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Abstract

The following thesis explores the use of Bayes’ theorem for modelling bioprocesses,

specifically using a combination of data-driven modelling techniques and Bayesian

inference, to address practical concerns that arise when estimating parameters. This

thesis is divided into four chapters, including a novel contribution to the use of sur-

rogate modelling and parameter estimation algorithms for noisy data.

The 2nd chapter addresses the problem of high computational expense when estimat-

ing parameters using complex models. The main solution here is the use of surrogate

modelling. This method was then applied to a high-fidelity model provided by Sarto-

rius AG. In this, a 3-batch run (simulated) of the bioreactor was passed through the

algorithm, and two influential parameters, the growth and death rates of the live cell

cultures, were estimated.

The 3rd chapter addresses other challenges that arise in parameter estimation prob-

lems. Specifically, the issue of having limited data on a new process can be addressed

using historical data, a distinct feature in Bayesian Learning. Finally, the problem

with choosing the “right” model for a given process is studied through the use of a

term in Bayesian inference known as the evidence. In this, the evidence is used to

select between a series of models based on both model complexity and goodness-of-fit

to the data.
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Chapter 1

Introduction

1.1 Motivation

In the past decade, pharmaceutical products have gained popularity in the public

health space due to recent health emergencies like COVID-19. Monoclonal antibod-

ies are one such pharmaceutical product.

More recently, the Federal Drug Agency (FDA) has indicated the need to transition

from traditional batch-based manufacturing to continuous manufacturing of these

products [2]. This has opened up a variety of opportunities for developing continuous

manufacturing processes for vaccine-related products. Sartorius, in particular, is cur-

rently in the process of developing its own continuous line for monoclonal antibody

manufacturing. This recent advancement in Process Analytical Technology (PAT) for

continuous pharmaceutical manufacturing has led to the use of high-fidelity models

(both mechanistic and data-driven) for control of its updated manufacturing pro-

cesses. One issue commonly faced with data-driven models is measurement noise.
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This can cause uncertainty in model predictions, which can degrade controller perfor-

mance. Therefore, the motivation of my thesis is to explore how modelling techniques

can be used to make more reliable predictions, ultimately with the aim of having bet-

ter control.

1.2 Background

An important step that occurs upstream in monoclonal antibody production is the

live-cell culture of Chinese hamster ovarian cells (CHO). While traditionally done

in batches, Sartorius has developed a perfusion (or continuous) based bioreactor for

this purpose. This unit operation will be the test-bed on which new algorithms and

techniques are trialled for this thesis[3].

Computer simulations, more specifically, models of the underlying processes are help-

ful. They aid in implementing new processes, or if existing processes need to be

changed in any way. They can help in process monitoring and early-fault detection

and are also necessary for implementing advanced process control techniques like

model predictive control (MPC). First principles models (FPMs) are especially help-

ful in that they are explainable over a large range of operating conditions.

To that end, Sartorius has developed a detailed FPM of the process known as the

Hybrid State-Space Model (HSSM). With all mechanistic models, for it to predict

the specific trajectories that are needed, certain values or “parameters” need to be

inputted into the model structure to calibrate it to the real-world process. The tech-

niques used to find these values encompass the field of parameter estimation.

2
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1.3 Using Bayesian Inference to estimate parame-

ter distributions

In the field of bioprocesses, the problem of parameter estimation is a well-studied one.

[4–6] provide parameter estimation methods for Bioprocesses, but without confidence

intervals. Additionally, the majority of the work is done through a least-squares

approach and results in giving point estimates of the desired parameters. The problem

here is that with process data, there will invariably be some amount of noise caused

by the measurement devices. This introduces uncertainty in the estimation itself.

Therefore, we believed that it would be far more helpful to provide an estimate of

this uncertainty along with the parameter, in the form of parameter distributions

rather than point estimates.

There has been work done in this field. [7] and [8] both provide Bayesian-inspired

methods to estimate parameters with confidence intervals. However, one key point is

the models used in these studies. They are of a relatively lower complexity. As such,

the computational expense of running such a model is low. Parameter estimation

is in a sense, an effort in optimization. The model is recursively being run with

different parameter configurations. If the model itself is of a higher complexity, the

computational expense of running such a model will be high. This quickly accumulates

and results in an intractable problem.

3
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1.4 Other applications of Bayesian Inference for

parameter estimation problems

Parameter estimation methods can be broadly categorized into 3 methods: Least-

squares, Maximum Likelihood Estimation (MLE) and Maximum A Priori (MAP) [9].

The least-squares method typically tries to find the configuration of parameters that

yield the least error value between the model predictions and the given data. The

key assumption made here is the distribution of the error, which is assumed to be

Gaussian. The MLE method recognizes this shortcoming, and its modification is

that the error term is calculated while considering the underlying error distribution

in the process data. The error term is calculated from a likelihood function, which

is itself derived from the knowledge of the noise distribution. The MAP wraps the

MLE in a Bayesian framework, by providing the posterior rather than the likelihood

value[9]. The difference here is the incorporation of the prior and evidence terms. The

prior function in Bayes’ Theorem represents both the background knowledge and any

information that can be obtained from historical data of the underlying process. The

evidence is a predictor for the overall model performance considering the given data.

While this isn’t useful in typical parameter estimation problems where only one model

exists, this can be a very useful metric when choosing between models.

1.5 Thesis Outline

The rest of the thesis will proceed as follows: Chapter 2 presents a proof of concept

for the estimation of parameters in a bioprocess while providing reliable confidence

intervals. Specifically, Bayesian inference is used to estimate the uncertainty in the

4

http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece


M.A.Sc. Thesis – N. Mathias; McMaster University – Chemical Engineering

prediction of a parameter due to the presence of measurement noise in the process.

The resultant joint probability distribution is utilized to infer the confidence interval

of the resultant estimates. This method is numerically applied using a technique

known as Nested Sampling. This algorithm iteratively samples parameters from a

pre-determined range of values to compare model predictions and obtain a proba-

bility density function. One challenge typically associated with this algorithm is in

the determination of the prediction error, especially when a high-fidelity dynamic

model is being utilized. For the motivating example in the present manuscript, where

a high-fidelity simulated Bioprocess is being considered, the use of the high-fidelity

model provided by Sartorius AG as part of the estimation algorithm poses compu-

tational challenges. To overcome this challenge, a universal approximator such as a

parameterized neural network is used. This neural network is designed to simulate the

results of the first principles model (while also capturing the dependence of the model

parameters on the output), and once trained can provide near instantaneous results

making Nested Sampling computationally tractable for this application. Simulation

results demonstrate the feasibility and capability of the proposed approach.

Chapter 3 addresses the problem of having limited data for parameter estimation

and offers a solution if historical data of the same/similar process is available. Specif-

ically, the prior term used in Bayesian inference is used to inform the search space of

the parameter estimates. The prior, in the form of a distribution function, is used to

bias how the algorithm searches for parameter configurations. The Nested Sampling

algorithm iteratively samples parameters to compare model predictions and obtain a

probability density function. Conventionally, the algorithm samples uniformly from a

pre-determined acceptable range of parameter values. However, if the data obtained is

5
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limited, there may not be enough information contained to make a reliable estimate.

Therefore, one solution would be to make use of previous parameter distributions

from older, but similarly operating processes. For the motivating example in the

present manuscript, a high-fidelity model of a live-cell culture — run in a continuous

upstream bioreactor — is provided by Sartorius AG. As a new cell line is introduced,

there is a shortage of available process data. As such, the method outlined above uses

existing parameter distributions from older cell lines to inform and bias the parameter

estimation results for the newer cell line. This chapter also includes a section on the

evidence, a term that is conventionally neglected for parameter estimation problems.

