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Abstract

In this thesis we investigate portfolio optimization under Value at Risk, Average
Value at Risk and Limited expected loss constraints in a framework, where stocks
follow a geometric Brownian motion. We solve the problem of minimizing Value
at Risk and Average Value at Risk, and the problem of finding maximal expected
wealth with Value at Risk, Average Value at Risk, Limited expected loss and Vari-
ance constraints. Furthermore, in a model where the stocks follow an exponential
Ornstein-Uhlenbeck process, we examine portfolio selection under Value at Risk and
Average Value at Risk constraints. In both geometric Brownian motion (GBM) and
exponential Ornstein-Uhlenbeck (O.U) models, the risk-reward criterion is employed
and the optimal strategy is found. Secondly, the Value at Risk, Average Value at
Risk and Variance is minimized subject to an expected return constraint. By run-
ning numerical experiments we illustrate the effect of Value at Risk, Average Value
at Risk, Limited expected loss and Variance on the optimal portfolios. Furthermore,
in the exponential O.U model we study the effect of mean-reversion on the optimal
strategies. Lastly we compare the leverage in a portfolio where the stocks follow a

GBM model to that of a portfolio where the stocks follow the exponential O.U model.
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Notation and abbreviations

VaR Value at Risk

AVaR Average Value at Risk

LEL Limited Expected Loss
CVvaR Conditional Value at Risk
GBM Geometric Brownian Motion
ou Ornstein-Uhlenbeck

CaR Capital at Risk

RVaR Relative Value at Risk

Optimization problems in the GBM model

P1 Minimizing VaR within the class of deterministic strategies.

P2 Maximizing expected wealth with VaR constraint within the class of deter-
ministic strategies.

P3 Minimizing AVaR within the class of deterministic strategies.

P4 Maximizing expected wealth with AVaR constraint within the class of deter-
ministic strategies.

P5 Maximizing expected wealth with LEL constraint within the class of deter-

ministic strategies.
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P6 Maximizing expected wealth with Variance constraint within the class of de-
terministic strategies.

P7 Minimizing VaR subject to expected return constraint within the class of
deterministic strategies.

P8 Minimizing AVaR subject to expected return constraint within the class of
deterministic strategies.

P9 Minimizing Variance subject to expected return constraint within the class
of deterministic strategies.

P10 Minimizing VaR within the class of constant strategies.

P11 Maximizing expected wealth with VaR constraint within the class of con-
stant strategies.

P12 Minimizing AVaR within the class of constant strategies.

P13 Maximizing expected wealth with AVaR constraint within the class of con-
stant strategies.

P14 Maximizing expected wealth with LEL constraint within the class of con-
stant strategies.

P15 Maximizing expected wealth with Variance constraint within the class of
constant strategies.

P16 Minimizing VaR subject to expected return constraint within the class of
constant strategies.

P17 Minimizing AVaR subject to expected return constraint within the class of
constant strategies.

P18 Minimizing Variance subject to expected return constraint within the class

of constant strategies.

vil



Optimization problems in the exponential O.U model

P19 Minimizing VaR within the class of constant strategies

P20 Maximizing expected wealth with VaR constraint within the class of con-
stant strategies.

P21 Minimizing AVaR within the class of constant strategies.

P22 Maximizing expected wealth with AVaR constraint within the class of con-
stant strategies.

P23 Minimizing VaR subject to expected return constraint within the class of
constant strategies.

P24 Minimizing AVaR subject to expected return constraint within the class of
constant strategies.

P25 Minimizing Variance subject to expected return constraint within the class

of constant strategies.
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Chapter 1

Introduction

1.1 Background

Every investor’s intent is to maximize return while minimizing risk. This concept
has been the bases of investments and is a guideline to understanding investor be-
havior. It is one of the building blocks of modern portfolio theory pioneered by the
mean-variance efficiency frontier of Markowitz (Markowitz, 1952) and the reward-
to-variability ratio of Sharpe (Sharpe, 1962). Portfolio theory uses decision-making
tools to solve the problem of managing risky investments (Nawrocki, 1999). The risk
management era was established in 1973. In this year the Bretton Woods system of
fixed exchange rate collapsed and in the same year the Black-Scholes option pricing
formula was born. Ever since then, there has been great amounts of volatility in
the market and various tools such as forwards, futures, hedges,options etc have been
created to offset this inherent risk (Linsmeier and Pearson, 2000). This has brought
about the need for precise measurement of volatility in the system. Hence, various

risk measures are proposed.
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The most well known risk is the variance. The popularity of the variance is mainly
due to its simplicity. However, in terms of effectiveness it is not favored, because it
equally penalizes gains and losses. The investor’s view of risk is not symmetric but
asymmetric about the mean. Variance on the other hand operates on the principle
that there is symmetry about the mean (Konno and Yamazaki, 1991). Due to the
problems produced by the variance, downside risk measures were introduced to deal
with both symmetric and asymmetric distributions. Markowitz exhibited the fact
that if the distribution is symmetric then the variance and the downside risk produce
the same results (Nawrocki, 1999). In this thesis we use Value at Risk (VaR), Average
Value at Risk (AVaR) and Limited Expected Loss (LEL), which are common examples

of downside risk measures.

1.2 Value at Risk

The current derivative market is extremely complex and with the introduction of
High Frequency Trading (HFT) there exist high stock price volatility (Zhang, 2010).
Investors are concerned about the risk in their portfolios and one popular risk measure
used is the Value at Risk. Let us start with a formal definition of VaR. The VaR at

level A € (0,1) of a position X is given by

VaRy\(X) = inf{m|P[X +m < 0] < A}.

In other words, VaR estimates the loss of a portfolio over a given time period with a
particular confidence interval. One advantage of VaR is that it is simple to estimate,

however “there is a risk in the value at risk itself” (Jorion, 1996). This risk measure
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tends to give a false sense of security as it fails to shed light on the loss beyond the
VaR level. Secondly, VaR is not sub-additive, hence not a coherent risk measure.
In order to tackle the flaws of VaR other risk measures such as AVaR have been

introduced in the financial world.

1.3 Average Value at Risk

We begin with a formal definition of AVaR. The AVaR at level A € (0, 1) of a position
X is given by

1A
AVaRy\(X) = X/ VaR,(X)du.
0

Another common risk measure is Conditional Value at Risk (CVaR) which is formally
defined as
El-X|— X > VaR)(X)].

When X has a continuous distribution AVaR and CVaR are the same (Follmer and
Schied, 2002). An advantage of AVaR is that it captures what the VaR ignores, which
is the information on how much one can loose on average if one goes beyond the VaR
level (Svetlozar T. Rachev and Fabozzi, 2011). Average Value at Risk is a coherent
risk measure, meaning it has the following properties : monotonicity, homogeneity,

sub-additivity and translation invariance (Philippe Artzner and Eber, 1999).
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1.4 Limited expected loss measure

Let us begin with a formal definition of Limited expected loss measure (LEL). The

LEL at level A € (0,1) of a position X is given by
1
LEL\(X) = 3 / VaR%(X)du,
0

where VaRQ(X) is the VaR evaluated under a risk neutral measure. LEL was pro-
posed by Basak and Shapiro (Basak and Shapiro, 2001) and is a variant of AVaR

(Yamai and Yoshiba, 2002).

1.5 Related literature

Significant amounts of literature are available in the field of portfolio optimization,
current ones related to this thesis are Dmitrasinovic-Vidovic and Ware (2006),Gor-
dana Dmitrasinovic-Vidovic and Li (2011), Susanne Emmer and Korn (2001) and
Dmitrasinovic-Vidovic and Ware (2011). In the paper of Dmitrasinovic-Vidovic and
Ware (2006), Susanne Emmer and Korn (2001) and Gordana Dmitrasinovic-Vidovic
and Li (2011), the stocks follow a GBM, Capital at Risk (CaR) is the risk measured
consider. Dmitrasinovic-Vidovic and Ware (2011) assumes that the stocks follows

an exponential O.U under CaR constraint.

1.6 Thesis outline and contribution

In this thesis, the risky assets are assumed to follow a GBM in chapter two and an

exponential O.U in chapter three. Chapter two is split into two sub-chapters: in
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one we restrict the model to deterministic strategies and in the next sub-chapter, we
restrict to constant strategies. We maximize expected return under VaR, AVaR, LEL
and variance constraints. In chapter three, we consider maximizing expected return
under VaR and AVaR constraints. The minimal VaR and AVaR portfolios are found
in the GBM and the exponential O.U. Furthermore, we minimize VaR, AVaR and
variance subject to an expected return constraint. The novelty of this work is the
addition of AVaR and LEL constraints. The portfolio optimization problem is ap-
proached using the risk-reward criterion. In the GBM model the parameters are time
dependent, the constant/deterministic strategies are evaluated and compared. We
apply a dimension reduction technique to transform the m-dimensional optimization
problem into a 1-dimensional problem which is solved in closed form or numerically.
For the exponential O.U model, we restrict to constant strategies. Furthermore, non
linear systems of equations are solved to obtain the optimal strategies for maximizing
expected wealth under VaR and AVaR constraints. In both the GBM and exponential
0O.U models, we prove that minimizing VaR, AVaR and variance under an expected
return constraint produces the same optimal strategy. Numerical experiments show
that AVaR constrains the investor to take less risk as compared to VaR in both mod-
els. In the GBM model the most conservative constraint is variance, followed by LEL,
AVaR and VaR. However, variance is a symmetric risk measure, LEL is a Q-measure
and VaR ignores the losses beyond the confidence threshold . AVaR on the other
hands captures all the attributes that the aforementioned risk measures ignore, hence
considered to be the best risk measure. We compare the different classes of optimal
strategies and find that time dependent optimal portfolio strategies produce better

results than the constant optimal strategies as expected, however the differences are
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small. The importance of diversification is illustrated in the GBM model. For the ex-
ponential O.U, the numerical results show that the mean-reversion rate has a strong
effect on optimal strategies. The numerical experiments show that the confidence
threshold has a strong effect on optimal strategies in the GBM and the exponen-
tial O.U models. Lastly, we compare the optimal strategies in the GBM model to
the optimal strategies in the exponential O.U model and the results show that op-
timal strategies in GBM model introduce more leverage. Numerical examples and
figures are illustrated at the end of each chapter (for chapter three) or sub-chapter
(for chapter two). Various efficient frontiers are illustrated. Chapter four contains
the conclusion and directions for further research. All the mathematical proofs are

contained in the appendix (chapter five).



Chapter 2

Geometric Brownian motion

framework

In this chapter we assume a market is consisting of a money market and multiple
risky assets (stocks). The stocks follow a geometric Brownian motion (GBM). Risk-
Reward criterion is utilized with VaR, AVaR, LEL and variance serving as the risk
measures. That means we maximize expected utility of the portfolio at some finite
horizon subject to VaR, AVaR, LEL and variance constraints. Market parameters
are deterministic through out the chapter. The chapter is split into two sub chapters:
in one sub chapter we restrict to deterministic trading strategies and in the other to

constant trading strategies.

2.1 Deterministic trading strategy

There is notable research investigating continuous time portfolio selection under var-

ious risk measures. In the papers of Gordana Dmitrasinovic-Vidovic and Li (2011)
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and Dmitrasinovic-Vidovic and Ware (2006) the stocks are assumed to follow a GBM
model. The risk measure used are VaR, Relative Value at Risk (RVaR) and Capital
at Risk (CaR). They maximize expected return subject to these risk measure. In this
chapter we follow the approach developed in Dmitrasinovic-Vidovic and Ware (2006)
and solve for portfolios which maximize expected return under VaR, AVaR, LEL and
variance constraints. The novelty of this chapter is that we introduce AVaR and LEL
as a risk measure (the AVaR, VaR, LEL and variance constraints should not exceed

a given threshold).

2.1.1 Assumptions

The following assumptions hold in this section:

e Assets are traded continuously over a finite time horizon [0,77] in a frictionless

market.

e m + 1 assets are traded where one of the assets is risk free (the money market)

and m are the stocks.

e Stocks follow a GBM model, i.e,

dSi(t) = S(t) <bi(t)dt + i aij(t)de(t))

Jj=1

(04;(t))ij=1..m is deterministic and denotes an invertible volatility matrix; b;(t)
is deterministic and denotes the drift of the stock, b(t) = (b1(t),..., b, (1))

W(t) = (W9(t))j=1..m is a m-dimensional Brownian motion.

e Number of shares of asset i held in the portfolio is denoted by N;(t). The fraction
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of wealth X (¢) invested in the risky stock i is denoted by m;(t) = 2050

7(t) = (m(t), ..., mTm(t)) € R™ is deterministic.

e The money market is represented by Sp(t),

The interest rate denoted by r(t) is deterministic and 0 < r(t) < b;(t).

e o € (0,0.5), denotes the confidence level.

