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Abstract

In this thesis, we examine the van der Waerden simplicial complexes, defined on two
parameters n and k, and the Artinian rings we can form by modding out the squares of
the variables from the Stanley-Reisner ring of the van der Waerden complex. We begin by
providing a thorough background on all the necessary background, from abstract algebra,
graph theory, and linear algebra. The main question investigated in this thesis is when
the Artinian rings constructed from the van der Waerden complexes have either the Weak
or Strong Lefschetz property. We examine for what values of n and k do these Artinian
rings have the Weak, and in some instances Strong, Lefschetz Property. We focus on the
smallest possible values of k£, namely £ = 1 and k£ = 2; and the largest possible value k
can take, which is n — 1. We also focus on the case where k = 3, as the first instance of
the failure of the Weak Lefschetz Property occurs here.

We also investigate in what degrees the Artinian ring always has the Weak Lefschetz
Property. We then give a characterization of when these simplicial complexes are pseudo-
manifolds, which provides some further insight on what degrees the associated Artinian
ring has the Weak Lefschetz Property. We conclude by providing some conjectures on both
Lefschetz Properties, as well as further areas of possible future research. A Macaulay?2
package on the van der Waerden simplicial complexes is also provided.

Key Words: Simplicial complexes, van der Waerden simplicial complexes, Artinian
rings, Graded rings, Weak Lefschetz Property, Strong Lefschetz Property, Pseudo-manifolds
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CHAPTER 1
Introduction

In this thesis, we study the Weak Lefschetz Property of monomial algebras constructed
from the family of simplicial complexes called the the van der Waerden simplicial com-
plexes. These simplicial complexes, denoted vdw(n, k), are defined on two non-zero natural
numbers, n > k. The facets that generate these simplicial complexes are all valid arith-
metic progressions of the form {z;, x;1q, ... Ti1ra} Where 0 < i < i+ kd < n. Each facet
of vdw(n, k) has cardinality &k + 1.

ExaMpLE 1.1. Consider vdw(10,3). The facets of vdw(10,3) are all arithmetic pro-
gressions of size 3 on 10 vertices. By considering all such valid progressions, we have the
following arithmetic progressions that are the facets that generate this simplicial complex:

e Progressions of size 1: {x1, 29, 3, x4}, {22, x3, x4, 25}, {73, 24, T5, 6},
{$4,9€5,$6,$7}, {$5,9€6,$7,I8}, {$67$7,9€8,I9}7 {$7,$8,9€9,$10},

e Progressions of size 2: {x1, x3, x5, 27}, {x2, x4, x6, v3}, {73, 5, 7, o },
{$4,x67$873710}7

e Progressions of size 3: {x1, 24, 27,210},

These simplicial complexes were introduced in 2016 by Ehrenborg, Govindaiah, Park,
and Readdy in [13], and were inspired by the van der Waerden’s theorem in graph theory.
van der Waerden’s theorem states that given positive integers r and k, there exists some
positive integer N such that if the set {1,2,..., N} is coloured with r different colours,
then there exists an arithmetic progression of length & among {1,2,..., N} that all have
the same colour. The smallest N for which this is true is denoted by W (r, k). More about
van der Waerden'’s theorem can be found in [I7] and [44].

One can study simplicial complexes through commutative algebra by using Stanley-
Reisner theory. Given a simplicial complex A on the vertex set {zy,xs,...,x,}, the
Stanley-Reisner ring of A is the quotient ring K[y, xa, . .. x,|/Ia, where I is the Stanley-
Reisner ideal of A, and is generated by the non-faces of A.

Besides Stanley-Reisner rings, we are also interested in Artinian rings. Rings that do
not have any infinite sequence of descending ideals (by containment) are referred to as
Artinian rings. Equivalently, these are rings whose Krull dimension, or maximal length of
chains of prime ideals, is 0. A quotient ring K[x1,Zs,...,z,|/I by a homogeneous ideal
is Artinian if and only if its radical, that is

VI = {r € R | there exists n € Z such that r" € I}
1



1. INTRODUCTION 2

is equal to the homogeneous maximal ideal (z1,xs,...,2,). While the Stanley-Reisner
ring of a simplicial complex is not necessarily an Artinian Ring, we can make it so by
adjoining powers of our variables.

In this thesis, we focus on Artinian rings created by taking the Stanley-Reisner ring
of our van der Waerden simplicial complexes, but also adjoining to the ideal the squares
of all of our variables. For A = vdw(n, k), we construct

R/(Ia,x3,73,...22), and denote it by A(vdw(n,k)).

Since A(vdw(n, k)) is a quotient of a polynomial ring, it is also naturally graded, by their
degrees. So our constructions of interest are graded Artinian rings.

Graded Artinian rings have many properties of interest, one of them being the Lef-
schetz Properties. A graded Artinian ring A has the Weak Lefschetz Property (W LP)
if the homomorphism created by multiplication by ¢, a general linear form, has maximal
rank in consecutive degrees. That is, the map

X0 : Az — Ai+1

is either injective or surjective, where A; is the graded component of A consisting of all
the elements of degree i. We will say A has the Weak Lefschetz Property in degree d if the
map xX/{: Ay — Agyq has maximal rank. One can also examine whether or not a graded
Artinian ring has the Strong Lefschetz Property (SLP). A graded Artinian ring A has
the Strong Lefschetz Property if the homomorphism created by multiplication by ¢¢,
some power of a general linear form, has maximal rank in consecutive degrees. That is,
the map

ng : Az — Ai+d
is either injective or surjective all values of © > 0 and d > 0.

The Lefschetz properties are a widely studied phenomena in the area of commutative
combinatorial algebra. In his 1980 paper [43], Stanley first examined the Lefschetz prop-
erties, which he referred to as the Hard Lefschetz Theorem, in a commutative algebra
setting. He helped popularize the use of the Hard Lefschetz Theorem, a result about
the singular co-homological ring, to its uses in combinatorics. In this paper [43], Stanley
proves that quotient rings of the form

Klzy,zo, ..., 2,]/ (22, 23, ..., 22),

always has both Lelfschetz Properties, a result we will examine further. In [33] and [38],
Migliore and Nagel, and Phuong and Tran study Stanley’s classic contributions to the
study of the Lefschetz Properties, and examine contributions that have been made to
the field over time, as well as open questions that remain to be solved. In [33], Harima,
Migliore, Nagel, and Watanabe study both the Weak and Strong Lefschetz Properties for
Artinian K-algebras, giving a complete characterization of the possible Hilbert Functions
that can occur for such algebras. More recently, the Lefschetz Properties have been
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studied in various settings such as different monomial ideals, Gorenstein algebras, and
Rees algebras, in [1], [2], [5], [25], [26], and [28].

The Lefschetz properties also appear in [32], where Migliore, Mir6-Roig, and Nagel
study the Lefschetz Properties of monomial ideals and almost complete intersections.
They prove that showing multiplication by the standard linear form x (zq 4 zo+- -+ ;)
has maximal rank is a sufficient and necessary condition to show that x¢ has maximal
rank, where ¢ is some arbitrary general linear form (please see Theorem for more
details). They also examine how the characteristic of the field in question impacts whether
or not the constructed Artinian ring has the Lefschetz Properties. Finally, we mention the
work of Dao-Nair [11], who examine Artinian rings that are quotient by monomial ideals
that contain the squares of variables, the exact context we examine as well. They take
a more graph-theoretical and topological view on the problem, examining the 1-skeleton
of the simplicial complex in question and testing the 1-skeleton for criteria regarding
bipartiteness.

The van der Waerden simplicial complexes on the other hand are a fairly new con-
struction. They have been studied in [27], where sufficient and necessary conditions for
when these simplicial complexes are shellable were given. They were also more recently
studied in [23], where further results on when these simplicial complexes were vertex-
decomposable or Cohen-Macaulay were given.

We now state the central questions of this thesis, and provide a breakdown of which
aspects are examined in the different chapters of this thesis:

QUESTION 1.2. For which values of n and k does the graded Artinian ring A(vdw(n, k))
have the Weak Lefschetz Property?

While we do not give a complete answer, we are able to answer the question for small
values of k, as well as large values of k. We also give conjectures for the general case.

In Chapter 3, we examine several values of n and k such that A(vdw(n,k)) does have
the Weak Lefschetz Property. We begin with the smallest possible values of k, namely
k=1and k= 2. For k =1, we deduce the following result:

THEOREM 1.3 (Theorem [3.4). A(vdw(n,1)) has the Weak Lefschetz Property for all
values of n > 2.

We provide two separate proofs that A(vdw(n, 1)) always has the Weak Lefschetz
Property. The first proof uses a result of Dao-Nair in [11], which examines the bipartite
components of the 1-skeleton of simplicial complexes to deduce whether or not the cor-
responding square-free Artinian ring has the Weak Lefschetz Property. We examine the
n > 3 and the n = 2 cases separately, as they fall under the different cases listed in the
theorem. In either case, we prove that since the 1-skeleton of vdw(n, 1) is the complete
graph on n vertices, K,,, the conditions listed by the theorem always hold. So for all of
the non-trivial components of our Artinian ring, multiplication by ¢ does have maximal
rank, so the ring has the Weak Lefschetz Property.
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We also provide a second proof for Theorem [3.4] using the matrix representation of
map for the non-trivial degree cases, and showing that it must always have maximal rank.
Examples of such matrices for smaller values of n are also provided.

For k = 2, we also deduce the following result:

THEOREM 1.4 (Theorem [3.6). A(vdw(n,2)) has the Weak Lefschetz Property for all

values of n > 3.

We prove Theorem [3.6]in degree 1 by examining the facet structure of A(vdw(n,2)),
and showing that for all values of n, dim Ay > dim As. Then the result can be deduced
from the work of Dao-Nair. For the other non-trivial degree 2, we provide an induction
proof using the matrix representation of the linear map.

After examining the two smallest values of &k, we study the largest valid value k can
take for A(vdw(n, k)), which is k = n — 1. We get the following result for k =n — 1:

THEOREM 1.5 (Theorem [3.11)). Let K be an infinite field of characteristic 0. Then
A(vdw(n,n — 1)) has the Weak Lefschetz Property for all values of n > 2.

This case requires the study of complete intersections, which are quotient rings of the
form S = R/I where I is generated by regular sequences. Regular sequences are sequences
of the form {F, Fy,. .., F,}, where Fy + I is not a zero divisor of S, and F; + [ is not a zero
divisor on R/(I, Fy,..., F;_1), for i = 2,...,p. We will see that vdw(n,n — 1) is generated
by one facet only, so the resulting Artinian ring is actually a complete intersection. We
then prove the desired result Theorem [3.11]using a classic theorem of Stanley in [43]. Note
that this statement requires K to be an infinite field of characteristic 0, an assumption
we make throughout this thesis.

We conclude Chapter 3 with the following result on the smallest possible degree one
can examine when considering the Weak Lefschetz Property:

THEOREM 1.6 (Theorem [3.12)). A(vdw(n, k)) has the Weak Lefschetz Property in de-
gree 1 for all values of n > k > 1.

This results allows us to deduce that in degree 1, all A(vdw(n,k)) have the Weak
Lefschetz Property, regardless of what values n and k take. This result is also proved
using the result from Nao-Dair.

In Chapter 4, we carefully study the first instance where A(vdw(n, k)) fails to have
the Weak Lefschetz Property, which occurs when n = 7 and k£ = 3. We give the following
complete characterization of when A(vdw(n,3)) has the Weak Lefschetz Property:

THEOREM 1.7 (Theorem [4.19). A(vdw(n,3)) has the Weak Lefschetz Property if and
only if n = 4,5, or 6. Forn > 7, A(vdu(n,3)) fails to have the Weak Lefschetz Property
in degree 2.

We prove that A(vdw(n,3)) has the Weak Lefschetz Property for n = 4,5,6 using
the matrix representations of the map in non-trivial degrees. We then study the case of
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A(vdwu(7,3)), the smallest value of n and & such that A(vdw(n,3)) does not have the Weak
Lefschetz Property, by examining the matrix representation of the map in degree 2, where
the failure occurs. The transpose map and Rank-Nullity Theorem are used extensively
to obtain the desired conclusion. The n = 7 case is treated differently also for due to the
reason that it is the only instance of A(vdw(n,3)) where dimy Ay > dimg As. For values
of n > 8, we prove that dimg As < dimg Az, so the multiplication by ¢ in degree two
cannot be surjective. We then use the facet structure of vdw(n,3) to find an element in
the kernel of this map, thus proving that it cannot have maximal rank.

Certain simplicial complexes are also pseudo-manifolds. A pure d-dimensional simpli-
cial complex is a pseudo-manifold if following conditions hold:

(1) all d—1 dimensional faces of the simplicial complex are contained in at most two
facets; and

(2) given any two facets, F,, F}, of the simplicial complex, there exists a sequence of
facets F, = Gy, G1,Ga,. .., G, = F}, such that the dimension of G; N G411 isd—1
forall0<i<n-—1.

A d-dimensional pseudo-manifold has a boundary if it has at least one d—1 dimensional
face that belongs to exactly and only one facet.

Pseudo-manifolds are of interest to us because of a result from Dao-Nair [11] that
relates the presence of the Weak Lefschetz Property of
Klxy, 29, ... 2]
In + (23,23, 22)

to the pseudo-manifold property of A.

The work of Dao-Nair raises the natural question:

QUESTION 1.8. For what values of n and k is A(vdw(n, k)) a pseudo-manifold? And
for the values of n, k such that A(vdw(n, k)) is a pseudo-manifold, which of these pseudo-
manifolds have boundaries?

In Chapter 5, we examine the facet structure of A(vdw(n,k)), and do a case-by-case
analysis for smaller values of n and k to deduce the following answer to Question [1.8}

COROLLARY 1.9. (Corollary[5.6). vdu(n, k) is a pseudo-manifold if and only if:

(1) k=1, andn=2 or 3, or
(2) k=2, andn=2,3,4,5, orn =06, or
(3) k>3, and 5 < k< n.

COROLLARY 1.10. (Corollary @) vdw(n, k) is a pseudo-manifold with boundary if
and only if:

e k=1 andn =2, or
e k=2 andn=2,3,4,5, orn =26, or
e k>3 and 5 < k< n.
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Both corollaries combined with Theorem [5.9] gives us some partial information for
when A(vdw(n, k)) has the Weak Lefschetz Property in degree k:

COROLLARY 1.11 (Corollary [5.10). Let k& > 3. Then A(vdw(n,k)) has the Weak
Lefschetz Property in degree k if 5 < k < n.

In Chapter 6 we briefly discuss some results about when A(vdw(n, k)) has the Strong
Lefschetz Property. Namely we consider two cases, when £ = 1 and when k =n — 1. We
then state some conjectures that were formed during the writing of this thesis for both
the Strong and Weak Lefschetz Property, as well as possible areas of future research. For
example, we conjecture that if A(vdw(n,k)) has the Weak Lefschetz Property, then so
does A(vdw(m, k)) for all values of m < n. However, this appears to be difficult to prove,
and we have counterexamples showing this is untrue for the Strong Lefschetz Property,
which limits some of the tools we are allowed to use to prove this statement. We also
conjecture that for all even values of k, A(vdw(m,k)) always has the Weak Lefschetz
Property. On the other hand, this is not true for the odd values of k. For all odd values
of k, there appears to exists some m such that A(vdw(m,k)) does not have the Weak
Lefschetz Property. We conclude with future areas of research, which include studying
Artinian rings where we do not mod out by the squares of the variables, but by different
powers of the variables. While this increases the complexity of the rings, it may shed
more insight on their properties.

Finally, in Chapter 7 we present tables that clearly indicate for what values of n and
k does A(vdw(n,k)) have the Weak Lefschetz Property, the Strong Lefschetz Property,
or is a pseudo-manifold. The information in these tables was partially generated using
Macaulay2, a computer algebra system [18]. We also present the Macaulay2 code that
was used to figure out when A(vdw(n,k)) has the Weak or Strong Lefschetz Properties,
as well as a package written for the Fields course “Computational Commutative Algebra
and Computational Algebraic Geometry” course with Dr. Stillman to do computations
regarding A(vdw(n, k)). Some of the code provided in this section and used in this thesis
was written by Dr. Lisa Nicklasson and Becky Hooper.



CHAPTER 2
Background

In this chapter, we go over the fundamental concepts required to examine the central
question of this thesis: for which values of n and k does vdw(n, k) have the Weak or Strong
Lefschetz properties. Chapter 2.1 recalls the background on simplicial complexes and their
properties, as well as essential related constructions. Chapter 2.2 reviews Artinian rings
and their properties, whereas Chapter 2.3 introduces the Lefschetz properties. Chapter 2.4
introduces the van der Waerden simplicial complexes, with several examples and known
results. Finally, Chapters 2.5 and 2.6 provide some required background on graph theory
and linear algebra, respectively. The main sources for Chapter 2.1 are [12], [14], [16],
[35], and [45],; and the main sources for Chapter 2.2 are [10], [37], [47], and [48]. The
main sources for Chapters 2.3 and 2.4 are [8], [9], [20], [31], [34], [40], and [41] for the
Lefschetz Properties; and [23], [27] for the van der Waerden simplicial complexes. Finally,
the main sources for Chapters 2.5 and 2.6 are [4], [6], and [42]. Experts may wish to
move directly to the next chapter.

1. Simplicial Complexes

In this first section of this chapter, we define simplicial complexes, and examine some
of their properties.

DEFINITION 2.1. A simplicial complex on a finite set of vertices X = {xy, 29, ,..., 2, },
denoted by A, is a collection of subsets of X (so A by definition is a subset of the power
set of X)) such that the following properties hold:

o {z;} € Aforall z; € X, ie., all sets of singletons are in A, and
eif S Aand A C S, then A € A, ie., A is closed under subsets.

Note that we often omit the empty set when listing out the elements of A. We also
note that the first defining trait is omitted by some authors when defining simplicial
complexes, but for our purpose we include it.

We call elements of A faces. The faces that are maximal with respect to containment
are called the facets of A. If Fi, F5, ..., F, are the facets of a A, then we write A =
(Fy, Fy, ..., Fy), and say A is generated by Iy, Fs, ..., Fj.

The dimension of a particular face F' € A is its cardinality minus 1. Accordingly,
the dimension of the empty set is —1. The dimension of A is the maximal dimension
of all of its faces.
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DEFINITION 2.2. For a simplicial complex A, we denote by f; the number of i-
dimensional faces of A. Then the f-vector of a d-dimensional A is defined as the d-tuple

(anfla <. 7fd—1)-

DEFINITION 2.3. A simplicial complex is called pure if all its facets have the same
dimension.

The following is a technical definition describing certain faces of pure simplicial com-
plexes.

DEFINITION 2.4. The ridge of a pure, d-dimensional simplicial complex A is any face
of dimension d — 1.

Though this definition is used in some literature, we will simply call the ridges of a d
dimensional pure simplicial complex as d — 1 dimensional faces.

EXAMPLE 2.5. Let X = {1, %9, x3, 24,25, 26}. Then

A = {{z1}, {z2}, {x3}, {@a}, {75}, {we}, {21, 3, 25}, {22, T4y T}, {21, 23}, {200, 5},
{$3, .1'5}, {1'27 $4}7 {x% xﬁ}? {1’4, x6}}

is a valid simplicial complex. Its f-vector is (6, 6, 2), so the dimension of A is 2.

EXAMPLE 2.6. Simplicial complexes also arise in graph theory. For more on graph
theory, see later in this chapter. For example, we denote by K, the complete graph on n
vertices, which is the graph where each of the n vertices are connected to every other vertex
by an edge. When a complete graph is a subgraph of a bigger graph, it is also referred to
as a clique. Given a finite, simple graph G on the set of vertices Vg = {x1,x9,...,2,},
the induced graph of G on S C Vj; is the subgraph of G consisting of all the vertices in
S and the edges of G associated to these vertices. This subgraph is denoted Gg. We are
then able to construct the clique complex of G:

A(G) ={S C V| Gs is a clique}
The set A(G) is a simplicial complex.

Now that we have the core definition of simplicial complexes, we can examine key
properties and some related constructions. We begin by constructing the entities needed
to define three main classes of simplicial complexes: shellable simplicial complexes, vertex
decomposable simplicial complexes, and Cohen Macaulay simplicial complexes.

DEFINITION 2.7. A pure simplicial complex is called shellable if we can order its
facets F' = {F, F3, ... F,} such that for all 1 < j < i < n, there exists a v € F; \ F;
and k € {1, ...,i— 1} such that F; \ F}, = {v}.

More intuitively, we call a simplicial complex shellable if its facets can be joined
together in a nice, geometric way. In particular, if the facets can be ordered and then
adjoined together in such a way that the connections, or the intersections, occur along a
face whose dimension is (dim A) — 1, then the simplicial complex is shellable.
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DEFINITION 2.8. Given a simplicial complex A on z1,...,z,, the deletion of vertex
x; is defined to be:

delp(z;) ={F € Al z; ¢ F}.

A vertex z; is a shedding vertex if
{F;| F; is a facet of dela(x;)} C {F;| F; is a facet of A}.

DEFINITION 2.9. Given a simplicial complex A on x1,...,x,, the link of vertex x; is
defined to be:

linka(z;) ={F € Al x; ¢ F and FFU{z;} € A}.

DEFINITION 2.10. A pure simplicial complex A is vertex decomposable if either of
the following hold:

e A ={} or A= (F) for some FF € A, or
o linka(z;), and dela(x;) are vertex decomposable for some shedding vertex x.

Note that vertex decomposability is defined recursively.

We now introduce some relevant abstract algebra. The ring we are working in is R =

K[x1,xs,...,x,]. Throughout this paper, we assume K is infinite and has characteristic
0.

DEFINITION 2.11. The Stanley Reisner ideal of a simplicial complex A, denoted
I, is the ideal generated by the non-faces of A. More formally,

IA = <ZL‘Z‘1 * Tyt IL‘“H LiyyLijg + oo 7?[7it} ¢ A>
Note that by construction, this ideal is a square-free monomial ideal.

DEFINITION 2.12. The Stanley-Reisner ring of a simplicial complex A on X =
{1, ®a,...,x,}, is the quotient ring K[zq, xa,...,x,]/In = R/IA.

The Stanley Reisner ring is an important concept in combinatorial commutative alge-
bra due to the one-to-one correspondence between algebraic objects such as square free
monomial ideals and the combinatorial objects associated to them, such as simplicial
complexes. Before we examine some more properties of Stanley Reisner rings and similar
constructions, we review some required algebra and geometry.

DEFINITION 2.13. If Fy, F5,.. ., F, are elements in R, they form a regular sequence
on S=R/Iif

e [} + I is not a zero divisor of S (this is also known as Fj being regular), and
e [, + I is not a zero divisor on J = R/(I, Fi,...,F;_1), fori=2,... p.

DEFINITION 2.14. The depth of S = R/I is the maximal length of all regular se-
quences Fi,..., F, € (z1,...,2,) C R.
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DEFINITION 2.15. The Krull dimension of a ring R is the maximal length of all
chains of prime ideals in R.

DEFINITION 2.16. A pure simplicial complex A is called Cohen Macaulay if the
depth of R/I, is equal to the dimension of R/Ix.

We have now defined the three main classes of simplicial complexes we will examine in
this thesis. We will see in later sections that for the specific simplicial complexes studied
in this thesis, the presence of either of the three properties implies that all three hold. In
a general setting, we have the following result connecting the three classes of simplicial
complexes we have just discussed:

THEOREM 2.17. Let A be a pure simplicial complex. Then the following implications
hold:

vertex decomposable — shellable — Cohen Macaulay.

2. Graded and Artinian Rings

We now examine Artinian rings, and their main properties. While a Stanley-Reisner
ring R/I is never Artinian except in the case that A = {}, we show how to associate to
a simplicial complex A an Artinian Ring.

DEFINITION 2.18. A commutative ring is a Noetherian ring if every increasing
sequence of ideals I; C I, C --- has a maximal element.

