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For simplicity of notation , we represent the values of P(j27r fi) as Pi, i = 

0, 1, · · · , Land R(j27rfi) as R, i = 0, 1, · · · , L. 

Traditionally, to approximate the power spectral density function P(s) by 

a rational even function R( s) , we would define a square-error as 

L 

Q = I::(R - Pi)2
, (5.63) 

i=l 

and then minimize the value of Q corresponding to the coefficients of poly­

nomials of the numerator A(s) and the denominator B(s) for the rational 

function R(s), i.e., ao, a1, · · · , an; bo, b1 , · · · , bm-1 (see Eq. (5.60)) . Unfor-

tunately, this square-error is a highly non-linear function of the coefficients 

ai , i = 0, · · · , n; bi , i = 0, · · · , m - 1, which is difficult to analyze mathemati-

cally. Steiglitz [31] uses a numerical method presented by Fletcher and Powell 

[32] to solve a discretised version of the minimization problem of the square­

error akin to (5.63), where numerical iterative computation is required and 

the computation process is complex. Furthermore, the Steiglitz method for 

such a general optimization problem cannot guarantee a global solution. How-

ever, this particular non-linear optimization problem involving the square-

error function (5.63) can be transformed to a simple minimization problem of 

a corresponding quadratic square-error function, as discussed in detail in the 

following. 
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A Novel Method of Approximation 

The rational even function R( s) is a ratio of two polynomial functions A( s) 

and B(s) according to (5.60-5.61). Thus , if the rational function R(s) ap­

proaches the power spectral density P(s) , the polynomial A(s) will approach 

the product P(s) · B(s). Accordingly we define a square-error function 

L 

Q = L(A(si) - Pi· B(si)) 2
, (5 .64) 

i= l 

where si is defined previously in (5.62). If we define a vector v with components 

equal to the n + m + 1 unknown coefficients in the above square-error function 

(5.65) 

the square-error Q is a quadratic function of the vector v, i.e. Q(v). Although 

the minimization of the original square-error Q in (5.63) does not imply the 

minimization of Qin (5.64), observe that if Q in (5.64) tends to zero then Q 

in (5.63) also does (see Appendix) . The problem now is to find a best value of 

v, say v*, to minimize the quadratic function Q(v), which is mathematically 

tractable. 

Firstly, we take partial-derivatives of Q with respect to each individual 

component of v and set them to zero, i.e. 

0, k = 0, · · · ,n (5 .66) 

0, k = 0, · · · , m - 1. (5 .67) 
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Substituting (5.60) and (5.61) into (5.66), re-arranging and moving the con-

stant term to the right hand side yields a system of n + 1 equations 

L n L m-1 L 

LL a1si(l+k) - LR . L b1si(l+k) = L Rsi(m+k), (5.68) 
i=l l=O i=l l=l i=l 

where k = 0, 1, · · · , n. Similarly with (5.67) we obtain a system of m equations 

L n L m-1 L 

L pi L a1s~(l+k) + L ?;2 L b1s~(l+k) _ "'p.2 2(m+k) 
~ 's, ) (5.69) 

i=l l=O i=l l=l i=l 

where k = 0, 1, · · · , m - 1. 

Combining (5.68) and (5.69), we now have n+m+ 1 linear equations with 

n + m + 1 unknown coefficients represented as components of the vector v. 

For compactness we represent these n + m + 1 linear equations in the matrix 

form 

P·v =r, (5.70) 

where r is a ( n + m + 1) x 1 vector 

[ 

L L 
= "' n . 2m "'P.· 2(m+l) . . . "' n. 2(m+n) r ~ r ,s, , ~ ,s, , , ~ r,s, , 

i=l i=l 

L L L ] ' 
_ "'p2 2m _ "'p.2 2(m+l) . . . _ "'p.2 2(2m-l) 
~ ' s, ) ~ ' s, ) ) ~ t s, ) 
i=l i=l i=l 

(5.71) 

and v is also a (n + m + 1) x 1 vector defined as before in (5.65) . P is a 
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(n + m + 1) x (n + m + 1) matrix, which has a block form 

where P u is a (n + 1) x (n + 1) matrix 

P u = 

P 12 is a (n + 1) x m matrix 

L 

2=~ 
i=l 
L 

P 12 
L Pis? 
i=l 

P 21 is am x (n + 1) matrix 

L L 

I) 2=st 
i=l i=l 
L L 

L sf 2=sf 
i=l i=l 

L L 

L sfn 2= 2(n+ l ) Si 
i=l i=l 

L 

L Pisf 
i=l 
L 

L Pisf 
i=l 

L 
~D. 2(n+l) 
LF'Si 
i=l 

119 

L 

L sfn 
i=l 

L 
2= 2(n+l) Si 
i=l 

L 

Ls~(2n) 

i=l 

L 
~D. 2(m-l) L F,Si 
i=l 

L 

L Pis;m 
i=l 

L 
~ D . 2(m+n-l) Lr,Si 
i=l 

(5.72) 

, (5 .73) 

