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N . R _ ,
The main ob:]eotive of this theais is to investigate the apeotral

properties ‘of Hulti-h phaae ood:l.ns and to oona:l.der the trade-offs

beween, error perromanoe and bandwidth oooupanoy_ for this modulation

method,

There are multi-h phaae oodea wh:l.ch allow for a wide range of

: trade—orra. For example, there is a bnndwidth‘icienb code which

occupies 23% lesa bandwidth than FASt Frequency Shift Keying (Faa!‘. FSK)
but ré‘quirea 2.4 dB more power to give the same noise immunity. There
is also a code that needs 40% more bandwidth than Fast FSK but yields
the same transmission quality with a 3.7 dB savings in power. . |
The power speotrum of a multi-h code is line-free and the tail of

4 as- in Fast FSK. -

the speotrum rolls.off as 1/f

Three different methods f‘c;r apeotfal anaiyais are presented and
oompared. We have found that approaches baa;d upon the Hiener;xhinohin
Theorem are to be preferred.

Pelchat's analysis of binary FSK with continuous phase 1is

\\?xt.énded to the general multi-index case.’

A multi-h code can be modelled as a Markov chain and the auto-
correlation function can be calculated using the theory for such

processes. We have devised a simple peeedure for identifying the

-

states of tpe Markov chain.

1it
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- CHAPTER 1

. INTRODUCTION

The growing need for 'digital transmission demands efficient

o

conserve spectrum, the band oocuphfdy of the chosen modulation scheme

utilization of the allooatpd r spectrum, [1], [2]. 1In order to
‘must be samall so that many channels can be accommodated in a gived band.
This has lead to the search for apeotraf&y efficient modulation
methods for use in satellite oommunications and on heavy ltrafrio
terrestrial links. |
Amplitude modulatién teéhniquea are seldom used over satellite
channels because the non-linear effects of the channel ﬁend to destroy
or mutilate any amplitude information carried by the transmitted signal.
Less sensitive to the non-linear media effeots‘are constant-envelope
signals whioch convey the inrorﬁation in their phase or frequenscy. For
.satelliteroommunications, therprore, Phase Shift Keyi;g (PSK) and
Frequency Shift Keying (FSK) are the forms of modulation to be used.
Unfortunately, neither binary coherent PSK nor conventional
orthogonal FSK arelauited for high-speed data transmission because of
their large bandwidth requirements, ﬁoweier, the band occupancy may be
reduced by modifying the transmitted- sequence of waveforms. This is

known as Spectrally Efficient Modulation [2].



The modifications can be done.in two ways. First, shaping of the

transmitted waveforms may reduce éhe bandwidth needs in order to
maximize the transmission rate' for a given bandwidth, Seoond, we ocan
1ntrodﬁoe changes in the nature of the sequence by using ﬁ-ary
signalling, Blookr of m 51nnrf data‘are then represented by a single -
symbol carrying @ bita of information, and thus data are tranamithgd at
& hishnr rate providedAthe ;ehgqp/otrtho symbol interval, T, is kept
conatant, | |

The main objeotive of apeotral efficient modu}atio; is to
maximizgﬁégi transmitted data rate througﬁ a given bandwidth and the

bandwidéh efficiency 1a defined by .

m/T .
n=o [bits per seoc per Hz]
where W is the band occupanoy of thegfransm{tted_signal.

Huitilevel ccherent phase shift keying 1llustrates how the
modification of the sequence ohéraoteristigs oﬁn reduce the bandwidth
needs,

* Four phase PSK (QPSK) 1s the most wigely used modulation method
for data transmission. This technique conserves bandwidth as well as
power, and the constant envelope makes the signal relatively iﬁmune to
non-linear effects of the channel. However, it only achleves a
theoretical efficiency of n= 0.1 bits per sec. per Hz. This result
assumes that 99% of the energy in the modulated signal is passed through
‘the bandwidth W [3].

When the recelver has to distinguish betwéen more phases, the



system 15 inevitably more sensitive to noise and intarferenoe. and as a

reault the power per symbol must be increased if the error rate is to be

kept at an aoceptable level. We can say that m-ary modulation sohemes

use power to save bandwidth. _
Puise shaping is employed 14 the soéalled.Fast Fsk (of‘HiE;iqm
‘Shift FKeying, MSK), [4])-[9], which is a special case of FSK with
modulation }pdeg h equal to 0.5; The pulse shaping makes the phase of
the signal coﬂtinuous at ‘the transitions and so the power spectrum
.'qxhibits.very rapid ;oil-off characteristics. Fast FSK has the same
error performance as QPSK and ip tends to be less-sensitive to narrow-
band filtering. The theoretipal efficiency of Fasﬁ FSK i3 n = 0.8 bits
‘der sec per Hz. -
Another and more complex continuous-phase FSK (CPFSK) scheme has
recently been proposed by Miyakawa et al [10]. The modulation method is
called Multi-mode ‘binary CPFSK since the ﬁoqulation index 1s varied
eyclically from baud to‘baud. Anderson and deBuda [11]‘have shown that

the demodulation may be simplified by placfng certain restrictions on

-the set of low modulation indices, and they call their modified =

mode CPFSK Multi-h phase goding to emphasize that the continuous ase

o

introduces memory into the signal.

The error performance of multi-h phase codes have been

investigated by Anderson and Taylor [12]-[14], who found that there are )

codes which for a given error rate require 2-4 dBfiess power than Fast

FSK. - However, coding is said to use bandwidth to save power. The

guestion is, tperefore, whether the penalty - in terms of band occupancy
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, = to be paid for the. improwement in error performance is such that the

codes do not meet the requirement of bandwidth econony .

We have seen'that'speqtra;ly effic{ent‘modulation uses power to

save bandwidth. So if there are bsndwidth‘effioient codes, what is the

degradation in transmission Quality to be paid for the savings in

bandwidth?

Are multi-h phase codes of any use for high-quality, high-speed

4

data transmission? .

N
The main objective of this work 1s to answer the above questions.

One remarkable answer is: Compared to Fast FSK, the 1mprovement in

. noise immunity ia obtained at no or a small expense of - bandwidth.

-

~ Another interesting result is that som¢ multi-h phase codes are very

bandwidth efficient. While codes with the. same error performance as
Fast FSK require 12% less-bandwidth, there are codes which can be passed
throuéh a 25% narrower band than Fast F§K and require only 2.4 dB more
power for d given error rate. Thsse latts} codes have -an efficiendy of

1.1 bits per sec per Hz.

The multi-h phase cédes and.:ﬁslr es;gr performanse are presentes
in Chapter 2. Their power spectra are deus10ped in Chafiter 4, and the
spectral properties are disesssed in detail. Chapter 5 deals with the
trade-off between power conservation and bandwidth economy.

The spectral analysis follows twe approaches. The first is based
on the Hiener-Khinchin Theorem which states that the autocorrelation

function ancm:e power spectrum of a signal form a Fourier transf‘orm

pair. The other approach is more direct\and approximates the power

) g_.? .

- e
‘-'-%ul’uut‘;.lh‘ld’ L aziarsie. -

7Y
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.distribution of a truncated version of- the

éthods‘ara described and oompared in Chapter 3.
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- CHAPTER 2 |
*© =/ ', MULTI-K PHASE CODING
This chapter presents briefly the multi-h phase codes and their

error performance properties— A broader présentation is given in [10]-

[14].

2.1 Conventional CPFSK

i ‘Multi-h phase codes are, as we shall see,.essqntiglly frequency
shift keyegd signalﬁ where the phase is constrained to be continuous
during a sjmbél transition.. In order to introduc some notation, we
will therefore first consider a simple eonventionai‘CPFSK signal of the

form

2E

s(t) = T - cos (2nfct + #(t) + a) , 1)

where the constant-envelope signal s(t) has symbol energy E, the
signalling intérQal is of duration T and a is an arbitrary initial phase
of the carrier,

The ﬁlﬁe—yarying phase ¢(t) is related to the modulating signal
x(t) bY.

t |
o(t) = s x(t") at' (2)
0

T mr S i o b . e camme—ee

S g



He“rill Qaqumeithe modulating signal x{(t) to be a train of non~

the digital data symbol a, in baud no. 1. Thus ¢(£) s a oontinuocus and

pieoeuisé? linear function,- representing the phase of the modulated

-signal re*erred to the carrier term's 1inear1y increasing phase, and s0

1,

#(t) willibe called the excess phase function.

‘ Thq pulse-train x{(t) may be written

5 . . . @ ' . '
(::T’f’_"\ o x(t) = £ x, (¢t - 1T) (3)
‘ ' : i=0 .

If we aepirate the shape of x,t) from.its weighting coefficient, x,(t)
3 i

may be exp%essed as

g x,(t) = ajug(t) (1)

‘where ay ip the binary data (*1). in baud no. i, g(t) is a rectangular

pulse of unit height defined on [0, T], and v is defined by .

w =g ‘ (5)‘

Here, h is the modulation index or the deviation ratio as defined in
Flg. 2.
The signal s(t) in baud no. i is (a = 0)

2E vh

s(t) _/T— cos(2ef t * — (t-iT) + o(m), . (6)

iT <t < (d+1)T

overlappig .'rectangulgg pulses, with the pulse xi(t) oorrespoﬁding to

o



" Fig. 1 shows the signals x(t),: ,(t). ‘and s(t) for a particular
ssquencs. of blnary data. The exoesa phaad function in FLg. 1 ;;>h
particular path along. the phase trellis of poaaible paths shown in Fig.
2a, - Sinoe-phaae ocoura modulo-zﬂ the phaae trellis actually lies on a
. oylinder, not on a plang, and Fig. 2b and 2c show the phase trellisea
for signala with modulatioen index h = 1/2. (Fast FSK) and h = 2/3
respectively. The broken 1inea indioate phase transitions along the

3

back of the cylinder. ‘ ' I

Unless otherwise stated, we shall 1n'the following reserve the
name phage trellis for trellises mapped on a S}Itnger.

When the modulation index h is a rational number, the phasa'

trellis is periodic with periéd T or 2T [Appendix A].

2.2 Hulti-h Phagse Coding

Let us now return to the multi-h phase coded signals,

Multi-h phase coding may be considered as a generalization of
CPFSK where the modulation index is varied cyclically from baud to baud.
If {h Nyy euay hel 1S the set of indices available to the modulator,
the index in‘baud 1 equals the index in baud i+K. In order to get a
periodic phase ﬁrellis, we consider only rational indices, and w;\will

-

assume that the modulation 1is narrowbanded, i.e. h £ 1. Further, we
will require the phase trellis to ha;;’conatraint length K. This means
that two t:ellis paths remgin separated over at least K+! bauds. The
phase treliis has constraint length K if no two subsets of the K

indicies have the same sum, modulo | (121, (131, [l?ﬂ.

P

Sar mw——
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" Fig. 1. CONVENTIONAL CPFSK.
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For oxmple, the set 'i‘_h ar" /4, h x 274, h3 -2 3/ll} w:l.ll not g:l.ve a
oonatraint 3 trellia since: h = (he h3). modulo 1.

" We will say that the set of indices .

