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-~ ABSTRACT

. Various models of the nuciear reactor S)'ﬂtcm are developed and

Pt
involved in the coolant vmd effect as a gmde to future simulati

evahu}xtcd in order to prov1de insight on the fundamental phenmm?c:‘)
studies  and experimental design. }n '

‘The mat?xemncu dcscnpuon of the ﬁmd.xmental phenomena and -
oonsidemtion of the macroscopic physicnl characteristics define models
for the neutron flux density and the coolzmt void fraction fox the case
of bomlmg light-water nuclear reactors. Experimental compansons are
" made whenever possible to evaluate the effectwunes:: of these modcls.
The two-group neutron diffusion mdel and Hancox's vonl model were fomd
necessary to describe the steady state behavmur.of the nuclear reactor _
cell. The errors and limitations of.i)msent _‘day models and techniqwé
are delineated; the dimétidns for improvement are also indicated. In
general, it was found that independent expefimentﬂl estimates of the
fundamental parameters are needed to replace the current reliance on
extensive exp'erinﬁal-mdel correlations. In this way the need fox.
expensive pmtﬁtypes can be eliminated. |

| A tempom; transformation of the general space-time neutron
equations is developed to facilitate their solutio'n'by standard numerical
techniques. It was found that the computation tim. can be reduced over.

threefold for transient control problems.

The coupling of the fluid model and the neutron fiux model proves

1ii
3
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most interesting and shows that woolant voiding can have a profound

N

cffect an both the steady Statc and the transient behaviour of nuclear
reactors. It is also shéwn that errors in present day techmque': for -
m\rn-:tlg;\nm, t.he couplmg effect can lead to errors in macthty

estimates of more than the pmnpt cmtxcal limitation.
\J -
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CHAPTER 1 . ~ -

~ INTRODUCTION S

-

Muclear reactors consist of composites of discrete geometric
regions having various materiaf properties. One form of such spatial
1nhomogene1ty is coolant voldlng Coolant voiding ¢an arise as an .
expected phenomenon as in boiling- llght—water nuclear reactors or as
an acc1dental phenomenon, as in the case of loss of coolant due to pipe
failure. Whether the voiding is expected or acc1dental its effect on

the_reactor system can be described symbolically by the feedback scheme
shown in flgurc 1.1. - |

~This feedback can be of twv b351c forms. The first type includes
all reversible effects, such as, changes in coolant density due to a rise
in power of a reduction in flow rate. The sec d type includes all
irreversible effects, such as, changes in coolgdit density due to local
temperature'peaks'which lead ko fuel failure and subsequent system
degradation. The scope of s dissertation is limited to the first tyﬁe,
reversible coolant density feetback.

Present day exﬁerience irff operating boiling-water reactors on a
commercial basis have shown that} the lack of knowledge of the coolant-
void effect can lead to instabilities and loss of control (1,2). " These
problems lead to overdesign and higher cost, preventing the inherently

better heat transport characteristics of boiling-water nuclear reactors

from being appropriately exploited (2). This lack of knowledge imposes
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a reliance on ﬁccurate prototype scaie-up and on the use of empirical
rclationships outside the conditions under which they wefg’deyelopéd; |
This works well if the design is not too far removed from past experience,
but this is not the case for boiling-water reactors. | _ -

A recent review (3) describes the-scope of the Canadian work being
" carried out on reactor-coolants and their effects on reactors. The
intensity of this work indicates the importance of the problem from an
ccdnomié and a safet§ standpoint. However, the emphasis has been placed
on fluid model developmenx with little consideration of the coupling
between coolanf voiding and neutron flux. To fully apﬁfeciate the
important characteristics of coolant voiding and to direct future research
in this area, consideration must be given to the coupling effect.

The direction of research in this area is, then, clear. Reliable
models of the interaction of the éoolant with the neutron flux in a
nuclear reactor are required to provide the needed knowiedge, aﬁd these
models should be based on fundamental phenomena as much as possible.
Consequently, the 6bj¢ctive of this dissertation is to develop, present
and evaluate variouslmodels of the boiling-light-water nuclear reactor
system which will provide insight on and undersfandihg of the fundamental

phenomena for future simulation studies and experimental design.
- |



| s
OVERVIEW OF THE Ln;mm

A survey of the literature dealing with bqiling channels in
nuclear reactors shows that the previous research can be grouped into
three major areas: neutron flux models} fluid els; and-coupled‘
neutron. flux-fluid models.. Accordingly, these areas représent the main
.nndes in which researchers haw% worked.

Some researchers. have chosen to use extremely s1np1e fliid models
and heat transfer mechanisms coupled with simple neutronlcs to 51mulate
boiling-light-water reactors (4-7). Hold (4), assuming lumped parameter
models for the fluid and the neutrons, incorporaﬁés a functional form of
the power transients to investigate the frequencﬁ'response of the nuclear
" reactor model. Some agreement w1thAexper1mental/data is achleved
Nahavandi (5-7) simulated the space-dependent dy?amlcs of boiling-light-

water reactors using one-dimensional forms of the semi-two-group neutron

equations and the hamogenized two-phase mass, momentum and energy equatians.

No experimental comparison is attempted. The rather restrictive assump-
"tions employed and the lack of experimental and theoretical ccmpafisons
limit the usefulness of the ﬁredictions of these models. Further, thlS‘
approach gives no 1nformat10n about local conditions in a given channel -
just the overall effect. This is insufficient siLce investigation of

possible local hot-spots, dryout and other heat transfer crises are

|

essential to proper nuclear reactor design.



- To circumvent this, othef.researchers have established channel
modelling with no feedback from the reactor neut;onics. 'Such detail
is essential in deteznﬁning'the properties and behaviour of boiling-water
channels. - Kjaerheim (8) gives a good review of the basic concepts of
- boiling channels, while Tong (9) ews the various empirical aﬁd theore-
tical correlations derived ofer the past years. Early attempts, surveyed
in references (10-14), at model formqlation were éharacterized by restric-
tive‘assumptions. The lack of detailed inforimtion on mass, mamentum
and energy interchange across vapour-liquid interfaces necessitated the
usé of mixture conservation equations plus correlation relatidnshiﬁs in
place of the individual phase consefvation equations. The complexity of .
the flow profiles led té a cross sectional average approach and, hence, |
ope-dimensional equations. Because of the errors introduced 5y the
above apprbach, copious quantities-of empirical correlafions were féquired.‘
Such investigations seem to Rave come close to their logical culmination
in the work of Almad (10). The next step needed was the formulation of
models Fhat were more inherently capable of incorporating fundamental
phenomeﬁa. quy in this way could one hope to arrive at a forced con-
vective boiling channel model capable of general applicability. -

Zuber (11,12) formulated a void propagation equatioﬂ from the -
two-phase flow equations, i.e., mass balances for each pﬁase, using the
concept of distribution parameters to accéunt for the variations in the
void over the channel cross section. This work represents the first
successful attempt to account for the inﬂémogeneities associated

with forced convective boiling and Ep account fbr‘each phase by its
N '



- appropriate'continuity equation ra"cher than a corrected mixture equation.
Empirical correlations provide information on energy trahsfer and void
generation. Zuber's formulation, however, a_ssumes fu.lly developed fl-ow _
and thermal equilibrium between the phases which sevéreljr limit the
applicability of the void propagation e@ation. -
In more fec:ent works (13,14), Hancox and Nicoll remove the
festrictive assumptions of thermal equilibrimneanél full)'r deyeloped flow
inherent in Zuber's work. Up-to-date experimental correlatians are
included and additional_distribution parameters are introduced. Exte.n-.
si\fe comparisons with experimental data, ‘covering r.;l wide parametric
range, are moderately sq.ccessful in predicting forced 'cor;wective bo.iling'
for spatially unifomf] steady and transient heat imputs. .
‘ A1l of the above fluid models are limited by a reliance on expet -
mental correlations. - Ur_‘ltil such correlations are eliminated, the abili
of any of the present fluid models to predict results outside of the
present experimental range is questionable. Consequently, a need exists
to extend the work .tp. include more general heat input shapes, to account
explicitly fornthe flashing effect due- to channel pressu::;e drops, to
extend the work to subchannel flow, and to remove the assumptions i;ﬂler—
ent in the models. The latter is presently being studied by Younis (15).
Al50, a need exists to relate these models to the overall characteristics .
of a neutron multiplying system in a consistent, comprehensiﬁe manner;
as considered herein. In this dissertation, :then, the fluid models _3?6_35'
taken as given. Subsequent use of Ehese models will reveal where improve-

ments are needed in simulation models for boiling-light-water Teactors,

B



and will provide insight ot obtainable from studies of the fluid and

neutron flux models as separate entities. ‘ /\
G ' :

" Detailed modelling of the neutron'd'

received considerable attention J_n the past (16-20). V. rioﬁs levels of’
approximation have been applied to a variety of practical problems. The
neutron density is, in geperal, a function of space and time. However,
further camplications arise because the neutron density. is also character-
ized by energy and direction of motion. In this éene?&l case, neutron
transport theory (16,18,19) is needed .to describe the neutron motion.
In;ceg-ration over the direction of motion leads to geutron diffusion
theory (18-20). The continuous energy dependence 'c.a.n be approximated
as a_'disc‘rete dependence (16,17) leading to equations similar to muIti-
component mass diffusion_wiﬁ sources and sinks. ThlS represents the
‘highest level of approxmaéan that practical solutions .to real problems
employ. Further smpllflcatlons are achieved in a manner analogcus to
mass diffusion in mlti-component systems.by, for instance, rednctmn
of energy groups, reduction of the mmber of spatial dimensions, reduc-
tion to steady state, or ﬁbnpgenization of a heterpgeneous system (16).
It remains, therefore, to choose the models ap]émpriate to the system
in question. , |
. Theoretical and e)cpefijnental correlations, in the ‘area of coolant
voiding have been researched mainly'by industrial and national labora-
‘tOI::l_)eS, such as, Atomic Energy of Canada Li_m.ited,. those of t}‘si Un:Lted
St{_a’ées Atomic Fnergy Commission and, to a lesser degree, various concerns

abroad.



Very frequently, the findiﬁgs of these investigators are classified,
: : o N
~ leading to a lack of available experimental datd in the published litera-

ture. Some results have appeared (21-26) which will allow a partial
correlation, at least, between theoretical models and experiinental data.

h Y

These results are discussed in later sections g) needed.



CHAPTER 3 .

", SOME CHARACTERISTICS OF NUCLEAR REACTORS

~

3.0 INTRODUCTION

% ' -

Befbre enga01ng in the details of the void- react1v1ty effect,
we consider a summary—rev1ew of the basic elements in and prncesses of .
nuclear reactor theory (27) and forced convective boiling(8). Sub-
sequently, some simple cases, representing extremes of tﬂe real reactor -
system, are examined. In this manner, a few dominant trends and char-
acteristics become evident and the.nature of the interacéiOn between the
neutron density and the‘coolant voiding is illustrated.

)

3.1 THE FISSION PROCESS

‘}\ '

-

. . - o o o 4
A nuclear reactor is a device designed to ‘release fission energy

-in a- controlled and usable manner. 'Fission' denotes the process in

which a free neutron is absorbed by a fissile nucleus inducing it to Split
into smaller fragments. Thls_spllttlng of the nucleus is accompanied by

the release of neutrons and gamma photons. In total, some 212 Mev (million
‘electronvélts) appe;rs per fission; about 81% of-thisyengfgy is contained in
the kinetic énergyfof the fission fragments. As tﬁesg fission fragments slow
down upon collisionnﬁith.atoms in the materiai, their kinetic energy is trans-
013

formed into heat. Since 1 Mev is equivalent to 1.6 x 10 ~~ watt-s, the

fission of one U-235 nucleus releases 3.4 x 10_11 watt-s of energy. Thus,
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- 3.2 THE CHAIN REACTION

10
¥ |
3.0 x 1010 fissions per second are required to produce one watt of

. power. - : .

Pure uranium contains 2.5 X 1021 atoms per gram. Complete

fissioning of one gram of uranium thus releases 8.5 X 1010 watt-s or
3.1 x 104 kw-hr wﬂich is more than one“megawatt day. If 1 kg of U-235 fiss-
ioned complqtely in a one-day period, this would‘be equivalent to more
than 1000 Mv of thermal energy. If this were converted to electricity
with an ef£1c1ency of 30%, it would be equivalent to the electrical
production of a large conventional power plant consumlng about 2500 tons
;f coal per day. Complete fissioning of a gram of uranium yields approxl-
mately one million times as much energy as is’rg}eased by the same mass

(»f uranium undergoing a chemical reaction’ such as oxidation. This com-

parison between nuclear energy and chemical ehepgy illustrates a major-
. : .

-

feature unique to nuclear reactors. -
We might note that there 1s only one naturally occurring isotope

which fissions readily, ThlS is the isotope of uranium having an atomic

- weight of 235 (U-235) constituting 0. 72% of natural uranium; U- 238

‘constltutes the remaining 99 28% There are two other fissionable

| 1sotope5 of practlcal 1nterest! Pu-239 and U-233, which can be produced

by the nuclear transmutation of U~23§7and Th-232 respectively.

AN

L

A f1551on1ng uranium atom releases/félm 0 to 5 neutrons; the
average number-dependslypbn the fissile nuclei and the energy of the
incident ﬁeutron~ Gt is of the order of 2 to 3. The achievement of a
chain reactiﬁn, which is'required in a nuclear reactor, depends on the

result of competition for these neutrons among four processes:

o
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1.. fission of fissile qyclei,‘with the emission of
adaitional.neutrons;‘

2. nonfission capture of neutrons by fissile nuclei;

3. nonfission capture of neutrons by,other materials;.

4. leakage, i.e., escape of neutrons from the reactor.
1f the loss of neutrons by'thé last three processes is less than or
.equal to the surpluﬁsproduced by the flrst ‘then the chain reaction
OCCUrsS; otherw1se, it does not. Thus, a chain reactlon is p0551b1e only
if at least 6n¢‘néﬁtron_re1eased by fission successfully causes fission .
in another fissile nucleus. Obyiﬁusly, the conservation of neutrons is

of prime importance in reactor design.

3.3 CRITICAL s;}\t; L

The necgssity for a favorable neutron econcmy imposes certain
. I :

B - f I - ..
conditions dﬁgajchain—reacting system. One such condition is size. If

a fissile material is distributed in some regular fashion in an assémbl&,
production of neutrons dépends on the volume while the probability of

escape depends on the surface area. In ajvery i system the surface-

—

to-volume fatio is large so that many ‘heut
reaction. But, as the size of thé system increases,thefescape of
neutrons and their nonfission absorption are less likely to outweigh
théir production. For any givén géometry there is a certain minimum
tgize, called the 'cfitical size;, for which the production of neutrons
by fission just baléncgs their loss by ﬁonfission captufe and escape;

hence, a chain reaction is possible. The requirement of a critical size

[
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to maintain a fission chain reaction contrasts sharply with chemical

reactions, which may proceed regardless of system size.

3.4 THE NEUTRON CYCLE IN A THERMAL REACTOR

Neutrons released at fission are highly energetic, %ﬁph kinetic

energies up to several Mev, although the average is about 2 Mev. These

neutrons are known as fast neutrons, with kinetic energles corresponding

to speeds of the order of 2 x 107 meters per second. If these fast
neutrons collide with uranium atoms, there is a high probability that they
will lose some of their energy without being absorbed or inducing

fission. These slower neutrons cannot produce fission in U-238 but can

" do so in U-235. These slower neutrons may also continue to slow down, be

captured or absorbed by the various materials present, or escape from the
system. When the neutron energy has been decreased to about 100 ev, a

resonance region is encountered in uranium as shown in figure 3.4.1.

+ This essentially means that U-238 ha5 a8 particularly large affinity for

neutrons whose energies are in the vicinity of 100 ev. Neutron absorption
by U-238 occurs so readily at these energies that too few neutrons are

’ - .
left to sustain a chain reaction in natural urdnium regardless of the

size of the system. The neutrons that have their energies below the

Tesonance region will behave in the same mamner as those above the

resonance region that is, they will fission U-235, be captured, con-
tinue to slow down, or leak from the system Neutrons of any energy can
cause f15510n in U-235 as shown in flgure 5.4.1 and a chain reaction can

be achieved with a relatlvely small mass of this isotope.
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A chain reaction can also be achieved in natural uranium
if the uranium is arranged in-a regular pattern of small lumps, soO
that many of the fast neutrons diffuse out of the uranium into thé
surrounding material where most of them are slowed down to energies
below the resonance region before diffusing back into the uranium. Thus,
a greater portion of neutrons is preserved for fission of U-235 by
making them less likely to be captured-SY U-238. Material which en-
hances the neutron energy loss is known as a moderator. It is obvious
thét the moderator must not absorb too many neutrons or the reaction .
will étop. In effect, fast neutrons released by fission are not as
likely to be absorbed as slower heutrons, hence it is desirable to
provide conditions which will allow the neutrons to reduce their energy
to that corresponding to the medium temperature. They are then in
thermal equilibrium with the atoms or molecules of the moderator. Such
neutrons are called thermal and have kinetic eqergies in the order of
0.025 ev, implying a speed of about 2 x 103 meters per second. The
‘probability that a U-235 nucleus will fission is over 300 times greater
with a themmal neutron than with a fast neutronm, which provides the
inéent&ve for utilizing thermal neutrons. Suitable moderatoré are -
light and heévy water, carbbn,beryllium and beryllium compounds.

The neﬁtron balance in a thermal reactor may be illustrated in
tetms of a cycle. In figure 3.4.2 we start with the fission of a U;ZSS
‘nucleus by a single thermal neutrdn: Due to fission, v fast neutrons
are emitted. Some of these high energy neutrons may cause fission of

Iy
U-238 nuclei. For this to occur, the fast neutrons must collide with
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fission fragment was— U-235 | - gzsmnt
' , /' fast neutrans
e ' from fission
fission * |
fragments U-238
fission by

fast neutrons

e i — \Jelf neutrons
ve fast neutrons escape

ve(1-2¢) fast neutrons U 200 = Np-239 ‘ Pu-239

/o

MODERATOR _ vs(l-nrf) (1-p) neutrons
& R captured by U-238

P=  ve(l-tg)pdt neutrons escape

vg:_(_l-!.f)p thermal neutrons

ve(1-2£)p(1-2¢) thermal neutrons | '
———  ye(l- P.f)p(l 2¢)f thermal
: . neutrons absorbed in uranium
ve(1-29)p(i-2¢) (1-6)
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ve(l-2p(1-2,)£(1-5) ve(l-2¢)p(1- 9.t)fs thermal
rmaf neutmns absorbed neutraons causing fission
in U- 238/ of U-235

Pu-239  -=@——— Np-239-— U-239

FIGURE 3.4.2: Schematic representation of the neutron cycle in the chain
. reaction of uranium fissiom.
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U-238 nuclei before colliding with moderator nuclei. The small
fractidﬁ of neutrons causing fission in U-238 produces additional fast
neutréns. Thus the total number of fast neutrons is increased frbm

v to ve, where ¢, the fast‘fissioﬁ factor, is equal to or greater than
unity.

The ve neutrons move randomly through the uranium-moderator
system. Many are slowed down, although a fraction,_zf, the fast.
leakage probability, escapes before reaching ;hennal energies, hence
velg neutrons are lost tb the chain reaction. The remalning vc(l-zf)
neutrons are slowed to thermal energieé by the moderator atoms. During
this process, however, ve(l—zf)(l-p) neutrons are captured by U-238
to form U-239 which subsequently decays to Np-239 and then to Pu-238. The
remaining ue(l-af)p neutrons escape capture. The quantity, p, is called
the resonance escape probability. Although the neutrons captured by
U-238 are loéf in the sense that they will cauﬁe no further fission of-
U-235, they contribute to the ultimate production of Pu-239, which is
fissile.

The Qe(l-ﬁf)p heutrqng are slowed to thermal energies. Some of
these neutrons migrate in the system and escape. If the fragtion
escapiﬁg is lt’ the thermal leakage, there'are uc(ljy%)p(l-zt) neutrons
left. Of these, a fraction, f, the thermal utiliza;ion factor, will be
absorbed in the uranium and the remaining fraction, (1-f), will be
absorbed in other materials, such as, the moderator, structural materials,
and coolant. Of the ve(l-zf)p(l-zt)f neutrbns absorbed by uranium, a

fraction s will cause fission and the remaining (1-s) will be absorbed

N
. N
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to form U-239, where s is the ratio of the fission probability to the
‘ > :

" absorption probability. The number of neutrons that cause fission and

thereby start a second cycle is vc(l-zf)p(l-zt)fsr

This number of second-gener;tion.fission neutrons,
obtained as a.result of each fission of U-235 by a first-genefation
neutron, is called the effective reproduction factor or effective
muitiplication factor, and is denoted by keff for systems of finite

size. " It follows that
keff = ue(l-?f)p(l-it)fs . (3.4.1)

The product vs is the number of fission neutrons produced for each
thermal neutron absorbed in the uranium and is called n. We rewrite the

equation as

keff = enfp(l-zf)(l-zt) . (3.4.2)
To have a chain-reacting system in a steady state, keff must be unity,
i.e., the system must be exactly critical. If keff is less than unity,
no chain reaction is possible and the system is subcritical; if keff
is greater than unity, the number of free neutrons and fissions increases
from cycle to cycle, the chain reaction is said to be divergent and the
system is supercritical. Another classically defined parameter,
Teactivity p = (k ge~1)/K gy 1S mOTE amenable to everyday use since

keff = 1. A positive p indicates supercriticality while a negative



p indicates subcriticality. (} '

G
The value of keff for an infinitelyviarge systeT is especially
useful in the theory and preliminary design of nuclear'ﬁeactofs. Since
|
there can be no leakage from an infinite system, 2
A .

o
g and e, are both
zero and the multiplication factor becomes

w

k = enfp , - (3.4.3)
\ _
which is known as the four-factor formula. Of these four factors, n
depends only on the nuclear parameters of the fuel, while ¢ depends on

the size and shape of the fuel as well éslits nuclear properties. The -

other two quantities, p and f, depend on the nuclear properties of the

fuel, moderator and all other materials present, and on the manner in
which these materials are arranged.

3.5 CONTROL OF A REACTOR

If a reactor were built to exactly critical size, it would

become subcritical after a few fissions since U-235 atoms are removed
from the systems. Consequently, a reactor is constructed with some
excess fissionable material. Thus, keff is greater than unity and the

numbex of neutrons present increases exponentially since the reaction
feeds on itself.

If keff were very large, so that a great multiplication
took place in a fraction of a second, an explosion due to the sudden heat

release may result. Even if the reaction took place slowly, the

e e A
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reactor would be destro}ed by melting if multiplication continued long
énough. .
One effective way in which control can be exercised is by

passing special rods thfough the Core by means of channels provided
for that purpbse. These rods contain elements, for example; cadmium,
boron, and certain rare earth eiements, fhat readily absorb neutrons.
{f the rods are fully inserted into the fissioning system, they absorb
SO y neutrons that the chain reaction stops. If they are slowly
" withdrawn, a point is reached at which the chain reéction just maintains
itself. if they are withdrawﬁ further, the neutrons mﬁltiply and the
reéctor operates with increasiﬁg power. To reduce the multiplication
rate, the rods are inserted. Thus to raise the power output, the rods
are withdrawn until the desired power level is reached aﬁd-then returned
to the operating point while the reactor continues operating at the ~
increased level. This contrasts with conventional power plants-controls;
to increase the power of an oil-fired boiler, fuel and air flows are
increaséd.

' ’h¥he preceding discussionohmplies that the time factor is slow
enough to allow an operator to maintain control by manual operaiion
or by some mechanism that is relatively Slow acting. This can be done,
but only because of what are known as delayed neutrons. Depending on
fuel type, geometry and other factors governing the neutron energy
spectrum, about 99.3% of the neutrons are released by the fissioning

-17

nucleus in about 10 seconds after fission occurs. The neutrons, are

called prompt neutrons. The fission fragments are in a highly unstable
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condition, and some-of them release the remaining neutrons over a
period averaging about 20 seconds. In order to ensure controllability,
the muh;ipliéation factor for the prompt neutrons must be less than
unity. If the factor is greater than ﬁnity, then the neutron level
will grow exponentially in a time interval too short for comtrol,
irrespective of the delayed neutrons. For this reason, then, for a

controllable reactor,

(1-0.007) k_co <1 . (3.5.1)

" The limiting value of keff is, thus, given by

0.993 K p = 1, ‘ (3.5.2)

that is, k_g¢  1.007 or p ;& -007 depending on the fissile material

involved. As long as this limitation is observed, the prompt neutron

multiplication éffect is bounded and presents no control problem. Normal
operating conditions, then, respect this limit aﬁh>no'excess reactivity
insertions greater than 7 mk (p = .007) are permitted. The condition

of p » .007 is generally désignated 'prompt critical’. When less than
prompt critical, the control of the reactor does not present urmanagab
problems since tﬁe time Eonstant involved is determined by the weightgig'
average time constant for both prompt and delayed ngutrdns and is. of the
order of tens of seconds. A pictorial display of these concepts 1is

given by figure 3.5.1.
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We w111 refer to thlS 7 mk 1un1t agaln since coolant v01d1ng
can, under many condltlons, eas1ly insert more than 7 mk excess reactivity..

T

3.6 BASIC COMPONENTS OF A REACTOR

The precedlng discussion of the neutron cycle was expressed in
terms of a thermal reactor, one in Wthh most of the fissions are caused
by thermal neutrons. The basic components of a 51mple_Fhermal reactor ;
are shown in figure 3.6.1. Here,lthe fueiiis phfsiealif loceted in-

fuel elements in the form of pure metal, a metallic alloy or a ceramic
_ encased in another metal or alloy. This casing serves. as a mechanical
support and a container to keep the fission products inside the

element and protects the fuel from corrosion by the coolant. The fuel

elements are arranged i1n a regular pattern with the moderator. This

: A

arrangement of fuel and moderator, which the neutrons See as a non-
. , - . ' ) ‘a

homogeneous medium, classifies the reactor as heterogeneous.

