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Abstract

In this thesis, we study several applications of self-affine sets to wavelet theory. Five
major topics are considered here: wavelet sets (scaling sets), multiwavelet sets (generalized
scaling sets), self-affine tiles, integral self-affine multi-tiles, self-affine sets. We divide the
thesis into six chapters to discuss these topics.

In Chapter 1, the dimension function of a self-affine generalized scaling set associated
with an n x n integral expansive dilation A is studied. More specifically, we consider the
dimension function of an A-dilation generalized scaling set K assuming that K is a self-
affine tile satisfying BK = (K +d;) | J(K + d3), where B = A" and A is an n x n integral
expansive matrix with |det A] = 2. We show that it must be a constant in dimension
n = 1 or 2 and it is bounded by 2| K| for any n. This result shows that all A-dilation
self-affine scaling sets must be A-dilation MRA scaling sets in dimensions one and two.

There exist results on the connection between the theory of wavelets and the theory
of integral self-affine tiles and in particular, on the construction of wavelet bases using
integral self-affine tiles. However, there are many non-integral self-affine tiles which can
also yield wavelet basis. In Chapter 2 and Chapter 3, we give a complete characterization
of all two dimensional A-dilation scaling sets K such that K is a self-affine tile satisfying
BK = (K + dy) U(K + dy) for some di,dy € R?, where A is an n x n integral expansive
matrix with |det A| = 2. In Chapter 2, we deal with a particular case where 0 € {dy, ds},
i.e. a self-affine tile K satisfies BK = K |J(K + d) for some d € R?. Chapter 3 is
devoted to the general case with d;, ds € R2. Moreover, we give a sufficient condition for
a self-affine tile, possibly non-integral, to be an MRA scaling set in Chapter 3.

Gabardo and Yu first considered using integral self-affine tiles in the Fourier domain to

il
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construct wavelet sets and they produced a class of compact wavelet sets with certain self-
similarity properties. In Chapter 4, we generalize their results to the integral self-affine
multi-tiles setting. We characterize some analytic properties of integral self-affine multi-
tiles under certain conditions. We also consider the problem of constructing (multi)wavelet
sets using integral self-affine multi-tiles.

Suppose that a measurable Z"-tiling set K C R" is an integral self-affine multi-tile
associated with an nxn integral expansive matrix B. To our knowledge, no one considered
how to represent an integral self-affine Z"-tiling set as the disjoint union of prototiles. In
Chapter 5, we provide an algorithm to decompose K into disjoint pieces K; which satisfy
K = UK ; such that the collection of the sets K is an integral self-affine collection
associated with matrix B and the number of pieces K is minimal. Using this algorithm,
we can determine whether a given measurable Z"-tiling set K C R™ is an integral self-
affine multi-tile associated with any given n xn integral expansive matrix B. Furthermore,
the minimal decomposition we provide is unique.

Let B be an n x n real expanding matrix and D be a finite subset of R". The
self-affine set K = K(B,D) is the unique compact set satisfying the set equation BK =

U (K +d). In Chapter 6, we not only consider the problem how to compute the Lebesgue

deD
measure of self-affine sets K (B, D), but also consider the Hausdorff measure for those with

zero Lebesgue measure under the assumption that K (B, D) is a self-similar set. In the
case where card(D) = |det B|, we relate the Lebesgue measure of K(B,D) to the upper

Beurling density of the associated measure y = lim ) 0o+ BOy+-tBs—10,_,- 1f, on
S§—0C
Lo,y...bs—1ED

the other hand, card(D) < |det B| and B is a similarity matrix, we relate the Hausdorff
measure H*(K'), where s is the similarity dimension of K, to a corresponding notion of

upper density for the measure p.
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Introduction

In this thesis, our main goal is to study self-affine (generalized) scaling sets associated
with an n x n integral expansive matrix, integral self-affine multi-tiles and self-affine sets.
Before starting the discussion of these topics, we will provide some basic concepts firstly
that will be used frequently later. For any function f € L'(R™)()L?*(R"), its Fourier
transform is defined by

FONE = 1O = [ e fa) e 00.1)
where x - £ is the standard inner product of the vectors z,& € R™. The inverse Fourier
transform will be denoted by F~!. Equality and inclusion between two measurable sets
E,F C R™ will always be understood modulo sets of zero Lebesgue measure. So, for
example, £ = F means that their symmetric difference i.e. (F'\ E)|J(E \ F) has zero
Lebesgue measure. Essentially disjoint between two measurable sets E, F' C R"™ means
that the Lebesgue measure of E'() F' is zero. The Lebesgue measure of a measurable set

K C R" is denoted by |K|.

Wavelets and Wavelet Sets

As a relatively new subject, wavelet analysis was introduced in the early 1980s. It has
attracted much attention of researchers from many different fields including mathematics,
physics, engineering and so on because it has a wide range of applications in signal anal-
ysis, image analysis, communications systems, differential equations, integral equations
and even genomics analysis. Like Fourier analysis, wavelet analysis deals with expansion

of functions in terms of a set of basis functions. Unlike Fourier analysis, however, wavelet
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analysis expands functions not in terms of trigonometric polynomials but in terms of
wavelets, which are generated in form of translations and dilations of a fixed function
called the mother wavelet. The wavelets obtained in this way have special scaling prop-
erties. They are localized in time and frequency, permitting a closer connection between
the function being represented and their coefficients. Greater numerical stability in re-
construction and manipulation is ensured. One of hot topics in wavelet analysis is the
construction of various kinds of wavelet bases, which can be reduced to the construction
of the (mother) wavelet.

Suppose A is an n X n real expansive matrix, i.e. a matrix with real entries whose
eigenvalues are all of modulus greater than one. An A-dilation wavelet is a measurable

function ¢ € L*(R") such that the set
{|det A|2p(A7 - —k): j€Z, keZ"} (0.0.2)

forms an orthonormal basis for L?(R"). Around 1987, Mallat [43] introduced the idea of
Multiresolution Analysis (MRA) with associated dilation A = 2 in dimension one that
provides a tool for the construction of wavelets. The construction of an orthonormal
wavelet basis in L?(R) was reduced to the construction of a scaling function in a corre-
sponding MRA. Later, Daubechies [16] used this result to construct compactly supported
wavelet of arbitrary smoothness. Y. Meyer [44] gave a similar generalization of MRA in
higher dimension by considering matrix dilations. If an A-dilation wavelet ¢ € L*(R"™) is
associated with an MRA, then v is called an A-dilation MRA wavelet.

However, not every A-dilation wavelet is associated with an MRA. It has been known
3, 30] that |det A| = 2 is necessary and sufficient for the existence of an MRA wavelet.
Dai, Larson and Speegle [14] proved the existence of a single wavelet of the form F~!(xq)
for some measurable set () C R™ and this for any real expansive matrix A, where xq is
the characteristic function of (). A measurable set () C R" is called an A-dilation wavelet
set if F~1(xg) is an A-dilation wavelet. If an A-dilation wavelet F~'(x) is associated
with an MRA, then the set () C R" is called an A-dilation MRA wavelet set. Moreover,

Dai, Larson and Speegle [14] provided a criterion for a measurable set @ C R™ to be an
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A-dilation wavelet set.

Proposition 0.0.1. A measurable set () C R" is an A-dilation wavelet set if and only if
() satisfies the following two conditions:

(i) | JB'Q=R"and B'Q(B'Q =0 fori+j,

JEZ
i) |J@Q+k) =R"and Q((Q+0)=0 for 0+£ (e Z".
keZm

The condition (ii) of Proposition 0.0.1 is equivalent to the following condition

Z xo(é+k)=1ae £€R™

kezm

A measurable subset () of R" is called a Z"-tiling set if it satisfies the criterion (ii). The
wavelets of form F~!(xq) are a particular class of minimally supported frequency (MSF)
wavelets (see [20, 34]). They are analogs of Shannon wavelet and lack of smoothness
in the Fourier domain. However, they have good localization property in the frequency
domain and they may have good potential for applications just like Shannon wavelet or
Haar wavelet. Many researchers including Baggett, Medina and Merrill [5], Dai, Larson
and Speegle [15], Benedetto and Leon [7, 8], Gabardo and Yu [24] and so on (e.g. see
9, 49, 36]) contributed their work to construct concrete examples of wavelet sets in R”

with better properties.

Multiwavelets and Multiwavelet Sets

The multiwavelet theory runs in parallel with the wavelet theory provided in the previous
subsection. It adds a little bit of complexity, but not much, and results can be stated in
greater generality. Mostly, it complicates the notation. Suppose A is an n x n real expan-
sive matrix. A finite set ¢ = {o!,..., M} C L*(R") is called an A-dilation orthonormal

multiwavelet if the system

{|detA\%zp’f(AJ’-—k) €T kel (= 1,...,M}
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is an orthonormal basis for L?(R™). If an A-dilation orthonormal multiwavelet ¥ consists
of a single element ¢» € L?(R"), then we call 1) an A-dilation orthonormal wavelet. For the
general theory and characterization of orthonormal multiwavelets, we refer the readers to
[4, 22, 26, 12]. Dai, Larson and Speegle [14] asserted that every expansive dilation matrix
has an MSF wavelet with the form F~!(yg) for some measurable set @ C R". As an
extension of MSF wavelets, MSF multiwavelets are defined and characterized analogously

in [7, 12]. It leads to the concept of multiwavelet set. A measurable set @ is called an
M

A-dilation multiwavelet set of order M if () = U Q; for some essentially disjoint sets QQ; C
i=1

R", 1 < ¢ < M, with the property that the finite collection {f‘l(XQl), . ,f‘l(XQM)} is

an A-dilation orthonormal multiwavelet. A multiwavelet set of order 1 is called a wavelet

set. Bownik, Rzeszotnik and Speegle [12] characterized all multiwavelet sets using the

following theorem.

Theorem 0.0.2. A measurable set Q) is an A-dilation multiwavelet set of order M if and

only if

(i) Z xo(E+k)=M ae. £ €R",

=
(ii) Y xq(B'¢) =1ae § €R".
ez
The condition (ii) above is equivalent to the condition (i) of Proposition 0.0.1. If

M =1, then Theorem 0.0.2 is reduced to the criterion given by Dai, Larson and Speegle

[14] for a measurable set @@ C R" to be an A-dilation wavelet set.

Scaling Sets and Generalized Scaling Sets

Suppose A is an n x n real expansive matrix and let B = A!. The relationship between
scaling function and wavelet function reflects the connection between scaling sets and
wavelet sets. Bownik, Rzeszotnik and Speegle [12] clarified the relation between (gener-

alized) scaling sets and (multi)wavelet sets. A measurable set K is called an A-dilation
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scaling set (resp. MRA scaling set) if Q = BK \ K is an A-dilation wavelet set (resp.
MRA wavelet set). For fixed M € N, a measurable set K C R" is called a generalized
scaling set of order M associated with a dilation matrix A if BK \ K is an A-dilation mul-
tiwavelet set of order M. The A-dilation (generalized) scaling set introduced by Bownik,
Rzeszotnik and Speegle [12], can be defined in several equivalent ways. The following

result, see ([12], Proposition 3.2), can also serve as a definition.

Lemma 0.0.3. A measurable set K C R" is an A-dilation generalized scaling set of order

M if and only if K = |J B77Q for some A-dilation multiwavelet set Q of order M.

7j=1

Since Q = BK \ K, if K and @ are as in the previous lemma, it follows that an A-
dilation generalized scaling set can be associated with a unique A-dilation multiwavelet set
and vice-versa. We now state the following criterion of Bownik, Rzeszotnik and Speegle
[12] for a measurable set K C R” to be a generalized scaling set of order M associated

with an n x n integral expansive dilation matrix A.

Theorem 0.0.4. Let A be an n X n integral expanding matriz with |det A| = q. A

measurable set K C R™ is an A-dilation generalized scaling set of order M if and only if
(i) |K| =%,

(i) K C BK,

(111) Ai_rgoxK(B’mg) =1 for a.e. £ € R,

(iv) ZD({ + B7'd) = D(BE) + M a.e., where D(§) = Z Xx(& + k) and D is a
deD kezr
complete set of coset representatives for the group Z"/BZ".

As we mentioned before, |det A| = 2 is necessary and sufficient for the existence of
an MRA wavelet associated with the dilation A. Bownik, Rzeszotnik and Speegle [12]
characterized a measurable set K C R" to be an A-dilation MRA scaling set using the

following lemma.
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Lemma 0.0.5 ([12]). Let A be an n x n real expansive matriz with |det A| = 2 and K be
an A-dilation generalized scaling set. Then K is associated with an MRA if and only if

D(¢) = Z Xk(+k)=1ae &R

keZn

Using Lemma 0.0.5 and the definition of scaling sets, we can get the following result.

Lemma 0.0.6. A wavelet set Q) is an A-dilation MRA wavelet set if and only if the set
K = U B7Q is a Z"-tiling set. Such a set K is called an A-dilation MRA scaling set.

j=1
From Lemma 0.0.5 and Theorem 0.0.4, we obtain an equivalent criterion for a mea-
surable set K C R"™ to be an MRA scaling set associated with an n x n integral expansive

dilation A with |det A| = 2.

Corollary 0.0.7. Let A be an n X n integral expansive matriz with |det A| = 2. A
measurable set K C R™ is an A-dilation MRA scaling set if and only if

(i) K is a Z"-tiling set,
(1) K C BK,

(111) lim xx(B™™E) =1 for a.e. £ € R™

Dimension Functions of Wavelets

Suppose A is an n X n real expansive matrix and let B = A’. The dimension function of

an A-dilation orthonormal multiwavelet ¥ = {¢!,... ™} C L?(R") is defined by

Dy(&) =D D D WHBIE+ k)P £ €R™ (0.0.3)

(=1 j=1 kezZn

The (multi)wavelet dimension function, which was firstly introduced and investigated
by Auscher in [1], is an important tool in the theory of wavelets and it has been extensively
studied by many researchers for the class of integer dilations [4, 12, 45, 33] and for the

class of real dilations [10, 11]. Its importance is due to the fact that it can be used to
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prove that certain wavelets are associated with a multiresolution analysis (MRA [16, 43]).
Initially, Lemarié-Rieusset [41, 42] used the wavelet dimension function to show that all
compactly supported wavelets are associated with an MRA in the one-dimensional dyadic
case. After that, Gripenberg [26] and Wang [52] independently used it to characterize all
wavelets which arise from an MRA and they proved that a wavelet ¢ is an MRA wavelet
if and only if its dimension function D, (§) is equal to 1 for almost every £ € R. Baggett,
Medina and Merrill [4, 5] made a systematic study of the properties of the multiwavelet
dimension function associated with an n X n integral expansive matrix A, including the
case where the wavelets are not associated with an MRA. They showed that the dimension

function Dy of the multiwavelet W satisfies the following consistency equation

> Dy(¢+B7'd) = Dy(BE) + L, for ae. { €R", (0.0.4)
deD
where D is a complete set of coset representatives for the group Z"/BZ". Furthermore,
they exploited this consistency equation to provide a constructive procedure for producing

all A-dilation wavelet sets in R™.

Self-Affine Tiles

A self-affine tile in R™ is a measurable set K with positive Lebesgue measure satisfying

the set-valued equation AK = U (K + d), where A is an expanding n X n real matrix

deD
with |det A| = m is an integer and D = {d;,ds,...,d,} € R" is a set of m digits.

In the case, where A is an n X n integral expanding matrix with |det A| = m and a
set of m digits D = {dy,ds, ...,d,} C Z", the set K is called an integral self-affine tile in
R™.

The theory of self-affine tiles has been studied by many authors. Particularly, Lagarias
and Wang [37, 38, 39| studied in detail the structure and tiling properties of self-affine
tiles. These problems are connected with the construction of orthonormal wavelet basis
in R™. Grochenig and Madych [29] revealed an interesting connection between the theory

of compactly supported wavelet bases and the theory of integral self-affine tiles. They
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showed that Haar-type wavelet bases which can be constructed from an MRA always have
an associated scaling function which is the characteristic function of an integral self-affine
tile K and that such a tile gives a scaling function if and only if K is a Z"-tiling set
in R™. Grochenig and Hass [27], Lagarias and Wang [40] proved, for example, that any
dilation A yields Haar-type wavelets in dimension 1 and dimension 2 respectively using
Grochenig and Madych’s result [29]. We should mention that these authors only consider
integral self-affine tiling sets in their work, i.e. the matrix A is an integral expansive
matrix and the associated digits are in Z". Gabardo and Yu [24] also contributed their
work to construct wavelet sets using integral self-affine tiles.

To our knowledge, until now, there is no result in the literature on the connection
between the theory of wavelets and the theory of non-integral self-affine tiles. However,
there are many wavelets which come from non-integral self-affine tiles. one interesting
~3>2]
with associated dilation factor A = 2. Then BK = (K — 1) (K +3), where B = A" =2,
which shows that K is a self-affine tile but not an integral self-affine tile. Gu and Han [30]

example is the well-known Shannon wavelet whose corresponding scaling set is K = |

showed that there exists A-dilation MRA wavelets for any n x n integral expansive matrix
A with |det A| = 2 and they also gave some concrete examples of MRA wavelet (scaling)

sets in R?. Among their examples, some of them are non-integral self-affine tiles. For

example, for the matrix A = {(1) ﬂ, one is given in [30] and its corresponding scaling set is
the unite square K = [—1, 1] x [—3, 3]. Then obviously, BK = (K + (701)) UK + (g)),
2 2

where B = A!, and again K is not an integral self-affine tile. Therefore, non-integral self-
affine tiles are useful to construct new examples of wavelet sets. A measurable set K is
called an A-dilation self-affine (generalized) scaling set if K is an A-dilation (generalized)
scaling set and K is a self-affine tile which satisfies BK = |J K + d for some digit set D,
where B = A'. <

In Chapter 1, 2 and 3, we will always assume that A is an n X n integral expansive
matrix with |det A| = 2. In Chapter 2 and Chapter 3 of this thesis, we characterize all
one and two dimensional self-affine scaling sets with a set of associated digits of the form

{dy,dy} C R", for an n X n integral expansive matrix A with |det A| = 2, where n = 1,2.
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Before this, we characterize the properties of the dimension function of all A-dilation
generalized scaling sets in R™ which satisfy BK = (K + dy) |J(K + dy) with dy,dy € R",
where B = A! in Chapter 1.

In Section 1.1, we provide some preliminary results needed for later subsections and
define the dimension function of a generalized scaling set associated with an n x n integral
expansive matrix. In Section 1.2 and Section 1.3, we prove that the dimension function
of any A-dilation self-affine generalized scaling set K is a constant and is equal to the
Lebesgue measure of the set K in R and R? respectively. This result shows that all A-
dilation self-affine scaling sets must be A-dilation MRA scaling sets in dimensions one and
two. In Section 1.4, we consider our problem in arbitrary dimension and prove that the
dimension function of a self-affine generalized scaling set is bounded by twice its Lebesgue

measure.

In view of the results in Chapter one, the characterization of all A-dilation self-affine
scaling sets in dimension one and dimension two is reduced to the characterization of all
A-dilation self-affine MRA scaling sets in Chapter 2 and Chapter 3. In Chapter 2, we
consider our problem in a particular case where the digit set with the form {0, d}, where
d € R?. In this case, the inclusion K C BK holds automatically. In section 2.1, we show
some preliminary results needed for later subsections. The remaining part of this chapter
is devoted to characterizing all digit sets D = {0,d} C R™ such that the associated self-
affine set K tiles R™ using Z"- translation for a given integral expansive matrix A with
|det A| = 2 in the case n = 1 and n = 2. Furthermore, we determine which of such digit
sets D yields a scaling set. The case n = 1 is considered in section 2.2 and the case n = 2,

which has to be divided into several cases, is considered in sections 2.3 to 2.8.

As a complement to the work in Chapter 2, the main purpose of Chapter 3 is to
characterize all self-affine MRA scaling sets with associated digit set D = {d;,d>} C R",
n = 1,2. The main difference with Chapter 2 is that we consider the general case, i.e.,
we do not assume here that 0 € D. In Section 3.1, we give a sufficient condition on the
digit set D = {d;,ds} C R" for the set K = K(B,D) to be an A-dilation MRA scaling
set. In section 3.2, we characterize the inclusion K C BK of Corollary 0.0.7 under the
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condition that K is a self-affine tile in terms of the digit set D. Here, 0 is not necessarily
one of digits. In particular, if 0 € D, then the inclusion K C BK holds automatically.
However, the inclusion K C BK is not obvious if 0 ¢ D. In this section, we give an
equivalent condition for the inclusion K C BK whether 0 ¢ D or not and provide an
algorithm to verify which digit set D makes the inclusion hold. In section 3.3, we describe
all A-dilation self-affine scaling sets in dimension one. In the last section of this chapter,

we give a complete characterization of all A-dilation self-affine scaling sets in R2.

Integral Self-Affine Multi-Tiles

A finite collection of essentially disjoint sets K; C R", 1 < ¢ < M, that are either compact
or empty, is said to be a (B, I')-self-affine collection if there is a matrix B € M,,(Z) with all

eigenvalues of modulus greater than one and finite (possibly empty) sets I';; C Z", i,j =

1,..., M, such that

M
BE; = | J@y+ K;) fori=1,..., M, (0.0.5)
j=1
and for any 4,7,k € {1,..., M}
6+ K;) n(v + Kj)=0for €Ty, v€'y;and i #jor f#7. (0.0.6)

The set I' := {[';; }1<ij<m is called a digit set. I' is called a standard digit set if for
M

each j € {1,..., M}, D; = U I';; is a complete set of coset representatives for the group

=1
Z™/BZ". This definition is the analogue of that of the standard digit set introduced in
29, 38].
If A CZ", a measurable set K C R” is said to A-tile R” or to be a A-tiling set, if

J(+ K)=R"and K()((+ K) =0 for 0# £ € A. (0.0.7)

LeN

Let K = U K;. If K A-tiles R™ and a finite collection of sets {K; C R", 1 < ¢ < M}

form a (B, F) self—afﬁne collection, we call K an integral self-affine A-tiling set with M
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prototiles. Particularlly, in the case where M = 1, K is an integral self-affine A-tiling
set with one tile, (0.0.5) has exactly one solution [35]. In such a case, we say that K is
an integral self-affine tile. Thus integral self-affine tiles are a special class of integral self-
affine multi-tiles. Self-affine tiles have been extensively studied (see e.g. [27, 37, 38, 39])
and they are showed to be closely related to wavelet theory [29, 27, 40]. In view of this,
it is of interest to study integral self-affine multi-tiles and their connection with wavelet

theory.

In contrast to the one tile situation, there may exist several solutions when some
prototiles are allowed to be empty. The study of self-affine multi-tiles is not well developed
because of their complicated structure. Groéchenig and Hass in [28] firstly provided a
detailed description on integral self-affine multi-tiles. They constructed and classified the
general solutions of (0.0.5) and derived a necessary condition for a solution of (0.0.5) to
be a Z"-tiling set. Furthermore, they established the relationship between the theory of
multiwavelets and the theory of integral self-affine multi-tiles. Their results extend the
work in [29] to higher multiplicity. Similar to the result in [29], Grochenig and Hass [28]
showed that a multiresolution analysis [16, 43] for L?(R™) is generated by the characteristic
functions xx,, ¢t =1,2,... , M it and only if K = LAjKi is a self-affine Z"-tiling set with M

i=1
prototiles and each prototile K;,1 < i < M has positive Lebesgue measure. Flaherty and

Wang in [21] showed how integral self-affine multi-tiles can be used to construct Haar-type
multiwavelets. As an another application to wavelet theory, we consider the problem of

constructing (multi)wavelet sets using integral self-affine multi-tiles in Chapter 4.

Gabardo and Yu [24] first considered using integral self-affine tiles in the Fourier
domain to construct wavelet sets. The wavelet sets they constructed are finite unions
of integer translates of integral self-affine tiles. However, many wavelet sets are derived
from integral self-affine multi-tiles, not integral self-affine tiles. For example, all wavelet
sets given in ([30], section 3) are finite unions of integer translates of integral self-affine
collection and they cannot be written as finite unions of integer translates of integral

self-affine tiles. Another interesting example is the well-known Shannon wavelet whose

11
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corresponding wavelet set is Q@ = [—1, —3] U[3,
self-affine collection {K7y, K>}, where K; := [—3,0] and K, := [0,1], i.e. @ = (K; +

2

1) U(K5 —1). Obviously, K = K |J K3 is a self-affine Z-tiling set with 2 prototiles. Thus

1], which is a finite union of an integral

integral self-affine multi-tiles can provide a nice framework in which the known examples
of wavelet sets appear naturally and also constitute a new tool with the help of which new
examples can be created. The main purpose of Chapter 4 in this thesis is to construct

wavelet sets using integral self-affine multi-tiles.

In Section 4.1, we characterize some properties of integral self-affine multi-tiles. In
section 4.2, we provide some sufficient conditions for constructing wavelet sets using in-
tegral self-affine multi-tiles. Comparing to the case of integral self-affine tiles, it is more
restrictive to construct wavelet sets using integral self-affine multi-tiles. In section 4.3, we

consider constructing multiwavelet sets using integral self-affine multi-tiles.

Indeed, the representation of an integral self-affine multi-tile is not unique. For exam-

_13
474

self-affine Z-tiling set with 3 prototiles, but also an integral self-affine Z-tiling set with 4

ple, in dimension one, if K = | | associated with B = 2, then K is not only an integral
prototiles. We will give a detailed explanation for this example in section 5.2. The main
goal of Chapter 5 in this thesis is to provide a method to decompose an integral self-affine
multi-tile K which is a Z"-tiling set into different essentially disjoint pieces K; which
satisfy K = UK ; such that the collection of sets K; is an integral self-affine collection
associated with some given expansive matrix B € M, (Z). Moreover, the representation

of integral self-affine multi-tiles is unique and the number of prototiles is minimal.

In Section 5.1, we provide a method to represent a Z"-tiling set which is an integral
self-affine multi-tile as a union of prototiles with the least number of pieces. Using this
algorithm, we can determine whether or not a given measurable Z"-tiling set K C R"”
is an integral self-affine multi-tile associated with any given n x n integral expansive
matrix B. In section 5.2, we give some examples to illustrate our algorithm. Moreover,
we construct some examples showing that some wavelet sets cannot be constructed by

integral self-affine multi-tiles as was done in Chapter 4.
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Self-Affine Sets

Let B be an n x n real expanding matrix and D be a finite subset of R". The self-affine

set K = K(B,D) is the unique compact set satisfying the set equation BK = U (K+4d).
deD
It is easy to see that K(B, D) has zero Lebesgue measure if m < |det B|. For the

case m = |det B|, Lagarias and Wang [37] provided some equivalent conditions for the
Lebesgue measure of K (B, D) to be positive. In the particular case where B is an integral
matrix and the digit set D C Z" is a complete set of coset representatives for Z"/BZ",
Lagarias and Wang [38] showed that the Lebesgue measure of K(B,D) is a positive
integer. Furthermore, Gabardo and Yu [25] gave an algorithm to evaluate the Lebesgue
measure of any such self-affine set. A self-affine set in R™ is called a self-affine tile if it has
positive Lebesgue measure and the number of elements in digit set D equals to |det B|.
The structure and tiling properties of self-affine tiles have been studied in great detail
since these problems are closely ralated to the construction of orthonormal wavelet basis
in R" (see, e.g., [27, 37, 38, 39, 29, 40]). For the case m > |det B|, the situation becomes
more complicated because of the overlapping of pieces K +d for some d € D. He, Lau and
Rao [31] considered the case where the self-affine set K (B, D) with D C Z", has positive
Lebesgue measure under the assumption that B is an integral matrix and they proved

that the Lebesgue measure of K(B,D) is a rational number.

However, the problem of how to compute the exact Lebesgue measure of self-affine
set K(B,D) for the more general case where D C R” is still open, to our knowledge.
Moreover, some self-affine sets with zero Lebesgue measure may have positive Hausdorff
measure associated for an appropriate Hausdorff dimension. For example, in dimension
one, the middle Cantor set K which is a self-affine set and satisfies 3K = K [J(K + 2)
has Lebesgue measure zero, but its Hausdorff measure H*(K) = 1 for the Hausdorff
dimension « := dimy K = log?,,. Ayer and Strichartz [2] gave an algorithm to compute
the exact Hausdorff measure of a class of linear Cantor sets in dimension one. However, no
similar result was obtained in higher dimension, even for self-similar sets. In Chapter 6,

we not only consider the problem how to compute the Lebesgue measure of self-affine sets

13
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K (B, D), but also consider the Hausdorff measure for those with zero Lebesgue measure
under the assumption that K(B,D) is a self-similar set. Furthermore, we provide a
connection between the Lebesgue or Hausdorff measure of K(B,D) and an appropriate
notion of upper density for the measure

on = lim Z 5£0+le+'“+Bs_lzs—17 (008)

S§—0Q
z()7---74‘9716'1)

where ¢, denotes the Dirac measure at x.

In section 6.1, we first consider the problem of computing the Lebesgue measure of
the self-affine set K (B, D) when m = |det B| and relate it to the upper Beurling density
of p. In section 6.2, we consider the case where m < |det B| and B is a similarity with
scaling factor p > 1. We prove a result analogous to the one proved in section 2 relating
the s-Hausdorff measure of K (B, D) to a certain upper density of u, where u is defined
by (0.0.8) and s is the similarity dimension.

Throughout this thesis, We will denote by M,,(Z) (or M,,(R)) the set of n X n matrices
with integer (or real) entries and denote by M.> (Z) the set of all n x n integral expansive

matrices with determinant equal to 2 or —2.



Chapter 1

Dimension Functions of Self-Affine

Scaling Sets

In this chapter, we will restrict our discussion to the self-affine A-dilation generalized
scaling sets K, where A € M.”) (Z) is expansive, i.e. the set K is an A-dilation generalized
scaling set and it satisfies the set equation BK = (K + d;) |J(K + ds), for some vectors
dy,ds € R™. We are devoted to characterizing the properties of the dimension function of

all A-dilation generalized scaling sets in R™ which satisfy a self-affine equation.

1.1 Definitions and Preliminary Results

In the following, we will deduce, for the reader’s convenience, the definition of dimension
function of an A-dilation generalized scaling set K as provided by Bownik, Rzeszotnik
and Speegle in Section 3 of [12]. Given an A-dilation generalized scaling set K of order M,
we can define an A-dilation multiwavelet set ) := BK \ K of order M. By the definition

M
of multiwavelet set, we can find essentially disjoint sets Q;, i =1,..., M with Q) = U Qi
i=1

and such that the set U := {f’l(le), . ,f’l(XQM)} is an A-dilation orthonormal

multiwavelet. Thus the dimension function of W is well defined and, using (0.0.3), we

15
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have

ZZXQf (BY(£+k)) a.e. £ € R"(1.1.1)

1 j=1 kez™

M:

M oo
©=>_> > Ixa(B(E+k)F

(=1 j=1 kezZ» 12

By the relationship between generalized scaling set K and multiwavelet set @), the set
K can also be represented by K = U B77Q. Therefore, it follows from (1.1.1) and the

j=1
properties of multiwavelet set that

— 3 S (B +R) = 3 k(€ +k) ae £ €R™,
7=1 keZ™ kezZn

Motivated by this last identity, we have the following definition.

Definition 1.1.1. The dimension function of an A-dilation generalized scaling set K is

the function D : R — R"™ defined by
= > xx(E+k), EeR™
kezn

Lemma 1.1.2 below characterizes the condition (i) of Theorem 0.0.2 in the Fourier

domain and it will be used in later sections.

Lemma 1.1.2. Let K C R" be a measurable set. Then Y xx(z+j) =L a.e. £ €R"
Jezr
if and only if Xk (j) = Ldj,.

Proof. Since

/ Z Xk (z+s)e —2miEg oy = Z /

" sezn sezn [0,1]"+s

wele)e s = [ cl)e s = (),

n

then we have

> xk(@+j)=L ae z€R" <= Lijo= [, Z Xk (x + s)e” ™ idy, j e L™
jezr
— ()= L5107 jez”,

proving our claim. O
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It follows from Lemma 1.1.2 that if the dimension function of an A-dilation generalized
scaling set of order M is a constant, then it is equal to the measure of the set K. That

is, we have D(§) = > xx(£+J) = q— a.e. & € R™ using (i) of Theorem 0.0.4. Under
jezr
this case, the condition (iv) in Theorem 0.0.4 holds automatically.

In the following, our goal will be to consider the dimension function of a generalized
scaling set associated with an expansive dilation A € M (Z), which is a self-affine
tile. For short, we call such dimension function the dimension function of an A-dilation
generalized self-affine scaling set.

Assume that K is an A-dilation generalized self-affine saling set, then K satisfies the
set equation BK = (K + dp) |J(K + dy), for some dyj, dy € R™ and K satisfies (i), (ii),

(iii) and (iv) of Theorem 0.0.4. Moreover, (iv) of Theorem 0.0.4 can also be written as

Y DB'¢+d)=D(E)+Lae R, (1.1.2)

deD

Then, since D is a complete set of coset representatives for Z"/BZ", we have

Y DB HE+D) = DD xx(BHE+A) +k)

deD deD keZ™

= ZZXBK(§+d+Bk:)

deD keZ™

- Z xBx(§ + k).

kezm

Since K satisfies that BK = (K + dy) (K + d3), for some d;, dy € R", (1.1.3) implies
that

Y DB ME+D) = xira(§+ER) + Y xrra(E+F). (1.1.3)
deD kezm kezm
It follows from (1.1.2) and (1.1.3) that

Z Xk (§—di+ k) + ZXK(f—dQJrk?) = ZXK(€+k)+La.e.§€R". (1.1.4)

keZm keZm keZm™

Since D(§) is Z"-periodic, it can be expanded as the Fourier series D(§) = Z ay, €™k,
keZn

17
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where
ar = f[O,l]" D(&) e>™¢ dg = f[o,un Z Xk (§+1€) e ™ dg
Lezm
= > / Xk (€ +0) e dg = / X (€) e de = X (k).
[0,1]" R"

Lezn
From (1.1.4) and (1.1.5), we obtain

Z i (k) p2mik-€ (e—27rik~d1 +e—2m'k~d2> — Z i (k) 2™k L T g e. ¢ eR", (1.1.5)
kezn kezn

or equivalently,
(e 2mikdy g o=2mikday g (Y = (k) + Loyo, k € ZM (1.1.6)
We deduce from (1.1.6) that yx(0) = L and
e ik 4 gm2mikdx — 1 for ke 7™\ {0} such that yx (k) # 0. (1.1.7)

Let T = {k € Z"\ {0} : xi (k) # 0}. Then for £ € T', we have

k-di €t +7Z, k-dy€ -5 +1Z,
or
k-dy € —3 +1Z, k-dy€ g+ 7.

On the other hand, (1.1.3) implies that ZD(B’I(ﬁ +d)) = Z xBk (& + 7) is also Z"-

deD keZm
periodic. Suppose its Fourier series is Z b, €2™*¢ then as before, we get b, = Ypx (k) =
kezn
2Xk(B'k). Then (1.1.2) is also equivalent to the following equation
Y 2k (B) T =Y Ruc(k) T 4 Lae £ R (1.1.8)
kezn kezn
From (1.1.8), we have yx(0) = L and
2Xr(B'k) = Yk (k) for k € Z™"\ {0}. (1.1.9)

(1.1.9) implies that xx(B'k) # 0 for k € T, and iteratively that, xx((B")™k) # 0 for any
m>0and k € T. Thus, if £k € T, we have
BY"k-d, € L+ 7, BY"k-d, € -1+ 7,
(BY)k-dy €5+ o Bk diE =t (1.1.10)
(BY)"™k-dy € —1 + 7, (BY)"™k-dy € 1 + 2,

for any m > 0.
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1.2 The dimension function of self-affine generalized

scaling sets in R

We first consider here one dimensional problem. In dimension one, since |det A| = 2,

we have two possibilities: A =2 or A = —2.

Theorem 1.2.1. Let A € MI(Q) (Z) and K be a self-affine tile satisfying the set-valued
equation BK = (K + dy) | J(K + da) for some dy, dy € R. If K is a generalized scaling

set, then its dimension function D() is a constant, moreover, D(§) = |K]|.

