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ABSTRACT

This work outlines several aspects of multiple time series
analysis, which are then demonstrated on a large set of data.

After introducing the general autoregressive integrated
moving average model, discussion is restricted to a canonical form:
the pure autoregressive process of order p (AR(p)).

Methods for identifying and fitting the AR{p) process using
quasi-partial correlation matrices and Akaike's AIC criterion are
discussed.

The AR model can then be used to make forecasts by taking
conditional expectations at the origin time. Probability limits
on the forecasts are also defined.

A method for canonical analysis of AR processes is described
which can indicate possible reductions in the dimensicnality of
the problem.

Using computer programs developed for this project, the above
methods are applied to an ll-dimensional set of Canadian economic

data and the results are discussed.
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1.0 INTRODUCTION

Much work has been done by Box and Jenkins (1976) to
develop procedures for modelling univariate time series bf empirical
parsimonious parametric models, and for using these models for
forecasting and control.

These methods can also be extended to multiple time series
by considering observations at a given time to be components of a
vector. A model that explains the series jointly can be identified,
fitted and used to make joint forecasts.

Because of the unmanageability of a large number of time
series, it is desirable to find a method for reducing the
dimensionality of the problem. Box and Tiao (1977) have proposed
such a method for identifying the "most forecastable" linear
combinations of the original series. These combinations - hopefully
significantly fewer in number than the original series - can then be
used for future work.

This project attempts to demonstrate the methods mentioned
above. The data chosen were those used by the Royal Bank in their
Trendicator, an index of the economy published quarterly.

Eleven leading indicators are used in the Trendicator:

1. Average Hours in Manufacturing
2., Investor's Index of 134 Common Stocks
3. TSE Price-Earnings Ratio

4. Housing Starts in Urban Areas



5. Number of Residential Building Permits Issued
6. Value of Total Building Permits

7. Liabilities of Business Failures (1971$)

8. Ratio of Price to Unit Labour Cost

9. Primary Steel Production

10. Money Supply - M2 (1971$)

11l. Corporate Pre-tax Profits.

The Royal Bank seasonally adjusts these series and converts
them to a quarterly basis, if necessary. Any series given in current
dollars is deflated to a 1971 dollar basis. Finally, each series is
smoothed and indexed to a 1971 base equal to 100. The indices are
averaged to get the Trendicator. These indices are used as the original

data set in this project.



2.0 MULTIPLE TIME SERIES: MODELS AND FORECASTING

2.1 Multiple Time Series Models

An m-variate time series zt’ t=1,2,... can, in general, be
represented by the autoregressive integrated moving average (ARIMA)
model

(8)v¥x = 0 (B)a (2.1
i - & = ’ -1)
where Et is an m x 1 vector of white noise variables, assumed to be
independent and normally distributed with mean vector 0O

and covariance matrix Z,

B is the backward shift operator (i.e., th = zt—l)

$(B) =1~ $1B ~ QZBZ - ... 1is the m x m matrix of auto-
regressive parameters (I is the m x m identity matrix)
6(B) =1I- 6B~ 2232 - ... is the m x m matrix of moving
average parameters, and
d

= diag(l-B)di is the differencing operator.

A process is called stationary if its probability density
function, say f(Et)’ is such that

£(z peeerZy ) = f(Et RN +s), for all r,s.
1 r 1 r

It follows that, for a stationary process, the mean vector

U= E(Et) is constant over time and so is the covariance matrix

_ _ iy . .
I E(Et B)(Et #)*. The covariance matrix between any Z and
Zix depends only on the lag k and not on t. This matrix is called

the autocovariance matrix of lag k and is given by



L - e,

Sample estimates of the mean and covariance can be calculated

= u(z

- t
Zew "W

as follows:

U=3z
I=s=1(z -B(z -5
I=8=,lz -B -2
The elements Yij of Ek can be estimated by
1 .n-k - -
13K = Bear 3y ¢ T F) (25 g~ 7

If a series zt is not stationary in level, the series
Et = y?gt, for some d, may be stationary. These differences can then
be represented by a stationary model.

A model of the general form given in 2.1, with full ¢ and 8
matrices is not uniquely identifiable from the available data (Granger
and Newbold (1977)). It is desirable, then, to choose a canonical
form of the model, that is, one which has a unique representation for
a given covariance structure. One such form is the pure autoregressive
model of undetermined order p (AR(p)):

Q}B)Et = a,, where is a stationary series and

2 Z
$(B) = I - ¢1B - ... - QQBP.

Because the model is linear in the parameters it is easy to
fit using the Yule-Walker equations (described in section 2.2). The
only decision required is on the order p of the process. The order
of these AR(p) models may actually turn out to be greater than that of
canonical forms using moving average terms, but the relative ease in

fitting the AR parameters more than compensates for the lack of

parsimony.