However, the evidence can be important in model selection problems. Therefore, the

final section of this chapter is related to applying and discussing the potential use

cases for this term. Specifically, the evidence is calculated for a series of models with

varying complexity to test if it can be a predictor for model performance.

6
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Chapter 2

Leveraging Neural Networks to

estimate Parameters with

Confidence Intervals

2.1 Introduction

Pharmaceutical products have been increasing in popularity over the past few years

with a focus on public health and innovation. Monoclonal antibodies are one such

product developed by Sartorius. Bioreactors that produce cell cultures are important

in the production of these monoclonal antibodies. More recently, process control

through Model Predictive Control (MPC) has gained in popularity due to the added

flexibility and reliability given during process operation. This has motivated the need

to develop models that can in turn be used for process control [3].

First principles models are often desirable as they offer an understanding of the

underlying process, and stand to be valid over a larger range of operating conditions.

7
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In the context of bio-processes, first principles models (FPM) typically use a system

of differential equations. However, to calibrate a model to a process operating under

a specific condition, certain values need to be specified in the model. These values

are known as parameters, and they can be inferred (or estimated) from experimental

data on the process. The different techniques used to do so encompass the field of

parameter estimation [10].

More recently, hybrid models have gained recognition, due to their ability to incor-

porate data-driven modelling techniques with well-understood mechanistic principles.

This has allowed for novel estimation techniques like [11, 12] which describe a method

to estimate parameters spatiotemporally in reaction-diffusion problems using a com-

bination of machine learning techniques and partial differential equations.

In the field of process engineering, parameter estimation is a well-studied problem,

and several studies have been published in this field. One example [13] details a

parameter estimation algorithm for nonlinear chemical and biological processes with

small datasets. It used Markov chain Monte Carlo (MCMC) methods to approximate

posterior distributions for the desired parameters. Another example [14] is where

a variation to the Lasso method (called the stable lasso method) is developed to

estimate parameters that yield the most stable model. This method was applied for

the dynamical modelling of an industrial boiler. Yet another [15] details a method

used for modelling batch-to-batch process model parameter variation. This was shown

to work within an MPC scheme.

Broadly speaking, there are three types of parameter estimation methods: Least-

Squares, Maximum Likelihood Estimation (MLE) and Maximum A Posterior (MAP)

methods. Least-squares methods rely on minimizing the error term between the

8
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predicted and actual data. The key assumption made here is that the prediction

error that is determined from this method is normally distributed. MLE methods

have an advantage over the former method, in that parameters can be successfully

estimated even when the error is not expected to be distributed normally. This is

because the objective of this method is to maximize a likelihood function, and is not

restricted to one particular assumption on the error distribution. MAP methods take

the concept behind MLE and wrap it in a Bayesian framework. The advantage here is

that the prior or background knowledge of the process is captured and used to inform

the parameter estimation [9].

There has been considerable work done in applying Bayesian approaches to process

engineering problems. One example [16] uses a Bayesian approach to model identi-

fication for use in a computational fluid dynamic (CFD) model of a Steam Methane

Reformer. Another example [17] applies Bayesian Inference to estimate posterior

probabilities for fault detection and process monitoring of multimodal Gaussian pro-

cess data. Looking at a different application of Bayes theorem, one article [18] details

a method to estimate parameters online for process control and monitoring using

Bayesian inference. Similarly, another one [19] makes use of the variational Bayesian

framework to infer dynamic latent variable (LV) models that are characterized by

abrupt variations in the process data. Yet another example [20], describes a novel

online transfer learning technique to extract cross-domain features using Bayesian

inference. Finally, an application of Bayesian Analysis is used to predict probabili-

ties of risks involved with corrosion-induced incidents of liquid transmission pipelines

[21]. This paper makes use of Artificial Neural Networks (ANNs) as well, in order to

predict current conditions of the pipelines, which are combined with historical data

9
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for use in Bayesian analysis.

Results in the field of bioprocesses, [4–6] provide methods for parameter esti-

mation, but without focusing on the determination of confidence intervals. In one

result[22], a method for determining the confidence intervals when estimating param-

eters is presented, but this is done using conventional statistical methods. While this

is a practical method for the mentioned problem in that manuscript, the approach is

limited by the assumption of normality seen in most least-squares problems as well

as the absence of prior information to influence the parameter estimation problem.

Finally, methods have been developed [7] and [8] to estimate parameters with

confidence intervals using Bayesian approaches (albeit using techniques other than

Nested Sampling). However, the key difference between this (as well as the previ-

ously mentioned work) is that the FPM model structures used were of relatively low

complexity. As such, the computational expense involved in recursively running the

model is negligent and they can feasibly estimate parameters. In certain cases, as with

the current case, a first principles model may have been developed accounting for the

known process complexities, but one that results in a fairly complex model. This

process represents one example of a complex process of industrial interest. Sartorius

has developed a detailed first principles model of this known as the “HSSM simula-

tor”. It includes a system of 10 Ordinary Differential Equations (ODEs) to describe

trajectories of various cell and metabolite-related properties and quantities. Based

on experimental data, this model has been shown to capture the inherent complexity

of the process [3].

The parameter estimation problem for this kind of model is too computationally

challenging using methods such as an MCMC approach [7, 8]. This is because these

10
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methods rely on recursively running the given model to determine a likelihood score.

If the model itself is complex, then running the algorithm could result in it being too

computationally expensive to generate a result in a reasonable timeframe.

One solution would be to make use of a surrogate model. A surrogate model is a

simpler but still useful, possibly data-driven model for specific purposes such as the

estimation of parameters, with Neural Networks being a promising tool for surrogate

modelling. There have been other results [23, 24] that make use of Neural Networks

for surrogate modelling. However, in these cases, the surrogate models are trained

as if using a conventional data set. Thus, expectedly, care was taken to prevent the

overfitting of these models to the available data. The present manuscript recognizes

that the FPM is uniquely suited to provide practically an ‘unlimited’ amount of

data, or at least as much data as needed not to be concerned about the problem of

overfitting. Therefore, it can be argued that if the FPM is able to train the NN on

every given scenario, and if the main task of the NN is to replicate the FPM, then

the issue of overfitting has to be handled differently.

Based on the above considerations, this manuscript presents a Neural network-

based surrogate modelling and parameter estimation method while addressing the

issue of reliability due to the uncertain nature of the measurement data. Specifically,

a Bayesian-based algorithm is used on a simulation test-bed. The algorithm is used

to estimate the value of two key parameters (the maximum growth rate and primary

death rate) of a detailed first principles model using limited (simulated) batch data

with measurement noise. In order to deal with the issue of computational expense, a

surrogate model in the form of a NN is used in place of a detailed first principles model.

Finally, a method to test the reliability of the estimates from the NS algorithm is

11
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detailed. The paper is arranged as follows: Section 2.2 describes a bioreactor process,

and gives a primer on Bayesian Inference and the Nested Sampling algorithm. Section

2.3 presents the specific implementation of the NS algorithm for this problem as well as

presents the surrogate modelling solution including model structure and NN training.

The results from an application of the proposed method are detailed in Section 2.4.

Finally, concluding remarks can be found in Section 2.5.

It should be noted that Nested Sampling does not necessarily add any advantages

over other MCMC-based methods (especially for parameter estimation problems)

and as such is not part of the novelty of this work. It was chosen among other

alternatives due to its ease of implementation and well-developed open-source Python-

based packages like Dynesty. The key contribution of this manuscript is the use of

a Bayesian-based parameter estimation algorithm along with a surrogate model to

enable fast computations.

