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Abstract

Broadcasting correlated Gaussians is one of the cases where separate source-channel cod-
ing is suboptimal. In this dissertation, we will study the distortion region of sending
correlated Gaussian sources over an AWGN-BC using hybrid digital-analog coding ap-
proach, where each receiver wishes to reconstruct one source component subject to the
mean squared error distortion constraint.

First of all, the problem of transmitting m independent Gaussian source components
over an AWGN-BC is studied. We show this problem setup is closely related to broad-
casting correlated Gaussian sources with genie-aided receivers. Moreover, the separate
source-channel coding approach is proven to be optimal in these setups.

Second, we consider two new scenarios and find the achievable distortion regions for
both cases, where three Gaussian source components are sent to three receivers. The dif-
ference is that for the first scenario, the first two source components are correlated and they
are independent of the third one while for the second scenario, the last two source compo-
nents are correlated and they are independent of the first one. Inner bounds based on hybrid
analog-digital coding and outer bounds based on genie-aided arguments are proposed for
both cases and the optimality is proven.

Finally, we study two cases where side information is presented at one receiver. Hybrid

analog-digital coding schemes are used and the optimality is proven.

v



Acknowledgements

Firstly, I want to thank my supervisor Dr. Jun Chen, who has helped me enormously in
the past two years. Thanks goes to him for spending many afternoons teaching me the
techniques used in Information Theory, how to do research and many other things. I deeply
appreciate his expertise, guidance and the freedom he gave throughout the course of the
thesis. All I can say is that I could hardly ask for any more from an advisor.

Secondly, I would like to thank Lin Song for her support and insightful discussions.
Besides, I want to thank Cheryl, the graduate administrative assistant, for her help during
my study at McMaster University.

Finally, I would like to thank my family members for their support, unconditional love

and making my life as enjoyable as I could imagine.



Abbreviations

AWGN-BC
DM-BC
DPC
DPI
EPI

MMSE

Additive White Gaussian Noise Broadcast Channel
Discrete Memoryless Broadcast Channel

Dirty Paper Coding

Data Processing Inequality

Entropy Power Inequality

Minimum Mean Square Error

vi



Contents

Abstract
Acknowledgements
Abbreviations

1 Introduction and Problem Statement
1.1 Introduction . . . . . . . . . . . .
1.2 Problem Setup. . . . . . . . . . .

1.3 Organizationof the Paper . . . . . . ... ... ... ... ... .....

2 Broadcasting m Gaussian Source Components
2.1 Broadcasting m Independent Gaussian Source Components . . . . . . . . .
2.2 Broadcasting m Correlated Gaussian Source Components with Genie-aided
Receivers . . . . . . . . .
2.3 Connection between the Above Two Problem Setups . . . . . . .. .. ..
2.3.1 Inner Bound Based on the Superposition Coding Scheme . . . . . .
2.3.2 Genie-aided OuterBound . . . .. ... ... ... .. ......

2.3.3 The Achievable Distortion Region . . . . . . .. ... ... .. ..

vii

iv

vi



24 AnalogScheme . . . .. ... ... .. 17

3 Two Correlated Source Components and One Independent Component 19
3.1 Compression of Correlated Gaussian Source Components under Individual

Distortion Criteria . . . . . . . . . . . . . . e 20

3.2 First Two Correlated and Independent of the ThirdOne . . . . . . ... .. 22

3.2.1 Inner Bound when S; < 5’1 > 5’12 — Sy . 23

3.2.2 Inner Bound when Sl = aS‘lg .................... 27

323 OuterBound . .. ... ... .. ... 29

3.2.4  Achievable Distortion Region when S « S’l — ng —Se . ... 33

3.2.5 Achievable Distortion Region when SH = a§12 ........... 33

326 Summary . .. ... e e 33

3.3 Last Two Correlated and Independent of the FirstOne . . . . . . . ... .. 34

3.3.1 Inner Bound when S5 < QQ > §23 —S3 34

3.3.2 Inner bound when Sz = aggg ..................... 38

333 OuterBound . .. ... ... ... ... .. 39

3.3.4  Achievable Distortion Region when S5 < S’z — ggg —S3 .. ... 40

3.3.5 Achievable Distortion Region when 32 = Clgzg ........... 41

33.6 Summary . . .. ... 41

4 Two Correlated Source Components and One Independent Component with

Side Information at Receiver 42
4.1 Third Component with Side Information at Receiver . . . . .. ... ... 42
4.1.1 Inner Bound when S; <« 5'1 — Slg —Se e 44
4.1.2 Inner Bound when 31 = aS’lg .................... 46

viii



4.1.3 OuterBound . . . . . . . . . .. 48

4.1.4 Achievable Distortion Region when S} « 5'1 — Slg —Se . ... 52

4.1.5 Achievable Distortion Region when SH = aglg ........... 52

4.1.6  Summary . . . . . ... e e e e e 52

4.2 First Component with Side Information at Receiver . . . . . . .. ... .. 53
4.2.1 Inner Bound when Sy < 53 — ggg e 54

4.2.2 Inner Bound when 32 = a323 .................... 56

423 OuterBound . ... ... .. .. ... .. 57

4.2.4  Achievable Distortion Region when S5 « 5’2 > 5’23 —S3. .. .. 58

4.2.5 Achievable Distortion Region when 5'2 = QSQ?, ........... 58

426 Summary . . . ... 58

S Conclusion and Future work 59
5.1 Conclusion . . . . . . .. e 59
5.2 Futurework . . . . . ... 60
Bibliography 61

X



List of Figures

1.1
2.1

3.1
3.2

33

34

3.5

3.6

4.1

4.2

Broadcasting m Correlated Gaussian Source Components over AWGN-BC
Broadcasting m Gaussian Source Components over an AWGN-BC with
Genie-aided Receivers . . . . . . ... ... oL 0oL
Broadcasting Three Gaussian Source Components over AWGN-BC
Broadcasting Three Gaussian Source Components over an AWGN-BC when
first two are correlated: the Encoder Part . . . . . . . ... ... ... ...
Broadcasting Three Gaussian Source Components over an AWGN-BC when
first two are correlated: the Decoder Part . . . . . . . ... ... ... ...
Broadcasting Three Gaussian Source Components over AWGN-BC with
Genie-aided Receivers . . . . . . . . ... L Lo
Broadcasting Three Gaussian Source Components over an AWGN-BC when
last two are correlated: the EncoderPart . . . . . . . ... ... ... ...
Broadcasting Three Gaussian Source Components over an AWGN-BC when
last two are correlated: the Decoder Part . . . . . . ... ... ... ...
Broadcasting Three Gaussian Source Components over AWGN-BC with
Side Information at Receiver when first two are correlated . . . . . . . ..
Broadcasting Three Gaussian Source Components over AWGN-BC with

Side Information at Receiver: the EncoderPart . . . . . . .. .. ... ..



4.3

4.4

4.5

4.6

4.7

Broadcasting Three Gaussian Source Components over AWGN-BC with
Side Information at Receiver: the Decoder Part . . . . . .. ... ... ..
Broadcasting Three Gaussian Source Components over AWGN-BC with
Genie-aided receiver with Side Information at Receiver . . . . . . . . . ..
Broadcasting Three Gaussian Source Components over AWGN-BC with
Side Information at Receiver when last two are correlated . . . . . . . . ..
Broadcasting Three Gaussian Source Components over AWGN-BC with
Side Information at Receiver: the Encoder Part . . . . . .. ... ... ..
Broadcasting Three Gaussian Source Components over AWGN-BC with

Side Information at Receiver: the DecoderPart . . . . . . . .. ... ...

Xi



Chapter 1

Introduction and Problem Statement

1.1 Introduction

In the seminal work [1], Shannon proved that separate source-channel coding is optimal
for point-to-point communication. In other words, joint source-channel coding does not
improve the performance. This theorem greatly reduces the complexity of communication
system engineering, i.e., source coding and channel coding can be studied and implemented
independently of each other.

However, for most network information theory problem setups, separate source-channel
coding is not optimal. One example is broadcasting a correlated bivariate Gaussian source
over an AWGN-BC and each decoder wishes to reconstruct only one source component.
[2] shows that the uncoded scheme is optimal for certain signal-to-noise ratios. Tian et
al. characterize the complete distortion region in [3], which shows that hybrid coding
is needed to achieve the distortion region. Here we will study broadcasting a correlated
multivariate Gaussian source over AWGN-BC and determine the distortion region under

certain conditions.
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Figure 1.1: Broadcasting m Correlated Gaussian Source Components over AWGN-BC

1.2 Problem Setup

Let S = (S1,59,...,Sn) be a zero-mean Gaussian source with the following covariance

matrix:
2 2 2
o P120 o Pim0O
2 2 2
P210 g T P2am0
ES =
2 2 2
Pm10 Pm20 e g

It is to be transmitted over an AWGN-BC to m receivers, where Y; is the channel output

at the 1—th receiver. The setup is illustrated in Figure 1.1. The AWGN-BC is given by

(i) = X(6) + Zu(i), k = 1,2, ..., m, (1.1)

where Z (i) is i.i.d. Gaussian noise with variance Ny. Without loss of generality, we shall

assume N; < Ny < ... < N,,.
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The encoding function f(.) maps the Gaussian source components S}, Sy, ..., S/’ to
the channel input X™ (Note: Sy here stands for (Si(1),Sk(2),..., Sk(n)), where k =
1,2,...,m):

X" = fM(sy, 85, ...,8"). (1.2)

m

The channel input X" needs to satisfy the average power constraint:
1 n
— EX(#)Y <P 1.3
n LB <P (1.3)

where F(.) stands for the expectation operator.

