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Abstract

Cure rate models, introduced by Boag (1949), are very commonly used while modelling
lifetime data involving long time survivors. Applications of cure rate models can be seen
in biomedical science, industrial reliability, finance, manufacturing, demography and crim-
inology. In this thesis, cure rate models are discussed under a competing cause scenario,
with the assumption of proportional odds (PO) lifetime distributions for the susceptibles,
and statistical inferential methods are then developed based on right-censored data.

In Chapter 2, a flexible cure rate model is discussed by assuming the number of com-
peting causes for the event of interest following the Conway-Maxwell (COM) Poisson dis-
tribution, and their corresponding lifetimes of non-cured or susceptible individuals can be
described by PO model. This provides a natural extension of the work of Gu et al. (2011)
who had considered a geometric number of competing causes. Under right censoring, max-
imum likelihood estimators (MLEs) are obtained by the use of expectation-maximization
(EM) algorithm. An extensive Monte Carlo simulation study is carried out for various sce-
narios, and model discrimination between some well-known cure models like geometric,
Poisson and Bernoulli is also examined. The goodness-of-fit and model diagnostics of the
model are also discussed. A cutaneous melanoma dataset example is used to illustrate the
models as well as the inferential methods.

Next, in Chapter 3, the destructive cure rate models, introduced by Rodrigues et al.

v



(2011), are discussed under the PO assumption. Here, the initial number of competing
causes is modelled by a weighted Poisson distribution with special focus on exponentially
weighted Poisson, length-biased Poisson and negative binomial distributions. Then, a dam-
age distribution is introduced for the number of initial causes which do not get destroyed.
An EM-type algorithm for computing the MLEs is developed. An extensive simulation
study is carried out for various scenarios, and model discrimination between the three
weighted Poisson distributions is also examined. All the models and methods of estimation
are evaluated through a simulation study. A cutaneous melanoma dataset example is used
to illustrate the models as well as the inferential methods.

In Chapter 4, frailty cure rate models are discussed under a gamma frailty wherein the
initial number of competing causes is described by a Conway-Maxwell (COM) Poisson
distribution in which the lifetimes of non-cured individuals can be described by PO model.
The detailed steps of the EM algorithm are then developed for this model and an extensive
simulation study is carried out to evaluate the performance of the proposed model and the
estimation method. A cutaneous melanoma dataset as well as a simulated data are used for
illustrative purposes.

Finally, Chapter 5 outlines the work carried out in the thesis and also suggests some
problems of further research interest.

KEY WORDS: Cure rate models; Mixture model; Long-term survivors; COM-Poisson
distribution; Weighted Poisson distribution; EM algorithm; Right censoring; Non-informative
censoring; Profile likelihood; Asymptotic variances and covariances; Maximum likeli-
hood estimation; Likelihood-ratio test; Exponential distribution; Proportional odds model;

Weibull distribution; Log-logistic distribution; Gamma distribution; Mixture of chi-square;



Akaike Information Criterion (AIC); Bayesian Information Criterion (BIC); Model dis-

crimination; Monte Carlo simulations; Goodness-of-fit test; Cutaneous melanoma.
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Notation and abbreviations

e AIC... Akaike Information Criterion

e BIC... Bayesian Information Criterion

e cdf...cumulative distribution function

e COM-Poisson...Conway-Maxwell Poisson
e CP...coverage probability

e i.i.d. ...independent and identically distributed
e MCMC...Markov chain Monte Carlo

e pdf...probability density function

e PO...proportional odds

e RMSE...root mean square error

e SE...standard error

e sf...survival function
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Chapter 1

Introduction

1.1 Cure rate model

Due to the significant progress in technology and medical science in the past several decades,
it is highly likely that many patients can be cured and do not experience the disease again
over a long period of time following a good prognosis and efficient treatment. So, the cured
proportion of the overall population should not be ignored and becomes an important indi-
cator for the effect of the treatment. Recently, the methodology that accounts for cure has
received considerable wide attention in the survival analysis literature. The patients who
are cured are called long-time survivors or immune individuals, while the others, who still
experience the disease or relapse or recurrence of the disease, are called susceptibles. Sta-
tistical models accommodating such a surviving fraction are generally referred to as cure
rate models.

The basic cure rate model can be seen as a two-component mixture model. Suppose
we have an indicator variable / such that / = 0 if the subject is immune/cured (belongs to

set Iy) with probability py and I = 1 if the subject is susceptible (belongs to set /1) with



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

probability 1 — pg, where py is the cure rate. The cumulative distribution function of the

overall population can be viewed as a mixture of the two populations as follows:

= Fi(y)(1 = po); (1.1)

thus, the survival function of the overall population is then evidently

Sp(y) = po + (1 = po)Ss(v), (1.2)

where py is the probability of cure, S,(y) is the survival function of the non-cured or sus-
ceptible individuals in the population, and Fj(y) is the corresponding distribution function
of the susceptibles. It is to be noted that S,(y) is an improper survival function since it
approaches py as y goes to co. The improper density function can be easily obtained as
foly) = —%y(y). Moreover, a proper survival function of the susceptible population can

be found from the overall population and the cure rate as

Ss(y) _ Sp(y) — Do

, y > 0. (1.3)
I —po

More generally, a cure model can be approached through a competing risks set-up as
follows. Suppose M is an unobservable random variable denoting the number of competing
causes related to the occurrence of an event of interest. Let W;, 5 = 1,...,m, be the
random variable denoting the time-to-event for the jth competing cause. Given M =
m, Wy, ..., W,, are assumed to be independent and identically distributed (i.i.d.) with a

common cumulative distribution function (c.d.f.) F'(w) = 1 — S(w). Then, the population
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time-to-event or lifetime is given by
Y = min{Wy, W1, ..., Wp}, (1.4)

where IV is corresponding to the individual who are not susceptible to the event occurrence
(namely, with infinite lifetime); that is, P(wy = oo) = 1. This leads to a proportion of the
cured group, known as cure rate. The survival function for the entire population is then

given by [Rodrigues et al. (2009)]

Sp(y) = Y P(M =m)[S(y)]" = Au(S(y)), (1.5)

m=0

where Aj/(.) is the probability generating function (p.g.f.) of M.

1.2 A brief literature review

The cure rate model was first introduced by Boag (1949) followed by Berkson and Gage
(1952), and have been subsequently studied by many authors. Primarily, cure data have
been analyzed in the literature by the structure of the underling survival model of the non-
cured individuals S,(¢) as proportional hazards (PH) mixture cure model [Peng and Dear
(2000), Liu et al. (2012), and Sy and Taylor (2000)], accelerated failure time (AFT) mixture
cure rate model [Zhang and Peng (2007), Lu (2010), and Li and Taylor (2002)], accelerated
hazards (AH) mixture cure rate model [Zhang and Peng (2009)], and proportional odds
(PO) mixture cure rate model [Gu et al. (2011), and Mao and Wang (2010)]. Later, Chen
et al. (1999) pointed out that the mixture cure rate model has several drawbacks from both

frequentist and Bayesian perspective, and so introduced a promotion time cure model from
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Bayesian point of view.

Rodrigues et al. (2009) proposed the Conway-Maxwell-Poisson cure rate model by
extending the model in Chen et al. (1999) and also including the models of Boag (1949)
and Berkson and Gage (1952). Subsequently, these authors developed a destructive cure
rate model which assumes the initial number of competing causes to undergo a destructive
process due to a treatment, such as chemotherapy or radiation. This model has a more
realistic interpretation of the underlying biological mechanism than the usual proportion
time cure model.

Vaupel et al. (1979) introduced a frailty model which provides a convenient way to
accommodate unobserved covariates and/or heterogeneity in survival data in the form of a
frailty term. The frailty model was then studied by Clayton (1978) for bivariate data and
Greenwood and Yule (1920) for recurrent data. Common choices for the frailty distribution
is the gamma distribution and positive stable distribution [Hougaard (1986)] as they all have
simple Laplace transforms and are therefore convenient to use. Balakrishnan and Peng
(2006) introduced a generalized gamma frailty model, which includes gamma, Weibull and
log-normal frailty models all as special cases.

Applications of cure rate models are not limited to biomedical studies, and can also be
seen in many other fields such as industrial reliability, finance, manufacturing, demography,
and criminology. For a detailed research in these applications, interested readers may refer

to Klebanov et al. (1993), Ibrahim et al. (2005), and Hoggart and Griffin (2001).

1.3 COM-Poisson cure rate model

The Conway-Maxwell (COM) Poisson distribution, introduced by Conway and Maxwell

(1962), is a generalization of the Poisson distribution allowing for under- and over-dispersion,

4
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depending on the value of the dispersion parameter. It thus provides a continuous bridge
between under- and over-dispersion.
Suppose the number of the competing causes M follows a COM-Poisson distribution.

The probability mass function (p.m.f.) of M is given by

1 n"
P(M =m;n,¢) = ——  m=0,1,2,..., (1.6)
( )= Z00,6)
where the normalization constant is given by,
n¢=§j, (1.7)
= G

with ¢ > 0 and n > 0. Here, the proportion of cured individuals from the whole population

is the probability of no competing risk, that is,

po=P(M =0;n,¢) = (Z(n,¢)"". (1.8)

As a weighted Poisson random varaiable (r.v.), M leads to a Poisson r.v. with mean equal to
1 when ¢ = 1, and M leads to a under- or over-dispersion if ¢ > 1 or ¢ < 1 [see Shmueli
et al. (2005), Kadane et al. (2006), and Kokonendji et al. (2008, 2009)]. For example, M
approaches the Bernoulli r.v. with parameter - When ¢ — ooand Z(n,¢) — 1+ n, and
M reduces to a Geometric r.v. with parameter 1 —nif ¢ = 0,7 < 1 and Z(n, ¢) = ﬁ

Note that M is undefined for » > 1 and ¢ = 0. The population survival function and
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density function of the time-to-event Y is then

Sply) = % (1.9)
1 ) —iS(y))
W = Zaasw = G (110

Note that as y — oo, S,(y) — po > 0. Hence, S,,(y) is not a proper survival function.
For a detailed discussion, interested readers may refer to Balakrishnan and Pal (2012,

2013, 2014, 2016), Balakrishnan et al. (2017), and Rodrigues et al. (2009).

1.4 Destructive weighted Poisson cure rate models

Suppose M 1is an unobservable random variable representing the initial number of com-
peting causes. Given M = m, let X; j = 1,...,m, be independent Bernoulli variables
with success probability p € (0, 1), independently of M. Define the following “damage”

random variable D for the number of initial competing causes which are still not destroyed:

X1+X2—|—+XM, M >0
D= 1.11)

0, M = 0.
The distribution of D, conditional on M = m, is known as the “damaged” distribution. It
is distributed binomially with parameters m and p; see Rodrigues et al. (2011) for details.
Note that D < M. Also, p = 1 means no damage or destruction occurs. Given the un-
damaged number of initial competing causes D = d, let IV, (latent) be the time-to-event
associated with the j-th competing cause. In the competing causes scenario, the number of

competing causes D and the lifetimes W associated with these causes are not observable
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(latent variables). Given M = m, Wy, ..., Wp are assumed to be independent and identi-
cally distributed with common cumulative distribution function F'(w) and survival function

S(w). The observed lifetime is then given by
Y = min{W,, Wi,..., Wp}, (1.12)

where P(wy = o0) = 1 as before.
A random variable X follows a weighted Poisson distribution if its p.m.f. is given by

w(x; T)p(w; N)

p(z;0,\) = Er@(X: 7))

(1.13)

where w(X;7) is a non-negative weight function with parameter vector 7, p(x; \) is the
p.m.f. of a standard Poisson distribution with parameter A > 0, and E denotes the expec-

tation with respect to p(z; \), i.e.,

Ex(@(X;7)) =) w(@;7)p(w; A). (1.14)

From the above weighted Poisson model, we focus here in this thesis on three special cases.

1.4.1 Destructive negative binomial cure rate model

Suppose M follows a weighted Poisson distribution with parameter % and weighted

function I'(m + é) with 7 > 0 and ¢ > 0, and with p.m.f. as,

P[M =m;n,¢| = F(%)m! (1+77¢) (1+77¢) ,m=20,1,2,3,... (1.15)
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It can be seen that (1.15) is a negative binomial distribution with parameters > 0 and
¢ > 0. If weset ¢ =1, (1.15) becomes
1

P[M:m;n,gzﬁ]:(l:zn) T 025 (1.16)

a geometric distribution with probability of success ﬁ The mass function of the damage

distribution D in (1.11) in this case is

P[D =d;n,¢,p] = Y P(M =m;n,¢)P(D = d|M = m)
m=d
:F(d+é)( nép )d< 1 )é
U(3)d \1+nép) \1+n¢p/)
d=0,1,2,3,...,m=0,1,2,3,....d <m, (1.17)

which is also a negative binomial distribution. The cure rate then is,

1 1
P(D = 0;n,¢,p) = (Hnd)p)d)' (1.18)

The overall population survival function of the time-to-event Y is given by

o=

Sp(y) = PIY >yl =) P(D=d)S(y)]" = (1 +népF(y))*.

d=0

It is to be noticed that the population function S,(y) defined above is not a proper survival

function. The improper density function can be easily obtained as

_0S(y) _ pf(y)S(y)

July) = oy  1+nepF(y)

(1.19)
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1.4.2 Destructive exponentially weighted Poisson cure rate model

Suppose M follows a weighted Poisson distribution with parameter 1 > 0 and exponential

weight function e?™, where ¢ € R, i.e.,

ne’)™

P[M =m;n, ¢] _ et —, m=0,1,2,3,... (1.20)
m!

It can be seen that (1.20) is a Poisson distribution with parameter ne?. If ¢ = 0, (1.20)

becomes

m

P[M:m;n,gb]:e”n—',m—OlZS (1.21)

a Poisson distribution parameter 7. The p.m.f. of D is,

#\d
PID = din, 6,p] = e L
d=0,1,2,3,....m=0,1,2,3,...,d <m. (1.22)
The cure rate in this case is,
P(D =0;n,¢,p) =e ™", (1.23)

The overall population survival function of the time-to-event Y is given by

_npe? \TIPE"OY —npe
Sp(y) = PlY >vy| = E P(D S(y)]* = E e P d’%:e npe? F(y)
d=0 d=0
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The corresponding density function is given by

Fo(y) = Sp(y) f (y)npe? (1.24)

1.4.3 Destructive length-biased Poisson cure rate model

Suppose M follows a weighted Poisson distribution with parameter > 0 and weight

function m, i.e.,

e "™ m—1
PIM =min ) = —m— o T 01,23, (1.25)
> mE W’L’] (m —1)!

It is to be noted that D is a weighted Poisson random variable with parameter 7p and a

weighted function d 4+ n(1 — p). The p.m.f. of D is as follows,

e (np)* d
P|D =d; =——"7 (1— —
[ 1, D) I p+77),
d=0,1,2,3,....m=0,1,2,3,...,d <m, (1.26)
The cure rate in this case is,
po=P(D =0;n,p) = (1 —pe ™. (1.27)

The overall population survival function of the time-to-event Y is given by
o0

Sp(y) = PlY >yl = _ P(D=d)[S(y)]* = e ™"V (1 - pF(y)),

d=0

10
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and the corresponding p.d.f. is,

foly) = p{n + }Sp(y)f(y) (1.28)

1 —pF(y)

For a detailed discussion on the three special cases of the weighted Poisson model, in-
terested readers may refer to Balakrishnan and Pal (2013, 2016), and Pal and Balakrishnan
(2016, 2017, 2018).

1.5 Proportional odds model for lifetime data

In this thesis, we assume a proportional odds model for the distribution of W; with a para-
metric assumption on the baseline odds function. To be more specific, the odds function of

W; is taken as
O(w) = 00y (w), (1.29)

where O(w) = S(w)/F(w) is the odds of survival up to w, the proportionality term 6
is linked to covariates as €% with . = (xy,...,2,) being a vector of p covariates,
Y2 = (Y21,--.,72)" is the proportional odds regression coefficients, and Oy(w) is the

baseline odds function. We can further obtain the survival function of WW; as
S(w) = [1+ e 272 (Sy(w) ™t — 1)] 7L, (1.30)
with the corresponding probability density function (p.d.f.)

flw) = fo(w)e’””éw[(l — So(w))e’””/ﬂ'72 + So(w)] 2. (1.31)

11
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where Sy and f are the baseline survival function and baseline p.d.f., respectively.

In this thesis, two different baseline distributions for the proportional odds survival
model corresponding to the time-to-event random variable are considered, namely, Weibull
and log-logistic distributions. It should also be noted that the log-logistic distribution in

fact processes the proportional odds property, while the Weibull distribution does not.

1.5.1 Proportional odds model with Weibull baseline

The survival function of W under a proportional odds model with Weibull baseline is
S(w,y) = [1 4 e 2 (0w _1)]171 4 > 0, (1.32)
and the corresponding p.d.f. is
Fw,y) = (yw)0emerz=(nw) 00 [o=onw) 70 (owive 4y 4 4]72 ) (ygw), w > 0, (1.33)

where 7y > 0 and v; > 0 are the shape and scale parameters, respectively.

1.5.2 Proportional odds model with log-logistic baseline

Suppose the baseline distribution is a log-logistic distribution with 79 > 0 and v; > 0 as
the scale and shape parameters, respectively. Then, the corresponding odds function of W;

is given by

Y1
O(w, &) = 2% = Oy(w, ; 70, 11) ™72, (1.34)

w1

12
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We observe that W; still follows a two-parameter log-logistic distribution (7yg,v; > 0)
with shape parameter v, and scale parameter yoe~%<2/", and with corresponding survival

function

8’1 ex’cfyg

Stw,y) = =0 w0, (1.35)

78'1 eTer2 4’

Note that the mean does not exist if 7; < 1 and the variance does not exist if 1, < 2.

1.6 Gamma frailty proportional odds model

Frailty models provide a convenient way to accommodate unobserved covariates and/or
heterogeneity in survival data in the form of a frailty term. Assume a proportional odds
model with frailty term for the distribution of W; (j = 1,2,...), with a parametric as-
sumption on the baseline odds function. To be more specific, the odds function of W; is

taken as
O(w|r) = rd0y(w) (1.36)

where O(w) = S(w)/F(w) is the odds of survival up to time w, the probability term 6
is linked to covariates as e®* with x, = (z1,... ,x,)" is a vector of p covariates, @ =
(aq,...,q,)" is the proportional odds regression coefficients, Oy(w) is the baseline odds
function, and r is the frailty parameter following a gamma distribution with shape k£ > 0
and scale £ > (0. The mean and variance of r is k/¢ and k/&?, respectively. Here, we set

mean equal to 1 to avoid non-identifiability in the model so that £ = £. Therefore, the p.d.f.

13
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of r can be written as

o Tg_lfge_rg

We can further obtain the survival function of I/}, through unconditioning, as

ee T’Z'S(] (ti)ea’xc
) — Ndre. t: 1.
S(t;) /0 St e Fo(ti)fT(n)dr“ t; >0, (1.38)

with the corresponding probability density function (p.d.f.) as

- oo rifo(ti)ea’.’tc
ft:) = /O (riSo(ti)ee® + Fy(t:))?

fr(ri)dr;, t; > 0. (1.39)

1.6.1 Gamma frailty proportional odds model with Weibull baseline

The survival function of W under a gamma frailty proportional odds model with Weibull

baseline is given by
S(w, ) = / [1+ e %% fr; (™) _ D)7V (r))drs, w > 0, (1.40)
0

and the corresponding p.d.f. is

/

flw,y) = / () Y00y Cmu) 0 o= Cn) 0 (g eofme 1) 4 1)72  (qqw) £ (i) drs, w > 0,
0

(1.41)

where 7y > 0 and v; > 0 are the shape and scale parameters, respectively.

14
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1.6.2 Gamma frailty proportional odds model with log-logistic base-
line

Suppose the baseline distribution is a log-logistic distribution with vy > 0 and 14, > 0 as
the scale and shape parameters, respectively. Then, the corresponding odds function of W;
is given by
,}/'Yl ’ ’
O(wi; xl,y) = —2-e*% = 1r;00(w;; Yo, 71)e* . (1.42)

Y1
w;

We observe that W; still follows a two-parameter log-logistic distribution (7yg,v; > 0)
with shape parameter ; and scale parameter ~oe~®?</7, and with corresponding survival

function

Y1 o'z,

S(w;, ) :/ VLfT(ri)dm, w; > 0. (1.43)
0

(’]71 ea’:z:c + wi%

Note that the mean does not exist if ; < 1 and the variance does not exist if y; < 2.

1.7 Data and the likelihood

Suppose the time-to-event is not completely observed and is subject to non-informative
right censoring, which means that the data above a certain value is not observed. Therefore,
the observation time 7;, for the ¢th subject, would be the minimum of the censoring time

C; and the actual lifetime Y, i.e.,

T, =min{Y;,C;},i=1,...,n. (1.44)

15
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We define an indicator function ¢; = I(Y; < ;) for the i-th subject such that §; = 1 if the
lifetime is observed while §; = 0 if the lifetime is right censored, Ay and A, are sets with
all the 7’s equal to 0 and 1, respectively, and set A* contains all the ¢’s. It is to be noted that
the cure rate py = Z(n, ¢) ! is purely a function of 7 for a fixed value of ¢. The range of
1/po is from 1 to infinity and it is monotone in 7). Therefore, it is natural to use a logistic

regression model H,(n) =1+ ¢®ib 1o link the covariate z; to the cured proportion py;, i.e.,

Poi = po(ﬂ,flfz’) =Z(n, (b)_l = H¢(77)_1 = (1 + ex;ﬂ)—1’ (1.45)

where py; is the cured proportion for the ith category, x; = (1,z].) = (1, z41,...,x;) 1S
a vector of p + 1 covariates, and S is the vector of regression coefficients. Under this link
function, n would equal H~'(1 + e%iP ), i.e., n can be calculated from the inverse function
of Hy,(.) analytically for the Geometric, Poisson and Bernoulli distributions, and by using
numerical method for the general COM-Poisson distribution.

For n pairs of observations (¢,8)={(t1, 61),...,(tn, d,)}, the observed data likelihood

function under the non-informative censoring is then given by

L(0;t,6) f[{fp(ti;0)}5i{5p(ti;0)}1—5@', (1.46)

=1

where 6 is the set of parameters (¢, 8’,%'), which is equivalent to

Lo6:t.8)oc [ £t:0) J[ Sot:0)

i=1,{6;=1} i=1,{6;=0}
= I £:t:0) T] {po + (1 — po)Si(t:;6)}. (1.47)
€Ay i€
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1.8 Likelihood inference

1.8.1 EM algorithm

We develop here an Expectation-Maximization (EM) algorithm for obtaining the MLE of
0, and a profile likelihood approach for the estimation of the dispersion patameter ¢. It is
well-known that EM is an effective technique for finding the MLEs of unknown parame-
ters of a model involving unobserved variables (for further discussion, refer to McLach-
lan and Krishnan (2007)). In our model, the random variable /;’s are observed for 7 in
the set A; and unobserved for 7 in the set Ay, where I; = 1 if the individual is suscep-
tible and /; = 0 if the individual is cured. Let us denote the set of complete data by
t,8,z,D)={(t1,01,21, 1), .., (tn,On, &n, I,)}. The complete data likelihood function is

then

L.(0;t,2,6,1) H fo(ti zi,0) H po(B,2:)' (1 = po(B,2:)) Ss(ti, Tic; 0)] ",

1€A1 iEAo
(1.48)
where I = (I4,...,1,)), ;e = (zi1,...,2;) and z; = (1,2,)". The corresponding com-
plete log-likelihood function
lo(6:t,2,8,1) = constant + Y _ logf,(t;,x:,0) + Y _ (1 — I;)logpo(B, =)
€A1 i€
+ Z L;log[l — po(B, @i)] + Z L;logS;(ti, xic; 0). (1.49)
i€\ €A
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1.8.2 E-step

The expectation step is achieved by calculating the expected value of the complete data

log-likelihood function with respect to the conditional distribution of the unobserved I;’s

(1 € Ap), given the observed data O = {(t;,0;,x;),7 € A} and the current estimates of

the parameters §*) = (B',~')’ for a fixed value of ¢. Let us denote this function as

QO,7™) = E(.(6;t,2,8,1)|0,8™),

(1.50)

at the k-th iteration step. In our model, /;’s are Bernoulli random variables and we can

easily find the conditional expectation if the 7th individual is susceptible as

™ = B(1;J0,0V)

=P, =1T > t)
Sp(ti,xi;a(k)) 9—g(k) -

Now, for a fixed value of ¢, the () function is given by

Q(077r(k)) = Z logfp(tiaxiao) + Z(l - Trz('k))logp()(ﬁ>xi>

IeAq iEAQ

+ Z 7 Mlog[1 — po(B. )] + Z 7108, (1, Tie; 0).

1€ i€
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1.8.3 M-step

The M-step is done by maximizing the Q(#, 7(*)) function in (1.52) in order to obtain the

improved estimate of 0, i.e.,

6* Y — arg max Q(8, 7). (1.53)
0

The MLEs of B and vy do not have explicit expressions. Here, the numerical maximization
is carried out by Newton-Raphson method.

For a fixed value of ¢, the E-step and M-step are alternated until the parameter estimate
converges to a desired level of accuracy. The parameter ¢ is determined by using the profile
likelihood technique. For this purpose, we consider a range of ¢ with small increment, and
then for each value of ¢, the MLEs of other parameters are found, and the estimate with
the largest likelihood is chosen as the final estimate. The explicit forms of the first- and
second-order derivatives of the Q function as well as the update function for the case of

COM-Poisson distribution and the special cases are presented in the Appendix.

1.8.4 Estimation of standard errors

We may approximate the asymptotic variance-covariance matrix of the MLEs (B/, y') by
inverting the observed Fisher information matrix of 8 and 7, for a fixed value of ¢. The
components of the observed Fisher information matrix can then be calculated from the
negative of the second-order derivatives of the complete data likelihood function with re-
spect to B and 7y (for detailed information, refer to Louis (1982)). Thus, we can obtain the
standard errors of the estimates and then construct corresponding asymptotic confidence

intervals for the parameters.
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1.8.5 Estimation of the cure rate and its standard error

Suppose B is the MLE of the regression coefficient 8. The estimated cure rate for the
corresponding group ¢ is a function of ,B . The standard error of py; can then be found

through delta method as

sd(py;) = \/(aﬂ L ap§i)varﬁ<%, L %i)/. (1.54)
860 aﬂp aﬂo aﬁp

1.9 Simulation study and real data analysis

The accuracy, precision, and robustness of the models and the estimation techniques are
studied and validated using extensive Monte Carlo simulations. Different scenarios are
considered in the simulation studies by varying sample sizes, censoring proportions, cure
rates, and the parameters in different distributions. The estimates were calculated through
EM method. The empirical Bias, standard errors(SE), root Mean Square Error (RMSE),
and 95% coverage probabilities (CPs) are all reported. In addition, the estimated cure rate
with corresponding SEs and 95% CPs are also computed. The codes corresponding to
the different methods are written in R software with version 3.2.2. The McMaster math
department computer Bayes, Anatolius and the shared Hierarchical Academic Research
Computing Network (SHARCNET) were used to compile all the R-codes.

For model validation and model discrimination, for the COM-Poisson model, the asymp-
totic distribution of the test statistic A, under Hy : ¢ = 1 follows a x? distribution with one
degree of freedom. However, the distribution of the test statistic A in the boundary cases
when ¢ = 0 (Geometric) and ¢ — oo (Bernoulli) has a mixture distribution of x2 and x?

distributions such that P(A < X) = 1 + 2P(A; < A;), where Ay ~ x3, x§ is chi-square
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distribution with 0 degrees of freedom and x? is the chi-square distribution with one degree
of freedom.

In this thesis, we consider a malignant cancer data, a cutaneous melanoma data, to il-
lustrate the performance of the proposed model and the fitting methodology. These data
were first introduced by Kirkwood et al. (2000), and subsequently studied by many au-
thors including Balakrishnan and Pal (2012, 2014, 2015, 2016), Balakrishnan et al. (2017),
and Rodrigues et al. (2009). These data were taken from Ibrahim et al. (2005), and were
originally used to detect the prospective treatment performance on the high-dose interferon
alfa-2b therapy in order to prevent the recurrence of the disease. The study included 427
patients in total from years 1991 to 1995 and followed up until year 1998. Among them,
10 patients were removed in our analysis due to the missingness of the tumor thickness
data. The overall percentage of censored observations is 55.6%. The mean and standard
deviation of the observed lifetimes are 3.18 and 1.69 in years, respectively. We choose the
nodule categories based on the tumor thickness as the only covariate. The subjects were
therefore divided into four different nodule categories (z = 0, 1, 2, 3), with corresponding
sample sizes ny = 111, no = 137, ng = 87, and n, = 82. The percentage of censored
observations for the group were 67.57%, 61.31%, 52.87%, 32.93%. See Figure 1.1 for a

plot of the lifetimes of susceptibles for these four nodule categories.
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Figure 1.1: Lifetime of the susceptibles of the four nodule categories in the cutaneous
melanoma data

Another dataset considered in this thesis is the one available in the “timereg” pack-
age in R software [see Andersen et al. (2017), and Drzewiecki et al. (1980)], which is a
well-known dataset in the literature and studied by many authors including Rodrigues et al.
(2011). It includes 205 patients (refer to Figure 1.2) corresponding to the survival of indi-
viduals after operation for malignant melanoma and collected at Odense University Hos-
pital by K.T. Drzewiecki during the period 1962 to 1977 and followed until 1977. Among
them, there were 57 and 14 patients died from melanoma and other causes, respectively.

All rest of them were alive at the end of the study and thus censored.
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Figure 1.2: Lifetimes of patients in the cutaneous melanoma data with and without ulcera-
tion (ULC)

1.10 Scope of the thesis

The following chapters present the detailed choice of link function, specific likelihood func-
tion, Q function, step by step EM algorithm, simulation study results and the data analysis
results for each described cure rate model. In Chapter 2, a flexible cure rate model is pre-
sented by assuming the number of competing causes for the event of interest to follow the
COM-Poisson distribution. The lifetimes of susceptible individuals follow a PO model. In
Chapter 3, we introduce a flexible destructive cure rate model for lifetime data. We assume
the number of competing causes of the event of interest to follow the Weighted Poisson
distribution (including LBP, NB, and EWP models) and the lifetimes of the non-cured in-

dividuals to follow a proportional odds survival model. The baseline odds distribution is

23



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

considered to be either Weibull or Log-logistic distribution. A damage distribution is intro-
duced due to the fact that some of the competing causes may not remain active following
a treatment. In Chapter 4, we introduce a gamma frailty cure rate model for lifetime data
by assuming the number of competing causes for the event of interest to follow the COM-
Poisson distribution and the lifetimes of the non-cured individuals to follow a proportional
odds model. The baseline distribution is considered to be either Weibull or Log-logistic
distribution. Statistical inference is then developed under right censored data.

For all the models considered, we derive the maximum likelihood estimators (MLESs)
with the full usage of expectation maximization (EM) method for all the model parameters,
except the dispersion parameter, which is estimated by a profile likelihood approach. De-
tailed expressions for the Q-functions, the first- and second-derivatives of the Q-functions
and the observed information matrix, corresponding to different cure rate models discussed
in each chapter, are all presented in Appendices A-C. The model discrimination among
some well-known special cases are discussed using both likelihood- and information-based
criteria. An extensive Monte Carlo simulation study is carried out by varying censoring
rates, sample sizes, distributional parameters, and the cure rates to examine the perfor-
mance of the proposed model as well as the inferential methods developed in the thesis.

Analysis of the cutaneous melanoma data is also carried out for illustrative purposes.

24



Chapter 2

COM-Poisson Cure Rate Model under

Proportional Odds Lifetimes

2.1 Introduction

In this Chapter, we assume a proportional odds model for the distribution of lifetime
varaible of a susceptible individual 17/}, with a parametric assumption on the baseline odds

function. To be more specific, the odds function of W} is taken as
O(w;z.) = 00q(w), 2.1

where O(w) = S(w)/F(w) is the odds of survival up to w, the proportionality term 6
is linked to covariates as €2 with x, = (x1,... ,z,)" being a vector of p covariates,

Y2 = (Y21,---,72p) is the vector of proportional odds regression coefficients, and Og(w)
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is the baseline odds function. We can then obtain the survival function of W} as

S(w) = [1+ e 272 (Sy(w) ™t — 1)] 7L, (2.2)

with the corresponding probability density function (p.d.f.) as

F(w) = fo(w)e ™ [(1 — So(w))e ™" + Sy(w)] 2. (2.3)

The rest of this chapter proceeds as follows. Section 2.2 describes the data and the like-
lihood, while the estimation of the cure rate and associated inferential issues are discussed
in Section 2.3. In Section 2.4, an extensive Monte Carlo simulation study is carried out.
In Section 2.5, we discuss model discrimination using information- and likelihood-based

methods. A data on cutaneous melanoma is analyzed in Section 2.6 finally for illustrative

purpose.

