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Abstract

Broadcasting correlated Gaussians is one of the cases where separate source-channel cod-

ing is suboptimal. In this dissertation, we will study the distortion region of sending

correlated Gaussian sources over an AWGN-BC using hybrid digital-analog coding ap-

proach, where each receiver wishes to reconstruct one source component subject to the

mean squared error distortion constraint.

First of all, the problem of transmitting m independent Gaussian source components

over an AWGN-BC is studied. We show this problem setup is closely related to broad-

casting correlated Gaussian sources with genie-aided receivers. Moreover, the separate

source-channel coding approach is proven to be optimal in these setups.

Second, we consider two new scenarios and find the achievable distortion regions for

both cases, where three Gaussian source components are sent to three receivers. The dif-

ference is that for the first scenario, the first two source components are correlated and they

are independent of the third one while for the second scenario, the last two source compo-

nents are correlated and they are independent of the first one. Inner bounds based on hybrid

analog-digital coding and outer bounds based on genie-aided arguments are proposed for

both cases and the optimality is proven.

Finally, we study two cases where side information is presented at one receiver. Hybrid

analog-digital coding schemes are used and the optimality is proven.
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AWGN-BC Additive White Gaussian Noise Broadcast Channel

DM-BC Discrete Memoryless Broadcast Channel

DPC Dirty Paper Coding
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Chapter 1

Introduction and Problem Statement

1.1 Introduction

In the seminal work [1], Shannon proved that separate source-channel coding is optimal

for point-to-point communication. In other words, joint source-channel coding does not

improve the performance. This theorem greatly reduces the complexity of communication

system engineering, i.e., source coding and channel coding can be studied and implemented

independently of each other.

However, for most network information theory problem setups, separate source-channel

coding is not optimal. One example is broadcasting a correlated bivariate Gaussian source

over an AWGN-BC and each decoder wishes to reconstruct only one source component.

[2] shows that the uncoded scheme is optimal for certain signal-to-noise ratios. Tian et

al. characterize the complete distortion region in [3], which shows that hybrid coding

is needed to achieve the distortion region. Here we will study broadcasting a correlated

multivariate Gaussian source over AWGN-BC and determine the distortion region under

certain conditions.
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Figure 1.1: Broadcasting m Correlated Gaussian Source Components over AWGN-BC

1.2 Problem Setup

Let S = (S1, S2, ..., Sm) be a zero-mean Gaussian source with the following covariance

matrix:

ΣS =



σ2 ρ12σ
2 · · · ρ1mσ

2

ρ21σ
2 σ2 · · · ρ2mσ

2

...
... . . . ...

ρm1σ
2 ρm2σ

2 · · · σ2


.

It is to be transmitted over an AWGN-BC tom receivers, where Yi is the channel output

at the i−th receiver. The setup is illustrated in Figure 1.1. The AWGN-BC is given by

Yk(i) = X(i) + Zk(i), k = 1, 2, ...,m, (1.1)

where Zk(i) is i.i.d. Gaussian noise with variance Nk. Without loss of generality, we shall

assume N1 < N2 < ... < Nm.

2
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The encoding function f(.) maps the Gaussian source components Sn1 , S
n
2 , ..., S

n
m to

the channel input Xn (Note: Snk here stands for (Sk(1), Sk(2), ..., Sk(n)), where k =

1, 2, ...,m):

Xn = f (n)(Sn1 , S
n
2 , ..., S

n
m). (1.2)

The channel input Xn needs to satisfy the average power constraint:

1

n

n∑
i=1

E[X(i)2] ≤ P, (1.3)

where E(.) stands for the expectation operator.

The decoder at receiver k reconstructs Snk based on the received signal Y n
k , i.e.

Ŝnk = φ
(n)
k (Y n

k ), k ∈ [1, 2, ...,m], (1.4)

where φk(.) is the decoding function at receiver k. The mean squared error distortion

measure is used:

dk = d(Snk , Ŝ
n
k ) = E[

1

n

n∑
i=1

(Sk(i)− Ŝk(i))2], k ∈ [1, 2, ...,m]. (1.5)

Distortion Region: A distortion vector (D1, D2, ..., Dm) is achievable subject to power

constraint P , if for any ε > 0 and sufficiently large n, we have Dk + ε > dk, where

k = 1, 2, ...,m. The set of all achievable distortion vectors (D1, D2, ..., Dm) is called the

distortion region.

3
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1.3 Organization of the Paper

In this dissertation, we will study the achievable distortion region of broadcasting correlated

Gaussian sources over an AWGN-BC. The rest of the dissertation is divided into three

major parts.

In Chapter 2, we study the problem of broadcasting m independent Gaussian source

components over an AWGN-BC. In particular, this problem setup is closely related to

broadcasting correlated Gaussian sources over an AWGN-BC with genie-aided receivers.

The separate source-channel coding approach is proved to be optimal, where we first quan-

tize the Gaussian source components and then use the superposition coding.

In Chapter 3, we consider two new scenarios and find the achievable distortion regions

for both cases. In both scenarios, we send three Gaussian source components to three

receivers and each receiver is only interested in reconstructing one corresponding source

component. The difference between the two scenarios is that for the first scenario, the first

two source components are correlated and they are independent of the third one while for

the second scenario, the last two source components are correlated and they are independent

of the first one. Inner bounds based on the hybrid coding approach and outer bounds based

on genie-aided arguments are derived for both cases and the optimality is proven.

In Chapter 4, we study two cases where side information is presented at one receiver.

Hybrid coding schemes are provided and the achievable distortion regions are chacterized.

Finally, in Chapter 5, we summarize the main result of the thesis and discuss some

potential directions for the future work.

4



Chapter 2

Broadcasting m Gaussian Source

Components

In this chapter, we will study the problem of broadcasting m Gaussian source components.

More specifically, we will study two problem setups, one is broadcasting m independent

Gaussian source components, and the other is broadcasting m correlated Gaussian source

components with genie-aided receivers. We will establish the achievable distortion regions

for both problem setups and discuss their relationships.

5
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2.1 Broadcasting m Independent Gaussian Source Com-

ponents

Consider a memoryless and stationary Gaussian source with m independent components

S1(i), S2(i), ..., Sm(i) of zero mean and the following covariance matrix:

ΣS =



σ2
1 0 · · · 0

0 σ2
2 · · · 0

...
... . . . ...

0 0 · · · σ2
m


.

We are interested in the distortion region of broadcasting these m independent components

over an AWGN-BC, which is a special case of the problem setup described in Chapter 1.

2.2 Broadcasting m Correlated Gaussian Source Compo-

nents with Genie-aided Receivers

In the problem setup, we have a memoryless and stationary Gaussian source with zero

mean and m correlated source components with the following covariance matrix:

ΣS =



σ2 ρ12σ
2 · · · ρ1mσ

2

ρ21σ
2 σ2 · · · ρ2mσ

2

...
... . . . ...

ρm1σ
2 ρm2σ

2 · · · σ2


.

The setup is shown in Figure 2.1. As shown in the figure, Si, Si+1, ..., Sm are provided

6
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Figure 2.1: Broadcastingm Gaussian Source Components over an AWGN-BC with Genie-
aided Receivers

to receiver i as side information. For example, Sn2 , S
n
3 , ..., S

n
m are given to receiver 1, and

Sn3 , ..., S
n
m is provided to receiver 2, etc.

2.3 Connection between the Above Two Problem Setups

In this section, we shall show the above two problem setups are essentially equivalent. Sup-

pose Ŝn1 , Ŝ
n
2 , ..., Ŝ

n
m are the reconstruction of Sn1 , S

n
2 , ..., S

n
m at the corresponding receivers

and (D1, D2, ..., Dm) is the achievable distortion vector. Before we proceed, we define the

following variables:

δ1 = S1 − E[S1|S2, S3, ..., Sm],

δ2 = S2 − E[S2|S3, ..., Sm],

7
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...

δm−1 = Sm−1 − E[Sm−1|Sm],

δm = Sm. (2.1)

Then we define the following variables:

δ̂1 = Ŝ1 − E[S1|S2, S3..., Sm],

δ̂2 = Ŝ2 − E[S2|S3..., Sm],

...

δ̂m−1 = Ŝm−1 − E[Sm−1|Sm],

δ̂m = Ŝm. (2.2)

We can see that δ1, δ2, ..., δm−1, Sm are independent. Moreover,

Dδ1 = E[(δ1 − δ̂1)2]

= E[(S1 − E[S1|S2, S3]− Ŝ1 + E[S1|S2, S3])2]

= E[(S1 − Ŝ1)2]

= D1. (2.3)

8
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Similarly, we have

Dδi = Di, (2.4)

where i = 2, ...,m− 1.

For Sm, there is no change and Dm remains the same.

Therefore, for any achievable distortion vector (D1, D2, ..., Dm) based on Sn1 , S
n
2 , ..., S

n
m,

we can achieve the same distortion vector by transmitting m independent Gaussian source

components δ1, δ2, ..., δm−1, Sm.

2.3.1 Inner Bound Based on the Superposition Coding Scheme

According to the preceding discussion, for any achievable distortion vector (D1, D2, ..., Dm)

based on Sn1 , S
n
2 , ..., S

n
m, we can achieve the same distortion vector by transmitting m in-

dependent Gaussian source components δ1, δ2, ..., δm−1, Sm. We will derive an inner bound

of the distortion region for the independent source component setup, which is also an inner

bound of the distortion region for the correlated source component setup.