Notations:

The following notations apply throughout this chapter

e The m-dimensional column vectors with each component equal to 1 is denoted

by 1.

e The Euclidean norm of a matrix or vector is denoted by ||.||. The L*([0,T], R")

denotes the set of f"-valued, square-integrable functions defined on [0, 7], with

its natural inner product (f,g); = > ., f(f fi(s)gi(s)ds. Here || f||: = /{f, f)e

is the corresponding norm.

e 7. denotes the area of a circle with radius 1.

2.1.2 Wealth dynamics

Proposition 2.1.2.1 The investor invests w(t) in the risky stocks and 1 — w(t) in

the money market. The initial wealth X (0) is positive. The wealth at time t, denoted
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by X (t) satisfies the following self-financing equation:

dX (t) = X(8)((r(t) + B(t)'w(t))dt + 7 (t) o (t)dW (1)), (2.1)

where B(t) := b(t) —r(t)1. Thus

(2.2)
Proof of Proposition 2.1.2.1: see appendix 5.1.1
2.1.3 Expectation of the wealth
Proposition 2.1.3.1 The expectation of the wealth X (t) is
t
E(X(t)) = X(0)R(t) exp (/0 (B(S)’W(S))dS) : (2.3)

and the variance is

Variance[X ()] = X(0)*R(t)? <exp (2 /OtB(s)'ﬂ s)

(s)ds
[ ot Pas) - e 2 /OtB<s>'w<s>ds)). (2.4)

Proof of Proposition 2.1.3.1 See appendix 5.1.2.

2.1.4 Value at Risk (VaR)

Let us begin with a formal definition.

10
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Definition 2.1.4.1 VaR is the mazximum amount one can likely lose over a period

at a specific confidence level a, i.e,
VaR,(X(t)) = inf{m|P(Loss(t) <m)>1— a}, Loss(t) = X(0) — X(t).

If for example o = 5% then there is a 95% probability that the loss will not ex-
ceed VaR,(X(t)). FEquivalently, there is a 5% probability that the loss can exceed
VaR,X(t).

The following proposition gives a formula for VaR, (X ()).

Proposition 2.1.4.1 For a wealth process X (t) and a given confidence level «, it

follows that

VaRo(X(t) = X(O)(l—R()exp( | By ts) = ot s

\// llo(s) |2ds)> (2.5)

Proof of Proposition 2.1.4.1: See appendix 5.1.3.

Define the function VaR(a, w,t) by

VaR(a,m,t) = X(O)(l—R( )exp( / (B(s)'ﬂ(s)—%||a(s)’7r(s)||2)ds

\// lo(sym(s)]2ds) ). (2.6)

2.1.5 Average Value at Risk (AVaR)

Let us begin with a formal definition.

11
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Definition 2.1.5.1 The AVaR is defined by
1 0%
AVaR,(X(t)) = —/ VaR,(X(t))du.
0

Proposition 2.1.5.1 For a wealth process X (t) and a given confidence level «, it

follows that

R(t)

AVaR (X (1)) = X(O)(l— (exp / tB(s)’w(s)ds

+ 1n \// llo(s) |2ds>>> (2.7)

Proof of Proposition 2.1.5.1: See appendix 5.1.4

Define the function AVaR(a,m,t) by

AVaR(a,m,t) = X(O)( —@(exp/tB(s)/w(s)ds

+om(v(x \// loyn(s)lds))). (@28

2.1.6 Limited expected loss measure

Let us begin with a formal definition.

Definition 2.1.6.1 The LEL is defined by

«

LEL,(X(t) = ! / ’ VaRY(X(t))du,

where VaR?(X) is the VaR evaluated under a risk neutral measure given the threshold

u.

12
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Proposition 2.1.6.1 For a wealth process X (t) and a given confidence level «, it

follows that

LELL(X(t) = X(Mp%( \// lo(syn(s)l2ds) ) ). (29)

Proof of Proposition 2.1.6.1 See appendix 5.1.5

Define the function LEL(a, 7, t) by

LEL(o,mt) — X(O)(l—%( \// lo(sym(s)l2ds) ) ) 2.10)

2.1.7 Portfolio optimization by minimizing VaR

Let us introduce the class of admissible portfolio denoted by Q. The market price of

risk is denoted by
o) =o(t) 'B(t) (2.11)

and

R(t) = exp ( /0 t r(s)ds). (2.12)

In this section the VaR is minimized, i.e
(P1) min VaR(a, 7, T).
TEQR

Theorem 2.1.7.1 Let
e* =1|0]lr + N'(a). (2.13)

13
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The optimal strategy for (P1) is

e (t) = %(a(t)a(t)’)_lB(t),t €0,7]. (2.14)
The minimal VaR is
VaR(a, 7., T) = X(0) (1 — R(T) exp (%(max(o, g*))2)> L 215)

Proof of the theorem: See appendix 5.1.6.

2.1.8 Portfolio optimization by maximizing expected wealth

with VaR constraint

In this section a risk-reward criterion is used. That is, the expected wealth is maxi-

mized given that VaR does not exceed a threshold.

(P2) max F(X(T)) subject to

TeQ
VaR(a,m,T) < C,
where C' is a given constant. It is further assumed that 0 < C' < X(0).

Theorem 2.1.8.1 Recall that O(t) is defined by (2.11). Let

e1 = 16||r + (N"Ha)) + \/(||@HT + N-1a)2 —2In (R(lT) (1 — XC(’()))) (2.16)

14
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The optimal strategy for (P2) is

€1

= eT; 7o) B, (2.17)

Te, ()
The mazimum expected wealth subject to VaR constraint is

BX(T)] = XORT)exp (10l (1101l + (N ()

+\/<||@||T+<N-1<a>>>2 ~ 2 (s~ )21

where X* is the wealth process corresponding to 7.,

Proof of Theorem 2.1.8.1 See appendix 5.1.7

2.1.9 Portfolio optimization by minimizing AVaR

In this section the optimization problem considered is
(P3) incf2 AVaR(a,m,T)
TE
Theorem 2.1.9.1 The optimization problem

sup [€||@HT +In(N(N~H () — 5))]

e>0

has a unique solution denoted as €**. The optimal strategy for (P3) is

(c(t)o(t)) ' B(t),t € [0,T). (2.19)

15
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The minimal AVaR s

AVar(amo-,T) = X0 (1= 2 (exple ]l + NV a) =) ).

(2.20)

Proof of Theorem 2.1.9.1: See appendix 5.1.8

2.1.10 Portfolio optimization by maximizing expected wealth

with AVaR constraint

In this section the expected wealth is maximized while constraining the AVaR.

(P4) max E(X(T)) subject to

AVaR(a,m,T) < C*,
where C* is a given constant. We assume that 0 < C* < X(0).

Theorem 2.1.10.1 The equation

clollr + VYV (a) ~ 2) -t (“E D)

has a positive root denoted by ~vo. The optimal strategy for (P4) is

T () = ,,g]T(au)a(w')*B(t» (2.21)

The maximum expected wealth with the AVaR constraint is

EX(T)] = X(0)R(T) exp(72]|O]]2), (2.22)

16
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where X is the wealth process corresponding to ., .

Proof of Theorem 2.1.10.1: See appendix 5.1.9

2.1.11 Portfolio optimization by maximizing expected return

subject to LEL constraint

In this section the E[X(T")] is maximized subject to LEL constraint, i.e

(P5) max F[X (T')] subject to

TEQR
LEL(a,m,T) < C**
where C** is a constant. We assume that 0 < C** < X(0).

Theorem 2.1.11.1 The optimal strategy for (P5) is

me(t) = (c(t)o(t))"LB(#),t € [0,T], (2.23)

where &€ = N~} (a) — N1 (%). The mazimal expected wealth subject to LEL

constraint 1s

E[X(T)] = X(0)R(T) exp(£]|O]|r),
where X denotes the wealth corresponding to the optimal strateqy .

Proof of Theorem 2.1.11.1: See appendix 5.1.10

17
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2.1.12 Portfolio optimization by maximizing expected return

subject to variance constraint

In this section the E[X(T')] is maximized subject to variance constraint, i.e

(P6) max E[X(T)] subject to
TE

variance(X(T)) < C*
where C* is a constant. We assume that 0 < C* < X(0).

Theorem 2.1.12.1 The equation

Ca
exp(2e|O]|r + %) — exp(2¢][6]|1r) = X(0)2R(T)?

has a unique positive solution denoted as €*. The optimal strategy for (P6) is

ok

9
1]}z

T (t) = (o(t)o(t)) ' B(t),t € [0,T]. (2.24)

The mazximal expected wealth subject to variance constraint is

EXH(T)] = X(0)R(T) exp(£"[|O]|7),

where X* denotes the wealth corresponding to the optimal strateqy Tz

Proof of Theorem 2.1.12.1: See appendix 5.1.11

18
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2.1.13 Portfolio optimization by minimizing Variance, VaR

and AVaR subject to expected return constraint

In this section a risk-reward criterion is used.

(PT7) miél VaR(c,m,T) subject to E[X(T)] = M
TE

(P8) Iniél AVaR(a,m,T) subject to E[X(T)] = M,
TE

Y

(P9) min Variance| X (T)] subject to E[X(T')] = M,

TEQR

where M is a constant. It is further assumed that M > X (0) exp(rT).

Theorem 2.1.13.1 Let

(=ln (W) . (2.25)

The optimal strategy for (P7), (P8) and (P9) is

C ot

Proof of Theorem 2.1.13.1: See appendix 5.1.12

2.1.14 Numerical analysis

To keep the exposition simple, the interest rate and the volatility matrix are assumed
constant. Three stocks are considered. The drift of the stock i is denoted by b;(?),
where b;(t) = w; + B; cos(p;t). Here ¢; denotes the economic cycle, u; denotes the

average rate of return and ; denotes the deviation around ;. The variance covariance

19
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matrix is denoted by I'(¢)dt, and

where the diagonal matrix v(t) denotes the standard deviation and p(t) denotes the

correlation matrix. We take v(t) = diag[0.2,0.25,0.3],

.00 —0.60 —0.80
p(t) =1 —0.60 1.00 0.50
—0.80 0.50  1.00

The time horizon considered is 8 years and time granularity for the parameters below
are yearly. We have u; = 0.08, uy = 0.1, ug = 0.12 and r = 0.05. Let ¢ = @9 = p3 =
0.75, 51 = 0.755, 52 = 0.54, B3 = 0.2548 and g = 0.015. Take C'= C* = 0.7 - X(0).

