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' P/-
'IT 

8 

l 
l;IB't;r;-1 

'IT 'IT 
7 3 

R-- B' t; 
'IT 

w\ 
2 

v 

'\ 
A $ >M l.1 :.-Q 

The outer triangles commute, the outer "square" 

commutes since the smaller ones do,and thus 

But K- is onto hence epi 

large inner square commutes. P/- being a subobject of 

AITC, 'IT and projections show that it is a pullback. 
7 8 

Clearly P/- = RoS. 



From 1:he above discussion it follows that we 

could define 1:he morphisms of MON by: 

MON (A, B) = {A~B' IB'e,_>B, Ct! MON} since the images of 

D are of thio form. 
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§40 SPECIAL PRODUCTS 

In th i s section we relate some of the products 

of MON-sets and monoids that appear in the decomposi-

tion theory o l: automata o 

DEFIN":TION 2 olS: The Eilenberg o-product of 

A ::a: (S, M) ' B = (T' N) £ ENS-MON is given by 

AoB = (SxT, M~~8N) where MT8N has as underlying set 

MTxN and acti on and multiplieation are given as follows: 

(1) (s, t)(f , n) := (s (t)f, tn) Vcs, t)cSxT 

( 2) ( f, n) ( f 1 
, n 1 

) : = (r, nn 1 
) where 

t I = ( t f) ( tn) f I V< f , n) , ( f I , n I ) e M T X N 0 

T M = {f: T--->M}, viewed as a monoid has point-

wise mul tipliC!ation 0 That is for f, f 1 ~ MT, ff 1 is given 

by (t)ff 1 = (tf) (tf 1 )J and the identity, 1, is the 

map such that tl = 1 tE M for all t €. To For n ~ N, 

f E MT; nf ~ MT makes sense if we set (t) nf = (tn) f o We 

will write n *f for nf since this "action" distributes 

over multiplication in MTo 

- 40 -
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That is, n*ff 1 = (n*f) (n*f 1
) since 

(t) n*ff 1 = (tn) ff 1 = ( (tn) f) ( (tn) f •) 

= ( (t)n*f) ( (t)n*f 1
) 

= (t) (n*f) (n*f 1
). 

With this con•1ention we can write (2 ) above as: 

( 3) ( f, n) ( f 1 
, n) = ( f (n * f 1 

) , nn 1 
) • 

some eare must be exercised with these conventions 

when monoids acting on t hemselves are under consideration . 

That is if M = (M, M), N = (N, N) in ENS-MON we have 

n MoN = (M N, M ®N) and 

(1) (m, n)(f 1
1 n 1

) = (m(n)f 1
, nn 1

) 

( 3) ( f , n) ( f 1 ~ n 1 
) = ( f ( n * f 1 

) , nn 1 
) • 

However if f is the constant map m, i.e. nm = m 

for all ne N I (1) and (3) while formally similar do not 

agree. For an arbitrary n € N. 

but 

(n)m(n)f 1 = m(n)f 1 

( n) m ( n * f I ) = ( ( n ) m) ( ( n) n * f I ) 

= m((nn)f 1
) 
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and the two are obviously in general quite different. 

Thus action and multiplication in this case should be 

carefully distinguished. 

It is easily verified however that MN®N occurring 

in MoN is eKactly the "wreath product" of monoids defined 

in Arbib [ 1] and others. M\N is usually written MwN. 

The question arises whether for arbitrary monoids 

M and N a ®-·product can be defined. For MT and N, 

(MN and N) the construction followed essentially because 

there was a left-N-action on ~1T, (MN) already implicitly 

defined. ~oreover the action, *, was shown to be distri­

butive over multiplication in MT, (MN). 

Hence for arbitrary monoids M and N if one can 

define: 

@: NXM->M 

(n, m)~>n@m such that 

(4) n@ (mm 1
) = (n@m) (n@m 1

) 

( 5 ) nn 1 @m = n ~ ~ ( n 1 @m) 

(6) l@m = m 

(7) n@l = 1 

the same cons t ruction is possible. 