The coding scheme includes two parts. First, the source components are quantized

based on the lossy source coding scheme. Second, we use the superposition coding scheme

to encode the quantized information to send over the AWGN-BC. The details are as follows:

First of all, the Gaussian source components δ1, δ2, ..., δm−1, Sm are quantized into

δ̂1, δ̂2, ..., δ̂m−1, Ŝm with corresponding distortions (D1|2,3,...,m, D2|3,...,m, ..., Dm−1|m, Dm)

at rates R1, R2, ..., Rm. We have

Ri =
1

2
log

σ2
δi

Di|i+1,...,m

, (2.5)

9
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where i ∈ [1 : m] and 0 < Di|i+1,...,m ≤ σ2
δi

. Then the quantized Gaussian source compo-

nents are broadcasted over the channel following the superposition coding approach.

According to [4], an m-receiver DM-BC (X, p(y1, y2, ..., ym|x), Y1 × Y2 × · · ·Ym), is

physically degraded if X ↔ Y1 ↔ Y2 ↔ · · · ↔ Ym form a Markov chain. The private

message capacity region is the set of rate tuples (R1, R2, ..., Rm) such that

R1 ≤ I(X;Y1|U2),

Ri ≤ I(Ui;Yi|Ui+1), i ∈ [2 : m]

for some p(um, um−1)p(um−2|um−1) · · · p(u1|u2)p(x) and Um+1 = φ. Note that the theo-

rem also applies to the AWGN-BC.

For the Gaussian case, we use superposition coding and let ui ∼ N(0, αiP ) for i ∈ [1 :

m] and they are independent of each other, where α1, α2, ..., αm ∈ [0, 1] and α1 +α2 + ...+

αm = 1. We transmit X =
∑m

i=1 ui ∼ N(0, P ). Let Ui = (ui, ui+1, ..., um) and plug in the

theorem above, we could get

R1 ≤
1

2
log(1 +

α1P

N1

),

R2 ≤
1

2
log(1 +

α2P

α1P +N2

),

...

Ri ≤
1

2
log(1 +

αiP

(α1 + α2 + ...+ αi−1)P +Ni

),

...

10
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Rm ≤
1

2
log(1 +

αmP

(α1 + α2 + ...+ αm−1)P +Nm

). (2.6)

Combining (2.5) and (2.6) together, we could get

1

2
log

σ2
∆1

D1|2,3,...,m
≤ 1

2
log(1 +

α1P

N1

)

1

2
log

σ2
∆2

D2|3,...,m
≤ 1

2
log(1 +

α2P

α1P +N2

)

...

1

2
log

σ2
∆i

Di|i+1,...,m

≤ 1

2
log(1 +

αiP

(α1 + α2 + ...+ αi−1)P +Ni

)

...

1

2
log

σ2
∆m

Dm

≤ 1

2
log(1 +

αmP

(α1 + α2 + ...+ αm−1)P +Nm

), (2.7)

where α1, α2, ..., αm ∈ [0, 1] and α1 + α2 + ...+ αm = 1.

2.3.2 Genie-aided Outer Bound

In this section, we derive the genie-aided outer bound for broadcasting m correlated Gaus-

sian source components. The proof is similar to [5] and the result is given in the following

lemma.

Lemma 2.1: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:
n

2
log

σ2
∆1

D1|2,3,...,m
≤ n

2
log(1 +

α1P

N1

)

11
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n

2
log

σ2
∆2

D2|3,...,m
≤ n

2
log(1 +

α2P

α1P +N2

)

...

n

2
log

σ2
∆i

Di|i+1,...,m

≤ n

2
log(1 +

αiP

(α1 + α2 + ...+ αi−1)P +Ni

)

...

n

2
log

σ2
∆m

Dm

≤ n

2
log(1 +

αmP

(α1 + α2 + ...+ αm−1)P +Nm

), (2.8)

where α1, α2, ..., αm ∈ [0, 1] and α1 + α2 + ...+ αm = 1.

Proof: For Sn1 , we have

n

2
log

σ2
∆1

D1|2,3,...,m
≤ I(Sn1 ; Ŝn1 |Sn2 , Sn3 , ..., Snm), (2.9)

where ∆1 = S1 − E[S1|S2, S3, ..., Sm] and D1|2,3,...,m denotes the distortion of Sn1 when

Sn2 , S
n
3 , ..., S

n
m are given at Receiver 1. Note that

RHS = I(Sn1 ; Ŝn1 |Sn2 , Sn3 , ..., Snm) ≤ I(Sn1 ;Y n
1 |Sn2 , Sn3 , ..., Snm), (2.10)

which follows by the DPI. We have

I(Sn1 ;Y n
1 |Sn2 , Sn3 , ..., Snm) = h(Y n

1 |Sn2 , Sn3 , ..., Snm)− h(Y n
1 |Sn1 , Sn2 , Sn3 , ..., Snm)

= h(Y n
1 |Sn2 , Sn3 , ..., Snm)− h(Zn

1 )

= h(Y n
1 |Sn2 , Sn3 , ..., Snm)− n

2
log(2πeN1). (2.11)

12
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Note that

n

2
log(2πeN1) = h(Zn

1 )

= h(Y n
1 |Sn1 , Sn2 , Sn3 , ..., Snm)

≤ h(Y n
1 |Sn2 , Sn3 , ..., Snm)

≤ h(Y n
1 )

≤ n

2
log 2πe(P +N1), (2.12)

which follows the property of differential entropy and conditional differential entropy.

Hence, there exists α1 ∈ [0, 1] such that h(Y n
1 |Sn2 , Sn3 , ..., Snm) = n

2
log(2πe(α1P + N1)).

Therefore, we get

n

2
log

σ2
∆1

D1|2,3,...,m
≤ n

2
log(1 +

α1P

N1

). (2.13)

For Sn2 , we have

n

2
log

σ2
∆2

D2|3,...,m
≤ I(Sn2 ; Ŝn2 |Sn3 , ..., Snm), (2.14)

where ∆2 = S2−E[S2|S3, ..., S
n
m] andD2|3,...,m denotes the distortion of Sn2 when Sn3 , ..., S

n
m

are given at Receiver 2.

I(Sn2 ; Ŝn2 |Sn3 , ..., Snm) ≤ I(Sn2 ;Y n
2 |Sn3 , ..., Snm), (2.15)

13
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which follows by the DPI. And

RHS = I(Sn2 ;Y n
2 |Sn3 , ..., Snm) = h(Y n

2 |Sn3 , ..., Snm)− h(Y n
2 |Sn2 , Sn3 , ..., Snm). (2.16)

With no loss of generality, we can assume that the AWGN-BC is physically degraded. As

a consequence, we can write Y n
2 = Y n

1 + Z̃n
1 . and the variance of each component of Z̃n

1 is

N2 −N1. Following the conditional EPI, we have

22h(Y n
2 |Sn

2 ,S
n
3 ,...,S

n
m)/n = 22h(Y n

1 +Z̃n
1 |Sn

2 ,S
n
3 ,...,S

n
m)/n

≥ 22h(Y n
1 |Sn

2 ,S
n
3 ,...,S

n
m)/n + 22h(Z̃n

1 |Sn
2 ,S

n
3 ,...,S

n
m)/n. (2.17)

Plug in h(Y n
1 |Sn2 , Sn3 , ..., Snm) = n

2
log(2πe(α1P +N1)), we could get

h(Y n
2 |Sn2 , Sn3 , ..., Snm) ≥ n

2
log(2πe(α1P +N2)).

Besides, we have

n

2
log(2πe(α1P +N2)) ≤ h(Y n

2 |Sn2 , Sn3 , ..., Snm)

≤ h(Y n
2 )

≤ n

2
log(2πe(P +N2)). (2.18)

Therefore, ∃α2 ∈ [0, 1], s.t. h(Y n
2 |Sn3 , ..., Snm) = n

2
log(2πe((α1 + α2)P +N2)).

Taking all these equations into account, we have

n

2
log

σ2
∆2

D2|3,...,m
≤ n

2
log(1 +

α2P

α1P +N2

). (2.19)

14
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Similar to Sn2 , for Sni and any i ∈ [3 : m− 1], we have

n

2
log

σ2
∆i

Di|i+1,...,m

≤ I(Sni ; Ŝni |Sni+1, ..., S
n
m), (2.20)

where ∆i = Si − E[Si|Si+1, ..., Sm] and Di|i+1,...,m denotes the distortion of Sni when

Sni+1, ..., S
n
m are given at Receiver i. By the DPI,

I(Sni ; Ŝni |Sni+1, ..., S
n
m) ≤ I(Sni ;Y n

i |Sni+1, ..., S
n
m). (2.21)

Moreover,

RHS = I(Sni ;Y n
i |Sni+1, ..., S

n
m) = h(Y n

i |Sni+1, ..., S
n
m)− h(Y n

i |Sni , Sni+1, ..., S
n
m). (2.22)

We can write Y n
i = Y n

i−1 + Z̃n
i−1 and the variance of Z̃n

i−1 is Ni −Ni−1.