' (5 .74) 



Ph.D. Thesis - T. Feng McMaster University - Electrical Engineering 

L L L 

Lpi L Pisf LPistn 
i= l i=l i=l 
L L L 

LPisf LPist LP 2(n+l) ,Si 
(5. 75) P 21 i=l i=l i= l ) 

L L L 
LP 2(m-1) ,si LPistm LP 2(n+m-1) ,si 
i=l i=l i=l 

P 22 is am x m matrix 

L L L 

LPl LP.2s2 • • 
_ LP.2s2(m-l) 

• • 
i=l i=l i= l 
L L L 

LP.2s2 LP.2s4 LP.2s2m 

P 22 
• • • • • • (5.76) i=l i= l i=l 

L L L 
Lp.2 i<m-1) 

• • LP2s2m • • 
2:P2s2{2m-2) 

• • 
i=l i= l i=l 

After obtaining the vector r and matrix P from the available values Pi and si , 

i = 1, · · · , L, we can solve the linear equation (5.70) and obtain the analytical 

solution for the vector v , which consists of all unknown coefficients of the 

rational even function R(s) in (5.60) , 

v = p - 1 · r . (5.77) 

We know that the quadratic function Q(v) m (5 .64) has a unique solution 

for its minimum; thus the matrix P is invertible (P is invertible also because 

120 



Ph.D. Thesis - T. Feng McMaster University - Electrical Engineering 

each sub-matrix by block form of P has the form of real Hermitian) . Having 

obtained the solution for the vector v, the desired rational even function R(s), 

which here is specifically designed to approach the power spectral density P(s), 

is finally obtained. 

5.5.5 Appendix: Rational Transfer Function 

A wireless fading channel can be viewed as the output of a linear system 

with input a white Gaussian noise process of unit power spectral density. In 

this section, we demonstrate how to obtain a rational transfer function of 

the corresponding linear system with a given power spectral density, which is 

ideally represented by a rational even function. 

From elementary complex variable theory, if z is a root of a real even 

polynomial, then z*, -z, - z*are also its roots. Thus, the rational function in 

(5.60) can be expressed as 

(5. 78) 

where Re(u1) > 0, Re(vk) > 0. Ifwe define 

(5.79) 

where C = ±K, and H(s) is thus a minimum-phase stable rational function , 

i.e. the system and its inverse are causal and stable. Then, comparing (5. 79) 

and (5.78), we have 

R(s) = H( s) · H( -s). (5.80) 
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Considering the properties of roots of the numerator and denominator in the 

rational function R(s), when we assigns= jw to (5.80), we obtain 

R(jw) H(jw) · H(-jw) 

IH(jw)l2 . (5.81) 

It is a familiar fact that, for a linear system with transfer function H ( s) , 

given a Gaussian wide-sense stationary (WSS) input process, the output is 

also a Gaussian WSS process with PSD 

(5.82) 

where P0 (jw) and Pi(jw) are PSDs of the respective output and input pro­

cesses. From (5.81) and (5.82), we see that, if R(jw) is the power spectral 

density of a wireless fading channel, such fading channel can be modeled as 

the output of a linear system with a white Gaussian noise input with unit PSD, 

and the transfer function of the linear system is H ( s) (the Fourier transform 

of the impulse response of the system). 

Provided the rational even function R(s) is known, we can obtain the 

transfer function H(s) after finding the roots of the polynomials A(s) and B(s) 

as in ( 5. 78-5 . 79). (This can be achieved through the available numerical root­

finding methods provided by numerous scientific computing software packages, 

such as MATLAB.) 
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5.6 Summary 

In this chapter we focus on the statistical analysis and dynamic modeling 

of general multipath fading channels with Doppler frequency shift and phase 

fluctuations with an introduction of some approaches to fading channel simu­

lation. 

We have proposed an extended Clarke's model through the consideration of 

fluctuations in the relative component phases. With rigorous statistical anal­

ysis , a closed-form expression for the autocorrelation of the fading is derived, 

which arises as the product of two terms, one is the exponential decay resulting 

from the fluctuations of the component phases due to the time-variation in the 

electromagnetic propagation environment, t he other is the zeroth-order Bessel 

function of the first kind that results from the Doppler frequency shift due to 

t he relative motion between the receiver and transmitter. By considering the 

fluctuations in the component phases, the power spectrum of the fading chan­

nel is quite distinct from the Doppler spectrum and it is our proposed model, 

as opposed to the traditional one, that accords with observed real experimen­

tal data. Simulated channel data also verify the autocorrelation derived from 

our extended Clarke's model. The peak value and width in the derived power 

spectrum can be adjusted to fit observed spectra, and we exhibited its shape 

to conform to the real experimentally measured spectra, in contrast to the 

situation for the traditional Jakes' spectrum. The statistical analysis and re­

sults should be essential to effective spectral analysis and channel simulation 

in real wireless communication systems immersed in time-varying propagation 

environments, e.g. in the design of a channel simulator based on the proposed 
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multipath channel model for obtaining a desired observed power spectrum. 