Optimal Strategy with Risk Constraints

In this section, the optimal strategy for the maximal expected wealth with VaR,
AVaR, LEL and variance constraints (i.e optimal for problems (P2), (P4), (P5) and
(P6)) is considered and illustrated in figure 2.1 to 2.4. The highest portfolio weight
is in stock 1 as it is the least volatile. The optimal strategy for stock 1 in P2 is
higher than that of P4, followed by P5 and P6. Variance is the most conservative
risk measure, followed by LEL and AVaR. This is due to the fact that variance is a
symmetric risk measure and penalizes both loss and gains. This makes the portfolio
seem more risky and hence calculates a lower optimal strategy. LEL on the other
hand is a downside risk measure and hence shows the risk associated with losses only,

however it operated under the assumption that the investor is risk neutral. VaR is

20
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a another downside risk measure but it ignores the losses beyond the « threshold.
AVaR deals with the disadvantages associated with variance, LEL and VaR , hence
is considered to be the best risk measure. Furthermore, stock 3 is more volatile
than stock 2, however, the portfolio weight in stock 3 is higher in stock 2 due to
diversification effect introduced by the correlation matrix.

optimal strategy invested in the bond optimal strateqy invested in stock 1

- e -
—P5
—p—PE

Partfolio Weights

Fortfolio Weights
I

Time [0.T] Timne [0,T]

Figure 2.1:  Optimal portfolio in Figure 2.2: Optimal portfolio in

money market stock 1

optimal strategy investad in stock 2 optimal strategy invested in stock 3

45

25

——r2
——=P4
—— 5
——P5

EL

35

3

25

——r6

Portfolio Weights
4
[
Y
A
Partfolio Weights

Time [0,T] Time [0,T]

Figure 2.3: Optimal portfolio in stock Figure 2.4: Optimal portfolio in
2 stock 3

21



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

Expected Return with Risk Constraints

As illustrated in fig 2.5 the maximal expected return occurs in the order P2 followed
by P4, P5 and P6. This is intuitive since variance is the most conservative risk

measure compared to LEL, AVaR and VaR. The expected return is plotted where

T €10,8].
Graph of Maximium Expected Wealth g optimal strategy for stock 1
120 T T T T T T T
100} i
n B
£ 80p =
E =)
s 25
= 6ot =
i o4
2 £
4 4o} S
3 L
20} 2h
I i v e i e e e e e = = 1 1 : : y
0 1 2 3 4 5 6 7 3 0.01 0.02 0.03 0.04 0.05 0.06
Time [T] confidence level

Figure 2.5: Expected return for P2, P4, P5 and Figure 2.6: Optimal strategy with var-
P6 ious confidence intervals

Efficient Frontier
120 T T :

—F2
——P4

-—-P5
—P5

60F

Expected Wealth

%3 035 04 045 05 055 06  0BS
Upper Bound of the risk constraint

Figure 2.7: Efficient frontier
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Optimal Strategy with different confidence interval

In fig 2.6 the plot shows the optimal strategy in stock 1 for P2, P4 and P5 for the

confidence level, o € [0.01,0.06]. As « increases the portfolio weight increases for P2,

P4 and P5.

Efficient Frontier

In figure 2.7, we take C' = C* = [0.3,0.7]. The plot shows that as C' increases, the
portfolio weights also increase for P2, P4, P5 and P6. The reason being that the
higher the risk threshold, the higher the risk appetite of the investor. Hence, the
amount invested in the stock increases.

kinimizing risk subject to expected return Minimizing risk subject to expected return

—e—P5
-—-P7
—F9

portfolioweight
b
Minimal risk

05F

—o—ro] |
azb A -
+—P7

16 17 18 19 2 21 22 23 24
Iy

Figure 2.8: Optimal strategy invested in the Figure 2.9: Minimized risk for P7, P8
stock P7, P8 and P9 and P9

Minimal VaR, AVaR and Variance with an expected return constraint

In this section P7, P8 and P9 are considered, with M = [1.1- X(0),1.3- X(0)]. The

minimal risk is illustrated in fig 2.9. The minimal variance is significantly higher than
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that of the minimal VaR or minimal AVaR. Furthermore, the minimal VaR is lower

than minimal AVaR.

24



2.2 Constant trading strategies

Portfolio optimization in a Black-Scholes setting within the class of constant strategies
is studied in the paper of Susanne Emmer and Korn (2001). Capital-at-Risk (CaR)
and variance are the risk measures considered in that paper. In this section we restrict

to constant portfolio strategies as well.

2.2.1 Assumptions

The same assumptions as in the previous chapter apply, in addition

e 7(t) is assumed to be constant.

Since ||o(t)'w||? = 7'o(t)o(t)'w, it follows that

/OT o (t)'n|?dt = /OT m'o(t)o(t) rdt

= 7'%7 > 0.

Here ¥ = (¥;;) . is given by

(1:3)=1,y

Sy = [ oo )at (2.27)

e Assume that X;; is invertible.
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2.2.2 Wealth dynamics

Corollary 2.2.2.1 The investor invests w in the risky stock and 1 — 7 in the money
market. The initial wealth X (0) is positive. The wealth follows a self-financing strat-
eqy, thus

dX (t) = X()(r(t)dt + B(t)'wdt + ©'o(t)dW (t)). (2.28)

Therefore
X(T) = X(0)exp (/0 (r(t) + B(t)'w) dt — %7?’27? +/0 W/U(t)dW(t)) . (2.29)

2.2.3 Expectation of the wealth

Corollary 2.2.3.1 The expectation of the portfolio at some T > 0 is

E[X(T)] = X(0)R(T) exp (/0 B(t)'ﬂdt) : (2.30)

and the variance is

varX(1)] = X(07RT)( exp (2 /0 TB(t)'ﬂdt—l—ﬂ'Eﬂ)

—exp (2 /OT B(t)’wdt) (2.31)
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2.2.4 Value at Risk (VaR)

Corollary 2.2.4.1 For a wealth process (X (t))ico,r), @ given a confidence threshold

and time T,

VaR.(X(T)) = X(0) (1 ~exp < /0 () + Bty )t — %w'zw + Nl(a)\/m» |
(2.32)

Define the function VaR(a, 7, T) by

VaR(a,m,T) := X(0) (1 — exp ( /0 T(r(t) + B(t)'m)dt — %w’m + N—l(a)\/m» .
(2.33)

2.2.5 Average Value at Risk (AVaR)

Corollary 2.2.5.1 For a wealth process (X (t))ico,r), @ given o confidence threshold

and time T,

AVaR,(X(T)) = X(0) (1 - (exp ( /0 ' B(t)mdt + In(N(N"Y(a) — @))))) .
(2.34)

Define the function AVaR(«a,w,T) by

AVaR(a,7,T) := X(0) (1 - @ (exp < /0 TB(t)’ﬂdt +In(N(N~"a) — @))))) .
(2.35)
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2.2.6 Limited Expected Loss

Corollary 2.2.6.1 For a wealth process (X (t)):co,r] and a given confidence threshold

a at time T,

Define the function LEL(«, 7, T') by

LEL(a,7,T) = X(0) (1 _ED) nv-1(0) - \/wzw))) @)

«

2.2.7 Portfolio optimization by minimizing VaR

In this section the minimum VaR of the portfolio is calculated. The optimization
problem considered is

(P10) Iniél VaR(o,m,T).
S

The portfolio optimization problems are projected onto the family of surfaces,
Q. = {r: m'%r =%}

It follows that

Q=Je-
e>0

Recall that 3 is defined by (2.27).

Corollary 2.2.7.1 Set T = fOTB(t)dt and Q = VY'S-1Y.The optimal strategy for
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(P10) is
roe = X0 50y (2.38)
Q
where
£ =Q+ N a). (2.39)
The minimal VaR is given by
1
VaR(a,m+,T) = X(0) (1 — R(T') exp (5 maX(O,e*)Q)) . (2.40)

2.2.8 Portfolio optimization by maximizing expected wealth

with VaR constraint

This is a form of Markowitz mean-variance optimization, the difference being that

the variance is replaced by VaR. The optimization problem is

(P11) max E[X(T)] subject to VaR(a,w,T) < C,

where C'is a constant. It is assumed that 0 < C' < X(0).

Corollary 2.2.8.1 Set T = [\ B(t)dt and @ = VY'S1T. Let

e = Q4 N'(a) + \/(Q +N()? - 2In (R(lT) (1 - X%)). (2.41)

The optimal strategy for (P11) is

M, = Ayl (2.42)
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The maximum expected wealth subject to the VaR constraint is

E[X™(T)] = X(0)R(T)exp <Q<Q+N1(a)

oo (o). e

where X1 is the wealth corresponding to m.,.

2.2.9 Portfolio optimization by minimizing AVaR

In the section the optimization problem considered is
(P12) ing2 AVaR(a,m,T).
TE
Corollary 2.2.9.1 The optimization problem

sup [eQ + In(N(N () — 5))]

e>0

has at finite solution denoted by €. The optimal strategy for (P12) is

M= %Eflr. (2.44)

The minimal AVaR is

R(T)

(0%

AVaR(a,7:,T) = X(0) (1 - (exp (éQ +In(N(N"Y(a) — é)))) . (2.45)

30



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

2.2.10 Portfolio optimization by maximizing expected wealth

with AVaR constraint

In this section the AVaR replaces the variance in a Markowtiz Mean-Variance opti-

mization problem, so the optimization problem considered is

(P13) max E[X(T)] subject to AVaR(«,m,T) < C¥,
TE

where C* is a constant. Assume that 0 < C* < X(0).

Corollary 2.2.10.1 The equation

SO+ In(N(N"'(a) —)) —In (%) 0, (2.46)

has one positive root denoted by . The optimal strategy for (P13) is given by
e = Sy (2.47)
Q
The maximum expected wealth with the AVaR constraint is

EX™(T)] = X(0)R(T) (exp (£92)) , (2.48)

where X™ s the wealth corresponding to .
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2.2.11 Portfolio optimization by maximizing expected wealth

subject to LEL constraint

In this section the expected wealth is maximized subject to LEL constraint, i.e

(P14) max E[X(T)] subject to
TE

LEL(a,m,T) < C*
where C** is a constant. We assume that 0 < C** < X(0).

Corollary 2.2.11.1 The optimal strategy for (P14) is

ealt) = %E‘lT,t € [0, 77, (2.49)

where e = N~(a)— N1 (%) . The mazimal expected wealth subject to LEL

constraint s

E[X*(T)] = X(0)R(T) exp(=*1),

where X* denotes the wealth corresponding to the optimal strateqy T.a.

2.2.12 Portfolio optimization by maximizing expected return

subject to variance constraint

In this section the E[X(T')] is maximized subject to variance constraint, i.e

(P15) max E[X(T)] subject to
TE
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variance(X(T)) < C°
where C? is a constant. We assume that 0 < C® < X (0).

Corollary 2.2.12.1 The equation

exp (26 + £2) — exp(2eQ) = W

has a unique positive solution denoted as €**. The optimal strategqy for (P15) is

SOk

e (t) = %E‘lT,t e [0, 7). (2.50)

The maximal expected wealth subject to variance constraint is
E[X*(T)] = X(0)R(T) exp( ),
where X** denotes the wealth corresponding to the optimal strategy Tz

2.2.13 Portfolio optimization by minimizing Variance, VaR

and AVaR subject to expected return constraint

In this section a risk-reward criterion is used.

(P16) mig VaR(a,m, T) subject to E[X(T)] = M,
TE

(P17) mig AVaR(a,m,T) subject to E[X(T)] = M,
TE

(P18) min Variance| X (T)] subject to E[X(T)] = M,

TEQR
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where M is a constant. It is further assumed that M > X (0) exp(rT).

Theorem 2.2.13.1 Let

<=l (X((%%(T)) | (250

The optimal strategy for (P16), (P17) and (P18) is

T (t) = éz—lr. (2.52)

2.2.14 Numerical analysis

The previous data is used in this section as well. In figures 2.10 to 2.13 the plot
illustrates the optimal strategy for P11,P13, P14 and P15. The portfolio weights
invested in stocks in P11 are higher than P13, followed by P14 and P15. From
figure 2.14 we see that P2 and P4 yields a higher expected return than P11 and P13
respectively. From figure 2.15 we see that P5 has a higher expected return than P15.
However the difference between P6 and P15 is negligible. Although deterministic
optimal strategies perform better than constants strategies, from the plots we see

that the improvement is marginal.
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Graph of the optimal strategy of the bond Graph of the optimal strategy of stock 1
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Graph of Maximurn Expected Wealth 5 Graph of Maximurn Expected Wealth
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Figure 2.14: Expected return for P2,P4, Figure 2.15: Expected return for P5,
P11 and P13 P6, P14 and P15
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Chapter 3

Exponential Ornstein Uhlenbeck

process

Over the last past decades the mean-reverting model for stocks and commodity dy-
namics have received great attention (d’ Aspremont, 2008). Commodities, futures
and exchange rates are intuitively assumed to be mean-reverting and there is sig-
nificant research to support this assumption, [ see (Anderson, 2007), (Schwartz,
1997), (Lutz, 2010), (Gil-Alana, 2000) and (Ali Lari-Lavassani and Ware, 2001)]. In
the work of Dmitrasinovic-Vidovic and Ware (2011), the risky assets are assumed to
follow an exponential Ornstein Uhlenbeck process. They used Capital-at-Risk (CaR)
while performing portfolio optimization and they restrict to the class of constant
strategies. Short selling of the stocks and the money market is permitted and uncon-
strained. In this chapter the same assumptions are made. The novelty of our work is

that VaR and AVaR risk measures are used in portfolio optimization.
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3.1 Assumptions

The following assumptions pertain to this model

The securities are perfectly divisible.

Negative positions are possible.

Re-balancing of the portfolio occurs at no transaction cost.

m + 1 assets are traded continuously over a finite horizon [0, 7.

m assets follow the exponential O.U model.