2.2 Preliminaries

A brief overview of the process and its FPM model is presented first. This is followed

by a primer on Bayesian inference, the Nested Sampling algorithm and the Python

package “Dynesty” that is used to implement it.

2.2.1 Process Background and Simulator

The bioreactor under consideration (henceforth referred to as the Bioreactor) pre-

sented in this manuscript is used for the production of monoclonal antibodies, an

12
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important step in the manufacturing of vaccines as well as other bio-based pharmaceu-

tical products [25]. An important feature of this process is that it is run in perfusion

mode. Perfusion refers to the continuous removal of bleed and harvest streams. This

is highly desired as it leads to a greater harvest when compared to other conventional

batch and fed-batch processes, as well as a lower cost-of-production [25].

This process consists of a live cell culture in an enclosed environment. After an

initial 3-day period where the bioreactor is run in batch mode (known as the growth

phase), the process switches to a perfusion mode for the next 30 days [3]. A simple

schematic of this process is shown below (Figure 2.1).

Figure 2.1: Schematic of a Bioreactor

As mentioned above, the Bioreactor is run continuously (also known as to be

in perfusion mode). The Bioreactor has a feed input designed to maintain Glucose

concentration, an essential component in the growth of the cell culture. The recycle

stream is used to recycle live cells back into the process as the live retention filter

13
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does not allow for live cells into the harvest (also known as the titer). There are many

performance considerations, but broadly the objective of this process is to maximize

the titer over the perfusion phase. The viable cell density (VCD), which is directly

related to the titer, is controlled by a PI controller the bleed rate as the manipulated

input [3].

The key challenges are determining the values of the parameters, especially for

other cell lines, that may have the same first principles governing equations, but dif-

ferent values for parameters such as growth rate and death rate. For this manuscript,

the HSSM simulator is used as a test bed reactor, both to generate data and also as

the first principles model structure with parameters that need to be estimated. The

Nested Sampling algorithm will be used to estimate “unknown” parameters from data

generated by this test bed. More details about this are given in the next section.

This section describes at a high level, the HSSM model, developed by Sartorius.

While the explicit equations used in this model are not available for disclosure, more

details about the modelling of this bioprocess can be found in [26].

2.2.2 Bayesian Statistics and Inference

The data that is received from Bio processes such as these contain some amount of

noise due to measurement error. Therefore, it is appropriate to estimate both the best-

fit parameter value according to the data as well as the uncertainty in the estimation

of said parameters (resulting from the measurement noise). In this manuscript, the

uncertainty in the parameters (informed through the use of confidence intervals) is

determined using Bayesian Probability theory. In probability theory, there are two

main approaches – Frequentist and Bayesian probability theory. The more popular

14
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frequentist theory attempts to estimate probability based on the long-run frequency of

events. This theory is useful for calculating the probability of an outcome occurring

given parameters and hypothesis [27]. However, a more important problem is the

inference of a cause/multiple causes given some effect, also known as inductive logic.

Bayesian Inference was developed as a solution to the above problem. The derivation

for Bayes’ Theorem is summarized below: [28]

The basic conditional probability can be written as:

p(B | A) =
p(B ∩ A)

p(A)
(2.2.1)

where the probability of Event B occurring is conditional on Event A. Similarly, we

can write:

p(A | B) =
p(A ∩B)

p(B)
(2.2.2)

Since p(B ∩ A) = p(A ∩B), this becomes:

p(A | B) =
p(B | A) · p(A)

p(B)
(2.2.3)

The above is the Bayes’ rule, created by Reverend Thomas Bayes in 1763 [28].

When dealing with data and model parameters, we substitute A with the data set D,

and the model parameters with θ as below:

p(θ | D) =
p(D | θ) · p(θ)

p(D)
(2.2.4)

There are three main components to the Bayes’ Theorem (that are useful in the

context of parameter estimation). The prior, the likelihood function and the posterior

distribution.
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The Prior is the p(θ) element in Bayes Theorem. It is defined as the probability

that a given hypothesis is true based on prior beliefs. In the context of the present

manuscript, this refers to the background knowledge that is available on the desired

parameter. Thus, it defines a PDF for a range of parameter values based on prior

knowledge. For the present manuscript, other than a general understanding of the

ranges where the growth and death rate parameters should lie, not much else is known.

Therefore, the prior function is defined as a uniform PDF within some defined range.

[28]. The Likelihood is the p(D | θ) element in Bayes Theorem. It is defined as

the conditional probability of a sample matching some observed data, given that

the sample is generated using a given hypothesis. In the context of the present

manuscript, it is assumed to be the conditional probability that the sample trajectory

created from the HSSM simulator using a chosen set of parameters matches some

observed data [28]. The Posterior is the p(θ | D) element in Bayes Theorem. It is

defined as the conditional probability of the Hypothesis being true, given that the

sample (generated from said hypothesis) is a match for the observed data. In the

context of the present manuscript, the posterior is assumed to be the probability

that a given parameter is the “true” parameter if said value generates a sample that

matches a given set of observations. This PDF is the function that this project is

looking to obtain [28].

Based on Equation 2.2.4, it is evident that the posterior is calculated by weighing

the probability score of the likelihood against the prior probability. This is important

in cases where the likelihood score is relatively high, but based on previous observa-

tions/experiments, this value for the parameter is rarely seen, giving it a low prior
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probability score. In the context of the present manuscript, it is possible to see a sim-

ilar scenario where for a given run, a parameter value has a high likelihood score, but

based on previous simulated data, this value (or range of values) for this parameter

is rarely seen. Since the prior and likelihood scores are multiplied with each (see Eq.

2.2.4), the posterior is always balanced by these two terms. As such, a high posterior

score is obtained when both the likelihood and prior terms have high values, and

vice-versa. Additionally, having a high likelihood value and low prior value (or the

opposite) can give the posterior a moderate value rather than a relatively high or low

score.

The denominator in Bayes theorem is known as the “Evidence” (also referred to as

“Z”). It is defined as the probability that the observed data is “true” for all possible

values of the parameters. It is also sometimes referred to as “marginal likelihood” or

“prior predictive”, although there is much disagreement in the technical definition for

this term [29]. Conventionally, computing this term requires added effort, involving

a “sequence of intermediate distributions that bridge between prior and posterior”

[29]. This added effort, coupled with the lack of a standard terminology led to the

evidence becoming an optional term. This is seen with Markov Chain Monte Carlo

(MCMC) methods that typically determine a normalized posterior by ignoring the

evidence [29].

In Bayesian Inference, the main goal is to calculate the posterior distribution.

This is the probability distribution that determines which value for a given parameter

was most probable to cause this particular measurement. The advantage is that it

provides both the optimal point for the parameter (maximum a posteriori or MAP)

as well as the distribution curve for all values within the parameter space. This
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makes it possible to understand which range of values are most probable. When

dealing with rudimentary models, it is possible to derive simple expressions when

computing the posterior distribution. For more complex models, however, computer-

based numerical methods are needed [30]. One such technique is described next. As

mentioned above, the term ’Z’ refers to the evidence. It is defined as the probability

of the observed data being ’true’ for all parameter values of the given model. In the

context of parameter estimation, since we are working with only one model (either

the FPM or the surrogate alternative), this term is of little use. However, when

comparing between competing models (as in a model selection problem), this term

is important. This term is calculated by integrating the likelihood function over all

prior ranges. Therefore, a common problem is its intractability when using more

than very few parameters, as the integral becomes difficult to calculate over that

many dimensions.