Note that * satisfies (5), (6) and (7), since 

( t) ( nn 1 * f) = ( t ( nn 1 
) ) f = ( ( tn) n ' ) f 

= ( tn) ( n ' *f) = ( t) ( n * ( n ' *f) 

and (t) (l*f) =: (tl) f = (t) f; (t) (n*l) = (tn) 1 = 1. 
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That js for * , (5) and (6) are direct consequences 

of the ENS-MON axioms, and (7) is trivial. 

ConsicS.ered as a formal entity, n@ is seen, from 

(4 ) a nd (7), to be an endomorphism of M. Moreover from 

(5 ) a nd (6) we see that @ itself is a homomorphism. Thus 

the construction is possible given any homomorphism from 

N to end (M). i.e. @: N-->end (M). 

We define M@N to be the monoid with underlying 

set MxN and multiplication: 

(rn., n) (m 1
, n') = (m(n@m 1

), nn'). 

Such products are known in the literature as "semidirect 

product of M and N with connecting homomorphism @". 

Of course there is always the homomorphism; @ , with 

n@ = 1 for all n; for any monoids M and N. In that 

case M@N is just the usual direct product. 

We show that the circle p r oducts a nd D are 

reasonably compatible. 
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THEORE.\t 2 .16: 

((S, M)o(T, N))D,;; ((S, M)Df<!> (T, N)D. 

PROOF: 

L.S. = MT ® NjsxT; R.S. = (M/5) T ® N/T. 

(REMARK : The use of ® on the right hand side is just 

to indicate that we are using the natural semidirect structure 

present. That is (M/S)T has a natural left-N-action and 

hence a natural N/T action. 

L. s • = { [ f , n] 5 x T I f : T->M, n ~ N} 

(f, n>-sxT(f', n) 

[f, n1 [f', n'] = (f(n*f 1
), nn 1 1 

R.S. = { (g, [ n1T) jg: T->M/S, n ~ N} 

( g , [n ] ) ( g 1 
, [n 1 1 ) = ( g ( (n 1 * g 1 

) , [n n 1 1 ) • 

Define ~: MT <~ N/SxT-> (M/S) T 0 N/T 

by ~: [f , nH-> (r, [n1 > 

where (t)r = [tf1 5 • 



~ is well-de f ined: if [f, n1 = [f 1
, n 1 1 then 

[n] = (n 1
] and 

(t.) f = [tf1 = [tf I 1 = (t) t 1 

so -r = t 1
• 

~ is 1-1: If, n1~ = [f I I n 1 1 ~ 

==-t> c-r, [n1) = CF, [n I]) 

=> r= !I and [n1 = [n I] 

=> ct> r = ct> r 1 and n-Tn 1 

=> [tf1 = (tf I 1 and n-Tn I 

==> tf-stf 1 and n-Tn I 

=> (f, n] = .[f I I n I] • 

~ is onto: glven (g, [n]) € M/ST@ N/T, by the axiom 
-choice, there e:cists g: T->M such that (t)g~(t)g 

neN such tha ':: [n] 

- -(g, n1~ = (g, [n] ) • 

p is a homomor phism: 

( [f , n ] [f 1 
, n 1 

) ~ 

= [f(n*f 1
), nn • ]~ 

= ( f ( n * f ' ) , [nn 1 
]) 

= [n]. Choose such a pair, then 

(f , n 1 ~ (f 1 
, n 1 1 <P 

= Cr, ln1)(r1
, {n 1 J) 

= <r< tn1*r 1
), tnn 1 J) 
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of 

and 



but 

(t)f(n*f 1 ) 

= [(t)f(n*f')] 

- [(tf) (tn)f'] 

= 

= 

= 

and 

(t) f( [n] *f') 

<t> r<t £nl > r' 

[tf] [ (tn) f'] 

[ ( t f ) ( tn ) f ' ] • 

COROLLARY 2.17: For monoids 

M = (M, M) , N :: (N, N) : (MoN) D :: MwN. i.e. 