Using the inductive approach, we assume that h(Y n
i−1|Sni , Sni+1, ..., S

n
m) = n

2
log(2πe((α1+

...+ αi−1)P +Ni−1)), for any i ∈ [3 : m− 1]. Following the conditional EPI, we have

22h(Y n
i |Sn

i ,S
n
i+1,...,S

n
m)/n = 22h(Y n

i−1+Z̃n
i−1|Sn

i ,S
n
i+1,...,S

n
m)/n

≥ 22h(Y n
i−1|Sn

i ,S
n
i+1,...,S

n
m)/n + 22h(Z̃n

i−1|Sn
i ,S

n
i+1,...,S

n
m)/n. (2.23)

Plug in h(Y n
i−1|Sni , Sni+1, ..., S

n
m) = n

2
log(2πe((α1 + ... + αi−1)P + Ni−1)), we could get

15
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h(Y n
i |Sni , Sni+1, ..., S

n
m) ≥ n

2
log(2πe((α1 + ...+ αi−1)P +Ni)). Besides, we have

n

2
log(2πe((α1 + ...+ αi−1)P +Ni)) ≤ h(Y n

i |Sni , Sni−1, ..., S
n
m)

≤ h(Y n
i )

≤ n

2
log(2πe(P +Ni)). (2.24)

Hence, ∃αi ∈ [0, 1], s.t. h(Y n
i |Sni+1, ..., S

n
m) = n

2
log(2πe((α1 + ...+ αi)P +Ni)).

Taking all these equations into account, we have

n

2
log

σ2
∆i

Di|i+1,...,m

≤ n

2
log(1 +

αiP

(α1 + ...+ αi−1)P +Ni

), (2.25)

which holds for any i ∈ [3 : m− 1].

Finally, for the last source component Snm, we have

n

2
log(

σ2
Sm

Dm

) ≤ I(Snm; Ŝnm). (2.26)

Using the DPI, we can get

I(Snm; Ŝnm) ≤ I(Snm;Y n
m). (2.27)

Note that RHS = I(Snm;Y n
m) = h(Y n

m)−h(Y n
m|Snm) ≤ n

2
log(2πe(P +Nm))−h(Y n

m|Snm).

Now write Y n
m = Y n

m−1 + Z̃n
m. By the conditional EPI, we have

22h(Y n
m|Sn

m)/n = 22h(Y n
m−1|Sn

m)/n + 22h(Z̃n
m|Sn

m)/n, (2.28)

16
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Then we get h(Y n
m|Snm) ≥ n

2
log(2πe((α1 + α2 + ...+ αm−1)P +Nm)), and

RHS =
n

2
log(1 +

(1− α1 − α2 − ...− αm−1)P

(α1 + α2 + ...+ αm−1)P +Nm

). (2.29)

Taking all these equations into account, we have

n

2
log

σ2
∆m

Dm

≤ n

2
log(1 +

αmP

(α1 + α2 + ...+ αm−1)P +Nm

), (2.30)

where αm = 1−α1−α2− ...−αm−1, which gives an outer bound of the distortion region.

2.3.3 The Achievable Distortion Region

From the preceding sections, one could easily see that the inner bound meets the outer

bound. To sum up, we have shown that the coding scheme described above is optimal

and the achievable distortion region for the above two problem setups is determined. In

addition, separate source-channel coding is shown to be optimal. Besides, by changing the

values of α1, α2, ..., αm, we could get the tradeoff between different distortion components.

2.4 Analog Scheme

In this section, we will consider the analog scheme for broadcasting correlated Gaussian

source over an AWGN-BC. Note that genie is not provided at receiver side. Suppose we

transmit:

X(j) = α̃(a1S1(j) + a2S2(j) + ...+ aiSi(j) + ...+ amSm(j)) = α̃

m∑
i=1

aiSi(j), (2.31)

17
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where α̃ =
√

P
V ar(

∑m
i=1 aiSi(j))

and ai ≥ 0.

At receiver i, Yi(j) = X(j) + Zi(j), where i = 1, ...,m, MMSE estimation is used to

reconstruct the corresponding source components. From the problem setup, we know that

all the source components are i.i.d., the distortion for a length-n sequence is equal to that

of a single component. Then the distortion for reconstructing Si at receiver i is:

Di = E[
1

n

n∑
j=1

(Si(j)− ˆSi(j))
2]

= E[
1

n

n∑
j=1

(Si(j)− E[Si(j)|Yi(j)])2]

= E[(Si − E[Si|Yi])2]

= E[S2
i + E[Si|Yi]2 − 2SiE[Si|Yi]]

= E[S2
i + (KSiYi

K−1
Yi

)2Y 2
i − 2SiKSiYi

K−1
Yi
Yi]

= σ2
i + (KSiYi

K−1
Yi

)2E[Y 2
i ]− 2KSiYi

K−1
Yi
E[SiYi]

= σ2
i −

K2
SiYi

P +Ni

= σ2
i −

α̃2(
∑m

j=1 ajρijσiσj)
2

P +Ni

, (2.32)

where i = 1, 2, ...,m. This is the achievable distortion region for the analog scheme, which

is not optimal in general.

18



Chapter 3

Two Correlated Source Components and

One Independent Component

In this chapter, we will study two special problem setups of broadcasting three Gaussian

source components over an AWGN-BC. In both cases, there are two correlated source

components, which are independent of the remaining one.

The problem setup for broadcasting three Gaussian source components to three re-

ceivers is illustrated in Figure 3.1. We shall derive the achievable distortion regions of two

special cases of the problem setup and Wyner-Ziv coding in [6] and dirty paper coding in

[7] are used.
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Figure 3.1: Broadcasting Three Gaussian Source Components over AWGN-BC

3.1 Compression of Correlated Gaussian Source Compo-

nents under Individual Distortion Criteria

Jinjun Xiao and Zhiquan Luo [8] study the problem of compressing correlated Gaussian

source vector S = (S1, S2, ..., Sm) into Ŝ = (Ŝ1, Ŝ2, ..., Ŝm) with individual distortion cri-

teria for each source component. The rate-distortion function RS1,S2,...,Sm(D1, D2, ..., Dm)

is the solution of

min I(S; Ŝ)

s.t. E(|Si − Ŝi|2) ≤ Di, for all 1 ≤ i ≤ m.

for some p(Ŝ1, Ŝ2, ..., Ŝm|S1, S2, ..., Sm). In addition, distortion covariance matrix ΣD could

be obtained from this result.
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Moreover, for m = 2, the authors give an explicit result (Theorem 6 in [8]) of the

rate-distortion function, where the source covariance matrix is

ΣS =

 σ2 ρσ2

ρσ2 σ2

 .

The resulting distortion covariance matrix is as follows:

(1) If ρ2 ≥ σ2−D2

σ2−D1
, then the distortion matrix is ΣD =

 D1 ρD1

ρD1 σ2 − ρ2(σ2 −D1)

 .

(2) If ρ2 ≤ (σ2−D1)(σ2−D2)
σ4 , then the distortion matrix is ΣD =

 D1 0

0 D2

 .

(3) If (σ2−D1)(σ2−D2)
σ4 ≤ ρ2 ≤ σ2−D2

σ2−D1
, then the distortion matrix is

ΣD =

 D1 ρσ2 −
√

(σ2 −D1)(σ2 −D2)

ρσ2 −
√

(σ2 −D1)(σ2 −D2) D2

 .

The reconstruction satisfy the orthogonality condition, i.e., E[(Sk − Ŝk)Ŝk] = 0 for

k = 1, 2. This leads to ΣS = ΣŜ + ΣD. Then the resulting reconstruction covariance

matrix can be obtained:

(1) If ρ2 ≥ σ2−D2

σ2−D1
, then the reconstruction matrix is ΣŜ =

 σ2 −D1 ρσ2 − ρD1

ρσ2 − ρD1 ρ2(σ2 −D1)

 .

(2) If ρ2 ≤ (σ2−D1)(σ2−D2)
σ4 , then the reconstruction matrix is ΣŜ =

 σ2 −D1 0

0 σ2 −D2

 .
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(3) If (σ2−D1)(σ2−D2)
σ4 ≤ ρ2 ≤ σ2−D2

σ2−D1
, then the reconstruction matrix is

ΣŜ =

 σ2 −D1

√
(σ2 −D1)(σ2 −D2)√

(σ2 −D1)(σ2 −D2) σ2 −D2

 .

For (2), the distortion covariance matrix implies that S1 ↔ Ŝ1 ↔ Ŝ2 ↔ S2 form a

Markov chain because the distortion errors are independent. For (1) and (3), the determi-

nant of ΣŜ is 0, i.e., E[Ŝ2
1 ]E[Ŝ2

2 ] = E[(Ŝ1Ŝ2)2]. According to Cauchy-Schwarz inequality,

this suggests that Ŝ1 = aŜ2 for some constant a.

3.2 First Two Correlated and Independent of the Third

One

Here, we study the problem of broadcasting three Gaussian source components to three

receivers over an AWGN-BC. The covariance matrix of the correlated source components

is as follows:

ΣS =


σ2 ρσ2 0

ρσ2 σ2 0

0 0 σ2

 .

The three source components are jointly Gaussian and the first two components are corre-

lated with each other while they are independent of the third one.

At receiver 1, apart from reconstructing S1, S2 is also reconstructed and we denote

the reconstruction as Ŝ12. D2(D1) is the minimum achievable distortion in estimating S2

at receiver 1 when we achieve a distortion D1 in estimating S1. Reconstructing (S1, S2)

using (Ŝ1, Ŝ12) under individual distortion criteria corresponds to the problem in Section
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3.1. Therefore, at receiver 1, we have either S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2 form a Markov chain

or Ŝ1 = aŜ2 for some constant a. We are going to show the distortion region for the two

cases separately.