Ly LZ

Co by by a gy e b g,
where S and Ly (i=1, ..., K) are integers, forms a obnstraint‘. K oode,
and t.he code will be written in the shorter form
' C = S/Lyy Lyy voey Ly (7
- ] '

Fig. 3a shows the possible phaae ‘sequences Tve.. f.ime for ‘t.he.

constraint 2 code 4/1,2. The exéesa phase function is continuous and
plecewise linear, and as expected, any pair of paths in the phase
trellis in Fig. 3b will merge after 3 or more bauds.
‘ .¥1¥" 30 we call the considered modulation method for Multi-h phase
goding? Coding is the process of building,_redundanoy or memory into a
mesaaga,‘anci'this is exactly what the continuous phase does to our
signal. If the transmitted signal is known in baud i-1 aﬁd in ;‘Jaud i+,
it is also known in baud 4. -

A particular data sequenoé' corresponds to a particular path
through the phaée trellis, ._'rhis path may be viewed as a eodew_ord in
phase and time since the cbdeuord is a sequence of sinuscidal waveforms
rather than a sequence of non-physical symbols. We can therefor;e say

that coding. and modulation are done in one operation.
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Fig . 3. PHAsSE TRELLIS, MULTI-H PHASE CODE.
The code i; 4/ 1 2.
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2.3 Mathematioal Model | |
A qodeuﬁhd is. essentially a rro'quenoy. modulated aianal of t;he.!
fora of oqn. (1)s A3 we will ses later on, we can without loss of
senerality let a g ¢(o) =0, |
The aignal in baud i may be written as

2B

a(t) = re ooa(2Wf t + ‘1 1(t-1T) + ¢1T)), = (8)

AT Lt ¢ (+1)T

where by = 'h1’T and h1 is the modulation index in baud i.  The index is
varied periodically, thus’

1= %k . (9)

The continuity of the phase gives
‘ i-1 ' o
J=0

. g;{v

The signalling interval of duration T = K:T- will be called a superbaud.

K
Let y}(t) be the waveform transmitted in superbaud r. Then, making use

of (3),

P

x(t) = £ y (¢t - rT )
r=0 r 4
@ K=1 ( ‘
= I I t - (rE+k)T) (1)
e ko X Kk

Alternatively, the signal s{t) in the ith baud may be written (ecfr. Fig.
%)
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Figure 4 Definition of 8

2E

s(t) =V — oos(awrct + At oi),

T

AT Lt < (1+1)T

By comparison with eqn. (8),

8

it

L |
J:o aJl\IJT - aiuiiT

Similarly,

81_1 = I ajmJT - ai—1 m1_1 (1-1)T

(12)

(13)

(14)
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We oan then obtain a reoursive formula for 81 by oombinins eqn. (13) ‘and

L}

(14) to- obtainn

{ =1ei_|.; iT (ai_‘ Wy - ay ”i) | (15)

2.4 The Conoent of Miniwun Distance

‘The ocontinuous phase not only offers apeotral‘advhntagea'{lGj,
but it introduces memory into the Signal which mﬁkes it possible to
reduoe the probability of error by observing the received signal over
saverdl bauda 1n order to decide which data was transmitted in a given
interval.- ' .

Any codeword is a point in a slgnal space [12], [13]. fhe
receiver will compare the reoeived‘aignal and the possible oodeworﬂs and
deeide that the "olosest" codeword is the signal transmitted. Howevar,
in the case when thia codewond is close to another codeword, a wrong
decision 13 easily made since then the receivad signal is close to an
codewords. This means that the error performance of a multi-h phase
code depends on the distances between the codewords,

When the signal—to-noise ratio is large, the propgbility of
making a wrong decision is dominated by the distance between the closest
codewords in the code, o2, [13). : . e

Consequently, the codewords should be selected such‘ that _the
minimum distance is large in order to improve the error performance or,
if the transmission quality is better than required, to savé power,

Since the probability of error is a function of the product d2

minE' an-



-6 =
-". -2
i

’ 1noreaae in dmin is aeen to give a rough 1ndioation of the power aavings
- or ooding gain - for a given error rate. -

The distance between the oodeuorda-si_and 3 is defined by .
. e €
. = 2 _ 2 .
] ac = Isy(t) - 8, (t)]° dt (16)
A _ X —- |
- ‘\ -
When the two paths are Separated for L bauds, eqﬁ. (16) can be written

C121, 1131, 1w, (7]

2—
n

5 . .

d

"n M

ﬁhere d2

is the diétanoe over baud n. It depends only on the phase
difrerenoe between the codeworda at- the beginning and end of the
interval, a and $(0) will thererore not affeoct the distance properties.

Since the distance cumulates from baud to baud, we should expact
the performance to improve if we can delay the merging of the paths in
the phase trellis. | This is the idea behind ‘multi-h codes. By
increasing the. constraint length K, we can hopefully increase the
minimﬁm'disbance d2i - However, two paths merging after a few bauds may
hava a larger distance than two paths which remain separated over ‘more
intervals, In other words, a code with good - error performanee has
necessarily a long constraint length, but a code with ldng constraint
length does not necessarily have a large minimum distance.

The minimum distance for several constra;nt 2, 3 and 4 codes-are
computed by Anderson [18], following the procedure presented in [12} and

»

€131,
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Fig.' 5 shows, as a rﬁhgtion of the mean index

.

M=

1 h==— h ’ . . . - v
K o | : _. _

dﬁm for the codes with the largest coding gain. For 0.5 ¢ h < 0.75,

" one oan ‘obtain a substantial coding gain by introduoing more oomplex:l.by
(increasing the constraint length) The best oonstraint. §, 3 and\R
codeq give an improvement compared to Fast FSK (or b;nary PSK) of 3.7
dB, 3.4 dB, and 2.7 dB respeétivel§:‘;"'.€‘or other mean indices, the cq-d;l.ng
gain doeq not depend on the co'nlstra,i t length as long as K > 2.‘

Only codes with 3 £ 16 are c« idered. 'He note that there ar-e‘ no -

codes with K > 5 having S = 16 singe ..a constraint K code has Smin = 2K

(2], [13].

2-5 '

: ‘ N . .
. A maximum likelihood receiver rforms ccherent detection and a

phq;ae reference for the incomir;g signal is needed.
) The function of the decoder/dgmodulatpr is to match the r.-eceived
.sign‘ai to the possible codfeu‘ordAs and decid-e thich codeword was most
+ likely transmitted. When timing informlation is available (i.e. the
receiver has baud 1ock and superbaud lock), this matching operation
requires the receiver to distinguish betueen the possible phases at the-
%nd of a signalling : in,t.erval. In Appendix A we show that there are §

possible phases for a multi-h code with .rational indices of the form hi
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=L IS." Ir the indioee are not ratios of small integers, the phase

trellis will be eonplioated and lead 'to a difficult decoding., Miyakawa

et al [10] have proposed a multi-h code with this’ draubaok.'
'A decoder observes the received eignallfbr several bauds in order
to‘nake.a correct decision., It is obvious that once two patha:merge,

future received. data cannot help'reaolve which one of those bathe was

-transmitted, But as long as some paths remain separated, the decoder

will do'a better Jjob by'obsébving for a longer interval. In general,
maximum likelihood decoding requires an infinitely long observation ;
interval beoause there are sane paths that will never merge.

“' A practical decoder, hoTPver,_uill observe for only a finite time
and then it is forced to make a oeoiaion. How will this degrade the
performance? If two unmergeo paths have an observed distance dg less
thanfdgin' we expeot a degradation‘of the error performance since it is

then dominatﬁi by dg‘ Now, eqn. (17) says that the distance 1is

additive. We can therefore veroe-thq probability of making a wrong

decision by inoreasing the observation interval and thereby increase dg.

‘ Cd _ ,
Evidently, there exists a finite observation interval such that any pair

of unnerged paths have -an observed distance equal to or greater than

d2

min® Then the probability of error is dominated by d and further

observation will glve only a negligible improvement of the performance,

We shall call this interval the decision depth. The decision depth

tends to grow with K ands § [12] [13].

N
Anderson and deBuda [Il] have pointed out that when K and S are

kept small, the periodic phase trellis structure allows simple maximum
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3

* Iikelihood decoding . of nﬁltri;h ‘phass c‘odes by employing the Viterbi
algorithm [19].

A practical ‘Vrterbi decoder will perform only a truncated aearoh/_.

and thereby make errors [12], [13].
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CHAPTER 3

SPECTRAL ANALYSIS OF MULTI-H PHASE CODES

b

l- The power spectrum pravides an estimate of the band occupancy of
\\ ‘é_signal. _

_ In this chapter we Qhall derive expressions for the powsr speotra.

of multi-h phase codes, Three different analytical approaches are

presented and compared.

»

First, let us make clear which assumptions the analysis is based
upon. |
\ o
Substituting for eqn. (2}, (3), (4), and (5) into eqn. (8), we
obtain an expression for the multi-h coded signal s(t),
5E | .
s(t) = JT— . cos(27f_t + ¢(t) + a), (18)

iIT <t € (4+1)T

where the -excess phase function ¢(t) is given by

t
Sat) = £ ox(tl) at' + 9(0)
0
L Y
t *h
i L] 1

= 5 T oa, T o.g(t -iT) dt o+ #(0)

0 4=0

and hi (1 mod.K) is the modulation index in the ith signalling interval.

() We have made the following assumptions:

w21 -
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(1) The initial oa;rier phaaa<ﬂ is arbitrary, - Efﬁ
" (14) The sequence of binary data ocan be modelled by a sequence of
blnary random variables a,. The variables are statistically
- independent and they ére 1dentioa1iy distr;buted.
(111) The modulation index h' is varied oyelically rfom baud to S#ud.
The cyole has perio& Ty = KT, R _ -
(1v5 The modulgtibn is narrowbanded, i.e. h < 1| and fb >3- 1/T.
(v) g(t) is a reotangular pulse of unit height defined on [0, T].

(vi) The excess phase function ¢(t) is continuous.

We shall also without loss of generality assume that a = ¢(0) = 0.

3.1 Jhe Power Spectrum of the Modulated Signal -
We shall analyse the power distribution of. the signal s(t)
defined in eqn. (18),

The general method of attack is to obtain the autocorrelation
function K(tI; T} of the signal and hence the power spectrum W(f) which
is related to the autocorrelation function by a Fourier transform.

Let u(t) be the complex representation of s(t). Then s(t) is the

real part of u(t),

s(t) = Re {u(t)} - (19)
where '

2E J(zwrct-.+¢(t)+a) :
u(t) = ST« - _ (20)

The autocorrelation function is given by

e T ek =
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K(t,iT) = E [a(t)) . a(t +1)]

TE Hutt Dau' (6P hfutbpoden’ (B o))l (21)

The. symbol B[’] denot.eé enseﬁble averagé or expected valu.e. The
‘nmotion..u.(t) is the complex conjugate of u(t). |
Since @ is unifoz;mly distributed on [0, 2x],
E[Re{u(t)}] = E[Im{u(t)}] (22)
Making use of eqn. (22) and the fact that ¢(t) is evenly distributed

around zero, we can rewrite eqn. (21)

1
3 Re{E[u'(t|) . u(tl+T)]}

K(bl; T)

2B 1 jaref v J#(tl+T)-J¢(t'),?

T + 3 Re{Ele . e 1}

2E \ j#(tlﬂ‘)-,ﬂ(t‘)

=7 . '5 cos2ef T . E{e ] (23)

‘For a stationary process, the autocorrelation function does not
depend on t', and the autocorrelation function and the power spectrum
form a Fourier transform pair.

The autocorrelation function of a non-stationary process is a
function of tl' and an acourate representation of the power spectrum
cannot in gen'eral b:e found by taking the Fpurier transform of the time
averaged autocorrelation function [20]. We * will ‘1nstead obtain a
probabllistic representation of the spectrum which now defines the
diatribut.ion of power for a "typical™ seguence at a "typical" time.

It can be shown [21], however', that the representation of the
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spectrum is acourate when the non-stationary process is a oonsﬁant';-
envelope aignél‘and it has = ngriodio phase trellis.

Thus the power apectrum W(f) of the noﬁ-atationary multi-h phase
coded signal  s{t) is the Fourier transform -of the time averéged
autooorrélation funétion K(T) defined by

K(*) = MIK(t,; 1)) , (24)

The.symbol M[*] denotes the time averaging operator.