2.2 Data and the likelihood

Suppose the time-to-event is not completely observed and is subject to non-informative
right censoring, which means that the data above a certain value are not observed. There-
fore, the observation time 7; for the ith subject, would be the minimum of the censoring

time C; and the actual lifetime Y, i.e.,

T, =min{Y;,C;},i=1,...,n. 2.4)

We define an indicator function ¢; = I(Y; < C}) for the i-th subject such that §; = 1 if the

lifetime is observed while §; = 0 if the lifetime is right censored, Ay and A, are sets with
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all the i’s equal to 0 and 1, respectively, and set A* contains all the 7’s. It is to be noted
that the cure rate py = Z(n, ¢)~! is purely a function of 7 for a fixed value of ¢. The range

of 1/pg is from 1 to oo and it is monotone in 7. Therefore, it is natural to use a logistic

regression model Hy(n) =1+ %P to link the covariate 2, . . ., x,, to the cured proportion
Pois 1.€.,

poi = po(B.xi) = Z(n,¢) " = Hy(m) ™" = (1+¢F)71, (2.5)
where py; is the cured proportion for the ith category, ; = (1,z}.)" = (1, z1,..., %) is

a vector of p 4 1 covariates, and f is the vector of regression coefficients. Under this link,
n would equal (1 + ¢%#), i.e., 1) can be calculated from the inverse function of Hy(.)
analytically for the Geometric, Poisson and Bernoulli distributions, and by using numerical
method for the general COM-Poisson distribution.

For n pairs of observations (¢,8)={(t1, 61),...,(tn, ,)}, the observed data likelihood

function under the non-informative censoring is then given by
L(6:t,8) oc [ [{£o(t::0)}7{S,(t::0)} (2.6)
i=1
where 0 is the set of parameters (¢, 8',4'), which is equivalent to

L(6:t.8) oc 1] £(t::0) [] {po + (1 — po)Su(t::6)}- @7

1€EAL 1€Ag

Here, we consider two baseline distributions for the proportional odds survival model cor-
responding to the time-to-event random variable, namely, Weibull and log-logistic distribu-

tions. It should also be noted that log-logistic distribution in fact processes the proportional
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odds property, while the Weibull distribution does not. The survival function and p.d.f. of

W under a Weibull baseline, for example, are

S(w,y) = [1+ e =m0 _1)]=1 4y > 0, (2.8)

f(w,fy) — (fylw)1/70635272—(%111)1”0 [e—(“ﬂw)l/m (ez’cva —1)+ 1]—2/(%@0)7 (2.9)

where w > 0, > 0 and ; > 0 are the shape and scale parameters of the baseline Weibull
distribution, respectively. On the other hand, if we assume the baseline distribution to be
a log-logistic distribution with 79 > 0 and «; > 0 as the scale and shape parameters,

respectively, then the corresponding odds function of W is given by

Y1
O(w, &) = 120 = Oy(w, ; 70, 1) €™, (2.10)

w1

We observe that W; still follows a two-parameter log-logistic distribution (yy,v1 > 0)
with shape parameter v; and scale parameter yoe~%<72/71 and with corresponding survival
function

' €%

S =— w>0. 2.11
(w7 rY) 'Ygl T2 T oum 5 ( )

Note that the mean does not exist if 7; < 1 and the variance does not exist if 1, < 2.

Results for the Special cases of COM-Poisson cure rate model

As mentioned earlier, the COM-Poisson distribution includes the Bernoulli, Poisson and
Geometric distributions as special cases. Here, we detail the steps of the EM algorithm for

the corresponding three special cure models.
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Bernoulli cure rate model

Let the competing cause random variable M follow a Bernoulli distribution with probabil-
ity of success 7/(1 + n). The probability density function for the whole population can
then be expressed as

fo(ti,0) = %f(tm)- (2.12)

The survival function for the susceptible group is just the survival function for the time
to event W, i.e., S5(t;;0) = S(t;;7y). The inverse of the cure rate under this setting is
1/po = 1+ n. We, therefore, have H,(n) = 1 + n under the logistic link with a fixed value

of ¢, which implies ) = e%:#. The Q(*,7(®) function is then given by

Z z'B + Z log f(ti; ;) — Z log(1 + e’”m) + Z wgk)xgﬂ + Z wgk)logS(ti;xic,'y).

1€A ISYAN 1E€EAX i€ ISAN

(2.13)

It is readily seen that some of the terms in the () function are only corresponding to 8 while

the others are only corresponding to 7. So, it can be split into two parts as follows:

QO™ 7™) = Q1 (B,7M) + Qs (v, 7M), (2.14)

Qs (y, M) = Z log f(ti; i, y) + Zﬂgk)logs(ti;mim’y)? (2.15)
IeAq i)

Q8,7 ="l — > log(1+ P + Y aValp, (2.16)
€A [ISVAN 1€EAQ
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with the update step

w  PYS (W)
7['4 fr
‘ 14 e=B® St 4 )

(2.17)

for the ith censored observation. The required first- and second-order derivatives of () (6*, 7r(k))

with respect to 8 and +y are as follows:

Y

8@ Z Olog f tz,z“'y) Z 8logS(tZ,xw,'y)

0v; 0vj

€A 1€AQ

z;B
lee v
B TR SE-apy SR
aﬁl €A 1E€EAX 1 + e”z i€Ag
’Q Z T T 5P
08,08y A= (1 + e=iB)2’
03108 5 (L4 emP)?
2 .
rQ Z Alogf(ti;zi,y) n Z (k) O10g S (ti; Tic, ¥)
oy g 0707 = 9707y

forl,I'!=0,....,p,7,7/=1,2,h=21,....2p,i=1,...,n

Poisson cure rate model

Let the competing cause random variable M follow a Poisson distribution. The probability

density function for the whole population in this case can be expressed as

Folti;0) = [log(1 + €™P)) f(t;7) (1 + =) St =), (2.18)
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and the survival function for the susceptible group as
Sy(ts;0) = [(1 4 e=P#)5tim) _ 1]e=®if, (2.19)

The cure rate is py = e~ ". We would then have H,(n) = €" under the logistic link function
with a fixed value of ¢, which implies that = In(1 + ¢*#). The Q(8*,7*)) function is

then given by

Q= Z log[log(1 + ¢%#)] + Z logf(ti;x;,7y) + Z S(t;: Tie,y)log(1 + €i8)

IeAq IeAq IeAq
— Z log(1 + exéﬁ) + Z w(k)log((l + eziﬂ)s(“““”) - 1) (2.20)
1€ A% iGAO

with the update step

ﬂ_(k) =1-(1+ em,’iﬁ(k))*s(tiﬂ(k)) 2.21)

7

for the ith censored observation. The required first- and second-order derivatives of (6", l

with respect to 8 and +y are as follows:

z;e%P 2% S (ts; 2, el
-> e
log (1+ e’”zﬁ 14 P 1+ e%if 14 e®iB

i€, i€ Ax
tza T, ’Y) xilemgﬁ
’ GZA 1= (11 c=B)S(micn) 4 o=
a 610 tqj;xic; aS tzvxlw
QZZ gf( WHZ—L—%(HW)
9 i€A, 0; i€A, 0%
N Z log(1 + e®i#) OS(ti; Tic, )
leAO 1 — 1 + emlﬁ) (tz min’Y) 6/7] ’
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0%Q T €B 1 e%iP Ty, e%iB
= 7 ; 1-— 7 + S tz; Zic, T
06108y EEA:I [1 + €%iP]2 “log(1 + e®if) | log(1 + eziﬂ)] ( i zeZA:* 1+ e=:f)2
+ Z (k) S<tza Tic, ’Y) xilmil’ea}gﬂ S(tzv Zic, ’Y)ezl ]
ieAOﬂ- 1 — (1 _|_ emgﬁ)*s(tﬁzicv'ﬁ [1 —|— emélB]Q (1 _|_ ezéﬁ)s(ti;micﬁ') — 1 !
’Q IS (i Tic,y) we™P
0por; g Oy 14
4 Z ﬂ(k).Til@mgﬂ 1-— (1 =+ em;ﬁ)—S(ti;wic,’y)(l + S(t“$w,’)’)10g(1 + 6‘”;/3)) aS(tl,.’Bw,’)’)
bl s eTiB [1— (1 + e®iB)=Sltimic)]2 ;i ’
82 Olo t“ Zic, 825 tl, Zic, /
070y & 9o = 9707
10 1+ €mi‘3 825 tl, T,
D T
ie Do 1 — 1 —|‘ eti ) iiTicyY 8’)/]8")6
B Z ﬂ(k) (1 + €xiﬂ)_ (ti5%ic,7) [lOg(l + exiﬂ)P 8S(tl, mic;')’) 85(751, xic,’)’)
'GA [1 _ (1 + emiﬂ)—S(ti;IL‘icﬁ)]Q a”)/j 87j/ ’
i€Ag
forl,I'=0,....,p,7,7/=1,2,h=21,....2p,i=1,...,n

Geometric cure rate model

Let the competing cause random variable M follow a Geometric distribution. The proba-

bility density function for the whole population in this case can be expressed as

ti;0) = ———-, 222
fp( ) RG (t“ 0)2 ( )
and the survival function for the susceptible group as
S(ti;
S, (t::6) = Sltay) (2.23)

Re(t:,0)
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where Rg(t;,0) = 1+¢e%8 —e®BS(t;: x;.,7). The cure rate under this setting is py = 1 -7,
and under the logistic link function with a fixed value of ¢, we would have H,(n) =
(1 —n)~%, which implies that ) = €% (1 + ¢2i#)~1. The Q(6*,7*)) function is then given
by

Q= Z z.B+ Z logf(ti, ®ic,y) — Z 2logR(t;,0) — Z log(1 4+ emlﬁ )+ Z %) zB

IeAq IeAq IeAq 1€ €A
+ Z 7" logS(t:;7) Z 7®logRq(t:,0), (2.24)
1€Ag i€Ag

with the update step

- S(ti;y™)e =p
‘ 1+ e=iB"

(2.25)

for the ith censored observation. The required first- and second-order derivatives of Q(8*, w*))

with respect to 8 and =y are as follows:

20 dlogR t1,0 a8 | dlog Re(t:,0)
8—51—21'11—22 gloghg(ti, V) G le’_'l_ee +Z7r le_zﬂ- Oga—%l

1€A] [ISVAN 1€AQ 1€AQ 1€

Y

0, = I O = ; v
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9%Q _ 9 Z JlogR%(ti,0) Z T P B Z 209 Olog RZ,(t;,0)

06,108y v 06,108y =~ [1 4 e:B)2 by o606y
0%Q OlogR%(t;,0) OlogR%(t;,6)
=_9 oG\ ) ﬂ(k)#7
0,07, Z.EEA: 0510, .EZA:O 0607,
Q> _ Z (8logf tisTic, ) 2810gRQG(t,~70)) N Z () (alogS(ti;mic,'y) B alogRé(ti,O)) |
0y X 00 00 = 00 0O
OlogRq(t:,0) —e®B 05(t;,8)  OlogRg(t:,0) B zne®B(1 — S5(t;,0))
D, Rg(t,0) 0Oy By Rg(t:,0) ’
8IOgRé(t“0) . —emlﬁ 052(@,0) B €2mlﬁ 65(751,9) 85(15“«9)
0307, Rg(t,0) 0v;0vy  Ra(ti,0)* 0, Ovp
OlogR%(t,,0) wyte® P (1— 5(t,.0)) Olog R (t;,0) B zye®®  0S(t;,0)
03108 Rq(t;,6)? v 0B310; Rq(t;,0)2  0v;

forl,I' =0,...,p, 5,7 =1,20h=21,....2p,i=1,...,n

Observed information matrix

COM-Poisson cure rate model: The score functions, for a fixed value of ¢, are

ol e iﬂ 291 2oLy €% P

o ml + ! /3 z xz + , 2V

9B i% "1+ e®iB Z 29,i201,i : Z ! 2o, i(1+ 215)

o Z mogf(ti,’)’) i Z 2104 alogs(ti,’)’) " Z 224 OlogS(ti,7)
o, O 29 On l+z, Ow

1€Aq 1€A1 i€Ag

Hence, the components of the observed information matrix, for a fixed value of ¢, are
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xB
wgryetP
361861/ =2 gy

EA*

!
z; P
xyxh e 2%
+ E T 5 [22:i( 22102010 + 231,48 =B — zo14z014 + i
€Dy (22,i%01,4) 201,

zyxl,e%iP 2914 o »
+ Yy [(Z26%8 4 2o ) (210 + Dzors — 20658122 (215 + 1) + 204]] ),

byl (21, + 1)? Zou 201, 201,i
9%l 231i%2 — %5 1 0logS(ts;
P (5 e S dosS ()
9510V e 22 7010 O
x 2 .
xl e* Zy; . OlogS(t;;
+ Z : (221,1‘ - = ) S ( 7)}7
| Z01 (14 21,) 1+ 214 O
L Z dlog f*(t;,7)
a%a%' N

n Z 2211 _ 8logS2(ti,’y)
ien, J2i OVhOVw

i Z Z31 1221 Z21@)alogs( 277) 810gS( 277)

= O O
" Z 1 2o 3100g5;(ti,’)’) n Z Z21,i21,1z' + Z21,i2_ 25 310825(@/)’) 810%;(751',’)’)
x s Omow e (1+214) Vh T
for l,I!' =0,....p,aw=1,hh =0,1,5% j*=21,22,....2p,i=1,....n

Bernoulli cure rate model: The score functions are

ol el
a_ﬁl = Z Ty — Z ]_x_f_ee + Z Wi,

1€A1 1€ A% i€\

al alogf tZa Z;, ’Y) alogS(tZ, T, ’Y)

Y

1€Aq 1€ a/}/j
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€ zBS(t )

where w; = -5
1+ S(t; 'y)

Hence, the components of the observed information matrix are

9%l T €SP
=—{- Z il + Z Tarpw; (1 —w;)},

_ : ,ﬂ
0p10p; (e i€ Ao
o2l 8logS (ti;)
_a - = _{Z mzlwz Ww; a—}a
By Vi icho Vi
0l dlog f(ti; ) dlogS*(t;;7) 610g5 (ti;y) OlogS(ts;7)
OO __{Z .0 sz .0 +sz w;) O 0.
V075 ieny, 90975 icho V95 icho i 5
forl,lI'=0,...,p,x0=1,h,h =0,1,5% 7*=21,22,....2p,i=1,...,n
Poisson cure rate model: The score functions are
ol 1 T;,6%P € B(S(t;;y) — 1
% = Z lo (1 + easgﬂ) 1 _|l_ B + Z ! 1(_+_(em;;) ),
U e, 108 ieAx
e + ——log(1 + e”iﬂ).
dv; ieZAl ;i i; I
Hence, the components of the observed information matrix are
0%l Ty €5 (log(1 4 €%iP) — e=if) :L’ﬂx’»lewgﬂ
R 2 () Fllea(t +eBF 2 iy emp S = 1)
0%l OS(ti; Tie,y) ue™P
“oman, — ’
5107 icAx ; 1+ e
0?1 Olog f? (ti; %,y O*S(ti; Tic,y z!
- =S S (—Wlogu o),
0 8% €A 0707y ieAx 07;07;
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forl,I'=0,...,p,zi0=1,hh =01, §*=21,22,....2p,i=1,...,n

Geometric cure rate model: The score functions are

ol Olo R tz,B x %P S(t;;y)e%B OlogRq(t;,0
_ZM_?Z g G Z ! +Z (i) (2 — gla( ))7

aﬁl €A1 €A i€No 1 _|._ emzﬂ ey 1 + 621'3 a/ﬁl
(9l 810gf i, Tic, ’Y) 310gRG (t“ 0) alOgRG (t” 0)
% ZeAl i K i€Ax Vs

Hence, the components of the observed information matrix are

il dlogRE, (t:,6) Ty e™P
aﬁlaﬁl’ { ZEXA: 05;0@/ zezA:O (1 + 6Ziﬁ)2( ( ’Y) )

_ Z S(ts; 7)™ DlogRE(t:,0) Z 2 ¢™PS(t;;7y) OlogRe (¢, 0)
2 1+t 0BoBy (1 + e=h)? 0B,

0l OlogR%(t;,6) OlogR2,(t;,0
_{ Z G Z G( )},

2

1€\

030, S 0Boy L 95Oy
o aQZ { Z alogf tw Lic, 7) alOgRQG (tla 0) _ Z alOgR?}'<t’w 0)
8%-8% = 07;0v; 07;0v; £ 070

where R (t;,0) = 1 — e®P(S(t;y) — 1), and

OlogRg(t:,0)  —e®P 05(t;,0) OlogRg(t:,0)  xqe”P(1— 5(t;,0))
dv; ~ Ra(ti,0) 9y b N Rq(t:,0) ’
OlogR%(t;,0)  —e®P 05%(t;,0) e*'B 9S(t;,0)0S(t;,0)
;07 Ra(t,0) 9v;07;  Rg(ti,0)2 9 vy
OlogR (t;,0) razwe®P(1 - S(t;,0)) OlogR%(t;,0) _ z2¢¥B  05(t;,0)
oBos Ro(t,0)* ' 0Bdv Re(ti0? 9y

forl,I' =0,...,p,x0=1hh =015 7" =21,22,....2p,i=1,...,n

37



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

2.3 Estimation of parameters

We propose an Expectation-Maximization (EM) algorithm for obtaining the MLE of 6,
and a profile likelihood approach for the estimation of the dispersion patameter ¢. It is
well-known that EM is an effective technique for finding the MLEs of unknown param-
eters of a model involving unobserved variables [for further details, refer to McLachlan
and Krishnan (2007)]. In our model, the random variable I;’s are observed for ¢ in the
set A; and unobserved for ¢ in the set Ay, where I; = 1 if the individual is suscep-
tible and I; = O if the individual is cured. Let us denote the set of complete data by
t,8,z,D)={(t1,01,21,11),...,(tn,0n,&xn, I,) }. The complete data likelihood function is

then

L(O:t.z,6.1) o< [] fo(ti,2:.0) [] po(B.2:)'~"[(1 — po(B,:))Ss(ti, ic: )],

1€A1 iEAO
(2.26)
where I = ([4,...,1,), ;e = (zi1,...,2;)" and z; = (1,2],)". The corresponding com-
plete log-likelihood function
1.(0;t,2,6,1) = constant + Z log f,(ti,z;,0) + Z(l — I)logpo(B, x;)
€Ay i€Ag
1€ i€Ag

2.3.1 E-step

The expectation step is achieved by calculating the expected value of the complete data

log-likelihood function with respect to the conditional distribution of the unobserved I;’s
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(1 € Ay), given the observed data O = {(t;,9;,x;),7 € A} and the current estimates of

the parameters §*) = (B’ ~')’ for a fixed value of ¢. Let us denote the function as
QO, 7" = FE(1.(0;t,x,6,1)|0,0%), (2.28)

at the k-th iteration step. In our model, /;’s are Bernoulli random variables and we can

easily find the conditional expectation if the ¢th individual being susceptible is

— k) . e gk
% — B(1j0,6%) = P(I, = 1T > ) = L= PolB 7,85l 2:ci 67

Sp(ti, xi;0%)) oaco-
(2.29)
Now, for a fixed value of ¢, the ) function is given by
= logf,(ti,z:,0) + > (1 —7”)logpy(B, ;)
IeA i€A0
+ Z ng)log[l —po(B,z;)] + Z ﬂgk)logSS(ti,mic; 0) (2.30)
1€A0 i€

which can be further simplified as

QO %) == log(1+e™)+ > "logf(ti,7) — Y logS(ti,7)

€A% 1€A] 1€A]
+ ) logzas+ ) mlogz, (231)
1€EA, 1€A)
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where

2= 21030, t) Z S (tsy)¥ t“'y (2.32)

P Zj{m (7)) (2.33)

2.3.2 M-step

The M-step is achieved by maximizing the (8, w*)) function in (2.31) in order to obtain

the improved estimate of 4, i.e.,

6"+ = arg max Q(0,7™). (2.34)
o

The MLEs of B and <y do not have explicit expressions. We therefore adopt the numerical
maximization carried out by Newton-Raphson method.

For a fixed value of ¢, the E-step and M-step are alternated until the parameter estimate
converges to a desired level of accuracy. The parameter ¢ is determined by using the
profile likelihood technique. We consider a range of ¢ with small increment, and then for
each value of ¢, the MLEs of other parameters are found, and the estimate with the largest
likelihood is chosen as the final estimate. The following subsections present explicit forms
of the first- and second-order derivatives of the Q function as well as update function for

the general case of COM-Poisson distribution.

2.3.3 Results for the COM-Poisson cure rate model

The required first- and second-order derivatives of Q(8*, (%)) with respect to 8 and 7, for

fixed values of ¢, are as follows:
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50 ; oy
8_@:_2 Z i Zl+27r ——Ty,

1E€EA* 2’2 1Z01 ) icAg 21 zZOI K
0Q _ 3 0logf(ti,7) N Z<Zi 3 1)@10g5(ti,7) n Zﬂw)@@logb‘(tm),
0, = [ 5 OVn = s O
82Q _ Z le‘ le ;B
0B0Br (1 + =P
zB . .
Z; CCZ- e%i / 22i202,i ’
+ Z l—lQ[ZZ,i(Zﬂ,iZOl,i + 231,1'6951‘9) — 2o14[%21 + ﬂ]ex’ﬂ]
ieny (22 <201 Z) 201,
z B ) )
xz JZ'Z 6 / 4 ,zZ K3 ’
+ Z Gl [2’1,1‘(221,1‘61:“3 + 204201,4) — 2472 + ﬁ]ezlﬁ],
ic Do Zl L1201 z) 201,
0? 28 <3172 — 23 ; OlogS|(t;;
@ - szle B2 215 OlogS(ti;7)
0610V ieny 22722’01,1' O
o5 221,071, — %5 0logS (t;;
£ bl e P og (z,’Y),
ieno 21,i”701,i O
Olo t“ 29214 Olo SQ ti,
Z gf? 7+Z(i_1) g5%( ’Y)+
a’Yh@’Yh' OVROVw ien, 22 OVROVw
231 i%22,i 22171' 8log5(tz,'y) 0logS(tl, ’)/)
) L D
i€Aq 2 K /}/h ’Yh
N Z W(k)ﬁalogSQ(ti,'y) N Z (k) Z2Li%L,i z%,i OlogS(t;,7y) OlogS(t;,7y)
i€Ao 2 OmOmw i€Ao e O O

forl,I'=0,...,p,x,0=1,h, W =0,1,5*% j%x =21,22,...,2p,i = 1,...,n, where

% tza 7 tza
2211—22037271 Z]{T/ ’Y Z3 01:171 Z]{n ’Y

= jn = j*n
201, = 22 0 ﬂfz,t Z j, re 202,i = 22(9;9?1‘,151‘) = Z (jg¢7
j=1 "
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with z; ; and 25 ; being as in (2.32) and (2.33), respectively.

2.3.4 Standard errors and asymptotic confidence intervals

We may approximate the asymptotic variance-covariance matrix of the MLEs (,B/, v') by
inverting the observed Fisher information matrix of 8 and 7, for a fixed value of ¢. The
components of the observed Fisher information matrix can be calculated from the negative
of the second-order derivatives of the complete data likelihood function with respect to
and v (for detailed infotmation, refer to Louis (1982)). Thus, we can obtain the standard
errors of the estimates and then construct corresponding asymptotic confidence intervals

for the parameters.

2.3.5 Estimation of the cure rate and its standard error

Suppose B is the MLE of the regression coefficient 8. The estimated cure rate for group 4
is then py; = (1 + B )~1, fori = 1,...,7. The standard error of py; can be found through

delta method as

sd(po:) = (apf”, ap?")var(fa) <8p?i, ap?i) . (2.35)
850 aﬁp 860 aﬁp

2.3.6 Equivalent models

Proposition: The population survival function under Geometric and Bernoulli cure rate
models are equivalent through re-parametrization if baseline odds follow log-logistic dis-
tribution.

Proof: Cure rates py under Geometric and Bernoulli cure rate models are 1 — 7, and ﬁ
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respectively. If we equate these cure rates, we obtain a relationship between 7; and 73 as

fr— 771
IL—m

3 (2.36)

1 x
Y1 e®12
—
71&e$712+t71

eTV32

Y38
and S; = 40

e pr A€ the survival functions of the sus-

Suppose S| =
ceptible group under Geometric and Bernoulli cure rate models, respectively. Then, the

population survival function under the Bernoulli case is

1 S,
g, — B (2.37)
1+mns
If we fix the relationship between 3, V10, 732 and 72 as
Y30e™ = g™ po = v1p€”* (1 — m), (2.38)
then we obtain from (2.37) that
t’Yl t“{l 771 1 _ 771
S,=1-— S3=1-m—————=1-— =
p T + mos3 T 'ygé eTV32 + tn ’Y?é ernz (]- - 771) + tn 1— ™ Sl )
(2.39)

which is the population survival function for the Geometric cure rate model under propor-
tional odds assumption. Thus, these two models in this case are re-parametrizations of each

other.
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2.4 Simulation study

An extensive Monte Carlo simulation study is carried out in this paper to evaluate the
performance of the proposed methodology by varying the sample size, cure rate, censoring
proportion, the parameters of distributions, and underling lifetime distribution. We try to
mimic the cutaneous melanoma data, and consider 4 possible categories for the individuals,
namely, x = 0,1,2,3. Three different sample sizes are considered in the study: n =
200 (50,42, 53,55), n = 400 (95,102,97,106), n = 800 (200, 168,212, 220) to reflect
small, medium and large sample sizes. Moreover, if we assume that 8 = (3, £1) has two
parameters, fixing the cure rates for the first and fourth categories would be enough to cover
all cases as the cure rates for the second and third categories can then be obtained from .
Here, we take (poo, po3) = (0.4, 0.2) and (poo, po3) = (0.6, 0.25) with respect to categories
one and four for low and high cure rates, respectively. Also, the cure rate would be in a

decreasing order in this way. The s are then

Bo = log(1/poo — 1) , B1 = (log(1/poz — 1) — Bo)/3. (2.40)

We thus obtain the true value of 8 as (0.405,0.321) and (-0.405,0.501), respectively. In
addition, we consider light and heavy censored data in the simulation. The light and heavy
censoring rates are (0.52,0.45,0.37,0.3) and (0.65,0.49, 0.4, 0.35) for the low cure rates,
(0.7,0.57,0.45,0.34) and (0.8,0.64,0.5,0.38) for the high cure rates, respectively. It is
natural to assume that the probability of censored population for the susceptible group

equal to the difference between the probability of getting censored and cured; i.e.,

PY>C,NM>1|X =x)=c¢; — pos. (2.41)
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If we assume the censoring time C. follows an exponential distribution with rate A\, on

r=0,1,2,3, Eq. (2.41) can be re-written as
Ao / Sy(Cr)e M de, = c,. (2.42)
0

The choice of (7y, 1) in the underlying distribution of the proportional odds survival model
are (0.571,0.307) and (1.75, 3.25) for Weibull and log-logistic distributions, respectively.
The odds parameter is specified by 72 = —0.75 to ensure a decreasing lifetime for the
four nodule categories. We consider an inverse transform sampling method to simulate
the actual survival lifetime Y; for each individual under different competing risks, i.e.,
w; = %[log(l + (2 = Dem)]0 and w; = (1 e™2)V/ i = 1,...,n, under the
proportional odds model with Weibull and log-logistic baseline distribution, respectively,
where u follows an uniform distribution over O to 1.

Under the above setting, the procedure to generate the data from different cure rate
models is as follows.

Geometric cure rate model: For each individual, we simulate the number of com-
peting risk M; from Geometric distributions with probability P(M; = 0) = po,; and we
simulate the censoring time C', from exponential distribution with rate \,, with the param-
eter A\, found from (2.41). If M; does not equal zero, we simulate M; number of actual
lifetimes {Y;1, .., Yias,} from proportional odds survival model, the actual lifetimes Y; is
defined as min{Y;y, .., Y;r, } and the observed lifetime 7; is taken as the minimum of all
the actual lifetimes and the censoring time, i.e., 7; = min{Y;,.., Yy, Ci}. If Y; > C,
we make the censoring indicator 9; = 0, otherwise J; = 1. On the other hand, M; = 0
means the individual is censored, we assign C; to the actual lifetime 7}, and the censoring

indicator is taken to be §; = 1.
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Poisson cure rate model: In this case, the procedure is the same as the Geometric cure
rate model except that M, is simulated from Poisson distribution with parameter — log(po.,)-

Bernoulli cure rate model: There are two ways to do the data generation in this case.
One is the same as Geometric cure rate model except that M/; is simulated from Bernoulli
distribution with probability of success as 1 — py,.. Another way is a little bit simpler since
M; can only be taken as 0 or 1 in this case. For each individual, we simulate the censoring
time C, from exponential distribution with rate \,. Then, we simulate an uniform random
variable U; and if U; < py,, the observed lifetime 7; is set to C,; otherwise, we generate
the observed lifetime 7; from the proportional odds survival model.

In our simulation study, 1000 Monte Carlo runs were considered in each scenario. The
estimates were calculated through EM method. We stopped our estimation if the abso-
lute difference between two consecutive estimates was less than 10~°. We calculated the
empirical Bias, standard errors(SE), root Mean Square Error (RMSE), and 95% coverage
probabilities (CPs) for the estimates of the parameters. In addition, we computed the cure
rate, SE and 95% CPs. Here, the initial values of the parameters (3,) were taken from
a grid of parameters with a range from 80% to 120% of the true value, and those values
having the maximum likelihood were chosen as the initial value.

Tables 2.1-2.6 present the bias, SE, RMSE, and coverage probabilities for the three spe-
cial cases. We can see that the estimates are quite accurate under different cure rate models.
The Bias, standard error along with RMSE get reduced as the sample size increases. The
same follows when the censoring is light or the cure rate is high. The standard errors and
RMSE of 3, are always larger than those for the other parameters. The coverage probabil-
ities of the confidence intervals based on the asymptotic normality of the MLEs are quite

close to the nominal level in most of the cases. To summarize, a larger sample size, and
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Table 2.1: Bias, SE, RMSE, and CP for the estimates of the parameters of the Geometric
cure rate model under proportional odds with log-logistic baseline.

low cure rate high cure rate
Param True  Bias SE  RMSE CP(95%) | True Bias SE  RMSE CP(95%)
n=400, LC
Bo 0.405 0.003 0.208 0.212 94.7 -0.405 -0.005 0.205 0.208 94.5
51 0.327 0.003 0.116 0.121 94.5 0.501 0.007 0.111 0.111 94
Y .75 0.01 0.147 0.151 93.4 1.75 -0.001 0.154 0.155 93.8
" 325 0.021 0.186 0.195 93.6 325 0.033 0.205 0.202 95.6
Yo -0.75 -0.003 0.149 0.153 94.7 -0.75 -0.001 0.156 0.154 95.2
n=400, HC
Bo 0405 0.012 025 0.248 96.1 -0.405 -0.002 0.257 0.265 95.1
51 0.327 0.002 0.134 0.133 95.6 0.501 0.004 0.131 0.133 95.3
Y 1.75 0.019 0.18 0.182 95.3 1.75 0.014 0.198 0.197 95.3
o] 325 0.026 0.199 0.195 96 325 0.045 0225 0.236 94.6
Yo -0.75 -0.011 0.17 0.165 95.8 -0.75  -0.015 0.18 0.178 95.3
n=800, LC
Bo 0.405 0.004 0.146 0.147 94.3 -0.405 -0.002 0.145 0.146 94.4
51 0.327 0.001 0.08 0.078 95.2 0.501 0.001 0.077 0.076 95.7
Yo 1.75 0.01 0.104 0.106 95.1 1.75 0 0.11  0.111 95.4
Y 325 0.005 0.13 0.132 95 325 0.019 0.144 0.144 94.9
Y2 -0.75 -0.006 0.103 0.102 95.6 -0.75  -0.003 0.109 0.111 93.8
n=800, HC
Bo 0.405 0.007 0.177 0.175 95.6 -0.405 -0.003 0.183 0.184 95.7
B1 0.327 -0.002 0.092 0.091 95.3 0.501 0.003 0.091 0.093 95.5
Yo 1.75 0.012 0.127 0.126 95.5 1.75 0 0.14 0.144 94.4
Y 325 0.011 0.14 0.139 94.7 325 0.017 0.157 0.155 95.1
o -0.75 -0.007 0.118 0.115 95.5 -0.75  -0.001 0.126 0.128 95.2

smaller censoring proportion would result in more accurate estimates.

