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that some current points will be covered. As mentioned above, these have to be
bought or expropriated at the developer’s expense. In this case, the expropriation
costs will reflect land prices. (2) Locating a facility which is undesirable due to
hazardous materials processed or due to contamination effects (i.e. a landfill). (3)
Locating a facility operation of which may pose risks to the residents (i.e. a high
voltage electricity distribution station). (4) Locating a facility where some points are
forbidden. In this case a very large expropriation cost, say M, may be assigned to

each forbidden point.

3.2.2 The planar maximal covering problem with single convex
polygonal shapes

In Chapter 5, we study the planar maximal covering problem with single con-
vex polygonal shapes (PMCS). This problem is intended to address Gap 1 identified
in the continuous covering problem literature.
Formal statement of the problem PMCS. Given N fized points indexed by i and
the weights w; € Rt associated with these points in the Euclidean plane R?, find
the location of a single convex polygonal shape, such that the total weight covered is
maximum. &

The PMCS is equivalent to investigating maximal point containment by a
coverage area in the Euclidean plane R2. While some algorithmic approaches (see,
Barequet et al., 1997; Dickerson and Scharstein, 1998) investigating planar transla-

tions of convex polygonal shapes to facilitate maximal point containment exist in the
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computational geometry literature, there are only two (see, Section 2.2.1.2) studies on
the exact methods for general m-sided regular convex polygonal shapes. In Chapter
5, we illustrate a general methodology that can be used to generate the formulations
of this problem for any m-sided convex polygonal shape, and an exact procedure
suitable for solving these problems.

For generating the formulations of the planar maximal covering problems by
various single convex polygonal shapes, we use a simple methodology which defines a
convex shape to be the intersection of a set of half-planes. Consider a bounded feasible
location plane B, and let ¢ and j be two points with known locations (z1;, z2;) and
(@1, ®2;) in this plane, respectively. A line \;; passing through these two points is a
set of points (z},2}) such that,

To; — T9;

— ’od o 7 3 ’ .

/\ij={(xl,l’z)EB-ﬂUz—J?zi-——'(Jil—wu) —0}-
Z1; — T

Such a line defines two closed half-planes. Denote these half-planes with

7r;§ and 7;;. These half-planes are given by:

m._w.
7r;;£{(az’l,xé)GB:xg—xgi—u-(a:'l——a:u) 20}

Ty — T4
and
_ T2j — T2
— ! ’ R J ? /
T = {(a:l,a:2) €EB: 2y —x9— ——— (2] —z1;) < 0} .
Z15 — Z14

Next, consider a convex polygonal shape S, which is to be located on the plane
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B. The coverage area of the shape can be represented as a closed convex subset of B.
To illustrate this, consider the following lemma regarding the separation of a convex

set.

Lemma 1 Let S be a closed convex set in R*. Then S is the intersection of all

half-spaces containing S.

PROOF See, Bazaraa and Shetty (1979). W

For the formulation of PMCS, we use the property illustrated by Lemma 1.
We represent the shape S as a closed convex subset of the feasible location plane B.
We exemplify an m-sided convex polygonal shape by the intersection of m half-planes.
These half-planes are defined by means of a collection of line inequalities which are
constructed by using the extreme points (i.e. vertices) of the convex shape. Let
Aij be the line equalities which are constructed by using the vertices ¢ and j of the
convex shape. We convert the line equalities A;; into line inequalities which define
the half-plane containing the coverage area of the shape. We control the covering
decision by specifying if a fixed point falls to the interior of the intersection of these
half planes (i.e. into the coverage area). We employ (m + 1) binary variables to
produce these types of covering constraints for each fixed point. This strategy results
in mixed integer linear formulations for the anticipated PMCS problems regarding
various convex polygonal shapes.

These types of covering problems have several real-life applications such as lo-

cation of convex area facilities, transmitter location, inspection of geometric shapes
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and locating directional antennas whose coverage areas extend in particular direc-
tions (Younies and Wesolowsky, 2004). The formulations are applicable to triangles,

rectangles, symmetric quadrilaterals, parallelograms, rhombi and regular polygons.

3.2.3 The dynamic planar expropriation problem with single convex
polygonal shapes

In Chapter 6, we study the dynamic planar expropriation problem with single

convez polygonal shapes (DPECS). This problem is intended to address Gaps 1 and
4 identified in the continuous covering problem literature.
Formal statement of the problem DPECS. Given N fized points indexed by i,
the expropriation costs cy € RT associated with these points in the FEuclidean plane
R% and the relocation costs vy € Rt associated with multiple time periods indexed
by t, find the successive locations of a single convex polygonal shape through multiple
time periods, such that the total cost of the expropriated points and relocation costs
through this planning horizon is minimum. &

When the shape is expected to function over multiple time periods, it is true
that the system parameters such as expropriation costs and fixed point locations are
subject to change. In such a dynamic setting, relocations of the shape may be allowed
within the planning horizon to minimize the total expropriation cost. However, in
reality, such relocations can not be carried out without incurring relocation costs.
Therefore, when single-period continuous covering problems are extended to multiple

time periods, the planner must ensure a balance between the total expropriation
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cost reductions achieved by relocating the shape and additional costs due to such
relocation decisions.

To study the above-stated problem, we first formulate its single-period variant,

namely, the single-period planar expropriation problem with single conver polygonal
shapes (SPECS). A formal statement of this problem is as follows.
Formal statement of the problem SPECS. Given N fized points indexed by i
and the expropriation costs ¢; € RT associated with these points in the Euclidean
plane R?, find the location of a single convex polygonal shape, such that the total cost
of the expropriated points is minimum. '

The diametric opposite of an optimization problem arises when the optimiza-
tion direction for its objective function is reversed (i.e. from minimization to max-
imization or from maximization to minimization). Throughout this thesis, we will
use this term to indicate such related models. Under this definition, one may now
observe that the SPECS is the diametric opposite of the planar mazimal covering
problem with single convex shapes (PMCS) introduced in Section 3.2.2.

Therefore, in Chapter 6, we first show how the formulation for planar mazimal
covering problem with single convex shapes (PMCS) extends to its diametric opposite
SPECS. Subsequently, allowing a dynamic setting where the system parameters
evolve through multiple periods, we show how the formulation for SPECS extends
to its multi-period variant, namely, the dynamic planar expropriation problem with
single convex polygonal shapes (DPECS). We also illustrate an appropriate dynamic
programming procedure for the solution of this problem.

Wesolowsky (1973) introduced two assumptions for the dynamic location mod-
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els, both of which also apply to our particular problem formulation. These are sum-
marized as follows.

Assumption 1 (Wesolowsky, 1973). Each relocation cost v; is independent from the
distance the shape is moved, and is also independent from the number of time periods
it will remain at its new location.

This assumption establishes that the dynamic model we discuss in Chapter 6
is a fixed-charge location model where the relocation costs are associated only with
the relocation decision.