It follows from eqn. (23) that W(f) may be found by convolution
{(denoted by-#*), Let G(f) be the power spectrum of the complex lowpass
function

v(t) = e3¢t . (25)
with autocorrelation fu;otion

3OE )= g0 () -

R(t,'; T) = Ele ] (26)
Then
2E 1 1 1
w(r) = T -3 G(f) * {3 G(r-re) +3 6(r+rc)}
or
2E 1
W(E) = T 73 {G(f‘—t‘c} + G(f+f )} (27)

Qur problem is therefore reduced to tha; of finding the lowpass spectrum
G(D).

We note that @ and ?(0) cancel out in eqn. (23). Since they do
not affect the lowpass spectrum, we will let @ = $(0) = 0,

The relationship between the power qpeétra of the lowpass



W(f)

L

-G(0)/2

Fig'. 6. THE LOWPASS SPECTRUM G(f) AND THE POWER SPECTRUM W(f) OF
THE MODULATED SIGNAL. '
Por normalirzed power, i.e, %.- 1,
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function v(t) and the modulated aignal s(t) is illustrated in Fig. 6 for
normalized power. The two images do not overlap since the modulation is

narrowbanded .,

3.2  Ihe Lowpasa Speotrum
' We have seen that the power spectrum of the modulated signal is
uniquely determined by the spectrum of the complex lowpass signal

' . L

vit) Felt (“‘

In the following we present three aperoaohee te the problem of
calculating this lowpass spectrum. The methods are known as
= The Transform Technique
- The‘Harkov Chain Approach
- The Direcot Method
The Transform Technigque [lS]; (161, [22j makes use of the Wiener-
Khinchin Theorem which states that the autocorrelation function and the
power spectrum form a Fourier transform pair. Bennett and Rice [16] and
Pelchat [15] have calculated the spectrum of eonventional‘binary CPFSK
using this method. Our work is in the main an extension of Pelchat's
analysis. ‘ |
In physical situations, the assumption of a linear relationehip
between the frequency and the. modulatiné ‘aignal is an idealization.
Wittke [42] has examined the non-linear case for a Gaussian modulating
signal.
Hben the phase trellis 1is periodic, we can model the lowpass
signal v(t) as.a Markov chain and evaluate the autocorrelation functien

using the theory of such random processes [23]-[27]. The Markov Chain
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‘Method 18 thus a apecial §aa§ of the Transform Technique.

" Anderson and Sils ‘[28] introduced the Direct Method in their
calculation of the-apeotrun.or.u-ary CPFSK. They oaloulatéd the average
powsr in a segmented aignai v(t) and then evaluated the limit ﬁa the
length of the segment increased without bounds. The method is also
presented in [29]. | |

3.2.1 An Example: Conventional CPFSK
| The basioc ateps' in the derivation of an expresaion for the
lowpass spectrﬁm are best illustrated by an example.
We consider the oonveﬁtional CPFSK with modulation index h and a
phase tree as shown in Fig. 2a. .
The autoooprelation function of the complex lowpass function v(t)

is given by
JHCL+TI-30(E )
R(tI; t) = E[e ]
We suppose that tl lles in‘baud no. 1 and tz = tl+t in baud j. From

Fig. 7 it is seen that the phase difference then is

e +T) - ) = ay O((1+1)T-t)) + a

1e1 T+ oo

cee * aj_| wl & aJN(tz—JT) (28)

and hence
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469

J8,9((Le1)T-t,)  Ja, T
R(t 5 T) = Ble . ! S e !

Jay_oT Jad»(ta;jr)

1 | 29

Since the 8,3 are statistically independent, we may'reurite eqn. (29) as

Ja O ((1+1)T-t)) . Ja

] . Ble Lo

.R(t‘;.!) =E[Q ] s

R

1.E[

... Ele (30)

With binary signalling, the two messages, a = | and a = -1, will occur
with the same probability. Thus

i 1
E[ejamt] = E'ejmt +3 e IVt o cos @ (3N
The autocorrelation function takes the form
Ja,w((i+1)T=t.) Jaju(t,-3T)
R(L,; ) = (cosmam)d='-1 | Ele * l ] . Ele 2 ]
. (cosmt)j-l—i.dosw((i+l)T-t‘).cosm(tl+T—JT). 14j (32a)
and
' Jaiw(ta—tl)
R(t 50r) = Efe 1= cosu(ty=t,) = comr  , iz (32b)

R(tl; T) is a function of T rather than of the baud numbera. The next

step, therefore, is to find the value,.of T that will make ta fall into

baud no. j.

As illustrated in Fig. 8, both the location of t, in daud i and

the value of T will determine the location of t2. Let v = nT + rs where

0 S‘Ts < T. By inspection, we have
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(t%ﬂ!ﬁ-ﬁ'

: 5—jr.

iIT g
BAUD 4

(i8)T

-y (T
' BAUD j

Fig. 7.. ILLUSTRATION TO EQN.28,

A AT < & < (H)T-7

L TRaMT. \ .
Ts" ~
—_— _

W S— O SRy S —

iT (14)T (1+2)T (i+n)T ({4 )T  (L4+n+2)T

B) ({4)T-t, < t; < (4H)T -
. T -’nT+te )

) rl —] = — —} + 5 et

iT (1+1)T (1+2)T (1+n)T (1+n1)T  ({+n+2)T

Fig. 8. A MULTI-H PHASE CODE IS A NON-STATIONARY PROCESS.

-
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" t, € baud j

> i+n. when iT £, < (i+1)'1‘-‘ra

‘ - . (33)
t, ¢ baud J = i+ned ' when (i+1)T-Ts,$ t, < (i+1)T

The process v(t) is non-stationary, and R(t,; ™) is to be time
averaged over all possible ty.- We note thét the problem of evéluating
'R(t1; t) for a given «t w;ll remain the same 1f ;1 is inoreased by k*T’
where k 1is any integer. In other words, the autocorrelation function .

has the property

R(ty; 1) = R(t, + kT; 1) (3u)'

The function R(t1; T) can therefore be time averaged over only one baud,
and we shall without loss of generality assume that ti lies in baud 0.
. ' 1) .
Let Rn(r) be the time averaged autocorrelation funation for nT £

T < (n+1)T. We may then write R(t) as the series

R(t) = & R () (35)

n=-o

where the terms Rn(r) may be found using eqn. (32) and (33). For n= 0

1 T™-Tq T
RO(T) =7 U coswtdt, + S cosw(T—t1).cosm(t1+rs-T)dt1}(36&)
N 0 T=1

3

and for n > 0

,‘\
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"o -r .=_ ’ .“ n-l -‘._' '

R,(T) = T . (co@‘.t) . .oogl(Tl t!}'mf"(tlfts)dtl

v

T .

+ (cosnt) .coan('r-t ).cosm(t +t -'1‘)d1'.l * (36b)
. T2t °8.- c o - '
e '

_ Sinoe the ﬂmot.%on coswt is zero out.side the interval 0 < t £ T (of.

eqn. (11)){, the mtegrands in ‘eqn.

(36b) vanish outside the range of
integration, and the limits of the :I.ntegrala may be replaced by (~=,=).

The power- spect.rum G(I‘) ca.t_: then be * t‘ound as the Fourier
transform of the even autocorrelation function R(T) !

-
. @ [ . v

=2 Re { s R(1)e~32"fTgr} - (3D
A . k

G(f)

Substituting for R(T) from eqn. (35) and (36), we obtain

S0 +
T -5 R S
1 .- .. PN
G(f) = 2 Re {'.i: ;e e o coswTdt, \-\ _
0- 0 R :
. @ ] (n+|)T v e cT .,
+ I .t e“i', dTr s (coswT)?™ cosﬁ’(T-t Yeosw(E +T_)dt,
n=1 T . : 1 A LI
nT . ,. . = \
ChE =
< ‘ : (38);
p (DY © . o il
P - Jawf'r. ‘
+ oT ! dv 1 (coa“T) Teosu(T-t Poos¥(t +T -T)dtl}A
n= .
B nT -
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L N

We shgll se that it is possible to simplify this expreaaion by coubining

fthe two series, i.e. pairing the last term of %(r) and- the first term

O Ry R ‘

' In ‘the second series, ‘we replaoe n+1 by n and « —T by . Tg " Eqn.

(38) then takes the form
7 T =y | : :
G(f) = 2Rely /S RPN comrdt,
o o
(39)
—e
1 ‘-

=Jextt gy
re Sdts ! (coseT)™ ...

+
W ™
-3

(=

.-

..T‘ -t

cen cosw(T-t1)eosm(T-t1+-ra‘)dt1}

-

The Yimits (T, T) may be replaced by (-» =) since |1' | < T.

We 1ntroduce the Fourier transform of the function cosut,

‘F{cosmt} and rewrite eqn. (39) as

T-t
- - G(f) = 2Re{F {T cosytl

(40)

. @® 1
+ I - e
n=1

'Jawf(n'T)T.(comT)n'T.F{cosmt} F{cosut}}

-

-

In Apfendix B it is shown that provided |cossT| < 1, eqn. (40) reduces
to the more familiar form [30]

N ‘,,2. . (comyT-cos2y £T)°

' ‘G(f) =7

( £7) cos._zm T-2coasTcos2r £T+1

R ~ (41)

i L

€ e e g iy

TR kg e e et

e ————
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F] 1 \. ’ . ] . o . . . .
. This example shows that there are three basic steps in the spectral

evqluhtion..

First, we find' the autocorrelation function of the complex

:;Iioupass function v(t). It turns out that the process is Aou-atationgry;
'énd this coﬁplicates-the derivation since the autocprrelétion fuhction
then is a fﬁnotion of both t and T. Equ. (33) 1s a clue to the solution
or-this problem, '

Al

Secohd, we caiculate.the time averaged.aﬁtooorrelafion function
and notice that the signgl v(t) possesses certain properties which allow
us ﬁo average over a finite time interval. )

Third, the expression ?ror the power spectrum is obtainea by
tfking the Fourier trénsfofm of the time averagad‘ autocorrilation

- function. This is straight forward, but messy. Thg power spectrum is
‘exprepsgd as a Seriea uhichlcan be considerabif simplified by combining
terms as indicated in eqn.‘(ég).l ‘

. In this example, the derivation has followed the First approach,
namely the Téanaform &echnique. We shall in the neéxt section see how

this approach can be extended in order to obtain an expression for the

power spectrum of a general multi-h phase code.

3-2.2 Method 1: The Transform Techpigue
We first calculate the lowpass autocorrelation function over the

-'ensemb;e'at a fixed t1-

We have shown that R(bi; t) may be written (eqn. (26))
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Jelt st)-joalt.) '
R(ty; ©) = Ele | "1 = ele)

Let t, = £,+7 where nT < v < (n+1)T, <t = nT+T,.  Assume t, lies in baud
no. 1 and t2 in baud no. j.

baud, so . ' q; : :

. (42)

o8

eee + @ T+ a,w(t

gm1ga T 2yey(6pmID)
Since the ai.s are i.1.d.

R(t,; ) = Elexp Jag e ((1+1)T-t)] . Elexp Jaii1wi+1T]...