3.2.1 Inner Bound when S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2

Here we will discuss the case when S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2 form a Markov chain. Then we

can write

Ŝ12 = E[Ŝ12|S1, S2] + U2 = a1S1 + a2S2 + U2,

Ŝ1 = E[Ŝ1|S1, S2, Ŝ12] + U1 = b1S1 + b2Ŝ12 + U1,

where the coefficients are determined by the estimation and they will be used in the coding

scheme.

Our coding scheme is shown in Figure 3.2. The distortion achieved in the coding

scheme here corresponds to the boundary of the distortion region, which will be shown

later. The channel input Xn = Xn
a + Xn

d + Xn
S3

is sent over the channel, where the cor-

responding power for Xa, Xd and XS3 are Pa, Pd and PS3 satisfying Pa + Pd + PS3 = P .

In addition, we define PS1S2 = Pa + Pd. For the reconstruction above, they satisfy that

RS1,S2(D1, D2(D1)) = I(S1, S2; Ŝ1, Ŝ12) = 1
2

log
PS1S2

+N1

N1
.The encoding details are as

follows:

• Analog part Xn
a : Xn

a = α(a1S
n
1 + a2S

n
2 ), where α =

√
Pa

V ar(
∑2

i=1 aiSi)
. In addition,

α is chosen such that I(S1, S2; Ŝ12) = I(S1, S2;Y ′1), where Y ′n1 = Y n
1 − Xn

S3
=

Xn
a +Xn

d + Zn
1 .

• Xn
d : Sn1 is encoded using the Wyner-Ziv coding approach using Y ′n1 as side infor-

mation at receiver 1, where the auxiliary variable is chosen to be b1S
n
1 + Un

1 . The
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Figure 3.2: Broadcasting Three Gaussian Source Components over an AWGN-BC when
first two are correlated: the Encoder Part

rate of the Wyner-Ziv encoder is R1 = I(S1; b1S1 + U1|Y ′1). Then we use the dirty

paper coding approach to encode the 2nR1 Wyner-Ziv indices while treating Xn
a as

interference. We denote the auxiliary random variable as T n = Xn
d + γXn

a , where

γ = Pd

Pd+N1
. For each Wyner-Ziv index, find T n and then transmit Xn

d = T n − γXn
a .

• Xn
S3

: the coding scheme for Sn3 here is the same as the digital part for Sn2 in [3].

Generate 2nI(S3;XS3
) codewords single-letter wise according the marginal distribution

of XS3 and then we send the codeword. Besides, we require that I(S3;XS3) ≤

I(XS3 ;Y3), which ensures that all the receivers could successfully decode Xn
S3

. Note

that both Sn3 and Xn
S3

are both independent of Sn1 and Sn2 .

For the decoding part, at receiver 1, we first decode Xn
S3

from Y n
1 , and we get Y ′n1 .

Next, we will show that the Wyner-Ziv index can be decoded correctly at receiver 1. Note
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that

1

2
log

Pa + Pd +N1

N1

= I(S1, S2; Ŝ1, Ŝ12)

= I(S1, S2; b1S1 + U1, Ŝ12)

= I(S1, S2; Ŝ12) + I(S1, S2; b1S1 + U1|Ŝ12)

= I(S1, S2;Y ′1) + I(S1; b1S1 + U1|Y ′1)

= h(Y ′1)− h(Y ′1 |S1, S2) + I(S1; b1S1 + U1|Y ′1)

=
1

2
log

Pa + Pd +N1

Pd +N1

+ I(S1; b1S1 + U1|Y ′1).

Then, we can see that I(S1; b1S1 + U1|Y ′1) = 1
2

log Pd+N1

N1
. This is equal to the dirty paper

coding rate, i.e., I(T ;Y ′1)− I(T ;Xa) = 1
2

log Pd+N1

N1
. It is guaranteed that b1S1 +U1 can be

successfully decoded at receiver 1.

According to the decoding scheme shown in Figure 3.3, at receiver 1, we have

1

2
log

(1− ρ2)σ2

D1|2
= I(S1; b1S1 + U1, Y

′
1 |S2)

= I(S1;Y ′1 |S2) + I(S1; b1S1 + U1|S2, Y
′

1)

= I(S1;Y ′1 |S2) + I(S1; b1S1 + U1|Y ′1)

= h(Y ′1 |S2)− h(Y ′1 |S1, S2) +
1

2
log

Pd +N1

N1

=
1

2
log

α2a2
1(1− ρ2)σ2 + Pd +N2

Pd +N1

+
1

2
log

Pd +N1

N1

=
1

2
log

α2a2
1(1− ρ2)σ2 + Pd +N2

N1

. (3.1)

where D1|2 refers to the distortion when S2 is presented at receiver 1. Since S1 ↔ Ŝ1 ↔

Ŝ12 ↔ S2 form a Markov chain, S1 ↔ (Y ′1 , b1S1 + U1) ↔ S2 also form a Markov chain.
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Figure 3.3: Broadcasting Three Gaussian Source Components over an AWGN-BC when
first two are correlated: the Decoder Part

It follows that D1|2 is equal to the distortion D1 when S2 is not presented. Therefore, the

achievable distortion D1 is determined.

At receiver 2, we have

1

2
log

σ2

D2

= I(S2; Ŝ2)

= I(S2;Y ′2)

= h(Y ′2)− h(Y ′2 |Sn2 )

=
1

2
log(2πe(Pa + Pd +N2))− 1

2
log(2πe(α2a2

1(1− ρ2)σ2 + Pd +N2))

=
1

2
log

Pa + Pd +N2

α2a2
1(1− ρ2)σ2 + Pd +N2

. (3.2)

Hence, we have also determined the achievable distortion D2.
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At receiver 3, we have

1

2
log

σ2

D3

= I(S3; Ŝ3)

= I(XS3 ;Y3)

= h(Y3)− h(Y3|XS3)

=
1

2
log

P +N3

Pa + Pd +N3

. (3.3)

To sum up, (3.1), (3.2) and (3.3) give an inner bound of the achievable distortion region.

3.2.2 Inner Bound when Ŝ1 = aŜ12

Here we set Pd = 0 in the above coding scheme and everything else is the same, where

Pa + PS3 = P . Then Xn = Xn
a +Xn

S3
is transmitted over the three-user AWGN-BC.

At the first and the second receivers, we first try to find a unique Xn
S3

in the codebook

that is jointly typical with Y n
1 and Y n

2 , and then remove the digital part Xn
S3

and do MMSE

estimation based on the analog part. For example, for Sn1 , Xn
S3

is decoded and subtracted

from Y n
1 , then MMSE estimation is used to reconstruct Sn1 based on α(a1S

n
1 +a2S

n
2 )+Zn

1 .

Note that Sn1 is independent of Sn3 and we will not have any loss without considering Xn
S3

.

Then we have 1
2

log σ2

D1
= I(S1; Ŝ1) = I(S1;Y ′1), where Y ′1 = Y1 −XS3 , which leads to

1

2
log

σ2

D1

=
1

2
log

Pa +N1

α2a2
2(1− ρ2)σ2 +N1

. (3.4)

Therefore, we have specified the achievable distortion D1.
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For Sn2 , at receiver 2, we have

1

2
log

σ2

D2

= I(S1; Ŝ2) = I(S2;Y ′2),

where Y ′n2 = Y n
2 −Xn

S3
. Now we have

1

2
log

σ2

D2

=
1

2
log

Pa +N2

α2a2
1(1− ρ2)σ2 +N2

. (3.5)

Therefore, we have specified the achievable distortion D2.

For Sn3 , receiver 3 decodes Xn
S3

and calculates the distortion according to Sn3 and Xn
S3

.

Note that S3 is independent of S1 and S2 and we will not have any loss without considering

α(a1S
n
1 + a2S

n
2 ) + Zn

3 . Therefore, we could get

1

2
log

σ2

D3

= I(S3;XS3)

= I(S3;Y3)

= h(Y3)− h(Y3|S3)

=
1

2
log(2πe(P +N3))− h(Y3|S3)

=
1

2
log(2πe(P +N3))− h(Y3 −XS3|S3)

=
1

2
log(2πe(P +N3))− h(α(a1S1 + a2S2) +N3|S3)

=
1

2
log(2πe(P +N3))− h(α(a1S1 + a2S2) +N3)

=
1

2
log(2πe(P +N3))− 1

2
log(2πe(Pa +N3))

=
1

2
log

P +N3

Pa +N3

. (3.6)

Therefore, we have specified the achievable distortion D3.
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Figure 3.4: Broadcasting Three Gaussian Source Components over AWGN-BC with
Genie-aided Receivers

To sum up, (3.4), (3.5) and (3.6) give an inner bound of the achievable distortion region.

3.2.3 Outer Bound

To prove the outer bound here, we will use a genie-aided argument. The setup is shown in

Figure 3.4.

Lemma 3.1: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:

n

2
log

σ2(1− ρ2)

D1|2,3
≤ n

2
log(

α1P +N1

N1

),

n

2
log

σ2

D2|3
≤ n

2
log(

(α1 + α2)P +N2

α1P +N2

),

n

2
log(

σ2

D3

) ≤ n

2
log(

P +N3

(α1 + α2)P +N3

).
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Proof: The proof is similar to that in Section 2.3.2:

For Sn1 , we have

n

2
log

σ2
∆1

D1|2,3
≤ I(Sn1 ; Ŝn1 |Sn2 , Sn3 ), (3.7)

where ∆1 = S1 − E[S1|S2, S3]; D1|2,3 denotes the distortion of reconstructing Sn1 when

Sn2 , S
n
3 are given at receiver 1. Besides, we have

I(Sn1 ; Ŝn1 |Sn2 , Sn3 ) ≤ I(Sn1 ;Y n
1 |Sn2 , Sn3 ),

which follows from the DPI.