MN ® N/MxN :;: MN ® N. 

PROOF: Immediate since M/M ~ M. 
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CHAPTER 3 

AN APPLICATION TO CONTEXT­

FREE LANGUAGES 

§1. CONSTRUCTlON OF A CONTEXT-FREE AUTOMATON 

In chapter 1 it was stated that context-free 

languages are accepted precisely by non-deterministic 

pushdown automata. For an arbitrary pushdown, M, we 

construct a non-deterministic automaton, in the previous­

ly defined generalized sense, that accepts the same lang­

uage as M. W~ will call such objects context-free auto­

mata and trust that the characterization theorem of §2 of 

thi s chapter will justify the terminology. 

Let M = (K, !, r, ~' q 0 , z0 , F) be a (non­

deterministic) pushdown ·as described in chapter 1. 

Recall that: 

cS: Kx ( r U { 1}) x ( r l.J { E}) ->2~x r* 

and cS(q, 1, x) = ~, ~eK, xti:lJ {E}. Define: 

s : = Kr*, s I : ~ K ( r u { 1}) , where the catenation products 

are to be cons ide red as subsets of (K L:J r> * . Hence 
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K = K{l}CS'. A typical element qy of Kr* = s will 

be denoted s. Define: 

' . S->S': { qZyt->qZ] \{~K, z~ r, 

q .->q Y ~ r• 

and " : s->r*: rZy~>y J Vcr £ K, zcr, 

q ~>1 y~T* • 

With th i s notation we can unambiguously write 

8(s', x) for o(q, z, x) if s = qZy for some y€r*. 

If s = q, tht~n c5 (s ' , x) is just c5 (q, 1, x) = ~. In 

fact in what follows we will frequent l y make use of the 

bijection Kr* = Kxr* just alluded to and use whichever 

notation is mos t convenient. Sometimes and II will 

be applied to y € r• with a consistent interpretation: 
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viz. (Zy) ' = z ,. (Zy) " = y and 1' = 1 = 1 11 for z c r, y € r*. 

Define also: o : sxr*-->S 

For 

(qy, B)~>qyoB = qyB (t) 

TCS; o(T', X):= Uo(t', x),YxcrlJ{E} 
t€T 

t5 (T', x) oT" := U {uot" lut:o (t' ,x)} ,Vx €. r lJ {E}. 
tC:T 

and 

For 

(t) Note that 0 is thus an associate unitary action. 



s€S, define s 0 := {s}, and for n€1N set 

sn+l := 6(sn' E)osn" 

From the definitions it follows immediately that, 

in terms of pushdowns, sn, is the set of possible 

"configurations" that arise from configuration s after 

n "E-moves". 

We are now in a position to define an action on 

sxr* in a useful way. 

Define: a: sxi:*->25 by 

00 

U i' i" (s, a)a = o(s , a)os for a €. r. 
i=O 

E* being free , this suffices to define a. As usual 

we abbreviate 1:he action by juxtaposition. Thus we 

write sa for (s, a)a, and for an arbitrary word, 

w = va€E*, a~ E; s(va) = (sv)a. Of course sl = {s}. 

From an intuitive point of view, sa is the set 

of all possible configurations that M can "enter" from 

configuration s after "reading" 'a' on the "tape". 

sa is of cours e in general an infinite set but we shall 

see later that it has a reasonable property . 

To the pushdown, M, we associate the non-
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deterministic, generalized automaton A= (S, E*, a, {s 0 },SF) 



where s 0 = q 0z0 , SF= Fr*, S and a being as above. 

A constructed in this way will be called a context-free 

automaton. 

PROPOSITION 3.1: L(A) = L(M). 

