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Abstract— In this paper, the interacting multiple model was 
used to design two adaptive controllers for a dynamic spacecraft 
system. Using knowledge of the system mode, the gains of a 
proportional-derivative and sliding mode controller 
corresponding to a nominal and a fault mode of the system were 
mixed to create a control input that more accurately represented 
the current system state. By implementing the interacting 
multiple model with an unscented Kalman filter, this technique 
was extended to a nonlinear dynamic system. The developed 
strategies are validated on a simulated spacecraft system and 
evaluated using Monte Carlo simulations by means of root mean 
squared errors. Results emphasize the preservation and increase 
in tracking performance permitted by the adaptive strategies in 
the presence of faults. 

I. INTRODUCTION 

In practice, uncertainties, disturbances, and time-varying 
operations complicate the control and estimation of dynamic 
systems. While uncertainties and disturbances can generally be 
addressed through robust techniques, the challenges presented 
by variant operating modes require controllers and estimators 
to adapt to changes. Hence, having multiple representations 
(i.e. models) of a dynamic system to account for varying 
modes has been explored through the lens of both theories. In 
control theory, gain scheduling and multiple-model adaptive 
control have been used to modify or select controllers to deal 
with changing plant dynamics [1]–[4]. In estimation theory, 
multiple-model adaptive estimators (MMAE), such as 
generalized-pseudo-Bayesian and interacting multiple model 
(IMM) are used to identify modes of operation for various 
filtering techniques [5], [6]. 

The IMM is a more computationally effective MMAE, 
especially regarding target tracking, a problem which 
typically encompasses multiple modes of operation [5]–[8]. 
For example, a target tracking problem can change over time 
from travelling straight to turning [5]. Given a bank of filters 
and models, the IMM uses probabilities that the system is 
operating in a finite number of modes to produce a state 
estimate. This state estimate is a mixture of estimates 
produced by the number of filters and the mixing probabilities 
for each mode. Then, updated probabilities are calculated and 
implemented [9]. The IMM has been used with several 
filtering techniques, ranging from the linear Kalman filter 
(KF) to its nonlinear counterparts, including extended KF, 
unscented KF (UKF), or smooth variable structure filter [10].  

Few studies have explored the combination of the IMM 
with control methods. Reference [11] implemented the IMM 
with a UKF on a pursuer tracking problem, using mode 
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probabilities to determine a model parameter from preset 
values. Of interest is the approach taken in [12], which uses a 
bank of controllers with the IMM, exploiting the mode 
probabilities to create a weighted control input. Similar 
weighted input approaches are considered in [9] and [13], at 
significantly less computational expense. In [9], weighted 
inputs are created by weighting controller gains tuned to 
operating modes while in [13] the mode probabilities weight 
the system models used in the control input formulation. The 
former approach is more generalizable than the latter, as not 
all controllers are model dependent. 

Excepting [11], the above mentioned works all consider 
linearized system dynamics. As such, the focus of this paper 
is to create a weighted control input for a nonlinear system 
using an IMM-UKF, allowing the estimator to fully capture 
the system dynamics, by weighting the controller gains 
representing various operating modes. Two trajectory 
tracking controllers will be developed: a proportional-
derivative (PD) and a sliding mode controller (SMC). The 
proposed strategies will be implemented on a simulated 
satellite system in a no-fault and fault scenario. Controller 
performance will be evaluated based on root mean squared 
errors for the attitude and root mean squared values for the 
control effort. 

II. MATHEMATICAL MODEL OF SATELLITE SYSTEM 

A. Satellite Kinematics and Dynamics 

The attitude of a satellite can be represented by the 
quaternion, 𝑞 ൌ ሾ𝑞ଵ 𝑞ଶ 𝑞ଷ 𝑞ସሿ், which has vector part 
𝑞ଵ:ଷ and scalar part 𝑞ସ. This parameterization is used to avoid 
singularities that would be present using Euler angle notation. 
A rotation from the inertial frame to the body frame of a 
satellite can be described by a quaternion parameterized 
attitude matrix: 

𝐴ሺ𝑞ሻ ൌ ሺ𝑞ସଶ െ ‖𝑞ଵ:ଷ‖ଶሻ𝕀ଷ ൅ 2𝑞ଵ:ଷ𝑞ଵ:ଷ
் െ 2𝑞ସሾ𝑞ଵ:ଷ ൈሿ ሺ1ሻ 

where ‖ ⋅ ‖ is the 𝐿ଶ norm, 𝕀ଷ is a 3ൈ3 identity matrix, and a 
skew-symmetric matrix is described as: 