(43)
' ... Blexp jaj_1wj_1T] . E[exp Jajwj(ta—jT)]

-

Eqn. (43) shows that the autocorrelation function can be written as a

series

R(t,; ) = & riJ(t1; g) s 120 (4y)

where we ‘have defined

vty tg) = casw, T y L= 3 (45a)
J=-1
re{ty; v) = T eos uwT.
T et i k
(45b)

Elexp jaiwi((f+1)T-t1)] - E[exp jajmj(ta—JT)], 1£3

or, if we define z = t1 - iT

The modulation index varies.from baud to

Y SOy

S war

R ST VYR ]

Lo a
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-~ ( 31
r,.(2; 1) .= I coswT,
A 37 keiw k
. : (46)
E[exp Jaiwi(sz)] . ELexp JaJmJ(z+fs+(h-3+i)T)], i) '

Let us consider the expreSsion E[*] . E[']iin eqn..(nSb) and (4). An
increase Tk_: K°T in T, where K is the number of modulation indices,
will move tz from baud J to baud J+K where-;he modulation index is equal
to that of baud j. The value of the expression remains the same, and

thus rij(t1; Ts) has the property

K-1
Py 5ok (B3 T = kEO cos @ T . ry (g5 15), 14) )
We now define the characteristic function 'J
- K- :
c(1; TK) = 1 cosa w T . (u8)
’ k=0 .

The bower spectrum of v(t) will have lines if v{(t) is periodic or

if a DC-component is present. In both cases, the autocorrelation

function will fail to satisfy the condition

R(t) + 0
(49)

T += &

By substituting for C(1; TK) in eqn. (47), we therefore have a

sufficient and necessary condition for a line-free spectrum, namely

lett; Tl <1 (50)

e
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" For narrowbanded modulation (i.e. h < 1), this ocondition 1is
automatically fulfilled when the set of indices has two or more distinet

elements. The condition for absence of sbikés'in the spectrum, given by

eqn. (50), is the same as that presented by Miyakawa [10]. It is a

generalization of the more familiar condition |cosrh| < 1 for the.K = 1
case [15], [16]1, [22], [24), [28], [29].

The autocorrelation function may also be written as a series

R(ty5 ©) = T R (ty; 1) (51)

where Rn(t1; t) is the contribution for nT < T < (n+1)T.
What is the relationship between the series in eqn. (U4%) and
© (51)? Which value of T will make, t, fall into baud no. j?

Let nT £ T < (n+1)T. From eqn. (33) we know that

t, lies in baud j = i+n when 1T ¢ t1 < (i+1)T-TS

2

t2 lies in baud j

"f+n+1  when (L+DT-1_ < b, < (Le1)T
Thus

" ' - -

Rn(t1, 1) = ri,i$ﬁ£t1' ts) » 1T < 8, < (i+1)T—'rs \H
Ryt =g (52)
Rn(tT; 1) = ri,1+n+1(t1; Ts), (i+1)T-Ts,g t1 < (i+1)T

The process v(t) is non—stationary,. and the power Spect?um is the
Fourier transform of the time averaged autocorrelation function R(T).

We note that the autocorrelation function R(t1; T) has the

property
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which means that we can average over one superbaud, say superbaud no. 0.

Then
. o n [ -] ' ‘ . - )
R(¥) = T R(x) = I R(D+ & R(1) (54)
} n=0 n=0 n=0 '
where '
) t. U v, .
| R (1) = u[nn(t1; )]
: T-ts 2'1‘-1s
= E;' ! Rn(t.-l;*r)dt1 + f Rn(t.l;t)dt1 +
0 T
Tk 7s
e+ Rn(tl; 1) dt, |
(R-1)T °-
T-ts 2'r-‘rS
1 y
. I Tonltyitgddty ¢ f ry (bt dt, +
0 - T
v T
K 's ,
et S TR k-1anlt T 9ty '
(R-1)T
1 k-1
=Tt r g oz dz ‘ (55)
K m=0 -
0
and similarly,
»
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n ” .
,Rn(" H[Hn(t1; 1))
- T
1 K-=1 ) 7
E;.mfo o T, mene (z; rs) dz | (56)
E—ta

v

Since the autocorrelation function is even, the power spectrum

G(f) is given by eqn. (37) —’//’"\

G(f) = 2Re{ s R(t) e J327fT 4}.
0

By using eqn. (S4), (55), and (56), we obtain

(n+1)T T-Ts
K
e-Jawfr

—

. I -
G(f) = 2Re{ ¢ i dr . E;lmfo ! rm'm+n(z; T )dz
nT . - 0
o (57)
(n+1)T

4 e-jandeT .—tr I . (z;7 )dz}
n=0 TK m=0 m,mn+1 s
nT . T-1

The integrands rm,m+n(2;rs) and rm,m+n+1(2;rs? are defiped in eqn. (U46)

(assume n>0)

m+n-1
rm'mn(z;rs) = T coswT ., cosmm(‘r-z) . cosmmn(zns)
i=m+1
(58)
men .
Pm,m+n+1(2;rs) = T coswT . cosuw, (T-z) . cosmm+n+1(z+TS-T)

i=m+1

B el Tk R

Lt Al

-
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The funotion .coéuit is zero outside the interval 0 < t T, 80 the
" integrands vanish outside the actual range of integration, and eqn. (57)
- may be written '

; (n+1)T . ' -

- 1 K-1
G(f) = 2Re{ T s & ¥¥Tax L — "3 ;o (57 )ax
: m,m+n s
n=0 K m=0 -
aT -
: : (59)
(ne1)T - '
- : 1 K-1
: -j2uft .
+ I J. e J dtr.+— I [ r (z;T_l)dz}
n=0 TK n=0 m,mn+ 1 s
nT . -
. 1
In the second term we replace n+1_by n and Ta-T by~ts to obtain
T -
o _jal'fl' 1 K-=1
G(E) = 2Re{ I o J27INT f e sdrs T b Iy men(Zi Tg)d2z
]
n=0 K m=0
0’ -
: (60)
0 -
=Jjenfr 1 K-1
-Jj2rfaT L Lot
+ n:1 Ie de TK mfo s Tm m+n( Ts)dZ}
T -
Combining the two terms, eqn. (60) takes the form
G(f) = 2Re[F{R;(r)} .
(61)
'I‘ @
® S =Jorfr -1 E-1
-j2%fmT s 2 .
+ n:1 e J e dts . TK mzo ! rh'm+n(z,rs)dz}
=T -
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Since |1 l <'T, we can replaoe the lim:lta of the first integral by im,
The series can be written as the sum of K geometric series. By using

the property given by eqn. (47) we get

- ' -
. i 1 K-
e'Ja'n J e _ adt- - r Jr {(z;t )dz
m m+1
‘ K m=0
-JEtf'l‘k . -J'l‘lka 2
c{1ee C(1;'1‘K)+e . C(1;TK)+ .
~J2x f1 1 K-1
g~ Jr T I e Sdr . .t Jr 2(2,1 )dz
] K m=0 m 0
~j2r T -JlUx T .
{1 +e K ClIT) + @ K. 02(1;TK) .}
"' L]
-J2r T -Jaﬁs 1 K-1. o
+ @ J e dra . ?;'mio S rm,m+K(Z;Ts)dz (62)
-jo2e T -jUx T
{1+ e KC(‘I;TK)-o-e lict:2(1;'rK)+ .

The first term of the nth geometric series in eqn. (62) may be written

al

¢t il
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. -
' B Y 1 K=1
-j2xfuT Jesfry
e [ e dr ., . +— ¥ g pr (z;7_)dz
s TK 0=0 m,m+n s
= K;1 ?+g-1 cosw T . e-Jwa(n—l)T {'l*
m=0 i=ms1 L Ty
-J2!f(T+ts) . : : T
. J e dt_ [ cosw (T-z).cosw (z+t )dz
s m men s
_ Kp mene cosu.T . e-d2rfln-T 1
m=0 i=me1 Tk
. F{co;wmﬁ} . F{cosmm+nt} (63)
The first term of eqn. (61) may be expressed as
' K-1 T-1 &t
F{RO(T)} = I | F{ir—-. oosmmf} (64)
m=0 K

By substituting eqn. (63)

and (68) into eqn. (61) and replacing the

geometric series by their sum (we assume that IC(1;TK)I < 1), we finally

obtain

K-1
G(f) = 2Re{ ¢ T
: ' m=0 K

R-1 K 1 .

-+ I I —
m=0 n=1 TK

g F[coswmt}

T-t
F{-— cosu t}
m

- Jaxf(n-1)T
=jexfr -

K
1-C(1;TK)e :

. Flecosw

pentt!

(65)
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uharo‘ga before the rUnotién goaw, t '1s zero outside the 1nterva1'b S,t,g
T‘

3.2.3 ug&h9d_a1__Ihn_Hn:knx_nhain_Annnnanh
| . The autocorrelation function of signala which can be modelled as
a Markov ohain is easily caloculated using the well establiahed theory
for such processes [25], [26]

However, two main questions aris; when employing this metﬁod:
Can a ﬁartioulqr signal'be modelled as a Markov chain? If so, what are
the states?

There have been no simble answers presented in the literature so

We shall show that the tuo questions can be answered by using the
concept of the phase trellis. . Any signal uith a periodic phase trellis

can be modelled as a Markov chain, and the states are easily found by

inspection of the trell}s.

To show this, we shall investigate the properties of signala with

‘a periodic phase trellis.

As an example, we shall consider the phase code with a single

index h = 0.5 (Fast FSK). The periodiec phase trellis implies a finite

number, say b, of different waveforms ¢i(t—1T). Fig. 9 shows that Fast

FSK has b = 8.
Consequently, the lowpass waveform vi(t-iT) = expj#i(t-iT) in

baud i will be a timeshifted version of one out of b different

PRECRY R
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waveforms. Let {qafﬁ):}, 3 = 1.2, ..., b, denote this finite set of

waveforms defined on [0,T]. Table 1 lists the eight elemerts q(t) for
Fast FSK. . |

‘It' waveform q;(‘t) follows q(t), we shall say a transition st

.ocours.  The transition diagram defines the transitiond which ‘are

allowed, In our example, the \transition 12 can occur, but ‘the

transition 13 1a‘not. allowed (see Fig. 9), and this is shown in the

diagram in Fig. 10a. | |
In general, the modulator will decide what to transmit during the
next baud from the Imowledge about the digital data in that interval and

from what is sent in the current baud,

Vi_'_‘(t—(ia-‘l)'r) = f{vi(t‘i'r): ai+1} , (56)

This leads to the modelling of the random signal v(t) as a Markov
process of first order.

The process 1s said to be in state s if the wavefom qq (t) is
transmitted. State s will occur with probability p . In Appendix A ve
- show that a multi-h code has maximum b = 4°K°*S states.

Say the transition st occur ‘with‘pr,obability Pgy- The
transition probability matrix'f_ is then obtained from the transition
diagram by replacing the dots by the corresponding probabilities p st
The transition matrix for Fast FSK ia given in Fig. 10b . only nonzero
gntries are shown. ) ‘

The behaviour of the 'process v(t) is completely described by its
set of states and its transition matrix. :En other words, a particular

signal v(t) is represented by a unique sequence of states, or
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equiﬁalently, by a unique sequence of tranéitions. The possible state ’

sequenoes may be shown in a diagram as done for Fast FSK in Fig 11{

Each node corresponds to a state in-a given baud; and each branoh
represents a transition to some new stape. Each braﬁch in Fig. 11 has
assigned the transition probability P = 1/2 to it. |

From the theory of Markov processes Wwe know that the probability
‘of qt(t) being transmitted in baud j = i+n when it is given that q (t)
was transmitted in baud i, is pge(m), the st-th element of the matrix
. |

. The autocorrelation fuﬁctién ¢an now be expressed in term; of* the
characteristics of the Markov chain.

Say t, lies in baud i and t

1

transmitted in baud i and j are q (t) and q.(t), respectively. .Then
!

> in baud j. The waveforms

b .
Pij(t1;18) i Pg + Pg (3-1) . g (t,-iT) . qt(tz-jT) i£3 (67a)

t=1

and

ag(ty=iT) . q (t,-1T) ~ 1=J (67b)

b
I p;

Fyyltying) s

t
Qur Markov chain is regular. This is equivalent to stating that if the
process has been running for an infinite long time, the proability of
being in: state s is independent of the, state from which the chain

started. Mathematically
) . A
Pgp(=) = p, (68)

S SPIE o
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Table 1: State waveforms, Fast FSK,
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9, PHASE TRELLIS, Fast FSK.
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Fig. 10. TRANSITION DIAGRAM AND TRANSITION MATRIX, Fast FSK.