2.2.3 Nested Sampling

The goal of Nested Sampling is to estimate the evidence. As mentioned previously,

the evidence “Z” represents the probability of the data integrated over all values of

the parameters. While this term is usually neglected [31], calculating Z allows us to

evaluate the posterior of a given model accurately, and since Z is constant (as the

PDF for the observed data remains constant), different model assumptions can be

evaluated without re-calculating the evidence. [32].

Conventionally, Riemann-style integration methods are used, in which the pa-

rameter space is divided into small cubes and a sum is performed over all of them.
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However, this technique becomes infeasible in multiple dimensions as the cost of per-

forming these summations becomes exponential, suffering the curse of dimensionality

[29]. Other methods like Markov chain Monte Carlo (MCMC) have been designed

to estimate the posterior. However, MCMC gives only a few samples that represent

the posterior and fails to determine the evidence. As discussed before, the evidence

is a useful value to have, and Nested Sampling makes the estimation of this value the

primary target [32].

The Nested Sampling Algorithm works by drawing a collection of N live points

from a sample space. The likelihood values for each of these points are calculated.

The live point with the lowest likelihood score is then dropped from the sample, and

a replacement point is drawn from the prior subject to the constraint (L > L∗),

where “L” refers to the likelihood score obtained from sampling a parameter θ, and

“L*” refers to the likelihood score of point that was dropped in the previous iteration

(this is also the lowest likelihood score from the collection of live points). Each time

a live point is dropped, the volume of the sample space is compressed by a factor

of t, known as the shrinkage factor [29]. Therefore, as more points are dropped and

replacement points are found, the successive compressions lead to successively smaller

inferred volumes “X” [29]. The specific procedure for Nested Sampling is as follows

[32]:

Start with N points θ1, . . . , θn from prior.

Initialise Z = 0, X0 = 1

Repeat for i = 1, 2, . . . , j

record the lowest of the current likelihood values as Li
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set Xi = exp(−i/N)

set wi = Xi−1 −Xi

increment Z by Liwi

Replace the point of lowest likelihood with a new one drawn from within L(θ) > Li,

in proportion to the prior π(θ).

Increment Z by N−1(L(θ1) + +L(θN))Xj

where θ refers to the parameter being estimated, Z refers to the evidence, Xi is the

updated prior volume at iteration i, wi are calculated weights and Li is the likelihood

function.

2.2.4 Dynesty

In order to implement Nested Sampling for this project, a package known as Dynesty

was used. Dynesty is a public, open-source, python package that implements a version

of nested sampling to estimate Bayesian posteriors and evidence [33]. As mentioned

previously, Nested Sampling provides many advantages over conventional posterior

estimation techniques like MCMC. However, traditional nested sampling has three

main drawbacks: A prior transform is usually required, the runtime is dependent on

the size of the prior space and the rate of posterior integration is always constant.

While the first two limitations are inherent to Nested Sampling, the third one is not.

This is because the rate of posterior integration is only constant when we assume that

the number of live points remains constant during the estimation run. To that end,

the conventional algorithm was modified [34] by letting the number of live points vary

during the run, thereby solving the third issue. This is known as Dynamic Nested
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Sampling and is one of the defining features of Dynesty. With this, Dynesty has

implemented an algorithm that allocates the number of live points for each iteration

[33].

2.3 Present Work

This section describes the representative data, the nested sampling setup, the Neural

Network surrogate model development, and the parameter estimation results.

2.3.1 Generating Simulation Data

The HSSM simulator was used to generate representative data, of the kind that

would typically be available for the parameter estimation problem. Thus, a set of

3 experiments or runs were generated using the first principles model. As this data

is obtained artificially and not from experiments, certain features were introduced

to make this data as applicable as possible to an actual scenario. First, the growth

and death rates were held constant between the three runs. This was to ensure that

while each run was unique, the inherent properties or “truths” among them remained

constant. Each run had a different starting point. A starting point for the initial

values of VCD and Glucose was determined using the 12 AMBR 250 experiments

that were used to develop the HSSM simulator. To this, a random value was added.

The trajectory that each run took was different. This was done by changing the VCD

setpoint randomly by up to 5% every 3 days. At each time step, the value of VCD

that is measured and sent to the PI controller has “measurement” noise added to it.

This is done by adding a random Gaussian value with a standard deviation of 2.
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2.3.2 Setting up Nested Sampling

The experimental data is then passed into the Nested Sampling algorithm. As men-

tioned above, the specific package used to apply Nested Sampling is called Dynesty.

Along with certain Dynesty Parameters, two main functions need to be defined in

order to run this method.

The prior transform function is used to define the range of values that can be

used when estimating a parameter. The algorithm will be limited to searching only

within this space. This function can also define a probability density function (PDF)

for the range of priors. However, for this manuscript, we are using uniform priors,

meaning that the range of parameter values defined has a uniform probability. The

Likelihood function as mentioned in previous sections is a PDF that determines how

likely a sample is said to match a set of data, given some parameter that was used

to generate the sample. For our purpose, the growth and death rate would serve

as the parameters for this function. The sample then, would be the trajectory of

VCD generated using the parameters found by Nested Sampling, and this would be

compared to the experimentally generated data.

This function is derived using the PDF used to obtain a particular sample. Since

our samples contain Gaussian measurement noise, the PDF is defined as such:

PDF = (2πσ2)−1/2exp

(
−1

2

(x− µ)2

σ2

)
(2.3.1)

where σ refers to the standard deviation, µ refers to the mean (in the present instance

the experimental data) and x refers to the results from the FPM and the errors is

assumed to be drawn from the Normal population. Since the joint probability of
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obtaining each element within the sample (assuming each error element is an inde-

pendent measurement) is the product of each PDF, the equation for the likelihood

function (L) is:

L =
n∏

j=1

1√
2πσ2

exp

−1

2

[
(xj − µ)

σ

]2 (2.3.2)

Then converting to a log-likelihood function (l) turns the product into a sum, given

by:

l =
−n
2

ln 2π − n

2
lnσ2 − 1

2σ2

n∑
j=1

(xj − µ)2 (2.3.3)

The above equation is used to calculate the log-likelihood function in Nested

Sampling.

Nested Sampling calculates the likelihood in a way that uses MCMC methods.

However, rather than sampling from the entire likelihood directly (which can be a

challenging and computationally expensive task), NS uses a constraint L(x) > L∗

in order to “bound” the likelihood search space. From here, this space is iteratively

shrunk by increasing the threshold of L*, essentially looking for samples that have

higher likelihoods within our earlier defined bounds. This method can be likened to

solving a simple problem multiple times, as compared to typical MCMC methods

which solve a hard problem once [35].

The objective of the likelihood function is to calculate the probability of a sample

(generated from a model through a parameter value θ) matching the given data. The

function itself differs from other least-squares methods in that it does not assume

normality by merely calculating the error term between the predicted and actual data,

but seeks to minimize an objective function. This objective function is derived from

knowledge of the distribution of the data. Therefore if a non-gaussian distribution
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of errors is expected - and knowledge of the underlying distribution is known - the

likelihood function can estimate parameters for this.

2.3.3 Limitations with using Nested Sampling

As mentioned in previous sections, Nested Sampling is an iterative application of

Bayesian Inference. Therefore, for the algorithm to converge, it must repeatedly

sample points from the prior space, and in a direct application would use the first

principles model, in this case, the HSSM simulator to generate samples for the log-

likelihood function. This step is particularly computationally expensive, as this in-

volves solving a system of 10 ODEs and Nested Sampling typically converges after

50,000 such function calls based on our results.

