this new basis at any point as a new frame of reference 

in the local Euclidean point space. 

The metric tensor components for this director 

basis may be calculated as, 

- DK D = D . Db = ab a a 

Dab rsa. -b Da and = D = K 

We define a tensor ~v 

or, 

so that, 

w K ·-H 
= W MP GK G -

K - -M 
W = W MP GK G -

K 
W MP 

a 
axP 

Tl·! o· GKM h (I. 9.i) 

b 
DH 

Gl<t-1 (I. 9.ii) 

by, 

[5 J -a D a 

(I.lO .i) 

(I.lO.ii) 
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h K w ere D P is the partial covariant derivative (See Appendix a, 

B). This tensor, w, is called the w~yne~~ o6 the di~ecto~ 

fi~ame in the undeformed material. It may be observed that 

for the special case in -v1hich the magnitude of the directors 

and the angles between them are constant, as is the case for 

example if the directors are chosen as an orthogonal unit 

triad, and if the point R is made to traverse the XP co6rdinate 

line at unit speed, the quantities WKHP are the components of 

-the angular velocity of the director frame, D , carried by R; a 
and \<le have, 

[n 1 
axP a 

= w·i5 a (I.ll) 

We could similarly define the wryness of the director 

frame in the deformed configuration but a w.ryness tensor so 

defined \vould not afford a comparison bet"Teen the deformed and 

undeformed configurations since it refers only to the relative 

configurations of the director frames at different points in 

the deformed material. In order to compare reference and current 

configurations we use the generalisation of the angular velocities 

of the director frame at r relative to those of the director 

frame at R when r traverses the curve into '1.-lhich the path of R 

is deformed. Introducing the ~elative w~yne~~ ten~o~, W, 
\vhere, 

- k - -m 
~ = ~ mP gk g -

a - -a 
- [da] d axP 



ip = \}lkmP gk gm - a - -m 
dm gk g 

so that, 

where 

is the total covariant derivative. (See Appendix B) 

Cases of the Directors 

6 

(I.l2.i) 

(I.l2.ii) 

've may summarise by stating, that in a directed medium 

a deformation consists of a transformation carrying R. into r 
and the directors Db at R into directors da at r. 

i.e. r = r (R) (l.l3) 

Conceptually, a de6oAma~ion con~i~~~ o6 a di~placemen~ 

o6 ~he poin~ and independen~ ~~Ae~che~ and Ao~a~ion~ o6 ~he 

Within this general concept we may define the 

directors to suit our convenience. They may be purely geome-

trical frames of reference transforming completely independently 

of the material continuu~or on the other hand they may be 

defined to represent some aspect .of the material, possibly it's 

microstructure, transforming accordingly. For example in the 



7 

special case when, 

= i5 ·F a (I.l4) 

where F _ ai= _, the material deformation gradient, the directors 
aR 

are material elements and their presence adds nothing to the 

classical description of strain. In the special case when, 

d = i5 • r (I.lS) a a 
i.e. 

d = D a a 

the directors are invariable elements and again add nothing new. 



CHAPTER 2 

DEVELOPMENT OF THE ANALYSIS OF RODS OF FINITE DIMENSIONS 

Rod Analysis 

Rod analysis as a branch of continuum mechanics seeks 

to analyse the behaviour of continua having geometrical pro-

perties such that the space occupied by the rod comprises the 

neighbourhood of a mathematical curve given by the parametric 

equations XK = XK(S), bounded by a surface f(x1 , x 2 , x 3 ) = 0. 

The curve, C, is called the axis of the rod and the axial 

dimension of the rod is assumed to be of a higher _..._,..:]_ .. _ .._,_ __ 
U.LUI;:;.L I..HGUl 

either of the other bm rod dimensions, ltlhich are called cross-

sectional dimensions. The limiting case of a rod is a mathe-

matical line in which the cross-sectional dimensions are 

reduced to zero. 

In tracing the modern development of the analysis of 

rods of finite dimensions we shall examine the work of Hay, 

Ericksen and Truesdell, Suhubi, Antman and Green, Laws and 

Naghdi. 

The Analysis of Hay< 2> 

The first \'iork on the modern approach to rod analysis 

was done by G.E. Hay in 1942. Hay's analysis is a rigorous 

mathematical treatment of a rod of uniform cross section with 

8 
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the external forces acting only at the ends. The scope of the 

paper is however limited to rods whose cross-sectional dimen-

sions are of infinitesimal order. 

Hay's Description of Rod Geometry 

In Hay's description of the rod geometry in the reference 

configuration, the curvilinear coordinates are defined as the 

two principal axes of inertia of the cross section and the 

axis of the rod. The cross section of the unstrained rod is 

therefore defined plane and the coordinates identified with 

principal axes of inertia are defined straight. This assump­

tion of straight coordinates is justified within the limits 

of the cross sectional dimensions since ------ -6· .. --~.:~!----~ 
Glll,i' vUJ.. V J...L..L.i.iCU.L 

coordinates may be regarded as straight over an infinitesimal 

length. The unstrained cross sections are defined normal to 

the rod axis. In the desc~iption of the strained rod, it is 

acknowledged that the unstrained plane cross section will have 

deformed into a general surface. The lengths of the coordinates 

at a point in the unstrained rod cross section are constrained 

to remain constant throughout deformation, so that within an 

infinitesimal distance from the rod axis the cross-section 

in-plane deformation is accounted for in the transformation of 

the base vectors d_efined at every point on the rod axis. 

In Hay's analysis the configuration of the unstrained 

rod is completely described by the rod axis and the cross 

section at each point on the axis, where the axis is the locus 
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of the cross-sectional centroids. Consequently the description 

of the rod axis, which is an arbitrary space curve, is of 

fundamental importance to the analysis. In order to describe 

the reference configuration of the rod axis Hay introduces 

a rotation vector instead of the classical Frenet-Serret 

description of a curve. The base vector triads defined at each 

point on the rod axis are all orthogonal in the reference 

configuration as a consequence of defining the curvilinear 

coordinates as the two principal axes of inertia of the normal 

cross section and the rod axis, since each base vector is 

tangential to a curvilinear coordinate. In the reference 

configuration Hay considers two adjacent cross sections 

~~ clcmc~tcl increme~t of =>V~:>l , ... ,., 1o'MN4-h 
__ ........ -- ---- ---- :J --· .. 

then defines a vector at each point on the axis which describes 

the rotation of the base vector triad at that point which 

would be required for it to align itself with the adjacent 

triad, in the direction of increasing arc length. In the 

strained configuration such a vector may not be so simply 

defined since the base vector triads along the axis are no 

longer geometrically similar. A rotation vector, in this case, 

is defined again by considering two adjacent cross sections. 

In order for each cross section to align itself with the 

adjacent cross section, a certain displacement of the cross 

section would be necessary and a hypothetical strain is 

introduced in order to describe this displacement. A vector 

is in this case introduced at each point on the rod axis which 
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describes the rotation of the principal axes of this hypothe-

tical strain between adjacent cross sections which would be 

necessary in order to align each cross section with its 

adjacent cross section, in the direction of increasing arc 

length. 

Hay's Analysis of Strain 

In his analysis of strain Hay's approach is to treat 

the rod as a three dimensional continuum, defining the strain 

tensor components eij by, 

2e .. = g .. - g .. 
~J ~J ~J 

(II. 1) 

where g .. and g~..: ctre the metric tensor components in thP. 
:t] ..J..J 

unstrained and strained configurations respectively at an 

arbitrary point \-<lithin the rod continuum. 

Hay's Method of Approximation 

In the strained rod configuration Hay expresses various 

parameters of the problem such as the metric tensor, Christoffel 

symbol, stress tensor and strain tensor at any point within 

the rod continuum in Taylor pm·Ter series expansions about the 

corresponding parameters defined on the strained rod axis. 

The coefficients of the power series are found for the first 

few terms by use of constitutive equations and compatibility 

relations. 
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The Analysis of Ericksen and Truesdell()) 

In their paper Ericksen and Truesdell develop an 

exact analysis of the stress and strain of a unidimensional 

continuum which they call a rod but which is actually a 

mathematical space curve composed of material elements. Their 

geometrical description is thus more fundamental than that of 

Hay since their rod has zero cross sectional dimensions instead 

of first order infinitesimal cross-sectional dimensions. The 

rod is defined as a unidimensional Cosserat continuum with 

directors defined at each point of the curve subject to the 

restriction that the directors are defined as material elements. 

Thus the directors, which are vectors, transform as material 

elements. In a ~hree dimensional continuum ~his ~ransformation 

would take the form, 

= (II. 2) 

k where x ;K is the deformation gradient. However a three 

dimensional deformation gradient cannot be defined in a one 

dimensional continuum so that a tensor AkK is defined by the 

directors of the one dimensional continuum such that, 

Ak = dk Da 
K a K 

then, 

dk = Ak DK (II. a K a 

where Ak - xk along the axis of the rod. 
K ;K 

This type of transformation is only admissible for 

3) 
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vectors of infinitesimal magnitude which is satisfied in 

this case since the directors have been defined to be material 

elements. 

The orientation of the director triads in the reference 

configuration is described by a ,.,ryness tensor and the 

relative orientation of the director triads in the current 

configuration is described by the relative wryness tensor. 

In Hay's analysis the directors are collinear with the base 

vectors whereas in Ericksen and Truesdell's more general 

approach this would be a special case. It is demonstrated that 

the relative wryness includes and generalises Hay's rotation 

vector. 

Ericksen and Truesdell's Analysis of Strain 

Since only a unidimensional curve is considered, the 

strain in the rod is completely described by the stretch, A, 

which is defined by, 

A - ds 
ds 

where s and S represent arc lengths in the deformed and 

undeformed rod respectively. 

Ericksen and Truesdell's Analysis of Stress 

(II. 4) 

The analysis of stress by Ericksen and Truesdell is 

based on the stress principal which they define as:-"At each 

point on a rod, the action of the material to one side upon the 
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material to the other is equipollent to that of a stress 
-

resultant vector, S, and a couple resultant vector, ~." An 

elemental length of the rod is considered and the conditions 

of its equilibrium give t'VlO equations relating; 

i) the stress resultant vector and the externaL force 

and 

ii) the couple resultant vector, external force and external 

couple. 

The Analysis of Suhubi( 6 ) 

Suhubi's paper is an attempt to adapt the methods of 

rod analysis to a physical rod of finite cross sectional 

d.iroensi.ons in order to develop a method oi analysis to meet 

practical engineering needs. 

Suhubi's Description of Rod Geometrr 

In order to describe any point within the rod, Suhubi 

introduces normal coordinate systems associated with the axis 

of the rod. That is, in both the reference and current con-

figurations he introduces at each point on the rod axis an 

orthonormal vector triad, one vector of which is tangential 

to the rod axis. The rod axis is described by a curvilinear 

coordinate x3 . The coordinate system is such that the trans-

verse coordinates are rectilinear and define a plane cross 

section \'lhich is normal to the rod axis. On the curvilinear 

coordinate x3 '1.-lhich is associated with the rod axis the 
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transverse coordinates have a zero value, x1 = 0 = x2 • The 

transverse base vectors defined on the axis are collinear 

with the transverse coordinates. See Figure 2. 

R 

0 
Figure 2 

The position vector in the reference configuration to an 

arbitrary point in the rod cross section is then, 

(II. 5) 

where R(X3) is the position vector to the rod axis and A6 are 

the base vectors defined in the plane, normal cross-section. 

Similarly in the current configuration, 

~ = ~(x3) + ~~ ia (II. 6) 
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the geometry of the current configuration being defined in 

the same way as that of the reference configuration. 

Between the reference configuration and the current 

configuration there is the mapping, 

r = r cR.> (II. 7.i) 

which is considered to be invertible such that, 

(II. 7~ii) 

Since in the reference configuration the rod axis is 

defined to lie along the x3 curvilinear coordinate for which 

x1 = 0 = x2 and in the current configuration the rod axis is 

defined to lie along othe x 3 curvilinear coordinate for which 

x 1 = 0 = x2 , the transformation imposes the restriction that 

the mapping between x3 and x 3 must be isomorphic. (See 

Appendix A.) 

i.e. 