Proof. A € MI(Q) (Z) implies that A = 2 or A = —2. Here we only consider the case
A = 2. The proof of the case A = —2 is similar. Assume that |K| = L. To prove that
D) = |K| = L ae. £ € R, we only need to prove that xg(j) = 0 for j € Z \ {0}
since Xk(0) = |K| = L by Lemma 1.1.2. Assume that there exists j, € Z \ {0} such
that Yx(jo) # 0. Since K is a generalized scaling set and K is a self-affine tile satisfying
BK = (K + dy) J(K + dy) for some dy, dy € R, we have, using (1.1.10), that

2™ jody €  + Z, 2 jody € —% + Z,
or
2™ jody € —5 + Z, 2jody €  + Z,

for any m > 0. In particular, jo - d; € % +7Z or jo-dy € —% + Z, but in that case, if
m=1,2jy-dy ¢ % + 7Z and 2jy - d; ¢ —% + 7, which is a contadiction. This proves our

statement. O
1.3 The dimension function of self-affine generalized
scaling sets in R?
In this section, we deal with the two dimensional case. Consider the following matrices:
0 1 0 —1 1 -1 0 —1
ol 0 Bl e E R R P

Two n X n integral matrices A and A are called integrally similar if there exists an

n x n integral matrix P with |det P| = 1 such that P~'AP = A. Lagarias and Wang [40]
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completely classified all integral expansive matrices A € MQ(Q) (Z) and they showed that
there are exactly six integrally similar classes of such integral matrices. Representatives

from each of these classes are given by C, Cs, C3, —C3, Cy, —Cy, respectively.

Proposition 1.3.1 ([40]). Let A € M (Z) be expansive. If det A = —2, then A is
integrally similar to C;. If det A = 2, then A is integrally similar to one of the matrices

Cy, £C5, £C4.

Theorem 1.3.2. Let A € MQ(Q)(Z) be expanding and K be a self-affine tile satisfying the
set equation BK = (K +d;) | J(K +dy) for some dy, dy € R?. If K is a generalized scaling
set, then its dimension function D(E) is a constant, moreover, D(§) = |K|, where D(§)

1s defined in Definition 1.1.1.

Proof. Since A € MQ(Q)(Z), the characteristic polynomial of matrix B, where B = A, has
a general form \? 4+ b\ + ¢ = 0, where b = —tr(B) € Z and ¢ = det B = 2 or —2. Assume
that |K| = L. To prove that D(§) = |K| = L a.e. £ € R? we only need to prove that
Xk (j) =0 for j € Z\ {0} since Yx(0) = |K|= L. Assume that there exists jo € Z?\ {0}
such that Y (jo) # 0. By assumption, (1.1.10) holds, i.e.

BY™j-dy € X + 7, BY™"jy-dy € = + Z,
{( J"Jodi € 5+ or {( "o - i 6t (1.3.1)

(B)™jo - dy € —5 + Z, (BY)™jo - dy € ¢ + Z,
holds for any m > 0. Since two similar matrices have the same eigenvalues, Proposition
1.3.1 implies that for any expansive matrix A € MQ(Z)(Z), the matrix B has two distinct
eigenvalues. Let Mg, A1, A\g # A1, be the eigenvalues of matrix B and y,1; be the
corresponding eigenvectors respectively, i.e. Bty = \gtby and By = A\¢b;. Then C? =
span{iy, 11} and thus d; € R? can be represented as a linear combination of ¢ and )y,

i.e. there exists some ¢y, c; € C such that d; = cotbg + 191, and
B™dy = coB™ g + c; B™ 1 = co Ay + et A" = Ag'coho + ATerr. (1.3.2)
From (1.3.2), we obtain

(B")™jo - di = jo - B™dy = Nj'Cojo - tho + N'Crjo - 1. (1.3.3)
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Let ag = ¢ojo - o, a1 = ¢1jo - Y1 and r,,, = (B")™jg - dy. From (1.3.1) and (1.3.3), we have
_ — 1 1
Tm = Qo' + a1 A" € 6+Zor— 6+Z for any m > 0. (1.3.4)

Thus for each m > 0, there exists some 6,, € {—1,1} and some k,, € Z such that

O+ 6k,

- 1.3.5
r . (13.5)

Using the representation of the characteristic polynomial of the matrix B, we obtain

MAdbh\ite=0 < N =-b\;—c, i=0,1

= AN = —pA"T — A forany m >0, i=0,1. (1.3.6)

For any m > 0, it follows from (1.3.4), (1.3.5) and (1.3.6) that

—b0,11 — COp, 1
T2 = —bryp1 —cry, = % — bkpi1 — ck,, € ié +7Z. (1.3.7)

Since b, ¢, ky,, ki1 € Z, (1.3.7) implies that for any m > 0,
—b01 = £1+ b, mod 6, where 0,,, 041 € {—1,1}. (1.3.8)

Since two similar matrices have the same characteristic polynomial, it follows from Propo-
sition 1.3.1 that the characteristic polynomial of matrix B € M2(2) (Z) can be expressed as
N —2=0if det B=—2and A2 + b\ +2 = 0, where b € {0, —1,1, -2, 2} if det B = 2.
Case 1: det A = —2. In this case, b = 0,¢ = —2. (1.3.8) cannot hold for any m > 0 since
0 # +1 — 26,, mod 6 for for any m > 0 and ¢,, € {—1,1}.

Case 2: det A = 2. In this case, b € {0,—1,1,—2,2} and ¢ = 2. It follows from (1.3.8)

that the possible values for b are —1 and 1. Suppose that ry = w, ro= %, where
do,01 € {—1,1} and ko, k1 € Z. We obtain, using (1.3.8), that
1
Tro € Ztg + 7 <— —b51 — 250 =+1 mod 6, (139)

and

1
rg € ié + 7Z <= (b* — 2)d; + 2b6y = =1 mod 6, (1.3.10)
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for some 6,6, € {—1,1}.

If b =1, (1.3.9) implies that §o = —1,6; = 1 or 09 = 1,0 = —1. Substituting these
values into the right hand side of (1.3.10), we get (b* — 2)d; + 2b6y = 3 or —3. Hence,
ry & 3 + Z, which contradicts (1.3.4).

If b= —1, (1.3.9) implies that dp = d; = 1 or y = d; = —1. Substituting these values into
the right hand side of (1.3.10), we get (b — 2)d; + 2b6 = —3 or 3. Hence, r3 ¢ +¢ + Z,

which again yields a contradiction. This proves our claim. O

From Theorem 1.2.1 and Theorem 1.3.2, we have the following corollary.

Corollary 1.3.3. Let A € MP (Z) be expansive and K be a self-affine tile satisfying the
set equation BK = (K +dy) |J(K +ds) for some dy, dy € R", where n = 1,2. If K is an
A-dilation scaling set, then K must be an A-dilation MRA scaling set.

1.4 The dimension function of self-affine generalized
scaling sets in R"

Unlike the one or two dimensional case, we do not know, in dimension n > 3, if the
dimension function of a self-affine generalized scaling set must be constant. However, we

will show that, when n is arbitrary, the dimension function is always bounded above by
2|K|.

Theorem 1.4.1. Let A € M,(Lz)(Z) be expansive and K be a self-affine tile satisfying the
set equation BK = (K + dy) (K + dg) for some dy, dy € R". If K is a generalized
scaling set, then its dimension function satisfies D(§) < 2|K]|.

Proof. Assume that |[K| = L. Let T={j € Z" \ {0} : xx(j) # 0}. Let
A={jeZ": (djdsj) €L,

k k
Fk:{jezn<dlj7d2j) € (67_6> +Zz}7k:07172737475'
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Then Ty = A, Ty = j1 + A, T's = —j1 + A, where j; € Ty, and T C T'; |JTI'5. Since A
is a subgroup of Z", there exists an integral matrix C' such that A = CZ". From the

discussion above and that in section 2, we have, using (1.1.10) with m = 0, that

D) = Y Xx(j) et

jeEZ
= w0+ > X))
JEZ™\{0}
= L+ X+ Cf) mUTDEL Y Re(—ja — C) et
JjEZN jEZn
= L Y ey ) S IS Sy — C) ¢S
JjezZ™ jezn
= L+ Re{2e”7¢ Y " Xic(jr + Cj) 27} (1.4.1)
jeZ

The last equality is obtained from the fact that xyx(—¢) = xx(§), £ € R™. Let
AN ={zxeR":Cj-z€Z, forall j € Z"},

and

S(€) = xx(ji + Cj) e*mCIE,
JEL™

Then for any x € A*, S(§ + x) = S(§). The fact that j; € I'; implies that 6j; € A and
thus e2™712 = 1 if x € A*, which implies that

2T ¢ 55 | =0,1,2,3,4,5}.
By the definition of A, dy, ds € A*. Hence, e% e~ % € {e2™® 2 ¢ A*} using the definition
of I'1. Therefore, we have
{ez’”ﬁ'“‘ Ael x€E A*} = {emﬁh 0<(¢<5/l€l,x¢c A*}
- {e%ogkgwez}. (1.4.2)
Let z = 221t §(¢). Consider the functions D(¢ + fx), where z € A* and ¢ €
{0,1,2,3,4,5}. By (1.4.1), we have

D(E+4tlz) = L+ Re{2e?EH0) §(¢ 4 (1)} = L + Re{2e¥1€ S(¢£) rinte}
L+R6{Z 62m’j1-h}.

23
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From the definition of D(§), D(£) > 0 a.e. £ € R™. Hence, we deduce from (1.4.2) that
L + Re{z e%ﬂ} > 0 for each £ € {0,1,2,3,4,5}. (1.4.3)

(1.4.3) implies that |Re(z)| < L. Thus we obtain that D(¢) < L + |Re(z)| < 2L = 2|K]|
for £ € R™. O

From Theorem 1.4.1, we can get the following result.

Corollary 1.4.2. Let A € M,(LQ)(Z) be expansive and K be a self-affine A-dilation scaling
set satisfying the set equation BK = (K + dy) |J(K + dy) for some dy, dy € R™. If K is
not an A-dilation MRA scaling set, then its dimension function D(&) will take the values
0, 1 and 2.

We know that the equality (1.1.10) is necessary for the dimension function of a self-
affine generalized scaling set to be a constant. In higher dimension, it is not easy to find an
example of a self-affine generalized A-dilation scaling set, where A € M (Z), satistying
(1.1.10). Below, we find, using Matlab, a self-affine tile K associated with an expansive
matrix B € M\”(Z) in dimension 4 which satisfies (1.1.10). However, it is a pity that we
can not prove whether or not this self-affine tile is an A-dilation generalized scaling set,

where A = B'. In particular, we do not know if the inclusion KX € BK holds or not.

Example 1.4.3. Let K be a self-affine set satisfying BK = (K +d; ) | J(K +d2) associated
1 0 o0

0 0 1
with the matrix B = ( 8 (0] (1) (1] ) and the digits d, = (1;(8)7 dy = % (;)
2 -1 -1 -1 1 -2

For this example, it is easy for us to prove that the matrix B € MV(LZ)(Z) is expansive
and the digit set D := {6d;,6ds} is a complete set of coset representatives for the group

Z'/BZ*. Let K(B,D) be the set satisfying BK = |J K +d. Thus, |K(B,D)| is a
deD
positive integer by Theorem 1.1 in [38]. Therefore, |K| = 3|K(B,D)| > 0 and K is a

4
self-affine tile. If we take j = (g), we can also check that for any m > 0,
1

1 1
(Bt)mj dy € 6 + 7, and (Bt)mj -dy € -3 +7.
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To summarize, if an A-dilation generalized scaling set is a self-affine tile, then its corre-
sponding dimension function must be bounded in R™ and particularly, it is a constant in
R and in R%. On the other hand, if we remove the self-affine condition, the corresponding

dimension function can be arbitrary large, as some examples in ([12], section 5) illustrate.



Chapter 2

Self-Affine Scaling Sets in R?, Part I

The main goal of this chapter is to characterize all two dimensional self-affine scaling sets
with a set of associated digits of the form {0, d}, where d € R?, for an integral expansive
matrix A with |det A| = 2. We will deal with the case where 0 is not one of the digits in
the next chapter.

2.1 Notations and Preliminary Results

Lemma 2.1.1 below characterizes a Z"-tiling set in the frequency domain and it will be
used in later subsections.

Lemma 2.1.1. A measurable set K C R" is a Z"-tiling set if and only if Xk (j) = d;0,
jez".

Proof. The fact that K C R" is a Z"-tiling set is equivalent to Y. xx(-+j) = 1 almost

jezn
everywhere. Since

f[071]n ZZ XK(ZL‘ + 3) e~ 2mTd dy = ZZ f[071]n+5 XK(x) e~ 2mizg o
seLmn sezm
fRn Yk () e—2miTj o

= xx(j),
We have
> xx(+i)=1 <= o= [ 2 xx(z+s) e da, jeL"
jezn sezn

~

< XK(]): 7,09 jeZna

26
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proving our claim. O

In this chapter, we limit our discussion to the self-affine sets K satisfying BK =
K|J(K + d). Then condition (ii) in Corollary 0.0.7 holds automatically. And in that

case, condition (iii) of Corollary 0.0.7 is equivalent to U B™K = R" “everywhere”, as
m>1
we show next. For the sake of convenience, we will denote by K (B, D) the unique compact

set K, which satisfies BK = K |J(K + d), where D = {0,d} C R". We also let
m—1 0
Dy i={ > Bld;:d; €D,j >0} for m>1and D = | J Dy
m=1

=0
Lemma 2.1.2. Let B be an n X n integral expansive matriz and let K be the unique

compact set satisfying BK = U K +d, where 0 € D C R™ and card(D) = |det B|. Then

deD
the following four statements are equivalent.

(a) K contains a neighborhood of 0.

(b) U B™K =R", where the equality is understood to hold everywhere.

m>1
(¢c) lim xgx(B ™) =1 for a.e. &€ R".
(d) K is a Dy—tiling set.

Proof. (a) = (b) is clear since B is expansive. (b) = (c) is obvious. Since we assume
that 0 € D, we have the inclusion K C BK. Thus (c) is equivalent to saying that
U B™K = R" almost everywhere. (¢) = (d): suppose that U B™K = R" almost

m>1 m>1

everywhere. Since B"K = K + D,,, then we have, using the definition of D, that

U B"K =) K+D,=K+D,=R"

m>1 m>1
The sets K 4+ d, d € D,,, are pairwise disjoint a.e. for any m > 1, since the number of
elements in D,, is |det B|™ and |K| > 0. Therefore, K is a Dy-tiling set. (d) = (a): let

V' be an open and bounded set containing 0. Let

S = {seDoo V(K +9)) >o}.
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If s €S, then s € V — K and thus S+ K C (V — K) + K, a compact set. Since |K| > 0
and the sets s + K, s € D, are essentially disjoint, we have card(S) < %
Since we assume that 0 € D, we have the inclusion D,, C D,,,; for any m > 1. This
implies that there exists some M > 1 such that S C Dy, and thus V C BMK a.e., which
implies that |V ((B™ K)¢| = 0, where (B™ K)¢ denotes the complement of the set BM K.
Since V ((BMK)¢ is open, we obtain that V' C BMK. This proves that K contains a

neighborhood of 0. O

< oQ.

The following lemma which can be obtained from Chapter 4 concerns some properties
of self-affine set K (B, D) under the condition that the digit set D = {0,d} C Z" is a
complete set of coset representatives for Z"/ BZ™. This lemma also characterizes condition

(c) of Lemma 2.1.2.

Lemma 2.1.3. Let D = {0,d} C Z" be a complete set of coset representatives for Z"" | BZ™
and K(B,D) be a Z"-tiling set, then K(B, D) contains a neighborhood of 0 if and only if
KNz"={0}.

Gabardo and Yu [25] gave a characterization for the integral points in K (B, D).

Lemma 2.1.4. Let D = {0,d} C Z" be a complete set of coset representatives for

m—1

Z"/BZ", then K(B,D)(\Z" = —S, where S == | J {k: ez (I-B"k=Y Bid,d; e
m>1 =0
D}.

Note that for the integral self-affine tiles case, if K(B,D) is a Z"-tiling set, then
K(B,D) contains a neighborhood of 0 if and only if S = {0}, where the set S is defined
in Lemma 2.1.4. Vince provided an algorithm for computing the set S in [51].

Our next result shows that, for a self-affine tile K, the property of being an MRA

scaling set is equivalent to certain tiling properties of K.

Theorem 2.1.5. Let A € M,SQ)(Z) be expanding and K be a self-affine set associated with
digit set D = {0,d} C R™. Then K is an A-dilation MRA scaling set if and only if K is
a 7" -tiling set and K is a Dy -tiling set.
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Proof. Suppose K is an A-dilation MRA scaling set. This implies that K is a Z"-tiling
set from Corollary 0.0.7. It is left to prove K is a Dy-tiling set. Let Q = BK \ K.

Then @ is an A-dilation MRA wavelet set, and, in particular, |J B™Q = R™. Since
meZ

U B"Q = U B™K and K C BK, we have |J B™K = R", which is equivalent to

meZ meZ m>1

saying that K is a D-tiling set by Lemma 2.1.2.
Conversely, suppose K is a Z"-tiling set and also a D-tiling set. Let Q = BK\K = K+d.
In order to prove that K is an A-dilation MRA scaling set, we only need to prove () is an

A-dilation wavelet set. Since K is a Z"-tiling set, it follows that

Je+t=JK+d+r=Rr", (2.1.1)
JASYAL Lezm
and for 0 # ( € Z™,
QQ+H=(K+d)[K+d+0)=K( K+ =0. (2.1.2)

We deduce from (2.1.1) and (2.1.2) that @ is a Z"-tiling set. It is obvious that the sets in
the collection {B™Q} ez are essentially disjoint. Since K C BK and K is a D-tiling

set, we have

U B"@=JB"BE\K)=|JB"K=|J K+D,=K+Dy=R" (213)

meZ meZ m>1 m>1

From (2.1.1), (2.1.2) and (2.1.3), it follows that @) is a wavelet set. O
Combining Theorem 2.1.5 and Lemma 2.1.2, we get the following corollary.

Corollary 2.1.6. Let A € M” (Z) be expanding. Then K(B,D) is an A-dilation MRA
scaling set if and only if K(B, D) is a Z"-tiling set and K(B,D) contains a neighborhood
of 0.

Two nxn integral matrices A and A are called integrally similar if there exists an nxn
integral matrix P with |det P| = 1 such that P71AP = A. The following lemma shows

how MRA scaling sets associated with integrally similar dilation matrices are related.
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Lemma 2.1.7. Let A be an expanding matriz in MP (Z) and suppose that A is integrally
similar to A using the matriz S, i.e. ST'AS = Z, where S is an integral matrixz with
|det S| = 1. Then K is an A-dilation MRA scaling set if and only if PK is an A-dilation
MRA scaling set, where P = S*.

Proof. Clearly, we only need to prove one direction of the equivalence, so we will assume
that K is an A-dilation MRA scaling set. Let B = A! and B = (g)t By assumption,
P~1BP = B. Let K = PK. It is enough to prove that Kis a Z™-tiling set and that the
set @ .= BK \ K is a wavelet set corresponding to the dilation A. Since the matrix P is
an integral matrix with |det P| = 1, it satisfies that PZ" = Z", and, using the fact that

K is a Z"-tiling set, we have

S xgE+i) = D xexE+i) =Y xx(P'¢+ P

Jer Jjezr jezn
= Z xx(P '€+ 7) =1 for a.e. £ € R™ (2.1.4)
JEL™

It remains to prove that @ is a wavelet set associated with A. Let @ = BK\ K. Since Q) is
an MRA wavelet set associated with A, then @ satisfies the two conditions of Proposition
0.0.1. Furthermore, @ — BPK \ PK = PBK \ PK = PQ and @ is a Z"-tiling set by a
proof similar to the one in (2.1.4). By (i) of Proposition 0.0.1, we get

UZ(E)’”@ = UZ(E)’”PQ = UZ PB"Q =P UZ B™Q = R", (2.1.5)

and, if m # ¢,
(B)"Q((B)'Q = P(B™Q[)B'Q) = 0. (2.1.6)
This shows that Q is an A-dilation wavelet set. O

Before ending this section, we will state some results in number theory [46] that will

be used in section 6.



McMaster - Mathematics and Statistics 31

Definition 2.1.8. Let [ag, a1, ,an - - -] be the continued fraction associated with v/d,
where d is a positive integer and d is not a perfect square, i.e. Vd = ao+ ﬁ Define
ag+-
Po = ao g =1
1= aga; + 1 G =a
Dk = QkPk—1 + Pk—2 Qe = akQr—1 + Qr—2 for k > 2.

Then Z_: is called the k-th convergent of the simple continued fraction expansion of v/d.

Theorem 2.1.9 ([46]). Let d be a positive integer that is not perfect square. Let E-
denote the k-th convergent of the simple continued fraction of Vd, k = 1,2,3---, and
let n be the period length of this continued fraction. Then, when n is even, the positive
solutions of the diophantine equation 1* — dy* = 1 are & = pjn_1, Y = Qjn—1, j > 1, and
the diophantine equation x*> — dy?> = —1 has no solutions. When n is odd, the positive
solutions of 2% — dy* = 1 are v = D2jn—1, Y = Q2jn—1, J = 1, and the solutions of
2? —dy* = -1 are x = pj—1yn-1, Y = q@j-1)n-1, J > 1.

Note that in order to find all integer solutions of 22 — dy? = £1, where d is a positive
integer that is not perfect square, it is enough to find all its positive integer solutions. In

the following, we will use Theorem 2.1.9 to give the positive solutions of Pell’s equation

2% — 2y% = £1.
Example 2.1.10. Consider the equations 2? — 2y? = +1.

Here d = 2 > 0 is not a perfect square integer. /2 = [1,2]. Thus n = 1 is odd and
ap=1, a; =2 for7>1. So

po=1 G =1
p1=aiap+1=3 ¢ =a; =2
P2 = Gop1 +po =7 G2 = a2q1 +qo =5

ps = asps +p1 = 17 g3 = azqa +qp = 12
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So the positive solutions of 22 —2y? = 1 are & = pyj_1, Yy = q2j_1, j > 1. and the positive
solutions of z? — 2y* = —1 are & = pyj_2, Y = q2j_2, j > L.

By the discussion in Chapter 1, K (B, D) is an MRA scaling set if it is an A-dilation
scaling set. Therefore, the characterization of all self-affine scaling sets K (B, D) is reduced
to the characterization of all self-affine MRA scaling sets. From Corollary 0.0.7, the
condition that K(B,D) is a Z"-tiling set is necessary for K (B, D) to be an A-dilation
MRA scaling set. Thus in order to characterize all self-affine scaling sets K (B, D), we
just need to find all digit sets D = {0,d} C R" such that the self-affine tile K(B,D) is a
Z-tiling set.

2.2 Self-affine MRA scaling sets in R

We first consider here one dimensional problem, which is very easy to solve. And pro-
vides some insight into high dimensional case. In dimension one, |det A| = 2 has two
possibilities: A =2 or A = —2.

If A= B =2, K is a self-affine set satisfying 2K = K J(K + d). Then K = [0, d]
for d > 0 or K = [d,0] for d < 0. For K to be a Z-tiling set, we need d = 1 or d = —1.
However, the set K = [0, 1] and K = [—1,0] do not contain a neighborhood of 0, there is
no digit set D = {0, d} such that K is a scaling set by Corollary 2.1.6.

If A= B = —2, K satisfies the set valued equation —2K = K |J(K + d). Then

K = [-2d,3d] for d > 0 or K = [3d,—2d] for d < 0. For K to be a Z-tiling set, we
need d =1 or d = —1. Moreover, the sets K = [-2, 1] and K = [—3, 3] both contain a

neighborhood of 0. Hence they are both MRA scaling sets by Corollary 2.1.6.

2.3 Self-affine MRA scaling sets in R

In this section, our goal is to find all digit sets D = {0,d} C R? such that the self-
affine tile K (B, D) is a Z*-tiling set and, among these, which digit set D yields an MRA

scaling set.
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Lagarias and Wang [40] completely classified all integral expansive matrices B €
MQ(Z)(Z) and they showed that there are exactly six integrally similar classes of such inte-
gral matrices. Representatives from each of these classes are given by C7, Cs, C3, —C3, Cy,
—(C} respectively, where C}, C5, C3, Cy are defined in section 1 of Chapter 1. By Lemma
2.1.7 and Proposition 1.3.1, it follows that in order to find all digit sets D = {0,d} C R?
such that the self-affine tile K (B, D) is a Z>-tiling set or an MRA scaling set associated
with a given integral expansive matrix A € MQ(Q)(Z), it suffices to solve the problem for
each one of the six representative matrices listed above.

Let C' be a 2 x 2 real invertible matrix commuting with B, i.e. CB = BC'. Then, if
K = K(B,D), we have BCK = CBK = CK |J(CK + Cd). This implies that CK (B, D)
is also a self-affine tiling set associated with the digit set CD = {0,Cd}. If K(B,D) is a
Z2-tiling set , then |det C| = 1 is a necessary condition for the self-affine set K(B,CD) =
CK (B, D) to be a Z*-tiling set.

It has been proved in [40] that the digit set Dy = {(8), ((1])} is one set which makes
the self-affine tile K(B,Dy) be a Z*-tiling set for each representative class. To deal with
the case of a general digit set D = {0,d} C R?, we will show that we can always express

d in the form d = C((l]), where C' is a real-invertible matrix commuting with B. Since

K(B,D) = K(B,CDy) = CK(B, D), the matrix C has to satisfy |det C| = 1 if K(B,D)
is a Z2-tiling set.

Throughout the rest of this chapter, we will assume that C' is a 2 x 2 real matrix
with |det C'| = 1 which commutes with B and we will let Dy = {(8), <(1))} and D =
CDy = {(8),0((1])}. From Corollary 2.1.6, we notice that, if K(B,D) is Z>-tiling set,
then K(B,D) is an A-dilation MRA scaling set if and only if K(B,Dy) is an A-dilation
MRA scaling set since CK (B, Dy) contains a neighborhood of 0 if and only if K(B, D)
does. In the following, we will let A be equal to each of the six representative matrices
above and, for each of them, we will determine all matrices C' that commutes with B = A?
such that K (B, CDy) is a Z>-tiling set. We will also, for each of six representative matrices,
determine whether or not K (B, Dy) and thus K(B,CDy) contains a neighborhood of 0.
This will allow us to determine all matrices C' as above such that K(B,CD) is an A-
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dilation MRA scaling set. Notice that if C' is an integral matrix with |det C| = 1, then
K(B,D) = CK(B,Dy) is a Z*-tiling set.

Our goal is to determine the digit d for which D = {0,d} yields a Z-tiling set or
a scaling set for each of the matrices C;,7 = 1,...,6. The general result we obtain is

summarized in the following table.

Cy|d= (Z) with a,c € Z and a® — 2¢* = £1 N/A
Cy d= (é) and (‘01) d= (é) and ( 01)
Co|  d=(o) (o) () and () N/A
G d=() (o) () and (2) = (o) (o) () and (5)
il d=(0) (o) (o) o (o) 4= (o) (o) (a) @04 (o)
O =0 G () ) [4= () (6) () 204 (o)

Letting d = C(é), then K (B, D) satisfies
BK = K| J(K +d). (2.3.1)

The set valued equation (2.3.1) is equivalent to the following equation for the characteristic

functions of K and BK:
xsk (€)= Xk (2) + xx (2 — d). (2.32)
Taking the Fourier transform on both sides of (2.3.2), we get
20k (B'€) = Xk (§) + e Xk (€) = (1 + ek (€). (2.3.3)

Letting B'¢ = &', this yields

R(e) = H T (B ). (2.3.4)

Using (2.3.4) iteratively, we can express Y as the infinite product

X X < 14+ e~ 2mid-(B)~I¢
Xk () = xk(0) H 9

j=1

(2.3.5)
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2mid-(BY)~J¢ —2mid-(BY)7Ie_4

Note that H+e———— =14 &————=1 and

e—27rid~(Bt)*j§ -1

| 2

| = [sin(rd - (B")7&)| < |nd - (BY) /¢ < mleldl|(B) ). (2.3.6)

Since B is expansive, there exists jo € N such that ||(B?)™/|| < p for some 0 < p < 1 and

e—2mid-(BH)TIg_4

for any j > jo. Let a;(§) = “——=———. Then for each fixed { € R", we have, using
(2.3.6), that

> la;©)l < ZWISIIIdHH )N < wlellldl( ZH )7l + Z p (2.3.7)
j=1

=jo+1

(2.3.7) shows that the series E la;(§)| converges for any given & € R™. Since the infinite
j_
product H 1+ |M| H 1+a;(§)| converges if and only if the series > |a; (&)
7=1 7j=1 7j=1
converges, then (2.3.5) is well defined. Suppose that there is a matrix C' as above such

that K(B,D) = CK(B,Dy) is a Z*-tiling set, then yx(0) = |[K| = 1. By Lemma 2.1.1
and formula (2.3.5), we have, letting e; = ((1]),

0 1 —27iCey-(Bt) " Im
T . — 60, m € Z2. (2.3.8)

j=

[y

Since C' commutes with B, then (2.3.8) can be written as

14+ 6727ri61-(Bt)’thm
2

= Omo, m € Z°. (2.3.9)

8

Xr(m) = |

1+e—27riel-(Bt)7thm
2

Since = 14a;j(m) and lim |a;(m)| = 0 for each m € Z?, then there must
j—00
1+672Tri61»(Bt)_thm
2

Hence, From (2.3.9), it follows that, for 0 # m € Z2,

exist some j > 1 such that = 0 if xx(m) = 0 for any given 0 # m € Z>.

~ 1
k(m)=0 < ¢ -(B)7C'me ) + Z for some j > 1. (2.3.10)

35
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2.4 The case A =}

Theorem 2.4.1. Let A = Cy = (g é) Then, K(B,D) is a Z*-tiling set if and only if
D ={0,d} = {(8 , (Z)}, where a,c € Z and a* — 2¢> = £1. Among these digit sets, no

one makes K (B, D) be an A-dilation MRA scaling set.

Proof. If A = (g

1 0

)7 then B = A" = (0 2) and a matrix C' commuting with B has the
. 2:) In this case, K(B,Dy) is the unit square,

1

0

general form C' = (
K<37DO) = [07 1] X [07 1]

It is obvious that K(B,Dy) is a Z*-tiling set, but it does not contain a neighborhood
of 0. So K(B,Dy) is not an A-dilation MRA scaling set by Corollary 2.1.6. The fact
that |det C] = 1 is equivalent to a®* — 2¢> = 41. This last equation is called Pell’s
equation and its integral solutions can be obtained from Example 2.1.10. As we discussed
before, all integral matrices C' that we obtain from these solutions have the property that
K(B,D) = CK(B,Dy) is a Z*-tiling set but not an A-dilation MRA scaling set. We now
turn our attention to the case where C'is not an integral matrix. Note that

B = (5 3 5= (5 ) =5t
If j is even, i.e. j = 2(, then (B')™ = (B")™2 = (3)"1.
If j is odd, i.e. j =20+ 1, then (B")~7 = (B!)"%-1 = (%)3(0 0)
Let m = <Z;) € Z*\ {0}, by (2.3.10), we get
flamy + cmy) € % + Z for some ¢ > 1, or,

Xg(m) =0 <=
x(m) { “1(2cmy + amy) € 3+ Z for some € > 0

“(amq + cmo) € 1 + Z for some ¢ > 1, or, (2.4.1)
t(2emy + amy) € %Jeror some ¢ > 1. -

Taking m = (é) and m = G) in (2.4.1), we obtain that a and ¢ belong to Q. So C'is a
rational matrix. Let a = £, ¢ = £, where (k,s)=1, (p,q) =1and k, s, p, ¢ € Z. Then

K+ s2 292
2 ¢

a? —2c* = £1 < (2.4.2)
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Note that
(k,s)=1= (k*s*) =1= (K +£5° ) =1.
If 2|q, then (p,q) =1 = (p?, %) = 1. From formula (2.4.2), we get that k? + s* = p? and

s? = %, which implies that |2] = v/2, a contradiction since ¢, s € Z. So 2 { ¢. In this

case, (2,q) = 1 and (p,q) = 1 implies that (2p?, ¢*) = 1. By (2.4.2), we get k* + s = 2p?
and s? = ¢?, which implies that ¢ = &s. The fact that 2 { ¢ implies that both ¢ and s

are odd. Since 2|k? 4 s* and s is odd, k¥ must be odd. Replacing p by —p if ¢ = —s, we

can thus Writeazf, c="% where k, s €2Z+1, peZ, s# 1and (k,s) = (p,s) = 1.

Therefore, (2.4.1) can be written as

($)“(2my + Emy) € L + Z for some ¢ > 1, or,

(%)g(%pﬂﬁ + fmz) S % 4+ Z for some ¢ > 1.

Rk (m) =0 = { (2.4.3)

Taking m; = 2, my = 0, we obtain that (3)/(£m; + 2my) = (3)%(%) ¢ $ + Z for any
¢>1 and (%)Z(%pml + Emy) = (%)Z(%) ¢ -+ Z for any ¢ > 1. This shows that we can
not find a non-integral matrix C' such that CK(B,Dy) is a Z*-tiling set, i.e. there is no
non-integral digit set D = {0, d} such that K (B, D) is a Z*-tiling set (resp. an A-dilation

MRA scaling set) for the matrices A integrally similar to Cf. O

2.5 The case A = ()

Theorem 2.5.1. Let A =Cy = (g Bl). Then the following three statements are equiva-

lent:
(a) K(B,D) is a Z*-tiling set,

(b) K(B,D) is an A-dilation MRA scaling set,

© D= (). () o2 =10 ()

Proof. It A = (g Bl), then B = A! = (f]l 3) and a matrix C' commuting with B has

the general form C' = (‘Z _jc). In this case, K(B,Dy) is the unit square,

21 1 2

K(B,Dy) = [_5’ g] X [_5’ 3

].
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It is obvious that K(B,Dy) is a Z>-tiling set which contains a neighborhood of 0. So
K(B,Dy) is an A-dilation MRA scaling set by Corollary 2.1.6. Since |[detC| = 1 is
equivalent to a? + 2¢* = 1, the only integral solutions are a = £1,c = 0. Then the
only integral matrices C' that we obtain from these solutions are +1. As we discussed
before, these integral matrices C' = £1 have the property that K(B,D) = CK(B,Dy) is
a Z*-tiling set and also an A-dilation MRA scaling set. It remains to prove that there is
no non-integral matrix C such that K (B, D) = CK(B,Dy) is a Z*-tiling set and thus an
A-dilation MRA scaling set. Note that

1
Bl= (? _1> B2 = (2 0) Y
— 0’ 0 _1 2
2 2
If j is even, i.e. j = 2/, then (B')™/ = (B')~? = (—%)ZI-

If j is odd, i.e. j =20+ 1, then (B')™7 = (B!)~%-1 = (-%)é(fl
Let m = (Z;) € Z*\ {0}. Using (2.3.10), it follows that

Ol
N——

)“(amy + cms) € 1 + Z for some £ > 1, or,

Xk (m) =0 <= { (2.5.1)

N N[

(_

) (2emy — ams) € 2 + Z for some £ > 0.

Taking m = ((1]) and m = G) in (2.5.1), we obtain that a and ¢ belong to Q. So C'is a
rational matrix. Let a = %,c = §> where (k,s) =1, (p,q) =1 and k, s, p, ¢ € Z. Then
+s2 - k2 2p?
@422 =t e T (2.5.2)
s q
Note that
(k,s)=1= (k*,s*) = 1= (£s* - k* %) = 1.

If 2|q, then (p,q) = 1 = (p?, %) = 1. From Formula (2.5.2), we get that +s* — k* = p?
and s = %, which implies that [4] = v/2, a contradiction since ¢, s € Z. So 24 ¢. In this
case, (2,q) = 1 and (p, ¢) = 1 implies that (2p?, ¢*) = 1. By (2.5.2), we get +s? —k? = 2p?
and s? = ¢%, which implies that ¢ = +s. The fact that 2 { ¢ implies both ¢ and s are odd.
Since 2| 4 s* — k? and s is odd, k must be odd. Replacing p by —p if ¢ = —s, we can thus
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write a = %, ¢ =2, where k, s € 2Z+1, p€ Z, s # 1 and (k,s) = (p,s) = 1. Therefore,

(2.5.1) is reduces to
)“(5my + Emy) € & + Z for some £ > 1, or,

2.5.3
)(22my — £my) € 1 + Z for some £ > 1. ( )

Taking m; = 2, my = 0, we obtain that (—1)(£m; + Zmy) = (—3)/(%) ¢ 3 + Z for any
¢>1and (—3)4(2m; + Emy) = (=3)4(2) ¢ 1 + Z for any ¢ > 1. This shows that we
can not find a non-integral matrix C' such that CK (B, Dy) is a Z?-tiling set (and thus an
A-dilation MRA scaling set). O

2.6 The case A =C4

Theorem 2.6.1. Let A =C3 = G *11) Then, K(B, D) is a Z*-tiling set if and only if

D= {(8), ((1])}, D = {(8), (701)}, D= {(8), ((1])}, D = {(8), (fl)} However, K(B, D)

is never an A-dilation MRA scaling set.