2.2 Identification and Estimation of Multivariate AR Models

Consider the AR(p) model given by
QjB)gt =a. where z, is stationary and

L _ _ 4 P
. $(B) =L - B - ... - ¢B.

The problem now is to identify the order p of the process
and to estimate the parameters 21’ QQ,...,QP.

One criterion which can be used to identify the order p of
the process is Akaike's AIC (an information criterion), which is

defined as follows:

2 In(maximum likelihood) + 2 (number of free parameters)

AIC =
A
= N 1ln (,Z l) + 2 (number of free parameters),
—a,k
where N is the number of observations available and
A
Ea k is the covariance matrix of the residuals after
r
fitting an AR(kX) process.
AIC goes through a minimum at k=p, where p is the order of the process
which maximizes the expected log likelihood or equivalently, maximizes
the expected entropy of the model. (Akaike (1976))
Another aid to identification, which also produces the estimates
of the ¢ matrices, is the quasi-partial correlation matrix of lag k.
(These matrices are analogous to the partial correlations of univariate
time series methods.)

Given a stationary series Et which can be described by an AR(p)

process

(L- 9,8~ ... -ngp) z, = 2.

where p is not known, one could fit AR(k) models of increasing order,



~

k=1,2,.... The matrix of parameters ik X in the fitted AR(k) model
’

is the estimated k-th quasi-partial correlation matrix. Theoretically,

all Ek x matrices beyond lag p should be zero, a fact which can be
r

used to help identify the order p of the process.

For the AR(k) model

(-9

I-y B eee =8

k
LI T W

_t

the following relationships between the autocovariance matrices can be

shown to hold:

] ¢ !
=L * e Y k- T Lok

3=1,2,...,k.

Replacing the I', by their sample estimates C, and the . by their
P g _Jy el & g;kjy

[4

A
estimates ¢, ., one gets the well-known Yule-Walker equations:

—%,3
~s Ay A7 .
E5 7 S8 ,1 Y ot St kel Sk T2 ke

These k matrix equations, together with the equation

A / ’
I,=c¢ 8, ()

a” S " Sa%,1 7 ot T Sk

can be solved to provide approximate maximum likelihood estimates of
+ i eee . i
the k+1 unknown matrices gk'l, ,gk'k,ga These equations can

be solved recursively using the following formulae (Alavi (1973)):

%, . =cz 7 =c
41,1 = S50 5.0 %
~ ’ k-1 1 Ay
= - >,
2, et zj=lgk—l,jgk-j} Zpik-1 (k> 2)
A A r A~ k% 2. 4=1.2 K-1)
gk'j - 'ik-lrj - '@'k,ki{k-l,k-j (k> r J5Lrcre00,K-
7 - k-1a '
E-b;k—l - g0 2j=l—k—lgj
v . =c3 £
-‘klll h —1—6.;0 _z:.a;o - 90
0 k=1 » A
= C - s . . >
iklk {"k Z:3=]_, i)'k—l,jgk—j} Ea;k—l (k> 2)
A A A A i ) .
E)-k'j - "Ek-l,j - "lk'k,kik-l,k-j (k>2, 3=1,2,...,k- )
& k-1 ~
Loik-1 = So 7 Tya1 oy, 4S5



These sets of formulae were the basis for the FORTRAN
subroutine MPARTL used in this project. The program was tested with
data from a known process given in Alavi (1973), and performed well,
correctly identifying the order of the process and giving good

estimates of the parameters.

2.3 Forecasting of AR{(p) Processes

To calculate'él([b, the f@step ahead forecast at time t, the

process is written as an expression for Ette and conditional

expectations at time t are taken. These expectations are given by

Blze,d 2oz qoee0) B(ze,) = 2.3, 39
Zety” 320
and E(Et+j) = 0, j21
§t+j' j<0.

For the AR(p) process, then, we have

- _ _ _ ) -
ng)Et = (I QiB e QPB )Et 2.