(II. 8.i) 

also, 

(II. B.ii) 

The transformation of the x1 and x2 coordinates 

however must be of a form such that rectilinear coordinates 

1 2 d . "1" .. d" 1 d 2 X and X are mappe 1nto rect1 1near coor 1nates x an x 

during an arbitrarily imposed deformation. Therefore the 

mapping between X~ and x~ cannot be isomorphic, and is defined 
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to be of the form, 

(a = 1,2; K = 1,2,3) (II. 9.i) 

whose inverse is, 

(~ = 1,2; k = 1,2,3) . (II. 9.ii) 

Suhubi then calls the quantities and the deforma-

tion gradients. 

The Transformation Tensor 

A useful geometrical development of Suhubi is the 

evaluation of the form of the transformation tensor, ~, bet\veen 

the base vectors, g., at an arbitrary point within the rod and 
l. 

the base vectors, a., defined on the rod axis in the same cross 
J 

section, such that, 

or, 

a. 
l. 

j - -m = ll m aj a 

so that in Suhubi's notation, 

j -g. = 11 • a. 
l. l. J 

(II.lO) 

• a. 
l. 

(II.ll) 

Using this transformation, all tensor quantities defined 

at any point within the rod with respect to the local base 

vector system may be referred to the base vector system defined 

on the axis in the same cross section. 
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Suhubi's Analysis of Stress and Strain 

Suhubi deals with stress and strain as for a three 

dimensional body. His developments are only unique to rod 

analysis in that the vector and tensor quantities are referred 

to the axial base vector systems by use of the transformation 

tensor, ll· 

Suhubi's Analysis of Deformation 

For thin rods Suhubi proposes the functional form for 

the transformation, 

xa = xa <xl<> 

to be a power series in X~ with coefficients which are functions 

of truncated t.c t.~rms. 

a power series for 

Criticism of Suhubi's Geometrical Description of a Rod and his 

Definition of Deformation 

The criticism of Suhubi's geometrical description is 

that his definition of each cross section as being plane and 

normal to the axis in both the reference and current configura-

tions will give, for an arbitrary space curve axis, a multi-

valued position vector for each point within the rod for any 

cross sectional dimension greater than first order infinitesi-

mal. 

His geometrical description of the cross-section in the 
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reference and current configurations. 

viz 

and 

while being mathematically correct has the disadvan-

tage that the two cross sections so described are, in general, 

not the same material surface in the reference and current 

configurations respectively. This is an immediate consequence 

of the anisomorphic mapping of the t\'10 transverse coordinates' 

i.e. 

The dcfor~atior. ,....",. c, .. ""',""'.; --.J. _ ................... _ 

therefore describe the material deformation but has only a 

purely geometrical interpretation. 

The Form of the Radius Vector Suggested by Antman( 4 ) and 

Green, Laws and Naghdi(S) 

A more general approach to the geometrical description 

of a rod which takes into account rod cross sections which are 

not plane was suggested by Antman. His radius vector takes 

the form of a function which is analytic with respect to xa 

such that, 

00 

r = 
m+n=O 
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\>There 

m!n! 
1 J = 

This is a generalisation of Suhubi's form of the radius vector 

and it may be observed that by truncating this series to the 

linear terms we may reproduce Suhubi's form of the radius 

vector. Antman's proposal of the form for the radius vector 

has the structure of a Taylor power series expansion about 

r (x 3). Antman describes the base vectors, the directors and 

the displacement vector in terms of this symbolic representa­

tion of the radius vector. The summation is not explicitly 

evaluated. 

The power series expansion form for the radius vector 

is also mentioned by Green, Laws and Naghdi in the form, 

n 

\>lhere it is noted that the d 
cxla.2 

. . . 

are completely sym-

metric in cx1 , a. 2 , . . . , ex • n Symbolic forms are given for the 

differential coefficient of r, but the power series expansion 

is not explicitly evaluated. This is also of the form of a 

Taylor power series expansion about r (03 ) and the symmetric 

property of d in cx1 , cx 2 , ••. , cxn may be demonstrated 
cxl cx2 ••• cxn 

for a Taylor power series expansion. 
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This work as a Natural Consequence of the Previous Analyses 

While it has been recognised in previous \'lOrks that 

the form of the radius vector to an arbitrary point within 

the rod is a power series expansion, this power series has 

only been expressed in symbolic form and development of the 

expressions for the displacement vector and the strain 

tensor have utilised the truncated series only. It is there-

fore a natural step to investigate the consequences of the 

full power series expansion for the radius vector to a point 

within the rod. 

The Thesis 

The geometry of the rod and its fc~~ . -..... ___ .. , .. -· .. -
,t-'.L.CV..I.\J""'.:.l' 

have been described by the radius vector and its functional 

form respectively. This approach restricts the form of the 

radius vector expression to the linear terms of the power 

series expansion due to the complex nature of any calculations 

based on the full pmver series expansion for the radius 

vector. In this work it is shown how, by judicious choice of 

the coordinate system in the reference configuration and an 

interpretation of the deformation gradient as a material 

transformation, the strain tensor may be evaluated \'lith the 

degree of accuracy inherent in using the full power series 

expansion, without recourse to evaluating the power series and 

its derivatives. 

An investigation was also made to determine the 
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applicability of Ericksen and Truesdell's analysis of a one­

dimensional rod, viewed as a multipolar medium, to the problem 

of the three dimensional rod. 



CHAPTER 3 

GEOMETRY OF RODS OF FINITE CROSS SECTIONAL DIMENSIONS 

Curvilinear Coordinates and the Rod Axis, a 

In the current configuration we define, without loss 

of generality, the affine space occupied by the rod to be 

spanned by material parametric coordinates, xk, such that the 

curve a lies along that x 3 coordinate associated with 

x1 = 0 = x 2 • A cross section of the rod at any point on a 

is that surface defined by x
3 = constant. We shall not define 

tht:: cross st=t.::tions Lo bt:: planes ~-- ...... --.. •--
UU.L.!lla.~ LU ~ in any configura-

tion since this would entail defining the xa coordinates 

perpendicular to a which would imply, for an arbitrary 

space curve axis, that at distances from a greater 

than infinitesimals of the first order the cross sections 

along a would intersect. 

We define, in general, the cross sections along a to 

be arbitrary non-intersecting surfaces. The position vector, 

-r, of any point on a is given by, 

<r>_a - 3 = r(O,O,x ) - (III. 1) 

Since we have specified that the line a lies along an 

x 3 coordinate we may reduce the equation of the bounding sur-

face for a prescribed cross section to, 

23 
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1 2 f(x ,x ) = 0 (III. 2) 

After Green (S), \ve define the relationship of the 

curve a to the boundary f(x 1 , x 2 ) = 0 by the condition, 

where p is the mass density and the integration is taken over 

3 1 2 any section, x = constant, which is bounded by f(x , x ) = 0. 

Geometry of the Rod 

We have the structure of the rod space in the current 

configuration, 

2 
X 

Figure 3 

3 
X 

where (gk)a indicates the base vector gk defined on the axis a. 

See Figure 3. 



Let us consider a cross section, x 3 = constant 

as shown in Figure 4. 

... 
""" ~-

J 

I 

- 1 2 3 r(x ,x ,x ) 

1 2 f (x ,x ) 

0 Figure 4 
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= 0 

The position vector of any point on the cross section, x 3 = 

constant, is given by, 

_ 1 2 3 _ 3 r- 1 2 3 _ 3;} r(x ,x ,x ) = r(O,O,x ) + r(x ,x ,x ) - r(O,O,x ~ 

The expression, 

- 1 2 3 - 3 r(x ,x ,x ) - r(O,O,x ) 

(III. 4) 

may be expanded into a Taylor power series in the following 

way; 

- 1 2 3 - 3 r(x ,x ,x ) - r(O,O,x ) 

1a- 3 2a- 3 = x --1- r(O,O,x ) + x --- r(O,O,x ) + 
ax ax2 



1 [ 2 - 3 2 1 2 
2 - 3 

+ 1 1 a r(O,O,x ) + a r(O,O,x ) + 2! X X X X 
ax1 ax 2 a(xl)2 

+ x2x2 2 - 3 J a r(O,O,x ) + • • + 
a(x2)2 

• . . . 

1 [ (,h n 
n - 3 

(~) (xl)n-lx2 
n - 3 

+ a r(O,O,x ) + a r(O,O,x ) 
n! Cl(xl)n acxl)n-lax2 

n - 3 J + ( 2)n a r(O,O,x ) 
x 2 n + • • • • • • a (x ) 

where 

Alternatively we may write, 

- 1 2 3 - 3 r{x ,x ,x ) - r(O,O,x ) = 

n 

1 
n! 

n 

L 
r=O 

which may be expressed as, 

26 

+ • . • + 

(III. 5) 

{III. 6) 

n=l,2,3, ••• 
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- 1 2 3 - 3 r(x ,x ,x ) - r(O,O,x ) 

(III. 7) 

n = 1,2,3, •.• 

Finally, 

- 1 2 3 - 3 1 - 2 -
r(x ,x ,x ) - r(O,O,x ) = x (gl)a + x Cg 2 )a + 

n-1 

+L (III. 8} 

r=1 

n ~ 2 

where, 

- 3 .LE_(O,O,x ) = 
Clxa (III. 9} 
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Consequently we have, 

(III.lO) 

where { 1 k2 } is the Christo:fel symbol of the second kind which 

we assume is analytic in x where, 

(III.ll) 

and it is easily demonstrated, that for symmetric rod space, 

(III.l2) 

We shall calculate the repeated differentials for an 

- 1 2 3 arbitrary radius vector, r(x ,x ,x ) , and then evaluate the 

3 result at (O,O,x ) • 

Consequently, 

- 1 2 3 - 3 r(x ,x ,x ) - r(O,O,x ) = + 

+ 

(III.l3) 



or, 

- 1 2 3 - 3 a -
r(x ,x ,x ) - r(O,O,x ) = x (ga)a + 

n 

1 
n! 

+ 

29 

(III.14) 

the Leibniz theorem for repeated differentiation which states: 

"If u and v are functions of x, then, 

(III.15) 

where suffices denote differentiation with respect to x; 

e.g., 

We may rewrite as a summation, 

= ! (~) u v r n-r (III.16) 

r=O 
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\'Je now consider 

By (III.l6) 

(III.l7) 

Where a implies no summation with respect to a. 

And 

by (III.l6) 

= 



• • 0 

r~-(1 r p-1-1)a r p-1-1-r P { kp} 
r ------r-----~1---r- k a 

r =0 P a(x~) p-l P p-1-
P 

r 
a r 

r 
a (x(l) p 
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(III.l8) 

to as many terms as are applicable for each value of r 1 , r 2 , 

••• , in the summation until 

= 0 

when rp is only summed over rp = a. 

and then, 

r!-l( r -l-r { } r rr_1 -1)a r-1 r . kp a p 
r r -1-r k a ------r-

r =0 p a(xa) p-1 p p-1- a(xa) p 
p 

Terms involving derivatives of the form, 

r -1-r m-1 m a 
r -1-r 

a(za) m-1 m 
\'lill disappear if the order of { km } 

km-la 

in xa is less than (r 1 -1-r ). m- m 
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Hence (III.l7) becomes 

= 

. . . 
{ 

k } 
p -

k a gk 
p-1- p 

(!!!.19) 

where it should be understood that the term 

{
. k } p -
k a gk 
p-1- p 

is not constant over the summation but rather represents the 

terminal term of each expression constituting the summation. 

The value of p will be different for each combination of r 1 ! 

..• , r 1" p-
Equation (III.l9 represents a series which may be 

finite or infinite depending on the functional form of the 
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Christoffel symbols. If it is infinite it may be evaluated 

to any degree of accuracy and if it is finite it may be evaluated 

exactly for any given n and a coordinate system of prescribed 

geometrical properties. 

We now consider the term, 

Now by (III.l6), 

and by (III.l8) 

n-r-1 a 

(III.20) 

. . . 

(III.21) 



where the condition for 

understood. 

To evaluate 
n-r-1 a 

34 

stated on page 32 is 

we must 

calculate 
n-r-1 a [equation (III. 21)]. Since each term 

in the final expression for equation (III.21) will have one 

element from each of the individual summations, we may differen-

tiate equation (III.21) term by term as for the differential 

of an ordinary product. 