The decoder at receiver k reconstructs .S;’ based on the received signal Y7, i.e.
Si= o (V). k € [1,2,...,m], (1.4)

where ¢(.) is the decoding function at receiver k. The mean squared error distortion

measure is used:

- 1 N A
dp = d(Sg, S) = B[ ) (Sk(i) — Sk(0))?*],k € [1,2,....,m]. (1.5)
i=1
Distortion Region: A distortion vector (D;, Do, ..., D,,) is achievable subject to power
constraint P, if for any ¢ > 0 and sufficiently large n, we have Dy + ¢ > dj, where

k = 1,2,...,m. The set of all achievable distortion vectors (D1, D, ..., D,,) is called the

distortion region.
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1.3 Organization of the Paper

In this dissertation, we will study the achievable distortion region of broadcasting correlated
Gaussian sources over an AWGN-BC. The rest of the dissertation is divided into three
major parts.

In Chapter 2, we study the problem of broadcasting m independent Gaussian source
components over an AWGN-BC. In particular, this problem setup is closely related to
broadcasting correlated Gaussian sources over an AWGN-BC with genie-aided receivers.
The separate source-channel coding approach is proved to be optimal, where we first quan-
tize the Gaussian source components and then use the superposition coding.

In Chapter 3, we consider two new scenarios and find the achievable distortion regions
for both cases. In both scenarios, we send three Gaussian source components to three
receivers and each receiver is only interested in reconstructing one corresponding source
component. The difference between the two scenarios is that for the first scenario, the first
two source components are correlated and they are independent of the third one while for
the second scenario, the last two source components are correlated and they are independent
of the first one. Inner bounds based on the hybrid coding approach and outer bounds based
on genie-aided arguments are derived for both cases and the optimality is proven.

In Chapter 4, we study two cases where side information is presented at one receiver.
Hybrid coding schemes are provided and the achievable distortion regions are chacterized.

Finally, in Chapter 5, we summarize the main result of the thesis and discuss some

potential directions for the future work.



Chapter 2

Broadcasting m Gaussian Source

Components

In this chapter, we will study the problem of broadcasting m Gaussian source components.
More specifically, we will study two problem setups, one is broadcasting m independent
Gaussian source components, and the other is broadcasting m correlated Gaussian source
components with genie-aided receivers. We will establish the achievable distortion regions

for both problem setups and discuss their relationships.
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2.1 Broadcasting m Independent Gaussian Source Com-
ponents

Consider a memoryless and stationary Gaussian source with m independent components

Si1(i), 92(2), ..., Sy (1) of zero mean and the following covariance matrix:

o 0 - 0

0 o2 ... 0
S = ’

0 0 - o

We are interested in the distortion region of broadcasting these m independent components

over an AWGN-BC, which is a special case of the problem setup described in Chapter 1.

2.2 Broadcasting m Correlated Gaussian Source Compo-
nents with Genie-aided Receivers

In the problem setup, we have a memoryless and stationary Gaussian source with zero

mean and m correlated source components with the following covariance matrix:

2 2 2
o P120 0 Pim0O
2 2 2
P210 o Tt Pam0
Yg =
2 2 2
Pm10~  Pm20~ - g

The setup is shown in Figure 2.1. As shown in the figure, S;, S;.1, ..., S,, are provided
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Figure 2.1: Broadcasting m Gaussian Source Components over an AWGN-BC with Genie-
aided Receivers

to receiver ¢ as side information. For example, S%', 5%, ...,.S)! are given to receiver 1, and

S%, ..., Sy is provided to receiver 2, etc.

2.3 Connection between the Above Two Problem Setups

In this section, we shall show the above two problem setups are essentially equivalent. Sup-
pose 5‘?, S*g, e 5‘,’;1 are the reconstruction of ST, 57, ..., S at the corresponding receivers
and (D1, Do, ..., D,,) is the achievable distortion vector. Before we proceed, we define the
following variables:

0 = 51 — E[S1|S2, S5, ...y Sl

9y = Sy — E[S2|S3, ..., Sl
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Om = S 2.1

Then we define the following variables:

o = Sy — E[S1|Ss, S5..., Syl

by = Sy — E[S5|S5..., Sl

We can see that 0y, 0o, ..., 0,1, Sy, are independent. Moreover,

Ds, = E[(01 — 51)2]
= E[(Sy — E[S1]Ss, S3] — Si + E[S1S5. S3))?]
= E[(S; — $1)?

= D;. (2.3)
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Similarly, we have
Ds. = Dy, (2.4)

where i =2,....m — 1.

For §,,, there is no change and D,, remains the same.

Therefore, for any achievable distortion vector (D1, Ds, ..., D,,) based on S}, S¥, ..., S",
we can achieve the same distortion vector by transmitting m independent Gaussian source

components 01, 02, ..., 01, -

2.3.1 Inner Bound Based on the Superposition Coding Scheme

According to the preceding discussion, for any achievable distortion vector (D1, Ds, ..., D,,)
based on ST, 57, ...,.S;, we can achieve the same distortion vector by transmitting m in-
dependent Gaussian source components 01, o, ..., 0,1, Sy, We will derive an inner bound
of the distortion region for the independent source component setup, which is also an inner
bound of the distortion region for the correlated source component setup.

The coding scheme includes two parts. First, the source components are quantized
based on the lossy source coding scheme. Second, we use the superposition coding scheme
to encode the quantized information to send over the AWGN-BC. The details are as follows:

First of all, the Gaussian source components 01, ds, ..., 0,1, Sy, are quantized into
51,52, ...,Sm_l,gm with corresponding distortions (D1j23.....m: D23....m» s Din—1jm> D)

atrates Ry, Ro, ..., R,,. We have

; (2.5)
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.....

nents are broadcasted over the channel following the superposition coding approach.
According to [4], an m-receiver DM-BC (X, p(y1, Yo, ..., Ym|z), Y1 X Yo X -+ Y},)  is
physically degraded if X < Y; < Y5 < --- < Y, form a Markov chain. The private

message capacity region is the set of rate tuples (R, R, ..., R,;,) such that
Rl S I<X7 Y1|U2),

R, < I(UZ,}/JUZ_H),Z S [2 : m]

for some p(t,, Up—1)P(Um—2|tm—1) - - - p(us|ug)p(z) and Up,11 = ¢. Note that the theo-
rem also applies to the AWGN-BC.

For the Gaussian case, we use superposition coding and let u; ~ N (0, «; P) fori € [1:
m] and they are independent of each other, where oy, g, ..., v, € [0, 1] and oy + o+ ... +
am = 1. We transmit X = > " u; ~ N(0, P). Let U; = (uj, w11, ..., Uy,) and plug in the

theorem above, we could get

1 Oélp
R < -log(1l+—
1_2 Og( + Nl )7

OéQP

1
Ry < —log(l + ——————
2_20g( +a1P+N2)’

O./Z'P
(Oél —I— (6] + —f- Ozi_l)P —|— Nz

R; < —log(1+

),

| —

10
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+ o, P
(v + g+ ... + 1) P + Ny,

). (2.6)

Combining (2.5) and (2.6) together, we could get

1 O-QA 1 Oélp
—lo L < —log(l + —
2 gD1\2,3 ..... m 2 &l N, )
1 O'QA 1 oo P
-1 2 < —log(1
2 o8 D2|3 ..... m 2 Og( + Oélp + N2)
1 02A< 1 OéiP
-lo i < Zlog(l+
2 & Di\i—l—l ..... m 2 g( (Oél + g+ ...+ Oéifl)P + Nz)
11 g2m<11 (1+ am P ) @7
—_— O —_— p— O , .
2 & Dm -2 & (Oél—|—042+...+Ckm,1)P+Nm

where ay, ag, ...,y € [0,1] and ag + g + ... + @y = 1.