PROOF: By induction on lwl. 

w = 1 1 € L (A) 

iff s 0 l()SF r;. JJ 

iff sO€ SF 

iff qo~ F 

iff 1: <qo, zo> ~ (q
0

, z
0

) ~ Fxr• 

iff 1 ~ L (M) • 

w = a € I:. Notation: 6/lf =Y iff 6 = y"S" 
D£ 

a~ I.(A) 

iff s 0an SF ~ 0 
00 

iff ( lJ ~ (s~ 1 , a) s~ ")nsF ~ ~ 
l.=O 

iff] jE INO ·~ · ~(sr, a)os~"nsF #- JJ 

iff J j E (No ·r ~ (s~ I , a)o s ~ "n SF ~ ~ 
i and s 0 ~ JJ for i = 0, .•• , j 
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iff ] (q,y) € o (s~', a) os~"n SF and a sequence 

(qi' yi)es~, i = o, ••• , j, 

•t· (q, y) ~ o (qj, y j, a) oyj and 

(q, 1 'Y•) C 0 (q , l' y! l' £)0y': 1 ,i=l, • • • 1 j 
1 1 1- 1- 1-

(q • I 
1 'Y • !y •: 1 e. 0 ( q • 1 I 1 1- 1- 'Y! 1 I 1-

£) 

for i :: 1, • • • I j ; where (q' I 1 yi)€ s~ and 

y)~ o(s~', 
o II 

(q, a)os6 nSF 

iff a: (qj, y j) ~ (q, y) e sF and 

£: (q. l' y. l>tMM (q., y.)C.soi for i=l, ••• , j 
1- 1- 1 1 

iff a€L(M). 

w = va, a~ 1: 

We L (A ) 

iff sown sl~ :! ~ 

iff -(s 0v)a()sF ~ ~. 
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Clearly s 0v-:! JJ hence ]svc s 0v ·t· svansF :/ ~. Proceed 

as in the proof for "w =a", with s 0 replaced by sv 
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* to obtain: a: (qv, Yv> ~ (q, y) ~ Fxr* where (qv, yv)=sv. 

By similar arguments it follows that v: Cq0 ,z 0 > ~ (qv,yv) 

and hence that w: (q0 , z0 ) 1i-" (q, y)cFxr* iff wcL(M). 

I 



§2. CHARACTER: ZATION OF CONTEXT-FREE AUTOMATA 

We fil~st establish the important property of a 

context-free automaton. Several supplementary results 

are required. 

LE~MA 3.2: For any pushdown, 

one can effectively construct a pushdown, 

M = (R, r, r, o, q
0

, z
0

, F), 

for which (q, y)£ o(p, Z, x) implies that y = 1, YZ, 

or Y; p, q£1<, Y, Zer, x€Et}{E}; such that LU1) = L(M0 ). 

PROOF: Since o0 is a map from a finite set into 

finite subsets of K0xr*, there are only finitely many, 

say m, ways in which the condition of the lemma can 

fa i l. So assume (q. y.)€oo(p., z., x.), i = 1, ... , m 
1 1 1 1 1 

and the are not as above. i.e. say y~ =X. X. 1 .•. x. 1 , 
... 1n . 1n.- 1 

1 1 

n. > 2. For all i 
1 

introduce new " s tates": 

Ki ={riO' ril' ••• , . . . , 
define o as follows: 

r. 2}. 1n.-
1 

- 53 -

Let I I!' J 
K = V K. 

i=O 1 
and 
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o(p., z., x. ' = {(r"O' x. 1 >l<q., y.)Eo 0 (p., z., x . )} 
~ ~ ~ . ~ ~ ~ ~ ~ ~ 

o (r. 2 , X. 1' £) = {(qi, x. x. 1)} 
~n.- ~n .. - ~n. ~n . -

~ . ~ ~ 

o(p, z, x) = t> o<P, Z, x) if (p, Z, x) ~ (pi, z. , X.) 
~ ~ 

for all i = 1, . . . , m 

o (r .. , Z, x) -· ' for all other arguments involving the r .. 
~J ~J 

o (p, 1, x) = ~ for p~ K, x£ r\J {E} (t). 

Al l components of M are now defined and it remains to be 

shown that the acceptance behaviour of M0 has not been 

altered. 

For w£ r*~ w€ L(M0) iff w: (q0 ,z 0) ~O (q,y)€ Fxr*. 