Proof. It A =C5 = (1

1

_11), then B = A! = <711 D Under this case, K(B,Dy) is the
well-known “twin dragon”, which was proved to be a Z3-tiling set in [29]. It was showed
[24] that K(B,Dy)(Z* = (8), ((1))} Thus K (B, D,) does not contain a neighborhood
of 0 from Lemma 2.1.3. So K(B,Dy) is not an A-dilation MRA scaling set by Corollary
2.1.6. A matrix C' commuting with B must have the form C' = (fb Z) and the condition
|det C| = 1 is equivalent to a® + b* = 1. The all integral solutions are a = +1,b = 0 or
a = 0,b = +1. Arguments similar to those used for the case where A = C show that
K(B,D) = CK(B,Dy) is a Z*-tiling set but not an A-dilation MRA scaling set for these
integral matrices C. We will now prove that there is no non-integral matrix C' such that

K(B,D) = CK(B,Dy) is a Z*-tiling set and thus an A-dilation MRA scaling set. We

1 1 1 1
-1 21 B2-_ _ i1 -1\ pa_ 1
L 1 O 1 (O e | ) [ i
If j = 44, then (B! = (B) % = (- i

If j = 40+ 1, then (B")™7 = (B")™! = (_i)é%(l 1)'

have
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0
If j =4¢+3, then (BY) 7 = (B)™* = (=))5(7] ).

If j = 4¢+2, then (BY) 7 = (B) ™ = (=1)3( % |)-

-1
Suppose there is a non-integral matrix C such that K(B,D) = CK (B, Dy) is a Z*-tiling

set. Let m = (Z;) € Z*\ {0}. Then using (2.3.10), we have

am; — bmy) € % + Z for some ¢ > 1, or,

o~
~~

— — ~— ~—
~

= N N

— o~ —

(a+b)my + (a — b)my] € 2 + Z for some £ > 0, or,

~

Xg(m)=0 <—

(2.6.1)

bmy + amsy) € % + 7Z for some ¢ > 0, or,
(b—a)my + (a+ b)ymy] € 3 + Z for some £ > 0.

~

—~ —~ —~ ~—~
e L N LN L

Write a = cosf,b = sin6 for 0 € [0,27). Take m; = 1, my = 0. By Formula (2.6.1), we

obtain

(

“cosf € 1+ 7Z for some ¢ > 1, or,
¢ (cos@—i—sm@) € L 4+ Z for some ¢ > 0, or,

~— ~— ~—

1
2

2sin6 € 1 + Z for some £ > 0, or,

)L(sin6 — cos ) € 2 + Z for some £ >0
(cost € (—4)' (3 +2Z) for some ¢ > 1, or,
cos +sinf € (—4)%(2Z + 1) for some £ > 0, or,
sinf € (—4)%(2Z + 1) for some ¢ > 0, or,

[ sinf — cos@ € (—4)“(4Z + 2) for some £ > 0.

(=
(=
(=
(=

»M»—‘ u>|>—‘ »Mr—‘ »l>|r—‘

Since |(—4)“(3 + k)| > 2 for any { > 1 and k € Z, cosf ¢ (—4)"(3 + Z) for any ¢ > 1 and
the 1% case can not happen.

If cos@ + sin§ € (—4)¢(2Z + 1) for some £ > 0, then £ = 0 and cos + sin = 1, which
implies that cosf = 1 and sinf = 0 or cosf = 0 and sinf = 1. This yields the integral
matrices C' =1 or C' = (_01 (1))

Ifsin@ € (—4)%(2Z+1) for some £ > 0, then the only possibilities are £ = 0 and sin § = +1.
In this case, the matrix C' is still an integral matrix.

Since |(—4)%(4k + 2)| > 2 for any ¢ > 0 and k € Z, sinf — cos 0 ¢ (—4)*(4Z + 2) for any

¢ > 0 and the last case does not have any solution. Hence, there is no non-integral digit

set D such that the self-affine tile K (B, D) is a Z>-tiling set. O
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2.7 The case A = —(}

Theorem 2.7.1. Let A = —C5 = (j _11) Then the following three statements are

equivalent:
(a) K(B,D) is a Z*-tiling set,
(b) K(B,D) is an A-dilation MRA scaling set,

(c) D is one of the following four digit sets: D = {(8), ((1))}, D = {(8), (‘01)}, D =
(@) O or 2 =10)- ()

Proof. It A = —C5 = (j _11), then B = A' = (’11 :D In this case, K(B,Dy) is
the well-known “twin dragon”, which was proved to be a Z2-tiling set and to satisfy the
condition K(B,Dy)(Z* = {(8)} in [24]. Thus K(B,Dy) contains a neighborhood of 0
by Lemma 2.1.3. So K(B,Dy) is an A-dilation MRA scaling set by Corollary 2.1.6. A
matrix C' commuting with B has the form C' = (_“b 2) and |det C'| = 1 if and only if
a® +b? = 1. The integer solutions of a> +b* =1 are a = +1,b =0 and a = 0,b = 1. By
arguments similar to those used in the case where A = Cy, K(B,D) = CK(B,Dy) is a
Z2-tiling set and also an A-dilation MRA scaling set for these integral matrices C. Since
the right-hand side of (2.3.10) holds for some matrix B if and only if it holds for —B,
the same proof as for the case where A = C5 shows that there is no non-integral digit set

D such that the self-affine tile K (B, D) is a Z*-tiling set ( or an A-dilation MRA scaling
set). O

2.8 The case A =C}y

As in the preceding cases, in order to find all digit sets in the form of D = {0, d} C R?
such that K(B,D) is a Z*-tiling set or an A-dilation MRA scaling set, we need to find
a suitable expression for the entries of the matrices (B')™7,j > 1 and matrices C' which
commute with B and satisfy |det C'| = 1. The lemma below gives a useful form for the

upper entries of the negative powers of B', where B = A' = C! = (701 f)
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, )G : G G) N
Lemma 2.8.1. Let (Bt)_J = “(f) “g) . Then at) = gl—z, ay) = %—Jj, where 0, 0§ €

_ (7) 4 p(3)
27+ 1 for j > 1 with L2 com 1, W45 97,41 for j > 3.

Proof. Since (BY)"' = (2 2)and (Bt)2= ("1 1 , we have

-0 2 T2

. 11 ) 11 11
(a.05") = (3. 5): <a§%a§’>=<—1,1>=<—§@>,
which shows that ¢/ , fj) €27+ 1 for j =1,2. For j =3, (B")™® = *1% *% , which
! i 1

gives

(a”,a5") = (—ga —g) = (_?7 _ﬁ) (2.8.1)

(3) ,(3) (3) 4 4p(3)

From (2.8.1), 653) = -3, Eg?’) = —1, % = —1and &4 M = —1 are all odd, so our

claim holds for j = 3. Suppose the statement is true for 3 § j < m, then for j = m+ 1,

)
)

o 20 g
o ( om+1 ’2m+1)'

we get

ON | =

m-+1 m+1 m m
(@™, ™) = (™, of >>(

2

ON | =

<2—m’2—m> )

(2.8.2)

By (2.8.2) and our assumption, we get Eg’”“) = £§’”) 2€ E (m+l) — f ) showing that

£§m+”, Eg’”“) are both odd. Moreover,

£§m+1) _ gl €§m+1 i E (m+1) 2(£(m) _ g(m)) 2tm) (m)

— " co7iq — 21 2 / _ "l b 2741
2 6 e 22+, 4 4 2 €28
which proves our claim. O

Remark 2.8.2. By the proof of Lemma 2.8.1, we get Eﬁj) = fﬁj‘” —%gj_l), fgj) = E?‘” for
any j > 1 and thus we have eﬁ” — Egj) = —%gj_l) for any 7 > 1 and Eﬁj) + Egj) = —4£§j‘2)
for any j > 2.
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Define D;; := £§j+1)£§j"1) — Eﬁj')ﬂgj) for j > 1,5/ > 1 and 5/ # j + 1. The following

lemmas give some information about D,;/, which will be used later.

Lemma 2.8.3. D;; = —2/71.

Proof. By the definition of D, if j = j', then 7 > 2 since j' > 1. If j = 2, then
Doy = 030 — ¢ — _9 — 21,

So the statement is true for j = 2. By Remark 2.8.2, we have, for any j > 1, that

D.. ggj”rl)ggj*l) B ggj)ggj)

ii =
_ (fgj) N 2€gj))€gj_1) o (Egj—l) o 2€gj_1))€gj)
= (7D 70 (2.8.3)

Assume that D;; = —2971. Then by (2.8.3) and our assumption, we obtain

E(J"*‘Ug(i) N E(j)g(j-f'l)

12 12 , , , ,
g&])ggj)‘_ 26&])68) . gi]*l)ggfrl) + 26&]71)£§]+1)
26&])@]*1) - 26&]*1)@])
2Djj = 27,

Dji111

Lemma 2.8.4. D 1 ; € (2Z+1)277" for any j > 3 and k > 1.

Proof. By the definition of D, j; and Remark 2.8.2,if j > 3 and k > 1, we have
Dj—i—k,j £§j+k+1)€gj—1) . Egj)ggj‘f'k)

_ €§j+k‘)€gj*1) . 265]*’?)6&]‘*1) N ggj*1)£§j+k) + 26&1*1)@]‘“&‘)

_ Egj'f'k)ggj—l) _ Egj—l)ggj‘f'k)

_ €§j+k‘*1)€gj*1) _ 2£;J'+k*1)£gj*1) _ ggj*2)€gj+k‘) + 26%1*2)%]'“?)

= 20D gt (2.8.4)

43



44 PhD Thesis - Xiaoye Fu

If k=1, it follows from (2.8.4) and Lemma 2.8.3 that

Djvry = =205 + 20907

ey 2 . (_2J_2)
= —27le(2Z+1)2.

So the statement is true for k = 1. Suppose Dj 1 ; € (2Z+1)2"! for all 1 < k < s. Then

by (2.8.4) and our assumption, we obtain

Djrsrng = =207 70070 o)™ o -
_ _2£§J+8*2)£;J*1) +4£§]+S*2)£;J*1) +2€§J+3*1)€g*2) B 4£;J+5*1)£;J*2)

_ _2£§j+s—2)£gj—1) + 2£§j+8—1)£gj—2) + 4£§j+s—3)£gj—1) _ 4£§j+8—2)£gj—2)
Djtsj—2Djs-15 € 2L+ 1)271,
as claimed. O

Lemma 2.8.5. D; ;4 € (2Z + 1)27 for k> 2 and j > 1.

Proof. By the definition of D; ;; and Remark 2.8.2, if £ > 2 and j > 1, we have

+1 j+k—1 j+k j
Dj,j-i—k Egﬁ— )Egﬁ- ) Egﬁ— )Eéj)

_ Egj)ggjﬂ%*l) _ 2£§j)£§j+k*1) _ g&]”rk*l)ggj) + 2£gj+k*1)£gj)
_ ggj)ggj-f'k—l) i €§j+k_1)€éj)
_ Egj—l)ggj‘f'k—l) _ 2€§j—1)€§j+k—1) o fgj+k_2)f§j) + 2£gj+k—2)€gj)

_ _2€gj+k‘*1)€§j*1)+2€gj+k*2)£§j)

= R g1 gplith=3)gG). (2.8.5)

If £ = 2, we have, using (2.8.5), (2.8.3) and Lemma 2.8.3, that
Djjis = 200057V 42077 V¢5)
= —2D;; =2 € (2Z+1)2.
So the statement is true for k = 2. Suppose D, ;1\ € (2Z + 1)27 for all 2 < k < s. Then

by (2.8.5) and our assumption, we get

Djjpasr = =207 7V0Y 4ot | | | |

= —2£§]+872)£;]71) + 4@;]+572)£;]71) + 2£§]+573)€§J) _ 4£;]+873)£;J)

- _2£§J+8—2)£;J—1) + 2£§j+8—3)£gj) + 44]—1—5—3)@;—1) _ 4£§j+5_4)£§j)
Djjys = 2Dy 451 € (2Z+1)2.
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O

fA=C, = (g ’11), then B = A" = (_01 f) It is easily checked that the general

form of a matrix C' commuting with B is C' = (Z (;_2‘36). Lemma 2.8.6 below shows that
when such a matrix C' also has the property that CK (B, Dy) is a Z*-tiling set, its entries

must all be rational numbers.

c a—c

Lemma 2.8.6. Suppose K(B,D) = CK(B,Dy) is a Z*-tiling set, where C' = (“ _20),

Then, the matriz C' is a rational matriz.

Proof. By the representation for matrices (B*) ™/ obtained in Lemma 2.8.1, it follows that

()-@yre(y = o ) (s )

g(j) g(i)
= %(aml + cms) + %[—Qle + (a—c)mg).  (2.8.6)
Taking m = <::) = ((1)) and m = (::) = ((1]) respectively, we deduce from (2.8.6) and

(2.3.10) that there is some j > 1 and j > 1 such that

(4) ()
aly 2cls 1

— — — —+7Z 2.8.7
21 2J < 2+ ’ ( )

00 _oi)
il ezl 1, (2.8.8)
27 27 2

We can rewrite (2.8.7) and (2.8.8) in matrix form as

e R T (2.8.9)
g;] ) zg] ) _Kg] ) Cc V2 ) T

where v; € 277127 + 1) and vy € 27"1(2Z +1). If j' = 1, then Egj) = Eé“ = 1. In that
case (2.8.9) yields a = vy € Q, which implies that ¢ € Q since fgj) # 0. If 7/ > 1, then
féﬂ = Egj/_l), fﬁ” - Eéj/) = —2€§j,_1) by Remark 2.8.2. From (2.8.7) and (2.8.8), we get

() _gup) (3) _gp)
j' # j + 1, since, otherwise, both % € %+ Z, and % € % + Z would hold,

which is impossible. Next we will prove that

) o) €2 G

géﬂl) ZgJ/) 75&.7/) g&] -1) 72[&‘7./_1)

45
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() G'-1)
Assume If it were not the case, we would have % = gﬁj,—_l) Note that j # 1, since
07 5y
otherwise, we would get j' = 2, i.e. j/ = j+ 1. Similarly, j' # 2. So j > 1 and j' > 2. By
Remark 2.8.2,

det &9 —2¢{ —0 fﬁj) B fﬁj" ‘ o L and i 7
e (zﬁj'” _ng,l)> =0<+= Egj’l) = Egj/’l) or some j, j > 1and j # 5"

&)
WLOG, we assume j < j’, i.e. /= 7+ k for some k> 1. Let ¢ = gé-l—il), then
1

gngrl) ggj) B 2€;j) B ggj) B 26&1*1)

— = — = — =q— 2,
fgj 1) fgj 1) Egj 1)
£§J+1) B £§J+1) g&]fl) g 9 0810
() GG T g (28.10)
1 1 1

(G+i)
Let a; = K{;ﬁfn, i > 0. Then ag = q and by an argument similar to (2.8.10), we get

ggj—’—l) ag — 2
a; = =

eﬁ”  a
£§j+2) a; — 2
a2 = €§j+1) - ai
. Egj—’—k) . Q1 — 2
Ok = RN T g

1
Now we will prove that for any & > 1, a,, = %IZ for some a,c € 2Z+ 1 and b,d € Z (with

a, b, c,d depending on k) by induction. For k =1, a; = “(;—32 = %. So our claim is true

for £ = 1. Suppose that a; = Zgiz for some a,c € 2Z + 1 and b,d € Z. Then we have

-2 512 (a—20)q+ (b—2d)

aq+b
k cq+d aq + b

where a — 2c,a € 2Z 4+ 1 and b — 2d,b € Z since a,c € 2Z + 1 and b,d € Z by our

9

Ap+1 =

assumption, which proves our claim.
Next we will prove that for any & > 1, ap = ap <= ¢* —q+2=0. If k =1, then

_ q—=2 _ 2 _
a1 =q)y &= —— =9 q¢ —q+2=0.
q



McMaster - Mathematics and Statistics 47

So the statement is true for £ = 1. Suppose that a = quj:g, where a,c € 2Z + 1 and

b,d € 7, satisfies the statement. Then we have

b
ar = ag < Zsid:q@)cq2+(d—a)q—b:0
d— b
= ¢+ - =o. (2.8.11)
By assumption,
ar=ap = ¢ —q+2=0. (2.8.12)

It follows from (2.8.11) and (2.8.12) that ¢* + ©%g — 2 = ¢* — ¢+ 2, thus ©% = —1 and

—% = 2. By the relationship between a; and a1, we obtain

a -2 f5i—2  (a—20)q+ (b— 2d)

Q41 = =
ag qu%bl aq + b

)

and

(@ —2c)q+ (b—2d)
aq+b

A1 = Ay =q<=aq’ + (b—a+2c)g+ (2d —b) = 0.

Since d;c“ = —1 and —g = 2, we obtain that b —a + 2c = —a and 2d — b = 2a. Thus we
have ag® + (b—a +2c)g+ (2d —b) = 0 < aq®* —aq+ 2a = 0 <= ¢* — ¢+ 2 = 0. This
shows that a, = ay <= ¢> — ¢+ 2 = 0 for any k¥ > 1. Since this last equation has no
rational solution, this contradicts the fact that ¢ = (]( 7 € Q. So we can not find j' > j

j_l) Z(J -1) Z(J) 2z(.7)
such that 94— — T Therefore the rational matrix g(lj,) N;’” is invertible. This
2
1 1 2

shows that a, ¢ € Q by (2.8.9), i.e. the matrix C' = (Z a_QCC) is a rational matrix. O

If K(B,D) = CK(B,Dy) is a Z*tiling set, where C is defined as in Lemma 2.8.6,
then |det C| = 1, i.e. a(a —c) + 2% = (a— §)? + 1> = 1 and a,c € Q by Lemma 2.8.6.
The only integral solutions of (a — £)* + Z¢? = 1 are a = £1,¢ = 0. Now we consider the

rational and non-integral solutions of (a — £)? 4+ I¢ = 1. Let

a— c_ cosf, —c =sinb.
2 2
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The fact that a, ¢ € Q implies that cosf € Q. Let cosf = g where p, ¢ € Z and

(p,q) = 1. Since ¢ = 2?}%9 € Q, we can let sinf = %\/?, where k, w € Z and (k,w) = 1.

Then we have

7]€2 2 7/{72 2 _ 2
sin’f 4 cos?f=1e= — + 2 1 T 1 (2.8.13)
w? g w q

Note that

pa)=1=@"¢)=1=(¢"-p"¢) =1
If 7w, (k,w) =1= (k?, “’72) = 1. By (2.8.13), we get ¢* —p*> = k? and ¢* = 7“"72 This last
equality implies that |%| = /7, which contradicts the fact that ¢,w € Z. So 7 { w and
thus (7k%, w?) = 1. Using (2.8.13) again, we get ¢*> — p? = Tk* and ¢ = +w. Replacing p
by —p if ¢ = —w, thus we have

= —— . [ = — — _ v
‘ VT w\/_ 473 + w w
and
_ ((k+p)/w  —4k/w
¢= < 2k/w (pfk)/w)’ (2.8.14)

where p, k,w € Z, (p,w) = (k,w) = 1, w # 1 (otherwise, a,c € Z) and p? + 7k? = w?.

Lemma 2.8.7. Suppose K(B,D) = K(B,CDy) is a Z*-tiling set, where C is defined as
in (2.8.14). Then w = 2°t for some s > 2, t € 2Z+ 1, p = u+ 2v, k = 2v — u for some
u,v € 22+ 1.

Proof. By Lemma 2.8.1 and (2.8.14), we have
» . 09D k+p 2k -
() Be() = ol )(_ z&)(m;)

0 (ko pm 2k, 1) Ak + (p = Ry
27 w 2 w

[2.8.15)

Note that for any x € Z, 2> mod 4 = 0 or 1 depending on whether z is even or odd.

Considering the equation p? + 7k? = w? modulo 4Z, it follows that both p, k are odd if
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w is even and that k is even and p is odd if w is odd.
Case 1: w # 1 is odd, k is even, p is odd.
Take m = ((1]) By (2.3.10) and (2.8.15), there exists some j > 1 such that

. MMk+p 4k 1
1 =i it (1 1 2
. B J = = = Y — — Z
(0) (B)~C (0) 2w 2w 2 *

. . (4) ()
Since (k + p)lt) — 4k(Y) € 2Z + 1 for any j > 1, we cannot have Y ktp G 4k o1y

27w 27w 2
if 7 > 1. So the only possibility is 7 = 1. Then we should have

= —+ 7. 2.8.1
2w 2 w 2w €2jL (86)

(2.8.16) implies that w|(p — 3k). Since
p? 4+ Tk? = w? <= (p — 3k)(p + 3k) = w? — 16k?,

it follows that w|(w? — 16k?) and thus w|k?, contradicting (w, k) = 1.

Case 2: w is even and both p, k are odd.

Let w = 2°t, where t € 2Z + 1, and s > 1. Take m = (2591). It follows from (2.3.10) and
(2.8.15) that there is an integer j > 1 satisfying

A g(j) 95 g(j) <p . ]{;)25_1
1 . (pt\—dt( 0 - =z, 2 M ME
() BI7C0GN) = Sty o
[k + 25209 1
, € -+ 7. 2.8.17
271 2 + ( )

If j =1, then Egl) = ES) = 1. By (2.8.17), we have

Gk + 2 _prk 1,
2t 4t 2 '

Hence, there is u € 2Z + 1 such that p + £ = 2u. Since p and k are both odd, we have
p — k = 2% for some ¢ > 2 and v € 2Z + 1. Hence,

PP+ TR = w? = p? — k* = w? — 8k = 2/ uw = 27512 — 8k,

49
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and the fact that 82! implies that 8|2?%, we obtain that s > 2. Therefore, 2 2uv =
2257342 _ k2. Since 225732 — k% € 2Z+1if s > 2, we deduce that £ = 2, i.e. that p—k = 4v.
Similarly, taking m = <28(;2), we obtain from (2.3.10), (2.8.15) and the results above that
there is some j > 1 such that

' . f(j)zik‘ . E(j)k‘] ug(j) _ 2f(j)k‘ 1
1\ . (pty—it (28 e 2 N uby 2 L
(0) (B C( ) )_ o =~ €5 L (2.8.18)
However, (2.8.18) cannot hold for any j > 1, since ufgj) — %gj)k is odd. So (2.8.17) has
6 k+22E 0]
£§J)k+ p%kﬁé]) € 2Z. Since fﬁ”, Egj) and k, p are all odd, it follows that p —k = 2u for some

u € 27 + 1 and thus p + k = 2% for some ¢ > 2, v € 2Z + 1. Then, as before, we have

to hold for some j > 1, i.e. € % + Z for some j > 1, which implies that

P2+ TR = w? = p? — K = w? — 8k? = 2T uw = 2%¢? — 8k,

25—2

implying that s > 2. Let now m = ( 0

). From (2.3.10) and the results above, there is
an integer 7 > 1 such that

PSS 120 ==y, - |
(é).(Bt) 30t<20): ! 4% 2 €5 +Z (2.8.19)

If j = 1, then from (2.8.19), we have p;—fk € 27 + 1, which implies that there exists

u € 27 + 1 such that p — 3k = 4u. This forces p + 3k = 20 for some v € 2Z + 1 since

p = ¥ + 2t in that case and p is odd. On the other hand,

PP+ T2 =w? < (p+3k)(p— 3k) = 2%t> — 16k>

2.8.2
— 8uv = 2%t*> — 16k>. (2.8.20)

(2.8.20) implies that a0 = 2273t — 2k? € 27, which is a contradiction. So j # 1 and
th [Zgj)Qﬁ—Qv_egj)k]
us A2

(=2 ie. p+k =4v for some v € 2Z + 1. To summarize, we have w = 2°t,t € 27Z + 1,

€ 1+ Z for some j > 1, i.e. egj’%—% — Egj)k € 27, which implies that

s>2and p=u+2v, k=2v— u for some u,v € 2Z + 1. O

Remark 2.8.8. By Lemma 2.8.6 and Lemma 2.8.7, if K(B,D) = CK(B,Dy) is a Z*-tiling

set, where C' is non-integral, then

O () = (I ) = Gl )
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where u,v,t € 2Z + 1, s > 2 and s € Z. And in this case, we have

PR =0 = (u+20)?+72v —u)? = (2%)°

= u®—3uv + 4® = 2732 (2.8.21)
and
() B ()

09 domy + 220 —wymy 09 —4(20 — w)my + 2umy
i 23t 27 2%

(2.8.22)

The following two lemmas show that the conditions in Lemma 2.8.7 are not sufficient
for K(B,D) to be a Z*-tiling set. In the following remark, we list some formulas about

fﬁ”, féj), which will be frequently used in Lemma 2.8.10.

Remark 2.8.9. By Remark 2.8.2, we obtain, if 7 > 2, that
Egj) + egjq) _ egjq) _ ggjfl) _ _%gj*?)_
And if j > 4, then
Egj) _ E;J’fl) _ ggjq) _ 3%]'*1) _ £§j72) _ %gj*?) _ 34]’*2) _ _2(41’*2) + ggjﬂ)) _ 85&174)

Lemma 2.8.10. Let matriz C be defined as in Remark 2.8.8, then K(B,D) = CK (B, Dy)
is not a Z*-tiling set if s > 2.

Proof. If s > 2, we have, using (2.8.21) and the fact that u,v,t € 2Z + 1, that

u? — 3uv + 40 = 2573 = (u—v)(u— 2v) = 2273 — 22

— u—v€22Z+1). (2.8.23)

u? — 3uv + 40 =273 = (u+v)(u—4v) = 2273 — &2
{u+v€8@Z+D,s>3

I

(2.8.24)
u+v € 32Z, s =3.
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Assume K(B,D) = CK(B,Dy) is a Z*-tiling set, then X (m) = d,,0, m € Z* by Lemma
2.1.1. Take m = (250’ 3). By (2.8.22) and (2.3.10), there is some j > 1 which satisfies

0 2j+1¢ 2ji+1¢ < 9 +Z.

) () (3+1) ()
1 gt r2sy ol = (2 —u)ls” w4l 1
(o) (B (%) = =
Hence, there exists some r € Z and some j > 1 such that
ol Ll = 29¢(2r + 1). (2.8.25)

Take m = ( 0 ) By (2.8.22) and (2.3.10), there is some j' > 1 which satisfies

2s—3

(4) - (BY7C (%) = (v - +utly” % + 7.

25—3 2jl+2t

If 7/ = 1, then Egj/) = Eéj/) = 1 and the above equation would imply that v € 2Z, a

contradiction. There exists thus some ' € Z and some j’ > 1 such that
ol D = 242" 4 1) (2.8.26)
1 2 = . 8.
From (2.8.25) and (2.8.26), it follows that j" # j + 1 and that

(v —u)Dyy = 2120 + 1)(077) + 69y — 27120 + D)V 1 69), (2.8.27)

(v+u)Dj; = 27¢(2r + )Y — 69y — 2742 + 1)) — 7Ty, (2.8.28)

Case 1: if j/ = j, then j > 2 since 5 > 1. Furthermore, D;; = —2~! by Lemma 2.8.3.
We have, using (2.8.27) and Remark 2.8.9, that

v—u = =2t(2r+ 1)(6&” + Egjfl)) + 2t(2r" + 1)(€§j+1) + Eéj))
e+ )P a2 + )Y, >3
—4t(2 + 1), j=2.

It is obvious that v—u € 47 for any j > 2, which contradicts the fact that v—u € 2(2Z+1).
Case 2: if j' < j, then j > 3 and by Remark 2.8.9, (2.8.27) can be rewritten as

o' +14 [(27«/ F 1YY — 2177 (2 4 1)f§j/_2)] 23

(v—u)Dj; = ,
Y 8t(2r 4+ 1057, j'=2

(2.8.29)
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If j > 3, Lemma 2.8.4 implies that D;; € (2Z+1)2/""!, so u—v € 4(2Z + 1) by (2.8.29),
which is a contradiction by (2.8.23). If 5/ = 2, then

Dj2 _ €§j+1)€gl) B g?)ggj) _ €§j+1) + ggj) _ _2651*1). (2.8.30)

(2.8.29) and (2.8.30) show that u—v € 4(2Z+1) if j/ = 2, which is impossible by (2.8.23).
Case 3: if j/ > j, then j* > j 4 2. It follows from (2.8.28), we should have

(v+u)Dj; = —20t(2r + 1)(F) — 6§ 7V) 4 2020 4 1) (69T — ()
= 20t |27 (20 + 1) - 345") — (2r + (Y - 3]

(2.8.31)
If 7 =1, then j/ > 3 and (2.8.31) can be reduced to

—(4u)(§ D 4 07y = 2t [—21"(27»' F1)+202r+ 1)V zgj’—”)} . (2.8.32)
If j/ = 3, this reduces to

2(u+wv) =8t[(2r+1) —2(2r' +1)].

This would imply that u + v € 4(2Z + 1), which is impossible by (2.8.24).
If j/ =4, (2.8.32) yields

2(u+v) = =2°¢(2r + 1),

and thus that u + v € 16(2Z + 1), which is also impossible by (2.8.24).
If 7/ > 5, we have, using Remark 2.8.9 and Remark 2.8.2, that

2u+ )y P =2 | =27 (2 +1) — 8(2r + 10T Y|,

which implies that u 4+ v € 8(2Z + 1). This shows that s > 3 by (2.8.24).
If 7 =2, then j' > 4 and we obtain from (2.8.31) that

(v+u) (=369 7Y — (00y = 4] 27" (2" + 1) — (2r + (V™Y =365, (2.8.33)
If j/ = 4, this yields

(v+u)(=30 — (V) = 4(u + v) = =25¢(2 + 1),
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and thus that u + v € 16(2Z + 1), which is impossible by (2.8.24).
If 7/ > 5, then we have, using Remark 2.8.9, that

du+ )05 = 4 [—23”(27«’ 1) —8(2r + 1) Y]

which implies that u + v € 8(2Z + 1). This shows again that s > 3 by (2.8.24).
If j =3, then j* > 5 and using (2.8.31) and Remark 2.8.2, we obtain that

(v + (@ =0 = 23+ 1) =367 — 2+ 1)V — 3]
= —21(2r + 1)V — g,
i.e. we have v +u = —23%(2r + 1) € 8(2Z + 1), which implies that s > 3 by (2.8.24).
If 7 > 3, then j' > 5 and it follows from (2.8.31) and Remark 2.8.9 that

(v +w)Dyy = 243 [ (20 + 1) — (2r + )]

Since D;; € (2Z 4 1)2 by Lemma 2.8.5, it follows that u + v € 8(2Z + 1), which also
implies that s > 3 by (2.8.24).

We deduce that s > 4 by the above three cases if we assume that s > 2. Taking
m = <2S(;4), then by (2.8.22) and (2.3.10), there exists some j > 1 which satisfies

0 0 2i+2¢ - 2j+2¢ < 2 +2.

If j =1, we get u—v € 4(2Z+ 1) contradicting (2.8.23). That is, there exists some h € Z

() (yicn(zy) - Wm0 o el

and some j > 1 such that

009 4l = 24142k + 1). (2.8.34)
Taking now m = <2£ 4), then there exists some j' > 1 which satisfies

<1) . (Bt)fj’cvt< 0 ) _ (QU*“)Zgj/)ﬂL“ééjl) c % + 7.

0 254 21" +3¢
If i/ =1, we get v € 4(2Z + 1), contradicting the fact that v € 2Z + 1. If 7/ = 2, we
get u — v € 8(2Z + 1), contradicting (2.8.23). Hence, there exists some h' € Z and some

j'" > 3 such that
ol Y = 20y (oh 4 1), (2.8.35)
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The equalities (2.8.34) and (2.8.35) show that j° # j + 1. Furthermore, using Remark
2.8.9, we have

(v—u)Dj; = 220+ 1)V 4§y — 27 2n! 4 1) (VY 4 )y
= %20+ )Y TP 4 2220 + 1) Y, (2.8.36)

If j/ = j, then D;; = —29~! by Lemma 2.8.3. Thus u—v € 8Z, which contradicts (2.8.23).
If j/ < j, then j > 4 and from (2.8.36), we get

(v =)Dy = 272 (2 + )45 =277 2h + 1))

Since Dj; € (2Z + 1)27'~! by Lemma 2.8.4, we obtain that u — v € 8(2Z + 1), which is
again impossible by (2.8.23).
If j/ > 7, then 5/ > j + 2 and, in this case, we have

(v —u)Dyyr = —2772 [(2h + 1)6§ ~P — 27~ (2 + 1)65 V| .

Since D;; € 27(2Z + 1) by Lemma 2.8.5, so we obtain that u — v € 4(2Z + 1), which
contradicts (2.8.23). This proves that K(B,D) = K(B,(CDy) is not a Z>-tiling set if
5> 2. U

Lemma 2.8.11. Let matriz C be defined as in Remark 2.8.8, then K(B,D) = CK(B,Dy)
is not a Z*-tiling set if s = 2 with t # £1.

Proof. 1f s =2 and t # £1, then (2.8.21) can be written as
PP+ Th? = w? <= u® — 3uv + 4* = 212 (2.8.37)

Assume K(B,D) = CK(B,Dy) is a Z*-tiling set, then X (m) = d,,0, m € Z* by Lemma
2.1.1. Taking m = ((1]), we obtain by (2.8.22) and (2.3.10), the existence of j > 1 which

satisfies the following:

(- (i) = ot Qu—wl o ) — (0wl 1
0 0 27t 27t 21t

€ -+ Z.
2+

95
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There exists thus r € Z and some j > 1 such that
o(09 — 69y — (v — W)Y = 27 14(2r + 1). (2.8.38)

Since (), ) u and v are all odd, it follows that v(¢Y) — () — (v — w)¢Y) € 2Z and,
obviously, j # 1. If j = 2, then 552) =—1, Ef) =1 and (2.8.38) yields u — 3v = 2¢(2r + 1)
for some r € Z. This means that ¢|(u — 3v). Using (2.8.37), we get

u? — 3uv + 40° = 2t = u(u — 3v) = 2t* — 40*

This implies that ¢[v? and thus (¢,v) # 1, since ¢ # +1. Furthermore, we get that
(t,k) = (t,2v—u) # 1, Wthh contradicts the fact that (w, k) = 1, where w = 4t. Suppose
N) E 27+ 1 for j > 3 by Lemma 2.8.1, it follows from (2.8.38)
that 5= € 2Z +1, i.e. v—u = 27 for some 7 € 2Z+ 1. The equality u? — 3uv + 4v? = 22

now that j > 3. Since +——=2-

which is equivalent to (u—v)(u—2v) = 2(t*—v?) implies that t2—v? € 2Z+1, contradicting
t,ve2Z+ 1. O

Theorem 2.8.12. Let A = Cy = ( ) and D = {0,d}. Then K(B,D) is a Z*-tiling

st i and oty iD= 1), (1 2 = (2) ()0 2 = 1) (). P = () (D

Furthermore, for each of these digit sets, K(B, D) is an A-dilation MRA scaling set.

Proof. It A = Cy = (g *11), then B = A! = (Pl f) In [40], K(B,D,) was proved to
be a Z-tiling set using Cohen’s Condition. By the definition of S in Lemma 2.1.4, we
get S = {(8)} Then Lemma 2.1.4 gives K(B,Dy)((Z* = —S = {(8)} Thus K (B, Dy)
contains a neighborhood of 0 by Lemma 2.1.3. So K (B, Dy) is an A-dilation MRA scaling
set by Corollary 2.1.6. The general form of a matrix C' commuting with B is C' = (Z (;_2‘36).
The condition |det C| = 1yields a(a—c)+2¢* = (a—£)?+ Zc¢* = 1. The integral solutions
of (a—£)?+ I =1 are a = £1,c¢ = 0. As we discussed, K(B,D) = CK(B,Dy) is a Z*-
tiling set and also an A-dilation MRA scaling set for integral matrices C' = +1. Suppose
there is a non-integral matrix C such that K (B, D) = CK (B, Dy) is a Z*-tiling set. Then

matrix C' is a rational matrix by Lemma 2.8.6. It follows from Remark 2.8.8 that

C = <a —26) — <(k+p)/w —4k/w ) _ < 4v/2%¢ —4(2v—u)/25t)’

c a—c 2k /w (p—k)/w 2(2v — u)/2%¢ 2u/2°t
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where u,v,t € 2Z + 1, s > 2, s € Z and p? + Tk? = w?. From Lemma 2.8.10 and Lemma
2.8.11, we can not find a non-integral matrix C' such that K(B,D) = CK(B,Dy) is a
Z2-tiling set if s > 2 orif s =2 and t # +1. If s =2 and ¢t = +1, then w = 25t = +4 and
there are eight triples (p, k,w) = (43,41, +4) which satisfy the equation p? + 7k* = w?.
We consider each of these cases separately.