2.5 Model discrimination

The COM-Poisson distribution contains many commonly used discrete distributions for
different selection of ¢. It would therefore be of interest to select a suitable ¢ and make full
use of the COM-Poisson distribution to get the best fit for the data. So, we focus here on a

model discrimination among the three special cases of the COM-Poisson distribution.
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Table 2.2: Bias, SE, RMSE, and CP for the estimates of the parameters of the Poisson cure
rate model under proportional odds model with log-logistic baseline.

low cure rate high cure rate
Param True Bias SE  RMSE CPO5%) | True Bias SE  RMSE CPO5%)
n=400, LC
Bo 0.405 0.004 0.207 0.202 95.8 -0.405 -0.007 0.205 0.204 95.2
B1 0.327 0.003 0.115 0.113 96.1 0.501 0.004 0.111 0.108 95.4
Yo 1.75 0.001 0.12 0.115 95 1.75 -0.005 0.14 0.141 94.8
Y 325 0.031 0.189 0.195 95.5 325 0.039 0208 0.208 96
Y2 -0.75 -0.004 0.12 0.119 95.1 -0.75  -0.003 0.134 0.137 94.9
n=400, HC
Bo 0.405 0.009 0.247 0.248 94 -0.405 -0.004 0.256 0.258 95.7
b1 0.327 0 0.131  0.133 93.6 0.501 0.007 0.13 0.129 95.5
Yo 1.75 0.004 0.141 0.136 95.7 1.75 0.006 0.173 0.168 95.2
Y 325 0.048 0.203 0.213 94.4 325 0.041 0227 024 94.2
Y2 -0.75 -0.013 0.133 0.132 95.3 -0.75  -0.009 0.152 0.159 94
n=800, LC
Bo 0.405 0.001 0.146 0.141 95.2 -0.405 -0.006 0.145 0.15 94.2
b1 0.327 0 0.079  0.077 95.6 0.501 0.001 0.077 0.078 95.3
Yo 1.75 0 0.086 0.084 96 1.75 0.002 0.101 0.101 95.3
Y1 325 0.014 0.132 0.131 94.8 325 0.007 0.145 0.138 95.8
Y2 -0.75 -0.001 0.084 0.082 95.4 -0.75 -0.001 0.094 0.094 94.8
n=800, HC
Bo 0.405 0.008 0.175 0.176 94.7 -0.405 -0.007 0.182 0.182 95.3
b1 0.327 -0.002 0.091 0.094 94 0.501 0.003 0.09 0.09 95.1
Yo 1.75 0.006 0.102 0.1 95.3 1.75 0.001 0.124 0.125 95
T 325 0.018 0.142 0.148 93.7 325 0.019 0.159 0.163 94.7
Y2 -0.75 -0.008 0.093 0.096 94.6 -0.75 -0.001 0.107 0.111 93.7
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Table 2.3: Bias, SE, RMSE, and CP for the estimates of the parameters of the Bernoulli
cure rate model under proportional odds model with log-logistic baseline.

low cure rate high cure rate
Param True Bias SE  RMSE CPO5%) | True Bias SE  RMSE CPO5%)
n=400, LC
Bo 0.405 0.002 0.208 0.214 94.6 -0.405 -0.02 0.205 0.207 94.8
B1 0.327 0.002 0.116 0.117 95.7 0.501 0.011 0.111 0.114 94.2
Yo 1.75 0.003 0.112 0.114 94.9 1.75 0.002 0.136 0.137 94.1
Y 325 0.025 0.186 0.193 95.3 325 0.032 0206 0.204 95.2
Y2 -0.75 -0.004 0.11 0.111 94.6 -0.75  -0.006 0.126 0.127 94.9
n=400, HC
Bo 0.405 -0.009 0.25 0.257 94 -0.405 0.004 0.256 0.244 96.3
b1 0.327 0.009 0.134 0.138 94.9 0.501 -0.002 0.13 0.127 96.2
Yo 1.75 0.011 0.128 0.126 95.6 1.75 0.01 0.162 0.164 94.4
Y 325 0.028 0.2 0.212 94 325 0.037 0225 0.236 94.2
Y2 -0.75 -0.012 0.12 0.114 96.4 -0.75  -0.013 0.14 0.146 93.8
n=800, LC
Bo 0.405 0 0.146  0.146 94.5 -0.405 -0.005 0.145 0.146 95.1
b1 0.327 0.002 0.08 0.079 95.5 0.501 0.005 0.077 0.078 94.6
Yo 1.75 0.001 0.079 0.076 95.6 1.75 0.001 0.097 0.097 94.9
Y1 325 0.015 0.131 0.135 94.6 325 0.018 0.144 0.148 94.7
Y2 -0.75 -0.002 0.077 0.076 94.8 -0.75 -0.002 0.088 0.087 95.2
n=800, HC
Bo 0.405 -0.005 0.177 0.181 94 -0.405 -0.001 0.182  0.17 96.6
b1 0.327 0.004 0.092 0.092 95.4 0.501 0 0.09  0.085 96.7
Yo 1.75 0.006 0.091 0.089 94.8 1.75 0.003 0.116 0.117 94.9
T 325 0.011 0.14 0.136 95.9 325 0.016 0.157 0.156 94.7
Y2 -0.75 -0.005 0.084 0.083 95.3 -0.75  -0.004 0.098 0.1 94.1
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Table 2.4: Bias, SE, RMSE, and CP for the estimates of the parameters of the Geometric
cure rate model under proportional odds model with Weibull baseline.

low cure rate high cure rate
Param True Bias SE  RMSE CPO5%) | True Bias SE  RMSE CPO5%)
n=400, LC
Bo 0.405 -0.002 0.208 0.209 94.589 | -0.405 -0.011 0.197 0.199 94.6
51 0.327 0.004 0.117 0.119 94.6 0.501 0.002 0.107 0.108 95.6
Yo 0.571 -0.001 0.033 0.034 94399 | 0.571 0.011 0.037 0.044 95.76
Y 0.307 0.005 0.037 0.035 95.884 | 0.307 0.007 0.037 0.04 94.333
Y2 -0.75 -0.003 0.153 0.155 93.265 -0.75 0.004 0.157 0.15 94.425
n=400, HC
Bo 0.405 0.007 0.274 0.282 94.874 | -0.405 -0.028 0.26 0.279 94.668
b1 0.327 0.001 0.143 0.144 95.3 0.501 0.005 0.129 0.133 94.684
Yo 0.571 0 0.036  0.037 95.19 0.571 0.012 0.046 0.046 93.89
Y 0.307 0.005 0.052 0.054 94.874 | 0.307 0.015 0.057 0.058 93.443
Y2 -0.75 -0.002 0.183 0.184 95.33 -0.75 0.005 0.189 0.181 93.552
n=800, LC
Bo 0.405 -0.004 0.146 0.148 94.45 -0.405 -0.015 0.139 0.144 93.3
b1 0.327 0.002 0.081 0.081 94289 | 0.501 0.005 0.075 0.074 95.2
Yo 0.571 0.001 0.023 0.025 92.893 | 0.571 0.009 0.026 0.035 93.318
Y1 0.307 0.002 0.026 0.026 94.864 | 0.307 0.007 0.026 0.029 93.251
Y2 -0.75 0 0.106  0.108 94.914 -0.75 0.001 0.109 0.106 94.49
n=800, HC
Bo 0.405 0.002 0.191 0.191 94271 | -0.405 -0.014 0.183 0.196 93.493
b1 0.327 0.002 0.098 0.096 95395 | 0.501 0.001 0.09 0.091 95.495
Yo 0.571 0.002 0.026 0.027 93.594 | 0.571 0.01 0.031 0.037 88.934
Y1 0.307 0.002 0.037 0.037 94.456 | 0.307 0.009 0.039 0.041 91.247
Y2 -0.75 0 0.127  0.125 94.586 -0.75 -0.005 0.131 0.125 94.153
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Table 2.5: Bias, SE, RMSE, and CP for the estimates of the parameters of the Poisson cure
rate model under proportional odds model with Weibull baseline.

low cure rate high cure rate
Param True Bias SE  RMSE CPO5%) | True Bias SE  RMSE CPO5%)
n=400, LC
Bo 0.405 0.005 021 0.207 96 -0.405 0.001 0.207 0.212 94.3
B1 0.327 0.002 0.118 0.115 95.7 0.501 0.006 0.113 0.118 94.4
Yo 0.571 -0.003 0.034 0.035 94.1 0.571 -0.005 0.037 0.038 94.5
Y 0.307 0 0.028 0.028 95.4 0.307 0.002 0.031 0.032 93.8
Y2 -0.75 -0.009 0.12 0.119 95.1 -0.75  -0.009 0.132 0.132 95.3
n=400, HC
Bo 0.405 0.007 0.262 0.257 95.2 -0.405 0.011 0.273 0.267 95.7
b1 0.327 0.003 0.139 0.141 94.6 0.501 -0.001 0.136 0.134 95.9
Yo 0.571 -0.003 0.036 0.036 94.3 0.571 -0.005 0.041 0.041 93.9
Y 0.307 0.004 0.036 0.037 94.2 0.307 0.005 0.044 0.046 94.5
Y2 -0.75 -0.005 0.136  0.14 93.7 -0.75  -0.011 0.153 0.157 95.4
n=800, LC
Bo 0.405 0.003 0.148 0.145 95.7 -0.405 0 0.147 0.146 95.3
b1 0.327 0.001 0.081 0.08 95.4 0.501 0.001 0.078 0.073 96.2
Yo 0.571 -0.001 0.024 0.025 93.3 0.571 -0.002 0.027 0.027 94.8
Y1 0.307 -0.001 0.02 0.02 95.5 0.307 0.001 0.022 0.023 95.2
Y2 -0.75 -0.008 0.083 0.082 95.3 -0.75  -0.004 0.092 0.093 94.8
n=800, HC
Bo 0.405 0.007 0.185 0.187 94.8 -0.405 -0.004 0.193 0.197 95
b1 0.327 -0.003 0.096 0.098 95.3 0.501 0.001 0.095 0.095 94.7
Yo 0.571 -0.001 0.026 0.025 95.4 0.571 -0.003 0.029 0.028 94.7
Y1 0.307 0.003 0.026 0.026 95 0.307 0.003 0.032 0.033 94
Y2 -0.75 -0.001 0.095 0.097 95 -0.75  -0.006 0.107 0.11 95
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Table 2.6: Bias, SE, RMSE, and CP for the estimates of the parameters of the Bernoulli
cure rate model under proportional odds model with Weibull baseline.

low cure rate high cure rate
Param True Bias SE RMSE CP95%) | True Bias SE RMSE CP(95%)
n=400, LC
Bo 0.405 0.011 0.209 0.207 96.2 -0.405 -0.008 0.207 0.206 96.2
51 0.327 0.003 0.118 0.118 95.6 0.501 0.009 0.113 0.112 95.8
Yo 0.571 -0.001 0.034 0.034 95 0.571 -0.004 0.038 0.038 94.1
Y 0.307 0.002 0.023 0.023 94.9 0.307 0.003 0.028 0.028 95.6
Y2 -0.75 -0.004 0.107 0.103 95.5 -0.75  -0.006 0.12  0.125 94.2
n=400, HC
Bo 0.405 -0.001 0.255 0.266 93.6 -0.405 -0.004 0.266 0.266 95.9
b1 0.327 0.007 0.138 0.142 93.9 0.501 0.003 0.135 0.135 94.7
Yo 0.571 -0.003 0.036 0.036 94.7 0.571 -0.005 0.041 0.04 94.7
Y1 0.307 0.004 0.028 0.029 94.5 0.307 0.003 0.036 0.038 94.2
Y2 -0.75 -0.002 0.116 0.121 94.5 -0.75 -0.011 0.135 0.14 94.4
n=800, LC
Bo 0.405 0.005 0.147 0.152 94 -0.405 0.002 0.146 0.149 94.9
b1 0.327 0.002 0.081 0.081 95.9 0.501 0.001 0.078 0.08 94.6
Yo 0.571 0 0.024 0.024 95 0.571 -0.002 0.027 0.027 95
Y 0.307 0.001 0.016 0.017 934 0.307 0.001 0.02 0.02 94.6
Y2 -0.75 0 0.074 0.073 95.7 -0.75 -0.004 0.084 0.086 94.2
n=800, HC
Bo 0.405 -0.001 0.181 0.187 93.8 -0.405 -0.009 0.189 0.187 95.9
b1 0.327 0.004 0.095 0.094 95.1 0.501 0.006 0.094 0.095 96.1
Yo 0.571 -0.002 0.026 0.025 95.1 0.571 -0.002 0.029 0.028 94.6
Y1 0.307 0.001 0.02 0.02 95.1 0.307 0.003 0.026 0.027 95.1
Y2 -0.75 -0.003 0.081 0.083 94.2 -0.75 -0.002 0.095 0.095 94.5
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Table 2.7: Bias, SE, RMSE, and CP for the cure rates of the Geometric cure rate model
under proportional odds with log-logistic (Weibull) baseline.

n C po  True Bias SE RMSE CP(95%)
400 light po1 0.4 0(0.002) 0.049 (0.049) 0.051(0.05) 74(76.7)

poz  0.325 -0.001 (0) 0.03(0.03) 0.03(0.029) 93.5(944)

po3  0.257 -0.001 (0) 0.028 (0.029) 0.027 (0.027) 94.6(95.3)
poa 02 | 0.001(0.001) 0.036(0.037) 0.036(0.036) 88(88.8)

heavy po1 04 -0.001 (0) 0.059 (0.064) 0.058 (0.066) 71.4(70.5)

poz  0.325 -0.002 (0) 0.035(0.038) 0.035(0.04) 91.7(91.2)

po3  0.257 -0.002 (0) 0.03(0.032) 0.03(0.032) 94.8(94.5)

poa 0.2 0(0.001) 0.038 (0.041) 0.039(0.04) 879(894)

800 light po1 04 0(0.001) 0.035(0.035) 0.035(0.035) 73.9(753)

po2 0.325 | -0.001 (0.001) 0.021 (0.022) 0.022(0.022) 92.1(92.8)

po3  0.257 0(0.001) 0.019(0.02) 0.019(0.02) 94.9(94.3)

poa 0.2 0(0.001) 0.025(0.026) 0.024(0.025) 89.5(874)
heavy po1 04 -0.001 (0) 0.042 (0.045) 0.042(0.045) 71(70.7)

poz  0.325 -0.001 (0) 0.025 (0.027) 0.025(0.027) 92.1(90.2)

pos  0.257 0(-0.001) 0.021(0.022) 0.02(0.022) 959(96.1)

poa 0.2 0.001 (0) 0.026 (0.028) 0.026 (0.027) 89.9(90.8)

400 light po1 0.6 0(0.002) 0.049 (0.047) 0.049 (0.047) 789(79.7)
po2  0.476 0(0.003) 0.033(0.032) 0.034(0.032) 92(93.5)

poz  0.355 | -0.001 (0.002) 0.03(0.031) 0.031(0.029) 94.4(95.6)

poa  0.25 | -0.001 (0.003) 0.038(0.039) 0.039(0.037) 87.6(89.2)

heavy po; 0.6 | -0.001 (0.005) 0.061 (0.061) 0.063(0.066) 73.4(75.3)

po2  0.476 0 (0.006) 0.04(0.042) 0.041(0.044) 88.6(88.8)

po3  0.355 | -0.001 (0.005) 0.033(0.035) 0.033(0.033) 952(95.1)

poa 025 0(0.005) 0.041 (0.042) 0.041(0.04) 89.9(922)

800 light po1 0.6 0(0.003) 0.035(0.033) 0.035(0.034) 77.5(774)
poz 0.476 0(0.003) 0.024 (0.023) 0.024 (0.024) 92(91.6)

po3  0.355 0(0.002) 0.021 (0.022) 0.021(0.022) 94.4(93.8)

poa 0.25 | 0.001 (0.001) 0.027(0.027) 0.026(0.026) 89.4(88.1)
heavy po1 0.6 0(0.002) 0.044 (0.044 ) 0.044 (0.046) 74(74.7)

po2  0.476 0(0.003) 0.029 (0.03) 0.029(0.032) 90.1(87.4)

po3  0.355 0(0.003) 0.023 (0.024) 0.024(0.024) 953(94.7)

poa 025 0(0.003) 0.028 (0.029) 0.03(0.028) 89.5(91.9)

53



Ph.D. Thesis - TIAN FENG

McMaster - Mathematics

Table 2.8: Bias, SE, RMSE, and CP for the cure rates of the Poisson cure rate model under

proportional odds with log-logistic (Weibull) baseline.

n C  po True Bias SE RMSE CP(95%)
400 light po; 0.4 0(0) 0.049 (0.05) 0.048(0.049) 75.9(75)
po2  0.325 | -0.001 (-0.001)  0.03(0.03)  0.029(0.03) 93.9(93.5)

po3  0.257 | -0.001 (-0.001) 0.028 (0.028) 0.027 (0.028) 95.7 (95.3)

poa 02 0(0.001)  0.035(0.036) 0.035(0.036) 88.2(88.9)

heavy poy 0.4 0.001 (0)  0.058(0.062) 0.059(0.06) 73.2(73.6)
po2 0.325 | -0.001 (-0.001) 0.034 (0.037) 0.034(0.036) 91.8 (91.8)

pos  0.257 | -0.001 (-0.001) 0.029 (0.031) 0.029 (0.032) 95 (94.3)

pos 0.2 | 0.001(0.001) 0.038(0.039) 0.038(0.041) 88.8(87.2)

800 light po1 04 0(0) 0.035 (0.035) 0.034(0.035) 77(75.3)
P2 0325 | 0(-0.001)  0.021(0.022) 0.021(0.021) 93.3(94.7)

pos  0.257 0(0) 0.019(0.02)  0.02(0.02) 94.4(95.3)

poa 02 0.001 (0)  0.025(0.025) 0.025(0.025) 89.3(87.1)

heavy poi 0.4 | -0.001 (-0.001) 0.042(0.044) 0.042(0.044) 71 (72.2)

P2 0325 | -0.001(0)  0.025(0.026) 0.025(0.026) 91.2(91.4)

pos 0257 |  0(0.001)  0.021(0.022) 0.021(0.022) 96.1(94.8)

poa 0.2 | 0.001(0.002) 0.026(0.027) 0.027(0.028) 88 (88.2)

400 light por 0.6 | 0.001(-0.001) 0.049(0.049) 0.048(0.051) 79(77.8)
po2 0.476 | 0.001 (-0.002) 0.033(0.033) 0.034(0.033) 91 (92.2)

po3  0.355 | 0.001 (-0.002) 0.03(0.031) 0.031(0.031) 94.1(95.1)

poa 025 | 0.001 (-0.001) 0.038 (0.039) 0.038 (0.04) 87.5(86.8)

heavy po1 0.6 0 (-0.004 ) 0.06 (0.065) 0.061 (0.063) 73.5(76.3)

po2 0476 | 0(-0.002) 0.04 (0.043)  0.041 (0.042) 90.5(90.3)

po3  0.355 | -0.002 (-0.001) 0.033 (0.034) 0.033(0.034) 94.7(95.2)

pos 025 | -0.001 (0.001) 0.041 (0.042) 0.04 (0.042) 90.3(91.7)

800 light po1 0.6 0.001 (0)  0.035(0.035) 0.036(0.035) 77.6(76.4)
P2 0476 | 0.001(0)  0.024(0.024) 0.024(0.024) 91.9 (90.5)

pos 0355 | 0.001(0)  0.021(0.022) 0.021(0.021) 95.2(94.3)

poa 0.25 0.001 (0)  0.026(0.027) 0.026(0.025) 88.5(90.7)

heavy po1 0.6 0.001 (0)  0.043(0.046) 0.043(0.047) 75(74.2)

po2 0476 | 0.001(0.001) 0.029 (0.031) 0.029 (0.031) 90 (89.5)

pos  0.355 | 0.001(0.001) 0.023(0.024) 0.023(0.024) 94.6(95.3)

poa 025 | 0.001(0.002) 0.028(0.029) 0.029 (0.029) 90.1 (91)
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Table 2.9: Bias, SE, RMSE, and CP for the cure rates of the Bernoulli cure rate model
under proportional odds with log-logistic (Weibull) baseline.

n C  po True Bias SE RMSE CP(95%)
400 light por 04 | 0.001(-0.002) 0.049(0.05) 0.051(0.049) 74.4(75.1)
po2 0325 |  0(-0.002) 0.03(0.03)  0.031(0.03) 92.2(92.1)

pos 0257 |  0(-0.002)  0.028(0.028) 0.028 (0.029) 94.8 (93)

por 0.2 | 0.001(-0.001) 0.036(0.036) 0.035(0.037) 88 (86.4)

heavy po1 0.4 | 0.004(0.002) 0.059 (0.06) 0.061 (0.063) 71.3(71.9)

P2 0325 |  0.001(0)  0.035(0.036) 0.035(0.037) 91.6(90.9)

pos  0.257 | -0.001 (-0.001) 0.03(0.031) 0.029 (0.031) 95.6 (95.5)

poa 02 0(0) 0.038 (0.039) 0.038 (0.04) 89.3 (88.3)

800 light pp1 0.4 0(-0.001)  0.035(0.035) 0.035(0.036) 76(72.3)
P2 0325 | 0(-0.001)  0.021(0.021) 0.021(0.022) 92(92.3)

pos 0257 | 0(-0.001) 0.019(0.02)  0.019(0.02) 95.5(93.7)

poa 02 0(-0.001)  0.025(0.025) 0.024 (0.025) 88.5(87.2)

heavy po1 0.4 | 0.002(0.001) 0.042(0.043) 0.043(0.045) 72.6(71.2)

P2 0325 | 0.001(0)  0.025(0.026) 0.025(0.027) 90.5(90)

po3  0.257 0(0) 0.021 (0.021) 0.02(0.022) 96.5 (94.5)

poa 02 0(0) 0.026 (0.027) 0.025(0.027) 89.4 (89.1)

400 light por 0.6 | 0.004(0.001) 0.049(0.049) 0.049 (0.049) 78.4(76.9)
P2 0476 |  0.002(0)  0.033(0.033) 0.033(0.034) 92.8(92.1)

pos 0355 |  0(-0.002) 0.03 (0.031) 0.031(0.032) 94.6 (94.4)

poa 0.25 0(-0.001)  0.038(0.039) 0.039(0.039) 88.3(87)

heavy por 0.6 | -0.002 (-0.001) 0.061(0.063) 0.058 (0.063) 76 (75.3)

poz  0.476 0(0) 0.04 (0.042)  0.038 (0.042) 92.5(90.8)

pos 0355 | 0.001(0)  0.033(0.034) 0.032(0.034) 95.7(95.5)

poa 025 | 0.003(0.001) 0.041(0.043) 0.041(0.042) 90 (88.6)

800 light po1 0.6 | 0.001(-0.001) 0.035(0.035) 0.035(0.035) 77.1(76.3)
P2 0476 |  0(-0.001)  0.024(0.024) 0.024 (0.024) 92 (90.9)

po3  0.355 | -0.001 (-0.001) 0.021 (0.022) 0.022(0.023) 93.7 (93.1)

pos  0.25 0.001(0)  0.026(0.027) 0.027 (0.028) 88.8(86.3)

heavy po1 0.6 0(0.001)  0.043(0.045) 0.041(0.045) 75.8(73.9)

po2 0476 | 0(0.001) 0.029 (0.03)  0.028 (0.029) 90.8 (90.7)

pos 0.355| 0.001(0)  0.023(0.024) 0.023(0.024) 94.7(95.4)

poa 0.25 0.001 (0)  0.028(0.029) 0.028(0.03) 90 (89.7)
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We simulated 1000 random samples from the following five choice of ¢ from COM-
Poisson distributions: ¢ = 0 (Geometric), ¢ = 0.5, ¢ = 1 (Poisson), ¢ = 2, ¢ — o0
(Bernoulli). Two different sample sizes were considered: n = 400 (95, 102, 97, 106)
and n = 800 (200, 168, 212, 220) for small and large sample sizes. The light and heavy
censoring rates considered were (0.52, 0.45, 0.37, 0.3) and (0.65,0.49,0.4,0.35) with cure
rates (0.4,0.2) if the lifetime follows proportional odds model under Weibull baseline with
parameter vy = 0.5971, 73 = 0.307, 72 = —0.75. The light and heavy censoring rates
were taken as (0.7, 0.57,0.45,0.34) and (0.8, 0.64, 0.5, 0.38) with cure rate (0.6, 0.25) if
the lifetime follows proportional odds model under log-logistic baseline with parameter
Yo = 01.75, v1 = 3.25, v» = —0.75. Here, we carry out the model discrimination by two

methods, namely, Likelihood-based method and information-based method.

2.5.1 Likelihood-based method

We consider a likelihood ratio test for the null hypothesis H that the competing risk follows
one of the three special cases of COM-Poisson distribution, namely, Geometric ¢ = 0,
Poisson ¢ = 1, and Bernoulli ¢ — oo versus the alternative hypothesis H, that the
competing risk follows the general COM-Poisson distribution. The test statistic is A =
—2(ly — 1), where Iy and [ are the values of the maximized log-likelihood function under
the null and alternative hypotheses, respectively. The asymptotic distribution of the test
statistic A, under Hy : ¢ = 1 (Poisson) follows a x? distribution with one degree of
freedom. However, the boundary distribution of the test statistic A when ¢ = 0 (Geometric)
and ¢ — oo (Bernoulli) has a mixture distribution of x2 and x? distributions such that
P(A < X) = 3+ 3P(Ay < Ay), where Ay ~ x3, x§ is chi-square distribution with 0

degrees of freedom and x? is the chi-square distribution with one degree of freedom.
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Figure 2.1: Histogram of A for the Poisson cure rate model under proportional odds as-
sumption with log-logistic baseline, n=400 (left), n=4000 (right).

The values of ¢ used in the profile likelihood approach for the COM-Poisson distri-
bution are {0,0.25,0.5,2/3,1,1.5,2,4,00}. Figure 2.1 provides the histograms of the test
statistics A on the Poisson cure rate model with proportional odds assumption under log-
logistic baseline when sample size equals to 400 and 4000 over 1000 generated datasets.
These plots also display the probability density of chi-square distribution with one degree
of freedom, and 90% quantiles. The histogram of A is not close to the asymptotic distribu-
tion when sample size is small while they become close as the sample size increases. This
suggests a parametric bootstrap method would be better when the sample size is small, and
we will describe this method in detail later in the illustrative example section. Incidentally,

the same was observed under the proportional odds assumption with Weibull baseline.

2.5.2 Information-based method

We use Akaike information criterion (AIC) and Bayesian information criterion (BIC) for

model selection among Geometric, Poisson, and Bernoulli distribution cure rate models.
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The AIC and BIC are given by

AIC = 2k — 2] and BIC = k log(n) — 2, (2.43)

where £ is the number of model parameters to be estimated, [ is the maximized likelihood
value, and n is the sample size. We select the model with the smallest value of AIC or BIC.
AIC and BIC would give us the same selection rate since £ = 5, n = 400 or 800 are the
same in each of the scenarios among Geometric, Poisson, and Bernoulli distributions, i.e.,
the model with the largest [ is the model that fits the data best. We examine the total relative
bias (TRB) and total root mean square error (TRMSE) due to misspecification of the cure
rate model. TRB is the sum of the absolute bias of the estimated cure rates to that of the
true cure rates for each of the four groups. Similarly, TRMSE is the sum of the absolute
MSE of the estimated cure rates. TRB and TRMSE due to misspecification is defined as the
difference of TRB and TRMSE between the true model and the wrongly specified model
(see Tables 2.10 and 2.11).

Table 2.12 shows that the selection rates under AIC or BIC for the correct models
increase as the sample size increases, while they decrease as censoring rate increases, and
the selection rates for the correct models are always the highest among all the cases. If the
true model is under Weibull baseline, the rate to select log-logistic as the true baseline is

low, and the rate becomes even lower for large sample size, or under light censoring.

2.6 Illustration with melanoma data

Now, let us consider the melanoma data described earlier in Section 1.9. In this case, we

have four different cases (x = 0, 1, 2, 3) and the corresponding sample sizes tobe n; = 111,
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Table 2.10: TRB (in %) in the estimation of cure proportions when fitting different models
for a given true model under proportional odds due to misspecification.

Weibull Baseline

Loglogistic Baseline
Geometric Poisson Bernoulli

n censoring Fitted Model | Geometric Poisson Bernoulli

400 light Geometric - 1.4 -1.5 - 0.3 -0.5
Poisson 48 - -0.4 0.2 - 0.8

Bernoulli 80.8 1.4 - 0.4 0.3 -
heavy Geometric - 0.9 1.5 - 2.6 1.1
Poisson 459 - 1.1 0.4 - -1.4

Bernoulli 99.8 0 - 1.1 1.3 -
800 light Geometric - 1.4 -0.3 - 1.2 1.4
Poisson 47.1 - 1.7 1 - 1.5

Bernoulli 82.7 2 - -0.1 -1.1 -
heavy Geometric - -0.1 1.5 - 2.5 1.5
Poisson 48.3 - 2.5 0.9 - 1.4

Bernoulli 100.6 -0.5 - 0.8 0.3 -

Table 2.11: TRMSE in the estimation of cure proportions when fitting different models for
a given true model under proportional odds due to misspecification.

Weibull Baseline Loglogistic Baseline
n censoring Fitted Model | Geometric Poisson Bernoulli | Geometric Poisson Bernoulli

400 light Geometric - 0.999 0.961 - 0.3 -0.5
Poisson 2.081 - 1.407 0.2 - 0.8

Bernoulli 3.354 1.434 - 0.4 0.3 -
heavy Geometric - 1.013 1.023 - 2.6 1.1
Poisson 1.637 - 1.266 0.4 - -14

Bernoulli 3.73 0.991 - 1.1 1.3 -
800 light Geometric - 1.026 1 - 1.2 1.4
Poisson 3.692 - 2.071 1 - 1.5

Bernoulli 6.693 1.539 - -0.1 -1.1 -
heavy Geometric - 0.967 0.97 - 2.5 1.5
Poisson 3.26 - 1.38 0.9 - 1.4

Bernoulli 7.868 0.996 - 0.8 0.3 -
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Table 2.12: Selection rates based on Akaike information criterion under different settings.
The data were simulated from proportional odds with Weibull baseline (yy= 0.571 =
0.307 2= -0.75).

True COM-Poisson Model
n | censoring Fitted Model o= ¢p=05 o¢p=1 ¢=2 ¢—

400 light Weibull ~ Geometric | 047  0.0551 0.0828 0.0262  0.004
Poisson | 0.235 0.2906 0.4919 0.2553 0.2913
Bernoulli | 0.19  0.3567 0.3758 0.5146 0.6996

log-logistic Geometric | 0.039  0.0802 0.0141 0.0585 0
Poisson | 0.037 0.1283 0.0222 0.0898  0.003
Bernoulli | 0.029 0.0892 0.0131 0.0555  0.002
heavy Weibull ~ Geometric | 0.344  0.0452 0.1047 0.0241 0.011
Poisson | 0.197 0.2199 0.3797 0.204 0.279
Bernoulli | 0.229 0.3624 0.3867 0.5065  0.677

log-logistic Geometric | 0.065 0.1014  0.0393 0.0894 0.01

Poisson | 0.103  0.1627 0.0584 0.0985  0.012
Bernoulli | 0.062 0.1084 0.0312 0.0774  0.011
800 light Weibull  Geometric | 0.587 0.0512 0.0849 0.0271  0.002
Poisson | 0.266 0.4137 0.5905 0.3601 0.2402
Bernoulli | 0.105 0.2801 0.3104 0.4935 0.7578

log-logistic Geometric | 0.015  0.0753 0.0051 0.0411 0

Poisson | 0.012 0.1265 0.0081 0.0431 0

Bernoulli | 0.015 0.0532  0.001 0.0351 0
heavy Weibull ~ Geometric | 0433  0.051 0.1085 0.0301 0.002
Poisson | 0.245 0301 05136 0.2417  0.283
Bernoulli | 0.154  0.311  0.3126 0.5035  0.709
log-logistic Geometric | 0.055  0.088  0.0111 0.0662  0.003
Poisson | 0.074  0.159 0.0352 0.0832  0.001
Bernoulli | 0.039 0.09 0.0191 0.0752  0.002

60



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

ne = 137, ng = 87, ny = 82. The percentage of censored observations for the four groups
were 67.57%, 61.31%, 52.87%, 32.93%. See Figure 1.1 for a plot of the lifetimes of
susceptible individuals from the four nodule groups.

The initial values for the EM algorithm were chosen in the following way. We consider
the censored rate as the over-estimated cured rate of groups one and four, and then calcu-
lated 3y and ;. The initial guess for vy were estimated from the linear relationship between

Nelson-Aalen estimates of log odds and log ¢, i.e.,

logO(t;7y) = —yilog(t) + vlog(vo) + 272, (2.44)

, 1 1
logO(t;7) = z7y2 — log(e(“t)l/ ‘1)~ —710g(t) - 7—108;(71) + 272, (2.45)
0 0

for log-logistic and Weibull baseline distributions, respectively. We then fitted these data
by Geometric (¢ = 0), COM-Poisson (¢ = 0.5), Poisson (¢ = 1), COM-Poisson (¢ = 2)
and Bernoulli (¢ ~ oo) cure rate models. These models, along with cure rate models
proposed by Balakrishnan and Pal (2016), and Balakrishnan et al. (2017) are compared on
the basis of AIC and BIC. From Table 2.13, we observe that g% ~ oo and 45 = 0 provide the
maximized log-likelihood values, which means that the Bernoulli and Geometric cure rate
models provide a good fit for the data under log-logistic odds and Weibull odds models,
respectively. Moreover, the maximized log-likelihood value increases and decreases as ¢
increases under the log-logistic odds and Weibull odds, respectively. The proposed model
based on Weibull odds provides smaller values of I , AIC, and most of BIC values than the
model based on Weibull lifetimes and the proportional hazards lifetimes with a Weibull
baseline. The proposed model based on log-logistic odds provides the smallest [, AIC and
most of BIC values among all the models. In conclusion, é = 0 under proportional odds

model with a log-logistic distribution as the baseline gives the best fit for the data.
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Table 2.13: AIC, BIC and [ under different cure rate models

COM-  Geometric Poisson Bernoulli

Poisson p=0 ¢ =0.5 p=1 =2 ¢ = 00
Proportional AIC 1022.863 1022.845 1022.821 1022.768 1022.683
Odds BIC 1043.029 1043.011 1042.986  1042.933 1042.849
log-logistic [ -506.432 -506.423 -506.41 -506.384 -506.342
Proportional AIC 1025.644 1026.014  1026.374  1026.862 1027.414
Odds BIC 1045.809 1046.179  1046.539  1047.027 1047.579
Weibull [ -507.822 -508.007 -508.187 -508.431 -508.707
Proportional AIC 1028.6766 1032.4676 1034.1606 1036.0434 1038.948
Hazard BIC 1048.842 1052.633  1054.326  1056.2088 1059.114
Weibull* [ -509.3383 -511.2338 -512.0803 -513.0217 -514.474
AIC 1026.838 1032.388  1034.788  1037.792 1043.182
Weibull** BIC 1042.97 1048.52 1050.92 1053.924 1059.314
[ -509.419 -512.194 -513.394  -514.896 -517.591

x 1s taken from Balakrishnan and Pal (2016), while *x is taken from Balakrishnan et al. (2017).