Assumption 2 (Wesolowsky, 1973). Each expropriation cost ¢ and relocation cost
vy, 48 adjusted to represent its present value at t = 1.

This assumption establishes that the cost parameters are forecasted for the
planning horizon and appropriately discounted to reflect the time value at ¢ = 1.

In addition, we would like to introduce the following two assumptions, in that,
the solutions generated by DPECS are evocative. That is, the facility planner should
be able to interpret a meaningful location-relocation strategy from this solution.
Assumption 3. Phasing-in occurs at the beginning of the first period.

This assumption establishes that the shape is located into the feasible space
for the first time at the beginning of the first period.

Assumption 4. Phasing-out is not allowed.
This assumption establishes that the shape is present in the feasible space

throughout the planning horizon.
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3.3 Illustration of the models

All the problems are formulated as mixed integer programs (MIPs) and illus-
trated through examples and computational studies. Since we study a group of new
problems in this thesis, it is worthwhile to note that sample benchmark problems
regarding the models discussed in this thesis actually do not exist in the literature.
Therefore, we choose to illustrate all the proposed formulations and procedures on
randomly generated problem instances. All the MIP programs and proposed solu-
tion procedures were coded using the General Algebraic Modeling Systems (GAMS).

Details of implementation for each study are provided in the corresponding sections.

3.4 Organization of the thesis

The remainder of this thesis is organized into four chapters and four appendices
whose contents are as follows.

In Chapter 4, we study the planar expropriation problem with non-rigid rec-
tangular facilities. In Section 4.2, we provide a mixed integer nonlinear (MINLP)
problem formulation for a single facility with four sets of constraints. In Section 4.3,
we discuss a mixed integer linear problem for approximating the MINLP formula-
tion. Section 4.4 is devoted to describe the extension of the problems to multiple
facilities case by considering special non-overlapping constraints. In Section 4.5, we
develop three types of strengthening cuts based on the geometric properties of the
problems introduced in the earlier sections. Section 4.6 is reserved for introducing

a branch-and-bound algorithm we have developed for the solutions of MINLP prob-
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lems. In particular, we discuss new problem generation and bounding strategies for
this specific problem structure and provide an outline of the branch-and-bound algo-
rithm. In Section 4.7, we present two numerical examples for the branch-and-bound
algorithm by considering single and multiple faciliy cases, respectively. In the last sec-
tion we report our computational experience with the branch-and-bound algorithm.
In particular, we discuss many implementation details including preliminary experi-
ments, performance measure, experimental design, resource settings, random problem
generation, problem sizes, experiment termination statistics and results.

In Chapter 5, we study the planar mazximal covering problem with single convex
polygonal shapes. In Section 5.2, we provide a five-step methodology for formulating
the planar maximal covering problem regarding any convex polygonal shape. Section
5.3 is alotted to illustrating two types of cuts which can be identified based on the
geometric properties of the shapes under study. In Section 5.4, we provide a numerical
example for the problem formulations. Section 5.5 is organized in three sub-sections
to introduce the branch-and-cut algorithm we developed for the solution of planar
maximal covering problems with single convex polygonal shapes. In particular, we
introduce notations and calculation of upper and lower bounds. Then, we provide
an outline of the branch-and-cut procedure. In Section 5.6, we present a numerical
example for the branch-and-cut algorithm. In the last section, we demonstrate a small
computational study where we evaluate the bound qualities attained by utilizing cuts
provided in Section 5.3.

In Chapter 6, we study the dynamic planar expropriation problem with single

convex polygonal shapes. ‘In Section 6.2 we formulate the single-period planar ex-
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propriation problem with single convex polygonal shapes. Section 6.3 is devoted to
explaining the extension of this problem to multiple time periods. Thus, we formu-
late the dynamic planar expropriation problem with single convex polygonal shapes
in this section. In Section 6.4 we discuss the decomposition of the dynamic problem
structure to a set of static expropriation problems where the shape is present at the
same location through multiple time periods. Section 6.5 is reserved for discussing
two basic solution procedures for the dynamic planar expropriation problem with sin-
gle convex polygonal shapes. In Section 6.6 we demonstrate an incomplete dynamic
programming procedure we developed for the solution of this problem. Section 6.7 is
alotted to analyzing the growth of the branching trees for three solution procedures
discussed in Sections 6.5 and 6.6. In the last section, we present a numerical example
for the incomplete dynamic programming procedure.

In Appendix A, we provide two small computational studies to evaluate the
cuts introduced in Section 4.5 in terms of their effect on solution times of expropriation
problem formulations. We also present a convergence analysis for the branch-and-
bound algorithm developed in Section 4.6.

In Appendix B, we provide a series of formulations for illustrative planar max-
imal covering problems. In particular, we formulate the planar mazimal covering
problems with triangles and quadrilaterals.

In Appendix C, we provide a formulation for the three-dimensional expropri-
ation problem with single convex polyhedral shapes.

In Appendix D, we provide a formulation for the planar maximal covering

problem with non-rigid rectangular facilities.
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Chapter 4
Planar expropriation problem with non-
rigid rectangular facilities

4.1 Introduction

In this chapter, we study the planar expropriation problem with non-rigid rec-
tangular facilities (PENR). We extend the scope of the original expropriation prob-
lem (Berman et al., 2003) to rectangular non-rigid facilities which can assume any
rectangular formation between reasonable limitations imposed on their structure. The
facility is non-rigid in the sense that the formation of a facility is a decision subject.
That is, the lateral dimensions of the facility are decision variables. The problem
requires both location and formation decisions to be made simultaneously with min-
imizing the total expropriation cost. Formation requirements are introduced in the
model by limiting the aspect ratio of the length and width of the facility. The deci-
sion of whether a fixed point falls into the expropriation area or not is managed by
employing binary variables.

Let the area requirement for such a rectangular facility be A, and let its
length and width be [ and w, respectively. Since ! and w are also decision vari-
ables, the area restriction A = [ - w calls for a mixed integer non-linear program
(MINLP) formulation and the formation decision requires an extensive exploration of
the [ (w) = A/w tradeoff curve. To overcome this non-linearity, we substitute an ap-

proximate mixed integer linear (MILP) problem for the non-linear formulation. We
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also propose a continuous branch-and-bound framework which utilizes linear approx-
imations for the tradeoff curve associated with the facility formation alternatives.
The branch-and-bound procedure exploits the curve structure by investigating each
non-fathomed curve segment by further partitioning it according to reasonable as-
pect ratio steps, forming approximation lines over the curve segments, solving the
corresponding approximate expropriation problems on the approximation lines, and
bounding these segments.

When working with noxious facility location models the feasible location space
should be bounded, as otherwise the solution will occur at infinity. Therefore, we de-
fine lower and upper limits for location on both directions to describe such a bounded

feasible location space (i.e. we use a rectangular feasible location space).