2.3.2 Genie-aided Outer Bound

In this section, we derive the genie-aided outer bound for broadcasting m correlated Gaus-
sian source components. The proof is similar to [5] and the result is given in the following
lemma.
Lemma 2.1: The distortion region of broadcasting correlated Gaussian source compo-
nents is bounded by:
ny OA, o P

n
< Zlog(l 4+ ==
_QOQ +JW)
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2
n OA n o P
—1 2 < —1
2 8 D2|3 77777 m 2 Og( CY1P+N2)
2
n Op, n OéiP
—log ——— < —log(1 +
2 gDi\i-i-l ..... m 2 g( (a1+062+...+04i_1)P+Ni)
2
n OA n oy, P
—log == < —log(1 + , 2.8
2 & 2 & (a1+a2+...+am,1)P+Nm) (2:8)

where oy, ag, ..., € [0,1] and ag + ag + ... + @, = 1.

Proof: For ST, we have

2
D log At < T(SY: 57155, Sy ST, (2.9)
2 D1|2,3 ..... m

where A, = S; — E[S1]5, 55, ..., S| and Dyja3... . denotes the distortion of ST when

.....

Sy, 5%, ..., S] are given at Receiver 1. Note that
RHS = I(S}; 57155, S5, ..., Sm) < I(S7;Y)'|S5, S5, ., ST, (2.10)
which follows by the DPI. We have

I(Sy; Y |Sy, S5, ..y ST) = h(Y{"|Sy, S, ... ST) — h(Y{"[ST, Sy, Sy, ..., ST.)
= h(Y{"|S3, 55, ..., ) — h(ZY)

= h(Y|ST, ST, ., Sm) — glog(QweNl). (2.11)

12
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Note that

glog(QweNl) = h(Z7)
= h(Y{"|ST, Sy, S5, ..., i)

< h(Y("[55, 55, -, S)

IN

h(YT")

< glogQWe(P—f— N, (2.12)

which follows the property of differential entropy and conditional differential entropy.

Hence, there exists a; € [0, 1] such that h(Y]"|Sy, SY, ..., Sy) = §log(2me(ay P + Ny)).

Therefore, we get

2
n oA n a P
—lo L — < —log(l+ —). (2.13)
R
For 57, we have
n oA .
2 D2\3 m

.....

where Ay = So,—FE[5,|Ss, ..., St and Dyj3 ., denotes the distortion of S5 when S, ..., S}

7777 m

are given at Receiver 2.

(55555155 .., Sp) < 1(S5; Y555, ..., Sp), (2.15)

13
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which follows by the DPI. And

RHS = I(S3;Y|S7, ..., "

m

) = h(Y|ST, ..., 8"

m

With no loss of generality, we can assume that the AWGN-BC is physically degraded. As
a consequence, we can write Y5' = Y" 4 Z{”. and the variance of each component of Z{l is

N5 — N;. Following the conditional EPI, we have

92h(Y3|S5,S5 ., Si)/n _ 92h(Y{+Z]|S5 S ... 5m) /n

Plug in h(Y}"|S3, S%, ..., Sp,) = 5 log(2me(a1 P + N1)), we could get
h(Y;Sy, ST, ..., Sm) > glog(QWe(qu + ).
Besides, we have

g log(2me(a P + Na)) < h(Y]|SE, S, ..., S™)

IA

h(Y3")

IA

glog(ZWe(P + V). (2.18)

Therefore, Jas € [0, 1], s.t. A(YS'|SE, ..., S") = Zlog(2me((a1 + a2) P + Ny)).

m 2

Taking all these equations into account, we have

). (2.19)
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Similar to S¥, for S* and any i € [3 : m — 1], we have
oA, .

where A; = S; — E[S;|Sit1, ..., Sm] and D;j;11,. m denotes the distortion of S} when

.....

St 1, ..., Sy, are given at Receiver i. By the DPI,
I(SP; 8PSy, s S) < I(SIY|SE o S, (2.21)
Moreover,
RHS = I(S; YS!, . Sy,) = h(Y"|SE s - Shy) — h(Y"S], Sis -, Shy)- (2.22)

We can write Y;" = Y," | + Zi”_l and the variance of Zf’_l is N; — N;_;.

Using the inductive approach, we assume that h(Y;" S}, S7, 1, ..., S)) = 5 log(2me((cn+

..+ a;_1)P+ N;_;)), for any i € [3 : m — 1]. Following the conditional EPI, we have

QMY ISP ST oS /M 92R(YL + 21 |SIST yeeesST) [

> 2RV [P STy SR/ 92R(Z1 IS8Ty ST /. (2.23)

Plug in h(Y;" S}, SP, 1, .., ST) = 5 log(2me((ar + ... + a;—1) P + N;_1)), we could get

15
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h(Y"|S}, Sy, -, Shy) = 5 log(2me((ay + ... + ai—1) P + N;)). Besides, we have

ooy m

glog(%re((al F ot )P+ N)) < A(Y|ST, S, ST

IA
>

(¥i")

IN
|3

log(2me(P + N;)). (2.24)

Hence, da; € [0, 1], s.t. h(Y"|S}, 1, ..., Sp) = §log(2me((aq + ... 4+ a;) P 4 Ny)).

Taking all these equations into account, we have

2
n OA. n a; P
—log ———— < —log(1 + , 2.25
2 gDz|Z+1 77777 m - 2 g< (Oél+...+Oéi_1)P+Ni) ( )
which holds for any i € [3:m — 1].
Finally, for the last source component S, we have
o (Ugm)<1(sn-5m) 2.26
2 Og Dm — m? m/* ( M )
Using the DPI, we can get
I(Sp; i) < I(SpmiYom). (227)

Note that RHS = I(S%; Y;") = h(Y;") — h(Y,"|S%) < Zlog(2me(P + N,,)) — h(Y;2[S™).

m) - m

Now write Y, =Y," | + Zﬁl. By the conditional EPI, we have

92h(Y|Si)/n — 92h(Y3_4[S5)/n 22h(2?n|5?n)/n7 (2.28)

16
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Then we get h(Y,|S},) > §log(2me((a1 + o + ... + 1) P + Nyy,)), and

(1 — Q] — Qg — ... — O{mfl)P
(Oél + oo+ ...+ Oémfl)P + Nm

RHS = glog(l + ). (2.29)

Taking all these equations into account, we have

2
n OA n o P
—log == < —log(1 + , 2.30
2 gDm -2 & (a1+a2+...+am,l)P+Nm) (2.30)
where o, = 1 — a3 — as — ... — a1, Which gives an outer bound of the distortion region.

2.3.3 The Achievable Distortion Region

From the preceding sections, one could easily see that the inner bound meets the outer
bound. To sum up, we have shown that the coding scheme described above is optimal
and the achievable distortion region for the above two problem setups is determined. In
addition, separate source-channel coding is shown to be optimal. Besides, by changing the

values of oy, ao, ..., a,,, we could get the tradeoff between different distortion components.

2.4 Analog Scheme

In this section, we will consider the analog scheme for broadcasting correlated Gaussian
source over an AWGN-BC. Note that genie is not provided at receiver side. Suppose we

transmit:

X(5) = a(arS1(j) + a29(j) + - + aiSi(j) + ... + amSm(j)) = & Z a;5;(7), (2.31)

17
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~ P '
where & = \/—Var(Z?;laiSi(j)) and q; > 0.
At receiver i, Y;(j) = X (j) + Zi(j), where i = 1, ..., m, MMSE estimation is used to

reconstruct the corresponding source components. From the problem setup, we know that
all the source components are i.i.d., the distortion for a length-n sequence is equal to that

of a single component. Then the distortion for reconstructing S; at receiver ¢ is:

= E[(S; — E[S;|Y])?]
= E[S? + E[S;|Y}]* — 2S,E[S;|Yi]]
= B[S? + (Ks,y, Ky ')?Y? — 25 Ks,y, Ky Y]]

=07 + (Ks,v, Ky’ E[Y?] — 2Ks,y, Ky E[S;Y]]

' P+ N;
e a*(3TL, ajpijoio;)? (232)
’ P+ N; ’ '

where 1 = 1,2, ..., m. This is the achievable distortion region for the analog scheme, which

is not optimal in general.

18



Chapter 3

Two Correlated Source Components and

One Independent Component

In this chapter, we will study two special problem setups of broadcasting three Gaussian
source components over an AWGN-BC. In both cases, there are two correlated source
components, which are independent of the remaining one.