= k(A —In(Si(1))dt + Y o dWi(t),  Si(0) > 0,i=1,..,m. (3.1)

J

The mean-reversion rate, k; > 0 and A; € R. Here W (t) = (Wi (t), Wa(t)...W,,.(t))".

denotes a m-dimensional Brownian motion.

The matrix ¢ = (0;;) where i = 1,...m and j = 1, ...m. is invertible and denotes

the volatility matrix.

One of the assets is risk less and it is denoted as Sy(t),

So(t) = exp(rt). (3.2)

Let N;(t) denote the number of shares of stock i held in the portfolio at t,

and X () the wealth at time t. Then m; = Ni()?(f)i(t) is the proportion of wealth

invested in stock 7 .
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o 7 = (m, Mg, ..., )" and is assumed constant.

Furthermore, (3.1) can be written as
dSi(t) = Si(t) (i — 0; In(S;(1)))dt + 0:dW (t)),  i=1,..,m. (3.3)

Here

@ZJZ‘ = szzv 91 = k’z and o; = (Uila ...O'im),.

3.2 Wealth Equation

Proposition 3.2.1 The self-financing equation for the wealth is

dX (1) = X (t) <rdt + i w0 — 1 — 0, In(Si(t)))dt + a,-dW(t)]> . (3.4)

Moreover

X(t) = X(O)exp((r—l—?r’(w—rl)—M)tjtﬁﬁ(t,@)
+ iﬂiaiexp(—eit) /O texp(@s)dW(s)), (3.5)
where
= o — ”Z”Q, Zit) =n(S,(t)),  K(1,0) :/Otexp(—ﬁs)ds
and
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Proof of Proposition 3.2 See appendix 5.2.1

3.3 Expectation of the wealth

Proposition 3.3.1 The expectation of the wealth is

il
2

E(X(t)) = X(0)exp <7’t +7'g(t) - %W'G(t, 9)7?) (3.6)

and the variance is

Var(X(t)) = X(0)%exp (2rt + 27'g(t) — t||7'o||* + 7' G(¢t,0)7) (exp(x'G(t,0)7) — 1).

(3.7)

Here
g(t) = (W —r)t+=(t,0) (3.8)

and
Gij(t,0) = K(t,0, + Hj)aiag-. (3.9)

Proof of Proposition 3.3.1 See appendix 5.2.2

3.4 Value at Risk
Proposition 3.4.1 The VaR for the gain/losses, X (t) — X (0) is

VaR,(X(t)) = X(0) (1 — exp (rt +mg(t) — %HW’UHQ + N7 a)/7'Glt, Q)W)) :
(3.10)

Proof of Proposition 3.4.1 See appendix 5.2.3
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3.4.1 Properties of the Value at Risk

Define the function VaR(a, 7, t) by
VaR(a,m,t) .= X(0) (1 —exp (rt + f(m,1))), (3.11)

where

f(m,t) :=7'g(t) — %||7T/O'||2 + N Ha)\/7'G(t,0)r. (3.12)

Lemma 3.4.1.1 The function m — f(m,t) is concave.

Proof of Lemma 3.4.1.1 See appendix 5.2.4

3.5 Average Value at Risk

Proposition 3.5.1 The AVaR for the gain/losses, X (t) — X(0) is

AVaRy (X (1)) = X(O)(l—éexp (rt—i—w'g(t)—%Hﬂ’aHZ

' G(t,0)m

* 2

+In(N(N-Ya) — W’G(t,Q)ﬂ)))). (3.13)

Proof of Proposition 3.5.1 See appendix 5.2.5

Standing Assumption: Let

G(t,0) .= G(t,0) — G(t,0)

where G(t,0) := to;0}. Assume that G(t,0) is positive definite.
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Remark: The assumption is met if o; = o;.

3.5.1 Properties of the Average Value at Risk

Define the function AVaR(«a,7,t) as
1
AVaR(a,m.t) = X(0) (1 ——exp (rt v fl(w,t))>>, (3.14)
where
t 'G(t,0
film,t) = 7g(t) — §H7T’UH2 + # +In(N(N~Ha) — /7G(t,0)T).

Lemma 3.5.1.1 The function m — fi(m,t) is concave.

Proof of Lemma 3.4.1.1 See appendix 5.2.6

3.6 Portfolio optimization by minimizing VaR

The optimization problem considered is
(P19) min VaR(a,m,T)

Theorem 3.6.1 If g(T)G(T,0) 'g(T) > (N1 (a))? , then the equation

1

1=g(T) (aToo’ — N~'(a)G(T, 9))71 G(T.0) (aToo' — N~ (a)G(T,0))  g(T)

(3.15)
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has a unique positive solution denoted by a*. Then the optimal strategy for (P19) is

T = <T00’ - NT()G(T, 9>>_ g(T). (3.16)

&*

Else if g(T)'G(T,0) 'g(T) < (N"!(«))? then (3.15) has no positive solution and the

optimal strategy is ™ = 0.

Proof of Theorem 3.6.1 See appendix 5.2.7

3.7 Portfolio optimization by maximizing expected
wealth subject to VaR constraint

The optimization problem considered is

(P20) max E[X (T')] subject to

VaR(a,m,T) < C,
where C'is a constant. It is futher assumed that 0 < C' < X (0).
Theorem 3.7.1 The optimal portfolio strategy for (P20) is given by

N~ a)G(T,0

a*

= (TUJ’(/\* - 1)+ G(T,0) — \* ))1 g(T)(\"), (3.17)

where (a*, \*) is a solution of the following system of equations:
[V G(T,0)(aTod’ (A —1) +aG(T,0) — AN (a)G(T,0)) 'g(T)(N)||> —1 =0 (3.18)
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and

T

EHO’ (TJU'()\ —1)+G(T,0) — )\N_I(Q)G<T, 0)

a

>_ TN = N (a)a — 1 T—

g(TY(N) (T“a’@ 1)+ G(re) - AT 9))_ g(T) +In (1 - %> -

(3.19)

Proof of Theorem 3.7.1 See appendix 5.2.8

3.8 Portfolio optimization by minimizing AVaR

In this section the optimization problem considered is
(P21) inf AVaR(a,m,T)

Theorem 3.8.1 The optimal strategy for (P21) is given by

“1(a)—a)2
exp(—(N (2) ))

i(V2r)N(N () — a)

7= (Taa/ +G(T, 9)( . 1))_19(T), (3.20)

where a is a positive solution of

hi(a) = 1. (3.21)

Here

hi(a) = ||VG(T,0)(aToo" + G(T,0)(w —a)) ' g(T)||?
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“1(a)—a)?
exp(—(N (2) ))

(V27)N(N~(a) — a)

If hi(a) =1 has no positive solutions then 7 = 0.

w =

Remark: All the positive solutions of (3.21) are found numerically. Then we pick the
one which optimizes (P21).

Proof of Theorem 3.8.1 See appendix 5.2.9

3.9 Portfolio optimization by maximizing expected
wealth subject to AVaR constraint

The optimization problem considered is
(P22) sup E[X(T)] subject to AVaR(c,m,T) < C*,

where C* is a constant. Assume that 0 < C* < X(0).

Theorem 3.9.1 The optimal portfolio strategy for (P22) is given by

. o L Mexp(m Qe NTE
T* = (TO'U (AN —=1)+ G(T, 9)((1 — A"+ (VI N (N1 (a) d*)> g(T)(\),

where (a*, 5\*) is a solution of the following system of equations:

I[VG(T,0)(aTod' (A —1) + G(T,0)(a(l — X) +w)) g(T)N|P-1=0 (3.23)
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and
gna (Taa’(/\ — 1)+ G(T, 9)(1 At %‘)))19@)@)“2 - “; T
—g(T)(\) (Taa’()\ — 1)+ G(T, ) (1 O+ %“’D_l (T)
~In(N(N"Ya) —a)) + In (a (1 - XC’E;J ) ~0. (3.24)
Here

“1(a)—a)?
exp(—(N (2) ))

(V27)N(N~H(a) — a)

Proof of Theorem 3.9.1 See appendix 5.2.10

w =

3.10 Portfolio optimization by minimizing VaR,
AVaR and Variance subject to expected wealth
constraint

The optimization problems under consideration here are

(P23) min VaR(«a,m,T) subject to E[X(T)] = M,

(P24) min AVaR(a, 7, T) subject to E[X(T)] = M,

(P25) min Variance| X (T')] subject to E[X(T)] = M,

™

where M is a constant. It is further assumed that M > X (0) exp(rT).

Theorem 3.10.1 The optimal portfolio strategy for (P23), (P24) and (P25) is given
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7 = (Too'(N*) + G(T,0)(2 — X)) " g(T)(\), (3.25)

where X* 1s a solution of the nonlinear equation:

T+ 9(TY (V) (T’ (3) + G(T,0)(2 — X)) 9(T) + 5| |v/G{T,6) (Too' (A
T

+G(T,60)2 =) 9TV = Sllo (Too'(N) + G(T,0)(2 - M) g(MN)|P?
—In (%) = 0. (3.26)

Proof of Theorem 3.10.1 See appendix 5.2.11

3.11 Numerical analysis

A one-dimensional model (i.e m = 1) is analyzed. The parameters used are as follows:
T =15,k = 0.5,L; = In(7),y = 1,X(0) = 100, = 0.05,5(0) = 5,0 = 0.2 and
C=C*=0.5X(0).

Optimal portfolio strategy

The optimal strategy for the mean-reverting model in P20 and P22 are plotted in fig
3.1. AVaR is more consecutive than VaR, hence, the optimal strategy in the stock is

higher for P20 than P22.

Efficient Frontier

In this section C' = C* € [0.15X(0),0.5X(0)]. In fig 3.3, P20 has a higher efficient

frontier than P22 as intuitively expected (since AVaR is more conservative).
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Figure 3.1: Optimal strategy for the stock Figure 3.2: Optimal strategy for the
in a mean-reverting model money market in a mean-reverting
model

As C' = (" increases the investor is less risk averse, this leads to a higher expected

return. This concept is reflected in fig 3.3.

The mean-reverting rate impact

We study the effect of the mean-reverting rate on optimal strategies. Let ki €
[0.3,0.7]. The optimal strategy in the stock increases with respect to k; as illus-
trated in fig 3.4 . This is due to the fact that as the speed of mean-reversion increases
there is a high chance of obtaining profit by holding or shorting more stock depending
on the data. The AVaR constraint (P22) is proceeding with more caution than the

VaR constraint (P20).

The impact of confidence level («)

We study the effect of @ on optimal strategies. In this section a € [0.01,0.09]. As

« increases, the investor is allowed to take more risk and this leads to holding more
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Figure 3.3: Efficient frontier in a mean- Figure 3.4: Optimal strategy as a
reverting model function of mean-reverting rate

stock. This is illustrated in fig 3.5 for P20 and P22.

Minimal VaR, AVaR and Variance subject to an expected return constraint

In this section P23, P24 and P25 are considered, with M = [1.1- X(0), 1.3 - X(0)].

The minimal risk is illustrated in fig 3.6.

Comparing the outcomes of GBM and exponential O.U models

In this section k; = 0.27. Figure 3.7 show that the optimal strategy in the GBM
introduces more leverage into the portfolio compared to the optimal strategy in the
exponential O.U.This is explained by the fact that in the GBM model, the stock have
a higher market price of risk so it is more attractive. This property account for the

results in figure 3.7 and figure 3.8.
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Chapter 4

Conclusion and further research

In this thesis, the novelty is the addition of AVaR and LEL constraints. The minimal
VaR and AVaR portfolios are found for GBM and exponential O.U models. Addition-
ally VaR, AVaR and variance is minimized with an expected return constraint. In the
GBM model we maximize expected wealth with VaR, AVaR, LEL and variance con-
straints. However, in the exponential O.U model we maximize expected wealth with
VaR and AVaR constraints only. Using numerical experiments we compare deter-
ministic to constant portfolio strategies. Furthermore, from the plots we notice that
variance is the most conservative risk measure, followed by LEL, AVaR and VaR.
In the exponential O.U model, the mean-reversion rate is shown to have a strong
effect on portfolio selection. Lastly, we examine leverage in the portfolio. The plots
show that the optimal strategy in the GBM model introduces more leverage. For fur-
ther research it would be interesting to introduce correlation constraints in the GBM
and exponential O.U models. Another research direction is to consider deterministic

strategies in the O.U model.
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Chapter 5

Appendix

5.1 Appendix A

Appendix contains all the proofs for the model in which the stocks follow a geometric

Brownian motion and the portfolio strategies are deterministic.