This can be written as an expression for z as follows:

—t+0
= + ... + + .
) 915t+£-1 * intfe-Z ngtﬁzrp Zeag
N\
Taking conditional expectations at time t and substituting the ii for

the Qi' i=1,2,...,p, we get the following expression from which

the forecasts can be calculated:

A A A
= = + e e + + -
Elz,p) = 2 ) $1E(Z 9 1) $E(z g ) +E@ )
The eventual forecast function is
A A A
z

A AR, i1 N . . 21 2
Et(p+3) = iizt(p+3— ) + QQ_t(p+j—2) + ... + ¢z (j), j=1,2,....



Forecast Error

The AR(p) model can also be expressed in a Y-weight form as

follows:
2
Zeag = B3, = Wyt BB BB e e g
where p . = I, and the y-weight matrices can be found by

=0

equating coefficients of BJ in
$(B) y(B) = I.
This leads to the following equations:
=1, ¢.=1:3P _ ¢ j=1,2,3,..
Yo = Lr By =Ty 839y 4 351230
b= 0, j%0.
It can be shown that the forecasts can also be expressed as

’g\,c(l) - ol

Ypae * ¥paBey t Ypodi o

The f-step ahead forecast error gtqﬂ) is given by

N
e =2 -2 D
= Yoliig T Y e T Y80

The variance matrix of e (f) is

4

= / 4 : =
vy =t + Iy + .l F gﬁ_lzwa_l (since E(gt(Q)) = 0).
l1-a probability limits for the individual components z, th' given the
14

information available at time t, are given by

A y .
zi,é.@) +ula/2) (v ()7, i=1,2,...,m,

where u(a/2) is the upper a/2 percentile of the Normal distribution

and vii(ﬂ) is the ith diagonal element of yjﬁ). Note that for any

lead time d, the joint probability that all the 2, p4g'S lie within
14

their respective limits is less than 1l-a.

The FORTRAN subroutine FORCST written for this project



calculates the forecasts using conditional expectations and also
calculates the y-weights by the recursive equations given above.
The matrix y}ﬂé is calculated, and diagonals are pulled out to be

used in the calculation of the probability limits.



3.0 CANONICAI ANALYSIS OF AR TIME SERIES

In a k -dimensional process, two or more series may be a
reflection of the same underlying condition. It would be useful to
eliminate this redundancy, reducing the order of the process. Box and
Tiao (1977) have proposed a method for doing this, by looking at linear
combinations of the k original series with respect to predictability.
The least predictable series can be dropped out and forecasts produced

by using the most forecastable linear combinations.

Suppose Et = ¢1—t l
= C; l(l) + 2r where a, and 2, l(1) are independent.
Let the covariance matrices of Et' 2z, and gt_l(l) be za' Eo(z) and
20(2), respectively. Then EO(Z) = go(ﬁ) + Ea'

Box and Tiao define a measure of predictability A as
2 2 2 2
A= 0°(2)/0"(2) =1 - (c“(a)/0"(2)),
where a series is considered most predictable if it maximizes A.

Consider now the linear combination ét of the zj t's (j=1,....,k)
’

- /

Z = mMZ; =m,2 + ... + z

£ 2L T M%e Mkt
. . [l / 0 .
i1.e,,z, = +ma, = z + a,.

t DE1 TRE T E g TR

. ”n
So, 02(2) = 02(2) + 0'2(a), or m (g)g = _rg_'z_o(g)x_n_ + E'.Z. m.

The most predictable linear combination of the z., , then, is obtained

Jt
by maximizing with respect to m the expression for A,
2% 2,
A =0"(2)/0"(z) = (m (z) m) / (m Iy m.

Box and Tiao show that the maximum value of A is the largest

root of the equation

10
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”

@ - ){O(g)‘ =0 (3.1)
and m is obtained, except for an arbitrary scale factor, by solving
the equations

{r (2) - A\T.(z)} 0

The solutions Al,...,kk of (3.1) are the eigenvalues of

I (z) T (3

_0(9) __O(.Z_)I
and the m vectors are the eigenvectors. Ordering the A's such that
Alsxzs .ol Ak' and forming the matrix M with the corresponding
linearly independent eigenvectors g&,...,gé as its rows, we have the

transformed process

Y

; Z =z P 44 =M M.

withz, =Mz, 3 =M., 2,1 =1 182 ,,2and gy =N M
The k component series {zlt,...,zkt} are
(i) ordered from least to most predictable,
(ii) are contemporaneously independent
o~ A .

(iii) have predictable components {zl(t-l)(l)""'zk(t—l)(1)}Wthh are

contemporaneously independent, and

(iv) have unpredictable components {él ,...,; t} whiéh are

t k

contemporaneously and temporally independent.