Table 2.14: Estimates, standard errors and 95% CI for the cure rates

Cure rate model, Baseline Bernoulli, log-logistic Geometric, Weibull
X Do SE 95% C.1. Do SE 95% C.1.
1 0.602 0.053 (0.497,0.706) | 0.63 0.047 (0.538,0.721)
2 0.508 0.038 (0.434,0.583) | 0.537 0.034 (0.471,0.603)
3 0.415 0.037 (0.343,0.486) | 0.442 0.033 (0.377,0.507)
4 0.327 0.049 (0.231,0422) | 0.351 0.046 (0.261,0.44)

From Table 2.13, we can see that the maximum difference between Lis only 0.09, which

means that the difference between the maximized likelihood value is %% = 1.09 among

different ¢’s. Table 2.14 presents the estimates, standard errors and 95% CI of the cure rates

stratified by nodule category. The confidence interval for all the models do not overlap for

the first and forth nodule categories. Table 2.15 presents the MLES and their standard

errors for different cure rate models under proportional odds assumption. It is to be noted

that [ is very close to each other under proportional odds model with log-logistic baseline

even though the estimates are quite different. The same behaviour is also seen in the model

discrimination section.
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Table 2.15: MLEs and SEs of the model parameters

Cure rate model,PO Baseline

Bernoulli, log-logistic

Geometric, Weibull

Param MLEs SE MLEs SE
5o -0.413 0.2226 -0.53 0.2003
51 0.379 0.1151 0.382 0.1049
Yo 2.461 0.2995 0.488 0.0361
" 2.266 0.1877 0.298 0.0338
Y2 -0.473 0.1254 -0.293 0.1385
84 — 21/

Figure 2.2: The plot of A = —2(lA0 — lAl) vs ¢ under log-logistic baseline (left) and Weibull

baseline (right) for the cutaneous melanoma data.
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In order to further investigate the effect of ¢ under the COM-Poisson distribution, we
fix ¢ from O to 5 with an increment of 0.1 and evaluate the maximum log-likelihood value
for each ¢ through likelihood approach. Then, we test the null hypothesis Hy : ¢ = o0
vs. H; : 0 < ¢ < oo using the likelihood ratio test for the log-logistic odds baseline, and
also Hy : ¢ = 0vs. Hy : ¢ > 0 under the Weibull odds baseline. The likelihood ratio
test statistic is given by A = —2(f0 — Z) Figure 2.2 shows that the likelihood ratio test
statistic decreases and increases as ¢ increases for log-logistic and Weibull odds, respec-
tively, which suggest that the maximized likelihoods increase and decrease as ¢ increases.
As we mentioned earlier in the model discrimination part, the asymptotic distribution is not
suitable when the sample size is small. So, we use a bootstrap method to obtain the distri-
bution of the likelihood ratio test statistic A. We generated 1000 samples from Geometric,
Poisson and Bernoulli cure rate models under proportional odds model with log-logistic
and Weibull distributions, respectively. For each of the dataset, we fit the true cure rate
model as well as the COM-Poisson cure rate model, and then we calculate the values of
A. The histograms of A are given in Figure 2.3. The p-value is the proportion of times A
is greater than the corresponding value determined from the data. We obtained p-values of
0.142, 0.132 and 0.681 if we test for Geometric, Poisson and Bernoulli cure rate models
with log-logistic odds. Also, we obtained p-values of 0.599, 0.001 and 0.000 if we test
for Geometric, Poisson and Bernoulli cure rate models under Weibull odds. Moreover, it
would be of interest to get an acceptable range of ¢ if we are using the Weibull baseline for
the proportional odds model. Figure 2.2 presents the values of A against ¢ with ¢ € [0, 5].
We may reject the null hypothesis Hy : ¢ = 0 with 10% level of significance if A is greater
than 0.3. This implies that ¢ € [0,0.4), and the Geometric model under Weibull odds

adequately fits the data.
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We also set up a test on the effect of the proportional odds parameter, namely, H :
2 = 0 as the null hypothesis vs. H; : 7, # 0 as alternative hypothesis for Geometric,
Poisson, Bernoulli cure rate models with ¢ = 0, 1, oo under Weibull (log-logistic) baseline.
Note that the covariate or the nodule categories would not affect the analysis if 7, = 0, and
the lifetime would just follow a Weibull (log-logistic) distribution. The test statistic values
turned out to be 3.194 (14.95), 10.414 (19.564), 17.767 (25.99) with the corresponding
p-values as 0.0739 (0.00011), 0.00125 (9.73x1075), 0.000025 (3.4x10~7). Most of the
p-values were less than 0.05, which shows that the proportional odds model does provide a
better fit than a constant lifetime model over the four nodule categories.

Deviance residual is examined to check the error, which is defined as

D; = sign(I; + 1og5*p(t,-))\/ —2(I; 4 logS,(t;) + Llog[—(logS,(t:))]). (2.46)

Figures 2.6, 2.7 and 2.4, 2.5 present the deviance residuals as well as QQ plots for various
fitted cure rate models. It can be seen that the deviance residuals are distributed around 0,

and do satisfy the normality assumption.

2.6.1 Model diagnosis

In this section, we check if the proportional odds model with log-logistic baseline assump-
tion on the lifetime is suitable for the cutaneous melanoma data that we have discussed in

the previous section. From (2.45), we can see that log O(t(i)) and log ;) should have a
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Figure 2.3: The histogram of A = —2(ly — [) from 1000 generated datasets with respect
to MLEs on Geometric (top), Poisson (middle), Bernoulli (bottom) cure rate model with
the lifetime distribution as a proportional odds model with log-logistic (left) and Weibull
(right) baseline.
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baseline for the cutaneous melanoma data.
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Figure 2.6: Deviance residuals of proportional odds model with log-logistic baseline for
the cutaneous melanoma data.
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Figure 2.7: Deviance residuals of proportional odds model with Weibull baseline for the
cutaneous melanoma data.
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linear relationship between them. For the cutaneous melanoma data, we calculated the cu-
mulative hazard function H (t) as the observed hazard through the non-parametric Nelson-

Aalen estimator, and then get the log-odds function accordingly as

H(t) =) iﬁ; S(t) = e 7O 1og(0) = log(8(t)) — log(1 — 5(1)), (2.47)
i<t

where d; and n; are the number of events and total individuals at risk at time ¢;, respectively.
Figure 2.8 presents the scatter plot of log O(t(i)) vs. log t(; for each category. The plot
shows almost a linear relationship among the four groups. It is to be noticed that there
is an intersection among x = 2 and x = 3 for short survival times which violates our
proportional odds assumption. Figure 2.9 shows the difference of log-odds between nodule
categories 1, 2, 3 and baseline 0. In this figure, the log odds for each of the nodule categories
are calculated by using the linear interpolation within the range of discrete points from 0.4
to 2. From our proportional odds assumption, log O — log Oy = x7y,, we know that the
difference should be a linear horizontal line and does not depend on the time. However, the
lines in Figure 2.9 look parallel, but do show give a little curvature. Since our data include
the cured individuals and are not independent, linear regression test may not be good for
model diagnosis.

We use the parametric bootstrap and Monte Carlo methods to develop a goodness-of-
fit test to check whether the Bernoulli cure rate model with proportional odds assumption
under log-logistic baseline is sufficient for modeling these data. The critical region for
this test will be to the left. We simulated 1000 datasets based on Bernoulli cure rate model
with proportional odds survival assumption under log-logistic baseline. The parameters are
Bo = —0.413, p; = 0.379, o = 2.461, v, = 2.266, o = —0.473. The censored proportion

for the nodule categories are (0.676,0.613,0.529, 0.329), respectively. We calculated the
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Figure 2.8: Log-odds against log ¢ for the cutaneous melanoma data based on Nelson-Aalen
estimator on patients who died.

values of maximum likelihood Zl, e lAlOOO for each of these generated datasets, and order
them (2)1, - ] (1000)- Then, we determine the proportion of times [ is smaller than the maxi-
mum likelihood we obtained from the data as -506.342. Figure 2.10 presents the histogram
of the log-likelihood over 1000 simulated datasets. We obtained the p-value for this test as

0.895, which indicates that our model is quite suitable for these data.
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Figure 2.9: Difference of log-odds between nodule categories against log ¢ for the cuta-
neous melanoma data based on Nelson-Aalen estimator.
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Figure 2.10: Histogram of [
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2.6.2 Estimation of conditional cure rate

Suppose an individual is in nodule category 7, if the information is available for the indi-
vidual survived up to time ¢, then he or she would be interested in finding the conditional
cure rate based on the individual having survived up to time ¢, i.e. P(I = 0|7 > t) for

x = j. For x = j, the estimate of this probability is then given by,

, P(I=0,T>t)
loi =PI =0T >1t) = — (2.43)
Toj = U =01 > 1) P(T > t)
which can be estimated through Bayesian theorem,
) PI=0,T>t
P(T >t)
P(T > Hr = 0)P(I =0)
P(T > 1)
P(I =0)
P(T > t)
- Fos . (2.49)

Poj + (1 — Poj)Ss;(t)

Based on the melanoma data described earlier in Section 1.9, the corresponding plot on the
conditional cure rate for the Bernoulli cure rate model with proportional odds model on

log-logistic baseline are presented in Figure 2.11.
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Figure 2.11: Cure rate given an individual has survived up to a specific time ¢ over covariate
groups on Bernoulli cure rate model with proportional odds model on log-logistic baseline.
2.6.3 Sample size determination

Sample size and power are key elements of study design. It would be of interest to develop
a sample size and power analysis study later on for future study based on the estimated
parameters and information matrix. Consider the hypothesis testing of the key factor that

may affect the cure rate, i.e. for one covariate case,

Hy:8=0wvs H,:p=p3" (2.50)
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The probability of at least 1 — 3 to reject Hy when H,, is true is given by

30
P(5—>za H()) = q,

var ()
where z,, is the upper percentage point of the standard normal distribution.

P(M > Z,
var(ﬁA)

Ha) 21_7

Then the sample size can be determined from the following inequality.

P B-0 — v Zo — L >1-
(\/var(ﬁ) \/var(ﬁ) - \/var(ﬁ)) !
__F

Za — ————= < 214

var(ﬁ)
ﬁ* 2

> Zo — 21—, Where var(f3) = 7
A n
var(B)

2
Zo T Rl—ny
> ha———
s (50
g

Here, o can be determined from the illustrative data example.
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Chapter 3

Destructive Cure Rate Model under

Proportional Odds Lifetime

3.1 Introduction

Assume M follows a weighted Poisson distribution undergoing a damaging process as dis-
cussed earlier in Section 1.4. The probability mass functions of M and D), cure rate, popu-
lation survival function and population density function for destructive length-biased Pois-
son (DLBP), destructive negative binomial (DNB) and destructive exponentially weighted

Poisson (DEWP) cure rate models are all summarized in Table 3.1.
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Table 3.1: The model, cure rate, population survival function and population density func-
tion for three special cases of weighted Poisson competing variable.

Model P[M =m;n,¢] P[D =d;n, $,p) Do Sp(y) r(y)

DNB () ()t Ty (25 (k) ()t (L wenF) L

DEWP e—ne’ % e—ne? ('/P;if’)d e’ e~ e’ F(y) S, (y) f(y)npe?
DLBP e WA —p+ ) (1-pe PO —pF(y) p{n+ 1S 0) ()

withm =0,1,2,3...,d=0,1,2,3...,d < m.

In this Chapter, we assume a proportional odds model for the distribution of W, with
a parametric assumption on the baseline odds function. To be more specific, the odds

function of W is taken as

O(w) = 00y (w), 3.1)

where O(w) = S(w)/F(w) is the odds ratio (that is, the ratio of survival to failure by w),

the term 6 is linked to covariates in the form e*<727#7s with x, = (21, ..., x,) being a vec-
tor of p covariates, 2 = (z1, ..., z,)’ being a vector of ¢ covariates, y> = (71,...,7,)’, and
Y3 = (Vp+1,-- -, Vp+g) are the proportional odds regression coefficients. We can further

get the survival function and the corresponding probability density function (p.d.f.) for W;

as follows:

S(w) = [1 4+ e 22273 (S ()™ — 1)L, w > 0, (3.2)

f(w) = fo(w)e M3 [(1 — Sy(w))e =277 4 Sy(w)] 2, w > 0. (3.3)

The rest of this chapter proceeds as follows. Section 3.2 describes the data and the

likelihood function. The estimation of the cure rate and other model parameters and their
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properties are discussed in Section 3.3. In Section 3.4, an extensive Monte Carlo simulation
study is carried out. In Section 3.5, we conduct a model discrimination between DNB and
DEWP models using information- and likelihood-based methods. In addition, a malignant
melanoma data example is analyzed using the models and inferential methods developed

here in Section 3.6 for illustrative purpose.

3.2 Data and the likelihood

Censoring is a common occurrence in lifetime data analysis primarily due to the life ex-
pectancy exceeding the duration of trial follow-up. Suppose the time-to-event of event of
interest (say, death) is not completely observed and is subject to non-informative right cen-
soring, which means that the lifetime above a certain value is not completely observed.
Then, the observation time 7; for the ith subject would be the minimum of the censoring

time C; and the actual lifetime Y, i.e.,

T, =min{Y;,C;},i=1,...,n. (3.4)

We define an indicator function §; = I(Y; < ;) for the i-th subject such that ; = 1
if the lifetime is observed while §; = 0 if the lifetime is right censored, sets Ay and A;
correspond to all the i’s being equal to 0 or 1, and set A* contains all the ¢’s. It is to
be noted that the cure rate py; is purely a function of 7; and p;. We, therefore, relate the
parameter p; to covariate x; = (1, z;.) by the logistic link function, and 7; to covariate z;

by the log-linear link function for all the destructive cure rate models. More specifically,
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we set

em;ﬁl

B 1 + e%if1

Di , ni:ez;ﬁQ, 1=1,...,n, 3.5)

where x; and z; are covariates, and 31, and 35 are the vectors of the regression coefficients.
It is to be noted to be that 85 should not include an intercept term to retain identifiability.
For n pairs of observations (t,8)={(t1, 41),. . . ,(tn, 0,)} corresponding to n subjects, the

observed data likelihood function under non-informative censoring is then given by
L(6:t,8) oc | [{/o(t::0)}7{S,(t:;0)} %, (3.6)
i=1
where @ is the set of parameters (¢, 8’,%'), which is equivalent to

L(6;t,0) o H fo(ti;0) H {po + (1 —po)Ss(ti;0)}- (3.7)

1€ i€

In this work, we consider two baseline distributions of the proportional odds survival model
for the time-to-event random variable, namely, Weibull and Log-logistic distributions. It
should be noted here that Log-logistic distribution actually processes the proportional odds
property, while Weibull distribution does not. The survival function and the p.d.f. of W

under a Weibull baseline are as follows:

S(w,y) = [1+ e = (e )7, (3.8)
(fylw)l/’yo eTev2 23— (y1w) /70

[e*('Ylw)l/’m (ex’572+z”y3 — 1) + 1]27011]’

flw,y) = (3.9)

where w > 0, 79 > 0 and 73 > 0 are the shape and scale parameters of the baseline
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Weibull distribution, respectively. Instead, if we assume that the baseline distribution is
a Log-logistic distribution with 79 > 0 and «; > 0 as the scale and shape parameters,

respectively, the corresponding odds function of W; is seen to be

Y1
Yo ’ ’ ’ ’
O(w;Te, 2,7) = = 2P0 = Op(w; e, 2,7) €7 7%, (3.10)

Thus, W still follows a two-parameter log-logistic distribution (7, y; > 0) with shape pa-
rameter 7, and scale parameter ~yye~(*72+2¥3)/7 The corresponding survival and density

functions are

f}/gl ez/c’YQ +ZI’YS

S(w,y) = : (3.11)

731 T2 23 4 m
/ . _
f}/gl ew(:’YQ +2'y3 ’Yl t'Yl 1

(g e 1 )

f(w”)’) =

w > 0. (3.12)

Note that the mean does not exist if ; < 1 and the variance does not exist if y; < 2.

3.3 Estimation of model parameters

We develop here an Expectation-Maximization algorithm to obtain the MLE of 6, and a
profile likelihood approach for the estimation of the parameter ¢. It is well-known that EM
is an effective technique for finding the maximum likelihood estimates of unknown param-
eters of a model involving unobserved variables [for further discussion, see McLachlan and
Krishnan (2007)]. In our model, the random variable I;’s are observed for 7 in the set A,

while they are unobserved for 7 in the set A,. Let us denote the set of complete data by
(ta67m7z71) = {(tlv 5lazla 21, Il)y ) (tna 5n7znazna In)}
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Then, the complete data likelihood function is given by,

Lc(o;t,$,z,6,1) X H fp(tiaxiyzhe) H pﬂ(ﬁazhzi)l_li[(l _pO(ﬂvxiyzi))SS@fi?xic;0>]Ii7

€A €A

(3.13)

where I = (]17. . .,]n)/, X;,. = (C(]il, R ,[Eip)/, xr;, = (1 ! ) and zZ; = (Zila R 7Zig),- The

»*e

corresponding complete log-likelihood function (without the constant term) is as follows:

(B:t,x,2,6,1) = logf,(t;,x:,2:,0) + > _ (1 - I)logpo(B,x;, z:)

i€A] i€Ag
+ Z 1i{logSs(ti, ic; 0) — po(B, T, 2:) }- (3.14)
1€

The complete log-likelihood (without the constant term) for the special cases of DLBP,

DNB, and DEWP are as follows:

le =Y logp; {m _pl, }f +) {log 1—pF J)—mpz-F(ti)}, (3.15)

€A1 1EA*

o= 3 (lostnanf 0} - (14 3) + loglt + nomF )

1€A1 Qb
1
— =3 log {1 + mezspiF(y)}? (3.16)
¢ 1€
le = Z (Ing(tz') + logn; + logp; + <Z5> - Z nipie® F(t;), (3.17)
€A 1IEA*

where F'(t;) follows the proportional odds assumption in (3.1).
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3.3.1 E-step

The expectation step is achieved by calculating the expected value of the complete data
log-likelihood function with respect to the conditional distribution of the unobserved I;’s
(1 € Ap), given the observed data O = {(t;, d;,x;,2;),7 € Ay} under the current estimates

of the parameters §*) = (B’,«')’ for a fixed value of ¢. Let us define the () function as
QO,7") = E(l.(6:¢,2,2,6,1)0,0"), (3.18)

at the k-th iteration step. In our model, /;’s are Bernoulli random variables and we can
therefore easily find the conditional expectation of the :th observation that is censored in

the following way:

7" = B(L,]0,00)

=P(;=1T >t)+ P(I; =0|T > )0
P(T > t|I; =1)P(I; = 1)
= 0 3.19
P(T >t) * (5.19)

_ @ —po(ﬂ(k),xizi))ss(ti,zmzi;g(k))|
- Sp(tiaxi,zi;O(k)> 9—0(F) -

For the special cases of DLBP, DNB, and DEWP, ng) are as follows:

e~ s ® (1 _ k)

DLBP : 7% =1 — (3.20)
1—pVF(t;)®
(k) o (k) g \(k) Y 5
14+ 7P F(t)® %
DNP: ﬂ-i(k) =1- { s gZ()k])?Z (k) ((k)) } ’ 3.21)
L+n"¢;"p;
DEWP : 7% =1 — e:vp[ — ngk)pgk)e‘z’S(ti)(k)] . (3.22)
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Now, for a fixed value of ¢, the () function is given by

= > " logfylti, i, 2,0) + _{(1 — " )logpo(B, i, 21)

€A1 1€EAQ

+ ng)log[sp@i,zi, 2i;6) — po(B, i, 2:)]}- (3.23)

For the special cases of DLBP, DNB, and DEWP, the () function takes on the following

forms:

Q= Z{logpi[m(l — piF'(t:)) + 1] f (t:) — nipiF(8) } + Z (1 — =) [logg; — m:pi

€A1 ZEAO
+ Z Wfk)log[e’""piF(ti)(l —piF(t;)) — qie™ P, (3.24)
i€Ag
1 1
Q= Z log(mipi f(t:)) — (1 + 5)10g(1 + nippi ()] — Z g_b(l — m{")log(1 + nidp:)
€A 1€
+ 37 7 M1ogl(1 + mépiF () — (1+ midp) "), (3.25)
1€AQ
Q Z log nlpl + (b ’fhl% + Z{ 1 - 7T 'fhpl
1€EA] 1€Ag
+ Wl(k)log[e—nipi€¢F(ti) _ e—nipieﬂ}’ (3.26)

where F(t;) and S(t;) follow the proportional odds assumption in (3.1).
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3.3.2 M-step

The M-step is achieved by maximizing the Q(#,7*)) function in order to obtain the im-

proved estimate of € at the (k + 1)—th iteration step, i.e.,

6+ = arg max Q(0, ™). (3.27)
0

As the MLEs of 8 and -« do not have explicit expressions, a numerical maximization is
carried out by using one-step Newton-Raphson method. The explicit forms for the first-
and second-order derivatives of the Q(#*, w*)) function that are required for the numerical
maximization procedure are presented in the Appendix.

For a fixed value of ¢, the E-step and the M-step are alternated until the parameter
estimates have converged to a desired level of accuracy. The parameter ¢ is determined by
using the profile likelihood technique. We consider a range of ¢ with small increment for
the profile likelihood estimation, and the accuracy of the estimates would be determined by
the value of the range and the increment. For each value of ¢, the MLEs of all the other
parameters are found, and then the value of ¢ with the largest likelihood value is chosen as

the final estimate of the parameter.

3.3.3 Standard errors and asymptotic confidence intervals

We can approximate the asymptotic variance-covariance matrix of the MLEs (,B/,'S/)’ by
inverting the observed Fisher information matrix of 8 and <y, under a fixed value of ¢.
Then, the components of the observed Fisher information matrix can be calculated from
the negative second-order derivatives of the complete data likelihood function from the EM

algorithm [(0;t, z,§) with respect to 8 and 7. Explicit forms of the components of the score
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function [for detailed information, refer to Louis (1982)] and the observed information
matrix is given in the Appendix. In this way, we can obtain the standard errors as square
roots of the variances and then construct the corresponding asymptotic confidence interval

for each parameter.

3.3.4 Estimate of the cure rate and its standard error

The cure rate pg; for group i is a function of 8. Suppose B is the MLE of the regression
coefficient 8. Then, the MLE of pg; can be readily found and then the standard error of py;

can be found through delta method as,

(i) = \/ (2 gy (e O 528
00 0B 9B 0B

3.3.5 Estimate of the destructive probability and its standard error

Suppose B is the MLE of the regression coefficient 8. Then, the estimate of the destructive

probability for group ¢ is calculated as

. b
pi=— o i=1

= ’ a0 1 ey T (3.29)
+ e

The standard error of p; can be found once again through delta method as

A op; aﬁi) A (apz- apz>’
d(p;) = — . — — = | . (3.30)
sa() \/<8ﬁo o) P\ o5 0
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3.4 Simulation study

In this section, we perform an extensive Monte Carlo simulation study to demonstrate the
EM algorithm developed in the preceding section. For illustrative purpose, we mimic a
classical melanoma survival data described in Chapter 1, and consider various scenarios
by varying the sample size, destructive probability, and censoring rate. From a medical
point of view, the thickness of the tumour cell and whether the ulcer is present or not
are thought to be important prognostic variables to determine the chance of survival from
malignant melanoma. Therefore, tumour thickness z and ulceration state z are chosen as
two covariates. A preliminary analysis of the data shows that 44% of the patients had
ulceration status as present. So, we first generated a random number from Uniform(0,1),
and if it was greater than 0.44, we set ulceration status to be O which means the ulceration
is absent. The real data showed the mean of tumour thickness to be 1.81 mm for this
group. Hence, we generated the tumour thickness from an exponential distribution with rate
parameter as 1/1.81=0.552. Otherwise, we set the ulceration status to be 1 which means the
ulceration is present and generated the tumour thickness from a Weibull distribution. The
real data suggests the mean and standard deviation of tumour thickness are 4.34 mm and
3.22 mm for this group. So, from the mean and the standard deviation, we find the shape

and scale parameters a;; and «, through the following equations:

3.22\\ 2 L1+ 2) 4.34
I 1 J— @1 — 07 —_— = O 3.31
(4.34) T Tar Ly ri+L) “ 630

These values of «; and o, were then used to simulate the tumor thickness from the corre-
sponding Weibull distribution.

The censored times were simulated from an exponential distribution with rate 0.05 and
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0.1 corresponding to small and large censoring, respectively. We considered the sample
sizes to be 300 and 600 corresponding to small and large sample sizes, respectively. In
order to generate the damage distribution, we fixed minimum and maximum values of p
corresponding to the minimum and maximum values in the covariate . The regression

coefficients were then found through the equations

650+51 min(z) eﬁoJrﬁl max(x)

oL max(p) (3.32)

min(p)

- 1+ 650+B1 min = 14+ 66()-{-51 max(z)

We fixed the minimum and maximum values of p as (0.2,0.6) or (0.3,0.9) for small or large
destructive probability. Note that x are random for each simulation, and 3y and 3; were
therefore not fixed throughout the simulation. The value of 7 was chosen to be 3.

For each individual in the Destructive Negative Binomial cure rate model, we generated
the censoring time C; from exponential distribution with rate 0.05 and 0.1 corresponding

to small and large censoring. To simulate the number of competing risks, we generated

1
¢

ability of success ; Jizm_. If M; = 0, then we set D; = 0. If M; > 0, we generated

a random variable M; from a Negative Binomial distribution with parameter - and prob-

D; from binomial distribution with size M; and probability of success p. If D; = 0, the
observed lifetime was taken to be the censoring time. Otherwise, we generated D; ran-
dom variables {Y3,...,Yp,} from a proportional odds model with a parametric baseline.
Here, we used (0.34,0.13,-0.21,1.9) for the Weibull baseline, and (8.15,2.88,-0.24,2.55) for
the log-logistic baseline for the parameter vector (7o,71,72,73). The observed lifetimes
were then taken to be the minimum of the censoring time and the actual lifetime, i.e.,
T; = min{Yy,...,Yp,,C;}. The simulation procedure for the Destructive exponentially
weighted Poisson cure rate model and Destructive Length-biased Poisson model were the

same as that of the destructive negative binomial cure rate model except for the change in
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the corresponding competing causes random variable M.

We considered 1000 simulations for each specific model within each case. The code
was written in R-software. We examine the performance of the proposed estimation method
through bias, root mean square error, and coverage probability of confidence intervals based
on the asymptotic normality of the MLEs. Tables 3.2 - 3.7 present the simulation results for
all the models. From these tables, we observe that the estimates are quite accurate under
different cure rate models. The Bias, standard error along with RMSE get reduced as the
sample size increase. That is also the case when the censoring is light or the destructive
probability is high. The coverage probabilities of the confidence intervals based on the
asymptotic normality of the MIEs are quite close to the nominal level in most of the cases.
In conclusion, good estimates are achieved with large sample, light censoring, and high

destructive probability.
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Table 3.2: Estimates, bias, standard error, RMSE and CP for DLBP under proportional
odds model with Weibull baseline.

n = 300 n = 600

C p Par True | Estimate Bias se RMSE S.E. CP Estimate  Bias se RMSE S.E. CP
90% 95% 90% 95%

light low [, -1.387| -1.397 -0.009 0.2 02 0207 91.1 952 -1.399 -0.013 0.139 0.139 0.145 91 964
B/ 0111 0.119  0.008 0.062 0.06 0.059 90.7 949 | 0.106 0.003 0.044 0.04 0.04 899 95

B2 1.099 1.085  -0.014 0.335 0335 0321 904 959 | 1.104 0.005 0.226 0.226 0.222 90.5 95.5

Y% 034 0.337  -0.003 0.028 0.028 0.028 83.6 94.8 | 0338 -0.002 0.02 0.02 0.02 892 945

v 013 0.13 0 0.007 0.007 0.007 89.3 94.2 0.13 0 0.005 0.005 0.005 89.8 94.9

Y -021 | -0.213 -0.003 0.06 0.06 0.061 903 955 | -0.213 -0.003 0.045 0.046 0.043 87.8 93.9

V3 1.9 1916  0.016 0.38 0388 0393 912 955| 1916 0.016 0.272 0.272 0277 899 955
high 5, -0.849 | -0.868 -0.019 0.223 0224 0218 89.8 948 | -0854 -0.006 0.153 0.153 0.151 90.5 95.8
/1 0.189 | 0.203 0.014 0.089 0.085 0.083 88.6 95 0.179  0.004 0.062 0.058 0.056 87.8 93.4

Ba 1.099 1.098 0 0.304 0304 03 90 958 | 1.111 0.012 0204 0.205 0.207 89.7 95.1

Y% 034 0.338  -0.002 0.024 0.024 0.024 91 948 | 0338 -0.002 0.017 0.017 0.017 89.2 93.8

mo 013 0.13 0 0.006 0.006 0.006 912 95.3 0.13 0 0.005 0.005 0.004 894 949

Y2 -0.21 -0.216  -0.006 0.054 0.054 0.053 89.5 94.6 | -0.212 -0.002 0.038 0.038 0.037 89.2 93.8

V3 1.9 1.939  0.039 0.341 0343 0347 909 947 | 1918 0.018 0253 0253 0.244 88.8 944
heavy low [, -1.387| -1412 -0.025 0.25 0251 0.253 904 954 | -141 -0.023 0.172 0.173 0.176 91 95.1
B/ 0111 0.125 0.013 0.078 0.078 0.074 885 94.5| 0.109 0.007 0.052 0.049 0.049 89.3 947

B2 1.099 1.07 -0.029 042 0421 0407 90.6 96 1.1 0.002 0284 0284 0.276 89.7 95.7

Y% 034 0.335 -0.005 0.032 0.032 0.032 884 939 | 0338 -0.002 0.023 0.023 0.023 90.2 93.9

v 013 0.131 0.001  0.009 0.009 0.009 88.6 93.6 | 0.131 0.001  0.006 0.006 0.006 90.2 95.2

72 -021 | -0.216 -0.006 0.073 0.073 0.072 89.2 947 | -0212 -0.002 0.051 0.051 0.05 89.9 943

V3 1.9 1.94 004 0488 049 0476 89.5 953 | 1.921 0.021 0341 0341 0.334 89.1 94.7
high [, -0.849 | -0.872 -0.023 0.275 0276 0266 893 94.1 | -0.853 -0.005 0.183 0.182 0.184 89.3 95.2
/0189 | 0208 0.019 011 0.108 0.102 889 93.6| 0.181 0.006 0.074 0.071 0.067 89 94

Ba 1.099 1.098  -0.001 0.375 0375 0383 922 96.4 1.11 0.012 0263 0263 026 902 96

Y% 034 0336 -0.004 0.027 0.027 0.027 89.6 93.6| 0337 -0.003 0.019 0.02 0.019 893 94.6

m o 013 0.131 0.001  0.008 0.008 0.008 89.7 95.9 0.13 0 0.006 0.006 0.005 89.3 94.3

Y2 -0.21 -0.219  -0.009 0.062 0.063 0.06 894 942 | -0.214 -0.004 0.042 0.043 0.043 885 952

73 1.9 1.958 0.058 0416 042 0422 90.8 953 1.929 0.029 0303 0305 0.295 89 93.8
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Table 3.3: Estimates, bias, standard error, RMSE and CP for DLBP under proportional
odds model with Log-logistic baseline.

n = 300 n = 600

C p Par True | Estimate Bias se RMSE S.E. CP Estimate  Bias se RMSE S.E. CP
90% 95% 90% 95%

light low [, -1.387| -1.403 -0.015 0.235 0235 0232 892 945 | -1.402 -0.015 0.157 0.158 0.162 91.1 949
B/ 0111 0.123 0.011 0.072 0.071 0.069 90.1 94.4 | 0.107 0.004 0.049 0.046 0.046 89.6 952

B2 1.099 1.072  -0.026 0.422 0423 0405 909 958 | 1.099 0 0278 0.277 0.273 90.3 955

Y% 815 8.137  -0.013 0.907 0.906 0.902 87.5 92.8| 8.141 -0.009 0.615 0.615 0.635 89.9 94.8

v 2.88 2946  0.066 0.281 0289 028 903 955| 2917 0.037 0.197 0201 0.197 90 94.8

2 -024 | -0245 -0.005 0.074 0.074 0.07 885 935 | -0.241 -0.001 0.051 0.051 0.049 883 93.6
v3 255 2.614  0.064 0508 0512 0494 893 94.6 2.58 0.03 0355 0356 0347 90.1 939

high [, -0.849 | -0.875 -0.026 0.248 0249 0246 90.7 949 | -0851 -0.003 0.17 0.17 0.169 89.9 95.1

/i 0189 | 0208  0.019 0.101 0.099 0.095 889 94.1| 0.177 0.003 0.067 0.063 0.062 889 944

Ba 1.099 1.105 0.006 0392 0392 039 916 96.1 1.116 ~ 0.018 0.269 0.269 0.262 90.1 954

Y% 815 8.233 0.083 0.778 0.782 0.772 892 945 | 8.184  0.034 0.532 0.533 0.539 89.8 952

mo 288 2.93 0.05 0.242 0.247 0238 88.6 94.1 | 2905 0.025 0.166 0.168 0.167 91 955

72 -024 | -0.247 -0.007 0.059 0.06 0.058 90.6 948 | -0.245 -0.005 0.041 0.041 0.041 889 9538

v 255 2.607  0.057 0464 0467 044 882 93.6| 2587 0037 0309 0311 0306 89.7 95.1

heavy low f, -1.387| -1428 -0.041 0323 0325 0314 895 941 | -1.409 -0.022 021 0211 0218 905 96
By 0111 0.129  0.017 0.1 0.1  0.094 877 93 0.11 0.007 0.067 0.065 0.063 88.8 94.1

B 1.099 1.088 -0.01  0.687 0.686 0.709 93.7 96.7 | 1.106  0.008 0.44 044 0422 90.2 96.1

Y% 815 8.119  -0.031 1.271 1271 1.234 853 90.8| 8164 0.014 0812 0.811 0.852 91.1 94.6

v 2.88 2986  0.106 0359 0375 0355 899 946 | 2932 0052 0243 0249 0.247 902 954

2 -0.24 | -0249 -0.009 0.095 0.095 0.087 87.2 932 | -0.245 -0.005 0.062 0.063 0.061 89.2 93.7
vz 2.55 2.696  0.146 0.729 0.743 0.7 89.1 939 2.62 0.07 0493 0498 0471 88.1 933
high [, -0.849 | -0.879 -0.03 035 0351 0334 883 94.1 | -0.848 0 0224 0224 0.228 90.2 95.1
/i 0189 | 0218  0.029 0.141 0.14 0.13 884 939| 0.181 0.007 0.088 0.084 0.082 87.8 94

Ba 1.099 1.102  0.004 0922 0921 1.17 969 983 | 1.135 0.037 0427 0429 0418 92 974

Y% 815 8.291 0.141 1.08 1.089 1.057 88.7 93.6| 8235 0.085 0.713 0.717 0.723 90.8 95.1

mo 288 2959 0079 0312 0321 0.297 89.7 946 | 2909 0.029 0208 021 0207 899 948

v -024 | -0.252 -0.012 0.072 0.073 0.069 88.8 93.7| -0.246 -0.006 0.049 0.049 005 889 959

v3 255 2.677  0.127 0.708 0.719 1.077 89.7 945 | 2613 0.063 0437 0441 0433 899 952
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Table 3.4: Estimates, bias, standard error, RMSE and CP for DNB under proportional odds
model with Weibull baseline.