Fig, 11. POSSIBLE STATE SEQUENCES, Fast FSK. °
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" the 11mit,.eqn. (673) takea the form . -

i . ‘§ . . . - "‘-

- iJ( l' T ) = tfl p . pt . ga(t‘-iT) . qb(tz-JT) v J+=  (69)
,a@- . . , :

Hhich 1mplies that a necessary and sufgicient condition fbr the absence

of speotral lines is

e o s o 7 .
T z ps . qs(t) =0 - (70)
‘ ‘ L ' s_l o . .

////// In Appendix A 1t is shown that this condition is satisifed for any .

signal under eonsideration exoept for that known as "Sunde's CPFSK [31].
~ In order to express the autocorrelation funotion as a fUncbiﬁn of

T rather than of the baud numbers, we derine R(tl,r) as in eqn. (uh)
Assunme tl lies in baud 0. | Then t‘.he time averaged Rn(t‘.r) is,lmaking

use of eqn. (33)-

. Tffs
. L] b ’ b» . 2 . . R
R (1) T :1 {tfl I pspst(n)qs(t') . qt(tz-n'r)dtI
0o '
T
. b _- [ ] ' .
* IS PR (el (k) q (t,-(n+TIdt |} an
- ct=1 : . )
T-ts

The pouer apeotrum does .not Eyve lines ir eqn. (ﬂ9) is satisried. In

.
%




;. e.'..- . ". '.- ‘ s ‘, - us - ' ) "_
. . - . 4

T

The limite of the integrale ean be nade 1nfin1te beeeuee the

_'1ntegrande vanieh outeide the aetuel range of 1ntegration.

-
-

The speetrum G(r)- and the time averaged autocerrelatien fUnction

Y

form a Fourier pair. ‘Hence

L4

‘(n;l)T

6 = = o R (x)eITg
. oy 1Y - N
- . nT N~ .
T .
e ‘=j2xfr
= ¢ e ¥3T £ p o ye Sdy
s
Ne=x -
.0
‘l b b ® ¢
- E;‘z T I JZifnT )7
8=1- t=1 l'l--m )
T o |
' . ’ s : -Jwars
ir r PgPg(n) . q (t,) . qt(t'+fs)dt'e dr -
0 - - .
' - (72)
, T e )
. . » ~Jerfr ,
I r pspst(n+l) . qs(tl) . qt(tl+rs-T)dt'e de}

.

In the second term,iwe replace n+! by n and change the variable Ty to
X ' '
j3+T.

Eqn. (72) then simplifies to , . {

. g
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i

".an be found frop”eqn; (T4).

(73)

2xfx

. | - -3 .
U LS pgpgtm) L a(t,) . Atprgddtie  lac )

I, QN

The expression in the brackets is zero fbr-|ra|‘> T.'lTha'limits can

" . therefore be replaced by =, and it follows that’

Ctb b e | ' |
o -jxfnT_ . .® -
G(f) =7 ;;1 ta‘;‘ n:‘ e PgPgp(0)Q (1) . Q (1) .. - (TH)

L4

When eqn. (70)‘ is_;sagisfied, the above expression gives the total

spectrum. If the total spectrum has lines, however, the continuous part

Biglieri [26] shows,hoﬁ eqn. (T4) can be tvéﬁ“:hmatrix form and

suggests a computational algorithm for the numerical evgluation.

7

3.2.4 The Direct Method (

Rice [32] has defined the power spectruim by
o2 ‘
G(f) = lim = G, (f) £>0 (75)

7 A+ . ) i
wheret .
A
G = EL S v(t)e ATty 2

v

For convenience, let A = rT, = r*K*T

K
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. .,

(te)T :
L rk-1 R - 2 4 PR
G, (f) = E[ﬁ_iio I aty . v(ty-iT)e > .
1T
O (Je1)T |
rK-1 ‘ . =Jarry,
( = J dt, . v(ta-,j'r)e :
J=0
. JT

)]

‘where the asterix denotes the complex conjugate. We observe that-

(3+1)T | s

| - -jan e, N
I= [ dt, v(t,-3Te :
3T
(J+1)T . ta
‘ . ‘ -Jz'lrftz
= J 7 dtee exp(J J x(t)dt)
JT 0
(J+1)T ts
—J21|'f't2 ®
= f dt2 . e exp(j '/ £ x_(t-nT)dt)
. n
n=0
JT 0
Let ¥ = t,-JT
T | y+iT
Iz [ dy. e"‘jz“fy‘e-:la“ffﬂ exp(j | r x,(t-nT)dt)
n=0
0 ) 0
“Let t" = t-nT. Then
T | y-(A-3)T

.exp(j £ f (t)dt')
n=0 . xn
0 -nT

I=7f dye"ja"ﬁr . e & AT

(1)

(78).

(79)

Lnh—



v

3
L3

We Qefinp

a

[

v
¥y =y-(n-j)T

Pnj(yi = axp(J

LN

=nT

] ' '
Xpltat)

The three following situations can ocour (Fig. 12):

X 0<n<j

3. n>j

(80)

EVALUATION OF gnj(y).

e wnl
xn(t )
! !
0 Y y'
1
xn(t )r
= _t‘
0 y=y!
L}
xn(t 3
’ } } - '
y' o y
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_ “Such that
. ) r -
0 n<o
exp(y [ x (t)at") 0<n<y
0
(y) = -
y : |
exp(J - J xy(t")at") n=g
1 . . nod J

By substituting for P_ 3(¥) into eqn. (79}, we obtain’

T
.t 3_1
I= Jdye dFIY ;32AT 2 4n(D) + ¢ 5()
0

and eqn; (76) may be written as

7’ T T
K-1 rk-
G (£) =E[ 1:1 i 21 [ f dydz.e dMT(I-DT -jonf(y-z)
A 1=0  §=0 A
C 0 L
3=1 i-1

(81}

- (82)

(83)

-exp J (2 o (1) - : ¢n(T)) . exp j (65(y) = ¢,(2))]

n=0 n=0

We identify the expression:
{
J-1 i

E[exp J ( I ¢n(T) - I Qn(T)) « exp J (¢J(Y) - ¢i(2))]
- n=0 n=0 .

as the term rij(t1; Ts) defined in egn. (45).

Eqn. (83) shows that we can not make use of the periodic ,

properties (cfr. eqn. (47) and eqn. (53)) of the multi-h code in the

oy
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evaluation of tpé enqréy distribution q!‘ the truneat.ed ;-.ignal.l' This may
be easier seen from Fig. C-1.’ Eqn. (83) ‘atatea. tl;atjae.smhation of
contributions to G(f) from the terms ru(t.l; t) shall be ddne over the
square 0 < 1 < rk-1, 0 < § < rK-1. But & square is not compatible with
the puﬁlelogrm--shom.

| In the limit when the séuare grot;s without bounds, however, the
'Transfﬁrm Technique and the Direct Het‘h‘od will give; equivalent

expressions for G(f).

3.2.5, Comparison of the Methods _

In this chapter, we have extended the Tr;ansform Technique and The
" Direct Method in order to ana'lyse multi-h phase -codes. 'Altho'ugh we
consider gignais with periodic phase trellises, .the results are valid
for all binary processes with an autocorrelation function R(t1; t)

satisfying

R(ty5 ) = R.(t1 +nT; 1) , n=0,1,2, ...

‘Pegardless of whether the modulation indices are‘rational or irrational.
However, if some of the indices are irrational, the expression in eqn.
(65) is no longer an accurate, but a time avera‘ged, representation of
the power spectrum. |

On the contrary, we ha‘ve' syown.t-hat the Markov Chain Approach
assumes rational indices. We have devised a simple procedure for
ldentifying the states of® the Markov chain, but we could use the
established theory to obtain an expression for the power spectra of

multi-h codes. The general final reéult, given by eqn. (74), is valid



. .64 -

for any signal ‘that oan be modelled as a Markov prooee_a. It clearly

shows that the power ‘epeotrun is arreeted by changes .either in. the

nature of the sequence of waveforms or by shaping of the baseband
pulses.

We have fo tuo conditions ror a line-free epeetru:n, given by-

eqn. (50} and egn. ). In Appendix A it is shown that they 1ndeed are
equivalent. .
The Transform Technique -and The Direct Hethod will require the

same amount of comput.ation. Of those two, the Transform Technique is

intuitively easy to understand and therefore seems to be the preferable’

\

one.

The.'l‘ranst‘om ‘I‘eehniqde is expectéd to require less computat;:}on
than the Markov Chain Approach since the former method makes use of the
“fact that. R(t1; T} is a function of the relative phase difference
between v(t,) and v(t,) rather "than of the absolute signal values at t1
and té. 7

The Tr'ehsfor't_n Technique aee{hes rectangular baseband pulses, and
the final result has to be slightly modified to cover cases where of.her

BRI :

-*»

pulse shapes are employed.

kb o — e,

o ars mm———

1eTe



] . | CHAPTER. 4

. L]
POWER SPECTRA OF MULTI-H PHASE CODES !

The ﬁouar spectra of multi-h phase codes are computed from eqn.

(65).

4.1 Power Speotra of Conventional CPFSK
It turns out that the spectra -of qonf%ntional CPFSK are useful
when desoribing the spectra of multi-h codes. Since conventional CPFSK

may be obnsidered 2s multi-h phase coding with a single index h,

conventional frequency shift keyed signals with cqntinuoua phase Ep;ll

be called single index codes.

Their normalized spectral densihy H(f) is plotted in Fig. q? as a

function. of normalized rrequeney q where .
= {f - fé) T {8u)

Because of symmetry, we only show values for q2 0.

The shape of the spectrum changes as the modulation index varies.

For very small indices, h << 1, the carrier is smeared into a spectrum/)

having the shape of a high-Q resonance curve centered on the carrier
frequency [15]. For h = 0.65 the power spectrum is almost constant over

a two-sided bandwidth equal to the bit rate. The spectrum has lines for

- 55 -

e
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h = 1, and the spikes ocour at half the bit rate [16]. ° Conventional
CPFSK with modulation index h = 1 is known as Sunde's CPFSK [3t].
Thﬁ lowest frequency 'qo't'or uhiol; the power spactrum goes to zero
is given by eqn. (B.9) . | ’

. h : ' . :
q°r= 1 -5 . _ (85}

Tﬁis'n'equenoy def‘inesl the width c':t-" the main lobe, As 'gjl.ven. by eqn.‘
(85) and illustrated in Fig. 13, the single index code with the lower
index will have the wider main lobe, - “

The band 6ccupancy of ‘an x;.f‘. aignal is often defined as the
bandwidth that contains a specified fraction of the total power in the

modulated signal, - ‘

For example, the 99% bandwidth ng passes 991 of the modulated -

r

power. In mathematical terms,

"2 . W(Edf = 0.99 . [ W(f)dr : (88—

fo=Bgg/1

"B is given as normalized frequency.
The 75% bandwidth and 99% bandwidth for several single index

codes are listed in Table 2. A code with low index is seen to be more

bandwidth efficignt than a codé with high index.

The integration (cfr. eqn. (86)}) is done using a combination af

Simpson's rule and Newton's 3/8 rule [33] with :;teplength dq = 0.0125.



0.80

{062 -
- 0.48
0.32}—
0.16
0. 05 10, 15 20 - 0
.‘ ., .‘ | . : q |
Sl . Fig. 13. POWER SPECTRA OF CONVENTIONAL CPFSK.

4 is the modulation index. From [29].