5.1.1 Proof of Proposition 2.1.2.1

m

AX@) = S N(BSi(E) = No(t)dSo(t) + i Ni(t)dSi(t)
(L )X () 1 X (O ()b 1 o (6 (1))

= X(@)((r(t) + B@t)w(t))dt + 7(t) o(t)dW (t).
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Here W (t) = (Wi (t), Wa(t)...W,,(t))" is a m-dimensional Brownian motion and B(t) =

b(t) — r(t)1. Solving the stochastic equation above gives
X(t) = X(0) exp (/0 (r(s) + B(s)'n(s) — w> ds +/0 W(s)'a(s)dW(s)) .
¢

5.1.2 Proof of Proposition 2.1.3.1

E[X(t)] = E|X(0)exp (/Otr(s) + B(s)'w(s) — %HO’(S)Iﬂ'(S)HQdS + /Otﬂ'(S)IU(S)dW(S)) ]

oo ([ (r(6)+ BGsyn(s) = Fllotoyn(olfas)

oo ([ (r(6)+ Bsyn(s) = Fllotorn(olfas)

= Xm0 e ([ B6rai)is) (51)
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The next step is to find the variance of X (t).

EIX(t7] = X(0)*R(t) exp( / )ds — / lo(s)'n(s)][%ds +2 / <>a<s>dw<s>)
— X(0)R() exp / (s)ds — /||0 )| 7ds )

E[exp(Z/OtW() o(8)dW (s )}
_ X(O)QR(t)2eXp( / s)m(s) ds+/ o (s)'n(s)| ds)

Variance[X ()] = E[X(t)%] — (E[X(1)])? (5.2)

= X(0)?R(t)* exp (2/;3 ds+/ l|o(s) ||2ds)
- (xOrwes [ B(s)'w(s)ds))

Hence the claim.
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5.1.3 Proof of Proposition 2.1.4.1

The VaR equation can be further written as

1= = P(=(x0e0( /t< (5) + Bls)n(s) — gllo(s)(s)]*)ds

(\// lo(s) |2ds> - X(o))) < VQR)

where £ ~ N(0,1). Let

I:= /0 r(s) + B(s)'w(s) — %||0(s)'7r(s)||2ds

and
v \// llo(s)m(s)|]2ds.
Then
VaR n(1- %) - T
_ — > 1 — = > .
-« P(exp(F+\I/§)_1 X(O)) P(f_ T
So

:P<£§1 (1 — Yoity r) :N<1n(1_;fg;§)_r>_
v N\

Solving for VaR in the equation above gives

VaR,(X(t)) = X(0)(1 — exp(I' + N~ (a)¥)).
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Hence the equation for VaR

VaRy(X(1) = X(0)(1—exp / (r(s) + Bls)n(s) — 5llo(s)'x(s) P)ds

\// lo(sym(s)]2ds))

5.1.4 Proof of Proposition 2.1.5.1

From the definition of AVaR we have

1 t

AVaR,(X(1) = ~ / “x©)(1- RO) exp( / (B(s)'m(s) — 3lo(s)n(s)|)ds

W lo(sym(s)]2ds))

Let [) ||o(s)'m(s)|[?ds := 2. It follows that

AVaRL(X(1) = x(0)— FOXO) /0 " exp ( /0 t (B’(s)w(s)ds _ %/8 + (Nl(u))/i> du)

«

~ X(0) - R“)aX © exp < /O " B(s)n(s)ds — %,ﬁ) ( /0 " exp (N (u))r) du)) |
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Let N7} (u) =y and w = N(y). Therefore, du = F exp =2 dy Hence

AV&RQ(X@)) _ X(O) _ w<exp </0t B(S),T{'(S)ds — %,ﬁ))

2

)
\/2_7% exp y/@ — —>dy>
= X(0)— w<exp </Ot B(s)'w(s)ds))

exp —(yT—fiV> dy).

(/.

Let us perform the change of variable z = y — ¢, hence

AVaRy(X(1) = X(0)— M<exp /0 tB(s)’w(s)ds)( /_ il(a)_HeXp _—Zde)

/27, 2

— X(0) (1 iU (exp /0 tB(s)’W(s)ds) (N(N"Y(a) — n))) .

o

Finally,

AVaRL(X(8) = X(0)<1—%t)<exp / ' B(s)'n(s)ds

(5 [ Tty

O
5.1.5 Proof of Proposition 2.1.6.1
Under a risk neutral probability measure ), the stock dynamics is
dS(t) = r(t)S(t)dt + o (t)dW (1), (5.3)
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where W(t) denotes the Brownian motion under a Q-measure. Using the same ap-

proach as in the proof of section 2.1.4.1 and 2.1.5.1 we prove that

VaRI(X (1)) = X(O)(l—R<t>exp(—1||a<s>'w<s>||2>ds

\/ / lo(s)m(s)][ds) ). (5.4)

Furthermore,

LELL(X(t)) = X(O)( —@ \// l|o(s) |2ds>>).(5.5)

5.1.6 Proof of Theorem 2.1.7.1

The portfolio optimization problems are projected onto the family of surfaces,

T
~ (r: / lo()x ()| Pdt = ).
0
It follows that

Q=Je-

e>0

The optimization problem can be solved as

min min | X (0)(1 — exp ( / (o) + B - §|ra<t>'w<t>\|2>dt
W loty=(0)]dt) )]

T
subject to / o (t) 7 (t)||Pdt = & (5.6)
0
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In a first step we optimize for a fixed ¢, i.e,

(P.) max/ B(t)'w(t)dt subject to /0 l|o(t)'m(t)||*dt = €.

TEQ: 0

Let the market price of risk be denoted as O(t) = o(t) ! B(t) and ||©]|r = \/fOT ||o(t)~1B(t)]||2dt.

We claim that the optimal strategy for (P.) is

~ 1 n—1
7re(t) = —ﬁ(a(t)a(t) ) B(t)  tel0,T], (5.7)
with
A=— ”(2!7“ (5.8)

2

=¢? (5.9)

[ [l (s ot 50)

Thus, the constraint is satisfied. Let 7(¢) be an adapted strategy which satisfies (5.6).

Then the optimality of 7.(¢) is equivalent to:

/ e+ A / o (1) (0) |2t — 5)_/ Ddr+A( / oty (1) P —<).
0 0

(5.10)

29



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

Let

L) = /OTB dt+>\(/ oty ()| Pdt — )

= 5 [ (loters1e + B0y <>)dt—As
~ A /OT (w(ty(a(t)a(t)')w(tH%B(t)%(t))dt-&é (5.11)

By completing the squares

Lz, %) = A / (=t +%<a<t>a<t>'>lB<t>)’<a<t>a<t>'>(w<t>+§<a<t>a<t>'>1B<t>)dt
T 1 / n—1 . AEZ
- /0 B (@) Bt - A
= 3 [ et (=0) + SsteweenBo) [~ [ SBe 00 B
— Ae? (5.12)
Let
Ur(t) = ||ott) (v(t) + o= (ot(e) " Bo)) ||
Solving U(w(t)) = 0, we obtain
r(t) = —%(a(t)’a(t))lB(t). (5.13)
Hence L(m, A) < L(#., ) which proves (5.10). Furthermore,
/0 B (#)i(t)dt = <||O||r (5.14)
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Next, we optimize over € > 0.i.e,
max [5(||@H + (N Ha))) — 162]
e>0 r 2

Let

£(e) = (1@l + (V@) - 52

where f(g) is a concave function.

By the concavity of f, the optimizer is given by
fi(e") = =" +11Ollr + (N~ H(a)) = 0. (5.15)
Solving (5.15), one obtains
" = lOllz + (N~ (a)).

The optimal strategy is

max(0, %)

ollr (o(t)a(t)) " B(#).

Tex (1) =

The minimal VaR is

VaR, = X(0) (1 _ R(T)exp (%(max((), g*))2)> |
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5.1.7 Proof of Theorem 2.1.8.1

Since

Q=JQ.

e>0

the optimization problem becomes

max max [X(O)R(T) exp ( )

e>0 mEQ:

03@%@&)}wm%mO (5.16)

X<o>(1 —exp ( / (r(t) + Bw(t) — gllo(e)x(0)]P)dr

\// lor(t) ||2dt>> <C (5.17)

/\w O Pdt = 2. (5.18)

The strategy 7 is admissible if

A_MWﬂﬂﬁzm(%g%&%)+%§—N*mk. (5.19)

In a first step we optimize over 7(t) given a fixed e.Let

(P.) max [/OT B(t)/ﬂ'(t)dt} subject to

TEQ:

/0 o(t)'n(t)| Pt = £
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Let the market risk be denoted as O(t) = o(t) ' B(t) and ||O||r = \/foT o (t)~1B(t)||2dt.

We claim that the optimal strategy for (P.) is

f(t) = —%(o(t)o(t)’)_lB(t) teo.1], (5.20)
with
8]l
S=-1 (5.21)

We can argue as in (5.9),(5.10),(5.11),(5.12) and (5.13) for the proof of the claim.
If there is an admissible 7(t), i.e it fOT l|o(t)n(t)]|*dt = € and (5.19), then we claim

that 7.(t) must also be admissible. Since 7.(t) is optimal for P., it follows that

/ " Beya byt > / " Bltym(tydt.
Thus from (5.19),

/0 B(t)#.(t)dt > In (%) + %8 ~ N Ya), (5.22)

whence 7.(t) is admissible. Substitute 7.(¢) into the (5.16) to (5.17) and optimize
over € > 0, i.e,

max [5H@||T] subject to g(e) > 0,

where

9(e) 1=~ +=(l1Bllr + (V@) ~ .

()
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g(e) = 0 is a quadratic equation and has two root

—(©llr = N=(@)) % /([[6]r + N1 (@) — 4(51)(=¢)
e 2(-1/2) |

So, the optimum is attained at

er = [6llr + (N () + v/ ([[8llr + N} ()2 — 2€.

Thus, the optimal strategy is

e, (1) = 18]lr + (N (o)) + |\|/@(’|||§)||T +N"Ha))? — 2 (o (D)o (1Y) B(1).

Therefore, the maximum expected wealth with the Value at Risk constraint is

B(X™(T)) = XO)R(T) exp (([0]lz-+(N " (@) +/[TBllr + N-1(@))? — 20)[16] | ).
¢

5.1.8 Proof of the theorem 2.1.9.1

Since

Q=JQ.

e>0

the optimization problem is written as

inf X(0) (1 - REXT) (exp ( /0 " B(Om ()t 4+ 1n (N (¥ ) - \/ /0 ' |a(t)’7r(t)2dt>>)>
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subject to

(A|w@%@mmp:§. (5.23)

In a first step we optimize over 7(t) given a fixed ¢, i.e,

(P.) sup [ /0 ' B’(t)w(t)dt] subject to

TEQe

/0 lo(t)m(t)]*dt = £*.

We claim that the optimal strategy for (P.) is

7(t) = —zx(a(t)a(t)’)’lB(t) te0,T), (5.24)
with
x:_M%E (5.25)

See (5.9) to (5.13) for proof of the claim. Next, we optimize over € > 0, i.e,

(P.,)  supf(e)

e>0

where

f(e) =el|®llr + n(N(N"(a) —¢)).

We claim that f(e) is concave.

Proof of claim : From the assumptions stated a € (0, 0.5), it follows that N~!(a) <
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0. Recall that

Let

We claim that f(-) is increasing. Moreover if w < 0 it is also concave. Since

f(w) = % >0, (5.26)

it follows that f(-) is increasing . Moreover,

o exp(— ) (wN (w) - N(w)
Fw) = vy (520

Since

1
2'3_ 1N’(ﬂ:z) < N(—z) < =N'(%2) where z > 0 (see (McKean, 1969)),
z z

it follows that f”(w) < 0. Hence w — In N (w) is concave if w < 0.

Let us state the following preparatory lemma.

Lemma 5.1.8.1 If g : R™ — R s a concave function and f : R — R is a concave

nondecreasing function, then f o g is concave.