4.2 Problem formulation for a single facility

The PENR problem requires construction of four types of constraints: ex-
propriation constraints, inclusion constraints, area restriction, and integrality and
non-negativity constraints. In this section, we explain how each type of constraint is

constructed and we provide the MINLP formulation of the problem.

4.2.1 Expropriation constraints

Consider a rectangular facility with an area requirement of A. Let (z1,z2)
denote the location of the center of the facility, and let (ai;,a2;) be the locations

of N fixed points indexed by i. Define an envelope f as a rectangle of the same
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Figure 12. Approximation to the tradeoff curve

I <VA-amay = lpax- (17)

These limits are illustrated in Figure 12. The approximation line for the
tradeoff curve defined by the formation limits may now be written as:
= ‘max ———— | " \W — Wnin) -
Wmax — Wmin v
Along with the approximation line (18), it suffices to write either (14-15) or (16-17)

to complete the formation restrictions, as a linear relationship between ! and w is
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already constructed by the approximation line. The approximate problem is then

given by the following MILP:

N
(PENRA) min {Zci-zi st (1—5, 12) V4 (6—9, 11, 16—18)}. (19)

=1
4.4 Extension to multiple facilities

A logical extension of the single facility problem is to consider multiple fa-
cilities having particular area requirements. In this case, the objective is to locate
multiple facilities in such a way that: (1) the area requirements of each facility is ap-
proximately satisfied; (2) the total expropriation cost is minimized; (3) overlapping
between facilities is avoided; and (4) formations of the facilities are decided.

In addition to the constraints considered in the single facility case, we have to
construct special constraints to enforce non-overlapping between multiple facilities.
In what follows, we show how the constraints of the single facility formulation (19)
are extended to the multiple facilities case and how the non-overlapping constraints
can be constructed. Finally, we state the planar expropriation problem with multiple

non-rigid facilities (PENRM).

4.4.1 Extensions of the expropriation, inclusion and formation
constraints

Consider K rectangular facilities indexed by k, with corresponding area re-

quirements Ag. Let the length and width of such facilities be [, and wy, respectively.
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Further, let (214, z2k) denote the locations of the centers of the facilities. Consider
the same binary definitions as those in Figure 11, with the exception that this time
the binary variables are additionally indexed for each facility. This is because we
consider K envelopes Qf utilized for the same purpose as the Q2 used in the single
facility case. These particular envelopes have the same formation and dimensions as
their corresponding facility. Therefore, the envelope Qf of facility & has its length
and width equal to Iy and wy, respectively. Thus, the expropriation constraints for

the multiple facility case are given by:

(ew —a) + 25 - M > = (20)

(or — a) = - M < == (21)
21 L

(Tok — @gi) + 255 - M > B (22)
-1

(zox — azi) — 25 - M < ?k (23)

%+ 2 + 2 + 2 < 3+ za (24)

where z; = 1 if fixed point ¢ is expropriated by facility &, and 0 otherwise.
Let the feasible location space be bounded similarly to what was done in

Section 4.2.2. We can construct the inclusion constraint set similarly to (6-9) as

follows:
LX 4 % < T (25)
UXt - 1”25 > 24 (26)
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12 % <o, @7)
{
Ux? - 5’“ > Zok. (28)

As in the single facility case, we allow formation limitations imposed by the
planner on facility k. Let o denote the aspect ratio of facility &, then we let the facility
assume any formation between the predetermined limits o min < o < Of max, Where
Ok min a0d 0y may define the extreme values of the aspect ratio within which the
formation of facility k is considered acceptable by the planner. Therefore, we generate

the formation restrictions and the linear relationship between [, and wy as follows:

A
We < 5 : (29)
k,min
A
E <y (30)
Xk max

V Ak - min < i (31)
lk S V Ak * C“Ic,max (32)

l min "'l max
lk = lk:,max + ( uk ax ) . (wk - wk,min) (33)

Wk, max — Wk,min

where lkz,max = 4/ Ak * Ok max; lk,min =V Alc * Ok miny Wkmin = 4/ Ak/ak,ma,x and Wk max =
v/ A/ 0tk min are known parameters.

4.4.2 Non-overlapping constraints

Non-overlapping constraints for facilities can be constructed by modifying the
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expropriation scheme used for fixed points as discussed in Section 4.2.1. In the ex-
propriation scheme, we form a rectangular envelope defined by length and width of
the facility around each fixed point by constructing four imaginary gridlines. We
then ask the following question: “Is there a facility located within this envelope?”. If
the answer is “yes” (indicated by binary variables), then we conclude that the fixed
point is expropriated (i.e. the point inevitably falls into the expropriation area of the
facility).

For deriving logical non-overlapping constraints between two facilities j and &,
first we define a rectangular envelope around facility j, centered at (z;,z2;) as illus-
trated in Figure 13. This envelope is denoted by Qﬂ and we construct it by using the
dimensions of both facilities 7 and & (i.e. it is a rectangular envelope whose length
and width are (I; + ) and (w; + wy), respectively).

Let A5, A5, A5, and AL, be four gridlines passing through the vertices of this
envelope, shown as dashed contours. The explanation of binary definitions given
by Figure 13 is as follows. Let 19]1; = 1 if zy; falls to the left of the right gridline
Afy, and O otherwise. ¥ = 1 if z1; falls to the right of the left gridline Af;, and 0

otherwise. 19% = 1 if 9 falls below the upper gridline )\g, and 0 otherwise. 19122 =1if

x9i falls above the bottom gridline )\ﬂ, and 0 otherwise. We can now consider how
to enforce non-overlapping: “Is there a facility &k located within this envelope Qﬂ?”.

If the answer is ¢

‘yes” (indicated by the above binary variable definitions), then we
conclude that the facilities j and & are overlapping. Thus two facilities j and & overlap

along the X; dimension if following two constraints hold:
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Figure 13. Binary definitions for non-overlapping

w; + w

(z1p — @1) + 0j - M > £J2—’“) (34)
—(w; +w

(z1k — 15) — Oja- M < -% (35)

Similarly, two facilities j and & overlap along the X, dimension if following

two constraints hold:

(4 + )

(w2 — @95) + 95 - M > (36)
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"(lj+lk)_

(l’gk - CL'gj) - ’19?,3 -M S 5

(37)