Note that we make an assumption that all of our rings are commutative.
DEFINITION 2.19. A ring is local if it has a unique maximal left (or right) ideal.

REMARK 2.20. An equivalent definition states a ring is Noetherian if every ideal is
finitely generated.

DEFINITION 2.21. A ring R is said to be graded if it is a direct sum of abelian groups,
R =&, s Ri, such that R;R; C R;; for all i, j € G.

DEFINITION 2.22. An element f € R is homogeneous if f € R; for some i. An ideal
I of a graded ring R is a homogeneous ideal if it is generated by homogeneous elements.
A polynomial ring, R = K|y, xs,...,x,| is naturally graded. We can consider each
graded component to be the vector space spanned by the monomials of degree i. So
R;={f € R | every term of f has degree d}.

Also note that by construction, the Stanley-Reisner ideal Ia is generated by monomials,
making the ideal Io a homogeneous ideal.

We now define a key concept:

DEFINITION 2.23. The radical of an ideal I in R, denoted v/T is:
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VI ={r € R|r" €I for some positive integer n}
DEFINITION 2.24. An Artinian ring is a ring whose Krull dimension is 0.
Note that this is one of many equivalent definitions of Artinian rings, though its the

one that best fits our context. Another way to think of Artinian rings is as graded rings
where there is a finite number of non-zero graded components.

LEMMA 2.25. A ring R=K [x1,...x,]/I is Artinian if and only if VI = (11, 29,. .., 1y),
where the ideal on the right is the mazximal homogeneous ideal.

In our case, when considering Stanley-Reisner Ideals In, we see that its radical is
equal to itself and not the maximal homogeneous ideal, making the Stanley Reisner ring
of our simplicial complex not Artinian. However, we can adjoin to our ideal powers of
our variables. Eeach power can be different provided that they all are greater than 2, as
powers of 1 change Ia.

DEFINITION 2.26. Given a simplicial complex A, the ring R/(Ia, z{", x52, ... 2%"), is
a Artinian ring and is denoted by

A=AA a1, a9,...,a,).
For a fixed simplicial complex A,
A(A ay, a9, ... a,) = Klxy, .o x,]/(Ia, 20 .0 20m).
This is a graded Artinian ring, so there exists some e such that
A=A A ®... P A,

where A; consists of all the elements of degree i of A. Note that A..1 = Acyo =--- =0
because (Ia,z]", ... 2% )er1 = (T1,...,%pn)et1 for some e >> 0.

When we examine the Artinian rings related to the van der Waerden simplicial com-
plexes in the following sections will consider the case where a; = 2 for all i.

When a1 = ---a, = 2, then a basis for A; is
{@i, -y, +J | {4y, ... 24, } is a face of dim i of A},
where J = Ia + (2%,...,22).
EXAMPLE 2.27. Let A = {x1, z9, x3, x129, x2x3}. Then
A(A,2,2,2) 2 Ky, 00, 23]/ (I, 22, 23, 23) = K |21, 19, 23]/ (2123, 27, 23, 23).

Then we get the following basis for the graded components:

AO = <1>7
Al = <$1,$2,x3>,
Ay = <9€1I2,l‘2$3>,

A; = O0forallz> 3.
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Although the notion of socle is not essential in our study, the socle vector of the
van der Waerden simplicial complexes are nicely defined and easy to compute. We thus
introduce the notion and related constructions here.

DEFINITION 2.28. The socle of an Artinian ring A, denoted soc(A), is a homogeneous
ideal that is the annihilator of A’s maximal homogeneous ideal (which we have previously
defined as (x1,za,...,2,)). More formally (keeping in mind that we are working with
elements in quotient rings),

soc(A) = {a € A| azx; = 0 for all i}.
We can also define the socle vector of A, denoted s(A), as the following:
s(A) = (S0, 51y -+ Sk)

where each component s; is the dimg soc(A);. The socle vector essentially tells us how
many linearly independent socle elements exist in each degree

DEFINITION 2.29. A top socle is any monomial in the Artinian ring with highest
degree.

DEFINITION 2.30. The top socle degree is the degree of any top socle monomial.
DEFINITION 2.31. The type of a socle vector s(A) = (sg, S1,- .., Sk) is Zf:o Si.

We can define two new classes of algebras using the socle vector:

DEFINITION 2.32. If the socle vector of a graded algebra is s(A) = (0,0,0,...,sx = 1),
then the ring is said to be level of type t. If a level algebra is of type 1, it is said to be
Gorenstein.

A result by Van Tuyl and Zanello in [46] significantly reduces the complexity of com-
puting the socle vector for the Artinian Ring A(A, ay, as, ..., a,). This result changes the
computation of the socle vector from a problem dealing with the annihilators of ideals to
one of counting over facets. The result it stated below (without proof):

THEOREM 2.33. Let A be a simplicial complex and F (A) be the set of its facets. Then
the Artinian ring R/(Ia, 2", x5?, ..., x%) with a; > 2 for all i has the following socle
vector:

s(A) = (so, 1, - -, Sk), where
=#{F € F(A) | Xqerlai—1) =}
For the Artinian ring in focus for this thesis, we get the following corollary:

COROLLARY 2.34. If A= A(A,2,2,...,2), the statement for s; becomes:

sp = #AFEFA) ] Xpeple —1) =3}
= #{FeF(A) ] X p(2-1) =7}
#AF € F(A) | Xperl =17}
= #{F € F(A) with j elements }.
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So if our simplicial complex is pure (and all facets are of the same size), then the socle
vector of its corresponding Artinian ring has all zeros except for one particular s;. We
will return to this idea once we have defined the van der Waerden simplicial complexes.

Another key characteristic of graded rings is their Hilbert function, which we now

define.

DEFINITION 2.35. The Hilbert function of a graded ring R = @, R; is the func-
tion that maps a natural number to ¢ to dimyg R;.

DEFINITION 2.36. The Hilbert Series of a simplicial complex is the power series in
the variable t where the coefficient of ¢* is the number a was mapped to by the Hilbert
function, i.e the coefficient is dimg R,.

When we are working with simplicial complexes, the definition of the Hilbert Series
simplifies using f-vectors using a result from [45] as follows:

THEOREM 2.37. For a simplicial complex A with f-vector (fo, f1,--., fa_1), if we
define f_1 =1, then the Hilbert Series is of the form

HS(R/[A, t) _ Zd*l fititl

i=—1 (1—t)t1"

3. Lefschetz Properties

The crux of this project will be examining which van der Waerden simplicial complexes
have the Weak Lefschetz Property, and which ones have the Strong Lefschetz Property.
We define the properties of interest here, but the set-up remains the same as the last
section. We have an Artinian ring A = R/(Ia, 2, 252, ..., 2% ) with a; > 2 for all i,

where R is the polynomial ring on zy, ...,z, over a field of characteristic 0. Let ¢ be a
general linear form.

DEFINITION 2.38. The graded Artinian ring A has the Weak Lefschetz Property
(WLP) if the homomorphism created by multiplication by ¢:

Xl : Az — Ai-}—l
is either injective or surjective (i.e., has maximal rank) for all i.

DEFINITION 2.39. The graded Artinian ring A has the Strong Lefschetz Property
(SLP) if the homomorphism created by multiplication by ¢¢:

ng : Az — Ai+d
is either injective or surjective (i.e., has maximal rank) for all values of ¢ > 0 and d > 0.

Note that this implies if dimy A; > dimy A;,1, then the map x/¢ cannot be injective,
so for it to have maximal rank it must be surjective. Similarly, if dimy A; < dimy A;1,
then the map x¢ cannot be surjective so for it to have maximal rank it must be injective.
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DEFINITION 2.40. The Non-Lefschetz Locus of an Artinian Ring A(A), denoted
Ly 1, is the set of all linear forms ¢ such that multiplication by ¢ does not have maximal
rank.

This definition is also known as the Non-Weak Lefschetz Locus. The Non-Strong
Lefschetz Locus is defined analogously.

In [21], a complete characterization of what Hilbert Functions are possible for K-
algebras with the Weak Lefschetz Property is given. We state one important instance
below, which is also studied closely in [36]:

THEOREM 2.41. If the Artinian algebra R/I has the Weak Lefschetz Property (or even
the Strong Lefschetz Property), then its Hilbert Function must be unimodal (increases or
stays constant up to a certain mazximal point, and then decreases or stays constant).

This project also uses the following result from [32] for computations:

THEOREM 2.42. An Artinian ring defined on R = K [x1,...,2,]/I, for a monomial
tdeal I and infinite field K, has the Weak Lefschetz Property if and only if multiplication
by the standard linear form

C=x1+20+- - +x,

has maximal rank.

This theorem greatly simplifies detecting when a ring has the Weak Lefschetz Property,
as generally one would need to prove that multiplication by an arbitrary general linear
form has maximal rank, but this lemma reduces the problem to checking if multiplication
by one, standard linear form is enough. Due to the essential nature of this result, we
present a proof for this theorem from [32].

Proor. We define A = M If A has the Weak Lefschetz Property, then multi-
plication by /¢, a general linear form, has maximal rank by definition. Thus one direction
of the proof is straightforward.

For the opposite direction, let M be the set of minimal generators of 1. We know such
a set exists because all monomial ideals have a unique minimal set of generators [22].

Let L = a1x1 4+ asxs + - - - + a,x, be a general linear form with a; € K. We begin by
assuming that a; is non-zero for all i.

Thus, we can rescale all of our coefficients so that the final one, a,, is equal to 1. We
can then create a dependency relation where z is written as a linear combination of the
other a;x;, for 1 <7 <s—1.

We now define a new polynomial ring S = Klzy,...25-1]. In S, we construct an
ideal J generated by the generators of M altered so that x, is rewritten using the other
variables and the a}s based on the dependency relation constructed above. Note that
this construction now implies A/LA = S/J. The minimal generators of J have the form
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it :L’f_’f(alxl + aswy + ... + as_175 1), Since all of the a; were chosen to be non-
zero, altering these generators to the form aw{l o1 g ) (—agmy — agT + ... —
as 175 1)’ does not alter the idea J. Again by construction, our ring S is isomorphic
to the ring K[yi,ya,...ys—1] by the isomorphism that maps each y; to a;x;. A/LA and
A/(x1+ 2+ ...+ xs) both have the same Hilbert function. But by the remarks regarding
the Hilbert function of algebras with the Weak Lefschetz Property above, the Hilbert
function of A/LA indicates whether L is a Lefschetz element of A, so x; + 2o+ -+ + 2,

is a Lefschetz element in both rings, completing the proof. 0

Note that K has to be an infinite field for this result to hold. This is an assumption we
will make throughout this thesis: our field K is infinite and of characteristic 0. Note that
for the computations shown in the next section, the Weak Lefschetz Property of the the
van der Waerden simplicial complexes were computed using Theorem [2.42| on Macaulay?2.

LEMMA 2.43. Multiplication by the standard linear form x{ = X(x1 + x9 + ...+ )
Ay = Agyqis a linear transformation of vector spaces.

PROOF. Let a;1,a;s be two arbitrary elements in A;, and rq,r, be two arbitrary

constants in K. Then (ria;; + roa;) X £ = (rian + reap) X o1 + 22 + ... + 2, =
ria;1 X (x1+x2+...+xn)+’r’2ai2 X (I1+$2++In) = Tl(ail X£)+T2(ai2 Xg),
as wanted. O

We worked out the details shown above so that we can use the matrix representation
of this map to deduce its properties.

We now state some key properties of the Lefschetz Properties. While we do not use
all of them in this paper, they provide some insight into why these properties are studied
carefully.

THEOREM 2.44. [48] Taking the tensor product of two algebras that have the Strong
Lefschetz Property also has the Strong Lefschetz Property. More formally, if (R, (1) and
(Ra, ls) have the Strong Lefschetz Property, where {; are general linear forms, then

(R1 ®@ Ry, 1 @14+ 1® (3)
also has the Strong Lefschetz Property.

This result enables us to construct algebras with the Strong Lefschetz Property from
algebras that are known to have the Strong Lefschetz Property.

We now state a theorem from [33] that gives conditions on when the map x¢ has

maximal rank in certain degrees.

THEOREM 2.45. Consider a graded Artinian ring A = R/I with graded components A;,
and the map x{ : A; — A;11 for some linear form £. Denote by x{4 the homomorphism
obtained by x{ : Ay — Agy1 for some d > 0.

o If xVy is surjective for some d, then x{q is surjective for all d > d.
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o If XUy is injective for some d and A is level, then x{y is injective for all d < d.
o [fdimg Ay = dimg Agry1 for some d and A is level, then A has the Weak Lefschetz
Property if and only if x{q is injective (or equivalently if x £y is an isomporphism,).

4. The van der Waerden Simplicial Complex

We are now ready to introduce the main object of this project, the van der Waerden
simplicial complexes. We also examine several constructions and properties.

DEFINITION 2.46. The van der Waerden simplicial complexes is a family of
simplicial complexes defined on two parameters n (the number of vertices) and k (the
dimension). For n > k, the van der Waerden simplicial complex over (n, k), denoted
vdw(n, k), is generated by facets that correspond to all valid arithmetic progressions
{Zi,Tirq, .., Tiykay where 0 < i < i+ kd < n.

One might find it easier to interpret the value of k as the number of ”jumps”, so the
facets of vdw(n, k) are of size k + 1.

Note that we consider {z;, T;1q, ..., Tirrq} instead of {i,7+d,... i+ kd}, as we are
working in the polynomial ring R = K|z, za,. . .,x,].

EXAMPLE 2.47. Consider n = 5,k = 3, and vdw(5, 3). Facets derived from arithmetic
progressions with d = 1 are Fy = {xy,z9, 23,24}, and Fy = {x9, 23,24, 25}. There can
be no facets derived from arithmetic progressions with d = 2, as even starting with the
smallest index 1 results in the facet = {z1,x3, x5, 27}, and 7 > 5. Thus vdw(5, 3) is the
simplicial complex generated by facets F; and F5.

Although the family of van der Waerden simplicial complexes is algebraic in nature,
the inspiration and construction came from different fields, such as number theory and
graph theory. The construction is strongly related to van der Waerden’s Theorem in
graph theory (particularly Ramsey Theory), which can be found in [19] and [44] and is
stated below for the reader’s interest:

THEOREM 2.48. Let r and k be positive integers. Then there exists some positive
integer N such that if the set {1,2,..., N} is coloured (with each integer coloured with
one colour out of r different options), then the arithmetic progression of elements of
the same colour has at least k integer elements. We denote by W(rk) the smallest N for
which this 1s true.

We now define some useful characteristics of the van der Waerden simplicial complexes.

DEFINITION 2.49. Given a facet of vdw(n, k), say F = {x;, Titd,. . -Titra}, we define d
to be the jump factor of F, and denote it jump(F).

ExAMPLE 2.50. For vdw(7,2), the facet {z1, z3, x5}, has jump factor 2.
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DEFINITION 2.51. For a valid facet of vdw(n, k), vertices of the form z, for odd a are
odd entries, and vertices of the form x; for even b are even entries.

EXAMPLE 2.52. For vdw(7,2), the facet {z1, xq, x3}, the vertices z; and x3 are odd
entries, whereas o is an even entry vertex.

Let us now consider a couple of examples of van der Waerden simplicial complexes:

ExXAMPLE 2.53. Consider vdw(7,2). The facets of this simplicial complex should have
241 = 3 elements. Since the n and k values are relatively small, we can compute the
generators of vdw(7,2) by considering all possible arithmetic progressions for all different
valid jump sizes:

e Progressions of size 1: {1, xa, w3}, {x2, x3, x4}, {3, 24, x5}, {24, x5, 26}, {25,
T, T7}

e Progressions of size 2: {z1, x3, x5}, {T2, x4, x6}, {73, T5, 7}

e Progressions of size 3: {xy, x4, 27}

At this point, we can no longer have any more arithmetic progressions of size 1, 2, or 3,
as the index of the last z; in each set would exceed n = 7. Furthermore, we can not have
any arithmetic progressions of size 4 (or higher) for the same reason. Thus this list of 9
facets exhaust the list of all generators for vdw(7,2).

ExAMPLE 2.54. Consider vdw(8,3): The facets of this simplicial complex have 3+1
= 4 elements. Since the n and k values are relatively small, we can compute the facets
of vaw(8, 3) by considering all possible arithmetic progressions for all different valid jump
sizes:

e Progressions of size 1: {x1, xo, x3, x4}, {22, x3, T4, x5}, {73, 74, x5, 76},
{4, @5, w6, w7}, {5, T6, X7, T8}
e Progressions of size 2: {x1, x3, x5, 27}, {2, T4, Ts, Ts}.

This list of seven facets exhaust the list of all facets for vdw(8, 3).

We now examine several different properties of the van der Waerden simplicial com-
plexes.

PROPOSITION 2.55. The van der Waerden simplicial complexes are pure for all values
of n and k.

ProoOF. This is immediate by the way they are constructed, as dim vdw(n, k) = k. O

A result of Hooper and Van Tuyl [27] classifies which van der Waerden simplicial
complexes are shellable based on the values of n and k. We present that statement here:

PROPOSITION 2.56. Let 1 < k < mn. Then vdu(n, k) is shellable if and only if:

o n <6, or
en>6and k=1, or
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en>6andn/2<k<n.

A recent result of Hibi and Van Tuyl [23] states that for van der Waerden simplicial
complexes, the three main classes of simplicial complexes we discussed earlier all merge
into one, and can all be classified using Hooper’s findings above:

PROPOSITION 2.57. Let 1 < k <n. The following are equivalent:

vdw(n, k) is shellable <= vdu(n, k) is Cohen-Macaulay <= vdu(n, k) is vertex
decomposable.

Our last note on the properties of the van der Waerden simplicial complexes A is
regarding the socle vector for the Artinian ring R/(Ia, 7", 252, ..., 2%") with a; > 2 for
all 7. From Theorem [2.33] we know the socle vector for a general Artinian ring of this
form is (s1, S2,...5,) where s; denotes the number of facets in the simplicial complex’s
facet set with i elements. But vdw(n, k) is pure for all valid values of n and k, so all facets
are of the same size. Furthermore, we see by construction that all the facets have k + 1

elements. This gives us the following result:

PROPOSITION 2.58. The socle vector of R/(Lyau(ni)s €1, 23, ... 22) is (0,0,..., k1),

where ki1 18 the number of facets of vdw(n, k).

5. Graph Theory Background

In this section, we recall some key definitions and theorems needed from graph theory
for this thesis.

DEFINITION 2.59. A graph G is said to be bipartite if its set of vertices can be
divided into two disjoint sets, A and B, such that each edge of G has one edge in A and
the other edge in B. Alternatively, a graph is bipartite if it does not contain any cycles
of odd-length.

We also have the following lemma classifying when the complete graph on n vertices
(K, previously defined Example are bipartite.

LEMMA 2.60. The graph K, s bipartite if and only if n =1, 2.

ProoF. K; and K, are both bipartite, the former trivially as it is only one vertex
with no edges, and the latter as it is two vertices that we can place into separate sets, and
the sole edge between them. K, for n > 3 is not bipartite, as picking any three arbitrary
vertices are connected, and so a triangle (odd-cycle) is present in all such graphs. 0J

We now present some more concepts of basic graph theory used in this thesis.

DEFINITION 2.61. Given a graph, a walk is a sequence of edges (ey, es, ..., es) such
that e; Ne;q # 0 for all . A walk where the all edges and vertices are distinct is referred
to as a path. A path that starts and ends at the same vertex is called a cycle.
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DEFINITION 2.62. Two vertices of a graph are connected if there exists an edge
between them. A graph is connected if there exists a path between any two vertices.

DEFINITION 2.63. A component of a graph G is a connected sub-graph of G that is
not part of any larger connected sub-graph.

REMARK 2.64. K, is a connected graph, as by definition each vertex is connected to
another by an edge, for all values of n. Thus, K, has only one connected component,
namely itself.

DEFINITION 2.65. A tree is an undirected, connected graph with no cycles

We now present a definition that bridges concepts between graph theory and simplicial
complexes.

DEFINITION 2.66. The dual graph of a pure, d-dimensional simplicial complex A is
the graph created by placing a vertex for each facet of A, and placing an edge between
two vertices if and only if the facets represented by them share a ridge.

6. Linear Algebra Background

In this final section, we review some fundamental concepts of linear algebra that we
will be using throughout this thesis. While these concepts may be elementary, they are
essential for the simplification of the central problem of this thesis into a study of maximal
rank. All results from this section can be found in [4] and [42]. We begin with the concept
of matrix representations of linear transformations.

THEOREM 2.67. Let N and M be two vector spaces, of dimensions n and m respec-
tively. Let A = {ay,as,...,a,} be a basis of N, and B = {by,ba,...,by} be a basis of
M. If T is a linear transformation T : N — M, then there is a unique m X n matrix
representation of the linear transformation, denoted by Ty A, constructed by letting the
i-th column be T'(a;), written as a linear combination of the basis elements in B. This
matriz has the property that for all n* € N,Tpa - [n*]a = [T'(n*)]|p, where [n*]4 and
[T (n*)|p are the respective coordinate vectors.

(x +

ExAMPLE 2.68. Consider the linear transformation T : R* — R? by T'(z,y) =
y,2x — 3y). Using the basis by =(1,0) and by =(0,1) of R?, we see T'(by) = (1,2) and

T'(by) = (1,—3). So the associated matrix would be

(2 3)

This key theorem allows us to alternate between a linear transformation and its equiv-
alent matrix representation to see which properties, such as injectivity, surjectivity, and
maximal rank, are present.

We now review some core definitions and properties of matrices:



6. LINEAR ALGEBRA BACKGROUND 20

DEFINITION 2.69. Let v1,vs,...,v, be a set of n vectors in a vector space V over a
field F'. The set of all possible linear combinations of these vectors using coefficients in ¥
is called the span of these vectors, that is,

span(vy, va, ..., v,) = {ayvy + agua + ... + ayv, | a; € F for all i}.
DEFINITION 2.70. The column rank of a m x n matrix is the dimension of the span

of its columns. The row rank of a m x n matrix is the dimension of the span of its rows.

We now present several classic theorems and corollaries about the rank of a matrix.

THEOREM 2.71. For a m x n matriz A, its row rank is equal to its column rank.

THEOREM 2.72. A matriz and its transpose matriz both have the same rank.

COROLLARY 2.73. The rank of a m X n matriz A must be less than or equal to
min(m,n)

THEOREM 2.74. Suppose T is a linear transformation T : N — M, where N and M

have dimension n and m respectively. Suppose M(T)mxn is the matriz representation of
T . Then:

(1) T s injective if and only if the rank of M(T)mxn is n (the matriz has maximal
column rank)

(2) T is surjective if and only if the rank of M (T )mxn is m (the matriz has maximal
row rank).

We end this chapter by recalling the Fundamental Theorem of Linear Maps:

THEOREM 2.75. (The Fundamental Theorem of Linear Maps) IfV is a finite-
dimensional vector space, and T : V — W s a linear transformation, then the range of
T is a finite dimensional space such that dimV = dim null T + dim range T



CHAPTER 3

Families of A(vdw(n,k)) that have the Weak Lefschetz Property

In this chapter, we identify some cases where the Weak Lefschetz Property holds
for A(vdw(n,k)). We show that for the smallest possible values of k, namely 1 and 2,
A(vdw(n, k)) always has the Weak Lefschetz Property. We use ideas from linear algebra,
as well as some results from Dao-Nair [11] to prove this. We then use a classic result
of Stanley [43] to prove that for the largest possible value of k, namely & = n — 1,
A(vdw(n,n — 1)) also always has the Weak Lefschetz Property. We conclude the chapter
by showing that all A(vdw(n,k)) have the Weak Lefschetz Property in degree 1, the
smallest possible non-trivial degree.

1. vdw(n, 1) and vdu(n,2)

In this section, we consider the van der Waerden simplicial complexes vdw(n, k) where
the value of k is one or two. We begin by re-establishing some notation and defining some
key terms required to use a result from [11].

