















































































































































From {:he above discussion it follows that we
could define f:he morphisms of MON by:
MON (A, B) = {AfB'|B'©>B, C&£MON} since the images

D are of this form.,

of
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§4, SPECIAL PRODUCTS

In this section we relate some of the products
of MON-sets and monoids that appear in the decomposi-

tion theory of automata.

DEFINITION 2.15: The Eilenberg o-product of

A= (S, M), B= (T, N) € ENS-MON is given by
AoB = (SxT, MTbN) where MTON has as underlying set

MTxN and action and multiplication are given as follows:

(1) (s, t)(f, n) := (s(t)f, tn) \V/(s, t) € SxT

\v/(f, n) € MTxN

(2) (£, n)(f', n") := (£, nn') where
tf = (tf) (tn)£* \v/(f, n), (£', n') €& M xN.

MT = {f: T=->M}, viewed as a monoid has point-

wise multiplication. That is for ¢£, f'e'MT, ff' 1is given
by (t)ff' = (tf)(tf'); and the identity, 1, is the

map such that tl1l = 1€éM for all t€T. For néN,

fEMT; nfEMT makes sense if we set (t)nf = (tn)f. We
will write r*f for nf since this "action" distributes

over multiplication in MT'

- 40 -
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That is, n*ff' = (n*f) (n*f') since

(EIn*LE"

(tkn)££' = ((tn)£) ((tn)£')

]

((t)n*f) ((t)n*f"')

(t) (n*£) (n*f').

With this convention we can write (2) above as:
(3} (£, n)(£f', n) = (£(n*€'), nn').

Some care must be exercised with these conventions
when monoids acting on themselves are under consideration.
That is if M = (M, M), N = (N, N} in ENS-MON we have

MON = (M N, MgN) and

(1) (m, n)(£', n')

(m(n)f', nn')

(3) (£, n)(£f', n')

(E(n*EY), nn').

However if f is the constant map m, i.e. nm =m
for all né&N, (1) and (3) while formally similar do not

agree. For an arbitrary né&€N.

(n)m(n) £

m(n)f'

but (M)m(n*£')

((Mm) ((n)n*£*)

m((nn)£f')
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and the two are obviously in general quite different.
Thus action and multiplication in this case should be

carefully distinguished.

It is easily verified however that Man occurring

in MoN 1is exactly the "wreath product" of monoids defined

in Arbib [1] and others. MN@N is usually written MwN,

The question arises whether for arbitrary monoids

M and N a ©@O=-product can be defined. For MT and N,

S and N) the construction followed essentially because

there was a lz2ft-N-action on MT, (MN) already implicitly

(M

defined. Morzover the action, *, was shown to be distri-

T

butive over multiplication in M", (MN).

Hence for arbitrary monoids M and N if one can
define:
@: NXM—>M
: (n, m)>nlem such that
(4) n@(rm') = (n@m) (n@m')
(5) nn'@m = nd(n'@m)

(6) 1@m = m

(7) nel =1

the same construction is possible.
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Note that * satisfies (5), (6) and (7), since
(Y (nn'*f) = (t(nn'))f = ((tn)n'")f
= (tn) (n'*£f) = (t) (n*(n'*f)

and (t) (1*f) = (tl)f = (t)f; (t) (n*l) = (tn)l = 1,

That is for * ,(5) and (6) are direct consequences

of the ENS-MON axioms, and (7) is trivial.

Consicered as a formal entity, n@ is seen, from
(4) and (7), to be an endomorphism of M. Moreover from
(5) and (6) we see that @ itself is a homomorphism. Thus
the construction is possible given any homomorphism from

N toend (M). i.e. @: N—>end (M).

We define M@N to be the monoid with underlying

set MxN and multiplication:

(v, n)(m', n') = (m(n@m'), nn').

Such products are known in the literature as "semidirect
product of M and N with connecting homomorphism @".
Of course there is always the homomorphism; @ , with

n@ =1 for all n; for any monoids M and N. In that

case M@N is just the usual direct product.