Note the important fact that two facilities overlap if and only if they overlap
both along X; and X, dimensions. To illustrate this, consider the case where we
have 191/19 = 1,19]k = ﬂ]k = 1 but 1932 = 0. In this case we see that the facilities
j and k overlap along the X; dimension; however they do not overlap along the
X, dimension. It follows that facility k lies below facility j because there is a vertical
distance more than (I; + ;) /2 between their centers. Hence, to avoid overlapping,

binary variables ¥; k,ﬂ;i, ﬁfk and 193,% should never be equal to 1 simultaneously. To
introduce this into the formulation, we have to add the constraint:
Wik + 0k + 9% + 9% < 3. (38)
Whereas we discussed the constraints between two facilities, the same type of
constraints are required for all pairs of facilities (i.e. none of them should overlap).
Therefore, in the formulation, we include the non-overlapping constraints between
all facility pairs {(j,k): j # k}. Hence, the expropriation problem with multiple
non-rigid facilities PEANRM can be stated as follows:

k=1 =1

(PENRM) min {ZZQ Zik (20 — 24), (zix, 2, 25, s

zir € {0,1}) Vi, k; (25— 30,33), (1w, T2k, le, wx € RT) Vk;

(34 - 387)> (ﬂlltﬂ%kaﬁ ik I% € {07 1}) Vjaka .] 7é kp. (39)

J J
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4.5 Strengthening cuts

In this section, we illustrate three types of strengthening cuts based on the
geometric properties of the problems discussed in the earlier sections of this chapter.
We refer to the first group of cuts as global cuts. These are suitable for all the problems
discussed in this chapter. The second group of cuts are approximate problem-specific
cuts, which are intended to strengthen particular approximate problem formulations.
Finally, we discuss a third group of cuts which are useful for the multiple facilities

case.

Lemma 2 (Global cuts) The inequalities:
() z'+4+2zP2>1 Vi (40)

(b) 22'4+22>1 Vi (41)

7

hold for all the planar expropriation problem formulations.

PROOF  (a) From the binary definitions in Figure 11, one can observe that the

11

binary variables z}! and z}? can never be simultaneously equal to zero in a feasible

integer configuration. (b) The same argument as in part (a) applies. [

For the approrimate-problem specific cuts, consider an example approximate
problem p defined on a curve segment as illustrated in Figure 14. Let the limits on
the formation of the facility for this specific approximate problem be (w?, I} and

(wk ., 1P

max? “min/ *
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Figure 14. An approximate problem on a curve segment

Lemma 3 (Approzimate problem-specific cuts) If one of the arguments (a) |ay; — ain| >
wl i (b) |a2 — agn| > 1B, is true for the points i and h, i # h, then the inequal-
ity:

zi+zp <1 (42)

holds for the approzimate expropriation problem p.

PROOF (a) Notice that, the term |ai; — aip| is the rectangular distance between
points ¢ and h along X; dimension. If this distance is bigger than the maximum width

allowed in the approximate problem p, the points i and A can not be expropriated at
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the same time. (b) Similar to the argument in part (a), therefore omitted. [

Lemma 4 (Cuts for the multiple facilities case) The inequalities:

K

>z <1 Vi (43)

k=1

hold for the PENRM formulations.

PROOF  Since the overlapping between facilities is forbidden, a fixed point ¢ can

only be expropriated by one facility. [ |

In Appendix A, we illustrate two computational studies where we evaluate the

effect of these cuts on solution times of expropriation problem instances.

4.6 A branch-and-bound procedure

In this section, we discuss a branch-and-bound procedure which iteratively
partitions the I(w) = A/w tradeoff curve to segments and bounds the objective
function value of the mixed integer nonlinear expropriation problems of type (13)
defined on these segments. For this purpose, we differentiate between the following
problems defined on a curve segment:

(1) Mixed integer nonlinear expropriation problem p (MINLP-p). This is
the expropriation problem of type (13) defined on curve segment p (see, Figures
14-15).

(2) Approximate expropriation problem p. This is the approximate expropria-
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tion problem of type (19) defined on curve segment p (see, Figure 14). The objective
function value of this problem is used as an upper bound on the objective function

value of the MINLP-p.

pqp o
(wmin7lmax),""' Mixed intéger
This is the tangent R nonlinear preblem p
. is defined on*“this
l line curve segment
p _
r'y lTl S
-
' (Iwn}i'n’ ZTQ,.ma.x )
i
VAN
L N ST
H S,
[ (w) = A/ P b2 ( 4 p )
w Awh, P . wk I

............

line T;p

P oP P
If, = 87, - why, + Cpy

w

[
>

Figure 15. Two auxiliary expropriation problems

(3) Auxiliary expropriation problems. These are two auxiliary expropriation
problems defined on the tangent lines 77 and 77 as illustrated in Figure 15. These
two problems are used to compute a lower bound on the objective function value of
the MINLP-p.

The tangent lines can be found as follows. Let the slopes of these two tangent

lines be sf; and sh, respectively. We can find the slope sf.,, with equalizing it to the
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first derivative of the curve function evaluated at the formation (w?, ,1? 3. That is,

dl/dw=—-A/ (w = s, Similarly, the slope s, can be found with equalizing it to

). Thus,

mln)

the first derivative of the curve function evaluated at the formation (w?

max ? mm

dl/dw = —A/( = sh,. Let, the possible formations on tangent lines 77 and

Whae)”
T3 be (wh,5,) and (why, I¥,), respectively. Then, the tangent lines 77 and T7 are
given by the equations 17, = s&, - wh, + Cry and 5, = s%, - wh, + Cre where Cry and
Cry are constant terms. Let, wf, .. be the largest width allowed on tangent line

TP and 1%

T2.max D€ the largest length allowed on tangent line 73, as shown in Figure 15.

min

By the definition of slope, we have s/ . -1 wh —wf. ) and s, =
T1 = max T1,max min T2

(12 i = Uy max) / (Whiay — whyi). From these two equalities, wf, .. and [ can be

T2,max
) and ( 14

. . » o
found. Then, using the formations (w§, ..,/ Whins By max)» the constant

terms Cr; and Cpy can be derived as follows: Cry1 = IL;, — s - Wiy ., and Crp =
U2 max — ST2 * Wrin-

Note that, the approximate expropriation problem and two auxiliary expro-
priation problems are simple mixed integer linear problems. In these problems, the
area restriction A = [/w is substituted with a linear relationship between [ and w.

Each segment p on the tradeoff curve [(w) = A/w is defined by an aspect ratio

interval [@f.  of 1, where of, =1F. /wP and of  =1[B /ul. (see, Figure 14).

mln’
Problem generation is done by a cutoff approach over aspect ratio intervals; hence, if
it is decided that a segment p will be investigated further, the corresponding aspect

af ] is divided into n equal intervals. We thus create n new

mln ? “'max

ratio interval [a®
curve segments; hence n new expropriation problems need to be investigated. Node

selection from the branching tree is done by a best node first strategy. Thus, among
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the candidate problems, we select the problem with the lowest objective function (i.e.

upper bound) value.