LS

The fuel-moderator core is surrcunded by a reflecior, a material
whichvcan also serve as a moderator. -The purpose of the ref}ector is
to act‘as a mirror and reflect neutrons‘eack into the core so that Fhe
escape of neutrons will be minimized and the neutroﬁ eeonoéy.thereby'
improved. On the exterior, completely enclosing_;he,entire reactor,
‘ ie biologieal shielding. Tﬁis shielding atsorbs the leakage neﬁtroﬂs
and gamma rays, reducing their intensity to an acceptable level. : The
control rod exercises control and maintains a steady state of operation.k
One important component not illustrated in figure 3.6.1.15 the

coolant. We-recall that each fission is accompanied by release of
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FIGURE 3.6.1: Simplified mpreseﬁtatim of a heterogeneous
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about 212 Mev of energy. Of this_enefgy, some 172 Mev appears in the
 fom of kinetic energy of the fission fragnents while the remaining
40 Mev is associated ﬁith\neutrons,hbeta rays, gamma Tays, énd neutrinos.
Since the fission fragments rarely travel further than about 0.01 mm
from the point of fission, mast of the fission energy is.tfansfbrmed
into heaﬁ close to the point of fission. For steady state operation,
the heat must be removed. This is nommally done by circulating a
coolant through the reactor. The coolant can be a gas, such_gs, helium,
air and carbon‘dioxide; or a liquid, such as, light or heavy watér,
organic liquids, liquid metals an@ molten salts. The choice of ceolant
depends on‘the design of the Teactor and is limited by nuclear and
engineering coﬁsidera;ions. The coolant usually adds‘to nonfission
capture of neutrons, and the decrease in neutron economy must be balanced

against the efficiency of heat removal.

3.7 HEAT TRANSFER IN BOILING-WATER COOLED NUCLEAR REACTORS

An appreciation of the phenomeﬂﬁ occurring in a coolant channel
- of a nuclear reactor can be obtained by cohsidering the simple geometry
of_a long, vertical, uniformally heated tube and introducing subcooled

water at the inlet. Several distinct flow regimes, as ‘in figure 3.7.1,
can be identified. |

At the inlet the heat produced is being used to heat the water

EaFs

By forﬁed convection (zone A) and no steam bubbles are being formed. ~
o ! . a "t:}f
When the surface temperature exceeds the saturation temperature by a "

few degrees, the liquid in contact with the heated surface is super-
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.heated a sufficient amount to allow bubble formation.- As the average

coolant temperature increases upvthe channel, the maximum bubble size
increases. The bubbles may either collapse on the wall or detach and

travel into the colder liquid where they condense. ' This is the subcooled

o

boiling region (zone B).

-

hen the average coolant temperature has reached saturation

"t

temperature,-the bubbles no longer condense, but become entrained by

" the. flow. This is the nucleate boiling heat -transfer region with bubble

flow. Up.ﬁb and including the flow nucleate boiling stage, heat is

transferred from the heated surface to the liquid through several

mechanisms (9):

1. heat transfer by single-phase forcedlconﬁection on the
wetted bare 'surface;

2. heat transgprt by continuous evaporation from a liquid
microlayer at the root of the bubble and the correspondiﬁg
éondensatign at the top of the bubble while the bubble is
§till attached to the wall; "

3. heat transfer by liquid-vapor exchange during bubble
detachment from the wall;
4. héat transport by the latent heat carfied by detached
[ bubbles. |

Mechanisms (1) and (2} are the ﬁodes of heat transfer until the early

stages of nucleate boiling. As the heaF flux continues, the heat >

transfer mechanism gradually shifts to ﬁechanisms (3) and (4).

~
Further up the heated channel the bubbles will increase in
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number and‘wili finally coalesce to form_larger bubbles .or slugs_which
are fairly flat at the bottom end and dome-shaped at the top end. The
water between the slugs may contain small diameter bubbles. This 'slug
flow regime' (zone D) represents the transition from continuous-phase
.wat to continuous-phase’steam.

Further up the channel the bubbles merge to form a continuous
steam column, with the water displaced to the walls. The central core -
of steam flows at a higher rate than the superheated iiquid film on the
walls. The steam core may contain entrained droplets.. The interface
between .the liquid film and the steam core is covered by a complex
péttern q§ waves, a necessary condition for droplet entrainméntrin
annular flow. Heat transfer in this flow fegime takes place by con-
dﬁétion across_the liquid film and evaporation on the interface, and by
nucleation on the heatéd‘wail causing entrainment of superheated water

'dipplets into the steam core. Liquid may also be entrained-into fhe
steam flow from the top of the large waves in the liquid film. The
thickness of the liquid layer is governed by the rate of droplet deposition
on the film, which tends to increase the thickness, and by evaporatidn'
and entrainment of droplets both of which tend to decrease £he thickness.

Moving further up the channel, there is a continous reduction in
the ratio between tﬁe deposition rtate and the entrainment and evaporation
rates until the liquid film at one position, determined by the heat flux
and the shear stress, disappears combletely and water exists only as
dispersed droplets in the steam core. The water droplets hitting the

heated wall can no longer wet the wall, the 'dryout point' has been
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reached and the wall temperature rises. This is the 'liquid deficient;
region with film boiling. Finally all liquid will have evaporated and
there 1is convéctive heat transfer to the dry saturated steam.
Different combinations of the flow regimes described above may
appeaf, particularly'3n the transition between slug flow and annular
flow where the slug flow Tegime begins to break down and the gas
bubbles are unstable. Here a flow.st%ucture termed semi-annular or churn B
flow can exist. In large diamete¥ tubes, this unstable regime leads
to an oscillation or churning €low. A wispy anmular flow regime may
sometimes appear, having relatively slow-moviné,_. irly thick liquid
film containing dispersed gas bubbles. The entr:;ned phase in the core
of the channel flows in large agglomerates. hbéélling of such flows
is complicat?d by the fact‘that the flow regimes are influenced by
many factors including geometry, water and steam velocities, and fluid
' properties.
The coolant temperature remains eséentially constant in the boiling
region and the efficient heat transfer caused by the nucleate boiling
mechanism keeps the fuel cladding temperatﬁre at relatively ﬁodest

values, 20-40°C above coolant temperature. ¢

3.8 THE FEEDBACK EFFECT

Typically, hydraulic response to a power perturbation occurs
in a time of the-order of 10 $econds and greater. The feedback from the
coolant voiding to the neutron level by changes in the moderation and

absorption processes, then, is controllable by on-line controllers



menitoring the neutron level proQided the reaﬁtivity inseftions are
less than prompt criéical. Hdwever; the flow oscillations which can
occur in forced convective boiling channels have time constants of the
‘order of 0.1 seconds to 1 second. These oscillations and the resulting
perturbations on reactivity may prove too much for the simple feedback
control employed in today's generation reactors.

In both these cases, the reactivity insertion can be prompt
critical and, hence, adequate modelling of the fluid and neutronic
- phenomena are essential in coungg;agtinghzkii‘feedback by either
preventing the perturbation through design or by feedforward control.
As we shall see, the errors in the predictions of the present day
techniques c&n lead to very consequential results.

With the p?quséing jntroduction to the basic concepts, W€ NOW
consider some simple examples to illustrate some dominant characteristics

of voiding in a neutron multiplying system.

3.9 EXAMPLE 1 - THE INFINITE HOMDGENEQUS SYSTEM

The infinite homogeneous reactor is a simple example but is one
which still allows coolant-neutron flux intéfaction. The neutron fiux
density is,‘for this example, subject tothe following constraints:

1. spatial independence; .

2. onc neutron €nergy group, !

| &
3. the effect of the delayed neutrons 1is incorporated by

adjusting the effective neutron velocity;
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4. the reactor is comprised of a homogeneous mixture of
fuel, moderator and a flowing coolant!
The neutron conservation equation, analogous to the mass
: S
conservation equation, is
net rate of changel _ (Tate of production) _ rate of loss \
of neutron density by fission by absorption
(3.9.1)
Symbolically, \
.
an(t) . S ‘
= = km\zaFvn(t) - on(t) B | | (3.9.2)
or
1 dg(t
R e (k, Lp - L) ¢(t) (3.9.3)
where t = time [s] ,
n{t) = scalar neutron density [neutrons/cms] ,
k_ = infinite multiplication constant of the fuel [dimensionless],
Lyp EaTl = macroscopic absorption cross sections of the fuel and of the
total reactor, respectively [am -1y,
v s neutron speed, a constant [a/s], ~__ /"
¢(t)=n(t)v z

scalar neutron flux, [neutrons/cni2 sp

-t

X

As a neutron passes through an assemblage of at ms, the probability of
it collldlng and reacting in a particular fashlo with an atom depends

on the effective size of the microscopic cross section of the nucleus
/

o Sk
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o

of the atom. This cross section is usually expressed in wunits of

-24 cnz called barns. This effective size-bears no direct relationship

10
to atomic sizes as normally determined and'va¥ies greatly from one
isotope to another and to some extent with the energy or speed of the
neutron. The fission cross section i; a measure of the probability

of collision fhllowed by fission of theiicleus in question. Likewise,
the absg§ption cross section 1s a measure~of the probability of
collision followed by absorption of the neutron by the nucleus. A more
useful unit for many purposes is the macroscopic cross seétion, z,
expressed in units of inverse length. Itiis obtained by multiplying

the microscopic cross section by the atomic density of the medium. The
macroséopic cross section represents the interaction probability in a
medium ﬁer unit length travelled By the neutron. Multiplying the macro-
scopic cross section by the scalar neutfon flux, ¢, gives the total
interaction rate per unit volume. Interaction rates of 10+ neutrons/
cm3s are typical of nuclear reactors.. Since typical atom densities are
of the order of 102} atcms/cm3 the interactions of the neutrons with the
nuclei can be considered independent events. Consequently, cross sections
are additive; sﬁperposition applies. Tables of cross sectional data for
L are given for pure materials. Cross sectional data for mixtures are
obtained by a number weighted average of the cross sections of the
individual nuclei. If the densities of the individual materials in the

mixture are unchanged from that given by the pure material data, then

'~ the volume fraction can be used in the weighting procedure.
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The parameters, zaF and k_, are properties of the nuclear fuel
and can thus be considered independent of time and the void fraction
in the goolant. The total macroscopic absorption coefficient,‘ZaT, is
a function of thé fuél, moderator and coolant properties. Hence, the
effect of voiding on Lot muSt be considered.

Defining VF’ VC and.VM as the volﬁme fracti@n of fuel, coolant
and moderator respecfiyely, the total cross section is simply the sum
" of the individual cross sections weighted by their Tespective volume

fractions. Thus,

[}

ap * Vo B (U a(®) VI . (3.9.4)°
where e is weighted by the density factor, (1 - «(t)), io account for
coolant voiding. Here, at) represents the void fraction of the coolant.
Equations (3.9.3) and (3.9.4) constitute our neutron model.

| Tﬁrning now to thg void model, we postulate that the heat
generated is proportional to fhé neutron density. We aaso postuléte a
space and time independent heat removal rate, Q [cal /cmss], due to an
inlet and outlet coolant temperature difference. A heat balance g%ves

LA
b

(rate of heat) - ( rate of heat removal b)> + (rate of heat remova.l)

production coolant temperature by vaporization of
difference coolant
(3.9.5)
or
Tt d t
8  #(t) = Qe =3, - (3.9.6)
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’ . !
where X is the latent heat of vaporization in units of cal /gm , 2o

[cal /neutron cm ] is a proportionality constant relating the scalar .

neutron flux to the heat generation and Pe [gm/cms] is the coolant

density. Rearranging yields, S

é%%El - & ¢(t)-Q , ' ‘ ' (3.9.7)

Apc

subject to the constraint,

o< aft) £1. = _ . (3.9.8)

For illustration, we consider the following calculational case.
e
Suppose that at t = 0, ¢(0) = Q/gO and «(0) 1s taken to ensure that

That 1is,

K, IgF = I ’ -

I3

-k g -+ VoI o+ V£, tV.E -
o F“aF
afp) = aF Vbz : M*aM C aC . ‘ (3.9.9)
‘ a

o
Thus, from equations (3.9.3) and (3.9.7) if the system remains un-
perturbed, the steady state cﬁndition will persist for all time. However,
wé introduce a small increase in the neutron multiplication constant for
a finite length of tﬁﬁe, which resuits in a small increase in ¢. This
increase in ¢ results in a small increase in a via equation (3.9.7).

From equation (3.9.4}, I, is reduced and hence the factor, kKEIrp-

Lor is increased, resulting in a further increase in ¢, ..
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By a similar argument, an ;nltlal decrease in k_ results in a
_3%crease in the void fraction, a, which leads to a decreased ¢, and so
on. Thus, the system in this approximation is unstable for any void
perturbation of the system. This is illustrated in figures 3.9.1 and

3.9.2. The equations were solved by a straightforﬁard Euler integration
| using typical parameters.

The foregoing'reactor system exhibits what is generally termed a

positive, void coefficient, implyiﬁg that an increase in void results in a
positive power transient. This type of behavior characterlzes the Canadian

reactor design as we shall see in subsequeht chapters

3.10 EXAMPLE Z - THE FINITE HOMOGENEOUS SYSTEM
As a second and more realistic example we consider a semi- -infinite
slab reactom Again, we assume a homogeneous mixture of covlant, moderator

and fuel. Maintaining the same notation as in section 3.9 we write

2

;oREt .o - 1) k) + R lxt (3.10.1)

9x

where the last term represents an adfitional loss of neutrons by dlffu51on
and where D [am] is the diffusion coefficient. This coefficient, when
multiplied by the velocity, v, is analogous to that of mass and heat
diffbsion, having units of cmz/s. The diffusion coefficieﬁt can be
evaluated from fundamental Scattering and absorption cross section data.

-1

“In general, De and, thus, the diffusion coefficient for a mixture can be

obtalned by the weighted average of the inverses as follows:

A
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VM : . '
* 5 + m . ‘ (3.10.2)
0 ) . \;:

Here, Qg notice that;although the coolant, fuel and moderator are "
homogeneously mixed, the properties are a function of Spaée and time since
the void is a function of space and time. To simplify the present \
ahalysis,vwe spgcify‘that the void is a function of time only, that is,

we assume the heat generation results in homogeneod; void. .This

implies that the spatial distribution of the scalar néutron flux is the
steady étate cosine distribution which satisfies the boundary

conditions of&symmegry about the centerline, x = 0, and zero scalar.

neutron flux at the slab boundaries, *a. Incorporating this gives

ilf %* Lk, '-’iaf Y {)(n/Za)Z] ¢(t) . | (3.10.3)

: d“tt = [2/n g o(t) - QU . - ' (3.10.4)

These equations are analogous to those of section 3.9 and herein are
solved by Euler integration.

If the system is assumed at steady state at t = 0 and then
peftﬁrbed, as was done in the previous case, the result of this per-

turbation is not as obvious as that of the infinite nuclear reactor case.
N .
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If upon applicafion.of a positive-change in void, the factor,
k, I aF " Lor ~ D(n/ Ze))zihcreases, then the reactor is said to have
‘a positive- void coefficient and the result is unchanged from that of

the infinite reactor; a positive change in void results in a positive
lchange in power If the: above factor decreases, then the reactor has a
negatlve void coeff1c1ent and the perturbation results in a stable

oscillation about the steady stateconda.tlons. Figure 3.10.1 shows such
e sustained oscillation. o R

Similar fluctuations can occur with a reduced amplitude in reai .

reacf:ors (3). Thus, the direct coupling of coolant vmds w:.thf neutranics,
as opposed to more indirect coupling, such as, neutron energy spectrlm
hardening effects, system pnessu.re osc?llatlons and coolant pump fluctua--
- tions, is of considerable inlportoanbe. With this background, we now '
consider the formulation and testing of models describing in detaii both
the neutron dens:.ty and the fluid behaviour. Chapter 4 deals with the

neutron dxan51ty fomulatlon while chapter 5 con51ders the" f1u1d fonmlatlon.

miesam
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" . CHAPTER 4

NEUTRON FLUX MODELLING

4.0  INTRODUCTION

In order to provide a cammon basis for the development of the

neutron model, a generalized treatment of the neutron transport equations

~and the assumptions inherent in transforming these equatidns to a workable

form is given in appeﬁdix 1. Assuming this common basis, then, we proceed

to the formulation and testing of the neutron I;lodgls.

This task is eased somewhat by the fact that the published experi-
ments incorporated spatially uniform void insertions in the coolant region.
"I’_h.is allows: analytical solutions to the neutron equations, as we shall
see 1n the first section of this chapter.

However, since:the final simulation goal is to invéstigate the
effect induced by boiling chamnels which are characterized by spatially
non-uniform voiding, it is necessary to also investigate and formulate a
neutron model capable of handling general spatial distributions of voids.

'I'his, then, is the subject of subsequent sections.

o -

-,
4.1 MODEL FORMULATION AND TESTING FOR UNIFORM VOIDING

To test the neutronic models accurately, it is essential that the
tests be performed within the bounds of real boiling water-reactors. » That

is, the models should be comprised of components of comparable size and

40
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physical properties m:.th respect to the final simula%ion goal and the
experiments should be cﬁ_osén accorciingly. The CANDU, Q_g_na.dian-geuterimll-
Uraniim, test lattice reactors of Atomic Energy of Canada Limited fulfill
these; Tequirements.

Recent experi‘ments (26) on the ZED-2 reactor at Chalk River have
yielded results on the effect of similated boiling on reactor reactivity
by uniform air-bubble injection. The react;)‘r consisted of a lattice of
fuel B@dles immersed in a heavy water (DZO) moderator. The fuel bundles,
as shown in figure 4.1.1, were comprised of uranium dioxide (UOZ) fuel
pencils cooled by light water CHZO) flowing between pencils. In these
experiments the reactivity effect of the simulated voids was measured by
noting the change in moderator height, H, necessary to maintain steady
state. The geometric axial buckling is herein defj_ned as (TT/I'{)Z. An
increase m buckling arising from an increase in voiding indicates that
the increase in void‘has added reactivity to the system. A more detailed‘
account of the experimental proéedure is given in appendé_x 2.

To reconstr@% the experimental results by a theoretical analysis,
a simplified phygicai model 1s chc;sen and three steady-state’ neu.trcn flux
model formalisms are investigated: one-group diffusion theory, semi-two-
group diffusion theory and two-group diffusion theory. These three models
represeﬁ't, respectively, incre{asingly- detailed approximations to the,
neutron energy distribution.

The semi-two-group approximation incorporates.a correction to one-

group diffusion theory to partially account for the existence of a second

group of neutrons. Two-grqoup theory gives a full account of the second

J

LI boy
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energy group. Of course, further improvements of both the neutron flux
model and the physical model of the reactor are possible. It will be
shown, however, that these models represent the actu#l reactor sufficiently

well to extract useful information.

4.1.1 THE REACTOR MODEL

Figure 4.1.2 shows the physical model chosen, a simplification of
the actual cell but sufficiently detailed to permit extracting infoymaticn
which could be combared to fhe experine;ial results. The fuel-coolant
region is assumed homogeneous. This assumption 1s necessary ;n view of
the complex geometry of a fuel bundle and is justified by the fact that .
the mean free path of a neutron is larger than the spatial inhomogeneity
dimensions. Thus the model censists of two regioﬁs, the fuel-coolant
region and a surrounding moderator region. This two region cell is
Tepeated many times to form the reactor lattice. The experiments were
performed on the innermost cells and by the substitution procedure,
detailed in appendix 2, the radial boundary effects of the finite experi-
mental reactor were negated. For this reason, as pointed out in reference
(26), the reactor lattice can be considered to consist of an infinite

number of identical cells for the purposes of experimental-model camparisons.

4.1.2 ONE-GROUP DIFFUSION THEORY

The basic theories for the three neutron flux models considered
herein can be found in most texts on nuclear'engineering. Lamarsh (28},

for instance, describes tﬁg basic representations of diffusion theory.

o
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 EFFECTIVE ,
CELL —— -
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FUEL- D,0 1 4
1 COOL- | MODERATOR
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<t b Do
t\ .
"FIGURE 4.1.2 Schematlc of the nuclear reactor model showing the
top view of the lattice structure of fuel bundles
7 and 2 side view of the two region cell . The values
{ of 2 and b are 6.37 and 15.75 cm respectively.
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The application of these representations to the system cdnSidered here
requires extension to cylindrical geﬁmetfy, extension to two dimensions
cand a fedefinition of some findamental parameters. Alternatively,‘these
representations can be obtained from ﬁhe general neutron transport equa-

tion as in appendix 1. '
The one-group neutron diffusion equatiqps for this fz§;§R(are

written as

2
HEED) V)

| DFC(‘]I-_‘%'-['- ar R 7 ) * OG:F - ch) ¢Fc(r,z) =0 (4.1-1)
‘ pA
and )
13 ragy(r,z)  3ey(r,z) .
DM(fF (= 2 ) - Ly dy(r,2) =0, (4.1.2)

]

where the subscripts FC, F, and M refer to the fuel-coolant, fuel, and modera-

tor respectively. Also,

¢ (r,z) = scalar neutron flux [neutrons/cm2 s] ,

. D = diffusion coefficient [cm] ,
£ = macroscopic absorption cross-section [ 1],
k = infinite ﬁmltiplication constant of the fuel[dimensionless], .
r = radial coordinate [cm] ,
and 7 = axiallcoordinate [cm] .

Based on separation of variables (29), the solutions to these equations

are

¢Fc(r)z) = $oRC Jo(EFCr) cos(uFCz) : ‘ (4.1.3)

0y (2) = ooy [T Gt + iy K (5] cosvd) (4.1.4)
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subject to the constraints

22 |
CEpc tvpe T (K - Zpcd /D (4.1.5)
and _ A
2 2 |
SV VR VA T : (4.1.6)

‘Here, J§ is the zero order Bessel fumction of the first kind, and Io‘ :
and K are the zero  order modified Bessel functions of the first and
second kind respectively.

Evaluation of the constants,%&OFc, ¢OM’ EFC’ VEC? EM’ Mg and Vi
1s possible by the application of the boundary conditions: (1} zero
scalar neutron flux at z = + H/2; (2)'continuitf of scalar neutron flux
and current at the radial‘interface; and (3) zero neutron current at tﬁe
cell boundary. This is consistent with the identical cell ;;;;Bximation

already mentioned. Symmetry has been applied to equations (4.1.3)and
(4.1.4). Application of these conditions to equations (4.1.3) and (4.1.4)

giveS
Vpe T Wy T m/H 4.1.7)

iy = L (6 P)/K (5D | | (4.1.8)

where.b is the cell radius, aﬁd I1 and Kl are the first order modified

Bessel functions of the first and second kind respectively. Also, we find

i

et
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Dpc Jp (Epc)epcll, (E\ﬁJKl(sMb) +1 (EMb)K (P;Ma)l
= Dy Jo(EFca)E}.,Ul(EMa)Kl(EMbA) - L (5P) (Bl | (4.1.9)

which is known as the ‘crltlcallty equatlon because it relates geometry
and mater1a1 parameters for a crltlcal assembly. leen all-but_one para-
meter (geometric or material), equations (4.1.5) to (4.1.9) define the
remaining parameter required for criticality.

The effect of voiding is realized through the void dependence of

% and D (1,28) as discussed préviously:

i | o (4.1.10)

/D = § VD, , ! @111
- 1 .

where the subscript, i, refers to a particular atomic species, Vi refers to
the volume fraction of that species and the summation is performed over all
species presenf in the medium under consideration. Equations (4.1.10) and
(4.1.11) are, of course, approxinations of the true effect of voiding. For
a more detailed account, transport theory considerations are needed. For
the presént, the neutron flux models will be-evaluated using the equations
(4.1.10) and (4.1.11). Transport corrections will be introduced as required.
A model-experiment comparison will be given'after the presentation of >
semi-two-group and two-group models and the discussion of parameter sensi-

tivity since the discussion applies to all three models and is essential

to the experimental comparison.

e
A
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4.1.3 SBMI-TWO-GROUP DIFFUSION THEORY

| In a nuclear reactor, neutr\c\gns are born at high energy by the |
fission process in the fuel region.}) These fast neutrons subsequently slow o
down by elastic and inelasfic coll/isions with nuclei in the system. Low
atomic weight elements give more éfficient slowing down and hencé most of
the slowing down occurs in the moderator rather than in the heavy elements
of the fuel region. The slpw neutrons then diffuse :back: to the fuel region
gnd the cycle continues. —JHer‘t-.i.x}, a correction is applied to one-group
theory to account for the sﬁowing down of neutrons; we assume that the
neutrons are born in the fuel, are subsequently transported without loss
to the moderator, become thermalized and finally allowed to diffuse back
to the fuel. We further assume that the slowing down and.the thermaliza-
tion in the nxoderé;or is not dependent on the radial position within the
moderator. We note that this is pot a two-greup, two-region approximation?
since all slowing down and thermalization occurs only in the moderator. In
the two-group, two;region approximation each region contributes to slowing
down, thermalization and absorption. |

The basic equations for this approximation afe

20 (122) 34 (x,2)

DFC e (r a5 ) azz ) - Lo ¢Fc(r,z] = 0 (4.1.12)

and

2
(I‘,Z) 3 (I',Z) .
(rabM T )+ M 322 ) .- }:M %(T,Z) + q(cos(\'JMz)),(4.1.13]

-

%

where the previously defined notation is maintained and where q is the
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slcw1ng down den51ty Lamarsh (28) gives the solution for the one- %vJ\/\
dimensional case. Extension to two dlmen51ons is stralghtforward and

leads to

: ¢Fc(r,z) = AIO(EFCr) cos(uFCz) ' o ’ ;4.1.14)

s(,2) = {[A'I () + cK, ()] + A/ cos(ubé) . (4.1.15)

Applying the same boundary conditions as before gives

vpe =y = TH | : (4.1.16)
o |
ol Dec Epe 11 Cpc?).
/A =1, FEFCa)EM - Dy £y Lo Gpcd)
I (G (D) + K (ga) TP~
ORI Cvo A
 where
e /Dy Y (4.1.18)
©rc " Trc/Prc TV EC ot
and
F.ZMf EM . (4.1.19)

~

n
We can easily relate q, the slowing down density, to the effectlve multi-
‘pllcatlon constant k, from a balance of the neutron production in the fuel

B3

to the slowing down density in the moderator, giving

(bz—a)EFC

k = q/A
aly (Bpca) Ipc

(4.1.20)
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Specifying all but one parameter in the material and geometric parameter
- set and using equations (4.1.16) to (4.1.20) allows the determination of
the value of the remaining'paz.'ameter necessary for criticality.