Consequently, 

. . . + 
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+ 

+ • • • • • • • • .• • • • • • • • • • • • . • • • • • • • • • • • + 

r-1 a k s-1 Lr-1 ( ) r-1 _5 { } 2s-1 

+ s=O s d(x2)r-l-s l 2 s =O( s 1) 

1 

s-1-s 
a 1 

. . . 

+ 
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• it • 

(III.22) 

the last two lines being the expansion of, 

() .e. -n-r-1 { } 
1 n-r-1 £. 2 g£. a (x ) o 

where £. - k 1 ; 
0 p-

= 

.e. = k p 

by ( I I I • 16 ) and ( I I I • 18 ) 

and the condition for terms 

and {.e. .tq 1 } g£. . stated on page 32 is understood. 
q-1 q 

Having expanded the derivatives of the terms in 

equation (III .14) , we no\'1 evaluate the· expressions at xa = 0 

so that equation (III. 8) becomes, 

- 1 2 3 - 3 r(x ,x ,x ) - r(O,O,x ) = + 



+'!__ £.. n! 
n 

+ • • • • • • • • 

+ 

r-1 

~(r-1)ar-1-s k} 
~ s a(x2)r-1-s 1 2 
s=O 

. . . . . . . . . . . . . . . . . . . 
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+ 

<l 
X =0 

+ 

• • • + 
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~ ( r-1) ar-1-s { k } 
+ ~ s d(x2)r-l-s 1 2 

. . . 

. . . . . . 

(III.23) 

Giving the general expression for the radius vector 

to an arbitrary point within a rod continuum. Equation (III.23) 

is a series which may or may not be infinite, depending on the 

analytic form of the Christoffel symbols. If the Christoffel 
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symbols are expressed in such an analytic form that they are 

only differentiable a finite number of times with respect to 

the curvilinear parameters xk, e.g. if the Christoffel symbols 

are expressed as a finite power series in xk, then equation 

(III.23) is a finite series. If however the Christoffel symbols 

are expressed in such an analytic form that there is no maxi-

mum number of differentiations, e.g. if the Christoffel symbols 

are expressed in terms of trigononometric ratios of xk, then 

equation (III.23) is an infinite power series and may be 

evaluated to any required degree of accuracy by prescribing 

a limit for n. 

The Reference Configuration 

Equation (III.23) gives the most general form for the 

radius vector to an arbitrary point within a rod in an arbi-

trary configuration occupying a space of arbitrary geometry. 

We could, therefore, obtain the corresponding radius 

vector for a reference configuration of arbitrary geometry by 

substituting reference configuration parameters for current 

configuration parameters directly into equation (III.23). 

Since we shall study the interrelationships between 

the reference and current configurations, we are at liberty, 

to choose arbitrarily the coordinates which span one of these 

configurations within the limitations discussed previously. 

We are not at liberty to also choose the coordinates spanning 

the second configuration, since these are completely determined 

by the choice of one set and the deformation mapping. 

Consequently, without loss of generality, we may 
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specify coordinates spanning the reference configuration. 

Since we have previously defined the axis of the rod to lie 

along an x3 coordinate, no restriction can be placed on that 

x3 coordinate. All the X~ coordinates, however, may be defined 

arbitrarily as long as they give a single valued representation 

to any point within the rod space. Consider the field of the 

x1 coordinates to be a field of parallel straight lines. 

Consider the field of x2 coordinates to be another field of 

parallel straight lines which are orthogonal to the x1 

coordinates. The rod axis is then an arbitrary space curve 

passing through these coordinate fields. The surfaces defined 

by x3 = constant, on which lie the X~ coordinates for that 
.., 

value of X.~, \'Till be plane but \vill not in general be normal 

to the rod axis. 

Finally, in order to complete the description 

of the coordinates spanning the reference configuration, we 

must define the field of the x3 coordinates with the exception 

of that coordinate for which X~ = 0, which is the prescribed 

rod axis. The only condition for defining the rest of the 

field is that the x3 coordinates must not intersect each 

other. We define the field of the x3 coordinates to be such 

3 that for a particular cross section, the angles that any X 

coordinate in the field subtends with the x1 and x2 coordi-

nates of the cross section are the same as the angles which 
3 .. . f. . ~ the X coord1nate de 1ned as the ax1s, where X = 0, subtends 
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with the x1 and x2 coordinates respectively in the same cross 

section. Thus for a particular cross section the base vector 

triad at an arbitrary point in the eros~ section is given by, 

(III.24) 



•. , 

CHAPTER 4 

DEFORt-lATI ON 

The Deformation Mapping 

We describe the deformation of the rod by the mapping, 

r = r (R) (IV. 1) 

characterised by the deformation gradient, 

ar F -
aR 

(IV. 2) 

Since the axis of the rod in the reference configura-

tion must map into the axis of the rod in the current configura­

tion we have the condition on the mapping, 

(IV. 3) 

We shall differ from Suhubi's definition of the mapping 

of the xli curvilinear coordinates and define the mapping for 

each of the xli coordinates to be of the same form as the 

mapping of the x3 coordinate; i.e. we define the mapping for 

each of the curvilinear coordinates to be isomorphic such that, 

(IV. 4. i) 

or (IV. 4.ii) 
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(IV. 4. iii) 

and (IV. 4. iv) 

The reason for using this deformation mapping will become 

apparent later. 

Then, 

= 
i 

6~ ~ 
J axl 

(IV. 5) 

Therefore the Jacobian of the transformation (IV. 1) exists, 

i.e. 

n 

and so we may define the inverse transformation, 

(IV. 6) 

or 

(IV. 7) 

Transformation of Base Vectors 

The base vectors in the reference configuration of a 

general curvilinear E3 space are defined by, 

(IV. 8) 
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Similarly, the base vectors for the current configuration, 

ar (IV. 9 ). gk - ~ 
Now consider 

ar 
gk - ~ 

aR . ar = 
~ aR 

axK ClR . ar = 
~ axK aR 

"\-lhere a -K a - G 
~XK 3R 

axK 
GK . F gk = 

~ 

or by (IV. 5) 

k 
(IV .10) ax-- F gk = ::--f Gk ax-

where the deformation gradient F is the transformation tensor 

for material elements, dr, of the continuum; viz. 

dr = dR ar . F -= 
aR 

Thus the base vectors of a general continuum do not 
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transform according to the law governing the transformation 

of material elements. 

The Directors 

From equation (IV.lO), we have for the base vectors, 

or, 

G ·F k (IV.ll) 

Now we define vectors dh in the current configuration 

such that, 

(IV.l2) 

Each vector dk will be collinear with the corresponding base 

vector gk 

multiple 

but their magnitudes will differ by the scalar 
axE:. 
axfi· 

In the reference configuration the corresponding 

vector, DK will be, 

ax~ -
=-G 

axK K 

or 

(IV .13) 
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Then equation (IV.ll) becomes, 

(IV.l4) 

We notice that equation (IV.l4) expresses a "material" trans­

formation law between vectors dk and Dk defined in the 

current and reference configurations respectively. This 

transformation law is identical to that proposed by Ericksen 

and Truesdell for the transformation of their directors of a 

line. For this reason we shall call the vectors dk and Dk 

defined by equations (IV.l2) and (IV.l3) the directors of 

the three-dimensional rod. 

It will be noticed that although the directors we 

have defined have the same transformation law as the directors 

of a line defined by Ericksen and Truesdell, they differ 

from the directors of Ericksen and Truesdell in one important 

respect, their order of magnitude. Ericksen and Truesdell's 

directors represent material elements and are therefore of 

infinitesimal magnitude. Our rod directors are, as may be 

observed from equations (IV.l2) and (IV.l3), of finite 

magnitude. The analogy between the directors of a line and 

the directors of a rod holds therefore only in the mode of 

transformation of the directors and not in the geometrical 

description of the directors. 

It may be seen that director triads defined at each 

point within the space occupied by the rod will constitute 
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unique non-coplanar base vector systems and therefore 

represent a linearly independant set of vectors. The recip­

rocal directors d~ therefore exist and the director triads 

may be used as alternative bases for the local Euclidean point 

spaces instead of the corresponding curvilinear base vector 

triads. 

In order to calculate the relationship bet\-Jeen the 

reciprocal directors and the reciprocal curvilinear base 

vectors we use the identity, 

= 
g.x g~.. 

J r<. 

where e .. r.. 
J.)K 

is the permutation symbol, whose indices never 

take part in a summation. 

Then, 

-i 
e. ·r..9 

l.)K 
= 

= 
d.~ dr.. J ,, 



or 

-i 
e .. t.. g 

l.J r<. 

-i 
g 

= 

= 

-i 
eijk d 

a xi 
-r ax-

':1 i . 
oX- -]. 
-- d­ax1 

axi -i 
---.- g-
ax!.. 

48 

(IV.lS.i) 

(IV.lS.ii) 

qiving the relationship be~ween the reciprocal curvilinear 

base vectors and the reciprocal basis dk. 

Later on, for reasons which will become apparent we 
1 

shall replace the geometrical description of the rod in terms 

of the axial curvilinear base vectors with a geometrical 

description in terms of the axial directors. 

The Generalised Curvilinear Coordinates 

Consider again the expression for the position vector 

in the current configuration, equation (III.23). The right 

hand side of the equation is a vector summation, the result 

of which we may refer to its components with respect tQ the 

base vector system in the cross section on the axis, c. 
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i.e. , we may \'lri te, 

- 1 2 3 - 3 r(x ,x ,x ) - r(O,O,x ) = (IV .16) 

where 
I, -

~ ...... (g ) 
ka is identical to the right hand ·side of 

equation (III.23). Using equation (IV.12) we may express 

(gk)a, and hence the vector summation ~ ... k(g- ) in terms of 
~ fl a 

the director base system at the same point on the rod axis. 

we may write, 

where, 

k 
~k = ~ ... k(~) 

ax- c 

or, 

(IV .17) 

where 

(IV.18) 

and where henceforth, 

- 1 2 3 r(x ,x ,x ) - r 



so 

and - 3 - 3 r(O,O,x ) - r(x ) 

We shall designate the ~k as the Gene~al~~ed Cu~v~l~nea~ 

Coo~d~nate~ of a point in a cross section of the deformed rod 

configuration. 

Similarly by substituting reference configuration 

parameters for current configuration parameters in equation 

(III.23) we obtain, 

where ~K (GK)C is the vector summation in the reference 

f . . d. ~ #k (- ) . th t con ~gurat~on correspon ~ng to ., g~.. _, ~n e curren 
K. '-' 

and we may write immediately, 

(IV.l9) 

We shall refer to the =K as the Generalised Curvilinear 

Coordinates of a point in a cross section of the undeformed 

rod. After the simplification of the reference configuration 

geometry we have, 
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and 

= 0 6 = 1 or 2. 

Therefore from equation (III.23) we have, 

(IV.20) 

where o~ is the Kroenecker delta. 

Since the current configuration is cc~plctcly prescribed by 

the reference configuration and the deformation gradient, all 

properties of the current configuration geometry may be derived 

from them. We have seen how the base vectors and directors 

in the current configuration may be calculated by equations 

(IV.lO) and (IV.14). We shall now demonstrate how the metric 

tensor components, reciprocal base vectors and Christoffel 

symbols of the current configuration may be calculated. 

Calculation of the Metric Tensor Components 

The metric tensor in the reference configuration for 

the curvilinear base vector system is, 
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G y G. -i 
= = G 

J. 

G. -i = (See Appendix B) = G •I 
J. 

= G. c;i.c;j G. 
J. J 

G = Gij G. G. 
J. J 

t.'Vhere 

Gij = 
-i -j G ·G 

Similarly, 

G = G .. Gi -j G 
l.J 

where, 

G .. = G. •G. 
l.J J. J 

Now since 

the metric tensor components of the director basis in the 

reference configuration are, 

D .. =G .. 
l.J l.J (IV.2l.i) 

or after the simplification of the reference configuration 

geometry, 

D .. = (G .. )C =G .. l.J l.J l.J (IV. 21. ii) 
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Similarly, 

(IV. 21. iii) 

The components of the metric tensor in the current 

configuration, 

- -g .. =g. •g. 
~J ~ J 

g .. 
~J 

ax~ - axj (G-.· F=) = ~ (G; ·F)·~ , 
ax~ .... ax2 rl.. 