Note that

I(Sn1 ;Y n
1 |Sn2 , Sn3 ) = h(Y n

1 |Sn2 , Sn3 )− h(Y n
1 |Sn1 , Sn2 , Sn3 )

= h(Y n
1 |Sn2 , Sn3 )− h(Zn

1 )

= h(Y n
1 |Sn2 , Sn3 )− n

2
log(2πeN1) (3.8)

Besides,

n

2
log(2πeN1) = h(Zn

1 ) ≤ h(Y n
1 |Sn2 , Sn3 ) ≤ h(Y n

1 ) ≤ n

2
log 2πe(P +N1),

which follows from the property of entropy and conditional entropy. Hence, there exists

α1 ∈ [0, 1], s.t. h(Y n
1 |Sn2 , Sn3 ) = n

2
log(2πe(α1P + N1)). Therefore, we have the RHS of
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(3.8):

RHS =
n

2
log(

α1P +N1

N1

). (3.9)

Since σ2
∆1

= σ2(1− ρ2), combining (3.7) and (3.9) yields that

n

2
log

σ2(1− ρ2)

D1|2,3
≤ n

2
log(

α1P +N1

N1

). (3.10)

Therefore, (3.10) gives a lower bound for D1|2,3.

For Sn2 , following the same technique in Section 2.3.2, we could get

n

2
log

σ2

D2|3
≤ n

2
log(

(α1 + α2)P +N2

α1P +N2

), (3.11)

Therefore, (3.11) gives a lower bound for D2|3.

Similarly, for Sn3 , we have

n

2
log(

σ2

D3

) ≤ n

2
log(

P +N3

(α1 + α2)P +N3

). (3.12)

To sum up, (3.10), (3.11) and (3.12) give a genie-aided outer bound of the achievable

distortion region. It will be shown later that the outer bound here is tight for the case when

S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2 form a Markov chain.

In the following part, we will provide a lower bound of D2 in terms of a fixed D1 when

receiver 1 has Sn2 as side information. Let D1|2 be the least distortion in estimating Sn1 at

receiver 1 when Sn2 is provided as side information. First, we will derive an upper bound
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on D1|2 by considering the linear estimate of S1 based on Ŝ1 and S2. Thus we have

D1|2 ≤
1

n

n∑
i=1

E[(S1(i)− µ1Ŝ1(i)− µ2S2(i))2]

= σ2 + µ2
1E[Ŝ2

1 ] + µ2
2E[Ŝ2

2 ]− 2µ1E[S1Ŝ1]− 2µ1E[S1S2] + 2µ1µ2E[Ŝ1S2]

= σ2 + µ2
1(σ2 −D1) + µ2

2σ
2 − 2µ1(σ2 −D1)− 2µ2ρσ

2 + 2µ1µ2E[Ŝ1S2]. (3.13)

Let µ3Ŝ
n
1 be a linear estimate of Sn2 using Ŝn1 . Then

1

n

n∑
i=1

E(S2(i)− µ3Ŝ1(i))2 ≥ D2(D1),

for any µ3, where D2(D1) refers to the smallest distortion in estimating S2 when achiev-

ing D1. By choosing µ3 =
√

σ2−D2(D1)
σ2−D1

, expanding the above equation and plugging in

1
n

∑n
i=1 E(Ŝ1(i))2 = σ2 −D1, we get

E[Ŝ1S2] ≤
√
E[Ŝ2

1 ]E[(µ3Ŝ1)2] ≤
√

(σ2 −D1)(σ2 −D2(D1)). (3.14)

It leads to an upper bound on D1|2:

D1|2 ≤ σ2 + (µ2
1 − 2µ1)(σ2 −D1) + µ2

2σ
2 − 2µ2ρσ

2 + 2µ1µ2

√
(σ2 −D1)(σ2 −D2(D1)).

(3.15)

Moreover, by combining the genie-aided outer bound derived for D1|2(i.e.,D1|2,3, due

to the independence of S1 and S3) andD2(i.e., D2|3, due to the independence of S2 and S3),
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we could get a lower bound on D2|3 in terms of D1|2,3, i.e.,

D2 ≥
σ2

(α1 + α2)P +N2

(
σ2(1− ρ2)N1

D1|2
+N2 −N1). (3.16)

Combining (3.15) and (3.16) together, we could get a lower bound for D2 in terms of

any achievableD1, which determines the tradeoff between D1 and D2. To sum up, we have

shown a lower bound of D2 in terms of a fixed D1. This bound is tight for the case when

Ŝ1 = aŜ12 where RS1,S2(D1, D2(D1)) = I(S1, S2; Ŝ1, Ŝ12) = 1
2

log
PS1S2

+N1

N1
.

3.2.4 Achievable Distortion Region when S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2

If we let α2a2
1(1− ρ2)σ2 + Pd = α1P and Pa + Pd = (α1 + α2)P in the inner bound and

because the construction of the coding scheme, we can see that the inner bound meets the

genie-aided outer bound. As a result, the distortion region is determined.

3.2.5 Achievable Distortion Region when Ŝ1 = aŜ12

First of all, for Sn3 , we can easily see that the inner bound meets the genie-aided outer

bound for D3. Besides, the distortion tradeoff between D1, D2 and D3 depends on the

power allocation, i.e., the choice of Pa and PS3 . In addition, the distortion tradeoff between

D1 and D2 is given in the outer bound part. Since S1, Ŝ1, and S2 are jointly Gaussian, we

can see that the inner bound meets the outer bound.

3.2.6 Summary

So far, we have established inner and outer bounds for two regions, one for the case where

S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2 form a Markov chain and the other for case where Ŝ1 = aŜ12. In
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addition, for both scenarios, we have shown that the inner bound meets the outer bound.

3.3 Last Two Correlated and Independent of the First One

Here, we study the problem of broadcasting three Gaussian source components to three

receivers over an AWGN-BC. The covariance matrix of the correlated sources is as follows:

ΣS =


σ2 0 0

0 σ2 ρσ2

0 ρσ2 σ2

 .

The three source components are jointly Gaussian and the last two components are corre-

lated with each other and they are independent of the first one.

Note that at receiver 2, apart from reconstructing S2, we can also reconstruct S3 and we

denote the reconstruction as Ŝ23. We define D3(D2) as the minimum achievable distortion

in estimating S3 at receiver 2 when we achieve a distortion D2 in estimating S2. We can

see that this problem corresponds to that in Section 3.1. Therefore, at receiver 2, we have

either S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3 form a Markov chain or Ŝ2 = aŜ23 for some constant a. We

shall establish the distortion regions for the two cases separately.

3.3.1 Inner Bound when S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3

At receiver 2, we have S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3 form a Markov chain and we can write

Ŝ2 = E[Ŝ2|S2, S3, Ŝ23] = b2S2 + b3Ŝ23 + U2,

Ŝ23 = E[Ŝ23|S2, S3] + U2 = a1S2 + a2S3 + U3,
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Figure 3.5: Broadcasting Three Gaussian Source Components over an AWGN-BC when
last two are correlated: the Encoder Part

where the coefficients are determined by the estimation and they will be used in the coding

scheme.

Our coding scheme is shown in Figure 3.5. The channel input isXn = Xn
a +Xn

d1
+Xn

d2
,

and the corresponding power for Xa, Xd1 and Xd2 are Pa, Pd1 and Pd2 , where Pa + Pd1 +

Pd2 = P . In addition, we define PS2S3 = Pa + Pd2 .

For our coding scheme, Xn
a denotes the analog part and Xn

a = α(a2S
n
2 + a3S

n
3 ), where

α =
√

Pa

V ar(
∑3

i=2 aiSi)
. We shall find α such that I(S2, S3; Ŝ3) = I(S2, S3;Y2). Second,

we encode Sn2 using the Wyner-Ziv coding approach into b2S
n
2 + Un

2 at the rate of R2 =

I(S2; b2S2 + U2|Y2) with Y2 as side information. Then we use the dirty paper coding

approach to encode the 2nR2 Wyner-Ziv indices while treating Xn
a as interference. We

denote the auxiliary random variable as T n2 = Xn
d2

+ γ2X
n
a , where γ2 =

Pd2

Pd1
+Pd2

+N2
and

then we transmit Xn
d2

= T n2 − γ2X
n
a . Third, for Sn1 , we first quantize Sn1 into Xn

S1
using

lossy source coding at the rate of R1 = 1
2

log
Pd1

+N1

N1
. And then we use the dirty paper

coding approach to encode the 2nR1 lossy source coding index while treating Xn
a and Xn

d2

as channel state. We denote the auxiliary random variable as T n1 = Xn
d1

+ γ1(Xn
a + Xn

d2
),
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Figure 3.6: Broadcasting Three Gaussian Source Components over an AWGN-BC when
last two are correlated: the Decoder Part

where γ1 =
Pd1

Pd1
+N1

and then we transmit Xn
d1

= T n1 − γ1(Xn
a +Xn

d2
).

The decoding procedure is shown in Figure 3.6. At receiver 3, we do MMSE estimation

to reconstruct S3 and we have

1

2
log

σ2

D3

= I(S3; Ŝ3)

= I(S3;Y3)

= h(Y3)− h(Y3|S3)

=
1

2
log

P +N3

α2a2
2(1− ρ2)σ2 + Pd1 + Pd2 +N3

. (3.17)

Therefore, we have specified the achievable distortion D3.

