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Abstract

In this thesis we investigate portfolio optimization under Value at Risk, Average

Value at Risk and Limited expected loss constraints in a framework, where stocks

follow a geometric Brownian motion. We solve the problem of minimizing Value

at Risk and Average Value at Risk, and the problem of finding maximal expected

wealth with Value at Risk, Average Value at Risk, Limited expected loss and Vari-

ance constraints. Furthermore, in a model where the stocks follow an exponential

Ornstein-Uhlenbeck process, we examine portfolio selection under Value at Risk and

Average Value at Risk constraints. In both geometric Brownian motion (GBM) and

exponential Ornstein-Uhlenbeck (O.U) models, the risk-reward criterion is employed

and the optimal strategy is found. Secondly, the Value at Risk, Average Value at

Risk and Variance is minimized subject to an expected return constraint. By run-

ning numerical experiments we illustrate the effect of Value at Risk, Average Value

at Risk, Limited expected loss and Variance on the optimal portfolios. Furthermore,

in the exponential O.U model we study the effect of mean-reversion on the optimal

strategies. Lastly we compare the leverage in a portfolio where the stocks follow a

GBM model to that of a portfolio where the stocks follow the exponential O.U model.
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Notation and abbreviations

VaR Value at Risk

AVaR Average Value at Risk

LEL Limited Expected Loss

CVaR Conditional Value at Risk

GBM Geometric Brownian Motion

OU Ornstein-Uhlenbeck

CaR Capital at Risk

RVaR Relative Value at Risk

Optimization problems in the GBM model

P1 Minimizing VaR within the class of deterministic strategies.

P2 Maximizing expected wealth with VaR constraint within the class of deter-

ministic strategies.

P3 Minimizing AVaR within the class of deterministic strategies.

P4 Maximizing expected wealth with AVaR constraint within the class of deter-

ministic strategies.

P5 Maximizing expected wealth with LEL constraint within the class of deter-

ministic strategies.
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P6 Maximizing expected wealth with Variance constraint within the class of de-

terministic strategies.

P7 Minimizing VaR subject to expected return constraint within the class of

deterministic strategies.

P8 Minimizing AVaR subject to expected return constraint within the class of

deterministic strategies.

P9 Minimizing Variance subject to expected return constraint within the class

of deterministic strategies.

P10 Minimizing VaR within the class of constant strategies.

P11 Maximizing expected wealth with VaR constraint within the class of con-

stant strategies.

P12 Minimizing AVaR within the class of constant strategies.

P13 Maximizing expected wealth with AVaR constraint within the class of con-

stant strategies.

P14 Maximizing expected wealth with LEL constraint within the class of con-

stant strategies.

P15 Maximizing expected wealth with Variance constraint within the class of

constant strategies.

P16 Minimizing VaR subject to expected return constraint within the class of

constant strategies.

P17 Minimizing AVaR subject to expected return constraint within the class of

constant strategies.

P18 Minimizing Variance subject to expected return constraint within the class

of constant strategies.
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Optimization problems in the exponential O.U model

P19 Minimizing VaR within the class of constant strategies

P20 Maximizing expected wealth with VaR constraint within the class of con-

stant strategies.

P21 Minimizing AVaR within the class of constant strategies.

P22 Maximizing expected wealth with AVaR constraint within the class of con-

stant strategies.

P23 Minimizing VaR subject to expected return constraint within the class of

constant strategies.

P24 Minimizing AVaR subject to expected return constraint within the class of

constant strategies.

P25 Minimizing Variance subject to expected return constraint within the class

of constant strategies.
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Chapter 1

Introduction

1.1 Background

Every investor’s intent is to maximize return while minimizing risk. This concept

has been the bases of investments and is a guideline to understanding investor be-

havior. It is one of the building blocks of modern portfolio theory pioneered by the

mean-variance efficiency frontier of Markowitz (Markowitz, 1952) and the reward-

to-variability ratio of Sharpe (Sharpe, 1962). Portfolio theory uses decision-making

tools to solve the problem of managing risky investments (Nawrocki, 1999). The risk

management era was established in 1973. In this year the Bretton Woods system of

fixed exchange rate collapsed and in the same year the Black-Scholes option pricing

formula was born. Ever since then, there has been great amounts of volatility in

the market and various tools such as forwards, futures, hedges,options etc have been

created to offset this inherent risk (Linsmeier and Pearson, 2000). This has brought

about the need for precise measurement of volatility in the system. Hence, various

risk measures are proposed.
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The most well known risk is the variance. The popularity of the variance is mainly

due to its simplicity. However, in terms of effectiveness it is not favored, because it

equally penalizes gains and losses. The investor’s view of risk is not symmetric but

asymmetric about the mean. Variance on the other hand operates on the principle

that there is symmetry about the mean (Konno and Yamazaki, 1991). Due to the

problems produced by the variance, downside risk measures were introduced to deal

with both symmetric and asymmetric distributions. Markowitz exhibited the fact

that if the distribution is symmetric then the variance and the downside risk produce

the same results (Nawrocki, 1999). In this thesis we use Value at Risk (VaR), Average

Value at Risk (AVaR) and Limited Expected Loss (LEL), which are common examples

of downside risk measures.

1.2 Value at Risk

The current derivative market is extremely complex and with the introduction of

High Frequency Trading (HFT) there exist high stock price volatility (Zhang, 2010).

Investors are concerned about the risk in their portfolios and one popular risk measure

used is the Value at Risk. Let us start with a formal definition of VaR. The VaR at

level λ ∈ (0, 1) of a position X is given by

V aRλ(X) = inf{m|P [X +m < 0] ≤ λ}.

In other words, VaR estimates the loss of a portfolio over a given time period with a

particular confidence interval. One advantage of VaR is that it is simple to estimate,

however “there is a risk in the value at risk itself” (Jorion, 1996). This risk measure

2
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tends to give a false sense of security as it fails to shed light on the loss beyond the

VaR level. Secondly, VaR is not sub-additive, hence not a coherent risk measure.

In order to tackle the flaws of VaR other risk measures such as AVaR have been

introduced in the financial world.

1.3 Average Value at Risk

We begin with a formal definition of AVaR. The AVaR at level λ ∈ (0, 1) of a position

X is given by

AV aRλ(X) =
1

λ

∫ λ

0

V aRu(X)du.

Another common risk measure is Conditional Value at Risk (CVaR) which is formally

defined as

E[−X| −X ≥ V aRλ(X)].

When X has a continuous distribution AVaR and CVaR are the same (Follmer and

Schied, 2002). An advantage of AVaR is that it captures what the VaR ignores, which

is the information on how much one can loose on average if one goes beyond the VaR

level (Svetlozar T. Rachev and Fabozzi, 2011). Average Value at Risk is a coherent

risk measure, meaning it has the following properties : monotonicity, homogeneity,

sub-additivity and translation invariance (Philippe Artzner and Eber, 1999).

3
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1.4 Limited expected loss measure

Let us begin with a formal definition of Limited expected loss measure (LEL). The

LEL at level λ ∈ (0, 1) of a position X is given by

LELλ(X) =
1

λ

∫ λ

0

V aRQ
u (X)du,

where V aRQ
λ (X) is the VaR evaluated under a risk neutral measure. LEL was pro-

posed by Basak and Shapiro (Basak and Shapiro, 2001) and is a variant of AVaR

(Yamai and Yoshiba, 2002).

1.5 Related literature

Significant amounts of literature are available in the field of portfolio optimization,

current ones related to this thesis are Dmitrasinovic-Vidovic and Ware (2006),Gor-

dana Dmitrasinovic-Vidovic and Li (2011), Susanne Emmer and Korn (2001) and

Dmitrasinovic-Vidovic and Ware (2011). In the paper of Dmitrasinovic-Vidovic and

Ware (2006), Susanne Emmer and Korn (2001) and Gordana Dmitrasinovic-Vidovic

and Li (2011), the stocks follow a GBM, Capital at Risk (CaR) is the risk measured

consider. Dmitrasinovic-Vidovic and Ware (2011) assumes that the stocks follows

an exponential O.U under CaR constraint.

1.6 Thesis outline and contribution

In this thesis, the risky assets are assumed to follow a GBM in chapter two and an

exponential O.U in chapter three. Chapter two is split into two sub-chapters: in

4
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one we restrict the model to deterministic strategies and in the next sub-chapter, we

restrict to constant strategies. We maximize expected return under VaR, AVaR, LEL

and variance constraints. In chapter three, we consider maximizing expected return

under VaR and AVaR constraints. The minimal VaR and AVaR portfolios are found

in the GBM and the exponential O.U. Furthermore, we minimize VaR, AVaR and

variance subject to an expected return constraint. The novelty of this work is the

addition of AVaR and LEL constraints. The portfolio optimization problem is ap-

proached using the risk-reward criterion. In the GBM model the parameters are time

dependent, the constant/deterministic strategies are evaluated and compared. We

apply a dimension reduction technique to transform the m-dimensional optimization

problem into a 1-dimensional problem which is solved in closed form or numerically.

For the exponential O.U model, we restrict to constant strategies. Furthermore, non

linear systems of equations are solved to obtain the optimal strategies for maximizing

expected wealth under VaR and AVaR constraints. In both the GBM and exponential

O.U models, we prove that minimizing VaR, AVaR and variance under an expected

return constraint produces the same optimal strategy. Numerical experiments show

that AVaR constrains the investor to take less risk as compared to VaR in both mod-

els. In the GBM model the most conservative constraint is variance, followed by LEL,

AVaR and VaR. However, variance is a symmetric risk measure, LEL is a Q-measure

and VaR ignores the losses beyond the confidence threshold α. AVaR on the other

hands captures all the attributes that the aforementioned risk measures ignore, hence

considered to be the best risk measure. We compare the different classes of optimal

strategies and find that time dependent optimal portfolio strategies produce better

results than the constant optimal strategies as expected, however the differences are

5
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small. The importance of diversification is illustrated in the GBM model. For the ex-

ponential O.U, the numerical results show that the mean-reversion rate has a strong

effect on optimal strategies. The numerical experiments show that the confidence

threshold has a strong effect on optimal strategies in the GBM and the exponen-

tial O.U models. Lastly, we compare the optimal strategies in the GBM model to

the optimal strategies in the exponential O.U model and the results show that op-

timal strategies in GBM model introduce more leverage. Numerical examples and

figures are illustrated at the end of each chapter (for chapter three) or sub-chapter

(for chapter two). Various efficient frontiers are illustrated. Chapter four contains

the conclusion and directions for further research. All the mathematical proofs are

contained in the appendix (chapter five).

6



Chapter 2

Geometric Brownian motion

framework

In this chapter we assume a market is consisting of a money market and multiple

risky assets (stocks). The stocks follow a geometric Brownian motion (GBM). Risk-

Reward criterion is utilized with VaR, AVaR, LEL and variance serving as the risk

measures. That means we maximize expected utility of the portfolio at some finite

horizon subject to VaR, AVaR, LEL and variance constraints. Market parameters

are deterministic through out the chapter. The chapter is split into two sub chapters:

in one sub chapter we restrict to deterministic trading strategies and in the other to

constant trading strategies.

2.1 Deterministic trading strategy

There is notable research investigating continuous time portfolio selection under var-

ious risk measures. In the papers of Gordana Dmitrasinovic-Vidovic and Li (2011)

7
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and Dmitrasinovic-Vidovic and Ware (2006) the stocks are assumed to follow a GBM

model. The risk measure used are VaR, Relative Value at Risk (RVaR) and Capital

at Risk (CaR). They maximize expected return subject to these risk measure. In this

chapter we follow the approach developed in Dmitrasinovic-Vidovic and Ware (2006)

and solve for portfolios which maximize expected return under VaR, AVaR, LEL and

variance constraints. The novelty of this chapter is that we introduce AVaR and LEL

as a risk measure (the AVaR, VaR, LEL and variance constraints should not exceed

a given threshold).

2.1.1 Assumptions

The following assumptions hold in this section:

• Assets are traded continuously over a finite time horizon [0, T ] in a frictionless

market.

• m+ 1 assets are traded where one of the assets is risk free (the money market)

and m are the stocks.

• Stocks follow a GBM model, i.e,

dSi(t) = Si(t)
(
bi(t)dt+

m∑
j=1

σij(t)dW
j(t)
)
.

(σij(t))i,j=1,...m is deterministic and denotes an invertible volatility matrix; bi(t)

is deterministic and denotes the drift of the stock, b(t) = (b1(t), ..., bm(t))′.

W (t) = (W j(t))j=1,..m is a m-dimensional Brownian motion.

• Number of shares of asset i held in the portfolio is denoted byNi(t). The fraction

8
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of wealth X(t) invested in the risky stock i is denoted by πi(t) = Ni(t)Si(t)
X(t)

.

π(t) = (π1(t), ..., πm(t))′ ∈ <m is deterministic.

• The money market is represented by S0(t),

dS0(t)

S0(t)
= r(t)dt

The interest rate denoted by r(t) is deterministic and 0 < r(t) < bi(t).

• α ∈ (0, 0.5), denotes the confidence level.

Notations:

The following notations apply throughout this chapter

• The m-dimensional column vectors with each component equal to 1 is denoted

by 1.

• The Euclidean norm of a matrix or vector is denoted by ||.||. The L2([0, T ],<n)

denotes the set of <n-valued, square-integrable functions defined on [0, T ], with

its natural inner product 〈f, g〉t =
∑n

i=1

∫ t
0
fi(s)gi(s)ds. Here ||f ||t =

√
〈f, f〉t

is the corresponding norm.

• πc denotes the area of a circle with radius 1.

2.1.2 Wealth dynamics

Proposition 2.1.2.1 The investor invests π(t) in the risky stocks and 1 − π(t) in

the money market. The initial wealth X(0) is positive. The wealth at time t, denoted

9
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by X(t) satisfies the following self-financing equation:

dX(t) = X(t)((r(t) +B(t)′π(t))dt+ π(t)′σ(t)dW (t)), (2.1)

where B(t) := b(t)− r(t)1. Thus

X(t) = X(0) exp

(∫ t

0

(r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2)ds+

∫ t

0

π(s)′σ(s)dW (s)

)
.

(2.2)

Proof of Proposition 2.1.2.1: see appendix 5.1.1

2.1.3 Expectation of the wealth

Proposition 2.1.3.1 The expectation of the wealth X(t) is

E(X(t)) = X(0)R(t) exp

(∫ t

0

(B(s)′π(s))ds

)
, (2.3)

and the variance is

V ariance[X(t)] = X(0)2R(t)2
(

exp
(

2

∫ t

0

B(s)′π(s)ds

+

∫ t

0

||σ(s)′π(s)||2ds
)
− exp

(
2

∫ t

0

B(s)′π(s)ds

))
. (2.4)

Proof of Proposition 2.1.3.1 See appendix 5.1.2.

2.1.4 Value at Risk (VaR)

Let us begin with a formal definition.