= 
a xi 
--r ax-

axi axj - -= --r --. G. G. 
ax- ax2 1:. 2 

axi- -
----.- G. G. 
ax2 ~ 2 

by (IV.lO) 

-i -j 
where c = c .. G G - F·Fc, is the G~een de6o~ma~ion ~en~o~ 

~J 

and the double dot product is defined by 

Gi·<F·Fc> ·Gj _ GiGj:(F·Fc> 



so that, 

g .. = 
~) 

Similarly, 

- -
d .. = D. D. 
~) ~ J 

To calculate gij we use the identity, 

- - -g,•g..,xg., .... .... ... 

where eilk is the permutation symbol defined by; 

e312 = +l; e213 = = -1 

Similarly, 

where ~ 

. . 
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(IV. 22) 

(IV. 23) 



. . . 1
=, -ij g e.o~..e. g 

l..(..r<. JIDP 

or 

- ij lgje. OL.e. g 
l..(..r<. JIDP 

ax.e. ax!3:. ax~ axE. [ - = - = J [- - _ -l = :-f :-f--ro~ (G.e.·F)x(Gk•F) . (G •F)x(G •F) 
ax- ax- ax- ax,t;;, - - ~ E. 

axf ax~ axm axE.rt- = - =~ - -l --= -::-:e: -::--F -m --r.; ( G"l • F ) X ( G L. • F ) X ( G • F ) • ( G • F ) 
ax- ax- ax- axe_ - .!::. !!l E. 

L ~ -1 

and writing, 

G ·F = F ·G t m C m e c. 
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= axf ax~ axm axE [ G G : (F. F ) (G • F) 
l ~ m n l m C k ax- ax- ax- ax.c:.. - - -

= ~ ~ ~ -0 - (G G :C) (G ·F)· (G ·F) ~xl "Xk ~xm ~xE.[- - - - - - -
dX.(_ ax~ axm axE_ .(_ m k P._ 

. . . - ij jgje. 0 t-e. g 
l..(..r' Jmp 

Similarly, 

- ij jdje.He. d 
l..(.." Jmp 
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(IV. 24) 

(IV. 25) 



Calculation of Reciprocal (or Dual) Base Vectors 

We have, 

-i -J· -= g •g g. 
J 

-i ij -
g = g gj 
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(IV. 26) 

g. is given by equation (IV.lO) and gij is given by equation 
J 

(IV. 2 3) • 
-i 

Hence the reciprocal base vector, g , may be 

calculated. 

Similarly, 

(IV. 27) 

where d. is given by equation (IV.l2) and dij is given by 
J 

equation (IV.24). 

Calculation of Christoffel Symbols 

We have, 

{/m} agl -k - --. g 
axm 

axM agl -k = 
axM • 

g 
axm 
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= (IV. 28) 

Now is a component of the prescribed deformation gradient, 

gl is given by equation (IV.lO) and gk is given by equation 

(IV.25). Hence the Christoffel symbols in the current configura-

tion may be calculated. Therefore the connection of the rod 

space as a mathematical structure is fully established. 



CHAPTER 5 

THE TRANSFORt':ATION TENSOR 

Derivation of the Curvilinear Base Vectors 

In a current configuration the radius vector of an 

arbitrary point within the rod is, 

b.-
where the vector ~ al<. is given by the right hand 

side of equation (III.23). 

The curvilinear base vectors at any point are 

defined by, 

g. = 
1. 

g. -
1. 

Now by equation (III.23) we have the functional form 
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~ka. a - +L !_ (xa)n [ A(x3)] + = x (ga)a k n! 0(. 

n 

n 

+ L~~L (~) (x1)n-r (x2)r [B(x3) J (V. 2) 

n r=1 

where A(x
3 ) and B(x3 ) may be obtained by comparison 

cc. 

of equation (V. 2) with equation (III.23). 

Therefore, 

k- - ~ 1 a n-1 r 3 l 
(~a 1.,)=(g) + >,..,_,,,(x-) IA(x) + 

i<.. Cl (J / • ,.. -I • I ~ I - ......... n 

(V. 3. i) 

and 

(V. 3.ii) 
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A(x 3 } and B(x3 } are products each term of which is a summation. 
~ 

The derivatives :x3 ~t:Jx 3 }] and :x3 ~ (x
3

)] are obtained 

from the rule for differentiation of a product, each term 

being differentiated one at a time. The differentiation is 

an elementary operation and the full expression is not included 

here because of its length. Each derivative 

_a __ (~k ak} will be itself a vector summation 
ax3 

and we may express the result of a k ---r (~ ak} in terms of its 
ax 

components with respect to the director base system. 

the 

(V. 4. i} 

D?:K 
Similarly we define ~ for the reference configuration such 

DX~ 

that, 

(V. 4. ii} 

After simplification of the reference configuration geometry, 
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(V. 5. i) 

and (V. S.ii) 

by (IV.20). 

The Transformation Tensor 

Consider equation (V. 1) 

i.e. 

~ 
-i !:\r{~-) ~ ~ -g = -.- + --.- ( ~ ·- ak.) 

dX 
l. 

dX l. 

or, 

then by equation (IV.l2) we have, 

i [ d. = ~ <SI 
1 ax~ 

- 3 ar (x ) 

a;r (V. 6) 

• • (V. 7.i) 
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Or., = ax
3 

[( ax
3

) - ot;k. - J 3 3 a3 + ---3 ak. 
()X dX a Dx 

by equations (IV.l2) and (IV.l8) 

• • (V. 7. ii) 

where, 

(V. 8. i) 

and 

(V. 8. ii) 

Now we have, 



. . . - = a .. J.l 
~ 

(V. 9) 

where the product ak dk defines a second order tensor(S) 

(V .10) 
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We may express this tensor completely in terms of the 

axial director basis in the following way; 

We have, 

by (V. 9) 

(V.ll) 

comparing with equation (V. 9) 

(V .12) 
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or 

where 

(V .13) 

Calculation of the Transformation Tensor 

Consider, d. 
~ 

= d.·! 
~ 

d. ·aJ -
= a. 

1 J 

(d .. ;;) ) -= a. 
~ J 

• j - (V .13) (V .14) . • d. = ~· a . by 
~ 1 J 

Therefore by (V • 7.i) and (V • 7. ii) , = 
~ must have the form, 

Cl.1:1 OF; 1 -1 Cl.1:l OF; 2 -1 - Cl.1:1 OF; 3 -1 -axr 0.1:1 a a1 + axr 0.1:1 a a2 + ~ 0.1:1 a a3 

+ + (V .15) 

+ + 



66 

The Inverse Transformation Tensor 

Consider equation (V.lO). By an elementary rule of · 

tensor algebra, 

• . • 

Now we have, 

Consider, 

. . . 

=-1 -k - -1 
11 = (a dk) 

(d ) -1 -k -1 = (a ) k 

=-1 -k -
11 = d ak (V .16) 

a. = J. -~-1 
1 1 

by (V.l6) (V .17) 
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or (V o18) 

Comparing with equation (Vo17) 

(V o19) 

where 

(V o 2 0) 

Now we have, 

or (V o 21) 

Substituting equation (Vo21) into equation (Vo14) we have, 



j -1 k 
d.= ll· (ll ). dr.. 
~ ~ ) r<. 

from which we deduce 

= 0~ 
~ 

(V.22) 

Similarly, substituting equation (V.l4) into equation (V.21) 

we have, 

from which we deduce, 

68 

= 0~ 
~ 

(V. 23) 

Director Metric Tensor Components in Terms of the Axial 

Director Metric Tensor Components 

We have, 

d .. = d. "d. 
~) ~ J 



Also, 

Consider, 

s - t -
= 1.1. a • J..!. at 

1 s J 

a .. = a. •a. 
1) 1 J 

a .. 
1) 

. . . d ij J..!.s a- t -
1 s J..!j at = 
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by (V.l4) 

(V. 24) 

by (V. 21) 

(V.25) 

(by (V.l4) 

-m -n Taking scalar products with a as prefactor and a as post-



factor, 

. . . 

Also, from, 

:;; .. ii - .. 
J. = a - a. a. 

J. J 

we have, 

= 

= 

= 

ron a 

amn 

70 

(V. 26) 

by (V.21) 

-i -j Taking scalar products with d as prefactor and d as post-

factor, 

. . 
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. . (V. 27) 

Relationship of Reciprocal Directors to Reciprocal Axial 

Directors, 

We have, 

= k - (,,-1) i 
llj ak "" m 

by (V.l4) 

mn a by (V. 27) .. · 



• . . 

Similarly, 

-i -m i 
a = d llm 

Calculation of the Inverse Transformation Tensor 

72 

(V. 28) 

(V. 29) 

We may write equation (V.lS) in the trinomial form, 

-
ll = 

where, 
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Now by an elementary rule of tensor algebra, the 

reciprocal ~ensor, 

where, 

etc. 

Therefore we may calculate the reciprocal transformation tensor 
-i with respect to the axial director base system as long as h 

represents a linearly independant vector set, 

i.e. 

Now we have already defined 



but 

Thus, 

. . 

=-1 
l.J 

-i 
d d. 

J 

-m -1 i k. -
a (l..l )m llj ak. 

by (V.28) and (V.l4) 

= 
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by (V.23) 

(V. 30) 

From which we observe that the coefficients of the 

inverse transformation tensor are the same whether the inverse 

tensor is referred to the a. base system or the d. base 
1 1 

system. 

Consequently we finally obtain the inverse transfer-

mation tensor in terms of the curvilinear director base system 
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as, 

where (V .31 
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and 1~1 or det (~) is the determinant of the scalar coefficients 

of the transformation tensor, ~' which is obtained from the 

scalar triple products thus, 

The Transformation Tensor in the Reference Configuration 

We may obtain the corresponding transformation tensor 
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in the reference configuration, M, by substitution of 

reference configuration parameters into equation (V.lS) 

such that, 

M = (V. 32) 

D2K 
where~ are given by equations (V. 4.ii) and M is defined 

DX1 

by equation (V.lO), as, 

(V. 33) 

In the simplification of the reference configuration geometry 

we observe from equations (V. 5) that M reduces to the 

identity tensor, I, such that, 

(V. 34) 

See Appendix B. 
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Alternatively it is immediately apparent from 

equations (V.33), (IV.l3) and (III.24) that M reduces to the 

identity tensor, I. 

-Derivation of Transformation Tensor, ~, in the Current 

Configuration from the Corresponding Transformation Tensor, 

M, in the Reference Configuration 

We have, 

M - M. j Ai A. 
.1. J 

(V. 35) 

Now the transformation of the directors has been 

defined such that, 

by (IV.l4) and (IV.l7) 

We may write (V.35) as, 

M(A ) = Mij A. A. 
p .1. J 

(V. 3 6) 

Consequently, 
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• . . = (V.37) 

= Therefore, according to this transformation law, tensor ~ 

in the current configuration may be obtained from M, the 

transformation tensor in the reference confiquration and F, 

the deformation gradient. 

In the simplification of the reference configuration 

geometry when the transformation tensor, M, reduces to the 

identity tensor, I, the transformation law expressed by 

equation (V.37) becomes,· 

or, 

~ = F ·F c .(V.38) 



. . 
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The Frame-Indifference Property of the Transformation Tensor 

Finally in the investigation of the properties of 

the transformation tensor, we demonstrate the frame-indiffe-

-renee of~- Consider equation (V.lS). We may rewrite the 

equation as, 

( ax~) ax c 

Since ak 3 = ak. (x ) • 

Consider a transformation of frame of the form, 

where 

and lol = ±1 

Q •Q c 

(V. 39) 

(V. 4 0) 



In the {0*, r*} frame of reference, 

Under the change of frame (see Appendix D) , the ratios 

--_. 
"". u~ 

and the scalar operators 

= 

= 

Consider again, 

= c- + r·Q 

Substituting, 

transform as, 

by (D.l4) 

by (D.ll) 

81 

(V. 41) 



and 

we have, 

or 

But 

• • 

-* r 
() 
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r = 

= c + r ·o 
() 

r* + f;n a •Q 
a n 

= c: + r ·o 
() 

= f;n a •Q 
n 

= F;n(axn) (g ) •0 axn a n a 
by (IV.l2) 



. . . 

by (D.l4) and (D. 7) 

k* 
k* (ax- ) ~- =ri* 

ax- a 

( 
k* 

~k* ~) 
ax- a 

. . 