4.6.1 Notations

p : index for the segment problems;
f? + optimal objective function value of the MINLP-p;

o ¢ optimal objective function value of the approximate expropriation problem p;
(w?,.,2,) : optimal formation (i.e. width and length of the facility) found by the
approximate expropriation problem p;
f5, and fF, : optimal objective function values of the auxiliary expropriation prob-
lems defined on the tangent lines 77 and 77, respectively;

n : a number pre-determined by the user denoting the number of problems to be
generated;

VU : a list keeping track of the active (i.e. non-fathomed) problems;

U7 : a list where n new problems are kept temporarily;

UB(p) : upper bound on the objective function value of the MINLP-p;

LB(p) : lower bound on the objective function value of the MINLP-p;

UB* : best upper bound found.

4.6.2 Upper and lower bounds

The objective function value of the approximate problem p can be used as an
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upper bound on the objective function value of the mixed integer nonlinear expropri-

ation problem p. This is given by the following result.

Lemma 5 (a) A < wapr apr7 (b) fp < fp

PROOF (a) Due to convexity of the tradeoff curve {(w) = A/w. Since w > 0, the
second derivative of curve function, d?//dw? = 2A/w? is always positive, hence the
tradeoff curve is convex. Consider any convex combination wg,. = ¢ - wh;, + (1 —9)-

§ € [0,1] of the limits on the width in curve segment p. By the definition of

max ?

convexity,

L0 - Wiy + (1= 8) - why) < 8- L (wpn) + (1= 68) - 1 (wha) (44)

min

P
is true Vul,

of (44) is equal to I (w

€ [wh; . One may observe that, the left and right hand side

min» max

and [P

Lor» Tespectively, as shown in Figure 14. Thus,

W)

L(wg,) <1, Ywb, € [wh ,w?. ] and hence A =1 (wg,) wk, <IE, -wh .

apr) — ‘apry apr min’ “max apr apr = tapr ’

(b) By contradiction. Assume there exists an optimal approximate problem

formation (wZ,.,!%,) and an optimal MINLP-p formation (w?,[?) at the same curve

segment with corresponding objective functions and fP, such that f? > fF  as

apr
shown in Figure 16. Observe that there always exists a MINLP-p formation (w?*, {P*)
on the same curve segment which can fit into the coverage area of the approximate
problem formation ( wh lapr) and hence, covering at most the same number of fixed
points. Thus we have f? > ff > fP* which contradicts the optimality of /7. W

Let fp . = min{ff,, ff}, and (w?,,,,.) be the optimal formation corre-

aux Y ‘aux
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[ 4
(w)y=A/w

Curve segment p

lp __________
] —

apr]
lp*'f """"""""""

g

apr

Figure 16. Illustration of Lemma 5(b)

sponding to fP . The minimum of the objective function values of two auxiliary
expropriation problems can be used as a lower bound on the objective function value
of the mixed integer nonlinear expropriation problem p. This is given by the following
result.

Lemma 6 fP_ < fP.

aur —

PROOF Let the unknown optimal formation for the MINLP-p be (w?,{?) as shown in
Figure 17. Recall from the notations that, the objective function value regarding this
formation is fP. It is easy to observe that one can always find an optimal formation

(w?,.,2..) for an auxiliary expropriation problem on one of the tangent lines which
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can fit into the coverage area of the optimal MINLP-p formation (w?, ), and hence,
covers at most the same number of fixed points as (w?,(P), as shown in Figure 17.

Therefore, f2_ < fP. [ ]

auxr

[ &

(w)y=A/w

Curve segment p

1 E—
P feane

(41745

e b Rl e

Figure 17. Illustration of Lemma 6

4.6.3 Outline of the branch-and-bound algorithm

Step 1 (Initialization).

Define n; the list ¥ only includes the first problem corresponding to the aspect ratio
interval [min, Omax); UB(1) = UB* = 00, LB(1) = 0.

Step 2 (Problem generation).

(2.1) From the list ¥, select the problem p/ such that UB(p') = minyes {UB(p)},
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remove p' from W. Partition the aspect ratio interval of problem p’ into n equal
intervals and create n new problems, add these problems to W7,

(2.2) Vp € ¥T: (2.2.1) Solve the approximate expropriation problems and set the
upper bounds UB(p) = fZ,,. (2.2.2) Solve the auxiliary expropriation problems and
set the lower bounds LB(p) = f?, ..

Step 3 (Bounding).

(3.1) If minyeyr {UB(p)} < UB*, update the upper bound UB* +— minyeqr {UB(p)} .
(3.2) Remove the problems from ¥7 and add them to ¥.

Step 4 (Pruning).

Vp € ¥ : (4.1-Prune by bound) If LB(p) > UB*; (4.2-Prune by optimality) Else if
LB(p) = UB(p); fathom p and remove from V.

Step 5 (Check the list).

If ¥ # &, return to Step 2; else stop with optimal solution UB*. &

A convergence analysis of this procedure is provided in Appendix A.

4.7 Numerical examples for the branch-and-bound algorithm

4.7.1 Single facility PENR example: Example 1

We constructed a 50-point example problem (Example 1 hereafter) in a bounded
square having a dimension of 10 X 10 units, where the fixed point locations in each
dimension are randomly generated from uniform distribution U ~ [0, 10]. Each fixed

point has a unit expropriation cost of 1 and the area requirement for the single facility
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[0.4,4]

[0.4,1.6] [1.6,2.8] [2.8,4]

©

[0.4,0.8] [0.8,1.2] [1.2,1.6]

© O

Figure 18. Branching tree for Example 1

is 20 unit squares. The formation of the single shape is considered to be acceptable
in the aspect ratio interval [omin, Cmax] = [0.4,4] . The number of new problems to be
generated after each branching decision is n = 3. The data for this example problem
is given in Table 1.

The branching tree for this example is illustrated in Figure 18. Square brack-
ets above each node of the branching tree indicate the aspect ratio interval of the
corresponding problem. Solutions attained at each node in the branching tree are
summarized in Table 2.

According to the results presented at Figure 18, there are two alternative
optimal solutions at the nodes (5) and (6) of the branching tree with an objective
function value of 3. The facility location found by the approximate expropriation

problem at node (5) is (z1,z2) = (7.087,2.855) with lateral dimensions (w?,1°%) =
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Point ai; a; Point ag; as; ”
1 2.624264 2.672071 26 5.323392 4.831004
2 7.214577 0.420937 27 2.401478 9.221698
3 5.030869 5.04965 28 2.73379  9.967937
4 9.979267 7.057403 29 7.190492 5.200507
5 4.401408 3.390079 30 5.838773 8.300443
6 1.534631 1.179493 31 2.064844 7.012389
7 1.992227 1.182514 32 3.911611 4.015819
8 4.543277 2.179437 33 6.303549 9.195663
9 2.484197 4.44614 34 8.963257 9.337799
10 2.290888 5.327973 35 0.03591 7.248852
11 9.756471 6.981464 36 7.688158 2.438863
12 2.975805 9.533832 37 0.394231 1.292512
13 8.617978 6.952832 38 9.300951 0.123071
14 5.320528 6.530289 39 3.682208 4.262025
15 2.141231 9.946365 40 7.05713 0.628475
16 3.341322 5.738205 41 5.062653 5.671356
17 8.628258 3.854502 42 5.184912 0.229162
18 4.20512 8.106408 43 1.108956 4.518587
19 2.458259 6.719806 44 2.082176 8.453704
20 7.080638 2.574753 45 0.382973 0.623229
21 6.831599 5.754518 46 7.955007 6.259559
22 1.85656  8.229517 47 2.24412 9.241891
23 3.355435 0.599625 48 5.787337 7.942322
24 7.513105 5.897806 49 6.696141 9.111632
25 3.810221 1.478399 50 6.906478 0.879958