NOTATION 3.1. Given a simplicial complex A, we denote by A(A) the Artinian ring
constructed using the Stanley-Reisner ideal of A, as well as modding out by all the squares

of the variables. That 1is,
R

- In + (23,23, 22)
DEFINITION 3.2. The 1-skeleton of a simplicial complex A is a graph created by

using the same vertex set of A, but setting the edge set to be the one-dimensional faces
of A.

A(A)

We now state, without proof, a key theorem we will use multiple times in this chapter;
the detailed proof can be found in [11].

THEOREM 3.3. Let A be a simplicial complex, and let G(A) be its 1-skeleton.

(1) If dimg(A2) > dimg(Ay), then A(A) has the Weak Lefschetz Property in degree
1 if and only if G(A) has no bipartite components.

(2) If dimy(A2) < dimg(Ay), then A(A) has the Weak Lefschetz Property in degree
1 if and only if every bipartite component of G(A) is a tree (contains no cycles),
and every mon-bipartite component of G(A) has the same number of edges as
vertices. If this condition holds, then A(A) has the Weak Lefschetz Property in
all degrees.

21
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This theorem allows us to prove the following result:

THEOREM 3.4. A(vdw(n, 1)) has the Weak Lefschetz Property for all integers n > 2.

PROOF. Let us first consider the dimension of the different A;, our graded components
of A= A(A) when A = vdw(n, k). We have dimy Ay = 1, as the degree zero elements of
the Artinian ring is the set of constants. We also have dim; A; = n as it is the number
of vertices, the one-dimensional elements in the ring. For n > 2, the set of all facets
of vdw(n, 1) consists of all possible pairs of vertices {x1,zs,...,2,}. Thus, dimy Ay =

(;) = ”("2’1), the number of all possible edges using n vertices. To apply Theorem ,

we need to see which case of the theorem holds. We compute the following:

(n)(n —1)

n
5 >

which implies (n)(n —1) > 2n
which then implies (n — 1) >

or equivalently, n > 3,

with the progression from the second to third step being due to the fact that n cannot be

zero. Note that for the edge case vdw(3,1), dimy A; = n = 3, and dimy Ay = (3)2& = 3.

So if n > 3, we are in case 1 of Theorem and A(A) has the Weak Lefschetz
Property in degree 1 if and only if G(A) has no bipartite components. By construction,
G(A) is K, as all possible edges between different vertices are valid 1-dimensional faces
of A. From Theorem [2.60] we know K, is not bipartite if n > 3, and from Theorem
we know K, has no bipartite components, as it has only one component. So by condition
one of Theorem [3.3| A(vdw(n,1)) has the Weak Lefschetz Property in degree 1 for all
values of n > 3.

For the Weak Lefschetz Property in degree 0, if we pick an arbitrary non-zero constant
from Ay, it is sufficient to check multiplication by the standard linear form

l=21+224+ -+,

has maximal rank (by Theorem [2.42)). However, no non-zero constant when multiplied by
¢ yields zero, ensuring that the map is injective and has maximal rank. So A(vdw(n, 1))
also has the Weak Lefschetz Property in degree 0 for all values of n > 3.

Since vdw(n, 1) is 1-dimensional and has facets of cardinality 2, vdw(n, 1) has no faces
consisting of three vertices. This implies dim, A; = 0 for all # > 3. So the image of
our map x¢ : Ay — Az is trivial, and as such, surjective and has maximal rank. Thus
A(vdw(n, 1)) has the Weak Lefschetz Property in degree 2 for all values of n > 3. Similarly,
since dimy, A; = 0 for all ¢ > 3, the maps in higher degrees are all the zero maps and are
surjective and injective trivially, concluding that A(vdw(n,1)) has the Weak Lefschetz
Property for all degree > 3. Combined with our result directly above, A(vdw(n, 1)) has
the Weak Lefschetz Property for all n > 3.
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For vdw(2, 1), dimy A; = n = 2, and dimy Ay = (2)(371) = 1. So we are in Case 2 of
Theorem [3.3, But note G(A) is K5, which is just two vertices connected by an edge. This
is a bipartite graph that is a tree by construction, and has no non-bipartite components.
So by Case 2 of Theorem [3.3] A(vdw(2,1)) not only has the Weak Lefschetz Property in

degree 1, it has the Weak Lefschetz Property in all degrees.

Combining the results above, A(vdw(n,1)) has the Weak Lefschetz Property in all
degrees for all n > 2. O

We now present an alternate proof for A(vdw(n, 1)) having the Weak Lefschetz Prop-
erty in degree 1 using concepts of linear algebra presented in Chapter 1.6, instead of
Theorem The proof presented above for A(vdw(n,1)) having the Weak Lefschetz
Property in degrees k = 0, and k > 2 still hold, as those were proved by the construction
of A; and not using Theorem [3.3

PROOF. In this alternate proof, we consider the matrix representation of the homo-
morphism created by multiplication by ¢ (please see examples of such matrices presented
at the end of this proof). When we create this matrix representation, the columns repre-
sent the basis elements in our domain A;, which are our variables z1,...,x,. The rows
represent the basis elements in our co-domain A,, which are all possible products of any
two of the variables in A;. Our matrix will thus have n columns, and (Z) rows. Note that
for our rows, any variable can be paired with any other, so each column will have n — 1
ones, and the remaining entries will all be zeros. Arranging the rows lexicographically,
we see the following patterns:

The first n—1 rows represent the products x1x2, 123, x124, . .., T12,. The first column
of these n — 1 rows will all be 1, as x; is present by construction in all these products.
The remaining columns, which each represent some z; for 2 < ¢ < n, will have a 1 in
the row corresponding to x;z;, and 0 in all other rows. Since the columns were ordered
lexicographically, this results in a (n — 1) x (n — 1) identity matrix.

We now consider the next n—2 rows. These represent the products xex3, 224, . . ., Tox,
(and we note that the row representing xizo has already been dealt with). All n — 2 of
these rows have a 0 in column 1, as none of the products involve x1, and likewise they all
have a 1 in column 2 as all of these products involve x3. The remaining n — 2 columns,
each representing some z; for some 2 < ¢ < n has a 1 in the row representing zox; and
a 0 in all other rows. Similar to above, the lexicographic ordering of both the rows and
columns result in a (n — 2) x (n — 2) identity matrix block.

The pattern continues for the remaining rows representing some product z;x;. The
final row, which represents the product x,,_;x, will have a 0 in the first n — 2 columns,
and a 1 in the last two columns representing x,_; and x,. In total, we get the following
pattern for the entire matrix:

e The first n — 1 rows have a 1 in their first column, and is then followed by a
(n —1) x (n — 1) block identity matrix.
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e The next n — 2 rows have a 0 in their first column, a 1 in their second column,
and is then followed by a (n — 2) x (n — 2) block identity matrix.

e The next n — 3 rows have a 0 in their first and second columns, a 1 in their third
column, and is then followed by a (n — 3) x (n — 3) block identity matrix,

o ...

e The third-last and second-last columns have a 0 in the first n — 3 columns, all 1s
in the third-last column, followed by a 2 x 2 identity block.

e And finally, the last column has all 0s, except for the last two columns, which
are both 1s.

For a matrix of size (g) X n to have maximal rank, it must have n linearly independent
rows or columns. Consider the first n — 1 rows. These rows have a 1 in the first column
followed by a n — 1 x n — 1 identity matrix (which has n — 1 linearly independent rows).
The 1 in the first column does not affect the linear independence of these rows due to the
placement of the 0’s in the identity block, so the first n — 1 rows are linearly independent.
We claim that the set of rows obtained by including the last row to the first n — 1 rows
is also linearly independent. We denote the last row by R, and the first n — 1 rows, by
Ry, Rs,..., R, 1. For these rows to be linearly independent, then the equation

61R1 + CQRQ + ...+ Cn—an—l + Can =0
forc; € K, 1 <i<mn—1, must all be 0. We can alternatively rewrite this as
ClRl -+ CQRQ + ..+ Cnfanfl = —Can.

Both sides of the equation are 1 x n row vectors. For the statement above to be true,
we can equate coordinates so that the following must hold:

(Cl +c+...+ Cn—1,C1,C2,...,Cn—2, Cn—l) = (07 07 s 707 —Cn, _Cn>-

This tells us:

(1) S5 e =0,

(2) cp=co=c3=---=c¢,_3=0, and

(3) cho =cCh_1 = —Cp.
The first two facts combined imply ¢,,_o + ¢,_1 = 0. This fact combined with the third
fact implies —¢, + —¢, = 0 <— —-2¢, =0 <— —-¢, =0 <= ¢, = 0. Butif
¢, = 0, then by fact three we have ¢, 5 = ¢,_1 = 0. Thus the coefficients ¢; = 0 for all

1 <i<n. So Ry, Rs,..., R, must all be linearly independent, as wanted. This gives us
n linearly independent rows, implying the matrix has maximal rank. Thus A(vdw(n, 1))
has the Weak Lefschetz Property in degree 1 for all n > 2, as wanted. 0

We now present the matrix representation of x ¢ for some small values of n. Note
that the following matrices and the map x/¢ from A; to Ay both have the same rank.
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For n = 3: Note that {z1, x5, 23} is a basis for Ay, and {129, 2123, zo23} is a basis
for Ay. The matrix for the map x/¢: A; — Ay with respect to these basis is:

Ty T2 T3

1 1 0 T1X2
1 0 1 T1T3
0 1 1/)zox3

For n = 4: Note that {xy, z9, 3, x4} is a basis for Ay, and {x1x9, 123, T124, T2T3, ToTy, T3Ts}
is a basis for A,. The associated matrix is:

X1 T2 T3 T4

1 1 0 0\zix
1 0 1 0 T1T3
1 0 0 1 14
0 1 1 0 Tols
0 1 0 1 |xoxy
0 0 1 1/ x324

For n = 5: Note that {x1, 29, x5, 4,25} is a basis for A, and
{2109, 1103, 0124, T1T5, ToT3, ToTy, ToTs, T3Ty, T3T5, T4Ts )

is a basis for A,. The associated matrix is:

Tr1 T2 X3 T4 Ts

1 1 0 0 0 T1T9
1 0 1 0 0 T1T3
1 0 0 1 0 |xiz4
1 0 0 0 1 |xzs
0 1 1 0 0 To3
0 1 0 1 0 Loy
0O 1 0 0 1 |xoxs
0 0 1 1 0 T34
0O 0 1 0 1 )zzzs
0 0 0 1 1/ axuxs
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For n = 6: Note that {xy, z2, x5, x4, T5, 26} is a basis for Ay, and
{IE1$2, T1X3, X1T4, T1X5, L1X6, L2X3, LaX4, X2X5, LaX6, X3L4, L3X5, L3L6, LaXs, T4Tg, 935%}
is a basis for A,. The associated matrix is:

r1 T2 I3 T4 Ty Tg

1 1 0 0 0 0 T1T9
1 0 1 0 0 0 T1T3
1 0 0 1 0 0 |zi24
1 0 0 0 1 0 T1Tx
1 0 0 0 0 1 T1Tg
0 1 1 0 0 0 Tols
0O 1 0 1 0 0 |zaxa
0 1 0 0 1 O |zaws
0 1 0 0 0 1 ToZg
0 0 1 1 0 0 T3Ly
0 0 1 0 1 O [x3ws
0 0 1 0 0 1 |z3ws
0 0 0 1 1 0 Loy
0 0 0 1 0 1 |zyxg
0 0 0 0 1 1/)xs

We have shown above that if & = 1, then for all n > 2, A(vdw(n, 1)) has the Weak
Lefschetz Property in all degrees. We now attempt to show the same for the next natural
value of k. Before we get to the proof, we state and prove a lemma.

LeMMA 3.5. If {x;,xj,x,} is a facet of vdw(n,2) that contains the verter x,, then
{z;,x;} is not contained in any other facet containing .

PROOF. Suppose {z;,z;} is contained in a facet F' of vdw(n,2) also containing z,.
So {z;,z;,x,} € F. But vdw(n,2) is a pure simplicial complex of dimension 2, so
{z;,xj,z,} = F. Thus, if z;,z;,x, are all part of some facet F', then the facet F' is
unique. O

We can now state the main theorem for the case k = 2.

THEOREM 3.6. A(vdw(n,2)) has the Weak Lefschetz Property for all integers n > 3.

PROOF. Let A = A(vdw(n,2)). We prove this theorem in cases by showing the map
x{: A; — A;yq1 has maximal rank for all integers ¢ > 0.

Case 1: Degree 0, i.e., the map x/¢: Ay — A

Similar to vdw(n, 2), for checking the Weak Lefschetz Property in degree 0, Theorem

tells us it is sufficient to check multiplication of an arbitrary non-zero constant from
Ap, by the standard linear form ¢ = x; + x5 + -+ - + x,, by Theorem However, no
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non-zero constant when multiplied by ¢ yields zero, ensuring that the map is injective and
has maximal rank. So A(vdw(n,2)) also has the Weak Lefschetz Property in degree 0 for
all values of n > 3.

Case 2: Degree 1, i.e., the map x/: A; — A,

To use Theorem in our proof, we first compute the dimensions of A;, Ay, and Az
for some small values of n, noting that dimyA, is always one.

(1) vadw(3,2) is generated by {1,2,3}, so dimzA; = n = 3, dim; Ay = number of all
possible edges we can generate from {1,2,3} = 3, and dim; A3 = number of all
possible triples we can generate from {1,2,3} = 1.

(2) vdw(4,2) is generated by {1,2,3} and {2,3,4} so dimyA; = 4, dim; Ay = 5, and

(3) vadw(5,2) is generated by {1,2,3}, {2,3,4}, {3,4,5}, and {1,3,5} so dimzA; =
5, dim, Ay = 8, and dim,As = 4.

(4) vdw(6,2) is generated by {1, 2,3}, {2,3,4}, {3,4,5}, {4,5,6}, {1,3,5} and {2, 4,6}
so dimpA; = 6, dimgA; = 11, and dim; A3 = 6.

(5) vdw(7,2) is generated by {1,2,3}, {2,3,4}, {3,4,5}, {4,5,6}, {5,6,7}, {1,3,5},
{2,4,6}, {3,5,7} and {1,4,7} so dimA; = 7, dim; Ay = 17, and dim; Az = 9.

(6) vaw(8,2) is generated by {1,2,3}, {2,3,4}, {3,4,5}, {4,5,6}, {5,6,7}, {6,7,8},
(1,3,5}, {2,4,6}, {3,5,7}, {4,6,8), {1,4,7} and {2, 5,8} so dimyA; = 8, dimy Ay
= 23, and dim;, A3 = 12.

(7) vaw(9,2) is generated by {1,2,3}, {2,3,4}, {3,4,5}, {4,5,6}, {5,6,7}, {6,7,8},
{7,8,9}, {1,3,5}, {2,4,6}, {3,5,7}, {4,6,8},{5,7,9}, {1,4, 7}, {2,5,8}, {3,6,9}
and {1,5,9} so dimyA; = 9, dimyA; = 30, and dim; Az = 16.

(8) vdw(10,2) is generated by {1, 2,3}, {2,3,4}, {3,4,5}, {4,5,6}, {5,6,7}, {6,7,8},
(7,8,9}, {8,9,10}, {1,3,5}, {2,4,6}, {3,5,7}, {4,6,8}, {5,7,9}, {6,8,10}, {1,4,7},
{2,5,8}, {3,6,9}, {4,7,10}, {1,5,9} and {2,6,10} so dimyA; = 10, dim Ay =
38, and dim; Az = 20.

We see the recurring pattern that dimg(As) > dimg(A;); we now prove it rigorously
by induction for vdw(n,2) .

For the base case, we see from the computations above that dimy(Ay) = 3 > dimy(A4;)=
3 for n = 3, the smallest possible value n can take when k = 2. For the induction hy-
pothesis, assume that dimy(A,) > dimg(A}) for all n* < n, when A" = vdw(n*, 2).

As the induction step, we want to show dimg(As) > dimg(A;) for n. From the
induction hypothesis we know dimy(A5) > dimg(A}) for n — 1. However, dimy(A;) is
always the number of vertices, so for vdw(n — 1,2) it is n — 1, and for vdw(n,2) it is n,
implying it increases only by 1. However, when compared to vdw(n — 1,2), vdw(n, 2) has
the additional facet {n — 2,n — 1,n}, and this facet alone contributes {n — 2,n} and
{n — 1,n} to dimg(As), implying it increases by at least 2 (as we are not counting any
other facets that are present in vdw(n, 2) but are not present in vdw(n — 1,2)). Therefore,
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dimy(As) > dimy(A;) for n as well, as wanted. Thus, we have dim(Ay) > dimg(A;) for
all n > 3 for vdw(n, 2).

In addition, although we do not explicitly construct the 1-skeleton of vdw(n,2), we
see that vdw(n,2) has facets of cardinality 3. So any vertex in the 1-skeleton is part of
some arithmetic progression of size 3, and is part of the triangle formed by it. So any
component of the 1-skeleton has an odd-cycle (a three-cycle) and is thus not bipartite.
Thus, the conditions of the first part of Theorem holds, and vdw(n,2) has the Weak
Lefschetz Property in degree one for all values of n > 3.

Case 3: Degree 2, i.e., the map x/{: Ay — Aj

Since vdw(n, 2) falls into Case 1 of Theorem for all values of n > 3, we cannot use
Theorem to prove vdw(n,2) has the Weak Lefschetz Property in degree 2. To prove
this, we first consider the matrix representations of these maps for smaller values of n:
For n = 3:

T1Ty X1X3 T2T3
( 1 1 1 )1‘1$2£U3

This matrix has rank 1, which is maximal as its rank must be < min(1,3) by Theorem
273
Forn =4

T1T9 XT1T3 X923 T2X4 IT3T4
1 1 1 0 0 T1T9T3
0 0 1 1 1 ) xsx3ny

This matrix has rank 2, which is maximal as its rank must be < min(2,5) by Theorem

273
Forn =5
T1T9 T1T3 IT1T5 A2X3 A2X4 IX3XLy4 IX3Xy T4y
1 1 0 1 0 0 0 0 \ 212273
0 0 0 1 1 1 0 0 ToX3X4y
0 1 1 0 0 0 1 0 T1T3T5
0 0 0 0 0 1 1 1 ) xsxqzs

This matrix has rank 4, which is maximal as its rank must be < min(4,8) by Theorem
2. (ol
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Forn =6

T1Ty X113 T1TX5 TX3 Tal4 Tale X3X4 X3T5 T4y Tale TsTe

1 1 0 1 0 0 0 0 0 0 0 \ r12273
0 0 0 1 1 0 1 0 0 0 0 |xoxs32y
0 1 1 0 0 0 0 1 0 0 0 |xixs375
0 0 0 0 0 0 1 1 1 0 0 |z3zaxs
0 0 0 0 1 1 0 0 0 1 0 |xoxsxs
0 0 0 0 0 0 0 0 1 1 1 /) x4z578

This matrix has rank 6, which is maximal as its rank must be < min(6, 11) by Theorem
2. (ol

For n=17

X119 X1T3 X1Tyg X1T5 X1T7 X9z Xoy Xolg X3Tyg X3Ts X3T7 Xyly Xgleg X4y Xslg Xply Xely

1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 \ x17273
0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0 |xex374
0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 |xi7375
0 0 0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 [xsz475
0 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 [xomyzs
0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0 0 [x4z576
0 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 |xi7477
0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 0 [xsws27
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 / xsw627

This matrix has rank 9, which is maximal as its rank must be < min(9,17) by Theorem
2. (5l

The computations above demonstrate that the matrix representation for the map in
degree 2 seems to always of maximal rank. By construction, every row in the matrix
has three 1s, and it appears the number of 1s in each column must always be either 1
or 2. Furthermore, if F; is a facet of some vdw(n,2), then it also must be a facet for all
vdw(m, 2) where m > n. So the matrix representation of vdw(m, 2) is built by adding the
appropriate rows and columns to the matrix representation of vdw(n,2). We formalize
this with a proof by induction.

For the base case, the computations above show the matrix representation of x/¢ in
degree 2 for A(vdw(3,2)) has maximal rank, and 3 is the smallest value n can be when k
is 2. For the induction hypothesis, we assume the matrix representation of x/¢ in degree
2 for A(vdw(n — 1,2)) has maximal rank.

For the induction step, we want to show that the matrix representation of x/ in degree
2 for A(vdw(n,2)) has maximal rank as well. This matrix is constructed using the matrix
representation of vdw(n — 1,2), but appending rows for the new facets introduced by z,,,
and new columns for the new edges introduced by those new facets. Additionally, there
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must be at least one new facet introduced (namely {x, 2,2, 1,x,}) so the matrix is not
the same as that in the induction hypothesis. Consider an arbitrary new facet and the
row that it represents. This new facet must involve z,,, so it also introduces new columns
representing x;x, for some ¢ < ¢ < n, and this row has a 1 in this column. However, the
matrix we are appending to, vdw(n — 1,2), did not initially have this column, so for the
existing rows of vdw(n — 1,2), this columns has value 0. Since no linear combinations of
0’s can yield 1, this implies that the new row added must be linearly independent to the
existing rows of vdw(n — 1, 2).

However, in order to show this new matrix has maximal rank, we must also show
that all the new rows introduced are also linearly independent from each other. By
construction, the facets of all such rows contain z,, and by Lemma 3.5, all such facets
have a unique edge they do not share with the others. In terms of matrix representations,
the column representing this unique edge will have a one in one of these new rows and
zeroes elsewhere, and as above since no linear combinations of zeroes can yield one, this
implies all the added rows are linearly independent. Putting it all together, the matrix
representation of vdw(n—1, 2) has full rank, and to it we append more linearly independent
rows. So every row of the matrix representation of vdw(n, 2) is linearly independent. Since
these matrices have more columns than rows, this ensures the matrix has maximal rank,
as wanted.

Case 4: Degree 3 and above, i.e. the maps x¢: A; — A, fori >3

vdw(n,2) is 2-dimensional and has facets of cardinality 3. This implies dim; A; = 0
for all i« > 4. So the image of of our map x¢ : A3 — A, is trivial, and as such surjective
and has maximal rank. Thus vdw(n,2) has the Weak Lefschetz Property in degree 3 for
all values of n > 3. Similarly, since dim; A; = 0 for all 7+ > 3, the maps in higher degrees
are all the zero maps and are surjective and injective trivially, thus having maximal rank.

Putting all four cases together, we conclude that A(vdw(n,2)) has the Weak Lefschetz
Property for all degrees for n > 3. 0J

In Chapter 5, we provide an alternative proof that vdw(n,2) has the Weak Lefschetz
Property in degree 2 if n < 6 using the concept of pseudo-manifolds.

2. k=n-1

Next, we consider vdw(n,n — 1), which considers the largest possible value k can take.
Before we get to the main theorem, we state some essential background. The main sources
used for these concepts are [29], [15], [32], and [39]

DEFINITION 3.7. A quotient ring R/I is a complete intersection if [ is an ideal
generated by a regular sequence.
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ExXAMPLE 3.8. In R = k[zy,x9,...,x,], where K is an infinite field of characteristic
zero, the quotient ring
R
3 .2
(xla Lo - - ,ZL‘%)
is a complete intersection. To prove %, x3, ..., 22 is a regular sequence, z3 must not be

a zero divisor in R. This holds, as K being a field implies it is an integral domain, and
polynomial rings over integral domains are also integral domains. Thus R has no zero
divisors, so 2 cannot be a zero divisor in R.

Furthermore, for 2%, 23,..., 22 to be a regular sequence, z? cannot be a zero divisor
in R/(z% x3,...22 ;). We prove this by induction. When i = 1, the ideal (z%,23,...22 ;)
reduces to 0, so the quotient ring remains R. Again since R is an integral domain, it has
no zero divisors so the base case is proved. For the induction hypothesis, we assume that
x? | is not a zero divisor in R/(z% 23,... 27 ,). Now for the induction step, we recall a
property of monomial ideals from [22]: for any polynomial in the ideal (z% 22 ...2? ),
all of its monomials is divisible by some :13? for1 <j<e—1.