If for some xErtJ{E}, x: (q, Zy) ~ (q ,By), where 
1 0 2 

B is not as in the statement of the lemma , appears in the 

(t) Note that if = z., r. 0 ~ ~ 
is redundant. 
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derivation, we: can replace it, by the above construction 

of M, by x: (q , 
1 

z y ) ~ ( q 
2

, By) • Hence w: (qo, zo> ~ (q,y) 

which means that WeL(M). On the other hand if 

* w: (q0 , z 0 ) Jif (q, y) € Fxr* and the derivation involves 

states in K - K0 , the construction of M guarantees 

that complete sequences, which replace a single derivation 

step in M0 , must occur. Hence w: (q0 , z0 > ~0 (q0 , y) • 

I 
Following Costich and Hedetniemi [2] we say that 

a pushdown is in standard form if it has the property of 

M above. We may assume, without loss of generality, that 

context-free a utomata are constructed from standardized 

pushdowns. A device studied in [ 2] i s now introduced. 

DEFINI'riON 3.3: A pushdown generator is an entity 

G = (Q, I:, o, q 0 , w0 , F) where Q and I: are finite 

non-empty sets called the "states" and "pushdown symbols" 

respectively. is the "initial state" and w € I:* 
0 

is the "initial pushdown stack word". ( t) FCQ is the set 

of "final states" and 

. oxr* \._/ t. ) o : ox < r u ·.1 l > -> 2 t , < o < q, 1 > = ~ V q o 

A "configuration" of G is an element (q, w) 

(t) In this re~pect we differ slightly from [ 2] where an 

initial pushdown stack symbol, a 0 € r, is used. 



of Qxi:*, and we say that (q, w) yields (p, v)cQxi:*, 

written (q, 'i) f(; (p, v) if (p, v) € c5 (q, w') ow". 

L.:..G* (The ", o notation is as in §1.). r~ is the reflex-

. ive, transiti"e closure of ~· The language generated 

by G is 

Intuit·.ively a pushdown generator is a partial 

description of a pushdown automaton. That is, if Q = K, 

I: = r, where K and r are components of a pushdown 

automaton, M, as in §1: then L(G) is the lanquage of 
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possible words that M can "print" on its "stack" starting 

from configuration (q0 , w0 ) and making only "e:-moves". 

It must also be pointed out that the "standard-

ization" technique of Lemma 3.2 applies equally well to 

pushdown generators. Hence all pushdown generators in the 

sequel will be assumed to be in standard form. 

PROPOSITION 3.4: L(G) is regular. 

PROOF: We first consider the case where w 0 = a 0 €: I:. 

Define a function 0: I:*-->(2Qxi:)Qxi: by 

0(w): (q, a)t-->{ (p, b) I (q, a)~ (p, bw)}. Define: 

w-v iff 0(w) = 0(v). 

CLAIM: The equivalence relation, is a left 

congruence relation of finite index. 



PROOr: Finiteness is clear since (2oxE)QxE 

is finite. Hence suppose c ~ r 1 and w-v. Then 

(p 1 b)~0(cw)(q 1 a) 

* iff ( q 1 a ) ~ ( p 1 bcw) 

iff] rc 0 ·~· (q 1 a)~- (r 1 cw) ~ (p 1 bcw) 

(standardization assumption) 

iff J r c Q • t · ( q 1 a) fg ( r 1 cv) ~ ( p 1 bcv) 

(standardization and w-v) 

iff (q 1 a) ~ p 1 bcv) 

iff ( P I b) C 0 ( CV) ( q I a ) o 

Hence cw-cv and the claim is established. 

Now construct an auxiliary pushdown generator: 

where: O"(ql a ) = o(ql a>U{Cql #a)} if qe F 

oCql a ) = 0 (q 1 a) if qfF 

tf(q, a = (f (q, #) = O"(q, #) = ~-

Then w €. L (G) iff Cqo, ao> ~ (ql w> 

iff ]we r* ·1-· w = * #w and (qo, ao> ~ (p, w) ~ Fxr* 
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i ff we #L(G). 