ሾ𝑦 ൈሿ ൌ ൥
0 –𝑦ଷ 𝑦ଶ
𝑦ଷ 0 –𝑦ଵ

–𝑦ଶ 𝑦ଵ 0
൩ ሺ2ሻ 

 The kinematic and dynamic equations of a rigid body 
spacecraft with reaction wheels in the absence of external 
disturbances can be defined as: 
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𝑞ሶ ൌ
1
2
Ωሺ𝜔௕ሻ𝑞 ሺ3ሻ 

𝜔ሶ ௕ ൌ 𝐼௕
ିଵൣെሾ𝜔௕ ൈሿ൫𝐼௕ఠ್ ൅ ℎ௪൯ െ ℎሶ௪൧ 

ൌ 𝐼௕
ିଵሾ𝑇௖ െ ሾ𝜔௕ ൈሿሺ𝐼௕𝜔௕ ൅ ℎ௪ሻሿ ሺ4ሻ 

where 𝜔௕ ൌ ሾ𝜔௫ 𝜔௬ 𝜔௭ሿ் is the angular velocity of the 
satellite body in the body frame, 𝐼௕ is the moment of inertia of 
the satellite body represented as a 3×3 matrix, ℎ௪ is the 
reaction wheel angular momentum vector with respect to the 
body frame, the control torque input is 𝑇௖ ൌ–ℎሶ௪ ൌ
ሾ𝑇௖,௫ 𝑇௖,௬ 𝑇௖,௭ሿ், and the operation 𝛺ሺ𝑦ሻ equals: 

Ωሺ𝑦ሻ ൌ ൤
െሾ𝑦 ൈሿ 𝑦
െ𝑦் 0

൨ ሺ5ሻ 

The system in (3) and (4), with state vector 𝑥 ൌ ሾ𝑞 𝜔௕ሿ் and 
full state measurement vector 𝑧, can be expressed as a 
discretized state space model with added process and 
measurement noise as: 

𝑥௞ାଵ ൌ 𝑥௞ ൅ 𝑇𝑓൫𝑥௞ ,𝑇௖,௞൯ ൅ 𝑤௞ ሺ8ሻ 
𝑧௞ାଵ ൌ ℎ൫𝑥௞ାଵ,𝑇௖,௞൯ ൅ 𝑣௞ାଵ ሺ9ሻ 

where 𝑤௞ ∼ 𝒩ሺ0,𝑄௞ሻ is the process noise with system noise 
covariance 𝑄௞, 𝑣௞ାଵ ∼ 𝒩ሺ0,𝑅௞ାଵሻ is the measurement noise 
with measurement noise covariance 𝑅௞ାଵ, 𝑇 is the sampling 
time, 𝑘 is the current time step, and 𝑥,𝑤 ∈ ℝ௡ೣ and 𝑧, 𝑣 ∈ ℝ௡೥ 
where 𝑛௫ is the number of states and 𝑛௭ is the number of 
measurements. 

B. Reaction Wheels 

Satellites are often equipped with more than three reaction 
wheels for redundancy. Wheel configuration changes how the 
wheel torque is distributed to the spacecraft body. This is 
accounted for with a distribution matrix, 𝐿, which maps the 
torque from the wheel frame into the satellite body frame. The 
mapping can be expressed as: 

ℎሶ௪஻ ൌ 𝐿ℎሶ௪ௐ ሺ10ሻ 

where the superscripts 𝐵 and 𝑊 represent the body and wheel 
coordinate frames, respectively. The pyramid configuration is 
used in this paper, which consists of four wheels, indicated as 
𝑤ଵ,𝑤ଶ,𝑤ଷ,𝑤ସ, skew to the primary body axes 𝑋௕,𝑌௕,𝑍௕ by an 
angle 𝛽, as shown in Fig. 1. Angle 𝛽 is indicated by the values 
𝑎, 𝑏, 𝑐,𝑑 which make up the distribution matrix 𝐿:  

𝐿 ൌ ൥
𝑎 െ𝑎 0 0
𝑏 𝑏 𝑐 𝑐
0 0 𝑑 െ𝑑

൩ ሺ11ሻ 

and are constrained by the relationship 𝑎ଶ ൅ 𝑏ଶ ൌ 𝑐ଶ ൅ 𝑑ଶ ൌ
1. Reaction wheels are subject to several failure modes. A fault 
can be modeled mathematically as: 

𝑇௔ ൌ 𝑇௖ ൅ 𝜎ሾ𝑇௜ െ 𝑇௖ሿ ሺ12ሻ 

where 𝑇௔ is the actuated wheel torque, 𝑇௖ is the wheel torque 
commanded by the control law, 𝜎 ൌ
𝑑𝑖𝑎𝑔ሺ𝜎௪భ  𝜎௪మ 𝜎௪య 𝜎௪రሻ is the actuator failure indicator, 
and 𝑇௜ ൌ ሾ𝑇௜,௪భ 𝑇௜,௪మ 𝑇௜,௪య 𝑇௜,௪రሿ

்is the actuator failure. 
In this paper, the float failure is explored, represented by 𝑇௜ ൌ
0 and 𝜎 ൌ 1 and resulting in zero actuation. Nominal 
operation is represented by 𝑇௜ ൌ 𝜎 ൌ 0. 