Now assume z7f = 0 in R/{x?, 23,...27 ), where f is some polynomial in our ring.
By definition of quotient rings, this implies z?f € (22, 23,...2? ). By the property
of monomial ideals stated above, this implies every monomial term of x?f is divisible
by x? for some 1 < 5 < ¢ — 1. But if for some monomial m, we have that x? divides
x?m, then x? divides m, since z7 and x; are separate independent variables. This im-
plies every monomial component of f is in the ideal (2, 23,...2% ), so f is also in the
ideal (22,23, ...22 ). Thus, f = 0in R/(z%,23,...22 ), so 27 is not a zero divisor in

R/{(x% x2,...22 ), as wanted.

We have deduced that W is a complete intersection. We now state a classic
1

Riad? R ARER R )

result from Stanley in [43] regarding Artinian rings of this form.

THEOREM 3.9. If K is an infinite field of characteristic 0, then the quotient ring

Klxy, 29, ... 2y)

(23 22)
1s a complete intersection that has the Weak Lefschetz Property in all degrees and for all
values of n. Furthermore, this Artinian ring also has the Strong Lefschetz Property.

We now have all the essential background needed to examine vdw(n,n —1). We state
a lemma on the construction of vdw(n,n — 1) before proving the main theorem.

LEMMA 3.10. vdw(n,n—1) is generated by one facet only, namely ({1, x2, x5, ..., T, }).

PROOF. By definition of van der Waerden simplicial complexes, vdw(n, k) is generated
by facets of size k+ 1. Thus vdw(n,n — 1) must be generated by facets of size n —1+1 =
n. However, since vdw(n,n — 1) only has n vertices to begin with, the only possible
facet is the one consisting of all the vertices: {1, xs,23,...,z,}. Hence vdw(n,n — 1) =
({x1, 29, 23,...,2,}), as wanted. O
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We can now prove the main result of this subsection.

THEOREM 3.11. Suppose K is an infinite field of characteristic 0. Then the ring
A(vaw(n,n — 1)) has the Weak Lefschetz Property for all n > 2.

ProoFr. By Lemma , we know that vdw(n,n — 1) is generated by one facet only,
{1, 29, 23,...,2,}. This single facet that generates vdw(n,n — 1) has all the vertices in
our ring, and thus all possible subsets of these vertices. The non-existence of non-faces
means [n = 0, so our Artinian ring simplifies to

R R

A(A)

- 2 2 2V 2 2 2
In + (xf,25,...,22) xf,25,...,22

By Theorem we know our Artinian ring is a complete intersection, and by Theorem
3.9 this complete intersection has the Weak Lefschetz Property in all degrees. Hence,
vdw(n,n — 1) has the Weak Lefschetz Property for all values of n, as wanted. O

Note that our initial assumption that K is an infinite field of characteristic zero is an
essential condition for this proof to hold, in order to apply Stanley’s result.

3. Degree 1 of A(vdw(n,k))

In this last section, we examine the smallest possible degree in which A(vdw(n, k)) can
have the Weak Lefschetz Property in, namely degree 1. This results also uses Theorem
.3 a result from Dao-Nair.

We now present an instance of the Weak Lefschetz Property in the certain degree of
interest.

THEOREM 3.12. A(vdw(n,k)) has the Weak Lefschetz Property in degree 1 for all
values of n and k.

Proor. Consider A(vdw(n,k)), and assume k > 3. For k = 1,2, we have previ-
ously proved that A(vdw(n, k)) always has the Weak Lefschetz Property in general, which
implies it must have it in degree 1.

We claim that the 1-skeleton G(A) has only one component. For an arbitrary vdw(n, k),
consider the following valid facets:

Fl = {xlax27"'7$k+1}a
F2 = {x27x37"'7xk+2})
Foo = {xm,Tmi2, -, Tpym}, such that k +m = n.

Then there is an edge between x; and x5 since they are both in F}, an edge between
xo and x3 since they are both in Fy, ..., and finally an edge between x,,_; and x,, since
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they are both in F,,. Since every vertex is included in this chain of edges in G(A), the
1-skeleton of our simplicial complex, we conclude that G(A) has only one component.

We now prove the theorem in cases considering dimy(A2) and dimg(As) based on
Theorem [B.3] above.

If dim A, > dim Ay, then A(vdw(n,k)) has the Weak Lefschetz Property if and only
if G(A) has no bipartite components. But since k > 3,, each facet by construction
consists of four vertices all connected to one another. So the singular component of G(A)
must contain several three-cycles. This means that G(A) does not have any bipartite
components (as its singular component is not bipartite), and thus by Theorem part
1, has has the Weak Lefschetz Property in degree 1.

Although we must also consider the case when dim A; < dim A;, we can actually show
that this case never happens. We know that dim A; is the number of vertices of G(A),
which is equal to n. We also know that dim A, is the number of edges of G(A). Using
the same facets Fi, Fy, ..., F,, from above, we see that there must be at least n — 1 edges
in G(A). This is because there is an edge between each z; and x;;1 for 1 < i <n — 1.
This shows that dimy(As) must be at least n — 1.

Similarly, since k was said to be at least 3, and from above we have the facet F} =
{1,229, ..., Tks1}, and we know there must be an edge between x; and x3. Thus G(A) has
at least n edges, which implies dimy(Ay) > n. Thus, the initial assumption of dimy(As) <
dimg(A;) cannot occur. Hence the only possible outcome is dim Ay > dim A, and thus
by Theorem we see that vdw(n, k) always has the Weak Lefschetz Property in degree
1. OJ



CHAPTER 4

Classifying when A(vdw(n,3)) has the Weak Lefschetz Property

In this chapter, we aim to characterize when A(vdw(n,3)) has the Weak Lefschetz
Property. We begin by showing that the three smallest possible values of n, namely n = 4,
5, and 6, are the only instances where A(vdw(n,3)) has the Weak Lefschetz Property. We
then delve into the details for the failure of the Weak Lefschetz Property in A(vdw(7, 3)),
which requires a special argument. Finally, we show the failure of the Weak Lefschetz
Property for A(vdw(n,3)) for n > 8.

1. vdw(n,3) for n =4,5,6

vdw(n, k) has the Weak Lefschetz Property for only three values of n, namely the
smallest three possibilities n = 4,5, and 6. We prove this by examining the matrix
representation of the linear transformations induced by multiplication by £. We note that
all vdw(n, k) have the Weak Lefschetz Property in degree 1 by Theorem . We also
know that vdw(n,3) is generated by facets of cardinality 4, so dimy A,, = 0 for m > 5.
Thus we examine the matrix representation of the linear map x/ in degrees 2 and 3 only,
as for the higher degrees, the domain and/or co-domain are trivial, and thus the map is
of maximal rank trivially.

Case n = 4. When n = 4, vdw(4, 3) is generated by only one facet, {x, =2, x3, T4}.
If A= A(vdw(4,3)),, a basis for A is

{1209 + I, 01203 + [, 01204 + 1, 0903 + [, w9y + [, 2324 + I},

when I = Lgyus) + (21,23, 23, 23). For the matrix representation for multiplication by ¢

in degree two, we index our columns by these basis elements, but write x;x; instead of
x;x; + 1. We do a similar procedure to index the rows, and continue the same procedures
for the maps of greater degrees as well. The matrix representation for multiplication by
¢ in degree two thus looks like:

T1T2 X1X3 T1Tg4 T3 TaT4 T34
0 1 0 0 T1X2T3
L1X2T4

1
0 0
1 1 X134
0 1

SO = =

0
0
1

=

1
1
0 o34

This matrix is of maximal rank since it has rank 4 = min(4,6), and so this map is of
maximal rank.

34



1. vdw(n,3) FOR N =4,5.6 35

The matrix representation for multiplication by ¢ in degree three looks like:

T1T2T3 X1T2T4 X1X3T4 T2X3T4
( 1 1 1 1 )x1x2x3w4

This matrix is of maximal rank since it has rank 1 = min(1,4), and so this map is of
maximal rank. Combined with the previous remarks, this concludes that A(vdw(4, 3)) has
the Weak Lefschetz Property.

Case n = 5. When n =5, vdw(4, 3) is generated by the facets {x1, xs, 3, x4} and
{z9, 3, x4, x5}. The matrix representation for multiplication by ¢ in degree two thus
looks like:

L1Ty XT1T3 T1Xy4 T2X3 T2l4 XT2Ty XT3T4 T3T5 T4ds

1 1 0 1 0 0 0 0 0 T1X2T3
1 0 1 0 1 0 0 0 0 |z12974
0 1 1 0 0 0 1 0 0 T1X3T4
0 0 0 1 1 0 1 0 0 ToXl3X4
0 0 0 1 0 1 0 1 0 |zoxszs
0 0 0 0 1 1 0 0 1 Jxoxyxs
0 0 0 0 0 0 1 1 1 /) x3z425

This matrix has rank 7 = min(7,9), and is thus of maximal rank.

The matrix representation for multiplication by ¢ in degree three looks like:

T1X9X3 T1X2T4 1374 T2T3T4 T2X3T5 T2X4T5 T3T4T5

1 1 1 1 0 0 0 T1T2T3T4
0 0 0 1 1 1 1 ToX3X4T5

This matrix has rank 2 = min(2,7). Thus the matrix and the map it represents are
of maximal rank. Combined with the previous remarks, this concludes that A(vdw(5,3))
has the Weak Lefschetz Property in all degrees.

Case n = 6. When n = 6, vdw(4, 3) is generated by the three facets {x1, x9, =3, 24},
{x9, w3, x4, x5}, and {x3, x4, 5, v6}. The matrix representation for multiplication by ¢
in degree two thus looks like:
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T1T9 X113 14 AT2X3 T2X4 IT2Xy 3Ly 3Ty ToXg T4xy T4l TrTg
1 1 0 1 0 0 0 0 0 0 0 0 \ z17273
1 0 1 0 1 0 0 0 0 0 0 0 |zizomy
0 1 1 0 0 0 1 0 0 0 0 0 |z17324
0 0 0 1 1 0 1 0 0 0 0 0 |xowszy
0 0 0 1 0 1 0 1 0 0 0 0 |zozwszs
0 0 0 0 1 1 0 0 0 1 0 0 [zoxyxs
0 0 0 0 0 0 1 1 0 1 0 0 |x3zazs
0 0 0 0 0 0 1 0 1 0 1 0 |x3za76
0 0 0 0 0 0 0 1 1 0 0 1 |zszs76
0 0 0 0 0 0 0 0 0 1 1 1 / x3ws26

This matrix has rank 10 = min(10, 12), and is thus of maximal rank.

The matrix representation for multiplication by ¢ in degree three looks like:

X1X2T3 T1T2Xy T1X3X4 X2X3T4 X2T3L5 ToX4X5 T3X4L5 X3L4Te T3TLsLe IT4X5T¢6

1 1 1 1 0 0 0 0 0 0 T1T9X3T4
0 0 0 1 1 1 1 0 0 0 ToX3LaTs
0 0 0 0 0 0 1 1 1 1 T3T4T5T¢

This matrix has rank 3 = min(3,10). Thus the matrix and the map it represents are of
maximal rank. Combined with the previous remarks, this concludes that A(vdw(6,3)) has
the Weak Lefschetz Property in all degrees.

All rank computations in this subsection were completed using Matlab. We have now
proved that A(vdw(n,3)) has the Weak Lefschetz Property for the three smallest possible
values of n, namely n = 4,5 and 6.

2. vaw(7,3)

In the remaining sections of this chapter, we examine for what values of n does
A(vdw(n,3)) have the Weak Lefschetz Property. We have showed that when n = 4,5,
or 6, A(vdw(n,3)) does have the Weak Lefschetz Property. We now characterize the
remaining values, and prove the following result:

THEOREM 4.1. A(vdw(n,3)) has the Weak Lefschetz Property if and only if n = 4,5, 0r
6. For all other values of n, A(vdw(n,3)) fails to have the Weak Lefschetz Property; in
particular, the map x{ : Ay — Az fails to have maximal rank.

Computations using Macaulay2 resulted in Table showing for which values of n
and k does A(vdw(n, k)) have the Weak Lefschetz Property. The smallest values of n and
k where we have the first instance of failure is vdw(7, 3).
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The simplicial complex vdw(7,3) is generated by the following facets:

Fo = {x1, 29,23, 74},
F1 = {I2,5E37$4,I5},
Iy = {xs, x4, 75, 76},
F3 = {5134,.1‘571'6,1’7},
Fy = A{x, 23,25, 27},
We remind the reader that the ring we are working in is A = R/(Ia, 2%, 23,...,22). We

also note that vdw(7, 3) is also the smallest van der Waerden simplicial complex that has
valid facets of jump factor greater than one. In this case, the facet {x, x3, x5, 7} has
jump factor 2.

Output from Macaulay2 indicates the reason for this failure is that “Multiplication
by any linear form is not surjective in degree 2”. To see why, we examine the matrix
representation of the map x/ in degree 2 (i.e. the map x¢ : Ay — Ajz). From the
generating facets above, we see that a basis to A, is given by

{1'11'2, X1X3,T1T4,T1T5,T1T7, T3, T2X4, L2T5,X3T4, T3T5, T3Le, L3TT,
T4T5, T4T6, TaT7, T5T6, T5T7, TeT7 ),

so dimy Ay = 18, and a basis to Aj is given by

{212023, 212024, 17324, T17375, T10377, 1 T5T7, ToT3Ty, TaT3Ts, TaT4Ts, T3T4Ts,
T3T4Z6, T3T5L6; L3L5L7, LaL5Te, ToL5T7, 555376337}7
so dimy Az = 17.

The map x/ in degree 2 must have rank < min(17,18), so for it to not have maximal
rank, the rank must be less than 17. Since dimy A = 18, to prove x/ : Ay — Ajz fails to
have max rank, we need to show that the dimension of the kernel of the map x/ is greater
than or equal to two. Instead, we consider the transpose map x¢7 : A3 — A,. We do this
by showing that the transpose map x¢7 from As to A, has a kernel of dimension greater
than or equal to 1. This, by the rank-nullity theorem, implies that the rank of the map
(T and thus the map ¢, must be less than 17. We use the matrix representation of both
maps in order to prove this, so we now restate this idea as a lemma in terms of matrices.

LEMMA 4.2. Let A = A(vdw(7,3)) and Mz be the matriz representation of x( :
Ay — As, and M(T7 3) s transpose. Showing that the map x{ is not of maximal rank is
equivalent to showing that the kernel of M(??)) 1S non-empty.

ProOF. Consider the map x/: Ay — Az, where dim;, A, = 18 and dim;, A3 = 17, and
its matrix representation is M(T7’3). Showing non-injectivity by finding an element in the
kernel does not help, as it only shows the rank is less than 18. Finding two elements in
the kernel ensures that the matrix does not have maximal rank. However, by Theorem
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2.72, we know M7 3), and its transpose M (?3) have the same rank. Furthermore the rank
of M, ;) must also be <min(17,18) = 17. By finding an element in the kernel of M,
we show that M(Tm) is not injective and thus null(M(Tm)) > 1. Then by the rank-nullity
theorem, which states rank(M 4)) + nullity(M[; ) = 17, we deduce that rank(M[ 5) =
rank(M73)) < 17, showing M7 3) is not of maximal rank. 0

We can even generalize this lemma as follows:

LEMMA 4.3. Let A = R/I be an Artinian ring with I a monomial ideal. Suppose
x0: Ay — Ajyq with dim A; > dim A;,. If the map x{* : Ay — A; has a non-empty
kernel, then the Artinian ring does not have the Weak Lefschetz Property in degree 1.

PROOF. If x¢ has maximal rank, then its rank must be min{dim A;, dim A;;;} =
dim A;,;. Since the map x¢7 has a non-trivial kernel, null(xET) > 1. Thus the Rank-
Nullity equation tells us that rank(x¢?) = dim A4;;; —null(x¢?) < dim A;,;. Since The-
orem tells us rank(x/{)= rank(x¢T), it follows that rank(x¢) < dim A;,;, and it is
not of maximal rank, and thus the ring does not have the Weak Lefschetz Property. [

We begin by presenting the matrix M 3) for </ : Ay — As with respect to the basis
given as above:

T1T2 T1T3 T1T4 T1T5 T1T7 T3z T4 TXxs X3Ty X3Xs T3Tg T3T7 Tgly Talg T4Ty T5Te TsLy Tely
T1T2X4
T1T3T4
T1X3%5
T1T3T7
T1T5T7
ToX3Xy
ToT3Ts
Loy

OO OO == O
OO O O = OOO

T3T4Ts
T3T4T6
T3T5T¢
T3T5T7
TyT5T¢
TaT5T7
T4y

ecleoleoNeolololoBoRoloBoBoBoBRoRel e
ecleoBoNeolololoBoRoloBoBoBoRell =
OO DD DD DD OO OO O +HHOOOoOO
SO OO O OO OOHHFHODODOOO =
SO OO O OO OHHMFEHFOODODOOOO
O RH OFRF OO MR OO0 oo OO
ORP P OO0 ooo
—_— O O, OFRF OO0 oo o
el i el el e B ev i el e i ao R ao i ao B eo R e B as i e

OO OO OO HH OO, OOO O
S OO0 HMFEFOMFOMFOOO OO
OO OO O PP OODODODOOoOOoO o OO
SO OO H OO =HOOO
OO R P OOOHMFEFOOOOOOO
— O, O, OO0 OoOOoO~,OOoOOoOo

S OO DD OO DODOHOHOOO O

(=Rl en R e B e B e B e M e M o)
(=Rl en R e B e e B e M e M o)

T5Tel7

And now we compute its transpose, M(TZB):
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T1ToT3 T1TaTq T1T3Ty T1T3Ts T1T3T7 T1T5L7  Tolzla Talals Tolyls T3Tals T3Tale T3lsle T3TzLr Talple Talsly Talely TsTely

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 X1
1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 X173
0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 X1T4
0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 X5
0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 X127
1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 XoT3
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 Xy
0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 X5
0 0 1 0 0 0 1 0 0 1 1 0 0 0 0 0 0 X34
0 0 0 1 0 0 0 1 0 1 0 1 1 0 0 0 0 X35
0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 X3T6
0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 X3y
0 0 0 0 0 0 0 0 1 1 0 0 0 1 1 0 0 X4T5
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 X4%g
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 X4y
0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 X5T6
0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 1 X527
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 X6T7

Using the help of Matlab, the following non-trivial element in the kernel was found.
We let z; denote the element from Az that the i*® column of the matrix represents. Set
z17 as a free variable. Then set:

21 = —217 26 = —R1T 211 = 217

Z9 = 217 2z =0 T12 = —217

Z3 = —Z217 28 = 217 213 = —R17

Z4 = 217 29 = —217 214 = 0

25 = 217 210 =0 215 = 217
216 = —R17

Since z7 is a free variable, we can set it to be any value of our choice. We set z;7 to
be 1, and use the solution given above to set:

7 =1 zg = —1 211 =1
zg =1 27 =10 219 = —1
23 = —1 zg =1 z13 = —1
2y =1 29 = —1 214 =0
z5 =1 210 =0 215 =1

216 = —1

We construct a 17 x 1 column matrix v, where the entry in the i** row is the z; value
from above. We multiply the 18 x 17 matrix M(?g) with the 17 x 1 matrix v. We then
perform the matrix multiplication to see that the resultant 18 x 1 vector is indeed the
zero vector, as wanted.
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SO OO O OO oo oo+, OoOOo O
_ O OO OO OO oo oo oo = MFHOOoOOo
O O DO OO OO OFHFEFOOOOOO
OO OO R OO FEF OOOOoO oo oo
OO OO PR OO O OOOOoOoOo o oo
O R OO OO R OOOOoOOo oo oo
O R OO OO O OO oo o oo
SO R O P OOODOODoOoO oo o oo
SO RHF O O OO OoOOoOOoOoo oo o oo
_— O O P OO OO OO oo oo ooo
_ == O OO OO OO0 OO0 oo oo o oo

O O O O OO O OO oo o OO o
S O O O O O OO oo oo RO oo RO
O DD DD DD DD OO OO OO O O
SO DD D DD DD OO OO OO OO
SO DD DD DD DD OO PR OO OO OoOOoOo
S OO OO R OO OO R OOoOOoOo oo

(@)
(a]
(a]
ja)
o

[ -1+14+04+0+04+0+04+0+04+0+04+0+04+0+0+0+0 ]
—14+0+-1+14+1+04+0+04+0+04+0+04+0+0+0+0+0
0+14+-140+0+0+0+0+0+0+0+0+0+0+0+0+0
0+0+0+14+04+-14+0+04+04+0+0+0+0+04+0+0+0
0+04+0+0+1+-14+0+04+0+0+0+04+0+0+0+0+0
-14+04+0+0+0+0+14+0+0+0+0+0+0+0+04+0+0
0+14+0+04+0+0+0+0+-14+0+0+0+0+0+0+0+0
0+0+0+04+04+0+0+1+—-14+0+0+0+0+0+0+0+0
0+0+-140+0+0+0+0+0+0+1+0+0+0+0+0+0
0+0+0+1+04+04+0+14+0+04+04+—-1+-1404+0+0+0
0+0+0+0+04+04+0+0+0+0+14+—-1+0+04+0+0+0
0+0+0+0+14+04+0+0+0+04+04+0+—-14+04+0+0+0
0+04+0+04+0+04+0+0+-140+0+0+0+0+1+0+0
0+0+0+0+04+0+0+0+0+04+14+0+0+0+0+—-1+0
0+0+0+04+0+0+0+0+0+0+0+0+0+0+1+—-1+0
0+0+0+0+04+0+0+0+0+04+0+—-1+0+0+0+0+1
0+0+0+0+0+—-140+04+0+04+0+0+—-1+0+1+0+1
| 0+0+04+04+0+0+0+04+04+0+0+0+0+04+0+—-1+1 |

O O OO OO OO OO OO OO oo oo

40

Performing the matrix multiplication, as shown below, we get the zero vector as wanted.



3. vdw(n,3) FOR n > 8 41
This proves that the column vector v is in the kernel of M(Tg,g)), and thus the map
x(T : A3 — A, cannot be injective. This implies null(M, (7?3)) > 1, or equivalently since the
rank-nullity theorem tells us rank(M{ ) + nullity(M{ ;) = 17, we get that rank(M[ )
must be less than 17. But rank(M(Tm)) = rank(Mr3)), so rank(M3)) must also be
strictly less than 17. If the matrix representing a linear transformation does not have
maximal rank, then neither does the map it represents (as they will have the same rank).
Thus the degree two matrix representation of x/ in vdw(7, 3) does not have maximal rank,
concluding our proof that vdw(7,3) does not have the Weak Lefschetz Property.

vdw(7,3) is a special case to consider for vdw(n,3), as it is the only value of n where
the Weak Lefschetz Property fails and dimg As > dimg As. For the remaining values
of n, we can show that since dimy A3 is always larger than or equal to dimg Ay, so our
map of multiplication by ¢ is not surjective. Thus finding an element in the kernel of x/¢
is enough to show that the map is also not injective, and thus does not have the Weak
Lefschetz Property.

3. vdw(n,3) for n > 8

In this final subsection of this chapter, we complete the proof that for n > 7, the
ring A(vdw(n, 3)) does not have the Weak Lefschetz Property. We examined the smallest
instance, where n = 7, in the section above. We now generalize this result to all values
of n > 7. The key idea of this subchapter is to first prove that for all values of n > 8,
dimg As > dimg As, so the map x/ cannot be surjective. By proving that there is some
element always in the kernel, we can deduce that the map is also not injective, so for all
such values of n, A(vdw(n,3)) does not have the Weak Lefschetz Property.