10
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Definition 2.1.4.1 VaR is the maximum amount one can likely lose over a period

at a specific confidence level α, i.e,

V aRα(X(t)) = inf{m|P (Loss(t) ≤ m) ≥ 1− α}, Loss(t) = X(0)−X(t).

If for example α = 5% then there is a 95% probability that the loss will not ex-

ceed V aRα(X(t)). Equivalently, there is a 5% probability that the loss can exceed

V aRαX(t).

The following proposition gives a formula for V aRα(X(t)).

Proposition 2.1.4.1 For a wealth process X(t) and a given confidence level α, it

follows that

V aRα(X(t)) = X(0)
(

1−R(t) exp
(∫ t

0

(B(s)′π(s)− 1

2
||σ(s)′π(s)||2)ds

+ (N−1(α))

√∫ t

0

||σ(s)′π(s)||2ds
))
. (2.5)

Proof of Proposition 2.1.4.1: See appendix 5.1.3.

Define the function V aR(α, π, t) by

V aR(α, π, t) = X(0)
(

1−R(t) exp
(∫ t

0

(B(s)′π(s)− 1

2
||σ(s)′π(s)||2)ds

+ (N−1(α))

√∫ t

0

||σ(s)′π(s)||2ds
))
. (2.6)

2.1.5 Average Value at Risk (AVaR)

Let us begin with a formal definition.

11
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Definition 2.1.5.1 The AVaR is defined by

AV aRα(X(t)) =
1

α

∫ α

0

V aRu(X(t))du.

Proposition 2.1.5.1 For a wealth process X(t) and a given confidence level α, it

follows that

AV aRα(X(t)) = X(0)
(

1− R(t)

α

(
exp

∫ t

0

B(s)′π(s)ds

+ ln
(
N
(
N−1(α)−

√∫ t

0

||σ(s)′π(s)||2ds
)))

. (2.7)

Proof of Proposition 2.1.5.1: See appendix 5.1.4

Define the function AV aR(α, π, t) by

AV aR(α, π, t) = X(0)
(

1− R(t)

α

(
exp

∫ t

0

B(s)′π(s)ds

+ ln
(
N
(
N−1(α)−

√∫ t

0

||σ(s)′π(s)||2ds
)))

. (2.8)

2.1.6 Limited expected loss measure

Let us begin with a formal definition.

Definition 2.1.6.1 The LEL is defined by

LELα(X(t)) =
1

α

∫ α

0

V aRQ
u (X(t))du,

where V aRQ
u (X) is the VaR evaluated under a risk neutral measure given the threshold

u.

12
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Proposition 2.1.6.1 For a wealth process X(t) and a given confidence level α, it

follows that

LELα(X(t)) = X(0)
(

1− R(t)

α

(
N
(
N−1(α)−

√∫ t

0

||σ(s)′π(s)||2ds
)))

. (2.9)

Proof of Proposition 2.1.6.1 See appendix 5.1.5

Define the function LEL(α, π, t) by

LEL(α, π, t) = X(0)
(

1− R(t)

α

(
N
(
N−1(α)−

√∫ t

0

||σ(s)′π(s)||2ds
)))

.(2.10)

2.1.7 Portfolio optimization by minimizing VaR

Let us introduce the class of admissible portfolio denoted by Q. The market price of

risk is denoted by

Θ(t) = σ(t)−1B(t) (2.11)

and

R(t) = exp
(∫ t

0

r(s)ds
)
. (2.12)

In this section the VaR is minimized, i.e

(P1) min
π∈Q

V aR(α, π, T ).

Theorem 2.1.7.1 Let

ε∗ = ||Θ||T +N−1(α). (2.13)

13
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The optimal strategy for (P1) is

πε∗(t) =
max(0, ε∗)

||Θ||T
(σ(t)σ(t)′)−1B(t), t ∈ [0, T ]. (2.14)

The minimal VaR is

V aR(α, πε∗ , T ) = X(0)

(
1−R(T ) exp

(
1

2
(max(0, ε∗))2

))
. (2.15)

Proof of the theorem: See appendix 5.1.6.

2.1.8 Portfolio optimization by maximizing expected wealth

with VaR constraint

In this section a risk-reward criterion is used. That is, the expected wealth is maxi-

mized given that VaR does not exceed a threshold.

(P2) max
π∈Q

E(X(T )) subject to

V aR(α, π, T ) ≤ C,

where C is a given constant. It is further assumed that 0 < C < X(0).

Theorem 2.1.8.1 Recall that Θ(t) is defined by (2.11). Let

ε1 = ||Θ||T + (N−1(α)) +

√
(||Θ||T +N−1α)2 − 2 ln

(
1

R(T )

(
1− C

X(0)

))
. (2.16)

14
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The optimal strategy for (P2) is

πε1(t) =
ε1

||Θ||T
(σ(t)σ(t)′)−1B(t). (2.17)

The maximum expected wealth subject to VaR constraint is

E[X∗(T )] = X(0)R(T ) exp
(
||Θ||T

(
||Θ||T + (N−1(α)

+

√
(||Θ||T + (N−1(α)))2 − 2 ln

(
1

R(T )
− C

R(T )X(0)

)))
,(2.18)

where X∗ is the wealth process corresponding to πε1

Proof of Theorem 2.1.8.1 See appendix 5.1.7

2.1.9 Portfolio optimization by minimizing AVaR

In this section the optimization problem considered is

(P3) inf
π∈Q

AV aR(α, π, T )

Theorem 2.1.9.1 The optimization problem

sup
ε≥0

[
ε||Θ||T + ln(N(N−1(α)− ε))

]

has a unique solution denoted as ε∗∗. The optimal strategy for (P3) is

πε∗∗(t) =
ε∗∗

||Θ||T
(σ(t)σ(t)′)−1B(t), t ∈ [0, T ]. (2.19)

15
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The minimal AVaR is

AV aR(α, πε∗∗ , T ) = X(0)

(
1− R(t)

α

(
exp(ε∗∗||Θ||T ) + ln(N(N−1(α)− ε∗∗))

))
.

(2.20)

Proof of Theorem 2.1.9.1: See appendix 5.1.8

2.1.10 Portfolio optimization by maximizing expected wealth

with AVaR constraint

In this section the expected wealth is maximized while constraining the AVaR.

(P4) max
π∈Q

E(X(T )) subject to

AV aR(α, π, T ) ≤ C∗,

where C∗ is a given constant. We assume that 0 < C∗ < X(0).

Theorem 2.1.10.1 The equation

ε||Θ||T + ln(N(N−1(α)− ε))− ln

(
α(X(0)− C∗)
R(T )X(0)

)
= 0,

has a positive root denoted by γ2. The optimal strategy for (P4) is

πγ2(t) =
γ2

||Θ||T
(σ(t)σ(t)′)−1B(t). (2.21)

The maximum expected wealth with the AVaR constraint is

E[X̂(T )] = X(0)R(T ) exp(γ2||Θ||T ), (2.22)

16
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where X̂ is the wealth process corresponding to πγ2.

Proof of Theorem 2.1.10.1: See appendix 5.1.9

2.1.11 Portfolio optimization by maximizing expected return

subject to LEL constraint

In this section the E[X(T )] is maximized subject to LEL constraint, i.e

(P5) max
π∈Q

E[X(T )] subject to

LEL(α, π, T ) ≤ C∗∗

where C∗∗ is a constant. We assume that 0 < C∗∗ < X(0).

Theorem 2.1.11.1 The optimal strategy for (P5) is

πε̌(t) =
ε̌

||Θ||T
(σ(t)σ(t)′)−1B(t), t ∈ [0, T ], (2.23)

where ε̌ = N−1(α)−N−1
(
α(X(0)−C∗∗)
X(0)R(T )

)
. The maximal expected wealth subject to LEL

constraint is

E[X̌(T )] = X(0)R(T ) exp(ε̌||Θ||T ),

where X̌ denotes the wealth corresponding to the optimal strategy πε̌.

Proof of Theorem 2.1.11.1: See appendix 5.1.10
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2.1.12 Portfolio optimization by maximizing expected return

subject to variance constraint

In this section the E[X(T )] is maximized subject to variance constraint, i.e

(P6) max
π∈Q

E[X(T )] subject to

variance(X(T )) ≤ Ca

where Ca is a constant. We assume that 0 < Ca < X(0).

Theorem 2.1.12.1 The equation

exp(2ε||Θ||T + ε2)− exp(2ε||Θ||T ) =
Ca

X(0)2R(T )2

has a unique positive solution denoted as ε̌∗. The optimal strategy for (P6) is

πε̌∗(t) =
ε̌∗

||Θ||T
(σ(t)σ(t)′)−1B(t), t ∈ [0, T ]. (2.24)

The maximal expected wealth subject to variance constraint is

E[X̌∗(T )] = X(0)R(T ) exp(ε̌∗||Θ||T ),

where X̌∗ denotes the wealth corresponding to the optimal strategy πε̌∗ .

Proof of Theorem 2.1.12.1: See appendix 5.1.11
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2.1.13 Portfolio optimization by minimizing Variance, VaR

and AVaR subject to expected return constraint

In this section a risk-reward criterion is used.

(P7) min
π∈Q

V aR(α, π, T ) subject to E[X(T )] = M,

(P8) min
π∈Q

AV aR(α, π, T ) subject to E[X(T )] = M,

(P9) min
π∈Q

V ariance[X(T )] subject to E[X(T )] = M,

where M is a constant. It is further assumed that M > X(0) exp(rT ).

Theorem 2.1.13.1 Let

ζ = ln

(
M

X(0)R(T )

)
. (2.25)

The optimal strategy for (P7), (P8) and (P9) is

π∗(t) =
ζ

||Θ||2T
(σ(t)σ(t)′)−1B(t). (2.26)

Proof of Theorem 2.1.13.1: See appendix 5.1.12

2.1.14 Numerical analysis

To keep the exposition simple, the interest rate and the volatility matrix are assumed

constant. Three stocks are considered. The drift of the stock i is denoted by bi(t),

where bi(t) = ui + βi cos(ϕit). Here ϕi denotes the economic cycle, ui denotes the

average rate of return and βi denotes the deviation around ui. The variance covariance
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matrix is denoted by Γ(t)dt, and

Γ(t) = σ(t)σ(t)′ = v(t)ρ(t)v(t),

where the diagonal matrix v(t) denotes the standard deviation and ρ(t) denotes the

correlation matrix. We take v(t) = diag[0.2, 0.25, 0.3],

ρ(t) =


1.00 −0.60 −0.80

−0.60 1.00 0.50

−0.80 0.50 1.00

 .

The time horizon considered is 8 years and time granularity for the parameters below

are yearly. We have u1 = 0.08, u2 = 0.1, u3 = 0.12 and r = 0.05. Let ϕ1 = ϕ2 = ϕ3 =

0.75, β1 = 0.75β, β2 = 0.5β, β3 = 0.25β and β = 0.015. Take C = C∗ = 0.7 ·X(0).

Optimal Strategy with Risk Constraints

In this section, the optimal strategy for the maximal expected wealth with VaR,

AVaR, LEL and variance constraints (i.e optimal for problems (P2), (P4), (P5) and

(P6)) is considered and illustrated in figure 2.1 to 2.4. The highest portfolio weight

is in stock 1 as it is the least volatile. The optimal strategy for stock 1 in P2 is

higher than that of P4, followed by P5 and P6. Variance is the most conservative

risk measure, followed by LEL and AVaR. This is due to the fact that variance is a

symmetric risk measure and penalizes both loss and gains. This makes the portfolio

seem more risky and hence calculates a lower optimal strategy. LEL on the other

hand is a downside risk measure and hence shows the risk associated with losses only,

however it operated under the assumption that the investor is risk neutral. VaR is
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a another downside risk measure but it ignores the losses beyond the α threshold.

AVaR deals with the disadvantages associated with variance, LEL and VaR , hence

is considered to be the best risk measure. Furthermore, stock 3 is more volatile

than stock 2, however, the portfolio weight in stock 3 is higher in stock 2 due to

diversification effect introduced by the correlation matrix.

Figure 2.1: Optimal portfolio in
money market

Figure 2.2: Optimal portfolio in
stock 1

Figure 2.3: Optimal portfolio in stock
2

Figure 2.4: Optimal portfolio in
stock 3
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Expected Return with Risk Constraints

As illustrated in fig 2.5 the maximal expected return occurs in the order P2 followed

by P4, P5 and P6. This is intuitive since variance is the most conservative risk

measure compared to LEL, AVaR and VaR. The expected return is plotted where

T ∈ [0, 8].

Figure 2.5: Expected return for P2, P4, P5 and
P6

Figure 2.6: Optimal strategy with var-
ious confidence intervals

Figure 2.7: Efficient frontier
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Optimal Strategy with different confidence interval

In fig 2.6 the plot shows the optimal strategy in stock 1 for P2, P4 and P5 for the

confidence level, α ∈ [0.01, 0.06]. As α increases the portfolio weight increases for P2,

P4 and P5.

Efficient Frontier

In figure 2.7, we take C = C∗ = [0.3, 0.7]. The plot shows that as C increases, the

portfolio weights also increase for P2, P4, P5 and P6. The reason being that the

higher the risk threshold, the higher the risk appetite of the investor. Hence, the

amount invested in the stock increases.

Figure 2.8: Optimal strategy invested in the
stock P7, P8 and P9

Figure 2.9: Minimized risk for P7, P8
and P9

Minimal VaR, AVaR and Variance with an expected return constraint

In this section P7, P8 and P9 are considered, with M = [1.1 ·X(0), 1.3 ·X(0)]. The

minimal risk is illustrated in fig 2.9. The minimal variance is significantly higher than
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that of the minimal VaR or minimal AVaR. Furthermore, the minimal VaR is lower

than minimal AVaR.

24



2.2 Constant trading strategies

Portfolio optimization in a Black-Scholes setting within the class of constant strategies

is studied in the paper of Susanne Emmer and Korn (2001). Capital-at-Risk (CaR)

and variance are the risk measures considered in that paper. In this section we restrict

to constant portfolio strategies as well.

2.2.1 Assumptions

The same assumptions as in the previous chapter apply, in addition

• π(t) is assumed to be constant.

Since ||σ(t)′π||2 = π′σ(t)σ(t)′π, it follows that

∫ T

0

||σ(t)′π||2dt =

∫ T

0

π′σ(t)σ(t)′πdt

= π′Σπ > 0.