We show that the circle products and D are

reasonably compatible.
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THEOREM 2,16:

((S, M)o(T, N))D = ((S, M)DY @ (T, N)D.

PROOF :

L.S. = MT@N/sx'r; R.S. = (M/S)T @ N/T.

(REMARK: The use of ® on the right hand side is just
to indicate that we are using the natural semidirect structure
present., That is (M/S)T has a natural left-N-action and

hence a natural N/T action.

L.S. = {[f, n]SxTIf: T—>M, né€ N}

(£, N)= (£', n) Aff tf~stf' \%éT

SxT

n~Tn'
(€, nj]If', n'] = [En*r*'), nn')

R.S. = {(q, [ n]T)|g: T—>M/S, né€ N}

(g, Inl)(g', In']) = (g(nl*q'), In n'}l).

Define ¢: MTG §/§XT——>(M/S)T® N/T
by ¢: [f, nl—> (£, [n])

where ()T = [tf]s.



¢ is well-defined: if [f, n] = [f', n'] then

[n] = [n'] and
(t)E = [tf] = [t£f'] = (£)F'

so T=T10'.

¢ is 1-1l: [£, n]lo = [£', n')¢
= (£, In]) = (F", '])
=> Ff =% and [] = [n']
=> (t)f = (£)f' and n-n’
==> [tf] = [tf'] and n~Tn'
=D tf~stf' and n~gn'
==> [f, n] = [f', n'].

¢ is onto:

given

choice, there exists g: T—>M

néN such tha+t

(g, In])e M/ST@ N/T , by the axiom of

such that (t)g €(t)g and

[n] = [n]. Choose such a pair, then

g, nl¢ = (g, [l).

¢ is a homomorphism:

(£, nl[f£!', n'])¢
= [f(n*f'), nn'le

= (E(n¥f"),

[nri'])

(£, nl¢ [£', n']¢

(£, Wm)(E', I'])
(£(m1*E'), ln'))
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but and
(t)En¥E") (£)E(In]*E")

= [(t)f(n*f')] ()E(t )T

[t£f] [(tn)£']

- [(tf) (tn)f"']

[(tf) (en)£'].

COROLLARY 2.17: For monoids

M= (M, M), N = (N, N); (MoN)D = MwN. i.e.
MYe N/MxN = MVp N.

PROOF: Immediate since M/M = M,
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CHAPTER 3

AN APPLICATION TO CONTEXT-

FREE LANGUAGES

§1. CONSTRUCTION OF A CONTEXT-FREE AUTOMATON

In chapter 1 it was stated that context-free
languages are accepted precisely by non-deterministic
pushdown automata. For an arbitrary pushdown, M, we
construct a ncn-deterministic automaton, in the previous-
ly defined generalized sense, that accepts the same lang-
uage as M. We will call such objects context-free auto-
mata and trust that the characterization theorem of §2 of

this chapter will justify the terminology.

let M= (K, £, T, §, Qg ZO' F) be a (non-
deterministic) pushdown ‘as described in chapter 1.

Recall that:

RKxT*

G:Kx(FLJ{1})X(Z(J{e})——o2f

and §(q, 1, x) = g, géK, x€rlU{e}. Define:
S := KIr'*, s' := R(rv{l}), where the catenation products

are to be considered as subsets of (KUT)*, Hence

- 4T =
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K = K{1}CS'. A typical element qy of KI* =S will

be denoted s. Define:

': S—>8"': {qzw_x;z \7(:{51(, Z€T,

qa —>q Y ET*
and ": S—>T%*: qZyr—>Y %EK, Z€T,
q —>1 YET*,

With this notation we can unambiguously write

8(s', x) for 6&(q, 2, x) if s = qZy for some YE T*,

If s =q, then 6(s', x) is just 6(q, 1, x) = #. 1In

fact in what follows we will frequently make use of the
bijection XI'* = KxI'* just alluded to and use whichever
notation is most convenient. Sometimes ' and " will

be applied to Y&T* with a consistent interpretation:

viz. (Z2y)! = 2, (2y)" =y and 1l' =1 = 1" for Z €T, YET*,
Define also: o0©: SxT'*—>5

(qy, B)—>qyoB = qyB ()

For TcCS; 8§(T', x) := UG(t', x),\V/Xé rU{e} and
e

§(T', x)oT" := U{uot"luéd(t',x)}, x €LU{e}. For
tET

(+)

Note that o is thus an associate unitary action.
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s€ S, define s® := {s}, and for neN set

sm'1 = G(Sn', g)os .