 
Figure 1.  Pyramid configuration for redundant reaction wheels [14]. 

C. Tracking Error Dynamics 

The tracking error for the system can be defined as the 
difference between the actual and desired values: 

𝑞௘ ൌ 𝑞 ⊗ 𝑞ௗ
ିଵ ሺ13ሻ 

𝜔௘ ൌ  𝜔௕ െ 𝛿𝜔ௗ ሺ14ሻ 

where 𝑞 is the actual quaternion, 𝑞ௗ is the desired quaternion, 
𝜔௕ is the actual angular velocity of the body, 𝜔ௗ is the desired 
angular velocity of the body, and 𝛿𝐴 ൌ 𝐴ሺ𝑞ሻ𝐴ௗ

்ሺ𝑞ௗሻ is the 
quaternion parameterized attitude error matrix that resolves 
the angular velocity error in body frame coordinates. The 
operator 𝑞 ⊗ represents: 

𝑞 ⊗ൌ ൤
𝑞ସ𝕀ଷ െ ሾ𝑞ଵ:ଷ ൈሿ  𝑞ଵ:ଷ

െ𝑞ଵ:ଷ
் 𝑞ସ

൨ ሺ15ሻ 

A tracking controller’s goal is to follow a desired reference 
trajectory such that 𝑞௘,ଵ:ଷ → 0ଷൈଵ and 𝜔௘ → 0ଷൈଵ. Because 
േ𝑞௘ represents the same attitude, the system is assumed to be 
restricted to 𝑞௘,ସ ൒ 0 to avoid sign ambiguity. The error 
dynamics of (13) and (14) can be described as: 

𝑞ሶ௘ ൌ
1
2
Ωሺ𝜔௘ሻ𝑞௘ ሺ16ሻ 

𝜔ሶ ௘ ൌ  𝜔ሶ ௕ െ ሾെ𝜔௘ ൈሿ𝛿𝐴𝜔ௗ െ 𝛿𝐴𝜔ሶ ௗ ሺ17ሻ 
 

Manipulating (17) with (4), (14), and (16) yields the reduced 
open loop error dynamics: 

𝜔ሶ ௘ ൌ 𝐼௕
ିଵ ሾ𝑇௖ ൅ ∑ሺ𝜔௘ ,𝜔ௗ ,ℎ௪ ,𝛿𝐴ሻ𝜔௘ െ ሾ𝛿𝐴𝜔ௗ ൈሿℎ௪ െ

ሾ𝛿𝐴𝜔ௗ ൈሿ𝐼௕𝛿𝐴𝜔ௗ െ 𝐼௕𝛿𝐴𝜔ሶ ௗ  ሿ ሺ18ሻ
 

III. CONTROLLER DESIGN 

This section formulates the control architecture, which is 
composed of: 1) an IMM employing UKF filters for nonlinear 
state estimation and mode probability calculation; and 2) 
proportional-derivative and sliding mode controllers to 
determine the control action. 

A.  Interacting Multiple Model using Unscented Kalman 
Filter 

In brief, the IMM can be described as having 𝑛 filters 
operating in parallel that correspond to a model, 𝑀௡. Inputs 
to each model are a mixture of state estimates, state error 
covariances, and mixing probabilities. The algorithm can be 
described in five stages: mixing probability determination, 
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mixing stage, filtering, mode probability update, and 
combination. The first stage determines the mode 
probabilities, 𝜇, which describe the likelihood of the system 
switching from the 𝑖th mode, 𝑀௜, to the 𝑗th mode, 𝑀௝, in the 
next time step, 𝑘 ൅ 1. These are determined by: 

𝜇௜|௞,௞|௞ ൌ
1
𝑐௝̅
𝑝௜௝𝜇௜,௞ ሺ19ሻ 

𝑐௝̅ ൌ෍ 𝑝௜௝𝜇௜,௞
௡

୧ୀଵ
ሺ20ሻ 

where 𝑐̅ is a normalization constant and 𝑝 is the mode 
transition probability. The a priori mixed states, 𝑥ො, and state 
error covariances, 𝑃, for a filter matched with mode 𝑀௝ are 
calculated as: 