Here Σ = (Σij)(i,j)=1,...,m is given by

Σij =

∫ T

0

(σ(t)σ(t)′)ijdt (2.27)

• Assume that Σij is invertible.
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2.2.2 Wealth dynamics

Corollary 2.2.2.1 The investor invests π in the risky stock and 1− π in the money

market. The initial wealth X(0) is positive. The wealth follows a self-financing strat-

egy, thus

dX(t) = X(t)(r(t)dt+B(t)′πdt+ π′σ(t)dW (t)). (2.28)

Therefore

X(T ) = X(0) exp

(∫ T

0

(r(t) +B(t)′π) dt− 1

2
π′Σπ +

∫ T

0

π′σ(t)dW (t)

)
. (2.29)

2.2.3 Expectation of the wealth

Corollary 2.2.3.1 The expectation of the portfolio at some T > 0 is

E[X(T )] = X(0)R(T ) exp

(∫ T

0

B(t)′πdt

)
, (2.30)

and the variance is

var[X(T )] = X(0)2R(T )2
(

exp

(
2

∫ T

0

B(t)′πdt+ π′Σπ

)
− exp

(
2

∫ T

0

B(t)′πdt

)
(2.31)
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2.2.4 Value at Risk (VaR)

Corollary 2.2.4.1 For a wealth process (X(t))t∈[0,T ], a given α confidence threshold

and time T ,

V aRα(X(T )) = X(0)

(
1− exp

(∫ T

0

(r(t) +B(t)′π)dt− 1

2
π′Σπ +N−1(α)

√
π′Σπ

))
.

(2.32)

Define the function V aR(α, π, T ) by

V aR(α, π, T ) := X(0)

(
1− exp

(∫ T

0

(r(t) +B(t)′π)dt− 1

2
π′Σπ +N−1(α)

√
π′Σπ

))
.

(2.33)

2.2.5 Average Value at Risk (AVaR)

Corollary 2.2.5.1 For a wealth process (X(t))t∈[0,T ], a given α confidence threshold

and time T ,

AV aRα(X(T )) = X(0)

(
1− R(T )

α

(
exp

(∫ T

0

B(t)′πdt+ ln(N(N−1(α)−
√
π′Σπ))

)))
.

(2.34)

Define the function AV aR(α, π, T ) by

AV aR(α, π, T ) := X(0)

(
1− R(T )

α

(
exp

(∫ T

0

B(t)′πdt+ ln(N(N−1(α)−
√
π′Σπ))

)))
.

(2.35)
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2.2.6 Limited Expected Loss

Corollary 2.2.6.1 For a wealth process (X(t))t∈[0,T ] and a given confidence threshold

α at time T ,

LELα(X(T )) = X(0)

(
1− R(T )

α
(N(N−1(α)−

√
π′Σπ))

)
. (2.36)

Define the function LEL(α, π, T ) by

LEL(α, π, T ) := X(0)

(
1− R(T )

α
(N(N−1(α)−

√
π′Σπ))

)
. (2.37)

2.2.7 Portfolio optimization by minimizing VaR

In this section the minimum VaR of the portfolio is calculated. The optimization

problem considered is

(P10) min
π∈Q

V aR(α, π, T ).

The portfolio optimization problems are projected onto the family of surfaces,

Qε = {π : π′Σπ = ε2}.

It follows that

Q =
⋃
ε≥0

Qε.

Recall that Σ is defined by (2.27).

Corollary 2.2.7.1 Set Υ =
∫ T

0
B(t)dt and Ω =

√
Υ′Σ−1Υ.The optimal strategy for
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(P10) is

πε∗ =
max(0, ε∗)

Ω
Σ−1Υ (2.38)

where

ε∗ = Ω +N−1(α). (2.39)

The minimal VaR is given by

V aR(α, πε∗ , T ) = X(0)

(
1−R(T ) exp

(
1

2
max(0, ε∗)2

))
. (2.40)

2.2.8 Portfolio optimization by maximizing expected wealth

with VaR constraint

This is a form of Markowitz mean-variance optimization, the difference being that

the variance is replaced by VaR. The optimization problem is

(P11) max
π∈Q

E[X(T )] subject to V aR(α, π, T ) ≤ C,

where C is a constant. It is assumed that 0 < C < X(0).

Corollary 2.2.8.1 Set Υ =
∫ T

0
B(t)dt and Ω =

√
Υ′Σ−1Υ. Let

ε1 = Ω +N1(α) +

√
(Ω +N−1(α))2 − 2 ln

(
1

R(T )

(
1− C

X(0)

))
. (2.41)

The optimal strategy for (P11) is

πε1 =
ε1

Ω
Σ−1Υ. (2.42)
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The maximum expected wealth subject to the VaR constraint is

E[Xπε1 (T )] = X(0)R(T ) exp
(

Ω
(

Ω +N1(α)

+

√
(Ω +N−1(α))2 − 2 ln

( 1

R(T )

(
1− C

X(0)

))))
, (2.43)

where Xπε1 is the wealth corresponding to πε1 .

2.2.9 Portfolio optimization by minimizing AVaR

In the section the optimization problem considered is

(P12) inf
π∈Q

AV aR(α, π, T ).

Corollary 2.2.9.1 The optimization problem

sup
ε≥0

[
εΩ + ln(N(N−1(α)− ε))

]

has at finite solution denoted by ε̂. The optimal strategy for (P12) is

πε̂ =
ε̂

Ω
Σ−1Υ. (2.44)

The minimal AVaR is

AV aR(α, πε̂, T ) = X(0)

(
1− R(T )

α

(
exp

(
ε̂Ω + ln(N(N−1(α)− ε̂)

)))
. (2.45)
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2.2.10 Portfolio optimization by maximizing expected wealth

with AVaR constraint

In this section the AVaR replaces the variance in a Markowtiz Mean-Variance opti-

mization problem, so the optimization problem considered is

(P13) max
π∈Q

E[X(T )] subject to AV aR(α, π, T ) ≤ C∗,

where C∗ is a constant. Assume that 0 < C∗ < X(0).

Corollary 2.2.10.1 The equation

εΩ + ln(N(N−1(α)− ε))− ln

(
α(X(0)− C∗)
R(T )X(0)

)
= 0, (2.46)

has one positive root denoted by ε̄. The optimal strategy for (P13) is given by

πε̄ =
ε̄

Ω
Σ−1Υ. (2.47)

The maximum expected wealth with the AVaR constraint is

E[Xπε̄(T )] = X(0)R(T ) (exp (ε̄Ω)) , (2.48)

where Xπε̄ is the wealth corresponding to πε̄.
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2.2.11 Portfolio optimization by maximizing expected wealth

subject to LEL constraint

In this section the expected wealth is maximized subject to LEL constraint, i.e

(P14) max
π∈Q

E[X(T )] subject to

LEL(α, π, T ) ≤ C∗∗

where C∗∗ is a constant. We assume that 0 < C∗∗ < X(0).

Corollary 2.2.11.1 The optimal strategy for (P14) is

πεa(t) =
εa

Ω
Σ−1Υ, t ∈ [0, T ], (2.49)

where εa = N−1(α)−N−1
(
α(X(0)−C∗∗)
X(0)R(T )

)
. The maximal expected wealth subject to LEL

constraint is

E[Xa(T )] = X(0)R(T ) exp(εaΩ),

where Xa denotes the wealth corresponding to the optimal strategy πεa .

2.2.12 Portfolio optimization by maximizing expected return

subject to variance constraint

In this section the E[X(T )] is maximized subject to variance constraint, i.e

(P15) max
π∈Q

E[X(T )] subject to
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variance(X(T )) ≤ Cb

where Cb is a constant. We assume that 0 < Cb < X(0).

Corollary 2.2.12.1 The equation

exp(2εΩ + ε2)− exp(2εΩ) =
Cb

X(0)2R(T )2

has a unique positive solution denoted as ε̌∗∗. The optimal strategy for (P15) is

πε̌∗(t) =
ε̌∗∗

Ω
Σ−1Υ, t ∈ [0, T ]. (2.50)

The maximal expected wealth subject to variance constraint is

E[X̌∗∗(T )] = X(0)R(T ) exp(ε̌∗∗Ω),

where X̌∗∗ denotes the wealth corresponding to the optimal strategy πε̌∗∗ .

2.2.13 Portfolio optimization by minimizing Variance, VaR

and AVaR subject to expected return constraint

In this section a risk-reward criterion is used.

(P16) min
π∈Q

V aR(α, π, T ) subject to E[X(T )] = M,

(P17) min
π∈Q

AV aR(α, π, T ) subject to E[X(T )] = M,

(P18) min
π∈Q

V ariance[X(T )] subject to E[X(T )] = M,
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where M is a constant. It is further assumed that M > X(0) exp(rT ).

Theorem 2.2.13.1 Let

ζ = ln

(
M

X(0)R(T )

)
. (2.51)

The optimal strategy for (P16), (P17) and (P18) is

π∗(t) =
ζ

Ω
Σ−1Υ. (2.52)

2.2.14 Numerical analysis

The previous data is used in this section as well. In figures 2.10 to 2.13 the plot

illustrates the optimal strategy for P11,P13, P14 and P15. The portfolio weights

invested in stocks in P11 are higher than P13, followed by P14 and P15. From

figure 2.14 we see that P2 and P4 yields a higher expected return than P11 and P13

respectively. From figure 2.15 we see that P5 has a higher expected return than P15.

However the difference between P6 and P15 is negligible. Although deterministic

optimal strategies perform better than constants strategies, from the plots we see

that the improvement is marginal.
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Figure 2.10: Constant optimal portfo-
lio in money market

Figure 2.11: Constant optimal portfolio in
stock 1

Figure 2.12: Constant optimal portfo-
lio in stock 2

Figure 2.13: Constant optimal portfolio in
stock 3

35



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

Figure 2.14: Expected return for P2,P4,
P11 and P13

Figure 2.15: Expected return for P5,
P6, P14 and P15
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Chapter 3

Exponential Ornstein Uhlenbeck

process

Over the last past decades the mean-reverting model for stocks and commodity dy-

namics have received great attention (d’ Aspremont, 2008). Commodities, futures

and exchange rates are intuitively assumed to be mean-reverting and there is sig-

nificant research to support this assumption, [ see (Anderson, 2007), (Schwartz,

1997), (Lutz, 2010), (Gil-Alana, 2000) and (Ali Lari-Lavassani and Ware, 2001)]. In

the work of Dmitrasinovic-Vidovic and Ware (2011), the risky assets are assumed to

follow an exponential Ornstein Uhlenbeck process. They used Capital-at-Risk (CaR)

while performing portfolio optimization and they restrict to the class of constant

strategies. Short selling of the stocks and the money market is permitted and uncon-

strained. In this chapter the same assumptions are made. The novelty of our work is

that VaR and AVaR risk measures are used in portfolio optimization.
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3.1 Assumptions

The following assumptions pertain to this model

• The securities are perfectly divisible.

• Negative positions are possible.

• Re-balancing of the portfolio occurs at no transaction cost.

• m+ 1 assets are traded continuously over a finite horizon [0, T ].

• m assets follow the exponential O.U model.

dSi(t)

Si(t)
= ki(Ai− ln(Si(t)))dt+

∑
j

σijdWj(t), Si(0) > 0, i = 1, ...,m. (3.1)

The mean-reversion rate, ki > 0 andAi ∈ R. HereW (t) = (W1(t),W2(t)...Wm(t))′.

denotes a m-dimensional Brownian motion.

• The matrix σ = (σij) where i = 1, ...m and j = 1, ...m. is invertible and denotes

the volatility matrix.

• One of the assets is risk less and it is denoted as S0(t),

S0(t) = exp(rt). (3.2)

• Let Ni(t) denote the number of shares of stock i held in the portfolio at t,

and X(t) the wealth at time t. Then πi = Ni(t)Si(t)
X(t)

is the proportion of wealth

invested in stock i .
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• π = (π1, π2, ..., πm)′ and is assumed constant.

Furthermore, (3.1) can be written as

dSi(t) = Si(t)(ψi − θi ln(Si(t)))dt+ σidW (t)), i = 1, ...,m. (3.3)

Here

ψi = kiAi, θi = ki and σi = (σi1, ...σim)′.

3.2 Wealth Equation

Proposition 3.2.1 The self-financing equation for the wealth is

dX(t) = X(t)

(
rdt+

m∑
i=1

πi[(ψi − r − θi ln(Si(t)))dt+ σidW (t)]

)
. (3.4)

Moreover

X(t) = X(0) exp
((
r + π′(ψ − r1)− ||π

′σ||2

2

)
t+ π′Ξ(t, θ)

+
m∑
i

πiσi exp(−θit)
∫ t

0

exp(θis)dW (s)
)
, (3.5)

where

ωi = ψi −
||σi||2

2
, Zi(t) = ln(Si(t)), K(t, θ) =

∫ t

0

exp(−θs)ds

and

Ξi(t, θi) = K(t, θi)(ωi − Zi(0)θi)− ωit
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Proof of Proposition 3.2 See appendix 5.2.1

3.3 Expectation of the wealth

Proposition 3.3.1 The expectation of the wealth is

E(X(t)) = X(0) exp

(
rt+ π′g(t)− t||π′σ||2

2
+

1

2
π′G(t, θ)π

)
(3.6)

and the variance is

V ar(X(t)) = X(0)2 exp
(
2rt+ 2π′g(t)− t||π′σ||2 + π′G(t, θ)π

)
(exp(π′G(t, θ)π)− 1) .

(3.7)

Here

g(t) = (ψ − r)t+ Ξ(t, θ) (3.8)

and

Gij(t, θ) = K(t, θi + θj)σiσ
′
j. (3.9)

Proof of Proposition 3.3.1 See appendix 5.2.2

3.4 Value at Risk

Proposition 3.4.1 The VaR for the gain/losses, X(t)−X(0) is

V aRα(X(t)) = X(0)

(
1− exp

(
rt+ πg(t)− t

2
||π′σ||2 +N−1(α)

√
π′G(t, θ)π

))
.

(3.10)

Proof of Proposition 3.4.1 See appendix 5.2.3
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3.4.1 Properties of the Value at Risk

Define the function V aR(α, π, t) by

V aR(α, π, t) := X(0) (1− exp (rt+ f(π, t))) , (3.11)

where

f(π, t) := π′g(t)− t

2
||π′σ||2 +N−1(α)

√
π′G(t, θ)π. (3.12)

Lemma 3.4.1.1 The function π → f(π, t) is concave.

Proof of Lemma 3.4.1.1 See appendix 5.2.4

3.5 Average Value at Risk

Proposition 3.5.1 The AVaR for the gain/losses, X(t)−X(0) is

AV aRα(X(t)) = X(0)
(

1− 1

α
exp

(
rt+ π′g(t)− t

2
||π′σ||2

+
π′G(t, θ)π

2
+ ln(N(N−1(α)−

√
π′G(t, θ)π))

))
. (3.13)

Proof of Proposition 3.5.1 See appendix 5.2.5

Standing Assumption: Let

Ḡ(t, θ) := G(t, 0)−G(t, θ)

where G(t, 0) := tσiσ
′
j. Assume that Ḡ(t, θ) is positive definite.
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Remark : The assumption is met if σi = σj.