From the definitions it follows immediately that,
in terms of pushdowns, 'sn, is the set of possible
"configurations" that arise from configuration s after

n "e-moves".

We are now in a position to define an action on

SxI* in a useful way.

Define: a: SXZ*—~>2S by
- -]

s ! s "
(s, a)a = U §(s* , a)ost for a€l,
i=0

I* being free, this suffices to define a. As usual
we abbreviate the action by juxtaposition. Thus we
write sa for (s, a)a, and for an arbitrary word,

w=va€I*, a€l; s(va) = (sv)a. Of course sl = {s}.

From an intuitive point of view, sa 1is the set
of all possible configurations that M can "enter" from
configuration s after "reading" 'a' on the "tape".
sa 1is of cource in general an infinite set but we shall
see later that it has a reasonable property.

To the pushdown, M, we associate the non-

~

deterministic, generalized automaton A = (S, I*, a, {so},SF)



where Sy = qCZO' SF = FI'*, § and a being as above.

~

A constructed in this way will be called a context-free

automaton.

PROPOSITION 3.1: L(A) = L(M).

PROOF: By induction on |w]|.

w=1 l1€L(a)

iff solnsF # 9

1ff soe'sF
iff qOéF
*
iff 1: (qq, z0>|-§ (qg: 24) € PXT*

iff l1l€eLn(M).
w=a€l, Notation: B/F =y iff e B = vB

a&€L(n)

iff sgans, # 0
iff ( E;g 6(53 , a) 53 JNs, # 9
iff J3iemy > o(s), asd'Ns, # 9

1fF 3 € my 5(53', a)osg"f\ Sp # 8

and ss #@9 for i=0, ..., 3

et (sg = ﬂ’“‘=>8;.;+1 = ﬂ)====>sg = ﬂ

.=-=>6(sg : a)osg" =g ®)

50
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. i
L € % ](q,Y)G 5(88 ; &) os% N Sp and a sequence

(qil Yi)ésér i=0, ..., 3,
¥ (q, v)€ G(qj, YJ!, a)oyg and
(qir Yi)é G(qi_]_: Yi-l' e)oY;_lli=ll"'l j

iff ta, y/YL) € G(qj, Y a) and

'
Jl
(@, Yy/¥5 §€80a5 30 Yige €
for i=1, ..., j; where (qi, Yi)é sé and
y b . 1
(a, Y)€ 6(sg , a)osoﬂ By
iff a: (ay, vy l;; (a, Y)€S, and
i : .
e: (ay_y» Yy_1) bg (a4, v{) €8sy for i=1,...,3
i£# (v8? = [ Za) D) a: Z )F'l ( ) € FxT'*
“So T 9gr %9 * Ggr 2ol Ty (anY

iff aé€LM).

w=va, a€l

wéL(;\)
ift sowf\ S.a #£ 9
iE¢ -(sov)aﬂSF # 0.

Clearly SqV # 2 hence}sve SoV “y- svaﬂsF # @. Proceed

as in the proof for "w = a", with Sy replaced by Sy
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*
to obtain: a: (qv, Yv) h’ (g, Y) €& FxT* where (qv, Yv)=sv.
%*
By similar argquments it follows that v: (qo,zo) 'ﬁ (qv,yv)

*
and hence that w: (qo, ZO) '-I‘T (g, v)& FxT'* iff wéL((M).



§2. CHARACTERIZATION OF CONTEXT-FREE AUTOMATA

We first establish the important property of a
context-free automaton. Several supplementary results

are required.