3 | ‘Table 2: Bandwidth requirements, conventional
| CPFSK. '
Index 875 ’ . ng :
0.3 70.14 0.50°
- 0.4 0,21 0,56
0,5 -7 0,29 0.60
0.6 " 0,35 0,65
0,7 -0.43 . 0.90
0.8 0,48 0.96
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We now regurn.ts the mﬁlgi—h codes with two ‘or more indices. For

such codes we shall find it cohvenient to define the hean.index

- 1 K : ' . '
h== & h : - (8T)
K i=1 i : -
and'thq index spread : -
1" K - '
. 2 _ =2 o

When the spread is small, we expect the spectrum to be very close to

that of a single tndex code hav:lng modulation index equal to h [Appendix
Cl. " This is illustrated in Fig. I4-16 which for three different mean
indices show the spectra of eodes with "a small index spread and
constraint length K = 2, 3, and 4 respectivelx.

In Appendix C we have also shown that 1h ﬁhe limit when h', h2,
caay hK_+'F} the power spectrum is an average of the K spectra‘of the
8ingle index codes with indices h‘ h2, ceey h This explains why the
spectra of“multi-h codes with constraint length K 2 2 da not go to zero,
but only have nct;hgs were the corresponding single index spectrum with
index h goes to zero. The width of the main lobe is defined by q_ = | -
h/2. q_ wil}‘be called t#e notch frequency,

Consider codtis ,with K = 2 and small spread in their indices,
Because .of the shape of the spectra shown in FE; 13, we shouldlexpect
the notchvalue to increase with increasing spread and with increasing
mean index as the plot in Fig, 17 shows., We have also found that the

notchvalue depends on the constraint length.of'the code, For low mean



RN

IR
‘1ndicea, the oode uith the longer constraint length will have the higher
', notchvalue as illust.rat.ed in Fig 8. o “

The banduiq\p requ;remeuts for multi—h phase codee with a amail E

1ndex apread may be’ fcund rrom Fig. 19 Curves fbr 755, 951,\995; and-

99. 5$ banduidths are shoun. ;
The curves ror 75% and 955 banduidths flatten out for high

indices. This is due to the spectral peak that occurs when h -1 If

the mainlobe doee not contain the desired percentage of power, we have :

to increase the bandwidth subetantially because of the notch. This also

explaina what -seems to be a contradiction between Fig. 19 and the

:statement\that Fast FSK has 99 5% of the total power in the main lobe
[26]. 1In fact, .our computation shows’ that the main lobe contains
99.497% of the power, and we have to increese_thelban idth B from 0.75

t0 0.80 to include 99.50%. . o

* The curves in  Fig. 19 are plotted for codes with K = 2.

However, since the~single iedex spectrum is a good approximation for eil
multi-h codes with the ,seme mean indei, regardleee. of K, Fig. 19
provides good estimates B for the required bandwidth as long‘aa B is
less than the notch frequency q .

t

Hhile the distance properties of a2 multi-h code are found to
depend ﬁ{rongly on which code word was Q(ansmitted [12], [13]1, the power
spectrum .is not affected by which qodulation index 1is made .first

. availablé to ‘the modulator {see egn. (55}, (56)). o

—

\/
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\— Fast FSK-

Normalized bandwidth, B= (- )T -
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0.3 04 05 06 07. -. 08

o

Fig. 19, BANDWIDTH REQUIREMENTS FOR CODES WITH A SMALL INDEX
SPREAD. K = 2.
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However, a permutation of the 1ndioes may influenee the spectrum.
This is found to be true when K 2_4 Typical variationa in the spectrum
of a small spread code uith constraint length K = H are shown in Fig.
20. There are three difterent sequences of the indices, and their
corresponding coding gain [18] and bandwidth requirements are given in

Table 3. . y - )

-

s

Table 3: The effects of index permutatibn

Code : Coding gain Bandwidths

Brsg Bgg
1674 .6 7 8 1245 dB 0.21 0.58
£5/6 147 8 1.65 dB 0.21 0.56
1674 7 6 8 1.21 dB L 0.21 } 0.59

4.3 Power Spectra of Multi-h Phase Codes with Large Index-spread

When the code has a large spread in its indices, the power.:
 spectrum may no longer be closely approximated by a linear combination
- of single index spectra. 'Figs. 21 and 22 show how the spectrum of a K=2
code with mean index h = 0.375.and h = 0.625 respectively, varies with
increasing spread.- .

Tabie 4 shows that a code with a small index spread -is most
bandwidth efficient. We know that no code with a large 1ndex spread

providbs a higher coding gain than a small spread code with the same
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varying spread
o o h = 0875 | 'h = 0.625
‘ 82 B B
Bs 99 . 85 99
0.003 0.9 0.55. ° 0.33  0.81
0.008 0.20 Coos6 0.38 . 0.81
© 0.031 0.20 061 0.36 " 0.85
0.087 0.23 0.68 0.35 0.89
. - r
0.125 . 9.24 0.70 0.35 0.91
0.170 ~ 0.24 0.73 034 0.94

mean in&ex [18]. S{Eg; a good code should combine bandwidth efficienoy‘l
and a high coding gain, we conclude that the multi-h phase codes of
intere;t are those with a small index spread,

While a code with constraint length K = 2 is uniquely defined by
its mean and spread, this is not the case for‘codes with K > 2. It
turns out that two codes with the .Same mean 1ndex and 3pread may have
different spectra as illustrated in Fig. 23. Fig. 2y shows that the
constraint length K will also affect the spectrum The distribution of

-

the indices around the mean value seems to be the dominant effect of

thoze two.
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| . We havs'ses; that the poyer soeotsmo provides an sstimats‘of
roquired;bandwid;h. This estimate, hbweﬁor, is.based uoon two
assumptions, - ’ ' @ | |

First, tho spectrum shows the distribution of power versus
.frequency for what the modél defines as a “typical“ data sequence, i.e,
an aperiodic sequence without long strings of ones or zeros. There may
exist certain important but “ontjﬁioal“ data seguehces for uhich'the
spectral analysis is completely misleading. :

Second, we have assumed that the power spectrum also defines the
‘distribution of information power. But say the information is carried
by frequenoy components outside the mainlobe. If we filter out the
sidelobes, we will still receive most of the total power, but all the

information is lost. Laboratory and field testing of a Fast FSK sjstem,

howefer, indicates that our assumption is acceptable ‘[34), [35], and

that the information is carried by all frequency components of the-_

signal.

The spectra'of multi-h codes are obtained assuming bipolar (*1)
signalling and we can thus oompsre their spectral properties with those
- of existing modulation schemes such as QPSK and Fast FSK which‘both
require bipolsr data. Multi-h codes using unipolar (0, 1) signailing
will have.a spectrum that 1is nonsymmetoical around the carrier

frequency, and thiagleads to a complicated spectral analysis [Appendix

D]c

-



‘ Let us sum up the most important, spectral results.

..

Ths tail of the power spsctrum rolls orr as 1/fu since a multi-h

'--oods 1s a- frequency modulated signal uith oontinnous phase. _
The spectrum contains no lines provided the data sequence 1s

.random "and tuo-or ‘mbre modulation indioas are ussd in he-modulation.-

~  The important subolass of’multi—h codes are [those with their
indices tightly clustered around the mean index .h - ( ,< 0.015). Their
spectra may be approximated by the spsctrum of the single 'index code,
with index h, or by the linear oombination of the K spectra of single
index codes with 1ndicé§‘h 2, veey he. The codes require a bandwidth .
as Fiven ty Fig. 19. ;n general,‘codss with a low nsan index are more
' bandwidth efficient. | oy

) Such spectra do not go to zero hut they have notches where the

Y

corresponding single index spectrum has zeros. - The notchvalue varies

‘with the index spread and the constraint length of a code.

v

Ths spectrum is not afrected by which 1ndex is used first but

-

'ror‘K 2_&,‘a permutation of the indices will lead to minor cnanges in

>

@

“the gfectrum.
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'C::;; CHAPTER 5

"BAND OCCUPANCY VERSUS ERROR PERFORMANCE

It is desirable. to transmit data over a bandlimited channel . at as |
high a speed as possible and with good transmission quality.

We have sean that there exist banduidth efficient multi—h codes

.and that there exist codea with better' error perf‘omance than Fast FSK.

Evidently, multi-h coding can be used for high-speed tranmission as .

well as ‘'high-quality transmission. Since tr'ananission quality ;L\q.'

obtained by trading bandwidth for noise immunity, however, we should ask

whether codes exist which combine bandwidth efficiency and high coding

) - N

gain. - .
In this,;cbapter’we in;ggtigate the. t:nad:e'—off between band
occupancy and error performance of multi-h phase codesa. We bave limjted
ourselves to consider codes with maximum 16 ‘phases-( S £ 16) and ‘with a
small spread in their indices (32 £ 0.025).
: We define the band occupancy of a code as the bandwidth that
contains 99% of the modulated power, .as recommended by the Federal
Gommunications Commiision [36]. -

For these codes, the minimum distance is plot;aj re the

required bandwidth and Fig. 25 shows the envelope of plots. or

eompar'ison the data for Fast FSK is plotted on the same f‘igure. It is

clear that there are codes which conserve both powef' and bandwidth

!

- Th -
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better than Fast Fsk, and multi-h coding may therefore be well sﬁited )
for high-speed, h;gh-quaiity.data tranamission.
>-1  Comparison of Multi-h Phase Coding, OPSK and Fast ESK

N The power. spectra of-QPSﬁ, Fas®% FSK gnd a multi-h code with the
Same error pérforméhce as the former tw -modulation methods, are shown
in Fig. 26. Data for the three modulation techniques are listed in
Table 5. Coding gain means gain compared to Fast FSK. The bandwidth
requirements for various fractions of the total power inside the band
are given, as defined in Chagter 4, Dec%gion depth is a measure of the
decoder complexit§§\§tft is defined in Chapter 2. TaBle-S therefore
indicaﬁes tﬁat *the multi-h code yields a 12% savings in bandwidth
compared to Fast FSK, and. this is obtained at considerable penalty in

implementation.

Table 5: Bandwidth requirements of modulation schemes with equal error

performance
Modulation Coding Bandwidths B . Decision
method gain n=75¢ 95% 99% 99.5% depth
h o
QPSK _ .0 dB ©0.95 1
Fast FSK 0 dB 0.29 0.4 0.60  0.80 23
P

Multi-h 0.06 dB 0.18 0.35 '0.53 0.60 16

code

(16/5 6) i
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The band occupancy of the signals may also be compared by looking
at their rfact;onal'out-or-baﬁd power W, defined.ag the fraction of the
total bougr in the modulated signal s(t) which does not pass through a
" rectangular filter ‘with noniero‘ transfer  function 'in the frequency
interval (f -B/T, f+B/T). Mathematically,

B/T .
2 o W(f)ar
-B/T ‘
Wy = 1 =-— ‘ (89)

[ W(gar
Fig. 27 comﬁares the fractional out-of-band power for QPSK; Fast FSK and
the particular multi-h code. The data for QPSK are taken from [26]. As
seen from Fig. 26, Fast FSK 15 marginally less efficient than QPSK for .
normalized frequencies q less than 0.5. For géeatér frequencies,
howeveé, Fast FSK is superior to QPSK.as indicated in Fig. 27. The
multi-h code is superior to QPSK and Fast FSK for all frequencies.
As shown in Fig. 26, 75% of the total power -inside the band
corresponds to Hoé = -6 dB, 95% corresponds to Wop = =13 dB; 99% to ﬂb

b

= —20 dB, and 99.5% to Hob

The curve showing Hob for a signal will level ocut for'frequencies

when the power spectrum either goes to zero or has a deep notch. The
power spectrum of Fast FSK has its first zero for q = 0.75, and Fig. 26
shows that Fast FSK has 99.5% of its total power contained in the main

. } - )
lobe. This if‘aact:,i‘:l.sl also illustrated in Fig. 19.
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5.2 Classes of Multi-h Phase Codes |
Fig. 24 shows that there are three interesting subclasses of the

codeﬁ_we are considering, nameiy

CLASS I : Codes with high coding .gain, i.e. di-i-n > 7.0
CLASS II : Codes with better coding gain and less

bandwidth needs than Fast FSK, i.e. dimz
4.0 and Byg < 0.68

CLASS III: Bandwidth efficient codes i.e. ng X 0.55

Data for t.he codes belonging to the three classes are given in
$Appendix E. For each code, we have specif‘ied the co’ding gain compared
to Fast FSK, bandwidth requirements, and decisibn depth. Also included
is the difference between the maximum valu? in the main lobe of the
power -spectrum and the méximdm value in the first s;Lde lobe. This value
i3 a measure of the filter%ya&d. A high sideloBe (add a small
difference) requires.a sharp filter in order to suppress the f‘requency
components out-of-band.
Scme general conclusions can be drawn from tl'-le data. High cdding
gain is obtained at the cost of complexity‘ and bandwidth. ‘ Codeslwith
good error performance are usually constraint 3 or 4 codes which means
the encoder 1s complex. The decision depth is ;_ong .80- the decoding will
“be complicated, and the sidelobe is relatively high sdcb- that sharp
filtering is réquired. ' .~
Bandwidth 9f‘t‘ieient codes trade bandwidth- for coding gain and

- 'complexity although they in general are simpler to implement than codes

o
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with high coding gain.