If (p,k,w) = %(3,1,4), then a = 1, ¢ = % and the matrix C* = ( !

2 -1

[SIEENIE

) . We have

1

-1

() () = 0.0

N | =N =

J ) = 0o (A ) s

—m1 + 5m2

Taking j = 1, we have, using (2.8.39), that

t\—1( mi+ tmo _ LN/ mi+ime
(LO)(B) T (mrare ) = (Lo) (5 B)(mtA)
= %(ml—l—%mg)—l—%(—mle%mg)
3ma

So Xk (m) =0if mg € 2Z + 1 by (2.3.10). If my is even, say mq = 2ko, ko € Z, then

Clm = ( e 31’”“2 ) = (ol ) e 2\ {0}y it m= (1) € Z°\ {0}.

—m1 + 5m2

The fact that Ky := K(B,Dy) is a Z*-tiling set is equivalent to that Yx,(m) = .0,
m € Z*. Then Yx(m) = Xcx,(Mm) = Xk, (C'm) =0 if m = < ) € Z*\ {0} and m, € 2Z.

mi
Thus we proves that Yx(m) = 0, i.e. K(B,D) = CKj is a Z*-tiling set, and, therefore,
K(B,D) is an A-dilation MRA scaling set since Kj is.

If (p,k,w) = =+(3,1,—4), then a = —1, ¢ = —% and the matrix C* = <_11 _%) which

2
is the negative of the corresponding matrix C! in the previous case. Using the same

arguments, we can thus prove that K(B,D) = CK, is also an A-dilation MRA scaling

set.
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If (p,k,w)=+(-3,1,—4), then a = %, c= —% and the matrix C* = (% _1%). We have

(4) (5) 1 1
1\ | pty—iot(mi) _ SN S [ =R
() ee) = aoy 5 )6
z(j) e(]) 1
= (1,0) (21—] 22—]> (5(m1 —m2)>
* * m1 + m2
g(j) 1 g(i)
= ?[5(7711 —mg)] + %(ml + ms)
- 2j+1 9j+1 : o
Taking m = (?), we obtain from (2.8.40) that
. () g0 (D)
(170)(Bt) Jct(?) =2 JFT T T ot (2'8'41)

(G+1)
It is obvious that —% ¢ L+ Zforany j > 1. So K(B,D) = CKj is not a Z*-tiling set.

If (p, k,w) = £(-3,1,4), then a = —%, ¢ =1 and the matrix C* = <*% _%1) which is the

T 2

negative of the corresponding matrix C* in the previous case. Using the same method,

we can then show that K = C'Kj is not a Z>-tiling set. O

Let C' = @ él) From the discussion for the representative class A = Cy = (g *11),
we get K(B,D) = +CKy = CK(B,Dy) is an A-dilation MRA scaling set. That is, there
are two non-integral digit sets D = {0,d}, where d = :i:C’((l]) = :i:@) such that K (B, D)
is an A-dilation MRA scaling set. This is a very interesting Z>-tiling set. Intuitively, we
might think digit set D = {0,d} should be a subset of Z? if K(B,D) is a Z*-tiling set.
However, the examples we give here show that there are non-integral digit set D = {0, d}
such that K(B,D) is a Z*-tiling set. Note that K(B,D), where D = i{(g), (;)}, is
not only a Z>-tiling set, but also a CZ>-tiling set since K(B,D) = CK, and K is a Z>*-
tiling set. The set K (B, D) and its translates K (B, D)+ (2) K(B,D) + G) where D =
{(g), @) }, are depicted in Figure 2.1. The set K (B, D) and its translates K (B, D)+C((1)),
K(B,D) + C’G), where D = {(8), @)}, are depicted in Figure 2.2. The corresponding
wavelet set ) := BK\ K = K + @) and its translate @ + ((1]) are depicted in Figure 2.3.
The sets BQ,Q, B~'Q, B~2Q are depicted in Figure 2.4.
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K+(0,1)! K+(1,1)

-0.5
1

-1.0 -0.5 0.0 0.5 1.0 15

Figure 2.1: K and its Z?-translation: K + (2), K+ G) in Section 2.8.

K+C(1,1)!

K+C(1,0)!

-0.5
|

-1.0 -0.5 0.0 0.5 1.0 15

Figure 2.2: K and its CZ2-translation: K + C’(é), K+ C’G) in Section 2.8.
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2.9 The case A =—-Cj

-2 1 -1

can show that there are four digit sets D = {<8>, (é)}, D= {(8), <Bl>}, D= {<8>, (i)}
and D = {<8>, (j)} such that K (B, D) is an A-dilation MRA scaling set.
2

IftA=-Cy= ( 0 _11>, then B = A = (0 ’2>. The same argument to the matrix Cy, we

Q Q+(1,0)"

0.0 0.5 1.0 1.5 20 25

Figure 2.3: The wavelet set Q = BK \ K and its Z?-translation: Q + <(1)> in Section 2.8.
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0.0

-0.5
1

-1.0

Figure 2.4: B-dilation of the set Q: B72Q, B~'Q, Q, BQ in Section 2.8.
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Chapter 3

Self-Affine Scaling Sets in R?, Part IT

In last chapter, we characterized all one and two dimensional self-affine scaling sets with
a set of associated digits of the form {0,d}, where d € R? and d is not necessarily in
72, for an integral expansive matrix A with |det A| = 2. As a complement to the work
in Chapter 2, the main purpose of this chapter is to characterize all self-affine scaling
sets with associated n x n integral expanding matrix A with |det A| = 2 and associated
digit set D = {d;,ds} C R", n = 1,2. We point out that we have shown in Chapter 1
that if such a scaling set can be constructed in dimension 1 or 2, then it must necessarily
be an MRA scaling set. Hence, the characterization of A-dilation scaling sets is reduced
to the characterization of A-dilation MRA scaling sets in dimension one and dimension
two. The main difference with Chapter 2 is that we do not assume here that 0 € D.
Let K be a self-affine tiling set in R™ associated with the matrix B and the digit set
D = {dy,d>} C R", ie. K = K(B,D) satisfies the set-valued equation

BEK = (K +d) | J(K + dy). (3.0.1)

(3.0.1) determines a unique compact set K, given explicitly by

K(B,D) := {iB‘%» L€ D}. (3.0.2)

J=1

62
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3.1 A sufficient condition for K(B,D) to be an A-
dilation MRA scaling set

Throughout the rest of this paper, K (B, D) denotes the self-affine set K associated
with the matrix B and the digit set D which satisfies equation (3.0.1). Let

m—1
Dy = { Z Bid; - d; € D} form > 1. (3.1.1)
=0

Then for any m > 1, by (3.0.1) and (3.1.1), we have B"K = K + D,,.

Theorem 3.1.1. Let A € M? (Z) be expanding and K be a self-affine tile associated
with the matriz B and the digit set D = {di,ds}. Suppose that K is a Z"-tiling set

and that there exists a sequence {¢;}32,, €; € D, such that ZB’jej = 0. Define

j=1

13m =D, — Z Bm_jgj. [fﬁm C 5m+1 for everym > 1 and K is a lsoo—tz'lz'ng set, where
j=1

D, = U 15j, then K is an A-dilation MRA scaling set.

j=1

Proof. Suppose that there exists a sequence {e;}32,, €5 € D = {d;,ds}, such that

Z B*jaj =0 and ﬁm - 5m+1, where 25m =D, — Z Bm*jgj. Then, for any m > 1,
j=1 j=1

51”/Lg,5m+1 - K_'_ﬁmgK—i_ﬁerl

m m—+1

— K+D,—Y B" g, CK+Dy—» B
j=1 j=1
m m—+1
— B"K-)» B"g; CB™K Y B g,
j=1 j=1
m m—+1
— K-> B75;CBK- ) B'g
j=1 i=1

m+1 m
— KCBK-—() B'"7g—) B
j=1 j=1

63



64 PhD Thesis - Xiaoye Fu

m

ZB Je; = 0 implies that lim (Z B'eg; — ZB Te;) = 0, i.e, for any € > 0, there is

m—o0
7=1

NENsuch that K C BK + B(0,¢) if m > N Lett1nge—>0 we get K C BK. Let V
contain a neighborhood of 0 and V + K be compact. Define

Si={s€Du : [(K+V)[ (K +s)| >0}

Since S C (K + V) — K, S is bounded and so is U K + s. Hence, there exists r > 0 such

seS
that

U B(0,7). (3.1.2)

Since K + s, s € S are essentially disjoint, then the number of elements in S is at most

%. The inclusion 13m - ZSmH shows that there is m € N such that S C 13m It

follows from (3.1.2) that

V+KCK+D,=K+D,—Y B"J:;=B"K-Y» B" g (3.1.3)
— :
The equation Z B’jsj = 0 is equivalent to Z B’jsj = — Z B’jgj. Thus we have,
j=1 j=1 j=m+1

using (3.0.2), that

ZBm—jgj - _ Z Bm_jgj = _ZB_j5j+m e —K. (3.1.4)
j=1 j=m+1 Jj=1

From (3.1.3) and (3.1.4), we obtain that

V-) B":5; CV+KCB"K-Y B" e, (3.1.5)

=1 j=1
(3.1.5) implies that V' C B™K, so K contains a neighborhood of 0. Since B is expansive
and K C BK, we have R" = U B™K = lim B™K. This shows that hm XK(B M) =

m—0o0
meZ

1l a.e. x € R". By assumption, K is a Z"-tiling set. Hence K is an A-dilation MRA scaling

set since it satisfies the three conditions of Lemma 0.0.7. O
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The conditions in Theorem 3.1.1 are not necessary. It depends on the choice of the
sequence {¢;}152,&; € D. The example below illustrates this situation. However, Theorem
3.1.1 provides some conditions to verify the inclusion K C BK and when the set K

contains a neighborhood of 0.

Example 3.1.2. In dimension two, consider the self-affine set K (B, D) associated with
the matrix B = (g (1)) and the digit set D = {(2), (_09 } Then K (B, D) is an A-dilation
MRA scaling set and

2

o) () () 3)

0), it jis odd and j > 3,

_1
2

0 It is easy to see
<1>, if jis even and j > 4.
2

Take €, = (2)752 = <0) and ¢; =

_1
2

that e; € D for j > 1 and the sequence {¢;}52, satisfies that ZB’jsj = 0. Define D,,
j=1
as in Theorem 3.1.1. However,

5 -i-a = {(0-(%)}
D= a0 = {(). (). (). ()}

Obviously, D; ¢ D,.

For Example 3.1.2, if we take ¢, = g5 = (2) and ¢; = <_Ol) for j > 3, then obviously,

2

g; € D for j > 1 and the sequence {;}32, satisfies that Z B77g; = 0. Define D, as in
j=1

(3.1.1) and define D,, as in Theorem 3.1.1. Then we have

AL (e () () (1
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It follows that Dy C Ds. Suppose D,,_1 C D,, for m > 3. Then, by the definition of D,,

and by assumption, we have
D,,=BD,,.1+Dy C BD,,, + D1 = Dy,11. (3.1.6)

This shows that D,,, C D,,,1 holds for any m > 2. Moreover, we have

|

Thus, by the definition of 15m, we get

b=t = (. ()} Bo= a5 = {0 (3).() ()}

Obviously, D; € D,. For any m > 2, it follows from (3.1.6) and (3.1.7), we obtain that

N =O

m 1
), and ZBm_jsj = (%) for m > 2. (3.1.7)
=1 2

m 1 1 m+1
Dm = Dm - ZBm_jEj = Dm — (%) - Dm+1 - (i) = Dm-i—l - Z Bm+1_j€j = Dm—l—l-

j=1 2 2 j=1
~ ~ ~ oo o
This proves that D,, C D, for any m > 1. It is easy to compute that Do, = |J D =
m=1

Z2. Therefore, the set K is also a ﬁoo—tﬂing set.

Example 3.1.2 illustrates that for some cases, we may choose the sequence {¢;}52,

[e.e]

with ; € D for j > 1 satisfying Z B_jz-:j = ( such that the conditions in Theorem 3.1.1
j=1

become necessary. However, we have no idea on how to choose such a sequence.

3.2 Characterization of the inclusion K C BK

As one of the necessary and sufficient conditions for a measurable set K to be an A-
dilation MRA scaling set, the inclusion K C BK plays a key role in the theory of scaling
set. In this section, we will derive an equivalent condition for that inclusion assuming that
K is a self-affine tile which satisfies equation (3.0.1). The fact that K’ C BK implies that
B™™K C K for any m > 1 and thus that 0 € K, since B is expansive. It follows from
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(3.0.2) that there exists a sequence {g;}%2,, €; € D = {dy,da} such that 0 = Z B¢,
j=1

Define

Dy =Dp— Y B"e;, m>1. (3.2.1)

J=1

Theorem 3.2.1. K C BK if and only if 15m C 5m+1 + H for every m > 1, where H is
a compact subset of R™ and 15m is defined as (3.2.1). Moreover, if K C BK, we can let
H=K-K.

Proof. Suppose ﬁm satisfies that Zsm - Zsmﬂ + H for m > 1. By the definition of 25m,

for any m > 1, we have

Dy CDpsr + H = K+D,, CK+Dpy1+H
m m+1
= K+D,—» B"/5;CK+Dpy—» B"' e+ H
j=1 j=1
m m—+1
— B™K — Z Bmfjgj C Bm+1K _ Z Berlfjgj + H
j=1 j=1
m m+1
— K-> B75;CBK-)Y B'Je+B™H
j=1 i=1
m—+1 m
— KCBK-() B"7¢—) Beg)+B"H

j=1 j=1
Given ¢ > 0, we have

m m—+1
> BT, =) BUfe;+ BMH C B(0,¢)
j=1

j=1

if m is large enough, since ZB’J}SJ = 0, H is compact and B is expansive. So K C
j=1
BK + B(0,¢) for any € > 0. Letting ¢ — 0, we obtain that K C BK.

Conversely, suppose that K C BK. For any m € N and any 71,12+ , 7, € D, we have
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the identity
> B (n; —¢) BmZB I(p; — &), (3.2.2)
j=1

where Pi = for 1 < j < m and pi =& for j > m+ 1. From (3.2.2) and the fact

that ZB Je; = 0, it follows that ZBm I(n; — ;) € B"K. The inclusion K C BK
Jj=1 j=1

implies that Z B™(n;—¢;) € B K. Hence, given any m > 1, there exists a sequence
j=1
{m;}521, where i} € D, such that

ZB“H i —¢€j) = Bm“iB—jn;

j=1
= B™'Y BY(n —¢)
j=1
m+1 o
= Z B (nj —&5) + Z B (0 ms1 = Ejrms1)- (3.2.3)

j=1

Since Z B (0 i1 — €j+m+1) € K — K, we obtain that Dy C€ Dyt + (K — K) from
j=1

(3.2.3). 0

Remark 3.2.2. Note that in the proof of Theorem 3.2.1, we do not assume that |K| > 0.
That is to say that Theorem 3.2.1 holds if K is a compact set satisfying equation BK =

U K + d, where D,,, ﬁm are defined similarly.
deD

Remark 3.2.3. In fact, Theorem 3.2.1 shows that K C BK if and only if for any m € N

and any 71,79, ,Mm € D, there exists a sequence {n;}22;, where 7}, € D, such that

Jj=Db

m+1

Z B (n; — ;) = Z B (o, — ;) + Z B (0 st — Ejms1)s (3.2.4)
j=1 J=1

j=1
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o
where the sequence {¢;}32, satisfies Z B77g; =0, g; € D. Define
j=1

1 f i— d
=14 079 (3.2.5)
—]_, if g = d2.

Then for each j € {1,2,...,m + 1}, there exists d;,d; € {0,1} such that

nj— €5 = a;0;(dz — dv), 1y — €5 = a;05(dz — ).

J

And for j > 1, there exists 67, ,,,, € {—1,0,1} such that ni,,, .1 —€jmy1 = 07,1 (d2 —
dy). Thus equation (3.2.4) can be written as

m m+1 )

S B T aii(dy — di) = Y B a8 (dy — i) + Y B, (dy — di). (3.2.6)

= =1 j=1
Lemma 3.2.4. Let K be a self-affine tile associated with an expanding matric B €
M(Q)(Z) and a digit set D = {dy,ds} satisfying (5’01) For any given m € Z, if
ZB 16,(dy — dy) = 0 for some §; € {—1,0,1}, thenZB 16, = 0.

Jj=m j=m

Proof. Let C' = ZB’jéj and let M = {u € R": Cu = 0}, then M is a subspace of

j=m
o0

R". Obviously, 0 € M and by assumption, ds — d; € M. Therefore, ZB_jej e M it
j=1

gj S {O,dg — dl} Let

B e (0d-a))

j=1

Then K’ = K —» B7d; and K’ C M. This implies that |K’| = |K| > 0 since K is a

j=1
self-affine tile, and |M| > |K'| > 0. M is a subspace of R”, hence, M = R"™. This proves

that C' = 0. O
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Remark 3.2.5. Lemma 3.2.4 can also be stated in the following way:

Let K be a self-affine tile associated with an expanding matrix B € MV(LZ)(Z) and a digit
set D = {d;,ds} (in particular, |K| > 0). If C(dy — d;) = 0 for some invertible matrix C'
which commutes with B, then C' = 0.

Remark 3.2.6. By Remark 3.2.3, Remark 3.2.5 and (3.2.6), K(B,D) C BK(B,D) if and
only if given m € N, for any sequence (d1,d,...,0d,) € {0,1}™, there exists a sequence

{5;};”;11 € {0,1}"* and 07 € {-1,0,1} for j > m + 1, such that

m m+1 00
ST B g =Y B a8+ Y B, (3.2.7)
j=1 j=1 j=1

where a;, j € N is defined as in (3.2.5).

If K is a self-affine tile satisfying BK = (K + d1) J(K + d), where B € M\ (Z) is
expansive, then using Remark 3.2.6, we will characterize the digit set D := {d;, ds} for
which the inclusion K (B,D) C BK(B,D) is satisfied. That is, if K(B,D) C BK(B, D),
then 0 € K(B,D) and it follows from (3.0.2) that there exists a sequence {€;}52,, where
e; € D, such that 0 = ZB‘jsj. Define a; as in (3.2.5), then sequences {¢;}32, and

=1
{a;}52, are uniquely determined by one another. If the sequence {a;}32, satisies (3.2.7)

for any given m > 1 and any sequence (01,0, ...,0,) € {0,1}™, then the relationship
between {a;}32, and {¢;}52; and the fact that ZB*jej = 0 will give us an equation

J=1

relating the digits d; and ds which makes the inclusion K(B,D) C BK(B,D) possible.
Therefore, the problem of characterizing the digit set D = {d;,dy} which satisfies the
inclusion K(B,D) C BK (B, D) is reduced to finding sequences {a;}52, such that for any
given m > 1 and any sequence (d01,0s,...,0,,) € {0,1}™, the matrix identity (3.2.7) is

satisfied, or, equivalently, such that the corresponding vector identity

m m—+1 0o
Z Bm_jajdjz = Z Bm—H_j(lj(S;Z + Z B_j5;~/+m+127 (328)
7=1 7=1 Jj=1

holds for any fixed z € R?, with z # 0.
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Let d € Z" \ {0} be a vector such that Dy := {0,d} is a complete set of coset
representatives for Z"/BZ"™. Then d and Bd are linearly independent by Lemma 3.4.1
and thus {d, Bd} is a basis for the Euclidean space R?. If the vector d satisfies (3.2.8) with
z = d, then the vector z = Bd also satisfies it and furthermore, any linear combination
of d and Bd satisfies (3.2.8). Therefore, the inclusion K(B,D) C BK(B, D) holds if and
only if the following identity is satisfied for the vector d and for all m > 1,

m m+1 00
> B Va;d =Y B Ja;5id+ Y B, d. (3.2.9)
j=1 j=1 j=1
m m+1 00
Note that, since both Z B™ a;8;d and Z B™171q;8%d are in Z", the term Z B ad
j=1 j=1 j=1
€ Z" by (3.2.9). Let K’ := { > B 0d 6 € {~1,0, 1}}. Then K’ satisfies
j=1
the set-valued equation
BK' = K'| J(K'— d)| J(K' +d). (3.2.10)

In order to find digits dy, ds which satisfy the inclusion K(B,D) C BK(B,D), it will be
necessary to find the integer points of the set K’. Once this is solved, we will determine
which sequence {aj};ﬂ;ll € {—1,1}™*! satisfies (3.2.9) for any fixed m > 1 and for any
{9;352, € {0, 1}™. Letting m — oo, we can find all sequences {a;}52, satisfying (3.2.9)
for any m > 1. In the last section, we use this method to characterize the digit sets
D = {di, ds} such that K(B,D) C BK(B, D).

To summarize the above, we have the following result

Proposition 3.2.7. Let B € M,SQ)(Z) be an expanding n x n matrix and let K be a
self-affine tile satisfying the set equation BK = (K + dy) | J(K + dy). Let d € Z" \ {0}
be a vector such that Dy := {0,d} is a complete set of coset representatives for Z"/BZ".
Then the inclusion K (B, D) C BK(B, D) holds if and only if for any 1, ...,d,, € {0, 1},
there exist 67,...,6,,,0,,., € {0,1} and some x € K'()Z" such that

m m+1
S Bt = 3 B

j=1 j=1
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where a;, j > 1 are defined by (3.2.5) and K’ is defined in (3.2.10).

Remark 3.2.8. We will show that if a sequence {a;}32, as above can be constructed, then
the corresponding digits d; and dy can be formed such that the inclusion K (B, D) C
BK (B, D) holds. The particular case where {a;}32, is a constant sequence, corresponds

to the situation where 0 € D and the inclusion is then obvious.

Gabardo and Yu [25, 24] gave a characterization for the integral points in K (B, D)
when the digit set D is a complete set of coset representatives for Z"/BZ". The following
lemma extends their result by characterizing the integral points of K (B, D) when the digit
set D C Z" contains a complete set of coset representatives for Z"/BZ". In particular,

Lemma 3.2.9 below gives an algorithm to find K'(Z", where K’ is defined above.

Lemma 3.2.9. Let B be an n X n integral expansive matriz and K be a self-affine set

M

which satisfies that BK = UK + d;, where D := {dy,dy, -+ ,dy} C Z" contains a
i=1

complete set of coset representatives for "/ BZ". Then K (Z" = —S, where S = |J S;

and S; is defined as follows:

m—1
So={keZ": (I - B™k= Z B'd;, d; € D, for some m > 1},

=0
Sy ={x €Z": B(—x) =d — sg, for some d € D and some sy € Sy},

Sy:={x €Z": B(—x) =d — sy, for some d € D, and some s; € S},

m—1

Proof. Suppose k € Sy and (I — B™)k = Z B'd; for some m > 1. Let z € K be defined
i=0

by
z=B Yy 1+ By o+ -+ B ™Mdy+B "™ Vd,_ 4+ 4+ B Mdy+--- .

Then B™z = B™ 'd,,_1 + B" 2dp,_9+ -+ do + 2. Thus (I — B™)(—z2) = dy + Bd; +
-+ B™1d,, | and we obtain —z = k € (—K) () Z". Therefore, —Sy C K [)Z". For any
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x € S C Z", there is, by definition, some sy € Sy, d € D such that —x = —B~'sy+ B~ 1d.

e}

Since —so € K []Z", there exists a sequence {&;}%,,

Y B7e;. Thus —z = B~'d+ B™') B7/e; € K. This implies that —$; C K [Z".
j=1 j=1
Similarly, we can prove that —S; C K () Z" fori > 2. So =S C K\ Z".
M
Conversely, let z € K [)Z". Since BK = U K +d;, then Bz = dy + 1 for some d; € D
i=1

and z; € K. Thus x; = Bz —d; € K()Z". Then Bz = dy + x5 for some dy € D and
x9 € K, thus x9 = Bx1—dy € K(Z". By induction, we have xy = Bxy_1—dy € K (2"

where ¢; € D, such that —sy =

for any N > 1, where xy = z. Since K is compact, then K (| Z" is finite. Therefore, there

must exist two integers m > 1, N > 1 such that x5 = xn.,,,. That is, we have

Bz=dy+r < —x1=d+ B(-=2)

Bri =ds + 29 <— —x2:d2+B(—x1)

Bry_1=dy+tay < —zy=dy+ B(—l’N,l)

Brnim—1 = dngm + Tnim = —TN4m = Anim + B(—=Tn1m—1).

The fact that xy = xny,, implies that

= dyim + Bdyim-1 + B*(—2nim-2)

= dntm + Bdnym—1+ B*dyim—o+ -+ B" Ny + B™(—xy).

Then we get (I — B™)(—zn) = dyym + Bdyim-1 + -+ + B™ 'dy, 1, which implies that

—xn € Sy. By the above argument and the definition of S;, we have
—IN ESQZ>—ZL‘N_1 651:>—ZL‘N_2 652:>"':>—Z€SN.

Hence, —z € S and K ((Z" C —S. So K(\Z" = —-S. O
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Remark 3.2.10. If K C R" is an integral self-affine tile associated with an n X n expanding
matrix B and a digit set D = {di,dy, - ,dp}, ie. BK = | JK + d;, where D is

i=1
a complete set of coset representatives for Z"/BZ", then the set K — K satisfies that

B(K — K) = U (K — K) 4 (. Note that D — D contains a complete set of coset

(eD—D
representatives for Z™/BZ" since D is a complete set of coset representatives for Z"/BZ".

Thus using Lemma 3.2.9, we can compute (K — K)[]Z", which is the set W defined in
section 3 of [25].

3.3 Self-affine MRA scaling sets in R

In this section, we will give a brief description of the self-affine MRA scaling set in
dimension one. The condition |det A| = 2 yields only two possibilities in dimension one:

A=2o0r A= -2.

Lemma 3.3.1. Assume K C R is a self-affine tile satisfying BK = (K +dy) | J(K + d3),
where B =2 or —2, then the set K is an interval in R. Moreover, if B =2, K = [dy, d>]
and ZfB = —2, K= [%dl — %dg, —%dl + édg], where d1 < d2.

It is easy to see that for K to be a Z—tiling set, we need dy — d; = 1 whenever B = 2
or B = —2. Let d; = a, then dy = 14+a. By Lemma 0.0.7 and Lemma 3.3.1, K = [a, 1 +a]

_1
3

2 _

is 2-dilation scaling set if and only if -1 < a < 0; K = [~3a— 2, —3a+ 1] is a —2-dilation

scaling set if and only if —2 < a < 1.

3.4 Self-affine MRA scaling sets in R?

In this section, we will turn our attention to the two dimensional case. We will
characterize the digit sets D for which the inclusion K(B,D) C BK(B,D) holds and
those for which K (B, D) is an A-dilation MRA scaling set.
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Lemma 3.4.1. Let B € M? (Z) be expanding, where n > 2, and K be a self-affine tile
which satisfies BK = (K +dy) | J(K +ds), then dy —dy is not an eigenvector of the matriz
B.

Proof. By assumption, BK = [K |J K + (dy — dy)] +dy, then K = K’ + Z B7d;, where

j=1

the set K’ satisfies that BK' = K'|J K’ + (dy — dy). Let d := dy — d;. Suppose that d
is an eigenvector of the matrix B corresponding to the eigenvalue A, i.e. Bd = Ad. By

(3.0.2) and our assumption,
K = {ZB—jsj, e {0,d)} = {> A ey, g5 € {o,d}} c {cd,c e R}. (3.4.1)
=1 =1

Thus K is contained in a 1-dimensional subspace of R” with n > 2 and |K’| = 0. However,
|K'| = |K| > 0since K is a self-affine tile. Therefore, d = dy—d; cannot be an eigenvector

of the matrix B. O

Let us define matrices C;, i = 1,2, 3,4 by
Ci=(5 ) C=( )= )a=07)

Two n X n integral matrices A and A are called integrally similar if there exists an
integral matrix P with |det P| = 1 such that P~YAP = A. Lagarias and Wang [40]
completely classified all integral expansive matrices B € MQ(Q)(Z) and showed that there
are exactly six integrally similar classes of such integral matrices. Representatives from
each of these classes are given by C;, Cy, C5, —C5, C4, —CYy, respectively. Indeed, we
have showed in Chapter 2 that if A is an expanding matrix in MV(LZ)(Z) and A is integrally
similar to A using the matrix S, i.e. STIAS = Z, where S is an integral matrix with
|det S| = 1, then K is an A-dilation MRA scaling set if and only if PK is an A-dilation
MRA scaling set, where P = S*. Therefore, in order to find all digit sets D = {d;, d>} C R?
such that the self-affine set K(B, D) is an MRA scaling set associated with a different
expansive integral matrix A € MQ(Z) (Z), it suffices to solve the problem for each one of the
six representative matrices listed above. Similarly, the problem of the inclusion K C BK

can be reduced to the 6 cases above.
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3.4.1 The case A= (]

Theorem 3.4.2. Let A = () = (g (1)) and K be a self-affine tile associated with the

matriz B and the digit set D = {dy,dy} C R?, where B = At. Let d, = (2;), dy = (322)’
then K(B,D) C BK(B, D) if and only if the digits dy,ds satisfy the equation

1 d21 —di11 —2(d22 —di2)\ (di1 da1\ _ [a 1+a
(d21 - d11)2 — 2(d22 — d12)2 (*(d22 —d12) d21 —d11 )(dm dzz) B <0 0 )
for some —1 <a < 0. Moreover, K(B,D) is an A-dilation MRA scaling set if and only
if the digits dy, ds satisfy the following conditions:

(Z) d21 — d11 c Z, dgg — d12 e 7.
(i) (dy1 — di1)? — 2(das — di)* € {1, —1}.

d21 — d11 —2(d22 —d12)\ (di1  d21) _ a l4a _ ~
(117) (7(d227d12) P )<d12 d22) 5(0 0 ), for some —1 <a <0 ande € {+1}.

0 1 0 2 — _ (=
Proof. If A=Cy = () ), then B=A"= () ). Let d:=dy —dy = (}0), Lemma 3.4.1
implies that o # +v/2yy. Let C' be a matrix commuting with B, then C has the general
form C = (‘Z Zac) for some a, ¢ € R. Moreover, CK (B, D) is a self-affine tile associated

with the matrix B and the digit set C'D if C' is invertible since

BCK = CBK = (CK + Cdy)|J(CK + Cdy)

— (CKUCK + Cd) + Cd. (342)

Let Dy = {(8), ((1))} It is known (e.g.[40]) that K (B, Dy) is the unit square,

K(B,Dy) = conv{(g), (5)- (%), G)} (3.4.3)

where conv(E) denotes the convex hull of E. Suppose that C'd = (é) Then we have

a C T —"_ 2 = 1 €T a
DR -G -0
Since x3 — 2y2 # 0, the matrix (22 iyoo) is invertible and we obtain

& _ (e 0 L L,
(=0 ) () = w5 290) = =5 ()



McMaster - Mathematics and Statistics

This shows that given a self-affine tile K (B, D) with associated digit set D = {d,d},

where ds —d| = (;g), we can always find an invertible matrix C' := — 12y2 < 35; _jyo) such
0~ <J0 \—Y%0 0

that CK (B, D) is a translation of the unite square K(B,Dy) by (3.4.2), i.e.

CK(B,D) = K(B,Dy) + CiBﬂdl. (3.4.4)

j=1

It is obvious that K(B,D) C BK(B,D) <= CK(B,D) C BCK(B,D) and we will now
characterize when this last inclusion holds. Let K = CK, (3.4.4) implies that K is also

a unit square. Let C’Z B™d, = (‘Z) It follows from (3.4.3) and (3.4.4) that

j=1
Rmem{ @20 (2.6 045

and, therefore,
BK = comj{ @B), (2(1; B)), (135’&), (2(11:;’)) } (3.4.6)

The sets K and BK are depicted in Figure 3.1. (3.4.5) and (3.4.6) show that K C BK
if and only if @ = b and —1 <@ < 0 (see Figure 3.1). In this case, (3.4.5) and (3.4.6) are

reduced to

K =cono{(3),(,2,), (*£7). (110)} (3.4.7)

BEK = com){ GO (U ED) () () } (3.4.8)
Therefore, we have
BK = K + (g)UfH (13&), (3.4.9)
and we can let

Cdy = (O) Cdy = (136). (3.4.10)
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0.8 -

0.6 -
(25,1+a) (@1+5) (1+3,1+b) (2+2,1+a)

0.4

0.2

-0.21-

-0.4F

(2b,@) (@b) (1+a,b) (2+2h,d)
-0.6- B

-0.8- -

Figure 3.1: K and BK in Theorem 3.4.2.

Since d1 = (zﬁ;) and dg = <Z§;>, we obtain that Ty — d21 — dll; Yo = dzg — d12. By (3410)

and the above argument, we obtain that K C BK if and only if the digits dy, ds satisfy
the equation
diir do1\ _ (a l1+a
c( =0 "9 (3.4.11)
=~ — 1 d21 —di1 —2(d22 — d12 :

for some —1 < @ < 0, where C' = Ty e (7(d227d12) ;midu )>’ which
proves the first part of our claim. Assume that K(B,D) is an A-dilation MRA scaling
set, then K(B,D) is a Z*-tiling set by Lemma 0.0.7. Thus K(B,D’) is also a Z*-tiling
set, where D' = {0,d} and d = dy — d;. It has been proved in Theorem 2.4.1 that a digit
d= (;g) such that K(B,D’) is a Z*-tiling set must satisfy

x2 — 28 =41, x0, Yo € Z. (3.4.12)

Thus the matrix C is an integral matrix with |det C| = +1 and K (B, D) is an A-dilation
MRA scaling set if and only if K := CK(B,D) is one as well. It follows from (3.4.7)
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that K contains a neighborhood of 0 if and only if —1 < @ < 0 and particularly, if @ = 0
or —1, K = icomj{(g), (?), ((1]), G)} Neither of these two sets is an A-dilation MRA
scaling set. This also shows that no integral digit set D C Z? can be such that K (B, D)
is an A-dilation MRA scaling set. Based on the above results and (3.4.12), using Lemma
0.0.7, we get K(B, D) is an A-dilation MRA scaling set if and only if the digits d; = <Zi;),

_ d21 . . g .
dy = ( d22) satisfy the following conditions:

<1> d21 - d11 c Z, d22 — d12 e Z’
(i) (doy — d11)* — 2(dog — dy2)* = +1,

d21 — di11 —2(d22 —d12)\ (di1  d21\ _ a l4+a o ~
(iii) (7(d22 Can) e )(d12 dm) z—:(o 0 ), for some —1 <@ <0 and € € {+1}.

O

By the discussion for the matrix C}, it follows that there exist non-integral self-affine
tiles which are A-dilation MRA scaling sets, where A = C';. However, no integral self-affine
tile is an MRA scaling set associated with this matrix as with B = 2 in one dimension.
Example 3.4.3 below gives a non-integral self-affine tile which is an MRA scaling set
associated with this matrix. This illustrates the usefulness of constructing wavelet sets

using non-integral self-affine tiles.

ol (3). (). () () s

B = conv{ (E) (‘i) ( i)} (3.4.14)

(3.4.13) and (3.4.14) show that

BK = (K + (-%)) U+ (%)) (3.4.15)

Example 3.4.3. A=C, = (g (1)), then B = A = (0 2). Let

Then by (3.4.13),

0
(3.4.15) implies that K is a self-affine tile associated with the matrix B and the digit set

D= {(?), (%)} Also, by Theorem 3.4.2, the set K is an A-dilation MRA scaling set.
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3.4.2 The case A = (5

The discussion for the matrix Cs is similar to that of the matrix C';. For completeness,

we will write the details below.

Theorem 3.4.4. Let A = Cy = (g _01) and K be a self-affine tile associated with the

matriz B = Al = (0 2) and the digit set D = {dy,dy} C R?. Let d; = (d“), dy = (dﬂ),

-1 0 di2 da2
then K(B,D) C BK(B,D) if and only if the digits dy,dy satisfy the equation

1 < d21 — di1 2(d22 — d12)) (dn d21) _ (—ao 1— ao)
(do1 — di1)? + 2(daz — dy2)? \~(d2z = diz) 2 —dn J\drz - da 0 o/
for some 0 < ag < 1. Moreover, K(B,D) is an A-dilation MRA scaling set if and only if
the digits dy, dy satisfy the following condition:

di1 do1\ __ —ag 1—ap
(d12 d22) - 8( 0 0 )7 for some 0 <ay <1 and ¢ € {£1}.