Next, we will show that the Wyner-Ziv index for S2 can be successfully decoded. We
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have

1

2
log

P +N2

Pd1 +N2

= I(S2, S3; Ŝ2, Ŝ23)

= I(S2, S3; b2S2 + U2, Ŝ23)

= I(S2, S3; Ŝ23) + I(S2, S3; b2S2 + U2|Ŝ23)

= I(S2, S3;Y2) + I(S2; b2S2 + U2|Y2)

= h(Y2)− h(Y2|S2, S3) + I(S2; b2S2 + U2|Y2)

=
1

2
log

P +N2

Pd1 + Pd2 +N2

+ I(S2; b2S2 + U2|Y2).

Therefore, we have I(S2; b2S2 +U2|Y2) = 1
2

log
Pd1

+Pd2
+N2

Pd1
+N2

, and the Wyner-Ziv coding

rate is equal to the DPC rate. So we can correctly decode the Wyner-Ziv index and we can

reconstruct S2 using Y2 and b2S2 + U2. Note that

1

2
log

(1− ρ2)σ2

D2|3
= I(S2; b2S2 + U2, Y2|S3)

= I(S2;Y2|S3) + I(S2; b2S2 + U2|Y2)

= h(Y2|S3)− h(Y2|S2, S3) +
1

2
log

Pd1 + Pd2 +N2

Pd1 +N2

=
1

2
log

α2a2
2(1− ρ2)σ2 + Pd1 + Pd2 +N2

Pd1 + Pd2 +N2

+
1

2
log

Pd1 + Pd2 +N2

Pd1 +N2

=
1

2
log

α2a2
2(1− ρ2)σ2 + Pd1 + Pd2 +N2

Pd1 +N2

. (3.18)

Since we have S2 ↔ (Y2, b2S2 + U2)↔ S3 form a Markov chain, which results in D2|3 =

D2.

At receiver 1, the DPC rate is I(T1;Y1) − I(T1;Xa, Xd2) = 1
2

log
Pd1

+N1

N1
. The lossy

source coding rate is equal to the DPC rate, therefore we can successfully decode the lossy
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source code and we have

1

2
log

σ2

D1

= I(S1;XS1)

=
1

2
log

Pd1 +N1

N1

. (3.19)

To sum up, (3.19), (3.18) and (3.17) give an inner bound of the achievable distortion region.

3.3.2 Inner bound when Ŝ2 = aŜ23

For the inner bound, we set Pd2 = 0 in the coding scheme and everything else is the same

as the one in section 3.3.1. The power of the analog part is Pa (Pa+Pd1 = P ). We transmit

Xn = Xn
a +Xn

d1
over the three-user AWGN-BC.

At the second and third receivers, we do MMSE estimation to reconstruct S2 and S3.

For D2, we have

1

2
log

σ2

D2

=
1

2
log

P +N2

α2a2
3(1− ρ2)σ2 +N2

. (3.20)

For D3, we have

1

2
log

σ2

D3

=
1

2
log

P +N3

α2a2
2(1− ρ2)σ2 +N3

. (3.21)

For Sn1 , at receiver 1, we first do dirty paper decoding and then lossy source decoding

to get Ŝ1. We have

1

2
log

σ2

D1

=
1

2
log

Pd1 +N1

N1

. (3.22)
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In sum, (3.22), (3.20) and (3.21) give an inner bound of the achievable distortion region.

3.3.3 Outer Bound

Here, we will first derive an outer bound via a genie-aided argument.

Lemma 3.2: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:
n

2
log

σ2

D1|2,3
≤ n

2
log

α1P +N1

N1

,

n

2
log

σ2(1− ρ2)

D2|3
≤ n

2
log

(α1 + α2)P +N2

α1P +N2

,

n

2
log

σ2

D3

≤ n

2
log

P +N3

(α1 + α2)P +N3

.

Note that the proof is quite similar to that for the genie-aided outer bound in the earlier

sections such as Section 3.2.2 and it is omitted here.

In the following part, we will provide a lower bound of D3 in terms of a fixed D2 while

using D2|3 as an intermediate variable, where D2|3 denotes the least distortion in estimating

Sn2 at receiver 2 when Sn3 is provided as side information. The proof here is similar to that

in Section 3.2.3.

First, we derive an upper bound on D2|3 by considering the linear MMSE estimate of

S2 based on Ŝ2 and S3 (i.e., µ1Ŝ2 + µ2S3). Thus we have

D2|3 ≤
1

n

n∑
i=1

E[(S2(i)− µ1Ŝ2(i)− µ2S3(i))2]

= σ2 + µ2
1E[Ŝ2

2 ] + µ2
2E[Ŝ2

3 ]− 2µ1E[S2Ŝ2]− 2µ1E[S2S3] + 2µ1µ2E[Ŝ2S3]

= σ2 + µ2
1(σ2 −D1) + µ2

2σ
2 − 2µ1(σ2 −D1)− 2µ2ρσ

2 + 2µ1µ2E[Ŝ2S3]. (3.23)
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Let µ3Ŝ
n
2 be an linear estimate of Sn3 based on Ŝn2 . Then

1

n

n∑
i=1

E(S3(i)− µ3Ŝ2(i))2 ≥ D3(D2),

for any µ3. By choosing µ3 =
√

σ2−D3(D2)
σ2−D2

, expanding the above equation and plugging in

1
n

∑n
i=1 E(Ŝ2(i))2 = σ2 −D2, we get

E[Ŝ2S3] ≤
√

(σ2 −D2)(σ2 −D3(D2)).

Plug in (3.23) we have an upper bound on D2|3:

D2|3 ≤ σ2 + (µ2
1 − 2µ1)(σ2 −D2) + µ2

2σ
2 − 2µ2ρσ

2 + 2µ1µ2

√
(σ2 −D2)(σ2 −D3(D2)).

(3.24)

Moreover, by combining the genie-aided outer bound derived forD2|3 andD3, we could

get a lower bound on D3 in terms of D2|3, i.e.,

D3 ≥
σ2

(1− α1)P +N3

(
σ2(1− ρ2)N2

D2|3
+N3 −N2). (3.25)

By combining (3.24) and (3.25) together, we could get a lower bound for D3 for any

achievable D2 when Ŝ2 = aŜ23, which specifies the tradeoff between D2 and D3. So far,

we have given a lower bound for D1 and D3 in terms of fixed D2.

3.3.4 Achievable Distortion Region when S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3

If we let Pd1 = α1P and α2a2
2(1− ρ2)σ2 +Pd1 +Pd2 = (α1 +α2)P in the inner bound and

because of our construction in the inner bound, we can see that the inner bound meets the
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genie-aided outer bound. So the distortion region is determined.

3.3.5 Achievable Distortion Region when Ŝ2 = aŜ23

First of all, for Sn1 , we can easily see that the inner bound can meet the outer bound if

we set Pd1 = α1P . Besides, the distortion tradeoff between D1, D2 and D3 depends on

the power allocation, i.e., the value choice of Pa and Pd1 . Second, we have shown the

distortion tradeoff between D2 and D3 in the outer bound part. Since S2, Ŝ2, and S3 are

jointly Gaussian, we can see the inner bound meets the outer bound for S2 and S3.

To sum up, we have shown that the analog scheme achieves the distortion region when

Ŝ2 = aŜ23.

3.3.6 Summary

So far, we have established inner and outer bounds for two regions, one when S2 ↔ Ŝ2 ↔

Ŝ23 ↔ S3 form a Markov chain and another when Ŝ2 = aŜ23. In addition, for both

scenarios, we have shown that the inner bound meets the outer bound and determine the

achievable distortion region.
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Chapter 4

Two Correlated Source Components and

One Independent Component with Side

Information at Receiver

In this chapter, we will study two special problem setups of broadcasting three Gaus-

sian source components over an AWGN-BC with side information at receiver. In both

cases,there are two correlated source components and they are independent of the remain-

ing one.

4.1 Third Component with Side Information at Receiver

Here, we study the problem of broadcasting three Gaussian source components to three

receivers over an AWGN-BC with side information at the receiver which wishes to recon-

struct the independent source component. The setup is illustrated in Figure 4.1.
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Figure 4.1: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver when first two are correlated

The covariance matrix of the correlated sources is as follows:

ΣS =


σ2 ρσ2 0

ρσ2 σ2 0

0 0 σ2

 .

The three source components are jointly Gaussian and the first two components are corre-

lated with each other and they are independent of the third one.

Since we have side information V n = ρ0S
n
3 + qn at receiver 3, where q ∼ N(0, Q)

is a Gaussian random variable and is independent of everything else. It follows that even

if we do not transmit anything about Sn3 in Xn, we still could reconstruct Sn3 using V n.

The distortion for reconstructing S3 based on V n is D3max = σ2Q
ρ20σ

2+Q
. Therefore, for any

D3 > D3max, we just do not transmit anything about Sn3 in Xn. Moreover, the problem

reduces to transmitting only S1 and S2, which is solved in [2] and [3]. So in the following

section, we only consider the case when D3 ≤ D3max = σ2Q
ρ20σ

2+Q
.
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Figure 4.2: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Encoder Part

Note that as in earlier sections, at receiver 1, apart from reconstructing S1, we also

reconstruct S2 to help seek the distortion region and we denote it as Ŝ12. We define D2(D1)

as the minimum achievable distortion in estimating S2 at receiver 1 when we achieve a

distortion D1 in estimating S1. Therefore, at receiver 1, we have either S1 ↔ Ŝ1 ↔ Ŝ12 ↔

S2 form a Markov chain or Ŝ1 = aŜ12 for some constant a. We are going to show the

distortion regions for the two cases separately.