5.2.1 Clasa I: Codes with High Coding Gain
Data for the beat consatraint 4, 3, and 2 cbdea,'respectively; are

shown in Table 6. We have also included data for two simpler codes. A -

A

2-4 dB coding gain compared to Fast FSK is obtained at the expense of a
2% to 2% increase in band occupancy and increased complexity. As
pointed out in [14], convolutional codes can give the same coding gain,

but they will require wider bandwidth [37].

Table 6: Bandwidth requirements of codes with high coding gain.

. Bandwidth B_
Code . Coding - Decision

gain nz=T75.08 95.0f 99.0% 99.5% Depth
16/12 10 11 8 3.66 dB - .38 .53 .85 "1.00 26-38

. | o

16710 11 12 3.36 dB A1 .53 .89 1.03 ¢ T 26=27
16/89 2.74 dB .30 .48 .61 .89 20
8/4 5 6 2.77 dB 38 .53 .84 1.00 a9
8/4 5 2.49 dB .33 ..50 .65 .94 9

\ The power‘apectra of the three 16 phases code§ are shown in Fig.

. 28 and their fractional out-of-band-power curves in Fig. 29.
The two simpler codes have spectra as illustrated in Fig. 30.

The code 8/4_5 6 has an out-of-band-power curve that closely follows the

o, ’
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- ourve for the oonstraint y code 16/12 10 11 8, wh:l.le the curve for the

-

' code 8/4 5 shows a slightly better bandwidth eff‘iciency.

5.2.2 Class II:

than Fast FSK -~ v
There is a multi-h eode Hith the same banduidth erriciency as

Fast FSK and 2.19 dB h.tgher coding gain. There is also a multi-h code
with the same error performance as Fast FSK that requires 12% leas
bandwidth, Data ror these tuo, codes are given in Table 7, a.nd it is -
seen that ’gain and ' bakdwidth, respectively, are traded mainly for
complexity. Codes with o per'trade-offs between error performance hnd
bandwidth are iisted in able E.2. There are two simpler codes, and

A data for those are included in Table 7.

Table 7: Bandwidth requirements of codes with better bandwidth

efficiency and error performance than Fast FSK

-

‘Code ' Coding ' Bandwidth B Decision

gain n=75.08 95.0% 99.0% 99.5% Depth
N " )
16/7 8 2.19dB 0.26 0.45 0.59 0.68 21
8/3 41, 1.45 dB 0.24  ©.43 0.59 - 0.66 8
6/2 3 0.50 dB . - 0.23 0.4 0.60 0.68 6

16/5 6 . 0.06 dB ~0.18 0.35 0.53 0.60 16
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The .codes 1n Table 7 have power spectra as shown 1n Fig. 31 (Fig
25 shows the apectrum of 16/5 6), and their fractional-out-of%band

powers are given in Fig 32.- The curve for 8/3 i ie not plotted but it -
i
lies between that of 16/7 8 and that of 6/2° 3.

5.2.3 mmuan;xmummﬂ L
While multi-h phase.codes originally were deeig_g&"for gocd.errcr.
performance, their bandwidth efficiency seems to be of greater
1mportance in some applications. Table 8 shows that there is a'ccde
. with a bandwidth efficiency of 1.1 bits per sec per Hz, or 23% lees
bandwidth " occupancy than‘Fast FSK, .which requires 2.4 dB more power to
give the same transmission quality.
A eimcler constraint 2 ccqe yields 1 bits per sec per.Hc at’ an
expenee of 1.62 dB in ccding'geiﬁ as ehoun in Table 8. .
w i | . |
Table 8:‘ Bandwidtc reccirements of panduidth efficieﬁt codes.

'

: Bandwidth B_ ,
Code Coding : “ ' Decision

gain : n=75.0% 95.08 99.0% 99.5% Depth
15/3 45 " -2.40 dB 0.11  0.29 0.4 0.54 ° 11,

8/2 3 -1.62 dB - 0.15  0.33 0.5t 0§.59 | 6

16/5-6 0.06 dB 0.18. 0.35 0.53 0.60 16
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The oodes have pouor speotra as shown Fig.:25 and Fis. 33 Their
bandwidth otrioionoy is olearly illustrated by their traotionnl out-of—

band powers in Fig. 34, [

5.3 liae Coding Oain to Reduge Band Ogoupancy

o We have found that there exist multi-h phase codes with a
bandwidth erfioienoy of 1-1.1 bits per sec. per Hz and a 1.5-2.“ a8
degradation in ooding gain compared to Faat FSK.

ﬁowever,htheoretioally it is possible to use multi-h phase oodins
for transmisasion of information at a\shill higher rate and at no_expense
of vower. |

We know that a Fast FSK signal suffera roughly ¢. 341 dB in error
performnnce when‘onlv 95%. of its total power is paased through a filter
[38], and the degradatien is approximately 3-4 dB when the asignal 18-
bandlimited to its 75$ bandwidth [39].

He shall assume that filtering. of mulﬁi-h oodes ﬁesulté in -a
aimilar degradation of the performance. The ﬁpndwiqth needs can then be
reduced by passing the signal through a very narrowbaﬁded filter and
letting the aohieved'ooding gain counteraoct the degradation in error
performaﬁoe.

Let ua givé a few examples. The simple 8/3 4 code can be
bandlimited to B =« ,35 uhioh yields an efficiency of 1.45 bits per sec
per Hz. 'The codes 6/2 3 and 8/4 5 can be bandlimited to B « U0 andl
give 1.25 bits per sec. per Hz.

Unfortunately, filtering is likely to destroy the constant -
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envelops, Tho/xfsprnutivo to blndwidth orrioiant rilterod multi—h phnae
"oodins 1a therefore: purtinl rouponse blgnallins whioh yielda an
errioienoy or 2.2 bits per 860, par Hxz.
) However, aocme anulti-h oodea have an effiaienaoy of 1.25 bité‘pér
sea. per Hz.uhdn they are passed through their 95% bandwidth. These

codes uhbuld be relatively immune to non-linear channel effeots,

9



CHAPTER 6
' CONCLUSION .

6.1 Mummuzmwmum
_ :
There are multi-h phase codes which allow for a wide range of
trade-offs between band ocoupancy and error performance.
Foq example, there is a bandwidth efficient aode which caoupies

23% less bdﬁdwidﬁh than Fast FSK but requires 2.4 4B more power to give

the same noise immunity. And thefe is a oode that needs: 40§ more

bandwidth than FSK but yields the same transmission quality with a 3.7.

dB savings in power.. Savings in power or bandwidth are obtained at
oonaiderable penalty in implementation oqmplexity.’
The major result of this work, howevér, is the faoct that some

simple multi-h phase codes héve bdtter error. performance than Fast FSK

but can bé passed through the same.bah ﬁidp
This allows us 'po tﬁade ‘transmyssion speeg for quality by
filtering the transmitted aignal such that -Ehe degradation in noise
immunity due to loss of signal power is counteracoted by the increase in
coding gain,
Theoretically, bandwidth efficiencies of 1.5 bits per sec. per Hz
can be obtained, but the coded signals are probably':senaitive to

non=linear ochannel effects. It seems bossiﬁle, howevck,'to transmit

-é3-' -‘l
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[l

1nrorqntion over non-linear channels at a rate of 1.25 bita per aqu per

Hz with the same trinnniaaion qullity'na‘ror Fast FSK or QPSK for the

aame power.

In oontrast to many coding schemes, good results do not depend on
an unpraotioal complexity. Simple multi-h phase codes wiﬁh two indices
and 6 to 8 phases oombine high bandwidth efficiency and good error
performance, end theare assems to be rew‘or no agvantagQS in using nore
1q§1oes or phases,

The power spectra of multi-h codes are odmﬁuted from eqn. (65)

and the most important spectral results are presented in Section 4.5.

We have followed three approaches to the problem of deriving an |

expression for the pbwen speotrum, and found that approﬁohea based on
the Wiener-Khinchin Theorem, such as the Transform Technique and the
Markov Chain Approach, are superior to the aooﬁlléd Direct Method [28],

f29]. The Transform Technique is an extension of Pelchat's spaotral

analysis [15] to the general multi-index oase. The Markov Chain:

Approach [25), [26] is & well established method for spectral énalyais.
valid also for analysis of multi-h phase codes. We have devised a

simple procedure for identifying the states of the Marov process.

6.2  Susgestions for Future Work

Although multi-h phase coding seems to be a propising modulation
method.fog high-speed, high-quality data tranamiasiop over linear and
nonlinéar channels, it still remains to answer a few mora questions to

see If the mbdulatipn method provides a viable solution:
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. How td 1hplenedt the endodar and the decoder? ;In pdrtioullr. one
has to d:;iae n'aimple wvay of extracting the required timing and
phase information from the recsived signal.

- . How will filtering degrade the error perrormanod?*\

. Is multi-h doding sanaitive to interference? Mdlti-h phasa
ooding will be used 1n & multi-ghannel environment. and the error-
performanoe may be- degraded by interferance betwaen adjaoent
channels. Analysia of 1nteraymbol interference is a- time-domain

) !

i 'problem. It is therefore desirable to express the aode

mathematically in a linear form - if possiblezl
: ) -

»

If the concept of multi-h phase- coding turns out to be of

practical 1ntereat.:one should consider further reduction of the band

L}

ogoupancy by introducing shaping of the rectangular baseband pulses.
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. o ' APPENDIX A

' SOME PROPERTIES OF MULTI-H PHASE CODES WITH A PERIODIC PHASE TRELLIS

y

A.1  The Degoder has to Diatinguish betwesn S Phases

The excess phase at the end of baud i is (from eqn. (10))
%
${{1+1)T} = a

X
"{a L +a L{J gtee-ta L(J 1]} _({.1)

~ where [i+J] means 1+j, modulo K We have assumed that the modulation

index in the 0'th baud is hJ = L,/S.