Proof. If A= Cy = (; 1), then B=A"= (° 7). Let d =dy —dy = (»). Then a

matrix C' commuting with B has the general form C' = (‘CL *jc) for some a, ¢ € R. The
set CK(B,D) is a self-affine tile associated with the matrix B and the digit set CD if C

is invertible since

BCK = CBK = (CK + Cdy)|J(CK + Cdy)

= (CKUUCK +Cd)+ Cd,. (3.4.16)

If Cd= (é), we have
—zC €T - 2 = 1 €T — a
C - { i me-0)
Since dy # dy, i.e. 22+ 2y2 # 0, we have
o 1,
=G )0 = mra(n ™6)

Hence, given a digit set D = {di,ds}, where dy — d; = (ng), we can always find an
invertible matrix C' = —-2 (x" 23:@;00) such that CK (B, D) is a translation of K(B,Dy)

25+2y5 \ —yo
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by (3.4.16), where Dy = {(8), ((1])}, ie.
CK(B,D) = K(B,Dy)+C>_ B7d,. (3.4.17)

j=1

It was proved in [40] that K (B, D) is the unit square

K(B,Dy) = comj{ (;1), (%), (;”), (;) } (3.4.18)

By (3.4.17), CK(B,D) is also a unit square and similarly as for the matrix C;, we
can characterize the inclusion K(B,D) C BK(B,D) by characterizing the inclusion

CK(B,D) C BCK(B,D). Let K := CK and C'» B7/d; = (b) (3.4.17) and (3.4.18)
=1

j:
ayd l-f—d l-f—d —g-i-& —E-I—d
K = COTLU{ (3l+l~))’ (%JFB)) ( 23+l~))’ (?[Jrg)}) (3419)
3 3 3 3

2 - 4 - 4 ~ 2 -
BK = conv{ (_{:ib), (_3;_22), (%tib), (éijjb) } (3.4.20)
3 3 3 3

The sets K and BK are depicted in Figure 3.2. Then K C BK if and only if b = —a and

give

and therefore,

0<a< % (see Figure 3.2) and in this case,

~ Tia Tya) (2448 (“2+a
K = conv{<_31_&)7 (g_&) ( 33_&)’ (_i_&)}' (3.4.21)
3 3 3 3

~ 22 oa\ (Yoa) (foea) (-2
BK:conv{( 3 ~),(31 ),(32 ),(g )} (3.4.22)
—g—a —g—a g—a g—a
(3.4.21) and (3.4.22) show that

BK = K + (‘50) UK+ (1 ‘0“0), (3.4.23)

81



82 PhD Thesis - Xiaoye Fu

0.8 -

0.6 F N - i
-G -2.43 1ia

0.2

-0.21-

0.4

: 5-a -3+a, - 5+a, -
-0.61~ -

-0.8 4

Figure 3.2: K and BK in Theorem 3.4.4.

where ag = 3a, and we can let

Cdi= (7). Cdy=(*7,"). (3.4.24)

da2
argument, it follows that the inclusion K C BK holds if and only if the digits di, ds

Since d1 = <31;>, d2 = <d21>, Ty — d21 — d117 Yo = d22 — dlg. By (3423) and the above

satisfy the equation

Clax )= ') (3:4:29)

1 d21 — di1 2(d22 — d12)
(dQI*d11)2+2(d22*d12)2 7(d22 — d12) dQl — d11

the first part of the statement in the theorem. It follows from (3.4.21) that K contains
a neighborhood of 0 for any 0 < ay < 1. Assume that K(B,D) is an A-dilation MRA
scaling set, then K(B,D) is a Z*-tiling set by Lemma 0.0.7. Hence, K(B,D’) is also a
Z*-tiling set, where D' = {0,d} and d = dy — d;. It has been proved in Theorem 2.5.1
that d = <_01> or (é) if K(B,D') is a Z*-tiling set. Thus the matrix C'= I or —I. Then

for some 0 < ag < 1, where C' = ), which proves
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K(B,D) is an A-dilation MRA scaling set if and only if K := CK(B,D) is one as well.
Combining (3.4.21), (3.4.25) and Lemma 0.0.7, we get K(B,D) is an A-dilation MRA

scaling set if and only if digits d; = <Z§), dy = @2;) satisfy the condition:

d d o —a 1—a
(2 o) =57 7™)s where 0 S a0 < 1 and & € (1),

3.4.3 The case A= (5, —C5,Cy, —CY4

When the matrix A is integrally similar to one of the matrices C; and Cy, the set K (B, D)
is simple enough that the inclusion K(B,D) C BK(B,D) can be verified by simple
algebraic manipulations. However, this is not the cases for the remaining four matrices
and we will need to use the method introduced in section 3 to find conditions for the
inclusion K (B,D) C BK(B,D). We know, from the discussion in section 3 and by
taking d = ((1]) in (3.2.9), that the fact that K(B,D) C BK(B, D) implies the existence

of a sequence {a;}32, with a; = &1, for all j, such that the inclusion

K™ C Ky + K322 (3.4.26)
holds for all m > 1, where
K™ .= { zm: B"a05(3), 05 € {0, 1}},
j=1
m—+1
K= {30 B a0 (1), 0 € {0,131,
j=1

o {55 M) S 0}
j=1

In the following, we will determine for which digit sets D := {d;,ds} the inclusion
K(B,D) € BK(B,D) is satisfied by finding which sequence {a;}52, satisfies (3.4.26)
for all m > 1. The strategy will be to sart with m = 1 and determine all the cou-

ples (a1, as) with a; = +1, such that K}l) - Kél) + K3(Z*. Inductively, if a sequence
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(a1, ..., ams1) satisfies K™ C K™ 4+ K3 Z?2, we then check whether or not the se-
quences (ay,as, . ..,amy1, 1) satisfy KM g{mt) 4 K, N Z>.

It is clear, from its definition, that K3 is independent of m and K3 = —Kj3. So if
{a;}32,, where a; € {—1,1}, satisfies (3.4.26) for any m > 1, then {—a;}32, also satisfies
(3.4.26). Therefore, it suffices to consider sequence {a;}32,, where a; € {—1,1} and
a; = 1. On the other hand, the constant sequences +{1,1,...,1,...} always satisfies
(3.2.7) since we can take §j,, = d; for 1 < j <m , 0} =0and ¢;,,,,, =0 for j > 1.
In the following, we will concentrate on looking for non-constant sequences {a;}32, with
a; = 1, where a; € {—1,1}, such that it satisfies (3.4.26) for any m > 1, and then we
provide conditions equivalent to the inclusion K (B,D) C BK(B,D).

Before discussing the matrix Cs, we show how to find K3 () Z? using Lemma 3.2.9.

Proposition 3.4.5. Let B = <_11 D Define K3 := {iBJﬁj, 0; € {(Bl), ((0]), ((1))}}
j=1

2 ={(0)- () () 6)-0)-6)- 0}

Proof. Since ||[B7Y| = %, then K3 is contained in the disk centered at ((0]) with radius
14+ 2. Let

Koo ={(): () ) 6)- () 0 6 () () () G

Then K3(Z? C K4J(—K,). Define S;,i > 0 as in Lemma 3.2.9. By the definition of K3
and S;, j € K3(S;) if and only if —j € K3(S;). Therefore, it is enough to find explicitly

the intersection K33 () Ky, which we will do using the criterion in Lemma 3.2.9. Obviously,

() € So. Wehave (1= B)(3) = (¢ )(2) = (), and
=30) = ()80 + 20+ () + 20+ ()

(I=B(;) = (o) + B() +B(o) + B°(0) + B'() + B°(1).
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Figure 3.3: The set K3 and its integer points in Proposition 3.4.5.

which implies that (2), ((1)), G) € 5. So

{000 B 5

Next we will prove that Ry is invariant in the sense that for x € Ry, if + = d + Ba/

for some d € {(_01), (8), ((1))} and some z' € 7Z?, then 2’ € Ry. In the following, we

will list all possible representations of the elements in Ry in the form d + Bz, where

d e {(_01), (g), ((1))} and 2’ € Z2. It is enough here to list all possible representations
for the elements (j), (_01), (_01) and (8) in Ry because of the symmetry of the digit set

1) (0), (2)} and the set R,
0t 9§
0= ()50 () {
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These representations prove our claim. Let

m= {0 () (b R = {0000}

Then Ry = R U R, . And let

R= K\ RY = {(5):(0)- () () (1) (5)- ()}

Since, we have

Blo) +8:(0) = #°()
B(a) 2 ()+ 2 () + ()

m—1
By the above expressions of the elements in Ry, for any element z € Ry, z = > B'd; +
=0

B™zy for some d; € {(_01>,(8), <é)}, 1 <i < m-—1and some oy € Ry. By the

definition of S, if # € Sy, then z = dy + Bd; + - -- + B™d,, + B™ 'z for some d; €
{(_01), (8), (é) }, 0 < i < m. The representations of the elements in R; and the invariance
property of the set Ry show that R;()So = (. Hence S = Ry. It follows from the

definition of S; and the representation of the elements in Sy given before that S; = 5.



McMaster - Mathematics and Statistics 7

Thus |JS; = Sp. Therefore, we get

&2 ={(5) () (%) () (- 6) ()}

O

Lemma 3.4.6 below is from [24] and it provides a representation for integer points
associated with the matrix B and the digit set D assuming that D C Z" is a complete set
of coset representatives for the group Z"/BZ". Lemma 3.4.7 is an application of Lemma

3.4.6. We state here these two lemmas for the convenience of later use.

Lemma 3.4.6. Suppose that B € M, (Z) is expanding and D C Z™ is a complete set of
coset representatives for 7" | BZ"™. Then every k € Z" has a unique representation
-1

k= B'd; + B™s, for some m >0, d; € D and s € S, (3.4.27)

i

3

Il
o

with the convention that the first term on the right-hand side of the above equality is 0
if m =0, where S = —K (Z". We say that k € Z" has a finite radiz representation if
s = 0 in the representation (3.4.27).

Lemma 3.4.7. Let B=C} = (711 1) and D' = {(8), (é)} Then D' is a complete set of
coset representatives for 72/ BZ?. Let K' be the self-affine tile associated with the matriz
B and the digit set D'. Let

2={()0-0-(0 O 0}

Then, no element y € H, y has a finite radiz representation.

Proof. For the matrix B = (_1 . 1) and D' = {(g), <(1))}, it was showed in [24] that

s N2 = {(). ()
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However, for each element in H, we have

() =)+ 20) = 2°6) + () + B'(%):
()= @)+ B0+ 0) +50) + 50 +5°(4)
(1) =)+ 80) +526) + () + B'(%),

()= )+ 20) = 520) + )+ 5'(0) + ()
()= )+ 2C) + 5(0) + 2°(0) + B'(%)

()= () +20) +2°(6) + (%)

-1

holds. O

This shows that for each y € H, s = ( 0 ) using the representaition (3.4.27). So our claim

Theorem 3.4.8. Let A = Cy = (1 —1). Then K(B,D) C BK(B,D) if and only if

11
0 € D and K(B,D) cannot be an A-dilation scaling set for any digit set D C R?.

Proof. Here, B = A! = (_11 1) By the previous discussion, the inclusion K (B, D) C
BK(B,D) holds if and only if (3.4.26) holds for all m > 1. In order to find conditions
equivalent to the inclusion K(B,D) C BK(B,D), it is enough to find non-constant
sequences {a;}32; with a; = 1, where a; € {—1,1}, such that it satisfies (3.4.26) for all

m > 1. From Proposition 3.4.5,

12 ={(): () () 6)- 0 6)- O}

If m =1 and (ay,a2) = (1,—1), then

KW = {alél(é), 51 € {0, 1}} - {51 (), & € {0, 1}}

{00}

K = {Basi(}) + (1), 01,05 € 0,13} = { By () - 85(3). 51,8 € {0,1}}

= {@ ) ) ()
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Obviously, K" ¢ KV + K, N 72,
If m =2 and (a1, as2,a3) = (1,1, —1), then

K® = {Balél()+a252(é), 51,526{0,1}}

= {Ba(p) + (). onde 00} =) (1) () (3}

K® = {B2a15’<1)+Ba25/<) +asdy (1), 61,0, 5’6{0,1}}
- {325'()+35'() % (5)- 01, 0%, 0% € {0, 1}}
= {0 (- () () () () (- ()}

If m =2 and (ay,as,a3) = (1,—1,1), then

1)
) (7): () ( ) ( ) (:1),(_01)}.
1),

K® =

7 =166

If m =2 and (ay,a9,a3) = (1, then

17 = {()- () (- ()}
= {0 () () () (5 (- () (D)

So K\ € KI? + K3 Z? for any sequence (a1, as,as) € {1, —1}3.
If m =3 and (a1, a9,as,a4) = (1,1,1,—1), then

11 = {6 () 6 (- () (5)- (%) ()}

15 = () (%) () (5)- () (- () ()
() () (- (%) (2)- (-5 ()

For this case, K% € K{¥ + K372
If m =3 and (a1, a9,as,a4) = (1,1, —1,1), then

K0 = {0 () () (0 (- () )}
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and, clearly, K¥ ¢ K 4+ Ky 72
If m =3 and (a1, a9,as,a4) = (1,1, —1,—1), then

1 = {6 () (1) (5 (%) (- () (5

K7 ={() (%) () - () () () ()
() () () (- () () (- ()
In this case, (_13) e K¥ but (_13) ¢ K\ + KyN 722 s0o K ¢ K + Ky 722
If m =3 and (ay,a9,as,a4) = (1,—1,1,1), then

11 = {6 () () 0 (%) () C)- ()}

In this case, K ¢ K® + K372
If m =3 and (ay,a9,as,a4) = (1,—1,1,—1), then

1= {6) () () 0 (%) () G- ()}

In this case, Kf3) - Ké?’) + K3 Z.
If m =3 and (ay, as,as,as) = (1,—1,—1,1), then
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In this case, K ¢ K¥ + K372
If m =3 and (ay,a9,a3,a4) = (1,—1,—1, —1), then

K = {0 (- ()0 (1 ) ()

K= {00 ()6 (O ()
() (1 G) (-0 ()

In this case, (_02) € Kf’), but (_02) ¢ Ké?’) + K3 Z?, so K{g) 7 Ké?’) + K3 Z*.
To summarize, if m = 3, the sequences (1, as, as, a4) which satisfy K f?’) C Kég) + K3 () Z*

are
(1, 1, 1, 1),(1, 1, 1, =1),(1, 1, =1, 1),(1, =1, 1, 1),(1, =1, =1, 1),(1, =1, 1, —1).

Using the strategy introduced at the beginning of this subsection, we can show which
sequence satisfies K- fm) - Kém) + K3()Z?* and which does not, by using the information
from the previous step. Here, we list the results for m = 4,5,6. For each m € {4, 5,6}, the
sequences listed on the left-hand side satisfy K fm) C Kém) + K3() Z* and those listed on
the right-hand side do not satisfy K fm) CK ém) + K3() Z*. The vector after each sequence

of the right-hand side is the one which belongs to K {m) but is not in Kém) + K3 Z2.
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This explains why the corresponding sequence does not satisfy (3.4.26).

m = 47 ai, Az, a3z, Gy, (1,5)

(
(
(
(
(
(
(
(
(
(

(
(
(
(
(
(
(
(
(

—_

—_ =

ay, a2, az, a4, as, a’6)

L,

1

)

1

L,

1

L,
L,
1,—

)

1, =

1, 1, 1, 1, 1)

1, 1, 1, 1,-1)
1, 1, 1,-1, 1)
1, 1,-1, 1,-1)
1, 1,-1, 1, 1)
1,-1, 1, 1,-1)
1,-1, 1,-1,-1)
1, 1, 1)

1, 1,-1,-1)

m

:45 (a17 Ao, A3, Q4, (1,5)

(1, 1, 1,-1,-1) (_13)

m =

57 ai, agz, ag, a4, as, aﬁ)

L,

1

)

1

1, =

1, —

)

1, =

(
(
(
(
(
(
(
(

1,1,

1, 1,-1,-1) (13)
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m =6, (a1, as, as, a4, as, ag, ar); m =6, (a1, as, as, a4, as, ag, ar)
(1, 1, 1, 1, 1, 1, 1) (1, 1, 1, 1, 1,-1,—1) (_13)
(1, 1, 1, 1, 1, 1,—1) (1, 1, 1,-1, 1,-1, 1) (:;)
(1, 1, 1,-1, 1, 1,-1) (1, 1, 1,-1, 1, 1, 1) (:g)
1, 1, 1, 1,-1, 1, 1) (1, 1L,-1, 1, 1,1, 1) (3)
(1, 1, 1, 1,-1, 1,—1) (1, 1,-1, 1, 1,-1,-1) (—67)
(1, 1, 1, 1, 1,-1, 1) (1, 1,-1, 1,-1,-1, 1) (j)
1, 1, 1,-1, 1,-1,-1) (1, 1L,-1, 1L,-1,-1,-1) (7})
(L-1, 1, 1, 1, 1, 1) (%)
(L-1, 1, 1, 1, 1,-1) (%)
(L,-1, 1, 1L,-1,-1, 1) ()
(1,-1, 1, 1,-1,-1,-1) (‘f)

Claim: For m > 6, sequences {aj};”jll with a; = 1 which satisfy K™ C K\™ + K, NZ*

have the following forms.

(a1, a9, ...\ Qm—g, Qm—3, Qm—2, 1, Gy Gy 1)
si=(1, 1,..., 1, 1, 1, 1, 1, 1)
so=(1, 1,..., 1, 1, 1, 1, 1, —1)
ss=(1, 1,..., 1, 1, -1, 1, 1, —1)
so=(1, 1,..., 1, 1, 1, -1, 1, 1)
ss=(1, 1,..., 1, 1, 1, -1, 1, —1)
se=(1, 1,..., 1, 1, 1, 1, -1, 1)
s;=(1, 1,..., 1, 1, -1, 1, —1, —1)

Proof of claim: By computation, the claim holds for m = 6. Firstly, we will prove that

sequences s;, 1 <1 <7, satisfy K fm) C Kém) + K3() Z? for any m > 6. This is equivalent
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to proving that for any d; € {0,1},1 < j < m, there exists 0} € {0,1},1 < j <m+1 and
0jvms1 € {—1,0,1},j > 1 such that the following equation holds

B™15,a, (1) + B™ 285a, (1) +ot Bz5m_2am_2(é) + B5m_1am_1<(1)) + 8yt ((1])
Bmé'(h( ) + B™~ 15'(12( ) 4o+ B a3 (é) + B3 am_o (é) +
325;1_1(1”1_1(0) + B0 ay, (0) + 0741 @m1 (é) + z for some z € Kj ﬂZz. (3.4.28)
For sy = (1,1,...,1,1, 1), taking &} = §,,,, =0, 07 = ;1 for 2 < j < m, then (3.4.28)
holds if x = (8) when 6,, = 0 and = = ((1]) when 6,, = 1.

For s3 = (1,1,...,1,-1,1,1,-1), taking 6; = 0, &5 = d;.1 for 2 < j < m — 3 and
0! = dpm—1, then (3.4.28) can be reduced to the following equation

B-s(}) = B*6ms(}) +0m(3) = = B0 s(3) + B5i (3) = G (§) T

Letting A = {B?’ém,g (é) — B%5,,_5 (é) + 0 (é) O3, Om_2, 0m € {0, 1}}, we need to show
that A C —A + K3 Z*. This is the case since

A:{ém 3(*2) — G 2( ) 0 (0 O G2 0 € {0,1}}

{6 ) () ()6 ()}

{(8 ()6 () 6) 6

() + (’)(’) (6): () + (0 )+ ()}

This proves that K™ C K™ + K3 Z2, m > 6 for the sequence s3.

For sy = (1,1,...,1,=1,1,1), taking &, = 0, &, = &; 1 for 2 < j < m — 2 and &y, = 6,

then (3.4.28) can be reduced to the following equation
B%6,,_5 (é) — Bl (é) S (3) + B¢, (3) +

Letting A = {B25m_2((1]> — B5m_1<é>,5m_2,5m_1 € {0, 1}} To show K}m) C Kém) +
K3(Z?, m > 6 for the sequence sy, it is enough to prove that A C —A + K3()Z?. This
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is the case since

A = {ona () = ona (1) Imas O € {01}

= {6 (%)) ()

= {0+ 0-()+ )G+ )6+ )}
For s5 = (1,1,...,1,1,-1,1,-1), taking 0; = 0, §; = ;1 for 2 < j < m — 2, then
(3.4.28) can be reduced to the following equation

B2 () = Bons (3) (1) = =B, 1 (2) + B (2) = O (1) +

Let A = {325m72 ((1)) — B(Sm,IG)) + O (é),ém,g,ém,l,ém € {0, 1}} In order to prove
that K™ c K™ + K3(\Z?, m > 6 for the sequence sz, we need to show that A C
—A + K3 Z*. This is the case since

A:{a () = St (1) 4 0m(2) b, Gt O 6{0,1}}
{©) (2 ()0 () O ()
{O+EC)+0) (DO + (%)
()()(D () 0+ O+ ()}

For s = (1,1,...,1,1,1,—1,1), taking &} = 0, 65 = d;1 for 2 < j < m — 1, then (3.4.28)

can be reduced to the following equation

By (;) — 6 (3) = —B¢ ((1)) - (3) o

Let A = {B(Sm,IG)) - 5m<(1)),5m,1,5m € {0, 1}} We need to show that A € —A +
K3 () Z?. This is the case since

A = {5m (1) = om(l). 5m_1,5me{0,1}}
=4O ()
= {60+ )0+ )60+ ()}
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For s = (1,1,...,1,-1,1,—1,-1), taking 0; = 0, 5 = d;-1 for 2 < j < m — 3 and
011 = O, then (3.4.28) can be reduced to the following equation

B%, (é) B, (3) 4B, (é) = _B% ((1)) + B%_, ((1)) — B¢, ((1)) +x

Letting A = {B35m_3 ((1)) — B?6,,_9 ((1]) + Blpm_1 ((1]),5m_3, Om—2,0m—1 € {0, 1}}, we need
to show that A C —A + K3 () Z?*. This is the case since

A={0ns(72) = 0ma () + Omoa( 1) Gns G2 Br € {0,1}]
26 () (D)0 )

)+ )6+ ) (5)+0)

) (%) + () 0+ 0@+ ()

This proves that the sequences s;, 1 < i < 7 satisty the inclusion K fm) CK ém) + K3 Z?

for any m > 6. Suppose the claim is true for m > 6, then we will show that it holds also
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for m + 1. We need to consider the following fourteen sequences.

(a1,az, ... Qm_3, Am—2, A1, Gy Gt 1 s Qg2
t=(1, 1,..., 1, 1, 1, 1, 1, 1)
th=(1, 1,..., 1, 1, 1, 1, 1, —1)
to=(1, 1,..., 1, 1, 1, 1, -1, 1)
to=(1, 1,..., 1, 1, 1, 1, -1, —1)
ts=(1, 1,..., 1, -1, 1, 1, -1, 1)
to=(1, 1,..., 1, -1, 1, 1, —1, —1)
tr=(1, 1,..., 1, 1, -1, 1, 1, 1)
to=(1, 1,..., 1, 1, -1, 1, 1, —1)
to=(1, 1,..., 1, 1, -1, 1, —1, 1)
to=(1, 1,..., 1, 1, -1, 1, -1, —1)
ti=(1, 1,..., 1, 1, 1, -1, 1, 1)
to=(1, 1,..., 1, 1, 1, -1, 1, —1)
ty=(1, 1,..., 1, -1, 1, -1, -1, 1)
ta=(1, 1,..., 1, -1, 1, -1, -1, —1)

From the above argument, seven of them (t1, o, t3, tg, t10, t11, t12) satisfy K c g{m
K3()Z*. Tt is enough to prove the other remaining seven sequences (t4, 5, ts, t7, to, t13, t14)
do not satisfy (3.4.26).

For the sequence t4 = (1,1,...,1,—1,—1), we will show that (_13) € Kfmﬂ), but (_13) ¢
Kémﬂ) + K3 Z*. Indeed, taking 0;=0for 1 <j<m—2,0p-1=70n=10,41 =0, we

obtain

B () + Bun() = () 2(0) = (1)

which implies that (53) € Kfmﬂ). It (js) € Kémﬂ) + K3()Z?, then there exists some
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z € K3()Z* and 0; €{0,1}, 1 < j < m + 2 such that

(1) = B0 () o4 B2, (1) = B (1) = Ghga(}) + 2 (3.4.20)
Given any element x € K3 72, 0y, and 0, ., are determined since ( 3) — 240, ((1)) +
Bé;nH(l) should belong to B%Z? by (3.4.29). For x € K3(Z?, let Ty(z) = B—2(< 1) _

-3
T+ 5m+2< ) + B5m+1( )) where 0/, ., and ¢, , are such that Ty(z) € Z*. Then we have

() =T =T = () ) = )
() = 6 (D =T = ()

This is equivalent to saying that

Tk 12 ={ () () (- ()}
Note that for any y € Ty(K3(Z?) C Z?, y should have a finite radix representation if
(3.4.29) holds, i.e. s = (8) € Sin (3.4.27) for such y. Lemma 3.4.7 implies that s = (_01)
in (3.4.27) for y € Ty(K3(Z*) C Z?. A contradiction is obtained. Therefore, the se-
quence t, does not satisty K™ ¢ k"™ 4 K, () Z* for any m > 6.
For t5 = (1,1,...,1,—1,1,1,—1,1), we will show that (:g) e K™ put (:g) ¢
K™Y 4+ Ky (22 Taking 6; = 0 for 1 < j < m — 4,605 = 1 = s = 1,052 =

0 = 0, we obtain

Blams (o) + Blama (o) +ama(g) = B() + () — () = (5,
which implies that (:g) € Kfmﬂ). If we assume that ( ) K(m+1) + K3()Z?, then
there should exist some 2 € K3(Z? and ¢} € {0,1}, 1 < j < m + 2 such that
(53) = B™6i(y) + o+ Bs(y) — B'a(y) + B (y)
+ B, () = B (5) + nea(y) T

/
5m 1

Given any = € K3(Z?, ¢!

m—2)

(2) =4 B0nao) = B0 o) = 570 )

+Bd,., () 5,C,L+2()GB5ZQ. (3.4.30)

, . .
7,00, and 6, , are determined since
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) = B~ B (2) — B (1)~ B () B (1) — (1)
for x € K3(\Z?, where 6], 5,0, 1,0,,,0,,., and 0], are such that T5(z) € Z*. Then
()= ().

T(2) = To((S) = () = B((2) = T(() = T((2)) = (2).

That is, we have T5(K3(Z%) = ¢ (1), (°) 5. By Lemma 3.4.7, no y in T5(K3()Z?) can
1

1
have a finite radix representation, contradicting (3.4.30).

For tg = (1717"-ala_]-ala]-a_]-,_]-), we will show that (_67) € Km+1 but (_67) ¢

K™ 4 Ky Z2. 1f we take 6, = 0 for 1 < j < m —5,0pm—4 = Opg = Oy = Opss =
1,0,-1 = 6,, = 0, we obtain

Ban o)+ Bl o)+ B () () = B0) £ 5C) - 5°0) () = (7)

which implies that ( ) e K" f ( ) e K™ 4 K3 Z2, then there exists some
x € K3(Z* and 6} € {0,1}, 1 < j <m + 2 such that

(3) = B() e B s()) ~ B a()) + 55 ()
+ 325,/%( ) B(S;nﬂ( ) (5;%+2( ) o
Given any element z € K3(\Z2, &, 5,04 1,060, ., and &, ,, are determined since
(‘67) —x+ BY%. ( ) — B ( ) - 325;,1<0)
+B<5;n+1< ) + 5;n+2( ) € B°72. (3.4.31)
Let
Ty(x) = B(({) =2+ B, s(y) = B*3,1(3) = B*0u(3) + Bbhwia (3) + ra(})):

for x € K3(Z?, where 6, 5,0, _1,0.,.0,, ., and &), , are such that Tg(x) € Z*. Then we

m

obtain

Tﬁ(((l])) = TG((?)) = Tﬁ((g)) = TG(G)) = T6(<_01)) = TG((,Ol)) = TG(CD) = (3),
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ie. Tey(K3Z?) = {((2))} Using Lemma 3.4.7, it follows that no y € Ts(K3()Z?) can
have a finite radix representation, contradicting (3.4.31).

. — m—+1 — m+1
Fort; = (1,1,...,1,1,—1,1,1,1), we will prove that (_g) e K™ but (_g) ¢ K" 4+
K3ﬂZ2. If we take 5]' =0 for 1 S] < m—4,5m,3 = 5m72 = 175m71 = 5m = Om+1 = 0,

Blaws() 4 Blacs() = ) +5°() = ()
which implies that ( ) € K (m+D) 1 ( ) € K(m+1) + K3(Z?, then there exists some
z € K3(Z* and 6} € {0,1}, 1 < j < m + 2 such that

(:g) = B™tg (3) NP 345;1_2(3) — B% | (3) + B%, (3) + B, (;)

+ 5;n+2<(1)) +x

we obtain

Given any element « € K3(\Z?, 0,,_4,0,,,0,, ., and &), , are determined by the previous

» Ym—1"Ym> “m+

equality since,
(:g) —a+ 335;,1_2(3) ~ B, (1) B5§n+1( ) 5;%2( ) c B2 (3.432)
Let

Ty(z) = 3—4((:3) — T+ 335;1_1(5) - 325;1(1) Bagnﬂ( ) & o (1)), v € K3( )22,

where 6,_,0,,,0,, ., and 0/, ,, are such that T7(x) € Z?. Then we have

T7(((1])) = T?((?)) = T7(G)) = T?((,Ol)) = T?((j)) = (3),
(o) =T () = ()

Hence, we get T7(K3(Z?) = {(5), (f)} and a contradiction follows for (3.4.32) using
Lemma 3.4.7.

For tg = (1,1,...,1,1,—1,1,—1,1), we will show that (:g) e K™ but (:g) ¢
Kémﬂ) + K3(Z*. If we take 6; =0for 1 < j <m —3,0m—2=0m+1 = 1,0m_1 = 0m =

Bans() onn() = 50) - () = ()

we obtain
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which implies that ( ) € K (m+D) 1 ( ) € Kémﬂ) + K3(Z?, then there exists some
x € K3(Z* and 6} € {0,1}, 1 < j < m + 2 such that

(:g) = B™tlg, (;) +.--4+BY (;) — B! | (3) + B%, (3) — B&, ., (3)
+ 0o ((1]) +x

Given any element « € K3(\Z?, 0,,_4,0,,,0,, ., and &), , are determined by the previous

equality since,

(53) —w+ B, (3) = BP0 (5) + Bonaa (o) = Onia(s) € B'ZS. (3.4.33)

Ty(z) = 3—4(@) a4 335;,1(})) — B! ( ) + Ba;nﬂ( ) & (j))), v € K322,

where 6], ,,0,,,0,,., and 0/, ., are such that Ty(z) € Z*. Then we have Tg((gl)) = (0)

m 1

and

To((o)) = T (1) = T (5)) =Bl () = To((5) = Tl (3)) = ()

This gives us that Ty(K3()Z?) = {G), ((1))}, contradicting (3.4.33) by Lemma 3.4.7.
Thus, the sequence ty does not satisfy Kfmﬂ) - KQ(mH) + K3 Z? for any m > 6.

For tiy = (L,1,...,1,=1,1,~1,~1,1), we will prove that (_}) € K™ put (%) ¢
K(mH)—I—K ﬂZZ If we take ; = 0 for 1 < j < m—4,0-3 = 01 = Om = Opp1 =

1,0,,—2 = 0, we obtain

Blawrs()+ Bans ()4 Bon() ams() = ) 5°0) - ) - () ()
which implies that ( ) € K (m+D) 1 < ) Kémﬂ) + K3()Z?, then there exists some
z € K3 Z? and 6} € {0,1}, 1 < j <m + 2 such that

(:f) = Bt (3) +.-- 4+ B, (3) - 345;1,2(;) + B | (;) — B, (;)

- B(S;nJrl ((1]) + 51ln+2 ((1]) +T
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Given any element x € K3(Z?, 0, 5,00, 1,00, 00,1 and 8/, ., are determined since
(j’) —z+ B, (g)) - B% | (g)) + B ((1)) +Bd ., (g)) — &y ((1]) € B°Z2.
Let
Tia(x) = B7((Z5) = o+ B, (3) = B0y (3) + B0 (3) + Braa (§) = Sz (3)):

for x € K3(Z?, where 6, 5,0/, _1,0,,,0,,., and 0/, ,, are such that Ty3(x) € Z*. Then

m? Y m+

we have

Tm((é)) = Tm((?)) = Tm((g)) = T13(<,01)) = T13((j))

Ta((}) = (3). Tu(3) = ().

This implies that Ty3(K3()Z?) = {G), G), ((1)) } Using Lemma 3.4.7, we obtain a con-

()

tradiction as before.
For t14, = (1,1,...,1,—1,1,—1,—1,—1). It follows from the result for the sequence t3
that (Z9) € K™ In the following, we will prove that (59) ¢ K™Y 4 K72 1
we assume that (:?) e K™ 4 K3 Z?, then there should exist some z € K3 () Z? and
0; € {0,1}, 1 < j < m + 2 such that

—6 _ m+1g/ (1 55/ 1 45/ 1 35/ 1 2¢r (1

() = B ot () B () B () - B )

— B ((1]) — O (é) t+

Given any x € K3(Z% &/ ,,8. 0. .0

m

(0) =+ B0a (o) = BY0a (o) + B (o) + Bl o) + Fmay) € B2

, . .
41 and 0, ., are determined since

Let
Tialw) = B((29) = o+ B0 (2) = B2 () + B0, (3) + B (1) + e (1)

for x € K3(\Z?* where &), 5,0, 1,0,,,0,,., and 6, _, are such that Ti4(z) € Z?. Then

we have
T14(<(1))) = T14(<(1))) = T14(G)) = T14(<_01)) = T14((j)) = G)’

T14(<8)) = T14(<_01)) - (2)
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Thus T14(K3(Z?) = {(?), G)}, which again yields a contradiction by Lemma 3.4.7.
Hence, the sequence t14 does not satisfy Kfmﬂ) - Kémﬂ) + K3() Z? for any m > 6.

The induction is done, so the claim is true. By the claim, only the constant sequences
+(1,1,...,1,1...) satisfy Kfm) C Kém) + K3(\Z? for any m > 1. Note that if a; = 1 for

all j > 1, then ¢; = d; and ) B77d; = 0, which implies that d; = (8). The case a; = —1

7j=1
for all 7 > 1 yields dy = (8) in the same way. That is, 0 € D is necessary and sufficient for

the inclusion K(B,D) C BK(B,D). From the result for the matrix C3 in Theorem 2.6.1,
K (B, D) can not be an A-dilation MRA scaling set for any digit set D = {dy, d»}. O

The search algorithm for the proofs of Theorem 3.4.9, 3.4.10 and 3.4.11 was imple-
mented in Matlab. We list the results for the remaining three representative classes

without detailed proof as they are very similar to the one we gave for the case where

m+1
j:l )

aj € {—1,1},7 > 1, listed on the left-hand side satisfy Kfm) C Kz(m) + K3(Z* and
those listed on the right-hand side do not satisfy K\™ C K{™ + K;(Z?. The vector

A = (5. For each m > 1, the corresponding sequences {a; where a; = 1 and

after each sequence on the right-hand side is the one which belongs to Kfm) but not to
KQ(m) + K3 () Z*. This explains why the corresponding sequence does not satisfy (3.4.26).
Moreover, for m > 1, the choice of the sequences listed below is based on the information

from the previous step using the strategy introduced before.

Theorem 3.4.9. Let A= —C5 = (:1 jl) and let D = {dy, dy} with dy,dy € R2. Then

1

(i) K(B,D) C BK(B,D) if and only if 0 € D,

(i) K(B,D) is an A-dilation scaling set if and only if D is one of the j digit sets

D= (). (2= () (2 2= () (- 2= () ()

Proof. Here, we only prove (i). If 0 € D, (ii) follows from Theorem 2.7.1. By the definition
of K3, K3 is the same for the matrix B and —B. In this case, B = A' = <*11 j) = —CL.
Then, using Proposition 3.4.5, we have

7 = {0 () () 6) () 6) O

103
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In the following, we list the sequences {aj};”jll with a1 = 1 and a; € {—1,1} for j > 1
which do and do not satisfy Kfm) - Kém) + K3()Z? foreach m =1, 2.