Table 1. Data for Example 1

7



Ozan CAKIR DeGroote School of Business
| P l x1 T2 wP r UB(p) LB(p) Pruned by
1 - - - - 00 0 -
2 || 7.22 2.73 5353 4.203 4 2 -
3 || 8.585 6.058 2789 7.237 6 5 Bound UB* =4
4 |l 8.834 4.801 2.291 8.760 4 4 Optimality
5 || 7.087  2.855 5087 395 3 3 Optimality U B* = 3
6 || 7.662 3.042 4677 4317 3 3 Optimality
7 7.772 3.156 3.969 5056 5 5 Optimality
ﬂ P || Area % Area gap « Points covered
1 - - - -
2 || 2249 1245 0.785  {17,20,36,50}
3 1 20.183  0.915 2.5048  {11,13,17,24,34,46}
4 || 20069 0.345 3.8236  {11,13,17,46}
5 || 20.0936 0.468 0.7764 {17,20,36}
6 I 20.19 0.95 0.923  {17,20,36}
7 |l 20.0672 0.336 1.2738  {17,20,29,36,50}

Table 2. Summary of the solutions for Example 1
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(5.087,3.951) and a resulting area of A®> = 20.098. The facility location found by
the approximate expropriation problem at node (6) is (z1,z2) = (7.662,3.042) with
lateral dimensions (w®,1%) = (4.677,4.317) and a resulting area of A% = 20.19. These

solutions are illustrated in Figures 19 and 20, respectively.

10 A N o

9

Figure 19. Optimal location for the single facility found at node (5)

4.7.2 Multiple facilities PENRM example: Example 2

To illustrate the case of multiple facilities, consider the same set of fixed points
and bounded region used in the single facility case. Two facilities each having an area

requirement of 15 unit squares are going to be located within this region. The for-
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10 v

Figure 20. Optimal location for the single facility found at node (6)

mation limitations imposed on the facilities are given by the aspect ratio intervals
(@1 min, @1.max] = [0.5,3] and [z min, @2,max] = [0.6,2.8]. Number of problems to be
generated after each branching decision is taken as n = 4. The branching tree re-
garding this example problem (Example 2 hereafter) is illustrated in Figure 21 and
solutions attained at each node of the branching tree are summarized in Tables 3-5.

According to the results presented in Figure 21, the optimal solution for the
multiple facilities example is attained at node (25) of the branching tree with an
objective function value of 4. Optimal facility locations found by the approximate
expropriation problem at node (25) are: (1) (x11,221) = (1.154,4.875) for facility 1;

and (2) (z12, z22) = (8.735,3.191) for facility 2. Optimal lateral dimensions found for
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Figure 21. Branching tree for Example 2

these facilities are: (1) (w?,12°) = (2.236,6.708) with a resulting area of A% =15 for
facility 1; and (2) (w3®,12%) = (2.445,6.136) with a resulting area of A3®> = 15.0025 for

facility 2. This solution is illustrated in Figure 22.
4.8 Computational study

In this section, we report our computational experience with the branch-and-
bound algorithm we developed for the solution of PEANR. In particular, we compared
this algorithm with two conventional MINLP algorithms, namely, BARON’s branch-

and-reduce algorithm and SBB’s branch-and-bound algorithm.
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H p Hal,min, al,max] T11 T w’f lll) Ag % Area gap o Points covered
1 |05 3 - - - - - - - .
2 | (0.5, 1.75] 6.944 8.618 5477 2739  15.0015 0.01 0.5 {30,33,34,18,49}
3 | (05,175 5714 8.618 5.477 2739 15.0015 0.01 0.5  {18,30,33,48,49}
4 | 1.753) 8.597 2.872 2765 5497  15.1992 1.328 1.988  {17,36}
S | [1.75.3] 8.585 3.42 2.780 5442  15.1777 1.184666 1.9512  {17,36}
6 | [1.75,2.375] 5.389  5.061 2.614 5763  15.0644 0.429333 2.2046  {3,5,14,26,41)
7 | 1752375 8.507 2.851 2.765 5.456  15.0858 0.572 19732 {17,36}
8 | 2.375.3] 8.844 3376 2312 6506 15.0418 0.278666 2814 {17,46}
9 | 23753 1.163  4.621  2.255 6.658 15.0137 0.091333 2.9525  {31,43}
10 | [2.375,2.6875] 8.746 3167 2.466 6.087 15.0105 0.07 2.4683  {17,36}
11 | (2.375,2.6875] 3.741  6.374 2513 5.969 15 0 2375 {16,18,32,39}
12 | 2.6875,3] 1163 4.62 2255 6.654  15.0047 0.031333 29512 {31,43)
13 | 12.6875,3] 1.163  4.806 2.255 6.655  15.007 0.046666 2.9512  {31,43)
14 | [1.75,2.375] 8.328 3191 2.926  5.126 15 0 17518 {17,20,29,36,50}
15 | [1.75,2.375] 8.597 2,957 2.765 5.456  15.0858 0.572 19732 {17,36}
16 | 2.375.3) 1122 4.636 2244  6.686  15.0033 0.022 29799 {31,35,43}
17 | [2.375,3) 1122 4.636 2244  6.687  15.0056 0.037333 29799 {31,35,43}
18 | [2.375,2.6875] 8.757 3.141 2487 6.035  15.009 0.06 2.4266  {17,36}
19 | 2.375,2.6875] 8.746  3.167 2.466 6.087 15.0105 0.07 2.4683  {17,36}
20 | 12.6875,3] 1122 4821 2244 6685  15.011 0.073333 2.979  {31,35,43}
21 | [2.6875,3] 1.163  4.806 2.254 6.655  15.0003 0.002 2.9512  {31,43}
22 | [2.6875,2.84375] 8.844 3474 2312 6.489  15.0025 0.016666 2.8066  {17,46}
23 | [2.6875,2.81375] 1.217  4.653 2.362 6.349 15 0 2.6879  {10,31,43}
24 | 2.84375 3] 1.163  4.619 2.255 6.633  15.0025 0.016666 2.9503 {31,413}
25 | [2.81375,3] 1.154 4.875 2.236  6.708 15 0 3 {31,43}

Table 3. Summary of the solutions for Facility 1 - Example 2
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” P I [a2!mjn, a27max] T2 Tz Wy lg Ag % Areagap (2  Points covered ﬂ

1 | 0628 . . . - - . . .