𝑥ො଴௝,௞|௞ ൌ  ෍ 𝜇௜|௝,௞|௞𝑥ො௜,௞|௞

୬

୧ୀଵ
ሺ21ሻ 

𝑃଴௝,௞|௞ ൌ෍ 𝜇௜|௝,௞|௞ ሼ𝑃௜,௞|௞

௡

௜ୀଵ

൅൫𝑥ො௜,௞|௞ െ 𝑥ො଴௝,௞|௞൯ ൅ ൫𝑥ො௜,௞|௞ െ 𝑥ො଴௝,௞|௞൯
்
ሽ

ሺ22ሻ 

 
The next stage is mode-matched filtering, which uses the 
mixed states and covariances as inputs into the filter matched 
with 𝑀௝. Filter selection is application dependent and is 
selected in this paper to be the UKF, a nonlinear filtering 
technique that uses statistical regression to approximate 
nonlinearities. The UKF’s approach minimizes potential loss 
in estimation accuracy compared to filtering techniques that 
use linearization, which is known to introduce uncertainties 
or fail to completely capture complex system dynamics. 
During mode-matched filtering, the UKF conducts state 
prediction and estimation using mixing inputs, the 
measurement 𝑧 and the input 𝑢. The Gaussian likelihood 
function, Λ, for model 𝑀௝ at time 𝑘 ൅ 1 is: 
Λ௝,௞ାଵ ൌ 𝑁൫𝑧௞ାଵ; 𝑧̂௝,௞ାଵ, 𝑆௝,௞ାଵ൯ 

ൌ
1

ටห2𝜋𝑆௝,௞ାଵห
expቌ

െ
1
2 𝑒௝,௭,௞ାଵ|௞

் 𝑒௝,௭,௞ାଵ|௞

𝑆௝,௞ାଵ
ቍ  ሺ23ሻ 

Where 𝑆 is the innovation matrix, 𝑒 is the estimation error, 
and 𝑧̂ is an estimate of the measurement 𝑧. The normalizing 
constant is recalculated by summing over each likelihood 
value: 

𝑐 ൌ෍ Λ௝,௞ାଵ  ෍ 𝑝௜௝𝜇௜,௞
௡

௜ୀଵ

௡

௝ୀଵ
ሺ24ሻ 

 
The mode probabilities are then normalized: 

𝜇௝,௞ ൌ
1
𝑐
Λ௝,௞ାଵ෍ 𝑝௜௝𝜇௜,௞

௡

௜ୀଵ
ሺ25ሻ 

Finally, the a posteriori state estimate and covariance are 
given by: 

𝑥ො௞ାଵ,௞ାଵ ൌ  ෍ 𝜇௝,௞ାଵ

୬

୧ୀଵ
𝑥ො௝,௞ାଵ|௞ାଵ ሺ26ሻ 

𝑃௞ାଵ|௞ାଵ ൌ෍ 𝜇௝,௞ାଵ ሼ𝑃௝,௞ାଵ|௞ାଵ

௡

௜ୀଵ

൅൫𝑥ො௝,௞ାଵ|௞ାଵ െ 𝑥ො ௞ାଵ|௞ାଵ൯ ൅ ൫𝑥ො௝,௞ାଵ|௞ାଵ െ 𝑥ො ௞ାଵ|௞ାଵ൯
்
ሽ
ሺ27ሻ 

B. Proposed Controller Design 

The goal in this paper is to implement adaptive controllers 
by exploiting the knowledge of the system mode, which is 
made possible through the mode probabilities produced by the 
IMM-UKF. The proposed controllers use knowledge of the 
operating modes to blend gains tuned for each operating mode 
of the system. Having pre-selected gains tuned to specific 
system models is not an unreasonable assumption and is 
widely implemented in industry. Given 𝑛 total modes, for 
which there are respective gain values, the adaptive method 
can be stated as: 

𝐾ఓ ൌ  ෍ 𝜇௜,௞𝐾௜
௡

௜ୀଵ
ሺ28ሻ 

where 𝜇 is the mode probability at time step 𝑘, 𝐾௜ is the 
controller gain(s), and 𝑖 represents the current mode. At every 
time instant, a weighted gain is calculated as a linear 
combination of the mode probabilities and gains for each 
mode. The gains are pre-selected to be stable for the system, 
and the mode probabilities satisfy the conditions: 

𝜇ଵ:௡ ൒ 0 ሺ29ሻ 
𝜇ଵ:௡ ∈ ሾ0,1ሿ ሺ30ሻ 

𝜇ଵ ൅⋯൅ 𝜇௡ ൌ 1 ሺ31ሻ 
where 𝑖 ൌ 1 is the nominal mode, 𝑖 ൌ 𝑛 is the last mode, and 
by (30) 𝜇 can take any value between zero and one. A visual 
representation of the proposed strategy can be found in Fig. 2.  