Construct ~ for G and one has 

Hence LfG) is the union of left congruence classes of 

a left congrue nce relation of finite index, and thus is 

regular. Fro1n which it fo l lows that 

lwol • 

Hence 

Thus 

L (G) = # \. L (G) is also regular . 

The ge neral result i s obtained by induction on 

o(q ,. 1) =, ~EQ . 

{(q, w ) I Cq 0 , 1 ) ~ (q, w)} 

L(G) = r: if 

t~ if 

= { Cqo' 1 > }. 

both of which are trivially regular. 

w0 = a 0 ~ 1: Shown above. 

w0 = a 0v 0 , a 0 t: 1: Consider the pushdown generators: 

G(a0 ) = (Q, 1:, 6, q 0 , a 0 , F), and 

G(p, vo> = (Q, r, 6, p, VO' F ) Vp t:P where 
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P = {p€FI (q0 , a 0 ) ~ (p, 1)}. From element a ry cons i dera­

tions of pushdown operation it follows that 



L(G) = L(G(a0 )v0 U U L(G(p, v 0 )) which is regular 
p~P 

since L(G(a0 ) ) and L(G(p, v 0)) are by inductive hypo­

thesis, and the regular sets are closed under catenation 

product and finite union. 
I 

Our present goal is to show that for a context­

free automator A, (s, a)a is regular (over (KlJr)*) 
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for all s c s = Kr* and all a €. r. We require one further 

normalization before proceeding to that result. 

LEMMA 3.5: For any pushdown automaton 

M = (K, r, r, o, q 0 , z0 , F) in standard form, one can 

effectively construct a pushdown 

M = (K, r, r, 15, q 0 , z0 , F) for which (q, y)t:: o(p, Z, a), 

a c: r implies that y = z or 1; such that L (M) = L (M) • 

PROOF: (Sketch; the details being similar to 

those in the previous normalization). Define: 

o(p, z, a) = o(p, z, a) - {(q, y)€ o(p, z, a) h # z or 1} 

IS(p, Z, e:) = O"(p, Z,E)U{Cr(q),y)!(q,y)~O"(p, Z, a), 

y # z or 1, r(q)E K- K} 

o(r(q), y', a)= {(q, y')} 

o (r (q) , Z, a) = o (r (q) , Y, y) = ~ 

for z # y ~ y t; ( r Cl { e:}) - {a} , Y € r. 
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That is we just add new states, as before, to get 

the correct sort of transitions. Note that M standard-

ized allows t is to be completed in one step and that 

standardization is not lost in the process. Clearly 

L(M) = L(M). I 
We wi l l say that a pushdown i s in normal form 

if it has the property of M above, and assume, without 

loss of generality, that context-free automata are con-

structed from normalized pushdowns. 

-PROPOf:ITION 3. 6: If A is a context-free automa-

ton, then (s, a)cx is regular (over (KI)r)*) for all 

s e S = Kr*, a ,; r. Furthermore (q, a) ex = ~ for all 

q€ K and (s, a)cx = ({s', a)cx)s" U U (ps" ,a)cx. 
p C. (s ~a .)cxf)K 

PROOF: To each s = qy €. S and a € r associate 

a pushdown generator: G(s, a) = (K, KlJr, oa' q, y, K) 

where K and r are as in M which defines A and 

oa is defined in terms of o in M as follows: 

oa(p, Z) = o(p, Z,E)U{(r, rZ)!(r, Z)co(p, Z, a)} 

U{(r, r>l<r, l)co(p, z, a)} 

' \:trEK 

oa (p' 1) = ~. 
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,_ ~, Define , and hence ~ as before and 

L (G (s, a)) = <pB e. Kr* I (q, y) f!- (p, pS)}. By Proposition 

3.4, L(G(s, a)) is regular. (t) But L(G(s, a)) is clearly 

by the defini 1: ion of o a, none other than the configura­

tions yielded from qy after E-moves followed by an a-

move of M. Hence L(G(s, a)) = (s, a)ex is regular. 