The problem setup for broadcasting three Gaussian source components to three re-
ceivers is illustrated in Figure 3.1. We shall derive the achievable distortion regions of two
special cases of the problem setup and Wyner-Ziv coding in [6] and dirty paper coding in

[7] are used.
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Figure 3.1: Broadcasting Three Gaussian Source Components over AWGN-BC

3.1 Compression of Correlated Gaussian Source Compo-
nents under Individual Distortion Criteria

Jinjun Xiao and Zhiquan Luo [8] study the problem of compressing correlated Gaussian
source vector S = (51, S, ..., Sy,) into S = (S‘l, 5}, ey Sm) with individual distortion cri-

teria for each source component. The rate-distortion function Rg, s, s,,(D1, Da, ..., Dp,)

-----

is the solution of

min 7(S; S)
s.t. B(|S; — S;|?) < D;, forall 1 <i <m.

for some p(S’l, So, ey Sim |S1, S2, ..., Sm). In addition, distortion covariance matrix X, could

be obtained from this result.
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Moreover, for m = 2, the authors give an explicit result (Theorem 6 in [8]) of the

rate-distortion function, where the source covariance matrix is

Ss =

The resulting distortion covariance matrix is as follows:

D, pD1

(1) If p? > g;:gf, then the distortion matrix is X p =
pDy o2 — p*(c* — Dy)

Dy 0
Q) If p? < M, then the distortion matrix is Xp = '

ot

0 Dy

2_ 2_ . . . .
3) If ("Dl(i# <p? < ﬁ%gf, then the distortion matrix is

D, po? — /(02 — Dy)(0% — Dy)
Yp =

po? — /(0% = Di)(0% — Dy) Dy

The reconstruction satisfy the orthogonality condition, i.e., E[(Sy — S)Sk] = 0 for
k = 1,2. This leads to g = X + Xp. Then the resulting reconstruction covariance

matrix can be obtained:

0> — Dy,  po?—pDy

(D) If p? > Zi:gf , then the reconstruction matrix is g =

po® —pDy p*(0® — D)

0'2 - D1 0
Q) If p? < w, then the reconstruction matrix is g =

0 02—D2
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2_ 2_ . . .
3) If (e"=D)(0"=D2) p? < "z:D 2 then the reconstruction matrix is
o g Dy

0'2—D1 \/(O’Q—Dl)(O'Q—DQ)

Ny =
V(02 — Dy)(02 — Dy) 0% — Dy

For (2), the distortion covariance matrix implies that S; < 5’1 — 5’2 — Sy form a
Markov chain because the distortion errors are independent. For (1) and (3), the determi-
nant of ¥4 is 0, i.e., E[S?]E[S3] = E[(515,)?]. According to Cauchy-Schwarz inequality,

this suggests that S; = aS, for some constant a.

3.2 First Two Correlated and Independent of the Third

One

Here, we study the problem of broadcasting three Gaussian source components to three
receivers over an AWGN-BC. The covariance matrix of the correlated source components

is as follows:

The three source components are jointly Gaussian and the first two components are corre-
lated with each other while they are independent of the third one.

At receiver 1, apart from reconstructing S;, S5 is also reconstructed and we denote
the reconstruction as §12. Dy(D,) is the minimum achievable distortion in estimating Ss
at receiver 1 when we achieve a distortion D; in estimating S;. Reconstructing (S, Ss)

using (5’1, ng) under individual distortion criteria corresponds to the problem in Section
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3.1. Therefore, at receiver 1, we have either S; < 31 — Slg < S, form a Markov chain
or S; = aS, for some constant a. We are going to show the distortion region for the two

cases separately.

3.2.1 Inner Bound when S; < 51 — 512 — 9y

Here we will discuss the case when S| < 5’1 — 312 + Sy form a Markov chain. Then we

can write

Slg = E[Slzlsl, 52] + UQ = a151 + CLQSQ + Ug,
SAl = E[§1|51,Sz, 5”12] +U; =b51 + 52§12 + Uy,

where the coefficients are determined by the estimation and they will be used in the coding
scheme.

Our coding scheme is shown in Figure 3.2. The distortion achieved in the coding
scheme here corresponds to the boundary of the distortion region, which will be shown
later. The channel input X" = X' + X7 + Xg_ is sent over the channel, where the cor-
responding power for X,, X; and Xg, are P,, P; and Ps, satisfying P, + P; + Ps, = P.

In addition, we define Pg, s, = P, + P,;. For the reconstruction above, they satisfy that

Rs, s,(D1, Do(D1)) = I(Si, S35, 512) = Llog PSlSN#le.The encoding details are as
follows:
e Analog part X™: X" = a(a;S? + aySy), where @ = ﬁ. In addition,
ar(d iy a;S;

av is chosen such that (S, Sy; S12) = I(Sy, S,; YY), where Y{" = Y/ — X5, =

X"+ X7+ 70

e X: ST is encoded using the Wyner-Ziv coding approach using Y{" as side infor-

mation at receiver 1, where the auxiliary variable is chosen to be b;ST + Uj'. The
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Figure 3.2: Broadcasting Three Gaussian Source Components over an AWGN-BC when
first two are correlated: the Encoder Part

rate of the Wyner-Ziv encoder is Ry = I(S1;b151 + Up|Y{). Then we use the dirty
paper coding approach to encode the 2" Wyner-Ziv indices while treating X" as

interference. We denote the auxiliary random variable as 7" = X} + v.X', where

_ Py
V= Py+Ny*

For each Wyner-Ziv index, find 7™ and then transmit X} = 7" — vX.

e X : the coding scheme for Sy here is the same as the digital part for Sy in [3].
Generate 2™/(53:Xs3) codewords single-letter wise according the marginal distribution
of Xg, and then we send the codeword. Besides, we require that /(S3; Xg,) <
I(Xs,;Y3), which ensures that all the receivers could successfully decode X, . Note

that both S3 and X, are both independent of ST and Sy.

For the decoding part, at receiver 1, we first decode X, from Y}, and we get Y{™.

Next, we will show that the Wyner-Ziv index can be decoded correctly at receiver 1. Note
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that

1 P,+FP;+ N

5 N, = I(Sy, S2; 51, S12)

= I(S1, 52,0151 + Uy, 312)
= I(S51, Sa; 5'12) + 1(S1,S2; 0151 + U1|g12)
= I(S1,52:Y]) + I(S1; 0151 + U|YY)

= h(Y{) — h(Y]]S1, S2) + I(S1; 0151 + UL |YY)
P,+ P;+ N;
P+ N

IOg +I(S1,b1S1+U1D/1/)

1
2
Then, we can see that (Sy; 0,5, + U1|Y{) = 3log Pd%lNl. This is equal to the dirty paper
coding rate, i.e., I(T;Y/) — I(T; X,) = 1 log Pd%lNl. It is guaranteed that b;.S; + U; can be

successfully decoded at receiver 1.

According to the decoding scheme shown in Figure 3.3, at receiver 1, we have

1 1 — )2
_logw = I(Sy; 0151 + Uy, Y/|S,)

= I(Sy; Y{[S2) + I(S1; 0151 + U1|S2, YY)

= I(Sl;}/l/|82) + ](Sl; b151 + U1|Y1I)
Py + Ny
Ny

1
= h(Y{|S2) = h(Y]|S1, ) + 5 log

1 1 ?a3(l1—p?)o®>+ P+ Ny 1. Pi+ N

= —log + = log
2 Pd+N1 2 Nl
1. a%a?(1—p)o?+ Py+ N

_ g all =)o+ Fat Ny 3.1)
2 Ny

where Dy, refers to the distortion when S is presented at receiver 1. Since S} 5’1 —

Si9 < Sy form a Markov chain, S; < (Y/, 0,51 + Uy) < S, also form a Markov chain.
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Figure 3.3: Broadcasting Three Gaussian Source Components over an AWGN-BC when

first two are correlated: the Decoder

Part

It follows that Dy, is equal to the distortion D; when S5 is not presented. Therefore, the

achievable distortion D, is determined.

At receiver 2, we have

1 o?
ElogD—2 = I(Sy; Ss)
= I(S;Y5)
= h(Y3) — h(Y3]55)
1
2
1 P, + Py + N,
T2 (- )R f Pt Ny

Hence, we have also determined the achievable distortion Ds.

26
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At receiver 3, we have

1 o2 A
5 log 33 = [(53; 53)

— I(Xs,; Ys)
1

P+ N;

— 3.3
gPa+Pd+N3 (3.3)

2510

To sum up, (3.1), (3.2) and (3.3) give an inner bound of the achievable distortion region.

3.2.2 Inner Bound when 5*1 = a§12

Here we set P; = 0 in the above coding scheme and everything else is the same, where
Py + Ps; = P. Then X" = X7 + Xg_ is transmitted over the three-user AWGN-BC.

At the first and the second receivers, we first try to find a unique X in the codebook
that is jointly typical with Y7* and Y3", and then remove the digital part Xz, and do MMSE
estimation based on the analog part. For example, for ST, X§, is decoded and subtracted
from Y7", then MMSE estimation is used to reconstruct S} based on «(a; ST + a2S%) + Z7.
Note that ST is independent of 53 and we will not have any loss without considering Xg, .

Then we have 1 log 5—21 — I(S1; 8y) = I(Sy;Y/), where Y{ = Y; — Xg,, which leads to

11 0'2 11 Pa+N1
— 10 — = — 10 .
2 %D, T 2 %1 - i+ N

3.4)

Therefore, we have specified the achievable distortion D).
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For S%, at receiver 2, we have

L "2—1(53)—1(5-}/’)
2OgD2_ 1,02) = 2,19 ),

where Y;" = Y;' — Xg . Now we have

11 o? 11 P, + N,
—log— =—=1lo .
& goﬂa%(l — p2)o? 4+ Ny

— 3.5
2 D 2 (3-5)
Therefore, we have specified the achievable distortion Ds.