If m > 1, sequences {a;}"" with a; = 1 which satisfy K™ ¢ K™ + K3 Z?* have the

following forms.

m>1 (a1,a9,...,05n 1, 0n, Gmi1)
(1, 1,..., 1, 1, 1)
(1, 1,..., 1, 1, —1)
Therefore, only the constant sequences £(1, 1,..., 1, 1...) satisfy K fm) - Kém) +
K3 Z? for all m > 1. As in the proof of Theorem 3.4.8, it follows that 0 € D is necessary
and sufficient for the inclusion K(B,D) C BK(B,D). O

Theorem 3.4.10. Let A= C; = (g *11) and let D = {dy, dy} with dy,dy € R2. Then

(i) K(B,D) C BK(B,D) if and only if 0 € D,

(ii) K(B,D) is an A-dilation scaling set if and only if D is one of the j digit sets
D=1(o)- (o)1 P=1()- ()1 2=1()- ()1 P= () ()1

Proof. Here, we only prove (i). If 0 € D, (ii) follows from Theorem 2.8.12. In this case,

B = A= (Pl f) Since ||[B7!|| = Y 3;”/5 and |B7%|| = % < 1, then Kj is contained

in the disk centered at 0 with radius (v/2 + 1)(1 + Y i’;%ﬁ) < 7. Then, using the same

method as in the proof of Proposition 3.4.5, we have

7 = {0 () (5 6 0 6) O
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Figure 3.4: The set K3 and its integer points in Theorem 3.4.10.

The set K3 and its integer points (black points) are depicted in Figure 3.4. In the following,
we list the sequences {a;}7"!" with a; = 1 which do and do not satisfy K fm) - Kém) +
K3 Z? for each 1 <m <6 .

m=1, (a1, as); m =2, (a1, as, az)
(1, 1) (1, 1, 1)

(1, —1) (1, 1, —1)

(1, =1, 1)

(1, =1, —1)
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m:37 (ah ag, as, a4)

m = 37 (a17 ag, as, a4);

1, -1, —1)

(1,

1, 1,-1)

L,

(1, 1, 1,-1,-1)

1)
1)

L 1
1, 1,-1,-1)

1,

(]-7_]-7 ]-7 15

(1,

m:57 ((1,1, a2, a3z, Q4, G5, aﬁ)

m:5a ((1,1, a2, asz, a4, Qas, a’G);

(1, 1, 1, 1,-1,-1)

1, 1,-1,-1)

L

1, 1, 1,-1,—1)

(1,

(1,-1, 1,-1,-1, 1)
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m =6, (a1, as, as, a4, as, ag, a7); m =6, (a1, as, as, a4, as, ag, ar)

(1, 1, 1, 1, 1, 1, 1) (1, 1, 1, 1,-1, 1, 1) (*14)
(1, 1, 1, 1, 1, 1,—1) (1, 1, 1, 1,-1,-1, 1) (j)
(1, 1, 1, 1, 1,-1, 1) (1, 1, 1, 1,-1,-1,-1) (j’)
(1, 1, 1, 1, 1,-1,—1) (1, 1, 1,-1, 1,-1, 1) (*13)
(1, 1, 1, 1,-1, 1,—1) (1, 1,-1, 1,-1,-1,—-1) (i)
(1, 1, 1,-1, 1,-1,-1) (1,-1, 1, 1,-1,-1, 1) (:;)
(1, 1,-1, 1,-1,-1, 1) (1,-1, 1, 1,-1,-1,—-1) (g)

(1,-1, 1,-1,-1, 1, 1) (g)

(1,-1, 1,-1,-1, 1,-1) ()

If m > 6, sequences {aj};ﬂ;ll with a; = 1 which satisfy K}m) - Kém) + K3() Z* have the

following forms.

m>6 (a1,a9,...,0n0_4,0m-3,Gm-2, Gm—1, m, Gmil)
a 1,..., 1, 1, 1, 1, 1, 1)
1 i,.... 1, 1, 1, 1, 1, -1
1 i,..., 1, 1, 1, -1, 1, —1)
1 1,..., 1, 1, 1, 1, -1, 1)
1 1,..., 1, 1, 1, 1, -1, —1)
1 1,..., 1, 1, —1, 1, -1, —1)
1, 1,...., 1, -1, 1, -1, -1, 1)

Therefore, only the constant sequences +(1,1,...,1,1...) satisfy Kfm) - Kém) + K3 Z?
for all m > 1. As before, it follows that 0 € D is necessary and sufficient for the inclusion

K(B,D) C BK(B,D). 0

Theorem 3.4.11. Let A= —C, = (fQ jl) and let D = {dy,dy} with dy,dy € R2. Then
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(i) K(B,D) C BK(B,D) if and only if 0 € D,

(i) K(B,D) is an A-dilation scaling set if and only if D is one of the j digit sets

D= 1() (I 2=1(). (O 2= () () = () (D

Proof. Here, B = A = (0

1

-2

) = —C!. Hence,

SERE

In the following, we list the sequences {aj};”jll with a; = 1, where a; € {—1,1} for j > 1,
which do and do not satisfy K™ C K™ + K3 Z? for each m € {1,2,3} .

)

-1
0

)

0
-1

)

0
0

) (

0
1

)

1
0

) (

1
1

)}

m =1, (a1, az); m =2, (a1, az, az); m =2, (a1, az, az);
(1, 1) (1, 1, 1)
(1, =1) (1, 1, —1)
(1, =1, —1)
m =3, (a1, as, as, ay); m =3, (a1, as, as, ay)

(1, 1, 1, 1) (1, 1,-1, 1) (0

(1, 1, 1,-1) (1,-1,-1, 1) (_

(1, 1,-1,—1) (1,-1,-1,—1) (

If m > 2, sequences {a; ;”jll with a; = 1 which satisfy Kfm) - Kém) + K3() Z* have the

following forms.

m > 2, (a1,a9, ..., Qn_a, Gm-3, G2, Q15 Gy Q1)
(1, 1,..., 1, 1, 1, 1, 1, 1)
(1, 1,..., 1, 1, 1, L, 1, —-1)
(1, 1,..., 1, 1, 1, 1, =1, =1)
From the above listed results, only the constant sequences +(1,1,...,1,1...

) satisfy

Kfm) - Kém) + K3 Z? for all m > 1. So, necessary and sufficient condition for the

inclusion K(B,D) C BK(B,D) is 0 € D. (ii) follows from the result in Chapter 2.

O



Chapter 4

Construction of Wavelet Sets Using
Integral Self-Affine Multi-Tiles

The main purpose of this chapter is to construct (multi)wavelet sets using integral self-

affine multi-tiles.

4.1 Properties of integral self-affine multi-tiles

Throughout this chapter, we will limit our discussion to expanding matrices A €

M, (Z). We let B = A" and S = {1,2,...,M}. In the following, we will always assume
M

that K = UKi’ where the unions are essentially disjoint and |K;| > 0 for each i € S,
i=1

and that the sets K;, i € S, satisfy (0.0.5) and (0.0.6). We call such set K a self-affine
tiling set with M prototiles. In addition, if K is a Z"-tiling set, then the set K is called
a self-affine Z"-tiling set (with M prototiles). Grochenig and Hass [28] showed that a
necessary condition for K to be a self-affine Z"-tiling set with M prototiles is that the
corresponding digit set I' = {I';;,4,j = 1,..., M} be a standard digit set.

Lemma 4.1.1. Let K be a self-affine tiling set with M prototiles. Given any x € K, if
V' is a neighborhood of x, then |V (K| > 0.
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Proof. By assumption, for each i € S, the set K; satisfies (0.0.5). This gives

Ki=B (| JK;+Ty). (4.1.1)

j=1

Using (4.1.1) again to each prototile K, we obtain

M M M

K; = U BTy + B~ UB 'K, + B7'I';) = U U T, + BTy + B°K)).
Jj=1 =1 j=1

Iterating this procedure d times, we obtain that x € K; if and only if for some s € §

d
r €Y B¢+ BK, (4.1.2)
j=1

where ¢; € I’ for j=1,...,d and p; =i. Given z € K, there exists ¢ € S such that

PjPj+1

x € K;. It follows from (4.1.2) that x can be written as

d
r=Y B¢+ B,

j=1
for some s € S, ks € K, where ¢; € 'y, for j =1,...,d and p; = i. Let V contain a
d
neighborhood of z satisfying B(z,2r) C V, where r = gn?(XHB_dtH. Let ' = ZB_jEj
€K
j=1

and W ={z eR":2 =2+ B %,tc K}, then W C V. In addition, W C K. Hence,
W C KOV and |W| = |B74K,| = |det B|7¢|K,| > 0, which implies that |[K V]| >
|[IW| > 0. Note that given any neighborhood of z, say V, the condition B(z,2r) C V,

where r = gn?(XHB*dtH can always be satisfied if we take d large enough. This proves that
€K,

given any = € K, if V' is a neighborhood of x, then |V (] K| > 0. O

Lemma 4.1.2. If K is an integral self-affine Z™-tiling set, then K contains a neighborhood
of 0 if and only if K(\Z" = {0}.

Proof. Suppose that K (Z" = {0}. This implies that 0 € K. If 0 is an interior point
of K, then K contains a neighborhood of 0. If 0 is the boundary point of K, then there
exists j € Z™ \ {0} such that 0 € K + j since K is a Z"-tiling set. This implies that
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—j € K, contradicting the fact that K (Z" = {0}.

Conversely, suppose that K contains a neighborhood of 0. Assume that 0 # ¢ € K [ Z".
Then ¢ € K ((K+¢) since 0 € K. Let U be a neighborhood of 0 with U C K. Then U4/
is a neighborhood of £ and U+¢ C K+/. By Lemma 4.1.1, |( K+{) K| > |(U+£) N K| >
0 which contradicts the fact that (K + ¢) (K = 0. Therefore, K (Z" = {0}. O

If K is an integral self-affine tiling set with M prototiles as above, there exists I} C Z"
satisfying

M
B"K; = K; + T} (4.1.3)

j=1
Indeed, it follows from (0.0.5) that we can take I'}; = I';;. Using (0.0.5) to each prototile

K;, we have

M M M M M
B’K; = | JBK; + BTy = | J|JK; + Ty + BTy = | J K, + | JTy; + BTu.
J=1 j=1l¢=1 j=1 =1
Thus we can define
M
I% = | J(Ty + BLy). (4.1.4)
/=1
Inductively, we obtain
M
= JTy + Brg ), m>2. (4.1.5)
/=1
Defining
M
;=T and D" = UFU, (4.1.6)
i=1

M

the corresponding self-affine multi-tile K = U K; satisfies
i=1

BK = UBK UUK 4+ = UK + D, (4.1.7)

i=1j=1

111
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and

B"K = UBmK UUK +T7 UK + D (4.1.8)

i=175=1

Theorem 4.1.3. Let K be an integral self-affine Z"-tiling set with M prototiles and
M

0 € D; foreachj € S. Then K contains a neighborhood of 0 if and only if U U =27
m>0i=1

where I} is defined by (4.1.3).

Proof. Suppose that K contains a neighborhood of 0. Then U B™K = R" since B is
m>=1

expansive (see [37]). By the definition of ']}, we obtain

M M M
B k=B "Ki=JUUK;+T7 UK+UUF (4.1.9)
m>1 m>1i=1 m>1i=1j=1 m>1i=1

Thus, we have

UK + U UF (4.1.10)

m>=11=1

Since U U IV CZ" and K = U K is a Z"-tiling set, it follows that U U e

m>1i=1 m>=111=1

Conversely, suppose that U UF = Z". Define D", m > 1 as in (4.1.6), then using
m=11i=1

(4.1.5) and (4.1.6), we have that

M M M M
=y =1y +Bry" =y + BDy (4.1.11)
=1 1=1/¢=1 (=1

In particular, taking m = 2, (4.1.11) gives

M M
=Jr3 =Jry + BD.. (4.1.12)

=1
By assumption, 0 € D; for each j € S, it follows from (4.1.12) that D; C D]Z. Suppose
that D" C D;”’Ll, j €S, for m > 1. Then we deduce from (4.1.11) and our assumption
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that
M M
rDm+2 U FZ] + BrDerl > U FZ] + BD" — rDerl
=1 /=1

This shows that DI C Dm+1 for each 5 € S and for any m > 1. Since K is a Z"-tiling

set and U U r (4.1.8) and (4.1.9) show that

m>=1i=1

| BmK = UK + o =rn. (4.1.13)

m=1 m>=1

Let V be a compact set containing a nelghborhood of 0. Define
S, = {k:EZ" (K 4+ R (V] >o}, ies.

Since S; C V — K;, S; is bounded and so is U K; + s. Hence, there exists r; > 0 such

SES;
that

M M
U K;+sC B(0,r;) and V C U U K;+sC UB(O,ri).
SES; i=1s€S; =1

Since the sets K;+s,s € S;, are essentially disjoint, the number of elements in S; is at most
M

IB\(IOS?”- The inclusion D" C D;”H, J € S and the fact that U UFZ = U DI =17"
m2>1i=1 m>=1

imply that for each 5 € S, there is M; € N such that S; C DM Let M = max M;.
J J J 1<j<M

Then, we have
M M
Vel JKi+S | K +DY =B"K.
i=1 =1
This proves that K contains B~V a neighborhood of 0. O

Theorem 4.1.4 and Corollary 4.1.5 below provide a sufficient condition for K to be
a self-affine Z"-tiling set with M prototiles. We first introduce a metric defined on the
space of subsets of R". Let Hy(R™) be the set containing the compact subsets of R and
the empty set with the modified Hausdorff metric

max{supd(X,y),supd(z,Y)}, for X,Y # 0,
yey r€X

D(X,Y) =
( ) sup d(0,y) + 10, for X =0,

yey
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where d is the Fuclidean meatric on R”.

Theorem 4.1.4. Let K be an integral self-affine set with M prototiles K1, ..., Ky, and
let the corresponding digit set I' = {T';;,4,j = 1,... , M} be a standard digit set. Then

|K| is a positive integer and K satisfies > xx(x —k) = |K]|.
keZn

Proof. We may choose compact sets Z; C R", 1 =1,..., M with the following properties:

M
fori €S, |z =8 ZiNZ =0 fori #j, and | JZ = [0,1]". Define Z? = Z; and
=1

|7
M
zmt = gt U [ij+Z;" form > 0 and i € S. By the proof of Theorem 2 in ([28], section
j=1

3) and using the fact that I' = {I';;,4,7 = 1,... , M} is a standard digit set, we have, for
any m > 0,

(i) 2N Z =0 for i # j,
M
(ii) | J 2 is a Z"-tiling set.
i=1
Furthermore, as shown in [28], for each i € S, {Z!"},,>0 converges in the metric D to K;.

This implies, in particular, for each ¢ € S, the existence of a fixed compact set W; such

that for any m > 0, Z" C W;. Let

R = {p = (p1,- s Pmr1) € Sm+1ap1 = i7FPkPk+l #0for1<k< m}

M
By the definition of Z™ and R, we obtain Z}! = B~! U I'i; + Z;, and

J=1

M
Ly + (B~ i + Z0)]

ot

M
7} =B '\ JTy+ 2} = B[

j=1 j=1 k=1
M M 2
=(UUB 'y + BT+ 872y = |J B?Zu + Y B o,
j=1k=1 pERT k=1
More generally,
Zz‘m = U BimZPerl + Z Bikrpkpkﬂ' (4'1'14)

peRM k=1
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Let
= {y ER":y=> Bre, e €Tppp={p}i € R;”}.
k=1

Then, (4.1.14) is equivalent to the following equation for the characteristic function of

Zm

1 )

Xzm(@)=>_ > Xz, (B"x—B"y). (4.1.15)

pERT yeT

Similarly, by the self-affine property of the sets K;,7 € S, we have

K = U B~ Pm+1+ZB kPPkPk«H = U Z B™™ pm+1 + v, (4.1.16)

pERT pERT yeT

which can also be written as

= > > X, (B"z—B"y). (4.1.17)

pER yeT

Let ¢ (z) be any continuous and bounded function defined on R™. Then,

Xz (x = > > W (¥)xz,,,,(B™x— B™y)

pERT yeT
+ > Y vxz,,,, (B — BMy).
pERT yeT™
Let fm Z Z )szmH(Bmx — B™y). Using the continuity of the
pERT yeT
function of ¢, for any ¢ > 0, there exists M > 0 such that [(z) —¢¥(y)| <eifz —y €
B=™Z, .., where m > M. This implies that, for m > M,

@) <e > > xz,,,, (B"x—B™y) =exzp(r) < exw, (@),

pER yeTm

and, in particular,

f9(z) dz — 0, m — oo.

m
R”
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Hence,
/ xzp(@)(a) dr = f“ ) dr+ ) Z/ V(y)xz,,,, (B"x — B™y) dx
! pERT yeT
= [ fO@) de+ Y S wW)B 2, (4.1.18)
R pERT yeTy

However, by the assumption that |Z;| = I\II?|I and (4.1.17), we obtain

Z Z YWIB "2y, 0] = Z Z V(y)| BT Ky,

pERT yeT ™ peRm yeT

B | Z Z/ w XKPmH :U—Bmy)d

pERY yeT

1 -
= m S w)xx,,,, (B"x — B"y) dv  (4.1.19)
ZéTjn

Let g Z Z V(Y)xx,,,.,(B"x — B™y). Then (4.1.17) gives that

pERT yeTm

@l <e D Y k., (B e = B"y) = cxu ().

pERT yeTim

On the other hand,

g = > > W 2))XK,,,, (B"r = B™y)

pERT yeTy
+ > ) v(@)xk,,,, (B"z— BMy)
pERT yeT
= > Y @ )Xk, ., (B"r — B"™y) + ¥ (x)xx ().
pER™ yeTy

An argument similar to the one used to prove that lim [g, @ () dz = 0 shows that

/ Z Z XKpmJr1 (B™x — B™y) dxz — 0 as m — o0,

pERT yeTm
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and thus,
lim [ g0(a)de = [ (o) (@)de.
Combining the previous results, (4.1.18) and (4.1.19), we obtain
. 1
lim [ (o) (@) do = —= [ @)y () do.
m=oeo Jrn K| Jn
Therefore,
M | M
Jn 3 [ v @ de= =23 [ v do
i=1 JR" i=1 JR"
or equivalently, we have
1 M
lim Y(z)xzm(x) do = I Y(z)xk(x) dx, where Z™ = U Z"  (4.1.20)

In particular, taking ¢(x) = e 2™ where j € Z", x € R"™, we see that ¢(x) is continuous

and satisfies [¢(z)| < 1 in R". It follows from (4.1.20) that

= [ QO x@ = 0)eT T dr = | (@) da

K] o2 =/

= lim Xzm (x)ef%rij-m dr
m—o0 Rn

= > Xze(z = e P du (4.1.21)
m—0oQ [071}n Kezn

Since Z Xzm(x —0) =1 ae. x € R” for any m > 0, the integral in this last limit has

Lezd
the value d;0, j € Z", for any m > 0. Thus, (4.1.21) implies that

1

11| ( XK(x - g))e_ZWij'ﬂU dr = 5',07 .7 € Zn7
1 S f
or, equivalently, that Z Xx(x — ) = |K]| for a.e. z € R". O

ez

By Theorem 4.1.4, we get the following corollary.
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Corollary 4.1.5. Let K be an integral self-affine set with M prototiles and suppose that
the corresponding digit set I' = {T';;,4,j = 1,... , M} is a standard digit set. If K (\Z" =
{0}, then K is a Z"-tiling set.

Proof. Since K (Z"™ = {0}, then 0 € K and 0 ¢ K + ¢ for ¢ € Z™ \ {0}. This implies
that Z Xx(x — ) = xk(x) = 1 if = belongs to a sufficiently small neighborhood of 0.

¢ezn

On the other hand, since Z Xk(x — ) = |K| for a.e. € R" by the previous result, it
Lezm

follows that |K| =1 and thus K is a Z"-tiling set. O

Combining all the previous results, we obtain the following.

Proposition 4.1.6. Let K be an integral self-affine A—tiling set with M prototiles, where
A C Z", and let the corresponding digit set I' = {I';;,7,7 = 1,... , M} be a standard digit

set. Assume that 0 € D, for each j € S, then the following conditions are equivalent.
(i) £z ={0}.
(ii) |K|] =1 and K contains a neighborhood of 0.
M
i) |J g =2"
m>0 j=1

4.2 Construction of single wavelet sets using integral

self-affine multi-tiles

Gabardo and Yu introduced in [24] a method for the construction of single wavelet
sets using integral self-affine tiling set with one tile. The wavelet sets they constructed

have the general form Q = C'~! U K + ¢, where C'is an integral matrix commuting with

teL
B and L is a finite subset of Z™. In this section, we will extend their results to the integral

self-affine multi-tiles setting and construct wavelet sets with the form

M
Q=c'YJUK+¢ (4.2.1)

i=1/0€L;
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where C' is an n x n integral matrix commuting with B, K;,..., Ky, are M-prototiles
associated with a self-affine multi-tile and L;, : = 1,..., M are finite subsets of Z".
M

In this section, we will always assume that K = U K;, where the K; are essentially
disjoint, is a self-affine Z"-tiling set with M prototilesf,: évhich satisfies (0.0.5) and (0.0.6).
Then the corresponding digit set I' = {I';;,4,7 = 1,... , M} is a standard digit set.

For the case where K is an integral self-affine Z"-tiling set with one tile (see Proposition

4.1 in [24]), we have the following result.

Proposition 4.2.1 ([24]). Let K be an integral self-affine Z"-tiling set with one tile and

C be a nonsingular integral matrix commuting with B. If Q := C~! U(K + () is an

LelL
A-dilation wavelet set, then L is a complete set of coset representatives for the group

7" /CZ™ and |det C| € (¢ — 1)Z, where q = |det B|.

However, for the case where K is an integral self-affine Z"-tiling set with at least two
prototiles, the result we obtain is different than the one above comparing to the ont-tile
situation. The main difference is that the fact |det C| € (¢ — 1)Z, where g = |det B, is

not necessarily true for multi-tiles, as shown in Example 4.2.9 below.

Lemma 4.2.2. If there is a nonsingular integral matrix C' commuting with B such that Q)
defined by (4.2.1) is an A-dilation wavelet set, then for each i € S, L; must be a complete
set of coset representatives for the group Z"|CZ™.

Proof. Since @) is a wavelet set, U (Q + k) = R"™ by Proposition 0.0.1. We have, using
kezn

(4.2.1), that

R'=C | J@+k=J U ++Ck).

kezZm keZm™ i=1/¢el;

The fact that K is a Z"-tiling set implies that U U (¢ + Cz) = Z". This proves that
z€Z™ beL;
for each 7 € S, L; is a complete set of coset representatives for the group Z"/CZ". O

Gabardo and Yu [24] provided some necessary and sufficient conditions for the set
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Q=C! U(K + () to be an A-dilation wavelet set when K is an integral self-affine

teL
Z"-tiling set with one tile.

Theorem 4.2.3 ([24]). Suppose that C' is a nonsingular integral matriz which commutes

with B and satisfies that |det C| = q—1, where ¢ = |det B|. Then the set Q@ = C™* U(K+

teL
0) is an A-dilation wavelet set if and only if L = D\ {0}, L is a complete set of coset

representatives for the group Z"/CZ" and K (Z" = {0}.

For the case where K is an integral self-affine Z"-tiling set with M prototiles, we can
M

only give a sufficient condition for the set Q = C~* U U (K; + {) to be an A-dilation
i=1¢el,
wavelet set. The conditions in Theorem 4.2.5 are not necessary for the set () defined by

(4.2.1) to be an A-dilation wavelet set if the corresponding set K is an integral self-affine

Z™-tiling set with at least two prototiles, as illustrated by the following example.

Example 4.2.4. In dimension one, consider the set K = [0, 1] associated with the dilation

A =2 Then B=A"=2. Let K; = [0,3], K> =[3,1]. Then we have

BE, =[0,1] = ;| K>, BKy = [1,2] = (K; + 1) (K2 + 1).

Thus T'y; = {0}, T1s = {0}, Ty = {1}, 9, = {1}. For j = 1,2 UFU ={0,1}is a
complete set of coset representatives for the group Z/27Z and 0 € D;. Moreover the set
Q= (K1 — 1) UK, =[-1,—3]UI[3, 1] is the Shannon wavelet set.

29

In Example 4.2.4, the set K is an integral self-affine Z-tiling set with 2 prototiles.
q=2,C=1=q—1. However, L = {—1} = D; \ {0}, Ly = {0} = Dy \ {1} are both
complete sets of coset representatives for Z/CZ but K (Z™ = {0,1} # {0}.

Theorem 4.2.5. Suppose C' is a nonsingular integral matriz which commutes with B and
satisfies |det C| = ¢ — 1, where g = |det B|. If for eachi € S, 0 € D;, L; = D; \ {0} is a
complete set of coset representatives for the group Z"/CZ", and K (Z™ = {0}, then the
set Q defined by (4.2.1) is an A-dilation wavelet set.
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Proof. We deduce from (4.1.7) and L; = D; \ {0} that
M
Q=c'\JJKi+t=C"(BK\K). (4.2.2)
i=1¢eL,
(4.2.2) implies that |Q| = Me—}:a(|detB| — 1)|K| = 1 since |detC| = |det B| — 1 and

|K| = 1. By assumption, for each ¢ € S, L; is a complete set of coset representatives for
M

the group Z"/CZ™ and the set K = U K, is a Z"-tiling set, we have

i=1

U@+2 = c U Ui +e+02)

2€Zn 2€Zn i=1 el
M
= c'J U EKi+2)=R" (4.2.3)
i=1z€Zn
(4.2.3) and the fact that |@| = 1 show that @ is a Z"-tiling set. It follows from (4.2.2)
that B"Q = C~1(B™"' K\ B™"K) and {B™Q, m € Z} is an essentially disjoint family, i.e
B"QB"Q =0 for m,n € Z and m # n. It is left to prove that U B™(@Q = R". The

mEZ
condition K (Z™ = {0} implies that K contains a neighborhood of 0 by Lemma 4.1.2.

Then U B™K = R" since B is expansive. Moreover, lim |B™"K| = lim |det B|™™" =

meZ
lim ¢-™ = 0 since |K| = 1 and ¢ > 1. For any s € K \ {0}, there exists m > 0
such that s € B™™K, but s ¢ B-*VK. Thus s € C U B~*Q, which implies that
k>1
K CCdcC U B7*Q. Since for each j € S, 0 € Dj, it follows from (4.1.7) that K C BK.
k>1
Since U B™K =R" and K C BK, we have thus
meZ
clB*Q=JB"'K\B"K =R"\ K. (4.2.4)

The inclusion K C C U B7*Q together with (4.2.4) shows that C U B™@Q = R" and

k>1 meZ
thus that | ] B"Q = R". O

meZ
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The following two examples of MRA wavelet sets first appeared in [30]. We show
below that there exists, for each one of them, a corresponding self-affine multi-tile set K

which can be used to generate the wavelet sets using the method of Theorem 4.2.5.

Example 4.2.6. In dimension two, consider the set K = conv{(%), (_%1), (:%), (_%)}

1 1
2 2 2

2
0 2

associated with the matrix A = (1 o

Then B = At = (0 é). Let

), where conv(F) denotes the convex hull of E.

2

Ko = cono{ (0), (), (1) ()} e = eom{ (55) () (1) )
Ha = cono{ (). (3%): (32), ()} Ka = cono{ ), () () (D)}

RK 2 p
IJI\4 Ul\l
K, Ky
-112 0 12
Ks K,
RK RK
I.Jl\d _12 IJI\Z

Figure 4.1: K; and its B-dilation BK;, i=1,2,3,4 in Example 4.2.6.
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Then (see Figure 4.1), we have
BE, = Ki| J(Ki+ (V). BE: = (K0 + (°) UKy,
BE; = (K> + (° ) U Ks, BEs= K| J(Ks + ().
Thus
P ={()} T2 =0,T15 = 0.T0a = {(})}, Tor = {( )} Doz = 0,Tas = 0. Tas = {({) },
T3 = 0,3 = {(fl)},rgg = {(g)},rg4 =0, Tyy=0,Tp = {(8)},F43 = {(g)},m = 0.
And

.= Ura={(). ()2 = Ura= {()- ()}
2= Ura={()- 0} 2= Ura={) O}

Obviously, K is a Z*tiling set. Note that for each j € {1,2,3,4}, 0 € D; and D; is
a complete set of coset representatives for the group Z"/BZ". Hence, K is an integral
self-affine Z>-tiling set with 4 prototiles which satisfies that K () Z? = {0}. We conclude
4
from Theorem 4.2.5 that @) := U K; + L;, where L; = D; \ {0}, is an A-dilation wavelet
j=1
set.

1

Example 4.2.7. In dimension two, consider the set K = com){(%), ( %) (‘?), (_%)}
2

2 - 2 %
associated with the matrix A = G _11) Then B = A = (711 1) Let

o= ot (). () @)} £ = eom 0)-(2)- ()}
A = cony o). (57 ()} K= eome ) () (52

K5 =—-Ki, K¢ =—Ks, Kr=—-K3, Ky = —Kj.

Then (see figure 4.2), we have
BK, = (K5 + <(1))) UKS, BEK, = K, U(K4 + <1)) BKj3 = K> U(K7 + (?)),
BE, = K3 | J(Kq + (0)) BK; = (K, + ( ) )| Ky BKs = Ks| J(Ks + (—01))’

BK; = (K3+< )UK6 BKg = K2+( )UK7
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Figure 4.2: K, and its B-dilation BK;, i=1,2,3,4,5,6,7,8 in Example 4.2.7.

Fu=0.T2 =0T =0T =0T ={(;)},T16=0,T1r = 0,T1s = {(3) },
v = {(§)}: Doz = 0,T5 = 0, Tog = {({)}. Tos = 0, T = 0, Ty = 0,75 = 0,
Par = 0,Tgy = {(§)}, Tas = 0, Tgs = 0, Tgs = 0, To = 0, Ty = {({) }, Tas = 0,
Ty =0,Ts2 =0T = { ()}, Taa = 0.0 = 0,Tus = { (1)}, Tur = 0, Tus = 0,
oo = {()}Ts2 = 0,Ts5 = 0, Isu = {({)},T55 = 0, I's; = 0, T'57 = 0, I'ss = 0,
o1 =0,Ts2 = 0.Tgs = 0,T6s = 0, Tes = {()}, Too = 0. Tor = 0, Tes = { ()}
T7i=0,Tpn=0Tsp= {(fl)},rm =0T =0,T7 = {(g)},r77 =0,Ts =0,
Fsr=0,Tss = {( %)}, T3 = 0,05 = 0, T'ss = 0,Ts = 0, sy = {({) }. Tss = 0.
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And

= Uri = {0 ()2 = Ura = {0 (3)}2= Ura = {)- ()}
2=Ura={(0)- ()} 2= Ura={()- ()} 2-Ura = {()- O}
.= Ura = {0)- ()} 2= Ura = {()-(2)}

Obviously, K is a Z*-tiling set. Note that for each j € {1,2,3,4,5,6,7,8},0 € D; and D,
is a complete set of coset representatives for the group Z"/BZ"™. Hence, K is an integral
self-affine Z>-tiling set with 8 prototiles which satisfies that K () Z? = {0}. We conclude
8
from Theorem 4.2.5 that ) := U K;+ Lj, where L; = D; \ {0}, is an A-dilation wavelet
j=1
set.

It has been shown in Chapter 3 that no single self-affine tile can yield a wavelet set
associated with the matrix A = G _11) However, Example 4.2.7 illustrates that some
A-dilation wavelet sets can be constructed by integral self-affine multi-tiles. This again
demonstrates that integral self-affine multi-tiles are useful for constructing many new
examples of wavelet sets. Now we give a more general result for the construction of
wavelet sets using integral self-affine multi-tiles, which generalizes Theorem 4.5 in [24],
with the difference that the conditions for the theorem to hold are now sufficient, but not

necessary. Theorem 4.2.5 is a particular case of it obtained by taking S; = {0} for all
7=1,..., M, below.

Theorem 4.2.8. Let C be an n X n nonsingular integral matriz which commutes with B.
If KN Z" = {0} and for each j =1,..., M, there exists a finite set S; C Z" satisfying

M
(Z) {O} - Sj - UFZ] ‘I‘BSZ,
=1

M
(i) L; == U(Fij + BS;) \ S; is a complete set of coset representatives for the group

=1
z" T,

125
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M
Then Q := C~! U(KZ + L;) is an A-dilation wavelet set.
i=1

Proof. Since, for each j € S, L; is a complete set of coset representatives for the group

Z"]CZ"™ and the set K is a Z"-tiling set, then we have

e+t = ¢ |J UK, +L; + Ck)

her ke =l (4.2.5)
= o U R =R
kezr j=1
and
M M
Q= |det C|7) |det C|| K| =Y | K| =1. (4.2.6)
J=1 j=1

M
It follows from (4.2.5) and (4.2.6) that @ is a Z"-tiling set. Let W = |J(K; +S;). By the
i=1
definition of () and L;, j € S, we have
M M
CHBWA\W) = CBJEK; +5)\ [ JUK: + 5)]

i=1

@
Il
-

(K +Tij + BS) \ [ J(K; + 5;)]

J=1

I
9
léi
=

@
Il
-
<.
Il
-

K+ ((J@Ty+BS)\ S))

i=1

[
3
C=

<.
Il
-

=

= C ' J(K;+ L) =Q. (4.2.7)

<.
Il
-

Thus B"Q = C~Y(B™H W\ B™W) and {B™Q} ez is an essentially disjoint family. Now
we only need to prove that U B™@Q = R". The fact that K (Z" = {0} implies that

mEZL
K contains a neighborhood of 0 by Lemma 4.1.2. Since for each i € 1,..., M, 0 € S;,
K C W. Thus W contains a neighborhood of 0 and U B™W = R". An argument similar

meZ
to the one given in Theorem 4.2.5 shows that U B™@Q =R". O
meZ
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%, %] associated with the

dilation A = 3. Let K; = [—3,0], K = [0,3]. Then B = A" = 3 and we have

20 = (K + {=1,01) (Ko + {=1}),

BK, = 3K, = [-=
BK, = 3K, = [0, 5] = (K + {1}) (K2 + {0, 1}).

Example 4.2.9. In dimension one, consider the set K = [—
2
2

Thus Pll = {—1,0},P12 = {—1},P21 = {]_},FQQ = {0, ]_} Let

Sl = { — 3, —27 —1,074}7 SQ = { - 47 _37 _27 _1707 17374}

Then we obtain

S, = {—3— —104}
2
c Jmi +BS) = (s + BSy) | (T2 + BSs)
- 2(1 1o}+3{—3 1,0,4})U({1}+3{—4,—3,—2,—1,0,1,3,4})
- {—11, 10, -9, -8, 7, 6,—5,—4,—3,—2,—1,0,1,4,10,11,12,13}.
Sy = {—4—3— —1,0,1,3,4}

)
- U Iy + BS;) (F12+BS1)U(P22+BSQ)

{ } {—3—2 1,0,4})U({0,1}+3{—4,—3,—2,—1,0,1,3,4})

2,—11,-10, -9, -8, 7,—6,—5,—4,—3,—2,—1,0,1,3,4,9,10,11,12,13}.

.
—_

—~

I
=

N

Ly = U (Ti1 + BS)) \ S; = {—11,-10, -9, -8, =7, —6, —5, —4,1,10, 11, 12,13},

2
Ly = U(I’ZQ + BS;) \ So = {-12,—-11,-10,—-9, -8, -7, —6,—5,9,10, 11,12, 13}.
i=1
Then Ly and Ly are both complete sets of coset representatives for the group Z/13Z. It

follows from Theorem 4.2.8 that the set

2
Q:=13"'BJK+S5)\ UK +5;) =13" U K+ L;)
=1

=1

is a 3-dilation wavelet set.



128 PhD Thesis - Xiaoye Fu

In Example 4.2.9, the set K is an integral self-affine Z-tiling set with 2 prototiles and
|det C| ¢ (3 — 1)Z since |det B| = 3 and |det C'| = 13. This shows that the last statement

in Proposition 4.2.1 does not extend to multi-tiles.