Therefore, in order to reduce the computational load, a Neural Network (NN) is

used in combination with the Nested Sampling algorithm. Specifically, a NN trained

to replicate the HSSM simulator is used as a surrogate model. The key benefit to

using this solution is that since the NN model is only meant to replicate the simulator,

there is essentially an infinite amount of data that can be used to train the NN. This

means that the NN can be designed to be “prepared” for every scenario during the

training phase.

2.3.4 Neural Network: Inputs and Outputs Selection

As the purpose of the NN model is to replicate the HSSM simulator, the appropriate

inputs and outputs were determined by looking at the first principles model itself.

The outputs of the NN, which are the same as the outputs to the HSSM simulator

are the trajectories of certain variables that occur within the bioprocess. Specifically,
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the model will be used to predict the trajectories of VCD and Glucose.

The inputs to the model were determined by looking at the first principles model.

Based on the inputs used to generate a result from the HSSM simulator, certain

variables/values were collected as potential inputs into the model. These included the

Initial Conditions for VCD and Glucose and the trajectory given to the VCD setpoint

in the PI controller. In addition, since the neural network is desired to replicate the

ability of the simulator to compute trajectories of the variables for various values of

the parameters (umax and death rate), these are also used as ‘inputs’ in developing

the NN.

Thus, there are a total of 35 potential inputs into the NN model. Note that the

present application recognizes that the intent of the NN is to fit (as much as possible)

the dynamics of the first principles models, and thus is set up to give the NN the

best chance to do this. Giving input data that is correlated would not benefit the

NN design in any fashion, and it stands to reason to ensure that the input data is

uncorrelated. To achieve this, the chosen input data was passed through a PCA filter.

As the figure below (2.2) shows, the dataset can explain itself in 12 scores, implying

that there are 23 inputs that are correlated, and therefore should not be defined as

the inputs to the NN.
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Figure 2.2: PCA Analysis of Input data to Neural Network

The PCA analysis enables realizing what in retrospect seems obvious: while the

VCD trajectory does change every 6 days, it does not change between these intervals.

Therefore, the inputs were redefined to just include the first timestep at which the

VCD setpoint changes, rather than the entire trajectory. This shortened the number

of inputs needed to 12. Recalculating PCA scores reveals that 12 scores are needed

for this new set of inputs, verifying that each input is independent. Finally, as the

first VCD setpoint is common for all runs, this was removed as well and the input

space was further shortened to 11 inputs.

2.3.5 Neural Network Structure and model training

In order to determine the best structure for the NN model, a series of trials were set

up in which different hyperparameters were adjusted. From this, the structure shown

in Figure 2.3 below was obtained.
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Figure 2.3: Proposed structure for NN

As illustrated above, the model has 8 hidden layers, and a progressively decreasing

number of nodes as the layers progress towards the output. The number of nodes

decreases from 800 nodes in the first layer to 200 nodes by the 8th layer. The activa-

tion functions were chosen to be ReLu in all of the hidden layers, and sigmoid in the

output layer.

As mentioned in previous sections, the goal of this NN is to replicate the FPM.

Therefore, the training data used is generated from the HSSM model itself. A col-

lection of 50,000 runs was generated with varying set-point trajectories, parameter

values and initial conditions to appropriately excite the data for this purpose. Addi-

tionally, a further 5000 runs were generated for testing purposes. It is important to
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stress that this task was fairly trivial to accomplish given that no experiments were

needed to ‘collect’ this dataset.

A variety of training methods were deployed when developing the NN. From these,

a variation of the mini-batch method was selected. The training algorithm is described

below:

1. While loop keeps going till the validation score does not change in the past 500

epochs

(a) Randomly samples 1000 points from full Training Dataset

(b) Takes sampled data in batches of 32

i. Forward Calc

ii. Loss Calculation

iii. Back Propagation

iv. Optimizer to update weights (done after every batch)

(c) Calls rate scheduler function to update learning rate

(d) Evaluates testing data based on current weights to get a score

(e) Checks if the score got better in the past 500 epochs

The main difference between this method and the mini-batch method is that for

each epoch, the entire training dataset is not used. Rather, a subset (1000 batches) is

randomly chosen from the entire dataset at the beginning of each epoch. From there,

the standard mini-batch method using 32 batches at a time is implemented. While

this method does not yield significant improvements over the mini-batch algorithm,

it does reduce the training time significantly.
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2.4 Results

This section first presents the NN surrogate modelling results, followed by the pa-

rameter estimation results.

2.4.1 Neural Network Surrogate Model

Based on the Neural Network structure and training method described in the method-

ology section, a model was obtained. The fact that the NN is being used to build a

surrogate model for a first principles model (as opposed to training from an existing

data set) has significant implications on the design of the NN. It changes the entire

approach of NN design, in the sense that overfitting is not an issue, and that ‘exact’

replication is a possibly feasible, and desirable objective. Traditionally, overfitting

concerns arise due to the NN model having to predict scenarios for which it was

not trained, leading to errors in extrapolation, and NN possibly overfitting the noise

associated with experimental measurements. Clearly, noise is not a concern with sim-

ulated data, and because the data generation and training exercise is offline, sufficient

data could be generated to practically cover the entire range of expected utilization

of the surrogate model. This approach was followed in the present manuscript so

that the trained NN would be able to replicate any result seen from the FPM to a

high accuracy, and in turn, enabling the determination of the parameters of the first

principles model.
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Figure 2.4: Sample run from the testing dataset of the VCD trajectory

Once trained, the model was evaluated using the testing dataset. The mean-

squared error (MSE) was used to determine the model’s performance, essentially

representing the average error between the predicted and generated data. The MSE

was determined to be 1.375 × 10−5 for VCD (See Figure 2.4). This error value was

determined to be negligible and hence this model was chosen to sufficiently represent

the HSSM simulator.

2.4.2 Nested Sampling Results

Recall that there are two main objectives of the present manuscript. The first, and

main objective, is to detail a method to estimate parameters using complex models.

The second objective is to deal with the issue of high computational expense through

the use of surrogate modelling.

As mentioned in previous sections, a limited dataset generated from the HSSM

simulator is treated to be the experimental data for the purpose of this manuscript.

The parameters used to generate this data are not given to the Nested Sampling
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algorithm. These values, considered to be the “true” values are 0.81 and 0.06 re-

spectively. After running the algorithm (as mentioned in the methodology section),

a joint probability contour plot is generated.

Figure 2.5: Joint Probability Distribution for the estimated parameters

Figure 2.5 represents the joint posterior distribution of the growth rate and death

rate for the dataset shown to the algorithm. The darkened regions show areas of high

joint probability that the parameters are the right fit for the dataset. The red line

represents the “true” value of the respective parameters used during the generation

of the “experimental” data from the HSSM simulator.

After the Nested Sampling algorithm is converged, Dynesty produces data on mea-

surements conducted during the run. In this, the “coordinates” of the parameters
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chosen for a particular iteration along with their corresponding “importance weight”

(a metric that is directly related to the likelihood function) is shown. It is helpful to

visualize these results through the use of scatter and contour plots. Plots like Figure

2.5 are good at showing the spread of data due to varying levels of measurement noise

and possible correlations formed between the parameters. However, a major objec-

tive for this manuscript is the estimation of parameters, specifically with confidence

intervals. Therefore, a quantitative method to analyze these results is required.

The effect of using a surrogate model within the NS algorithm is significant. After

testing, it was found that using the HSSM model directly with the parameter estima-

tion algorithm resulted in it converging in 3 hours and 16 minutes. When using

the NN however, this convergence time is reduced to 3 minutes and 5 seconds.