For S3, receiver 3 decodes Xg. and calculates the distortion according to S3 and Xg. .
Note that S3 is independent of .S; and S5 and we will not have any loss without considering

a(ay ST + a2S%) + Z%. Therefore, we could get

%log g—z = 1(Ss3; Xs,)
= 1(S3;Y3)
= h(Ys) — h(Y3]S3)
= £ log(2me(P + Ny) — h(¥[S))
= %log(Qwe(P + N3)) — h(Y3 — Xg,|53)
— %log(Qwe(P + N3)) — h(a(a1 St + a252) + N3|Ss)
_ %log(Qwe(P + N3)) — h(a(a1S) + azSy) + Ny)
— %log(Qﬂe(P + N3)) — %log(Qﬂe(Pa + N3))
_ %bg%. (3.6)

Therefore, we have specified the achievable distortion Ds.
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Figure 3.4: Broadcasting Three Gaussian Source Components over AWGN-BC with
Genie-aided Receivers

To sum up, (3.4), (3.5) and (3.6) give an inner bound of the achievable distortion region.

3.2.3 Outer Bound

To prove the outer bound here, we will use a genie-aided argument. The setup is shown in
Figure 3.4.

Lemma 3.1: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:

21— p? P+ N
ﬁlogff( p)ggl L
2 D1|23 2 Nl

2 P+ N,
P log T < Dog({ TP+ Ny
2 D2|3 2 OZ1P+N2
n o? n P+ Nj
— log(— —lo .
2 g(Dg)_ 2 g((a1+a2)P+N3)
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Proof: The proof is similar to that in Section 2.3.2:

For ST, we have

n o2 .
5 log —=— < I(S7; 5753, S3), (3.7)
2 1)2,3

where Ay = Sy — E[51|S2,53]; Dijp3 denotes the distortion of reconstructing ST when

S%, 5% are given at receiver 1. Besides, we have

1(ST; S|S0, S5y < I(STY{"|Se, ™),

which follows from the DPI.

Note that
I(S7;Y("Sy, Sy) = h(Y"|Sy, S5') — h(Y{"|SY, S5, %)
= h(Y)"|Sy, S3) — h(Z7)
= h(Y"|5, S7) — 5 log(2me V) (3.8)
Besides,

glog(ZﬂeNl) = h(Z") < h(Y|SE, %) < h(Y]) < glog 2re(P + Ny),

which follows from the property of entropy and conditional entropy. Hence, there exists

ay € [0,1], s.t. h(YT"[S3,5%) = §log(2me(ay P + Ny)). Therefore, we have the RHS of
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(3.8):

Oélp + N1

n
HS =1
RHS 2og( N,

).

Since 0%, = 0*(1 — p?), combining (3.7) and (3.9) yields that

n, o*(1-p*) n., aP+N
—log ——— < —log(————).
2 % Dyps 2 B Ny )
Therefore, (3.10) gives a lower bound for Dy 3.
For S%, following the same technique in Section 2.3.2, we could get

0'2 (Oél+052)P+N2

g < Dog(
—log— < —=1lo
2 B Dys —2 % P+ N,

),

Therefore, (3.11) gives a lower bound for Dy)3.

Similarly, for S§, we have

o? n P+ N3

nlo( ) < —log(
2 ng _2 g(()é1+0é2)P—|—N3

).

(3.9)

(3.10)

(3.11)

(3.12)

To sum up, (3.10), (3.11) and (3.12) give a genie-aided outer bound of the achievable

distortion region. It will be shown later that the outer bound here is tight for the case when

S|« SH — Slz + S5 form a Markov chain.

In the following part, we will provide a lower bound of D, in terms of a fixed D; when

receiver 1 has S3 as side information. Let D), be the least distortion in estimating ST at

receiver 1 when S} is provided as side information. First, we will derive an upper bound
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on D, by considering the linear estimate of S based on Sl and S5. Thus we have

1< . 5 :
Dy < - Z_; E[(S1(i) — p1S1(i) — p125(4))?]
= 0 + piE[S}] + 13 E[S3] — 211 E[S151] — 211 E[S155] + 211112 E[S1.S]
= 0%+ 12(0? — Dy) + pi20® — 2111 (6% — Dy) — 2p19p0? 4 2111112 E[S1 5], (3.13)
Let ps 5’? be a linear estimate of S using S’f. Then

%ZE(SQ(Z) - Mggl(l))2 Z DQ(D1)>

for any p3, where Dy( D) refers to the smallest distortion in estimating S; when achiev-

02—Dy(D1)
c2—-D1

L3 E(S1(4))? = 0 — Dy, we get

ing Dy. By choosing pu3 = , expanding the above equation and plugging in

E[$:8) <\ EIS2E[(1s80)2) < VP — D)0 — DaDy)). (Bul4)

It leads to an upper bound on D ;:

Dipp < 0% + (uf — 2u1) (0% — D1) + 11307 — 2u2p0” + 2p11p12+/ (02 — D1)(02 — Da(Dy)).
(3.15)

Moreover, by combining the genie-aided outer bound derived for Dyjs(i.e.,D1j23, due

to the independence of S} and S3) and Ds(i.e., Dy3, due to the independence of Sy and S3),
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we could get a lower bound on Dy 3 in terms of Dyjp 3, i.€.,

2 201 2
D> © o(1= )Ny

+ Ny — Ny). 3.16
- (Oél—i-CYQ)P—l—NQ D1|2 2 1) ( )

Combining (3.15) and (3.16) together, we could get a lower bound for D, in terms of
any achievable Dy, which determines the tradeoff between D, and D,. To sum up, we have
shown a lower bound of D in terms of a fixed D;. This bound is tight for the case when

gl = agm where Rsl,Sg(Dla DQ(Dl)) = ](Sl, SQ; Sl, Slg) = %log 13515+1+]Vl

3.2.4 Achievable Distortion Region when S| «— SH — 5’12 — So

If we let o?a?(1 — p*)o? + Py = a; P and P, + P; = (a1 + ) P in the inner bound and
because the construction of the coding scheme, we can see that the inner bound meets the

genie-aided outer bound. As a result, the distortion region is determined.

3.2.5 Achievable Distortion Region when §1 = aSm

First of all, for S3, we can easily see that the inner bound meets the genie-aided outer
bound for Dj3. Besides, the distortion tradeoff between Dy, D, and D3 depends on the
power allocation, i.e., the choice of F, and Ps,. In addition, the distortion tradeoff between
D and Dy is given in the outer bound part. Since 57, 5’1, and S, are jointly Gaussian, we

can see that the inner bound meets the outer bound.

3.2.6 Summary

So far, we have established inner and outer bounds for two regions, one for the case where

S| 5’1 — 5’12 < Sy form a Markov chain and the other for case where 5’1 = aS‘lg. In
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addition, for both scenarios, we have shown that the inner bound meets the outer bound.

3.3 Last Two Correlated and Independent of the First One

Here, we study the problem of broadcasting three Gaussian source components to three

receivers over an AWGN-BC. The covariance matrix of the correlated sources is as follows:

o2 0 0
Yg = 0 o2 po?
0 po? o2

The three source components are jointly Gaussian and the last two components are corre-
lated with each other and they are independent of the first one.

Note that at receiver 2, apart from reconstructing Ss, we can also reconstruct S5 and we
denote the reconstruction as Sy3. We define D;( D) as the minimum achievable distortion
in estimating S5 at receiver 2 when we achieve a distortion Ds in estimating S,. We can
see that this problem corresponds to that in Section 3.1. Therefore, at receiver 2, we have
either Sy < 5'2 > 5’23 < S5 form a Markov chain or 5'2 = a5'23 for some constant a. We

shall establish the distortion regions for the two cases separately.

3.3.1 Inner Bound when S5 <~ 32 — §23 — S3

At receiver 2, we have Sy <« Sg — 5’23 < S5 form a Markov chain and we can write
Sy = E[S,|Ss, Ss, Saz] = bySa + b3 Sas + Us,

S’gg = E[§23|SQ, 53] + U2 = a152 + CLQS;%, + Ug,
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Figure 3.5: Broadcasting Three Gaussian Source Components over an AWGN-BC when
last two are correlated: the Encoder Part

where the coefficients are determined by the estimation and they will be used in the coding
scheme.

Our coding scheme is shown in Figure 3.5. The channel inputis X" = X7+ X7 + X7,
and the corresponding power for X,, X4, and X, are P,, P;, and P,,, where P, + Py, +
P,, = P. In addition, we define Ps,s, = P, + Fy,.