Given that the largest p of the eigenvalues A ,...,Ak are

1
non-zero, the hypothesis that the remaining k-p eigenvalues are zero
can be tested using the statistic

-{(n-x) - % (2x+1)}1n H?;E(l - Aj), where n is the number

of observations available for each series. This statistic is

asymptotically distributed as x2(2(k—p)).



12

For an AR(l) process,

z +
Ze =9z e

] k.. L] Y - L]

.. =L, + a, . 8i ,
S0 zjt 1=l¢31 i,t-1 aJt ince zl,t—l’ 'Zk,t-l and ajt are
independent,

0% = I, ké%,oz. + c? .
zZ, i=1"3i =z, a
i T i ] . .
Therefore, the contributions of zl,t—l""’zk,t—l and ajt to the
variance of z, are ¢° o? ,...,¢? c? and 0? , and the proportional
jt il 2y Jk zk aj
contributions to oz are
J
¢§102 /02 ¢ eae ,¢§ko§ /cz and cz /og =1 - lj.
1% k 73 i 3

These can be simplified by choosing the scaling of the E-j

vectors so that 02 = 1. This is done by choosing M so that
3
4 . . . .
g,r:(z)g_ = I. Letting the transformed series scaled in this manner
* L3 * K * s
be called z , we have z_ = ¢ z -1 + a_, and the proportional

contributions to the variance are calculated as

*2 X
¢j,i’ i=1,2,...,k and 1 - Aj.



4.0 ANALYSIS OF DATA

4.1 Preliminary Data Adjustment

The plots of the data obtained from the Royal Bank (Appendix 1)
showed clear trends, and series 10 and 11 appeared to be exponential.
Series 10 and 11 were logged, and then a straight line was fitted
to each set of data and residuals were calculated. These residuals
(the de-trended values of the series) were used as the data in the
next step.

Looking at the plots of the residuals, several values were
apparently outliers. The outliers were replaced with values
calculated by doing a linear interpolation with points on either side
of the outlier.

The number of data points supplied by the Royal Bank varied
from one series to another. All values available were used for the
regressions. After correcting for outliers, the last 79 points
(the nuﬁber in the shortest series) of each series were used as the
{;3t} process. These values cover the period from the first quarter
~—
of 1957 to the third quarter of 1976, inclusive.

For each series-éfk’t,k=l,2,...,11, the meané?'k was
calculated, and the series

z, =£? N —j; was used in the analysis.

These series appeared to be stationary in level. (Plots in

Appendix 1.)

13
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4.2 Model Identification, Canonical Analysis and Forecasting

Autocovariance and autocorrelation matrices were calculated
by subroutine MACORR, which then calls MPARTL. This routine

calculates and prints the quasi-partial correlations, AIC and the

A

T matrices.
—-a,k

X aIc
1 -213.01
2 -175.73
3 -138.14
4 -119.60

Table 4.1 AIC Values for AR(k) Process, k=1,2,3,4

The minimum value of AIC indicates that the process can be
modelled by an AR(l) process. The estimate of Qﬂ in the model is
given by the quasi-partial correlation matrix E;,l (table 4.2). The
model for the process, then, is given by

A
Zp S8 Zpg Y2

The FORTRAN subroutine CANANAL, which is optionally called by
MPARTL, produced the canonical analysis. The eigenvalues and eigen-
vectors obtained are shown in table 4.3.

The transformed series 5: were also calculated. (Plots in
Appendix 1) In the first series, only .2% of the variation is
forecastable, in the second 1.6%, and so on, up to the last series,