The controllers to be implemented are proportional-
derivative (PD) and sliding mode control (SMC), dubbed PD-
IMM and SMC-IMM respectively when combined with the 
IMM-UKF for brevity. The PD-IMM controller is defined as: 

𝑇௖ ൌ ሾ𝛿𝐴𝜔ௗ ൈሿℎ௪ ൅ ሾ𝛿𝐴𝜔ௗ ൈሿ𝐼௕𝛿𝐴𝜔ௗ

൅𝐼௕𝛿𝐴𝜔ሶ ௗ െ 𝐾௣,ఓ𝑞௘,ଵ:ଷ െ 𝐾ௗ,ఓ𝜔௘ ሺ32ሻ 

 
where the first three terms counteract the last three terms in 
(18) as described in [15] and 𝐾௣,ఓ and 𝐾ௗ,ఓ are positive 
proportional and derivative feedback gains defined using (28) 
as: 

𝐾௣,ఓ ൌ  𝜇ଵ,௞𝐾௣,ଵ ൅ ⋯൅ 𝜇௡,௞𝐾௣,௡ ሺ33ሻ 
𝐾ௗ,ఓ ൌ  𝜇ଵ,௞𝐾ௗ,ଵ ൅ ⋯൅ 𝜇௡,௞𝐾ௗ,௡ ሺ34ሻ 

 
A sliding mode controller is designed using the quaternion 
error. Select the sliding surface: 

𝑆 ൌ ൬
𝑑
𝑑𝑡
൅ 𝜆ఓ൰ 𝑒 ൌ 𝜔௘ ൅ 𝜆ఓ𝑞௘,ଵ:ଷ ሺ35ሻ 

 
where 𝜆ఓ is a positive gain defined as: 

𝜆ఓ ൌ  𝜇ଵ,௞𝜆ଵ ൅ ⋯൅ 𝜇௡,௞𝜆௡ ሺ36ሻ 
 
Differentiating the sliding surface with respect to time results 
in: 

𝑆ሶ ൌ  𝜔ሶ ௘ ൅ 𝜆ఓ𝑞ሶ௘,ଵ:ଷ ሺ37ሻ 
 
To solve for the control torque, 𝑇෠௖, substitute (18) into (37) 
and equate (30) to zero, producing: 

𝑇෠௖ ൌ  െ∑ሺ𝜔௘ ,𝜔ௗ ,ℎ௪,𝛿𝐴ሻ𝜔௘ ൅ ሾ𝛿𝐴𝜔ௗ ൈሿℎ௪ ൅
ሾ𝛿𝐴𝜔ௗ ൈሿ𝐼௕𝛿𝐴𝜔ௗ ൅ 𝐼௕𝛿𝐴𝜔ሶ ௗ െ 𝐼௕𝜆ఓ𝑞ሶ௘,ଵ:ଷ ሺ38ሻ
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The total input, 𝑇௖, is found by adding a discontinuous term 
across the sliding surface: 

𝑇௖ ൌ 𝑇෠௖ െ 𝐼௕𝐾ఓ𝑠𝑖𝑔𝑛ሺ𝑆ሻ ሺ39ሻ 
where 𝐾ఓ is a positive definite, 3 ൈ 3 diagonal gain matrix 
defined as: 

𝐾ఓ ൌ  𝜇ଵ,௞𝐾ଵ ൅ ⋯൅ 𝜇௡,௞𝐾௡ ሺ40ሻ 
 
As the control methods described by (32) and (39) are 
commonly applied to spacecraft systems, their proofs of 
stability are left out of the main body and instead are shown 
in the Appendix. It is assumed that because all gain values are 
continuous, linear combinations of constant values that no 
further analysis is needed. 

Figure 2.  Proposed adaptive control strategy. 

IV. SIMULATIONS AND RESULTS 

In this paper we simulate an example from [15], which 
performed an attitude tracking maneuver to the Wilkinson 
Microwave Anisotropy Probe. The simulation is implemented 
in MATLAB®. The goal is to track the following Euler rates 
and angles: ϕሶ d=1