3.5.1 Properties of the Average Value at Risk

Define the function AV aR(α, π, t) as

AV aR(α, π, t) := X(0)
(

1− 1

α
exp

(
rt+ f1(π, t))

))
, (3.14)

where

f1(π, t) := π′g(t)− t

2
||π′σ||2 +

π′G(t, θ)π

2
+ ln(N(N−1(α)−

√
π′G(t, θ)π).

Lemma 3.5.1.1 The function π → f1(π, t) is concave.

Proof of Lemma 3.4.1.1 See appendix 5.2.6

3.6 Portfolio optimization by minimizing VaR

The optimization problem considered is

(P19) min
π
V aR(α, π, T )

Theorem 3.6.1 If g(T )′G(T, θ)−1g(T ) > (N−1(α))2 , then the equation

1 = g(T )′
(
aTσσ′ −N−1(α)G(T, θ)

)−1
G(T, θ)

(
aTσσ′ −N−1(α)G(T, θ)

)−1
g(T )

(3.15)
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has a unique positive solution denoted by a∗. Then the optimal strategy for (P19) is

π∗ =

(
Tσσ′ − N−1(α)G(T, θ)

a∗

)−1

g(T ). (3.16)

Else if g(T )′G(T, θ)−1g(T ) ≤ (N−1(α))2 then (3.15) has no positive solution and the

optimal strategy is π∗ = 0.

Proof of Theorem 3.6.1 See appendix 5.2.7

3.7 Portfolio optimization by maximizing expected

wealth subject to VaR constraint

The optimization problem considered is

(P20) max
π

E[X(T )] subject to

V aR(α, π, T ) ≤ C,

where C is a constant. It is futher assumed that 0 < C < X(0).

Theorem 3.7.1 The optimal portfolio strategy for (P20) is given by

π̃ =

(
Tσσ′(λ∗ − 1) +G(T, θ)− λ∗N

−1(α)G(T, θ)

a∗

)−1

g(T )(λ∗), (3.17)

where (a∗, λ∗) is a solution of the following system of equations:

||
√
G(T, θ)(aTσσ′(λ− 1) + aG(T, θ)− λN−1(α)G(T, θ))−1g(T )(λ)||2 − 1 = 0 (3.18)
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and

T

2
||σ
(
Tσσ′(λ− 1) +G(T, θ)− λN

−1(α)G(T, θ)

a

)−1

g(T )(λ)||2 −N−1(α)a− rT−

g(T )′(λ)

(
Tσσ′(λ− 1) +G(T, θ)− λN

−1(α)G(T, θ)

a

)−1

g(T ) + ln

(
1− C

X(0)

)
= 0.

(3.19)

Proof of Theorem 3.7.1 See appendix 5.2.8

3.8 Portfolio optimization by minimizing AVaR

In this section the optimization problem considered is

(P21) inf
π
AV aR(α, π, T )

Theorem 3.8.1 The optimal strategy for (P21) is given by

π̆ =
(
Tσσ′ +G(T, θ)

( exp(− (N−1(α)−ă)2

2
)

ă(
√

2πc)N(N−1(α)− ă)
− 1
))−1

g(T ), (3.20)

where ă is a positive solution of

h1(a) = 1. (3.21)

Here

h1(a) := ||
√
G(T, θ)(aTσσ′ +G(T, θ)(w − a))−1g(T )||2,
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w :=
exp(− (N−1(α)−a)2

2
)

(
√

2πc)N(N−1(α)− a)
.

If h1(a) = 1 has no positive solutions then π̆ = 0.

Remark : All the positive solutions of (3.21) are found numerically. Then we pick the

one which optimizes (P21).

Proof of Theorem 3.8.1 See appendix 5.2.9

3.9 Portfolio optimization by maximizing expected

wealth subject to AVaR constraint

The optimization problem considered is

(P22) sup
π
E[X(T )] subject to AV aR(α, π, T ) ≤ C∗,

where C∗ is a constant. Assume that 0 < C∗ < X(0).

Theorem 3.9.1 The optimal portfolio strategy for (P22) is given by

π̆∗ =

(
Tσσ′(λ̆∗ − 1) +G(T, θ)

(
(1− λ̆∗ +

λ̆∗ exp(− (N−1(α)−ă∗)2

2
)

ă∗(
√

2πc)N(N−1(α)− ă∗)

))−1

g(T )(λ̆∗),

(3.22)

where (ă∗, λ̆∗) is a solution of the following system of equations:

||
√
G(T, θ)(aTσσ′(λ− 1) +G(T, θ)(a(1− λ) + λw))−1g(T )(λ)||2 − 1 = 0 (3.23)

45



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

and

T

2
||σ
(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw

a

))−1

g(T )(λ)||2 − a2

2
− rT

−g(T )′(λ)

(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw

a

))−1

g(T )

− ln(N(N−1(α)− a)) + ln
(
α

(
1− C∗

X(0)

))
= 0. (3.24)

Here

w :=
exp(− (N−1(α)−a)2

2
)

(
√

2πc)N(N−1(α)− a)
.

Proof of Theorem 3.9.1 See appendix 5.2.10

3.10 Portfolio optimization by minimizing VaR,

AVaR and Variance subject to expected wealth

constraint

The optimization problems under consideration here are

(P23) min
π
V aR(α, π, T ) subject to E[X(T )] = M,

(P24) min
π
AV aR(α, π, T ) subject to E[X(T )] = M,

(P25) min
π
V ariance[X(T )] subject to E[X(T )] = M,

where M is a constant. It is further assumed that M > X(0) exp(rT ).

Theorem 3.10.1 The optimal portfolio strategy for (P23), (P24) and (P25) is given

46



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

by

π̃a = (Tσσ′(λ∗) +G(T, θ)(2− λ∗))−1
g(T )(λ∗), (3.25)

where λ∗ is a solution of the nonlinear equation:

||rT + g(T )′(λ) (Tσσ′(λ) +G(T, θ)(2− λ))
−1
g(T ) +

1

2
||
√
G(T, θ)(Tσσ′(λ)

+G(T, θ)(2− λ))−1g(T )(λ)||2 − T

2
||σ (Tσσ′(λ) +G(T, θ)(2− λ))

−1
g(T )(λ)||2

− ln

(
M

X(0)

)
= 0. (3.26)

Proof of Theorem 3.10.1 See appendix 5.2.11

3.11 Numerical analysis

A one-dimensional model (i.e m = 1) is analyzed. The parameters used are as follows:

T = 1.5, k1 = 0.5, L1 = ln(7), γ = 1, X(0) = 100, α = 0.05, S(0) = 5, σ = 0.2 and

C = C∗ = 0.5X(0).

Optimal portfolio strategy

The optimal strategy for the mean-reverting model in P20 and P22 are plotted in fig

3.1. AVaR is more consecutive than VaR, hence, the optimal strategy in the stock is

higher for P20 than P22.

Efficient Frontier

In this section C = C∗ ∈ [0.15X(0), 0.5X(0)]. In fig 3.3, P20 has a higher efficient

frontier than P22 as intuitively expected (since AVaR is more conservative).
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Figure 3.1: Optimal strategy for the stock
in a mean-reverting model

Figure 3.2: Optimal strategy for the
money market in a mean-reverting
model

As C = C∗ increases the investor is less risk averse, this leads to a higher expected

return. This concept is reflected in fig 3.3.

The mean-reverting rate impact

We study the effect of the mean-reverting rate on optimal strategies. Let k1 ∈

[0.3, 0.7]. The optimal strategy in the stock increases with respect to k1 as illus-

trated in fig 3.4 . This is due to the fact that as the speed of mean-reversion increases

there is a high chance of obtaining profit by holding or shorting more stock depending

on the data. The AVaR constraint (P22) is proceeding with more caution than the

VaR constraint (P20).

The impact of confidence level (α)

We study the effect of α on optimal strategies. In this section α ∈ [0.01, 0.09]. As

α increases, the investor is allowed to take more risk and this leads to holding more
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Figure 3.3: Efficient frontier in a mean-
reverting model

Figure 3.4: Optimal strategy as a
function of mean-reverting rate

stock. This is illustrated in fig 3.5 for P20 and P22.

Minimal VaR, AVaR and Variance subject to an expected return constraint

In this section P23, P24 and P25 are considered, with M = [1.1 · X(0), 1.3 · X(0)].

The minimal risk is illustrated in fig 3.6.

Comparing the outcomes of GBM and exponential O.U models

In this section ki = 0.27. Figure 3.7 show that the optimal strategy in the GBM

introduces more leverage into the portfolio compared to the optimal strategy in the

exponential O.U.This is explained by the fact that in the GBM model, the stock have

a higher market price of risk so it is more attractive. This property account for the

results in figure 3.7 and figure 3.8.
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Figure 3.5: Optimal portfolio strategy as a
function of α

Figure 3.6: Minimized risk for P23,
P24 and P25

Figure 3.7: Comparing optimal strategy in
GBM to exponential O.U in stock 1

Figure 3.8: Comparing optimal strat-
egy in GBM to exponential O.U in the
money market
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Chapter 4

Conclusion and further research

In this thesis, the novelty is the addition of AVaR and LEL constraints. The minimal

VaR and AVaR portfolios are found for GBM and exponential O.U models. Addition-

ally VaR, AVaR and variance is minimized with an expected return constraint. In the

GBM model we maximize expected wealth with VaR, AVaR, LEL and variance con-

straints. However, in the exponential O.U model we maximize expected wealth with

VaR and AVaR constraints only. Using numerical experiments we compare deter-

ministic to constant portfolio strategies. Furthermore, from the plots we notice that

variance is the most conservative risk measure, followed by LEL, AVaR and VaR.

In the exponential O.U model, the mean-reversion rate is shown to have a strong

effect on portfolio selection. Lastly, we examine leverage in the portfolio. The plots

show that the optimal strategy in the GBM model introduces more leverage. For fur-

ther research it would be interesting to introduce correlation constraints in the GBM

and exponential O.U models. Another research direction is to consider deterministic

strategies in the O.U model.
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Chapter 5

Appendix

5.1 Appendix A

Appendix contains all the proofs for the model in which the stocks follow a geometric

Brownian motion and the portfolio strategies are deterministic.

5.1.1 Proof of Proposition 2.1.2.1

d(X(t)) =
m∑
i=0

Ni(t)dSi(t) = N0(t)dS0(t) +
m∑
i=1

Ni(t)dSi(t)

= (1− π(t))X(t)r(t)dt+X(t)π(t)(b(t)dt+ σ(t)dW (t))

= X(t)((r(t) +B(t)′π(t))dt+ π(t)′σ(t)dW (t).

52



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

Here W (t) = (W1(t),W2(t)...Wm(t))′ is a m-dimensional Brownian motion and B(t) =

b(t)− r(t)1. Solving the stochastic equation above gives

X(t) = X(0) exp

(∫ t

0

(
r(s) +B(s)′π(s)− ||σ(s)′π(s)||2

2

)
ds+

∫ t

0

π(s)′σ(s)dW (s)

)
.

♦

5.1.2 Proof of Proposition 2.1.3.1

E[X(t)] = E
[
X(0) exp

(∫ t

0

r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2ds+

∫ t

0

π(s)′σ(s)dW (s)

)]
= X(0) exp

(∫ t

0

(r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2ds

)
E
[

exp

(∫ t

0

π(s)′σ(s)dW (s)

)]
.

= X(0) exp

(∫ t

0

(r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2ds

)
E
[

exp

(
1

2

∫ t

0

||σ(s)′π(s)||2ds
)]

= X(0) exp

(∫ t

0

(r(s) +B(s)′π(s))ds

)
= X(0)R(t) exp

(∫ t

0

(B(s)′π(s))ds

)
. (5.1)
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The next step is to find the variance of X(t).

E[X(t)2] = X(0)2R(t)2 exp

(
2

∫ t

0

B(s)′π(s)ds−
∫ t

0

||σ(s)′π(s)||2ds+ 2

∫ t

0

π(s)′σ(s)dW (s)

)
= X(0)2R(t)2 exp

(
2

∫ t

0

B(s)′π(s)ds−
∫ t

0

||σ(s)′π(s)||2ds
)

E
[

exp
(

2

∫ t

0

π(s)′σ(s)dW (s)
)]

= X(0)2R(t)2 exp

(
2

∫ t

0

B(s)′π(s)ds+

∫ t

0

||σ(s)′π(s)||2ds
)
.

V ariance[X(t)] = E[X(t)2]− (E[X(t)])2 (5.2)

= X(0)2R(t)2 exp

(
2

∫ t

0

B(s)′π(s)ds+

∫ t

0

||σ(s)′π(s)||2ds
)

−
(
X(0)R(t) exp

(∫ t

0

B(s)′π(s)ds

))2

= X(0)2R(t)2
(

exp

(
2

∫ t

0

B(s)′π(s)ds+

∫ t

0

||σ(s)′π(s)||2ds
)

− exp

(
2

∫ t

0

B(s)′π(s)ds

))
.

Hence the claim.

♦
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5.1.3 Proof of Proposition 2.1.4.1

The V aR equation can be further written as

1− α = P
(
−
(
X(0) exp

(∫ t

0

(r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2)ds

+

√∫ t

0

||σ(s)′π(s)||2ds

 ξ −X(0)
))
≤ V aR

)
,

where ξ ∼ N(0, 1). Let

Γ :=

∫ t

0

r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2ds

and

Ψ :=

√∫ t

0

||σ(s)′π(s)||2ds.

Then

1− α = P

(
exp(Γ + Ψξ) ≥ 1− V aR

X(0)

)
= P

(
ξ ≥

ln (1− V aR
X(0)

)− Γ

Ψ

)
.

So

α = P

(
ξ ≤

ln (1− V aR
X(0)

)− Γ

Ψ

)
= N

(
ln (1− V aR

X(0)
)− Γ

Ψ

)
.

Solving for V aR in the equation above gives

V aRα(X(t)) = X(0)(1− exp(Γ +N−1(α)Ψ)).
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Hence the equation for VaR

V aRα(X(t)) = X(0)
(

1− exp
(∫ t

0

(r(s) +B(s)′π(s)− 1

2
||σ(s)′π(s)||2)ds

+ N−1(α)

√∫ t

0

||σ(s)′π(s)||2ds
))
.

♦

5.1.4 Proof of Proposition 2.1.5.1

From the definition of AVaR we have

AV aRα(X(t)) =
1

α

∫ α

0

V aRu(X(t))du.

AV aRα(X(t)) =
1

α

∫ α

0

X(0)
(

1−R(t) exp
(∫ t

0

(B(s)′π(s)− 1

2
||σ(s)′π(s)||2)ds

+ (N−1(u))

√∫ t

0

||σ(s)′π(s)||2ds
))
du.