-

4.1.4 ThO—GR.OﬁP DIFFUSION THEORY

Although the neutron energy spectrum is continuot;s it is char-
acterized by two peaks, the thermal peak and the fission peak plus a 1/E
© region, as discussed in appendix 1. Two-group theory, as the name mplles,
assumes. the existence of: (1) the thermal group; and (2) the 1/E plus

the fast group. The basic equations are thus,

20 (0,2) 3% (r,z)
3 1FC 1FC
Prrc (VT 57 & —Sr = * — ) - Ijge e 2)
+ enf )Ezpc bopc(r,2) = 0, (4.1.‘2'1)
. 2
o 3,na(1,2) 3¢ e (1, 2)
2 2FC 28C T )
Dopc /T g5 6 —S5——) + 2 " Larc ¢2rc ()
+ PEIFC ¢1Fc(r,z) =0, (4.1.22)
- 3 (T,2) 3%, (T, 2) |
Dy & My —jl“-_) = Iy bpy(®,2) = 0, (4.1,23)
{ .
and oy
3¢ (T, Z) 379, (T,2) :
m ZM ¥ -
ZM(I/T (r B )+ azz ) - EZM ¢m(r;z)
/> | .
Iy ¢qy(T>2) =0, (4.1.24)
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where subscripts 1 and 2 refer to the fast and slow groups respectively

and
P = resonance escape probability,
n = numEer of fission neutrons emitted per thermal neutron
absorbed by fuel,
,+ ~o—=&-= ruumber of fission neutrons emitted by all fissions per
- munber emitted by thermal fissions,
and

f = fraction of thermal neutrons absorbed by fuel in fuel-
coolant region. \ '

A factorization and rearrangment (28) transforms the starting‘differential

equations to the well-known wave or Helmholtz equgﬁignéfghich can be solved

by separation of variables. Thus,
¢1Fc(r,z) = [AJO(EFCT) + CIQ(UFCT)] cos(vFCz) - (4.1,25)
¢2Fc(r,z] = [ASI JO(EFCr) + CSE IO(aFCr)] cos(vFCz) , o (4.1.29)

@D = R Gg) K () + I () K ()]

/ | tcos(ua) , (4121
4on(2) = g (r,2) + GIT (61) Ky (Eb) + I, (£ )
. Kb(EZMr)] cos (vz) - (4.1.28)
where : . ' \\\
L gl veeo - ¥ R (4.1.29)
o = vFCZ Lt | |  (4.1.30)



22 _k-1 -1 ' n
TR SR o (4.1.31)
Bow ol oo .
/2 A
2 5 - : o
e BRES
‘ FG ‘ '_LFC oo ’ '
iﬁg{ s )
TFC = DlFC/zl'FC 7, .' " o (4.1.33)
. - ‘ 7 )
s 2 p. . . (4.1.34)
beet T Parc’Fae < T . o
P Ije/Zrc- T '
5 - o _ e (4.1.35)
1+y LFC :'l.“" _ - y ' ’
: P L,~/L .
5, =i G . (4.1.36)
oty | ‘
2 2 | - o 4
. | o
52 .k.-:g/D +\)2 ' : .. . - (4.1.38)
Mt M o
and ) ¢ .
L. /D,
s, - 1/ D2 _ Y (4.1.39)
3 2 2 \
M 5™ -

Equations (4.1.25) to (4.1.28) incorporate the boundary conditions of radial
symmetry at the cell center, r = o, and zero neutron flix current at the cell

boundary, r = b. Using ghé boundary conditions of symmetry in the z direction’

and zero neutron flux at the extrapolated endpoints, z = + H/2, we find that

Vo = vy = H L ST . (4.1.40)
Equations (4.1.29) to (4.1.40), tﬁen, relate all the unknowns except A, C,

L Lt IR eI B
Skt VLl [ O P Wt T
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/'\ : T . :
F and G: 'These four wnknowns can be related by the application of the -

boundar} conditions of cont1hu1tw of flux and current for both nnutr01
groups atﬁthe interface, T = a. Algebralc manipulation ylelds a set of

four simultaneous linear tquations in the unknowns A, C, F and G. This

-

set is'satisfied by . ~ )
- . 5 oy
t t : - t
DlFCX./X DypcY /¥ . Dpg /2 0
5 S, S= X I CR RO
t - ! t
: 7
’Fc lx /X DopcS,Y /‘i DopyS329/2y DagolZs

where , |
Cxey NG | e ) L(4.1.42)
Y= I (opcr) o '.:a (4.1.43)
2y = I G0 K )+ I GEyp) Ko (4.1.44)
Z, - I (En®) Ky (Enp) + Ty (EgP) K GGpyt) s 6.1.49)

)

and thé prime indicates the radial derivative. The criticality détermiﬁhnt,
equation (4.1.4;), can-be satisfied by any consistent set of the méferial
parameters apbearing in eéuations‘(4.1.21) to (4.1.24) and the geomgtric
parameters a, b and H. Herein, we specif&lall but H, the height of the

Teactor, Equatlon (4.1.41) glves thls height for crltlcallty through the

. use of equatlons (4.1.29) to (4.1.40). . . v '

Before comparing the experlmental data with the predictions of the

three nndéls presented here, the effects of errors in the parameters need

"to be discussed.
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4.1.5 RHUQETtR SENSITIVITY CONSIDERATIONS

We illustrate the effect of parametric erTor On model prediction
by considering one-group theory applied to a one-dimensional slab, homo-
geneous, critical reactor. The neutron balance equation in the steady

state 1is

o

2 : _
3 ¢§x) + %—(k 1)) =0, _;AagX<$a p (4.1.46)

3x

where the previously aefined symbolism applies. The solution is of the

form

I

6 (X) -¢0 cos(Bﬁx) (411.47)

1l

and, since ¢ = 0 at the slab boundaries (¢ 3),

B_ = nr/a, n=1,3, 5 cieairanens . (4.1.48)

Of the full set of eigenvalues, Bn’ and eigenfunctions, cos(an); only
one value of n has physical‘significance in the steady state other than

the triviat solution, n = 0., This one value is n = 1, corresponding to

\ the fundamental mode. Equations (4.1.46) and (4.1.47) give,'by substitu-
tion,
S0 rE k- em =0, (4.1.49)
or
2 L N
B) = ﬁ-(k -1 . ‘ (471.50)

. The térm.Bi is often denoted the geométric buckling and the term t(k - 1)/D
P ‘ ' '
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is denoted the material buckling. In order for steady state conditions
to hold, the two must be equal. Equation (4.1.50) is the criticality
equation, corresponding to that déveloped for the models in the previous

sections.

An error in‘f or D of, say, 10% (typically) will i uce an error

in B? of gpproximately 10%. This is tolerable. However, sincel k - 1.1

in most cases, an error of 10% in k’will'introduce a huge errorjin (k - 1)
and, consequently, in Bz. In order to predict the size or materjial proper-
ties needed to build a critical reéctor, the value of k has to be
accurately krtown. This is presently accomplished by building prototypes
and by experimental-theoretical correlations.

No accurate a priori predictions based solely on fundamental
parameters are available. The theoretical models are &ffectively curve
fitted for the particular situation under consideration. One is never sure,
then, that the theory is adequate since there are usually enough free para-

meters to ensure agreement between model and data., Indeed, recent experi-

)
ence at C.R.N.L. has shown that when extrapolating the models bgyond
present day fuels to the next generation fuels, thorium or plutonium,
compietely efraneous predictions result (30).

The.above discussion is based on é simple neutron model. The
effect is similar for the more detailed'neutfpn models, as presented in
previous sections, thcugh'not as easily visuéiized as in the above case.

Because of the large errors in present predictions of (k - 1),

as, for instance given by the code LATREP, described below, it is necessary

to use one piece of experimental data to obtain a better estimate of this

A
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parzmeter. Equally well any void fraction, «, could be used as the fitted
point, but to provide'maximum.sensitivity to the void effect either

= 0.0 or ¢ = 1.0 should be used. Herein, a = 0.0 is chosen.

4.1.6 CALCULATIONS AND RESULTS

The calculations of the nndel predictions are easily done by a

computer and Tequire only a few seconds of ccmputatlcn time. Appendices

2 1o 5 detail the codes for the one-growp, semi-two-group and two-group

models, respectively. In these calculations, one value of the experimental
axial buckling‘data at o = 0.0 is used. This allows the calculation of
k, the infinite matiplication constant. We ére able, now, to predict

the buckling vs. void fraction relationship for the experimental-model

‘comparison.

The parametric data‘for all three models is that of the ZED-2
nuclear reactor A literature search (26,31) reveals approximate values
for cross sections, diffusion coeff1c1ent5 and the terms of the four factor
formula. These are listed in table 4.1.1. The effect of the parametric
uncertainty is depicted by the spread of the curves in figure 4.1.3.

Figure 4.1.3 compares the three models: one-group, semi-two-
gfoup and two-group using‘pafametric data from table 4.1.1. We see that
successive models, representiné succeésive improvements in treating the
energy spectrum, experience successively better agreement with the experi-
mental data. This indicates that the discrepancies of the flrst two

models can be accounted for by a better Tepresentation of the energy

groups. We alsa note that the semi-two-group model of Nahavandi (5-7},
’
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MATRRIAL I, (e ) D, (cm) () D, (am)

H,0 0.05 1.55 0.0197 0.16 . - -- -~
D,0(99.66%) 9.96x107. 1.29 9.6x10°°  0.869 .
uo, | .0lezys.2 125 .05¢y¢.17 J@fLOIJGOS calcu-

' ' o : lated
Table 4.1.1

Approximate parametric values for the diffusion models.
The parameter, f, is calculated as the volume weighted
ratio of thermal neutron absorption by fuel to thermal
neutron absorption by fuel plus coolant. The thermal
parameters are used for the one-group and semi-two-group
models, as well as the two-group model. '
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mentioned earlier, would not be adequate and, hence, such previocus
attenpts at modelling the coupliﬁg effect are inadequate. In addition,
we shall see that a two-dimenSional formalism is_essen;ial since ‘con-
siderable radial effects .occur. This area, too, has been heglected by
past researchers.

‘ For the two-group theory, however, the discrepency is of the
order of that caused by errors in the parameters. In an effort to reduce
the uncertainty in the two-group parameters and in particular, to account
more correctly for the variation of the four factor parameters with void
fraction so as to test the vali&ity of the two-group theory, thé lattice re-.
presentation code  (32-33), LATREP, of Chalk River Nuclear Labofatories,
was used.’

Briefly, given a lattice configuration, an estimate of thé neutron
spatial and energy diétributioh and a reference library of cross sections, -
LATREP employs prﬁbability‘analysis to estimate the group parameters of
the cell and the ne&fron‘spatial and energy distribution. This procedure
is fepeated several times giving a consistent set of parameters and neutron
distributions. A more detailed account of LATREP is given in‘appendix 6.

The major sources of error lie in the experimental cross sections
in its library (errors approaching 10%) and in the energy spectra.used to
calculate tﬁe cell average parameters. Consequentlf, it is of little
avail to attempt to obtain more accurate answers by a more sophistiéated
model uﬁtil the errors in the parameters are reduced.

Table 4.1.2 shdws the parameters given by LATREP for various void

fractions of the coolant. It has been found necessary, within LATREP, to
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artifiéi%lly adjust one of the factors of the four factor formula in
order to get agreement with the experimental critical sizes. The amownt
of adjustment necessary was found to depend mainly on the type of fuel
used. This adjustment accounts for all the shortcamings inherent in the
LATREP formalism due to gecmetry simplifications, spectrum approximations,
library data érrors, etc. The adjustment can be as much as 10% (33).
This gives us an estimate of the probable error associated with the four
- factor formula. Figure 4.1.4 compares the predictions of the two-grouﬁ |
model using the LATREP parameters. Using the nominal parameter; except
for enf, and allowing enf to vary within the specified 10% about the
‘ nominal value,‘we find that the experimental data can be matched to within
- the buckling error bounds of + 0.1 m, ekcepﬁ for a slight overshot at
= 1.0 as given by curve 1. Bven this overshot can be eliminated by
‘ allowiﬁﬁxfﬂgfgiier parameters to vary within their error bounds as seen
by curve 2. Thus it is possible to reproduce the experimental results
exactly by varying the parameters within their error bounds. We can
conclude, then, that until better estimates of the lattice parameters
can be obtained, it seems it is not necessary to represent the neutron
energy spectrum by more than two groups for the purposes of coolant void-
'reactivity studies. : 3
The effect of parametrié error in the two-group model can easily
be seen by calculating the response in the ith parameter'nécessafy tb
-restore criticality when the jth parameter is perturﬁed. Table 4.1.3
shows the results for a void fraction of 0.0. Similar results are

obtained at other void fractions. The responses required in, say, p to

YT i
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FIGURE 4.1.4: Comparison of experimentally observed buckling and

.predictions of the two-group model using adjusted

LATREP parameters.
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restore,criticality caused bf perturbatlons in other'parameters are
given by the column under the heading p. The’ response is given as the 5
‘fractionel change in p per:frectlonal chdnge in the perturbed parameter.
;'The larger the number the 1arger the response needs to be to counteract
the perturbatlon " For. example, a change in p of O 06% is required for
a-change in Ly of 1% about the naminal parametrlc value.

Responses which were.very large are merely designated by a dash.
This indicates a parameter which is not important enough to exert much
1nf1uence on the criticality. .The dlffu51on coefficients fall into this
category. One can conclude that 1arge variations in the diffusion coef-
ficients would be necessary if they were usedras a means of reactor
control. The absorntion-cross sections fare somewhat better in this
respect. System criticality, hawever, is governed strongly by the values
of enf and p as indicated by the small responses necessary to maintain
criticality. We aleo note that the value of p is of lesser importance
than the product, enf.

;}he reasbns behlnd the dlfferent responses or sen51t1v1t1es are
imbedded in the criticality determinant of equatlon (4.1. 41) But we
can gain con51derab1e insight by referring to the dlfferentlal equatxbns

for the fuel-coolant Tegion, equations (4.1.21) and (4.1.22):

2 ' . .
( - D1FC By * E;FC) ¢1Fc(r,z) + cnf Lore ¢2Fc(r,z) =0 , .(4.1.51)
- e . :
and ‘ J

2 |
( - Dppc B2 * Tzpe) $2rc(™+2) * Phagc bppcl) 20, . (15D



where the local bﬁckling is given by
Bl @ M)]/¢cr N 2 B
'2" 2o (r,2) /s | : - '
B~ = /6(r,2) | ‘ (4.1.54)
3z C
and
g2 :=p%+82 . - S (4.1.55)
T z | '

The definitions‘apply to both the fast and the slow flux. We wiii recall
tnat for our reactor cell model 'Blzz = BZZ?° The buckling represents
the normallzed curvature of the neutron_flux and is a point value, a
function of position. The values of B and B depend upon the solution
to the neutron flux equations, subject to the boundary conditions. Sub-

stltutlon of equation (4.1.52) into equatlon (4.1.51}) ylelds

2

Enfp ‘ km

T2 T T o7 Y
B+ L," By ) @ +L, B0+ LB, )

(1 f Ll

e

where the definition of difquion area, L; = D/t, has been used. Equation .

(4.1.56) is the local crltlcallty condition and depends on the parameters
of the fuel-coolant region, km, and L, 2 The cr1t1callty conditio

. also depends upon the moderator propertles and boundary conditions throu
the dependence upon the local bucklings. A perturbation in the input
narameters is felt as a perturbation in any or all of the parametrig
groups k 2 1 and Lz2 22. The paramcter, L2 has been defined as

D/f and thus the perturbatlons as felt by L1 and L2 ¢ are obvious,

: v

kee2l oo | (4.1.56)

A
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Perturbations in B’ are introduced by spatial changes in the flux distri-
butions and as such are implicit changes._‘Usdgll}, the flux distribution
~ changes so as to dampen out the'effect of a perturbation. For inetance;
-changing p by S%fhif nothing else changes, would require a change in ‘
enf of 5%. The response as shown in table 4.1.3 was dampened by fhe

fatt that an increase in p, the fraction of neutrons esceping resonance
capture, leads to en increased number of neutrons moderating in the

fuel rather-than the moderator.. This alters the interchange of neutfons
between moderator and re-shuffles the flux distributions accordingly.

2

Hence the denominator, specifically'B 2 and BZr ’of equation (4.1.56) .

1r
is altered,

This leede to an ihteresting!disclosure. In the past, the calcu-
lation of the'resoﬁance escape probability, p, has received considerable
attention. Most models used to date, for instance, LATREP of appendlx
6 and MICRETE3 of appendlx 2, lump the fuel cell together and treat it
as’a whole, that is, the p used is a cell- averaged term. The cr1t1callty
condltlon given by equatlon,(4 1.56) would-be altered accordlngly and
reflect a 5% change 1n enf for a 5% change in p. Since an accurate value’
of p is difficult to calculate, lt has been' the major unknown in crit-
icality estimations. By a reformulation of the’model, as done herein,
with separate moderator and feel-coolant reéions, the impertance of its
errors are reduced. The LATREP fermallsm relies on this sensitivity of |
p ds a means of campensating for hidden errors and shortccﬁings (26, 33).
This cannot be done herein. This is eot to suggest that this model is

inherently superior because it is not as semnsitive to p. It matters
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little in the final analysis whether enfp or enf is the adjustable para-

meter. What is 1mportant houever is the recognization of the fact that

errors.in p are not as important as depicted /"a cell—avéraged model
formalism..  This suggests to future investigations, the need to place
more wéighf on areas other than the resanance escapé probébility, such
as independent estimates of the parameter_enf.

. We turn now, to a-discussion of the buckling terms. Since the
axial dimension is large compared to the radial dimension, cell radius
b, and since the buckling goes as the square of the inverse dimension,
that'isi (&/H)z'on.(lfbaz, it fo}lgws that the axial portion of the |
total buckling is smalljcomparéhrfo the radial portion. The axial por-
tibn, in effect, provides small corrections to the total buckling. This
accounts for the insensitivity of the system to the parameter, Bz?. This
also illustrates the fallacy in previous experimental techniques for
critigality deterhinatioﬁs. Past work emphasized model fitting rather

than modél delineation or testing. In these experiments the critical

‘height, or some other measurement of an insensitive parameter such as

. ) - ® -
Bzz; 1s made and the model is fitted by model-experimental data correla-

tion. . However, because of the insensitivity of the system to BZZ, it is
difficult to reverse the procedure and accurately estimate-the critiéél\
value of_Bz2 fTom the @o&%l g1ven 1ndependent experlmental estimates of
all ofher parameters. Any small error in the model would be ampllfled
in the model%'predlctlon of thHe value of B '

-

‘The curve fitting approach is adequate provided one does not

‘extrapolate outside thg_experimental range. This has been the case in
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the past since most nuclear reactor design work has been based on
extensive prototype correlation and gradual range extrapolation. The
trend is, howevc%, moving away from the philosophy of expensive prototype
, building. This, plus the fact that spatial coatrol bécomes more of a
problem as the size of plants increases, necessitates that model testing,
rather than fitting, be adopted for large nuclear feagtors; This requires
that accurate parametric estimates, independent of ‘the buckling data
élready presented, be obtained. A ' N
Finally, while on the subject éf the systems sensitivity to
LATREP predictions, “we_note that the code, LATREP, was used in the deter-
mination of the experimental data and again in the ﬁarameter estimation
for the model. One would expect some correélation between model and data
to exist; the two are not completely independent. ' The correlation is not
significént, howeger, when one considers the experimental technique as
described in appendix 3. First, the cell—averaged mcdel of the system
used in the experimental investigation is different than thaﬁ of the two-
region model presented herein. This reduces the correlation by providing
an independent physical basis. Second, and most-importanﬁ; is the fact
'that IATREP contains an adjustable parameter used to obtain agreement
* between its p;edictions and experimental data. As pointed out, the
- sensitivity of the‘system to the adjusted parameter, enfp, 1s sufficiéntly
strohg to daminate the error in the response to void insertions. The
subseﬁuent use of LATREP herein éntails an independent adjustment of
' eﬁf at a = 0.0. This reduces the correlation since most of the cOrréla—

tion has been removed from the dominant term.

L4
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Third, an independent check on the full voiding case confirmed
the validity of the use of LATREP. This confirms that most of the érror
in predicting the system response to coolant voiding is contained in the —

adjustable parameter. This aggin shows that the presence of the adjust-

N e

able parameter removes any important correlation present in the analysis
technique. Here, once more, we have found motivation for obtaining an
independent estimate of the dominant parameter, enf.

—w

4.2 SPACE-TIME FLUX MODELS FOR APPLICATION TO NON-UNIFORM VOIDING

Although much insight can be gained from the uniform voiding
models presented in the previous section, cénsideration must be given to
the fact that coolant voiding in nuclear reactors is not uniform. Rather,
it is, in gen®ral, a function of axial and radial position. The méth—
ematical effect of non-uniform voiding, o = «f(r,z), on the basic neutron
flux equations is to induce variability in the coefficients, thereby
introducing non-linearities. The magnitude and complexity of the non- -
linearities necessitates that numerical techniques be employed. Further-
more, the multidimensional, multigroup aspect of the neutron flux equa-

_tions dictétes long computation times (34). ;

Reactor transient analysis can be divided into two broad classes

(35). The,first,'flux synthesis (36), involves approximating a spatial,
spectral, angular or temporal portion of the flux distribution to yield
a smalier.set of equations to be solved.l As has been poinfed out (35),

this technique suffers from a lack of definitive error bounds and the

need for intuitive guessiﬂgibf the spatial, spectral, angular or temporal
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porticn. The second class, t_ﬁe direct solution technique, involves
finite difference approximtions to the differential equations. In this
technique, the disadvantages of the flux synthesis technique are over-
come at the expense of computation time.

Because c;f the disadvantages of the flux synthesis technique and
because a detailed account of spe}_tial distributions is necessary for this
non-linear problem,. the flux synthesis technique was deemed wnsatisfactory.
Consequently, we now turn §o finif.e differemre techniques. |
| Carnahan et al (37) indicate that the best available technique
for numerically solving this typen of partial differential equation is the
alternating direction implicit (ADI) techmique. Furthermore, they show.
that the transient solution can be solved w readily as the steady-state
solution. This being so, the transient formulation is considered herein.
Additicnally, it is desirable to consider transient formalisms since the
long term goal is that of smulatmg transient behaviour. S

The ADI technique was applied to the two-group neutraon equations
as will be discussed in section 4.3. Excessively long computation times
were encountered, however, for accurate simlations. This can be attributed
to the differences in axial and radial diffusion times. Since the length
of .the cell is same 10 times ﬂ;e radius, tﬁe neutron distribution in
th; radial direction develops much more quickly than in the axial direc-
tion. This dictates small time step increments to follow the radial

behaviour. Many interations are required, therefore, to follow the slow

"axjal transients, leading to long camputation times. Non-linearities

are such that, a priori, no representative radial distribution could be
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. assigned for a quasi-steady state approach. This rules out that tech-

nique ‘as a possible means of reducing the camputation time. Conse-
quently, _anbther' technique was explored in-search of a means of reducing
the camputation time. |

Herein, we cansider the direct solution approach and introduce

a technique for reducing the camputation time needed to investigate a. -

‘certain class of nuclear reactor systeﬁs. Specifically, we consider

those systems for which the time scale for spatial changes is much larger
than the time §cale for overall amplitude changes.  Most nuclear reactor
systéns exhibit this characteristic since neutron sloﬁng dqm and ther-
malization is usually a much quicker process than neutron diffusion and
since’ these processes are mxh quicker than the delayed precmsdr Tespanse
time. |

A method of analysis has recently been developed (35, 38, 39)
whereby the dominant time dependence is extracted fram the general -space-
time multigroup neutron diffusion equatiams, leaving equations which vary
mxh more slowly in time. The result is a reduction in computation time
due to the admission of larger tlime steps in the calculation. The under-
lying principle is a transformation of the time variable. Tl'iough this
is not a new approach (29, 36, 40, 41), the success of the applicatiom is
in the appropriate choice of transformation. |

A related example of the utilization of the ‘dominant trend con-

| cept™is given by,Orbath and Crowe (42) in their work on chemical plant

simuiation. They use the dominant eigenvalue to accelerate convergence

of a complex systenm.
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In these examplss, the transient solution is developed by suitable
numerical techniques until a trend can be estgﬁlished. One drawback
associated with these approaches is their inability to adjust immediately
to perturbations in system pa.rameters (35). Here, we extend this forma-
lism by removing this restriction and thus admit computation time redur:
tions even in the region where the dominant time growth has not been
attained. - This lead.s to a significant saving in computation time for
those sitwations in which system parameters are constantly changing. The

following analysis has recently appeared in published form(43).