The manuscript demonstrates the use of surrogate modelling for rapid estimation

of parameters. This is important for several areas, a key one being process control.

The present work would allow for the estimated parameters to be used in the deploy-

ment of models online. In cases where the environment and hence the parameters

within the bioreactor are changing, this can be especially advantageous. The rapid

estimation of parameters can also be beneficial in speeding the calculation of results

when designing new scenarios for the bioprocess, allowing for the rapid design of

experiments.

A Confidence interval is a range of parameter values that are shown to be rea-

sonably consistent with the data observed. These intervals are used alongside values

called confidence levels. This is the long-run probability that the chosen bounds cap-

ture the “true” value of the population parameter [36]. Therefore, adapting this for
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the present work, if one were to require an estimate for a set of parameters with a spec-

ified confidence interval, say 90%, then this method should be able to provide these

estimates with bounds such that if this trial was repeated n times, the “true” value

of this parameter must be included within these bounds 90% of the time. It should

also follow that higher confidence levels will lead to larger bounds and vice-versa. In

order to calculate the parameter multiple times, the first choice would be running the

Nested Sampling algorithm a desired number of times and determining the bounds for

each run. However, this method is computationally expensive, and would not allow

for the rapid estimation of parameters which is a major objective of this project. A

solution to this is the use of resampling methods such as Bootstrapping. Bootstrap-

ping is a statistical technique where samples are drawn with replacement from an

original dataset, usually to estimate a population parameter. This is typically done

in cases where only limited data is available, or it is too difficult to obtain more [37].

(a) Growth rate estimate (b) Death rate estimate

Figure 2.6: Visual representation of resampling method. Shown here is 100 runs
instead of the original 1000 for clarity.

Using the ”resample_run” function in Dynesty, the results from the initial NS

run are resampled using this technique. The resampled datasets are considered to be
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new runs of the NS algorithm and are a much more efficient way to recalculate the

parameter estimate bounds. These resampled datasets are then arranged by their

importance weight and a ’cutoff’ is implemented so as to select only the samples with

the highest weight. It should be noted that this cutoff value is selected based on the

desired confidence level of the bounds. From the selected samples, the highest and

lowest values for each parameter are chosen as the parameter confidence intervals

for that run. This is repeated for a certain number of times and the proportion of

failed against successful bounds determines the confidence level. Using the NS run

that Figure 2.5 was generated from, this method was applied to it. The results were

resampled a 1000 times and after rearranging these datasets by importance weight, a

cut-off of 10 was applied to it. This meant that only the 10 highest weighted samples

were taken from each dataset to calculate the parameter bounds. From this trial,

it was found that 46 out of the 1000 bounds failed indicating a confidence level of

95.4%. Therefore, based on the generated ’experimental’ data given, this algorithm

estimates that the growth rate is between [0.775, 0.871] for a confidence level of 95.4%
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Figure 2.7: Visualizing the reliability of NS results by passing estimates into the
surrogate model to predict trajectories of VCD

A significant and practical challenge in Model Predictive Control designs is dealing

with system uncertainty. There are existing results [38] that use physics-informed

NNs online to quantify uncertainty in the process data for use in stochastic MPC

techniques. Another example, [39] developed a ’Safeness Index ’-based controller that

can be used to deal with stochastic non-linear systems with input constraints. If a

description of the uncertainty is available, stochastic model predictive control (SMPC)

can be deployed [40]. The present work presents a computationally tractable method

to provide this knowledge in the form of parameter estimates along with information

about their uncertainty in the form of confidence intervals.

The method shown above can be used to identify if the bounds obtained contain

the “true” value of the parameter. When dealing with bioprocesses, this representa-

tion of the parameter estimates may be helpful as an alternative to offline analytical
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measurement tools. However, if the goal of the parameter estimation is to use these

values in the development of complex FPM models, then a different way of analyzing

these results might be preferred. For example, a better test would be to see the qual-

ity of the predictions that arise from using the estimated parameters as compared to

using an ‘incorrect’ parameter value. Shown in Figure 2.7, the bounds estimated from

the NS algorithm were used to predict trajectories for VCD. This was compared to

the “experimental” (generated) data, as well as from sampling random values across

the usable parameter ranges. By analyzing the variation in predictions, one can ad-

just the bounds to determine acceptable thresholds based on the model development

problem at hand.

Note that due to the Gaussian nature of the distribution of noise in the data, the

likelihood function used for this project is a function of the error term between the

predicted and measured data. However, the likelihood function used is derived from

the Gaussian PDF, meaning that this function factors in the standard deviation (as

shown in eq. 2.3.3). This allows for the estimation of the spread of the data, which is

not possible when using prediction error metrics like the mean squared error (MSE).

The likelihood function allows for the estimation of parameters in cases where the

measurement noise is distributed in a non-Gaussian fashion. Additionally, historical

knowledge of the parameters could directly be used to bias the algorithm through the

use of the prior function.

2.5 Conclusion

This manuscript provides a method to estimate parameters from noisy measurement

data reliably through the use of confidence intervals, while also providing a solution to

36

http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece


M.A.Sc. Thesis – N. Mathias; McMaster University – Chemical Engineering

the issue of high computational expense from recursively evaluating complex models

by introducing a surrogate model in the NS algorithm. For this, a NN was trained

to replicate the HSSM model. Due to the function of this NN as a surrogate model,

the training and testing methodology used deferred from conventional NNs. Finally,

the NS algorithm was used along with the proposed surrogate model. These results

were analyzed and resampled using a bootstrapping technique to provide confidence

intervals for the estimates according to a desired confidence level.
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Chapter 3

Addressing practical concerns in

Parameter Estimation problems

3.1 Introduction

So far, the previous chapter has focused on using the likelihood function in the pa-

rameter estimation problem. As mentioned in the previous sections, the posterior

as calculated by Bayesian inference methods is a combination of three terms: the

likelihood, the prior, and the evidence terms. This chapter seeks to understand and

apply the other two terms to the work presented in Chapter 2.

The prior in Bayes theorem is defined as the probability that a given hypothesis is

true based on prior beliefs [9]. It can be interpreted to be the information obtained

from previous (or historical) runs. The information here is the knowledge of pa-

rameter distributions. As mentioned in the introduction, when a change is made to

an existing process, the parameters inherent to the system need to be re-estimated.

However, there may likely be a shortage of data, especially if the underlying process
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is expensive to run. One solution would be to adapt the information obtained from

older, but similar processes to the present problem. The prior function, which de-

cides how and where the algorithm should sample potential parameter values, can be

used to bias current runs towards more likely regions (as determined from previous

runs). Specifically, the posterior distributions from older runs can be used as the prior

function for the new run. Based on the above considerations, this chapter presents a

method to use historical data to inform current parameter estimation problems, es-

pecially when limited process data is available. Looking at similar studies done, the

Bayesian prior has been used extensively throughout the field of process engineering

[41–43]. However, there are relatively fewer studies on the prior function when look-

ing at Bioprocesses specifically. Two recent studies stand out in particular[44, 45].

While these studies have successfully shown the effectiveness of the prior function,

there are certain differences with the present work. [45] does make use of a normally

distributed prior function, but assumes that these prior distributions are available to

the user. Comparatively, the present work derives the prior function directly from

historical data, hence providing an all-in-one solution requiring just the data and the

first principles model. [44] is another important study done in this field. In this,

the author is able to demonstrate a feasible method to obtain a prior distribution

from the data. The difference here is that the prior function is partly derived from

user-based knowledge about the process. This is not always feasible, especially if the

parameters in question are not physically real values.