Proof of Lemma: By concavity of g

gz + (1= N)y) > Ag(z) + (1= N)g(y)
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and since f is nondecreasing then,

flgAz+ (1 =Ny)) > f(Ag(2) + (1 = Ng(y)) = Af(g(2)) + (1 =N f(g(v))-

Where the second inequality follows from the concavity of f. Using the Lemma 5.1.8.1

above we conclude that f(e) is concave.

¢

Since f(e) is concave it follows that, (P.,) has a unique solution denoted by £**. Thus

the optimal strategy is

The minimal average value at risk is

R(T)

AVaR(a,m,T) = X(0) (1 — (exp(e™]|O]|r + In(N(N~H(a) — 5**)))) :

5.1.9 Proof of Theorem 2.1.10.1

Since

Q=JQ.

e>0
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the optimization problem is tackled as

max max [X(O)R(T) exp ( /0 TB(t)’w(t)dt)] subject to (5.28)

e>0 mEQ:.

X(O)(l - R<T) (exp / ' B'(t)r(t)dt + In (N(N—l(a)

- / oterstoiea)))) < -

/ o (t) m(8)||2dt = 2 (5.30)

In a first step we optimize over m(t) given a fixed . In this step (5.29) is redundant,
ie,

(P.) max [/T B(t)' 7 (t)dt |subject to

TEQe
T
/ o(t)n(t)|Pdt = 2.
0

We claim that the optimal strategy for (P.) is

7 (t) = —ﬁ(o(t)o(t)’)_lB(t) tel0,T], (5.31)
with
A= —% (5.32)
See (5.9) to (5.13) for proof of the claim.
Let
62(e) = £l|©]r + I(N(N"(a) - £)) — In (a 22*(%?20; 0*>> . (633)
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Arguing as in the proof of 5.1.7, substitute 7.(¢) into (5.28) and (5.29) and optimize
over € > 0, i.e,

m%(aH@HT subject to go(e) > 0.
Next, we need the following preparatory Lemma.

Lemma 5.1.9.1 {e: ¢g2(¢) > 0,6 > 0} = [0,72] where v is the unique positive root

of ga(€) = 0.

Proof of Lemma :Recall that,

na) =l + V@)~ 2) <t (@ (TP ).

Since C* < X (0), then

g2(0) = In(a)) — In <a (%)) > 0. (5.34)
Furthermore,
lim g5(z) = —o0 (5.35)

To proof (5.35), we claim that

In(N(—
lim VD) (5.36)
T—>r00 i
Indeed by L’Hopital’s rule
$2 CC2
lim M =1 —exp(—y) = lim :Bexp(—z) = —xr=—00
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By (5.36), it follows that,

lim g(z) = = (1 +

T—00

Thus (5.35) is true.

The function go(x) is concave when = € <N‘1(a), oo) (see the proof of section 5.1.8).

This yields the results. Thus, the optimal strategy is

_ Y2 ot o n—1 )

Therefore, the maximum expected wealth with the Average Value at Risk constraint
is

EX™(T)] = X(0)R(T) exp(72|©]|r)-

5.1.10 Proof of the theorem 2.1.11.1

In this section we strict to the family of surfaces such that

Q=Je-

e>0

The optimization problem considered is

max max X (0) R(T) exp < /0 ' B(t)’w(t)dt)

TEQRe €20
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subject to X(O)(l — REXT) ( \// l|o(t) ||2dt>>) <C*

/0 o(t)'n(t)| 2t = £2.

This can be further written as

T
max max/ B(t)'w(t)dt subject to
0

TEQ: €20

[t <t (55557)
/0 lo()m(®)|Pdt = *.

In a first step we optimize over m(t) given a fixed ¢, i.e

(P)  max| / U Bty m(t)de] subject to

TEQe

/0 oty m(b)]2dt = &,

Using the same approach as in section 5.1.6 the optimal strategy for (P.) is

me(t) = o]l (o(t)a(t)) "' B(t), (5.37)
Next, we optimize over € > 0, i.e,

max|[e||O]|r]| subject to
e>0
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-1 L (aX(0) =)
e<N ' (a)-N ( X(0)R(T) >

The optimal strategy is attained at

€

me(t) = M(o(t)a(zf)’)—lB(t),t € (0,77, (5.38)
where
£=N"Ya)- N (O‘())gég))}%_(g) )) . (5.39)

The maximal expected wealth subject to LEL constraint is

E[X(T)] = X(0)R(T) exp(&||O]|r).

5.1.11 Proof of Theorem 2.1.12.1

In this section we strict to the family of surfaces such that

Q:UQE-

e>0

The optimization problem considered is

max max X (0)R(T") exp </OT B(t)’w(t)dt) subject to

TEQ: >0

T

NOSORETIE / Bt)(t)dt + /0 THa(t)’w(t)szt) _ exp (2 /0 TB(t)’w(t)dt)) <o

0
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This can be further written as

T
max max/ B(t)'w(t)dt subject to
TEQ: >0 0

exp (2 /0 TB(t)’w(t)dt+ /0 ' ||U(t)’7r(t)||2dt> —exp (2 /O TB(t)’w(t)dt) < W

In a first step we optimize over 7(t) given a fixed ¢, i.e

TEQe

(P.) max [/OT B(t),ﬂ(t)dt} subject to

/0 oty m ()] dt = &,

Using the same approach as in section 5.1.6 the optimal strategy for (P.) is

we(t) = (o(t)o(t)) " B(t), (5.40)

Next, we optimize over € > 0, i.e,
max|[e||O]|7]
e>0

subject to f(e) <0,

where
Oa

f(e) = exp(2¢]|O| |1 + €%) — exp(2¢]|O]|r) — W

73



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

The unique positive solution to the equation f(¢) = 0 is denoted by £*. The optimal

strategy is
é*

T (t) = W(o(t)o(t)’)*ll}s'(t),t € [0, 7). (5.41)

The maximal expected wealth subject to variance constraint is

E[X*(T)] = X (0)R(T) exp([|®]l7)-

O
5.1.12 Proof of Theorem 2.1.13.1
Since
Q=JQ.
e>0
the optimization problem (P7) becomes
r / 1 / 2
min [X RT)esp ([ (BOYr() = oty =0l F)at
\// |o(t) \2dt>>] subject to (5.42)
X(0)R(T) exp (/ (t)’w(t)dt) =M. (5.43)
0
The optimization problem is reduced to
T T
(P,)  min [ / Hdt)%(t)\\?dt} subject to / Bt)m(t)dt = ¢.
€@ L Jp 0
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We claim that the optimal strategy for (P;) is

¢ (c(t)o(t))'B(t)  te]o,T], (5.44)

") = TelE

where ( = In (W). To prove this claim, let us introduce the Lagrangian

L(m,\) = / o (t) ||2dt+)\(/OTB(t)’7r(t)dt—C)

=3[ Cetermiote + Beyat)a—

- }[ /0 ' Gw(t)'(a(t)a(t)')w(t)+B(t)%(t>)dt} A (5.45)
By completing the squares
L(m, ) = &[ / ' (ﬂ(t) +é(o(t)0(t)’)1B(t))%(a(t)a(t)’) (W(t) + é(o(t)a(t)’)lB(t)>dt
. / ZB LBt )dt} Vs
_ / ot o) 50 |['at - [ JB0YN Oty B

Let

h\ B 2
Ur(®) = ||o@) (x() + Se@®at)) " BO)||
To minimize the optimization problem we solve the equation U(7(t)) = 0 and obtain

m(t) = —%(J(t)'o(t))lB(t). (5.47)
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Substituting (5.47) into the constraint we obtain

- .
/0 B(t) (—%(o(t)’a(t))lB(t)> dt = (. (5.48)
Solving (5.48) we obtain
N —2¢
)N 5.49
EIE o4
where ||O||7 = \/fOT llo(t)~1B(t)||?dt. It follows that the optimal strategy is
(t) = > (o(t)o(t)) " B2). (5.50)
1©1]7

The next optimization problem considered is (P8).

The optimization problem is reduced to

TEQR

subject to

X(0)R(T) exp (/OT B(t)’w(t)dt) = M.

The problem is solved as

min [ /0 T||a(t)’7r(t)||2dt] subject to /O TB(t)’w(t)dt —¢.

TEQR

76
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The next optimization problem considered is (P9) which is approached as

min [X(O)?R(t)2<exp( / s)ds + / l|o(s)'m(s)]] ds)
~ exp (2 /0 tB(s)’w(s)ds) )] subject to

X(0)R(T) exp ( /O TB(t)’w(t)dt) _ M (5.53)

The problem is reduced to

T
i / oty x(0)]dt] subject to / Bty =(t)dt = C.
0

5.2 Appendix B

Appendix B contains the proofs for the mean-reverting model.

5.2.1 Proof of Proposition 3.2

dX(t) = iNi(t)dSi(t)

=0

—  NoS,(t)rdt + i Ni(8)Si(£)[(Ws — 0, In(Si (£)))dt + o, dW (2)]

- (1- Z ) X (t)rdt + Z T X ()] — 0;10(S;(t)))dt + o:dW (1)].
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The self-financing strategy is then modeled as

dX (1) = X (t) (me + i ml(s — 1 — 0, In(Si(t)))dt + a,-dW(t)]) .

Let

Using [t0’s lemma

Si(t) (Wi — 0;In(Si(8)))dt + o, dW (1)) Si(t)202dt

dZi{t) = Si(1) T 25,12
So
dZ;(t) = (@z}i - ”“2”2 - HZ-ZZ»(t)dt) + 0 dW (1),

In a second step, let

By (5.55)

o]l

(5.54)

(5.55)

AB,(t) = 6;exp(0,t)Z:(t)dt + exp(@it)[ (m - - HiZi(t)dt> + aidW(t)},

_ exp(@it)[ (wi - ”"2“2) dt + adW(t)].

112
Let w; = 1; — @ Hence

Bi(t) = Bi(0) + w; / exp(Bit)dt + o / exp(0:)dW (1),

78
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Since B;(t) = exp(0;t)Z;(t) then Z;(t) = exp(—0;t)B;(t) and Z;(0) = B;(0). It follows

that
¢ t
Zi(t) = exp(—6;t)B;(0) + wi/ exp(f;s — 0;t)ds + exp(—eit)ai/ exp(0;s)dW (s).
0 0
Let

t t
K(t,0) := / exp(—0s)ds = exp(—@t)/ exp(fs)ds =
° ’ t if =0

Thus
Zi(t) = exp(—0;t) Z;(0) + w; K (t, 0;) + exp(—@it)ai/o exp(6;s)dW (s), (5.58)

and

E(Zi(t)) = exp(—0;t) Z;(0) + wi K (¢, ;). (5.59)
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The covariance is calculated as follows

Cov(Zi(t), Z;(t)) = E[(Z:(t) — E(Zi(1)))(Z;(t) — E(Z;(1)))]
= E[(exp(—@it)Zi(O) +w; K (t,0;) + exp(—@it)ai/o exp(0;s)dW (s)
wiK (t, 6;))(exp(=0;1) Zi(0) + w; K (t, 0;)

—exp(—6;t)Z;(0) +
+ exp(—6;t)o; /0 " exp(8y5)dW (s) — exp(—0;t) Zi(0) + wy K, ;)|

= E[(exp(—&it)ai /0 texp(@s)dW(s)) (exp(—ejt)aj /0 texp(ejs)dW(S)N

— Zalkajk/ exp(b;s + 05 — (0;t + 6,t))ds

= K(t,0; +0;)0:0] (5.60)
Let us define
Gi;(t,0) == Cov(Z;(t), Z;(1)).

In a next step we calculate the wealth process.
Let
F(t) =In X(1).

Using Ito’s lemma

dF(t) = (7” + in: mi(Yi —r — 0;In S;(t))dt + WUdW(t)) H7T2<7H2dt
= (7‘ +7'(¢p —rl) — I ) dt + Z ))dt + 7o dW (1)5.61)

From (5.55)
_ el
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Hence

dF(t) = (r +7'(p —rl) — w> dt + ij:w (dZi(t) - (wi — @) dt)

el

= (r + 7' (1 —rl) W'w> dt + idei(t) (5.62)

_ 7l

F(t) = F(0) + (7‘ + 7' (¢ —rl) 5

7T’w> t+7(Z(t)— Z(0)).