4.2.1 THBORY

" We consider the general multigroup neutron dl.fle.SlOIl equation in -

Al
its well known form, L)J/

1 3, (x,t) G
v, LB = 0D (r,0) Uay(rt) ¢ )|2=1 Tgge (00 ég.(;,t)

, (4.2.1)

where the usual symbolism holds. In particular, we define

Vg = velocity of growp g [aw/s],
¢g(1_',t) = neutron flux density of group g [neu'f.rons'/c:m2 s] ,
Dg(x_-,t) = diffusion coefficient of group g [cml, |
zgg‘ (r,t) = cross section for a neutron in g-roup g* transferring to

grovp g [an1],
T = space vector [cm;‘,
t = time [s],

group rumber, g = 1,2, «.ec-en G.

L
i

)
R
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It is interesting to note that extension of this system to include
delayed precursors is straightforward since the delayed precursor
equations are of the same form as equation (4.2. 1) we need only re-
define G to include the delayed precursor groups and to approprlately
define the diffusion coefficients and cross sections for these new -groups.
We cmit these grcﬁps in the following formalism since no generality is
lost and since the delayed precursors are not needed for the purposes
of this dissertation, as noted in appendix 1.

In'solving these equations, Reed et al (38), as well as Wight et

al (39), used the transformation
0 (£,8) = vy (1) g BF | (4.2.2)

while Ferguson and Hansen (35) considered the special case of equation
4.2.2),

w(T)t

¢g(z,t) = ¢g(z,t) e (4.2.3;

In equations (4.2.2) and (4.2.3), it is rstood that the functidns

w (r) and w(r) are eggluated at each spa 1al mesh point of the mumerical

solutlon and are con51dered constant over the time interval in questlon
Herein, we-con51der an extension of the above and choose to use

a transformation based on all the exponential time components as follows:

. G G
- w ( )t . w (1)t
0Et) = L vy () € DTz 16, @) 0t (4.2.4)
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where we have defined
b (Tt = 0 (m,t) 8, (@) . N RS

Here, aga;‘n, T;he functions, Qz(g), and the coef_ficieﬁts_, 8 gz(g) are
.evaluated at each spatial mesh point and are considered constant over the
time intervall- lin question. As will become ;:1ear, this pfovides algebraic
consistency throughout and permits enough flexibiiity t'o ensure that the ~
i)'oundary and initial conditions are sétisfied. Fram equation (4.2.4),

we note that each neutron group is camposed of a weighted sum of G exponen-
tials. This is in contrast to equations (4.2.2) and (4.2.3) which contain
‘only one exponential for each group. This choice of ansatz was not a.rbi—
trary, Tather, it was motivated by the solution to a simplified form of |
equation (4.2.1). Consider, for exmmple, the case in which the spatially
dependent leakage term, v-D ¥¢., is known. Equation (4.2.1) is then of
the space independent form with the solution given by

G wgt

$g(t) = y.£1 B € - (4.2.6)

-

TRe problem, then, is to find Bgy (r) and w, (¥) of equation (4.2.4)
ai; each épatial‘ mesh peint for a{given approximation of ¢g(1_',t), leaving
a finite difference equation in ¢ g(:_t:,t) which can be solved by conven-~
tional means. The solution to this differential equation varies, in
\ general, mxh more slowly in time since the dominant time dependence of
" the system has been extracted by the exponential transformation. We
perform this transformation by s&ibstituting equation (4.2.4) into

W
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equation (4.2.1) and obtain |

l W ( | ‘ 3% (r t)
T X By (r) e [w (x) ¢ (r t) +
g 2=l

G u!‘({)t
Ne lgl.ggiczj e V.Dg(g) Vog(g,t)

G un(z)t
+¢(rt)VD(r)VfB(§]e
£=1
G G - m!‘(g)t
E gv§1 Lggr (1) (lgl Brg (1) @ ) 0 (T,8) 4.2.7)

{

where the coefficients, zgg' and Dg,'are assumed constant over the time

1nterval, At. We define our initial time, t = o, as the beglnnlng of
the time intérval under consideration. Thus, we have, at t =

bg(g;o) fram either the initial condition or the results of the previous

jteration. Hence,

¢g(;,o) e(r,0) E 8 () . (4.2.8)

g4
If we assign a normalization to Bgitg) of the type

El Bge (D) =1 , for ally, (4.2.9)

then

¢g(z,o) = ${r,0) . - (4.2.10)

Equation (4.2.7) can be simplified by recognizing that we are
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evaluating Bgl and w, at the start of each iteration. The best evaluation,

"then, of the second term of the rightlhandfsidc of equation (4.2.7) is

accomplished at t = o. But using equation (4.2.9) we note that

w, (Xt~ : '
¢ (r t) v- D (r) v z B (1_‘) e 9.(2(‘ = ¢g(r,t) V.Dg[g] v() = 0. (4.2.11)

g=1 8 ~ =g

Thus, equation (4.2.7) reduces to

G w, (1)t v 3¢ (r,t)
V—lfsi(l:)e [w(rt)¢(rt)+-g—(f—]
al B ‘

V. (x) V6 (r,t)
' SN
G w, (r)t {

N¢; .
251 g -r Cr)(ggl g 2(1_') = ) Qg.(z,t) . . (4.2_12)

Since this is valid for all time t we may write-

3¢ _(r,t) ‘ '
7 B (@~ = - 8y, (1) 0, () 8, (5,0)

m
"«

| | o
s @ D) Vo, (1,0) () By () 8 () (4.2.13)

gif1
Further, we assume that for the time interval, at, ¢g(§,t) does

not change significantly compared to the exponential variation., Equation

(4.2.13) now becomes
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0=- ;;‘ BSE(E)’w1(23.°g(£,O) + E (5) ¢g(§,0)18g1C§J | '
G | - | ;
+ ggl Logt @) Byey (1) 050 (x,0) ;o (4.2.14)

where we have defined

-~

31

(E (1) EV-Dg(z) Vég(z,O)JlégCr,OJ - | (4.2.15)

Equation (4.2.14) can be reduced to

‘ G
- S v, (@) w, () * B g, () + ,El 2

vy 8 " (@) v, (X =0 . (4.2.126)

g8

From this equation, then, it is p0551ble to evaluate y (r) and w (r) for

all r ;t each tlme 1nterva1 based on the most recent value of E (r) and

g ,(r), these terms, thus, are updated at the beginning of each iteration.
At this point, we drop the explicit n?tatlon of the spat1a1 depend-

ence for algebralc convenience. Equation (4.2.16) can be conveniently

1
A

written in matrix notation as

i
o aw, =0, 4.2.1%)
where |
En
Y2q c
v, =| . ‘(4.2.181 |
L Y6e |
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and
[ L. +v(E'+):)" v, E | vita. ]
2‘ l 1 11 1"12 ------ Pe s abe e 1 lG
Valsy - wy ¥ vz(E2 + 222)...... Voloe |
8, = [ (4.2.19)
YG£G1 VGEGZ..... - Wy +'VG(EG + EGG)

The eigenvalues, w,, of this system_of equations are given by the condition,

| ‘\ la,| =0, B | | |  (4.2.20)

and the eigenvectors, y,, are given by amy non-zero colum of the adjoint

Yy
of 4,, ADJ[Qi];‘to within arbitrary constantg_(44), These constants can
be determined frcm_the initial conditions,

p

G : .
jP*leg,ttis) = 9g(1,0) . - 7 (4.2.21)

Thus, in principle, we have found w, and igi for all r. Since @g(g,o) is

known, we readily calculate 8

values of w, and Bg2 are substituted into equation (4.2.12) leaving @

2 from equation.(4.2.5) for all r. These

equation in'«bg which can be solved by standard mumerical techniques to
yield °g(§,At). For this purpose we have chosen the ADI method.based'on

" the Crank-Nicholson formalism (37). Using the updated values of °g’ from

equation (4.2.4) we obtain the fiux ¢8C£,At) at the end of the time step.
Repeating this process propagates the system in time. It should be nofed

<
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that the calculation of the eigenvectors anﬁ cigenvalues at each spatidl
point is straightforward since the elements of §, are block diagonal,
that is, each element can be cvalﬁatéd éxplicitly based upon the local

spatial values of the system.

4.2.2 PROPERTIES OF THE TRANSFORMED EQUATIONS - ' o <.
It is convenient to rewrite the basic neutron equations in

matrix notation

dg (r,t)

—— =4 @D (4.2.22)

where the square matrix, g, is defined similarly to that of §, in equation
(4.2.19), |
— . | : T
v1(T1 + 211) Vi Eppie e e e

V. I .
TZ 21 _ vz(‘l‘2 + 222) . . ‘vz EZG-

>
11t

(4.2.23)

c Y1 Ve g2 VeTs * e

- N —

The'cléments, T,» eonsist of the elements of 4§ which represent the spatial
différencing_térms. These elementé, then, constitute a block ﬁatrix
spanning the spatial mesh. The rcmaining elements.are block diagonal.

The £lux vector, ¢, has G subvectors, each subvector spanning the spatial

nodes of the finite differencing. . [:EE

AT

c T geaeNae -
PR L ST N e N AP
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' The matrlx? g# is 51ml1ar cxccpt that it includes the
- temporal transform;£ion and that the elements, T. j» are rcplaccd by the
block diagonal clements E
| “In the previous: SCCtlon we employed a transformatlon on ¢ Ih'

!

‘matrix notation, we have
™ -J v ‘Q'A .
e=00 ; S 4.2.29)

where

(4.2.25)

VL; | (/ S .z =] ‘ B '
G T |

and each elcment ) 84,8 2 , 1s block diagonal spanning the spatial mesh.
- 2=1 |
The vector, ¢, is similar to the vector '¢. Substituting equation (4.2.24)

into equatign_(4;2.22) yields . - : .

de \\x. J. -1 A . : ) oo
a-t,- = Q (é -lr" =1~ ) 8 i’i ’ . (4{2026)
. o, . .' ‘ ) ; -

T e . .
where g is the tlme derivative of §. "The stability and convergence pro-
'pert1es of this equnt1on, when solved by alternating direction implicit

(ADI) and exp11c1t (ADE) techniques, are guaranteed if (§ - Qg"l) is

constant and negatlvc definite (38). A suff1c1ent conditlon for negatxve
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definiteness 1is t the diagonals be negative and the off-diagonals be :
positiv The choice of @, then, is of utmost importance for sfability, |

and, hence, conveﬁ;ence ' S

Followlng the transformation employed by Reed et al (38) and -

- several subsequent investigations (35, 39) we write \
B mlt’ ]
e ¢, o .
ewzt : ) ) .
Q= . . (4.2.27)
wt
0 e G
L . _

‘ Fcir. this transformation, it was found (38) that stability and convergence
could be guaranteed for the case when 4 and w; are constant, provided
that '
(@ - mi) <0 . : » (4.2.28)

This ‘condition\is satisfied in. most reactor analyses. However, w; does,
in general, e at each iteration because either the material proper-
ties or the spatial dlstnbutlons of flux may be changing. To test for
stability in the¥e cases, recourse to numerical experiments had to be
taken. | ‘ ,b' _

For this analysis, 9 is given by equatiocn (4.2.25) and the eigeﬁ—
vectors, b, and eigenvalues, wy» are ciefi;led by equation (4.2.14) or,
equivalently, equation (4.2.16). In matrixpnotation, equation (4.2.16)

becames L

[E AL

L R
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-
AT Ay, t A - e D) e =0 L (4.2.29)
. . ) : ¥
where A" is simply A,without the frequency terms and where b, is defined
as _ ' - .
» . "’M.K ) n !
e, . L0 |
B2z 4
| A, = : | . _ | : - (4.’2.30)-
o . fGs
. ot
Multiplying equation (4.2.29) by e and summing on £ gives
G ‘ m£t . ‘ .. -1 ey -
I @ -oD)p2e” =@g-De=@ -9 )g=0 . (4230
2=1 =
Thus ,
S U | ' '
9@ - ) ge=0 . | (4.2.32)
Subtracting equation (4.2.32) from (4.2.26) gives
dd 4

w0 e-a g . | (4.2.33)

e properties Sf (4 - A"), then, define the stability properties of the.

t

As noted previously, the only difference between A and A is the

sy

treatment lof the spatial differencing terms. Consequently,
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Récalling that the spatial differencing is of the form

Dr%s « zgg-(¢nfl S2o e ),

V(Mg - Eg)

83

(4.2.34)

(4.2.35)

where n is a spatial mesh point, iﬁ follows that the off-diagonals of T,

as well as CTi - Ei) since E; is diagonal, are positive. Since the

diagonal of Ei is given by

DV2¢/¢ = Dv2¢/¢ ,

2 2D
[Dvoe] < =
) ax“
we'cbnclude that
s,
_ D v
Tl —E]-:";c_z‘ D s < 0

¢

- and, according to equation (4.2.35), noting that ¢ 3 0:
)

(4.2.36)

(4.2&33)

..

(4.2.38)

and the diagonals of 4 ~ A'-are negative. This matiix, then, is negative
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definite. Thus, stability and conﬁergcnce are gunranteed for constant
§- 4
) ‘Instabilities can arise due to the coefficients of § - A' being
non-constant, a&s in the method employed by Reed et al (38). .thever,
“an important difference between the previous work and this work exists.
_ While both methods are subject to instabilities Caused b; non-constant-
values for the temporal transformation, the stability of the trans-
formed system, presented here, is not difeqtly affected by non-constant /
off-diagonal terms. This is an importanf distinction from the method of
Reed et al (38). It is realized, of course, that non-constant off-
dlagonals in &' can introduce 1n5tab111t1es by their influence on the
value of g. However, the system is guaranteed stable for constant
4 - &' irrespective of the value of (aii - mi) of equation (4.2.28).
This transformation is, therefore, inherently more stable than
that previously presented. - It is recognize&, that a price is paid due
to extra computatlons This price can be worth paying, as shown by the
f0110w1ng examples, partlculurly in those cases in which perturbaticns
are ccnstuntly introduced-and the flux trends have not developed.
In the following examples, as for most systems, we find accuracy
proves to be the more demanding criteria, not stability. The tlmgfstep

sizes. required for accurate answers insured stabilitity.

4.2.3 TWO-GROUP ANALYSIS .

For a calculational analysis we consider the case of two-group

diffﬁsion.‘ In this case we have G = 2 and & = 1, 2. " The matrix becames



+

85

oy I Vel
A . . (4.2.39)

¥Ya Ewl TRy + V,(Es + E,5)
L - - - -

1 _ - s

H

Recalling that the elements of § -are block diagonal, we can copsider each.
spatial point separately. The elements, then, are no longer block diagonais
but merely scalars. We introduce the following two group notatith, con-

sistent with that of section 4.1:

1 = subscript identifying the fast group;
2= sﬁbscript identifying the thermal group;
SRS T J
L2z = 7 Eab ‘
Lp cnﬂiz;
Iy 2 PE)-

Thus, we have

Tey G- . v enfl, ,
8 - i (4.2.40)
: )le C VZ(EZ - 22)

The eigenvalues, w,» are given by the condition

gl =0 , - (4.2.41)

=
[ F-

whi‘ch\qny be expanded to yield
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L AL : o ‘ so
(- we \_-10-‘.1 - }tl)]{- w \':L‘ﬁ: - :‘.:)] - VIVs m_t‘pr.lsa =0 . .24

Solving the quadratic vquation yields-two values of iy and w,,at cach r,

1

Tho OI\ORVDutOYb, g Are given by any non-zero Lollmn.of \DJ{\W

New N

ADTQ,) - K{ | I C

- \':p:l B nd ﬂu.l1 + \'l-(EI - El)
and
‘91? sug P 3:)—] J”‘“‘I\ enfy
; , / :
g 2| o a | k . L .2.48)
i \ i b .
. \ﬁil - VopLy Sy * \rl(El - };1)
L - L)
I - — —
The initial conditions give
i R MO R - (4.2.45)
t=1 8 -
that is, :
¥ * ¥y = 4@ . ‘ (4.2.46)
and



. 87
Vo V2 74200 K N (- 5)
Bquation (4.2.44) vields .
¥ v enfr w —‘v (E, - I,) \;\ .
 CR S S S A Sl L : 4.2:48)
Vop ®y - VilE * &) VP £

Bquation (4.2.42) ensures that the above equality holds. After same alge-
braic manipulation we find

* =
22 AR o >
%127 C%2 » .
¥ " 8 00) =%, . | (4.2.49)
~— . B . . 0
and

&21 = ¢2(0) = ¢22 s

Thus, we have the eigenvalues and eigenvectors at each r as required. These
values are used in the procedure mentioned previously.

The two differential equations to be solved are given by

—_— : ©owgt 3% w,t a9 )
\ 1 "1 1 2 1 L
) vplhne (ot 5 tBpe” byt ] -
« R s
( agt w,t

o~ = [511 e + By ] [v.Dlvo1 - 21¢1)

'..: Nlt N2§ 7 ‘
+ enfiye,le e 7+ By e ], (4.2.50)
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’’’’’

and _ _
v, T a9 w,t : 39
1 v 2 2 2
v, [ay 7 gy * Tt_'-) Bay © 7 (wady * 3% )]
‘D.!lt u)ﬁ)t i}
= [521 e + Bya.€ ] [v.D Ve, zzaz]
mlt m-‘)t
s pzl¢1[311 e + 312 e -'] . - = (4.2-51)

These can easily be rewritten in finite difference fb_rm in the unknowns
¢, and ¢, 8s described -in‘ detail in section 4.3_, | ]
For illustrative‘pu;pqses we coﬁsider,_a CANDU-BLW lattice cell (26).
Figure 4.1.2 shdws a'vgmphical répresenﬁation of this sy;te:ﬁ; table 4.2.1 |
11sts the various 1att1ce parameters. The. reactor height, H, is 290 am.
For ‘alge})mlc canvenience we take the neutron speed vy and v, to be equal
to that of theymal neutrons. Although this does change the time scale of
‘the power transients it does nét detract from the general ql;aracteristics _
on this soiution procedure. |
The boundar) condltmns are: (1) ZE'K:O net neutron current in
the radial chrectmn at the cell center and at the cell boundary, and (2)
zero neutron flux at the axial end points. The initial f}ux distributions
were assumed to be flat. "An 11 x 11 spatial mesh was chosen.. | |
" -“The standard two group equations and the transfom;ed two group
~ equatlons were solved by the alternating direction ﬁnphmt (ADI) method
‘previously mentloned In figures 4.2.1 and 4.2.2 we show a companson
between methods. __We note thgt in this case, ¢ and' ¢ have totally differ-

ent time dependences; ¢, is\i\nﬁ:masing with time while ¢, is ‘decreasing with

/
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1}

i

2 x 105 an/s

2 X lO5 cm/s

2.0

.911814

n

= ,04031 am

n

.002914 et

1

01136 an L

0000953 cm”

1

M

[

]

1.899 cm

1.578 cm

1.294 em

.8551 ¢cm

/\}"

Table 4.2.1 System parameters

for the CANDU-BLW reactor used in

the calculations. The value of enf is imposed to induce
a transient.

t
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FIGURE 4.2.1 Fast flux vs. time at the cell center fpr
various time steps, At = 1.0x10‘6, 0.5x10"% and
0.25x10-6 sec. Case study: Initial Perturbation.
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FIGURE 4.é.2r Thermal fiux vs. time 4t the cell center for

various ‘time steps,

0.25x10-6 sec. Case study:

At ='1.0x10-6, 0.5x10-6 and
Initial Perturbation.
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firfle'._ The method of Ferguson and Hans',en (35) would fail to g1ve a time P
reductaon in this case since this method relies on all energy groups havmg
the same time dependence. The method of Wight et al (39) would give a tme
redmt;on similar to this work only after the neutmn groups develop their

< dcunlnant trend | | N

) Table 4 .2.2 shows the relatlve accuracy of this work compared to ’
the standard SOlUthIl, which does not incorporate a transformation, at.
varlous times for the fast flix. Row 1 is the ratio of errors, (standard-

e exac‘t)/l(t‘:ﬁnsfomed—exact), obtained for ;the_ test case. The exact sblution‘

" s dbtained by extrapolating both numerical solutions to zero at. Bofh '

" solutions gave, in general, the same exact-solution.r A fatio of 2 means

that, for the same time' step, the transformed equations experience only

1/2 the error of the standard equations. For this example, however; the ‘
 transformed equations require 60% more computer time per iteratiorjl. Hence,
for the samé accuracy, the standard tec:_hnique requires 2/1.6 times theA

time of the transfomation technique as shown in row 2. | |

| We note that the ratios vary as time proceeds. This can be

attributed to the changing _stiffﬁess of the equétioﬁs or, more specifically,

to the changing importance of the generation and diffusion processes at

d.ifferent ’points in time, that is, the generation process possesses a

short characteristic tlme ccxnpared to the d1ffusmn process. At the start

of the simulation, adJustment to the spatial dlstrlbutlon occurs as well f h

as c}mngesm in the relative magnitudes of $; and ¢,- If a steady state

distribution had been used as the initial condition, only the generation

term would have been significant and immediate Savings would have resulted.
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-
. Ve
_
R | . .

Time (x107)s 0.07 0.1 0.15 0.2 0.25 0.3 -0.45 0.7

_ T ' - '
. Error Ratio { 7

(Standard/ <

Transform) 0.7 1.67 2.6 2.9 2.9 2.9 1.8 1.4
Time Requirement Ratio .
(Standard/ '
Transform) 0.4 1.0 1.6 '1'8.w 1.8 ‘1.8 1.0 0.9

‘F-H__‘—.___—m,

—

Table 4.2.2 “Error ratio and time requirement ratio for same accuracy

- for the fast flux at the
Initial Perturbation.

e

cell center point. Case study:

- .



Hence we find no savmgs by the transfomatlon method until the spatlal

d15tr1but1on correctlons become smaller. At t=1Xx 10 -3

s, the computer
time savings due to increased accuracy just surpasses the camputer time
losses due to increased camputational camplexity. The s_a\rmg peaks at
approximately 2.5 >ck_10-3 s and drops off at later times as the transients
die away. At approximately 5 x '10_35, the diffusion terms again approach
the generation term in magnitude. An analysis of the thermal flux yiech%v

‘\\\similar results and hence is pot quoted here. At much later times the
transients of both fluxes approach the dominant trend of exponential
growth or decay. In this time tegion, the eigenvalues approach‘ that of
Ferguson and Hansen (35) and the two methods became eqmvalent

A moTe explicit example of the time saving available is that of a
control 51tuat1on in which the parameter product, enf, is adjusted to
maintgin constant pTOdJJ.Cth’J.tY. We consider the ccntrol problem which
requi‘;'gs

~

enf(t) &, (z,t)dr = CONSIANT . . (4.5.52)

-»Lr';e‘ fuel :" .

Figures (4.2.3), (4.2.4) and (4.2.5) show the temporal fariation of ¢,,

$7 and enf at the cell centre pomt. Tables 4.2.3 and 4.2}4 glve the

-

error ratios and time requirement ratios for the fast flux and for eqf
;1 spatial adjustment, 51g111f1cant

Again we note that, following the initi
camputer time savings result. In this example, the savings continue as
time proceeds since the parameter, enf, introduces pertmrbatlons in the

-
R
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Time (x10) s 0.1 0.2 0.3 0.4 0.45

(Error Ratio
(Standard/Transform) 1.0 2.6 4.5 2.5 2.5

Time Requirement Ratio
{Standard/Transform) 0.63 1.6 2.8 1.5 1.5

'

for the fast flux at the cell cehter point. Case study:
Constant Productivity Simulation :

N =

Table 4.2.3 Error ratio and time requiréa;REE;atio for same accuracy
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—
Time (x10%) s 0.1 0.2 0.3 0.4  0.45

T" N .

Error Ratio ‘ ‘ -
‘(Standard/Transform) . 6.0 5.5 5.5 5.5 5.5
Time Requirement Ratio
(Standard/Transform) 3.7 3.4 . 3.4 3.4 3.4

Table 4.2.4 Error ratio and time requirement ratio for same accuracy

for the parameter, enf, at the cell center point~ Case
Study: Constant Productivity Simulation.
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generation tém at each iteration.

We note that if one were only interested in/the reactivity inser-
tion necessary to maintain constant productivity or criti;;ality, then,
according to the results liéted in table 4'.2.4.the camputational’ time
ratio is approximately 3.4. Similar results were obtéined at other
spatial points. . | _

It is infomnt’ive to point out an important difference between
the method explored here and the methods of Reed et al (33), Wight et al
(39) and of Ferguson et al (35). These methods are not able to‘ma.ke
intrinsically good gussses at the future flux trends when the parameters

of the system are varying at each iteration._

4.2.4 CRITERIA FOR APPLICABILITY

It is conceivable that even within a given calculation there will
be regions which will benefit from this transformation and regions which
will not. It is, therefore, useful to have a criteria to detemmine when
to use this method of analysis.