Let
∫ t

0
||σ(s)′π(s)||2ds := κ2. It follows that

AV aRα(X(t)) = X(0)− R(t)X(0)

α

∫ α

0

exp

(∫ t

0

(
B′(s)π(s)ds− 1

2
κ2 + (N−1(u))κ

)
du

)
= X(0)− R(t)X(0)

α
exp

(∫ t

0

B(s)′π(s)ds− 1

2
κ2

)(∫ α

0

exp
((
N−1(u))κ

)
du
))

.
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Let N−1(u) = y and u = N(y). Therefore, du = 1√
2πc

exp −y
2

2
dy. Hence

AV aRα(X(t)) = X(0)− R(t)X(0)

α

(
exp

(∫ t

0

B(s)′π(s)ds− 1

2
κ2
))

( 1√
2πc

∫ N−1(α)

−∞
exp

(
yκ− y2

2

)
dy
)

= X(0)− R(t)X(0)

α

(
exp

(∫ t

0

B(s)′π(s)ds
))

( 1√
2πc

∫ N−1(α)

−∞
exp

(−(y − κ)2

2

)
dy
)
.

Let us perform the change of variable z = y − ε, hence

AV aRα(X(t)) = X(0)− R(t)X(0)

α
√

2πc

(
exp

∫ t

0

B(s)′π(s)ds
)(∫ N−1(α)−κ

−∞
exp
−z2

2
dz
)

= X(0)

(
1− R(t)

α

(
exp

∫ t

0

B(s)′π(s)ds

)
(N(N−1(α)− κ))

)
.

Finally,

AV aRα(X(t)) = X(0)
(

1− R(t)

α

(
exp

∫ t

0

B(s)′π(s)ds

+ ln
(
N
(
N−1(α)−

√∫ t

0

||σ(s)′π(s)||2ds
)))

.

♦

5.1.5 Proof of Proposition 2.1.6.1

Under a risk neutral probability measure Q, the stock dynamics is

dS(t) = r(t)S(t)dt+ σ(t)dW̃ (t), (5.3)
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where W̃ (t) denotes the Brownian motion under a Q-measure. Using the same ap-

proach as in the proof of section 2.1.4.1 and 2.1.5.1 we prove that

V aRQ
α (X(t)) = X(0)

(
1−R(t) exp

(
− 1

2
||σ(s)′π(s)||2)ds

+ (N−1(α))

√∫ t

0

||σ(s)′π(s)||2ds
))
. (5.4)

Furthermore,

LELα(X(t)) = X(0)
(

1− R(t)

α

(
N
(
N−1(α)−

√∫ t

0

||σ(s)′π(s)||2ds
)))

. (5.5)

5.1.6 Proof of Theorem 2.1.7.1

The portfolio optimization problems are projected onto the family of surfaces,

Qε = {π :

∫ T

0

||σ(t)′π(t)||2dt = ε2}.

It follows that

Q =
⋃
ε≥0

Qε.

The optimization problem can be solved as

min
ε≥0

min
π∈Qε

[
X(0)

(
1− exp

(∫ T

0

(r(t) +B(t)′π(t)− 1

2
||σ(t)′π(t)||2)dt

+(N−1(α))

√∫ T

0

||σ(t)′π(t)||2dt
))]

subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2 (5.6)
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In a first step we optimize for a fixed ε, i.e,

(Pε) max
π∈Qε

∫ T

0

B(t)′π(t)dt subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2.

Let the market price of risk be denoted as Θ(t) = σ(t)−1B(t) and ||Θ||T =
√∫ T

0
||σ(t)−1B(t)||2dt.

We claim that the optimal strategy for (Pε) is

π̂ε(t) = − 1

2λ̂
(σ(t)σ(t)′)−1B(t) t ∈ [0, T ], (5.7)

with

λ̂ = −||Θ||T
2ε

. (5.8)

To prove the claim we first check that π̂ε(t) satisfies the constraint, i.e,

∫ T

0

∣∣∣∣∣∣σ(t)
( ε

||Θ||T
(σ(t)σ(t)′)−1B(t)

)∣∣∣∣∣∣2 = ε2 (5.9)

Thus, the constraint is satisfied. Let π(t) be an adapted strategy which satisfies (5.6).

Then the optimality of π̂ε(t) is equivalent to:

∫ T

0

B′(t)π̂(t)dt+λ̂
(∫ T

0

||σ(t)π̂(t)||2dt−ε2
)
≥
∫ T

0

B(t)′π(t)dt+λ̂
(∫ T

0

||σ(t)′π(t)||2dt−ε2
)
.

(5.10)
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Let

L(π, λ̂) =

∫ T

0

B(t)′π(t)dt+ λ̂

(∫ T

0

||σ(t)′π(t)||2dt− ε2

)
= λ̂

∫ T

0

(
||σ(s)′π(s)||2 +

1

λ̂
B(t)′π(t)

)
dt− λ̂ε2

= λ̂

∫ T

0

(
π(t)′(σ(t)σ(t)′)π(t) +

1

λ̂
B(t)′π(t)

)
dt− λ̂ε2 (5.11)

By completing the squares

L(π, λ̂) = λ̂

∫ T

0

(
π(t) +

1

2λ̂
(σ(t)σ(t)′)−1B(t)

)′
(σ(t)σ(t)′)

(
π(t) +

1

2λ̂
(σ(t)σ(t)′)−1B(t)

)
dt

−
∫ T

0

1

4λ̂
B(t)′(σ(t)σ(t)′)−1B(t)dt− λ̂ε2

= λ̂

∫ T

0

∣∣∣∣∣∣σ(t)
(
π(t) +

1

2λ̂
(σ(t)σ(t)′)−1B(t)

)∣∣∣∣∣∣2dt− ∫ T

0

1

4λ̂
B(t)′(σ(t)σ(t)′)−1B(t)dt

− λ̂ε2 (5.12)

Let

U(π(t)) :=
∣∣∣∣∣∣σ(t)

(
π(t) +

1

2λ̂
(σ(t)σ(t)′)−1B(t)

)∣∣∣∣∣∣2
Solving U(π(t)) = 0, we obtain

π(t) = − 1

2λ̂
(σ(t)′σ(t))−1B(t). (5.13)

Hence L(π, λ̂) ≤ L(π̂ε, λ̂) which proves (5.10). Furthermore,

∫ T

0

B′(t)π̂ε(t)dt = ε||Θ||T (5.14)
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Next, we optimize over ε ≥ 0,i.e,

max
ε≥0

[
ε(||Θ||T + (N−1(α)))− 1

2
ε2
]

Let

f(ε) := ε(||Θ||T + (N−1(α)))− 1

2
ε2,

where f(ε) is a concave function.

By the concavity of f , the optimizer is given by

f ′(ε∗) = −ε∗ + ||Θ||T + (N−1(α)) = 0. (5.15)

Solving (5.15), one obtains

ε∗ = ||Θ||T + (N−1(α)).

The optimal strategy is

πε∗(t) =
max(0, ε∗)

||Θ||T
(σ(t)σ(t)′)−1B(t).

The minimal VaR is

V aRα = X(0)

(
1−R(T ) exp

(
1

2
(max(0, ε∗))2

))
.

♦
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5.1.7 Proof of Theorem 2.1.8.1

Since

Q =
⋃
ε≥0

Qε,

the optimization problem becomes

max
ε≥0

max
π∈Qε

[
X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt

)]
subject to (5.16)

X(0)
(

1− exp
(∫ T

0

(r(t) +B(t)′π(t)− 1

2
||σ(t)′π(t)||2)dt

+(N−1(α))

√∫ T

0

||σ(t)′π(t)||2dt
))
≤ C (5.17)∫ T

0

||σ(t)′π(t)||2dt = ε2. (5.18)

The strategy π is admissible if

∫ T

0

B(t)′π(t)dt ≥ ln

(
X(0)− C
R(T )X(0)

)
+

1

2
ε2 −N−1(α)ε. (5.19)

In a first step we optimize over π(t) given a fixed ε.Let

(Pε) max
π∈Qε

[ ∫ T

0

B(t)′π(t)dt
]

subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2.
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Let the market risk be denoted as Θ(t) = σ(t)−1B(t) and ||Θ||T =
√∫ T

0
||σ(t)−1B(t)||2dt.

We claim that the optimal strategy for (Pε) is

π̂ε(t) = − 1

2λ̂
(σ(t)σ(t)′)−1B(t) t ∈ [0, T ], (5.20)

with

λ̂ = −||Θ||T
2ε

. (5.21)

We can argue as in (5.9),(5.10),(5.11),(5.12) and (5.13) for the proof of the claim.

If there is an admissible π(t), i.e it
∫ T

0
||σ(t)′π(t)||2dt = ε2 and (5.19), then we claim

that π̂ε(t) must also be admissible. Since π̂ε(t) is optimal for Pε, it follows that

∫ T

0

B(t)′π̂ε(t)dt ≥
∫ T

0

B(t)′π(t)dt.

Thus from (5.19),

∫ T

0

B(t)′π̂ε(t)dt ≥ ln

(
X(0)− C
R(T )X(0)

)
+

1

2
ε2 −N−1(α)ε, (5.22)

whence π̂ε(t) is admissible. Substitute π̂ε(t) into the (5.16) to (5.17) and optimize

over ε ≥ 0, i.e,

max
ε≥0

[
ε||Θ||T

]
subject to g(ε) ≥ 0,

where

g(ε) := −1

2
ε2 + ε(||Θ||T + (N−1(α)))− ζ.

Here

ζ := ln

(
1

R(T )

(
1− C

X(0)

))
.
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g(ε) = 0 is a quadratic equation and has two root

ε1,2 =
−(||Θ||T −N−1(α))±

√
(||Θ||T +N−1(α))2 − 4(−1

2
)(−ζ)

2(−1/2)
.

So, the optimum is attained at

ε1 = ||Θ||T + (N−1(α)) +
√

(||Θ||T +N−1(α))2 − 2ζ.

Thus, the optimal strategy is

πε1(t) =
||Θ||T + (N−1(α)) +

√
(||Θ||T +N−1(α))2 − 2ζ

||Θ||T
(σ(t)σ(t)′)−1B(t).

Therefore, the maximum expected wealth with the Value at Risk constraint is

E(Xπε1 (T )) = X(0)R(T ) exp
(

(||Θ||T+(N−1(α))+
√

(||Θ||T +N−1(α))2 − 2ζ)||Θ||T
)
.

♦

5.1.8 Proof of the theorem 2.1.9.1

Since

Q =
⋃
ε≥0

Qε,

the optimization problem is written as

inf
π∈Q

X(0)

1− R(T )

α

exp
(∫ T

0

B′(t)π(t)dt+ ln
(
N
(
N−1(α)−

√∫ T

0

||σ(t)′π(t)||2dt
))
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subject to ∫ T

0

||σ(t)′π(t)||2dt = ε2. (5.23)

In a first step we optimize over π(t) given a fixed ε, i.e,

(Pε) sup
π∈Qε

[ ∫ T

0

B′(t)π(t)dt
]

subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2.

We claim that the optimal strategy for (Pε) is

π̂ε(t) = − 1

2λ̂
(σ(t)σ(t)′)−1B(t) t ∈ [0, T ], (5.24)

with

λ̂ = −||Θ||T
2ε

(5.25)

See (5.9) to (5.13) for proof of the claim. Next, we optimize over ε ≥ 0, i.e,

(Pε1) sup
ε≥0

f(ε)

where

f(ε) := ε||Θ||T + ln(N(N−1(α)− ε)).

We claim that f(ε) is concave.

Proof of claim : From the assumptions stated α ∈ (0, 0.5), it follows that N−1(α) ≤
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0. Recall that

N(w) =
1√
2πc

∫ w

0

exp

(
−t

2

2

)
dt and N ′(w) =

1√
2πc

exp

(
−w

2

2

)
.

Let

f(w) := ln(N(w)).

We claim that f(·) is increasing. Moreover if w < 0 it is also concave. Since

f ′(w) =
exp(−w

2

2
)

√
2πcN(w)

≥ 0, (5.26)

it follows that f(·) is increasing . Moreover,

f ′′(w) =
exp(−w2

2
)(wN(w)−N ′(w)
√

2πc(N(w))2
. (5.27)

Since

z

z2 + 1
N ′(±z) ≤ N(−z) ≤ 1

z
N ′(±z) where z > 0 (see (McKean, 1969)),

it follows that f ′′(w) ≤ 0. Hence w → lnN(w) is concave if w < 0.

Let us state the following preparatory lemma.

Lemma 5.1.8.1 If g : Rm → R is a concave function and f : R → R is a concave

nondecreasing function, then f ◦ g is concave.

Proof of Lemma: By concavity of g

g(λz + (1− λ)y) ≥ λg(z) + (1− λ)g(y)
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and since f is nondecreasing then,

f(g(λz + (1− λ)y)) ≥ f(λg(z) + (1− λ)g(y)) ≥ λf(g(z)) + (1− λ)f(g(y)).

Where the second inequality follows from the concavity of f . Using the Lemma 5.1.8.1

above we conclude that f(ε) is concave.

♦

Since f(ε) is concave it follows that, (Pε1) has a unique solution denoted by ε∗∗. Thus

the optimal strategy is

πε∗∗(t) =
ε∗∗

||Θ||T
(σ(t)σ(t)′)−1B(t).

The minimal average value at risk is

AV aR(α, π, T ) = X(0)

(
1− R(T )

α

(
exp(ε∗∗||Θ||T + ln(N(N−1(α)− ε∗∗))

))
.

♦

5.1.9 Proof of Theorem 2.1.10.1

Since

Q =
⋃
ε≥0

Qε,
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the optimization problem is tackled as

max
ε≥0

max
π∈Qε

[
X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt
)]

subject to (5.28)

X(0)
(

1− R(T )

α

(
exp

∫ T

0

B′(t)π(t)dt+ ln
(
N
(
N−1(α)

−

√∫ T

0

||σ(t)′π(t)||2dt
))))

≤ C∗ (5.29)∫ T

0

||σ(t)′π(t)||2dt = ε2 (5.30)

In a first step we optimize over π(t) given a fixed ε. In this step (5.29) is redundant,

i.e,

(Pε) max
π∈Qε

[ ∫ T

0

B(t)′π(t)dt
]
subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2.

We claim that the optimal strategy for (Pε) is

π̂ε(t) = − 1

2λ̂
(σ(t)σ(t)′)−1B(t) t ∈ [0, T ], (5.31)

with

λ̂ = −||Θ||T
2ε

(5.32)

See (5.9) to (5.13) for proof of the claim.

Let

g2(ε) := ε||Θ||T + ln(N(N−1(α)− ε))− ln

(
α
√

2π∗(X(0)− C∗)
R(T )X(0)

)
. (5.33)
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Arguing as in the proof of 5.1.7, substitute π̂ε(t) into (5.28) and (5.29) and optimize

over ε ≥ 0, i.e,

max
ε≥0

ε||Θ||T subject to g2(ε) ≥ 0.

Next, we need the following preparatory Lemma.

Lemma 5.1.9.1 {ε : g2(ε) ≥ 0, ε ≥ 0} = [0, γ2] where γ2 is the unique positive root

of g2(ε) = 0.