We begin with some dimensions of dimy A,, and dimg Az for motivation:

A (vdw(n,3)) | dim Ag,dim Aj
A(vdw(4,3)) |64
A(vaw(5,3)) |9, 7
A(vdw(6,3)) | 12,10
A(vaw(7,3)) | 18,17
A(vdw(8,3)) |24, 24
A(vdw(9,3)) | 29, 30
A(vdw(10,3)) | 35, 40
A(vdw(11,3)) | 41, 50
A(vdw(12,3)) | 47, 60
A(vdw(13,3)) | 56, 73
A(vdw(14,3)) | 65, 86

TABLE 4.1. Dimensions of Ay, A3 for A(vdw(n,3)) for small n
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We now aim to prove that dim A, is always less than or equal to dim Ag if n > 8.
Before we do so, we consider some necessary facts about the facets of vdw(n, 3) and their
possible contributions to A, and As.

PROPOSITION 4.4. If F' is a facet of vdw(n,3), then jump(F) < j, where j is the
1

biggest integer such that 37 +1 <n <+ j < L% .

Note that this can be rephrased as: For n < 6 vdw(n, 3) only has facets F' such that

jump(F) = 1. Facets with jump size 2 get introduced with n = 7, and following this each
increase of n by 3 introduces a new jump size.

PROOF. vdw(7,3) has facet F' = {1, x3, x5, z7} of jump size 2. For an arbitrary jump
size j, the first facet introduced to have that jump size would be {z1, z14;, 1425, 1435}
By definition, 1 + 35 < n, so the first value of n that can have a facet of jump size j
is n = 1+ 3j. Thus, facets of new jump sizes are introduced as n increases by 3 each
time. 0

d

LEMMA 4.5. For n > 4, the number of facets of vdw(n,3) is 35,

0= |2,

(n — 3j), where

PrOOF. The largest jump size a facet can have is d = L”T_lj, as xp is the smallest
index we can start with, and 3d+1 cannot be greater than n. We consider all the possible
facets F' such that jump(F') = 1. The possibilities are {x1, x9, 3, x4}, {x2, T3, 24, x5}, and
so forth until {z,_3, %, 2, Zn_1,%,}. Based on the starting indices, there are n — 3(1) of
such facets. For facets of jump 2, the possibilities are {z1, x3, x5, 27}, {22, ¥4, Ts, vs }, and
so forth until {z, ¢, ¥y_4, Tpn_2,,}. So there are n — 6 = n — 3(2) of such facets. The
pattern continues for all possible jump sizes, as a facet of jump size j can start with the
smallest possible index and be {x1, x11j, T1425, T143;}, and progress continuously to the
largest possible index it can end with, which is {z,_3j, Zn_2j, Tn—j, Tn}. So each possible
jump size j contributes (n—3j) facets, and j can range from 1 to d, proving the summation
formula presented above. O

ExAMPLE 4.6. Consider vdw(8,3). The biggest jump size a valid facet can have is

|54 = 2. Using the formula, the number of facets of vdw(8,3) is 2521(8 —3j) =
(8—3)+(8—6) = 5+2 = 7. Manually computing the facets of vdw(8, 3) of jump size 1, we
have {3317 Tg, X3, 334}7 {an T3, L4, $5}7 {Qfg, Ly, Ty, xﬁ}a {.Z'4, Ts5, T, x7}a and {xf)a Te, T7, '7:8}'
For facets of jump size 2, we have {x1, x3, x5, x7} and {xo, x4, 26, xs}. We see that we have

7 facets that generate vdw(8, 3), just as the formula computed.

LEMMA 4.7. If a size-three subset of the facets of vdu(n,3) is contained in more than
one facet, then the facets must have the same jump factor.

PROOF. Suppose there exists two facets,

Fy = {2, %itq, Titod, Tiysa}

Fy = o, 0500, 0w, Tipaa }
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such that some subset of size 3, {z,, p, x.}, is a subset of both of them. Without loss of
generality assume a < b < ¢. If x,, x3, . were consecutive elements in the facets (i.e. they
were successive elements in an arithmetic progression) then both facets have to have the
same jump size by construction. If the elements were not consecutive, then considering
Fi, b—a and c—b is either 2d or d (it cannot be 3d as we are only considering consecutive
elements in our subset). Similarly, considering F5, b—a and ¢ — b is either 2d’' or d’. Thus,
d = min{b — a,c — b} = d’ by uniqueness of minimality, so d = d’, as wanted. O

COROLLARY 4.8. Any subset of size three of a facet in vdw(n,3) can only be a subset
of at most two facets.

PROOF. From Lemma[4.7] if a subset of size three is a subset of two facets, then both
facets must have the same jump factor. If the three terms in the subset are consecutive,
then it can either be a part of the facet that adjoins an element in the first or last position
based on the jump factor d. Otherwise, having three out of four of the elements and the
jump factor d uniquely determines which facet it is a subset of. In either case, any subset
of size three of a facet in vdw(n,3) can only be a subset of at most two facets. O

We now state some ideas that we will use multiple times in this section; they are
modifications of a key definitions we have previously seen.

DEFINITION 4.9. We previously defined the jump factor of a facet F' of vdw(n,3), F' =
{Zi, Tiva,Tivod, Titsa}, as d, and denoted it by jump(F'). We now generalize and modify
this definition to any arbitrary elements in A and Aj of our ring A(vdw(n,3)). For an
arbitrary basis element of degree three a3 = x,xpz. in Az (respectively an arbitrary basis
element of degree two as = z,23 in Ag), we refer to {|a — b|, |b — c|,|a — ¢|} (respectively
as = {|la — b|} in As) as the jumps set of that particular element.

ExAMPLE 4.10. Consider the facet {xq, x4, z6, xs} in vdw(8,3). This facet has jump
2. A basis element for Aj is xoxgxs, and it has jump set {4,2,6}, whereas a basis element
for Ay is xox6, and it has jump set {4}.

We now examine several properties about the facets of vdw(n, 3) that will be helpful
in examining whether or not A(vdw(n,3)) has the Weak Lefschetz Property.

PROPOSITION 4.11. Given an arbitrary facet of vdw(n,3) for n > 7 with jump(F) =
J, then all possible subsets of F of size 3 have the form {x;, xitj, Tivoj}, {Ti, Tivj, Tivsj},

or {xz‘, Tit2j, xi+3j}'

PROOF. Let F' be an arbitrary facet of vdw(n,3) for n > 7 with jump(F') = j. Then
F has the form {x;, x4, ®it10;, Tiv3;} where 0 < ¢ < i+ 35 < n. The following are then
all possible subsets of F' of cardinality 3:

(1) {%‘7 Litjs $i+2j}

(2) {zs, iyj, Tiys;}
(3) {Ii> Tit2j, 13z‘+3j}
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(4) {Iz’+j7 Li+2j; Iz’+3j}-
We see that the first three forms match those in the proposition exactly. For the subset
of the form {;y;,xi19;,%it3;}, replacing the starting index ¢ with i 4+ j, we see it is
equivalent to {i+j, Titj+j, Titjr2;}, which is also of the first form in the proposition:
{x;, xitj, iv2;}. Hence, all possible subsets of F' of cardinality 3 have one of the following

three forms {xi7xi+jvxi+2j}7 {xi;xz’-i-jaxi—l-?)j}u or {xi,$i+2j,$z‘+3j}- O]

COROLLARY 4.12. Any subset of F' of cardinality 3 has jumps set {j, 7,27} or{j,27,35}.

PROOF. Any such subset of F' with cardinality 3 must fall into one of the three
categories in Proposition [£.11]

(1) If F’ has the form {x;, z;4;, Zi1o;}, then its jump set is {7, 7,2j};
(2) If F” has the form {z;, z;y;, ;13;}, then its jump set is {j, 27, 35};
(3) If F’ has the form {x;, z;12, ;13;}, then its jump set is {27, 7,37} = {4, 274,35}

0

COROLLARY 4.13. Any subset of F € vdw(n,3) with jump(F) = j and cardinality 2
must have jump set {5}, {25}, or {3j}.

PROOF. Any subset of F' with cardinality 2 must be a subset of one of the F' with
cardinality 3 described above. The jump set of these subsets describe the difference in
indices of two arbitrary elements in them, and that is precisely the jump set of a subset
of F' with cardinality 2. By the corollary above, the only possibilities here are {j}, {2j},
or {3j}. O

DEFINITION 4.14. Let ay be an arbitrary basis element of Ay derived from of a facet
of vdw(n,3). From above, the jump set of as must be {j}, {27}, or {35}. If the single
number in that set is even, we call a; an even 2-set. If the single number in that set is
odd, we call a; an odd 2-set.

ExAMPLE 4.15. Consider vdw(7,3), generated by facets

Fo = {x1, @2, 3, 24}, I = {2, 23, 24, T5}, Fo = {23, T4, 75, v6}
) F3 - {[E4, Ts5, T, 1'7}, and F4 = {1'1, L3, L5, IE7}.

In Fp, with jump(F) = j = 1, the subset of size two {z1, x4} has jump set {3}, so this
subset is an odd 2-set. In the same facet, the subset of size two {3, x4} has jump set
{2}, and is thus an even 2-set.

The structure propositions above tell us that the odd-even parity of j can have some
impact on the elements of Az that we work with. Let F' be an arbitrary facet of vdw(n, 3).
Then F' must have form {x;, x;4;, Zit9;, ;435 }. Consider all the two-dimensional subsets
one can create from the elements of F', in other words all its possible contributions to A,.

Suppose j is even. The two-dimensional subsets one can create from the elements of
F must be a subset of one of the cardinality three subsets of F', denoted F’. By Corollary
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4.11| F' has the form {xi,miﬂ-, xi+2j}7 {l’i, Lity, (L’H_gj}, or {(L’i, Ii+2j7xi+3j}- By COI‘OH&I‘y
4.12] the jump set of F’ must be {j, 7,25} or {7,274,3;5}. Since j is even, so are all multiples
of it, so 2j and 3j are also even. Thus, any two-dimensional subsets obtained from F’
must be an even 2-set.

Now suppose j is odd. Similar to the argument above, we examine the cardinality three
subset F” of F' that our two-dimensional subsets arises from. Suppose F’ has the form
{x;, xitj, viyo;} and jump set {j,7,25}. Then j is odd, but 2j is even, so F” contributes
two odd 2-sets, and one even 2-set. Now suppose F” has the form {x;,x;:;, x;13;} or
{x;, ®itaj, Tiys; . Then its jump set is {7,27,3;5}. If j is odd, then so is 37, but 2j is even.
So in both cases, if j is odd, F’ contributes one even 2-set and two odd 2-sets.

We now use these result to present a closed formula for the dimension of Ajs, the
number of possible subsets of size three we can create using the facets of vdw(n, 3).

THEOREM 4.16. The dimension of As is:
(1) ZJLEIJ (47 4+ 3(n —45)) + Z?:(ﬂ (4(n — 34)) if n is not divisible by 4,
(2) S (4 +3(n — 45)) + X, (400 — 37)) if n is divisible by 4,

where 7 sums over the jump sizes of the facets and d = [”T_IJ

PROOF. Suppose we list all the facets of an arbitrary jump size j. Then by Lemma 4.5}
there are n—3j such facets, namely Iy = {x1, 211}, Toyj, T143;}, Fo = {@2, Totj, Toyj, Totss},
all the way to F,,_3; = {Zn_3j, Tn—2j, Tn—j, T, }. Note that by construction, keeping this
same ordering of the Fj, all the elements in the facets Fy up to and including F} are
unique, as the first repetition of vertices occurs in Fj, where the vertex x;,; is present,
when it was already present as the second vertex in F}.

Suppose j > (ﬂ, and consider all the facets created using this jump factor j. Then
J=2 i< 4j=3j+j>n<j>n—3j< 1+j>n—3j. This implies that all n — 37 of
our facets have distinct elements, as the facets where we start to get repetitions are not
even valid facets in this case, since we would get vertices with indices greater than n. So
for all such facets, each vertex is distinct, so we can make 4, or equivalently (g), sets of
cardinality 3. These are precisely the elements of A3, so for all facets of jump size j where
Jj> [ﬂ, there are n — 37 possible facets, and each of these contribute 4 to dimg As, so in
total they contribute Z?ﬂ (4(n—3j)), the second component of the sum in our theorem.

Our sum ends at d, which was said to be the maximal jump size allowed.

Now suppose j < L%J, and consider all the facets created using this jump factor j.
This implies j < § < 4j=3j+j<n<+j<n-—-3j< 1+75<n-—3j. Based on the
same reasoning as above, this implies that now we do have different facets with common
vertices x;, that is I and F” can have F' N F” # (). We know that for each such j, the
first j facets Fy, F5, ... F; all have distinct elements. So these j facets contribute (g) =4
elements to As. Of the remaining (n — 3j) — j = n — 45 facets, there exists repetition

amongst elements. By Lemma 4.7 and its corollary, if a subset of size three is contained in
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more than one subset, it can only be contained in at most two subsets that have the same
jump factor. So for each such j, the remaining facets contribute only 3 to the dimension
of As. In total for each such j, the addition to dimy As is Z}flj (45 +3(n —4j)), the first
component of the sum in the theorem.

For values of n divisible by 4, we only want it included in the first component of our
sum to avoid over counting, thus the separate formula provided for this case. 0

For a facet of vdw(n + 1, 3) containing x,1, we now state a lemma about its contri-
butions to dim As, only considering subsets that include the vertex z, 1.

LEMMA 4.17. Let |2| = 3z +r, where r € {0,1,2}. The facets of vdw(n + 1,3) that
include x, .1 contribute at least 6z subsets containing x, 1 to dim A,.

ProoOF. Consider an arbitrary facet F' of vdw(n + 1, 3) that include x,, ;. These facets
are of the form:

Fl = {$n+1,$n,$n_1,$n_2},

F, = {In+1, Tn—1; Tn-3, $n75},

F3 = {$n+1, Tp—2,Tn—5, %—8}7

Fj = {$n+1, Lp41—j5 Tn41-25, In+1—3j}-

The number of possible subsets of size two we can make with each of these facets is (;1) = 6.
However, there are only 3 subsets of size two that contain the vertex z,1. Note how when
considering Fi, Fy, F3, the subsets of size two {z, 11, n_1}, {Tns1, Tn2}, and {x,41, 20 5}
repeat amongst two Fj;. So considering repetitions, there are 3 x 3 — 3 = 6 contributions
these three facets make to dim A,.

In fact, we can generalize this for consecutive blocks of 3 as well. We let m > 0. When

we considered the facets Fi, Fy, F3, these were precisely the facets F3,,11, Fami2, and F3,,.3
for m = 0, the first block. Now we consider some block of three for some arbitrary m:

Fymir = A{Zn41, Tng1-@m+1) Tnt1-23m+1) Tnt1-3(3m-+1) |+
Famyo = {$n+1, Tn4+1—(3m+2)) Tnt1-2(3m+2), $n+173(3m+2)}7
Fymis = {Zn41, Tng1-3m+3) Tnt1-2(3m+3)> Tnt1-3(3m+3) |

We know if m = 0 we get the facets Fi, Iy, F3; if m = 1 we get the facets Fy, Fy, Fg;
if m = 2 we get the facets Fr, Fy, Fy; etc. In any set of three consecutive integers,
(3m + 1,3m + 2,3m + 3), at least one is divisible by 2, and one (potentially the same) is
divisible by 3. This is because the possible remainders r; when dividing by 2 are {0, 1} and
the possible remainders 5 when dividing by 3 are {0,1,2}. So in our set of 3 integers,
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there must be 1 that when divided by 2 has remainder 0, and when divided by 3 has
remainder 0.

If 3m—+1 is divisible by 2, then F st is a valid facet that we consider (since we consider
all such facets F; where 1 < j < L%J ). So the element preceding . in Fj,,4; is also in
Fmii, separated by one element from z,,1. However, the pair shows up in both facets,
SO tghere is one repetition in F3,,1;.

Now suppose 3m + [” is divisible by 3. Then by the same logic as above, the element
that precedes x,,; directly in Fj,,. is separated by two elements from x, 1 inFy,.v.
However, the pair shows up in both facets, so there is one repetition in Fj,, ;. If 3m2—|- l
is divisible by both 2 and 3, two pairs with x, ., will be repetitions.

Furthermore, consider Fy(m41) = {Znt1; Tnt1-3m+3)s Tnt1-2(3m+3)> Tnt1-3(3m-+3) - Since
3(m + 1) is divisible by 3, we have that 2 x 3(m + 1) = 2(m + 1) is an integer less
than 3(m + 1). Then Fy(,41) is a valid facet in our construction, and it is Fy(mi1) =
{xn—i-hxn+1—(2m+2)7xn+1—(4m+4)7xn+1—(6m+6)}‘ Note how the pair {71, $n+1—(6m+6)} re-
peats in both facets. So when considering three consecutive integers, 3m+1, 3m+2, 3m+3,
the facet corresponding to the index divisible by three actually has 2 elements that are

repeated.
So when considering contributions to dim A, that include the vertex x, 1, each block
of facets 3,11, F3m12, F3mas contribute 6, as of the 9 possible contributions, 3 are repeats.

Now we know we the biggest jump size our facets of vdw(n + 1,3) can have is L%J
Since the assumption was that L%J = 3z+r, we can form z such groupings of three facets
of consecutive jump sizes, and each such group contributes 6 to dim A, when considering
subsets that include ;. Thus, the facets of vdw(n + 1, 3) that include z,; contribute
at least 6z subsets containing x,.1 to dim Ay, as wanted. O

We now present the main remaining theorem:

THEOREM 4.18. For vdw(n,3), n > 8, dimg Ay < dimg As.

Proor. We know from Theorem that for vdw(n, 3), the dimension of Aj is

,_
|3

] d

(47 +3(n—45)) + D (4(n—3j)),
! i=1]
where j sums over the jump sizes of the facets and if n is divisible by 4 we only include
it in the first component of our sum. We also know d = L”T’lj We consider the same
partition of facets. For the sake of induction, we can use the computations provided

previously in Table [£.Tto deduce that for n = 8, our base case, dimy Ay < dimy As.

Now assume that dimy Ay < dimy A3 for some arbitrary vdw(n,3). Now consider
vdw(n + 1,3). We know that the new facets being added must contain n + 1, and there

J
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are L%J such new facets added. These are

{xn72a Tn—1, T, anrl}; {xn757 Tn—-3, Tp—1, xn+1} cee {xn+173d7 Tn+1-2d; Tn+l—d, anrl}-

When j < 7, and we are considering the facets with elements that are repeated in other
existing facets. We also want to group our facets into groups of 3 in order to use Lemma
[4.17] In order to do so, we must examine the total number of facets we add when we go
from vdw(n, 3) to vdw(n + 1,3), which is d = |%|. We consider cases on the divisility of
d by 3:

Case 1: d =0 mod 3

If d = 0 mod 3, then all the facets we add when we go from vdw(n, 3) to vdw(n + 1, 3)
can be evenly divided into groups of 3. Let us consider the parition of these facets of
jump size j into j < VTHJ and j > VTHJ

4
at most "TH x ¥ = 2l gych groups. By Lemma

3 S each such group contributes 6 to
dim Ay, namely the subsets of size two that contain x,, ;. Furthermore, since j < L”THJ,
we know these facets all have corresponding facets in vdw(n,3) shifted by 1 unit, so all
subsets of size two that do not contain x,; are repeats. Thus, in total they contribute

at most ”1—;1 X 6= "T“ to dim As,.

If we were to group all the facets of jump size j < ”—“J into groups of 3, we will have
o

For each facet we can still create 3 new elements of Az, namely the three subsets that
include n + 1.

However, each such facet contributes 3 to dim A3 by Theorem [4.16] so in total they
contribute at least 4 x 3 = 3(n + 1) to dim As.

For example, consider an arbitrary jump 7, and the associated facet

{$n+173j7 Tn41-255 Tn+1—j, 33n+1}-

This facet adds at least 3 to dim As, by adding

{$n+1—3j7 Tn+1-2j5, $n+1}, {$n+1—3j, Tn41—j5 $n+1}, and {$n+1—2j7 Tn+1—j, iUn+1-}

The subset of size three {z,41_3;, Tnt1-2j, Tny1—j} may or may not be a new addition.
When considering all the possible additions to dim As, namely

{$n+1—3j, l‘n+1—2j}7 {$n+1—3j, $n+1—j}7 {$n+1—2j, $n+1—j}, {xn+1—3j7 $n+1}7 {$n+1—2j, l‘n+1},

and {$n+1—ja Tpi1}s

the first 3 subsets of size two already appear in vdw(n, 3). They are all subsets of the facet
{n_3;, Tn—2j, Tn_j, Tn} in vdw(n,3), and are not new additions to dim A,. Thus dim A,
can only increase by at most 3, since the 3 possible new subsets of size 2 may also coincide
with other new facets added for vdw(n + 1, 3).

We now consider facets of jump size j > VTHW There are at least ng — VLTHJ such

facets. To get an accurate estimate of this number, we consider dividing by 12, the lowest



3. vdw(n,3) FOR n > 8

49

common multiple of our denominators. Let n = 12z 4 r for some positive integer z and

re{0,1,2,..

5)

We also can simplify

)|

So (3] - |22 -

the following:

.,11}. Then:

|e

4

zZ4+r
3

12z +r+1

s+ 13- |

— 44 _gJ  where LgJ €{0,1,2,3)

r+1

=3
zZ + 1

r+1
4

1
J , where {%J €{0,1,2,3}

Number of facets with large jumps =

_ |nt

4

J‘{i+1

So in order for dim A, < dim A3, we need

When r € {0,1,2,3,4,5,8,11}, and L = z, the inequality becomes:

n+1

n+1

+ 6L

+ 2L

2L

2L

2L

3
>~ Z(n+1)+4L
3
< 1(”4'1)
3 n+1
< - 1) —
< 4(n+ ) 5
3
< Z(n—l—l)——(n%—l)
1
< Z(n"‘l)
1
< g(n"‘l)
1 3
< §(122—|—r+1):§z+

3 r+1
< —
z < 22+ 3
0 < lz 7"—|—1.
2 8

if r €{0,1,2,3,4,5,8,11}
if r € {6,7,9,10}

r+1

8

J. Based on the possible values r can take, we get
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But since z is a positive integer, and r € {0,1,2,3,4,5,8, 11} is also always positive,
this is true in all cases.

Now if r € {6,7,9,10}, and L = z + 1, the inequality becomes:

3 r+1
1 < =
SR
1 r+1
1 < = )
< 22+ 3

Since the list of the possible values r can take is small and finite, we can work with
direct computations:

(1) Ifr=6— =t =
2 Ifr=7—H=2=1
(3)Ifr=9— =t =
(4)

4) Ifr=10— L =1

= ol ol
|5

For all values of r listed except for 6, % > 1, so the inequality holds easily. For n = 6,

even though % < 1, since n is a positive integer, its value is at least 1, so the inequality
still holds. Thus, in either case, the inequality holds, and so dim Ay < dim Ajs.

Case 2: d =1 mod 3
If d = 1 mod 3, then we have one facet of large jump size that was not grouped into a

group of 3. Since 5 > WTHW , this facet will contribute 6 to dim As and 4 to dim Az. Thus
our inequality

1
L L <3 1)+ 4L
2 4
becomes
1 3 1 3
nt +6L+6§Z(n+1)+4L+4<:>%+6L+2§Z(n+1)+4L

And so our final inequality becomes

3 r+1
L <= — — 1.
_2z+ 3

When r € {0,1,2,3,4,5,8,11}, and L = z, the inequality becomes:

3 r+1
< = -1
z < 22—1— 3
1 1
1 < _Z+r—|—

2 8
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But since z is a positive integer, if z > 2 this always hold. If z = 1 this inequality
holds if » > 3. So this is true for all n > 15, but for values of n less than 15, we know the
inequality holds for these values of n based on Table [.1]

Now if r € {6,7,9,10}, and L = z + 1, the inequality becomes:

r+1

3
1 < = 1
2z + < 2z+ 3
5 < 12 r+1
2 8

If z > 4, then %z > 2, so this inequality always holds since r is a positive integer.

If z = 3, this inequality holds if % > % <= r > 3, which is always true in this case.