From the foregoing analysis we note that the deciding factor

is the ratio of diffusion to genefation.
R .D 2 » 1,2,..--... - uzos T

If the ratio is less than unity, one can expect increased accuracy with
. the transformed equations. But, since the transformed equations Tequire
more computer time per iteration than the original equations, a cutoff

“ratioc of about 0.5 might be more appropriate. This ratio depends upon
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“the relative values of the fluxes; it is not readily calculable before

‘the actual simulation unless approximate values can be assigned. In

any case, this ratm can be calculated on—lme and the simulation can

then switch to the appropriate method as dictated by the value of the

ratio. . -

l

It should be noted that even 1f one energy group has a ratio above
the cutoff while another has a ratio below the cutoff ‘there is nothing
to restrict one from using dlfferent techm.ques for different gmups

o

4, 2 5 (I)\I:wSIONS :

The merits of the method of temporal transfomatmn as explored
here are clear. The relative computational time saving depends almost
solely on the mathematical stiffness of the system of equations to be .
solved. A very stiff set, for instance, one approaching a homogeneous
Teactor or point reactor, can be quickly solved with large camputational
time savings since the spatial corrr.e‘ctions'lare Telatively unimportant.
On the other hand, for systems inl which the spatial variations occur in
appmxlmtely the same time scale as temporal varlatlms there would
probably be no cmnputatlonal time savmg

' It is worthwhile noting here that this approach is not limited
to the apphcahons employed here. 'I‘he cverall schema is to solve the
approximate equations analytlcally and calcu:late only the corrections
numerically. 'I'lus scheme can thus be adapted to other kmds of space-

tlme pmblems The advantage of this approach over the dominant e:gen-\’\—-
‘value approach is its ability to give accurate results imediately after

i
K

¥
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a system perturbation where the domlnant temporal trend has not been
established, It is just such a system Wthh is of interest to us since

the final snmﬂatlon model will entail a controller to maintain consta.nt

: power in the reactor. This controller and the fluctuating voids wll_fz_ -

give the system a perturbation at each time iteration.

4.3 MMERICAL SOLUTION OF THE DIFFERENTIAL BQUATTONS

In this section we look closely at the numerical procedure used
in solving the differential equations of the previous section. First,
the algorithm is detailed and, subsequently, it is evaluated in tems of

its accuracy in approximating the solution to the differential equations.

4.3.1 THE ALGORITIM N

%

The general space-time neutron flux equations have been given as

-

Bt . '
— " A(r t) ¢(r,t) , - (4.3.1)

.. subject to initial condition, ¢(r,0), and the boundary canditions,
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- 'am,t)' o , o (6.5.4)
|, . | o (4.3,

The elements of 4, as gifen by equation (4.2.23), are functions of space
and time with the diagonal containing spatial derivafives. Hence,
equatic;n (4.3.:1)L constitutes a'set of non-linear, similtanecl_us, par;ial
differential equations.

The numerical techniques used to solve such a set may take on
many forms. However, a feature common to ail methods used for such
systems is a discretization in time and space. Shown in figure 4.3.1°
is the two-dimensional form used herein. Each élement of 4, is, in
itself, a matrix spanmning the spatial and. temporal mesh pbints. The

flux vector, ¢, is also discretized into subvectors. We denote the matrix

e

elements as agk and the flux elements as qijk,:.where '

radial mesh point index, i = 1,2,...M, .

jwh
n

It

axial mesh point ‘index, j = 1,2,..'.N,
k = temporial mesh point index, k = 1,2,...,

1o
o

neutron flux equation index, & = 1,2...G,

g
]

coefficient index for the equations, m'=1,2,...G.

Equation 4.3.1) beccnnes: -

[k
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ijk ijk ijk . _ijk ik
d¢1 R 2y ¢1
dt L SRR
| d¢;ijk Ui o o R
" ijk i ij ij
— az__l SN _am 4,2 , (4.3.5)
15k ijk ijk ik ijk
dag %1 - c%m %G %
B dt

“n

where each term spans the spatial and temporal mesh, ijk.. The derivatives
are approxim%ed by a Taylor's series expansion about the nodal point in’

qu'é:%tion. The resulting expressions appropriate to our systems are

: ijk ij,k+1 _  ijk
/ M08 .5.6) -

at At Tt T
ijk i+1,jk _ i-1,jk Comlt

Bey %y T m %y c o olk T “.5.7) .
aT .. 2ar Tt ’ B T

and _
2.ijk  ,i*1,jk . . ijk . i-1,jk ‘
.4 '¢§,' ¢g' - 2¢£ +¢£ . AZ ¢ijk .3.8)

31'7'_ (Ar)2 T e ’

with similar notation for the axial cier}vatives. The boundary caonditions
are also discretized and are imposed upon equation (4.3.5) in the usual

manner. We rewrite equation (4.3.5) using equation (4.3.6) to give
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ij,k+1 -, ijk 1Jk ijkit o ijk
¢3 (1 + Ataly )oo. Atalm .~: - .Atagn lcbl
| . I
1 !
|
- o ' . Tk : sk .
¢i3 skl Ataﬁk . (Ggm Ata;:TJn )L L Ataié | ¢;'Jk , (4.3.9) -
] v ; .
k+1 ) + | jk ij k
4 . i aé{ C . AtaG,Jn (' ata GG) P /\§
where -Sm is the delta fumction defined by: |
Som = O 2 Fm |
“1;4-=m . | (4.3.10)
In matrix notation, equation (4.3.9) becomes
) _ o
Nt IO | (4.3.11)

where ;515 the identity matrix.

Thus based on the known flux distribution at time k, we can.
easily calculate the flux dlstrlbutlon at tme k+L. This method, known
as Explicit Finite leferem:mg, suffers fmm stability problems and an
inabillty to properly sinmla’te the pmpagation of flux perturbatlons. |
Both of these problems arise from the exP11c1t mnature of the techmque,
the calculation of ¢ 13,541 55 pased solely on the values of a 13k ana

¢13k at time k. These problems can be removed by using an average value

of over the time interval, st. This value is not Known riori but,
o T _ e a pr //\
. .

L
A
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by taking a weighted gveragé"of—_--.i:bé_ values of time.k and k+l, we find |
$1 = Teara B X (1 +-1ve) ac B) &, T (4.312)
where 'o"-'-__s,e s 1, This can be rewriftén to give ..\, |
o) T g a0 e 8 @i5.13)
Multiplying both sides of equation (4.3.13) by (F - eat &) gives the . -
. 7
solution, o
| gkﬂ = (I - oAt ,g)‘l_q + (1-8) At A) ¢k . \ (4.3.14)

" We maintain theZevaluation of 4 at time k in order to permit the solution

of equatioﬁ t4.3.13) by direct matrix inversion. " These values can be

updated -on an iterative basis. if necessary. The value of 4, however, -

remains esséntially constant compared to the flux variation over the -

. 0 : :
time interval, At, normally used to accurately simlate the flux varia-

n

-tions. Hence, the iterations on 4 are not necessary.

We have now eliminated the problems of the explicit finite differ-
ence technique. ‘Howe\rer, the inversion of the general matrix, (I - eat A), .
is subjp'ct to round off errors and excessive time Tequirements. Iﬁ the

matrix is tridiagonal or triai@lﬂar, these problems are significantly

| reduced. Tt was because of this that the Alternating Direction Implicit

scheme evolved. The ADI scheme is defined by the follewing algovithm (39): '
-~ <3

- The matrix g, or a7 (A-A') o of ‘the tfﬁhsfomed equations, is split
} f
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\ .
into the sum of two parts,
A=4; +A s 8z + 4, _' . - - (4.3.15)

where &) =B+ Lyy by =L+ Ly, 8521+ Ly, 44 = B + L,

N :
Here, R is .8 symmetric tridiagonal matrix associated with diffus-
\\‘ * ’ . . ’
lon in the radial direction, and Z is a similar, symietric three stripe

matrix associated with diffusion in the axial direction. We write,

’

using h = at/2, . , SN
- - |
d - hay) AR h4)) o (4.3.16)
and _
a- hé}): o = + i) o<1/ E " (4.3.17)

L

‘where ¢k+1/ 2 ig an intermediate vector camputed on the first half-step.
-

Such a scheme‘ha.s been investigated (39) and evaluated for various
'choices of Li’ 1=1,2,...4, which lead to tridiagonal or triangular
matrices for the imversion. It was conclﬁded thff__ most choices give
satisfactory results for the systems of intel;e{st he;eiri. Upon applica-
tion of this algoritim to the' transformed equations given by equation
(4.2.33), we find that the time consuming exponential evaluations had
to be performéd twice, once for each h&if step. These calculations can
be combined into a single evaluation by using the following modification

to equations (4.3.16) and (4.3.17): i

iy

b
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| L
ST -t a) T @t sy

+ (I - at 53)'1(; + at Ay)] &, © (4.3.18)

with no apparent loss in truncatlon error or stability for the two-group
cell model of this dlssertatlon & Hence this modified algorithm was used

in the nmnerlcal solution of the neutron flux equations. By mmerical

expermentatlon, ‘the choice of L was not found to, be critical and hence, -

for convenience, the L are chosen to ensure that the matrices to be
mverted A and A;, are trldlagonal The computer codes for the standard k
equatlons and the transformed equations are given in appendices 8 and 9.

| Having detaii’ed the algorithm, we now discuss its utility when
applied to the cell model.

4.3.2 MESH SIZE CONSIDERATIONS

Mumerical experiments , using the nomindl parametric values for
the no void condition given by table 4.1.2, were carried out to estimate -
the error associated with the mumber of spatial mesh points chosen and

to confirm that the computer code results do for increasing number of

mesh points, tend toward the analytical prechctmns The analyucal

results could be obtained only for uniform voiding, hence the reason
for these numerical experiments being restricted.to uniform voiding.
For these expenments the initial flux distributions and the steady-state

or critical. value of the parameter, enf , were that given by the analytical

' steady-state solution. Then, for a given time step, 8t = 2 X 10-.6 .Seconds,
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the syste:in waé allowed to propagate in time. The div;argence of the flx
distributions at some, later time indicated the effect of a finite mesh
size. Table 4.3.1 shows the results. )

We note that the numerical results approach the anmalytic results
as the spatial mesh is refi;;ed, that is, as M and N increase. The '
importance of an adequate radial mesh refinement is riilmtrated and we
.. conclude that the errors are c‘iomi’nated by the radial mesh errors. Thus,
%o provide reasonable answers, M » 11 is lrequi'ned. The axial mesh -
refinement is not nearly as critical as for the radial mesh. However,
in subsequent studies, sufficient axial refinement will be necessary in
ordér to pick up the structure of the axial void distribution. Conse-
.quently, we can conclude that an 11 x 11 mesh is necessary: in general.
Further refihements are limited by computational cost €onsideratioms.

The cause of the difference in sensitivity of the numerical code

to variations in N and M can be seen by considering equation (4.2.42) in

the steady state or equivalently equation (4.1.56):

(El - 21) (Ez - 22) - Eﬂfp.zl }:2 =0 , (4.3.19')
e,
k_ o
O E7E) O - E,75,) © 1=kepe - S (4.3.20)
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N 2105 2 t=2x10"% 1lt=bci/o“4s P2l rots

5 & 0.7733 0.‘68.91 0.8359 ¢ 0.6334

5 11 0.7733 0.6881  0.8358 . 0.6344

8 5 0.7734 0.6890 - 0.7730 . 0.6895
115 0.7735 0.6889 = 0.7731 0.6896
11 11 0.7735 0.6889 0.7730 '0.6896

S 0.7735 0.6888 0.7735 . 0.6888

Table 4.3.1 Numerical simulation results showing the 'con-vergence to
y analytical results as N,M + =, The time step, At, is
held at 2 x 10_6 s for this study. .

-y
i
f .
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E/t. = - L. B2 = -1 2(B z, g 2y (4.3
2% 7 Iy B 2 (By; 1r’ -

as prewiously defined. We also recall that _BZ2 << Brz. From the above

discussion and fram equation (4.3.20) we see that numerical errors in

~axial mesh approximations are less important than those in the radial

case. For studies of the effect of radial void distributions, ~tj1e.n, we

can afford to reduce N, the muber of axial mesh points, to a minims.

3.21})

22)

For axial void distributions, however, both N and M must be increased, in

AN

order to adequately represent the system by the mmerical appraxdmation.

4.3.3 NUMERICAL CONTROL

Since the neutron models are not self- 1m1t1ng but entail inherently

uncontrolled neutron multlpllcatlon, it follows that, in the numerical

simulation in which the reactor is brought to steady state, a controller

is necessary. This controller provides feedback to either the reaétor
size or material properties, simulating the effort to bring the reactor
back to steady state after a perturbation. In this work the reactivity
p or equivalently the parameter enf, which is a functJ:.or.l of void fracti
1s altered by a multiplicative gain factor g. Thus a perturbation in

the system is felt as a variation in g necessary to bring the system

on,

back to steady state operation and as implicit, simltaneous flux pertur-

bations. —

kY

Various proportional and integral-proportional controllers were
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employed in the search for the controller whlch br;ngs -the system.back

\

to stpady state in the shortest simulation time. It was found that a

simpie proportional controller,

PP far ST e L 4333
g=1+ =0 - =0 .3,
g° I lest I im0 ' -

ﬁith the appropriatergain 8 provides the necessary action and is Suffi-
cient for the desired purpose. The value of genf does not contain any
offset, that is, any error at steady state conditions, but the controlled
varlable, by %EE]Z does. This is of little concern since the absolute‘
flux value is arbitrary; the satisfaction of the steady state condition
suffices. If offset in the flux value is to be suppressed, the addition
of an integral term adequately provides the necessary action. This

proportional-integral or PI coniroller is given by |
g=1+g (0;liay ~ #1lemg)
t . .
+gvy |Gl - [ ¢1lpeg)dt) - (4.3.24)
0 , .

Table 4.3.2 shows the optimal controllers found for this system. For
the propo%tional controlyer, g,= 0. These values are approximate only
and vary with the naminal operating conditions. We interject here that
‘the thermal flux, ¢,, could have equally well been controlled since the
two energy groups are tightly coupled.

As the eigenvalues and eigenvectors of the system are known at all

>

Ao



114

a
M N 8o gl
5 5 - 0.05 - .001
5 11 - 0.05 - .00
11 5 40, -1
11 11 -10. -1.

Table 4.3.2 Approximate values for g, and 81
for the PI controller at various

mesh sizes. .
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points in time and space, it is tempting to try and devise a controller
based on the long- term predictions made possible by this knowledge.

Recalling that g

1 2t L | (4.3.25)
b - ¥ e t¥pe” LI |

A~

long term steady state operation requires that ®; =0 and &, = 0, giving

%5 . T YV T CONSTANT | (4.3.26)
Hence equation (4.2.42) is transformed into equation (4.3.19),
E - 5)(E ~I) - g enfp 5E, =0, | (4.3.27)

and we thus have the predicted value of g necessary for steady state
operation based on the flux distributions at time t. This predicted
value can then be used until an updated value is available at the next
iteration. It was fom\d that this method .did not give comvergence any
quicker. than the simple conf:mller previously described and, henceforth,
the simple controller wiil be used. We conclude, then, that the diffusion
controlled time constant of- the system 1s sufficiently long as to make

the control of the simulation an easy task.

Although the transformation techn_i_quediscussed in section 4.2
provides computational savings in transie:\frl‘t\ studies, nunerical'experiments
have shown that as the system approache's steady state, no computaticmmal
gain occurs since all methods dampen out to tfu_a_ same answer. This occurs

for the system under consideration since the time step size, at, is
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limited by stablllty con51derat10ns The problem is inherently non-
linear and subject to instability due to feedback of the controller

and system parameters This stability limit was reac.hed at a small At
since the radius of the reactor cell is small; v &t/Arz £ 2— for numerical
stability for thls example. For the more general case truncatlon error,
not stability, is the major limitation to a At increase (35). Thus,

in general, the ti‘ansfc;'umation method will give a cost saving even as
the perturbations dampen out because it will have provided a more
accurate solution. throughout the transient and hence will have accu-
milated less error at any time during the transient. For these general
systems, in which the stability criteria imposed on At by the small
radial dimension is not present, large At's can be used and the control
situation. should be re-evaluated.

While on the subject of numerical details, we must consider the
cost of the simulation study. Numerical experimentation has led to the
following rule of thumb for ty'pical case problems on the CDC 6400:

TIME/TTERATION = 12 + N X M/lZO seconds (standard ADI Ferguson

et al (35), etc. )

= 12 + N x M/75 seconds (transformd ADI). (4.3.28)

From given initial conditiors appreximately 2.5 X 107> seconds of reactor-
time are required to bring the system to steady state. Stability limita-

tions dictate that At X M < 2.5 % 10~ seconds and so

TIME TO STEADY STATE

L

12 + N x M3/12 seconds (standard ADI, Ferguson
et al (35), etc )

12 + N x M3/7.s seconds (transformed ADI).(4.3.29)

14
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Typical running times Tequired to convérge upon steady state are 95
seconds for N=5 and M=5-'and 2000 seconds for N=11 and Me=1l. These
are apprbximate times and will generally give the 4bsolute steady state

% :
criticality condition to 0.1% or 1 mk. Axial perturbations may require

additional time since the large axial dimension of this system increases .-

the time constant for the pinpagation of axial perturbations.

4.3.4 'NUMERICAL DETERMINATION OF REACTIVITY INSERTIONS

As poi'nted out iIn section 4.2, the motivation for resorting to
nunerical simulation rather than flux synthesis techniques, for deter-
mining reactivity insertions caused by a system perturbation, is that

the detailed flux distribution perturbations must be accounted for. The

procedure is to compare the two cases, perturbed and nominal; the differ- g

ence in the gain, g, defines the magnitude of the perturbation. In order
to ensure that the small difference between the two numerical sol-u’tions
is meaningful, a test is carried out in which the solution ;:an be ccnn;
pared to an analytical solution. Thus, the case of uniform voiding is™
taken using the nominal LATREP Predicted parameters fitted at a void

fraction, a, = 0.0. Table 4.3.3 compares the mmerical predictions with

the analytical solutions. We see that it is possible to obtain an accurate

estimate of reactivity perturbations by mmerical means.’
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.

i

NUMERICAL
ANALYTICAL N=5,? M5 Ne5, Mell
a=0.0 ° 1.00000 .997668 . 1.00034
=01 .98676 ;992274 .98617
pg 0.01324 .005394 0:01417

2

Table 4.3.3 Comparison of reactivity insertion detemumtlons
by numerical and analytical means.
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| FLUID MODELLING . =

5.0 INTRODUCTION

The generalized maés, momentum and energy equations for milti-
phase flow systems, as presented in apg?ndii 9, are-well.ynown. waéver,
their pfactical utility in describing,%hé fundamental phendmena of forced
‘ éOnvective chammel boiling is preventedlby;the ggamet;ic complexities
‘ and the lack of information on the interphase ﬁass,'nnmentum and energy °

transport involved. Consequently, the bulk of the resedrch has been

"directed towards experimental correlati n development ) to_proviﬁe the
data necessary for the engineering design of heat transfer systems This
-plan of attack for de51gn is still appropriate today but to a lesser
degree. It is becoming 1ncge351ng1y evident that, 1p ‘the design of
nuglear reactors, an underétanding of the basic phencﬁhna is needed in "
o‘:ée to prov1de an accurate a pr10r1 design. In thlS way, as the size
and capacity of the systems grow, the dependence on expeh51ve prototypes
is reduced. The economic savings both at the design stage and at the

_ startup stage can be con51derah1e. .. =; .

Early attempts (45-57) at modelllng two-phase flow were little
more than extensions of single-phase p1pe~f10w analysis with & heavy
reliance on experimental corfe}ation and §iﬁplified flow equations
' characteristic of single-phase flow. It wa§ soon recognized, H;;ever,

that the flow pattems of the void, velocity,Qﬁé enthalpy distributions
119

p
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played a major role. Attempts were made to account 'fo'r this effect by

enpiriwﬂfﬁélmeatmgih&ﬂ% regimes (48-51), by using separate

E equgtions:. for each phase (SZ-.SS)',‘ and 'by formulating solutions appro-

priate _fﬁ“a\p\articular flow regime (56,57). _
Levy (48) developed approximate solutlons for the annular flow
region and later (52) formulated a momentum exchange model using separate

momentum equatlons for sgach phase Based on this momentum model, a-

: tm‘bulent mixing length theory (58) was also proposed to describe the

flow. At about the same time, Grlfflth et al (49) developed a sl

‘flow model based on the mixture momentum equation and Bankoff (50)
mvestlgated a variable cTen.s:Lty smgle—phase model usmg the usual pipe
flow analy51s for smgle-phase fluids. Sepa;rate mass conservation equa-
tions for the two phgses were used by Houghton (53) assmﬁing equal velo-
cities for each phase. He fotuﬁd evidence to suggest that thermal equiliﬁ-,

_ Tium conditions do not generally exist in practical forced convective

boiling systems. Quandt (59), Meyer et al (60)
made a significant contributi9n By considering the
for .all three mass, momentum and efzergy equations. Recently, Lafsen (55)
used separate two—phasei mass and energy equations tg; study subcooled
boiling and Ahmad (10) used separate energy equations to describe the
flow over the total heated_lehgt_:h.

These investigations, among many others, vary great-ly in the

" details of the appmach taken but they all have major restrictions in

common., They are c:haractenzed by the use of only a few of the six
-—conservation equatlons ‘the state equation and the\ibmdary conditions
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: - . e
necessary to fully describe the system: The equations or conditions

not used are replaced by empirical ekpressions which have iimited
apbliqabglity. ﬁor'instance, the energy equations‘EIe often replaced
by assuming thermal equilibrium and the mass balance equations are often
replaced by afpostuleted vapour growth correlation.,

These works are also characterized by an iﬁﬁroper CToss sectional
homogenization procedure. In this procednre the vaIUes of the dependent
variables, v01d fraction, velocity and enthalpy, areﬂassumed constant
over the flow cross section. The radial dependence of the igtegral
equations can then be éirectly integrated out. However,‘the‘iﬁtegral )
equations are non-linear in the dependent variables; this.leads_to
errors in the above procedure. The proﬁer ayeraging procedure is to

radially integrate the terms of the integral equations rather than the

b - H w

dependent variables.

\ Zuber et al (11,12) have made significant progress by recognizing
this error. This led to the use of distribution parameters ds discussed -
he?ein. Additionally, this was the first successful treatment of sepa-
rate mass equations. The effect of velocity slip between the two phases
ie'empirically accounted for but thermalkeduilibrium and fully'developed"
"flow profiles are assumed The thermal equ111br1um assumptlon was

removed by crude emp1r1c1sm in a recent extension of this work (62).

In a more successful extensiom of‘Zuber s model, Hancox et al (13,14)
removed the thermal equilibrium assuﬁption by the use of the mixture
energy equation. Fully developed flow profiles were not assumed but

slip was neglected to facilitate the solution procedure.
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These lateet works represernit the state of the art. Althoﬁgh
eﬁperimental correlation has been reduced, it is still required to S
campensate for the assumptions made. The trend seems to be towards the
full utilization of the fundamental equations with an associated‘broadene

ing in the range of epplicability.

5.1 THE PHYSICALIWIDEL

| Before 1nVest1gat1ng the void " formallsms we consider the physical
model apprdprlate for this study. The discussion of the reactor model
in section 4.1.1 defines the geametry of the coolant channel. The
coolant water, then, is confined to flow uﬁﬁards between the fuel pencils
in subchannel flow at the naminal opefating pressure and flow rate.” The
ﬁresené methodsief subchannel flow analysis (63-69) do not allow us to
be able. to adequately describe inter—subcﬁahﬁel mixing; present models
cempensate for thls by 3551gn1ng an equ;valent heated and wetted peri- (]
neter. As we shall see, the neutronic behaviour of the reactor system
is not sensitive to the detailed subchannel radial void distribution. ~
But the subchannel detalls are important in the determination-of the
radial average vo;d ‘fraction. This radjal average void fraction can

have a profound effect upon,reactivity, as noted in section 5.6 and

in chapter 6. -

5.2 SIMPLE VOID FORMALISM
s

2

Herein, we consider a simple model for illustrative purposes
and .to assure ourselves that, indeed, a more sophisticated model is

necessary to describe forced convective boiling in nuclear reactors.



123

The following assumptions are imposed: -

1) thermal equilibrium exists between the 1iqﬁi@ and fapour
phases; : .

2) the fluid properties, such as phase density-;;;\zgfént
heat, are constant; ' '

3) there is no slip between the two phases;

4) hnnngeﬁization of the liquid and vapour phases in the
radial direction is valid. ‘

The configuration appropriate is one-dimensional, cylindriéal geametry.
The flow is axial only, with z = 0 at the coolant inlet.
I The equations of continuity in the steady stste are known to

be (70,71)

P

d . 2 o

H? (m’)‘gu) =T (5_.2.1)
and

%E (@-a)s) = -1, _ - (5.2.2)

where the subscripts g and f refer to the vapour and liquid phases

respectively and where

[}

a

void fraction = a(z) [dimbﬂsionless] ,
fluid density [gn/cns] |

1]

&

z = axial coordinate [am] |,

v = veiocity (vg = v ='v) = vw(z) [em/s]

and
A

vapour generation rate = T (z) [gm/c:m3 s] .

-1
[}

Rearranging these equations and integrating gives
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v(z) - v(0) =-3‘l‘§-'- rdz - | ‘ (5.2.3)

L] 0 )

where 4§ = 'Gf -6 .
g
But for thermal equilibrium, we require

r=gi'a (5.2.4)

where g'!* [cal/cm3 s] is the heat £lux through the fluid surface into
the fluid volume and A [cal/gm] is the latent heat of véporization. But, .-

g't is proportional to the radially averaged thermal neutron flux, 5.
Hence '
gt=zglt e, (5.2.5)

where gt [cal/neutron cm] depends upon the neutronic properties of
the fuel, and | |

ssgltt [F | '
v(z) - v(o) = TEo ¢(z)dz . (5.2.6)

g o

Employing the definition of average density (Gf v(o) = vaﬁg + v(1-a) Gf)

to equation (5.2.6) we obtain, after rearrangement,

afz) = —15—* 1- :(0) Z
6 tter B
0’3? v(0) +=-§-§°T ' Fx)dz | . (5.2.7)
fg )

0

The above derivation represents a special case of the more general deriva-
tion of Hancox, which includes the effect of radial inhomogeneities and

incorporates an experimentally correlated vapour generation function.
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Figure 5.1 shows a tamparison of this theory with experimental
data based on an uniformly heated channel as cited by Hanéax and

defined by table 5.1. The example chosen for camparison was one of low
inlet subcooling, not fully realist-ic in view of current reactors. A
cdxﬁparison with a higher sub-cooled case, that is, higher departure

from thermal equilibrium, will result in a mich larger discrepancy.
between mod;ib‘si"ﬂmd experimental data. There are at least two deficiencies
in the foregoing model: (1) failure to account for inlet subcooling;

and (2) j:_'ailure.tor account for radial inhomogeneities. T'he,neces.sity

of a more sophisticated model is indicated.