In the context of the present work, the same bioreactor is being considered as in

the previous chapter. This time, a new cell line is introduced, with new parameter

values. As this is a more recent implementation, there is a limited amount of data
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available. Therefore, this method attempts to adapt the parameter estimation results

from older cell lines to the newly available limited dataset

3.2 Present Work

3.2.1 Generating Simulated Data

As in the previous chapter, the HSSM simulator is used to generate simulated data,

of the kind that would be available during a typical run of the bioreactor. Similarly,

to simulate the effect of measurement noise, a random value is added to each point

in the predicted trajectories. These random numbers were generated from a normal

distribution with a standard deviation of 2. For the present work, there will be

data from 2 similar, but distinct process configurations. The first is a larger dataset,

consisting of 9 runs of the bioreactor. This collection represents historical runs from

an older cell line. The second is a limited dataset, consisting of just 1 run of the

bioreactor. As this collection represents a newer cell line introduced to the bioreactor,

it will have different (but similar) inherent properties, including the parameters that

are to be estimated from the former dataset. Another change from the previous

chapter is the number of input perturbations to the system. The data used before

changed its VCD set point every 3 days, resulting in 9 input perturbations. To

reflect more closely the real-world operation of such a bioreactor, the number of

perturbations was reduced to 2.
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3.2.2 Generating the Prior Function

The main difference in this method is how the prior function is defined for a pa-

rameter estimation run. As mentioned before, the prior function is typically used to

define a range of acceptable values for the algorithm to sample within. For Chapter

2, this was defined as a uniform range, meaning all values within these bounds had

an equal probability of being sampled by Nested Sampling. This can cause issues,

if the data received is limited. The presence of noise can also be a hindrance to the

algorithm, as with fewer data points, the chance that a “wrong” value might give

a high likelihood score is greater. One solution is to “guide” the algorithm towards

searching for points in likely regions. These likely regions are determined from previ-

ous experiments, where certain parameters may not have changed significantly.

Therefore, in order to come up with a prior function, one can use the posterior

distribution from older runs. This is because the posterior describes not only the

Maximum A. Posterior (The “most likely” parameter value), but also a distribution

of likely values across the acceptable range of parameter values. It collects the in-

formation received from sampling throughout the range during a Nested Sampling

run and condenses it into a distribution. One thing to note is that the posterior is

discretized, meaning that we see a collection of points after the algorithm has con-

verged. It is then our job to convert this mass of points into a usable distribution

function for the prior term. As the synthetic noise and the likelihood function are

both derived from a normal distribution, the posterior will typically also be arranged

in that distribution (see fig. 3.1). By calculating the mean and standard deviation,

we can model this into a usable function for the prior.
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3.3 Results

3.3.1 Prior Results

To obtain the final results for the proposed method, a prior function must first be

built. As mentioned in the previous section, this is done by estimating a posterior

distribution over older results. Therefore, in order to demonstrate this, a simulated

dataset was constructed. It contained 9 runs of the bioreactor, and all had the same

parameter values for the growth (0.9) and death rate (0.1). This is to signify that

these runs come from the same cell line. However, to induce some variation in the

information contained, each run had a different set of initial conditions for its VCD

and Glucose concentrations. The system was also perturbed (through its VCD set

point) to different random values for each run. Based on running this data through

the standard NS algorithm, the following posterior distribution plot is formed:

Figure 3.1: Prior Function, Mean = 0.930, Std Dev = 0.0896
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Based on the simulated data given to the algorithm, the parameters are estimated

relatively well, having captured the “true” value for growth and death rate within

its distribution whilst also having smaller confidence bounds (as compared to a 3 or

1-batch run). This is to be expected, as more data and as such more information is

being given to the algorithm, which results in more reliable predictions. This distri-

bution can be estimated by calculating its mean and standard deviation. This is a

relatively trivial calculation, but this means the distribution is assumed to be Gaus-

sian. However, the discretized nature of this method allows us to see distributions

that are non-Gaussian as well. A potential future study could look into estimating

non-Gaussian prior distributions

3.3.2 Proposed Method — Results

In order to demonstrate the effectiveness of this method, two scenarios were consid-

ered. The first considered a system that was perturbed less than default. Throughout

the work done on the HSSM model, the simulated bioreactor was perturbed 9 times

during its 27-day run (i.e. every 3 days). This number was reduced to just 2 per-

turbations per run. In fact, it was found in a study done on the same model that

there existed a trade-off between how many times the system could be perturbed and

the overall health of the cell culture [46]. As mentioned in the previous section, the

change to the overall algorithm is fairly minimal. This change occurs in the prior

function, which now represents a normal distribution (whose parameters were ob-

tained from section 3.3.1). Comparing this method — NS with informed priors —

to its uninformed counterpart shows that the estimation is better captured within its

distribution, and the ranges are smaller, indicating a more reliable prediction:
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Figure 3.2: Comparing the posterior distributions generated from informed and
uninformed priors

These estimation results were then sampled and used to make predictions on the

VCD trajectory. As shown below, the MSE score averaged across all predictions is

lower in the new method as compared to the original.
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Figure 3.3: Generating VCD predictions, sampled from the parameter estimates

The second scenario is one in which we are trying to estimate the parameters

before the run can be completed. In this scenario, the bioreactor has been running

for 5 days, as compared to the default 27 days. Comparing the NS results derived from

the informed prior method to the original uninformed method, we get the following:
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Figure 3.4: Comparing parameter estimation results for both methods. This
scenario has only the first 14 time steps of data available (compared to the

conventional ninety-time steps taken during the 27-day period)

The algorithm can estimate the parameters more reliably, as seen by the narrower

bounds. Using these estimates to predict trajectories, the informed priors are again

able to outperform the default method.
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Figure 3.5: Generating VCD predictions, sampled from the parameter estimates
(taken from the second scenario)

3.4 The Evidence

The final section of this chapter will be based on the evidence term in Bayesian

inference.

p(θ | D) =
p(D | θ) · p(θ)

p(D)
(3.4.1)

In the equation above (Bayes’ Theorem), the evidence is the term in the denominator

and is defined as the probability of the data being true over the entire range of

parameter values for a given model [9]. As mentioned in Chapter 2, for the purposes

of parameter estimation, this term is not given much importance. This is because

the assumption made is that only one model exists, the one the user currently has.

Combined with the fact that this term is hard to calculate means that the evidence is

usually given the term “normalizing constant” and neglected. However, this term is
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also purported to be incredibly useful for other applications, such as model selection

[9]. One potential use of model selection in our current framework is in selecting the

“right” surrogate model. As this model is in the form of a neural network, the idea is

to use this metric to compare between hyperparameter configurations. Determining

the model structure that strikes a balance between prediction accuracy and model

complexity will help develop surrogate models quicker and with better performance

in the future. Looking at similar works, studies that involve the evidence directly

are rare to find, especially in the field of process engineering and bioprocesses. There

are, however, studies in this field that apply similar model selection techniques. A

common metric used in these problems is called the Bayesian Information Criterion

(BIC). It works by taking the maximized likelihood value for the parameter and

penalizing it by the number of parameters used in the model [47]. However, the BIC

is an approximation of the evidence term. It doesn’t factor in the range/shape of the

prior space, but just the number of parameters. As mentioned previously, the eventual

goal of using the evidence is to select surrogate models for the parameter estimation

algorithm. This idea of Hyperparameter learning has been found in other works, but

outside the field of bioprocesses and chemical engineering in general. An important

example is [48]. In this, a Bayesian-based hyperparameter learning algorithm was

developed. The algorithm was run in an online fashion, meaning hyperparameters

were adjusted during the model training.