For our coding scheme, X" denotes the analog part and X" = «a(a2Sy + a3S%), where
a = m We shall find « such that (S, S3; S5) = I(S,, S3;Y3). Second,
we encode S} using the Wyner-Ziv coding approach into bS5 + UJ at the rate of Ry =

I1(S2;b0255 + Us|Ys) with Y; as side information. Then we use the dirty paper coding

approach to encode the 2"%2 Wyner-Ziv indices while treating X" as interference. We

Py,

Py, +Pay+N2 and

denote the auxiliary random variable as 75" = X} + 12X/, where vy, =

then we transmit X7 = T3 — 1, X!. Third, for ST, we first quantize ST into Xg using

lossy source coding at the rate of Ry = %log P‘“TtNl. And then we use the dirty paper
coding approach to encode the 2" lossy source coding index while treating X" and X,

as channel state. We denote the auxiliary random variable as 17" = X7 + v1(X7 + X} ),
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Figure 3.6: Broadcasting Three Gaussian Source Components over an AWGN-BC when
last two are correlated: the Decoder Part

where 7, = and then we transmit X} = T7' — v (X7 + X).

Py,
Py, +N1
The decoding procedure is shown in Figure 3.6. At receiver 3, we do MMSE estimation

to reconstruct S; and we have

h
1 P+ N
5 + 0 (3.17)

Therefore, we have specified the achievable distortion Dj.

Next, we will show that the Wyner-Ziv index for S, can be successfully decoded. We

36



M.A.Sc. Thesis - Junfeng Feng McMaster - Electrical Engineering

have

slog —— = [(52,53;S27S'23)
= 1(Ss, S3;b255 + U, 5Y23)
= 1(S,, Ss; SY23) + 1(Ss, S3; 0252 + U2|§23)

= I(Ss,53;Ya) + 1(Sa; 0255 + Us|Y2)

= h(Y2) — h(Y2]S2, S5) + I(Sa; b2S2 + Us|Y2)
1 P+ Ny

= —1 I(Ss5:b Y5).
9 og Py + P+ N + I(S2; 0255 + Us|Y2)

Therefore, we have 1(Ss; b5y + Us|Ys) = % log %, and the Wyner-Ziv coding
1

rate is equal to the DPC rate. So we can correctly decode the Wyner-Ziv index and we can

reconstruct Sy using Y5 and b, S5 + Us. Note that

1 1_22
A—pho® _,

—lo
s D3

B (S2; 6252 + Us, Y2|S3)

= I(Ss; Y3|S3) + I(S2; 6252 + Us|Y5)

1. Py +P;, +N
— n(Y3|Ss) — h(Ya]Ss, Ss) + = log —H_— T "2

2 Py, + Ny
1. o?a3(1—p*o?+ Py + Py, + No 1 Py + Py, + Ny
= —log + — log
2 Py, + Py, + No 2 Py, + N,
1. 0231 — p?)o? + Py + Py, + N
:—loga a3(1 — p*)o® + Py, + Pa, + 2 (3.18)
2 Pd1+N2

Since we have Sy < (Y2, 0259, + Us) <= S5 form a Markov chain, which results in Dyj3 =

Ds.

Pg, +N1
Ny

At receiver 1, the DPC rate is I(7};Y1) — I(T1; X,, Xa,) = 3 log

3 The lossy

source coding rate is equal to the DPC rate, therefore we can successfully decode the lossy
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source code and we have

1 o?
1 P, + Ny
= —log ———. 1
2 % TN, (3.19)

To sum up, (3.19), (3.18) and (3.17) give an inner bound of the achievable distortion region.

3.3.2 Inner bound when SQ = a§23

For the inner bound, we set F;, = 0 in the coding scheme and everything else is the same
as the one in section 3.3.1. The power of the analog part is P, (P, + Py, = P). We transmit
X" = X + Xj, over the three-user AWGN-BC.

At the second and third receivers, we do MMSE estimation to reconstruct S, and Ss.

For D, we have

1 0'2 1 P+N2
Slog Lo =21 . 3.20
2 %D, ~ 2 %221 - 2o 1 N, (3-20)

For D3, we have

1 0'2 1 P+N3

il P | .
2 %D, T 2 %221 - )0 + N

(3.21)

For ST, at receiver 1, we first do dirty paper decoding and then lossy source decoding

to get Si. We have

1 O'2 1 Pd1+N1

o _ 22
D, ~ 2 g N, (3.22)
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In sum, (3.22), (3.20) and (3.21) give an inner bound of the achievable distortion region.

3.3.3 Outer Bound

Here, we will first derive an outer bound via a genie-aided argument.
Lemma 3.2: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:

—1lo —lo ,
2 gD1‘273 -2 & Nl
2 D2|3 2 O[1P—|—N2
0'2 n P+N3

n
—log— < -lo .
2 gD3_2 g(Oé1+()é2)P+N3

Note that the proof is quite similar to that for the genie-aided outer bound in the earlier
sections such as Section 3.2.2 and it is omitted here.

In the following part, we will provide a lower bound of D3 in terms of a fixed Dy while
using Dy3 as an intermediate variable, where D3 denotes the least distortion in estimating
S4 at receiver 2 when S is provided as side information. The proof here is similar to that
in Section 3.2.3.

First, we derive an upper bound on D;3 by considering the linear MMSE estimate of

S5 based on 5’2 and Ss5 (i.e., ,ulgg + 12S3). Thus we have

Day < 3" Bl(Sa(0) — mnali) - o))

= 0° + [ E[S5] + p3 E[S5] — 241 E[S595] — 211 E[S2Ss] + 21112 E[55.55]

= 0%+ p2(0? — Dy) + pi20% — 2111 (6% — Dy) — 2p10p0? 4 2411112 E[SS5]. (3.23)
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Let p3 S”S be an linear estimate of S§' based on 5”3. Then

%ZE(Sg(Z) — Msgz(i))z > D3(Ds),

for any p3. By choosing 3 = 4/ %31()?2), expanding the above equation and plugging in
13 E(S2(i))? = 0% — Dy, we get

E[5,85] < \/(0? — D,)(0* — D3(D)).

Plug in (3.23) we have an upper bound on Dy3:

Dyjs < 0% + (4 = 201)(0° = Da) + p30° — 2419p0° + 2411121/ (0 — D3) (0% — D3(Ds)).
(3.24)

Moreover, by combining the genie-aided outer bound derived for Dy3 and D3, we could

get a lower bound on Dj in terms of Dy3, i.e.,

o2 o2(1 — p?) Ny
(1 — O[l)P + Ng D2|3

D3 > + Ny — Ny). (3.25)

By combining (3.24) and (3.25) together, we could get a lower bound for Dj for any
achievable D5 when 5’2 = Clggg, which specifies the tradeoff between D and Ds. So far,

we have given a lower bound for D, and Dj3 in terms of fixed Ds.

3.3.4 Achievable Distortion Region when .S, < 5’2 — 5*23 — S5

If we let Py, = a; P and o®a3(1 — p?)o? + Py, + Py, = (a; + ap) P in the inner bound and

because of our construction in the inner bound, we can see that the inner bound meets the
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genie-aided outer bound. So the distortion region is determined.

3.3.5 Achievable Distortion Region when 5”2 = a§23

First of all, for ST, we can easily see that the inner bound can meet the outer bound if
we set P;, = a1 P. Besides, the distortion tradeoff between D;, D, and D5 depends on
the power allocation, i.e., the value choice of F, and F;. Second, we have shown the
distortion tradeoff between Dy and D3 in the outer bound part. Since .Ss, 32, and Ss are
jointly Gaussian, we can see the inner bound meets the outer bound for Sy and S5.

To sum up, we have shown that the analog scheme achieves the distortion region when

52 = CL523.

3.3.6 Summary

So far, we have established inner and outer bounds for two regions, one when Sy < 5'2 —
323 < S5 form a Markov chain and another when 55 = aggg. In addition, for both
scenarios, we have shown that the inner bound meets the outer bound and determine the

achievable distortion region.
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Chapter 4

Two Correlated Source Components and
One Independent Component with Side

Information at Receiver

In this chapter, we will study two special problem setups of broadcasting three Gaus-
sian source components over an AWGN-BC with side information at receiver. In both
cases,there are two correlated source components and they are independent of the remain-

ing one.

4.1 Third Component with Side Information at Receiver

Here, we study the problem of broadcasting three Gaussian source components to three
receivers over an AWGN-BC with side information at the receiver which wishes to recon-

struct the independent source component. The setup is illustrated in Figure 4.1.
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Figure 4.1: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver when first two are correlated

The covariance matrix of the correlated sources is as follows:

The three source components are jointly Gaussian and the first two components are corre-
lated with each other and they are independent of the third one.

Since we have side information V" = pyS§ + ¢ at receiver 3, where ¢ ~ N(0,Q)
is a Gaussian random variable and is independent of everything else. It follows that even
if we do not transmit anything about S% in X", we still could reconstruct S5 using V.