2 | 06,17 4449 1772 4914 3.087  15.1695 1.13 0.6282  {1,8,23,25}

3 | 1728 8.607 2.85 2.785 5423 15.1281 0.854 1.0472  {17,36}

4 | 0617 1.488  4.001 2976 5.044 15.0109 0.072666 1.6948  {1,9,10,43}

5 | 17,238 3.828 4618 2407 6.28  15.1139 0.772666 2.609  {5,8,16,32,39}
6 | 06,113 2.025 3.403 3.977 3.85  15.3114 2.076 0.968  {1,9,32,39,43}
7 | pis17 5019  4.436  3.355 4.512  15.1377 0.918 1.3448  {3,5,14,26,32,30,41}
8 | [0.6,1.15) 2.536  7.238 5 3 15 0 0.6 {18.19,22,31,44}
9 | pasa 8.453  3.067 3.004 4878  15.0925 0.616666 15765  {17.20,29,36}
10 | (.15.1.425) 1.689  6.791  3.305 4.545  15.0212 0.141333 1.3751  {10,19,22,31,44}
11 | (142517 6.946  2.733  3.244 4.623 15 0 1.425  {20,36,40.50}
12 | [(1.15,1.425) 8.109  2.957 3.612 4.153 15 0 115  {17,20,36}

13 | 425,17 8.318  3.192  3.244 4623 15 0 1425  {17,20,29,36}
14 ;17,225 5.733  3.705  2.663 565  15.0459 0.306 21216 {3,8.21,26,41}
15 | 2.25,2.8) 3.828 6513 2407  6.25  15.0437 0.291333 2.5965  {12,16,18,32,39}
16 | (1.7,2.25) 8.607 2.820 2.784 5412  15.067 0.446666 1.9432  {17,36}

17 | [2.25,2.8) 8.746  3.173 2466 6.1 150426 0.284 2.4736  {17,36,46}

18 | (2.25.2.525) 1.327  4.087 2382  5.809 15 0 2.25  {9,10,19,37,43}
19 | [2.525,2.8) 1.247 4575 2422  6.194  15.0018 0.012 25573 {10,31,43}
20 | (2.25.2.525] 8.746  3.166 2.466 6.085  15.0056 0.037333 24679 {17,36}
21 | [2.525,2.8] 8.732  3.077 2437 6.154 15 0 25252 {17,36,38}

22 | [2.25,2.3873] 3.758  6.961 2.547 5801  15.0043 0.028666 2.3120  {12,16,18,39}
23 | [2.3875,2.525) 8.746  3.165 2.466 6.083  15.0006 0.004 2.4667  {17,36}

24 | (2.25.2.3875] 8.506 2.905 2582 5810 15.0014 0.009333 2.2501  {17,36,38}

25 | [2.3875.2.525] 8.735  3.191 2445 6.136 150025 0.016666 25096  {17,36}

Table 4. Summary of the solutions for Facility 2 - Example 2
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P I UB(p) LB(p) Pruned by W‘
1 o0 0 -

219 7 Bound UB* =UB(4) =6
3|7 6 Bound UB* =UB(4) =6
4 16 4 -

5 |7 4 -

6 {10 6 Bound UB* =UB(9) =6
717 7 Optimality

8 |7 7 Optimality

9 16 5 -

10 |7 6 Bound UB* =UB(12) =5
1138 6 Bound UB* =UB(12) =5
12 |5 5 Optimality

13 |6 5 Bound UB* =UB(12) =5
14 | 10 8 Bound UB* =UB(12) =5
15| 7 5 Bound UB* =UB(12) =5
16 | 5 5 Optimality

17| 6 4 -

187 7 Optimality

19 |5 5 Optimality

20 (5 4 -

21 |5 5 Optimality

22 ([ 6 6 Optimality

23 | 5 5 Optimality

24 | 5 5 Optimality

25 | 4 4 Optimality UB* = UB(25) = 4

Table 5. Summary of the bounds for Example 2
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Figure 22. Illustration of the optimal solution for Example 2

4.8.1 Experiments and basis for measuring performance

In our experiments, we found that many conventional MINLP solvers are not

suitable for our particular PENR problem. The objective function of PEN R is nei-

ther convex nor differentiable. Hence well-known MINLP solvers such as MOSEK,

KNITRO, and FILTER did not work for this problem because these solvers make use

of the convexity or second-derivative information. We also tried some other solvers

such as CONOPT, DICOPT and LOQO which are suitable for non-convex optimiza-

tion problems. However, it is well-known that when models with non-differentiable

and non-convex functions are submitted to these solvers, they become less reliable

and may terminate at solutions which are not local optima. Our experience with these
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solvers showed that their performance in solving PENR is unsatisfactory. Most of
the time, these procedures stopped prematurely and returned relaxed MINLP solu-
tions or terminated after facing local infeasibility for a subproblem in the branching
tree. Hence, we did not find the solutions generated by these solvers comparable to
our branch-and-bound scheme. The results we obtained by using BARON and SBB
were much more meaningful and comparable to our branch-and-bound algorithm than
those gererated by other solvers. Hence, to provide a basis for illustrating the perfor-
mance of our algorithm, we choose to compare it with BARON’s branch-and-reduce

and SBB’s branch-and-bound algorithms.

4.8.2 Design of experiments and resource settings

We created a set of test problems considering two factors: (1) number of fixed
points N; and (2) number of non-rigid facilities K. Each combination of the sets
N = {5,10,20,50, 75,100, 200,500} and K = {1,2,3} resulted in an instance of the
PENR problem. The fixed point coordinates ay; and ay; in each dimension were
randomly generated from a uniform distribution U ~ [0, 10] within a 10 x 10 square.
Finally, we allowed each fixed point to assume a unit expropriation cost ¢; = 1. The
properties and optimal solutions of the test problems under study are summarized
in Table 6, where #Discrete and #Constraints stands for the number of discrete
variables, and number of constraints, respectively.

The area requirement for each facility considered in this experiment is taken

as 15 unit squares and the dimensional formation of each facility is considered to be

86



Ozan CAKIR DeGroote School of Business

N K I #Discrete #Constraints Optimal
5 1 25 59 0
2 54 127 0
3 87 204 0
10 1 50 109 0
2 104 227 0
3 162 354 0
20 1 100 209 0
2 204 427 0
3 312 654 0
50 1 250 509 1
2 504 1027 2
3 762 1554 5
75 1 375 759 4
2 754 1527 8
3 1137 2304 13
100 1 500 1009 6
2 1004 2027 13
3 1512 3054 20
200 1 1000 2009 15
2 2004 4027 33
3 3012 6054 56
500 1 2500 5009 44
2 5004 10027 102
3 7512 15054 171

Table 6. Properties and optimal solutions of the problems under study
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acceptable within the aspect ratio limits [upmin, @max] = [0.5,1.5]. We selected the
number of new problems to be generated after a branching decision as n = 2 for small
problems N = {5,10,20}, n = 3 for moderate problems N = {50,75,100}, and n = 4
for big problems N = {200, 500} .