Example 4.2.10. In dimension two, consider the set K = com){ (%), <_%1), <:%), (71%)}

2 2 2 2

associated with the matrix A = (? 5) Define K;,7 =1,2,3,4 as in Example 4.2.6. Then

K is an integral self-affine Z*-tiling set with 4 prototiles and T';;,4,7 = 1,2,3,4 are the
same to those obtained in Example 4.2.6. Let

s={0- 0 == {0OF 5= {00k 5= {0}

Then, we have

4

1))

C s cUra+bs = (%) + BsUss = {(0). (%) ()
HOA
@) G-

i=1

)
}—53QQFi3+BSi:BS3U<?)+BS4:{
j

C S, C OFi4+BSi: (%) + B [ BS, :{
=1

4
Define L; = |J I';; + BS; \'Sj, 7 =1,2,3,4. Then
i=1

n={(0)-0) 2={(0)-0F L={0-O) =={C)C)}

Let C' = (0 1). Then C' = B, where B = A? and obviously, it commutes with the matrix

2 0

B. It is easy to check that for each j = 1,2,3,4, L; is a complete set of coset representa-
4

tives for the group Z?/CZ?. Tt follows from Theorem 4.2.8 that Q := C~! U(KZ + L;) is

i=1
an A-dilation wavelet set. The set () and its integer translation @) + (é), (_11) are depicted

in Figure 4.3. The set () and its B-dilations BQ, B~'() are depicted in Figure 4.4.
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4.3 Construction of multiwavelet sets using integral
self-affine multi-tiles

This section is devoted to considering the problem of constructing multiwavelet sets

using integral self-affine multi-tiles. Bownik, Rzeszotnik and Speegle ([12], section 3)

1.0

0.5

0.0

-0.5

-1.0

m Q+(1,0)
" Q+(1,-1)

-2.0

0

Figure 4.4: Q and its B-dilations BQ, B~'Q in Example 4.2.10.
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showed that A-dilation generalized scaling sets and A-dilation multiwavelet sets are de-
termined by one another. Theorem 4.3.2 below provides a sufficient condition for an

integral self-affine multi-tile to be a generalized scaling set.

Theorem 4.3.1. Let K be an integral self-affine Z"-tiling set with M prototiles which
M
satisfies (0.0.5) and (0.0.6) where, for each j € S, 0 € D; := Urij‘ In addition, let

=1
us assume that K (Z" = {0}. Then K is an A-dilation generalized scaling set of order
q—1, where A= B' and q = |B|.

Proof. Since for each j € S, 0 € D;, (4.1.7) implies that X' C BK. Since K (\Z" = {0},

K contains a neighborhood of 0 using Proposition 4.1.6. Thus we have U B"K =
R"™ since B is expansive. The facts that K C BK and U B"K = R”mieriply that
nll—l}go Xk (B™™E) =1 for a.e. £ € R". Define D(§) := Z X:(efz—l— k). Then D(§) =1 for
d
a.e. £ € R" and |K| = 1 since K is a Z" tiling set. Tk}fii shows that ZD(f + B d) =
|det B| = q if D is a set of coset representatives for the group Z"/BZ". d%lflerefore, we have
Z D(€ + B7'd) = D(BE) + (¢ — 1). By Theorem 0.0.4, K is an A-dilation generalized
deD

scaling set of order ¢ — 1. O
M

In Theorem 4.3.2, if we let Q) := U K;+ L;, where L; =D, \ {0}, then Q = BK \ K
j=1

and () is an A-dilation multiwavelet set of order ¢ — 1 by the definition of A-dilation
generalized scaling set. If ¢ = 2, then the wavelet set () must be an A-dilation MRA
wavelet set which has been extensively studied in Chapter 2 and Chapter 3. We can also

construct an A-dilation multiwavelet set starting with a given A-dilation wavelet set.

Lemma 4.3.2. Let Q) be an A-dilation wavelet set. If C' is an n X n nonsingular integral

matriz commuting with B, where B = At, then CQ is an A-dilation multiwavelet set of
order |det C|.
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Proof. Let D' be a set of coset representatives for the group Z"/CZ"™. By assumption
that @) is an A-dilation wavelet set, then the set () satisfies (i) and (ii) of Proposition
0.0.1. Therefore, we have, using (i) of Proposition 0.0.1, that
D xco(BE) =) xo(CT'BE) =) xo(B'CT'¢) =Tae R (43.1)
JEL jez jez

Using (ii) of Proposition 0.0.1, we have Z xo(§+ k) =1for a.e. £ € R™ and thus
kezr

> xeol+k) = DD xoeE+Ck+1)

kezm teD’! keZn

= Y ) xo(CTHE+CTE+ k)

teD’ kezn
= |det C| for a.e. £ € R™. (4.3.2)
By (4.3.1), (4.3.2) and using Theorem 0.0.2, we obtain that C'Q) is an A-dilation multi-
wavelet set of order |det C/|. O

Similarly, we have the following result.

Proposition 4.3.3. If @) is an A-dilation multiwavelet set of order M and C' is ann xn
nonsingular integral matrix commuting with B, where B = A*, then C'Q is an A-dilation

multiwavelet set of order |det C'| M.

The previous result raises a natural question: given an A-dilation multiwavelet set of
order M, can we find a nonsingular integral matrix C' with |det C| = M which commutes
with the matrix B, where B = A!, such that C~'Q is an A-dilation wavelet set. The
answer turns out to be negative. The following example shows that the existence of an
A-dilation multiwavelet set ) C R? of order 3 and for which we cannot find a 2 x 2

nonsingular integral matrix C' such that C~1Q is an A-dilation wavelet set.

Example 4.3.4. In R?, consider the unite square K = conv{(fé), @), <_%1), (:%)}

2 2 2 2

associated with the matrix A = 2/, where conv(K') denotes the convex hull of K. Then

B = A" =2I. Let

K= cono{ (). () (o) ()} e = com{ (0)- (). () ()}

131
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om0 (). () ()=o) () (3 ()}
Then (see Figure 4.5), we have
BE, = Ki| Kz + () U + () U+ (9),
BE, = (K + () J e Js + () U+ (1),
BE; = (K + (1 ) Uz + (O U K @+ (),
BE,y = (K + () JUe + (0) U + () U Ka

Thus
P = {(0) 1o = ()1 T = ()T = (),
o = {@}’FQQ = {(8)},1“23 = {<O)}arz4 = {G)},
T = {(_11)}an2 = {(_01)}7F33 = {( )} [y = {((1))}
T ={(*)hTe={(0))hTe = {():Tu={())
And

2 =Ura = {00 (2 (912~ Ura = {6 () () ()}
~Urs = {0 ()-()- 0 2= Ura= {000 0O}

Note that for each j € {1,2,3,4}, 0 € D; and D, is a complete set of coset representatives
for the group Z"/BZ™. Moreover, K is an integral self-affine Z?-tiling set with 4 prototiles

which satisfies that K (Z? = {0}. We conclude from Theorem 4.3.2 that K is an A-
4

dilation generalized scaling set of order 3. Therefore, () :== BK \ K = U K; + L;, where

j=1
L; =D; \ {0}, is an A-dilation multiwavelet set of order 3.

Assume that there exists a nonsingular 2 x 2 integral matrix C' which commutes with the
4

matrix B such that Q := C7'Q = C"Y(BK \ K) = C! U(Kj + L;) is an A-dilation

j=1
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wavelet set. Then by Lemma 4.2.2, for each j € {1,2,3,4}, L; = D; \ {0} is a complete
set of coset representatives for the group Z*/CZ?. Hence, for each j € {1,2,3,4}, there

must exist ¢; € L; such that £; € CZ?* and the difference of any two elements in L; is not
in CZ*.

For L; = {((1)), (_11), (_01)}, we have
(1) =) =) () = () =) ) - () =0)
This implies that (_11) € CZ? and thus (_11) € CZ2.
For Ly, = {(_01>, (j), (_01> }, we have
()= () =0)-C) -G =) ) -G =G)
This shows that (:i) € OZ? and thus G) € CZ2. Therefore, for the set L;, we have
(_11> € CZ? and (é) - (_01> € CZ2, which contradicts the fact that L; is a complete set

Figure 4.5: K; and its B-dilation BK;, i=1,2,3,4 in Example 4.3.4
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of coset representatives for the group Z?/CZ?. Therefore, we cannot find a nonsingular

matrix C' commuting with B such that @ = C71Q is an A-dilation wavelet set.



Chapter 5

Decomposition of Integral Self-Affine
Multi-Tiles

In this chapter, we consider the problem of representing a Z"-tiling set which is an integral
self-affine multi-tile as the union of an integral self-affine collection with the minimal

number of prototiles.

5.1 The representation of integral self-affine multi-
tiles

Throughout this chapter, we will limit our discussion to expanding matrices A €
M,(Z) and let B = A*. Let S = {1,2,..., M}. In the following, we will always assume
M
that K = UKZ-, where the union is essentially disjoint, that |K;| > 0 for each i € S,
i=1
and that the sets K, i € 9, satisfy (0.0.5) and (0.0.6). Moreover, we assume here that
M
for each j € S, D; := U I';; is a complete set of coset representatives for Z"/BZ". We
i=1
call such set K a self-affine tiling set with M prototiles. In addition, if K is a Z"-tiling
set, then the set K is called a self-affine Z"-tiling set with M prototiles and is denoted by

135
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K(B,Z"). Define I'j; C Z" by

M
B"K; = K; + T} (5.1.1)

j=1

It follows from (0.0.5) that I'j; = T';;. Using (0.0.5) with each prototile K, we have

M M M M M
B’K; = | | BK,+ BTy = | J| JK; + T¢j + Bl = | K; + | Ty + BTa.
=1 =1j=1 j=1 =1
M
Thus, I}, = U(ng + BT';y). Inductively, we obtain
=1
M
Iy =@y + BTy, (5.1.2)
=1
Define
M
D= Iy, m> 1 (5.1.3)
i=1
M
Then the corresponding self-affine multi-tile K = U K; satisfies
i=1
M M M M
BK = JBK;=|J|JK;+Ty = K; + D (5.1.4)
i=1 i=1j=1 j=1
And
M M M M
B"K = JB"K; = | J|J K +T} = | JK; + DJ". (5.1.5)
i=1 i=1j=1 j=1

Assume that K is an integral self-affine Z"-tiling set. Then there exists a finite integral
M
self-affine collection {K;}}Z, such that K = |J Kj is an integral self-affine Z"-tiling set.

j=1
For m > 1, let (), be the collection of non-empty sets of the form

(BRK +6)((B2K +6)[()---[(B"K + ) K,



McMaster - Mathematics and Statistics

where 1 < k; < m, r > 1. Then C; C Cy C --- and there exists mg > 1 such that
Cp, = Chy, for m > mg since each element of (), is a finite union of sets from the finite
collection K;, i =1,..., M. By the definition of C,,, the elements of C,, are of the form
N - () B"K+6)[ ) [\BE+0)(K (5.1.6)
b €Lm lrelq
for some subsets L; C Z", i = 1,...,m. For each m > 1, we order the sets in C,, by
inclusion and pick up the minimal one in each inclusion sequence. Let C! be the collection
of all mininal sets picked up by inclusion in C,,. Then, for general m > 1, the elements
in C7, can be obtained by decomposing the elements in C! _; further using (5.1.6) and
picking up the minimal one in each ordered inclusion sequence.

If K is an integral self-affine Z"- tiling set, then there must exist a collection of sets

K;, j=1,---,M such that K = U K; is an integral self-affine Z"-tiling set with M

prototiles which satisfies (0.0.5) and (0 0.6). Define equivalent relations on the elements
of the set S step by step according to the relationship among D", j € S and m > 1 as
follows. We say that i is equivalent to j at the m' step if D} = D} for any k =1,2,...,m
Logically, the equivalent relation defined at the m!* step is called the m!* equivalent
relation, which is denoted by E™. Furthermore, the equivalent classes obtained by the
m*" equivalent relation is called the m** equivalent classes. The equivalent classes obtained

at each step give a partition of the set S and thus a corresponding partition of the set

K. Let Fy,;, j=1,...,5, be the m'" equivalent classes. Then, for each m > 1, we have
Sm

S = | Fy,, where the union is disjoint. Lemma 5.1.1 below characterizes the collection
j=1

C), for each m > 1.

Lemma 5.1.1. Let K be an integral self-affine Z"-tiling set and let m > 1. Then E €

C! if and only if E = |J K;, where F C S is an equivalent class associated with the
S

M

relation E™ and {K;}}L, is an integral self-affine collection with K = |J K;. Clearly, the
j=1

collection of sets in C!, form a partition of K.

M
Proof. By assumption, K = |J K is an integral self-affine Z"-tiling set with M prototiles
j=1

137
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which satisfies (0.0.5) and (0.0.6). By the definition of C,, defined above and the self-affine
property of K, any element in (), is the union of some sets K;, ¢ € I C S and so are the

elements of C/ . Suppose that

N - () B"K+6a) () [BK+0)[ K € Cp

ZmeLm EleLl

Then,
N - () B"E+6)().- [ \BE+ ) K
bm€ELm  01E€L
M
- NN U &, +D8+e)()- (En+ Dy +0) () K
L €Lm £1€L1 Jo,J1,--Jm=1
M
= N () UK +D7 + L) (- (E + Dy + ) (K
b E€Lm €Ly j=1
ngijl
nglpy
Since () -+ () (B™"K + {))..-N(BK + (1)K # 0, there must exist j, € S

gmeLm EIELI
such that K;, € |J K;. Moreover, if K;,) € |J Kj, and j is equivalent to jg

L1C-Dj LiC-D}
ngLD]m ngLD;n
associated with E™, then K; C |J K. Let
L1C-D;j
ngLD?

L(jo) = {j € S, j is equivalent to j, at the m!™ step}.

Then | K, C () - ) (B"K+/4y,)()...(BK+¢)( K. In particular, taking

J€L(jo) bm€Lm el
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L; = —Di

it =1,...,m, then

N - () B"E+6)().- (BE + ) K

ZmeLm ZleLl

- U &= U 5=U &
1 1 1 1 ; ;
-D} C-Dj -Dj} =-Dj J€L(jo)

-DmC—Dr D =—Dp

which implies that |J K; € Cy,. This proves that |J Kj is the minimal one in C,,
JEL(jo) JEL(jo)

and it is in C),. O

M

Let K = |J K, be an integral self-affine tiling set with M prototiles which satisfies
i=1

(0.0.5) and (0.0.6). If Di* = D" for any m > 1, we say that i is equivalent to j and denote

as i ~ j. According to this equivalent relation, we can get a partition {F }ﬁzl, 1<t <M

of S, where the sets F};, 1 < j < £ are the corresponding equivalent classes.

M
Lemma 5.1.2. Let K = |J K; be an integral self-affine Z"-tiling set with M prototiles
i=1
which satisfies (0.0.5) and (0.0.6). Let K; = |J K, j = 1,...,{, where the partition
iEFj
{F;}.—, of S is defined above. Then {K;},_, is an integral self-affine collection.

Proof. First, we will prove that (J I';; does not depend on j for j € Fy, t € {1,...,¢}.
i€Fs
WLOG, we can assume that i; # iy € F; for some t € {1,...,¢}. Then for any m > 1,
¢
using (5.1.2), (5.1.3) and that S = |J Fj, we have

7=1
M M
Dr =D — Iy, + BD™ ' = JTI'y, + BD™!
= =, (5.1.7)
— U Uy +BD" = U Ty, + BD™!
s=14€F s=14i€F

Let ¢si, = U Tiiy, ¢si, = U Tis,- Then we have

1€Fs 1€Fy

)4 )4
Di, = | J b = | 0sin = D, (5.1.8)
s=1 s=1
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which is a complete set of coset representatives for Z"/BZ" by assumption. By the
property of the set F, D" are the same for ¢« € F; and any m > 1. Thus we denote D"
as DI for ¢ € Fy, which is independent of i. Then equation (5.1.7) can be rewritten as

the following

l l
D =D <= | J bwis + BDI ' = ) doi + BDL (5.1.9)

s=1 s=1

Suppose that, for some s = 1,..., 0, ¢g, # bsi,- Then ¢, \ dsi, # O Or Ggi, \ Gsiy 7# 0.
Without loss of generality, we assume that there exists x € ¢g;, \ ¢si,, then z € ¢y, for some
te{1,2,..., ¢} and t # s by (5.1.8). Next we will prove that +BD (y+BD?" = () for
any Yy € Pui,, w € {1,2,...,¢} and y # z. Otherwise, there is y € ¢, and y # x so that
z+BD! (\y+BD # 0, which implies that x —y € BZ?, contradicting the fact that z,y
belong to the same complete set of coset representatives for Z"/BZ™ by (5.1.8). Hence, it
follows from (5.1.9) that the only possibility is x+BDZSL*1 = x+BDZL*1, which forces that
D" = D7 for any m € N, contradicting the fact that F, and F; belong to two different
equivalent classes. Therefore, ¢y, = ¢si,, where i1, iy € Fy. Let Ay = |J Ty, j € Fu

icFy
Then

M l 4
BKS:BUKZ-: U UKj+Fij:UUKj+ Urij:UKt+Ast7
t=1

i€Fs 1€Fs j=1 t=1jeF; 1€Fs
¢ ¢

Furthermore, for j € F, C S, where t € {1,2,... ./}, Ay .= UAy=U U Ty, =D;is a
complete set of coset representatives for Z"/BZ". - e O

As we mentioned in the introduction, the representation of an integral self-affine Z"-
tiling set is not unique. For convenience, we call the representation of an integral self-affine
tiling set K = ﬂ/j K; to be in its simplest form if the number M is minimal. Given an
integral self—afﬁrllzelZ”-tiling set K, using Lemma 5.1.1, for each m > 1, C! gives a partition
of the set K. Let C! = {K;,i =1,...,5,}. Since C,,, = Cy,, for m > mg, we have
also C), = C}, for m > mg. We let S, = N and K,,,; = W;, i = 1,..., N. Actually,

this produce an algorithm to decompose any integral self-affine Z"-tiling set into disjoint
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prototiles and the representation obtained here is in its simplest form. Theorem 5.1.3

below illustrates this fact.

N
Theorem 5.1.3. Suppose that K is an integral self-affine Z"-tiling set. Then K = |J W,
i=1
1s an integral self-affine Z"-tiling set with N prototiles, where W;, i = 1,..., N are defined
N
as above. Furthermore, the representation K = |J W, is in its simplest form and the

=1
simplest form representation of K is unique.

Proof. Since K is an integral self-affine Z"-tiling set, there exists a partition {K;}M, of
M

K such that K = (J K; is an integral self-affine Z"-tiling set with M prototiles. By the
i=1

definition of W;, the sets W;, i = 1,... N are essentially disjoint and Lemma 5.1.1 implies

that W; = |J K| foreach i =1,..., N, where the sets 7}, = 1,..., N are the equiv-
JETZCS

N
alent classes obtained by the equivalence relation “~”. Thus S = |J 7;. It follows from
i=1
Lemma 5.1.2 that the collection {W;}X | is an integral self-affine collection. Therefore,

K = (VJ W, is an integral self-affine Z"-tiling set with N prototiles. We note that the sets
Wi, ii:; 1,..., N do not depend on the sets K;, ¢ = 1,..., M. For any representation
of the set K which satisfies integral self-affine condition and have M prototiles, the set
W; is the union of some prototiles for each ¢ = 1,..., N. Thus, we have N < M. This

N
proves that the representation K = |J W; is in its simplest form and the simplest form
i=1
representation of K is unique. 0

Theorem 5.1.3 shows that if an integral self-affine Z"-tiling set K = L]Vj K; is not in
its simplest form, then there exists a partition {Fj}§:1 of the set S Wit}i:;’jo having at
least two elements for at least one jo, such that the collection { |J K;}i_, is an integral
self-affine collection. Combining all above results, we get the f(Z)TngWing corollary, which

provides an equivalent condition for an integral self-affine Z"-tiling set to be in its simplest

form.

M
Corollary 5.1.4. Let K = |J K; be an integral self-affine tiling set with M prototiles

=1

M
which satisfies (0.0.5) and (0.0.6). Then, the representation K = |J K; is in its simplest

=1
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form if and only if for any iy, iy € S with iy # iy, there exists some m > 1 such that

D # Dj, where D", i € S is defined as in (5.1.3).

127 ]

Theorem 5.1.3 provides us an algorithm for decomposing an integral self-affine Z"-
tiling set K into essentially disjoint prototiles K;, j = 1,..., M such that the collection
{K; }]]‘/il is an integral self-affine collection. Moreover, this representation is in its simplest
form and the decomposition is unique in the sense that the number of prototiles is minimal
by Corollary 5.1.4 and also, in the sense, that given any representation of K as a union
of prototiles K, j =1,..., M, the elements of the minimal representation can always be
written as finite unions of these sets K;. Given an integral self-affine Z"-tiling set K, we
compute the collection Cj, step by step untill we find an integer mg such that C}, = C;,
for any m > my. Or, alternatively, we check whether or not the collection C!  obtained
at each step is an integral self-affine collection. If it is, we stop and K = ij K,,; is an
integral self-affine Z"-tiling set and the representation is in its simplest forné.z1

As we mentioned before, there are many integral self-affine Z"-tiling sets which have
different representations. However, the representation we provide here is unique by Corol-
lary 5.1.4. Such examples will be given in section 3. Furthermore, we can also use this
algorithm to determine whether or not a given measurable Z"-tiling set K C R" is an
integral self-affine multi-tile associated with any given n x n integral expansive matrix B.

We use the above algorithm to decompose the set K. Then K is an integral self-affine
Z™-tiling set if and only if the process stops after finitely many steps.

5.2 Examples

For some integral self-affine tiling sets with simple geometrical shape, it is easy to see
how to decompose the given measurable set K C R" into essentially disjoint pieces Kj
such that K, j € I, where I is a finite set, is an integral self-affine collection. However,
for those with complicated geometrical shape, it is not easy to represent it as an integral
self-affine collection intuitively. For such self-affine tiling sets, we can use the method

introduced in section 2 to solve this problem. In this section, we will give some examples
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to show how to use the algorithm given in section 2 to represent an integral self-affine

Z-tiling set in its simplest form.

Example 5.2.1. In dimension one, consider the set K = [—2, 1] associated with B = 2.

As we mentioned before, the set K here can be not only an integral self-affine Z-
tiling set with 4 prototiles, but an integral self-affine Z-tiling set with 3 prototiles. In the
following, we will give its representation for each case. For the first case, let

31 11 1 1

0], Ky = [_Z’O]’ K, =0, Z]'

4
Define I';;, 4,j =1,2,3,4 as in (0.0.5) and D; := [J I';;. Then, we have

i1
BK, = [—g, —1] = (K2 = )| J(Ks —1) = T =0, Thp = {~1}, Tz = {1}, Ty =10,
B, = [+1,~3] = (Ky = )| J Ky = Tor = {0}, T =0, Toy =0, T = {1},

BEK;3 = [—%,0] = I, | K3 = T3 =0, Tsp = {0}, T's3 = {0}, T3y =0,

BK, = [0, %] = (K + )| JKi =Ty ={1}, Tio =0, Tus =0, Ty = {0},

and

4 4
Dy =Jra = {0.1}, D ={Jra={ - 1,0},
zzl =1 ,
Dg,:Urig:{—Lo}, D4:UFZ-4:{—1,0}.
=1 =1

This shows that for each j € {1,2,3,4}, D; is a complete set of coset representatives

for the group Z/27 and the set K is an integral self-affine Z-tiling set with 4 prototiles.
4

m : m __ m—1

Define DJ* as in (5.1.3). It follows from (5.1.2) and (5.1.3) that D" = zL=J1 I+ 2D

Note that for ¢ € {1,2,3,4}, I';s = I'i3. Thus we get DJ* = DJ* for any m > 1 by the

definition of D". On the other hand, since

4 4
D} =Jru+2D = { —2,-1,0,1}, D} = (JTu+2D, = { -3,-2,-1,0},
=1 i=1
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which implies that D} # D3?. And again, we have
4
D} =| T +2D% = { —5,—4,-3,-2,-1,0,1, 2},
i=1

4
Di’ = UF@A + 2Di2 = { —6,-5,-4,-3,-2,-1,0, 1}’

i=1

4
which implies that D3 # D3. By Theorem 5.1.3, K = |J K is not in “the simplest form”.
i=1

By the proof in Theorem 5.1.3, we let

3 1 1 1
2], Ky =[-=,0], K;=[0,-].
]7 2 [ 270]7 3 [07 4]

K= =373

Define T,

YR

3 3
i,7 =1,2,3 to satisfy BK| = 9 K; + T, and D) = ‘L—J1 [';;. Then, we have

J

3
BK{ - [_57 _1] - (Ké - 1) = 1—‘/11 = (ba 1—‘,12 =—1, 1—‘/13 - (ba
BEy =[-1,00 = Kj| JK;| J(K§ — 1) = T =0, T, =0, I'yy = —1,
1

Furthermore,

3 3 3
o= Urs = {01}, 2= Urt= {10} 2= Uri = { - 10}

This shows that for each i € {1,2,3}, D] is a complete set of coset representatives for

3
727 and that K = |J K] is an integral self-affine Z-tiling set with 3 prototiles.
i=1

M
Remark 5.2.2. Let K = |J be an integral self-affine Z"-tiling set with M prototiles which
j=1
satisfy (0.0.5) and (0.0.6). If I';;; =T, for any i € S, then j; ~ jo. But the converse is

not true.

Example 5.2.3. In dimension one, consider the set K = [—%, i] associated with B = —3.
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Obviously, K is a Z-tiling set. For this example, the set K can be represented as

many different kinds of prototiles. The simplest form is that K is an integral self-affine

tile, since
BK = [—§ 2] =K JK+1)| K +2)
- 474 - .
If we let Ky = [—2,—1] and K, = [—1, 1], then
39
BE: =7, 7] = (K1 +2) JEKe+{1,2} =Ty = {2}, T = {1,2},
33
BEK, = [_1’ Z] = K; +{0,1} UK2 = 'y = {0,1}, T'ap = {0},
and

2 2
Dl = UFZI == {0,172} - UFZQ - DQ.
1=1 =1

This shows that K = 6 K; is an integral self-affine Z-tiling set with 2 prototiles. Hence,
K is not only an inteé:rgl self-affine Z-tiling set with one tile, but an integral self-affine
Z-tiling set with two prototiles. Corollary 5.1.4 shows that D7* = DJ* for any m > 1, i.e.
1 ~ 2. However, [';; # I';5 for any i =1, 2.

Example 5.2.4. In dimension two, consider the set K = H |J(—H) |J K’ associated with

the matrix B = (:; 1), where

# = conu{ (7). (1) () (a) y amd 1= eom{ (15). () (47 (570}
where conv(F) denotes the convex hull of E.

It is easy to see that K is a Z>2-tiling set. The sets K and BK are depicted in Figure
5.1. Clearly, we can divide K into six pieces {Kj}?zl with K1 =H, Ky =FE, K3 =F K, =
—F K =—F, K¢ = —H, where

pmeonef (9, 0) (2) ()} end P = eomef (299, (9 (). )}

Moreover, we have (see Figure 5.1)

145
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BE, = (K + () Utz + (), Bz = (K + () | Ks. BE; = K| J Ko,
BE, = K;|_J(Ks + ( )), BE; = K;| JKs, BEg= (Ki+ (1))U(K6 + (?)),
which implies that { K }?:1 is an integral self-affine collection. Therefore, K is an integral
self-affine Z"-tiling set with 6 prototiles. However, this representation is not in its simplest
form. We will use the algorithm introduced in section 2 to represent the set K in its

simplest form. At the first step, we get a partition C] = {K;}2_, of K by computing
(5.1.6) for m =1 (see Figure 5.2).

K11:(BK+() ) E =K | JK: | EKs, Kio = ( BK+( ) ) E = K| K| K.

It is easy to check that {K;}7_; is not an integral self-affine collection. Thus, we need to

decompose Ky;, ¢t =1,2 further using (5.1.6) (see Figure 5.3) and we have

Ko = (B°K + () Ku = K1 J Ko, Ko = (B°K + (3)) (K = K,
Ko = (B2K + (:1))ﬂK12 = K| Ko, Koy = (B’K + G))HKIQ = K.

S
-
/A
AVARY )
7
0 R
o Pkl ol L vy Lo
AT
]
1
S
o
1
JARVARVARE
7
e}
S KsfBiIBK
T 5
K 7
A5 1
o 1
7

-1.0 -0.5 0.0 0.5 1.0

Figure 5.1: K; and its B-dilation BK;, i=1,2,3,4 in Example 5.2.4
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BK+(0,1)"

11/

g K

T K

11/ o
g BK+(0,~1)"
-1.0 -0.5 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
(). K N BK + () (b).ENBEK + ()

Figure 5.2: The intersection of K and integer translations of BK in Example 5.2.4
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Furthermore, { Ky }4 , is an integral self-affine collection since

BKy = (Ky + (_01)) U<K21 + (_01)) UK247 BKy = Ko,
BKjs = (K3 + ((1))) UK22 U(K24 =+ ((1))), BEKjyy = Kas.

4
Therefore, K = |J Ky is an integral self-affine Z?-tiling set with 4 prototiles and this
i=1

~
~

I I L 7
/

<Tl / > OI’) / J
B'K B2K +(-1,-1)"
2 -1 0 1 2 3 3 2 -1 0 1 2
(a). K B*K + G), i=1,2 (b). Ky, (B?K + (j), i=1,2

Figure 5.3: The intersection of K1;, i = 1,2 and integer translations of B?K in Example
5.2.4

representation is in its simplest form.

It has been shown in [28] that the theory of interal self-affine multi-tiles is closely
related to the theory of wavelet. We also considered in Chapter 4 the problem of con-
structing wavelet sets using integral self-affine multi-tiles and gave a sufficient condition
for an integral self-affine Z"™ multi-tiling set to be a scaling set. The example below shows
that some wavelet sets cannot be constructed using integral self-affine Z"-tiling sets with

multi-prototiles as was done in Chapter 4.
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Example 5.2.5. In dimension one, consider the set K = [—a,1 — a] where 0 < a < 1
associated with B = 2. Then K is an integral self-affine Z™ tiling set with several tiles if

and only if a € Q.

Proof. Tt has been proved in Chapter 3 that K is an A-dilation MRA scaling set and the
set Q := BK \ K is an A-dilation MRA wavelet set, where A = B* = 2. Obviously, K is
a Z-tiling set. We will divide the proof into two cases to prove our claim.

Case 1: a € Q. Thenaz%, for some p, g € Nand (p,q) =1, p<gsince 0 <a < 1. In

this case, K = [-2,1 — ] = [-2 TL]. Let
q q ' 4

p p—1 p—t+1 p—1
Klz[——,——],...7K2‘:[— s T ],...,
q q q q

1 qg—p—14q—p
K,=[--,0],...K, =] , ].
q q q

q
Then K = |J K;, where the union is essentially disjoint. For i < p,

=1

BEK;, — 2[_;%'“7 _p%i] — [~ 2242 _Zp;Zi]
= [- 2(p—q¢+1)’ _2p,§l-+1] Ul- 2p*§i+1’ _2(qui)].
Note that
Ap=it ) {-Q-D,..,—l,o,—, .,q_p_1}+z,
q 4q 4q q 4q
and

2(p—1 —1 -2 1 —

_2p—d) T
q q q q q

Then we have BKZ = (Kj1 +€1) U(K]2+€2> for some gl, 62 € Z, and j17 jg S {1, 2, ,q}

Fori > p, K; = [%, i_Tp] and BK; = 2[i_’;_1, i_Tp]. Similarly as above, we can also show

that BK; = (Kj + (1) U(Kj, + (5) for some £}, €, € Z and ji, jy € {1,2,...,q}. This

proves that the collection {K;}7_; is an integral self-affine collection. Assume that

q
BKZ = U Kj + Fija where Pij Q 7.

j=1
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q q
Then BK = |J K, + D;, where D, := |J I';;. Since K is a Z-tiling set,
=1 i=1

J

q q
R=|JBK+Bl=|J|JK+D;+Bl=|JK;+|JD; + B,

174 ez j=1 j=1 ez

which implies that |J D; + B¢ = Z for each j € {1,2,...,q}. Therefore, for each j €
LeZ
{1,2,...,q}, D; is a complete set of coset representatives for the group Z/2Z.

Case 2: a ¢ Q. Assume that K = [—a, 1 — a] is an integral self-affine Z-tiling set with M
prototiles. Then we can use the method given in section 2 to decompose K as essentially
disjoint union of prototiles. First, we compute C} using (5.1.6) and get a partition { K;}7_,

of K which are defined by

Ky = (BK +1)( K =[1—2a,3-2a]( |[~a,1—a] = [1 — 20,1 — a],

K= (BK —1)( K = [-1—2a,1—2a]( |[~a,1 — a] = [-a, 1 — 2d].

Then the endpoints of Ky;, i = 1,2 are —a, 1—2a, 1 —a. Let Fy = {—a, 1—2a, 1 —a}.
We note that 2(1 — 2a) = 2 — 4a # = + ¢ for any x € E; and ¢ € Z, which implies that
Ky;, i = 1,2 is not an integral self-affine collection. Thus we need to compute C), and
get a new partition { Ky; f\g of the set K. The endpoints of Ky;, 1 =1,2,..., Ms belong
to the set By :={—a,k —4a,1 —2a,1 —a, k € Z}. Since 2(k — 4a) = 2k — 8a # xo + (
for any z € Ey and ¢ € Z, the collection {K},"3 is not an integral self-affine collection.
Thus we have to proceed further steps again. Generally, at the j* step, we get a partition
{Kj,}?ijl of K and the endpoints of Kj; should be in the set E; := {—a, ko — 2%a, k3 —
23a,....kj —29a,1 — 2a,1 — a, ky,...,k; € Z}. At the j" step, there must exist some
k; € Z such that k; — 27a is one of endpoints of the sets K;;, i = 1,2,..., M;. However,
2(k; —27a) = 2k; — 27" a # x+ ( for any x € E; and ( € Z. Therefore, {Kj,}?ijl is not an
integral self-affine collection. Hence, if a ¢ Q, this process will go on infinitely and for any
je N {K ﬂ}f\i]l is not an integral self-affine collection. This proves that K = [—a, 1 — a]
is not an integral self-affine multi-tile if a ¢ Q. O



Chapter 6

The Measure of Self-Affine Sets

If U is a non-empty subset of R", we denote the diameter of U as diam(U), which is
defined by diam(U) = sup{||z — y|| : =,y € U}. Throughout this chapter, we assume
that B € M,(R) is an expanding matrix and that D = {dy,ds,...,d,,} C R" is a set of
m distinct vectors, which is called a digit set. Under this assumption, the self-affine set
K (B, D) is the unique compact set K satisfying the set-valued equation

m

BEK = | J(K +d)).

i=1

Let fi(x) = B Yz +d;), 1 <i<m and x € R". The family of mappings {fi(z)}™, is

called a self-affine iterated function system (IFS) and we have K = K(B,D) = {J fi(K).
i=1

We say that the IFS {f;}", satisfies the open set condition if there exists a non-empty

bounded open set V' such that
U (V) cVoand fi(V)[) (V) =0 for i # .
i=1

In particular, the set K(B,D) is called a self-similar set if the matrix B = pR, where
p > 1 and R is an orthonormal matrix. In this case, the matrix B is called a similarity
with scaling factor p > 1. A set A C R" is called uniformly discrete if there exists 6 > 0
such that z,y € A implies that ||z — y|| > 0.
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Without loss of generality, we will suppose that 0 € D in this chapter. Define
s—1 00
D, = {Zijj :l; €D,y 20} for s > 1 and Dy, := UDS'
7=0 s=1

Then it is easy for us to prove that D, C Dy, for any s > 1 since 0 € D. Many
researchers have considered the problem of characterizing the open set condition of IFS
{fi}™,. Bandt, Hung and Rao [6] characterized the open set condition for self-similar
sets and He and Lau [32] provided an equivalent condition for an IFS {f;}7, to satisfy

the open set condition for the case where K is a self-affine set.

Theorem 6.0.6 ([32]). IFS {f;}™, satisfies the open set condition if and only if Dy is

a uniformly discrete set and m* expansions in Dy, are distinct for all k > 1.

Our main goal in this chapter is to prove that the Lebesgue measure of K or the
Hausdorff measure H*(K), where s is the similarity dimension of the IFS is equal to the

inverse of the corresponding upper density of the measure p, where p is defined by (0.0.8).

6.1 The Lebesgue measure of self-affine sets

In this section, we will assume that m = |det B|. Under this assumption, Lagarias

and Wang [37] gave conditions characterizing when K (B, D) is a self-affine tile.
Theorem 6.1.1 ([37]). The following four conditions are equivalent.

(i) K(B,D) has positive Lebesgue measure.

(i) K(B,D) has nonempty interior.

(i1i)) K(B,D) is the closure of its interior K°, and its boundary 0K = K — K° has

Lebesgue measure zero.

(iv) Foreach k > 1, allm® expansions in Dy, are distinct, and Dy, is a uniformly discrete

set.
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Let A C R™ be a discrete subset, a measurable set X C R" is said to A-tile R", if it
satisfies (0.0.7) or equivalently,

ZXK(x+€) =1 for a.e. x € R". (6.1.1)
leN

The tiling property (0.0.7) of a measurable set K C R" can be characterized in terms
of Beurling density of A. Lemma 6.1.8 below illustrates this fact. In the following, we
introduce the definitions of upper and lower Beurling density of a measure y and a discrete

subset A C R™ respectively.