in which 94.25% of the variation is forecastable. This is visible in

the plots of the E%’ the first few series appear to be white noise,



. 3749

.2946

.3630

.2816

.1869

.4067

.0l103

-.0382

-.1237

.0514

-.0596

.0296

.7819

-.1727

.2459

.0363

.3316

. 0506

-.1975

-.1043

~.0041

.1057

.1636

-.0114

.8510

-.2293

-.0734

~.3460

-.0314

.1847

.2630

-.1342

.0035

-.0687

. 0095

-.1060

.1314

.1886

-.0197

.0898

-.0971

.0676

-.1596

Table 4.2 Estimate of 91 in

.1540

.1774

.2541

.8048

.8331

.2747

. 0945

.0036

.3154

.6229

.3681

. 0637

-.2101

-.0371

~-.0626

-.2647

~.0410

-.0370

.3048

. 2966

-.2650

.2106

-.0901 .1585 .0015

-.0469 .2991 -.1754

.0403 .2132 -.1858

. 0456 .0803 -.1788

.0306 .0238 -.0473

.1342 1752 -.3102

-.0144 .0219 -.1375

-.0196 .4528 -,0744

-.1584 .2126 .5684

.0184

.1886 .0590

.0139 .0910 .1219

Fitted AR(1l) Process

-.0659

.1189

.1039

.1718

.0759

.0982

.0073

-.2157

.0278

.8259

.1428

-.0212

-.2578

-.3844

-.2787

-.1133

-.2122

.0183

.3089

.0580

-.0021

.7290

ST



. 0025 .0160 .0627 .1238 .2484 .3956 .5340 . 7201 .8597 .9101 . 9425
-.2334 . 7895 .2218 -.7993 -.1314 .3199 -.0081 -.1139 .0877 .0178 .0387
-.1638 .1450 .2798 .6045 -.3075 . 1055 .7148 -.2528 .1118 -.1558 ~.1252

.1096 -.2980 -.1872 -.1341 .4946 -.2076 -.3718 .0815 -.0209 .2212 .2794
~.0736 .5225 -1.,0125 .0881 -.3647 -.1987 -.2231 -.4160 .1683 .0593 -.0730

.1362 -.5060 .6278 .3073 -.4109 1.3624 .5209 .5116 -.2483 -.0260 -.0585

.3010 -.8666 .4054 -.6739 .3357 -.5412 -.2925 -.3787 . 0545 -.0134 .0383
1.2]113 .7164 .1344 -.0277 . 1457 -.0714 -.0318 .0070 -.0439 -.0021 -.0790
-.2443 .2471 .4432 .6251 -.2520 -.1866 -.4405 ~.0465 .1180 -.0290 .0319

. 3895 -.2569 -.0209 -.0938 -.7029 -.6488 .1545 .4249 .1130 .0252 . 0670
-.1299 .2164 .3858 .0745 -.2374 -.2861 .0722 -.0162 .0068 .2671 ~.0469

.0920 -.2748 -.4690 -.2749 .5932 .2213 -.1153 .1144 .2223 .0262 -.0579

Table 4.3 Eigenvalues and Corresponding Eigenvectors (in columns) from Canonical Analysis

91
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while the later series begin to show patterns.

The X2 - test of the eigenvalues (done at level of
significance @ = .05) indicates that, given that the seven largest
roots are non-zero, the remaining four are not. However, if we
assume that the six largest roots are significant, there is also
significance in the remaining five. A reduction of dimensionality,
then, could be made from eleven to seven, by using just the seven

"most forecastable" series.

)<} x?~statistic p-value
1 .14 .932
2 1.05 .902
3 4.71 .581
4 12.18 .143
5 28.31 .002

Table 4.4 x2 test of Significance of Remaining ll-p Eigenvalues

A table of estimated proportional contributions to the
variance of the z*i,t-l' i=1,2,...,11 was also produced (table 4.5).
This shows that, for the "most forecastable" series, the largest
contribution is from the preceding value of that series, whereas the
contribution to the least forecastable series is mostly from the
white noise component, 2;.

Forecasts were produced, using subroutine FORCST, for the

original AR(l) process. The forecasts were then backtracked to the

Royal Bank data units (by adding the means back on, inverting the



z*(1,t)
z*¥(2,t)
z*(3,t)
z*(4,t)
z2*(5,t)
z*(6,t)
z*(7,t)
z*(8,t)
z*(9,t)
z*(10,t)
z*(11,t)

Table 4.5 Estimated Proportional Contributions to the Variance

.0003
~.1049
-.1233

.0306

. 0369

.0733
-.1378

.0155

. 0654

.0345

.0371

2] t-1 23,e-1 23, t-1
.0000 .0001 .0021
.0110 .0038 .0002
.0152 .0322 .0012
.0009 .0072 .0062
.0014 .0110 .0009
.0054 .0001 .0044
L0190 .0167 .0003
.0002 .0336 .0209
.0043 .0073 .0188
.0012 .0005 .0017
.0014 .0011 .0000