If z = 2, this inequality holds if % >1 <= r > 7, So the inequality is not true
if z =2 and r = 6, where we get n = 30. However, we check this directly in Macaulay?2
and confirm that dim Ay < dim Az using the data in Table [£.2]

If z = 1, this inequality holds if % > % <= r>11,. Soforz=1andr =6,7,9,10
and get n = 18,19, 21, 22, we check this directly in Macaulay2 and confirm that dim A, <
dim A3 using the data in Table [4.2]

So in all sub-cases within Case 2, the inequality holds, and so dim Ay < dim As.
Case 3: d=2 mod 3

In this case, we have two facets with jump size j > (
dim A, and 8 to dim As. Thus our inequality

n+1

1 L so they contribute 12 to

n+1
2

3
+6L < J(n+1) +4L

becomes

1 3 1 3
nt +6L+12§Z(n+1)+4L+8 = %+6L+4§Z(n+1)+4L,

and our final inequality becomes

3 r+1
L <=
_22+ 3
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When r € {0,1,2,3,4,5,8,11}, and L = z, the inequality becomes:

3 +1
z < —z—i—r —

- 2 8

1 r+1
2 < =
< 2z—|— 3

2

r+1
4

4 < z+4

r+1

Since the minimum value r can take here is 0, this inequality is true for all z > 4.
Manually checking, we see that the inequality holds for :
(1) z=3ifr>3
(2) z=2ifr>7
(3) z=1ifr > 11.

So we must check if the inequality dim A < dim Aj is true directly using Macaulay2
for n = 36,37,38; n = 24,25,26,27,28,29; and n = 15,16,17,20. This was computed,
and the data in Table shows that this inequality holds in all cases for this sub-case.

Now if r € {6,7,9,10}, and L = z + 1, the inequality becomes:

3 r+1
1 < = -2
Z 4+ < 22—1— 3
3 < lz r+1
2 8
24 < 4z+r+1
23—r < 4z
23 —r1 <
z
1 =

This inequality holds if z > 5. So for z = 1, 2, 3,4, we check manually based on the 4
possible values of the remainder, and see that the inequality holds if:

(1) z=1and r > 19
(2) z=2and r > 15
(3) z=3and r > 11
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(4) z=4,and r > 7

So we check for n = 18,19,21,22; n = 30,31,33,34; n = 42,43,45,46; and n = 54
manually using Macaulay2, and confirm using the data in Table that the inequality
dim Ay < dim Az holds.

Thus in all cases, the dimension of Az grows faster than the dimension of A,, thus for
vdw(n + 1,3), dimg Ay < dimg As. O

We now provide a table showing that the inequality holds for values of n where we
had to check using computations on Macaulay2:

A(vdw(n,3)) | dim As, dim Aj
A(vaw(15,3)) | 74,99
A(vdw(16,3)) | 89,116
A(vaw(17,3)) | 103,132
A(vdu(18,3)) | 117,148
A(vdw(19,3)) | 132,168
A(vdw(20,3)) | 147,188
A(vadw(21,3)) | 159, 207
A(vaw(22,3)) | 177,230
A(vdw(24,3)) | 213, 276
A(vdw(25,3)) | 234, 302
A(vdw(26,3)) | 255,328
A(vaw(27,3)) | 276, 354
A(vaw(28,3)) | 298,384
A(vaw(29,3)) | 317,413
A(vaw(30,3)) | 336,442
A(vadw(31,3)) | 358,475
A(vaw(33,3)) | 401,540
A(vaw(34,3)) | 428,576
A(vdw(36,3)) | 482, 648
A(vaw(37,3)) | 510, 687
A(vdw(38,3)) | 538, 726
A(vdw(42,3)) | 666, 892
A(vdw(43,3)) | 702, 938
A(vdw(45,3)) | 771, 1029
A(vdw(46,3)) | 805, 1078
A(vdw(54,3)) | 1107, 1498

TABLE 4.2. Dimensions of Ay, Az for A(vdw(n, 3)) that were checked via Macaulay?2
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We have established that dim Ay < dim A3 for all vdw(n, 3) for n > 8, and by extension
the map x/¢ cannot be surjective. Thus for the map x/¢ to have maximal rank, it must be
injective. We now prove that for n > 8, this is not possible by finding an element in the
kernel of the matrix representation of this map.

THEOREM 4.19. A(vdw(n,3)), for n > 7, does not have the Weak Lefschetz Property.

PRrROOF. The case n = 7 was proved in the preceding section, so we consider n > 8.
Similar to the case of A(vdw(n,1)) and A(vdw(n,2)), we work with the matrix represen-
tation of the homomorphism induced by the multiplication by ¢. We consider the map
from Ay to Az. Thus, in our matrix, the columns are indexed by the basis elements of A,,
the domain of our map x/: Ay — Az, and the rows are indexed by the basis elements of
As. The columns represent our even and odd 2-sets from above. We arrange the columns
so that all the columns representing the even 2-sets are placed first, then the columns
representing the odd 2-sets are placed next. The even and odd blocks are also arranged
in ascending order, by the size of j,2j, or 3j.

Suppose this matrix, which we will denote M, 3) is of dimension a x b. We construct
a b x 1 vector ¥’ that is in the kernel of M, 3. By construction, each row of M, 3 has
all entries as 0 but three, which take the value 1. This is since each row represents some
subset of a facet that has three elements in it, and the columns representing each of the
two element subsets one can create from this subset of size three gets the value 1, whereas
the others all get a 0.

We construct ¥ as the following: for each row ¢ in M, 3), consider the three columns
that have the value 1. We consider the jump set of the basis element in Az that our row
represents. By Corollary [4.12] this jump set must be either {7, j, 25} or {j,2j,3;}, where
j is the jump factor of the facet the element of A3 was derived from. Consider column m
in our matrix, and the 2-set it represents. For each of these 2-sets, let ¢ be the jump set
of this 2-set. Then ¢ = 2*m for some odd m by the unique primary decomposition. Since
each row in ¢’ corresponds to a column in M, 3, for each column in M, 3y with jump set
q = 2"m, we construct ¥ so that the entry in the row corresponding to that column has
the value (—1)¥+1(2%). Please note that a detailed example is given just below the proof.

Note that this also implies if ¢ is odd, so ¢ = 2%/, then row m entry of ¥ = -1, as the
decomposition of ¢ into primes would have an exponent of 0 for the prime number 2.

We want to show that when each row of M, 3y multiplied by 7, it yields zero. Thus
the entire product of the matrix M, 3by ¢ will also yield the 0 vector in the end. We
focus on the output we get when an arbitrary row of M, sy is multiped by v.

a

Suppose ¢ is odd. If ¢ is odd, then ¢ = pi'p3*ps®...p¢", where all p; are primes
not equal to two, and all the a; are arbitrary integers. If the row of M, 3 that this
two-set is derived from is of the form {j, j, 25}, then it must be of the form {q, q,2q} or
{%q, %q,q}, based on the order of the elements. But ¢ is assumed to be odd, so %q is
not an integer, and this case cannot happen by construction. If ¢ = pi'p5*ps®...po» is
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odd, then 2q = 2p{*p3>p3® ... po, so its corresponding row entry in ¥ is 2' = 2. So when
My, 3) is multiplied by ¢, the three non-zero terms in row m will be 1-(—1) +1-(-1)
(since ¢ is odd so its corresponding row in v is -1) +2 = 0. If the row of M, 3y that this
two-set is derived from is of the form {j, 27,37}, then it must be of the form {q,2q, 3¢}
or {%q, q, %q}, or {%q, %q, q}. Again, the middle case is not possible since ¢ is odd, so we
are left with {¢,2q, 3¢} or {3¢, 3¢, ¢}, where the latter only holds if ¢ is divisible by 3.

In either case, since ¢ is odd, 3¢, %q will also be odd since the products and powers of
odd numbers are odd, and 2gq, %q are even numbers such that dividing them by 2 yields
an odd number, so 2 in their primary decomposition has an exponent of 1. When M, 3
is multiplied by ¥, the three non-zero terms in row m will be 1-(=1)+1-(—=1)+1-2 = 0.
In either case, if ¢ is odd, the corresponding entries in the product of M, 3) by ¥ is 0.

Now suppose ¢ is even. Then ¢ = 2¥m for some odd m. ¢ being even also implies
2q = 2¥"Im and 3¢ = 2%(3m) are both also even, with 3m being odd. We now consider
sub-cases based on the odd and even parity of k.

If k is even, evidently k + 1,k — 1 is odd and k + 2 is even.

If the row of M, 3) that this two-set is derived from is of the form {j, 7,25}, then it
must be of the form {q, ¢, 2q} or {%q, %q, q}. In the first case, when M, 3y is multiplied by
7, the three non-zero terms in the row will be 1-(=2%)+1-(—2%)4+1-(2*1), since ¢ = 2*m
and k is even so k+ 1 is odd, and using the construction of ¥ above. But this simplifies to
2. (=2F) 42k = _ok+L 4 9k+l — () resulting in a zero entry in the matrix. In the second
case, the three non-zero terms in the multiplication will be 1-(—2F"1)+1-(=2F"1)4+1.(2%),
since %q implies that the exponent of 2 in the decomposition of ¢ decreases by 1, and if k
is even then k — 1 must be odd. But this simplifies to 2 - (=2F1) + 28 = -2k 4 2k = (),
resulting in a zero entry in the matrix yet again.

If the row of M, 3y that this two-set is derived from is of the form {j, 27,35}, then it
must be of the form {q,2q, 3¢} or {3¢,¢, 3¢}, or {34, 3¢, q}.

In the first case, when M, 3y is multiplied by v, the three non-zero terms in the row
will be 1+ (—=2F) + 1. (2M1) + 1. (=2F), since k is even, k + 1 is odd, and multiplying
q by 3 does not change the exponent of 2 in its prime decomposition. This simplifies to
=2 (=2F) + (281) = 0.

In the second case, the three non-zero terms in the multiplication will be 1. (2871) +
1-(=2%) +1-(—2%) since again dividing by 2 is equivalent to subtracting one from the
exponent of 2 in the prime decomposition of ¢, and if k is even then k£ — 1 is odd. Also
multiplying ¢ by % is equivalent to subtracting one from the exponent of 2 and adding
one to the exponent of 3 decomposition of ¢, with the latter having no impact on the
formation of @. This also simplifies to —2 - (—=2%) 4 -(281) = 0.

Finally, in the third case, the three non-zero terms in the multiplication will be 1 -
(—2%) + 1. (28) + 1 (—2%), using the fact that multiplying ¢ by  does not change the
exponent of 2 in its prime decomposition, whereas multiplying ¢ by % increases it by 1.
This also simplifies to —2 - (—2%) + (28+1) = 0. In all cases the resultant row reduces to 0.
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If k£ is odd, evidently £+ 1,k — 1 are even and k + 2 is odd.

If the row of M, 3) that this two-set is derived from is of the form {j, j,25}, then it
must be of the form {q, ¢, 2¢} or {%q, %q, q}.

In the first case, when M, 3y is multiplied by ¢, the three non-zero terms in the row
will be 1 (2%) +1-(2%) + 1. (=2*1), since ¢ = 2"m and k is odd so k + 1 is even. This
simplifies to 2 - (2F) — 2k+1 = 21 _ 9k+1 — () resulting in a zero entry in the matrix.

In the second case, the three non-zero terms in the multiplication will be 1. (2¥-1) +
1-(2F1) — 1. (2%), since 3¢ implies that the exponent of 2 in the decomposition of ¢
decreases by 1. But this simplifies to 2 - (2871) 4+ 28 = 28 — 2% = 0, resulting in a zero
entry in the matrix yet again.

If the row of M, 3y that this two-set is derived from is of the form {j, 25,35}, then it
must be of the form {q,2q¢,3q} or {3q,q, 2}, or {34, 3¢, q}.

In the first case, when this row of M, 3) is multiplied by ¥/, the three non-zero terms
in the row will be 1-(2%) 4+ 1-(=2F1) 4+ 1. (2*), since multiplying ¢ by 3 does not change
the exponent of 2 in its prime decomposition. This simplifies to 2 - (2¥) — (281) = 0.

In the second case, the three non-zero terms in the multiplication will be 1-(—2*=1) +
1-(2%) + 1. (—2%1) since again dividing by 2 is equivalent to subtracting one from the
exponent of 2 in the prime decomposition of g. This also simplifies to 2-(—2*"1)+(2%) = 0.

Finally, in the third case, the three non-zero terms in the multiplication will be 1 -
(27) + 1 (=2%*1) 4 1 - (2%), using the fact that multiplying ¢ by 5 does not change the
exponent of 2 in its prime decomposition, whereas multiplying ¢ by % increases it by 1.
This also simplifies to 2 - (2F) — (2*71) = 0. In all cases the resultant row reduces to 0.

Since q was chosen as an arbitrary column in our matrix M, 3y, we have shown that
in all possible cases, when multiplied by @ as defined above, the product of M, 3 and
U yields a column vector of all zeros, the zero vector. Thus ¢ is in the kernel of M, ).
Since dimy A < dimy Az, the map in question can only have maximal rank if its rank is
dlmk Ag.

Since the kernel is non-empty, by the Rank-Nullity theorem the rank of the map
is strictly less then dimj A;. Thus the map is not of maximal rank, and consequently
A(vdw(n, 3)) does not have the Weak Lefschetz Property. O
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We now present the construction described above for A(vdw(8,3)).The basis of Ay

label the columns, and the basis of A3 label the rows:

X1Ty Xi1T3 X1%Ty4 X1Tp
1 1 0 0
1 0 1 0
0 1 1 0
0 1 0 1
0 1 0 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Here is the vector ¢, where each

Multiplying Mg 3y by ¥, the zero vector is obtained, as wanted.

X1&7

0
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X3T5 X3Te X3T7 X4Ts
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1 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 1
0 1 0 0
1 1 0 0
1 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

r1T2 — 1 = 20
r1x3 — 2
124 — 3
r1x5 — 4 = 22
r1x7 — 6=2-3
o3 —» 1= 20
ToXs — 2
ToXs —r 3
Toxe — 4 = 22
Troxs —6=2-3
Tr3x4 — 1= 20
r3xrs — 2
r3Te — 3
xr3x7 —r 4 = 22
Taxs — 1 = 20
TaTe — 2
r4T7 — 3
Traxs — 4 = 22
T5x6 — 1 = 20
r5T7 — 2
T5Tg — 3
zexr — 1 =2°
rers — 2
Tr7xrg —r 1= 20
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row corresponds to each column in the matrix above:



CHAPTER 5

van der Waerden simplicial complexes that are
pseudo-manifolds

Certain simplicial complexes where the facets meet in a pre-desscribed manner are also
pseudo-manifolds. Deducing for which values of n and k the associated Artinian algebras
of the van der Waerden simplicial complex, that is A(vdw(n,k)), is a pseudo-manifold
allows us to use known results of Dao and Nair in [11] to deduce when our algebras
A(vdw(n, k)) have the strong or weak Lefschetz properties.

In this chapter, we produce a complete characterization of when vdw(n, k) is a pseudo-
manifold. We begin this chapter with an essential lemma, and then give a detailed classi-
fication for which values of n and k the associated van der Waerden simplicial complex is
a pseudo-manifold. We then use this result to deduce some Lefschetz properties for our
algebras.

First we state a useful lemma:

LEMMA 5.1. Any facet of vdw(n, k) has either:

(1) k+1 odd entries, or

(2) [(k+1)/2] odd entries and | (k+ 1)/2| even entries, or
(3) |(k+1)/2| odd entries and [(k + 1)/2] even entries, or
(4) k4 1 even entries.

We note that we use the term even and odd entries by examining the indices of each
vertex, in accordance with Definition [2.51]

PROOF. Let F' be an arbitrary facet of vdw(n, k) of the form

F= {xz‘, Lita) Tit+2as Tit+3as - - - 7xi+ka}a
i.e., F" has jump factor a. Note that for [n] ={1,2,3,...,n}:

(1) If n is even, there are exactly & even elements and 4 odd elements among [n)].
("1 even elements and w odd elements among
n

[n]. Equivalently, there are |2] even elements and [%] odd elements in [n].

(2) If n is odd, there are exactly

We consider two cases, depending on whether the jump factor a is odd or even.

If a is even, then adding an even number or a multiple of an even number (which is
also an even number) to i does not change the parity of i. So, if a is even, and:

58
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(1) If ¢ is odd, then the facet is comprised entirely of odd entries, and falls under
case one.

(2) If i is even, then the facet is comprised entirely of even entries, and falls under
case four.

If a is odd, then adding it to an odd number results in an even number, and alterna-
tively adding it to an even number results in an odd number. If a is odd and 7 is odd, then
the first entry of the facet is odd, followed by an even entry, and the pattern continues:
odd, even, odd, even,. ... If a is odd and 7 is even, then the alternating pattern also exists
but the order is switched, that is even, odd, even, odd, .. ..

However, the pattern goes on for k+1 iterations, the size of our facet. We now consider
two more cases:

If £+ 1 is even, then exactly half the entries of our facet is even and half are odd.

So F has %Ll) = [(k+1)/2] = |(k+1)/2] odd (and analogously even) entries, and falls

under both cases two and three.

If £+ 1 is odd, then the same pattern implies there will be either one more odd entry
than even, or one more even entry than odd. Using the note above on [n] = {1,2,3,...,n},
we see that if we start with an odd entry, then the number of odd entries will be one more
than the number of even entries. This will fall under case two. Similarly, if we start with
an even entry, then the number of even entries will be one more than the number of odd
entries, and thus will fall under case three, as desired.

These cases now show the statement is true. O

Using this essential lemma, we now define pseudo-manifolds, and classify for which
values of n and k the simplicial complex vdw(n, k) is a pseudo-manifold.

DEFINITION 5.2. A k-dimensional simplicial complex is a pseudo-manifold if all
three of the following conditions hold:

(1) the simplicial complex is pure (all facets are of the same dimension);

(2) all £—1 dimensional faces of the simplicial complex are contained in a maximum
of two facets; and

(3) given any two facets, F,, F}, of the simplicial complex, there exists a sequence of
facets F, = Gy, Gy, Ga,. .., G, = F}, such that the dimension of G; N G4 is k—1
forall0<i<n-—1.

Criteria two of Definition [5.2 can also be restated in terms of the ridges of a pure,
d-dimensional simplicial complex, which we defined earlier in Definition [2.4] as any face
of dimension d — 1. Criteria two thus requires that all ridges of vdw(n, k) are contained
in at most two facets.

By a result of Dao and Nair, if A is a pseudo-manifold, this has implications on
whether A(A) has the Weak Lefschetz Property. Before we examine this result, we state
a useful lemma about the jumps of the van der Waerden simplicial complexes.
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LEMMA 5.3. If § < k < n, then jump(F) = 1 for all facets F' € vdu(n, k)

PROOF. Let § < k < n, and F' be an arbitrary facet of vdw(n, k). Then there exists
i€ {1,2,3,...,n} and e € Z such that F' = {z;,%i1e,...,Tiske} and i + ke < n. By
construction, jump(F') = e. Suppose for the sake of a contradiction that e > 2. Then
1+ ke > i+ 2k since e > 2. But this means i + ke > ¢ + (27” = n) since k > 7. This
implies 1 + ke > i+ n > n.

This is a contradiction, as i + ke ¢ {1,2,3,...,n}. Thus e cannot be greater than one,
so all facets of vdw(n, k) where § < k < n have jump(F') = 1. O

We now use this result to classify for which values of n and k& the simplicial complex
vdw(n, k) is a pseudo-manifold.

THEOREM 5.4. Suppose n >k > 3. Then vdw(n, k) is a pseudo-manifold if and only
if 5 < k<n.

PROOF. We begin with the backward direction. Let § < k < n, and consider vdw(n, k).
By construction, vdw(n, k) is pure. By Definition , we know that all facets F' of
vdw(n, k) must have jump(F) = 1. Thus all the facets of vdw(n, k) have the following
natural order:

F1 == {$1,$2,...,$k+1}
F2 = {$2,$3,...,$k+2}
Fd = {md,l’d+1,...,$k+d :l'n}

where d =n — k.

For each facet F; of dimension %k (and thus cardinality k& + 1), we construct faces of
dimension k — 1 (cardinality k) by omitting one element from the facet. Let us denote
the element that we omit using the circumflex symbol, that is, . Then for each facet, we
can construct k + 1 of such faces. For example, for the first two facets, we have:

From Fy = {21, x9,...,Tk41}, We construct:
G171 = {55171'27”-71‘19—&-1}
G1,2 = {%1,x2,...,$k+1}

Gl,k+1 = {$1, X2, ... 7/$\k+1}'
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From Fy = {9, x3,..., T2}, We construct:
G271 = {ZEQ,I‘3,...,ZL‘]€+2}
GQ’Q = {.CEQ, T3, ... ,Q?k+2}
G27k+1 = {.772, Lo, ... 7«77k+2}'

Similarly, for the last two facets in our ordering, we have:

Fy1={xq-1,%a-2, .., Tkrd_1}, We construct:
Giip = {Za-1,%4,- - Thtd1}
Gd71,2 = {xdfla Td—2, - - - 7*77k+d71}
Giciptr = {Ta-1,%dy - Thrd1}-
And finally, for Fy = {x4, x4_2,. .., Triaq}, We construct:
Gd,l = {Jid, Td—2, - - - ,$k+d}
Ga2 = {2a,%a—2,...,Tkta}
Gary1 = {Ta,Ta—2, ... Thta}

Note that Gj1 = G141 for all 1 < 57 < d — 1, as they both consist of the elements,
Tjt1,Tj12,. .., Tjpk Dy construction. So these k —1 dimensional faces are contained in two
facets already, namely F; and Fj;;. By containing z;,1, this face cannot be contained in
facets Fj, for all k > j + 1. Similarly, by containing x;, this face cannot be contained in
facet Fj, for all £ < j — 1. Hence faces of this form are strictly contained in two facets.

Now, we consider an arbitrary k — 1 dimensional face, G} ,,, that is not in F,;. So z;
€Gjm, forl<m<k+1,s0G,;, # Gjpqm for all j < j+ ¢ < d. This implies Gj,, ¢
F, for all z > j. Similarly, x4, € Gjp forall 1 < p < k+1,s0 Gj,, # Gj_q, for all 1
< j—q < j. This implies G,,, ¢ F. for all z < j. This shows that all arbitrary & — 1
dimensional faces of this form are only contained in one facet. So all subsets of size k of
F,, for 1 < m < d are only contained in at most two facets.

The only case remaining is Fy, and its £ — 1 dimensional faces of the form Gg; for 1
<l < k+1, but excluding Gy x4+1 from the first case. Note that these faces all have the
element x4 by construction, so can only be a subset of F;. Thus all £ — 1 dimensional
faces of any facet are contained in at most two facets.

To prove the third requirement for pseudo-manifolds, we note that in the ordering

above, F; N F;;; has dimension k£ — 1, as they only differ by one element. So for any
two facets, F,, F, with a < b without loss of generality, we can choose the sequence
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Fo Foi1, Fyio,. .., Fyi—p to be the sequence we need to meet requirement three. Hence if
5 < k < n, then vdw(n, k) is a pseudo-manifold.
Now we prove the forward direction, that is, if vdw(n, k) is a pseudo-manifold, then %
<k<n.

Suppose 3 < k < 7. Note that in this case, we have the following facet, constructed
entirely of odd entries:

Fy ={zy, z3, x5, ..., Topy1}

Since k < 7 implies 2k +1 < n + 1, so 2k + 1 < n, making this a valid facet.

We also always have the facet generated by jump size 1:
Fy =A{xy, w3, w3, ..., Tpy1}.
Using Lemma on [n] = {1,2,3,...,n}, this facet has E+1) oven entries if k is odd, or

2
k+1 N
{%L)J even entries if k is even.