5.3 ZUBER'S MODEL .

As mentioned previously, the work of Zuber incorporates a better
void generation model to Teduce the error due to subcooling effects and
uses distribution parameters to account for the radial inhomogeneities.

From Zuber et al (11,12) we adopt the following definitions:

j = axial veloc;.ty of the center of volume [cm/s];
ng = drift velocity of the vapour w.r.t. jlam/sl;
ij = drift velocity of the liguid w.r.t. jlecm/s]; ‘
vg = local velocity of the vapour [em/s];
vg = local velocity of the liquid [em/s];
@ = local volumetric concentration of the vaopur [dimensionless];
jg¢ = volumetric flux density of the liquid [aw/s];
j = volumetric flux density of the vaopur [aws]; “ 5 .

.
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FIGURE 5.1:. Comparison of void fraction, a, as a function 6f heated
channel length, z , as predicted by: 1 - simple model;

2 - experimental data.
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— "

PARAMETER

///"ﬂ- VALUE

HEATED PERIMETER 12.5 cm

. WETTED PERIMETER 12.5 am
FLOW AREA (RECTANGULAR) 4.89 an’
PRESSURE 1.38 MN/n°
SUBCOOLTNG 30 ¢
FLOW RATE - 1158 Xgm/m’/s
HEAT FLUX 71.5 KW/m’
LENGTH. 1.27 m

Table 5.1 Parameters for model comparison.
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v = relative velocity between the liquid and vapour phases
[cm/s]. From physical considerations the relationships between these

velocities and void fraction, a, immediately follow:

Jg= @-a) ve s | (5.3.1)
jg = v ' (5.3.2)
Jomdprig= @e) vgta v (5.3.3)
ij = Ve = iy - ' ‘ '(5.3.4.)
ng = Vg " s (5.3.5)
Vp = Vg " Vi . (5.3.6)
Ves = = @ Vi o (5.3.7)
Vi (1-a) v ; (5.3.8)
and ’
Vg " Veg 7 o | s

It has been shown that the form of the drift velocity, Vg is

j’

V.=v @-a", (5.3.10)

gl

.

where v_ is the terminal velocity of a single gas bubble and m is an
exponent varying with the flow regime, The explicit dependence on a
is evident.

The differential mass balances for the two phases are
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m v Q@ } 8 = | 5
i A R (CEOR R (5.3.11)
and ‘

3(ad -

..._:_t.g)_ + v . (gag vg) =T , (5.3.12)

where the densities of the, two phases are denoted by §¢ and Gg and the
vapour generation is T. Rearranging these two equations and employing

the previous definitions lead to

2
‘a—z [ (1-a) Ve + uug:l 57

€

n .
|

= vf —3)
6g Gf £ Az
36 a3
. S8 (B D) . - (5.3.13)
3 3t Ug 3z 'A’ A

g

Integrating with respect to z gives the volumetric flux density along the
channel length. |

In general, the vapour generafion term, T, is specified by the
constitutive equation for the process in conjunction with the energy
equations. For the'sﬁeciél case of thermodynamic éQuilibrium,'thé energy
equations alone can be used to specify r. Additionally, since a detailed
knowledge of the energy interchange between the two phases is not avail-

able, only, the mixture energy equation is considered. This equation is

given by | )
DGE ' DE .
. £t - =
(1-0) 6¢ g+ @ 6 fe= + T(B, - Ep)
E - .
= "h 9P , o 3p g
=h, 8T = * 85 3¢ * S5 5% (5.3.14)
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where
Df = E.._ + 9
D=3t " V£ ¢
D |
EB_ = .-a__ + v a_ » t
t at g 9z
Gm z (1-a) ﬁf."' ad , V.
ufZ N
Ef = lf "‘--z—g::—* ¢p »
v 2
E =i +8-+0¢
g g 7% "
ip = liquid enthalpy [cal/gm]
‘ig = vapour enthalpy [cal/gm] |,
o, = potential energy (normally independent of t) [cal/gm] ,
h, = heat transfer coefficient [cal/cmz's °x] , °
AT = subcooling [°K] -,'
A = flow area'[cmz] ,
g, = heated perimeter [am] ,
g. = proportionality constant [gm cmz/cal 52] ,
gy = propoftionality constant [cal/cm s-dynes]
and
P = iare_ssme'[dynes/cnnz]

For thermodynamic equilibrium, the left hand side of equation (5.3.14) can
be determined from the equilibrium enthalpies. Hence T is easily‘deter-
mined directly. For non-equilibrium conditions, however, a con- @

stitutive equation is required. In addition, the momentum eduation
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would be required to specify the system pressure variation. For Zuber's
model, however, equ111br1um is assumed and hence only the mixture energy
equation is needed. '

The foregoing equations, then,‘ﬁlus the éppropriate boundary and
initial conditions specify the void propagétion ﬁf‘the system. Zuber
continues, at this point, to develop equation (5.3.12) into the 'void
propagation equationt, '

oa Ja ) | :
—a—f'*U-é—z-=N , : _ | ‘ (5.3.15)-

in analogy with klnematlc waves. Here U, the veloc1ty of the kinematic
\\.’

wave, and N, the characteristic reaction frequency, are defined as

_ v, -
Usj+ ng +u—§-§l ' _ ‘ (5.3.}.6)
and -

S . P
N=3t = +al-a) [ 52

f g :

94 as
%E Gek *+ vy 591 . o -(5.3.17)

Finally, in order to avoid hdving to deal with the detailed inter-

facial properties of the two phase system, the integral formalism should

be used rather than the differential formalism presented above. We use

the zeroth and flrst moments of the quantity W over the cross sectional

area, A, that is,

S = AL LWdA | (5.3.18)

o

e e e oo
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and

W= <a> 1 g™t [ e Wdh . | ' (5.3.19)
A : .

Introducing the distribution parameter, C_,

_  <aj> .
Cd : oy ‘ . (5.3.20)
we obtain
I<a> C. v +'ﬁ + < ;13§gj ;'COAG ‘ '<F>dz) d<a>
ot o '£fj T gl T "% Bea> T o 5 dz
. Z, .
C_ AS<a>
= (- 2—) <§> , (5.3.21)
g
Y
where AG

Gf Gg’ and z_ is the point at which vapour genefation begins.
Zuber has shown that C varies between 1.0 and 1.5 for developed flows
and can be less than 1.0 for the subcooled b0111ng region. Also, both

C and'\7gj remain essentlally constant for a given flow reglme Adequate
experimental agreement has been found by Zuber .provided the limiting
assumptions of equilibrium and fully developed flow are not_v1olated.
Expetiméntal correiatibn was necessafy in order to evaluate the distribu-

tion parameters and places added restrictions on the general applicability

E éf Zuber's model. ¢

5.4 HANCGX'S]WJDEL .

Hancox's wnrk is based on the foregoing model of Zuber. There
are two major distinctions in Harcox's model: D) thermodynamlc
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equilibrium and fUily develdpéd flow are not assumé&; and (2) the
‘relative velocities of the two phases is set‘to zero. The first distinc-
1tion_is.a necessary upgrading of the past work, allows the extension to
subcooled flow and permits the effect of undeveloped flow profiles to
be taken into account empirically. The second_,distincfion is a step
backwards and was taken in order to permit a more tractable system of
equations.' This is an undesirable approximatioﬁ but in préctice most
situations are at a high enoﬁgh velocity for the effects of this assump-
.tion to be sﬁall. :Qlﬁs, the distribution paramete;s were still obtained
) by-experimehtal correldffgg;'rathér fhan'by independent experimental |
analysi$. The equations of Hancox, then, are similar to those previoﬁsly
presented except that now the vapour generatihg funbtion, T, requires “
the addition of constitutive-relatioﬁships. | _

Based on poStulated,physicai events, Hancox et al found that the’

.- . s . . +
position of significant void formation, z, » occurred at

0.338 : ’
2t =1 - L6ZRe) , | (54D

1 . ‘ . !
where ) ‘
R, = Reynolds number = & ”i.De/ﬁf [dimensionless] ,
v; = inlet velocity [am/s] ,
D, = equivalent diameter-[cﬁ] ,
ug = liquid viscosity [gm]cm s] ,

Zl = Ih AEl/é{“ Eh [QTIJ »
AE; = inlet subcooling [cal/gm] ,
m = mass flux [gm/s] |,
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and - '
q'* = heat flux [c:al/cm.2 s)
The subscripts,™and ', are defined by:

+ = dimensionless w.r.t.

233 .

' = dimensionless w.r.t., D

1

e’
The heat transfer coefficient was found to be

h, = 0. 10 ('R )0 662 pv (5.4.2)

where kf = liquid thermal conductivity [<:al/cm2 s °K]
and . .
Pr = liquid Prandtl mumbgr [dimensionless] .
It was further postulated that the vapour generation led to a vapour |
layer growth at saturation temperature. Describing this by conservation

of mass and energy leads to

<T> = T [1- (1-3)1/2 E*/Eg] . E* ¢ Eg >
=0 E* > E* (5.4.3)
where _
* = ] ' : . 4
Eo = c:p qw‘/h0 AE [dimensionless] |,

n =4 )/, ok v’ <1,
liquid specific heat [cal/gm °K] ,

bar
1}

e

ey
*
1]

(E, - <Eg>)/ AE [dimensionless]
R, - E, [cal/gn] ,

[
23]
N
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Ef'sdliquid enthalpy [cal/gm]

E, = saturated liquid enthalpy [cal/gm] ,. o o -
E, = saturated vapour enthalpy [cal/gm]
and .
.t 2
q, = wall heat flux [cal/Cm s)

.Inherent in this farmulation are the many assumptions redﬁi;ed by the
empifical analogies used.
By assuming that the vapour is at saturation and that the drift

velocity is zero, equations (5.3.15) and (5.3.14) are transformed into

U é<ﬂ> = N .

<> '
ey, ey D R
. , C
and
E oy N, (5.4.5)
where
: . aC
U, = [C0 + 3<2> <a>] <u> (5.4.6),
- - ’ Q - -
N = [1 -G, <w> 86/8] Lo, (5.4.7) -
- g
C,(A~C_ <a>) <u>
v 2 it
e = o . (5.4.8)
l .
. and
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N
-, - (WEX)<r> - C, 1-¢ <E£><r>
NE = Cl P + [qu-f 1@ - C0 fa>) Aé/ég + Cl ]'5f N
‘U. 3C, " C U, o< . :
+ [—Ei 2, (2 f> 3<a> (5.4.9)

C, 9<e> Q:{ B 1) <l-u> GfAE 3z

Thg'aboverexpréssions eﬁﬂioy the definitions,

-

<(1—u)Ef> I
17 Twag

<(1-a) UfEf>
2~ <(T-a) ve<E>

-

The lack of experimental data on enthalpy distributions dictate that

these two parameters be set to unity, as would befébe case if the value

of either (1- a) ug Or Ef was independent of rad1al ‘position. Emplrlcal

correlatlon gives the functional form of C as

1- exp(—C 10.)
Co = TopC col) (1 +C2) -Copo
where -
| Cq = 15}3\f-~., ‘
' / , .
_ ) N A I
~ Cgp = 1.164 - 1.14 x 107 P + 0.357 x 10°° P
and

P = pressure [psia] .

(5.4.10)

Some discrepencies in model-experiment ccmparisons‘;gose.and it

appears that geometry is the cause. This indicates that one should

/

exercise care when extrapolating the model beyond the range of present }
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experiments.. Hancox's model includes the momentum equation analogous

to that of appendix 9, with constitutive relationships for wall stress,

velocity profiles, etc., to provide the pressure drop of the channel. He
also considers two forms of pressure boundary_conditions: open ended

and fixed préssu;e drop. The fixed pressure drop condition dictates the
simultaneous soiutibn of the mcméntum equation with the mass and energy
equations on an iterative basis. With the épen ended pressure condition,
the momentum equation becomes uncoupled and a march procedure is applic-
able since the equations become parabolic. The fixed pressure drop is
Tealistic of reactor systems and can lead to sustained ‘flow oscillations
of significant magnituée. For this reason, the consideration of this

system is important and is presently being investigated on many fronts

as summarized by reference (72). But, for the steady state medels of

interest to. this dissertation, the open ended pressure drop boundary

condition is sufficient.

S.5 MODEL COMPARISON

We are now in a position to test the models derived in the

. previous sections. Maintaining the same channel conditions as in the

comparison of the simple void model, figure 5.2 shows the preaictions

“of the model. We note that it i§fnecessary to use Hancox's model for

good data fitting. The difference between Hancox's model in the
homogeneous approximation and the above simple model is due to the
better void generation model used by Hancox. The difference betwéen

the data and Zubfr's model can be attributed to the assumptions of

\4-
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channel length, z; as predicted by: 1 - Hancox's model in
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theymal equilibrium and fully developed flow.made by Zuber. As Hancox
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shows, his model is sufficient to adequately represent the boiling '
process in chamnel flow for a wide range of parameters. We conclude
tﬁat Hancox's model adequately represents the fluid boiling, based on |
the experirﬁental data available to date.

. Although the best available model has been identified it is
important to realize the rather severe limitations when applying it
to boiling-ligﬁt—water nuclear reactors. The experimental data used by
Hancox et al and Zuber ét al is restricted to simple geometric channel
cross sections and channel lengths less than 1.5 meters. The geametric
cross sections are, in _reality, not simple and lengths are of ‘the order
of several meters. No void fraction measurements of in-core coolant -
channels have been made for the CANDU-BLW and, hence, the predictions
of the \}oid-models will be taken with some reservation.

The diréctiops for improvements on these models are clear.
First,'the distribution parareters must be correlated ﬁo the flow
regime.. Second, tﬁe best features of both models should be brought
together by removing the zérq slip assumption in Hancox's model. This
© will be necessary especially for such regimes as ammlar flow. Altema-
tively Zuber“‘s model could be extended by employing constitutive
relationships to arrive at the same end. These two areas are being
investigated by Younis (15) at present. Thirdly, extension of the
experiments to that of typical nuclear react;:rs is necessary as noted

above and in the following section.
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5.6 EFFECT OF ERRORS IN HANCOX'S VOID MODEL

We now investigate.the effect of paragetric error on the predic-
tions of Hancox's void model in ﬁrder to provide direction for future
research. The input parameters of the void model are given in table 5.2.
The associated errors given are approximate errors, 3551gned as reason-
able. The void fraction errgrs as introduced by these error perturbatlons
are given by table 5.3. In addition, the sensitivity of the predicted
_ void fraction to variations in the parameter C and the subparémeters
Co1 and C o2 of equation (5.4.10) are shown. We see that the errors
caused by the input parameters are not important compared to the 1nherent
errors in the model itself, which could easily lead to errors in the .
nominal void fractlon of more than lOa as estimated from previously
published experimental—theoretical comparisons (13,14).

As was the case for the neutron model, in which the parameter
enf encompassed the shortcomings of the model, the void model contains
the.distribution parameter, C,, to which the system is sensitive. This “
parameter can be estimated consistent¥ to within small error bounds by
experimen;al correlation, but conversely, a small error in Coﬁ}eads to
ﬁ@ﬁkﬁpmﬁminmﬁfmamnmﬁkﬁm& Consequently, the
model should not be used beyond the range of the experimental data.

This indicates some directions for future invesitgations. First, the
implicit dependences inherent in the formulation of Cj should be removed
~ to reduce the systems sensitivity to the experimental correlation errors
LY

in C,. Second, the range of experimental data should be extended to

the actual conditions of boiling-light-water reactors in order to

3
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PARAMETER

__VALUE

P

HEATED PERTMETER
WETTED PERIMETER
FLOW AREA
PRESSURE
SUBCOOLING

FLOW RATE

CELL RADIUS
BUNDLE RADIUS
CORE HEIGHT
AXTAL MESH
QUTLET QUALITY

|3 N

1.335 m + 1/2%
1,665 m + 1/2%
30.674 cm® & 1/2%
6.39 M/m” + 5%
12° C + 5% |
4140 Kgn/m® s & 5%
15.75 en
6.37 am
290 cm
21

90%

Table 5.2 Parameters for semsitivity analysis.
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evaluate the model error more éccurately and to provide insight~into

future model formulation. | § i ‘
To appreciate the effect of the void model errors on the total

system, a éimulation Tun was carried out in which the void fraction,

as predicted by Hancox's model, wﬁé reduced everywhere by 5%. This per-

turbation on the nominal case of 90% outlét quality inserted 10 mk negative

1

reactivity into the system. It i$ important, then, to be able to o
predict the void fraction by better than 1% if an accurate knowledge .

of the system behaviour is to be determined. As we shall show in

chapter 6, the average void fraction is of prime importance, but also,

the axi§l distribution of the void kraction can have a considerable

effeét on reactivity and power distribution, affecting both the steady |

state case and the transient case.

5.7 NMERICAL SOLUTION OF THE DIFFERENTIAL EQUATIONS

The mSS, Momentum and energy equations as developed 5} 2ﬁber‘
(11,12) and by Hancox (13,14) are non-linear, first order differential
equations in the steady state. Since only the inlét conditions are
specified, the numerical solutions to these parabolic equations are .
‘easily obtained compared to the neutron equations. The compﬁter code,
see appendix 10, as developed by Hancox, solves the one-dimensional
equations by fourth order Runge-Kutta mumerical integration (37).
Computation time was small compared to that for the neutron equations
and hence, no development work was necessary. ‘

By numerical experimentation, it was found that less than 1%
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_error in void fraction determination.could be obtained with 21 axial A

mesh points. Further refinements’are not necessary since, at 21 mesh points

points, the errors due to finite differencing are much less than those

due to parametrié and modelling- errors. Furthermore,‘ 21 mesh points

aremore than sufficient to describe the axial void distribution for

use in the neutron model since, at most, 11 axial mesh points are

used for the neutron model due to similation cost 'considerationé.



CHAPTER 6

~ COMBINED MODEL ~ INTERACTION EFFECTS

6.0 “INTRODUCTION

' Having defined the best available madels for the system in the

} previcus chapters as thé two-group neutron diffusion approximatian and
Hancox's void model, the'ne%t step is to combine the modelsto determine
the effect of void distributions on reactivity and the effect of neuéron
flux distributions on void distributions. This will enable a more

realistic experimental design by indicating problem areas and will also

< )
provide the theotetical predictions for future comparisons with experiments.

The next three sections are devoted to the direct effect of
variotis given void distributions while the remdining section discusses
the steady state perturbed neutron flux and void distributions due to

“the interaction between power and coolant voiding.

6.1 EFFECT OF UNIFORM VOID DISTURBANCES

As discussed in chapter 4, criticality ina nuclear reactor
system can be maintained after a reactivity disturbance by the adjustment
of a material or geometric parameter.- In section 4.1, the axial buckling,
(w/H)z, a geometric parameter, was used to maintain criticality in
simulating the air-injection experiments since this was the method used
in the experiments. This allows the mbdeis to be compared directly to
the experimental results. An alternative method is to adjust the
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multiplication constant or reactivity, as in section 4.3. This simu- <7
lates the action of control rods, the method of control for conven-
tional nuclear reactors.  In this manner, a direct camparison can be
made between the reactivity inserted and the prompt critical limitation
' 2

of approximately 7 mk. N

The analytical two-group model of section 4.1 is used herein to
find thefvalueof the gain, g, necessary to maintain criticality as the
void fraction is varied from 0.0 to 1.0. The system parameﬁers are as
given pféviously by LATREP aﬁd are implicit fimctions of the wvoid fraction.
The buckling is held fixed at 1.17 m 2, the critical value for a = 0.0.

The critical %ﬁlue of g, a function of «, gives thé reactivity insertion

necessary to counteract that due to voiding via -

/ ! .
. fp|_ - enfp| .g(a) '
lp(a) 2 lf‘]fp!an s . . | S(6.2.1)

The reactivity insertion due to voiding is, then, from equation (6.1.1),

p(e) =1-gl@ E (6.1.2)

and is given by figure 6.1. We notice that the Teactivity insertions due
" to changes in the average void fraction can exceed the prampt éri;ical

llmltatlon

Figures 6.2 and 6.3 show the radial flux distributions with the
characteristic flux flattening under voiding conditions due to increased
diffusion lengths. The axial distributions need not be glveﬁ*51nce they
remain unchanged at the furdamental mode for wniform voiding.

The effects of a variations represent the first order effects of
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coolant voiding. Second order effects due to spatially non-uniform
AN :

v01ding are given in the subsequent sections.

2

6.2 EFFECT OF RADIAL VOID DISTRIBUTIONS

As we have 1nd1cated the present void models are not capable
ef giving the radlal void-distribution for the fuel bundle flow of our
system. We must resort, then, to u51ng radlal v01d dlstrlbutlons con-
sidered reasonable for this system. - Considering the fuel-coolant hamo-
genization necessary in the neutron model, there is no need to postulate
the- detailed sﬁb—channel void distributiong. Rather, it'suffices to
describe the overall radial trend. Since ihter—subchannel mixi g is .a
’Vlgorous process 1n forced convective flow in bundle geametry, \we might
expect this effect to dampen out any radial void vafiatlons. The main
cause of any gross radial void dlstrlbgtlon would be the radial power
distribution, proportional to the fﬁermal flux distribution. Since the
thermal flux is depressed in the fuel reglon and rises as the radius is
1ntreased ‘one would expect the void distribution to follow the thennal
flux distribution.. The thermal flux varies no more than 50% across the
feelecooiant region, less as the void fraction increases. This plus the
inter- subchannel mixing suggest only a modest varlatlon in the gross
characterlst1cs of the radial v01d dlstrlbutlon To evaluate the magni-
tude of the_re&ct1V1ty insertions due to rad1a1~void distributions, two
extremes Qere taken. The first case studied was_for'a central void
(0 s T < a/2), where a = radius of fuel-coolant region, surrounded by

anannulus of a non-voided coolant (a/2<r ¢ a) witha = .5at r = a/zl
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The simulation was undertaken to calculate the é}itical values of g

fdr this case and for the case of uniform voiding with thé same average
void fraction; As before, the difference in the critical values of .g
gives the reactivify perturbation introduced. The second case studied
was with the void in the outer annulus of the coolant region, represent-
ing the mirror image of the first case.

- Table 6.1 shows the perturbation due to the radial void distribu-
tions and figures 6.4 and 6.5 show the perturbation in the corresponding
radial flux distributions. As in section 6.1, the axial flux is not
- perturbed. Cénsidering the magnitude of the perturbation, very little
_effect is seen. We thus canclude thag radial void distributions have

little direct effect on flux distributions and reactivity and that one
can similate the void—;eactivity effect usipg a flat radial void distri-
‘bution with little erfor provided the local average radial void is
correct. |

| This does not mean, however, that we can subsequently ignore the

radial void distribution. This prediction should be verified By‘experi-
ments. Further, the fadial void distributioﬁ is conceivably quite inport—
~ant in determining £he void generation in a voiding chahnel and conse-
quently will.affect the average void fractiéns, Subcharmel experiments
_are needed to give some insight into this effect.

For the purposes of the numerical simulations of the.neutron
model, it is tempting'to conclude from the above discussions that the
system becomes one-dimensional in the axial direction and that the radial
dimensién need not be treated numerically when uniform radial voiding

suffices. A two-dimensional model is still required because the void



152

} &
Ve
.l
U
- ) GAIN, g '
RADIAL DISTRIBUTION _ -
CASE 1 CASE 2
CENTRAL VOID ANNULUS }/OID
a # a(r) . 0.9385 o.seﬂz
a = a(r) 0.9366 . 0.8785
ag 0.0019 (v2mk) 0.0057 (n6mk)

Table 6.1 Reactivity insertions caused by radial void distrib&xtions.
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fracticn remains a function of axial‘bosition, z, causing the Tadial
flux'distributions to change as a function of axial position.  The mis-
matches which would occﬁr at the axially discretized region boundaries.
of a one-dimensional numerical approach prevents the adoption of such

a scheme.

6.3 FEFFECT OF AXIAL VOID DISTRIBUTIONS -

To investigate the effect of axial voiding, three distributions,
all ha&ing the same average void_fraction, were used. The full range
of averdge void fraction was covered. First, for refereﬁce purposes,
¥ uniform void was introduced and the simulation was run to steady state
noting the steady state value of g, the reactivity parameter. Second,

a step change in the axial void distribution was introduced and third,
the void distribution as predicted by Hancox's model was used. ' In each
~ case the average void Fraction was thé same. Figure 6.6 shows the
typical profiles used. This was repeated for variocus average void
fractions to obtain figure 6.7. Plotted, as a function of average void

fraction, is the difference in the criticality gain parameter,

7 Ag = (g ) 4 ) H (6-3-1)
‘ void profile 1 'void profile i

giving the reactivity insertion due to the change in axial void profile

from the flat profile.
i} For the step profile, negligible reactivity insertion occurs;
For this particular void profile, the change in reactivity induced by

- the uﬁper half of‘the cell cancels the change in reactivity induced by
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the iowgr half. Using the void profile pfedicted by‘Hancox‘s model we
see inhérently different reéults. For low voiding, negative recactivity
feedback 1is introduted, whereas,Afor high-void fractions, positive feed-
back 1is introducéd when changing from a uniform distribution to the non-
uniform distribution. The important conclusibn to be drawn is that the
effect of the axial void distribution should be considered in the design
of the nuclear reactor, consequently reducing the need for post¥startup
control systems. Considering the érrors inherent in the present para-
metric data, one might expect difficulty’in designing a stable reactor. How-
ever, subsequent modelling, based on more reliable parametric data would
provide the tools needed to complete such a design.