Definition 6.1.2. Let u be a Borel measure in R”. The upper Beurling density of the

measure 4 with respect to r > 0 is defined by

D: (:u) = lim sup sup M

msup sup =1 (6.1.2)

and the lower Beurling density of the measure p with respect to r > 0 is defined by

D, () = liminf inf HUn(2) (6.1.3)

T Nooo zeR» N7

where Iy(z) = {y = (1,1 Yn) ER™ Jyi — 2] < Nyi = 1n} It D (1) = Dy (),
we say that the Beurling density of the measure p with respect to r exists and we denote

it as D, (u).

Definition 6.1.3 ([13]). Let A be a discrete subset of R™. For r > 0, the upper Beurling
density of A corresponding to r (or r-upper Beurling density) is defined by

ANI
D} (A) := limsup sup M, (6.1.4)
N—oco zeR” N
and the lower Beurling density of A with respect to r is defined by
ANI
D> (A) := liminf inf M (6.1.5)

N—oo z€R® N

If D}Y(A) = D;(A), then we say that A has uniform Beurling density with respect to
r > 0 and we denote this density by D,(A). If we consider the measure 0 = ) 0y, it is
clear that D) (o) = D (A) and D, (o) = D, (A). e

T
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Gabardo studied the notion of Beurling density in [23] and he provided some properties
of Beurling density which are related to tilings. In the following, we will list some of his
results for later use. For now, we cite the notion of the convolution of f x u in [23], where
f € LY(R™) with f > 0 and p is a positive Borel measure on R™. Let C.F(R"™) denote the

space of continuous functions ¢ with compact support on R™ and with ¢ > 0.

Definition 6.1.4. Let f € L'(R") with f > 0 and let u be a positive Borel measure on
R". The convolution f % p is defined by

/n( (f = p)(t // (z +y) f(y)dydu(z),

where ¢ € CH(R™).

Theorem 6.1.5 ([23]). Let f € LY(R") with f > 0 and let p be a positive Borel mea-
sure on R™. If there exists a constant C' > 0 such that f*pu < C a.e. on R", then
Jan f(@)d2 D;f (1) < C. If there exists a constant C > 0 such that [« p > C a.e. on R",
then fRn x)dx D, () > C.

Theorem 6.1.6 ([23]). Let u be a positive Borel measure on R"™. Then

D () = inf i fllo-

Ji=1
Lemma 6.1.7. Let A C R™ be a discrete set and let C € M, (R™) be an invertible matriz.
Then |det C| D} (CA) = D (A).

Proof. Define 1 = Y 65 and pp = |det C| > dcx. Then, we have
AEA AEA

[ @) dn(Ct) = |dex €] | S(Cr) duta)

Using the definition of g and the previous equality, we obtain
= ldet € | (Ol =) duly) = pxh,

where h(z) = |det C|f(Cx). Partlcularly, if f>0and [, f(z) de =1, then h(z) > 0

and [;, h(z) dz =1, and vice versa. Thus, }gg e flloo = }gg Hu*fHOO It follows from
J1=1 J =1

Theorem 6.1.6 that D (u) = D;f(i). Then, clearly, |det C|D;F(CA) = D;r(A). O
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Lemma 6.1.8. Let A be a discrete subset of R™. If a measurable subset K C R™ A-tiles
R™, then the uniform n-Beurling density D, (\) of A exists and |K|D,(A) = 1.

Proof. Let 0, be a dirac measure at ¢. Then, we have

Z Xrc+e(T) = Z XK * 00 = XK * 25@ (6.1.6)

LeN leN leN

Let p:= > &, then p defines a Borel measure and g > 0. Using our assumption that the
le
set K A-tiles R™, we obtain that > xxi¢(z) =1 a.e. x € R" and xx € L*(R™). Thus, it
LeA
follows from (6.1.6) that yx * g = 1. Theorem 6.1.5 implies that

[ xtads D0 = [ vty Dy () = 1.

which yields that |K|D,, (i) = 1. This shows that D, (A) exists and |K|D,(A) =1 by the
definition of p. O

A positive Borel measure i on R™ is called translation-bounded if, for every compact
set K C R", there exists a constant C,(K) > 0 such that u(K + 2) < C,(K), z € R™.
Gabardo [23] provided an equivalent condition for the measure p, which is defined by

(0.0.8), to be translation-bounded.

Lemma 6.1.9. The measure p defined in (0.0.8) is translation-bounded if and only if
0< D (p) < oo.

Theorem 6.1.10. Let B € M, (R) be an expansive matriz with |det B| = m € Z and let
D be a finite subset of R™ with card(D) = m. Then, |K(B,D)| = (D;7(1))™t, where p is
defined by (0.0.8), with the convention that |K(B,D)| =0 if D} (u) = oc.

Proof. We will consider two cases: |K(B,D)| > 0 and |K(B,D)| = 0. Assume that

|K(B,D)| > 0. Then the sets K+, € Dy, are essentially disjoint since B*K = |J K+/
LeDy,

has Lebesgue measure m*|K| and = Y 4, is translation bounded by Theorem 6.1.1
A€Dso
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and Lemma 6.1.9. Hence, we have

pex) = 3 [ )i - iy = 2/ — (= N)dy

A€Dso AEDs
= Z Xk (= A) Z Xx+A(T U (k+o(z) <1 (6.1.7)
AEDoo AEDoo €D°°
It follows from (6.1.7) and Theorem 6.1.5 that [, xx(d)dzD;f (1) < 1, ie. D} (n) < \11<|

To prove the converse inequality, use the identity D (u) = }I;fo ||t * f|oo from Theorem

[f=1
6.1.6. Thus for any fixed ¢ > 0, there exists f > 0 with [ f = 1 such that || * f]le <

D (u) + e, which implies that p* f(z) < D} (n) + ¢ ae. x € R™. Then, using the

definition of convolution, we have

TN |K| < D (u) +e. (6.1.8)

On the other hand,
po f ) = g e 1)
i 1% X (2 = ) f(y)dy (6.1.9)
<fB(o Ny H* xx(r —y)f(y)dy + fRn\B(O,N) p* Xk (T — y)f(y)dy) )

Since p1 % xx < 1, f > 0 and [, f(y)dy = 1, then, given € > 0, using the Dominated

== |-

Convergence Theorem, we have
/ wx xg(r—y)fly) dy < eif N > Nj. (6.1.10)
R\ B(0,N)

It follows from Theorem 6.1.1 that K must contain a non-empty interior since |K| > 0.

Thus, for any given N > 0, |J B™K must contain a ball B(zy,2N) for some zy € R".

m>0

It follows from (6.1.7) that

pxxe(x—y) =X y &+ —y)=x Uy Brr(® —y).

1€Doo m>0

Note that fory € B(0,N), x  Bmk(2—y) has the value 1in the ball B(zy, V). Therefore,
m>0
we have

/B(O . o xr(x—y) f(y)dy = / fy)dy — 1 as N — oo, x € By, N).(6.1.11)

B(0,N)
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We deduce from (6.1.9), (6.1.10) and (6.1.11) that ||u* f = %HOO = ‘K|
(6.1.8),
if | K(B,D)| > 0.

Assume that |K (B, D)| = 0. Then either m* expansions in D, are not distinct for some

Therefore, using

—¢& < D (u) +e. Since £ > 0 is arbitrary, — < D;(u). This proves our claim

K]

k or the set D, is not a uniformly discrete set.
Let us assume first that the m* expansions in Dj, are not distinct for a given k. Let a € Dy,

which can be represented in at least two different forms, i.e.

k—1 k—1
a=) Bld;=) Bdj, d;d;eD.

Then the element a + B¥a € Dy, has at least four distinct representations and more

M-1
generally, > B* g has at least 2V distinct expansions in Dys. It follows that if zp; =

7=0
Z BFig, then p({zy}) > 2M. Hence, sup “Ux() ( ) — 50 and, in particular,
Jj= zeR"
I
D (u) = limsup sup #lln(z)) = 0.

N—oo zeRn N7
Secondly, we assume that D, is not a uniformly discrete set. Then given any M > 1, we

M—1
can find x,y € Dy, C Dy for some k > 1 with ||z —y|| < (3 ||B||*)~!. Let
i=0

M—-1 M—-1

F = { Z BMe; ¢; € {x,y}} and b = Z By,

j=0 Jj=0

Then F' C Dy, b € Dy and for any z € F', we have

]z—bH—HZB’” —2)| <1

M-1

In the definition of D, (1), we can take the center of Iy(z) as z = > B¥x. Then, we
=0

have p(In(z)) > 2M if N > 1. Therefore, sup I%(f) = oo and D, () = oo as before. O

z€Rn
By the proof of Theorem 6.1.10 and combining with Theorem 6.0.6 and Lemma 6.1.9,

we can deduce the following result.
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Theorem 6.1.11. If the measure p is defined as in (0.0.8), then the following conditions

are equivalent.
(i) The IFS {f;}™, satisfies the open set condition.

(ii) The mF expansions in Dy are distinct for all k > 1 and Do is a uniformly discrete

set.
(i) |K(B,D)| >0
(iv) 0 < Df(u) < 0.
(v) p is translation-bounded.

Proof. 1t follows from Theorem 6.0.6 that (i) < (ii). Theorem 6.1.1 implies that (ii) <
(73i). (dii) < (iv) is obtained from Theorem 6.1.10. Lemma 6.1.9 shows that (iv) <
(v). O

The Beurling density of u can also be used to check whether or not a self-affine tile
contains a neighborhood of 0. Theorem 6.1.12 below provides an equivalent condition for

a self-affine tile to contain a neighborhood of 0.

Theorem 6.1.12. Let K(B,D) be a self-affine tile. Then K(B,D) contains a neighbor-
hood of 0 if and only if D} (Ds) = D, (D). Furthermore, D, (Dy) = 0 if K(B,D) does

not contain a neighborhood of 0.

Proof. We have |K| > 0 since K = K(B, D) is a self-affine tile. Then the sets K + ¢, { €
D+ are essentially disjoint by the proof in Theorem 6.1.10. Suppose that K (B, D) con-

tains a neighborhood of 0. Then |J B*K = |J K +/¢ = R" since B is expansive. Thus,

kezZ £e€Doo
K is a Dy-tiling set. It follows from Lemma 6.1.8 that D/ (Dy) = D, (Dso) = -

n | K]
Conversely, suppose that D" (Dy,) = D, (Ds). Assume that K does not contain a neigh-

n

borhood of 0. Then (K +D,)¢ is a nonempty open set in R" since K is not a Do.-tiling set
and Dy, is a uniformly discrete set. Thus we can find a ball D(a,r) = {x eER™ |lx—a|] <
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'r} contained in (K + Dy )¢ On the other hand, since, B(K + Dy,) = K + D4, we have
B"™D(a,r) C (K +Dy)° for any m > 0. Since B is expansive, B™D(a, r) contains a cube

Iy, (B™a) with lim N, = co. Hence, we have

D NI Do Iy. (B™
Do (Do) = liminf inf # Do (WUn() ) # P Ina (B"0)) _
N—oo z€R™ N7 m— oo NgL

However, using Theorem 6.1.10, we have D;f (D) = ﬁ > (0. This contradicts the fact

that D (Ds) = D (Dao). 0

n

As we mentioned before, if m > |det B|, then the pieces K+d, d € D overlap if | K| > 0,
which makes the computation of the Lebesgue measure of K more difficult. We can not
obtain the same result to that in Theorem 6.1.10. The following example illustrates this

fact.

Example 6.1.13. In dimension one, consider the set K associated with the dilation %

and the digit set D = {0,1}, i.e. the set K satisfies that 2K = K|J(K + 1). Then
K =[0,2] and |K| = 2. By the definition of Dy, we have

D, = {::B%,fj eD} :{

—_

sS—

3

V5,6 € {011},

J

I
=)

s—1

The number of elements in D, is 2° and the maximum element in D, is Y ()7 = 2[(2)*—1].
j=0

Then, using the definition of D;f(u), where p is defined by (0.0.8), we have

S

D (u) > lim = 00.

This shows that | K| # (D, (u)) ™t

6.2 The Hausdorff measure of self-affine sets

In section 2, we considered the problem of computing the Lebesgue measure of self-

affine set K (B, D) with m = |det B|. In this section, we will assume that m < |det B|.

159
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Then |K(B,D)| = 0 in this case and we will consider the problem of computing the
s-Hausdorff measure of K for a suitable s. Firstly, let us introduce the definition of s-
dimensional Hausdorff measure of a subset £ C R™. Let E be a subset of R” and let s be

a non-negative number. For § > 0, define

H;(E) = inf { Z[diam(Ui)]S B C U Ui, diam(U;) < 5}.

i=1
s-dimensional Hausdorff measure of a subset £ C R" is defined by

H(E) = lim Hj(E) = sup H;(E).

6—0 6>0
Under this definiton, n-dimensional Hausdorff measure of R™ is related to the usual
Lebesgue measure if n is a positive integer. Clearly, the definitions of Lebesgue mea-
sure and H' on R coincide. For n > 1, Falconer in [19] showed that they differ only by a

constant multiple.

Theorem 6.2.1. If E C R", then |E| = ¢, H"(E), where ¢, = ﬂ%”/Q"(%n)!. In particular,

ct=1andcy = 7.

In the following, we will limit our discussion to self-similar sets, i.e. we will assume
that B is a similarity with scaling factor p > 1, iie. B = pR, where R is an n X n

orthogonal matrix. Define fi(z) = B~ *(z +d;), 1 <7 < m. Then, under our assumption,

we have

1 fi(z) = filw)ll = p~ = = yll. (6.2.1)

We say that f;, 1 < i < m are similarities if they satisfy (6.2.1) for each 1 < i < m.

1 < 1 and therefore, by

It is obvious that f;, 1 < i < m are contractions since 0 < p~
Hutchinson’s theorem [35], there is a unique Borel probability measure ¢ supported on

the set K (B, D) satisfying

/f da:%g/fofi do, (6.2.2)
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for all compactly supported continuous function f on R". The number s = log*, which
satisfies that f:(p_l)s = 1, is called the similarity dimension of the set K (B, D). Falconer
showed in [181]:%hat the Hausdorft dimension of a self-similar set is equal to its similarity
dimension and its corresponding Hausdorff measure is positive if IFS {f;}7, satisfies the

open set condition. We list this result below as a theorem.

Theorem 6.2.2 ([18]). Suppose that the open set condition holds for the similarities
fi, 1 <@ < m on R"™ with ratios p > 1. Then the Hausdorff dimension of K(B,D) is
given by the formula s := dimp K = log". Moreover, for this value of s, the corresponding

Hausdorff measure of K (B, D) is positive and finite, i.e. 0 < H*(K) < co.

Our main goal in this section is to extend the results of section 2 concerning the
Lebesgue measure of self-affine set K. In this section, the Lebesgue measure will be
replaced by the s-Hausdorff measure and the Beurling density by an analogous notion
of “s-density”. Let u be a measure, the upper density of the measure pu with associated
convex sets with respect to the parameter s > 0 is defined by

. uU)
Ef(p) =limsup  sup - ,
3 r—oo diam(U)>r>0 [dlam(U)]S
where the supremum is over all convex sets U with diam(U) > r > 0. We will also
need to define the convolution of two measures. If p is a Borel measure and o is a Borel

probability measure, the convolution u * o is a new measure defined by

[ o)) = / [ ota+ wdutayaots),

for any compactly supported continuous function ¢ on R”. If F is a bounded Borel set,
we can define (u * 0)(F) by replacing ¢ by xg, the characteristice function of F, in the

previous formula.

Lemma 6.2.3. Let 1 be a measure and o be a Borel probability measure. Then EF (uxo) =

ES ().

161
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Proof. By the definition of £ (u), we get
pxo(U)
Ef(uxo) = limsup sup ————
(’u ) r—oo diam(U)>r>0 [dlam(U)]
d d
— lim Sup sup fRn fRn XU ‘l‘ + y) ,u(:p) O(y)
r—oo  diam(U)>r>0 [diam(U)]*

= limsup  sup fRn U = y)do(y)
r—oo diam(U)>r>0 [dlam<U>] ’

(6.2.3)

where the supremum is over all convex sets U with diam(U) > r > 0. Since o is a Borel

probability measure, using (6.2.3), we have

(U —y)d U
limsup  sup fR y)do(y) <limsup  sup m(v)

r—oo  diam(U)>r>0 [dlam(U>] r—oo  diam(U)>r>0 [dlam<U)] ’

which implies that EF(u* o) < EF(u). For the converse inequality, we can assume that
EF(u+* o) < oo. Let V be the convex hull of the sets U and U +y, y € D(0, R) for some
fixed R > 0. Then U C V(V —y) and diam(V') < diam(U) + R. Furthermore, we have

pl0) o V—y)

. 6.2.4
[diam(U)]* — [diam(U)]® ( )
It follows from (6.2.4) that, for fixed R > 0,
Jowo.ry 1(U)do(y) - Jpom #V =9)do(y)  [diam(V))*
[diam(U)]* - [diam(V)]* [diam(U)]®
Joor 2V =9)do(y)  (diam(U) + R)*
- [diam(V)]* [diam(U)]s
Thus we have
limsup  sup Jpo.p MU W) (T&?)zig;?:(y) < limsup  sup ID(O’EiM;‘E;;)SdJ(y)
r—o0  diam(U)>r>0 B r—oo  diam(V)>r>0 B
< limsup  sup —IR”[;S;;‘ZI/);]I?@
r—oo diam(V)>r>0
Letting R — oo, we obtain that £} (u) < Ef (u * o). O

Lemma 6.2.4. Let o be the Borel probability measure supported on the set K(B,D)

which satisfies (6.2.2). Define py = > Odo+Bdy+-+BN-1dy_, - LThen for any Borel
do,..., dn_1€D

measurable set W C R™, we have o(B™NW) = Jepuy * o(W).
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Proof. It follows from (6.2.2) that, for any compactly supported continuous function f on

R™,

/ f(x)do(z Z/nf(Bl(erdi))do—(:c). (6.2.5)

=1

Moreover, using (6.2.5),

[ f@)do(B~) = |det B| [, f B:p)da(x)z'dffﬂBZmlfRnf(x+d,~)do(x)

_ \detB| ZfRn dO‘*(gd( )

This gives that U‘(dBe;B| = Za % 04,(x) = Lo % py(x). Suppose that the equality

‘Tc(lf%;‘fv) = ﬁa « () holds for any N > 1. Then, by assumption and (6.2.5), we have

fRn f(z)do(B~WN+Vg) = |det B[N+ fRn f(BN*2)do(x)
— et BT ;1 Jon F(BY (2 + d;))do ()

LY ] i Jon £+ BNdy)do(B~N )

N+1
- |de:rﬁ|+1+ ZfRn f(x+ BNd))do * py(z)

N+1 iy

_ ldentqﬁtrl E :f]Rn dU*MN*éBNd( )
N4l

= ldentﬁLl fR" da ¥ MNH(:C)

The last equality is obtained from the fact that E,uN % dpvg,(x) = pnyi(z) by the
=1
definition of the convolution of two measures and u ~- This proves that for any N > 1,

o(B Nx) 1
et B = §O* pn (). (6.2.6)

Then for any Borel measurable set W C R”, using (6.2.6), we have

det BV
%/ xw(z)do * puyn(x),

which implies that o(B™VW) = o * uy(W). O

/n xw(z)do(B™Nz) = |det B|N/n xw (BNz)do(z) =

m

163
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In the following, we assume that the IFS {f;}", satisfies the open set condition.
Then dimyK = log,’, which we denote s, and the corresponding Hausdorff measure
0 < H*(K) < oo by Theorem 6.2.2. It has been shown in [35] that ¢ in (6.2.2) is a

multiple of the restriction of the s-Hausdorff measure H?® to the set K, i.e.
o= (H(K))""H | K, (6.2.7)

A subset £ C R"is called an s-set (0 < s < n)if £ is H*-measurable and 0 < H*(F) < oc.
We will need the definition of upper convex density of an s-set at x, defined in [19] as
— S(ENU
Di(E,z) =lim  sup Lﬂ),
r=0 o <diam(v)<r [diam(U)]®
where the supremum is over all convex sets U with « € U and 0 < diam(U) < 7.

Furthermore, we have the following theorem.

Theorem 6.2.5 ([19]). If E is an s-set in R", then D:(E,xz) =1 at H*-almost allx € E
and D3(E,x) =0 at H*-almost all v € E°.

Combining the formula (6.2.7) and Theorem 6.2.5, we can get the following corollary.

Corollary 6.2.6. Let K be a self-similar set and contractions f;, 1 <1 < m satisfy the

open set condition. Then lim  sup % = (H*(K))™', where s is the Hausdorff
r—0 0<diam(U)<r

dimension of the set K, o is defined by (6.2.2) and the supremum is over all convex sets

U withUNK #0 and 0 < diam(U) <.

Proof. By assumption, K is an s-set. It follows from (6.2.7) that

—_— O'(U) 17 HS<KﬂU)
| —_ = S(K | —_— =
rli%o<diirlrl}()U)§r [diam(U)]* (KD 0 0<di§r1111(i)U)§r [diam(U)]*

= (H*(K)) 'sup D!(K, x). (6.2.8)

reK
Since for any x € K (U, Theorem 6.2.5 implies that D:(K,z) = 1, we deduce from
(6.2.8) that

— a(U) .
lim su — = (H* )
r—0 0<diamFU)§r [diam(U)]* (H(K))
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Actually, under certain conditions, the upper convex density of an s-set F at x can

also be defined as

H(ENU)
Di(E,x) =su su T s
C( ) r>l(:)) O<diamI()U)§r [dlam(U)]s

where the supremum is over all convex sets U with € U and 0 < diam(U) < r. The

following lemma clarifies this fact.

Lemma 6.2.7. Let K be a self-similar set associated with an nxXn integral expansive simi-

larity B with scaling factor p > 1. Thenlim  sup % = sup sup %,

70 0< diam(U)<r >0 0< diam(U)><r

where the supremum is over all convex sets U with U (K # 0 and 0 < diam(U) < r.
Proof. Obviously, lim  sup % <sup  sup
=0 o< diam(U)<r >0 0<diam(U)<r

is a similarity with scaling factor p > 1, H*(B™'K) = p~*H?*(K). Using the fact that
K C BK, we have

HA(KNOU)

em(0 Conversely, since B

sup  sup  LEOD S — g sup
r>0 0<diam(U)<r [diam(U)]* r>0 0<diam(U)<r

H(B~'(KOU))
[diam(B—1U)]®

M (K B-1U)
[diam(B—1U)]s

IN

sup  sup
r>0 0<diam(U)<r
HI(KOB~™U)
[diam(B—™U)]*s ?

HY(KNOU)
[diam(U)]* *

IN

sup  sup
r>0 0<diam(U)<r

for any m > 1

IN

limsup  sup
r—0 O<diam(U)<r

This proves our claim. O

If the similarities f;, 1 < ¢ < m satisfy the open set condition and o is defined by
Tm o)  _ o(U) :
(6.2.2), then llil(l] SUD  om@yr = SUP sup T where the supremum is
O0<diam(U)<r r>0 0<diam(U)><r
over all convex sets U with U (K # () and 0 < diam(U) < r, by Lemma 6.2.7. Schief
[47] proved that similarities f;, 1 < ¢ < m satisfy the open set condition if and only
if H*(K) > 0, where s = log," is the similarity dimension, in the Euclidean spaces.
However, Schief [48] showed that the open set condition no longer implies the positivity
of the Hausdorff measure of the set K associated with the similarity dimension s = log}" in

the general complete metric spaces. Combining the result provided by Schief and Theorem

6.1.11, we have the following representation for the Hausdorff measure of self-similar sets.



166 PhD Thesis - Xiaoye Fu

Theorem 6.2.8. Let K be a self-similar set and s := log" < n be the similarity dimension

of K. Then H*(K) = (£} (u))™t, where u is defined by (0.0.8).

Proof. Firstly, we assume that H*(K) > 0, thus that the open set condition holds (by
[47]). By Corollary 6.2.6, it is enough to prove that

limsup  sup o) = &S (u),

r—0  0<diam(U)<r [diam(U)]

where the supremum is over all convex sets U with U (| K # 0 and 0 < diam(U) < r. It

follows from Lemma 6.2.7 that limsup  sup % =sup  sup % < 0
r—0 O<diam(U)<r r>0 0<diam(U)<r

and both quantities are thus finite by Corollary 6.2.6. Then, for any given € > 0, there
exists a convex set Uy with Uy [ K # ) such that

(o) a(U)
—————— >su su - — €. 6.2.9
Fam(Uo] = 728 ocamui<r [am(UTF (0:29
Define py = > Odg+Bdy+-+BN-1dy_,- On the other hand, using Lemma 6.2.4 and
do,...,dN-1€ED

Lemma 6.2.3, we have

o(th) _ o i (B"Uo) < limsup  sup TR a0
[diam(Up)]*  [diam(BNUp)]* =  rooo diam(u)zr>o [diam(U)]*
= Ef(o*p)=E(p). (6.2.10)
It follows from (6.2.9) and (6.2.10) that limsup  sup [di;ff{[)ms < EF(w).

r—0 O<diam(U)<r
Conversely, it follows from Lemma 6.2.3 that £ (u) = EF(pu * o). For any given convex

set U, using Lemma 6.2.4, we have,

oxp(U) — lim o x un(U) ~ lim o(B~NU)
[diam(U)]* N—oo [diam(U)]*  N—=oo [diam(B-NU)|*
, o(U)
< limsup sup —/————. 6.2.11
r—0 O<diam(U)<r [d1am(U)]8 ( )
By the definition of £ (u * o), (6.2.11) implies that £F () < limsup  sup [di;ff(]()ms.

r—0 O<diam(U)<r
If H*(K') = 0, then the contractions f;, 1 <i < m do not satisfy the open set condition
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by Schief’s result [47]. Thus by Theorem 6.1.11, we have D (u) = co. Since s < n by

our assumption, we obtain

I I I
D:(u) = lim sup sup M( N(’Z>> S lim sup sup M = lim sup sup M
N—oo z€eRm? N N—oo zeRn N N—oo zeRn [dlam\(/lg(z))]s
S 5. U S
< +/n limsup  sup L)S = Vn'EX (w),

r—oo diam(U)>r>0 [dlam<U>]

which implies that £F (1) = oo. Therefore, we have H*(K) = (£} (1))~ O

S

Remark 6.2.9. Let K be a self-similar set and s := log;® < n be the similarity dimension of
K. Tt follows from the proof in Theorem 6.2.8 that D; (u) = oo implies that £ (u) = oo.
Conversely, it is also true, i.e. if £F(u) = oo, then D (u) = oo, where p is defined by
(0.0.8).

Proof. By Theorem 6.2.8, £F (1) = oo implies that H*(K) = 0. Then the similarities
fi, 1 < i < m do not satisfy the open set condition by Schief’s result [47], which is
equivalent to D;f (1) = oo by Theorem 6.1.11. O

In the following, we will give an example to show how to use Theorem 6.2.8 to compute
the s-Hausdorff measure H*(K'), where s is the similarity dimension of the self-affine set
K.

Example 6.2.10. Consider the set K which satisfies that NK = K |J(K + d), where
deR.

For this set K, the corresponding digit set D = {0,d} and the similarity dimension

m—1
s = log},. In particular, take a sequence of convex sets U,, = [0, 3. N7 -d] = [0, ngm__ll d.
7=0
By the definition of £ (1), where p is defined by (0.0.8), we have
: n(U)
Ef(p) = limsup sup —— "t
( ) r—oo diam(U)>r>0 [dlam(U)]S
2m N -1
> MOn) = ( ) (6.2.12)

Z 0 T it (T gy

d
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Since any convex set is an interval in dimension one, we can let U = [a,b], a,b € R and

mi . mi .
assume that ¢ = >  N’r; € [a,b] and s = ), N7d; with r;,d; € D are the largest and
j=0 j=0

smallest elements of D, which belong to [a, b] with r,,, # 0. Then we have a < Zl Nid; <
=0

mi )
> N’r; < b. To obtain an upper-bound for £ (n), we can assume, without loss of
j=0

mi ) mi )
generality, that [a,b] = [>_ N?d;, > N’r;]. Furthermore, we observe that p([0,b — a]) >

=0 =0
w([a, b)), i.e. for the same lenth convex sets, the number of elements of D, in the convex

set with 0 being one of boundary point is the maximal. Hence, we can assume that

a=0and b= > Nir; withr,, =dand r; € D for j = 1,...,m — 1. Suppose that
j=0

> Nis; €0, Nir;]. Then the total number of possibilities for > N7s; € [0, > Nir;]

J=0 J=0 Jj=0 j=0

is - 2% 41, which implies that
=0

pl(0,6]) = (0. 3" Norj)) = 3275 1.

m—1 m m

On the other hand, if Y NV -d < b < > N7.d, then b = > N’r; with r,, = d and
3=0 3=0 j=0

r; € D for 0 < j < m and we have

NE
02

&|:2
+
—_

SUNI.d
uo.n) MO

T (N
=0

!

NE
<
3
]
=
s

<
I
=)
<
I
=)

NIE
2
S

<.
Il
o

(6.2.13)

!

NE
Z
3
N
&2
a3
+
—_

<
I
=)
<
\
=)
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Next, we will prove (6.2.13). Since > NVr; < Y N/ -dand 0 < s < 1,
=0 =0

Jj=0 < Jj=0
(3 Niryy 3 N,
j=0 j=0
i‘ Ni.d
and thus, =2 < 2 t implies (6.2.13). Moreover,
Eom ” Erin
N7 -d
]Z::O 2m+1
Z NjTj E 2]% + ]_
Jj=0 j=0
Nl m
N—1 d 2m+l

Z NjTj E 2]% + 1

=0 J=0

m AT‘]‘ Nerl — ]_ n m1 .

7=0 7=0

m—1

»Nm—H—l Nm2m<N—2)+2m—(Nm+1—1)
<= ) ——— UL\ d
( N -1 )7 N-—-1 ’

=]

<.

the last inequality is obtained using r,, = d. Since 2/%¥ 7;\}“1_1 2mTINIT > () for any
0<j7<m-—1and

m—1 Nm+1 1

N72M(N —2) 427 — (N - 1)

— 2™MHINTYd =
) N-1 ’

:0

<.

then 47— < = holds. Hence, (6.2.13) holds. Then by the definition of £ (x)
;}Nyrj J;OZJF—H

and above argument, we have

EX(p) < lim — =0~ lim TR = (
m—o0 m . m—oo 7d)10gN d
(@3 NIy -
=0

ylosk (6.2.14)
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It follows from (6.2.12) and (6.2.14) that £ (u) = (%)k’g?v. Thus, H*(K) = (%)*log?V
by Theorem 6.2.8.

Using the result of Example 6.2.10, it is easy to compute the Hausdorff measure of the
middle Cantor set K satisfying 3K = K |J(K +2) associated with its Hausdorff dimension

s = log3. That is,
N—-1

d

3—1

—log% _
)7 = (25

H(K) = ( )7 =1,



Conclusion

To conclude this thesis, we would like to make some further comments on the results
we have obtained in our three main topics: self-affine scaling sets, integral self-affine

multi-tiles, and self-affine sets.

Self-Affine Scaling sets

Grochenig and Madych [29] firstly revealed an interesting connection between the theory
of compactly supported wavelet bases and the theory of integral self-affine tiles. After
that, many researchers (for example, see [39, 38, 37, 40]) contributed their work to the
study of self-affine tiles. In particular, the study of the structure and tiling properties
of self-affine tiles since these problems are closely connected with the construction of
orthonormal wavelet basis in R™. Furthermore, Gabardo and Yu [24] considered the
problem of constructing wavelet sets using integral self-affine tiles. However, they only
considered the connection between wavelet theory and the theory of integral self-affine
tiles in their work. To our knowledge, no one ever studied the connection between wavelet
theory and non-integral self-affine tiles. Our work in this thesis supplied this gap. We
considered the relationship between the theory of self-affine tiles including non-integral
self-affine tiles and the theory of wavelets. The first three chapters in this thesis are
devoted to studying A-dilation self-affine (generalized) scaling sets. Our limitation is
that we always assume that the dilation A is an n X n integral expansive matrix with
determinant equal to 2 or —2, i.e. we always assume that the A-dilation (generalized)

scaling set K satisfies a self-affine equation BK = (K + d;) |J(K + dy) with dy,dy, € R"
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which are not necessarily in Z", where B = A’

In Chapter 1, we characterized the properties of the dimension function of all A-
dilation self-affine generalized scaling sets in R"”. We proved that the dimension function
of any A-dilation self-affine generalized scaling set K is a constant and is equal to the
Lebesgue measure of the set K in R and R? respectively. This result shows that all A-
dilation self-affine scaling sets must be A-dilation MRA scaling sets in dimensions one
and two. However, in dimension n > 3, we can only prove that the dimension function of
a self-affine generalized scaling set is bounded by twice its Lebesgue measure. It is a pity
that we can even not give an example to show that the dimension function of a self-affine
generalized scaling set is not a constant in dimension n > 3.

In Chapter 2 and Chapter 3 of this thesis, we gave a complete characterization of
all one and two dimensional self-affine scaling sets with a set of associated digits of the
form {dy,d>} C R, for an n x n integral expansive matrix A with |det A| = 2, where
n = 1,2. Given any matrix A € MP (Z), where n = 1,2, the corresponding self-affine
scaling sets can be computed using our results in Chapter 2 and Chapter 3. Furthermore,
we determined which digit set {d;,dy} C R" can make K a Z"-tiling set with n = 1, 2.
During the process, we provided an interesting self-affine tile K which can tile R? using

two different tilings (one is Z>2-tiling, the other is non-integral tiling).

Integral Self-Affine Multi-Tiles

The study of self-affine multi-tiles is not well developed because of their complicated
structure. Grochenig and Hass in [28] first provided a detailed description on integral
self-affine multi-tiles. They extended the work in [29] to establish the relationship between
the theory of multiwavelets and the theory of integral self-affine multi-tiles. In Chapter 4,
we extended Gabardo and Yu’s work in [24] to the integral self-affine multi-tiles setting.
We characterized some analytic properties of integral self-affine multi-tiles under certain
conditions. We also considered the problem of constructing (multi)wavelet sets using
integral self-affine multi-tiles. Comparing to the case of integral self-affine tiles, integral

self-affine multi-tiles can provide a nice framework in which the known examples of wavelet
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sets appear naturally and also constitute a new tool with the help of which new examples
can be created, but it is more restrictive to construct wavelet sets using integral self-affine
multi-tiles.

In view of the fact that the representation of some integral self-affine multi-tile is
not unique, we provide an algorithm to decompose an integral self-affine multi-tile K
which is a Z"-tiling set into essentially disjoint pieces K; which satisfy K = UK ; such
that the collection of sets K; is an integral self-affine collection associated with some
given expansive matrix B € M,(Z) and the number of pieces K is minimal. Using this
algorithm, we can determine whether or not a given measurable Z"-tiling set K C R" is an
integral self-affine multi-tile associated with any given n x n integral expansive matrix B.
Furthermore, the minimal decomposition we provide is unique. However, our algorithm
can only be used to Z"-tiling sets. For those which are not Z"-tiling sets, our method is
not applicable.

The study of non-integral self-affine multi-tiles has not been touched before, even for

the dilation 2 in dimension one. This will be our next study direction.

Self-Affine Sets

Hutchinson [35] proved that a self-affine set K (B, D) is uniquely determined by the ex-
panding dilation matrix B and digit set D. For the case where card(D) = |det B|, Lagarias
and Wang [37] provided some equivalent conditions for the Lebesgue measure of K (B, D)
to be positive. In the particular case where B is an integral matrix and the digit set
D C Z™ is a complete set of coset representatives for Z"/BZ", Lagarias and Wang [38§]
showed that the Lebesgue measure of K (B, D) is a positive integer. Furthermore, Gabardo
and Yu [25] gave an algorithm to evaluate the Lebesgue measure of any such self-affine
set. However, the problem of how to compute the exact Lebesgue measure of self-affine
set K(B,D) for the more general case where D C R" is still open. In Chapter 6, we
considered this problem and we related the Lebesgue measure of K(B,D) to the upper

Beurling density of the associated measure p = lim Y g 4o 4.aps—10,_,. 1f, 00
S§—00
Lo,....,¢s—1€D
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the other hand, card(D) < |det B|, then, obviously, the Lebesgue measure of K (B, D) is
zero. We restricted our discussion to the expanding dilation B to be a similarity matrix
with scaling factor bigger than one and we related the Hausdorff measure H*(K'), where
B is a similarity matrix and s is the similarity dimension of K, to a corresponding no-
tion of upper density for the measure p. For the general expanding matrix B € M, (R),
we still did not know how to characterize the Hausdorff measure H*(K) associated with
its Hausdorff dimension s. This will be our future work. Moreover, for the case where
card(D) > |det B, the situation becomes more complicated. This also deserves further

study.
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