4.1.1 Inner Bound when S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2

Our coding scheme is shown in Figure 4.2. The details are as follows:

We send Xn = Xn
a + Xn

d + Xn
S3

over the channel, and the corresponding power for

Xa, Xd and XS3 are Pa, Pd and PS3 . In addition, we define PS1S2 = Pa + Pd. The coding

scheme for S1 and S2 is the same as that in Section 3.2. The only difference lies in the

encoding of S3. Here we first encode Sn3 using the Wyner-Ziv coding approach into b3S
n
3 +

Un
3 treating V n and Y n

3 as side information at rate of R3 = I(S3; b3S3 +U3|Y3, V ) and then

we encode b3S
n
3 + Un

3 using a conventional channel code into Xn
S3

at the same rate R3 and

send it over the channel. Besides, we require R3 ≤ I(XS3 ;Y3) to ensure channel decoding
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Figure 4.3: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Decoder Part

and Wyner-Ziv decoding is successful. Since AWGN-BC is stochastically degraded, we

can also ensure that receivers 1 and 2 can successfully decode Xn
S3

.

The decoding procedure is shown in Figure 4.3. For the decoding part about S1 and S2

at receivers 1 and 2, we first do channel decoding to subtract XS3 , then the rest procedure

and distortion result is the same as earlier results in Section 3.2.1. For D1, we have

1

2
log

(1− ρ2)σ2

D1|2
=

1

2
log

α2a2
1(1− ρ2)σ2 + Pd +N1

N1

. (4.1)

Since S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2 form a Markov chain, it follows that D1|2 = D1.

For D2, we have

1

2
log

σ2

D2

=
1

2
log

Pa + Pd +N2

α2a2
1(1− ρ2)σ2 + Pd +N2

. (4.2)
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For S3, at receiver 3, XS3 is firstly decoded and then we can get b3S3 + U3. At the

receiver side, we have

1

2
log

σ2

D3

= I(S3; b3S3 + U3, Xa +Xd + Z3, V )

= I(S3;Xa +Xd + Z3, V ) + I(S3; b3S3 + U3|Xa +Xd + Z3, V )

= I(S3;Xa +Xd + Z3, V ) + I(XS3 ;Y3)

= I(S3;V ) + I(S3;Xa +Xd + Z3|V ) + I(XS3 ;Y3)

= I(S3;V ) + I(S3;Xa +Xd + Z3|V ) + I(XS3 ;Y3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+ I(S3;Xa +Xd + Z3|V ) + I(XS3 ;Y3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+ I(XS3 ;Y3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+ h(Y3)− h(Y3|XS3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+
1

2
log

P +N3

Pa + Pd +N3

.

Rearranging the equation, we could get

1

2
log

σ2Q
ρ20σ

2+Q

D3

=
1

2
log

P +N3

Pa + Pd +N3

. (4.3)

To sum up, (4.1), (4.2) and (4.3) give an inner bound of the achievable distortion region.

4.1.2 Inner Bound when Ŝ1 = aŜ12

Here we set Pd = 0 and everything else is the same as the coding scheme ins Section 4.1.1.

For S1 and S2, we are only going to keep the Xa part. Xn
a = α(a1S

n
1 + a2S

n
2 ), where
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α =
√

Pa

V ar(
∑2

i=1 aiSi)
and the power of the analog part is Pa (Pa + PS3 = P ). Then we

transmit Xn = Xn
a +Xn

S3
over the three user AWGN-BC.

At the first and second receiver, first find a unique Xn
S3

codeword that is jointly typical

with Y n
1 and Y n

2 , and then the decoder can remove the digital part Xn
S3

and do estimation

based on the analog part. For D1, we have

1

2
log

σ2

D1

=
1

2
log

Pa +N1

α2a2
2(1− ρ2)σ2 +N1

. (4.4)

For D2, we have

1

2
log

σ2

D2

=
1

2
log

Pa +N2

α2a2
1(1− ρ2)σ2 +N2

. (4.5)

ForD3, at receiver 3, after channel decoding and Wyner-Ziv decoding, we get b3S3+U3.
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At the receiver side,

1

2
log

σ2

D3

= I(S3; b3S3 + U3, Xa + Z3, V )

= I(S3;Xa + Z3, V ) + I(S3; b3S3 + U3|Xa + Z3, V )

= I(S3;Xa + Z3, V ) + I(XS3 ;Y3)

= I(S3;V ) + I(S3;Xa + Z3|V ) + I(XS3 ;Y3)

= I(S3;V ) + I(S3;Xa + Z3|V ) + I(XS3 ;Y3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+ I(S3;Xa + Z3|V ) + I(XS3 ;Y3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+ I(XS3 ;Y3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+ h(Y3)− h(Y3|XS3)

=
1

2
log

σ2

σ2Q
ρ20σ

2+Q

+
1

2
log

P +N3

Pa +N3

.

Rearrange the equation, we could get

1

2
log

σ2Q
ρ20σ

2+Q

D3

=
1

2
log

P +N3

Pa +N3

. (4.6)

To sum up, (4.4), (4.5) and (4.6) provide an inner bound of the achievable distortion region

(D1, D2, D3).

4.1.3 Outer Bound

Here we shall use an genie-aided argument and the diagram is shown in Figure 4.4. At

receiver side, V n, Sn2 , S
n
3 are provided for receiver 1, V n, Sn3 are provided for receiver 2.
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Figure 4.4: Broadcasting Three Gaussian Source Components over AWGN-BC with
Genie-aided receiver with Side Information at Receiver

So the only difference between the current genie-aided outer bound and the earlier one lies

in V n’s presence at receivers 1 and 2.

Lemma 4.1: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:

n

2
log

σ2(1− ρ2)

D1|2,3,V
≤ n

2
log(

α1P +N1

N1

),

n

2
log

σ2

D2|3,V
≤ n

2
log(

(α1 + α2)P +N2

α1P +N2

),

n

2
log

σ2Q
ρ20σ

2+Q

D3|V
≤ n

2
log(

P +N3

(α1 + α2)P +N3

).

Proof: Here a brief proof of the outer bound is provided below:
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For Sn1 , we have

n

2
log

σ2(1− ρ2)

D1|2,3,V
= I(Sn1 ; Ŝn1 |Sn2 , Sn3 , V n)

≤ I(Sn1 ;Y n
1 |Sn2 , Sn3 , V n)

= h(Y n
1 |Sn2 , Sn3 , V n)− h(Y n

1 |Sn1 , Sn2 , Sn3 , V n)

= h(Y n
1 |Sn2 , Sn3 , V n)− h(Zn

1 )

=
n

2
log(

α1P +N1

N1

). (4.7)

where D1|2,3,V denotes the distortion when V n, Sn2 , S
n
3 is presented at receiver 1 and α1 ∈

[0, 1].

For Sn2 , we have

n

2
log

σ2

D2|3,V
= I(Sn2 ; Ŝn2 |Sn3 , V n)

≤ I(Sn2 ;Y n
2 |Sn3 , V n)

= h(Y n
2 |Sn3 , V n)− h(Y n

2 |Sn2 , Sn3 , V n)

=
n

2
log(

(α1 + α2)P +N2

α1P +N2

). (4.8)

where D2|3,V denotes the distortion when V n, Sn3 is presented at receiver 2 and α2 ∈ [0, 1].
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For Sn3 , we have

n

2
log

σ2Q
ρ20σ

2+Q

D3|V
= I(Sn3 ; Ŝn3 |V n)

≤ I(Sn3 ;Y n
3 |V n)

= h(Y n
3 |V n)− h(Y n

3 |Sn3 , V n)

≤ h(Y n
3 )− h(Y n

3 |Sn3 , V n)

=
n

2
log(

P +N3

(α1 + α2)P +N3

), (4.9)

where D3|V denotes the distortion at receiver 3.

To sum up, (4.7), (4.8) and (4.9) give a genie-aided outer bound of the achievable

distortion region.

In the following part, we will provide a lower bound of D2 in terms of a fixed D1. Here

the proof is very similar to the one in Section 3.2.3 and we directly give the result here. An

upper bound on D1|2:

D1|2 ≤ σ2 + (µ2
1 − 2µ1)(σ2 −D1) + µ2

2σ
2 − 2µ2ρσ

2 + 2µ1µ2

√
(σ2 −D1)(σ2 −D2(D1)).

(4.10)

Moreover, by combining the genie-aided outer bound derived for D1|2,3,V and D2|3,V ,

we could get a lower bound on D2 in terms of D1|2, i.e.,

D2 ≥
σ2

(α1 + α2)P +N2

(
σ2(1− ρ2)N1

D1|2
+N2 −N1). (4.11)

By combining (4.10) and (4.11) together, we could get a lower bound on D2 for any
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achievable D1 when Ŝ1 = aŜ12, which determines the tradeoff between D1 and D2.

4.1.4 Achievable Distortion Region when S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2

If we let α2a2
1(1− ρ2)σ2 + Pd = α1P and Pa + Pd = (α1 + α2)P in the inner bound, then

we can see that the inner bound meets the genie-aided outer bound.