LEMMA 3.2: For any pushdown,

MO = |.K0’ Z, P' 60' qo' Zol F)I

one can effectively construct a pushdown,
M= (F-' , T, 6, qol ZO' F)r

for which (q, v)€ §(p, 2, x) implies that y =1, YZ,

or Y; p, g€k, ¥, 2€T, x€I(J{e}; such that LM)=1MM&.

PROOF: Since § is a map from a finite set into

0
finite subsets of KOXF*, there are only finitely many,

say m, ways in which the condition of the lemma can

fail. So assume (qi yi)é'do(pi, Zi, xi), 1], souy M
and the Y; are not as above. i.e. say ¥y = Xinixini—l"'xil'
n, > 2, For all i introduce new "states":
m
Ky = {riO' Tiqr coer ooey rini-Z}‘ Let K = ot Ki and

define § as follows:

- 53 =
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§(pys 240 x40 = {lryq, X49) | (ay, v;) € 85y, 25, %))

J (a, )| (a, Y)E 8ylpy, 240 %), ¥ = 1, YZ, or Y}

for p,€K,, 2,€T, x,€ U {e}

§(rigr X390 €) = {lrgy, X35%0)}

§(ryyr Xypr €) = {lr;,, X;3X;0)}

Slts. ob Ko as &) w (o, XK. X, )}
ing 2’ in, 1’ gi ¢ ini ing 1

§(p, 2, x) = do(p, 2, X)- 1€ (p; 2, %) o (pi' Zi, xi)

for all 1 =1; .., M

6 (Y ;

TL Z, x) = g for all other arguments involving the r.

ij

8(p, 1, x) = g for pé€EKR, x£rfU{e} ”).

All components of M are now defined and it remains to be
shown that the acceptance behaviour of MO has not been

altered.

*
For wé€I*; w€LMy) iff w: (q,,%,) }-ﬁo(q,v)é FxT*,
If for some x€IU{e}, x: (ql, z2Y) ,Lﬁ (qz,BY), where
0

B is not as in the statement of the lemma, appears in the

(+) Note that if Xi = Z is redundant.

1 i’ Tio
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derivation, we can replace it, by the above construction

— 1 * - *
of M, by x: (ql, ZY)hq'(qz,BY). Hence w: (qo, Zo)}ﬁ'(qu)
which means that w&L(M). On the other hand if

%*

w: (qo, ZO) h; (g, y) € FxT'* and the derivation involves
states in K - KO' the construction of M guarantees
that complete sequences, which replace a single derivation

*
step in MO’ must occur. Hence w: (qo, Zo)hqb(qo, Y).

Following Costich and Hedetniemi [2] we say that

a pushdown is in standard form if it has the property of

M above. We may assume, without loss of generality, that
context-free automata are constructed from standardized

pushdowns. A device studied in [ 2] is now introduced.

DEFINITION 3.3: A pushdown generator is an entity

G=(Q, L, 6§, Qg Yoo F) where Q and I are finite
non-empty sets called the "states" and "pushdown symbols"
respectively. qoéQ is the "initial state" and woé e

()

is the "initial pushdown stack word". FC(O 1is the set

of "final states" and

§: QX(ZU'jl})—>22xz*, (6(q, 1) = ¢ \V/ qé.Q)

A "configuration" of G is an élement (q, w)

(t) In this respect we differ slightly from [ 2] where an

initial pushdown stack symbol, aoéAZ, is used.
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of QxI*, and we say that (q, w) vyields (p, v)€& QOxIL*,
written (q, w)}a (p, v) if (p, V)€ 8(q, w')ow".

*
(The ', ", o notation is as in §l.). F- is the reflex-

@

ive, transitive closure of h;. The lanquage generated

by G is

L(G) = {weEr*| (ag, W) f—;— (q, w) € FxI*},

Intuitively a pushdown generator is a partial
description of a pushdown automaton. That is, if 0O = K,
I =T, where K and T are components of a pushdown
automaton, M, as in §1; then L(G) is the language of
possible words that M can "print" on its "stack" starting

from configuration (qo, wo) and making only "e-moves".