3.4.1 Challenges with calculating the evidence

Another name for the evidence is “Marginalized Likelihood”. This term refers to

how the evidence is calculated, through a technique known as marginalization. To
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illustrate this concept, a derivation for using the evidence in selecting between two

models (Model A and B)is given below [9]:

posterior ratio =
p(A | D)

p(B | D)
(3.4.2)

p(A | D)

p(B | D)
=
p(D | A)

p(D | B)
· p(A)

p(B)
(3.4.3)

p(D | B) =

∫
p(D, θ | B) dθ (3.4.4)

p(D | B) =

∫
p(D | θ, B) · p(θ | B) dθ (3.4.5)

In 3.4.5,
∫
p(D | θ, B) refers to the likelihood that the given data matches predic-

tions from model B (essentially the likelihood score). This can be calculated using

the marginalization step by integrating over all parameter values. As can be ex-

pected, then, a higher number of parameters can very quickly lead to an intractable

calculation or one that is too computationally expensive to justify its need. However,

some approximations can be made to estimate the evidence more easily. The Nested

Sampling algorithm is one such example. This method calculates the evidence first,

after which the posterior distribution is obtained. In fact, with every estimation, the

evidence score was also provided. Another method is the Laplace approximation,

used extensively to select hyperparameters for model selection [48].
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3.4.2 Model Comparison — Results

To demonstrate the potential use cases for the evidence, a series of models were built,

each describing the same process. The process is a standard continuous stirred-tank

reactor (CSTR) undergoing a second-order reaction. The first model had the highest

fidelity and was used as the data-generating process (DGP). It uses second-order

kinetics and accounts for heat lost to the surroundings. Synthetic measurement noise

is also added. The second model was simpler, made using just first-order kinetics.

This model also assumed the CSTR to be adiabatic. The third model is considered to

be an intermediate model, using first-order kinetics but also accounting for heat loss

this time. Process data from the CSTR is provided from the first model. As mentioned

above, the NS algorithm automatically provides the evidence score. Therefore, both

the second and third models are passed successively through the NS algorithm.

Figure 3.6: Comparing prediction and Evidence score across CSTR models)

The results show that the evidence score (logged) can be a predictor for model

performance. The original, high-fidelity model has the highest score, followed by the

intermediate model and then the simple one.
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3.4.3 Ockham’s Razor

Another application of the evidence is Ockham’s Razor, the idea that the simplest

explanation for something is often the best. The evidence is found to have the ability

to select the least complex model that fits the data well. It can penalize a model for

having added model complexity over another without the corresponding increase in

model performance. To demonstrate this, Model C (the simplest model) is used. A

modification was made by adding a “Garbage factor” to it, adding 1 more parameter

to this modified version. When passing both the original Model C and its modified

counterpart, the evidence score favours the original, simpler model.

Figure 3.7: Demonstrating Ockham’s Razor by comparing the intermediate model
with the modified “garbage factor” model )

This leads us to believe that this evidence calculation can choose simpler models

over more complex ones if the added complexity doesn’t lead to an increase in model

performance.

3.4.4 Limitations with the Evidence

Despite the promising results obtained, ultimately it was decided that research into

this would be dropped. As mentioned previously, the goal of the evidence for the

present work was to select surrogate model configurations for use in the parameter
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estimation algorithm. However, any hyperparameter algorithm proposed resulted in

it being too computationally expensive. This is because of the likelihood computa-

tion. In this scenario, the NS algorithm needs to sample different hyperparameter

configurations (no. of layers, nodes etc). After a particular configuration is chosen,

the Neural network needs to be trained on these parameters. Considering the large

number of samples needed to estimate parameters in previous problems, this method

is thought to be intractable at the moment.

3.5 Exploring Non-Gaussian Distributions

One of the distinguishing features of MLE methods is their ability to work with a

specified noise distribution. This can allow for the estimation of parameters in cases

where the underlying measurement noise is not distributed normally. Therefore, in

order to demonstrate this feature within the current framework, a simulated test case

was created.

A default 3 batch run was passed into the NS algorithm, but this time the syn-

thetic noise generated was sampled from a Skew-Normal (SN) distribution rather

than the typical Gaussian distribution. The SN distribution is based on the normal

distribution, but has another parameter known as “Skew”. This is also known as a

shape parameter, as varying this value will affect how skewed the distribution will

be. The PDF and derived likelihood function are shown below [49]:

PDF =
2

σ
φ

(
x− µ
σ

)
Φ

(
λ
x− µ
σ

)
(3.5.1)
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l = n ln

(
2

σ

)
− n

2
ln(2π)− 1

2

∑(
x− µ
σ

)2

+
∑

ln

(
Φ

(
λ
x− µ
σ

))
(3.5.2)

Where ’φ’ refers to the PDF of a normal distribution, and ’Φ’ refers to the cumulative

distribution function (CDF) of the same. For context, the following histogram was

generated when 1000 points were sampled from an SN distribution having a skew of

5 and a scale (standard deviation) of 2.

Figure 3.8: 1000 points sampled from an SN distribution with skew = 5 and
standard deviation = 2 )

The results from the NS algorithm compare the normal distribution to the SN

distribution. The estimates from the normal distribution are not able to capture the

true value within its 25th to 75th quantile.
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Figure 3.9: Comparing parameter estimates using normal and SN distributions )

Using these estimates, a collection of 1000 predictions was sampled and used to

construct a confidence band:
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Figure 3.10: Constructed Confidence bands from normal and SN based parameter
estimates

Based on this, the results from the SN distribution had both an overall lower

failure rate and a lower area covered by the confidence bands. This indicates that

this framework is able to provide better and more reliable results once information

about the underlying noise distribution is specified. It is also important to note that

the evidence metric reflects directly, by giving the SN distribution a higher value.
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Chapter 4

Conclusion

This thesis has explored integrating data-driven techniques with Bayesian inference

in order to address practical challenges in parameter estimation problems. The use

of surrogate modelling allows for the estimation of parameters from high-fidelity first

principles models. The problem of limited data in new processes is addressed through

the use of informed priors in the same parameter estimation algorithm. Finally, while

an investigation into the evidence term revealed the metric’s ability to select the

“right” model from a series of alternatives, this method could not be feasibly adapted

towards selecting surrogate models without being too computationally expensive.

Overall, by demonstrating some of the practical challenges that can be overcome

with Bayesian inference, this research has contributed towards the advancement of

probabilistic parameter estimation methods in bioprocesses.
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4.1 Future Work

Below is a list of future directions this research can take:

4.1.1 Non-Gaussian prior functions

In the work presented in Chapter 3, a normal (Gaussian) distribution was assumed

for the distribution obtained using historical data. In the future, it would be more

realistic to determine the actual distribution present in the data.

4.1.2 Dealing with “bad” priors

If the prior obtained from historical data has a distribution that is significantly differ-

ent from the current data, the algorithm has no way of knowing this and will continue

to bias the search toward the “wrong” range of parameter values. In the future, it

would be an important step to be able to distinguish between a good and a bad prior

estimate, perhaps through the use of the evidence score.

4.1.3 Hyperparameter Learning using the Evidence

While the overall consensus in section 3.4.4 was that selecting surrogate models was

too computationally expensive, there is still a lot of potential in the evidence term.

With the right assumptions made (like the no. of epochs used, or the amount of live

points at a particular iteration of the NS algorithm), this method could be used to

develop the least complex surrogate models that are still able to predict the data well.
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