The algorithm was implemented in the GAMS modeling system and all experi-
ments were conducted on a 1.6 GHz desktop computer with 512 MB RAM. We utilized
CPLEX 10 as the MILP solver for tackling the approximate expropriation problems
generated by our algorithm. For the subproblems generated by BARON and SBB,
we utilized MINOS as the NLP solver and CPLEX 10 as the LP solver. Moreover,
it is worthwhile to note that our branch-and-bound algorithm has no preprocess-
ing capabilities whereas most of the conventional solvers do have such enhancements
to reduce solution times. For example, BARON and SBB are known to implement
preprocessing and perform multi-start local search algorithms on the root problem.

For evaluating the performance of these three algorithms by equal standards,
we also imposed some resource restrictions by using the option files provided by
the GAMS system. First, we imposed a 3 hour limitation on the CPU time by
adding the command option reslim=10800. Second, we used the command option
iterlim=100000 for imposing a limit of 100,000 on the number of iterations. Finally,
we ensured that the branching tree for each procedure is not bigger than 100,000

nodes by utilizing the command expropriation.nodlim=100000 within our code.
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4.8.3 Problem size

Problem size depends on two factors: N and K. A single facility PENR
problem is composed of 5N discrete variables and 10N + 9 constraints. The multi-
facility problem calls for 5N K + 2K (K — 1) discrete variables and 100NK + 9K (K —
1)/249K constraints. These numbers point out that the number of discrete variables
and constraints are more sensitive to the number of facilities considered. Clearly, an

increase in the number of facilities has a critical effect on increasing problem size.

4.8.4 Experiment results

The results of our experiments on the test problems with three algorithms are
summarized in Table 7. The legend for reading this table and average gap formula
(45) is as follows.

Legend.

GT : generation time (in seconds);

SR : solution returned;

CPU : total CPU time elapsed (in h:mm:ss format);

SBT : size of the branching tree;

 : procedure reached 3 hour CPU time limit;

I : procedure terminated prematurely by returning a feasible integer solution. This
corresponds to case 8 of GAMS’s SOLVE SUMMARY report. In this case, at the time of
termination MODEL STATUS will show that the solution obtained is a feasible integer

solution, but it is not necessarily optimal;
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BARON Branch & Reduce SBB Branch & Bound Algorithm
N K| 6T SR SBT CPU GT SR SBT CPU GT SR  SBT CPU
5 1 4008 o 5 0:00:02 | 0.04 0 30 0:0009 | 004 © 3 0:00:04
2 |l 008 o 13 0:00:03 | 0.11 0 64 0:00:19 | 0.06 0 4 0:00:04
3 o1z o 56 0:00:06 | 0.13 0 1901 0:04:46 | 0.06 0 5 0:00:08
10 1 ||oor o 7 0:00:03 | 0.07 0 113 0:0035 | 0.06 0 3 0:00:04
2 || 007 o 18 0:00:04 | 0.1 0 2136 0:09:38 | 007 0 4 0:00:04
3 o1z o 178 0:00:19 | 014 0 5886  0:25:15 | 0.07 0 5 0:00:08
20 1 |[oor o 33 0:00:10 | 0.07 0 2828 0:15:27 | 0.05 0 3 0:00:07
2 || 009 o 235 0:00:28 | 0.08 0 3026 0:16:14 | 0.07 0 4 0:00:18
3 || o1z o 13576 0:33:41 | 0.3 7k 14988 1:42:08% | 0.08 0 5 0:00:18
50 1| 01 1 4259 0:08:46 | 0.08 13% 21590 2:02:14F [ 017 1 1 0:00:24
2 |[ 017 7% 13937 300007 [ 025 NA 7578 10438 | 041 2 7 0:03:41
3 |[ 019 13% 4483 3.0000T | 032 NA 9778 14651 | 011 5 30 0:49:34
75 1 || 01 sk 47ae2 30000f | 021 12% 11176 1asaf | oar 4 10 0:02:05
2 || 019 12% 5317 300007 | 025 20% 16119 134:10f | 015 8 16 0:45:12
3 || 0.88 24% 1787 3:00:007 | 022 NA 6460  1:40:35 | 015 13 21 2:05:56
100 1 || 014 7k 25596 3:00:00T | 021 9% 11472 1:39:a5f [ 011 6 10 0:07:20
2 || 032 20% 3074 3:.00:00T | 0.43 NA 10790 2:14:04 | 011 13k 9 3:00:00f
3 || 021 38% 850 30000t | 028 NA 10204 23201 | 014 20% 10 3:0000f
200 1 [fo21 21% 7187 300:00f | 023 0% 10080 2:07:42f | 026 15 9 1:25:54
2 |[ 027 3% 617 30000T | 023 NA 3648 13627 | 031 33k 7 3:00:007
3 || 183 s2% 220 300007 | 036 NA 612 0:20:38 | 039 57k 6 3:00:00T
500 1 | 049 3% 825 3:00:007 | 0.27 65% 6068  2:46:561 | 0.46 44k 4 3:00:00F
2 || 05 1s3% 93 3:00:001 | 042 NA 1632 L4414 | 058 108% 4 3:00:00T
3 {os7 nNA 18 25447 | 0.76 NA 979 1351 | 103 17r% 4 3:00:00T

Table 7. Comparison of the algorithm with MINLP solvers

90



Ozan CAKIR DeGroote School of Business

Terminated by BARON SBB Algorithm
Count Average Gap || Count Average Gap |[ Count Average Gap
Optimality 10 - 8 - 17 -
CPU time limit 13 7324% | - - 7 15T%
Integer solution - - 7 300 % - -
Local infeasibility 1 - 9 - - -

Table 8. Termination summary

NA : procedure terminated after facing local infeasibility in branching tree by return-
ing no solution;

* ¢ solution returned is not proven to be optimal,;

OPT : optimal solution of the instance;

SALI : set of all instances;

NI : number of instances. )

It is evident from Table 7 that the results for our branch-and-bound procedure
compete favorably with two alternatives. Among the solutions presented in Table
7, those generated by SBB were of inferior quality. SBB was able to solve only
small problems with N = {5,10,20} to optimality. For a single facility moderate
N = {50,75,100}, and big N = {200,500} problems, SBB terminated prematurely
by returning integer feasible solutions. It was evident that multi-facility problems
become unsolvable for SBB very quickly.

The termination statistics regarding the three algorithms under study are sum-
marized in Table 8. Of those not solved by SBB, 7 instances were terminated pre-

maturely by returning integer solutions, and 9 instances returned no solution by
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