It must also be pointed out that the "standard-
ization" technique of Lemma 3.2 applies equally well to
pushdown generators. Hence all pushdown generators in the

sequel will be assumed to be in standard form.

PROPOSITION 3.4: L(G) is regular.

PROOF: We first consider the case where Wo = aoéiZ.
QxX)Q*Z

0(w): (q, a)—>{(p, b)|(q, a)}é-(p, bw)}. Define:

Define a function ©0: I*—>(2 by

w~v iff O(w) = O(v).

CLAIM: The equivalence relation, ~, 1is a left

congruence relation of finite index.
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OxZ,QxL

)

PROOY': Finiteness is clear since (2

is finite. Hence suppose c€I, and w-~v. Then

(p, b)E O(cw) (q, a)
*
iff (q, a) I—G- (p, bcw)

iffjréo ¥ (q, a) % (r, cw) % (p, bcw)

(standardization assumption)

iff3 réo -} (q, a) % (r, cv) % (p, bcv)

(standardization and w-~v)
5 *
iff (q, a)la'(p, bcv)
iff (p, b)€ 0(cv) (g, a).
Hence cw~cv and the claim is established.

Now construct an auxiliary pushdown generator:

.-G-== (6"' Qu{a}r T = ZU{#}r 3-1 qor aor {q—})

where: T(q, a) = 6(q, a)lU{(q, #a)} if qé€F

S(q, a) = §(q, a) if q¢F

5(q, a) = 35(3, %) = 8(q, &) = g.
Then WeL(®) iff (q,, a,) }% (g, W)

- *
iff]wé I* W = #w and (g4, a,) }E (p, w) €& FxI*



iff we #L(G).
Construct O for G and one has

L@ = 5 aT—227| (@, he gy ag).

Hence L(G) 1is the union of left congruence classes of
a left congrusnce relation of finite index, and thus is

regular. From which it follows that
L(G) = #\ L(G) is also regular.

The general result is obtained by induction on

[Wol -
wo=1 8(q 1) =g \V{;eo.

Hence {(q, W)l(qor 1) % (q: W)} = {(qor 1)}-

Thus L(G) = [1 if qu€&F
g if q0¢F

both of which are trivially reqular.

wo = aoé % Shown above.

Wo = agVq aoezz Consider the pushdown generators:

G(ao) = (0, T, 6, dgr gr F), and
G(p, vo) w (O, L, %, P, Voo F) \7/péP where

58

P = {peF|(q,, a )’_’.‘_ (p, 1)}. From elementary considera-
0 0 G

tions of pushdown operation it follows that
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L(G) = L(G(a,))v,U k_) L(G(p, v,)) which is regular
0 0 0
pEP
since L(G(ao)) and L(G(p, vo)) are by inductive hypo-
thesis, and the regular sets are closed under catenation

product and finite union. I

Our present goal is to show that for a context-
free automatorr A, (s, a)a is regular (over (K{JT)?*)
for all s€S = KT* and all a&€I. We require one further

normalization before proceeding to that result.

LEMMA 3.5: For any pushdown automaton

M=(, =, T, T, dg+ Zgs F) in standard form, one can
effectively construct a pushdown
M= (K, £, T, §, dor Zgr F) for which (q, v)é€ §(p, 2, a),

a€l implies that Yy = Z or 1; such that L(M) = L(M).

PROOF: (Sketch; the details being similar to
those in the previous normalization). Define:

é(p, 2, a) = 3(p, 2, a) - {(qg, Y)€ §(p, %, a)|y # Z or 1}

6(9, Z, E) = 3‘(p, Z,E)U{(r(q):Y)l(qu)e-g(pr z, a)l
y# 2%2or l, r(q) € K - K}

§(r(q), v', a) = {(q, Y")}
§(r(q), 2, a) = 8(r(q), ¥, y) = 4@

for z #vy, ye(zU{e}) - {a}, Ye€T.
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That is we just add new states, as before, to get
the correct sort of transitions. Note that M standard-
ized allows this to be completed in one step and that
standardization is not lost in the process. Clearly

L(M) = L(M). |

We will say that a pushdown is in normal form

if it has the property of M above, and assume, without
loss of generality, that context-free automata are con-

structed from normalized pushdowns.