Assume for a contradiction that vdw(n, k) is a pseudo-manifold. Then by property 3 of
[.2] there must be a sequence of facets F; = Gy, G, ..., G, = F; such that the dimension
of G, NGy isk—1for all 0 <7 < n—1,ie., consecutive facets in the chain differ by
only one element. Since F} has all odd entries, but F» does not, there must be some facet
(i), in this chain that is the last to consist of all odd entries only. By property 3, we have
G N Guyyq is of dimension £+ 1 — 1 = k. Since G, consists of all odd entries only, this
implies their intersection of k£ elements must contain only all odd entries, so G,,,.1 has at
least k odd entries. The facet Fy has both odd and even entries, so G,,1 cannot have
only odd entries either, so of its k + 1 elements, k are odd entries and one entry is an
even entry. This is a contradiction to [5.1] as we know G,,11 has entries of mixed parity,
so it must fall into cases 2 or 3. Using the fact that £ > 3, in either case, G,,+1 must
have at least [(k+1)/2] > [(3+1)/2] = 2 even entries. Thus no such chain of facets
can exist between Fy and Fy, contradicting the fact that vdw(n, k) is a pseudo-manifold
in this case. ([l

The previous case required the assumption that & > 3. We now present a lemma to
consider the cases where k =1 or k = 2.

LEMMA 5.5. vdw(n, 1) is a pseudo-manifold if and only if n < 3. vdw(n,2) is a
pseudo-manifold if and only if n < 6.

ProoOF. Case 1: k=1
We consider the k = 1 case by considering the cases n = 2,n = 3 and n > 4 separately.

(1) n = 2. In this case vdw(2,1) = ({x1,z2}). This simplicial complex has only one
facet and thus easily satisfies all three conditions to be a pseudo-manifold.
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n = 3. In this case vdw(3,1) = ({x1,x2}, {22, 23}, {71, 23}). This complex is
also pure, each vertex is contained in exactly two facets, and for any of the three
facets, changing either of its vertices gives the other two facets, again satisfying
all three conditions for it to be a pseudo-manifold.

n > 4. In this case, we claim vdw(n, 1) is not a pseudo-manifold. For all such
vdw(n, 1), the following is a partial list of valid facets:

{xla x?}a {x27 x3}7 {1.37 ‘7:4}7 and {3:27 '1'4}-
We see that when considering the K — 1 = 1 — 1 = 0 dimensional faces (i.e,
the vertices), xo is already contained three facets, violating condition 2 of the

definition of pseudo-manifolds. This vdw(n, 1) is not a pseudo-manifold for all
n > 4.

Case 2: k=2

Again, we consider the k = 2 case by considering the cases n = 2,3,4,5,6 and n > 7

cases separately.

(1)
(2)

n = 3. In this case vdw(3,2) is generated by one facet only: {z1, z3, z3}. Thus
it satisfies all three conditions to be a pseudo-manifold.

n = 4. In this case vdw(4, 2) has two facets: {1, xa, 3}, and {xq, x3, x4}. It is
pure by construction, and while the 1-dimensional face {z1, x2} appears in two
facets, all other 1-dimensional faces only appear in one facet, satisfying condition
2. The intersection of the two facets is {1, x2}, which has dimension 1, ensuring
that vdw(4,2) is a pseudo-manifold.

n = 5. In this case vdw(5,2) is generated by the facets:

FO = {1‘1, T, IL‘3}, F1 :{1'2, s, IL’4}, F2 :{373, Zq, {['5}, and F3 = {1'1, xs3, ZE5}.
It is pure by construction, and all 1-dimensional faces are in one facet except for
{1, z3} , {x2, 23}, {23, x4}, and {x3, x5}, which appear in two. Thus all 1-
dimensional facets are contained in at most two facets, satisfying property two.
Finally, the sequence Fy, F1, Fy, F3 satisfies property 3, confirming vdw(5,2) is a
pseudo-manifold.

n = 6. In this case vdw(6,2) is generated by the facets:
Fo = {x1, xq, x5}, F1 ={x9, x3, x4}, Fo» ={x3, x4, x5}, F3 = {24, x5, 26},
Fy = {x1, x3, x5}, and F5 = {xq, x4, x6}.
Here, the 1-dimensional faces

{1, w3}, {wa, w3}, {72, 24}, {23, 24}, {3, 25}, {74, x5}, and {24, 26}
appear in two facets, while all other 1-dimensional faces only appear in one facet,
satisfying condition 2. For condition 3, the sequence F}, Fy, F1, F3, F3, F; satisfies
the third property, resulting in vdw(6, 2) also being a pesudo-manifold.

n > 7. In this case, the following three sets are valid facets of vdw(n,2) for all
values of n > 7:

{‘7:3’ Ty, x5}7 {xla X3, $5}, {x37 Ty, SU5}.
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But the 1-dimensional face {3, x5} is contained within all three of these facets,
violating condition two and proving vdw(n,2) is not a pseudo-manifold for n >
7.

This now finishes the proof. 0

We summarize these results in the following corollary:

COROLLARY 5.6. vdw(n, k) is a pseudo-manifold if and only if:

(1) k=1, andn=2 or 3, or
(2) k=2, andn=3,4,5, orn =206, or
(3) k>3, and 5 < k< n.

Before we can apply a theorem of Dao and Nair that relates when Artinian rings
constructed from pseudo-manifolds have the Weak Lefschetz Property in certain degrees,
we must introduce the definition of a boundary.

DEFINITION 5.7. A k-dimensional pseudo-manifold has a boundary if it has at least
one k — 1 dimensional face that belongs to exactly one facet.

The following corollary summarizes when the pseudo-manifolds classified above have
boundaries.

COROLLARY 5.8. vdu(n, k) is a pseudo-manifold with boundary if and only if:

e k=1, andn =2, or
e k=2 andn=3,4,5 orn =206, or
e k>3 and 5 < k< n.

PRrROOF. We begin with the case k > 3 and § < k < n, which we prove separately.
For an arbitrary vdw(n, k) for § < k < n, we stated that these are all pseudo-manifolds,
and that they all have the following facets:

F1 = {$1,$2,...,$k+1}
F2 = {$2,l’3,...,$k+2}
Fy = {24, Tas1, -, Thga = Tn}-
The k — 1 dimensional face {xy, zs,..., 2} is only contained in Fy, as it contains 1,

which is not in any of the other facets. So all such vdw(n, k) are pseudo-manifolds with
boundaries.

Now, we consider the van der Waerden simplicial complexes with small values of n
and k that are pseudo-manifolds:

(1) vadw(2,1) : this simplicial complex is generated by only one facet, so any k — 1 =
0 dimensional face (vertex) must be contained in one facet only.
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(2) vdw(3,1) : each k — 1 = 0 dimensional face (vertex) is contained in 2 facets by
construction, so this is not a pseudo-manifold with a boundary.

(3) vdw(3,2) : this simplicial complex is also generated by only one facet, so any
k —1 =1 dimensional face (edge) must be contained in one facet only.

(4) vaw(4,2) : {x1, xo} is a 1-dimensional face that is contained only in the facet
{1, z2, x3}, so this is a pseudo-manifold with boundary.

(5) vaw(5,2) : {x1, x5} is a 1-dimensional face that is contained only in the facet
{1, x3, x5}, so this is a pseudo-manifold with boundary.

(6) vadw(6,2) : {ws5, x6} is a 1-dimensional face that is contained only in the facet
{z4, x5, 26}, so this is a pseudo-manifold with boundary.

O

So all of the vdw(n, k) that we have classified as pseudo-manifolds have boundaries
except vdw(3,1). We can now use a result from the existing literature [11], to see when
A(vdw(n, k)) has the Weak Lefschetz Property.

THEOREM 5.9. Let A be a pseudo-manifold with dim(A) = d. Then A(A) has the
Weak Lefschetz Property in degree d if and only if:

(1) The pseudo-manifold has a boundary, or
(2) The pseudo-manifold does not have a boundary, but its dual graph is not bipartite.

By the results discussed in this chapter, we have the following corollaries regarding
some values of n and k such that A(vdw(n, k)) has the Weak Lefschetz Property in degree
k:

COROLLARY 5.10. Let k > 3. Then A(vdw(n, k)) has the Weak Lefschetz Property in
degree k if 5 < k < n.

Proor. By Corollary , vdw(n, k) is a pseudo-manifold if and only if § < k < n,
and that all pseudo-manifolds of this form have a boundary. So all of these k-dimensional
pseudo-manifolds have the Weak Lefschetz Property in degree k, by Theorem [5.9 U

COROLLARY 5.11. A(vdw(n, 1)) has the Weak Lefschetz Property in degree 1 if n < 3.
A(vaw(n,2)) has the Weak Lefschetz Property in degree 2 if n < 6.

PROOF. The results of this chapter show these are the values of k£ for which vdw(n, 1)
and vdw(n, 2) are pseudo-manifolds. We have shown that all of these cases except vdw(3, 1)
are pseudo-manifolds with boundaries, so they have the Weak Lefschetz Property in degree
one or two correspondingly by the first condition of Theorem . While vdw(3,1) is a
pseudo-manifold without a boundary, its dual graph (presented below), is the graph of
a 3-cycle and is not bipartite. Hence vdw(3,1) also has the Weak Lefschetz Property in
degree 1 by the second condition of Theorem [5.9} ([l
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FIGURE 5.1. A 3-cycle, the dual graph of vdw(3,1).



CHAPTER 6
Future Directions

This thesis mainly examines the presence or absence of the Weak Lefschetz Property of
A(vdw(n, k)), for various different values of n and k. However, some of the data computed
indicated the presence or absence of the Strong Lefschetz Property of A(vdw(n,k)) for
several values of n and k too. In this chapter we examine some of these results. We then
examine conjectures on the Weak Lefschetz Property formed using computations done on
Macaulay?2 ,[18] and state some possible areas of further research.

1. The Strong Lefschetz Property

We now examine several cases where A(vdw(n, k)) has the Strong Lefschetz Property.
We begin by recalling that a graded Artinian ring has the Strong Lefschetz Property if
the map x/¢¢ : A; — A; 4 has maximal rank for all positive values of i and d.

THEOREM 6.1. A(vdw(n, 1)) has the Strong Lefschetz Property for all n > 2.

PROOF. In Theorem we proved that A(vdw(n, 1)) has the Weak Lefschetz Prop-
erty for all values of n. The proof involved showing that for dim A; = n,dim Ay = (;‘),
and dim A; = 0 for all # > 3. The Strong Lefschetz Property considers when the mul-
tiplication map x/¢¢ : A; — A, 4 has maximal rank. But since dim 4; = 0 for i > 3,
the only non-trivial map of this form is x¢ : A; — Ay, which we have already deduced
has maximal rank. Thus, A(vdw(n, 1)) has the Strong Lefschetz Property for all values of

n > 2, as wanted. O

Another one of our results about the Weak Lefschetz Property can be extended to the
Strong Lefschetz Property, as follows:

THEOREM 6.2. A(vdw(n,n — 1)) has the Strong Lefschetz Property for all n > 2

PRrOOF. Using the same argument as Theorem [3.11} the Artinian Ring
A(vdw(n,n — 1)) simplifies to
R

22, 2 22’
1 PRI n
a complete intersection. Then by the same result of Stanley, see Theorem from [43],
this Artinian ring has the Strong Lefschetz Property. This is true for all values of n, so

A(vdw(n,n — 1)) always has the Strong Lefschetz Property, as wanted. O
67
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Examining for what values of n and k A(vdw(n, k)) has the Strong Lefschetz Property
is a promising area for further research. Studying when A(vdw(n, k)) has the Strong Lef-
schetz Property will also shed more insight on when A(vdw(n, k)) has the Weak Lefschetz
Property, as the former implies the latter.

While this thesis predominantly focused on the Weak Lefschetz Property, we did run
computations on Macaulay2 to obtain some data on this, as seen in Table [7.2] We now
state some conjectures based on this data.

CONJECTURE 6.3. For all values of k > 2, there ezists some n such that A(vdw(n, k))
does not have the Strong Lefschetz Property.

This can be seen from the data in Table and is one of main differences between
the Weak and Strong Lefschetz Property for A(vdw(n, k)). As we will examine further in
the next section, there are some values of n such that the data shows A(vdw(n,k)) has
the Weak Lefschetz Property for all values of k, but the same appears to be untrue for
the Strong Lefschetz Property. There appears to be no k such that A(vdw(n, k)) always
has the Strong Lefschetz Property for all valid values of n, except for the ones shown
previously.

CONJECTURE 6.4. For a fized k > 3, A(vdw(n, k)) does not have the Strong Lefschetz
Property for n > 2k.

The data indicates that for a fixed value of k& > 3, while the smallest possible values
for n seem to always have the Strong Lefschetz Property, this is not true for any value of
n > 2k. In fact, 2k + 1 seems to be the exact instance for when A(vdw(n, k)) no longer
has the Strong Lefschetz Property.

Similar to the Weak Lefschetz Property, for a fixed n, and larger values of k, A(vdw(n, k))
always seem to have the Strong Lefschetz Property:

CONJECTURE 6.5. If k > [2], then A(vdw(n,k)) always has the Strong Lefschetz
Property.

It appears as though when k is large enough, the behavior of A(vdw(n,k)) is well
enough to always have the Strong Lefschetz Property.

Furthermore, although we consider this conjecture in detail in the next section, we
observe that for all valid values of n and k, if A(vdw(n,k)) has the Weak Lefschetz
Property, then so does A(vdw(m, k)) for all values of m < n. However, this is not true
for the Strong Lefschetz Property, and can be seen for the smallest possible value of k
this can occur in, k = 2. A(vdw(5,2)), A(vdw(6,2)), and A(vdw(7,2)) all do not have the
Strong Lefschetz Property, but A(vdw(n,2)) does have the Strong Lefschetz Property for
8 < n < 20. While there is no specific conjecture to form about this instance, studying the
reason for this phenomena would be a possible future area of research. The conditions
that allow this phenomenon to happen for the Strong Lefschetz Property but not the
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Weak Lefschetz Property might help shed more insight on the structure of the rings we
are working with. Due to the behavior of k = 3,4,5,6, and 7, as well as the results we
had about the Weak Lefschetz Property, we form this final conjecture about the Strong
Lefschetz Property:

CONJECTURE 6.6. A(vdw(n,2)) has the Strong Lefschetz Property for all values of n
except n = 15,6, and 7.

2. Further Conjectures on the Weak Lefschetz Property

In this final section of this thesis, we form conjectures based on the results we have
proven, as well as the Macaulay2 data seen in Table [7.1, These conjectures are possible
questions further research on this topic can attempt to solve. For certain conjectures
that we have attempted to prove, we state results and theorems that we suppose may be
helpful in proving them as well.

CONJECTURE 6.7. If A(vdw(n,k)) has the Weak Lefschetz Property, then so does
A(vaw(m, k)) for all k <m < n.

This was the first conjecture that was formed using the data shown in Table [7.1]
Although vdw(m, k) is a subset of vdw(n, k) for all m < n, the conjecture is not trivial
since the Artinian rings they form are different. The initial idea was to try an inductive
argument on m = n — 1, and write A(vdw(m, k)) as a quotient of A(vdw(n,k)) by x2, but
this is not correct. New elements may be included in A(vdw(n, k)) that do not necessarily
contain the variable x?2 itself. However, a modified approach might be the right idea, as if
one is able to relate the rings A(vdw(m, k)) and A(vdw(n, k)) using either tensor products
or quotients in a particular way, then one might be able to use a combination of the
following two theorems, the first from [30] and second from [24] to obtained the desired

proof.
THEOREM 6.8. Let A be a ring with an ideal I, and M be an A-module, then
(A/I)@ M = M/IM
THEOREM 6.9. Let K be a field of characteristic 0,

® K[yhy%---,ym}
(x1,29,...,2p,)? J

B— K[;L’l,alg,...,xn]

where J is a monomial ideal and A = w is of socle degree D. Define
C=yi+ya+ ...+ Ym,

€/:$1+ZL‘2+—|—[L‘TL—|—€
Then for 1 <i < D — 1, the map

x{ : [Bl; — [Blis1
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has mazimal rank if and only if the maps
X/l : [A]ifl — [A]Z,cmd
sz . [A]i—l — [A]i—i-l

both also have mazimal rank.

Another approach of using flat extensions was also attempted. We define the key
concepts, which can be found in [7]here:

DEFINITION 6.10. For a group G, A C (G is a free basis of G if every function
¢ : A — B for some other group B can be extended uniquely to another homomorphism
@ : G — B such that ¢(a) = ¢(a) for all @ € A. Any group G with such a subset A is
referred to as a free group.

DEFINITION 6.11. Given two graded rings A and B, a ring homomorphism ¢ : B — A
is a flat extension if B is a subring of A, such that for all 7, B; C A;, and A has a free
basis over B

We now state the theorem from [48] that we attempted to use:

THEOREM 6.12. Let ¢ : B — A be a flat extension with fiber C = A/((By)A), where
B, ={be B; |i>0}. If B and C have the Strong Lefschetz Property, then so does A.

This approach was considered, but not pursued since we have evidence from the previ-
ous section on the Strong Lefschetz Property that if A(vdw(n, k)) has the Strong Lefschetz
Property, then it does not necessarily mean A(vdw(m, k)) has the Strong Lefschetz Prop-
erty for k < m < n.

Another approach to solving Conjecture [6.7] is using induction and considering the
matrix representation of the linear map x¢ : A; — A;,;. Using the inductive approach,
we need to prove that if A(vdw(n,k)) has the Weak Lefschetz Property for some n, then
so does A(vdw(n — 1,k)). Then by induction, if A(vdw(n,k)) has the Weak Lefschetz
Property, then so does A(vdw(m,k)) for all m < n. For each degree, we can consider
the matrix representation of x/¢ of A(vdw(n — 1,k)) as a sub-matrix of the matrix repre-
sentation of x¢ of A(vdw(n,k)). Arranging rows and columns so that those representing
elements of A; that do contain z,, are placed at the end, we get a matrix of full rank M
that is the matrix representation of the map x¢ for A(vdw(n,k)), and it can be parti-
tioned into 4 sub-matrices, where one partition is the matrix representation of the map
x{ for A(vdw(n — 1, k)) and another partition is a zero block. If we are able to prove that
if the bigger matrix M having maximal rank implies the sub-matrix that is the matrix
representation x/¢ for A(vdw(n — 1, k)) also has maximal rank, then we are done.

Conjecture examined instances of the Weak Lefschetz Property for A(vdw(n,k))
for a fixed £ when some n was known to have it. We now examine several conjectures,
still for a fixed k, but when we know for certain some A(vdw(n,k)) does not have the
Weak Lefschetz Property.
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CONJECTURE 6.13. For every odd value of k > 3, there exists some n such that
A(vaw(n, k)) does not have the Weak Lefschetz Property for all n > n. Furthermore, for
an arbitrary odd k = 2p + 1, we can take n to be:

2k +1 if pis odd
2k +2 if p is even

While there currently is no rationale for this formula for n, it fits every relevant
example seen in Table [7.1| Furthermore, we know by Theorem that if £ > 3 and
5 < k < n, then A(vdw(n,k)) has the Weak Lefschetz Property in degree k, so the
boundary being close to n/2 appears to be a recurring idea.

The above conjecture focused on odd values of £k > 3, as for all such values there
was some n such that A(vdw(n, k)) did not have the Weak Lefschetz Property. However,
the data in Table shows no such pattern for even values of k. The even-odd parity
of k seems to have a noticeable influence on whether or not A(vdw(n, k)) has the Weak
Lefschetz Property. This would be an interesting area of further research, as why does
the dimension of our simplicial complex k being odd create more complicated behaviors
then when it is even. Does the even dimension introduce some sort of symmetric behavior
that allows for A(vdw(n,k)) to have the Weak Lefschetz Property; or is it perhaps that
the odd dimension introduces some sort of problematic behavior, such as non-unimodal
Hilbert Functions, which we know is an indicator of the absence of the Weak Lefschetz
Property.

If A(vdw(n, k)) does not have the Weak Lefschetz Property, the data from Macaulay?2
also indicates the smallest degree at which this failure occurs. When £ = 3 and n > 7,
the first degree of failure is always 2. For k = 5 and n > 12, the first degree of failure is
always 3. For k = 7 and n > 15, the first degree of failure is always 4. This recurring
pattern brings us to our next conjecture:

CONJECTURE 6.14. For an odd k, if A(vdw(n,k)) fails to have the Weak Lefschetz
Property, the smallest degree at which this occurs is (%W

Examining more into the even-odd parity of k brings us to our next conjecture:

CONJECTURE 6.15. For all even values of k, A(vdw(n,k)) has the Weak Lefschetz
Property for all valid values of n.

We proved this for the smallest possible even value of k, & = 2, in Chapter 3. The proof
involved the fact that dim A > dim A; for degree 1, and that the matrix representation
of the map in degree two was always of maximal rank. If we are able to generalize these
ideas to higher values of even k, with results about the dimensions of consecutive A;, then
we may be able to prove the conjecture.

Similar to Conjecture [6.5] for the Strong Lefschetz Property, we have the following for
the Weak Lefschetz Property:
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CONJECTURE 6.16. If k > [%], then A(vdw(n,k)) always has the Weak Lefschetz
Property.

Similar to the case of the Strong Lefschetz Property, it would appear that for larger
values of k, the behavior of A(vdw(n, k)) is optimal enough for A(vdw(n, k)) to have the
Weak Lefschetz Property. However, the reason we state this separately because the lower
bound for £ is not as consistent as it was for the Strong Lefschetz Property. For example,
when n = 15, Table shows that A(vdw(15,k)) has the Weak Lefschetz Property for
all values of k > [2] = 8. But for n = 17, the conjecture tell us A(vdw(17,k)) has the
Weak Lefschetz Property for all values of k& > (%1 = 9. However, the data in Table
indicates we can lower k to 8. Proving this conjecture can also lead to a better lower

bound for k in the case of the Weak Lefschetz Property.

3. Further Areas of Study

In this final section of this thesis, we examine some further areas of study. One major
area of future research for the van der Waerden simplicial complexes A = vdw(n, k) is
to study different Artinian rings of the form R/(Ia, ', 252, ... 2%), denoted by A =
A(A,ay,aq,...,a,), where the a; # 2 for all i. We modded out the Stanley-Reisner ring
by the squares of our variables so that the ring becomes a square-free Artinian ring. But
having other values of a; # 2 also creates Artinian rings, they just will not be square-free.
Furthermore, we can even form Artinian rings using a; such that a; # a; for ¢ # j. Working
with such constructions will be more complex, as many of the tools we were able to use
when a; = 2 for all ¢ will no longer apply, such as the simplified form of the socle vector
formula, and simplified multiplication by ¢, where the matrix representation of the map
was simply the incidence matrix. Furthermore, if a; # a; for ¢ # j, the existing theorems
we can use to find instances of the Lefschetz Properties get even smaller. However, it
would be interesting to see what properties hold true for A(vdw(n,k)) also hold true
when the a; are changed, and which ones break.

Lastly, in this thesis we mainly examined the Weak Lefschetz Property, as well as a
couple cases of the Strong Lefschetz Property. However, the Macaulay2 code that was
used to perform the computations (please see the code in the Appendix) also mentions the
Medium Lefschetz Property. This would be an intermediate property between the Weak
and Strong Lefschetz Property, where the map x¢: A; — A;,; always has maximal rank,
and the maps x/? : A; — A;;4 has maximal rank for some values of d > 0, but not for
all such values of d. Studying for which values of n and k does A(vdw(n,k)) have the
Medium Lefschetz Property, and for what degrees d are the maps x/? of maximal rank,
is also a possible future area of study.



CHAPTER 7
Appendix

In this chapter, we provide some tables that summarize computations done on Macaulay2
that indicate for which values of n and k does the Artinian ring A(vdw(n, k)) have the
Weak or Strong Lefschetz Properties, and when is vdw(n, k) a pseudo-manifold. We
also provide a Macaulay2 package that can be used to perform computations regarding
vdw(n, k).