rev

h
, θd=22.5°, ψሶ d0.464rpm. System 

parameters and initial conditions are provided in Tab. 1. Two 
operating modes are considered: Nominal and Fault mode 
(indicated as subscripts 1 and 2). Fault mode is characterized 
by a float failure of Wheel 1, indicated by 𝜎௪భ ൌ 1,𝑇௜,௪భ ൌ 0. 
The maximum torque, 𝑇௖,௠௔௫, of each wheel is set to 1Nm. 
Gains for each controller were tuned manually. The sampling 
time is set to 𝑇 ൌ 0.1𝑠 and the simulation time is set to 𝑡 ൌ
15min. The simulation begins in Nominal mode and Fault 
mode is initiated at 𝑡 ൌ 7.5min. The average root mean 
squared errors (RMSE) for the roll, pitch, and yaw axes over 
50 repeated simulations are used to evaluate controller 
tracking performance prior to and after the fault. These were 
determined by a 3-1-3 Euler angle rotation into the body 
frame. For comparison, RMSE data for both controllers using 
UKF without the IMM are also collected, termed PD-UKF and 
SMC-UKF. These are non-adaptive counterparts to the 
proposed methods formulated as in (32) and (39), but only use 
Nominal mode gains i.e. they have no knowledge of additional 
system modes and only employ subscript 1 gain values. Root 
mean square (RMS) data for the control effort, indicating the 
total torque exerted, is also collected. Tab. 2 displays the 
RMSE results, separated by pre-fault and post-fault 
performances, and the RMS results, considered over the total 
trajectory. 

Both adaptive controllers perform near identically to their 
non-adaptive counterparts in Nominal mode, i.e. the IMM 
versions perform comparably to the UKF versions across 
nearly all error states. Instances where the IMM-based 
controllers underperform the UKF-based controllers can 

potentially be attributed to misdiagnosis of a mode by the 
IMM, a common disadvantage in implementing probabilistic 
multiple model schemes. Misdiagnosis is highlighted in Fig. 
3, where PD-IMM has a spike in mode probability at around 
1min into the simulation. Though the probability is quickly 
corrected to 100% nominal operation, the impact on the 
controller would be using improperly weighted gains. This 
could alter tracking performance significantly depending on 
the gain-sensitivity of the controller, as gains for one mode 
may degrade performance in another. Numerically, the PD 
and SMC controllers maintain comparable tracking error, 
with the SMC maintaining better tracking except in the yaw 
attitude. The strength of the proposed controllers is 
demonstrated after fault injection, upon which the IMM-UKF 
of the adaptive controllers aptly detects and updates the mode 
probabilities to mirror the current mode as shown in Fig. 3. 
The result is that both PD-IMM and SMC-IMM switch to 
their fault mode gains allowing them to maintain, if not 
improve, their tracking errors. Meanwhile, the PD-UKF and 
SMC-UKF, which have no knowledge of the operating mode, 
degrade in tracking performance, with the SMC-UKF 
yielding significant attitude errors in the roll and yaw axes. 
Further, the IMM-based controllers maintain identical or 
improved tracking performances at the same or lower levels 
of control effort, as seen from the RMS values in Tab. II. 
Regardless of mode, the proposed technique does not increase 
the amount of actuation necessary to control the system with 
respect to the non-adaptive controllers. This suggests that, at 
least with PD and SMC control laws, the proposed technique 
does not require a trade-off between tracking performance 
and control effort as a result of its design. 

Graphical representations of the adaptive and non-
adaptive controllers can be seen in Figs. 4 and 5, which 
display the RMSEs over the simulation duration. These 
figures highlight the discrepancy in performance between the 
controllers, showing how the non-adaptive controllers’ 
RMSEs increase post-fault, while the adaptive controllers’ 
RMSEs either remain stable or continue to decrease. The 
performance degradation indicates a failure to regain target 
attitude for the PD-UKF and SMC-UKF controllers. On the 
other hand, the PD-IMM and SMC-IMM performances 
indicate continued smooth tracking over the simulation. 

 

 
Figure 3.  Mode probabilities across controllers: from top, SMC-IMM, PD-
IMM.  
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TABLE I.  SYSTEM PARAMETERS 

Parameter Value 

Ib ൥
399 0 0

0 377 0
0 0 377

൩kgm2 

[ϕ0,θ0,ψ0]T ሾ0 22.5 60ሿ𝑻deg 

ωb,0 ሾ0.57 0.57 0.57ሿTdeg/s 

𝜆ଵ, 𝜆ଶ 
𝐾ଵ,𝐾ଶ 

0.15, 1.5 
0.15𝕀ଷ, 2𝕀ଷ 

Kp, 1, Kp, 2 
Kd, 1, Kd, 2 

70, 100 
100, 135 

Q 1×10-7𝕀଻ 

R 5×10-7𝕀଻ 

a,b,c,d 
 

1

√2
 

𝜎ଵ 
 𝜎ଶ 

 
𝑑𝑖𝑎𝑔ሺ0  0 0 0ሻ 
𝑑𝑖𝑎𝑔ሺ1  0 0 0ሻ 

 

𝑇ଵ,𝑇ଶ ሾ0 0 0 0ሿ் 

𝜇ଵ, 𝜇ଶ 0.85, 0.15 

 