Proof of Lemma :Recall that,

g2(x) := x||Θ||T + ln(N(N−1(α)− x))− ln

(
α

(
X(0)− C∗

R(T )X(0)

))
.

Since C∗ < X(0), then

g2(0) = ln(α)− ln

(
α

(
X(0)− C∗

R(T )X(0)

))
> 0. (5.34)

Furthermore,

lim
x→∞

g2(x) = −∞ (5.35)

To proof (5.35), we claim that

lim
x→∞

ln(N(−x))

x
= −∞. (5.36)

Indeed by L’Hopital’s rule

lim
x→∞

ln(N(−x))

x
= lim

x→∞

− exp(−x2

2
)

N(−x)
= lim

x→∞

x exp(−x2

2
)

− exp(−x2

2
)

= −x = −∞.
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By (5.36), it follows that,

lim
x→∞

g(x) = x

(
1 +

ln(N(−x)

x

)
= −x2 = −∞.

Thus (5.35) is true.

The function g2(x) is concave when x ∈
(
N−1(α),∞

)
(see the proof of section 5.1.8).

This yields the results. Thus, the optimal strategy is

πγ2(t) =
γ2

||Θ||T
(σ(t)σ(t)′)−1B(t).

Therefore, the maximum expected wealth with the Average Value at Risk constraint

is

E[Xπγ2 (T )] = X(0)R(T ) exp(γ2||Θ||T ).

♦

5.1.10 Proof of the theorem 2.1.11.1

In this section we strict to the family of surfaces such that

Q =
⋃
ε≥0

Qε.

The optimization problem considered is

max
π∈Qε

max
ε≥0

X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt

)
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subject to X(0)
(

1− R(T )

α

(
N
(
N−1(α)−

√∫ T

0

||σ(t)′π(t)||2dt
)))

≤ C∗∗

∫ T

0

||σ(t)′π(t)||2dt = ε2.

This can be further written as

max
π∈Qε

max
ε≥0

∫ T

0

B(t)′π(t)dt subject to

√∫ T

0

||σ(t)′π(t)||2dt ≤ N−1(α)−N−1

(
α(X(0)− C∗∗)
X(0)R(T )

)
∫ T

0

||σ(t)′π(t)||2dt = ε2.

In a first step we optimize over π(t) given a fixed ε, i.e

(Pε) max
π∈Qε

[ ∫ T

0

B(t)′π(t)dt
]

subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2,

Using the same approach as in section 5.1.6 the optimal strategy for (Pε) is

π̂ε(t) =
ε

||Θ||T
(σ(t)σ(t)′)−1B(t), (5.37)

Next, we optimize over ε ≥ 0, i.e,

max
ε≥0

[ε||Θ||T ] subject to
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ε ≤ N−1(α)−N−1

(
α(X(0)− C∗∗)
X(0)R(T )

)
The optimal strategy is attained at

πε̌(t) =
ε̌

||Θ||T
(σ(t)σ(t)′)−1B(t), t ∈ [0, T ], (5.38)

where

ε̌ = N−1(α)−N−1

(
α(X(0)− C∗∗)
X(0)R(T )

)
. (5.39)

The maximal expected wealth subject to LEL constraint is

E[X̌(T )] = X(0)R(T ) exp(ε̌||Θ||T ).

♦

5.1.11 Proof of Theorem 2.1.12.1

In this section we strict to the family of surfaces such that

Q =
⋃
ε≥0

Qε.

The optimization problem considered is

max
π∈Qε

max
ε≥0

X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt

)
subject to

X(0)2R(t)2
(

exp
(

2

∫ T

0

B(t)′π(t)dt+

∫ T

0

||σ(t)′π(t)||2dt
)
− exp

(
2

∫ T

0

B(t)′π(t)dt

))
≤ Ca
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∫ T

0

||σ(t)′π(t)||2dt = ε2.

This can be further written as

max
π∈Qε

max
ε≥0

∫ T

0

B(t)′π(t)dt subject to

exp
(

2

∫ T

0

B(t)′π(t)dt+

∫ T

0

||σ(t)′π(t)||2dt
)
−exp

(
2

∫ T

0

B(t)′π(t)dt

)
≤ Ca

X(0)2R(T )2

In a first step we optimize over π(t) given a fixed ε, i.e

(Pε) max
π∈Qε

[ ∫ T

0

B(t)′π(t)dt
]

subject to

∫ T

0

||σ(t)′π(t)||2dt = ε2,

Using the same approach as in section 5.1.6 the optimal strategy for (Pε) is

π̂ε(t) =
ε

||Θ||T
(σ(t)σ(t)′)−1B(t), (5.40)

Next, we optimize over ε ≥ 0, i.e,

max
ε≥0

[ε||Θ||T ]

subject to f(ε) ≤ 0,

where

f(ε) := exp(2ε||Θ||T + ε2)− exp(2ε||Θ||T )− Ca

X(0)2R(T )2
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The unique positive solution to the equation f(ε) = 0 is denoted by ε̌∗. The optimal

strategy is

πε̌∗(t) =
ε̌∗

||Θ||T
(σ(t)σ(t)′)−1B(t), t ∈ [0, T ]. (5.41)

The maximal expected wealth subject to variance constraint is

E[X̌∗(T )] = X(0)R(T ) exp(ε̌∗||Θ||T ).

♦

5.1.12 Proof of Theorem 2.1.13.1

Since

Q =
⋃
ε≥0

Qε,

the optimization problem (P7) becomes

min
π∈Q

[
X(0)

(
1−R(T ) exp

(∫ T

0

(B(t)′π(t)− 1

2
||σ(t)′π(t)||2)dt

+(N−1(α))

√∫ T

0

||σ(t)′π(t)||2dt
))

] subject to (5.42)

X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt

)
= M. (5.43)

The optimization problem is reduced to

(Pπ) min
π∈Q

[ ∫ T

0

||σ(t)′π(t)||2dt
]

subject to

∫ T

0

B(t)′π(t)dt = ζ.
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We claim that the optimal strategy for (Pπ) is

π̂(t) =
ζ

||Θ||2T
(σ(t)σ(t)′)−1B(t) t ∈ [0, T ], (5.44)

where ζ = ln
(

M
X(0)R(T )

)
. To prove this claim, let us introduce the Lagrangian

L(π, λ̂) =

∫ T

0

||σ(t)′π(t)||2dt+ λ̂

(∫ T

0

B(t)′π(t)dt− ζ
)

= λ̂
[ ∫ T

0

(1

λ̂
||σ(s)′π(s)||2 +B(t)′π(t)

)
dt− ζ

]
= λ̂

[ ∫ T

0

(1

λ̂
π(t)′(σ(t)σ(t)′)π(t) +B(t)′π(t)

)
dt
]
− λ̂ζ (5.45)

By completing the squares

L(π, λ̂) = λ̂
[ ∫ T

0

(
π(t) +

λ̂

2
(σ(t)σ(t)′)−1B(t)

)′ 1
λ̂

(σ(t)σ(t)′)
(
π(t) +

λ̂

2
(σ(t)σ(t)′)−1B(t)

)
dt

−
∫ T

0

1

4
B(t)′λ̂(σ(t)σ(t)′)−1B(t)dt

]
− λ̂ζ

=

∫ T

0

∣∣∣∣∣∣σ(t)
(
π(t) +

λ̂

2
(σ(t)σ(t)′)−1B(t)

)∣∣∣∣∣∣2dt− ∫ T

0

λ̂

4
B(t)′λ̂(σ(t)σ(t)′)−1B(t)dt

− λ̂ζ (5.46)

Let

U(π(t)) :=
∣∣∣∣∣∣σ(t)

(
π(t) +

λ̂

2
(σ(t)σ(t)′)−1B(t)

)∣∣∣∣∣∣2
To minimize the optimization problem we solve the equation U(π(t)) = 0 and obtain

π(t) = − λ̂
2

(σ(t)′σ(t))−1B(t). (5.47)
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Substituting (5.47) into the constraint we obtain

∫ T

0

B(t)′

(
− λ̂

2
(σ(t)′σ(t))−1B(t)

)
dt = ζ. (5.48)

Solving (5.48) we obtain

λ̂ =
−2ζ

||Θ||2T
, (5.49)

where ||Θ||T =
√∫ T

0
||σ(t)−1B(t)||2dt. It follows that the optimal strategy is

π∗(t) =
ζ

||Θ||2T
(σ(t)σ(t)′)−1B(t). (5.50)

The next optimization problem considered is (P8).

The optimization problem is reduced to

min
π∈Q

[
X(0)

1− R(T )

α

exp
(∫ T

0

B′(t)π(t)dt+ ln
(
N
(
N−1(α)−

√∫ T

0

||σ(t)′π(t)||2dt
))]

subject to (5.51)

X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt

)
= M. (5.52)

The problem is solved as

min
π∈Q

[ ∫ T

0

||σ(t)′π(t)||2dt
]

subject to

∫ T

0

B(t)′π(t)dt = ζ.
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The next optimization problem considered is (P9) which is approached as

min
π∈Q

[
X(0)2R(t)2

(
exp

(
2

∫ t

0

B(s)′π(s)ds+

∫ t

0

||σ(s)′π(s)||2ds
)

− exp

(
2

∫ t

0

B(s)′π(s)ds

))]
subject to

X(0)R(T ) exp

(∫ T

0

B(t)′π(t)dt

)
= M. (5.53)

The problem is reduced to

min
π∈Q

[ ∫ T

0

||σ(t)′π(t)||2dt
]

subject to

∫ T

0

B(t)′π(t)dt = ζ.

♦

5.2 Appendix B

Appendix B contains the proofs for the mean-reverting model.

5.2.1 Proof of Proposition 3.2

dX(t) =
m∑
i=0

Ni(t)dSi(t)

= N0S0(t)rdt+
m∑
i=1

Ni(t)Si(t)[(ψi − θi ln(Si(t)))dt+ σidW (t)]

= (1−
m∑
i=1

πi)X(t)rdt+
m∑
i=1

πiX(t)[(ψi − θi ln(Si(t)))dt+ σidW (t)].
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The self-financing strategy is then modeled as

dX(t) = X(t)

(
rdt+

m∑
i=1

πi[(ψi − r − θi ln(Si(t)))dt+ σidW (t)]

)
. (5.54)

Let

Zi(t) = ln(Si(t)).

Using Itô’s lemma

dZi(t) =
Si(t)(ψi − θi ln(Si(t)))dt+ σidW (t))

Si(t)
− Si(t)

2σ2dt

2Si(t)2
.

So

dZi(t) =

(
ψi −

||σ||2

2
− θiZi(t)dt

)
+ σidW (t). (5.55)

In a second step, let

Bi(t) = exp(θit)Zi(t),

dBi(t) = θi exp(θit)Zi(t)dt+ exp(θit)dZi(t).

By (5.55)

dBi(t) = θi exp(θit)Zi(t)dt+ exp(θit)
[(

ψi −
||σ||2

2
− θiZi(t)dt

)
+ σidW (t)

]
,

= exp(θit)
[(

ψi −
||σ||2

2

)
dt+ σdW (t)

]
. (5.56)

Let ωi = ψi − ||σi||
2

2
. Hence

Bi(t) = Bi(0) + ωi

∫ t

0

exp(θit)dt+ σi

∫ t

0

exp(θit)dW (t). (5.57)
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Since Bi(t) = exp(θit)Zi(t) then Zi(t) = exp(−θit)Bi(t) and Zi(0) = Bi(0). It follows

that

Zi(t) = exp(−θit)Bi(0) + ωi

∫ t

0

exp(θis− θit)ds+ exp(−θit)σi
∫ t

0

exp(θis)dW (s).

Let

K(t, θ) :=

∫ t

0

exp(−θs)ds = exp(−θt)
∫ t

0

exp(θs)ds =


1−exp(−θt)

θ
if θ 6= 0

t if θ = 0

Thus

Zi(t) = exp(−θit)Zi(0) + ωiK(t, θi) + exp(−θit)σi
∫ t

0

exp(θis)dW (s), (5.58)

and

E(Zi(t)) = exp(−θit)Zi(0) + ωiK(t, θi). (5.59)
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The covariance is calculated as follows

Cov(Zi(t), Zj(t)) = E[(Zi(t)− E(Zi(t)))(Zj(t)− E(Zj(t)))]

= E
[
(exp(−θit)Zi(0) + ωiK(t, θi) + exp(−θit)σi

∫ t

0

exp(θis)dW (s)

− exp(−θit)Zi(0) + ωiK(t, θi))(exp(−θjt)Zi(0) + ωjK(t, θj)

+ exp(−θjt)σj
∫ t

0

exp(θjs)dW (s)− exp(−θjt)Zi(0) + ωjK(t, θj))
]

= E
[(

exp(−θit)σi
∫ t

0

exp(θis)dW (s)

)(
exp(−θjt)σj

∫ t

0

exp(θjs)dW (s)

)]
=

∑
k

σikσjk

∫ t

0

exp(θis+ θjs− (θit+ θjt))ds

= K(t, θi + θj)σiσ
′
j (5.60)

Let us define

Gij(t, θ) := Cov(Zi(t), Zj(t)).

In a next step we calculate the wealth process.

Let

F (t) = lnX(t).

Using Ito’s lemma

dF (t) =

(
r +

m∑
i=1

πi(ψi − r − θi lnSi(t))dt+ πσdW (t)

)
− ||π

′σ||2

2
dt,

=

(
r + π′(ψ − r1)− ||π

′σ||2

2

)
dt+

m∑
i=1

πi(−θiZi(t))dt+ πiσidW (t).(5.61)

From (5.55)

dZi(t)−
(
ψi −

||σ||2

2

)
dt = −θiZi(t)dt+ σidW (t).

80



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

Hence

dF (t) =

(
r + π′(ψ − r1)− ||π

′σ||2

2

)
dt+

m∑
ij

πi

(
dZi(t)−

(
ψi −

||σ||2

2

)
dt

)

=

(
r + π′(ψ − r1)− ||π

′σ||2

2
− π′ω

)
dt+

m∑
i

πidZi(t) (5.62)

F (t) = F (0) +

(
r + π′(ψ − r1)− ||π

′σ||2

2
− π′ω

)
t+ π(Z(t)− Z(0)).

Since

(Zi(t)− Zi(0)) = exp(−θit)Zi(0) + ωiK(t, θi) + exp(−θit)σi
∫ t

0

exp(θis)dW (s)− Zi(0),

= Zi(0)(exp(−θit)− 1) + ωiK(t, θi) + exp(−θit)σi
∫ t

0

exp(θis)dW (s)

= −θitK(t, θi)Zi(0) + ωiK(t, θi) + exp(−θit)σi
∫ t

0

exp(θis)dW (s)

= (ωi − Zi(0)θi)K(t, θi) + exp(−θit)σi
∫ t

0

exp(θis)dW (s). (5.63)

If Ξi = K(t, θi)(ωi − Zi(0)θi)− ωit then,

F (t) = F (0)+

(
r + π′(ψ − r1)− ||π

′σ||2

2

)
t+π′Ξ(t, θ)+

m∑
i

πi exp(−θit)σi
∫ t

0

exp(θis)dW (s).