PROPOSITION 3.6: If A is a context-free automa-

ton, then (s, a)a is reqular (over (KUT)*) for all
SES = KI'*, asIL. Furthermore (q, a)a = @ for all

gq€EXK and (s, a)a = ((s', a)a)s" U U (ps",a)a.
p € (s)a)aNnk

PROOF: To each s = qy€S and a€ZL associate

a pushdown generator: G(s, a) = (K, KUT, §_, q, v, K)
where K and T' are as in M which defines A and

Ga is defined in terms of 8§ in M as follows:

§,(p, 2) = 6(p, 2,e)U{(r, r2)|(xr, 2)€d(p, Z, a)}
U{(r, r)|(r, 1)E &(p, Z, a)}
.0, 1) =8 , Vrex

§,(p, 1)
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*
Define F-, and hence F—, as before and
" * L
L(G(s, a)) = ‘pB&KI*| (q, Y)}— (p, pB)}. By Proposition

() But L(G(s, a)) 1is clearly

3.4, L(G(s, a)) is regular.
by the definit:ion of Ga, none other than the configura-
tions yielded from qy after e-moves followed by an a-

move of M. Hence L(G(s, a)) = (s, a)a 1is regular.

Furthermore from the general induction scheme for

L(G) in 3.4 it follows that:

L(G(s, a)) = (L(G(s', a)))s" U t‘,} L(G(ps", a))
pé&(s',a)aNK

and hence (s, a)a = ((s', a)a)s"J L_,) (ps", a)a.
pé(s' ,a)aﬂK

We now study the converse situation. That is
given a non-deterministic generalized automaton of the

form:
A= (S, I*, ar{so}, SF) = (KI'*, *, o, {qOZO}, FT'*)

where K and ©' (and I) are finite, we show that the

conditions on o in 3.6 are sufficient to guarantee that

(t) A direct proof that L(G(s,a)) is regular is slightly

shorter than that of 3.4 since K provides us with dis-
tinguishecd symbols and hence an auxiliary generator is

not required.
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g

A 1is a context-free automaton.

Again there are some technical preliminaries.

PROPOSITION 3.,7: Every regular set can be gener-

ated by a pushdown generator.

PROOF: Let UCI* be reqular. Then there exists
a type 3 grammar: G = (Q, I, p, qo) such that U = L(G).

i.e. for me€eP we have:

e |
il

g*pa or T = g-+a
and T =q0+l iff 1€U; for p, g€0, a€l, (qoéQ).

We define a pushdown generator:
G = (quiql, £, 8, dgr s {g}) where a is an arbi-
0
trary, but fixed, element of I and § 1is given as

follows.

6(q0, ao)a (q, a) iff qy*qac P

§(ag, ap) (g, a) iff q,>aeP

§(ay, ap) S{g, 1y iff q,*1€P iff 1l€U
§(q, a) D (p, ba) iff qg+*pbé&P

§(q, a) > (q, ba) iff qg+bé€P.

We show that L(G) = L(G)



*
WEL(G) iff q=—>wel*

iff

iff

iff

iff

iff

qo:=-=>ql al===>qzazal=-=> %
=>9n-1%n-1

%*
wWE?L (ai

or g,==>a

or q0-==>1 = w&EL*

qO#qlal' ql*qzaz' ceey

63

esed A=A ,..a =W€Z*
2 31 n

1
, a€ L)

qn-z*qn—lan—l' qn-l*an

— %
and A ...a, = weéL
or qg*a = weE L*

or q0+1 = w& L¥

§(ag, ay) > (a , a), &
6(qn_11 an-l) 2 Gi, ana
and a ..a,

or 6&(q,, a,) > (q, a)

or G(qq)' ao) B (ay l)

(dq» aol}—(ql, al)}—(q
ol CHE T

and a ...a

or (g5, aglf(q, a) a
or (q,, ao)r-(a, 1) 1

wéL(G).