In general, the design criteria for minimizing the feedback due

to system fluctuations would be
min T w, o. (8) 228 (6.3.2)
g, i * T %84
=i

where o, the reactivity, is a function of all the parameters, 8;, in the

set, B. The coefficient, 0; s is the standard deviation of theparameter,

Bs and in general may be a function of the operating conditio
éoefficient, w; 5 is the weighting factor assigned to each effect
yould; pré}ﬁmably, by unity unless emphasis on a selection of effects

were requiréd. As the function, p(g), camnot be written explicitly for

the models presented here, recourse to mumerical optimization will| have

to be taken when the design is attempted.

—

We have shown here the danger of not including the effect of

non-uniform void distributions. In terms of the criticality condition
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a typical axial void distribution ié.significantly}different from
rthat of a unifﬁrnﬂy'voided system and reactivi%y differences greater
than prompt critical can result. In addition, the critiéality condition
is sensitive to the details of thé void distribution.

It has béen pointed out (73) that thé‘general practice in
reactor designqis to accoumnt for non-uniform voiding by using perturba-
tion theory (28). In brief, perturbation. theory assumes the rieutron
flux is not altered and calculates the réactivity insertion due to
perturbations in the system parameté;s. “The total perturbétion intro-
duced into the.system.is, then, made up of a direct perturbation due to
the chénge in system pafameters and an ihdirect perturbation due to the
subsequent flux distribution changes. The non-linear model of chapter :
4 gives the total effect, whereas pértumbation theory accounts for the
direct effect only. L

It can easily be shown (28) tﬁat the direct camponent of the

perfurbation caused‘by system parameter perturbations is given by

Ag = ( J JV (6D1V¢1 . le +‘621 ¢1 *1 - SGCEhf_Ez)

- 8(PE)) ¢y Yy * D,V ¢ ‘622 ¢, wl)dv}/
J [ I enf Ly ) vy dv . . _ - (6.3.3)
A ' ' X

The total Teactor cell volume is denoted by V and éD, &, etc. are the

perturﬁations introduced into the ﬁarameters by their implicit dependehEe



Q:::’\,::The paramete

— a

S

on'the,void fraction.

- functions of T and z.

160

The terms of the integrations are, in general,

The neutron fluxes, ¢1 and ¢,, can be calculated fram the

criticality equation for the unperturbed system at wniform void,

4 2=9,

as in chapter 4.

fuel-coolant region becomes -

V.Dl'V-El

pzl

r%z
coolant region,

to the moderato i

v

rgenf Ly

(6.3.4)

For our two-group model, equation (6.3.2) for the

(6.3.5)

1 I2» Dy, Dy, genf and p are constant within the fuel-
ut the diffusion terms, the coupling of equation (6.3.5).
riregion and the boundary condltlons give spatially depen-

,Adent fluxes, ¢ ¢,. For the moderator region, equation (6.3.5)
1 2

\
applies if we

edjdint fluxes, y; and ¥, are given by

glu=o0 ,

or, for our model,
V . Dlv - El

genf Lo

v

le

-evaluate the parameters for the moderator as in chapter

(6.3.6)

(6.3.7)

=
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The'solution to equation'(6.3,7)‘is entirely analogous.to equation

(6.3.5).

" Using the parametric values of section 4 1.6 given by the code,

LATREP, we find the value of g neceSsary to give criticality-under a
givenl uniform void condition. Associated with the criticality conditions
are the neutron fluxes, $1 and ¢, and the adjoint fluxes, wl and wz
' WE are now in a position to impose the perturbatlon, a is
chariged to a{z). The new parameters, functions of axial poéifion since
a = a(z), can be obtalned fram the LATREP results. The perturbations, |
8Dy 5 621, etc. are glven by the differences of the new and old parameters.
Equation (6.3.3) can now be integrated numerically to give Ag, the per-
turbétion in the criticality paraﬁeter necessafy to compensate for the
direct camponent of the perturbation. We see, from equatlon (6.3.3),
that the magnitude of the perturbatlon is welghted by the flhxes. Hence,
a local perturbation, say §Z,, at one position within the reactor system
will not necessarily cancel an opposing perturbatlon,.ézl, at.another spatial
position unless the £1ux weightings are also equal; This has given rise
to an alternate name for the adjoint flux, y: the importance function.
Thus, although the average void fraction remains unchanggd, a reactivity
perturbation will result if the net effect of a void redistribution is
to movg-voids into regions of higher or lower flux.

o Application of equation (6.3.3) t§ the step void profile gives
negligible reactivity difference from the flat profile of equal a. This
arises naturally from the sbove discussion. The axial £lux variation is

symmetric about the axial midpoint. Hence the redistribution of «, where
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void 1is ﬁniformly removed From the lbwer‘half.dnd is,uhiformly placed
in the upper half, results in‘the_samc flu; weighting. This, coupled -~
- with the linear yéid fraction-p relationsﬁip'of figure 6.1, gives zcro - A : (//
reactivity insertion. -

However, for the ﬁore realistic profile, given by figure 6.6, con-’ o
siderable reactivity insertion results, as shéwn by the dashed liﬁe-of;
figure 6.8. Using the total perturbation as given by figure 6.7, we find ”\\\H
the indirect component, shown by the dotted area of @igure 6.8. This is . -
‘the amount which would have been neglected if the standard practice, using
perturbation theory, had been employed. We see that the error is impértant
since it is of the order of the prompt critical limitation (vmk).. It is
clear, then, that full accouﬁt of the effect of voiding on reacfivity.mugt

‘be given if a proper design is to be established.

6.4 AXIAL FLUX AND VQID DISTRIBUTIONS

As an illustration of the magn1tude of the flux and void pertur-
bations due to non-uniform axial voiding, figures 6.9 to 6.12 show the re-
dist;ibution of flux starting from nominal opérating conditions of unifofm
voidlfraction (@ = .7) and then introduéing a void distribution as given by
Hancox's model (m%intaining a = .7). Figure 6.13 shows the void distribution
fdr the initial power distribution. The subsequéﬁt.perturﬁed‘void distribu-
tion due to perturbations in the power, remains essentially unchanged froh
the initial distribution. Similar results were obtained for the full range
of a.  There exists, then, a one-wﬁy.scnsitivity betﬁeen'the_neutron flux
model and the void model. The flux model is sensitive to the axial void
distribution, but the void model is insensitive to the details of the flﬁx

’

~distribution, This insensitivity arises because of the effect of two

SN
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compensating events. When the void fraétion is increased the neutron flux
distribution is radially flattened since the neutrons can diffuse more
readily, that is,;D is increased:‘ In the case of overmederated systems,
as considered herein, reactivity is also inserted. Hence, for a void

distribution as given by figure 6.13, the upper regions of the reactor

_experience a radial flux flattening and an axial flux peak due to the

reactivify insertion in comparison to the case of uniform voiding. The
integrated cross sectional power produced, proportional to the thermal flux,
at a given axial'position in the upéer region,vis;then, increased by the
axial flux peaking and decreased by the radial flattening. The opposité
effect happens .at the lower end of the reactor where the void fraction

is lower than average: The radially iﬁtegrated thermal flux, for the
casés_of uniform and non-uniform voiding, is shown by fiéure 6.14. The
neaf eqﬁality of the power generation for the two cases manifests itself in

the one-way sensitivity effect.
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CHAPTER 7

1

CONCLUSIONS .

“
A

/
DISCUSSION L.

To swmna.rize,'the developments as presented herein are discussed
with the initial objective in mind: to present and evaluate models of
the boiling-water nuclear reactor system in order to provide insight for
future simulation studies and éxperimental design.

Based on the present experimental e\}i&ence, it was found that,
for the neutron model, at 1eést a two-group, two—regicm,' two-dimensional
‘model is necessary. ‘For the fluid model, extension of the presenﬁ
models, proposed by Zuber and Hancox, is necessary to realistically
s:hm;iate the boiling chamnel Lmder .reactor conditions. The principie
uncertainties have been identified as the pafg:neters,enf and C o These,
then, define the Yirection of experimental studies. It has also been
found that the efcape probability, p, is not as important as previoué
investigators considered it to be if the rescnance phencmenon is
correctly accounted for by a two-region cell. Fina;lly, while discussing
thed individual modéls, it was found that numerical similations. of the
neutron model are- feasible and yield meaningful results. Numerical
control presents no problem because of the long time constant for the
diffusion process. | |

Coupling‘ the two models has shown that perturbations introduced
bf void distributions, while considerably less important than that of
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perturbations in the average void fraction, are suffiCientlelarge to
warrant consideration in reactor d851gn Errors in the predictions of -
reactivity insertions can approach the-prompt critical limit when using
the previously accepted perturbation technique. It was shown, elso,
that the radial void distributien is not 1likely to significaﬁtly affect
the reactivity but, undoubtably, it is 1mportant in the determlnatlcn
of the axial void distribution and, consequently, is of sufficient con-
cern tejkarrant experimental investigation. These studles have shnwn,
too, .that previous attempts(4-7) at coupled modelling are in error because
of the lack of detail in k)elther the neutron'eodel or the fluid model or
both. The most dominant characteristic of this work, then, is that it
pfovides an investigation of the most comprehensive coupled model
available in the open literature to date. It is only in this way that -
the shortcomings of the individual models used for determining the
effect of coolant voiding on nucleaxr reactors can be ascertained.

Looking ahead to the future néeds of trensient analysis, a
technique was developed to reduce the cosf of extensive mumerical
eimulations of muclear kinetics. This technique,'involving the use of

an optimal temporal transformation of the neutron kinetics equations,

is sufficiently general to constltute a significant development in the
area of meutron space- time kinetics.

The problem areas of coolant vold-reactivity effects have, then,

been clearly delineated and several significant developments have been

achieved."



CHAPTR 8

- RECOMMENDATIONS z

=,

" The previous chapters have foreshadowed the direction of future
work. Thb.most important shortcaming of the steady state models and
experiments presented herein is,their lack of independent parametric
estimates. It is recommended that experiments, wimed at eliminating
this shortcoming be carried out.

For the neutron model, an accurate independent estimate éf enf -
is required. This could conceivably be carried-sﬁt by extending the
substitution experiments to partial chamnel substitutions in a mamner
analogous to smali reactivity‘insertiqn techniqués. This ‘gecimate

vestimate of enf will allogﬂg rigorous testing of e appliggbility of
the two-group model to the boiling-light-water . reactor system.

| Fof the fluid model, independént estimates of the parametér,
Co, and other distxggution parameters are needed. The trend towards a
complete ﬁhenomehological repreéentation should continue on smll scale
prototypes-and should be extended to include subcharmel flow. Th;é will"
enable a more reliable scale-up to the larger geametries of real CANDU-
BLW's. This work shouid be complimented by full scale mockups whenever
pogsible to guide‘the development of the fluid models. These mockups
are hampered, however, mainly by cost and void detection capaﬁilities.
Bidirectional neutron diagnostics might provide the means of unfolding

the void distributions of complex gecmetries.
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The verification of the predictions:of the coupled models is -
also recamended. By extending the air—injéCtion experiments, as pre-
sented earlier, to non-tmiforrﬁ ﬂroiding, the feactivity and flix pertur"—
bations of non-uniform voiding can easily be measm'ed.

Upon the successful completlon of the steady state expenments
suggested above it is recommended that research take on a parallel devel-
opment of transient analysis of single channels and steady state multi-
channel coupling. Both d'ir.ections should encampass both the neutron flux
modelling. and fluid modelling as well as coupled modelling.

The introduction of an optimal transformation technique for the
,7_,_neutr01i"'1'<1£z-3ﬂ1;ics equations has proven to be beneficial to the system
in\}estigated herein. "It has been’imi_icated that, when applied to systems ’
of ‘larger radial dimensions and to detailed transient analysis, even more
gains can be realized. Thus, application of this techmique, to the multi- .
channel and transient investigations previously recmmended-, proxﬁises

to be mosyheneficial. The utility of the technique might be extended

The transformation technique offers additional gains when applied
to multigroup analysis, which might be required for subsequent hmétiga-
tions when the neutron parametric uncertainties have been removed. The
transformed multigroup neutron equattlcms in matrix form are group-wise
diagonal. Hence the order in which the energy (group) mesh is scanned,
hitherto a problem in multigroup analysis, becomes unimportant. An

additional unexplored area is the application of the transformation
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technique to other systems which can be plagued by excessive camputation
times, such as the two-phase fléw cquations with a fixed-preésure drop
.boundary condition. |

The adoption of these rcccxmhendations will direct futurt;
research to those areas which will most significantly advance the know-

ledge of coolant-void effects in neutron muitiplying media.



APPENDIX 1

A3

—

DERIVATION OF THE BASIC NEUTRON EQUATIONS

Al 1<'I'HB GENERAL EQJATIONS

. The genaral neutron transport equations (16,74) can be written

as £6110ws.

an(r’E’B;t) . '
" V(E') n(r,E' :n:t){“(rrglig'rt)
at g g r,e",0 T

- | [1 - B(I_'.E'.Q* It)] ):f(l_'!El ,f}';t) XP(I:E’Brt)
+ Zs(g,E‘,n’,t) fs(g;E',g' + B,q;t)} da'dE’

N '
- V[n(I_',E,Q»t),‘- Y(E)] + El Ai XiCE'lB) Ci(I.tJ 7
. im

+ s(r,E,a,t) - [1 (r,E,0,t) + £ (r,E,0,t)]

v(E) n(E!Esg_ft) ) | m-l)
aC. (r,t) | o S
——%t__n - Ai Cl(!':t) + JE'[Q' Bi(l:!E@'t) U(E,E',Q',t)
v(E') r-f(!vE' ,2',t) n(r,E',0',t) da'dE’ l\’ . (AL.2)
where

t"ti]w[Sv] :.
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“v(r,E,
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E = energy (Mev] ,
Q.= direcfion Cvcctor) [radian] |,
v(E) = vcloc1ty [cm/s] ’.
v(E) = veloc1ty (vector) = V(E) o [an/s] ,
T = space (vcctor) [cm] .o
. 3 s
) = noutron density [neutrons/cm” radian Mev] ,

8,t)

total mmber of neutrons produced per fission -
in the fuel caused by a neutron of energy E .
and darectlon n [dlmcn51onless] ,

£(r,E,q,t) = macroscoplc cross section [cm ] ,

fS(!;E' :9' -+ E,

‘s(r,E

8;t)

probablllty density function for a nfutronlat
(E',n' ) scattering to (E,Q) [radian Mev

3
,a,t) = cxtrancous neutron sources [neutrons/cm

radian Mev s] ,

Ci(;,t) th delaye% precursor conccntratlon, i=1, 2...N

X, (T @ ,t) = normalized f1551on spectrim [radian”

with subscripfs:

[number/cm ,

A, ® dccay constant for it delayed precursor [s ] ,
g. = fraction of total fission productlon fram 1th
delayed precursor [dlmans1onless] R

g=) B : o
i=] i S L
-1 Mav 1] ,

(E Q) = ‘normalized spectrum for neutrons_emitted by 1th
delayed precursor [radian -1 Mev-1]

-]
4

f = fission event ,

s = clastlc and inelastlc scattering event

am= absorptlon evont.
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Equatlon (Al l) can be expressed in words as follows.. 'I'he net

rate of accumulation of neutrons, given by the left ha.nd side of equa—

_ tion (Al. 1), 1S\c-cm‘[poseé of several sinks and SOurces From left to

right, the first term on the right. hand 51de is the ratmf gaih in

neutron populatlon at the space volume element about (r,E,q,t) from

- the element about (r,E' ,r_l‘t), by prampt fissioning and scattering. The

seconrl' term represents the net rate of “loss by neutron transpert out of
the volume element about r. The tjhird term is.the delayed-neutrcn source
from the delayed precurscrrs. 'fhe fomth is that due to extraneous
sources, and the last is the rate of loss by absorptlon and scattering.
The.balance condition for the delayed precursors, equation (Al.2) is
simpler in that there is no physical movement of the precursors and

there is only one sink, radic;active decay, and one source, fission

fragment producf:ion due to the fissioning process.

These equati:ons hold in general except when there is material

transport, as. %n a reactor dlsassembly or in aqueous solution reactors,

1

or when the neutron populatmn is so low as to have significant statis-

tlcal fluctuatlons.' These are rare cases, certainly not applicable for

this study. ' ‘ ks

Al.2 SIMPLIFYING ASSUMPTIONS

R
A number of simplifying assumptions can be made to transform
the general transport equations into a tractable formalism. We may
set_ 5 = 0 since there are no extraneous sources in operating CANDU

reactors. Also, for nuclear events below 2 Mev., typical of nuclear

-

<
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Teactors, the production, scattering and absorption events can be con-

sidered isotropic, that is, independent . of direction. Thus, -
[ ; . .
/. f(r;E',q" - E,a;t) do* = £(r3E' » E;t) - (AL.3) .
{1 L. o .
n(nE,ent) dgt = a@ELY B (S RO I
etc.. -
Hence ,' ' _ ‘ O j - _ -
T G . | o ' o .
T ?‘i_ci({’t) + " B, (z,E 1) v(r,E",t) 'v(E )
Ef(]_?,E',t) n(I.’E"t) dE* ! b ©

and _
' an(f,E,t) . . |
—r ¢ L, V(E") n(,Et) v (,E L)L - 8(r,E',t)]

Le(r,E,t) xp(z,E,t) + zs(z,E',t)'fs(t;E' + E;t)}dE'

L

: . N
- v[n(r,E,t) ~v@E)] + _Zl A x; (E) Cy (r,t) )
: i

- L3, (,E, ) + I (LE 0] vE) n(E,) (A1.6)
L ' .

_Since the velocity vector is sp' independent

v . [n(z,E,t) v(E)

‘-v'[nt!;E,t) -Q(E)J ' (A1.7)
\ - . .
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an(r,E,t). _ . '
T"’ L= V(E'). n(l:)E' ,t){\)({',E',t)[l - B(T’E‘st)]
_ E . : B
‘ . zf(r E',t) xp(r E,t) + I (x, E' ,t) f (r;E" + E;t) }dE?
+9.D0(r,E,t) vln(r, E ,t) V(E)] N E A  X; (E) C. (r t)
y [E (r,E t) + I (r E t)] V(E) n(r,E,t) . (A1l.9)
" The mul tigroup approxlmatlon is obtalned by discretizing the
energy-contlnuum. Denoting the zth group by the subscript,; (¢ = 1,2,..7G),-.
andlintegra?ing equation {Al:9) over the ene;gy‘interval, AEz, gives
g—t [ n(r,E, t)dE = J v(E') n(z,E',t)[J {v(r,E',t)
. AE E! ' AE
L ‘ A 3
[1 - 8(r,E",0)] £e(r,E',t) x (x,E,1)
+ £ (T,E,t) £ (B E;t)}JE]dE*
LN |
+ [ v . ﬁ(;,E,t) V[n(g,E,t) v (E) JdE
o, : AER ¢ _ .
N ; ‘
21 A C(r,t) . x; (EYdE.
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n(r,E,t) v(E) = - D(,E,t) vln(r,Et) v(E)]
. . ol
= - D(r,E,t) V¢ (x,E,t) . ° ' (AL.8)
v
Eﬁuation‘(Al.ﬁ) is, then, s . i

I

s N

- [ [z, (B, t) + I (r,E,0)] v(E) n(r,E,t)dE
AE : R

(A1.10)
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We now introduce the following notation for conciseness and clarity:

/

S
K

c [ ,
[ e A
j=1 8k g | L

1 () [ T, 0B, L (ALa2)
AEL

where T is a general function. Equatioﬁ (A1.10) becomes

) nl(g,t) G

3t §
J._

1 V_] nj (I:t){"j (E,t)[l - Bj (E,t)] ij (r,t) sz(l_'»t).

+

5y (1,8) £(3E; » B+ v . D, (5,0) vIn, (1,t) v,]

N

izl 2 (D) x4,

L, v, @Ol nEn - (L)

The delayed precursdr equation becomes, through a similar analysis,

3 C;(x,t) . G
— =~} G (r,t) ) By (T1) v (x,t) vy Efj(!,t)
) J=1 o
n (1) - | (A1.14)

Since, for our study, we are interested in short time intervals
= compared to the time interval requifed for significant changes in the
delayed precursor concentrations, we may write

-
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—te—— =0 o N , (Al1.15)
. . Y - ~
and hence’
. ’ G ’ . - o .
Kj_ L’,i({'»t_) mjzl BlJ (r,t) “j (r,t) Vj 'Efj (r,t) nj (r,t) - . (!\_1-16)
. 2 - ' . .

Equ:ition (A1.13) now becomes

o

A, (,t) 4G :
e = E Vi n (r, t){v (r,t) X; e t) Zf] (r,t)

r.sj (r,t) fs(;_-;Ej +E3t)} + V. D_g(l:,t)‘v[ng'(lj,t) v£]-

- [z, (r,t) + I, @) v, @t ' (AL.17)
where N , .
. N g K
ng_(frt) = l;l - Gj (I_‘,t)].xpg(l_‘,t)-*' 121 Blij (Ert) Xig ™ * . (Alla—l"\
’ ' t

Eduagion (A1.17) models the populat}ion density of neutrons in
nuclear reactors. A typical energy gpectrum, as given by figure Al.1,
_serves to guide the choice of energy groupings in the multigroup equations.
The fission proce/ss gnres a fission spectrum in the hlgh energy Trange. A
" 1/E portion results ‘from the moderation process and is perturbed by
resonﬂnce absorption. Finally, a thermal mmelhan Ellstrlbutlon)
spect‘:rmﬁ results from the attainment of equilibr'iﬁm of thé‘neutrons with \
the reactor media.  ° ' . ' ) e o7

‘\ For practical compl}:et—ions a much used simplificatio%/c;f the

multigroup equations is the two-group diffusion approximation with the

hi

N ’
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cutoff betwnen ETOUpS chosen as 0.625 ev, separatlng the thermal port1on

from the eplthermal and fnst portlons Th15 particular cutoff energy

is expcrlmentally convenlent since, by u51ng cadmlum as a neutron filter,

the relative mten51t1e_s of thg two neutx“on groups are easily measured_r '
—_—

Al.3 THE TWO-GROUP DIFFUSION APPROXIMATION

For the twb-group diffusion approxiﬁation,l(z = 1,2), we define:’

2 =1 = fast group -,

and ° o ‘
L= 2 = thermal group.

The following assumptions are made:
"(1) no fast fissioning: I =03
(2) no upscatter: fS(E2+E1) = .0

(3) all fission neutrons are born in group 1: = Q.

X22

-

For convenience we drop the explicit notation of the space and time

dependence and employ the aboVe'assumptions to find

an
3T " MVt 051*51) + 1y vy vy I X1 * 9. D vy - (gt T) npvy

=V . Dy gvy oy (g E BBy - Bgy - Ty

*ny VZ\Efz X21 V2 7 L (A1.19)
-,
and '
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an., ' L
i
55 ° MVt fs (BpEy) * ny vy Lo £((B “*Ez) + V. DV,

- (BgptEgp) mp vy = Vil s(Esz) " Ny Vy By

R Dvnv, oo | " | - (AL.20)

- Equating coefficients with the traditional two-group equatioris' as given
h . ‘

in chapter 4 yields:' (for the fuel-coolant region)

Eipe ™ Tap * Eey (17 fEpEl = 2+ Iy s(El‘*Ez) '
. B - - -\\ .
enf Dopg = Va2 X1 Bgp o
Eapc " Taz 0 o
. PYipG = s S(El+EZ) v . . B

”»

(for the moderator region)

Zin = Fay * s £5(BpEp) = Igy £ (EpEy) for DO,

sz"= ) .

fs(r;E‘-a-B;f_) , \ :
%,

TR,



. 186

xp(xj,E,t) : o o
xu® ., | | d
B; (r.E,t) B

n(r,E,t)

cand

V(E) ’ . | . o,

1

we can determine the two- group paraﬁeters as well as any other tradi-
tional grouping. '

However, a pfoblem arises when we try to detemmine the group para-
meters for use in determining the neutron flux distributions for a given
case, :Wé need to know the flux distribution in order to calculate the
group parameters. ‘In practice, an iterative protedure i's used to give

_ & consistent sé; of neutron flux distribution and group parameters.. An
alternate schemé is to determine the parameters experimentally; this
technique has proved -feasible in the past only in limited applications.
The general_pregent'day practice is to theoretically determine the para-
meters on an iterative basis guided by what eiperihents can 59 done. The

Iy

present state of the art gives errors of up to 10% in these parameters.

o
o,



"APPENDIX 2

I

SH\IULf\TEﬁ BOIL'I.NG mmmm IN THE CANDU NUCLEAR REACTOR

A2.0  INTRODUCTION
‘/-In this appendix we summarize the major features of the simu-
lated boiling experiments (26) ﬁsed in the testing of the neutronic models
- in chapter 4. - . S > o -
Reference (28 describes the cietermination of nuclear reactor
bucldmg, by the substitution technique for coolant den51t£es in the
| range between 1.0 and 0.4 g cm 31 The substltutlon technique 1is an
experimental technique used to determme the pmpertles of an unknown
‘fuel bundle by measuring the re5ponse "caused by ‘the insertion of oné or -
-more of these unknown bundles into a lattice of known propertles In

t.hlS case the known lattice is the air- cooled lattice and the unknown 1is

 a fuel bundle with a homogeneous air-water coolant.