-.0120
-.0617
.1795
-.0846
.1049
~-.0077
.1293
-.1833
-.0857
-.0219
.0333

. 0461
-.0143
. 0340
-.0789
-.0292
-.0660
.0173
~.1445
.1372
.0411
.0031

4,t-1

.0001
.0001
.0044
.1071
. 0004
. 0001
.0129
. 0015
.0018
. 0009
.0000

. 0078
-.0119
. 0663
.3273
-.0191
.0074
.1137
-.0383
.0423
-.0300
-.0017

z¥* z*
6

*
5,t-1 23

-1
.0000 .0000 .0OCO

.0003 .0004 .000
.0004 .0003 .006

-1

0 .0001
0 .0002
2 .0025

.0005 .0000 .0006 .0007

.2264 .0045 .000
.0042 .3112 .011

5 .0016
1 .0527

.0004 .0202 .4441 .0096

.0164 .0726 ,017
.0004 .0135 .000
.0087 .0114 .000

7 .5357
9 .0119
2 .0001

.0000 .0000 .0077 .0053

.0065 . 0020
.0165 .0192
-.0205 .0161

.0229 -.0001
.4758 . 0668
-.0646 .5578
-.0195 -.1421
.1280 ~-.2694
-.0202 .116l
-.0933 .1069
. 0019 -.0014

N
Table 4.6 ¢*

.0002
-.0015
-.0787
-.0252

.0227

.1055

.6664
-.1332
-.0307
-.0132
-.0878

.0001
.0000
.0003
.0003
.0000
.0010
.0028
.0126
.7736
.0265
.0146

of z*

J.t

.0076
-.0134
. 0496
-.0266
-.0402
.2295
.0979
.7319
-.1090
-.0084
-.0727

* * *
Zg,t-1 %9,t-1 %10,t-1

.0000
. 0000
.0001
. 0001
.0018
.0053
.0020
.0047
.0164
.8589
. 0007

» J=1,2

-.0075
-.0002
.0181
-.0185
.0052
-.0310
.0527
1122
.8795
-.1627
-.1209

*

*
%11,¢e-1 34,¢

.0000 .9975
.0000 ,9840
.0000 .9373
.0000 .8762
.0000 .7516
.0004 .6044
.0060 .4660
.0042 .2799
.0108 .1403
.0000 .0899
.9117 .0575

peeerll

-.0029
.0020
.0081
.0094
.0429

-.0725
.0450
. 0685
.1282
.9268

-.0257

-.0002
.0051
-.0024
-.0039
-.0051
.0199
.0774
.0651
.1040
.0021
.9548

8T
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regression equation and exponentiating where necessary).

Forecasts were also produced for the seven most forecastable

*
z series. The forecasts of the remaining four series were set to

zero (their expected value, since these series are essentially
white noise). These forecasts were then put back in terms of the

- *
(by calculating z, = g_l 2. )}, and again backtracked to the original

Z,

Royal Bank units.
These forecasts, along with the actual values and probability

limits, are shown in table 4.7.



2 3 4 5 © 7 8 9 10 11
95.94 103.73 91.39 102.21 101.33 104.30 101.10 97.29 104.86 124,09 109.65
94,27 101.37 88.71 99.54 99.16 102.43 99.40 94.89 103.16 121.53 107.65
1] 97.61 105.70 .93.12 103.57 102.40 105.80 102.28 98.84 106.03 126.50 112.23
95.77 100.99 90.01 101.30 100.88 103.69 99,60 95.21 103.37 124,29 107.60
96.68 104.45 90.92 101.30 100.70 103.90 100.74 96.73 104.90 121.89 110.57
96.29 104.63 91.99 102.44 101.45 104.35 101.02 96.86 105.34 124.64 109.97
94,31 101.61 88.48 99.24 98.95 102.15 99.30 93,95 103.32 121.16 107.37
21 98.28 107.28 94,53 104.32 102.87 106.18 102,22 98,93 106.83 128,00 113.73
95.90 99.84 88.93 100.53 100.53 103.40 100.34 96.67 103.97 126.24 110.68
97.33 105.98 91.83 101.31 100.59 104.28 100.71 97.02 105.59 120.88 110.71
96.49 105.15 91.81 101.85 101.03 104.31 100.75 92,26 105.42 125.23 110.99
94,29 101.91 88.15 99.03 98.92 102.11 99.28 93.44 103.49 121.12 107,25
3] 98.69 108.39 95.47 104.67 103.14 106.51 102.21 99.09 107.306 129.48 114,85
95.77 99.56 88.48 100.76 100.55 103.46 98.71 97.02 103.31 127.82 109.72
97.64 106.74 92.29 101.38 100.63 104.54 100.69 97.20 106.07 120.65 110.81
96.61 105.77 91.99 101.97 101.15 104.52 100.76 96.15 105.74 125.99 111.45
94.24 102.25 87.81 99,01 98.98 102.22 99.29 93.10 103.66 121.26 107.23
4| 98,98 109.29 96.17 104.92 103.33 106.82 102.23 99.20 107.82 130.92 115.83
96.40 100.17 88.67 101.17 100.27 102.74 98.90 96.23 104.14 128.74 109.92
97.82 107.32 92.62 101.46 100.70 104.74 100.67 97.20 106.48 120.94 110.95
AR{l) forecast
lower limit of AR(1l) forecast
upper limit of AR(1l) forecast
actual value
forecast using 7 Z series
Table 4.7 ltstep ahead Forecasts of Series k, k=1,2,...,11