= 

= ( 
k* 

~~ axk•) 
ax- a 

and vectors ak and ak transform as, 

-k a = 

= 

-k = a •Q 

a ·o k 
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(V. 42) 

(V. 43. i) 

(V. 43 .ii) 



. . 

Now as 

. . . 

and so, 

Q = Q(t) 

ao _ 
0 

dX 3 -

a (a •6\ 
ax3 . n -· 

= 
a a 

n 

ax3 

84 
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=* 
• • 1J = Q ·jj·Q c (V. 45} 

Demonstrating the frame-indifference property of the trans­

formation tensor ~. 



CHAPTER 6 

DISPLACEMENT VECTOR AND STRAIN TENSOR 

Displacement Vector 

The displacement vector is defined as the difference 

between the position vectors of the same material point in the 

current and reference configurations respectively, 

- - -u = r - R 

or 

- 3 k- - 3 =K~ u = r(x ) + ~ ak - R(X ) - _ HK 

Strain Tensor 

The Euler and Euler-Lagrange strain tensors are 

respectively, 

£ = ~[a~ + ua 
ar ar 

au 
ar 

E: = !. [~u + 
2 aR 

(See Appendix C) 

ua + au 
aR aR 
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:~] 

(VI. 1) 

(VI. 2) 

(VI. 3. i) 

(IV. 3. ii) 
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Consider the Euler strain tensor. In order to evaluate the 

expression for the strain tensor we must calculate the quantities 

au I U~ and au 
ar ar ar 

We have, 

au -i au 
- g i ar ax 

ua -. 
ar 

-i a [- 3 = g -i r(x ) -
ax 

But 

and 

so that, 

R(x3 ) k- =K~J + ~ ak -

+ 

by (IV. 5) 
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au -= 
ar 

or 

au 
-= 
ar (VI. 4. i) 

Consequently the conjugate tensor, 

ua -= ar (VI. 4. ii) 

au Using the relations (IV.l2) and (IV.lS) we may express --and 
ar 

ua 
ar 

. . . 

and, 

exclusively in terms of the director base vector system. 

au --
ar 

(VI. 5. i) 



89 

ua 

a.r 

(VI. S.ii) 

A d . 1 t . h . (V 2 8) au and u a n us1ng re a 1ons 1ps • we may express 
ar ar 

exclusively in terms of the axial director base vector systems. 

. . . 

and, 

au --
ar 

and fin~lly we have the product, 

(VI. 6. i) 

(VI. 6.ii) 
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au ua -. ar ar 

osn a~j -1 j o=N (JJ-1> j(a ·k_)} 
+ ---J. ---J. (JJ >v a3n - ---J. v 3 --N 

ox ax ox 

( ax
3

) (JJ-1) 3 (A • - > _ <,.-1> 3 A + a,;r v 3 a3 ~ v 33 
a 
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(VI. 6.iii) 

Equations (VI. 6) may now be evaluated for prescribed 

reference and current configurations and a prescribed defor-

mation mapping of the coordinates. In principle only a 

prescribed reference configuration and a prescribed deformation 

mapping are required, since the current configuration is 

implicitly prescribed by the other two as we have seen in 

Chapter IV. 

t..;nsor, 

iia au iia J 
+ ar + ar . ar 

may be evaluated. 

The Euler-Lagrange strain tensor may be similarly evaluated 

using most of the results obtained above. 



CHAPTER 7 

THE DEFORMATION GRADIENT 

The Deformation Gradient as a Material Transformation 

Since we have defined the deformation mapping of the 

curvilinear co6rdinates as in equations (IV. 4), we may define 

the coordinates XK to be material lines embedded in the unde­

formed rod whose deformed configurationsare xk. The points 

1 2 3 1 2 3 (X , X , X ) and (x , x , x ) related by equations (IV. 4) are 

then the same material point in the reference and current con-

figurations respectively. A deformation gradient defined in 

conjunction with these isomorphic mappings will therefore 

describe a material transformation as opposed to the purely 

geometrical transformation defined by Suhubi. Consequently 

the material cross section described by, 

r = - 3 k-r(x ) + ~ ak 

in the current configuration will represent the deformed 

configuration of the material cross section described by, 

in the reference configuration. 
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In this chapter we shall investigate the form of the 

deformation gradient for a rod and the consequences on the 

deformation gradient of defining the deformation mapping for 

each curvilinear coordinate as isomorphic. 

Calculation of the Deformation Gradient as a Function of the 

We have, 

- ar F =--
aR 

= 

Parametric Rod Space 

-i ar 
G 

-~ " ,.. ... d 
'=' a xi 

r_ "' 
~-'x..>' L.L \ . I 

by (IV.l2) 



. . . 

which may be written 

1 -1 - + F 2 F! G gl 1 

F F 1 (;2 F 2 = + g1 + 2 2 

1 -3 F 2 + F G g1 + 3 3 

where 
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by (V. 21) 

by (IV.12) (VII. 1) 

-1 - + F 3 -1 - l G g2 1 G g3 

-2 F 3 -2 -G g2 + G g3 2 

-3 3 -3 -G g2 + F3 G g3 

(VII. 2) 



·~1 , 3 '('y3\ -1 1 
,., 

1 Tl,l:''" 
F - = ;~1 ;:3 L ;=3 Ja (p -) 3- + --, 

3 Dx3 

F 2 = ox
2 

ox
3 

[ (•x.:_) (p -11 2 + D~k 
3 ax2 ax3 ax 3 a 3 Dx3 

F 3 ( .,3 y ~ 3 k = a? 
(ax ) (ll-1) 3 + o~ 

3 ~ 3 D 3 X a X 

Now we have, 

ar F-- = 
aR 

-K ar 
G 

axK 
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l 
(p -1) k 1 J 

(p-1)k2] 

(ll-1) 3 
k. J 



. . . 

Consequently F must be of the form, 

F = 

l 

3 ax -3-+ -3 G g3 
ax 
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by (IV. 5) 

(VII. 3) 

Since the tensors are mutually independant we may compare 

coefficients of (VII. 2) with coefficients of (VII. 3) giving, 

• . . 

. . 

(VII. 4.i) 

(VII. 4.ii). 



since 

• . . 

. . . 

0 in general. 

• . . 

. . . 

. . . 

. . . 

_ (ax3
) (ll-1) 2 

"' 3 3 oX C 
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(VII. 4.iii) 

(VII. 4.iv) 

(VII. 4.v) 

(VII. 4.vi) 

(VII. 4.vii) 

(VII. 4.viii) 
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(VII. 4.ix) 

Giving the interrelationships betvmen the components 

of the inverse transformation tensor and the quantities 

Dt;k 
~ defined at any point within the rod. 
Dx1 

Consider equation (VII. 4.i) 

i Multiplying both sides by ~l 

or 

. . . 

by (V.23) 
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Similarly from equation (VII. 4.v) 

It may be observed that these two expressions agree 

with the component form of the transformation tensor 

expressed in equation (V.l5) 

Material Transformation of the Directors 

Let us define a second order tensor, F, such that, 

-a­F - D d a 

over the field of the rod. 

Taking a scalar product with Db as prefactor, we have 

or 

. . . 

i5 ·F = oa d b b a 

= i5 ·p 
b 

(VII. 5) 

(VII. 6} 

Comparing equation (VII. 5) with equation (IV.l4), we must have, 

F - F, the deformation gradient. Consequently 



we observe that equation (VII. 5) may be taken as the 

definition of the deformation gradient, F. 

Alternatively we may consider the deformation 

gradient, F, to be defined by the equation, 

dr = dR·F 

100 

(VII. 7) 

representing the transformation between material elements 

dr and dR in the current and reference configuration 

respectively since we have previously specified F to repre­

sent a material transformation. 

Comparing equations (VII. 6) and (VII. 7) we observe 

that due to the Wd.'j the directors have Let:n uefined, the 

directors transform in deformation in the same way as the 

vectors representing material elements. Now during defor­

mation these vectors representing material elements will 

undergo a rotation and a stretching. Consequently we observe 

that the vectors defined as directors will, during defor-

mation, rotate through the same angle and undergo a proportionate 

change in length with the vectors representing material 

elements at the same point in the rod. 

Now in order to fully define a deformation for a 

continuum, we must prescribe the deformation of each material 

element of the continuum, i.e., we must prescribe the 

rotation and stretch of each material element. Having pre­

scribed the deformation of each material element in the 

McMASTEH Ur-11 v c:.r<~ll Y LIBRARY. 
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· 1 · 1' ·· d · · k lz ( k) mater1a curv1 1near coor 1nate mapp1ng, x = x- X- , we 

see that 'l.ve may immediately deduce the deformed configuration 

of our directors since, in order to obtain the deformed 

director from the undeformed director, we rotate the unde-

formed director through the same angle as the corresponding 

material element at the same point and apply the same stretch, 

i.e. change in length per unit length, as the corresponding 

material element. The deformation gradient may then be 

obtained from equation (VII. 5). 

Thus we see that defining directors in our continuum 

in the manner we have described enables us to obtain the 

deformed configuration of the directors and consequently a 

unique set of base vectors at Aach point 1n the continuum 

immediately from the concept of material transformation, 

without a knowledge of the differential geometry of the 

deformed configuration. 

If required the curvilinear base vectors may then be 
a xi 

obtained from equations (IV.l2) where the quantities ~ 
ax~ 

may be calculated from the deformation mappings given by 

equations (IV. 4). 



CHAPTER 8 

ALTERNATIVE METHOD OF CAL.CULATION OF THE STRAIN TENSOR 

In the preceeding chapters a method of calculation of 

the strain tensor to any required degree of accuracy which is 

exact within the limits of continuum mechanics and the Taylor 

power series expansion, has been illustrated. First an exact 

representation of the radius vector is postulated in the form, 

for a rod of arbitrary geometry defined within an arbitrary 

system of curvilinear coordinates. The term 

r(x ,x ,x ) - r(O,O,x ) · 
[

- 1 2 3 - 3 J 
is then expanded in terms of Taylor power series of the 

geometrical parameters of the rod space about the term 

- 3 r(O,O,x ). By observing the nature of this expansion it is 

seen that the expansion is a vector summation which may then 

be expressed in terms of its components with respect to the 

curvilinear base vector system, (g.) , defined on the rod axis 
1 c 

or, in terms of the axial director base system, a., whose 
1 

102 



vectors are collinear with the curvilinear base vectors 

defined on the rod axis, such that, 

- 1 2 3 r(x ,x ,x ) = - 3 k-
r(O,O,x ) + ~ ak 

103 

The displacement vector, u, of a point within the rod, 

which is defined as the difference between the radius vector 

of a point in the current, or deformed configuration and the 

radius vector of the point in the reference, or undeformed 

configuration, 

u = r - R 

may then be calculated. 

The Euler strain tensor, 

which requires first calculating the au 
--:::, derivative, of the 
ar 

power series expansion of u may then be calculated. All the 

terms in the resulting expression for the strain tensor which 

are functions of the Taylor power series representation of the 

radius vector, appear in the.form, 

When the form of these derivatives of the power series ~kdk is 
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examined it is also seen to be a vector summation which may be 

expressed in terms of its components with respect to the 

director base system which we have expressed by, 

d ---.-
dX 

]. 

= Nmv if the form of the transformation tensor, ]J, 

between the curvilinear base vector system at any point in 

the rod space, and the director base system, is investigated, 

D~k 
it is found that ~ is a function of the terms , 

where -i a 

-This functional relationship of ]J to 

Dxi 

D~k 
--- is also illustrated 
Dxi 

in the investigation of the nature of the deformation gradient, 

F, in equations (VII. 4). 

We now propose to invert this functional relationship 

D~k D~k 
and instead of regarding ~ as a function of ---.- , regard --r 

Dx1 Dx 
= as a function of ]J. Equation (V.lS) indicates that a complete 

knowledge of the form of tensor ~' after a prescribed deforma­
D~I<. 

tion, yields a complete description of the terms ~ , such 

that 

= 
a. dX--ax a. 