TABLE II.  TRACKING PERFORMANCES 

Nominal Mode RMSE Values 

 Attitude Error (deg) 
Controller ϕ θ ψ 
PD-UKF 1.62 0.700 17.3 

PD-IMM 1.72 0.725 16.8 

SMC-UKF 0.993 0.305 7.41 

SMC-IMM 0.990 0.309 7.41 

Fault Mode RMSE Values 

 Attitude Error (deg) 

Controller ϕ θ ψ 

PD-UKF 5.86 2.36 5.65 

PD-IMM 1.76 0.665 1.65 

SMC-UKF 22.2 5.84 22.1 

SMC-IMM 0.349 0.134 0.347 

Control Effort RMS Values (Nm) 

Controller 𝑻𝒄,𝒙 𝑻𝒄,𝒚 𝑻𝒄,𝒛 

PD-UKF 0.332 0.394 0.542 

PD-IMM 0.265 0.271 0.489 

SMC-UKF 1.00 1.00 1.00 

SMC-IMM 1.00 1.00 1.00 

 

 
Figure 4.  RMSE trajectory errors for SMC-IMM and SMC-UKF: from top, 
roll (𝜙), pitch (𝜃), and yaw (𝜓). Fault initiated at 7.5min (dashed vertical 
line), indicated by change from 𝜎ଵ to 𝜎ଶ. 

 

Figure 5.  RMSE trajectory errors for PD-IMM and PD-UKF: from top, roll 
(𝜙), pitch (𝜃), and yaw (𝜓). Fault initiated at 7.5min (dashed vertical line), 
indicated by change from 𝜎ଵ to 𝜎ଶ. 

V. CONCLUSIONS 

This paper presented two adaptive controllers for the 
attitude control of a nonlinear satellite system using the IMM-
UKF. Using the IMM provided knowledge of the system 
mode, indicating whether nominal or fault gains should be 
used and to what degree by weighting with the mode 
probabilities. The simulation results show the advantage of 
this technique, highlighting how the adaptive controllers 
outperformed their nonadaptive counterparts. Future work 
could explore: incorporation of unknown fault mode gains, 
implementation of additional filters and controllers, and 
application to an experimental test bed. 
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APPENDIX 

Assumptions: 

 The desired trajectories, 𝑞ௗ, 𝜔ௗ, and 𝜔ሶ ௗ are bounded 
for all time.  

 The intertia term, 𝐼௕, is a symmetric, positive-
definite matrix. 

A.  Lyapunov Stability for PD-IMM Controller 

Substituting (32) into (18), the closed loop error dynamics can 
be written as: 

𝜔ሶ ௘ ൌ 𝐼௕
ିଵሾሾ𝛿𝐴𝜔ௗ ൈሿℎ௪ ൅ ሾ𝛿𝐴𝜔ௗ ൈሿ𝐼௕𝛿𝐴𝜔ௗ ൅ 𝐼௕𝛿𝐴𝜔ሶ ௗ

െ𝐾௣,ఓ𝑞௘,ଵ:ଷ െ 𝐾ௗ,ఓ𝜔௘ ൅ ∑ሺ𝜔௘ ,𝜔ௗ ,ℎ௪,𝛿𝐴ሻ𝜔௘
െሾ𝛿𝐴𝜔ௗ ൈሿℎ௪ െ ሾ𝛿𝐴𝜔ௗ ൈሿ𝐼௕𝛿𝐴𝜔ௗ െ 𝐼௕𝛿𝐴𝜔ሶ ௗሿ ሺ𝐴1ሻ

 

Propose the following Lyapunov function: 

𝑉௘ ൌ
1
2
𝜔௘்𝐼௕𝜔௘ ൅ 𝐾௣,ఓ ቀ𝑞௘,ଵ:ଷ

் 𝑞௘,ଵ:ଷ ൅ ൫1 െ 𝑞௘,ସ൯
ଶ
ቁ

ൌ
1
2
𝜔௘்𝐼௕𝜔௘ ൅ 2𝐾௣,ఓ൫1 െ 𝑞௘,ସ൯ ሺ𝐴2ሻ

 

The time derivative of (A2) is: 

𝑉ሶ௘ ൌ  𝜔௘்𝐼௕𝜔ሶ ௘ െ 2𝐾௣,ఓ𝑞ሶ௘,ସ ሺ𝐴3ሻ 

Substituting (A1) and simplifying: 