The distortion for reconstructing S3 based on V" is D300 = Therefore, for any

o2Q
pgo+Q"
D3 > D34, We just do not transmit anything about S% in X"™. Moreover, the problem
reduces to transmitting only S, and S5, which is solved in [2] and [3]. So in the following

. . 2
section, we only consider the case when D3 < D300 = p;;TgQ.
0
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Figure 4.2: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Encoder Part

Note that as in earlier sections, at receiver 1, apart from reconstructing S;, we also
reconstruct Ss to help seek the distortion region and we denote it as §12. We define Dy(D1)
as the minimum achievable distortion in estimating S, at receiver 1 when we achieve a
distortion D, in estimating S;. Therefore, at receiver 1, we have either S| < 5’1 > 312 —
Sy form a Markov chain or 31 = aS‘m for some constant a. We are going to show the

distortion regions for the two cases separately.

4.1.1 Inner Bound when Sl — 51 — glg <~ SQ

Our coding scheme is shown in Figure 4.2. The details are as follows:

We send X" = X' + Xj + Xg, over the channel, and the corresponding power for
Xa, Xgqand Xg, are P,, P; and Ps,. In addition, we define Ps,s, = P, + P;. The coding
scheme for S} and S5 is the same as that in Section 3.2. The only difference lies in the
encoding of Ss. Here we first encode S35 using the Wyner-Ziv coding approach into b3S5% +
U3 treating V™ and Y3" as side information at rate of Ry = 1(S3; b3.S3 4 Us|Y3, V') and then
we encode b3Sy + Us' using a conventional channel code into X, at the same rate 123 and

send it over the channel. Besides, we require R3 < I(Xg,;Y3) to ensure channel decoding
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Figure 4.3: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Decoder Part

and Wyner-Ziv decoding is successful. Since AWGN-BC is stochastically degraded, we
can also ensure that receivers 1 and 2 can successfully decode Xg..

The decoding procedure is shown in Figure 4.3. For the decoding part about S and S,
at receivers 1 and 2, we first do channel decoding to subtract Xg,, then the rest procedure

and distortion result is the same as earlier results in Section 3.2.1. For D, we have

1 1— 2 2 1 2.2 1— 2 2 P N

_log&:_bgaal( pr)o”+ Fat L 4.1)

2 Dy 2 N,

Since S| < S”l > glg « S, form a Markov chain, it follows that Dy, = D;.
For D, we have

1 0'2 1 Pa + Pd + N2
—log — = =1 : 4.2
2 %D, T 2 %21 - o 1 P+ Ny 4.2)
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For S5, at receiver 3, Xg, is firstly decoded and then we can get 353 + Us. At the

receiver side, we have

1 2
- log ;_ — I(S3: b33 + Us, Xo + Xg+ Z3, V)
3

= I1(S3; Xo+ Xa+ Z3, V) + I(S3; 0353 + Us| X, + Xg + Z3, V)
=1(S3; Xo+ Xa+ Z5, V) + 1(Xg,; Ys)
= I(S3; V) + I(S3; Xy + Xy + Z3|V) + [(Xs,; Y3)

=1(S5; V) + 1(S3; Xo + X+ Z5|V) + [(Xs,; Ys3)

1 2
= S log —g— + 1(S5: Xo + Xa + Zo|V) + 1(Xs,; Vi)
1 2
. §log;—Q + I(Xs,; Ya)
1 o?
=3 log — 55— + h(Y3) — h(Y3| Xs,)
11 O'2 +11 P—|—N3
= 5log —5—tslog 5——F——+
20 e "2 P R A Pt I,

Rearranging the equation, we could get

02Q

0'2 1 P+N3
1 LA P S 43
D, 2 %P 1P+ N .3)

To sum up, (4.1), (4.2) and (4.3) give an inner bound of the achievable distortion region.

4.1.2 Inner Bound when §1 = Clglg

Here we set P; = 0 and everything else is the same as the coding scheme ins Section 4.1.1.

For S; and S5, we are only going to keep the X, part. X! = «a(a1S7 + a2S5%), where
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Py
Var(32i_, aiSi)

transmit X" = X" + Xg_over the three user AWGN-BC.

o = and the power of the analog part is P, (P, + Ps, = P). Then we
At the first and second receiver, first find a unique Xg, codeword that is jointly typical
with Y7" and Yy", and then the decoder can remove the digital part Xg, and do estimation

based on the analog part. For Dy, we have

1 0'2 1 Pa+N1

Zlog — = =1 . 4.4

2 %D, ~2® a?a3(1 — p?)o? + Ny 44
For D5, we have

1 0'2 1 Pa+N2

Zlog — = =1 . 4.5

2 %8 Dy 2 o8 a?a?(1 — p?)o? + N, (45)

For D3, at receiver 3, after channel decoding and Wyner-Ziv decoding, we get b3.S3+Us.
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At the receiver side,

0.2

1
—log — = I(S3; 0355 + Us, X, + Z3,V)
2 D3

= I(Sg; Xa —|- Zg, V) + I(Sg; ngg + U3|Xa + Zg, V)
= 1(S3; Xo+ Z3, V) + I[(Xs,;Y3)
= 1(S5; V) + 1(Ss5; Xo + Z3|V) + 1(Xsg,; Ys)

= 1(S5; V) + 1(S3; Xy + Z3|V) + [(Xs,; Y3)

2

- %log o+ 1(S5: Xa + Zs|V) + I(Xs,:Ya)
P3o>+Q
2
= %log;—Q + 1(Xsy; Y3)
P5o2+Q
1 o?
= 5 log —55— + h(Ys) — h(Y3]Xs,)
P30 +Q
1 02 1 P+ N3
= §1ogw + 510gm
P32 +Q ¢

Rearrange the equation, we could get

o2Q

PoPHQ 1 P+ Nj

1
—log

ST 46
2 D 2 %P N, (4.6)

To sum up, (4.4), (4.5) and (4.6) provide an inner bound of the achievable distortion region

(D17D27D3)'

4.1.3 Outer Bound

Here we shall use an genie-aided argument and the diagram is shown in Figure 4.4. At

receiver side, V", S5, S are provided for receiver 1, V", S% are provided for receiver 2.
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Figure 4.4: Broadcasting Three Gaussian Source Components over AWGN-BC with
Genie-aided receiver with Side Information at Receiver

So the only difference between the current genie-aided outer bound and the earlier one lies
in V™’s presence at receivers 1 and 2.

Lemma 4.1: The distortion region of broadcasting correlated Gaussian source compo-
nents is bounded by:

n, o?(1—p*) _n a1 P+ Ny
g 8 Dipsyv — 2 &

0’2 n (061+042)P+N2

s < Zlog( )
— 10 — 10 s
2 & D2|3,V -2 & Oélp + N2

a2Q
n R221Q _ N P+ N3
—log =—— < —log ).
2 D3|V 2 (a1 + OéQ)P + N3

Proof: Here a brief proof of the outer bound is provided below:
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For ST, we have

o*(1—p?)

S 1(S75 87183, 85, V7)
12,3,V

glog
< I(ST; Y55, 55, V™)
= h(Y\"|S3, 55, V") = h(Y"|ST, 55, 55, V™)
= h(Y}"[55, 55, V") = h(Z7)

CKlP -+ Nl

) 4.7)

= glog(

where D)5 31 denotes the distortion when V", Sy, S3' is presented at receiver 1 and o, €
[0, 1].

For S, we have

n o?
— log

— 1(S3; S8, v
2 D2‘3’V ( 2 2| 3 )

< I(53; Y555, V™)

= h(Y5'[S3, V") — h(Y3'|S3, 55, V")
_ Elog((al + OQ)P + N2>
2 O[lP—‘l_NQ

(4.8)

where Dy3y denotes the distortion when V™, S¥ is presented at receiver 2 and o, € [0, 1].
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For 5%, we have

o2Q
n 2024+Q A
% log 872 _ (gn. gnjym
9 D3‘V ( 3 3| )

< I(S3; Y5'[V")

= h(Y" V") = h(Y3'[S5, V")

P+ Nj
(03] +Oé2)P+N3

); (4.9)

I
|3

og(<

where D3y, denotes the distortion at receiver 3.

To sum up, (4.7), (4.8) and (4.9) give a genie-aided outer bound of the achievable
distortion region.

In the following part, we will provide a lower bound of D; in terms of a fixed D);. Here
the proof is very similar to the one in Section 3.2.3 and we directly give the result here. An

upper bound on Dys:

Dip < 0 + (] — 2u1)(0 — Dy) + pi30> — 24u9p0° + 211 p127/ (0% — Dy) (02 — Do(Dy)).
(4.10)

Moreover, by combining the genie-aided outer bound derived for Dyj3 3y and Dyj3 v,

we could get a lower bound on D; in terms of Dy, i.e.,

2 201 _ 2
Dy > o o*(1—p°) Ny

+ Ny — Ny). 4.11
- (Oél+()é2)P+N2 D1|2 2 1) ( )

By combining (4.10) and (4.11) together, we could get a lower bound on D, for any
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achievable D; when 31 = aglg, which determines the tradeoff between D; and Ds.