Dx1 

(VIII. 1. i) 



used to 

a 
~3 

~ 3 
3 

The functional 
D~k 

calculate --. 
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(VIII. l.ii) 

(VIII. l.iii) 

relationships (VII. 8) could also be 

from a known tensor ~ since we then 
Dx~ 

D~k 
have nine equations (VII. 8) for nine unknowns ~ • 

Dx~ 
This 

however involves first the calculation of the inverse tensor 

=-1 
~ 

= We also note that the transformation tensor, p, for 

an arbitrary configuration of the rod is calculable from a 

knowledge of the corresponding transformation tensor, M, in 

the reference configuration and the deformation gradient, F, 

by equation (V. 37); 

viz 

As outlined in Chapter VII the deformation gradient may be 

defined as a function of the directors in the reference and 

current configuration. After the simplification of the 

reference configuration geometry the directors in this configu-

ration may be calculated wLthout evaluating a power series 

expansion for the radius vector and the current configuration 
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directors are obtained by subjecting the reference configura-

tion directors to the sume rotation and stretch cs ~cctors 

representing material elements. The deformation of material 

elements of the continuum is implicitly prescribed in the 

mapping of the material curvilinear coordinates, 

k 
X = 

In this way the evaluation of the power series 

expansion is unnecessary in order to evaluate the deformation 

gradient. If the deformation gradient ~.;ere considered in 

purely geometrical terms, 

i.e. 

ar 
aR 

= 

its calculation would involve the power series expansion of 

the radius vector in the current configuration at least. 

The transformation tensor in the reference configura­

tion, ~, is a function only of the reference configuration 

geometry and is therefore implicitly prescribed by that geometry. 

This tensor is not hm.,rever sufficient by itself to fully 

describe that geometry since it only describes the vectors of 

one local point space in terms of the vectors of another local 

point space. The spatial arrangement of the two points is not 

included in the tensor. In order to calculate M for a reference 
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configuration of arbitrary geometry it would be necessary to 

first calculate the full power series for ~. However it has 

been demonstrated that, without any loss in generality, the 

reference configuration geometry may be defined such that M 
reduces to the identity tensor, I. The calculation of the 

power series for ~ is then unnecessary in order to obtain M. 

Consequently it is suggested that the calculation of 

the strain tensor be approached in the following lflay. The 

deformation gradient may be calculated from a considera~ion of 

material transformation and the mapping of the material 

curvilinear coordinates. The transformation tensor, ~' in the 

current configuration may then be calculated from the deforma-

tion gradient as in equation (V.38). The components of il and 
i ax-
~ obtained from the mapping 
ax~ 

the differential coefficients 

DF;.k. 
functions yield ---. directly according 

Dx1 
to equation (VIII. 1). 

Dl;k. 
Alternatively equations (VII. 4) may be solved for ---. • In 

Dx
1 

Dl;k. 
this way, ---:-

Dx1 
are obtained without recourse to calculating 

and differentiating the series expansion which would otherwise 
k. 

have been necessary. The ~ 
Dx 1 

may then be used in the expres-

sion for the strain tensor. If we examine all of the other 

terms involved in the expression for the strain tensor, i.e. 

equations (VI. 6) we observe that they are all either functions 

of the differential coefficients 

functions (IV. 4) or functions of 

i ax-
ax~ 
the 

obtained from the mapping 

current configuration 

geometry of the rod axis. The geometry of the rod axis in the 
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current configuration is not a function of the power series 

expansion of the radius vector and is prescribed by the axis 

geometry in the reference configuration and the deformation 

gradient. 

Therefore by this method the strain tensor may be 

calculated to the degree of accuracy given by the power series 

expansion of the radius vector without recourse to explicitly 

evaluating the power series. 



CHAPTER 9 

CONCLUSIONS 

In this thesis, the attempt to reduce the three dimen­

sional analysis of a rod continuum to an analysis in one 

spatial variable has been made in the following way. 

It was first demonstrated how the geometrical descrip­

tion of an arbitrary point in the rod continuum could be 

uniquely specified by a radius vector whose form was a power 

SerieS expanSiOn Of the One Spatial Variable, r(x3 ) 1 Which may 

or may not be infinite according to the functional form of the 

parameters characterising the geometry of the rod space. It 

was then demonstrated, by using the fact that the coordinate 

system of one of the configurations, reference or current, may 

be prescribed without any loss of generality, that the geome­

trical parameters of the prescribed space may be considerably 

simplified. In our case the reference space was chosen to be 

prescribed. 

The strain tensor, which is a function of the displace­

ment vector, which is in turn a function of the radius vectors 

to a chosen material point in the reference and current con­

figurations respectively, may then, in principle, be calculated. 

This analysis is termed exact since there is no approximation 
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in the form of neglecting any terms in view of their relative 

orders of magnitude as opposed to many previous analyses in 

which a truncated power series representation is used for the 

form of the radius vector. 

A form for the deformation mapping was proposed such that 

the functional relationship of the set of values of Xk to the 

f 1 f k . h' set o va ues o x was 1somorp 1c. This allowed each point 

cx1 ,x2 ,x3 ) to be interpreted as a material point and conse-

quently allowed the deformation gradient to be interpreted as 

a material deformation gradient. Then the mapped cross section 

in the current configuration is the same material surface as 

the corresponding unmapped cross section in the reference con-

figuration. In Suhubi's anulysiz the mapped ere~~ 

not in general be the same material surface as the unmapped 

cross section. The deformation gradient as defined by Suhubi 

has only a geometrical significance and does not in general 

represent a material transformation. 

Finite director triads were defined at each point within 

the rod such that the transformation of the directors in 

deformation was identical to the transformation of material 

elements in deformation. The relationship between directors 

and base vectors was established. In this way it was possible 

to evaluate the deformed configuration of the directors 

directly from considerations of material transformation·. 

It was pointed out that the current configuration geometry 

is completely prescribed by the reference configuration geometry 
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and the deformation gradient and it was demonstrated how 

some parameters of the current configuration geometry may be 

calculated from them. 

The form of the transformation tensor between director 

base vector systems defined on the rod axis and director base 

vector systems defined at any point in the corresponding cross 

section was investigated and a fundamental relationship 

between the components of the transformation tensor and the 

power series of the radius vector was developed. It was then 

demonstrated how the transformation tensor in the current 

configuration may be calculated from the corresponding trans-

formation tensor in the reference configuration and the 

deformation gradient. The investigation of the form and 

properties of the transformation tensor was concluded with a 

demonstration of the frame-indifference property of the tensor. 

The strain tensor. was then evaluated in terms of the 

rod parameters and it was discovered that, in view of the 

fundamental relationships between the components of the trans-

formation tensor and the power series expansion of the radius 

vector, the strain tensor may be completely expressed in terms 

of:(l)comoonents of the transformation tensor,(2) the differential 
i 

coefficients, ?x~, obtained from the deformation mapping, and· 
ax~ · 

(3) the geometrical parameters of the rod axis. The differential 
i 

coefficients, ~ , and the geometry of the rod axis are not 
ax1 

functions of the power series expansion of the radius vector 

whereas the transformation tensor is a function of the power 
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series. However it had already been demonstrated that the 

transformation tensor, ~, in the current configuration was 

a function of the transformation tensor, M, in the reference 

configuration and the deformation gradient. Since the 

transformation tensor, M, may be reduced to the identity 
-

tensor, I, without any loss in generality and the deformation 

gradient may be defined by considerations of material 

transformation, the transformation tensor, ~' could be evaluated 

without calculating the power series expansion of the radius 

vector. Consequently it was shown how the strain tensor may 

be evaluated to the same degree of accuracy which would be 

obtained from using the full power series expansion of the 

radius vector without recourse to explicitly calculating the 

power series expansion. 

It should be pointed out that in the doctoral thesis 

of Antman on Page 11 there is the note; "If we were not to 

assume that r was differentiable but only continuous, then 

these shifters, (i.e. the transformation tensor components), 

would take over as the fundamental kinematic variables." This 

point is however pursued no further by Antman and receives no 

mention in the subsequent paper of Antman and Warner. (4 ) It was 

not until after the independent investigation by the present 

author that this mention was discovered. 

Thus an analysis for the strain in a rod continuum of 

finite dimensions is proposed which is both exact, as far as 

the Taylor power series is exact and relatively simple 

algebraically. 
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Finally the form of the deformation gradient in terms 

of the rod parameters was investigated. This led to the 

formulation of a set of nine equations which are sufficient 

to solve for the nine components of the inverse transformation 

tensor in terms of the power series expansion of the radius 

vector. Two equations of this set were seen to be identical 

to relationships expressed in the equivalent set of equations 

discovered in the investigation of the form of the transfor­

mation tensor, thus providing a check on the equations which 

had been derived by two independent methods. 
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APPENDIX A 

MAPPING 

Sets: 

The symbol X represents a ~et, class, collection or 

family which contains elements or objects x1 ,x2 , ••• We can 

write this as, 

(A. 1) 

The element x is in X, or is a member of X, or belongs 

to X. We designate this by: 

X E X (A. '2) 

Consider sets X and Y. The set X is a ~ub~et of Y if 

every x in X is also in Y. This relation is designated by: 

X C Y (A. 3) 

Also Y is said to inc.lude or c. ontain X, and we write Y ::::) X. 

The empty ~et is designated by 0 and is contained in every 

set. If all elements of Y are in X, that is, Y C X, and all 

elements of X are in Y, that is, XC Y, then the sets Y and X 



A. 2 

are said to co~nc~de or to be equal. 

y = X 

If xC: Y without being equal toY, X is called a p~ope~ 

4ub4e~ of Y, or we say Y contains X p~ope~ly. We write, 

xC Y (A. 4) 

Thus, XC Y means that all elements of X are in Y and 

that there is at least one element in Y not belonging to X. 

The un~on of t\'lo sets X and Y comprises all the elements 

of the two sets and is denoted by, 

xUY (A. 5) 

The ~n~e~4ec~~on of two sets consists only of those elements 

which belong to both X and Y and is designated by, 

xnY (A. 6) 

Functions or Mappings; Functionals 

A 6unc~~~n, or mapping, consists of the following: 

1. A set X called the doma~n of the function. 

2. A set Y called the ~ange of the function. 

3. A ~ule or co~~e4pondence T which associates with each 
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element x of X a ~~ngle element y of Y. 

vle designate the mapping by, 

T: X -+- Y or y = T(x) (A. 7) 

We also say that y is the image of x under T. Y may contain 

elements other than those for which T(x) is in Y; that is, 

y:)T(X). Suppose D is a subset of X; then E=T(D} is a subset 

of Y. The inve~~e ~~an~6o~ma~ion of the set E is designated 

by T-1 (E) and is the set of elements of X whose images are 

in E C Y. D may be a proper subset of T-l {E). 

Also 
_, 

T -(Y) = X 

where it must be remembered that the empty set is included in 

X. If no element of X has an image in E, then T-l{E) = 0. 

It should be noted that if E consists of a single 

element of Y, this need not be true of T-1 {E); that is, T-l 

need not define a function in the sense above from Y to X; 

there may be more than one element of X or there may be none. 

The mapping T: X -+- Y is called, 

1. One-one in~o if x
1 

~ x 2 implies TCx1 ) ~ T(x2 ) for all 

x
1

,x2 ,E X. 

2. On~o if T{X) = Y, that is, every y~ Y corresponds to some 

X~ X. 

3. One-one if one-one in~o and on~o. 
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If T:X ~ Y is one-one ~nto, then T-l(E), where E consists 

of a single element of Y, is a single element of X or is O. 

If T is one-one then the ~nve~~e function T-1 :Y ~X is defined; 

i.e., it is a function and is one-one, and we can write 

X = 

Vector Spaces 

A vector space (or directed space) consists of the 

following: 

1. A set V of objects called ve~to~~ 

2. A n~eld F of scalars 

3. A rule (nr operation). called vec~o~ add~t~on, which 

associates with each pair of vectors u and v in V, a 

vector u + v in V, called the sum of u and v, in such a 

way that: 

- -a) Addition is commutative, u + v = v + u 

b) Addition is associative, u + (v + w) = {u + v) + w 
-c) There is a unique vector 0 in.V, called the ze~o ve~to~, 

such that v + 0 = v 

-d) For each vector v in V there is a unique vector -v in 

v such that v + (-v) = o 

4. A rule ·(or operation), called ~~ala~ mult~pl~cat~on, which 

associates with each scalar a in F and vector v in V a 

vector av in V, called the product of a and v, in such a 
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way that, 

- -a) lv = v 

b) (ab)v = a(bv) 

c) a(u v> - -+ = au + av 

d) (a + b)v = av + bv 

n- Dimensional Vector Spaces 

- -Let v1 , v 2 , ••• , vp be p non zero vectors in a vector 

space V. This system of vectors forms a l~nea~l~ ~ndependan~ 

set of order p if it is impossible to find p numbers a1 , a 2 , 

•.• , ap, not all zero, such that, 

+ ••• + -a v = 0 
p p 

In the contrary case the given system of vectors is 

said to be l~nea~l~ dependan~. 