(5.64)

The expectation of the log normal wealth is

E[F (t)] = F (0) +

(
r + π′(ψ − r1)− ||π

′σ||2

2

)
t+ π′Ξ(t, θ). (5.65)

81



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

The variance is

V ar(F (t)) = E
[( m∑

i

πi exp(−θit)σi
∫ t

0

exp(θis)dW (s)

)]
= π′(K(t, θi + θi)σiσ

′
i)π,

= π′G(t, θ)π (5.66)

The wealth X(t) can be calculated as

X(t) = exp(F (t)).

Thus

X(t) = X(0) exp
((

r + π′(ψ − r1)− ||π
′σ||2

2

)
t+ π′Ξ(t, θ)

+
m∑
i

πi exp(−θit)σi
∫ t

0

exp(θis)dW (s).
)

(5.67)

Since F (t) is normally distributed the wealth can be represented asX(t) = exp(E(F (t))+√
V ar[F (t)]ξ, where ξ is a standard normal variable. Therefore

X(t) = exp

(
F (0) +

(
r + π′(ψ − r1)− ||π

′σ||2

2

)
t+ π′Ξ(t, θ) +

√
π′G(t, θ)πξ

)
(5.68)

♦
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5.2.2 Proof of Proposition 3.3.1

Let

g(t) = (ψ − r)t+ Ξ(t, θ)

f(π, ξ) = π′g(t)− t||π′σ||2

2
+
√
π′G(t, θ)πξ

X(t) = exp(F (0) + (rt+ f ∗(π, ξ)) = X(0) exp(rt+ f ∗(π, ξ))

Since F (t) follows a normal distributionE(X(t)) = E(exp(F (t))) = exp
(
E(F (t)) + V ar(F (t))

2

)
.

Therefore

E(X(t)) = exp

(
F (0) + rt+ π′(ψ − r)t− t||π′σ||2

2
+ π′Ξ(t, θ) +

1

2
πG(t, θ)π

)
= X(0) exp

(
rt+ π′g(t)− t||πσ||2

2
+

1

2
π′G(t, θ)π

)
(5.69)

E[X(t)2] = X(0)2 exp

(
2rt+ 2π′g(t)− t||π′σ||2 + 2

m∑
i

πi exp(−θit)σi
∫ t

0

exp(θis)dW (s)

)

V ar[X(t)] = E[X(0)2 exp

(
2rt+ 2π′g(t)− t||π′σ||2 + 2

m∑
i

πi exp(−θit)σi
∫ t

0

exp(θis)dW (s)

)
−

(
X(0)2 exp

(
2rt+ 2π′g(t)− t||πσ||2 + π′G(t, θ)π

))
]

= X(0)2 exp
(
2rt+ 2π′g(t)− t||π′σ||2

)
E
[

exp(2
m∑
i

πi exp(−θit)σi
∫ t

0

exp(θis)dW (s))

− exp(π′G(t, θ)π)
]

= X(0)2 exp
(
2rt+ 2π′g(t)− t||π′σ||2 + π′G(t, θ)π

)
(exp(π′G(t, θ)π)− 1) . (5.70)

♦
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5.2.3 Proof of Proposition 3.4.1

Loss(t) = −(X(t)−X(0))

1− α = P (Loss(t) ≤ V aR)

Let

f ∗(ξ, π) = π′g(t)− t

2
||π′σ||2 +

√
π′G(t, θ)πξ

where

g(t) = (ψ − r)t+ Ξ(t, θ).

Then

1− α = P (X(0)(1− exp(rt+ f ∗(ξ, π))) ≤ V aR)

1− α = P

(
exp(rt+ f ∗(ξ, π)) ≥ 1− V aR

X(0)

)

1− α = P

(
rt+ π′g(t)− t

2
||π′σ||2 +

√
π′G(t, θ)πξ ≥ ln

(
1− V aR

X(0)

))

1− α = P

(√
π′G(t, θ)πξ ≥ ln

(
1− V aR

X(0)

)
− rt− π′g(t) +

t

2
||π′σ||2

)

1− α = P

(
ξ ≥

ln(1− V aR
X(0)

)− rt− π′g(t) + t
2
||π′σ||2√

π′G(t, θ)π

)

1− α = 1− P

(
ξ ≤

ln(1− V aR
X(0)

)− rt− π′g(t) + t
2
||π′σ||2√

π′G(t, θ)π

)

α = P

(
ξ ≤

ln(1− V aR
X(0)

)− rt− π′g(t) + t
2
||π′σ||2√

π′G(t, θ)π

)
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Since ξ is a standard normal with mean 0 and variance 1.

α = N

(
ln(1− V aR

X(0)
)− rt− π′g(t) + t

2
||π′σ||2√

π′G(t, θ)π

)

N−1(α) =
ln(1− V aR

X(0)
)− rt− π′g(t) + t

2
||π′σ||2√

π′G(t, θ)π

N−1(α)
√
π′G(t, θ)π = ln

(
1− V aR

X(0)

)
− rt− π′g(t) +

t

2
||π′σ||2

V aRα(X(t)) = X(0)

(
1− exp

(
rt+ π′g(t)− t

2
||π′σ||2 +N−1(α)

√
π′G(t, θ)π

))
.

(5.71)

♦

5.2.4 Proof of Lemma 3.4.1.1

Let

f(π, t) = rt+ π′g(t)− t

2
||π′σ||2 +N−1(α)

√
π′G(t, θ)π

It follows that f(π, t) is equivalent to

f(λπ + (1− λ)x, t) > λf(π, t) + (1− λ)f(x, t),∀λ ∈ (0, 1). (5.72)

(5.72) is equivalent to

− t
2
||(λπ+(1−λ)x)′σ||2+N−1(α)||(λπ+(1−λ)x)′

√
G(T, θ)|| > − t

2
(λ||π′σ||2+(1−λ)||x′σ||2)

+N−1(α)(λ||π′
√
G(T, θ)||+ (1− λ)||x′

√
G(T, θ)||).
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Since, α ∈ (0, 0.5) and therefore N−1(α) < 0 the equation above holds true due to

convexity of || · ||. This means that f(π, t) is strictly concave.

♦

5.2.5 Proof of Proposition 3.5.1

The Average Value of risk is

AV aRα(X(t)) =
1

α

∫ α

0

V aRu(X(t))du.

Therefore from (5.71) the AV aR equation is

AV aRα(X(t)) =
1

α

∫ α

0

X(0)

(
1− exp

(
rt+ π′g(t)− t

2
||π′σ||2 +N−1(u)

√
π′G(t, θ)π

))
du

AV aR(π, t) = X(0)−X(0)

α
exp

(
rt+ π′g(t)− t

2
||π′σ||2

)∫ α

0

exp(N−1(u)
√
π′G(t, θ)π)du

Let N−1(u) = y, thus u = N(y) and du = dN(y).

AV aRα(X(t)) = X(0)− X(0)

α
exp

(
rt+ π′g(t)− t

2
||π′σ||2

)
(

1√
2π∗

∫ N−1(α)

−∞
exp

(
−(y −

√
π′G(t, θ)π)2

2

)
dy

)
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Let z = y −
√
π′G(t, θ)π, so

AV aRα(X(t)) = X(0)− X(0)

α
exp

(
rt+ π′g(t)− t

2
||π′σ||2 +

π′G(t, θ)π

2

)
(

1√
2πc

∫ N−1(α)−
√
π′G(t,θ)π

−∞
exp

(
−z2

2

)
dz

)

= X(0)− X(0)

α
exp

(
rt+ π′g(t)− t

2
||σπ||2 +

π′G(t, θ)π

2

)
(N(N−1(α)−

√
π′G(t, θ)π)). (5.73)

Therefore the AVaR equation is:

AV aRα(X(t)) = X(0)
(

1− 1

α
exp

(
rt+ π′g(t)− t

2
||π′σ||2 +

π′G(t, θ)π

2

+ ln(N(N−1(α)−
√
π′G(t, θ)π))

))
. (5.74)

♦

5.2.6 Proof of Lemma 3.5.1.1

f1(π, t) := π′g(t)− t

2
||π′σ||2 +

π′G(t, θ)π

2
+ ln(N(N−1(α)−

√
π′G(t, θ)π)

Let

f3(π, t) := rt+ π′g(t)− t

2
||π′σ||2 +

π′G(t, θ)π

2
,

and

f2(π, t) := ln(N(N−1(α)−
√
π′G(t, θ)π)).
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Therefore

AV aR(π, t) = X(0)

(
1− 1

α
exp (f3(π, t) + f2(π, t))

)
.

G(T, 0) − G(T, θ) is positive definite, hence π → π′G(t, θ)π − t||π′σ||2 is concave.

It follows that f3(π, t) is concave. From the assumptions stated α ∈ (0, 0.5), hence

N−1(α) < 0; π →
√
π′G(t, θ)π is convex as illustrated in the preceding sections.

This concludes that π → N−1(α)−
√
π′G(t, θ)π is concave. It follows that f1(π, t) is

concave.

♦

5.2.7 Proof of Theorem 3.6.1

From (5.71) this optimization problem can be written as

min
π
X(0)

(
1− exp

(
rT + π′g(T )− T

2
||π′σ||2 +N−1(α)

√
π′G(T, θ)π

))
.

The optimization problem is approached as

max
π

(
rT + π′g(T )− T

2
||π′σ||2 +N−1(α)

√
π′G(T, θ)π

)
. (5.75)

Due to convexity first order conditions are sufficient for optimality. Therefore,

g(T )− Tσσ′π +
N−1(α)G(T, θ)π√

π′G(T, θ)π
= 0.

Thus

π =

(
Tσσ′ − N−1(α)G(T, θ)√

π′G(T, θ)π

)−1

g(T ). (5.76)
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This is an implicit equation for π. We follow the approach of Dmitrasinovic-Vidovic

and Ware (2011). Let a :=
√
π′G(T, θ)π. Therefore

a2 = g(T )′
(
Tσσ′ − N−1(α)G(T, θ)

a

)−1

G(t, θ)

(
Tσσ′ − N−1(α)G(T, θ)

a

)−1

g(T )

= g(T )′
(

1

a
(aTσσ′ −N−1(α)G(T, θ))

)−1

G(t, θ)

(
1

a
(aTσσ′ −N−1(α)G(T, θ))

)−1

g(T )

= ag(T )′
(
aTσσ′ −N−1(α)G(T, θ)

)−1
G(t, θ)

(
aTσσ′ −N−1(α)G(T, θ)

)−1
ag(T )

= a2g(T )′
(
aTσσ′ −N−1(α)G(T, θ)

)−1
G(t, θ)

(
aTσσ′ −N−1(α)G(T, θ)

)−1
g(T )

Furthermore,

1 = g(T )′
(
aTσσ′ −N−1(α)G(T, θ)

)−1
G(t, θ)

(
aTσσ′ −N−1(α)G(T, θ)

)−1
g(T ).

||
√
G(T, θ)(aTσσ′ −N−1(α)G(T, θ))−1g(T )|| = 1.

Let

h(a) := ||
√
G(T, θ)(aTσσ′ −N−1(α)G(T, θ))−1g(T )||2.

Then

h(a) := ||(aT (
√
G(T, θ)

′
)−1σσ′(

√
G(T, θ))−1 −N−1(α)I)−1(

√
G(T, θ)

′
)−1g(T )||2,

where I is an identity matrix. Since (
√
G(T, θ)

′
)−1σσ′(

√
G(T, θ))−1 is symmetric

positive definite, it has eigenvalues decomposition

(
√
G(T, θ)

′
)−1σσ′(

√
G(T, θ))−1 = Q′DQ.
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Here D has diagonal elements which are positive and Q is an orthonormal matrix.

Let z = (
√
G(T, θ)

′
)−1g(T ). Therefore

h(a) = ||(aTQ′DQ−N−1(α)I)−1z||2,

= ||Q′(aTD −N−1(α)I)−1Qz||2,

= ||z′Q′(aTD −N−1(α)I)−1QQ′(aTD +N−1(α)I)−1Qz

= z′Q′(aTD −N−1(α)I)−2Qz.

Let τ = Qz and U = (aTD −N−1(α))−1 then

h(a) = τ ′U2τ

and

Ui(a) =
1

aTdi −N−1(α)
,

where di are the diagonal entries in D. Therefore

h(a) =
m∑
i=m

τ 2
i

(aTdi −N−1(α))2
.

If a = 0 then

h(0) =
m∑
i=m

τ 2
i

(−N−1(α))2
=
g(T )′G(T, θ)−1g(T )

(N−1(α))2
.

If g(T )′G(T, θ)−1g(T ) > (N−1(α))2 then h(a) = 1 has a unique positive solution

denoted by a∗,( since h(a) is a decreasing function and h(∞) = 0). The optimal
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strategy π∗ is given by

π∗ =

(
Tσσ′ − N−1(α)G(T, θ)

a∗

)−1

g(T ). (5.77)

However if g(T )′G(T, θ)−1g(T ) ≤ (N−1(α))2 then h(a) = 1 has a no positive solution,

meaning there are no critical points for π →
√
π′G(t, θ)π. Since π →

√
π′G(t, θ)π is

not differentiable at 0, 0 is the solution and the optimal strategy is π∗ = 0.

The minimal Value at Risk is

V aR(α, π, T ) := X(0)

(
1− exp

(
rT + (π∗)′g(T )− T

2
||(π∗)′σ||2 +N−1(α)

√
(π∗)′G(t, θ)π∗

))
.

(5.78)

♦

5.2.8 Proof of Theorem 3.7.1

From (5.71) and (5.69) the optimization problem is

max
π

X(0) exp

(
rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π

)
subject to

X(0)

(
1− exp

(
rT + π′g(T )− T

2
||π′σ||2 +N−1(α)

√
π′G(T, θ)π

))
≤ C.

The optimization problem can be tackled as

max
π

(
rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π

)
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subject to

rT + π′g(T )− T

2
||π′σ||2 +N−1(α)

√
π′G(T, θ)π ≥ ln

(
1− C

X(0)

)
.

Let us rewrite as

max
π
−[h(π, T )] subject to − f(π, T ) ≤ − ln

(
1− C

X(0)

)
,

where

h(π, T ) :=
T ||π′σ||2

2
− 1

2
π′G(T, θ)π

and

f(π, T ) := rT + π′g(T )− T

2
||π′σ||2 +N−1(α)

√
π′G(T, θ)π.

From (5.72), f(π, T ) is strictly concave therefore −f(π, T ) is strictly convex. Next,

assume that

Ḡ(T, θ) = G(T, 0)−G(T, θ) =


σσ′(T − 1−exp(−θt)

θ
) if θ 6= 0

0 if θ = 0.