FurthE!rtnore from the general induction scheme for 

L(G) in 3.4 ~t follows that: 

L{G(s, a)) = (L(G(s', a)))s"U U r~(G(ps", a)) 
p E ( s ' , a ) ex/1K 

and hence (s ,, a)ex = ( { s' , a)ex)s .. U U (ps", 
p~(s' ,a) exf1!< 

a)a. 

I 
We no\'1 study the converse situation. That is 

given a non-d£!terministic generalized automaton of the 

form: 

..... 
A= (S, E*, ex ,. {s0 }, SF) = (Kr*, E*, ex, {q0z 0 }, Fr*) 

where K and r (and E) are finite, we show that the 

conditions on ex in 3.6 are sufficient to guarantee that 

(t) A direct proof that L(G(s,a)) is regular is slightly 

shorter than that of 3.4 since K provides us with dis-

tinguished symbols and hence an auxiliary generator is 

not required. 
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-A is a context-free automaton. 

Again there are some technical preliminaries. 

PROPOHITION 3.7: Every regular set can be gener-

ated by a pushdown generator. 

PROOF : Let U C r* be regular. Then there exists 

a type 3 grammar : G = (Q, r, p, q 0 ) such that u = L(G). 

i.e. for 1T ~ P we have: 

1T = q+pa or 1T = q+a 

and 1T = q 0+1 iff l£U; for p, qeQ, aEE, (q0 c-Q). 

We define a pushdown generator : 

G = (Ql:J{q}, E, <S, q 0 , a 0 , {q}) where 

trary, but fixed, element of r and tS 

fo l lows. 

<S(qo, a 0 ) 3 (q, a) iff qo+qaf.: P 

<S(qo, ao> ~ (q, a) iff q 0+a E P 

a is an arbi-
0 

is given as 

o(qo, ao> ~ (q, 1) iff qo+l e. P iff lEU 

<S(q, a) ~ (p, bd.) iff q+pb E P 

0 (q, a) ~ (q, ba) iff q+b E P. 

We shm{ that L(G) = L(G) 



* we. L (G) iff q 0=>w c I:* 

iff q0~>q a ==>q a a==> ••• 
1 1 2 2 1 

--=>q 1 a 1 ••• a a=-=>·a ••• a
1 

= w £. I:* n- n- 2 1 n 

or q 0==>a = wei:* (ai, a~ 1:) 

or q 0==>1 = w t:. I:* 

iff q 0+q a , q +q a , ••• , 
1 1 1 2 2 

qn-2+qn-1an-1' qn-1+an 

and an ••• a
1 

= we. 1:* 

or q 0+a = wE I:* 

or q 0+t = w(E. I:* 

iff o (q0 , a)) ~ (q , a ) , o (q , a
1

) ~ (q , a a ) , ••• , 
1 1 l 2 2 1 

0 (qn-2' an-2) ~ (qn-1' an-1 an-2 ) ' 

o(qn-1' an-1) ~ (q, a a 1 > n n-

and a n • • •1 = w c 1:* 

or o<qo , ao> ~ (q, a) a = we. 1: * 

or o<qo, ao> :3 (q, 1) 1 = wEI:* 

iff Cqo, ao . ~Cq1, a ) ~ (q , a a )~ 
1 2 2 1 

~ (qn-1' an-1 • • • a1) 1- (q' an ••• a1) 

and a n ••• a = w~ I:* 

or Cqo ao>~ (q, a) a = we I:* 

or Cqo ,. ao> ~ (q, 1) 1 = w ES. E* 

iff w ~ L (G). 

I 
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LEMMA 3.8: If U. C: u0 , U. regular over E*, 
1 ' 1 

for all i = 0, .•• , n, then there exist pushdown gener-

ators Gi = (0, E, ~' q 0 , a 0 , Fi) such that Ui = L(Gi) 

and F i C F 0 for all i = 0, ••• , n. 