Consider the set of all systems of linearly independant 

vectors in V. Two possibilities exist: either (1) there 

exist linearly independant systems of arbitrarily large order, 

or (2) the order of the linearly independant systems is 

bounded. In the second case it is possible to determine an 

integer n such that there exist linearly independant systems 

of order n but not of order n+l. If {e1 , e 2 , ••• ,en} is any 

such system of order n, it will be called a basis of V, in 

conformity with the following definition: The ba~~~ or 
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d~~ected ba4e of a vector space V is any linearly independant 

system of vectors of maximum order. 

Theorem* 

For a system of vectors to constitute a basis of V it 

is necessary and sufficient that any vector of V can be 

expressed in one, and only one, way as a linear combination 

of the vectors of that system. 

The number n is called the d~men4~on o6 the vecto~ 

¢pace unde~ con4~de~at~on. 

n-d~men4~onal vecto~ ¢pace. 

Euclidean Vector Spaces 

We shall use V to denote an n 

Consider first the vector space of elementary geometry. 

For each pair of vectors u, v there is a process of multipli­

cation which is called the dot, 4cala~, o~ ~nne~ p~oduct. If 

y is the angle between the vectors u and v, then the dot 

product in elementary geometry is lui lvlcosy. The dot product 

has the following properties: 

1. u·v = v·u, commutative property. 

2. (au) ·v = a(u·v), associative property with respect to 

multiplication by a scalar a. 

3. u• (v+w) = u·v + u·w, distributive property with respect 

to vector addition. 

4. If u·v = 0 for arbitrary u, then v = ~. 

*For proof of this theorem see Lichnerowicz(S). 
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Consider, in general, a finite dimensional vector space 

V defined over the field of real numbers. Suppose there n 

exists a rule of composition which assigns to every pair of 

vectors u, v a correspondence with a real number u·v having 

properties 1 to 4. We then say that Vn is a Euclidean 

vectors space. 

A vector space is said to be properly Eucidean if it is 

Euclidean and 

-5) u·u > 0 for all u # o 

The rules of composition 1 to 5 define a dot product 

in that space. 

Definition of an Affine Space(Bj 

The points of the space E of elementary geometry define 

vectors - the position vectors of elementary vector analysis. 

These obviously satisfy the relations 

- -AB = - BA 

- - -AB = AC +; CB 

Choose an arbitrary point 0 in E, then each point A of 

E is associated with a displacement vector a defined by 

--a = OA 

In general, consider a manifold of points, E, and suppose 
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that to each pair (A,B) of points of ~ taken in order there 

corresponds a vector of an n-dimensional vector space En 

-denoted by AB. Assume this correspondance to have the 

following properties: 

- -a) AB = - BA 

- - -b) AB = AC + CB 

c) if 0 is an arbitrary point in E then, to every vector a 

of E there corresponds a unique point A such that, 
n 

-OA = a 

When these conditions hold we say the manifold E is an 

afi6~ne po~nt ~pace of n-dimensions. 

Euclidean Point Spaces 

Definition: 

An affine point space which is associated with a 

Euclidean vector space is called a Euclidean point space. 

Linear Transformations 

Consider again the general concept of a mapping, T, of 

a set X to a set Y, that is T:X ~ Y. Let X andY be sets 

having an algebraic structure (i.e. certain laws of composi-

tion, tpgether with a set of axioms satisfied by these opera­

tions) of the same type. A function T:X ~ Y which preserves 
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the given operations is called a mo~ph~~m. A one-one 

morphism is called an ~~omo~ph~~m. A morphism T:X ~ X, that 

is a morphism of a set into itself, is called an endomo~ph~~m 

of X, and a one-one endomorphism is called an automo~ph~~m 

of x. 

When the algebraic structure is that of a vector space, 

a morphism is usually called a l~nea~ t~an~6o~mat~on, l~nea~ 

ope~ato~, or ten~o~. Thus a linear transformation T of a 

vector space V into another vector space (rJ is defined by, 

b) T (av> = aT(v) 

or in direct tensor notation, 

a) T· <u + v> = = - = -T"u + T·v 

b) T" (av) = aT·v 

For all u, v in V and a in F. The linearity of the relation 

is usually emphasized by the removal of the parentheses; thus 

we write, 

w = T(v) = Tv 

or 

= -w = T"V in direct notation. 
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Limits and Continuity 

Consider vector spaces V and W, possibly infinite-

dimensional, each possessing a dot product. Let a function 

or mapping F:D ~ W be defined, in general nonlinear, where 

D is a subset of V. 

Let v0~ D and w0 ~ W. We then say that F has the l~m~~ w
0 

as v tends toward v
0

, written, 

lim 
v~v 

0 

if for each positive 

F(v) = w
0 

there is u positive number 0 

such that vo ED and 0 < lv - v ol < 0 imply jF(v) - wol < e: • 

The function F:D ~ W is said to be continuou~ at v
0

E: D if 

the limit w
0 

exists and is F{v
0
). The function F is said to 

be continuou~ ~n D if it is continuous at each vector of D. 

These definitions are precisely the usual ones when V and W 

are one-dimensional, that is, scalar spaces, and require only 

the notion of absolute value or distance (here defined by means 

of the dot product) in the domain and range to make sense. 
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DOUBLE TENSOR FIELDS 

The Tensor Product of two Spaces(S) 

Consider two vector spaces Ea and Eb of a and b 

dimensions respectively and associate with them a vector space 

of dimensionality ab denoted by Ea ® Eb. If A and B belong 

to Ea and Eb respectively we can set up a correspondence 

between the pair (A,B) and an element of the vector space 

Ea ® Eb denoted by A ® B or AB. This correspondence has the 

properties: 

i) If A, A1 , A2 belong toEa and B, B1 , B2 to Eb then the 

distributive law holds with respect to vector addition: 

ii) If a is an arbitrary scalar, the associative law holds: 

aAB = AaB = a(AB) 

iii) If (A1 , A2 , ••• , Aa) and (B1 , B2 , ••• , Bb) are any two 

bases of Ea and Eb respectively the ab elements 
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~ J 

(i = 1,2, ••• ,a; j = 1,2, ••• ,b) 

of Ea 0 Eb form a basis in that space. 

When these conditions hold we say that the vector 

B.2 

space Ea 0 Eb is the tensor product of the vector space Ea 

and Eb and that the element AB is the tensor product of the 

- -two vectors A and B. 

Tensor Products of Several Spaces 

Consider the three vector spaces Ea' Eb' Ec with a, b, 

- -c dimensions respectively. If A belongs toEa' B to Eb, 

c to E then the element AB of E 0 E. can be multiplied 
c a D 

tensorially with the element c of Ec. The element (AB)c of 

a vector space H is thus obtained. We assume that the same 

-
element of H is obtained by taking the tensor product of A 

with Be 

i.e. 

which is the associative property of tensor products. The 

vector space H will be represented by Ea 0 Eb 0 Ec. In 

general we have the following definition. 



Definition: 

Each element of the vector space 

constructed from the spaces Ea' Eb, Ec,··· is called a 

tensor. 

Reciprocal (or Dual) Base Vectors 

If Gi (i = 1, 2, ••• ,a) is a basis of Ea we define 

reciprocal vectors Gj such that 

B.3 

6~ 
1 

(B. 1) 

From this definition it may be seen that the vectors 

Gj (j = 1, 2, ••• , a) are linearly independant and so the 

Gj form an alternative basis for Ea. 

Analytical Expression for the Tensor Product of Two Vectors 

For our purposes we shall consider, 

Ea = Eb =Euclidean three space, E3 : 

Let Gi (i = 1,2,3) be a basis of E3 • We write the tensor 

product, 

- -A. B. 
1 1 
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- -Now A. and B. may be expressed in terms of their components 
l. l. 

with respect to the G. base vector system, 
l. 

. 
I 

or in terms of the reciprocal base system, 

A A G
-N 

i = N 
. 
I B B G

-P 
i = p 

so that T may be expressed in a variety of ways; 

where 

or 

where 

or 

where 

or 

where 

T- = AL BM GL GM = TLM G- G­
L M 

·-N G-P Bp G = 

T AL Bp GL 
-P = G = 

TL = AL Bp .P 

T = ~ 
BM -N G GM = 

TN 
M 

AN BM = 

T G-N G-P 
NP 

TL GL 
-P G p 

TN 
M -N G GM 

(B. 2) 

(B. 3) 

(B. 4.i) 

(B. 4.ii) 

(B. 4.iii) 

(B. 4.iv) 
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The Identity Tensor 

The fundamental or Identity Tensor, I, is defined 

such that, 

.A-! = A = 

and I is defined isotropic for all spaces. 

such that, 

Now since r·G 
K 

we must have the form of I as, 

-i I - G. G 
~ 

(B. 5) 

(B. 6) 

and it may be easily demonstrated that I has the alternate 

forms, 

-i I = G G. 
~ 

= Gij G. G. 
~ J 

-i -j 
=G .. G G 

~J 



Transformation Law Between Base Vectors of The Same Space 

Consider an affine space spanned by parametric 

coordinates Xs, each point of which is associated with a 

Euclidean vector space whose base vectors are defined by, 

B.6 

G s 
(B. 7} 

where R is the radius vector to the point from an 

arbitrary fixed origin. Consider the affine space to be 

spanned by another system of parametric coordinates X'K. 

New base vector systems for the Euclidean point spaces are 

defined by, 

G K 
aR 

- ax'K (B. 8) 

A vector of infinitesimal magnitude at a point in the 

affine space may be represented by, 

(B. 9) 

Only vectors of infinitesimal magnitude may be represented as 

a product of the base vector, G and some multiple of Xs since s 

in general the Xs coordinate is an arbitrary space curve and 

may only be regarded as straight over an infinitesimal length. 

The same vector may be represented in the G~K base system as, 
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{B .10) 

Equating expressions (B. 9) and (B.lO) for the same 

vector we have, 

dXS G = dX""K G"" s K 

- dX""K G"" . • Gs = (B.ll) 
dXs K 

giving the transformation law between base vectors of the 

same space, Gs and G""K. 

Transformation Law for Reciprocal Vectors 

Since the identity tensor I is defined as isotropic for 

all spaces we have, 

-Transforming the GT according to equation (B.ll) we have, 

-T 
G 

Taking a scalar product with G""A as postfactor with both sides 



we have, 

-T 
G 

B.B 

Therefore we have the transformation law between 

reciprocal base vectors as, 

-T 
G 

Transformation of Tensors 

In the tensor product, 

T = -A. B. 
~ ~ 

the vectors A. and B. may be similarly expressed in terms of 
~ ~ 

their components with respect to the G~K base system such 

that Tis referred to the base G~K. 

T = T~KT G~ G~ 
K T (B.l2.i) 

T~ -u -v = G G uv (B.l2.ii) 

= T~K G~ G~v 
v K 

(B.l2.iii) 

T~ T -u 
GT = G u (B.l2.iv) 
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Imposing invariance of the tensor T with respect to distinct 

bases and equating expressions for T from (B. 4) to expressions 

for T from (B.l2) we obtain the transformation laws between 

tensor components expressed in different base systems of the 

same space. 

We have, 

T ~KT G-~ G-~ TLM G G 
K T = L M 

or KT TLM dx ~i -. dX~j -. 
T ~ G-~ G-~ G- G-

K T = dXL i dXM j 

from which we may write the relationship between the 

components as, 

or 

Similarly 

T~ 
uv 

(B.l3.i) 

(B.l3.ii) 

(B.l3.iii) 



B.lO 

and (B.l3.iv) 

These transformations of the tensor components may all 

be expressed in the transformation of the components of a 

tensor of arbitrary order, 

T~K ••• T = TL .•. M 
u ••• v N ••• P 

. . . . . . 