We have presented a novel method for the approximation of an arbitrary 

power spectral density function by a rational even function . Comparing with 

the traditional methods, our presented method does not require intensive com­

putation, and can guarantee a global solution (since the error function involved 

is quadratic), and has the advantage of an analytical solution determined by 

(5.77) . The performance of this method increases with the order of rational 

function. The solution for the rational even function of order (2 , 4) provides a 

very tight approximation to the power spectral density and thus higher orders 

are not essential. This novel method, which is applied here to the power spec­

t ral density approximation, could also be adapted to the problem of "shaping 

filter" design without significant change. 

Based on the success of the approximation of a rational function to the 

power spectral density of a fading channel, we obtained a corresponding trans­

fer function describing a linear system, which is used to generate a fading 

channel process as its output with a standard Gaussian white noise process as 

the input. A continuous-time state-space model, described in terms of stochas­

t ic differential equations, can be used to represent this linear system. With 

some manipulation upon time-discretization, we finally obtain a discrete-time 

state-space model for the flat fading channel, which is illustrated and verified 

by our simulation. As a simulator of a flat fading channel with an arbitrary 

power spectral density, the presented discrete-time state-space model based 

on the novel rational function approximation method is fast, accurate, sta­

ble and flexible to the adjustment of parameters, and so has potential for 
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application in various aspects of wireless communications, such as channel 

estimation/ tracking and channel coding, etc. The significance of the corre­

sponding state space model to channel simulation is that matching its spectral 

characteristics yields the desired channel uniquely. 

One direct application for the state-space model of a flat fading channel is 

as a channel simulator. There are several approaches for the design of chan­

nel simulators. One is based on Clarke's scattering model, while a second is 

based on transforming the frequency domain to the time domain with IFFT 

realization. Lastly, a third is based on a filtering-method in the time-domain. 

Among these available approaches, the presented state-space approach is sim­

ple to realize and fast in computation. 
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Chapter 6 

Conclusion 

This thesis is devoted to understanding the characteristics of multipath chan­

nels. It provides a novel extended channel model and associated statisti­

cal analysis, including the introduction of an advanced mathematical tool -

stochastic differential equation (SDE), to obtain a fast representation of a 

state-space model for an arbitrary flat fading channel using a novel linear 

transfer function design. 

The well-known Jakes' spectrum for a flat fading channel has been widely 

used in wireless communication for more than thirty years . Although used 

as a theoretical power spectrum in many industry standards, Jakes' spectrum 

deviates from the measured channel spectrum. Further, Jakes' spectrum can­

not adjust its U-shape, in which it has an infinite value around the maximum 

Doppler frequency. In contrast, the general measured channel spectrum has 

varying curve shapes and has a vertex around the maximum Doppler frequency. 

Thus, it is necessary and valuable to provide a new theoretical power spectrum 
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that more closely approaches the measured power spectrum. In considering 

t he fluct uations of the component phases through a random walk model , ab­

sent in the classic Clarke's scattering model, we present a new scattering model 

for fiat fading channel. In this model, the derived power spectrum is able to 

adjust its shape and vertex value through the control of one special parameter. 

The resultant power spectrum is more ideal than Jakes' U-shape spectrum as 

a theoretical power spectrum representing the power spectrum of a wireless 

channel. 

It has long been known that a simple and effective channel model is very 

important in wireless system design because it has a close relationship with 

other techniques used in the processes of wireless data transmission and re­

ception. A better channel model used in system design translates directly into 

better performance of the whole system. Based on the presented scattering 

model, we have proven that a first-order AR process is a suitable model for fiat 

fading channel without a Doppler frequency shift. Traditionally, an AR pro­

cess is also used as a dynamic model for a general fiat fading channel, while the 

order of the AR process generally has to be very high to approach the desired 

fading process. State-space models have recently been used to simulate and 

model wireless channels [17], though obtaining the coefficients of state-space 

models for an arbitrary fading channel remains key, as discussed in section 

5.3 (see also [30]) . This unique challenge in identifying suitable coefficients 

will remain an interesting topic for future research on the completeness of the 

mathematical solution to this problem. One of state-space's most valuable 

benefits is its ability to integrate with other algorithms, such as channel es-
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timation and pre-coding, for better performance or optimization. The most 

difficult part of the state-space approach to arbitrary flat fading channel is the 

rational transfer function design. This thesis presents a novel rational function 

designed for general purposes , which is used here specifically for power spec­

t rum approximation. With the relatively low order of the rational function, 

t he new method provides a satisfying accuracy with very fast realizat ion. 

This thesis discusses statistical characteristics and modeling for flat fading 

channel only. However , with appropriate expansion, the theory and methods 

mentioned in this thesis could be expanded to be used for frequency-selective 

channels, which are generally considered as a set of independent flat chan­

nels with possibly different statistical characteristics. Future work stemming 

from this thesis should continue to research the statistical characteristics and 

modeling of frequency-selective channels, as well as to introduce time-varying 

parameters in the state-space model for non-stationary fading channels. 
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