4.1.4 Achievable Distortion Region when S| «— SH — 5’12 — Sy

If we let @?a?(1 — p?)o* + Py = ay P and P, + P; = (a1 + ao) P in the inner bound, then

we can see that the inner bound meets the genie-aided outer bound.

4.1.5 Achievable Distortion Region when 51 = aglg

First of all, for S7, we can easily see that the inner bound meets the outer bound if we
set P, = (a1 + a2)P. Besides, the distortion tradeoff between D, Dy and D3 depends
on the power allocation, i.e., the value choice of P, and Ps,. Second, we have shown the
distortion tradeoff between D; and Ds in the outer bound part. Since 57, 5’1, and Sy are
jointly Gaussian, we can see that all the inequalities in the genie-aided outer bound and the
outer bound in the above section become equalities. In other words, the inner bound meets
the outer bound for S; and Ss.

To sum up, we have shown that the analog coding scheme achieve the distortion region

when Sl = a512.

4.1.6 Summary

So far, we have shown inner and outer bounds for two regions, one for the case where
S1 — 5'1 — glz < S, form a Markov chain and the other for the case where 5’1 = aS‘lg.

In addition, for both scenarios, we have shown that the inner bound meets the outer bound.
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Figure 4.5: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver when last two are correlated

4.2 First Component with Side Information at Receiver

Here, the problem setup is similar to the one in Section 4.1, which is shown in Figure 4.5.
The only difference is that side information is provided for the first source component.

The covariance matrix of the correlated sources is as follows:

The three source components are jointly Gaussian and the last two components are corre-
lated with each other and they are independent of the first one.

Since side information V" = pyS}' +¢™ is present at receiver 1, where ¢ ~ N(0, Q) is a
Gaussian random variable and is independent of everything else. Following the arguments

o2Q

in Section 4.1, we only consider the case when Dy < Dyr = ek
0
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Figure 4.6: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Encoder Part

Note that at receiver 2, apart from reconstructing S5, we also reconstruct S3 and we
denote the reconstruction as Sas. D3(D,) is defined the same as in Section 3.3. Therefore,
at receiver 2, we have either Sy < Sy < 323 < S5 form a Markov chain or Sy = a5’23 for

some constant a. We shall establish the distortion regions for the two cases separately.

4.2.1 Inner Bound when S, < S, < 523 — S5

Our coding scheme for the problem is illustrated in Figure 4.6.

X" = X7+ X7 +X}, is transmitted over the channel, and the corresponding power for
Xa, X4, and Xy, are P,, Py, and P,,. The coding scheme for S5 and S5 is the same as that
in Section 3.3. The only difference lies in the encoding of S;. Here we first encode ST using
the Wyner-Ziv coding approach into b;.S7 + U7 treating V" and Y}" as side information at
rate of Ry = I(Sy;b151 + U1]Y1, V). Then we encode the 2nR1 Wyner-Ziv coding index
using a dirty paper coding encoder of the same rate while treating X' and X, as channel

state. We denote the auxiliary random variable as T = X7} + (X} + X} ), where

P .
Y= Pdlj’lNl and then we transmit X} = 17" — v (X7 + X7).
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Figure 4.7: Broadcasting Three Gaussian Source Components over AWGN-BC with Side

Information at Receiver: the Decoder Part

The decoding procedure and distortion result for Dy and Dj is the same as the earlier

results in Section 3.3.1. For D3, we have

1 0'2 1 P+N3
Zlog — = =1 ) 4.12
2 8 D; 2 o8 o?a3(1 — p?)o% + Py, + Py, + N3 (4.12)
For D, we have
1 1—p*o? 1 2a3(1 — p*)o* + Py, + Py, + N.
—IOg( p*)o :—loga ay(1 —p*)o® + Py, + Py, + 2 (4.13)
2 Doyj3 2 Py + Ny

Since Sy Sg — 323 < S3 form a Markov chain here, and then it is also true that

Sy = (Y5, 0955 + Us) < S5 form a Markov chain, it follows that Dyj3 = Ds.
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For S, similar to the approach in Section 3.3.1 and 4.1.1, we could get

a2Q
1. 2Zorg 1. Py+ N
— log = —log ——.

2 Dy 2 Ny

(4.14)

It is clear that (4.12),(4.13) and (4.14) provide an inner bound of the distortion region.

4.2.2 Inner Bound when Sg = agzg

Here we set P;, = 0 and everything else is the same as Section 4.2.1. We transmit X" =
Xy + X, over the three-user AWGN-BC.
At the second and third receiver, we do MMSE estimation to reconstruct S5 and S3. For

D5, we have

Jlog 7 = 2 log e (4.15)
For D5, we have
? log ;—Z = log e (1P_ J;Q])V; v (4.16)
For S, similar to the approach in Sections 3.3.1 and 4.1.1, we could get
1 2% 1 P+ N
5 log D, =5 log N 4.17)

The inner bound of the distortion region is given through (4.15),(4.16) and (4.17).
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4.2.3 Outer Bound

Here we shall use a genie-aided argument. The proof is similar to that in Section 4.1.3 and
we state the result without proof.
Lemma 4.2: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:

n p2024Q n Oélp + N1

— log = < —=lo , (4.18)

R
n. o*(1—p*) _n (a1 + )P + Ny
—lo < —lo , 4.19
2 & D2|3 \Ya -2 g( Oélp + NQ ) ( )

2 P+ N.
Elog 7 < Elog( AR ). (4.20)

2 D3|V -2 (CYl —|—CY2)P—|—N3

Similar to the earlier argument, we could get

Doz < 0 + (pu} — 2u1)(02 — Do) + 150> — 2419p0° + 211 p127/ (0% — Dy) (02 — D3(Ds)).
4.21)

Moreover, by combining the genie-aided outer bound derived for Dy3y and Dspy, we

could get a lower bound on D3 in terms of Dy, i.€.,

o? o?(1 — p*) N,
(1 — O(l)P + N3 D2|3

Dy > + Ny — N,). (4.22)

By combining (4.21) and (4.22) together, we could get a lower bound for Dj for any
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achievable D, when 32 = CléQg, which specifies the tradeoff between Ds and D3. So far,

we have given a lower bound for D; and D3 in terms of fixed Ds.

4.2.4 Achievable Distortion Region when S5 Sz — §23 — S3

If we let Py, = oy P and o?a3(1 — p?)o? + Py, + Py, = (a1 + o) P in the inner bound,
then we can see that the inner bound meets the genie-aided outer bound. So the distortion

region is determined.

4.2.5 Achievable Distortion Region when 52 = a§23

First of all, for ST, we can easily see that the inner bound can meet the outer bound if we set
P;, = oy P. Besides, the distortion tradeoff between D;, D and D3 depends on the power
allocation, i.e., the value choice of F, and F;,. Second, the distortion tradeoff between D,
and Dj is given in the outer bound part. Since S5, S,, and S; are jointly Gaussian, we can

see that the inner bound meets the outer bound for .S, and Ss.

4.2.6 Summary

So far, we have established inner and outer bounds for two regions, one when Sy <« 5’2 —
5’23 < S5 form a Markov chain and the other when 5‘2 = a5’23. In addition, for both
scenarios, we have shown that the inner bound meets the outer bound and determined the

achievable distortion region.
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Chapter 5

Conclusion and Future work

5.1 Conclusion

We have studied the problem of broadcasting correlated Gaussian source components and
we have determined the distortion region for several problem setups:

First of all, the problem of sending m independent Gaussian source components over
an AWGN-BC is considered. In addition, this problem setup is intimately related to that of
broadcasting correlated Gaussian source components over an AWGN-BC with genie-aided
receivers. It is shown that the separate source-channel coding approach is optimal in this
setup.

Second, we consider two new scenarios and find the achievable distortion regions. In
both scenarios, we send three Gaussian source components to three receivers and each re-
ceiver is only interested in reconstructing one corresponding source component. The differ-
ence between the two scenarios is that for the first scenario, the first two source components
are correlated and they are independent of the third one while for the second scenario, the

last two source components are correlated and they are independent of the first one.
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Finally, we have studied two cases where side information is presented at one receiver
and we have two correlated Gaussian source components and they are independent of the
third one. Hybrid digital-analog coding schemes are proposed and the resulting distortion
region is shown to be optimal.

In this dissertation, we have shown that joint source channel coding are optimal in ob-
taining the distortion region bound of broadcasting correlated Gaussian sources. Moreover,

hybrid analog-digital coding schemes are used to achieve the distortion region bound.

5.2 Future work

A complete characterization of the distortion region of broadcasting m (m > 3) correlated
Gaussian source components remains unknown. Besides, the bandwidth mismatch case is

also an interesting area to look into.
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