The range of ¢ are (0.10,0.12,0.14,...,0.94,0.96,0.98, 1)

n = 300 n = 600

C p Par True | Estimate Bias se RMSE S.E. CP Estimate  Bias se RMSE S.E. CP
90% 95% 90% 95%

light low ¢ 0.5 0.487 -0.013 0428 0428 NaN NaN NaN | 0333 -0.007 0.036 0.037 0.035 87 923
Bo -1.387 | -1.455 -0.068 0.337 0.344 0333 913 956 | 0.131 0.001 0.011 0.011 0.01 87.8 932

B 0.111 0.151 0.039 0204 0.207 0.143 90.5 96.1 | -0.227 -0.017 0.087 0.089 0.078 859 91.8

By 1.099 1.092  -0.006 033 033 032 879 93.7| 1956 0.056 0584 0586 0517 86.1 92

o  0.34 0.333  -0.007 0.037 0.038 0.036 872 922 | 0506 0.006 0426 0426 NaN NaN NaN
7o 013 0.131 0.001 0.01 0.01 0.01 90.7 943 | -1427 -0.04 0242 0245 0226 872 9238

72 -021 | -0.218 -0.008 0.077 0.078 0.077 902 949 0.12 0.017 0.077 0.077 0.071 89.4 94.5

V3 1.9 1.941 0.041 053 0531 0.504 88.1 932 | 1.103  0.005 0249 0.249 0.228 86 91.7

high ¢ 0.5 0.467  -0.033 0408 0409 NaN NaN NaN | 0337 -0.003 0.027 0.027 0.026 873 922
Bo -0.849 | -0935 -0.086 0.385 0.394 0374 893 947 0.13 0 0.007 0.007 0.007 88.7 943

B 0.189 0.26 0.071 0338 0.345 0.258 87.2 904 | -0.213 -0.003 0.057 0.057 0.054 884 94

B2 1.099 1.121 0.022 0337 0.337 0.279 835 90.5 1.925  0.025 038 0381 0355 882 93.6

Y% 034 0334 -0.006 0.031 0.032 0.03 872 932 | 048 -0.012 0402 0402 NaN NaN NaN

7 013 0.13 0 0.009 0.009 0.008 87.5 93.9 -0.9 -0.051 026 0.265 0252 88.6 945

2 -0.21 | -0.224 -0.014 0.071 0.072 0.067 879 93.7| 0209 0.035 0.148 0.149 0.126 843 90.5
V3 1.9 1.94 0.04 0483 0484 043 858 92 1.103  0.004 0254 0254 0202 81.1 888

heavy low ¢ 0.5 0.497  -0.003 0429 0429 NaN NaN NaN | 0337 -0.003 0.022 0.023 0.022 873 93.1
Bo -1.387 | -1.478 -0.091 0435 0445 041 90 943 0.13 0 0.006 0.006 0.006 88.9 94

By 0111 0.169  0.058 0257 0262 0.183 899 958 | -0.214 -0.004 0.047 0.047 0.047 902 952

B2 1.099 1.095  -0.004 0416 0416 0386 87.5 925 1.934  0.034 0336 0338 0304 86.6 928

Y% 034 0.33 -0.01 0.042 0.043 0.041 86 90.6 | 0517 0017 043 043 NaN NaN NaN

v 013 0.131 0.001 0.012 0.012 0.012 90.5 948 | -1437 -005 0286 029 0274 873 942

v -021 | -0.223 -0.013 0.096 0.097 0.091 879 94.1 | 0.124 0.021 0.096 0.097 0.091 903 95.6

V3 1.9 1.971 0.071 0.655 0.659 0.608 87.8 93.7 | 1.115 0.017 029 0297 0277 87.1 94

high ¢ 0.5 0.453  -0.047 0.408 041 NaN NaN NaN | 0336 -0.004 0.031 0.032 0.03 86.7 923

Bo -0.849 | -0987 -0.138 0.567 0.584 049 89 943 | 0.131 0.001 0.009 0.009 0.008 89 944

/i 0189 | 0362 0.173 1.714 1.72 0584 852 90.5| -0215 -0.005 0.068 0.068 0.064 86.8 93.6

B2 1.099 1.128  0.029 0.408 0408 0.336 832 90 1.946  0.046 0.445 0448 0427 88.6 934

m o 013 0.131 0.001 0.011 0.011 0.01 87.8 932 0.13 0 0.008 0.008 0.007 87.7 93.2

Y2 -0.21 -0.227  -0.017 0.087 0.089 0.078 859 91.8 | -0.217 -0.007 0.055 0.056 0.055 89.9 939

V3 1.9 1.956  0.056 0.584 0.586 0.517 86.1 92 1.934  0.034 0413 0415 0364 853 91
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Table 3.5: Estimates, bias, standard error, RMSE and CP for DNB under proportional odds
model with Log-logistic baseline.

The range of ¢ are (0.10,0.12,0.14,...,0.98,1)

n = 300 n = 600

C p Par True | Estimate Bias se RMSE S.E. CP Estimate  Bias se RMSE S.E. CP
90% 95% 90% 95%
light low ¢ 0.5 0.457  -0.043 0423 0424 NaN NaN  NaN 0486 -0.014 0418 0418 NaN NaN NaN
Bo -1.387 | -148 -0.093 039 0401 0369 889 94.9 -1.44  -0.054 0264 0269 025 873 933
/1 0111 0.158  0.047 0249 0253 0.167 885 95.2 0.123 0.02 0.086 0.086 0.081 89.3 95.1
By 1.099 1.099 0 0.398 0.398 0.377 879 93.2 1.1 0.002 0294 0294 027 87 925
o  8.15 8.151 0.001 1264 1.263 1.278 88.3 93.5 8.106 -0.044 0.89 089 083 8 932
o 2.88 3.002 0.122 0374 0394 0363 89.2 94.7 2943  0.063 025 0257 0252 90.7 955
v -024 | -0.245 -0.005 0.097 0.097 0.089 86.6 92.9 -0.239  0.001 0.068 0.068 0.063 88.1 93
v3 255 2.643  0.093 0.672 0.678 0.634 86.7 93.2 2.598  0.048 0473 0475 0444 882 934
high ¢ 0.5 0.449  -0.051 04 0404 NaN NaN  NaN 0481 -0.019 0404 0405 NaN NaN NaN
Bo -0.849 | -0.961 -0.112 045 0463 0417 89.1 93.9 -0.902  -0.053 0.295 03 0279 882 93.1
B 0189 | 0278  0.088 0446 0453 034 863 90.8 0.21 0.035 0.154 0.156 0.138 85 90.8
By 1.099 1.124  0.026 0391 0392 0335 843 91 1.106  0.007 0286 0.286 024 83.6 91.2
Y% 815 8.161 0.011 1.074 1.073 1.066 87.9 91.7 8.156  0.006 0.765 0.764 0.747 883 932
v 2.88 2979 0.099 03 0315 0303 90.6 95.2 2936  0.056 0.218 0225 0212 895 944
v -024 | -0.254 -0.014 0.076 0.077 0.075 90 95 -0.249  -0.009 0.053 0.054 0.053 89.3 94.1
v3 255 2.649  0.099 0582 059 0.535 87 93.8 2.608 0.058 0424 0428 0376 858 925
heavy low ¢ 0.5 0.45 -0.05 042 0423 NaN NaN  NaN 0478  -0.022 0422 0422 NaN NaN NaN
Bo -1.387| -1471 -0.084 0.574 0.58 0.519 89.1 94.6 -1.465  -0.078 0.349 0.357 033 88.1 93.6
61 0111 0.16 0.049 0296 0.299 0.313 883 93.6 0.124  0.021 0.113 0.114 0.106 89.3 94.7
By 1.099 1.277  0.178 1463 1473 4487 872 92 1.143  0.044 0493 0495 0.671 858 923
Y% 815 8.32 0.17 2352 2357 2228 865 90.8 8.062 -0.088 1.184 1.186 1.188 87.7 9238
v 2.88 3.072  0.192 0502 0537 0.468 88.1 93.4 2987  0.107 0.321 0338 0323 90.7 95
v -024 | -0.262 -0.022 0.143 0.145 0.119 844 90.2 -0.246  -0.006 0.089 0.09 0.08 859 92
v3 255 2.892 0342 1.657 1.691 4.534 852 91.6 2.678  0.128 0.687 0.699 0.804 879 93
high ¢ 0.5 0.441  -0.059 0409 0413 NaN NaN NaN 0.439  -0.061 0.399 0404 NaN NaN NaN
Bo -0.849 | -0987 -0.137 1.165 1.173 1.644 88.689 93.594 | -0913 -0.065 0395 04 036 874 922
61 0189 | 0432 0243 2231 2241 3.489 85.185 90.39 0215 0.041 0.254 0254 0.195 844 89.6
By 1.099 1.319 022 1406 1422 0.585 87.588 92.693 1.13 0.031 0439 044 0379 86.8 924
Y% 815 8.248  0.098 1.555 1.557 1.498 86.887 91.892| 8.156 0.006 1.006 1.005 0.998 889 93.6
o 2.88 3.019  0.139 0397 0421 0.382 89.489 94.895 2.96 0.08 0279 029 0265 87.7 93.7
2 -0.24 | -0263 -0.023 0.104 0.107 0.093 87.487 93.193 | -0.256 -0.016 0.068 0.069 0.065 88.7 94.2
v3 255 2875 0325 1.539 1.572 0.786 87.087 93.594 | 2.656  0.106 0.578 0.587 0.525 87.8 93.8
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Table 3.6: Estimates, bias, standard error, RMSE and CP for DEWP under proportional
odds model with Weibull baseline.

The range of (0,.0050.01, .. .,0.19,0.195,0.2).

n = 300 n = 600
C p Par True | Estimate Bias se RMSE S.E. CP Estimate  Bias se RMSE S.E. CP

90% 95% 90% 95%
light low ¢ 0.1 0.118  0.018 0.097 0.099 NaN NaN NaN | 0.113 0013 0.098 0.099 NaN NaN NaN
Bo -1.387 | -1.425 -0.037 031 0312 0278 857 923 | -1425 -0.038 0.229 0.232 0.193 829 O91.1

/1 0111 0.127  0.016 0.088 0.087 0.086 91.4 959 | 0.111 0.008 0.058 0.056 0.053 902 94.8

By 1.099 1.088 -0.01 0272 0272 0.268 89.6 94 1.1 0.002 0.193 0.193 0.191 89.1 943
o  0.34 0.335 -0.005 0.034 0.034 0.034 872 924 | 0337 -0.003 0.024 0.024 0.024 88.7 93.6
013 0.131 0.001 0.009 0.009 0.009 88.8 94.9 0.13 0 0.006 0.006 0.006 889 952
7 -021 | -0.218 -0.008 0.07 0.071 0.068 89 95 -0.213  -0.003 0.048 0.048 0.048 90.8 94.2

73 1.9 1.941 0.041 0459 0461 0456 888 94.6 | 1925 0.025 0.311 0312 0323 904 955
high ¢ 0.1 0.128  0.028 0.094 0.098 NaN NaN NaN | 0.123 0.023 0.094 0.096 NaN NaN NaN
Bo -0.849| -0918 -0.069 0.316 0323 0297 86 93.5| -0905 -0.057 0232 0239 0.203 833 893
/0189 | 0216  0.027 0.156 0.157 0.139 87 91.1 | 0.191 0.016 0.093 0.091 0.085 91 944
Bs  1.099 1.12 0.021 0244 0.245 0.225 863 91.6 | 1.105 0.006 0.167 0.167 0.162 89.3 93.9
Y% 034 0336 -0.004 0.029 0.029 0.028 87.5 935 | 0338 -0.002 0.021 0.021 0.02 87.8 932
v 013 0.13 0 0.008 0.008 0.008 90 947 0.13 0 0.006 0.006 0.005 90.2 942

v -021 | -0.218 -0.008 0.062 0.063 0.059 89 944 | -0211 -0.001 0.043 0.043 0.042 89.3 94.1

73 1.9 1.948 0.048 0379 0382 0383 91.3 952 | 1923 0.023 028 0.281 027 89 94
heavy low ¢ 0.1 0.117  0.017 0.098 0.099 NaN NaN NaN | 0.115 0.015 0.098 0.099 NaN NaN NaN
Bo -1.387 | -1.447 -0.059 0.372 0377 0342 87 928 | -1.434 -0.047 0265 0269 0.233 847 90.8
61 0111 0.138  0.027 0.122 0.123 0.116 91 951 | 0.113 0.01 0.074 0.073 0.066 89.7 94.6
By 1.099 1.09 -0.009 034 034 0326 87.6 929 | 1.108 0.009 0239 024 0.231 89.8 945
Y% 034 0333 -0.007 0.038 0.039 0.038 87.5 928 | 0.336 -0.004 0.027 0.028 0.027 89.2 942

v 013 0.131 0.001 0.011 0.011 0.011 89.8 944 | 0.131 0.001 0.008 0.008 0.008 90.2 95
v -021 | -0.219 -0.009 0.086 0.086 0.082 884 94.1 | -0.215 -0.005 0.059 0.059 0.057 889 93.7
73 1.9 1.957  0.057 0573 0576 055 882 94.6| 1.951 0.051 0387 0.39 0386 89.1 944
high ¢ 0.1 0.132  0.032 0.092 0.098 NaN NaN NaN | 0.123 0.023 0.094 0.097 NaN NaN NaN
Bo -0.849 | -0.942 -0.093 0.383 0.394 0368 862 93.1| -0916 -0.068 0261 027 0.248 858 914
61 0.189 | 0238 0.049 0.243 0246 0.198 86.6 914 | 0.197 0.022 0.111 0.11 0.105 894 943
By 1.099 1.135  0.037 0302 0304 0275 869 924 | 1.111 0.013 0.198 0.199 0.196 89.2 949

Y% 034 0.335  -0.005 0.031 0.032 0.032 89.1 94 0.337  -0.003 0.024 0.024 0.023 88.7 93.1
7o 013 0.131 0.001  0.01 001 0.009 90 954 | 0.131 0.001 0.007 0.007 0.007 889 94.2
2 -0.21 -0.22 -0.01 0.071 0.072 0.069 89.2 945 | -0.213 -0.003 0.049 0.049 0.048 90.6 94.6
Y 1.9 1.983  0.083 0464 0472 0458 893 952 | 1945 0.045 0.334 0.337 0322 877 933
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Table 3.7: Estimates, bias, standard error, RMSE and CP for DEWP under proportional
odds model with Log-logistic baseline.

The range of ¢ are (0,.005,0.01,...,0.19,0.195,0.2)

n = 300 n = 600
C p Par True | Estimate Bias se RMSE S.E. CP Estimate  Bias se RMSE S.E. CP
90% 95% 90% 95%
light low ¢ 0.1 0.135 0.035 0.093 0.099 NaN NaN NaN 0.121 0.021 0.096 0.099 NaN NaN NaN
Bo -1.387 | -1.474 -0.087 0.323 0.335 0.291 85 91.7 -1.439  -0.053 0.227 0.233 0201 844 91
S 0112 | 0.176  0.064 0.228 0.236 0.176  89.2 94.4 0.136  0.033 0.14 0.142 0.109 879 939
By 1.099 1.053  -0.045 0428 043 0398 847 89.7 1.076 ~ -0.023 0.314 0315 0294 872 91.7
o  8.15 8202 0052 1.199 12 1.167 874 92.8 8.147  -0.003 0.828 0.827 0.811 88.8 93.8
o 2.88 2994  0.114 0362 0379 0345 89.1 94 2932 0.052 0251 0256 0239 89.6 95
v -0.24 -0.25 -0.01  0.09 0.09 0.08 88.9 94 -0.244  -0.004 0.061 0.061 0.061 89.8 94.7
v3 255 2.645  0.095 0.675 0.682 0.667 89.6 95 2.603  0.053 0468 047 0471 91.5 964
high ¢ 0.1 0.146  0.046 0.086 0.098 NaN NaN  NaN 0.133  0.033 0.091 0.097 NaN NaN NaN
Bo -0.848 | -0.962 -0.114 0.321 034 0294 842 90.5 -0.929  -0.082 0.223 0.238 0.202 82.8 90.1
G 0.19 0.292  0.102 0345 0357 0.286 84.6 89.3 0.231 0.056 0204 0.211 0.165 852 914
B> 1.099 1.12 0.021 038 038 0.338 829 89.2 1.098  -0.001 0277 0.277 0.251 839 89.8
Y% 815 8.193  0.043 0965 0.966 0.957 89.2 94.1 8214  0.064 0.673 0.676 0.685 90.6 95.7
v 2.88 2958 0.078 0.298 0.308 0.288  88.6 94.8 2902  0.022 0.207 0208 0.201 882 94.7
v -024 | -0.259 -0.019 0.075 0.078 0.074 88.8 94.2 -0.25 -0.01 0.054 0.055 0.052 903 94.7
v3 255 2.711 0.161 0582 0.603 0.556 89.1 94 2612 0.062 041 0414 0389 87.6 93
heavy low ¢ 0.1 0.144  0.044 0.088 0099 NaN NaN NaN 0.131 0.031 0.094 0.099 NaN NaN NaN
Bo -1.387| -1.522 -0.135 0452 0472 0.402 86.533 92.663 | -1.473 -0.087 0.286 0.299 0.268 86.7 91.9
61 0112 0.2 0.088 0373 0.382 0.268 88.442 94.07 0.157  0.054 0217 0223 0.16 87.6 928
By 1.099 1.139  0.041 0.714 0715 0.67 85.628 89.95 1.096  -0.003 047 0469 0433 84.8 89.7
Y% 815 8.235 0.085 1.828 1.829 1.704 85.729 90.854 | 8.142 -0.008 1.065 1.065 1.1 89.6 939
v 2.88 3.061 0.181 0.469 0.503 0.451 88.241 94.07 2957 0.077 0323 0332 0307 89 95
v -024 | -0.268 -0.028 0.126 0.129 0.114 86.533 92.563 | -0.25 -0.01 0.081 0.081 0.079 87 94
v3 255 2.82 027 1.019 1.053 0.972 89.749 94.171 | 2.668  0.118 0.642 0.652 0.642 89.6 95.1
high ¢ 0.1 0.151 0.051 0.083 0.097 NaN NaN NaN 0.142  0.042 0.088 0.098 NaN NaN NaN
Bo -0.848 | -0.997 -0.149 0429 0454 04 84.523 91.156| -0963 -0.115 0277 03 0268 854 912
61 0.19 0.351 0.161 0598 0.617 0.523 83.92 89.246 | 0.255 0.08 028 0.291 0217 83.7 892
By 1.099 1.223  0.124 0.648 0.66 0.644 85829 91.156 | 1.128 0.03 0391 0.392 0363 855 91.1
Y% 815 8.218  0.068 1.327 1.328 1.327 88.04 92563 | 8214 0.064 0923 0925 0922 892 937
o 2.88 3.001 0.121 0388 0.406 037 88.141 93.467 | 2929 0.049 0265 0.269 0.255 89.6 94
2 -0.24 | -0274 -0.034 0.099 0.105 0.094 87.236 92.965| -0.257 -0.017 0.067 0.069 0.064 883 94
v3 255 2.864 0314 0856 0912 0.858 87.739 93.266 | 2.682  0.132 0.541 0.557 0.525 89.7 94.8
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3.5 Model discrimination

Among the three models discussed in the preceding sections, DLBP contains one less pa-
rameter than the other two models. So, DLBP may get selected often based on AIC or BIC
if all three models have a similar log-likelihood value (cf. Occam’s razor principle). For
this reason, it will be interesting to do model discrimination between DNB and DEWP cure

rate models. We use AIC and BIC as criterion to select the best model, which are
AIC = 2p — 21, BIC = plog(n) — 2, (3.33)

where [ is the maximized log-likelihood value corresponding to the model, p is the number
of parameters estimated, and n is the sample size. The model to be chosen as the best
model should have the highest likelihood value, or the smallest AIC/BIC value.

Tables 3.8 and 3.9 present the selection rates based on AIC, BIC and maximized log-
likelihood value for DNB and DEWP models under proportional odds lifetimes under var-
ious cases. Because DNB and DEWP contain the same number of parameters, same selec-
tion rate would result based on AIC/BIC/I. From the tables, we see that the rate to select
DNB as a better model increases from 51.1% to 61.4% for Weibull baseline and from 50.6%
to 60.2% for Log-logistic baseline when ¢ increases from (.2 to 3. In addition, the rate to
select DEWP as a better model increases from 57.6% to 89.1% for Weibull baseline and
from 57.7% to 79.2% for Log-logistic baseline when ¢ increases from 0.1 to 1. Figure 3.1
displays the histograms of [ by fitting the simulated data (¢=2) by DNB and DEWP. The
two plots are almost identical which means DEWP and DNB are almost the same in this
case. Notice that had we simulated data from DEWP with ¢ = 2 from Weibull baseline,

DEWP would almost always to be selected as a better model compared to DNB cure rate
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model.

Table 3.8: Selection rates based on AIC, BIC and maximized log-likelihood values for
DNB, DEWP under proportional odds (n = 600, light censoring, low destruction).

True Models Fitted Models
PO baseline 0] AIC BIC log-lik
DNB DEWP | DNB DEWP | DNB DEWP

Weibull DNB 0.2 0.511 0489 | 0.511 0.489 | 0.511  0.489
0.5 0.525 0475 | 0.525 0475 | 0525 0475
2 0.586 0414 | 0.586 0.414 | 0.586 0.414
2(n=2000) | 0.633 0.367 | 0.633 0.367 | 0.633 0.367
3 0.614 0.386 | 0.614 0.386 | 0.614 0.386
DEWP 0.1 0424 0.576 | 0424 0.576 | 0424 0.576
1 0.109 0.891 | 0.109 0.891 | 0.109 0.891

2 0 1 0 1 0 1
log-logistic  DNB 0.2 0.506 0.494 | 0.506 0.494 | 0.506 0.494
0.5 0.513 0487 | 0.513 0.487 | 0.513  0.487
2 0.529 0471 | 0.529 0471 | 0.529 0.471
3 0.602 0.398 | 0.602 0.398 | 0.602 0.398
DEWP 0.1 0423  0.577 | 0423 0577 | 0423 0.577
1 0.208 0.792 | 0.208 0.792 | 0.208 0.792
2 0.036 0964 | 0.036 0.964 | 0.036 0.964
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Histogram. Fitted Model: DNB
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Figure 3.1: Histograms of [ based on 1000 simulated data from DNB cure rate model
(with ¢=0.2). The value of ¢ to be selected for the profile likelihood method are
(0.1,0.12,0.14, ...,0.58,0.6).
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Table 3.9: Selection rates based on AIC, BIC and maximized log-likelihood values for
DNB, DEWP under proportional odds lifetimes (n=600).

True Models Fitted Models

C p AIC BIC log-lik

DNB (¢ =2) | DNB DEWP | DNB DEWP | DNB DEWP

Weibull light high | 0.616 0384 | 0.616 0.384 | 0.616 0.384
heavy low | 0546 0.454 | 0.546 0454 | 0.546 0.454

high | 0.598 0.402 | 0.598 0.402 | 0.598 0.402

Log-logistic light  high | 0.586 0.414 | 0.586 0414 | 0.586 0.414
heavy low | 0.537 0.463 | 0537 0463 | 0537 0.463

high | 0.581 0.419 | 0.581 0.419 | 0.581 0.419

DEWP (¢ =2) | DNB DEWP | DNB DEWP | DNB DEWP

Weibull light  high | 0.028 0972 | 0.028 0.972 | 0.028 0.972
heavy low | 0.005 0.995 | 0.005 0.995 | 0.005 0.995

high | 0.068 0932 | 0.068 0.932 | 0.068 0.932

Log-logistic  light high | 0.029 0971 | 0.029 0971 | 0.029 0.971
heavy low | 0.034 0.966 | 0.034 0.966 | 0.034 0.966

high | 0.091 0909 | 0.091 0.909 | 0.091 0.909

Figures 3.2-3.5 plot the mean, relative bias, and relative RMSE of cure rate correspond-
ing to = with different z by fitting DNB and DEWP under proportional odds lifetimes with
Weibull and Log-logistic baseline distributions. When we simulated data from DEWP, the
mean estimates of the cure rate from both model are very close to the true value. The rel-
ative bias is very close to zero, especially for z = 0 with the range being from -0.015 to
0.005. However, DEWP tends to have a smaller relative bias and relative RMSE compared

to DNB. When we simulated data from DNB, the mean estimates of the cure rate from both
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model are very close to the true value. The relative bias is very close to zero, especially for
z = 0 with the range being from -0.01 to 0.005. However, DNB tends to have a smaller
relative bias and relative RMSE compared to DNB. In conclusion, the rate of selecting the
true model as a better model is larger if we have a larger ¢, or larger sample size, or light

censoring, or low destruction probability.

3.6 Illustrative data analysis

Let us now consider the melanoma data described earlier in Section 1.9. In this case, we
select tumor thickness (in mm) and ulceration status (absent: n = 115; present: n =
90) as two covariates. We linked the destructive probability p to tumor thickness and the
parameter 7) to ulceration status, respectively. The regression coefficients were chosen to
be B1 = (B, f1) and By = (5. The parameter 85 does not include an intercept term in
order to avoid non-identifiability problem as mentioned earlier. A preliminary analysis of
Kaplan-Meier estimates against time by ulceration status (Figure 3.6) indicates there exists
cure rates for the group with and without ulceration. We also plot in Figure 3.7 the log-
odds based on Nelson-Aalen estimates over time stratified by ulceration status to validate
the proportional odds assumption. The two curves are almost parallel and do not intersect,
which suggests that the proportional odds assumption on the lifetimes is quite reasonable.
We fitted destructive length-biased Poisson, destructive exponentially weighted Poisson
and destructive negative binomial cure rate models under proportional odds lifetimes with
Weibull and log-logistic baseline to these data. In order to employ the profile likelihood
method on the estimation of ¢ for each model, we chose a range of ¢ to be (-2,2) and (0,10)
with an increment of 0.1 in DEWP and DNB models, respectively. These resulted in 41

and 101 distinct values of ¢. We found the estimates for each value of ¢, and chose the one
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Figure 3.2: Estimates, relative bias and relative RMSE of cure rate by fitting DNB and
DEWP under proportional odds lifetimes with Weibull baseline. These figures are based
on 1000 simulated data from DNB(¢ = 0.2) with n = 600, on light censoring and low
destruction.
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Figure 3.3: Estimates, relative bias and relative RMSE of cure rate by fitting DNB and
DEWP under proportional odds lifetimes with Weibull baseline. These figures are based
on 1000 simulated dataset from DEWP(¢ = 0.1) with n = 600, on light censoring and low
destruction.
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Figure 3.4: Estimates, relative bias and relative RMSE of cure rate by fitting DNB and
DEWP under proportional odds lifetimes with log-logistic baseline. These figures are based
on 1000 simulated data from DNB(¢ = 0.2) with n = 600, on light censoring and low
destruction.
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Figure 3.5: Estimates, relative bias and relative RMSE of cure rate by fitting DNB and
DEWP under proportional odds lifetimes with log-logistic baseline. These figures are based
on 1000 simulated dataset from DEWP(¢ = 0.1) with n = 600, on light censoring and low
destruction.
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corresponding to the maximized log-likelihood value as the MLE.

= LT
S @ -1
g 7 T S
2 -
W T
. S
S o
w
™~
P
—— Mo Ulceration
< ---- Ulceration
(o]
T T T
0 5 10 15

Time in years

Figure 3.6: Kaplan-Meier curves for cutaneous melanoma data by ulceration status.
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Figure 3.7: log-odds based on Nelson-Aalen estimates, based on ulceration status.
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Figure 3.8: Cure rate against tumour thickness in mm stratified by ulceration (ULC) status.

Figure 3.8 displays the estimated cure rate against tumour thickness with respect to the

six different cure rate models. The graph shows that the cure rate is always higher when

ulceration status is absent as compared to when it is present, and the cure rate decreases

with higher tumour thickness value as expected. It implies that if the tumour thickness is

small and there is no ulcer, it is highly likely that the patient gets cured compared.

Note that = 1 or ¢ = 0 in DNB or DEWP leads to a destructive geometric model or

destructive Poisson model. To test ¢ = 1 for the full DNB model, we found the likelihood

ratio test statistic to be 2.12 with corresponding p-value as 0.145. To test ¢ = 0 for the

full DEWP model, we found the likelihood ratio test statistic to be 0.16 with corresponding

p-value as 0.69. The test statistic is taken as A = —2(le — Z), where I, and [ are the
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values of the maximized log-likelihood function under the null and alternative hypotheses,
respectively. The asymptotic distribution of the test statistic A, under Hy :, follows a x>
distribution with one degree of freedom. To validate the heterogeneity among the lifetimes
of the susceptibles, we set up the null hypothesis as 7, = 3 = 0 for the DNB model, and
found the likelihood-ratio test statistic to be 4.296 with corresponding p-value 0.12. The
test statistic is taken as A = —2(1} — Z), where [, and [ are the values of the maximized log-
likelihood function under the null and alternative hypotheses, respectively. The asymptotic
distribution of the test statistic A, under Hy, follows a ? distribution with two degree of
freedom.

We also considered the case when p = 1, i.e., the model becomes a standard cure rate
model and the destructive mechanism is absent in the malignant cells. In case of DNB, we
can get geometric and negative binomial cure rate models upon setting ¢ = 1, p = 1 and
p = 1, respectively. In the case of DEWP, we can get exponentially weighted Poisson and
Poisson cure rate models by setting ¢ = 0, p = 1 and p = 1, respectively. When p = 1, we
can link both x and z to 1) by a log-linear link function of the form n = exp{ 5o+ f1x+ 522}
to incorporate the two covariates and retain the number of parameters. To test the presence
of destruction in DNB, we set the null hypothesis as Hj : p; = 1 vs. alternative hypothesis
H, : p; < 1 for each individual 7, and use a Wald type test statistic % It is to be
noted that the value of destructive probability p; is bounded between zero and one, and also
we cannot use the standard chi-square distribution as asymptotic distribution for the test
statistic. Instead, we use a parametric bootstrap approach to determine the distribution of
the test statistic. The critical value at 5% level turned out to be 31.3 from 10,000 bootstrap
iterations. Figure 3.9 displays the value of tumour thickness versus the test statistic at 5%

level of significance. The test statistic value decreases with increase in tumour thickness,
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as expected. This implies that when the tumour is not thick, for example, greater than 1.29
mm, we do not find enough evidence towards the presence of destruction.
In addition, we also linked 7 to tumour thickness and p to ulceration status of the form

650 +Zﬁ1

— — B
p= [ chotah n=e". (3.34)

Again, the coefficient corresponding to z does not include an intercept term to avoid non-
identifiability problem. The resulting maximized log-likelihood value was always lower.
Table 3.10 presents the estimates of ¢ as well as the maximized log-likelihood value for
various models. The destructive negative binomial cure rate model with proportional odds
under Weibull lifetimes gives the maximized log-likelihood value as -199.76 and with min-
imum AIC of 415.51 and BIC of 442.1 with ¢ = 6. Table 3.11 provides the estimates,

standard error and 95% confidence interval corresponding to this model.
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Table 3.10: The maximized log-likelihood value for various destructive cure rate models
with other link functions.