0¢



5.0 DISCUSSION

When fitting the model, it was assumed that the series were
all aligned properly, but this may not have been true - all the
series are leading indicators of the economy, but they may not all
have the same lead time. A few re-alignments were tried, but did not
seem to make any difference (,[za‘ and AIC should be reduced if the
shift makes an improvement since the fit will be better). A deeper
study of the indicators may have made suitable shifts obvious. In
any case, a shift in some series may have led to a greater
dimensionality reduction in the canonical analysis.

The lack of significant reduction of dimensionality in the
canonical analysis suggests that, although there may be some underlying
relationship reflected by some of the series, most of them are, in
fact, bringing some new information.

With a certain amount of economic knewledge, possible
relationships among the series could be suggested and tests, described
in Box and Tiao (1977) can be done to see if these relationships lie
in the subspace defined by the least forecastable components. In this
problem, for instance, there is possibly a relationship between the
series relating to building permits.

From the table of estimated proportional contributions to the
variance of z;; (table 4.5), it appears that the first four series
are essentially white noise - there is little contribution from past

history. The last three combinations ( the most forecastable series)

21
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depend greatly on their own past. Looking at the Q#hatrix (table 4.6)

*x

. . ¥*
it can be seen that these three series (z9t'le,t'zll,t) can nearly

be expressed as independent univariate AR(l) processes:

Zo¢ = '8ez:,t-1 * azt
z-1*0,1: = ‘93zfo,t-1 * aTo,t
zﬁ,t = ’952T1,t-1 * a?:—l,t ’
and, in fact, z?B’t and i?i,t are nearly non-stationary (since the

autoregressive parameter is nearly one).

The forecasts produced using only the seven most forecastable
components and back-tracked to the original units came out very close
to those produced using the full AR(1l) model. This tends to confirm
the canonical analysis theory ~ by taking only the most forecastable
linear combinations we have not lost any significant amount of
information.

The actual values of the series lie within the confidence
limits in 53 out of 66 cases (80.3%). The forecasts for series 2
(Investor's Index of 134 Common Stocks), however, seem to be

particularly poor.



6.0 SUMMARY AND CONCLUSIONS

In this project, several methods for multiple time series
analysis have been applied to an ll-dimensional set of Canadian
economic data.

Computer programs were developed to identify, fit and
forecast autoregressive processes, and to do a canonical analysis on
the processes as they are fitted.

Using these programs, an AR(1l) process was identified for
the Royal Bank data set. A canonical analysis showed that no
substantial reduction of dimensionality was possible. This suggests
that the Royal Bank's eleven leading indicators were well chosen,
since for the most part they are bringing new information.

Forecasts were produced both for the original eleven series
and for a reduced set of seven linear combinations of them. The
forecasts (except for series two) agreed well with each other and

with the actual values.
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APPENDIX 1

PLOTS OF SERIES
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Al.l Plots of Original Royal Bank Data
x(1l,t) Average Hours in Manufacturing

x(2,t) Investor's Index of 134 Common Stocks
' x(3,t) TSE Price-Earnings Ratio

x(4,t) Housing Starts in Urban Areas

x(5,t) Number of Residential Building Permits Issued
x(6,t) Value of Total Building Permits
x(7,t) Liabilities of Bu$iness Failures
x(8,t) Ratio of Price to Unit Labour Cost
x(9,t) Primary Steel Production

x(10,t) Money Supply - M2

x(11l,t) Corporate Pre-tax Profits
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Al.2 Plots of Detrended Series
These are the zk £ series defined in section 4.1, The
’

original series from which they are obtained are listed below .