(ql' al)a(qz' azal)' s e 0 g
an-lan--2)’

n-l)
WwEL*

wEL*

1]
!

|
I

wEL*

)" azal)l-
..al)‘—- {a, an...al)
= wg L¥

wEIL*

wE L*
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LEMMA 3.8: If Uic:U 2 Ui regular over IL*¥,

0
for all i =20, ..., n, then there exist pushdown gener-

ators Gi = (D, L, §, dgr g Fi) such that Ui = L(Gi)

and Fic:Fo for all i =0, ..., n.

PROOF: Trivial. X l
We turn now to the converse of Proposition 3.6.

PROPOSITION 3.9: If A = (KI*, I*, a, {q,Z,}, FI*)

is a non-deterministic generalized automaton;where K,
'n and I are finite, KNT =@, and o has the follow-
ing properties:
(1) (s, a)a is regqular over (XKUT)* \V/séKI‘*, ac€l
(2) (g, a)a = @ \7g<EK

(3) (s, a)a = ((s', a)a)s" U L\,} (ps", a)a
pé(s',a)ank

then L(A) 1is context-free.

PROOF: We construct a pushdown automaton, M,
such that L(M) = L(A). Let |K|.|T| =m, |Z|] = n, and

fix two bijections for the discussion:

viz.: RI'> q2<—>ie{l, ..., m}

2351<-—-—>jé{1, e s 0 g n}-

For each qZé& KI' define:

(g2, €)a := (Mj(qz, a)a which is clearly regular. Hence
acl



we can define m pushdown generators:

G(gz, €) = Gi = (Ki' RUr , Gi' q, 2, Fi)
such that (qZ2, €)a = L(Gi). By Lemma 3.8 we can further
define, for each of the above, n more pushdown genera-

tors:

G(qZ, a) = Gij = (Kir KU T, Gil a, Z, Fij)
such that (q2, a)a = L(Gij) and Fij(:Fi for all i
and j. We further assume that:

-
. , = i i <> i >
K. N K g, if i q2., 1, q,z,

(

~

and g # a,
{q}, if ix<_—>qz1' iz<__>qz2

and 2 # 2 ,
1 2
and (q, y)¢vsi(p, Y) if qz<—>i
\V/pe K., YE RUr , ye (xUT)*,

To construct M = (K, £, I, §, dgr Zgr F):

Ly Ty dg ZO’ and F are as in A.

Set K =

HE

Ki and define & as follows:
i=1

(6: Rx(rU{1})x (£ U (eN—>28T") (5(q,1, x) = 9

if g€X, qZ<—>i
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set 6(q' Z, 5)

Gi(q, Z)/\(Ki*r*)
if péKi - K

set 6(?, Z' ;)

85 (pr Z)N (KyxT¥)
if q€K, qz2<-—>i, a<—>j
set §(q, z, a) = {(r, B)I]c—iéFij -}
(@, rB) €6,(q, 2)}
iz PEK;, - K, a<—>j

set d&(p, 2, a) = {(x, B)IHEéFij -3
(g, rB) Gi(p, 2)}.

To show L(M) = L(A) it suffices to show that
*
a: (a, ) k5 (p, 8) (1)
%5 pB € (qy, a)a (2

for arbitrary (g, ¥), (p, B) €& KxI'*, It is clear from
the disjointness conditions and the definition of ¢ how-

ever that if,

e (a, ) kg (a0 )y ex (apo¥lylay,, Yo, )

£ Xy ceup k=L, a5 faps ) !-ﬁ (p, B)

is a sequence corresponding to (1) that all the q, must
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be in one and only one set K, - K, and that there exist

qé€ F,; such that

3

(@, pB /yR)€ & (qp, vy).

Hence pB € (qy, a)a, and the argument being reversible, we

are done, '

Thus we have shown that the context-~free automata
are precisely those objects satisfying the hypotheses of

Proposition 3.9 and moreover that their actions are completely

determined by '|K|.|T|.|Z|' regular sets. Finally then:

THEOREM 3.,10: A language is context-free if and only

if it is accepted by a context-free automaton.
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