Weibull PO Log-logistic PO
Link function | Model k| ¢ [ AIC  BIC | ¢ [ AIC  BIC
pi=t1== | DLBP 7| NA -200.85 41569 43895 | NA -203.66 42131 449.34
n; = e DNB 8| 6  -199.76 41551 4421 | 55 -20029 416.57 448.61

DEWP 8| -0.7 -203.57 423.14 449.73 | -0.5 -201.23 418.45 450.48
DG 7| NA -200.82 415.65 43891 | NA -200.99 41598 444
DP 7| NA -20345 42091 444.17 | NA -201.9 417.81 44584

n; = efotbithzi | NB 8| 10 -200.3  416.59 443.18 | 8.6 -200.94 417.88 449.92
pi=1 G 7] NA -203.44 420.88 444.14 | NA -206.35 426.71 454.74
EWP 8 -140 -203.65 42331 449.89 |-1.1 -203.71 423.43 45546
P 71 NA -203.65 421.31 44457 | NA -203.71 421.43 44945

Pi = Tz | DLBP 7| NA 20377 421.53 44479 | NA -203.77 421.53 449.56

n; = e DNB 8| 93 -202.00 420.01 446.59 | 8.2 -202  420.01 452.04
DEWP 8| -03 -203.65 42331 449.89 |-0.3 -203.65 423.31 455.34

Note that G: Geometric, P: Poisson, NB: Negative Binomial, D: Destructive,

k is the number of parameter.
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Table 3.11: The MLEs and standard errors of the parameters of the destructive negative
binomial cure rate model with proportional odds under Weibull lifetimes for the melanoma

data.
Parameter Estimates S.E. 95% C1
Bo -2.51 1.00 (-4.46, -0.55)
b1 1.11 0.58 (-0.03, 2.25)
Ba 4.20 1.21  (1.83,6.57)
" 0.34 0.04 (0.26,0.42)
Yo 0.13 0.03 (0.08,0.18)
Y3 -0.21 0.10 (-0.40, -0.02)
V4 1.99 1.26 (-0.48, 4.45)
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Chapter 4

Gamma Frailty Cure Rate Model under

Proportional Odds Lifetime

4.1 Introduction

In this Chapter, we assume a proportional odds model with frailty term for the distribution
of W; (j = 1,...), with a parametric assumption on the baseline odds function. To be

more specific, the odds function of W; is taken as
O(w,z|r) = rfOq(w), 4.1)

where O(w) = S(w)/F(w) is the odds of survival up to time w, the proportionality term
of f is linked to covariates as e®® with . = (2, ... ,xp)" is a vector of p covariates,
a = (a,...,qp)" is the proportional odds regression coefficients, Oy(w) is the baseline
odds function, and r is the frailty term following a gamma distribution with shape £ > 0

and scale £ > 0. The mean and variance of r are k/¢ and k/£2, as mentioned in Section
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1.6.

The rest of this Chapter proceeds as follows. Section 4.2 describes the form of the data
and the likelihood, while the estimation of the model parameters and associated inferential
issues are discussed in Section 4.3. In Section 4.4, an extensive Monte Carlo simulation
study is carried out. In Section 4.5, we discuss model discrimination using information-
and likelihood-based methods. A data on cutaneous melanoma as well as a simulated data

are then analyzed in Section 4.6 for illustrative purpose.

4.2 Data and the likelihood

Here again, we assume the data are subject to non-informative right censoring. Hence, the
observation time 7; would be the minimum of the censoring time C; and the actual lifetime

Y; for the ith subject, i.e.,

T, =min{Y;,C;}, i=1,...,n. 4.2)

We define an indicator variable 6; = I(Y; < C}) for the i-th subject such that §; = 1 if the
lifetime is observed while §; = 0 if the lifetime is right censored, Ay and A; are sets with
all the 7’s equal to 0 and 1, respectively, and set A* contains all the 7’s. It is to be noted that
the cure rate py = Z(n, ¢) "' is purely a function of 7 for a fixed value of ¢. The range of
1/pp is from 1 to oo and it is monotone in 7. Therefore, it is natural to use a logistic link
function of the form H,(n) = 1 + ¢®# to link the covariates x to the cured proportion py;,

1.e.,

poi = po(B:xi) = Z(n, )~ = Hy() ™" = (1 +™F) 7, (4.3)
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where py; is the cured proportion for the ith category, z; = (1,z}.) = (1,2i,...,2;p)
is a vector of p + 1 covariates, and /3 is the vector of regression coefficients. Under this
link function, 7 can be calculated from H(;l(.) analytically for the Geometric, Poisson
and Bernoulli distributions, and by using numerical method for the general COM-Poisson
distribution.

For n pairs of observations (¢,8)={(t1, 01),. . . ,(t,, 9,,) } corresponding to n individuals,

the observed data likelihood function under non-informative censoring is then given by
L(6:t,6) oc [ [{f,(t:;0) 1 {S,(t::0) Y % ] f-(ra). (4.4)
i=1 N
where @ is the set of parameters (¢, 8, 2’,’), which is equivalent to
L(6:t,6) oc [] folts;0) [ ] {po + (1 — po)Ss(ts:0)} T fr(ro). (4.5)
[IVAN 1€AQ 1EA*

Here, we consider two baseline distributions for the proportional odds survival model cor-
responding to the time-to-event random variable, namely, Weibull and log-logistic distribu-
tions. It should also be noted that log-logistic distribution in fact processes the proportional
odds property, while the Weibull distribution does not. The survival function and p.d.f. of

W under a Weibull baseline, for example, are

S(w,~0,m) = [1+ €7 /r(e)™ —1)]71 w >0, (4.6)

Fw,,70,m) = () opese ) 0=t (pemee — 1) 41772/ (yow), w > 0,

(4.7)

where 79 > 0 and 7; > 0 are the shape and scale parameters of the baseline Weibull
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distribution, respectively. Instead, if we assume the baseline distribution to be a log-logistic
distribution with 79 > 0 and 7; > 0 as the scale and shape parameters, respectively, then

the corresponding odds function of W; is given by

Y1
Yo

=T = Op(w, 170, 1)ree. (4.8)

O(w; z, ar) =
We observe that W; still follows a two-parameter log-logistic distribution (vyy,v; > 0)
with shape parameter ; and scale parameter yye ®*/71, and with corresponding survival

function

7 o
™o €

1 !
Yyt eTe® + wM

S(w;zlalr) = ,w > 0. 4.9)

Note that the mean does not exist if ; < 1 and the variance does not exist if y; < 2.

4.3 Estimation of parameters

In this section, we propose an Expectation-Maximization (EM) algorithm for obtaining the
MLE:s of 0, and a profile likelihood approach for the estimation of the dispersion patameter
¢. In our model, the random variable I;’s are observed for ¢ in the set A; and unobserved
for 7 in the set Ay, where I; = 1 if the individual is susceptible and /; = 0 if the individual

is cured. Let us denote the set of complete data by

(t,é,ar:,I) = {(tl,él,xl, [1>, cey (tn,én,xn,ln)}.
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The complete data likelihood is then given by

Le(t,6,2,Ly) = [ [ {1 = poo) f(t:lra)} T {poi “[(1 = pod)S(talr)]"} 1T £+(ro),

i€ i€Ao ieAx

(4.10)

where I = ([4,...,1,), ;e = (zi1,...,2;) and z; = (1,2],)". The corresponding com-
plete log-likelihood function

1.(0;t,z,0,1) = constant + Z logf,(ti,x;,0) + Z(l — I;)logpo(B, z;)
€A1 iEAo
+ 3 Llog[l — po(B,x:)] + > LilogSi(ti,@ic:0) + Y fo(rs). (4.11)
i€EAQ 1€Ao IEA*

4.3.1 E-step

The expectation step is achieved by calculating the expected value of the complete data
log-likelihood function with respect to the conditional distribution of the unobserved I;’s
(1 € Ay), given the observed data O = {(¢;,0;,x;),7 € A} and the current estimates of

the parameters §*) = (B’,+'’, for a fixed value of ¢. Let us denote the function as

Q6,7™")) = E(1.(0;t,2,6,1)|0,0%) (4.12)
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at the k-th iteration step. In our model, /;’s are Bernoulli random variables and we can

easily find the conditional expectation for the ¢th individual who is susceptible to be

E(K;(ti]r:) fp(t]Y )% Sp(t:] V)~
E(fp(t:]Y)2uSp(ti[Y) =% |0®))
(1 — poi(ms, B*)) E(Ss(t:]Y)16™))
(1 = poi(@i, B¥))) E(K;(t;|7:)Ss (4:]Y)|0F)) + pos (2, BR)
(4.14)

6())

B(K;(ti|r:)|0,0%) = , (4.13)

E(LK;(t|r:)|0,8%) =

where K (.) is a function of ¢; conditional on r;. Now, for a fixed value of ¢, the () function

is given by

Q(077r(k)) = Ql(ﬂa'}/()a'}/ba) + Q2(§)7 (415)

with

Q1<:Ba70771>a) = Z E?,,i — Z E4,i + Z E5,i -+ Z Eﬁ,i — Z log(l + eﬂlzi)’

1€EA] €A 1€EA] 1€AQ 1EA*

(4.16)

Q2(6) = > nélog(§) —nlogl'(§) + > ((§ = 1) By — £Ey), (4.17)

1€Ag 1EA*

where

EU = E(’T’Z|O,0(k)), Egi = E(logn\O,G(k)), E37; = E(logf1|0,0(k)),

Ey = E(logsz|070(k))7 E5i = E(logz2,ilovo(k))7 E6i = E(Illog2171’070(k)>’
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and

iS(tilri S (ti|r;
21, = 21020, 4) = Z{n ‘T ,22—220:1«'2, 2‘7{77 |r

4.3.2 M-step

The M-step is achieved by maximizing the Q (@, 7*))—function in (4.15) in order to obtain

the improved estimate of 6, i.e.,

6%+ — arg max Q(9, 7). (4.18)
0

The MLEs of B and 7y do not have explicit expressions, and so numerical maximization is
carried out by using the Newton-Raphson method, for example.

For a fixed value of ¢, the E-step and M-step are alternated until the parameter estimates
converge to a desired level of accuracy. The parameter ¢ is determined by using the profile
likelihood technique. We consider a range of ¢ with small increment, and then for each
value of ¢, the MLEs of other parameters are found, and the value of ¢ with the largest
likelihood is chosen as the final estimate. The following subsections present explicit forms
of the first- and second-order derivatives of the Q function as well as the update function for
the case of COM-Poisson distribution, which are necessary for the numerical computation

process.

4.3.3 Results for the COM-Poisson cure rate model with gamma frailty

The required first- and second-order derivatives of Q(8*,w*)) function with respect to

and v, for fixed values of ¢, are as follows:
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0
83[1 Z E3 i(aq) Z E4,z'(al) + Z E5,i(0¢l) + Z Eﬁ,i(al)y

1€EA] 1€A] €AY 1€Ag

0Q
v Z B3y Z By + Z Bsin + Z L6 i)

Tk 1€A [IVAN 1€A 1€
0Q Z zipeP

Esig + Y Boits) = D 1 g
ﬂ/ ’L"

aﬁh 1€A 1€ IEA* 1 + 7
oQ
—% =nlog() +n — no(§) + Y (s — ),
o

Q)
DD = Z ES,i(alozl/) - Z E4,i(alal/) + Z ES,i(alal/) + Z E6,i(alozl/)>

W eny i€ €A N
@
Do = Z 3,i(ouvk) Z B i) + Z B (o) + Z B i)
Tk jen, €Ay N N

Py
P o Z (YY) Z Bty + Z Bs i) + Z Eé i)

KTk 1€Aq 1€Aq 1€EA 1€Ag

9°Qy Z 9°Q1

=D Bsitws) + D Boitcusn) =D Britus + D Boitup):

0O X i€ 0P i€ Ao

O iz 0?°Q  n
=Y Es, FEg.; - _n -
8ﬁh8ﬁh/ 5,1(ﬁhﬁh/) + Z G,Z(IBhIBh/) Z (1 + eﬂ/zi)27 8565 5 n¢1 (f)

1€A 1€AQ 1EA*

The first- and second-order derivatives of the £ function with respect to different parame-

ters are as follows:

E3,z‘(.) = Ml,l((bgfz‘)-)a ES,i(..) = Ml,Q((Ingi)--)a E4,z'(.) = M1,1((108§Sz')-)7
E4,i(..) = M1,2((10g57;)-~), E5,z'(.) = M1,1((10822i)-), E5,i(..) = M1,2((10g22i)--)

Eﬁ,i(.) =M2,1((10g22¢).), E6z () = Mm((lOme) )
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The M _(.) functions are given by

E(—BK%.Z““’fp<u|Y>6isp<tz-|Y>1—5i|0<k>>

E(a B ‘” fo(ti !Y)‘S Sp(t:]Y)' 0™
My o(K (t]r;)..) = (fp(my)é S Y g) (4.20)
(1 — poi(:, B*))) (225, (1:]Y)|0®)
Mll( <t ‘Tl) ) (1 _p(h(xzaﬂ( )))E(Ss(tz|y)|0 k)) +p0z($1713(k))’ (421)
(. R(E 9%logzo; ) k
Moo (K (t|r:)..) = (= poi(:, B)) E(= 5525, ([V)|6) (4.22)

(1 = poi(zs, B®)) E(S(t:]Y)10F)) + poi(xi, BH))’

where . can be 7., a; or 3. The first- and second-order derivatives of the log f; and log.S;
with respect to v, oy, 8, under proportional odds model with log-logistic as well as Weibull
baseline are presented in the Appendix. The first- and second-order derivatives of the logz; ;

with respect to i, oy, 55, are as follows:

Ologz1; 22, 0logS(ti|r;) 0Ologz, 224 Bl
= ) - Tip€* 17

0oy 21, 0oy B, 201,i%1,i
9logzy;  xineP ¥ OlogS(t;|r;

g21, _ 2h g ( | ){221’212171. - 231}7
6@;8& Zl,iZOLi 0@1 ’
d%logzy; 221471 — Z%z OlogS (t;|r;) OlogS (t;|r;) n 29; 0%logS (t;|r;)
80418041/ n Zii (9041 aOél/ 214 8041004;/

2 fx;
O%logz1; T, 7 €53 2025 *2i \ Blm
8.0 = 3 222014 T | 2214 — 22, — et
BrOB 201,i%1,i 201, 21,

The first- and second-order derivatives of logz,; with respect to vz, oy, ), are as fol-

lows:
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8log22,i 221, 8logS(t1]rz) alogzu . zzl,ixiheﬂg”‘i 810g22’1- . 221,i 8logS(tZ]n)

9 9 - 9
Oay 22 Oy OB 201,i%2,i a’}’k 22 3%
2 "
8210g227,~ B (231,22, — Z21,i)xih6ﬁ # Olog S (t;]r;)
= 5 ,
(90418/3;1 2277;20172‘ 804[
2 I 2
Ologza; T, P 202, *21i \ Blm
= 5 291,i%014 + | 23145 — %21, ——Jer |,
0BrOBw 201,i%2,i 201, 22,

D?*logza; 291, OlogS(t|r:) N (zgu B 221 Z) dlogS (t;|r;) OlogS (t;|rs)
Oay Oy 204 Oagay Oy ooy
0%logza;  zo1,; OlogS(t;|r;) i <231,i B 2221,i> OlogS (t;|r;) logS (t;|r;)
0OV 22:  OVeYw Zoq % Ok O
D?logze; 291, OlogS(t|r:) N <z31,i B Z§11> dlogS (t;|r;) OlogS(t;|r;)
Doy, Zo; 00y Oy ove

2
22,i X

2
22, 295

where

214 = Zl<ti> — i {nzS(tz|T1)}] - ZQ Z ]{771 t |T1 :

) )

' 2{n; (t;|rs J
ZOI,i:ZOl(ti):Z%’ o1 = 201 (1 Z] {m:S )| )}

> -2

> -3
J i t i)}
2314 = 231 Z {77 ‘ y 202 K 202 Z (]gd)

J=1

4.4 Simulation study

In this section, an extensive Monte Carlo simulation study is carried out for the special
cases to illustrate the performance of the proposed model and the method of inference.
We vary the sample size, censoring proportion, and underling baseline distribution to con-

sider different scenarios. We mimic the cutaneous melanoma data, and consider 4 possible

120



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

categories for the individuals, namely, x = 0, 1, 2, 3. Two different sample sizes were con-
sidered in the study: n = 800 (200, 168,212,220) and n = 2000 (500, 420, 530, 550) to
reflect medium and large sample sizes. Moreover, if we assume that 8 = ([, 51) has two
parameters, fixing the cure rates for the first and fourth categories would be enough to cover
all cases as the cure rates for the second and third categories can then be obtained from .
Here, we took (poo, pos) = (0.4,0.2) with respect to categories one and four for the cure

rate. Also, the cure rate would be in a decreasing order in this way. The 8’s turn out to be

Bo=Mm(1/poo—1) , B = (In(1/po3 — 1) — Bo)/3. (4.23)

We thus obtain the true value of 8 as (0.405,0.321). In addition, we consider light and
heavy censoring cases in the simulation. The light and heavy censoring rates are (0.52,
0.45, 0.37, 0.3) and (0.65, 0.49, 0.4, 0.35) for the low cure rates, ( 0.7, 0.57, 0.45, 0.34) and
(0.8, 0.64, 0.5, 0.38) for the high cure rates, respectively. Suppose the probability of getting
censored and cured for group x are ¢, and p,, respectively. It is natural to consider the
proportion of censored individuals for the susceptible group to be equal to the difference

between the probability of getting censored and cured; i.e.,

PY>C,NM>1|X =x) = ¢ — pou, (4.24)

where the censoring time C, follows an exponential distribution with rate A\, on z =
0,1, 2, 3. The choice of (&, vy) in the underlying distribution of the proportional odds sur-
vival model were taken to be (0.571,0.307) and (1.75, 3.25) for Weibull and log-logistic

distributions, respectively. The odds parameter was specified as ; = —0.75 to ensure a
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decreasing lifetime for the four nodule categories. We consider an inverse transform sam-
pling method to simulate the actual survival lifetime w; for each individual under different

competing risks, i.e.,

1 1 Y0
w; = — [log(l + (— — 1> riexio‘)] , (4.25)
24! U

u 1/m
w; :fy()(l_uriexio‘) J=1,...,n, (4.26)

under the proportional odds model with Weibull and log-logistic baseline distributions,
respectively, where u follows an uniform distribution over O to 1.

Under the above setting, the procedure to generate the data from different cure rate
models is as follows.

Geometric cure rate model: For each individual, we simulate the number of compet-
ing risks M; from Geometric distributions with probability P(M; = 0) = pg,; and we
simulate the censoring time C, from exponential distribution with rate \,. If M; does not
equal zero, we simulate M; number of actual lifetimes {Y;, .., Yy, } from proportional
odds survival model, the actual lifetime is defined as Y; = min{Y;i, .., Yip;,} and the ob-
served lifetime 7; is taken as the minimum of all the actual lifetimes and the censoring
time, i.e., 7; = min{Y;, C;}. If Y; > C;, we make the censoring indicator ¢; = 0, otherwise
0; = 1. On the other hand, M; = 0 means the individual is cured, and so we assign C; to
be the lifetime, and the censoring indicator is taken to be ; = 0.

Poisson cure rate model: In this case, the procedure is the same as the Geometric cure
rate model except that M, is simulated from Poisson distribution with parameter — log(po, ).

Bernoulli cure rate model: There are two ways to do the data generation in this case.

One is the same as Geometric cure rate model except that M, is simulated from Bernoulli
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distribution with probability of success as 1 — pg,. Another way is a little bit simpler
since M; can only take O or 1 in this case. For each individual, we simulate the censoring
time C, from exponential distribution with rate A,. Then, we simulate an uniform random
variable U; and if U; < py,, the observed lifetime 7; is set to C,; otherwise, we generate
the observed lifetime 7; from the proportional odds survival model.

In our simulation study, 1000 Monte Carlo runs were considered in each scenario. The
estimates were calculated through the EM method. We stopped the iteration in estimation
when the difference in the log-likelihood values between two consecutive estimates was
less than 10~7. We calculated the empirical Bias, standard error (SE), root Mean Square
Error (RMSE), and 95% coverage probabilities (CPs) for all the parameters. Here, the
initial values of the parameters (3,7) were taken from a grid of parameter values, and
those values having the maximum likelihood were then chosen as the initial value.

Tables 4.1 - 4.9 present the bias, SE, RMSE, and CPs for the three special cases. We
can see that the estimates are quite accurate under different cure rate models with gamma
frailty. The bias, SE, along with RMSE get reduced for low censoring. The coverage
probabilities of the confidence intervals based on the asymptotic normality of the MLEs
are quite close to the nominal level in most of the cases except for 1/£. This becomes

better when the sample size n increases.
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Table 4.1: True values of parameters, Bias, SE, RMSE and CP for the Geometric cure
rate model with gamma frailty under proportional odds with log-logistic baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

800 ! -0.75 | 0.006 | 0.108 | 0.104 | 95.689 | -0.75 | 0.009 | 0.122 | 0.12 95.39

Yo 1.25 | -0.003 | 0.065 | 0.065 | 93.653 1.25 | -0.005 | 0.079 | 0.08 93.388

" 375 |-0.022 | 0.189 | 0.148 | 96.527 | 3.75 | -0.023 | 0.202 | 0.158 | 97.045

B 0.405 | 0.003 | 0.146 | 0.145 | 95.329 | 0.405 | 0.005 | 0.175 | 0.17 95.868

Ba 0.327 | 0.004 | 0.08 | 0.081 94.371 |0.327 | 0.002 | 0.092 | 0.088 | 96.222

1/¢ |0.152 | -0.061 | 0.085 | 0.082 | 54.371 | 0.152| -0.06 | 0.086 | 0.082 | 55.083

Table 4.2: True values of parameters, Bias, SE, RMSE and CP for the Poisson cure rate
model with gamma frailty under proportional odds with log-logistic baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

800 ! -0.75 | 0.006 | 0.085 | 0.086 94.97 -0.75 | 0.01 | 0.094 | 0.099 | 94.097

Yo 1.25 | -0.005 | 0.054 | 0.054 | 94.611 1.25 | -0.006 | 0.064 | 0.065 | 93.388

Y 3.75 | -0.025 | 0.151 | 0.156 | 92.575 | 3.75 | -0.021 | 0.161 | 0.164 | 93.388

51 0.405 | 0.005 | 0.145 | 0.143 | 95.329 | 0.405 | -0.001 | 0.174 | 0.167 | 95.632

Ba 0.327 | 0.001 | 0.079 | 0.079 94.85 | 0.327 | 0.004 | 0.091 | 0.09 95.396

1/¢ ]0.152 | -0.06 | 0.053 | 0.08 53.653 | 0.152 | -0.052 | 0.056 | 0.075 | 61.039
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Table 4.3: True values of parameters, Bias, SE, RMSE and CP for the Bernoulli cure rate
model with gamma frailty under proportional odds with log-logistic baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

800 o -0.75 | 0.004 | 0.079 | 0.08 94.85 -0.75 | 0.007 | 0.085 | 0.088 | 94.097

Yo 1.25 | -0.006 | 0.052 | 0.052 94.97 1.25 | -0.01 | 0.058 | 0.06 94.215

" 375 | -0.028 | 0.154 | 0.147 | 95.569 | 3.75 | -0.015 | 0.165 | 0.163 | 95.277

B 0.405 | -0.005 | 0.146 | 0.146 | 94.731 | 0.405 | 0.009 | 0.175 | 0.184 | 94.097

Ba 0.327 | 0.004 | 0.08 0.08 95.808 | 0.327 | -0.001 | 0.092 | 0.097 | 93.743

13 6.6 | 9.696 | 11.836 | 16.138 100 6.6 9.81 | 1223 | 17.045 100

1/¢ | 0.152 | -0.054 | 0.063 | 0.075 | 58.922 | 0.152 | -0.051 | 0.065 | 0.074 | 60.803

Table 4.4: True values of parameters, Bias, SE, RMSE and CP for the Geometric cure
rate model with gamma frailty under proportional odds with log-logistic baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

2000 o -0.75 | 0.004 | 0.069 | 0.068 | 94.897 | -0.75 | 0.003 | 0.079 | 0.075 | 97.054

Yo 1.25 | -0.002 | 0.041 | 0.043 | 93.317 1.25 | -0.003 | 0.05 | 0.049 | 94.993

" 375 |-0.019 | 0.124 | 0.1 96.719 | 3.75 | -0.002 | 0.143 | 0.103 98.38

B 0.405 | 0.002 | 0.092 | 0.092 | 95.018 | 0.405 |-0.002 | 0.11 | 0.111 94.845

Ba 0.327 | 0.001 | 0.05 | 0.051 95.261 | 0.327 | 0.002 | 0.058 | 0.057 | 95.582

1/¢ 10.152 | -0.04 | 0.058 | 0.061 66.1 0.152 | -0.019 | 0.069 | 0.04 83.652
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Table 4.5: True values of parameters, Bias, SE, RMSE and CP for the Poisson cure rate
model with gamma frailty under proportional odds with log-logistic baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

2000 o -0.75 | 0.005 | 0.054 | 0.056 | 93.816 | -0.75 | 0.002 | 0.06 | 0.056 | 96.159

Yo 1.25 | -0.004 | 0.034 | 0.036 | 94.079 | 1.25 0 0.041 | 0.039 | 96.302

" 375 | -0.02 | 0.096 | 0.103 | 92.763 | 3.75 | -0.015 | 0.102 | 0.104 | 94.168

B 0.405 0 0.092 | 0.095 | 94.605 | 0.405 | 0.005 | 0.109 | 0.104 | 96.302

Ba 0.327 | 0.003 | 0.05 | 0.049 | 95.789 | 0.327 | -0.001 | 0.057 | 0.055 | 95.875

1/¢ ]0.152 | -0.035 | 0.039 | 0.055 | 69.868 | 0.152 | -0.022 | 0.042 | 0.041 82.077

Table 4.6: True values of parameters, Bias, SE, RMSE and CP for the Bernoulli cure rate
model with gamma frailty under proportional odds with log-logistic baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

2000 ! -0.75 | 0.005 | 0.05 | 0.05 94.4 -0.75 | 0.005 | 0.054 | 0.055 | 95.395

Yo 1.25 | -0.006 | 0.033 | 0.034 92.7 1.25 | -0.006 | 0.037 | 0.038 | 94.194

Y 3.75 | -0.029 | 0.097 | 0.101 934 375 | -0.02 | 0.105 | 0.102 | 94.394

51 0.405 0 0.092 | 0.093 95 0.405 | -0.004 | 0.11 | 0.107 | 95.596

Ba 0.327 | 0.003 | 0.05 | 0.05 95.4 0.327 | 0.001 | 0.058 | 0.057 | 94.795

1/¢ ]0.152 | -0.044 | 0.041 | 0.063 60.8 0.152 | -0.034 | 0.045 | 0.056 70.47
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Table 4.7: True values of parameters, Bias, SE, RMSE and CP for the Geometric cure
rate model with gamma frailty under proportional odds with Weibull baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

800 ! -0.75 | 0.006 | 0.119 | 0.109 | 96.134 | -0.75 | 0.008 | 0.142 | 0.13 96.482

Yo 0.571 | 0.003 | 0.035 | 0.025 | 97.597 | 0.571 | 0.003 | 0.039 | 0.026 | 98.593

" 0.307 | 0.003 | 0.027 | 0.027 | 96.029 | 0.307 | 0.005 | 0.04 | 0.04 94.684

B 0.405 | -0.003 | 0.149 | 0.143 | 95.716 | 0.405 | 0.002 | 0.2 0.2 95.888

Ba 0.327 | 0.005 | 0.083 | 0.081 95.82 | 0.327 | 0.004 | 0.102 | 0.1 95.884

1/¢ ]0.152 1 -0.039 | 0.107 | 0.062 | 71.578 | 0.152|-0.035 | 0.114 | 0.058 | 75.879

Table 4.8: True values of parameters, Bias, SE, RMSE and CP for the Poisson cure rate
model with gamma frailty under proportional odds with Weibull baseline with light cen-
soring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

800 ! -0.75 | 0.004 | 0.085 | 0.082 | 95929 | -0.75 0 0.098 | 0.097 | 95.391

Yo 0.571 | 0.005 | 0.024 | 0.024 | 94.781 | 0.571 | 0.003 | 0.026 | 0.027 | 94.589

Y 0.307 | 0.003 | 0.021 | 0.021 94.572 | 0.307 | 0.003 | 0.028 | 0.029 | 94.289

51 0.405 | -0.001 | 0.149 | 0.147 | 95929 | 0.405 | 0.002 | 0.19 | 0.195 | 94.689

Ba 0.327 0 0.082 | 0.083 94.05 | 0.327 | 0.003 | 0.098 | 0.098 95.09

1/¢& ] 0.152 | -0.042 | 0.058 | 0.062 | 63.779 | 0.152 | -0.036 | 0.062 | 0.056 | 71.643
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Table 4.9: True values of parameters, Bias, SE, RMSE and CP for the Bernoulli cure
rate model with gamma frailty under proportional odds with Weibull baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

800 ! -0.75 | 0.005 | 0.076 | 0.075 | 95.687 | -0.75 0 0.084 | 0.084 94.4

Yo 0.571 | 0.005 | 0.026 | 0.025 | 95.587 | 0.571 | 0.003 | 0.028 | 0.027 95.2

" 0.307 | 0.003 | 0.017 | 0.017 | 95.186 | 0.307 | 0.003 | 0.021 | 0.022 95

B 0.405 | 0.006 | 0.148 | 0.155 | 94.283 | 0.405 | 0.005 | 0.185 | 0.183 95.6

Ba 0.327 | 0.002 | 0.082 | 0.083 | 93.882 | 0.327 | 0.001 | 0.097 | 0.099 94.4

1/¢ ] 0.152 | -0.042 | 0.069 | 0.064 | 69.007 | 0.152 | -0.036 | 0.072 | 0.059 74.6

Table 4.10: True values of parameters, Bias, SE, RMSE and CP for the Geometric cure
rate model with gamma frailty under proportional odds with Weibull baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

2000 ! -0.75 | 0.003 | 0.115 | 0.092 | 97.355 | -0.75 | 0.001 | 0.135 | 0.1 92.026

Yo 0.571 | 0.001 | 0.027 | 0.02 98.105 | 0.571 | 0.002 | 0.031 | 0.02 96.229

Y 0.307 | 0.003 | 0.028 | 0.022 | 98.083 | 0.307 | 0.002 | 0.042 | 0.03 93.827

51 0.405 | -0.004 | 0.15 | 0.122 | 97.679 | 0.405| 0.01 | 0.198 | 0.151 91.918

Ba 0.327 | 0.004 | 0.083 | 0.07 97.376 | 0.327 | -0.002 | 0.099 | 0.077 | 91.866

1/¢ |0.152 | -0.026 | 0.049 | 0.05 78.312 | 0.152 | -0.02 | 0.055 | 0.042 | 83.162
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Table 4.11: True values of parameters, Bias, SE, RMSE and CP for the Poisson cure rate
model with gamma frailty under proportional odds with Weibull baseline with light cen-
soring (LC) and heavy censoring (HC).

LC HC

n Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

2000 o -0.75 | 0.001 | 0.054 | 0.054 | 94.751 | -0.75 | -0.001 | 0.062 | 0.062 | 94.954

Yo 0.571 | 0.001 | 0.015 | 0.015 | 95.304 | 0.571 0 0.016 | 0.017 | 93.493

" 0.307 | 0.001 | 0.013 | 0.013 | 94.475 | 0.307 0 0.017 | 0.017 | 95.485

B 0.405 | -0.001 | 0.094 | 0.094 | 95.028 | 0.405 | 0.003 | 0.119 | 0.117 94.29

Ba 0.327 | 0.001 | 0.052 | 0.052 | 94.061 | 0.327 | -0.001 | 0.061 | 0.062 | 93.094

1/¢ | 0.152 | -0.008 | 0.034 | 0.022 | 92.403 | 0.152 | -0.007 | 0.034 | 0.022 | 92.961

Table 4.12: True values of parameters, Bias, SE, RMSE and CP for the Bernoulli cure
rate model with gamma frailty under proportional odds with Weibull baseline with light
censoring (LC) and heavy censoring (HC).