(B.l4) 

The covariant Derivative 

In the derivative, 

the base vectors are functions of XK and must be 

differentiated. 

Thus we have, 

aTLM LM aGL - LM aGM 
= ---- GL GM + T ---K GM + T G ---

axK ax · L axK 

which we may write as, 
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aTLM - PM aGP - LQ aGQ = ---- G GM + T --- G + T - G axK L axK M L axK 

since L and M are only summation indices. 

Consider the vector 

aG p 

axK 

The quantity 

= 

a(;P -L 
GL = 

axK 
G 

aGP -L 
--- • G is called the Christoffel symbol 
axK 

of the second kind which defines the nature of the connection 

between distinct neighbouring point in vector spaces and is 

denoted, 

(B .15) 



or 

• . . 

Now consider 

()Gp -L 
GL ; {/K} axK 

• G 

aGP ;{/K} GL 
axK 

- -L L G ·G = o p p 

GL 

differentiating w.r.t. xK, 

aGP L ~G-L 
· G + G ·-0 -- = o 

axK P axK 

. . • G p 

or = -{o\} oQ 
p 

• aGL 
-{0\} G

0 . . 
axK 

= 

B.12 

(B .16) 

= { L }-Q-- Q K G ·Gp 

(B .17) 
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giving the corresponding differential coefficient of 

the reciprocal vector GL. 

Thus by (B.l6) we have, 

• . . 

The quantity, 

TPM { L } + TLQ { M } l G G P K Q K L M (B .18) 

is called the eova~~ant de~~vat~ve of the second order tensor, 

T, and is denoted by TLM such that, ,K 

The covariant derivatives of tensors of higher order may be 

found by a similar process. 



(3) 
Double Tensor Fields 

B.l4 

We consider, as before, an affine space spanned by 

parametric coordinates XK, with base vectors, GK' of a 

Euclidean point space defined at each point. We now consider 

the affine space to be mapped into a new affine space spanned 

by parametric coordinates xk, each point of which is 

associated with a Euclidean vector space with base vectors 

-gk. In general the dimensions of the two spaces may be 

arbitrary and independant but for our purpose we shall consider 

both of them to be three dimensional Euclidean. R is the 

position vector of the point in the XK space and r is the 

position vector of the point in the k space. X 

As before we may establish the identities; 

(B.l9) 

(B.20} 

and the equations, 

(B. 21} 



T .. k • •• t = 
u ••• v 

and 

Tt •.• m 
n ••• p 

-t 
g 

dxt - .. a = g 
d 

.. a x· 

B.lS 

(B.22) 

(B.23) 

(B.24) 

A double tensor field is defined as a field at each 

point of which is defined a tensor product between a number 

of vectors which may belong to either of the two vector 

spaces associated with the point in its unmapped and mapped 

configurations respectively. Thus a double tensor field has 

defined at each point a quantity of the form, 

TL ••• M l ..• m aL ... aM aN ••• aP ~ ••• ~ ~n ••• ~P 
N ••• P n •• • p l m (B.25) 

in which the order of the vectors in the tensor product 

may be in general arbitrary and fixed only for each particular 

double tensor field. 



B.l6 

The simplest example of a double tensor field is the 

deformation gradient, which is a field at each point of which 

is defined a tensor of the form, 

F _ ar 
()R 

= 

where the two vector spaces in this case are; 

1) That defined in the reference configuration of a 

continuum, and 

2) That defined in the current configuration of the 

continuum which is the cpace into which the reference 

configuration is transformed during the deformation 

process. 

Covariant Differentiation of Double Tensor Fields 

Covariant differentiation of the double tensor field 

with respect to xk and XK may be defined in the usual way if 

we adjoin the convention that R is held constant when we 

differentiate with respect to xk and vice versa. These 

partial covariant derivatives which we denote by the usual 

symbols " " and 11 11 are double tensor fields of the type , k ,K 

indicated by the number and position of their indices and 

the formal rules of ordinary covariant differentiation remain 

valid •. 



Consider the second order double tensor field, 

The total covariant derivative is defined by, 

::K = [ :~K J r constant + [ ::K J R constant 

. . . 

= 

where TLm ,k 

• • 

B.l7 

(B. 26) 

(B.27) 



B.l8 

The quantity TLm + TLm 
,K ,k axK is called the ~o~al 

cova~~an~ de~~va~~ve of the double tensor field TLm GL g m 

and is denoted TLm 
;K 

aT 
axK 

= 

such that 

TLm GL g-
;K m (B.28) 

We may easily generalise this result for a tensor 

of arbitrary order so that the total covariant derivative 

of a double tensor field whose components are T••• is, . . . 
T. • • - T• • • + T• • • 

••• ;K ••• ,K ••• ,k (B. 29) 



APPENDIX C 

THE STRAIN MEASURE (?) 

The quadratic strain measure: 

2 2 - - - -d¢ - dS = dr•dr - dR.dR (C. 1) 

dR 

= u CR> dr 

The Euler-Lagrange Strain Tensor 

( - ar) ( ra -) ( - aR) ( Ra -) = dR·aR • ar·dR- dR·aR • aR"dR 



= dR • ( :! • :~) ·dR - dR • ( :: • :~ ) "dR 

. . 

where, F - ar is the deformation gradient 
aR 

[c - i1 

where, C - F"Fc, the Green deformation tensor 

• . . 

where, 

- -
dR dR 

C.2 

(C. 2) 

(C. 3) 

(C. 4) 

(C. 5) 

(C. 6) 



C.3 

E _ }rc I], the Euler-Lagrange strain tensor 

(C. 7) 

Displacement Description of the Euler-Lagrange Strain Tensor 

Then, 

Consider the linear transformation, 

. . 

r = R + u <R> 

ar 
3R 

ra 
3R 

= ( :: + :~) • ( :: + :~) c 

= 

c = 

I"I + au . I + I . ua + au 
aR aR aR 

I + au + ua + au 
aR aR aR 

ua 
aR 

iia 
aR 

(C. 8) 

(C. 9) 



c.4 

Therefore the displacement form for the Euler-Lagrange 

strain tensor. 

E - ~ [C IJ = ~[:; + ~: + :; • ~~ 

The Euler Strain Tensor 

where the reciprocal, Fr _ aR _ F-1 

ar 

= dr dr : [ 'f - Br] 

where Br - Fr.Frc' the Cauchy deformation tensor 

(C.lO) 

(C.ll) 

(C .12) 



. . ds 2 - ds 2 = dr dr :[2e] 

where 'E - ~ ri Br], the Euler strain tensor 

Displacement Form of Euler Strain Tensor 

We have the linear transformation, 

Then 

• =r B = I 

R = r - u <r> 

aR 
ar 

·= (I _ a~ ) . ( r _ au ) 
ar ar c 

= (I - :~ ) · ( r - ~~ ) 

au 
ar 

• ua 

c.s 

(C.l3) 

(C .14) 

(C.lS) 

(C.l6) 



C.6 

and the displacement form for the Euler strain tensor, 

= ![au + ua 
2 ar ar (C .17) 



APPENDIX D 

CHANGE OF FRAME AND FRAME - INDIFFERENCE 

Change of Frame of Reference 

A frame of reference representing an observer is a 

rigid frame endowed with a timing device. The most general 

functional relation between the place as referred to the 

preferred frame, {0*, r*}, and to another frame of reference, 

{0 '· r}, is expressed by the transformation, 

r* = c(t) + r"Q(t) (D. 1) 



0.2 

where c is the position vector of o in the frame of 

reference {O*, r} and Q is an orthogonal tensor which gives 

the orientation of the frame of reference {o, r} relative 

to the geometrically similar frame of reference {0*, r*} 

such that, 

which may be proper or improper, 

i.e. 1o1 = ± 1 

Such a change of reference frame will be seen to preserve 

distances between particles. It is important to note here 

that we are not talking about changes of coordinate systems; 

coordinate systems can be changed within a Euclidean point 

space, but we are not doing this. The frames {O* r*} and 

{0, r} represent the same frame in two configurations of a 

rigid body motion. 

Consider, 

(D. 1} 

for constant time. 



differentiating w.r.t. r, 

ar 

= 

Q(t) = 

ar • Q(t) 
ar 

I • Q (t) 

-* ar 
ar 

differentiating (D. 1) w.r.t. r*, 

or 

• . . 

= 

= 

= 

ar 
ar* 

ar 
ar* 

• Q (t) 

. f 

D.3 

(D. 2) 



= 

Conservation of Distance for the Transformation 

We have 

by (D. 2) 

dr* = dr· ar* 
ar 

= dr • f · dr 

D.4 

(D. 3) 

(D. 4) 

(D. 5) 

Demonstrating that the transformation conserves distances. 



o.s 

Transformation of Vectors 

The frames {0*, r*} and {0, r} have a relative 

orientation determined by the tensor Q. Therefore any 

vector whose representation in the {O, r} frame of reference 

is u will appear to an observer, whose frame of reference 

is the {0*, r*} frame, to have a relative orientation which 

is actually the orientation of the {0*, r*} frame. If the 

same vector is designated in the {0*, r*} frame by v* then 

we have the relationship, 

v* = v • Q (D. 6) 

Base vectors g~ and g. defined in the {0*, r*} and {0, r} 
l. l. 

frames resepctively will also have a relative orientation 

determined by Q and so, 

g~ = g. •Q 
l. l. 

(D ~ 7) 

-i* -i Similarly the reciprocal base vectors g and g 

will have a relative orientation determined by Q and 

therefore, 

-i* -i = g = g "Q . (D. 8) 



D.6 

Transformation of Tensors 

The relationship between the representation of a 

second order tensor in the two frames of reference may be 

found as follows. 

• . . 

Consider the second order tensor, 

-* -* = A. B. 
~ ~ 

by (D. 6) 

{D. 9) 

which is the rule of correspondance between the 

representations of the same second order tensor in the 

frames of reference {0*, r*} and {0, r} respectively. 

Consequently vectors v* and v related by equation 

(D. 6) and tensors T* and T related by equation {D. 9) are 

called F~ame-Inva~lant or F~ame-Indl66e~ent, since v* and 

v are the same vector and T* and T are the same tensor 

represented in different frames of reference {O*, r*} and 



{0, r} respectively. 

Transformation of the Directed Derivative Operator 

We have, 

-ar 
= ---=* --=* ar ar 

a 
ar 

by the chain rule of 

differentiation 

D.7 

a 
--:tt = 
ar 

5 . a 
c ar 

by (D. 3) (D.lO) 

Therefore directed derivative operators a_* in {0*, r*} 
ar 

and a 
ar 

in {0, r} are frame-covariant if related by equation 

(D.lO). Expanding equation (D.lO) we have, 

-i* g 

. . 

by (D. 8) 



D.8 

or (D .11) 

Transformation of the Deformation Gradient, F 

We assume( 9) that the two frames of reference occupy 

the same position in the reference configuration such that, 

Then 

and 

Now 

. . 

F -

F* = 

F* = 

= 

R* = R 

or c;i --
oR 

-* or -i = G 
oR 

-* or 

oR 

-* or • ar 
oR or 

F* = F·Q 

(D.12) 

oxj -
---.- g. 
ox1 J 

"* ox] -* -.-g. 
ox1 J 

by (D. 2) (D .13) 



giving the transformation of the double tensor field, F, 

under change of frame of reference. 

or 

• • 

or 

• • 

Now we have by (D.l3) 

-* ar 
an 

= ar . 0 an 

'* -i axJ -* 
G --.--g.= 

ax~ J 

-p axq -* 
= G -- n 

- --"' JCJ d.X.' ~ 

'* axq -i axJ -p o'!-G = G --
a xi axP J 

'* axj axJ of:J --r- = --
ax~ 1 axP 

= 

l--.u /n 7\ 
~.i. ,_..,, 

0.9 

and since the frames coincide in the reference configuration, 

. * . 
x~ = x1 



D.lO 

(D.l4) 

Transformation of Christoffel Symbols 

We have, 

= -k* • g 

Now under the change of frame 

= by (D. 7) 

-k* -k g = g • Q by (D. 8) 

and by (D.ll) 



. . . 

= 

ag.e -k = • r • g 
axm 

D.ll 

(D.l5) 