Ḡ(T, θ) is positive definite if θ 6= 0.

The assumption is met if there is only one stock. The claim follows, if we prove that

Ḡ(T, θ) =
θT + exp(−θT )− 1

θ
> 0.

Let

f(θ) = θT + exp(−θT )− 1.
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and

f ′(θ) = T − T exp(−θT ) ≥ 0 if θ > 0.

Furthermore, if θ > 0, −h(π, T ) is strictly concave.

♦

Recall that the optimization problem considered here is

min
π

(
T ||π′σ||2

2
− 1

2
π′G(T, θ)π

)
subject to

(
T

2
||π′σ||2 −N−1(α)

√
π′G(T, θ)π − rT − π′g(T )

)
+ ln

(
1− C

X(0)

)
= 0.

Let us introduce the Lagrangian

L(π, λ) =

(
T ||π′σ||2

2
− 1

2
π′G(T, θ)π

)
− λ
(T

2
||π′σ||2

− N−1(α)
√
π′G(T, θ)π − rt− π′g(T ) + ln

(
1− C

X(0)

))
. (5.79)

Furthermore, due to convexity F.O.C are sufficient for optimality. They are

∂L

∂π
= Tσσ′π −G(T, θ)π − λ

(
Tσσ′π − N−1(α)G(T, θ)π√

π′G(T, θ)π
− g(T )

)
= 0.

Thus,

π =

(
Tσσ′(λ− 1) +G(T, θ)− λN

−1(α)G(T, θ)√
π′G(T, θ)π

)−1

g(T )λ. (5.80)

Let a =
√
π′G(T, θ)π. Hence,

a2 = g(T )(λ)(Tσσ′(λ− 1) +G(T, θ)− λN
−1(α)G(T, θ)

a
)−1G(T, θ)(Tσσ′(λ− 1)
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+G(T, θ)− λN
−1(α)G(T, θ)

a
)−1g(T )(λ)′.

Adapting the same method used in previous sections we obtain

1 = g(T )(λ)(aTσσ′(λ− 1) + aG(T, θ)− λN−1(α)G(T, θ))−1G(T, θ)(aTσσ′(λ− 1)

+aG(T, θ)− λN−1(α)G(T, θ))−1g(T )(λ)′.

Let

s∗(a, λ) := ||
√
G(T, θ)(aTσσ′(λ−1)+aG(T, θ)−λN−1(α)G(T, θ))−1g(T )(λ)||2−1 = 0

(5.81)

Plugging (5.80) into the VaR constraint one obtains

s∗∗(a, λ) :=
T

2
||σ
(
Tσσ′(λ− 1) +G(T, θ)− λN

−1(α)G(T, θ)

a

)−1

g(T )(λ)||2−N−1(α)a−

rT−g(T )′(λ)

(
Tσσ′(λ− 1) +G(T, θ)− λN

−1(α)G(T, θ)

a

)−1

g(T )+ln

(
1− C

X(0)

)
= 0.

(5.82)

Equations (5.81) and (5.82) are solved numerically and the optimal solution generated

is denoted by a∗ and λ∗. It follows that the optimal portfolio strategy is given by

π∗ =

(
Tσσ′(λ∗ − 1) +G(T, θ)− λ∗N

−1(α)G(T, θ)

a∗

)−1

g(T )(λ∗). (5.83)

The maximum expected return is

E[Xπ∗(T )] = X(0) exp

(
rT + (π∗)′g(T )− T ||(π∗)′σ||2

2
+

(π∗)′G(T, θ)(π∗)

2

)
. (5.84)
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♦

5.2.9 Proof of Theorem 3.8.1

From (5.74) the optimization problem can be written as

inf
π
X(0)

(
1− 1

α
exp

(
rT + π′g(T )− T

2
||π′σ||2 +

π′G(T, θ)π

2
+ ln(N(N−1(α)−

√
π′G(T, θ)π))

))

Let

f̂(π, T ) = rT + π′g(T )− T

2
||π′σ||2 +

π′G(T, θ)π

2
+ ln(N(N−1(α)−

√
π′G(T, θ)π)).

Hence the optimization problem can be tackled as

(P1) sup
π

(
f̂(π, T )

)
.

By the convexity of f̂(π, T ) the optimizer is given by F.O.C.

∂f̂

∂π
= g(T )−Tσσ′π+G(T, θ)π−

G(T, θ)π exp(− (N−1(α)−
√
π′G(T,θ)π)2

2
)√

π′G(T, θ)π(
√

2πc)(N(N−1(α)−
√
π′G(T, θ)π))

= 0.

(5.85)

Let

w :=
exp(− (N−1(α)−

√
π′G(T,θ)π)2

2
)

(
√

2πc)N(N−1(α)−
√
π′G(T, θ)π)

. (5.86)

Solving for π in (5.85), one obtains

π =
(
Tσσ′ +G(T, θ)

( w√
π′G(T, θ)π

− 1
))−1

g(T ). (5.87)
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Let a :=
√
π′G(T, θ)π. Hence,

a2 = g(T )′
(
Tσσ′ +G(T, θ)

(w
a
− 1
))−1

G(T, θ)
(
Tσσ′ +G(T, θ)

(w
a
− 1
))−1

g(T )

= g(T )′
(
aTσσ′ +G(T, θ)(w − a)

)−1

G(T, θ)
(
aTσσ′ +G(T, θ)(w − a)

)−1

g(T ).

Furthermore,

1 = g(T )′
(
aTσσ′ +G(T, θ)(w − a)

)−1

G(T, θ)
(
aTσσ′ +G(T, θ)(w − a)

)−1

g(T ).

||
√
G(T, θ)(aTσσ′ +G(T, θ)(w − a))−1g(T )|| = 1

Let

h1(a) := ||
√
G(T, θ)(aTσσ′ +G(T, θ)(w − a))−1g(T )||2.

One of the solutions of h1(a) = 1 is denoted as ă. Thus, optimal strategy π̆ is given

by

π̆ =
(
Tσσ′ +G(T, θ)

( exp(− (N−1(α)−ă)2

2
)

ă(
√

2πc)N(N−1(α)− ă)
− 1
))−1

g(T ). (5.88)

If h1(a) = 1 has no positive solutions, meaning there are no critical points. Since

π →
√
π′G(t, θ)π is not differentiable at 0, 0 is the solution and the optimal strategy

is π̆ = 0, where 0 denotes a 0 vector.

The minimal average value at risk is

AV aR(α, π, T ) = X(0)
(

1− 1

α
exp

(
rT + (π̆)′g(t)− T

2
||π̆′σ||2 +

(π̆)′G(t, θ)π̆

2

+ ln(N(N−1(α)−
√

(π̆)′G(T, θ)π̆))
))
. (5.89)
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♦

5.2.10 Proof of Theorem 3.9.1

The optimization problem can be written as

sup
π
X(0) exp

(
rT + π′g(T )− T ||π′σ||2

2
+

1

2
π′G(T, θ)π

)

subject to

X(0)
(

1− 1

α
exp

(
rT + π′g(T )− T

2
||π′σ||2 +

π′G(T, θ)π

2

+ ln(N(N−1(α)−
√
π′G(T, θ)π))

))
≤ C∗.

Therefore , the optimization problem can be approached as

sup
π

(
rT + π′g(T )− T ||π′σ||2

2
+

1

2
π′G(T, θ)π

)
subject to

rT+π′g(T )−T ||π
′σ||2

2
+

1

2
π′G(T, θ)π+ln

(
N(N−1(α)−

√
π′G(T, θ)π)

)
≥ ln

(
α− αC∗

X(0)

)
.

The optimization problem is further transformed to

sup
π
−
(
T ||π′σ||2

2
− 1

2
π′G(T, θ)π

)
subject to

−rT−π′g(T )+
T ||π′σ||2

2
−1

2
π′G(T, θ)π−ln

(
N(N−1(α)−

√
π′G(T, θ)π)

)
≤ − ln

(
α− αC∗

X(0)

)
.

Or

(P1) inf
π

(
T ||π′σ||2

2
− π′G(T, θ)π

2

)
subject to

97



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

T ||π′σ||2

2
−π

′G(T, θ)π

2
−rT−π′g(T )−ln

(
N(N−1(α)−

√
π′G(T, θ)π)

)
+ln

(
α− αC∗

X(0)

)
≤ 0.

(5.90)

Let us introduce the Lagrangian

L(π, λ) =
T ||π′σ||2

2
− π′G(T, θ)π

2
− λ
(T ||π′σ||2

2
− π′G(T, θ)π

2

−rT − π′g(T )− ln
(
N(N−1(α)−

√
π′G(T, θ)π)

)
+ ln

(
α− αC∗

X(0)

))

Due to convexity F.O.C are sufficient for optimality. They are

∂L

∂π
= Tσσ′π −G(T, θ)π − λ

(
Tσσ′π −G(T, θ)π − g(T )

+
G(T, θ)π exp(− (N−1(α)−

√
π′G(T,θ)π)2

2
)√

π′G(T, θ)π(
√

2πc)N(N−1(α)−
√
π′G(T, θ)π)

)
= 0 (5.91)

Let

w :=
exp(− (N−1(α)−

√
π′G(T,θ)π)2

2
)

(
√

2πc)N(N−1(α)−
√
π′G(T, θ)π)

. (5.92)

Solving for π in (5.91) one obtains

π =

(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw√
π′G(T, θ)π

))−1

g(T )(λ). (5.93)

Set a =
√
π′G(T, θ)π. Hence

a2 = g(T )′(λ)

(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw

a

))−1

G(T, θ)(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw

a

))−1

g(T ).
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Adapting the same procedure in the previous section we attain

1 = g(T )′(λ) (aTσσ′(λ− 1) +G(T, θ)(a(1− λ) + λw))
−1
G(T, θ)

(aTσσ′(λ− 1) +G(T, θ)(a(1− λ) + λw))
−1
g(T )(λ).

Let

s̆∗(a, λ) := ||
√
G(T, θ)(aTσσ′(λ−1)+G(T, θ)(a(1−λ)+λw))−1g(T )(λ)||2−1. (5.94)

Substitute (5.93) into the AVaR constraint then,

s̆∗∗(a, λ) :=
T

2
||σ
(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw

a

))−1

g(T )(λ)||2 − a2

2
− rT

−g(T )′(λ)

(
Tσσ′(λ− 1) +G(T, θ)

(
1− λ+

λw

a

))−1

g(T )

− ln(N(N−1(α)− a)) + ln
(
α

(
1− C∗

X(0)

))
. (5.95)

(5.94) and (5.95) are solved numerically and the solutions generated is denoted by ă∗

and λ̆∗ . It follows that the optimal portfolio strategy is given by

π̆∗ =

(
Tσσ′(λ̆∗ − 1) +G(T, θ)

(
1− λ̆∗ +

λ̆∗ exp(− (N−1(α)−ă∗)2

2
)

ă∗(
√

2πc)N(N−1(α)− ă∗)

))−1

g(T )(λ̆∗).

(5.96)

The maximum expected wealth is

E[X π̆∗(T )] = X(0) exp

(
rT + (π̆∗)′g(T )− T ||(π̆∗)′σ||2

2
+

(π̆∗)′G(T, θ)π̆∗

2

)
(5.97)

♦
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5.2.11 Proof of Theorem 3.10.1

The optimization problem (P23) is

min
π
X(0)

(
1− exp

(
rT + π′g(T )− T

2
||π′σ||2 +N−1(α)

√
π′G(T, θ)π

))
subject to

X(0) exp

(
rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π

)
= M.

Since

rT + π′g(T )− T ||πσ||2

2
= ln

(
M

X(0)

)
− 1

2
π′G(T, θ)π,

it follows that the optimization problem becomes

min
π
X(0)

(
1− exp

(
ln

(
M

X(0)

)
− 1

2
π′G(T, θ)π +N−1(α)

√
π′G(T, θ)π

))
subject to

X(0) exp

(
rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π

)
= M.

The optimization problem can be reduced to

min
π

(π′G(T, θ)π)

subject to

rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π = ln

(
M

X(0)

)
.

The Lagrangian is

L(π, λ) = (π′G(T, θ)π)− λ
(
rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π − ln

(
M

X(0)

))
.
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Furthermore, due to convexity F.O.C are sufficient for optimality. They are

∂L

∂π
= 2G(T, θ)π − λ (G(T, θ)π − Tσσ′π + g(T )) = 0.

Thus,

π = (Tσσ′(λ) +G(T, θ)(2− λ))
−1
g(T )λ. (5.98)

Substituting (5.98) into the constraint we obtain

s∗(λ) := ||rT + g(T )′(λ) (Tσσ′(λ) +G(T, θ)(2− λ))
−1
g(T ) +

1

2
||
√
G(T, θ)(Tσσ′(λ)

+G(T, θ)(2− λ))−1g(T )(λ)||2 − T

2
||σ (Tσσ′(λ) +G(T, θ)(2− λ))

−1
g(T )(λ)||2

− ln

(
M

X(0)

)
= 0. (5.99)

Equation (5.99) is solved numerically and the optimal solution generated is denoted

by λ∗. It follows that the optimal portfolio strategy is given by

π̃a = (Tσσ′λ∗ −G(T, θ)(2− λ∗))−1
g(T )λ∗. (5.100)

In a next step we tackle the optimization problem (P24)

inf
π

[
X(0)

(
1− 1

α
exp

(
rT + π′g(T )− T

2
||π′σ||2 +

π′G(T, θ)π

2

+ ln(N(N−1(α)−
√
π′G(T, θ)π))

))]
.

subject to

X(0) exp

(
rT + π′g(T )− T ||π′σ||2

2
+

1

2
π′G(T, θ)π

)
= M

101



M.Sc. Thesis - Priscilla Gambrah McMaster - Mathematics and Statistics

Therefore, the optimization problem can be approached as

sup
π

(
ln(N(N−1(α)−

√
π′G(T, θ)π))

)
subject to

rT + π′g(T )− T ||π′σ||2

2
+

1

2
π′G(T, θ)π = ln

(
M

X(0)

)
.

Since the function x→ ln (N(N−1(α)− x)) is decreasing it becomes

inf
π

(π′G(T, θ)π)

subject to

rT + π′g(T )− T ||πσ||2

2
+

1

2
π′G(T, θ)π = ln

(
M

X(0)

)
.

The optimization problem (P25) can be written as

inf
π

[
X(0)2 exp

(
2rT + 2π′g(T )− T ||π′σ||2 + π′G(T, θ)π

)
(exp(π′G(T, θ)π)− 1)

]

subject to

X(0) exp

(
rT + π′g(T )− T ||π′σ||2

2
+

1

2
π′G(T, θ)π

)
= M

Similarly it can be shown that the optimization problem can be reduced to

inf
π

(π′G(T, θ)π) subject to
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rT + π′g(T )− T ||π′σ||2

2
+

1

2
π′G(T, θ)π = ln

(
M

X(0)

)
.
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