A2.1 EXPERIMENTAL SETUP : -
. The lattice was similar in fuel area and mel/coolant/moderafor

ratio to that pf the D,0 moderated,boiling HZO-cooled Gentllly power

reactor 1att1ce. Exper:.mental bucklings for the HZO and alr-cooled cases

used in the analy'515 were taken from earller Chalk River measmanents in

ZED-2. \

Test fuel assemblies were of the 28-element type except that a

" maximum amount of material was removed from the Al bundle end plates to

187
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.permit free flow of air bubbles between the allgned bundles Aleo,. the
* bottam part of these assemblles was altered to fac111tate mtroductlon of
'air bubbles through a bank of hypo'dennic needles. The maximum number of
'alr -water mixture cooled test assemblies substituted durmg the exper:L-
ments was 7 the other 48 assemblies were air- cooled

- Although each element contams 47'.73 ‘am of fuel, the zircaloy

end cans and no_ts p'lus A1 end plates and bosfsl increase the overell
cluster- length .to 49.67 ‘cm.- The reference fuel assemblies consisted of

flve fuel bundles stacked end to end m a type 50S Al calandria tube,

Cs plus a s:xth fuel bundle of the 7 element U0, type above them to ensure

that the top extrapolatlon length, illustrated in figure A2.1, was in-
dependent of moderat le{rel in the tank. Throughout the experimental
program, the D 0 mod:;ator level in the reactor was well below. the top
of the flfth bundle.

Si.nce dr)' air was used, a water epray in a sﬁfge ta.nk raised the
humldlty of the air for the air-water mixture and reduced the HZO losses
from the test a.ssemblles

Ea*ﬁy experlments showed that direct inference of the density of
the air-water mixture through measurement of air flow rate was not possible.
This was c.on’sideted to be due to effects of water tempei‘ature f'jhnpurities
and dissolved gases on bubble formation An indirect method ot‘ dérivb.tion
. of the den51ty from the position of the air to alrﬁwate‘f* mterface was
worked out. This is based on the volumetric expansion of the water column
upon introduction of air bubbles. J

Variation of coolant density was mainly done by adjustment of air -

v
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FIGURE AZ.1: I1lustration of ‘the concept of extrapolétion

length, §, the distance beyond the reactor

" core face at which the neutron flux vanishes..
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ow rate ' ﬁor lower density values ' n-propanol (a surface tension reduc-

ing agent) was added to the H,0 to a maximum of 0 1% by volume to main-

tain smooth flow of air. ThlS is not expected to- alter the neutron para—

: meters of the coolant s:mce n—propanol ‘has an effective chemical compos:|.~ |
tion of the form (CHz)n.

o gain an insight into the nature ‘of the vertical vhariatio‘n. of
coo}ant derrsityfthat might exist, some oﬁthof—pile meas‘urements were
carried out on a mockup of the fuel assembly The variation of the coolant
density with height mthm the active reactor reglon was found to give rise
to relatively minor errors only. Error bars on the codlant density of

+ 6.015 g c:nfsinclu;i'e estimates due to the possibie contribution of .

‘o

- vertical coolant density variation, axial cosine flux distribution and

b

neutron importance variation effects. ; °

A2.2 METHOD OF 'ANALYSIS

The code MICRE’I“ES employs an axially unlform two- group, line |
7. source-smk model develope’a at-Chalk River by J.D. Stewart, et al (75, 76)
The fuel rods are represerted by line sources of fast neutrons ‘and line
sinks of thermal neutrons. Slowing down and dlffusmn in the moderator
g

\
are. described by conventlonal diffusion theory. The analysis procedure

utilizing MICRETEZS is shown schematically in flgure A2.2.

. The o:ﬂy -experimental 1nform1t10n d:l.rectly entering the anayﬂs

' was the,.e\opolated cr1t1ca1 helghts of the reference and substlﬁted
All

cores. ther input quantities were calculated us:mg the lattice
4

.~ recipe cdde LATREP, described briefly in chapter 4 and in.more detail in

k ’

e ' ‘ p
\‘_ ) . ‘ A ' . .
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appendix 6; the data input to LATREP is composed of only fun@amental
data. The first and'last blocks of figure A2.2 represent large,
hypothetical cores mocked up for the purpose of der1v1ng bucklings.
Radial buckllngs are. obtalned in a manner analogous to a flux mapping
experiment, namely, by flttlpg'an appropriate Bessel function to the
radial distribution of MICRETE3 calculated fluxes. . Axial buckling is
taken as (w/H)z, H being the extrapolated critical height of the mock-up.
The total buckling is the, zsun of the axial and radial bucklings. |

" In the first block of figure A2.2 the resonance escape probability,
b, of the reference alr-cooled_fuel is adjusted until the experimental- -
: buckl;ng value is obtained. |
- In the second :block, a mock-up of the reference core of the substi-
tution dxperiments, this ad;usted Pref' 1S used and the radius, R, of
the reflector -outer. boundary is altered until agreement is obtained
between calculated. and measured extrapolated critiﬁal hgights of the

reference core.

_ The third block mocks up the actual substituted core. Here "Prest
of the fuel assembly is adjusted to give th§ obéerﬁed critical height.
Although'any one of the calculated imput parameters could have been
~ adjusted the choice of p was dictated by the fact that its calculation
by LATREP and repfesentation in MICRETE3 are the least accurate of all
ptest' is used
along with other LATREP calculated imputs in a large, one tegion, hypo-

the input parameters. In the last step, this adjusted !

thetical test core t?,obtain tﬁ%,buckling of the test lattice.

The outccmé'gf the analytical procedure is a single number,
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namely an adjustéd tpteSt‘ value of the test fuel which satisfies the
reactivity balance conditions of the substitution experiment. Errors in
{,-the LATREP calculated input parameters, approximations in the physical
_repre_sentation ‘of the reactor by MICRETE3, uncertainties in the measured
critical moderator levels“ , €TTOTS in the derivation of axial extrapola-
tion lengths, etc. are all reflected as a reactivity discrepancy between
experiment and MICRETE3. This is coﬁpensated riforl in the mmiyfical
procedure by adjusting p and R. The adjusted value of p may, therefore,
not be in agreement with the true resonance escape. probability of the
lattice. ‘ ;

Apart from the crii:ical moderator heights o’f the reference and
substituted cores, the only iﬁpl-Jt parameters obtained experﬁnentally were
the axial extrapolation lengths and the buckling ,of the air-cooled refer-
ence lattice. The 'fonnerlwas obtained from an axial flux distribution
measurement carried out during the substitution program. ' The derived
total extrapolation length of 23 cm for the swzo-'cooled assembly
plus 48 air-cooled assembly core was, within expérimental errors, the
same as that obtained for the 55 air-cooled assembly core. Therefore
23 cms was added to all measured critical moderator levels to yleld

extrapolated critical heights,

. 5
: J
AZ2.3 RESULTS ’

In general, the buckling approaches the expected test lattice _
buckling value as N (the number of substituted’ test assemblies} increases,

It was shown by Okazaki (77) that a plot of B against 1/N falls on a
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reasonably straight line except for the one assembly substitute point.

~ This line extrapolated to the flux map value of B of the test lattice

at 1/N = 0. Figure A;;S shows the results of the above analysis plo;ted
against 1/N. For the case of coolant density df 1.0 g cm-s; a line
through 3, S and 7-assembly substitution points exérapolates to a test
lattice buckling of 1.23 + .10 n"%. This compares well with the value
of 1.17 # .05 qu given as the experimental flux-map g;ﬁkling value
for the HéO-cooléd 28-element UO, lattice. An accuracy of & 0.1 m 2

has beén suggested (77) for bucklings derived by such an experinental
technique. The differeﬁce is therefore well within the estimated errors.
The close agreement gives confidence in the validity of the experimental
technique, input parameters used, and method-of analysis. Since the air-
cooled referencé assemblies aqd the H)0-cocled test assemblies discussed
above represent the extreme values df coolant density, it is reasonable
to assume that the bucklings derived for intermediate coolant densities

between 0.0 and 1.0 g ™ are also valid.
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FIGURE AZ.3: Buckling results. -
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APPENDIX 3 ‘o S

>

: " '
. COMPUTER CCDE FOR THE ONE-GROUP ANALYTICAL MODEL

. 'The criticality expreséions .for the one-groupé‘f’ two-region
model for wniform voiding ciescribed in section 4.1.2 are most easily
-evaluated by a coﬁrputer code. The flow diagram of this code 1s
given by Yfigure A3.1, A program listing, with comﬁents, is also

given in the following.
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o

b

INITIALIZATION
IT=20

3

IT=1

197.

CALCULATE AKX FOR
CRITICALITY AT
ALPHA = 0,

GIVEN BC -

FIGURE A3.1: Flowchart for the_one-group neutrm diffusion model

camputer code.
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APPENDIX 4

~

17

COMPUTER CODE FOR THE SBJI}H\O—GROUP ANALYTTCAL MODEL

12

The criticality expressions for the semi-tvko-group; ‘two-region
model for wniform voiding in sectidh 4.1.3 are most easily evaluated by
a computer code. The flow dlagram of this code is glven by figure A4.1,

,:

A program -lJ.stJ.ng, with comments, is also given in the followmg

201 °



*202

<'\ START )

]

\

INITIALIZATION
: IT=0 .

IT =1

it
—

CALCULATE AK FOR
CRITICALITY AT

ALPHA = 0.0 GIVEN
[BC :

e

LI

CALQULATE .BC FOR
| CRITICALITY AT

ALPHA = 0.0, 0.1,] .
eer,1.0 .

=

- FIGURE A4.1: -Flowchart for the sefii-two-group neutron diffusion
model computer code. .
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“APPENDIX 5

-

COMPUTER CODE FOR THE TWO-GROUP -ANALYTICAL MODEL ﬂ

The criticality expressions for the two-group, two-region
model for uniform voiding in section 4.1.4 are most easily evaluated
by a computer code. The flow diagram of this code is given by figures

AS.1, AS.Z apd AS.3. A program listing, with coments, is also given -
in the following. '



MAIN PROGRAM

Com

]

a

INITTALIZATION

{

CALL FIND TO GET
CRITICALITY VALUE
OF PARAMETER,

enf

1.
|CALL DET TO GET

IDISTRIBUTIONS OF
FINAL CRITICAL

STATE

=

ra

FIGURE A5.1: Flowchart for the two-group netutron diffusion

model computer code: main progam.

(Y4



o

SUBOQUTINE LET

Com D

INTTIALIZATION

w

s i ‘r
CALCULATE
CRITICALITY
DETERMINANT GIVEN
ALL PARAMETRIC
\VALUES

207

CALCULATE FLUX
AND ADJOINT
DISTRIBUTIQNS

YES
| ]
GETED

L—'/FIGURE A5.2: Flowchart for the two-group neutron diffusion
model computer code: subroutine DET.

4
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-

 SUBROUTINE FIND
( START
Y

SET SEAR(H
LIMITS

| PRINT MESSAGE
! RETURN
CALL IET TO GIVE
VALUE OF DETERMIN
ATION AT GUESS =«
VALUE
y; *IPDATE GUESS

- G

FIGURE AS5.3: Flowchart for the two-group neutron diffﬁsicn model

computer code: subroutine FIND.
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LATREP, A LATTICE TION CCDE

A6.0 INTRODUCTION

In ordef to provide a basis for the discussion of LATREP proper,

it is necessary to consider same gene theory. A complete description

can be found in references (30,32-33).

A6.1 COLLISION PROBABILITIES

Consider a series of concentric annular regions representing the
cell under consideration. The inner region is @gsignated 1, the next is
designated 2, and so on to the N'th or outer ;;gplus.. Neutrons diffuse
through these regions and interact with point nuclei within the regions.
All interactions are called collisions. Between collisions, n;utrons
move without change of velocity or momentum and may freely cross the
boundaries of the regions. Upon collision with a nucleus, a neutron is
considered to have been born in the\e5}1ision, though in an elastic process
the same neutron may exist from before to after the collision. Buitted
particles emerge isotr0pica11ya; Collisons may decrease the number of
neutrons (capture),-increase the mmber (fission), or alter the velocity
and momentum. ‘

~ Consider now a single annular region, and the'neut;ons within

it. One may distinguish three sources of neutrons; they enter across

215
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the inner boundary, pnter across the éuter boundary, or are born in the
above sense from colllslons w1th1n the volume of the annulus Similarly:
'there are three digtinct sinks of néutrohs* they may leave across the
inner boundary, acrgss the outer boundary or dle in a collision within
the volume of the annulus. No other d15p051t10n of the neutrons is
possible with the giveq assumptlons._

We now define a series of probqbilities relating thése sources
and sinks of neutrons, i.e., the probggility that a neﬁtéon born in ..
process, X, will die by.process, y. In the nth anﬁylus, we express this

-

collision probability as

Y O e

n

:where x and y may each have one of the three values:

v = collision within the volume of the anﬁﬂlus; Dt

crosSing the inner boundary;

i

i

croésing the outer boundary; . R

ang we have a total of nine singlé collision probabiiities for the nta.
annulus. From reciprocity, conservatlon and geometrlc con51derat10ns,

these nine probabllltles can be expressed in terms of two 51mp1e alge-
braic expressions. | ':, |
Knowing these pfobabilities, the 6011iéion rates and neufrpn

currents follow directly. N '
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A6.2 CROSS SECTION CONVENTION 3 S )

In the computer code, LATREP the fixed cut- off conventlon is
used, denoting the arbltrary but tradltlopal cut-off of 0.625 ev d1v1d1ng

the Maxwellian thermal flux energy dlstrlbutlon from the epi- thermal or

1/E portion. The Maxwellian and 1/E distributions are used for averaglng‘

the fundamental parameters over the thermal agdeep1 -thermal energy range
as in appendlx 1. In addltlon, 'the fast neutron energy dlstrlbutlon is.
taken as that of the f1551on spectrum, 2 reallstlc assumptlon, for

purposes of cross sectional averaging. The distribution is, however,

split into two energy'wegions at 1.4 Mev, the U-238 fast fission threshold.

The energy spectrum can thus be charactefized by the effectlve

' neutron temperature of the'Maxwelllan distribution, the fractlon of

neutrons in the l/E segmegt or equivalently the parameter r, defined

as a function of the fraction, and the relative fractlons in the two

.fast neutron groups. Flux weighted cross sectional averaging, then,

is accomplished by obtaining weighted averages using these 4 groups.
Integral averages‘within these groups can be done a priori since the
distri%utions within these groups are known functions.

7 Fer the special purpose of celculating the resonance escape
probability, p, the 1/E spectrum is subd1v1ded 1nto 32 groups in order
to pick up the detail in the resomance structure of the U-238 cross'
section and to account for the perturbations in the 1/E spectrum due to

the absorption resonances.

e
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A6.3 NEUTRON CYCLE -AND IATTICE PARAMETERS

Governed by the collision probabilities,rfhe neutrons undergo

‘a cycle in the fission chain reaction. -This neutron: cycle is defined in

figure A6.1. The reactivity of the lattice is defined in terms of reaction

rates with the following notation:

Y = yleld;

A = absorption; -
and _ ’ o

L= leakage;j : ‘

with subscripts,

f = fast neutrons,

T = résonance neutrons, - o . :
e = epl-cutoff neutrons,

s = sub-cutoff neutrons,

t = total

3

' From the definition of the infinite multiplication factor we
have _

k,=enfp =Y /A . _ (A6.2)
Using figure A6.1, the above equations and the physical interpretations
of the lattice parameters, €, n, £, and p, we arrive at

Y, - A | .

t " Of |
S i | . (A6.3)

Y, * Y, N

c .
P® 7Y R | | (AS.4)

-
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Ys +'Ye

nf = A_TR_— s . . . : ' (AG.S)
S e '

all of which can be calculated‘utilizing the collision'probdbilities

. defined previously. ) -t

A6.4 - CALCULATIONAL CYCLE

From this brief introduction into the calculational details, it

is ev1dent that an iterative process is necessary; the parameter values

and the flux distributions depend on the energy spectrum description (r,

etc.) while the energy spectrum depends on the parametric values amd- th
flhuxes. | - ‘

The resonance escape calculation can be perfofmed without iteration
and is done first:” An estimate of the value of T and the spatial distribu-
tion of flux is taken and the iterative loop is entered. The collision
probabilities rates and currents are calculated using the library‘e funda-

mental cross sections and the estimated values of r and the fluxes. Next

“the fast spectrum and e are calculated followed by the slowing down areas.

The new value of T is then obtained from the fluxes and CTOSS sections
breviously %elculated. This new r is a‘function of space. The neutron
temperatﬁre is updaeed.using empirical correlations which are a function
of the physical temperature, r and the fluxes. Finally the fine structure
and hyperfine structure of the thermal flux is calculated to eobtain an
estimate of £ and the thermal flux. This calculation loop is repeated

wntil the value of T converges. After convergence, the lattice parameters
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of the two-group approximation are readily calculated from the converged
spectra and collision probabilities.
It has been estimated (30) that the lattice parameters. thus

calculated are accurate to within 4 - 10% provided the code is not used.

'F&\the next generation fuels, thorium and plutonium.



APPENDIX 7

CQMPUTER CODE FOR THE TWO-GROUP NIMERICAL MODEL

The neutron flux equétions for the two-group, dm-region model
for space dependent void fraction and parameters are solved by the
alternating direction imi)licit technique discussed in section 4.13.1.
| The flow diagram of this code is given by figures A7.1 and A7.2. A

program listing, with comments, is also given in the following.

222



MAIN PROGRAM

Cam D

\

- 223

INITIALIZATION pee
’/

1
CALL STEP TO UPDATE ' FLUX
ADVANCE IN TIME VALUES, PARA-
BY DT METERS AND TIME

A
TIME < YES
ISH
NO

Co

FIGURE A7\1_: Flowchart for the numerical solution of the

non-linear, transient two-group neutron diffusion

/ : equations by the ADI techniqug: main program.



SUBROUTINE STEP

- ' , 224
{ * SIART ) ,

/
© N | INITIALIZATION ‘
FOR GROUP 1

3

B SPAN RADIAL
MESH, IMPLICIT
IN AXIAL MESH

\ | \ A

SPAN AXIAL MESH,
IMPLICIT IN
RADIAL MESH

l{

VERAGE THE

o

FIGURE A7.2: Flowchart for the numerical solution of the non-linear,
transient, two-group neljtron diffusion equations by

the ADI technique: subroutine STEP.
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APPENDIX 8

v
/

| COMPUTER CODE FOR THE 'IRANSFORMEb TWO-GROUP NUMERICAL MODEL”

The neutroﬁ flux equations for the two-gréup, two-region model,
employing the transformation of section 4.2, for space dependent void
‘ fraction and paramefers are sdlved by the altefnating direction impliqit
technique discussed in section 4.3.1. The flow diagram of this code is
given by figures A8.1 %EQJES/Q. A program listing, with comments, is

also given in the following.
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S A

MAIN PROGRAM .,

=D

\

INITIALIZATION |

!

CALL STEP TO | UPDATES FLUX
ADVANCE IN TIME VALUES, PARA-
BY DT : METERS AND TIME
A
YES ’

=

FIGURE A8.1: Flowchart for the numerical solution of the non-linear,

transient, two-group neutron diffusion equations by the TADI

{
technique: main program.



SUBROUTINE STEP

SFART' , ' ‘ .o
K 232
Y .
1=1
| N
INITTALIZATION L
: . FROM GROUP 1 -

\

L " | SPAN RADIAL MESH,
IMPLICIT IN
AXIAL MESH

Y .
SPAN AXIAL-MESH,
IMPLICIT IN
" RADIAL MESH

AVERAGE THE
RESULTS

e

FIGURE A8.2: Flow chart for the kumerical solution of the non-linear,
| tranSient,. two-group/ neutron diffusion equations by the

TADI technique: subroutine STEP.
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APPENDIX §

'DERIVATION OF THE BASIC MASS, MOMENTUM AND ENERGY EQUATIONS -

. W} -

A9.0 - INTRODUCTION

Usually,\the equatioﬁs of motion?are'derived as differeptial
equati‘onsl based on an infinitesmal control volume of the Wsﬁem in ques-
« tion. To comﬁlete {he description, boundary and initial conditions plus
constitutive relatio;ships are imposed. This approach is generally
) appropriate for continpcu§ systems.' Applyingﬁthis‘aifferentigl gescrip—
tion to forced convective boiling implies that each pﬁase is treated
separately with the appropriate interface boumdary conditions applied at
the phase discontinuities. Thus, a detailed knowledge bf the phenomena}
at the phase interfaces is required. /Such knowledge is presently not
%vailable and recourse to tﬁe mopd/general integral approach has to be
taken. Additionﬁlly; large ccmpuggfional expenses would accrue because
of the fine structural detail of the system; this provides an extra inté;—
tive to find an alternative procedure.

It is possible, as 1n chapter 5, to reduce the 1ntegral form to
pseudo—dlfferentlal form by the appropriate deflnltlon of cross-sectional
averages of the dependent variables. This is the concept employed by
Zuber et al (11,12) and extended by Hancox et al (13,14). =

P

o
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A9.1 THE EQUATION OF CONTINUITY

A mass balance on the density, p, of a species within a fixed

_control voluTe, ¥ can be described in words: : e
/ net rate of change flux of density internal C
N : of density within| = thru the volume | + | sources |(A9.1.1)
~the volume surface : .
\ .
or
e iy d¥s-irge vds + Iy TAY (A9.1.2)
where

ct
[}

time [s] ,
= normal smfate vector [C_:mz] ’
velocity [em/s]

internal sources [gn;/cmss] ,

LL7s)

1<
n

Lo |
n

and

¥ = volume [c:mz] . ¢
Gauss's theorem,

A : ‘ .
fff¥ V.Ad¥ - ffs Ads , _ , - (A9.1.3)
J

where A is an arbitrary vector, enables equation.(A9.1.2) to be rewritten

o . .
\/7 N -

. Jily (%%+ V.pv-T)d¥= o, \\_; (A9.1.4)

as

which is the integral form of the continuity equation. From this we can

directly get the differential form,



b o246

-5-%+v, pvV =T . . : _ (A9.1.5)
Either form is perfectly valid for use in describing the’Syﬁtem from a s

statlonary observer or Eulerian point of view. The discussion of section

A9.0 dictates that for our purposes, the 1ntegral fonm be adopted
RS . B - N . [

" . -

£9.2 THE m\{mmm ;-.QUATION-

A ance of the forces acting upon the control volume gives, in
words:
response = body force + surface force . (AS.2.1)
_(acceleration) (stress) X
or :
J’ffv cax W= Sy f d¥+// g.ds ,
where
- £ = body force vector [dynes/gm]
and '

= 2™ order stress tensor [dynes/cm®]

ng

Applying Gauss' theorem again and expanding the total derivfive gives

dv .
.fff,c((La—wv.vy-pg—v.g)duw ,

e e
the integral form of the momentum equatidn. As with th COHtlﬂUlty equa—

tion, dropping the 1ntegra1 yields the .differential f

found in the literature.

/ :
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79§ “THE ENERGY EQUATION

As in the previous-.sections, a control volume balance leads to

v ..,.:..1..,'(«- e

the té&hservation equation, this time for energy:
‘net rate - Y_ = (energy flux) + 'energy gain “from
‘of accumulation | - into ¥ body forces
' of energy . ) : .
+ Lenergy gain fram — ) (A9.3.1)
surface forces :
{
or l
d‘J'II p(e+—f-)d¥=—f11q ds + f//. bf v d¥ -
de % A FIRG s 3 02 R L Lo
, AL ds , (A9.3.2) h
where , ' o ' - i
e = internal energy [ergs/gm] , ~ :
g = proportionality constant [gm c:mz/ergs 52]\ .. '
and | ’ ;
q = energy fhux [ergsfémz s]
Again ms.nipulation gives the ‘integral form, N
d v, - ' ) av = 0
.q - PR " = ’ .3,
,fffvaf(gw&z-g—z»rvg p £V v.q)) (A9.3.3)
‘ : .

and leads to the differential form as before.
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A9.4 DISCUSSION
In addition to these basic equations we have the bdundary and

initial conditions plus the constitutive relationships which provides

the detailed phencmenological information of the system such as the struc-

ture of the stress tensor, state equation, base énthalpies, etc. Muzﬁ of

this information arrives in the form of empirical correlations derived

from experimental observation. This, plus the numerous possible approxi-

mations of the basic conservation equations, accounts for the number and
the diversity of models arising in the literature. The more successful

model approximations are discussed in chapter 5.

\

»



APPENDIX 10 :

COMPUTER CODE FOR HANCOX'S VOID MODEL

‘The two-phase mass conservation equations and th ture -
s : .
energy and momentum equations of’ Hancox's fluid model are solved by

4th order Runge-Kﬁtta integration. -The flow diagram of this fode is
given by figures A10.1 and A10.2. A program listing with cofments, is

also given in the following. - : _,//

o

249
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SUBROUTINE VOIDS

INITIALIZATION

RUNGE KUTTA
INITIALIZATION

CALL SFLOW FOR
R-K INTEGRATION

Cam D

FIGURE A10.1: Flowchart for Hancox's void model using Runge-Kutta

integration: subroutine VOIDS.
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" SUBROUTINE SFLOW
. : | START )

\

INITIALIZATION

&

INTEGRATION OF
MASS AND ENERGY
EQUATIONS OVER
FULL HEATED
LENGTH

. {INTEGATION OF -
MOMENTUM EQUATION
OVER FULL HEATED
LENGIH

G

~

FIGURE A10.2: Flowchart for Hancox's void model using Runge-Kutta

-Integration: subroutine SFLOW. o
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