1. Summary of Computations

kl
n
2 |/
3 |V |V
4 V|V
5 (V| V|V
6 |(VI|V|V/|V |V
T VXS
8 (V| V | X |V |/ |V |/
9 (V| VI X\ V|V
10 |V |\ V| X| V|||
1 |\vivV| X\ /||
L2 |V V|X| VXV VIV
B\ VX VXN
4 \V\ VN X\ X\ NN
B |V X\ XX\
6 |V V|IX |\ V| XV X V| V| V||V
17 |\ XX\ XN ]

TABLE 7.1. A table showing which of the van der Waerden complexes have
the Weak Lefschetz Property as verified by Macaulay2. Note entries with —
are those whose computations timed out in Macaulay2. Though not shown
on the table, A(vdw(20,9)) does not have the Weak Lefschetz Property.
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—
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TABLE 7.2. A table showing which of the van der Waerden complexes have
the Strong Lefschetz Property as verified by Macaulay2. Again note entries
with — are those whose computations timed out in Macaulay2. Though not
shown on the table, A(vdw(20,9)) does not have the Strong Lefschetz Prop-
erty
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1. SUMMARY OF COMPUTATIONS

X\ V|V |/

X\ V|V |/ |/

X X | X|/ |/ |V

X\ X| X[/ |/ |/ |/

X\ X\ X| X |V |/ |/ |V

X\ X| X | X | /| /| V|V |/

XX | X|X|X| V| V|V |/ |V

X\ X| X[ X | X| V|V |V /| V|V

X X| X[ X | X|X| V|V /| V|V |V

X\ X| X[ X | X|X| V|V /| V| V|V |V

X | X| X | X[ X|X|X| V| /| /| /|||

X\ X| X | X[ X|X| XV /| /| /| V|V ||/
X | X| X[ X[ X|X| X X\ /| /| /| /| /| V||V

)

6

7

8

9
10
11

12
13
14
15
16
17

TABLE 7.3. A table showing which of the van der Waerden complexes are

pseudo-manifolds



2. MACAULAY2 PACKAGE CODE 76
2. Macaulay2 Package Code

The following is a Macaulay2 [18] package written for the Computational Commuta-
tive Algebra and Computational Algebraic Geometry course at the Fields Institute with
Professor Mike Stillman. It was written to easily compute several of the defining charac-
teristics of the van der Waerden simplicial complexes, and also examine whether or not
they have the Weak or Strong Lefschetz Properties. Several functions in this code were
written by Dr. Adam Van Tuyl and Dr. Lisa Nicklasson, and are indicated as so.

newPackage (
"VanDerWaerdenSimplicialComplexes",
Version => "1.0",
Date => "April 20, 2025",
Authors => {

{Name => "Naveena Ragunathan", Email => "ragunatn@mcmaster.ca"}},
Headline => "Macaulay2 package for the Van Der Waerden Simplicial Complexes ",
Keywords => {"Documentation"},

AuxiliaryFiles => false,
PackageExports => {"SimplicialComplexes"},
DebuggingMode => false

)
export {"VanDerWaerden", "ArtinianRing", "SocleVector", "isShellable",
"isCohenMacaulay", "VDW", "hvec", "trunc", "compareHilb", "toZZT", "isArtinian",

"hasMaxRank", "checkMRP", "checkWRP", "checkSRP" }
VanDerWaerden = method(TypicalValue => List)
VanDerWaerden(Ring, ZZ, ZZ) := SimplicialComplex => (R,n,k) -> (
if (k>=n) then error "n must be greater than k";
1 = {};--We make the ring also an input so that the ArtinianRing function also
refers to the same ring
for i from 1 to n do (
for d from 1 to floor((n-1)/k) do ( --looking at the possible jump factors,
and i is the starting point
if (i+dxk <=n) then (
sublist = {};
for j from 0 to k do (
sublist = append(sublist,x_(i+d*j)) );
1 = append(l, product sublist));
)3
return 1; --this returns a list of all the valid arithmetic progressions;
this will be the generators of our simplicial complex

ArtinianRing = method(TypicalValue => QuotientRing)
ArtinianRing(ZZ, ZZ) := QuotientRing => (n,k) -> (

if (k>=n) then error "n must be greater than k";

R = QQ[x_1..x_n]l;

gen = gens(R); --getting all the variables in our ring
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SquareIldeal = ideal apply(gen, x -> x72); --squaring all of our variables and

creating an ideal out of them

vdwIdeal = monomialldeal(simplicialComplex(VanDerWaerden(R,n,k))); --creating
return R / (Squareldeal + vdwldeal); --creating our Artinian ring where a_i=2

SocleVector = method(TypicalValue => Sequence)
SocleVector (Ring, ZZ,ZZ) := Sequence => (R, n, k) -> (
Y = facets(simplicialComplex(VanDerWaerden(R,n,k)));
j = length(toList(factor(Y#0)));
L :={};
for i from 0 to j - 1 do (
L = if i == j - 1 then append(L, j) else append(L, 0)
)3

return toSequence(L)

isShellable = method(TypicalValue => Boolean)
isShellable (ZZ,ZZ) := Boolean => (n, k) -> (
if (k>=n) then error "n must be greater than k"
else if (n <= 6) then return "true"
else if (n > 6 and k == 1) then return "true"
else if (n > 6 and (n/2 <= k and k < n)) then return "true"
else return "false";

isCohenMacaulay = method(TypicalValue => Boolean)
isCohenMacaulay (ZZ,ZZ) := Boolean => (n, k) -> (
if (k>=n) then error "n must be greater than k"
else if (n <= 6) then return "true"
else if (n > 6 and k == 1) then return "true"
else if (n > 6 and (n/2 <= k and k < n)) then return "true"
else return "false";

isVertexDecomposable = method(TypicalValue => Boolean)
isVertexDecomposable (ZZ,ZZ) := Boolean => (n, k) -> (
if (k>=n) then error "n must be greater than k"
else if (n <= 6) then return "true"
else if (n > 6 and k == 1) then return "true"
else if (n > 6 and (n/2 <= k and k < n)) then return "true"
else return "false";

PseudoManifold =
method(TypicalValue => String)
PseudoManifold (ZZ,ZZ) := String => (u, k) -> (
if (k>=n) then error "n must be greater than k"

7

an ideal from t
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else if (n==2 and k==1) then return "Pseudomanifold with Boundary"

else if (n==3 and k==1) then return "Pseudomanifold without Boundary"

else if ((n==2 or n==4 or n==5 or n==6) and (k==2)) then return "Pseudomanifold
with Boundary"

else if (n==3 and k==2) then return "Pseudomanifold without Boundary"

else if ((n/2 <= k and k < n) and k>=3) then return "Pseudomanifold

with Boundary"

else return "Not a Pseudomanifold";

--The following ten are functions from Dr Van Tuyl and Lisa Nicklason. Please see
below on how to use these functions to determine whether the Artinian Ring created
from vdw(n,k) and the squares of variables have the Weak or Strong Lefschetz
Properties.

--(1)Creating the Van Der Waerden simplicial complex; this is what our first function
is based on
VDW = (n,k) —> (
R=QQ[x_1..x_n];
1=}
for i from 1 to n do (
for d from 1 to floor((n-1)/k) do (
if (i+d*k <=n) then (
sublist = {};
for j from O to k do (
sublist = append(sublist,x_(i+d*j))
)3
1 = append(1l, product sublist));

)s

return simplicialComplex (1) ;

)3
--(2)hvec: Gives the coefficients of a polynomial as a list
hvec=(p)->(

d:=(degree p)#0;

T:= first gens ring p;

return for i from O to d list coefficient(T"i,p))
--(3)trunc: Truncate a list at the first non-negative element
trunc=(v)->(

a:=v#0;

i:=0;

1:={};

while a>0 do(
1=1[{a};
i=i+1;

if i> length v-1 then return 1;
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a=v#i;

);
return 1;
)

--(4)compareHilb: Compares Hilbert Series with one of max rank; if unequal this
tells you where is the first place they differ, does it fail to be injective or
surjective, and the dim (which is the difference of the dim of the kernel if not
inj, codim of the image if not surj)
compareHilb=(hilbs,exps)->(

lh:=length hilbs;

le:=length exps;

for i to le-1 do if hilbs#i!=exps#i then return {i, hilbs#i-exps#i,"inj"};

if 1h>le then return {le, hilbs#le, "sur"};

return true;

--(5)toZZT: takes an element in a DegreesRing, and sends it to ZZ[T]
t0ZZT=(p)->(

DR:=ring p;

T:=first gens DR;

F:=map(ZZ[T],DR);

return F(p);

--(6)isArtinian: Checks if a ring is Artinian
isArtinian=(R)->( dim(R)==0)
--(7) hasMaxRank: Takes an element f, and checks if multiplication by it has max
rank in all degrees
hasMaxRank=method ()
hasMaxRank (RingElement) :=(£)->(
S:=ring f;
if not isQuotientOf (PolynomialRing,S) then error "The argument must be an
element of a quotient of a polynomial ring.";
if not isArtinian(S) then error "The argument must be an element of an Artinian
ring.";
if ((not isHomogeneous(f)) or isConstant(f)) then error "The argument must be a
non-constant homogeneous element.";
d:=(degree £)#0;
p:=numerator reduceHilbert hilbertSeries S;
p=toZZT(p);
T:=first gens ring p;
h:=trunc hvec ((1-T"d)*p);
v:=hvec numerator reduceHilbert hilbertSeries (S/ideal{f});
result:=compareHilb(v,h) ;
if result===true then return true;
faildeg:=(result#0)-d;
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if result#2=="inj" then return ("Multiplication by " | toString(f) | " fails
to be injective in degree " | toString(faildeg) | ". The kernel has dimension
| result#1 | ".");
if result#2=="sur" then return ("Multiplication by " | toString(f) | " fails
to be surjective in degree " | toString(faildeg) | ". The image has
codimension"| result#1l | "."); )

--(8)checkMLP: Checks if an Artinian Ring has Medium Lefschetz Property (MLP)
checkMRP=method ()
checkMRP (QuotientRing) :=(R)->(
if not isQuotientOf (PolynomialRing,R) then error "The argument must be a quotient
of a polynomial ring.";
if not isArtinian(R) then error "The argument must be an Artinian ring.";
p:=numerator reduceHilbert hilbertSeries R;
p=toZZT(p);
T:=first gens ring p;
t:=(degree p)#0;
H:=for j from 1 to t list trunc hvec((1-T"j)*p);
canFindMREL:=(d)->(
faildeg:=-1;
failtype:="";
faildim:=0;
for i to 4 do(
f:=random(d,R) ;
v:=hvec numerator reduceHilbert hilbertSeries (R/ideal{f});
result:=compareHilb(v,H#(d-1));
if result===true then return true;
if (result#0)-d>faildeg then (
faildeg=(result#0)-d;
faildim=result#1;
failtype=result#2;

)3

)3
return {faildeg,faildim, failtype};
)

for d from 1 to t do(
result:=canFindMRE1(d) ;
if not result===true then (

if result#2=="inj" then return ("Could not find an element of degree " | d | "
such that multiplication is injective in degree " | result#0| ". The kernel
has dimension " | result#1 | ".");

if result#2=="sur" then return ("Could not find an element of degree " | d | "
such that multiplication is surjective in degree " | result#0 | ". The image
has codimension " | result#l | ".");

)

return true;

)
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-= (9) checkWLP: Checks if an Artinian Ring has Weak Lefschetz Property (WLP)
checkWLP=method ()
checkWLP (QuotientRing) :=(8)->(
I:=trim ideal(S);
if not isQuotientOf (PolynomialRing,S) then error "The argument must be a quotient
of a polynomial ring.";
if not isHomogeneous(I) then error "The defining ideal must be homogeneous";
if not isArtinian(S) then error "The argument must be an Artinian ring.";
f:=sum gens S;
faildeg:=-1;
faildim:=0;
failtype:="";
p:=numerator reduceHilbert hilbertSeries S;
p=toZZT(p);
T:=first gens ring p;
h:=trunc hvec((1-T)*p);
isWLEL:=(£)->(
v:=hvec numerator reduceHilbert hilbertSeries(S/ideal(f));
return compareHilb(v,h);
)3
if isMonomialIdeal I then (
result:=isWLE1(f);
if result===true then return true;
if result#2=="inj" then return ("Multiplication by any linear form is not injective

in degree " | (result#0)-1 | ". The dimension of the kernel is " | result#l | ".");
if result#2=="sur" then return ("Multiplication by any linear form is not surjective
in degree "|(result#0)-1 | ". The codimension of the image is" | result#l | ".");

);
for i to 4 do (
result:=isWLE1(f);
if result===true then return true;
if (result#0)-1>faildeg then (
faildeg=(result#0)-1;
faildim=result#1;
failtype=result#2;

)3
f=random(1,8);
)3
if failtype=="inj" then return ("Could not find a linear form such that
multiplication is injective in degree "|faildeg|". The kernel has dimension
"| faildim | ".");
if failtype=="sur" then return ("Could not find a linear form such that
multiplication is surjective in degree "| faildeg | ". The image has
codimension " | faildim | ".");

--(10) checkSLP: Checks if an Artinian Ring has Strong Lefschetz Property (SLP)
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checkSLP=method ()
checkSLP(QuotientRing) :=(S)->(
I:=trim ideal(S);
if not isQuotientOf (PolynomialRing,S) then error "The argument must be a
quotient of a polynomial ring.";
if not isHomogeneous(I) then error "The defining ideal must be homogeneous.";
if not isArtinian(S) then error "The argument must be an Artinian ring.";
p:=numerator reduceHilbert hilbertSeries S;
p=toZZT(p);
T:= first gens ring p;
t:=(degree p)#0;
H:=for j from 1 to t list trunc hvec((1-T"j)*p);

failpow:=-1;
faildeg:=-1;
faildim:=0;
failtype:="";

isSLE1:=(£)->(
for j from 1 to t do (
v:=hvec numerator reduceHilbert hilbertSeries (S/ideal{f~j});
h:=H#(j-1);
result:=compareHilb(v,h);
if not result===true then return ({j}| result);
);
return true;);
f:=sum gens S;
if isMonomialIldeal(I) then (
result:=isSLE1(f);
if result===true then return true;

if result#3=="inj" then return ("Multiplication by the " | result#0 | "’th power of
any linear form is not injective in degree " | (result#1)-(result#0) | ".
The dimension of the kermel is " | result#2 | ".");

if result#3=="sur" then return ("Multiplication by the " | result#0 | "’th power of
any linear form is not surjective in degree " | (result#1)-(result#0) | ".
The codimension of the image is " | result#2 | "."););

for i to 4 do (
result:=isSLE1(f);
if result===true then return true;
if result#i1>failpow+faildeg then (
failpow=result#0;
faildeg=result#l-failpow;
faildim=result#2;
failtype=result#3;
)3
f=random(1,S););
if failtype=="inj" then return ("Could not find a linear form such that
multiplication by its " | failpow | "’th power is injective in degree "|
faildeg | ". The kernel has dimension " | faildim | ".");
if failtype=="sur" then return ("Could not find a linear form such that
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multiplication by its " | failpow | "’th power is surjective in degree "|
faildeg | ". The image has codimension " | faildim | ".");

--To check whether VanDerWaerden(R,n,k) has any of the Lefschetz Properties, we
--1. Run all code starting from function (1) VDS

--2. We define our polynomial ring R

--3. We create i = monomialIldeal(VDW(n,k))

--4. We create j = the ideal generated by the squares of R’s generators

--5. We define S R / (i+j)

--6. We can now checkWLP(S), checkSLP(S), checkMRP(S)

--See example for more details

beginDocumentation()
doc ///
Node
Key
VanDerWaerdenSimplicialComplexes
Headline
A package on Van Der Waerden simplicial complexes
Description
A Macaulay2 package to compute specific properties of the Van Der Waerden
simplicial complexes
Description
Caveat
The last 10 functions are from Dr. Van Tuyl and Lisa Nicklason
Subnodes
VanDerWaerden
ArtinianRing
SocleVector
isShellable
isCohenMacaulay
VDW
hvec
trunc
compareHilb
toZZT
isArtinian
hasMaxRank
checkMRP
checkWRP
checkSRP
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doc ///
Node
Key  VanDerWaerden
(VanDerWaerden, Ring, Integer, Integer)
Headline
Computes a list of generators for the Van Der Waerden simplicial complex
associated with the integers n,k:(n,k).
Usage
VanDerWaerden(R,n,k)
Inputs
R: A polynomial ring
n: A positive integer
k: A positive integer less than n
Outputs
: A list of elements (arithmetic progressions) that generate the Van Der Waerden
simplicial complex associated with the integers n,k
Example
R = QQ[x_1..x_10]
VanDerWaerden(R,7,2) =
{{x_1*x_2%x_3}, {x_2*x_3*x_4}, {x_3*x_4*x_5}, {x_4*x_5*x_6},{x_b*x_6*x_T77},
{x_1*x_3*x_b}, {x_2*x_4*x_6}, {x_3*x_b*x_T7},
{x_1*x_4*x_T7}}
VanDerWaerden(R,8,3) =
{{x_1*x_2%x_3*x_4}, {x_2*x_3*x_4xx_5}, {x_3*x_4*x_b*x_6}, {x_4*x_b*x_6%x_T7]},
{x_b*x_6%*x_T7*x_8},
{x_1*x_3*x_b*x_T7}, {x_2*x_4*x_6%*x_8}}
VanDerWaerden(R,10,20) = {}
/17
doc ///
Node
Key
ArtinianRing
(ArtinianRing, Integer, Integer)
Headline
Creates an Artinian Ring associated to the Van Der Waerden simplicial complex,
by computing the Stanley Reisner Ring and additionally modding out the squares
of all generators
Usage
ArtinianRing(n,k)
Inputs
n: A positive integer
k: A positive integer less than n
Outputs
: an Artinian Ring associated to the Van Der Waerden simplicial complex, by
computing the Stanley Reisner Ring and additionally modding out the squares of
all generators
Example
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R = QQ[x_1..x_10]

ArtinianRing(7,2) = R/(x_172,x_272,x_.372,x_472,x_572,x_672,x_772,x_1*x_2*x_4,
x_1*x_3*x_4,x_2%x_5,x_1*x_4*x_5,x_1*x_6,x_3*x_6,x_2*%x_7, x_1*x_3*x_7,x_3*x_4%x_T7,
X_1*x_5*x_7,x_4*x_5*x_7,x_4*x_6%x_7)

ArtinianRing(8,3) = R/(x_172,x_272,x_3"2,x_4"2,x_572,x_672,x_772,x_8"2,
X_1*x_2%x_5,x_1*x_4*x_5,x_1%x_6,x_2*%x_3*xX_6,X_2%xX_b*x_6,x_2*x_7,x_1*x_4*x_7,
X_3*kx_4*x_T,x_3*x_6%x_7,x_1*x_8,x_3*x_8,x_2*x_b*x_8,x_4*x_b*x_8,x_4*x_T7*x_8)

--The non-square components for the last 2 examples are from built-in functions,

monomialldeal and simplicialComplex

ArtinianRing(10,20) = -- expected at least one facet

/77

Key
SocleVector
(SocleVector, Ring, Integer, Integer)
Headline
Computes the socle vector of the Artinian Ring found above in a simplified manner
using a theorem from Van Tuyl and Zanello
Usage
SocleVector(R,n,k)
Inputs
R: A polynomial ring
n: A positive integer
k: A positive integer less than n
Outputs
: The socle vector of the associated Artinian Ring
Example
R = QQ[x_1..x_10]
facets(simplicialComplex(VanDerWaerden(R,7,2))) = {x_b*x_6*x_7,x_3*x_b*x_7,
X_1*x_4*x_7,x_4*x_b*x_6,Xx_2%x_4*x_6,x_3*x_4*x_5,x_1*x_3*x_5,x_2*x_3*x_4,
x_1*xx_2%x_3} --this is a pre-defined Macaulay2 function, and we see all facets
are of size 3 (which makes sense as the simplicial complex is pure)
SocleVector(R,7,2) = (0,0,3)
facets(simplicialComplex(VanDerWaerden(R,8,3))) = {x_b*x_6*x_T7*x_8,x_2%x_4*x_6*x_8,
X_A4xx_5*x_6%x_7,x_1%x_3%x_b*x_7,x_3*x_4*x_b*x_6,x_2*%x_3*x_4*x_b,x_1%x_2%x_3*x_4}
SocleVector(R,8,3) = (0,0,0,4)
SocleVector (R, 10, 20)-- expected at least one facet

Key

isShellable

(isShellable, Integer, Integer)
Headline

Determines whether the Van Der Waerden simplicial complex generated by the given
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n and k value is shellable, using a result from Becky Hopper.
Usage
isShellable(n,k)
Inputs
n: A positive integer
k: A positive integer less than n
Outputs
: A string stating whether or not the Van Der Waerden simplicial complex
generated by the given n and k value is shellable
Example
isShellable(5,1) true
isShellable(9,3) false
isShellable(9,10) = ERROR: n must be greater than k

doc ///
Node
Key
isCohenMacaulay
(isCohenMacaulay, Integer, Integer)
Headline
Determines whether the Van Der Waerden simplicial complex generated by the given
n and k value is CohenMacaulay, using a result from Becky Hopper.
Usage
isCohenMacaulay (n,k)
Inputs
n: A positive integer
k: A positive integer less than n

Outputs

: A string stating whether or not the Van Der Waerden simplicial complex
generated

by the given n and k value is isCohenMacaulay
Example

isCohenMacaulay(5,1) = true

isCohenMacaulay(9,3) = false

isCohenMacaulay(9,10) = ERROR: n must be greater than k
///

Key

isVertexDecomposable

(isVertexDecomposable, Integer, Integer)
Headline

Determines whether the Van Der Waerden simplicial complex generated by the given
n and k value is VertexDecomposable, using a result from Becky Hopper, Adam

Van Tuyl and Takayuki Hibi.
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Usage
isVertexDecomposable(n,k)
Inputs
n: A positive integer
k: A positive integer less than n
Outputs
: A string stating whether or not the Van Der Waerden simplicial complex generated
by the given n and k value is is VertexDecomposable
Example
isVertexDecomposable(5,1) = true
isVertexDecomposable = false
isCohenMacaulay(9,10) = ERROR: n must be greater than k
/17
doc ///
Node
Key
PseudoManifold
(PseudoManifold, Integer, Integer)
Headline
Determines whether the Van Der Waerden simplicial complex generated by the given
n and k value is a pseudo-manifold; and states whether or not it has a boundary.
Usage
PseudoManifold(n,k)
Inputs
n: A positive integer
k: A positive integer less than n
Outputs
: A string stating whether or not the Van Der Waerden simplicial complex
generated by the given n and k value is a pseudomanifold with or without boundary.
Example
PseudoManifold (5,1) = Not a Pseudomanifold
PseudoManifold (5,4) = Pseudomanifold with Boundary
PseudoManifold (3,1) = Pseudomanifold without Boundary
Pseudomanifold (9,10) = ERROR: n must be greater than k
/17

TEST1///

R = QQ[x_1..x_10]

assert(VanDerWaerden(R,7,2) == {{x_1*x_2*x_3}, {x_2*x_3*x_4}, {x_3*x_4*x_5%},
{x_4xx_5*xx_6}, {x_b*x_6*x_T7}, {x_1*x_3*x_5}, {x_2*x_4*x_6}, {x_3*x_b*x_T},
{x_1%x_4%x_T7}})
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2. MACAULAY2 PACKAGE CODE

TEST2///

R = QQ[x_1..x_10]

assert(ArtinianRing(7,2) == R/(x_.172,x_272,x_.372,x_472,x_572,x_672,x_7"2,
X_1*x_2*%x_4,x_1%x_3*x_4,x_2*x_b,x_1*x_4*x_5,x_1*x_6,x_3*x_6,xX_2*x_7,
X_1%x_3%x_7,x_3%x_4*x_7,Xx_1%x_5*x_7,x_4%x_b*x_7,Xx_4*%x_6%*x_7))

TEST3///

R = QQ[x_1..x_10]
assert(SocleVector(R,7,2) == (0,0,3))
///

TEST4///
assert(isShellable(9,3) == false)
///

TEST5///
assert (isCohenMacaulay(5,1) = true)

11/

TEST6///
assert (isVertexDecomposable(7,3) = false)

/17

TEST7///
assert(PseudoManifold(10,8) = Pseudomanifold with Boundary)
///
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