LC HC

n | Param | True | Bias SE | RMSE | CP(95%) | True | Bias SE | RMSE | CP(95%)

2000 ! -0.75 | 0.001 | 0.048 | 0.048 | 95.286 | -0.75 0 0.053 | 0.052 95

Yo 0.571 | 0.003 | 0.016 | 0.016 | 95.286 | 0.571 | 0.001 | 0.017 | 0.016 96.2

Y 0.307 | 0.001 | 0.011 | 0.011 93.882 | 0.307 | 0.002 | 0.013 | 0.013 94.3

51 0.405 | 0.002 | 0.093 | 0.092 | 94.885 | 0.405 | 0.007 | 0.116 | 0.115 94.8

Ba 0.327 | 0.001 | 0.052 | 0.05 95.085 | 0.327 | -0.002 | 0.061 | 0.061 94.8

1/¢ ]0.152 | -0.024 | 0.036 | 0.044 | 77.332 | 0.152| -0.02 | 0.037 | 0.039 81.8

4.5 Data illustration

In this section, a clinical data as well as a simulated data are used for illustrating the model

and the inferential methods developed in the preceding sections.
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4.5.1 Cutaneous melanoma data

Let us now consider the cutaneous melanoma data described earlier in Section 1.9 and also
analyzed in Chapter 2. In this case, the subjects were divided into four different categories
(x = 0,1,2,3), with corresponding sample sizes n; = 111, ny = 137, n3 = 87, ny =
82. The percentage of censored observations for the groups are 67.57%, 61.31%, 52.87%,
32.93%. See Figure 1.2 for a plot of the lifetimes of susceptibles. We fitted the data by
Geometric (¢ = 0), COM-Poisson (¢ = 0.5), Poisson (¢ = 1), COM-Poisson (¢ = 2) and
Bernoulli (¢ ~ oo) cure rate model under proportional odds models with gamma frailty
with Weibull and log-logistic baseline distributions.

Tables 4.13 and 4.14 represent the MLEs and SEs of the parameters under different
cure rate models with gamma frailty. Here, we chose the convergence criterion to be the
absolute difference between two consecutive likelihood values to be less than 10~7. Also
40,000 sample points were simulated for the Monte Carlo integration in the expectation
step. In order to check the accuracy of the above used criteria, we generated 100,000
sample points for Monte Carlo integration for Bernoulli cure rate model with gamma frailty
under proportional odds model for Weibull baseline, and set convergence criteria to be
the absolute difference between two consecutive likelihood values to be less than 1078,
The estimates obtained were -0.5221, 0.4663, 0.2847, -0.9557, 0.3975, 0.1166 and their
corresponding standard errors were 0.1224, 0.0475, 0.0383, 0.2921, 0.1063, 2.2382, for
the parameters «, 7o, 71, o, 81, 1/€, which are quite close to the values reported in Table

4.13 and Table 4.14.
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Table 4.13: MLE:s of the model parameters for different PO cure models with gamma frailty

Par PO frailty Weibull baseline PO frailty Log-lositic baseline

) 0 0.5 1 2 00 0 0.5 1 2 )

a | -03271 -0.3897 -0.4224 -0.4622 -0.5250 | -0.2877 -0.3591 -0.3903 -0.4268 -0.4882
Y | 04542 04616 0.4631 0.4637 0.4636 | 3.5800 3.4719 3.3720 3.2505 3.1431
v | 02591 0.2660 0.2713 0.2778 0.2835 | 2.3258 2.3033 23058 2.3155 2.3284
Bo |-0.8749 -0.8990 -09111 -0.9273 -0.9543 | -0.7693 -0.7682 -0.7707 -0.7759 -0.7851
/1 | 03717 0.3793 0.3829 0.3879 0.3972 | 0.3713 03699 0.3709 03732 0.3767

1/¢ | 0.1483  0.1393 0.1390 0.1400 0.1405 | 0.1509 0.1487 0.1484 0.1479 0.1479

Table 4.14: SEs of the model parameters for different PO cure models with gamma frailty

Par PO frailty Weibull baseline PO frailty Log-lositic baseline

0] 0 0.5 1 2 00 0 0.5 1 2 00

o | 0.1433 0.1326 0.1293 0.1267 0.1237 | 0.1642 0.1482 0.1345 0.1399 0.1642
Y | 0.0481 0.0482 0.0484 0.0487 0.0486 | 0.7984 0.7252 0.5891 0.6371 0.7984
v1 | 0.0430 0.0412 0.0404 0.0396 0.0386 | 0.2426 0.2412 0.2404 0.2407 0.2426
Bo 102996 0.2978 0.2964 0.2948 0.2925 | 0.3212 0.3204 0.3227 0.3217 0.3212
B1 | 0.1056 0.1061 0.1061 0.1062 0.1064 | 0.1149 0.1141 0.1154 0.1148 0.1149

1/€10.2960 02771 0.2757 0.2769 0.2772 | 0.3187 0.3115 0.3139 0.3111 0.3064

Table 4.15 lists the AIC, BIC and [ for proportional odds cure rate model under Weibull
and log-logistic baseline distributions with and without frailty term. The proportional odds
model under Weibull baseline with frailty term has a higher [. But, the increase in log-
likelihood is not significant enough for AIC or BIC to select this model with frailty over

the model without frailty.
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Table 4.15: AIC, BIC and [ for different models for the melanoma data

Geometric Poisson Bernoulli

0] 0 0.5 1 2 00
PO AIC | 1026.8062 1026.8642 1027.0028 1027.1876 1027.3077
frailty CRM | BIC | 1051.1469 1051.2049 1051.3435 1051.5283 1051.6484
Weibull [ | -507.4031 -507.4321 -507.5014 -507.5938 -507.6538
PO AIC | 1025.0739 1025.0517 1025.0276 1024.9765 1024.8932
frailty CRM | BIC | 1049.4146 1049.3924 1049.3683 1049.3172 1049.2339
log-logistic [ | -506.5369 -506.5259 -506.5138 -506.4882 -506.4466
PO AIC | 1025.644 1026.014 1026.374 1026.862 1027.414
CRM BIC | 1045.809 1046.179 1046.539  1047.027  1047.579
Weibull [ -507.822  -508.007  -508.187  -508.431  -508.707
PO AIC | 1022.863  1022.845 1022.821 1022.768  1022.683
CRM BIC | 1043.029 1043.011 1042986 1042.933  1042.849
log-logistic [ -506.432  -506.423 -506.41 -506.384  -506.342

The proportional odds model under log-logistic baseline with frailty term has a lower
[. The MLEs and SEs of the cure rate model with gamma frailty under proportional odds
model for log-logistic baseline is presented in Table 4.16. The frailty parameter £ becomes
very large, and the proportional odds frailty cure rate model tends to proportional odds
assumptions with ordinary cure rate model, and so the likelihood for the model with and

without frailty term turn out to be the same; see Table 4.17 for a list of Z, AIC and BICs

values.
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Table 4.16: MLEs and SEs of the parameters in CRM with gamma frailty under PO with
log-logistic baseline (convergence criteria: two consecutive likelihood values to be less

than < 10710)

MLEs SEs
10} 0 0.5 1 2 %) 0 0.5 1 2 00

a | -0271 -0.343 -0374 -0.411 -0.473 | 0.059478 0.138998 0.134526 0.130778 0.135997
Y% | 3460 3355 3256 3.137 3.033 | 0.121427 0.651613 0.609339 0.562915 0.301182
v | 2262 2240 2242 2253  2.266 | 0.026793 0.187205 0.187253 0.187609 0.186913
Bo | -0.775 -0.774 -0.776 -0.782 -0.791 | 0.223368 0.31806 0.318435 0.319483 0.236902
B | 0373 0372 0373 0375 0.379 | 0.091576 0.113683 0.113849 0.114416 0.090989
1/€ 1 0.0003 0.0003 0.0003 0.0003 0.0003 | 5.87E-16 8.73E-22 7.85E-22 6.96E-22 5.06E-22

Table 4.17: AIC, BIC and [ for CRM with gamma frailty under PO with log-logistic base-
line (convergence criteria: two consecutive likelihood values to be less than < 10719)

Geometric Poisson Bernoulli
10} 0 0.5 1 2 00
PO AIC | 1024.8640 | 1024.8456 1024.8212 1024.7684 1024.6836

frailty CRM BIC | 1049.2047 | 1049.1863 1049.1619 1049.1091 1049.0243
log-logistic 1 -506.432 | -506.423  -506.411  -506.384  -506.342

PO AIC | 1022.863 | 1022.845 1022.821 1022.768  1022.683
CRM BIC | 1043.029 | 1043.011 1042.986 1042.933  1042.849

log-logistic l -506.432 | -506.423 -506.41 -506.384  -506.342
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4.5.2 Simulated dataset and analysis

Based on the setting of the cutaneous melanoma data, we simulated from proportional
odds cure rate model with gamma frailty having log-logistic and Weibull baseline distribu-
tions, respectively. Two simulated datasets were obtained by specifying ¢ as oo (Bernoulli)
for Weibull baseline and 1 (Poisson) for log-logistic baseline. Here, we chose the cure
rates for the first and fourth groups to be po1 = 0.4, pos = 0.2; the censoring propor-
tions for the four groups to be (0.520.450.370.30), & = 0.5, « = —0.75. n = 800
(200, 168, 212, 220), and (7o, 1) to be (0.571,0.307) and (1.25, 3.75) for Weibull and log-
logistic baseline, receptively. The simulated datasets for censored and uncensored individ-
uals are plotted in Figures 4.1 and 4.2. The corresponding datasets can be downloaded
through the links https://www.dropbox.com/s/wg47i1zgk9qtlSpr/simudatal.csv?dl=0 and

https://www.dropbox.com/s/ohefxa414jh9vtj/simudata2.csv?dl=0 , respectively.
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Figure 4.1: Simulated datasets based on FCRM under PO with Weibull baseline
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Figure 4.2: Simulated datasets based on FCRM under PO with log-logistic baseline

To compare the results between cure rate models with and without frailty term, we
then fitted the simulated data by cure rate models under proportional odds model with and
without frailty terms.

Table 4.18 presents the MLEs and SEs of the cure rate model parameters. The esti-
mates are quite close to the true parameter values. Table 4.19 compares the AIC, BIC and
maximized log-likelihood value [ for different models. These results show that the cure
rate model with frailty term always has larger [ and smaller AIC and BIC, which suggests
that the frailty cure rate model provides a better fit than the cure rate model without frailty

when the true model contains frailty term.
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Table 4.18: MLEs and SEs of the frailty cure rate model parameters

With frailty | PO Weibull baseline PO log-logistic baseline
MLEs SE MLES SE MLES SE
10} 00 - 0.5 - 1 -
o -0.7033  0.2601 | -0.8026 0.1539 -0.8434 0.1519
Yo 0.578 0.1645 1.4274 0.1041 1.3634 0.0986
" 0.3248 0.0623 3.6396 0.3806 3.6542 0.3837
51 0.4347 0.1562 0.463 0.1546 0.4629 0.1545
Ba 0.3016 0.0849 0.3864 0.0866 0.3864 0.0866
1/ 1.9816 0.9981 1.9444  0.407 1.9543 0.4103

Table 4.19: [, , AIC, and BIC for different models

0] With frailty Without frailty

[ AIC BIC [ AIC BIC
973.041 1958.081 1986.189 | -1104.6 2219.192 2242.615
PO 9723 1956.599 1984.707 | -985.998 1981.997 2005.42

0
0.5
Weibull 1 | -972.437 1956.874 1984.982 | -984.349 1978.697 2002.12
2
00
0

baseline -972.7701 1957.403 1985.511 | -982.614 1975.227 1998.65
-972.213 1956.425 1984.533 | -980.446 1970.891 1994.314
PO -578.338 1168.677 1196.784 | -585.12 1180.241 1203.664
log-logistic 0.5 | -578.325 1168.65 1196.758 | -584.727 1179.453 1202.876
baseline 1 | -578.328 1168.655 1196.763 | -584.765 1179.529 1202.952
2 | -578.352 1168.705 1196.813 | -585.001 1180.002 1203.425
oo | -578.337 1168.674 1196.782 | -585.229 1180.457 1203.88

One important indicator is the probability an individual is cured conditional on that

individual having survived up to a specific time ¢, i.e., P(I = 0|7 > t). The estimate of
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this probability is given by

fo (t[r) f(r)dr)

P(I=0T>t)= : (4.27)
(1 —po) Jo  S(tr)f(r)dr) + po
where S(t|y) is the survival function under proportional odds model which is
S t a'T
S p— U (4.28)

TSO(t)e""’ + F()(t) '

The corresponding plots are presented in Figures 4.3 and 4.4.

=) [=] L=
- — -
I
o o @ I
= o =] s
) o ) fid
Pow ~om - iref
F o F e E o [
o (=] o ”,-'f
] - [T ] - | [':-J:','
— o —_— e — o Il
<o e ey b
o e o | f o "‘:3
o o o |\ == | T x=
-- =2
=] = o | f —— x=3
= = T T T T = T T T T T
2 4 [+ 8 10 0 2 4 6 ] 10
Time: Time
(=] =1 J—
- - e ————
o I o
o I."r o
= [ =
tow i L=
o e [=]
(=] -.: (=]
" - i n -
- o i - o
<0 t,;., =0
o ; --- x=0 o --- x=0
s1 & |- x=1 s1& | x=1
- x=2 - x=2
=] —— x=3} =] - x=3
=5 T T = T T T T T
0 g 10 2 4 [ g 10

Time

Time:

Figure 4.3: Cure rate given an individual has survived up to a specific time t over four
covariate groups (From the left to right, the models are proportional odds cure rate model
with log-logistic baseline ¢ = (0,0.5,1, 2, c0)).
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Figure 4.4: Cure rate given an individual has survived up to a specific time t over four
covariate groups (From the left to right, the models are proportional odds cure rate model
with Weibull baseline ¢ = (0,0.5, 1,2, 00)).
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Chapter 5

Summary and Conclusions

Due to the significant improvement in medical science and effective treatments for various
diseases in the past several decades, it has become possible that some patients, with certain
types of cancer, can be cured meaning they do not experience the disease again for a long
period of time following a good prognosis and efficient treatment. Hence, the cure rate
becomes an important indicator for evaluating the effectiveness of a treatment. Cure and
destructive cure rate models have become important tools in survival analysis literature,
particularly in the study involving a surviving fraction and time to relapse. For this rea-
son, generalizing these models in different ways (e.g., proportional odds lifetimes) and by

accommodating more realistic assumptions are interpretations is highly desirable.

5.1 Summary of research

In this thesis, cure rate and destructive cure rate models under proportional odds lifetime
for the susceptibles are studied in detail.

In Chapter 2, we have developed a flexible COM-Poisson cure rate model under a

140



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

proportional odds assumption for the lifetime distribution of susceptibles with the baseline
function being that of a Weibull distribution or a log-logistic distribution. An EM algorithm
has been developed for the maximum likelihood estimation of the model parameters of the
proposed cure rate model. We have performed an extensive Monte Carlo simulation study
by varying sample sizes, censoring proportion, cure rates, and the parameters in the dis-
tributions to evaluate the performance of the proposed model and the fitting methodology.
Overall, the developed methodology provides accurate estimates of the model parameters
as well as of the cure rates. Moreover, a real data on cutaneous melanoma has been ana-
lyzed and model diagnosis has been performed for illustrative purpose.

In Chapter 3, we have developed the EM algorithm for the destructive cure rate model
by assuming the competing risks to follow negative binomial, exponentially weighted Pois-
son and length-biased Poisson models with proportional odds lifetimes with baseline odds
to have either Weibull or log-logistic distributions, based on right censored data. We have
carried out an extensive Monte Carlo simulation study and have also discussed a model
discrimination between the models. We have used a malignant melanoma data to examine
the performance of the proposed models and the methods of inference developed in this
Chapter.

In Chapter 4, we have developed a flexible proportional odds COM-Poisson cure rate
model with gamma frailty with proportional odds lifetime distribution for the susceptibles
having baseline function to be either a Weibull distribution or a log-logistic distribution. An
EM algorithm has been developed for the maximum likelihood estimation of the parame-
ters of the proposed cure rate model. An extensive Monte Carlo simulation study has been
performed by varying sample sizes, censoring proportions, cure rates, and the parameter

values in the distributions to evaluate the performance of the proposed model and fitting
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methodology. Overall, the proposed method provides accurate estimates of the model pa-
rameters as well as of the cure rates. Moreover, a real data on cutaneous melanoma and
a simulated dataset have been analyzed and model discrimination has been performed for

illustrative purpose.

5.2 Future work

There are many possible extensions to this work. First, the whole thesis is under frequentist
framework, a natural extension would be to consider the Bayesian approach by assigning
appropriate prior assumptions on the parameters of interest and then develop the corre-
sponding inference. Second, the underlying distribution can be varied for more general
scenarios. For example, we consider log-logistic and Weibull as baseline distributions for
proportional odds model, but one can investigate the use of other general baseline distri-
butions. One may instead use non-parametric specification of the baseline distribution in
the proportional odds assumptions for the lifetime of susceptibles. This may resolve the
subjectivity invovled in the choice of the baseline distribution. Finally, one may consider
the use of a much more generalized model, called transformation survival model, which
includes proportional odds, proportional hazards, as well as many other commonly used
survival models as special cases for the underlying distribution of the lifetimes of suscepti-

bles.

142



Appendix A

Appendix corresponding to Chapter 2

As mentioned earlier, the COM-Poisson distribution includes the Bernoulli, Poisson and
Geometric distributions as special cases. Here, we detail the steps of the EM algorithm for

these three special cure models.

A.1 Bernoulli cure rate model

Let the competing cause random variable M follow a Bernoulli distribution with probabil-
ity of success 7/(1 + n). The probability density function for the whole population can

then be expressed as

fo(ti,0) = 1Z—nf(ti;7)- (A.1)

The survival function for the susceptible group is just the survival function for the time
to event W, i.e., S5(t;;0) = S(t;;7y). The inverse of the cure rate under this setting is

1/po = 1 + n. We, therefore, have Hy(n) = 1 + n under the logistic link function with a
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fixed value of ¢, which implies 7 = €*#. The Q(,7*)) function is then given by

Z z,B + Z log f(ti;2i,7y) — Z log(1 + ™) + Z S Z 7 M10gS (t;: Tie, 7).

1€EAL 1€A 1€EA% i€Ag i€Ag

(A.2)

It is readily seen that some of the terms in the () function are only corresponding to 8 while

the others are only corresponding to <. So, it can be split into two parts as follows:

Q(oaﬂ-(k)) = Ql(ﬂa W(k)) + Q2(’Y>7r(k))7 (AS)
Qi(y, 7)) = Z log f(t:;2:,7y) + Zﬂgk)IOgS(ti;xic,’Y% (A4)
IeAq Iy
Q2B 7) = 3" @B~ log(1+ ) + > wPa, (A.5)
€A ieAx i€Ao

with the update step

w  PS(t W)
7['4 —
b LSty ™)

(A.6)

for the ith censored observation. The required first- and second-order derivatives of Q (8, w*))

with respect to 8 and +y are as follows:
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@ _ Z Ologf (ti; i, 7y) n Z ) 0logS (ti; Tic,7y)

aﬁ}/j i€A] a’yj i€Ag 8%' |
90§~y S
aa = Ty — 23 ®ay,
‘8
Op, €A i€Ax L+e? i€A0

PQ__ g auawe”
06:0Br x (L4 emh)?

>*Q _ Z olog f(ti;i,7) n Z 70 OogS?(ti; Tic, )
a’}/ja’)/j/ e~ 8%-6?7]-/ af)/jaf)/j/

€A

forl,lI'=0,....,p,7,7/=1,2,h=21,....2p,i=1,...,n.

A.2 Poisson cure rate model

Let the competing cause random variable M follow a Poisson distribution. The probability

density function for the whole population in this case can be expressed as

Folti;0) = [log(1 + €"P)] f (L3 ) (1 + %F) 5=, (A7)

and the survival function for the susceptible group as

Sy(ts;0) = [(1 4 e®P)5tiv) _ 1], (A.8)

The cure rate is py = e~"7. We would then have H(n) = e” under the logistic link with a

fixed value of ¢, which implies that 7 = In(1 + e®#). The Q(8,7*)) function is then given
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Q= Z log(log(1 + eméﬁ)] + Z logf(t;;ziy) + Z S(ts: e, y)log(1 + e%iB)

IeA IeA, IeA,
— > log(1+e™P) + > aMlog((1 4 e=#)Sthimien) — 1) (A.9)
1€A* 1€EAQ

with the update step

ﬂ_(k) —1_ (1 + €x§ﬂ<k))—5(ti;1(k)) (A.10)

2

for the ith censored observation. The required first- and second-order derivatives of Q (8, 7(®))

with respect to 8 and +y are as follows:

0 1 x%B T8 S (t;; x40, x;%P
=T e et g - 3
0B log(l + e%iP) 1 + €% 1+ e% 1+ e%i

1€A 1€ Ax
T ® S (ts; 2, y) rq € P

! GZA 1 — (1 4 emB)=Stimicr) 1  e%iB’
0Q Olog f(ti; ic,7) O0S(ti; Tic, ) ’
= _ + 0 Pog(1 4 €%iP)
9 ieZA:l 9 iezA:l &t

N Z i log(1 + e®i#) S (tii Tic, )

—_ zﬂ t icy . )
" T en e oy
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0%Q T €B 1 e%iP et B
= 7 7 1 - / + S tl) xlC? -
06108y EEA:I [1 + €%iP]2 “log(1 + e®if) | log(1 + eziﬂ)] ( i zeZA:* 1+ e=:f)2
+ Z (k) S<tza Tic, ’Y) xilmil’ea};ﬂ S(tzv Zic, ’Y)ezl ]
ieAOﬂ- 1 — (1 _|_ emgﬁ)*s(tﬁzicv'ﬁ [1 —|— emélB]Q (1 _|_ ezéﬂ)s(ti;mic»"/) — 1 !
’Q IS (i Tic,y) we™P
86187]- ieny 87] 1 —+ ezéﬂ
4 Z ﬂ(k).Til@mgﬂ 1-— (1 =+ €$;ﬂ)_s(ti;$ic”y)(1 + S(t“$w,’)’)10g(1 + 633;/3)) aS(tl,.’Bw,’)’)
bl s eTiB [1— (1 + e®iB)=Sltimic)]2 ;i ’
82 Olo t“ Zic, 825 tl, Zic, /
070y & 9o = 9707
10 1+ €mi‘3 825 tl, T,
D T
ie Do 1 — 1 —|‘ eti ) iiTicyY 8’)@8"}3
B Z ﬂ(k) (1 + €$iﬂ)_ (ti5%ic,7) [lOg(l + exiﬂ)]Q 8S(tl, xic,'y) 85(751, xic,’)’)
'GA [1 _ (1 + emiﬂ)—S(ti;IL‘icﬁ)]Q a”)/j a’)/j/ ’
1€Ap
forl,I'=0,....,p,7,7/=1,2,h=21,....2p,i=1,...,n

A.3 Geometric cure rate model

Let the competing cause random variable M follow a Geometric distribution. The proba-
bility density function for the whole population in this case can be expressed as

0= R0

(A.11)
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and the survival function for the susceptible group as

S(tizv)
Sy(t;:0) = Folind) (A.12)

where Rg(t;,0) = 1+¢%F —e®BS(t;; x;.,7). The cure rate under this setting is py = 1—1,
and under the logistic link with a fixed value of ¢, we would have H,(n) = (1—n)~', which

implies that n = e®#(1 + ¢%#)~1. The Q(#, 7)) function is then given by

Q= Z z.B+ Z logf(ti, ®ic,y) — Z 2log R (t:,0) — Z log(1 + e"’””8 )+ Z a®z'B

IeAy IeA; IeAq 1€Ag 1€
+ Z T logS ti;y) — Z T 1ogRG(tZ,0) (A.13)
i€EAQ 1€A0

with the update step

*) S(ti; ,Y(k))eac;ﬂ(k)
T, =
1+ e=iB®

(A.14)

)

for the ith censored observation. The required first- and second-order derivatives of Q (8, w*))

with respect to 8 and +y are as follows:

0Q o dlogRq(t:,0) T6%iP B () Olog R (1,0)
PR R Ve I AP DL P i

€A 1€A1 1€Ao i€EAQ ISAN

I

8/-}/3 1€A a’)/‘] 8’7] 1€Ag a/y] a,y‘j
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9%Q _ 9 Z JlogR%(ti,0) Z T P B Z 209 Olog RZ,(t;,0)

06,108y v 06,108y = [1 4 e:B)2 by o606y
92Q _ Z OlogR%(t;,0) Z e OlogR%(t;,0)
0By A 0ROy A& 0B
0Q? alogf (tiy Tic,y OlogR%(t;,6 OlogS (ti;Tic,y)  OlogRE (1,0
A ), ‘G’(‘ ))+Z ()¢ ( ) ‘G’(‘ )
a’VJ a’Yj iEA, a’Yj a’Yj 87] 87]’ i€ 87] 87] a'yj 6’7]’
OlogRq(t:,0) —e®B 05(t;,8)  OlogRg(t:,0) B zne®B(1 — S5(t;,0))
v Ro(ti,0) 0y b Re(1:,0) ’
8IOgRé(t“0) . —emlﬁ 052(@,0) B €2mlﬁ 65(751,9) 85(15“«9)
97,07 Rg(ti,0) 0v;0vy  Re(ti,0)* 0y Oy
OlogR%(t,,0) wyte® P (1— 5(t,.0)) Olog R (t;,0) B zye®®  0S(t;,0)
03108 Rq(t;,6)? v 0B310; Rq(t;,0)2  0v;

forl,I' =0,...,p, 5,7 =1,20h=21,....2p,i=1,...,n

A.4 Observed information matrix

COM-Poisson cure rate model: The score functions, for a fixed value of ¢, are

221, %) zlee i#
——p § e e TR §

= 29.i%01,i UK 1+Z1z

ol 010gf(ti,'y) Z1i 8logS(ti,'y) 2 OlogS(ti,y)
3 +z<zg4 yResSen) 5 |

OV O byl 1+ 21, OV
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Hence, the components of the observed information matrix, for a fixed value of ¢, are

9%l xil;c(le‘”éﬁ
_ — 7 1—/+
0B108y { Z (1 + e®ib)2

1€ A%

x;B
zll‘zle ¢ 22120201 «!
+ E ———— | 20.4(221,1%01,0 + 231.4€ Zﬁ) — 29142010 + ——]e i#

i€A; (22,1%01,1)* 201,

Tary™P [ 14 g
+ 7 + Z 5 z ’L + 1 Z 1
1€ZA: (le + 1) 2012 |:(2012 2 )( 1 ) o1,

— 29 16 ;'B[Z (Zl,i —|— 1) + 22’1']‘| },
01,2
0%l 5731372, — %31, OlogS (L
{szze B3 22 21 JloB Sl y)
aﬂla% ieny %3 4i”01,i o

T e‘”éﬂ 221' OlogS t;;
+Zl—(321,i_ =) 85 7)}7

= 2o1,i(1 + 21,4) 1421, O
82l { 810gf tl,’)/ 2914 610g52(t,,'y)
_ — —+ - ] — 7
VROV Z tha’Vh’ zeZAl( 22,i ) OOV

n Z 231 i%2,i 221,1)610825(751‘,’)’) dlogS(t:,7)
22 )i a’}/h afyh’

’LEAl
n Z 22 810g52(ti,’)’)+
1421, 00w

i€Ao ’
N Z Zo121,i + 2215 — 255 OlogS(t;,y) OlogS (ti,7) }
i 1 + Zl,i) 8% 8’)/h/ ’

forl,I'=0,...,p,zi0=1,hh =0,1,5 j*=21,22,....2p,i=1,...,n.
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A.4.1 Bernoulli cure rate model

The score functions are

z;B
aﬁl Z Ty — Z 1‘7‘141_66 =+ Z Wi,

1€A 1E€EA* 1€\

ol Alog f(ti; i, ) OlogS (ts; Tic,Y)
0 GXA: 0 2 07

I

€A

®iPs (tiry)

where w, = .
L 1P S(tiy)

Hence, the components of the observed information matrix are

Ol TP
- R 1 L T B2 Gl gl Wy 1— i ,
06108y { Z (1 + c=iB)? + Z Tyzpw;(l —w )}

1€EA* ISAN
0%l { 810gS(tz, v) }
—_ J?Z U)Z ’L b
0BV ZA l 075
A _ _{ Z log f(ti;y)
a’}/jﬁ’}/j/ ieny 8’yj8’yjf

1 1 i 1 i
P logS*( 17’7)+Zwi(1_wi)80g5(t v) logS(t;;7)

;0

i€\ i€\

forl,I' =0,...,p,x0=1hh =01, j*=21,22,....2p,i=1,...,n
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A.4.2 Poisson cure rate model

The score functions are

ol 1 x; 5B TP (S(t;;y) — 1
%:Zlo (1—1-6“”§ﬂ)1—11-6"“§3—i_Z l 1(+(e“”§’;) )’
! €A & 1€EA%
ol Ologf (ti; Tic,7y) 0S(ti;7y)
— = + ——log(1 + %iP
9 Z-EXA:I 9 iezA:* 9 ( :

Hence, the components of the observed information matrix are

. 82l B _{ Z xill‘il’ezéﬂ(log(l + emlbﬁ) _ emfbﬁ)
B0~ \ Lz (Lt #)pllog(l+ PP

;ﬂ
+ Z lelee tz,')’) 1)}’

zeA* 1—|—€1

o _{ Z OS(ti; Tic,y) wae™ P }
0510, = 0y 14eR)

921 { Olog f2(ti; Tic,y) %S (ti; Tic, ) ' }
_ _ L Y o log(L+ ™) 8,
030y ieZAl 939y iezA:* 97975 ( |

forl,I' =0,...,p,x0=1hnh =015 7" =21,22,....2p,i=1,...,n
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A.4.3 Geometric cure rate model

The score functions are

8logRG tz, 0 xilemgﬂ
i — 2 —
851 Z i Z OB iEZAO 1 + %

1EA] €A1
S(ti;y)e™P dlogRe(t:,0
4y et (m _ %)
ieno 1T €T 6]
ﬁ - Z (8logf(ti,xic,’)’) _ 8logRG(ti,0)) B Z w
9 byl 07, D s 0, )
Hence, the components of the observed information matrix are
82[ { alOgRQ tl 0 x-lmyeméﬂ
- =—q —2 ) L : IS '[,'Z’ 1
0B10By lGZA 05,08y ZAO 1+ 6—xiﬁ)2( (ti;y) —1)

_ Z S(ti;y)e™? dlog R (t:,0) — Z T e®P S (i) 810gRG(ti;0)}
iy 1T P 03,08y o (14 e%if)2 dB, ,

021 _{ B Z OlogRE(t:,60) Z alogRé(ti70)}

- 9Bid; i~ 989 £ 0610y,
LB (5 dellren) dosllu0), 5 dlgt0))

1€EA]

where R (t;,0) = 1 — B (S(ts;y) — 1);

OlogRq(t;,0) —e®B 05(t;,0)  OlogRg(t:,0) B z2e¥B(1 - S(t;,0))
v; ~ Rg(t,0) 0v; o] N R (t;,0) ’
OlogR%(t;,0)  —e*F 05%(t,,0) e*'B 9S(t;,0) 0S(t;,0)
9v;0vy  Ra(ti,0) 0v;0vy  Ra(ti,0) 9y, oy’
OlogR%(t;,0)  wyxye™f(1—S(t;,0)) OlogR%(t;,0)  zqe®® 95(t;,0)
0BoB Ra(t,6)? 7 060y,  Ro(t,0? 9y

for[,I' =0,...,p, 200 =1, hK =0,1,7% j* =21,22,....2p,i=1,...,n
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Appendix B

Appendix corresponding to Chapter 3

B.1 Destructive length-biased Poisson cure rate model

The required first- and second-order derivatives of the Q(f, w*)) function with respect to

B and 4, for fixed values of ¢, are as follows;

3 B - =D waai{l = F(E)AGY = Y wapd (1= m) D+ w0 G (1) Sy () A = poiDiJ),
1

1€Aq i€\

8/6% Z zieni{ 7 — Pl (t)} — Z zikmipi(1 — Wl(k) + ng)Bi%

1€EA] i€Ag
3@ Glogf OF(t;) (k)
bini Kz - ; ls Jz
EZAl { v "o, EZAO Mo e
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2 1+ reaf Gy ) - |
== Tarupiqi |1+ F(ti)§ Gi(— +ridi) —
Fny = X raeena1+ G +na) -
— Z zaza (1 — 7" )pqi(D; — mips)
1€Ag
1€

— pipoi{ Di(¢; — piD;) — piniQi} + (CiE;iSy(t:) — piPOiDi)zJi]>

E : E : (k)
X412 szz 1 + = L1 Zik )i Pi 11— U q;
a/ﬁzlaﬂQk ilZikTs ){ 12 } = i<kl {( )

+ 1 pipoiS () Sy () JADi — qiF (1) A + 7" ; Bi},

62—Q - Z Zinziw i — 1 F(t;) — }
0B210Bax! = it A; B A2
- Z sazawpini{l — w0+ npy(BE — Fy) + 7V By},
1€EAQ
(t:) G;  2Am;
A; F(t —
85118')% lEZA lequz v, G + ( ) le OZB
OF(t;) F(t;)p;
_ Z lepm JS (t;)A; o {qz [1 F(t;)Aip; + CH
1€Ao
+ Jipi(qiF(:)Sy(t)Ai — pOiDO)}
9%Q Lo F(t;)
= PNl = (———1)—1
0Bar 0 ieZAlzw AT AY Y ) 0
8F
- Z szﬂ_ 77sz 7 ( >{S< ) pOzIzS(tz)Jl}7
1€Ag
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Q 5 {8210g F(t) {K O°F(t) | OF(t) OF (1) mpz}}

a%n%ﬂl N i€AL 877"%”/ o i a%ﬂ%"’ 677‘ a’)/r’ 012
OF?(t;
- Zw§k>piJi{Aisp<ti> o)
i€ VrOYr!
OF (t;) OF (t;) [ Sy(ti)pi
— AL + AiSy(t) L J; | o,
"o o \H? A4S, (f)
with
1
A’L =N + E7