4.1.5 Achievable Distortion Region when Ŝ1 = aŜ12

First of all, for Sn3 , we can easily see that the inner bound meets the outer bound if we

set Pa = (α1 + α2)P . Besides, the distortion tradeoff between D1, D2 and D3 depends

on the power allocation, i.e., the value choice of Pa and PS3 . Second, we have shown the

distortion tradeoff between D1 and D2 in the outer bound part. Since S1, Ŝ1, and S2 are

jointly Gaussian, we can see that all the inequalities in the genie-aided outer bound and the

outer bound in the above section become equalities. In other words, the inner bound meets

the outer bound for S1 and S2.

To sum up, we have shown that the analog coding scheme achieve the distortion region

when Ŝ1 = aŜ12.

4.1.6 Summary

So far, we have shown inner and outer bounds for two regions, one for the case where

S1 ↔ Ŝ1 ↔ Ŝ12 ↔ S2 form a Markov chain and the other for the case where Ŝ1 = aŜ12.

In addition, for both scenarios, we have shown that the inner bound meets the outer bound.
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Figure 4.5: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver when last two are correlated

4.2 First Component with Side Information at Receiver

Here, the problem setup is similar to the one in Section 4.1, which is shown in Figure 4.5.

The only difference is that side information is provided for the first source component.

The covariance matrix of the correlated sources is as follows:

ΣS =


σ2 0 0

0 σ2 ρσ2

0 ρσ2 σ2

 .

The three source components are jointly Gaussian and the last two components are corre-

lated with each other and they are independent of the first one.

Since side information V n = ρ0S
n
1 +qn is present at receiver 1, where q ∼ N(0, Q) is a

Gaussian random variable and is independent of everything else. Following the arguments

in Section 4.1, we only consider the case when D1 ≤ D1max = σ2Q
ρ20σ

2+Q
.
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Figure 4.6: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Encoder Part

Note that at receiver 2, apart from reconstructing S2, we also reconstruct S3 and we

denote the reconstruction as Ŝ23. D3(D2) is defined the same as in Section 3.3. Therefore,

at receiver 2, we have either S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3 form a Markov chain or Ŝ2 = aŜ23 for

some constant a. We shall establish the distortion regions for the two cases separately.

4.2.1 Inner Bound when S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3

Our coding scheme for the problem is illustrated in Figure 4.6.

Xn = Xn
a +Xn

d1
+Xn

d2
is transmitted over the channel, and the corresponding power for

Xa, Xd1 and Xd2 are Pa, Pd1 and Pd2 . The coding scheme for S2 and S3 is the same as that

in Section 3.3. The only difference lies in the encoding of S1. Here we first encode Sn1 using

the Wyner-Ziv coding approach into b1S
n
1 + Un

1 treating V n and Y n
1 as side information at

rate of R1 = I(S1; b1S1 + U1|Y1, V ). Then we encode the 2nR1 Wyner-Ziv coding index

using a dirty paper coding encoder of the same rate while treating Xn
a and Xn

d2
as channel

state. We denote the auxiliary random variable as T n1 = Xn
d1

+ γ1(Xn
a + Xn

d2
), where

γ1 =
Pd1

Pd1
+N1

and then we transmit Xn
d1

= T n1 − γ1(Xn
a +Xn

d2
).

54



M.A.Sc. Thesis - Junfeng Feng McMaster - Electrical Engineering

Figure 4.7: Broadcasting Three Gaussian Source Components over AWGN-BC with Side
Information at Receiver: the Decoder Part

The decoding procedure and distortion result for D2 and D3 is the same as the earlier

results in Section 3.3.1. For D3, we have

1

2
log

σ2

D3

=
1

2
log

P +N3

α2a2
2(1− ρ2)σ2 + Pd1 + Pd2 +N3

. (4.12)

For D2, we have

1

2
log

(1− ρ2)σ2

D2|3
=

1

2
log

α2a2
2(1− ρ2)σ2 + Pd1 + Pd2 +N2

Pd1 +N2

. (4.13)

Since S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3 form a Markov chain here, and then it is also true that

S2 ↔ (Y2, b2S2 + U2)↔ S3 form a Markov chain, it follows that D2|3 = D2.
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For S1, similar to the approach in Section 3.3.1 and 4.1.1, we could get

1

2
log

σ2Q
ρ20σ

2+Q

D1

=
1

2
log

Pd1 +N1

N1

. (4.14)

It is clear that (4.12),(4.13) and (4.14) provide an inner bound of the distortion region.

4.2.2 Inner Bound when Ŝ2 = aŜ23

Here we set Pd2 = 0 and everything else is the same as Section 4.2.1. We transmit Xn =

Xn
a +Xn

d1
over the three-user AWGN-BC.

At the second and third receiver, we do MMSE estimation to reconstruct S2 and S3. For

D2, we have

1

2
log

σ2

D2

=
1

2
log

P +N2

α2a2
3(1− ρ2)σ2 +N2

. (4.15)

For D3, we have

1

2
log

σ2

D3

=
1

2
log

P +N3

α2a2
2(1− ρ2)σ2 +N3

. (4.16)

For S1, similar to the approach in Sections 3.3.1 and 4.1.1, we could get

1

2
log

σ2Q
ρ20σ

2+Q

D1

=
1

2
log

Pd1 +N1

N1

. (4.17)

The inner bound of the distortion region is given through (4.15),(4.16) and (4.17).
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4.2.3 Outer Bound

Here we shall use a genie-aided argument. The proof is similar to that in Section 4.1.3 and

we state the result without proof.

Lemma 4.2: The distortion region of broadcasting correlated Gaussian source compo-

nents is bounded by:

n

2
log

σ2Q
ρ20σ

2+Q

D1|2,3,V
≤ n

2
log(

α1P +N1

N1

), (4.18)

n

2
log

σ2(1− ρ2)

D2|3,V
≤ n

2
log(

(α1 + α2)P +N2

α1P +N2

), (4.19)

n

2
log

σ2

D3|V
≤ n

2
log(

P +N3

(α1 + α2)P +N3

). (4.20)

Similar to the earlier argument, we could get

D2|3 ≤ σ2 + (µ2
1 − 2µ1)(σ2 −D2) + µ2

2σ
2 − 2µ2ρσ

2 + 2µ1µ2

√
(σ2 −D2)(σ2 −D3(D2)).

(4.21)

Moreover, by combining the genie-aided outer bound derived for D2|3,V and D3|V , we

could get a lower bound on D3 in terms of D2|3, i.e.,

D3 ≥
σ2

(1− α1)P +N3

(
σ2(1− ρ2)N2

D2|3
+N3 −N2). (4.22)

By combining (4.21) and (4.22) together, we could get a lower bound for D3 for any
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achievable D2 when Ŝ2 = aŜ23, which specifies the tradeoff between D2 and D3. So far,

we have given a lower bound for D1 and D3 in terms of fixed D2.

4.2.4 Achievable Distortion Region when S2 ↔ Ŝ2 ↔ Ŝ23 ↔ S3

If we let Pd1 = α1P and α2a2
2(1 − ρ2)σ2 + Pd1 + Pd2 = (α1 + α2)P in the inner bound,

then we can see that the inner bound meets the genie-aided outer bound. So the distortion

region is determined.

4.2.5 Achievable Distortion Region when Ŝ2 = aŜ23

First of all, for Sn1 , we can easily see that the inner bound can meet the outer bound if we set

Pd1 = α1P . Besides, the distortion tradeoff between D1, D2 and D3 depends on the power

allocation, i.e., the value choice of Pa and Pd1 . Second, the distortion tradeoff between D2

and D3 is given in the outer bound part. Since S2, Ŝ2, and S3 are jointly Gaussian, we can

see that the inner bound meets the outer bound for S2 and S3.

4.2.6 Summary

So far, we have established inner and outer bounds for two regions, one when S2 ↔ Ŝ2 ↔

Ŝ23 ↔ S3 form a Markov chain and the other when Ŝ2 = aŜ23. In addition, for both

scenarios, we have shown that the inner bound meets the outer bound and determined the

achievable distortion region.
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Chapter 5

Conclusion and Future work

5.1 Conclusion

We have studied the problem of broadcasting correlated Gaussian source components and

we have determined the distortion region for several problem setups:

First of all, the problem of sending m independent Gaussian source components over

an AWGN-BC is considered. In addition, this problem setup is intimately related to that of

broadcasting correlated Gaussian source components over an AWGN-BC with genie-aided

receivers. It is shown that the separate source-channel coding approach is optimal in this

setup.

Second, we consider two new scenarios and find the achievable distortion regions. In

both scenarios, we send three Gaussian source components to three receivers and each re-

ceiver is only interested in reconstructing one corresponding source component. The differ-

ence between the two scenarios is that for the first scenario, the first two source components

are correlated and they are independent of the third one while for the second scenario, the

last two source components are correlated and they are independent of the first one.
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Finally, we have studied two cases where side information is presented at one receiver

and we have two correlated Gaussian source components and they are independent of the

third one. Hybrid digital-analog coding schemes are proposed and the resulting distortion

region is shown to be optimal.

In this dissertation, we have shown that joint source channel coding are optimal in ob-

taining the distortion region bound of broadcasting correlated Gaussian sources. Moreover,

hybrid analog-digital coding schemes are used to achieve the distortion region bound.

5.2 Future work

A complete characterization of the distortion region of broadcasting m (m ≥ 3) correlated

Gaussian source components remains unknown. Besides, the bandwidth mismatch case is

also an interesting area to look into.
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