𝑉ሶ௘ ൌ 𝜔௘்ൣെ𝐾ௗ,ఓ𝜔௘ ൅ ∑ሺ𝜔௘ ,𝜔ௗ ,ℎ௪ ,𝛿𝐴ሻ𝜔௘൧ ሺ𝐴4ሻ 

𝑉ሶ௘ ൌ  െ𝜔௘்𝐾ௗ,ఓ𝜔௘ ൑ 0 ሺ𝐴5ሻ 

Because (A5) is negative semi-definite, the closed loop 
system is stable. To show convergence, LaSalle’s theorem 
can be applied. From (A5) it is evident that 𝑉ሶ௘ ൌ 0 when 𝜔௘ ൌ
0ଷ while 𝑞௘,ଵ:ଷ ് 0ଷ. This can be written as: 

lim
௧→ஶ

𝜔௘ ൌ 0 ሺ𝐴6ሻ 

Setting (A1) to zero we find: 

0 ൌ 𝐾௣,ఓ𝑞௘,ଵ:ଷ െ 𝐾ௗ,ఓ𝜔௘ ൅ ∑ሺ𝜔௘ ,𝜔ௗ ,ℎ௪ ,𝛿𝐴ሻ𝜔௘ ሺ𝐴7ሻ  

The asymptotic condition of (A6) can only be met in (A7) if 

lim
௧→ஶ

𝑞௘,ଵ:ଷ ൌ 0 ሺ𝐴8ሻ 

Thus, global asymptotic stability of the system is proven, 
showing that the controller drives the attitude error to zero 
from arbitrary initial conditions. 

B.  Lyapunov Stability for SMC-IMM Controller 

This proof follows the method outlined in [16]. When the 
sliding surface is equal to zero, the error should also equal to 
zero. Define the vector portion of 𝑞௘ as: 

𝑞ሶ௘,ଵ:ଷ ൌ
1
2
൫ൣ𝑞௘,ଵ:ଷ ൈ൧ ൅ 𝑞௘,ସ𝕀ଷ൯𝜔௘ ሺ𝐴9ሻ 

Setting 𝑆 equal to zero and multiplying by 𝑞ሶ௘,ଵ:ଷ produces: 

𝑆 ൌ 𝑞ሶ௘,ଵ:ଷ𝜔௘ ൅ 𝑞ሶ௘,ଵ:ଷ𝜆ఓ𝑞௘,ଵ:ଷ ൌ 0 ሺ𝐴10ሻ 

Substituting (17): 

𝑆 ൌ 𝑞ሶ௘,ଵ:ଷ ൅ 𝑞ሶ௘,ଵ:ଷ𝜆ఓ𝑞௘,ଵ:ଷ ൌ 0 ሺ𝐴11ሻ 

Now suggest the Lyapunov function: 

𝑉௘ ൌ
1
2
𝑞௘,ଵ:ଷ
் 𝜆ఓ𝑞௘,ଵ:ଷ ൒ 0 ሺ𝐴12ሻ 

Taking the derivative and subtituting (18) produces: 

𝑉ሶ௘ ൌ 𝑞௘,ଵ:ଷ
் 𝜆ఓ൫െ𝑞ሶ௘,ଵ:ଷ𝜆ఓ𝑞௘,ଵ:ଷ൯

ൌ  െ
1
2
𝑞௘,ସฮ𝜆ఓ𝑞௘,ଵ:ଷฮ

ଶ
ሺ𝐴13ሻ

 

Equation (A12) remains negative given the assumption that 
𝑞௘,ସ ൒ 0. Hence, 𝑉ሶ௘ ൑ 0 if lim

௧→ஶ
𝑞௘,ଵ:ଷ. From 𝑆 ൌ 0, lim

௧→ஶ
𝜔௘ ൌ

0 is given by: 

𝜔௘ ൌ െ𝜆ఓ𝑞௘,ଵ:ଷ ሺ𝐴14ሻ 

Equation (A13) proves the tracking error converges to zero on 
the sliding surface for the system. To ensure the sliding 
surface is reached, construct a Lyapunov function: 

𝑉௦ ൌ
1
2
𝑆்𝑆 ሺ𝐴15ሻ 

Derivate (A14) to achive the sliding condition: 

𝑉ሶ௦ ൌ 𝑆்𝑆ሶ ൑ 𝜂|𝑆|, 𝜂 ൐ 0 ሺ𝐴16ሻ 

Substituting (30) and (32) and simplifying yields: 

𝑉ሶ௦ ൌ 𝑆்ൣെ𝐾ఓ𝑠𝑖𝑔𝑛ሺ𝑆ሻ൧ ൑ െ𝜂|𝑆| ሺ𝐴17ሻ 
𝑉ሶ௦ ൌ  െ𝐾ఓ|𝑆| ൑ െ𝜂|𝑆| ሺ𝐴18ሻ 

From (A18), 𝑉ሶ௦ is negative for 𝐾ఓ ൒ 𝜂, guaranteeing the 
sliding mode is reached. 
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