C; =nH; + 1,
D; = niq; + 1,
4 Hl R
1
E; = (Sp(t) F(t:)* — poi)Ji, Gy =1 — ok
1 1
Ji = , K, =1+—
Sp(ti) — poi Ci

OF(t;

L, = I, (t:)
O
r; =1—2p;.
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B.2 Destructive negative binomial cure rate model

The required first- and second-order derivatives of the Q) (6, W(k)) with respect to 8 and 7,

for fixed values of ¢, are as follows:

Z mlezCz Z 1- 7T lenzpz%A Z T; lenzpz%D Eza

aﬁll €AY 1€Ag i€A0
8 Z 2ikCi — Z (1-— 7T sznipiAi — Z Wz(k)ziknipiDiEia
62’“ €A i€l i€l
oQ _y Joelit) dlog f(t:) -3 OF(t:) (k) OF ()
= (1 + ¢)Binip; - Z ™ nipiEiBiSp(ti) ———,
O i€Ay 6% i€y 0 i€Ag 0y
520
L5 ’pz% 1 + nir; tz’ + ¢771%F tz’ Cz
e Flt) + onaF(t)C)
_ (1 — 7 N nmas A
Z lele’( T, )nzpz% iLg
1€
— Z xilxil’ﬂ'@(k)nipiQiEi{mpiQiPOiSp(ti)(F(ti)Bi — A)’E;
€A
— poiAiF; + F(t;)S,(t:)BiJi},
0%Q
———=—(1+9¢) TazanipiqiF () B — zazi (1 — 7)) mipigi A
I (@B} = 3 auzal
- Z xilziinW(k)Kiv
i€
0%Q
5 = —1+09 ZinZieiDi F (t;) B?
B B0 Bar ( )ZGZAI kZik!T) ( )
— Z Zikzik’(l - W(k))mpiA? - Z Zikzik’ﬂ'(k)Kz‘a
i€EAQ 1€Ag
OF(t )
lean’Lpz ) 1+¢C 7T lenlpz% i
aﬁlla’%“ zEZA:l 7 zeZA:O
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9*Q (k)
= — ZikNii B - i ZanipiGls
DB E kNipi B E ™ kTP

1€A r 1€AQ

0*Q logf(t:) { OF (t;) OF (L) 82F(t¢)]
- + 1+ (2 Zpl Z¢pl 7
07Oy ez; 070 EZA: OV B 1 Oy Oy e

- Z Wz(k)nipiBiEiSp(ti){ TF(t) + B‘U‘paF@i) OF (1) [Eipm - 4 }

1€AQ 87r 8’77”’ 8’77“ a’yr’

with

_ 1 s 1 1
IR A Ty o () M P T
1 — ™ L — nipiF(t;)
ri=o""a3,Vi=
1+ emhr L+ npidoF(t;)
1
(L) F' () 0 AR
OF (¢,
G = BiSy(t:) Ei{1 — F(t;) Bimipi(1 + ¢) + nipi D; Ei } ( >,

0
Ji =1—2p; — ¢nipiq; BiF(t;)),

F, =1—=2p; — onipiqi As,

K _nzsz {F< ) ( )32 pOzA +77@p2p018 ( l)(F( )B A) }

B.3 Destructive exponentially weighted Poisson cure rate

model

The required first- and second-order derivatives of the Q (@, 7(*)) function with respect to

B and 7, for fixed values of ¢, are as follows;
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8ﬁ Z leQz qi tl)) Z (1 - Wz(k))zzl% qz Z T A B; le%lqu
1

€A i€Ag 1€AQ
56 Z zie(1 (t:)) — Z Zik(1 — 7Ti(k)>lqi - Z 7§k)AiBiZiquiy
2k jen i€Ag i€y
0Q Olog f OF (t; OF(t
5, = 2| a<> a( )= 3 w10 B a( 2,
’}/7- 1€EA] 'YT P)/T 1€Ag fyr
0%Q
s a5 = TiuTirPiq; 1+ ﬂ’ied)F tz
960,06y iEZAI 1T Pigid Ui ()}
— Z T Gilgi{ (1 — Wffk))ﬁ + ng)Bi(TiAi +¢:Ci)},
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82—Q = - Z lezlkqllqu Z mzlzszzlqz(l - 77( ) + 7T (A + C; ))
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) 1 1 0
0%Q Z
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8/8”8’%" iEA, i€Mo
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= - szlqz Z Us ZikEi7
662l677" i€A, Yr ieNo

*Q _ 3~ [a%gf(t) E(t, )l]
a%" 677"’ i€A, a’%ﬂ 8/77"’ a Yr a’%ﬂ’

N ®; o g |OFE)OFE), o OF(h)
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with

1
AZ:StlFtl_ I BZ: 7ri:1_2im
J)F() ~po, Bi= g .
Ci = nipipoie” Sy(t:)S(t:)* Bi,
lqi = Uipi€¢7
OF(t;

B.4 Observed information matrix

B.4.1 Destructive length-biased Poisson cure rate model

The score functions are

ol piF(t;)
% = Z IL’ilQi{l + —CiHi } — Z ranipiqi F(t;) — Z zuF,

€A1 1EA* iEA*
ol ZikT)s
= - apini - (t:),
aﬁ?k ZGZAl Az i§zlpﬁ ( )
o _ _pi OF(t) + Z dlogf(ti) piC; OF (1)

o = GH; Oy, 0y

1EA]
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Hence, the components of the negative observed information matrix are

ereofa (e i)} -7 |
T35y~ 2o TiTwbi| L+ F(8) ) e

1€EA]

— Z .CCilxil/Ei{Ei + TiCi}a

iiGAQ
0?1 lezlknzpl% z
- - I'zlzzknlplql Z)
aﬁllaBZk ZEZAl z§‘
9%l ZikZik' i
e — ZikZiw NiDi F' (L;),
OB210 B Py AiCi iezA:* "

*l Tip; Ei(1+42n;H;) ) OF(t;) OF (t;) 1
05107, B Z CiHi{% * C; 0y B Z it 0y it FE 7

i€ 1EA*

an ZikMiPi aF aF(t’L)
ZilPiMi )
OBy ZA c? a% ZA P,
8%8% = CiH; | 07,07 C;H; v, OV = 07,0,

IEA* HZ Za’}/ra’)/r’ Hl a’}/r afyﬂ .

B.4.2 Destructive negative binomial cure rate model

The score functions, for a fixed value of ¢, are

aﬁu Z Taq; — (1 + ¢ Z lep’Lanz 'L Z xllpl%nz Z ,L

€A 1€A i€Ag
ol
6 Z Zie — (1 + ¢) Z 2ipini Bi F(t;) — Z 2upini Bi F(t;),
Bt A i€ iAo
= — (1 iDi Bi — iDi Bi .
0V EXA:I oYy (1+9) GZA% nr oy EZA:O "y oYy
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Hence, the components of the negative observed information matrix, for a fixed value of ¢,

are
9%l
TaZa Piqi Bill +niriF'(t;) + oniqi F' () C;
N GXA% @i Be{ 1+ miri F(t;) + omiqi F(t:) Ci}
- Z Taxanpqi F(t) By J;,
€A
9%l
1+ Ly ZikiPidi tszQ_ il lethBf,
T = ¢) GEA% i F () ;AO 1zanipigi F (L)
9%l
—— = —(1+ Zizi’iith’BE
T~ (LT 2 st
- Z zinziwipiF (t;) B,
€A
o2 L OF (1)
]'+ xl 141’/ 7 l (A BF ]‘
B 925162Al 1iqini B o ——ApmidBiF(t;) — 1}
o0F(t;
+ lepz%nz ) ( >{ 1¢sz F( )_ 1}7
0
1€AQ ’}/7«
821 g 9F(t)
+ ZikPiTi Dy Dimi BF -1 +
N CR) EXA:I b Bi=g = ApinidBiF (t:) — 1}
+ Z zikpini B ( ){772925sz F( ) - 1}7
1€Ao ,y
0%l Olog f2(t { F(t;) OF (t;) F(t:) }
1+¢ Vil — D B'L——
8/77'677“’ Z 8%"877”’ zGXA:l " ,77‘77" " ¢ aryr Yot
82 OF(t;) F(t;
ZEAO r7r Vr Ve

B.4.3 Destructive exponentially weighted Poisson cure rate model

The score functions, for a fixed value of ¢, are
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8511 Z Tiaq; — Z xilnipiQi€¢F(ti)a

1€EA IEA*
ol
_ @
= Z Ziky — Z zinipie? F (),
862k 1€Aq Z'GA
a. Z nzpz
O i€, 8% iEA*

Hence, the components of the negative observed information matrix, for a fixed value of ¢,

are
7 > wurapigi— Y vazamipigrie® F(t)
A5 an . L Tiy Pidi — AL NiPidiT i)
0Budp = iEA*
Gl 3 o), O 3 PP (1)
== LilZikNiPiqi€ i) = - ZikZik' 1iDi i)
P11 B2k = FEkhpi 35%5% = kZikT]
02l OF (t;) (t)
_ ¢ v _
= — TiniPiq; e y _— = ZikTiDi
0Bud XA: P 0, aﬁ%a% XA: S 0,
821 2. Dlog f(t;) 2F(t;)
i D _Zmpzea .0
e e Ty ! Vo
forl,l'!=0,...,s,zp0=1,kk=1,2,...,8,i=1,...,n
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Appendix C

Appendix corresponding to Chapter 4

C.1 Results for the special cases of COM-Poisson cure rate

model with gamma frailty

C.1.1 Geometric cure rate model with gamma frailty

Let the competing cause random variable M follow a Geometric distribution. Then, the
susceptible survival function and population density function for susceptibles, conditional

on r, are

L St

SS(tzer) ] + eﬂ'xiF(ti|Ti)’ o
P f(ti]r)

fo(tilrs) = (1 + eP=iF(t;]r:))?

(C.16)
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respectively. The cure rate is py = 1 —1n, and the parameter 7 is linked to covariates through

the logistic link function e#% (1 + ¢#®)~1. The Q-function can then be expressed as

Q@ = Q1(B, 70,71, ) + Q2(&),

= Z{E4i —2E5 + 'z} — Z{log(l + eﬂlzi) + 'z, Ey; + Egi — Eni},

i€EA €A

Q2 = nélog (&) — nlogl'(§ —1) Z Es; — Z Eo;,

TEA* TEA*

where

Eli = E([Z|O,0(k)), E2i = E(TZ‘O,O(k)), Egi = E(logn]O,G(k)),
Ey = E(logf;]0,0%), Es;; = E(logR;|0,0®), Eg = E(IlogS;|0,0%),

The required first- and second-order derivatives of Q(0, 7r<’“)) with respect to 8 and 7,

for a fixed value of ¢, are as follows:

o
8%11 =D Buit) =2 Bsity + Y Bsite) = ) Frica,

ISYAN IEA ISAN 1€Ao
IQy
P = Z Eliyy) — 2 Z Esi(y) + Z Eei(y) — Z Eri(y)
Tk €A 1€A] i€Ap i€Ag
R ILIED DD S b LD gt
aﬂh - A 5i¢(Br) A ik . 1-‘-6/9/:”1 iklv1i — . Ti(Br)»
€A1 1€A1 1€\ i€ 1€
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6@18041/

9’
Doy O
9?1
OVkOVk
9’1
0a0p

0%

0Bn0By

Z E4z(alal/ -2 Z E5i(alal/) + Z E6i(alal/) - Z E7i(alal/)7

1EA 1€Ag i€Ag

=" Eiitarm) = 2 Bsitarm) T Y Boitorn) — D, Eritar);

1€EA 1€EA 1€AQ 1€Ag

= Z Bi(ypyr) — 2 Z Esi(yem) + Z Eei(vev) — Z Bty

1€A 1EA ISANG 1€Ao

0
=2 Z Esi(cusn) — Z Eri(cun)» m -2 Z Esitypn) — Z Etitnpn)

€A €A €A ISANG
lele’e
—2 Z E5i(ﬁhﬁh/) - Z (1 + eﬂ/xz Z E7Z(Bh6h’
€A1 iEAO ZEAO

The first- and second-order derivatives of the £ function with respect to different parame-

ters are as follows,

Eyiy = Myi((logfi).), Eui.y= Mia((logfi)..), Esi) = Mii((logR;).),,

E5’7;(_) = Ml,g((IOgRZ)) Eﬁ,i(.) = MQ}l((lOgSZ).), EG,Z() = MQ’Q((IOgSi)..)7

Eri) = My ((logR;).), Eriy = Msa((logR;)..),

where . can be v, o or 3, functions M, 1, M o, M 1, M 5 are as in (4.19), (4.20), (4.21),
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and (4.22), and

OlogR; P2 S(ti|r;)a, OlogR; B _eﬂ/zis(ti‘ri)’%

ooy R; T O R;
OlogR; _ 2P — 2P S (t)r;)

B R; ’
T = S ™
PRI o (R L),
gz;gj:f _ egjis(ti|ri>alal/ — %S(ti\n)aﬂ(tim)al/,
%z?gii _ e:is(tim)am - %S(Mn)aﬁ(ti!m)w
gjfg,iz = eriS(tz‘Vi)vmk/ - %S(timms(tﬂri)nw

C.1.2 Poisson cure rate model with gamma frailty

Let the competing cause random variable M follow a Poisson distribution. Then the sus-

ceptible survival function and population p.d.f., conditional on r;, are

Sy(tilr:) = [(1 4 F=)Stlr) _q)e=B'=: (C.17)

Foltlrs) = (1 + Po)~Flilrdlog (1 + =) f(t;r,), (C.18)
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respectively. The cure rate is po = e, and = In(1 + e #'#) under the logistic link

function. The Q-function can be expressed as

Q = Q1(B, 70,11, @) + Q2(8), (C.19)
Q1= Z{E@»log(l + P £ loglog(1 + €#%) + Fy;} + Z Es; — Z log(1 + €#20),
€A i€\ 1EA*
Q=) nlog(§) —nlogl'(€) + (£ —1) Y Ey—& Y B,
i€AQ 1EA* 1EA*
where

Eh‘ = E(T}’O,o(k)), EQi = E(lOgTZ|O,0(k))7 Egz' = E(logfz|0,0(k)),

The required first- and second-order derivatives of Q(#,7*)) with respect to 8 and 7,

for fixed value of ¢, are as follows:
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0Q .
87041 = Z{Ezu(al)log(l + €% + Egiap} + Z Esia)
! 1€A1 1€AQ
0C, -
e > {Buiwlog(l+€#%) + By} + > Esigyy),
Te oA, i€Ao
oy zipeP 1 TP’ zipeP
a5 = Ey——F—+ T ; Esis ;
b, iEZAI 1+ P ZEZAO log(1 + eB'®i) 1 + B’ lGZAO W Z 1+ ez’
0 1 eP'wi Tipip P T
Ql - Z (E4Z+ B'x; o B'x; 2> § hﬂ’:z:- 2+
05w~ 2o\ log{l+ P=) ~ Tlog(L+ =) ) (L + cP=)
B'x;
TinTip €
+ Y Esigp) — > g
\ Bz )2
1€AQ 1EA* (1 + 7 )
0@, .
= Eiaoul 1 Flai Eiaa/ + Eiaouu
aoqﬁoq/ zeZA:l{ 4(ll)og< +e )+ 3(11)} ZEZA:O 5i(aqgoyr)
3@1 Z 17zh€
= E4z ()T . _Blm. Z E5z (c181)
ﬂ/ IPh
dau By €A 1+e i€lo
32Q1 Z xzhe
=Y Buit) g + Y Bsitgunw)
Bz, hVk)?
OB €A l+e i€l
00 .
oo - Z {E4i(az%)1og(1 +ef ")+ E3i(04l7k)} + Z Esi(orn)s
Wk jon, i€lo
aQQl o
P) = Z {E4i(vmkf)log(1 + e’ ) + E?ﬂ'(wwkf)} + Z By
TRV A, i€l

The first- and second-order derivatives of the £ function with respect to different parame-

ters are as follows:

Esiy = Mii((logf;).), Esi.y= Mis((logf;)..), Esi)y = Mi1((Si).),,

Eyiy = Mi2((Si)..), Esicy = Mai1((logB;).), Es;.)y= Mss((logh;)..),

where . can be v;, o or 3, functions M, 1, M o, M 1, M 5 are as in (4.19), (4.20), (4.21),
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and (4.22), and

al;i?i = Bustilrs)a, alg—»iBi = BuiS(tilri)s. algéfi = S(ti|r:) Buipoi® ' win,
a;zi? — BotlS(hlri)aay + S(tl7:)y S (il Boi — %gfi Sl

a;flifi — Bot[S(tlr )y + S(tlr)ay S(Eilri)s, Bor — m;—ffiS(ti\mal],

% = Boi[S(t|7i) iy + S(Eilrs)2, S (tilri) s Bos — %S(tilm)%],

3822?; = S(ti|ri)ayin(1 — po){ Brs + S(ti|ri) Bas(1 — Bus)},

giiig; = S(t|rs) g, zin(1 — po){ Bri + S(ti|ri) Bai(1 — Bu)},

9%logB;  OlogB;
OB By 9B b

S(tZ ]ri)eﬂ,““ )

0iZin (1 — B, ;

where By; = log(1 + ¢#%), By, = w, and By; = By By;.

C.1.3 Bernoulli cure rate model with gamma frailty

Let the competing causes random variable M follow a Bernoulli distribution with proba-

bility of success % The Q-function can be written as a sum of three parts as follows:

Q = Q1(B) + Q2(a,v0,m) + Q3(&) (C.20)
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with
1€A IEA* i€Ag
Q2(a, v, M) = Z (@'z; +logfo(t;) — 2E4) + Z (Ena'z; + EylogSo(t;) — Esi),
€A ISAN
Qs(€) = nlog(§) —nlogl'(&) + (€~ 1) Y By — &) En,
i€EA* iEA*

where

Ey; = E(I;|0,0%)),

Ey = E(r;]0,0®),

By = E(logri|0,0(k)),
Ey = E(log4;|0,0%),
Es; = E(IlogA;|0,6%)

Ai = TiSO<ti>€a/zi + Fo(tl)

The required first- and second-order derivatives of Q(0, w(k)) with respect to 8 and 7, for

fixed value of ¢, are as follows:
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% _ nlog(€) + n — niio(€) + 3 (Fai — Ea),

08 ieA*
B'z;
(& il
Z T4 + Z Elzle Z 7
.B x;’
a/Bh lEAl ZGAO 1 + €
(304; Z Zi + Z Elzle -2 Z E4z (ag) Z ESi(al)7
1€Aq ’LEAO 1€A1 ZEAO
Olo 0logSo(
99 _ 5 O8I 5 5™ gy + 30 2 P S ),
,yk 1€A ’yk €A 1€Ag ,Yk 1€Ag
82@ - Z eﬂ/xixﬂxil/
8ﬂh86h/ n (1 + eﬁlwi)g’
= -2 E i(a E i(a )
004m; ZGZAl 4i(oqr) ZEZAO 5i(avk)
?Q n
(9_52 = E — n(§)
82
= -2 E i(aqoyr) E i(agay
Jagay zezAjl dieaey iezA:o Sileuey
Q dlog fo(t:) 9?logS(t;)
=3 (T 9B By 20 g(en) ),
kO EXA: ( kO 40 )> * Z ( Y k0T 5i (W ))
€A 1€AQ
where 1)(.) is the digamma function given by 1y(z) = 1;/((;)) = =7 = Yool — =)

and v = lim,, 0[5, 1 — Inn, and ¢ (z) = — [, &= (Int)™dt.

The first- and second-order derivatives of the E/-function with respect to different pa-

rameters are as follows:

Eyiy = Mi1((logd;).), Euiy = Mi((logA;)..),

Esi) = Maa((logA;).), Esi) = Maa((logd;)..),
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where . can be v, a; or [y, functions M 1, My 2, My 1, My as in (4.19), (4.20), (4.21),
and (4.22), and

alOgAz . riS(](tz)ea mle alogAz B Tiealxi _ 1

doy A, T O 4 S0
0%ogA;  1iSo(ty) Fy(ty)eX®iayay
OOy - A? ’
9%logA; rie®Tig, g OlogA; OlogA;
Qoo A T Doy Oy
2 o'z alzy  1)\2

Please refer to Appendix D for Sp,,,,, -

C.2 Observed information matrix

In this section, we present the observed information matrix for the COM-Poisson cure rate

model with gamma frailty as well as for its special cases.

C.2.1 COM-Poisson cure rate model with gamma frailty

The score functions, for a fixed value of ¢, are
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o _ 1 1 Of (ti|rs) Dzg; 021
= _ZA-/St-m ( doy 2 T | B gy | ) Frlraddr

1
+ Z /8211 (r;)dr;,

1€Ag
Of (ti|r:) {3221 _ 821,1'}) N
ZEZA / S(t;|ri) ( Ok 22+ J(kifr) o O Jr(ri)dr;

Z /8211 (r;)dr;,
1€Ag

f( @Z 2 82 i T; eﬂ'a':z‘
Z / : Z / =L f () dry — gljeﬁ,ﬁ,

i)
S(tilr:) 0
f( 1‘7’@) alogfr(rz alogfy(rl> i
35 Z / S(tlr) ' o¢ ‘“HZ /H' 21) =5 fr(ri)dri,
(tilrs) |
)

Z

€AY ZEAO

f(tilrs)  Ofr(r:) (9fy (7:)
8{’ Z / S(tilr) ™" o€ dr; +Z /1"' 21) dr;.

€A i€Ag

Hence, the components of the observed information matrix, for a fixed value of ¢, are

_ 0%l Of (ti|ri) Oza {a 2o 822171}) L
OB {Z / Sl ( o on, I g T g, | ) i

f(tilrs) 0z0; Oz
+ Z AQ { / S(t|r) ( e 294 + f(tilri) {a—% - T%l)fr(ri)dm}

1EA]
ft|rz 6221
fr(ry)dr;
S(tilr:) 0Bn
a <1, /8211 azli
+ ' d 7 d 7 — r i d i y
ZA 5 | e N " aﬁhf(”r}
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T Y

Of (tilr:) 0za, {
{ 2.4 G e TR e
af(ti’ri)zzi + f(tilri) {a(;;lz B 68201411} ) fr(n)dm}

*ZM{/ t|n>< Doy

804[(9@1

€A
.f t |Tz 8221 )
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%21, 8,211 D214
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a f t ’7"1 (9 222
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1€EA] A2 |:/ 85h/
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’ r\li d i d i —
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, 82 22 622171'
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A _ Z_ / 0 f(t2|n)Z27i+8f(t i) Oz,
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forl,l' =

op =10 =01, =21,22,....2p,i=1,....n

C.2.2 Geometric cure rate model with gamma frailty

are

JUlr) ¢ (r)dr;, B; = i W fr(r:)dr;. The score functions
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Hence, the components of the observed information matrix are
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where
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forl,I'=0,....,p,x0=1,h,h =0,1,5% j%x=21,22,...,2p,i=1,...,n.
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C.2.3 Poisson cure rate model with gamma frailty

Set A; = [(1 4 =)= FGI) f(t|r,) fo(ri)dri, By = [(1 4 =) =FEIM £ (r))dr;. The

score functions are
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Hence, the components of the observed information matrix are
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for,I'=0,...,p,zi0=1,hh =0,1,5 j*=21,22,....2p,i=1,...,n

C.2.4 Bernoulli cure rate model with gamma frailty

Set A; = [ f(ti|ri) f-(ri)dr; and B; = [(1+ €#®iS(t;|r;)) f,(r;)dr;. In this case, the score

functions are
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Hence, the components of the observed information matrix are
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for l,I' =0,...,p,2i0=1,h K =01, jx=21,22,....2p,i=1,...,n.
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Appendix D

Derivatives with respect to proportional

odds model

D.1 Weibull baseline
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D.2 Log-logistic baseline
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The derivatives of log f(t;,7y) are as follows:
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The derivatives of log f(¢;|y;) are as follows:

, 1 , 1 . 1 4
Ologf(ti) _ . Ologf(t;) 1 Viog . Ologf(ti) _ oV
I Yo o 71 Yo Oy
2(+. ) 2 2(4. 1 N1 .

Ologf(t:) _ dlogf(t:) 1 W Ologf*(t:) _ dlogf(t) 1 W, og bt

970970 Mo M Y% 970 v m Y oY
Olog f2(t;) " Olog f2(t:) ( t; )2 1
—— = W=y, = =-Wi{log—| — =,

000y 0 : 0710 g’Yo o
dlog f*(t:) ti dlog f*(t:)
a5 A — ml Ll A  a_ — — 4y i’Wi7

07100 og%x : dayday it

where ‘/Z — F(tl) _ S(tz), Wz _ 2’7313/1'@0 ”-‘tzl

(ng yiea’z_;'_t?l )2 .

198



Bibliography

Andersen, P. K., Borgan, O., Gill, R. D., and Keiding, N. (2012). Statistical Models Based

on Counting Processes. Springer, New York.

Balakrishnan, N., Barui, S., and Milienos E.S. (2017). Proportional hazards under
ConwayMaxwell-Poisson cure rate model and associated inference. Statistical Meth-

ods in Medical Research, 26(5), 2055-2077.

Balakrishnan, N. and Pal, S. (2012). EM algorithm-based likelihood estimation for some

cure rate models. Journal of Statistical Theory and Practice, 6(4), 698—724.

Balakrishnan, N. and Pal, S. (2013). Lognormal lifetimes and likelihood-based inference
for flexible cure rate models based on COM-Poisson family. Computational Statistics &

Data Analysis, 67, 41-67.

Balakrishnan, N. and Pal, S. (2014). COM-Poisson cure rate models and associated
likelihood-based inference with exponential and Weibull lifetimes. In Applied Reliabil-
ity Engineering and Risk Analysis Probabilistic Models and Statistical Inference: (Eds.,
Frenkel, I.B., Karagrigoriou, A., and Lisnianski, A.), John Wiley & Sons, Chichester,
UK, 308-348.

Balakrishnan, N. and Pal, S. (2015). An EM algorithm for the estimation of parameters

199



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

of a flexible cure rate model with generalized gamma lifetime and model discrimination
using likelihood- and information-based methods. Computational Statistics, 30(1), 151—

189.

Balakrishnan, N. and Pal, S. (2016). Expectation maximization-based likelihood inference
for flexible cure rate models with Weibull lifetimes. Statistical Methods in Medical

Research, 25(4), 1535-1563.

Balakrishnan, N. and Peng, Y. (2006). Generalized gamma frailty model. Statistics in
Medicine, 25(16), 2797-2816.

Balakrishnan, N., Barui, S., and Milienos, F. (2017). Proportional hazards under Conway—
Maxwell-Poisson cure rate model and associated inference. Statistical Methods in Med-

ical Research, 26(5), 2055-2077.

Berkson, J. and Gage, R. P. (1952). Survival curve for cancer patients following treatment.

Journal of the American Statistical Association, 47(259), 501-515.

Boag, J. W. (1949). Maximum likelihood estimates of the proportion of patients cured by

cancer therapy. Journal of the Royal Statistical Society. Series B, 11(1), 15-53.

Chen, M.-H., Ibrahim, J. G., and Sinha, D. (1999). A new Bayesian model for survival
data with a surviving fraction. Journal of the American Statistical Association, 94(447),

909-919.

Clayton, D. G. (1978). A model for association in bivariate life tables and its application in
epidemiological studies of familial tendency in chronic disease incidence. Biometrika,

65(1), 141-151.

200



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

Conway, R. W. and Maxwell, W. L. (1962). A queuing model with state dependent service

rates. Journal of Industrial Engineering, 12(2), 132—136.

Drzewiecki, K. T., Ladefoged, C, and Christensen, H. E. (1980). Biopsy and prognosis for
cutaneous malignant melanomas in clinical stage 1. Scandinavian Journal of Plastic and

Reconstructive Surgery, 14(2):141-144.

Greenwood, M. and Yule, G. U. (1920). An inquiry into the nature of frequency distribu-
tions representative of multiple happenings with particular reference to the occurrence
of multiple attacks of disease or of repeated accidents. Journal of the Royal Statistical

Society, 83(2), 255-279.

Gu, Y., Sinha, D., and Banerjee, S. (2011). Analysis of cure rate survival data under

proportional odds model. Lifetime Data Analysis, 17(1), 123—-134.

Hoggart, C. and Griffin, J. E. (2001). A Bayesian partition model for customer attrition. In
Bayesian Methods with Applications to Science, Policy, and Official Statistics (Selected
Papers from ISBA 2000), Proceedings of the Sixth World Meeting of the International
Society for Bayesian Analysis: (Ed, George, E.l.), International Society for Bayesian

Analysis, Creta, Greece, 6170.

Hougaard, P. (1986). Survival models for heterogeneous populations derived from stable

distributions. Biometrika, 73(2), 387-396.

Ibrahim, J. G., Chen, M.-H., and Sinha, D. (2005). Bayesian Survival Analysis. Springer,

New York.

Kadane, J. B., Shmueli, G., Minka, T. P, Borle, S., Boatwright, P., e al. (2006). Conjugate

201



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

analysis of the Conway-Maxwell-Poisson distribution. Bayesian Analysis, 1(2), 363—

374.

Kirkwood, J. M., Ibrahim, J. G., Sondak, V. K., Richards, J., Flaherty, L. E., Ernstoff, M. S.,
Smith, T. J., Rao, U., Steele, M., and Blum, R. H. (2000). High-and low-dose interferon
alfa-2b in high-risk melanoma: first analysis of intergroup trial e1690/s9111/c9190.
Journal of Clinical Oncology, 18(12), 2444-2458.

Klebanov, L. B., Rachev, S. T., and Yakovlev, A. Y. (1993). A stochastic model of ra-
diation carcinogenesis: Latent time distributions and their properties. Mathematical

Biosciences, 113(1), 51-75.

Kokonendji, C. C., Kiesse, T. S., and Balakrishnan, N. (2009). Semiparametric estima-

tion for count data through weighted distributions. Journal of Statistical Planning and

Inference, 139(10), 3625-3638

Kokonendji, C. C., Mizere, D., and Balakrishnan, N. (2008). Connections of the Poisson
weight function to overdispersion and underdispersion. Journal of Statistical Planning

and Inference, 138(5), 1287-1296

Li, C.-S. and Taylor, J. M. (2002). A semi-parametric accelerated failure time cure model.

Statistics in Medicine, 21(21), 3235-3247.

Liu, X., Peng, Y., Tu, D., and Liang, H. (2012). Variable selection in semiparametric cure
models based on penalized likelihood, with application to breast cancer clinical trials.

Statistics in Medicine, 31(24), 2882-2891.

Louis, T. A. (1982). Finding the observed information matrix when using the EM algo-

rithm. Journal of the Royal Statistical Society, Series B, 44(2), 226-233.

202



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

Lu, W. (2010). Efficient estimation for an accelerated failure time model with a cure frac-

tion. Statistica Sinica, 20, 661-674.

Mao, M. and Wang, J.-L. (2010). Semiparametric efficient estimation for a class of gener-
alized proportional odds cure models. Journal of the American Statistical Association,

105(489), 302-311.

McLachlan, G. and Krishnan, T. (2007). The EM Algorithm and Extensions, Second edi-

tion. John Wiley & Sons, Hoboken, New Jersey.

Pal, S. and Balakrishnan, N. (2016). Destructive negative binomial cure rate model and
EM-based likelihood inference under weibull lifetime. Statistics & Probability Letters,

116, 9-20.

Pal, S. and Balakrishnan, N. (2017). Likelihood inference for the destructive exponentially
weighted Poisson cure rate model with Weibull lifetime and an application to melanoma

data. Computational Statistics, 32(2), 429-449.

Pal, S. and Balakrishnan, N. (2018). Likelihood inference based on EM algorithm for the
destructive length-biased Poisson cure rate model with Weibull lifetime. Communica-

tions in Statistics-Simulation and Computation, 1-17 (to appear).

Peng, Y. and Dear, K. B. (2000). A nonparametric mixture model for cure rate estimation.

Biometrics, 56(1), 237-243.

Rodrigues, J., de Castro, M., Cancho, V. G., and Balakrishnan, N. (2009). COM-Poisson
cure rate survival models and an application to a cutaneous melanoma data. Journal of

Statistical Planning and Inference, 139(10), 3605-3611.

203



Ph.D. Thesis - TIAN FENG McMaster - Mathematics

Rodrigues, J., de Castro, M., Balakrishnan, N., and Cancho, V. G. (2011). Destructive

weighted Poisson cure rate models. Lifetime Data Analysis, 17(3), 333-346.

Shmueli, G., Minka, T. P, Kadane, J. B., Borle, S., and Boatwright, P. (2005). A useful dis-
tribution for fitting discrete data: revival of the Conway—Maxwell-Poisson distribution.

Journal of the Royal Statistical Society: Series C (Applied Statistics), 54(1), 127-142.

Sy, J. P. and Taylor, J. M. (2000). Estimation in a Cox proportional hazards cure model.

Biometrics, 56(1), 227-236.

Vaupel, J. W., Manton, K. G., and Stallard, E. (1979). The impact of heterogeneity in

individual frailty on the dynamics of mortality. Demography, 16(3), 439-454.

Zhang, J. and Peng, Y. (2007). A new estimation method for the semiparametric accelerated

failure time mixture cure model. Statistics in Medicine, 26(16), 3157-3171.

Zhang, J. and Peng, Y. (2009). Accelerated hazards mixture cure model. Lifetime Data

Analysis, 15(4), 455-467.

204