(Z;(t) — Z;(0)) = exp(—0;t)Z;(0) + w; K(t,0;) + exp(—@it)a,-/o exp(0;s)dW (s) — Z;(0),
= Z;(0)(exp(—6;t) — 1) + w; K (t,0;) + exp(—@it)az-/o exp(6;s)dW (s)
= —0;tK(t,0;)Z;(0) + w, K(t,0;) + exp(—0;t)o; /t exp(0;s)dW (s)

= (w; — Z;(0)0;)K(t,0;) + exp(—@it)ai/o exp(6;s)dW (s). (5.63)
If =, = K(t,60;)(w; — Z;(0)6;) — w;t then,

F(t) = F(0)+ (r +7'(p —rl) — M) t+7'=(t, 9)—1—2 e eXp(—Hit)ai/O exp(6;s)dW (s).

2
(5.64)
The expectation of the log normal wealth is
: ||7'o|[? =
EF(t))=FQO)+ |(r+7'(—11) - 5 t+7'=Z(t,0). (5.65)
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The variance is

Var(F(t)) = E[(Zm—exp(—eit)ai /0 exp(eis)dW(sm
= 7'(K(t,0; + 6;)0;0))m,

= Gt 0)r (5.66)
The wealth X (¢) can be calculated as

X(t) = exp(F(1)).

Thus
X(t) = X(0)exp ( (r + (Y —rl) — ||7T/;||2) t+'Z(t,0)
+ Zm exp(—«%t)ai/o exp(@is)dW(s).> (5.67)

Since F(t) is normally distributed the wealth can be represented as X (t) = exp(E(F'(t))+
VVar[F(t)]€, where £ is a standard normal variable. Therefore

X(t) = exp (F(O) + (T‘ + 7' (Y —rl) — W) t+7'Z(t,0) + /TG, 9)7r§)
(5.68)

o
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5.2.2  Proof of Proposition 3.3.1

Let
g(t) = (b —r)t + E(t,0)

t|w'ol]”

£ ) =gt - =

+ /TGt 0)ne
X(t) = exp(F(0) + (rt + f*(m,€)) = X(0) exp(rt + f*(,£))

Since F(#) follows a normal distribution E(X (t)) = E(exp(F(t))) = exp (E(F(t)) + %) .

Therefore

E(X(t)) = exp (F(O) +rt+7 (Y —r)t— M + 7'2(t,0) + %ﬂ'G(t, 0)#)
= X(0)exp (Tt +7'g(t) — tHW;HZ + %W’G(t, 9)71’) (5.69)

E[X(t)?] = X(0)*exp <2rt +21'g(t) — t||7'o|)? + 2 Z e exp(—@it)ai/o exp(@is)dW(s))

Var[X(t)] = FE[X(0)?exp (27"25 +21'g(t) — t||7'o||? + 2 Z 7 exp(—0;t)o; /o exp(@is)dW(s))
— (X(0)*exp (2rt + 27g(t) — t||mo||* + 7'G(t, 0)7))]

= X(0)*exp (2rt + 2n'g(t) — t||7'o|?) E[exp(Q Z miexp(—0;t)o; / exp(6;s)dW (s))

0

— exp(rC(t, e)ﬂ)}

= X(0)*exp (2rt + 2a'g(t) — t||7'o|]> + 7'G(t, 0)7) (exp(7'G(t,0)7) — 1) (5.70)

O
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5.2.3 Proof of Proposition 3.4.1
Loss(t) = —(X(t) — X(0))

1 —a= P(Loss(t) < VaR)

Let
f(€,m) = w'glt) - S|wol|* + /G O)me
where
g(t) = (v —r)t+Z(t,0).
Then

I1—a=PX(0)(1—exp(rt+ f*(& 7)) < VaR)

1—04:P(exp(7“t—|—f*(§,7r)) > 1—%)

l—a=PpP (Tt+7T/g(t) . %||7T/0_H2 + W/G(t,9>71'€ > In (1 — ;?g;))

VaR , L, e
1—Oé=P(\/7TG(t,0)7T§ZIIl (1_X(O)> —rt—7rg(t)+§||7ra|| )

e p(es In(1 — ;‘&g) —rt —a'g(t) + L||n'o||?
- m'G(t, 0)r
In(1 — ¥48) — vt — 7'g(t) + L||7'o||?
1 (0) 2
tro=d P<£§ TGt 0)r
p (e 2 0= 558 vt w0) + gl
o =
N T G(t,0)m
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Since £ is a standard normal with mean 0 and variance 1.

In(1 — ;‘(lé:;) —rt—a'g(t) + L||n'o||?
a=N
©'G(t,0)r

N-1(a) In(1— ;?(g)—rt—ﬂlg(t)—i-%”ﬂ,UHZ
) =
©G(t,0)r

N-Y(a)/7CE, )7 = In (1 _ )v(?g) —rt—wg(t) + £lol?

VaR,(X (1)) = X(0) (1 — exp (m +g(t) — %||7r'0||2 + NN o) /TGt 9)%)) .

(5.71)
O
5.2.4 Proof of Lemma 3.4.1.1
Let
F(rt) = vt +7g(t) — %HW'UHQ + N () /TG O)n
It follows that f(m,t) is equivalent to
FOT + (1= Na,t) > Af(mt) + (1= N f(z, 1), %A € (0,1). (5.72)

(5.72) is equivalent to
—%||(/\7r+(1—/\)x)’0||2+]\7 (@) || AT+(1=N)2)'\/G(T,0)|| > —= )\||7r a|*+(1-N)||2'a|]*)
) VET 0| + (1= N)la' VT, D))
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Since, a € (0,0.5) and therefore N~!(a) < 0 the equation above holds true due to

convexity of || -||. This means that f(m,t) is strictly concave.
¢
5.2.5 Proof of Proposition 3.5.1
The Average Value of risk is
AVaR,(X(t)) = é/oa VaR,(X(t))du.
Therefore from (5.71) the AVaR equation is
AVaR,(X(t)) = é/oaX(O) (1 — exp (rt +7'g(t) — %HW’O’HQ + N7 (u) 71"G(t,9)71’>) du

AVaR(m,t) = X(O)—@ exp <rt +7'g(t) — %H?T/O'H2) /Oa exp(N 1 (u)\/7'G(t,0)T)du

Let N*(u) =y, thus u = N(y) and du = dN(y).

AVaR,(X(t)) = X(0)— X () exp (rt +7'g(t) — %H7T/0'||2)
1 N —(y — /7'G(t,0)7)?
R
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Let z =y — /7'G(t,0)m, so

AVar,(X(1) = X0 = ey (rt +7g(t) — %Hw’al!z + —W,G(; 6)W>
1 N=1(a) /7' G(t.0)x 2
(w—m /. (3 ) dZ)
= X(0)— X(0) exp (rHﬁ,g(t) B %HMHQ N w)
(N(N"! (o) = V/7'G(t, 0)T)). (5.73)

Therefore the AVaR equation is:

| / 'G(t,0
AVaR.(X(t)) = X(O)(l — o exp <7’t +7'g(t) — §|]7r'0||2 + #
4+ In(N(N"Ya) - \/wc(t,e)w)))) (5.74)
%
5.2.6 Proof of Lemma 3.5.1.1
fim ) = wglt) — Lol + T (NN ) — /G )
Let
'G(t, 0
falm, 1) 2= vt w'g(t) - plwoll + 0T
and
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Therefore

AVaR(m,t) = X(0) (1 - éexp (f3(m,t) + fa(m, t))> :

G(T,0) — G(T,0) is positive definite, hence 71 — 7'G(t,0)m — t||7'c||* is concave.
It follows that f3(m,t) is concave. From the assumptions stated « € (0,0.5), hence
N a) < 0; 7 — \/m is convex as illustrated in the preceding sections.
This concludes that m — N~!(a) — \/7'G(t, 0)7 is concave. It follows that fi(m, ) is

concave.

¢
5.2.7 Proof of Theorem 3.6.1
From (5.71) this optimization problem can be written as
T
min X (0) (1 — exp <TT +7'g(T) — §||7T/0'||2 + N a)/7G(T, 9)#)) :
The optimization problem is approached as
T
max (rT +7'g(T) — §||7T/O'||2 + N a)/7'G(T, 9)7T> : (5.75)
Due to convexity first order conditions are sufficient for optimality. Therefore,
Nt T
©'G(T,0)r
Thus .
N1 (a)G(T,0
7= |Too — (0)G(T' ) g(T). (5.76)
©'G(T,0)r
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This is an implicit equation for 7. We follow the approach of Dmitrasinovic-Vidovic

and Ware (2011). Let a := \/7'G(T,0)w. Therefore

a2 = g(T) <TJJ' _ N @G 9))1 G(t,0) (TUJ’ _ NG, 9)>1 o(T)

a a

= 4Ty (%(aTaa’—N‘l(a)G(T, 9)))_ G(t,0) G(aTaa'—N—l(a)G@, 9)))_ o(T)
ag(T)

= a®g(T) (aToo’ — N~Y@)G(T,0)) "' G(t,0) (aToo’ — N~ ()G(T,8)) " ¢(T)

1 1

= ag(T) (aToo’ — N (a)G(T,0)) " G(t,0) (aToo’ — N~ («)G(T,0)) "
Furthermore,

1

1=g(T) (aToo’ — N~'(a)G(T, 9))‘1 G(t,0) (aToo’ — N~ (a)G(T,0)) ~ g(T).

IV/G(T,0)(aToo’ — N~ (a)G(T,6)g(T)]| = 1.

Let

h(a) == |V G(T,0)(aToo’ — N (a)G(T,0)) ' g(T)|"

Then
h(a) := ||(aT(v/G(T,0) ) oo’ (v/G(T,0) " — N~ o))" (v/G(T,6) ) g(T)|I%,

where [ is an identity matrix. Since (1/G(T, 8)/)_100’(\/G(T, 0))~! is symmetric

positive definite, it has eigenvalues decomposition

(VG(T,0))od’ (/G(T,0)! = Q'DQ.
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Here D has diagonal elements which are positive and () is an orthonormal matrix.

Let z = (v/G(T,0))~'g(T). Therefore

ha) = [|(aTQ'DQ — N~ a)I)™ 2|,
= |Q"(aTD — N~ (a)I)~'Qz|]?,
= 1¢'Q(aTD — N"Ha))'QQ'(aTD + N (a)I) ' Q=

= ZQ(aTD— N"Ya)l)2Qx.

Let 7= Qz and U = (aTD — N~ *())~! then

h(a) = 7'U>r
and
1
Uila) = aTd; — N—1(a)’

where d; are the diagonal entries in D. Therefore

2

; aTd; — N-'(«))?
If a = 0 then

N T _ 9(I)'G(T.0)"'g(T)
B Z -1 2 (N—l(a))Q )

If g(TYG(T,0) 'g(T) > (N"'(«))? then h(a) = 1 has a unique positive solution

(
denoted by a*,( since h(a) is a decreasing function and h(co) = 0). The optimal
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strategy 7* is given by

T = <T00’ _ NG 9>>_19(T). (5.77)

&*

However if g(T)G(T,0)'g(T) < (N~'(a))? then h(a) = 1 has a no positive solution,

meaning there are no critical points for m — /7'G(t,0)w. Since m — /7'G(t,0)7 is

not differentiable at 0, 0 is the solution and the optimal strategy is 7* = 0.

The minimal Value at Risk is

VaR(a,m,T) := X(0) (1 — exp (T’T + (") g(T) — §||(7T*),0||2 + N a)\/ ()Gt 6’)7?*)) :

(5.78)

¢

5.2.8 Proof of Theorem 3.7.1

From (5.71) and (5.69) the optimization problem is

T||zo|?
2

1
max X (0) exp <TT +7'g(T) + §7T/G(T, 9)7T> subject to

T
X(0) (1 — exp (T’T +7'g(T) — §||7r’a||2 + N a)/7'G(T, 9)#)) <C.
The optimization problem can be tackled as

Tzl

max (rT +7'g(T) 5

1
+ §7T/G(T, 9)7T>
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subject to

ﬂ#ﬂﬂﬂ—%WﬁW+N*mWWG@@wsz—X%Q.

Let us rewrite as

mgx—[h(w,T)] subject to — f(7,T) < —In (1 - %) ,

where

T||xo||? 1

h(m,T) := 5 §7T,G(T, O

and

f(m,T):=rT+7'g(T) — §||7r’0||2 + N~ a)\/7G(T, 0)x.

From (5.72), f(m,T) is strictly concave therefore —f(m,T') is strictly convex. Next,

assume that

UJ/(T—%‘_M) if @ #0

G(T,0) = G(T,0) — G(T,0) =
0 it 0 = 0.