PROOF: Trivial. 
I 

We tu:rn now to the converse of Proposition 3.6. 
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PROP03ITION 3.9: If A= (Kr*, E*, a, {q0z0}, Fr*) 

is a non-deterministic generalized automaton;where K, 

r, and r a:ce finite I K {) r = ~I and a has the follow-

ing propertie:;: 

(1) 

(2) 

(3) 

(s, a)a is regular over (K CJ r> * Vs € Kr*, a c r 

(q, a)a 

(s, a )a 

= ~ \{eK 
= ((s', a)a)s" U U (ps", a)a 

pE(s ' ,a) a()K 

then L(A) i s context-free. 

PROOF: We construct a pushdown automaton, M, 

such that L (H) = L (A) . Let I K I . I r I = m, I r I = n, and 

fix two bijec-ions for the discussion: 

viz.: Kr~qZ<->i6{l, •.• , m} 

r ~ (1 <-> j E { i , . . . I n} • 

For each qZ € Kr define: 

(qZ, E)a := ~(qZ, a)a which is clearly regular. Hence 
a £.:E 



we can define m pushdown generators: 

G (qZ, E) = G
1
• = (K. , KlJr , o . , q, Z, F. ) 

]. ]. ]. 

such that (qZ, E)a = L(G.). By Lemma 3.8 we can further 
]. 

define, for edch of the above, n more pushdown genera-

tors: 

G(qZ, a) = Gij = (K., K(J r, o., q, Z, Fi.) ]. ]. J 

such that (qZ, a)a = L(G . . ) 
l.J 

and F . . CF. ]. J ]. 

and j. We f11rther assume that: 

= if i <-->q z , i <-->q z 
1 1 1 2 2 2 

and q1 -:; q2 

{q}, if i <->qZ , i <-->qZ 
1 1 2 2 

and z -:; z , 
1 2 

and (q, y) ~ ~si (p, Y) if qZ<->i 

~' t: Ki, Y E K 1Jr , y € (K lJ r) * . 

for all 

To construct M = (~, E, r, o, q 0 , z0 , F): 

r, r, q 0 , z0 , and F are as in A. 

Set 
lm I 

f{ = \...;_) Ki 
i=l 

and define as f o l lows: 

~xr* ( 0 : X' X ( r U { 1 } ) X ( L LJ { e: } ) -> 2 f ) ( 0 ( q! 1 , X) = $J) 

if q ~ K, qZ<-->i 

i 
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set c5 (q, z, ~) = oi(q, Z) n (Ki xr*) 

if p~ K. - K 
l. 

set c5 (p, z, ~) = c5 • (p, 
l. 

Z)f'l (K.xr*) 
l. 

if q~ K, qZ<·->i, a<->j 

set o(q, z, a) = { (r, 8) I ]qt:; Fij ·r· 

(q, r8) €o i(q, z) } 

if p€K. - K, a<->j 
l. 

set o(p, z, a) = { (r, 8> l]qcF . . ~t · 
l.J 

(q, r8) oi(p, Z)}. 

To show L(M) = L(A) it suffices to show that 

a: (q, y) ~ (p, 8) (1) 

iff p 8 €. ( qy , a) a ( 2l 

for arbitrary (q, y), (p, 8)€ Kxr*. It is clear from 

the disjointn~ss conditions and the definition of o how-

ever that if, 

R. = 1, ••• , k- 1, a: (qk, yk) fM (p, 8) 

is a sequence corresponding to (1) that all the must 



be in one and only one set 

q £ F ij such ·that 

K. - K, 
l. 
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and that there exist 

Hence pB ~ (qy, a) a, and the argument being reversible, we 

are done. I 
Thus ·11e have shown that the context-free automata 

are precisely those objects satisfying the hypotheses of 

Proposition 3.9 and moreover that their actions are completely 

determined by 'IKI .lri.IEI' regular sets. Finally then: 

THEOREM 3.10: A language is context-free if and only 

if it is accepted by a context-free automaton. 

I 
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