J
When
i
£ LLgen)

n=0

is even, the expression inside the brackets ocan take on the values ...,

- -4, -2, 0,2, 4, ... and the possible phases are

: 2 4x 2x(s-1)
¢{(i+1)T} = 0, S S cevr 53 IL even (A.2)
When
' i
. Z L[j-m]

is odd, the expression inaide the brackets can take on the values ...,

-3, -1, 1,°3, ... and the possible phases are

- 96 -
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% 3w 5y (28-1)x - :
*{(1+)T} = 3 -s—,.g-, ssey ™™g IL odd (A.3)
In both cases there are S possible phases o, and they are uniformly
spaced on [0, 2!3- | ,
Bxamples are given in Fig. 2b and 2¢ for ocodes. with one index.'

and in Fig. 3 for a oonstraint 2 code.

A.2 ' The Period of the Phase Trellis
It follows from eqn. (A.2) and (A.3) that the phase-trellis has
period Ts,'givén by

K .

'I‘s =K.T= TK; I Li gven
i=1

. (A.4)

K

T, = 2KT = 2T, ; t®L odd

' 3
i=1
A.3  The Number of States of the Markov Process o

The number of states is equal to the number of distinet phase -

functions ¢i(t-1T). There are a total of N = S phases when

- K e
E Li even

i=1

and N = 23 phaéea when

L, odd .

n s xm

i=1
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“Sinoa'thbné_nrq‘r = 2 paths leaving each phase, the number of states is

given by

b= NrK

 (AS)

Fast FSK' should therefore have b 242.2.1 = 8 statea, as found by

Gronemeyer [27). The atates are shown in Fig. 9.

. b ,
A4 Prove that ps.qs(t) =0
: szl

Consider the states with phaae‘fﬁnction of the form

J(2w tea,)
Q‘(t) e J i

The two functions are equally probable with probability Pg? Then

J(w tad,) J(=w tea ) Ja
ps.e J i + Pge J i = 2ps;e 1

We sum over all phase funotions with w = w 3 Thus

. J“i
E.pa.oosujt.a

il e

i=1

. N ’
= 2paoosu t L (ooaai+Jsinu

)
d i=1 1

The phases @, are uniformly spaced on [0, 2r)

-3 |

g "%y =y 5 0©

Eqn. (A.9) can therefore be rewritten as

(A.6)

(D

(A.8)

(A.9)
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, coo . ' |
N R N1 T .
H 2paooaujt [ -‘2paooaujﬁ 3 (coskmejainkn) © (A.10)
i=1 . k=0 : .
The sum of the series are [H0). .
' N-1 ' N-1 N _—
' & ooske = co8 5= a sin;u « Qoseo 3 o
k=0 - g
S (a.11)
N-1 . N N-1 e |
z ainlq = gin 2.9 - sin =5~ a . cosec 2

k=0

Now, Na = 2vffand the syms are identiocally equal to Zero.
Icoskez=1 , ZIsinkaz0 (A.12)

Next, oconsider all states and assume' N > 1. Since the sums in .eqn.
(A.10) are zero for any group j of states having & = wyy eqn. (A.6)

holds.

!

N=14ff S = 1. This is satisified only for conventional CPFSK
with h = 1, 2, 3, ...
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| * APPENDIX B
AN EXPRESSION FOR THE POWER SPECTRUM OF CONVENTIONAL CPFSK

From eqn;_(uo)' ‘ - -~ - >jfi
T-t | |
G(f) = 2Re{F{— cosut}
o 1 ' .
+ o e 327 (n-1)T . (cosuT)™! . Fz{oosmt}} (B.1)
n=1 -~ ) :

'where the function coswt is zero outside the 1ntérval 0Lt

We assume that [ooswT| < 1. The geometric series may then be

-

replaced by its sum : ~
@ . . 1
X e"Jaﬂf(n'l)T . (coawT)nf1 = E, (B.2)
n=1 1-cosuT,a
From (411, we have . ’ ' e
o8xX ‘
! eax aosbxdx = “E*—E (acosbx+bsinbx) ' (B.3)
a +b
and _ . i
. xeB%
/ xe"™" cosbxdx = N {acosbx+bsinbx)
a +b T
ax . .
e 2 2
- "2 2.2 [ (a“~b“) cosbx+2absinbx] (B.4)
(a%p™)c ‘.
. Thus
- 100 -
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T-t,, - o
2Re[F{——' oowt}} ’_ ’
‘ | (B.5)
L2 1 2 .
*T-"3 333 [ (w2eln 3¢ Y(1-comy T 0082y £T)-ly £, 8in, T 0082y £T)
(W™=l ©r°) . -
and ) )
( e-J2wa . 2rif .
' F{eosut} = —r— (-2r JfoomuTrusingT) + —— (B.6)
o h’2__,‘“2t.2 N w2_u“2r2
-JﬂrfT
Fa{oosmt} == 2 2( Uy P <008 ,.2,'1‘41., ?sin NT-M,,Jf‘moosmT s3in,T)
- (0 =Un"r%)

‘ (B.7)
szfa -JEnfT

. : 2
- * (Bu £ cosyTely jfusingT)
o Pan®e)? (2232

Substituting for eqn. (B. 2), (B.5) and (B.7) into- eqn. {B.1), it is

straight forward (but messy) to show that

wl (OOSNT-QOSEHfT)a

y : .
G(r) = =7 - . . (B.8) -

" (w _un2r2)2 oosamt-?oosz.oosznfT+1

The power spectrum is zero when (oosmT—cosarrf'T)2 = 0, w £ 2rf. We see

that the lowest positive normalized frequenay q, for which G(f).z 0, is

el

given by

or



APPENDIX C .

POﬁER SPECTRA OF MULTI-H PHASE CODES

C.1  Some Compents on the Galowlation of the Pover Spectrs of Multi-h
: Ehase Codes
The two propartiea of the autocorrelation function R(t1; t) given
by egn. (47) and (53) have simplified the calculation of the power
"speotrum as illustrated in Fig. C.1. . | .
fhe square corresponding to izi and j=) represents the function
rij(tl; Ty). From eqn. (U4), R(t1§ T) is the sum of all the aquares,
To'pégiaaée'ﬁ(t1; T) for positive T means we are oonaide;ing the
upper triangle of thé total square, i.e. § > 1.
‘ Because of the property of eqn, (53) the oontribptions o and e
'are equalland R(t1; ¥) can be time averaged over one superbaud.
‘ From eqh.'(h7), the contribution d is C(t;TK) times the
contribution .o. But b 1s not C(1;T )‘ times a since a lies on thé
di;gonal (L.e. 1 = 3J).
Thus the autocorrelation fuynction is uniquely definéd by the
terms rij(t1; Ta) from the cross-hatched area of Fig. C.1. .

L}
The terms Rn(T) and RE(T) of the autocorrelation function are

listed in Table C.1. These.tefms‘are defined by eqn. (54), (55), (56),

-_—
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a)

b)

KK
——

01..

il

c,1,

Fig,
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'l'nd (58). In orﬁor to get a more compaot notation, we have defined the

following functions

T-ty

A 1
Mg wp) = E.; I ooty v dT

P

0

C(ts; 0 ) = T_K S oomm('r-z).ooausmk(ra-n-z)dz i

0 :
(c.1)

i o)

{

1
Y=o f
Tx

T-ta

cosa, (T-2) .008y, | (v a-o-z-'l‘)‘:.us

D(ra;'um) B F(Ts; W mms

The A, B, C, D, and E functions (0 £m<K-1, 0 < k SK), are defined by
the rlj-tems in the oross-hétohed area o;‘ Fig. C.1, We have satated
that all rij-berma can be derived from the K-(K+1)~riJ terms mentioned
above. And Table C.1 “shows that all terms R;l(r) and R:(r) can be
'expréased as functions of the A, B, C, D and E functions defined in eqn.
(c.1).

According to egqn. (U47), the contributions to the power spectrum

from the C.terms in 'line k may be epxressed as a geometric series. So_
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may the contributions ‘from the B-terms in the (K-1)th line. Equn. (61)
- states that those tuoheriea_oa&\be oombined,_an& the result ia the kth
geometric series in eqn. .(62). | |
TheﬁD-.hnd E-terﬁs, as'wéil as the other B~ and C-terms, oan‘be
oomﬁined in'a similar way. .
; - N

C.2 -

In the limit when all the K indices are equal, aqn. (5) reduces
to eqn. (U41). - |
FTEEL_this it follows that if there is a small apread in £he
modulation indices, the power speotrum of the multi-h code may 'be )
appfoximated by the spectrum of the conventional CPFSK signal with index

K
I h

_ 1
h=7 .
_ K » i

i
We also note that only A, D, and E~terms contribute to the spectrum of a
oonvéntional CPFSK signal. When the spread in the indices is small, we
may consider the case 'when v

“nek ¥ Um 1 Lk £ K~ (c.2)
and consequently,

Clrg; W Yp) - E(rs; w )

. : (C.3)
B(Ts;?mm' mm+k) - D(Ts; dm)

The power spectrum of the multi-h code may therefore alterpativply be
approximated by the averaged linear combination of the‘K spectra of the
conventional CPFSK signals with modulation index h1, h2, ey hk'

respectively (efr. eqn. (65)).



" APPENDIX D
MULTI-H PHASE CODING WITH UNIPOLAR (0,1) SIGNALLING

The multi-h phase code for unipolar signalling can be written as

2E _
G s(t) "'/'r_ . 0os (2xf,t + 8(t) + a) ‘ (D.1)

where #(t) is the excess phase- function.

The excess phase function ¢(t) for conventional CPFSK is

illustrated in Fig. D.2. The unipolar signalling (ofr. Fig. D.1).

results in a excess phase function that is not even around zero. Eqn.

(23) 1is therefore not valid for uUnipolar signalling.

s -ihe—excess phase function in Fig. D.2 may be obtained by a

*

translation of the bipolar runotiop ¢(t) shown in Fig. 2a. Therefore,
"2 ‘

$(t) = o(t) + a(t)

Kot o+ a(t) " (D.2)

Substitution of eqn. (D.2) into eqn. (D.1) ylelds
K3 S ‘
s(t) =v”$— . cos {{2vf +K)t + #(t) + a} ' (D.3)
which shows that the spectra of the unipolar and the bipolar code have
equal shapes, but the unipolar spectrum is centered at the frequency f =
f‘c -+ k/.2'.
When two or more indices are used, the funotion 3Yt) is no

longer linearly increasing with time and this leads, to a. complicated
| - 108 -
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anhlyais.

e autocorrelition function of the modulated signal s(t).is then -

/1 e nab(ten)b(E)  Je(tgan)-de(t)

K(t.‘; T) = T - 2 Re{B[e ' : . e 1}
' (D.4)
2E Jo(t1+r)-36(t1)1

‘ = '_1‘_ - ooa{att‘o'ra;(t.'n)-?(t‘)}.E[e

The power spectrum of sa(t) is the Fourier transform of. the time averaged

a\itooorrelation function.



2TTh

_a) Unipolar 'b) Bipolar

Fig.. D;i. UNIPOLAR AND BIPOLAR SIGNALLING.

| H(1) ~ B(0)

7SS

O T 9T - | time’

Fig. D.2. UNIPOLAR SIGNALLING, CONVENTIONAL CPFSK.

(1)

g + e

0 T S . time

Fig, D,3, UNIPOLAR SIGNALLING, MULTI-H PHASE CODING.

0 - T 0 7
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APPENDIX E

LIST OF MULTI-H PHASE CODES

. .

A

Loding gain means ooding.gaiﬁ oompareqlto Fask FSK. The
~bandwidths given are the onesided 75%, 95%, 99% and 99.5% bandwidths
?rGSpectively. Bandwidth is given in porm;iized frequency.
DIff. is the difference between the maximum value of W(f) in the.
main lobe and the maximum value in the first sidelobe.
nggigign_ﬂgngh is defined in ﬁhapter 2. The data are obtained

from [18]. For some codes, only bounds on the decision depth are

available.

- 111 -
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