G(T, 0) is positive definite if 6§ # 0.

The assumption is met if there is only one stock. The claim follows, if we prove that

G(T.0) 0T + exp(—0T) — 1

> 0.

Let

f(0) =0T + exp(—6T) — 1.
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and

F1(0) =T — Texp(—6T) > 0 if 6 > 0.

Furthermore, if § > 0, —h(w,T) is strictly concave.

Recall that the optimization problem considered here is

T|r'o|? 1
min (M - §7r’G(T, 9)7r> subject to

(guw'ayﬁ — N"Ya)\/T'G(T,0)x — rT — w’g(T>) +1In (1 - %) =0

Let us introduce the Lagrangian

T||7'o|]? 1 T
L(m,)\) = (M—T@(T,Q)w)—A(§||7r'a||2

— N"Ya) /TG, 0)r —rt — 7'g(T) + In <1 - %) ) (5.79)
Furthermore, due to convexity F.O.C are sufficient for optimality. They are

-1
oL _ Too'n —G(T,0)mr — X\ | Too'n — N (GTO)r g(T) | =0.
on ©G(T, 0)r

Thus,

- (Taa’()\ 016 - 2N _:Z)(i(gi)) g(T)\. (5.80)

Let a = \/7'G(T, ). Hence,

N=Ya)G(T,0)

a?> = g(T)(\)(Tod' (A — 1)+ G(T,0) — X »

V"LG(T, 0)(Too' (A — 1)
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N-Y(a)G(T, 0)

a

+G(T,0) — A )"g(T)(N)-

Adapting the same method used in previous sections we obtain

1=g(T)(\)(aToo' (A — 1) + aG(T,0) — AN"*(a)G(T,0)) ' G(T,0)(aToo' (A — 1)

+aG(T,0) — AN~ (a)G(T, 0)) *g(T)(N).
Let
s*(a,\) := |[\/G(T,0)(aToo' (A\—1)+aG(T,0) = AN (@)G(T,0)) " g(T)(N)|[>*~1 =0

(5.81)

Plugging (5.80) into the VaR constraint one obtains

N-Y(a)G(T, 0)

a

s (a, \) == gua (TUU'(A 1)+ G(T,0) — A )_ d(T)YN)|P~N"Y(a)a—

N-Y)G(T, 0)

- )1 g(T)+In (1 - %) = 0.
(5.82)

rT—g(T) () (TUJ’(/\ — 1)+ G(T,0) — A

Equations (5.81) and (5.82) are solved numerically and the optimal solution generated

is denoted by a* and \*. It follows that the optimal portfolio strategy is given by

N-Y(a)G(T, §)

T = (TO'O'/(/\* - 1)+ G(T,0) — X\ >_1 g(T)(\"). (5.83)

a*
The maximum expected return is
. T *\/ 2 *\/ T *
EIX™(T)] = X (0) exp (TT+ (7) g(T) — ”(”2)”” L4 )G(Q’W” >). (5.84)
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5.2.9 Proof of Theorem 3.8.1

From (5.74) the optimization problem can be written as

inf X (0) (1 - éexp <7°T +g(T) — gHW’oW + w +In(N(N-Y(a) — /7C(T, 9)@)))

Let

fx,T)=rT +a'g(T) - g!lﬂ’aHQ + ”G(+9)” +In(N(N(a) — /7'G(T,0)r)).

Hence the optimization problem can be tackled as

(P1)  sup (f(ﬁ,T)) .

By the convexity of f(m,T') the optimizer is given by F.O.C.

—1 a)— ! T 2
G(T,Q)Wexp(—(N (0)= TG0 ))

3_f: TY—Too'n+G(T,0)r— 2 = 0.
on 9(T) +G(T.6) ' G(T, 0)w(/27)(N(N-Y ) — /7'G(T,0)7))
(5.85)
Let
exp(_(N*(a)f\/m)?)
2 (5.86)

T (V2Zm)N(N (o) — /7G(T, O)m)

Solving for 7 in (5.85), one obtains

r= (TJU’ + (T, 9)( d = 1>>1g(T). (5.87)

' G(T,
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Let a := /7'G(T,0)r. Hence,

a> = g(T)'<T00’+G(T, 9)(%

- 1>>1G(T, 0)(Too' +G(T.0) (% - 1>>1g(T)

= o) (aToo' + G(T.0)(w - a))_lG(T, ) (aToo' + G(T.0)(w —a))  g(T).

Furthermore,

-1

1= g7 (aToo' + G(T.0)(w — a) e (aToo + G(T.0)(w —a)) " g(T).

IV/G(T,0)(aTo0’ + G(T,0)(w —a))'g(T)|| =1

Let

m(a) == |VGT,0)(aTo0’ + G(T,6)(w - a)'g(T)|]".

One of the solutions of hi(a) = 1 is denoted as a. Thus, optimal strategy 7 is given
by .
(N ()—a)
} exp(— )
— (To0' + (1, 0)( 2
4 ( 00’ +G(T,9) i(v2r)N(N-1(a) — a)

If hy(a) = 1 has no positive solutions, meaning there are no critical points. Since

- 1))_19(T). (5.88)

T — /7'G(t,0)m is not differentiable at 0, 0 is the solution and the optimal strategy
is 7 = 0, where 0 denotes a 0 vector.

The minimal average value at risk is

1 T
AVaR(a,7,T) = X(0) (1 ——exp (rT +(#)g(t) — =||7o|]? +
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5.2.10 Proof of Theorem 3.9.1

The optimization problem can be written as

T||='s||*

sup X (0) exp (rT +7'g(T) 5

+ %W/G(T, (9)7r>

subject to

1 T 'G(T, 0
X(0)(1 = exp (r + (1) — o)+ O

+In(N(N " (a) — /7'G(T, 9)7T)))> < C.

Therefore , the optimization problem can be approached as

T||'o]?

sup (rT +7'g(T) 5

s

1
+ §7T/G<T, 9)77) subject to

T G G e (VN ) — VG 0m) 2 (o ).

The optimization problem is further transformed to

T||xo|? 1
sup — (M — §7T'G(T, e)w) subject to

—rT—ﬂ'g(T)—{—%/UHQ—%W'G(T, 0)r—In <N(N_1(a) —/7G(T, 9)7?)) < —In (a - ;TC(’)*)) :

Or
T||x'o||? TG0
2 2

(P1)  inf <

™

) subject to
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T||x'a|]* «'G(T,0)r , . aC*
— —rT— T)—In ( N(N — 'G(T 1 —
> T —rT=n'g(T)—In (N(N"}(a) = /@ G(T.0)) ) +In Q)
(5.90)
Let us introduce the Lagrangian
Lir\) — T||x"o|? TG, 0)r A<T||7r'a||2 ~ TG(T,0)n
2 2 2 2
—rT —7'g(T) — In (N(N_l(oz) —/7G(T, 9)71')) +1In <a — ;TCO)) )
Due to convexity F.O.C are sufficient for optimality. They are
oL , ,
el Too'm — G(T,0)r — )\(TO‘O‘ 7m—G(T,0)m — g(T)
s
(N=Y(a)—+/7'G(T,0)m)?
G(T; 0)7( eXp(— 2 ) ) -0 (5 91>
©'G(T,0)n (27, )N(N—Ya) — /7'G(T, 0)r) .
Let
(N=Y(a)—+/7'G(T,0)m)?
b 2 ) (5.92)

T (V2Zr)N(N-Y(a) — /7 G(T, O)m)

Solving for 7 in (5.91) one obtains

Aw B
W>> g(T)(A). (5.93)

= (TUU’()\ - 1)+ G(T,9) (1 — A+
Set a = /7'G(T, 0)m. Hence

a® = g(T)(\) (TUJ’(/\ - 1)+ G(T,0) (1 — A+ %))_1 G(T,0)

(Taa’()\ — 1)+ G(T,0) (1 A+ %w))_l g(T).
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Adapting the same procedure in the previous section we attain

1 = g(T)(\) (aToo' (A —1) + G(T,0)(a(l — A) 4+ Iw)) " G(T,0)

(aToo' (A —1) 4+ G(T,0)(a(1 — \) + Mw)) " g(T)(N).

Let

#(a,\) == ||V/G(T, 0)(aToo’ (A—1)+G(T, 0)(a(1— N+ w)) " g(T)N)|[P—1. (5.94)

Substitute (5.93) into the AVaR constraint then,

-1
CL2

§(a,\) = gna (Taa'()\ — 1) + G(T, e)(1 — A+ %“’)) gTWIP =5 =T

—g(TY(N) (TJJ’()\ — 1)+ GO (1- A+ %“’)) h o(T)

“In(N(N~Y(a) — a)) + In (a (1 - X(Z))) ) (5.95)

(5.94) and (5.95) are solved numerically and the solutions generated is denoted by a*

and \* . It follows that the optimal portfolio strategy is given by

% 10N * \ * :\*eXp(_w) \ *
7 = <TUU (N = 1)+ G(T,0) (1= X"+ N ) a*)> g(T)(X*)
(5.96)

The maximum expected wealth is

E[X™(T)] = X(0) exp (rT + (7Y g(T) — T”(%;)/U”Q +

(#)G(T, 0)7*
> ) (5.97)
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5.2.11 Proof of Theorem 3.10.1

The optimization problem (P23) is

T
min X (0) (1 — exp (rT +7'g(T) — §||7T’0||2 + N a)/7G(T, 0)7r>) subject to

™

|zl

X(0) exp (TT +7'g(T) 5

+ %W’G(T, 0)7T> = M.

Since

T 2 M
rT+7'g(T) — 7]l zln(

1 /
5 m) — 57 G(T,0)n,

it follows that the optimization problem becomes

min X (0) (1 ~exp (m (%) - %W'Gm O)r + N~ (o) /7 (T, ew)) subject to

T|zo|l*

X(0) exp <7"T +7'g(T) 5

+ %TI’/G(T, 9)7T> = M.

The optimization problem can be reduced to

min (7'G(T, 0))

subject to
, T|roll> 1, (M
rT+a'g(T) — —5—+5mG(T,0)r = X(0) /)
The Lagrangian is
2
e = @G0 A7 o - U e o ()
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Furthermore, due to convexity F.O.C are sufficient for optimality. They are

oL

== = 2G(T.0)m = A (G(T,0)7 — Too'n + g(T)) = 0.

Thus,
7= (Too'(\) + G(T,0)(2 = \) " g(T)x (5.98)

Substituting (5.98) into the constraint we obtain

) = [T+ g(TY(N) (Too'(\) + G(T.0)(2 — A)) " o(T) + %H\/G(T, 9)(Too (M)
+G(T,0)(2 = \)g(T)N)|]? - gHU (Too'(A) + G(T,0)(2 = \)) " g(T)(N)|?
“In (%) 0. (5.99)

Equation (5.99) is solved numerically and the optimal solution generated is denoted

by \*. It follows that the optimal portfolio strategy is given by
7 = (Too' X' — G(T,0)(2 — X)) g(T)\". (5.100)

In a next step we tackle the optimization problem (P24)

' G(T,0)r

1 T
inf [X(O) (1 — —exp <7’T +7'g(T) — EHTFIO'HQ + 5
«

™

+In(N(N"(a) = VFG(T,00m)) )]

subject to

T||'o|?

X(0) exp (T’T +7'g(T) 5

+ %W’G(T, «9)7?) =M
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Therefore, the optimization problem can be approached as
prmNuv4mg— w@wnem»)$mpato

T||«'s|l?

rT +7'g(T) 5

+%#aﬂ®w:m<%%ﬁ.

Since the function z — In (N(N~'(a) — z)) is decreasing it becomes
inf (7'G(T, 0))

subject to
T||mol|?

rT +7'g(T) 5

+%#Qﬂ@w:m<%%o.

The optimization problem (P25) can be written as
inf [X(O)2 exp (2rT + 27'g(T) — T||7'o||> + 7'G(T, 0)x) (exp(x'G(T, 0)7) — 1)

subject to

T||x's|l*

X(0) exp (TT +7'g(T) 5

1
+ éﬂ'lG(T, 9)7r) =M
Similarly it can be shown that the optimization problem can be reduced to

inf (7'G(T,0)m) subject to
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: T|w'o|? 1,
T T ———+ = T =In|—=].
T +7'g(T) 5 —|—27TG( L) =1n X0)
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