z(1l,t) Average Hours in Manufacturing

z(2,t) Investor's Index of 134 Common Stocks

z(3,t) TSE Price-Earnings Ratio

z(4,t) Housing Starts in Urban Areas

z(5,t) Number of Residential Building Permits Issued
z(6,t) Value of Total Building Permits

z(7,t) Liabilities of Business Failures

z(8,t) Ratio of Price to Unit Labour Cost

z(9,t) Primary Steel Production

z(10,t) Money Supply - M2

z(11l,t) Corporate Pre-tax Profits
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APPENDIX 2: COMPUTER PROGRAMS

Two sets of FORTRAN subroutines were written for this project:
one to identify, fit and do canonical analysis of multiple AR time
series (subroutines MACORR, MPARTL, MADD3, MSUB3, MPROD3, MTRA3,
CANANAL and MMULT), and one to forecast AR series (subroutines
FORCST and MPROD31l).

The subroutines have been written generally, and should be able
to handle up to an eleven-dimensional process. (A larger process
would require changes to FORMATs and DIMENSIONs throughout.)

A call to MACORR will initiate the identification, fitting
and canonical analysis of the series.

FORCST should be called to forecast an AR process.
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A2.1 Subroutine MACORR(Z,NOB,NL,NSERIES,IC)

Identification, fitting and canonical analysis are started
by a call to MACORR.

This subroutine calculates and prints the autocovariance and
autocorrelation matrices and the determinants of the autocorrelation
matrices up to lag NL for the series in Z.

MACORR then calls MPARTL.

Note that any data transformations must be done before calling
MACORR and that the array 2 must have exactly NOB rows and NSERIES

columns in the calling program.
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C GET THE DETERMINANT OF THE AUTUCOKRELAT[ON MATRIX
CBRL LINVIF (DUMyBy OB, NSERIESsNSERIES D] 402 ZHAR,
+*

C NOTE ZBAR HAS BEEN DESTROYED
WRITE(64209)K=1,01%2,08%D2

g9 FORMAT (MGDETERMINANT OF R('yI241)1y5x,E13,6)

11 CONTINUE i )

G GALL MPARTL TO CALCULATE QUASI~PARTIAL CORRELATION

C MATRICES AND COVARIANCE MATRICES OF RESIDUALS FOR AR (K)

C PROCESSES. ~CANONICAL ANALYSIS WILL AUTOMATIQALLY

C BE DONE 'FOR AR(K) 9K LESS THAN OR = 1C
CALL MPARTL(ICsZ9yNORyNLyNSERIES)
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A2,2 Subroutine MPARTL

MPARTL calculates the quasi-partial correlation matrices
using the recursive formulae in Alavi (1973). MPARTL also optionally
calls CANANAL to do the canonical analysis for the order of the model

currently being fitted.

A

. . n .
Output includes Ea and its determinant, the ¢ matrices

ik “x,k

and AIC for each order of AR process fitted.
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A2.3 Subroutines MPROD3, MSUB3, MTRA3 and MADD3
These subroutines are used by MPARTL to do matrix operations
on arrays with three dimensions. The third dimension corresponds to

the subscripts on the matrices used in the notation of this project.
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A2.4 Subroutine CANANAL

This subroutine is called by MPARTL to do the canonical
analysis as described in Box and Tiao (1977).

Output includes the matrix 90(2)' 95190(2) and its eigenvalues
and eigenvectors, the scaled matrix M, the x2 test of the remaining
eigenvalues (a=.05), a listing of the Ef'series, the‘g_matrices and,
for AR(l) processes, the table of estimated proportional

%

contributions to the variance of the zjt'
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This subroutine is used by CANANAL to do matrix multiplications,
optionally using the transpose of the second matrix.
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A2.6 Subroutine FORCST(IP,IT,NFORC,NSERIES,NOB,Z,ZHAT,PHI,SIGMA,V)
This subroutine calculates and prints NFORC forecasts and
/N

probability limits for an AR(IP) process (§_matrices in PHI, Ea in

SIGMA). Forecasts are returned in ZHAT and diagonals of V(1) in V.
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A2,7 Subroutine MPROD31
This subroutine is used by FORCST to multiply an array with

three dimensions by an array with two dimensions and put the result

in a one~dimensional array.

SUBROUTINE MPHROU3] (AsKeBsNsLsCoNS
C USED 8Y FQRCST FOR MATRIX'MULTIPLICATiONS
DIMENSION A(NSeNSel) sB(NeNS) 9C(NS)
DO 1 1I=14NS
C(I)=0,0
3 ClIi=hiIikR:
= sKKeK) B (LsKK)«C (I}
1 CONTINUE
RETURN
ENOD



