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. ABSTRACT
. . +

Models are constructed and studied for the low—energ§
interactions in each of two hadronic systems, the RN‘and the
mN. In the.low—energy KN system, there appears the resonance
A(1405); in the low-energy TN system, the resobnance A(1232).
Each of the models is so constructed that the corresponding
resonance dppears, not mergly -as a composite state of %he ha-
drons in the system in which it is formed, which is how it
appears in older and more conventional models,’but as a state
to which there is also a contribution from the constituent
quarks. The model for the“iN interaction is studied primarily
with a view to explaininé the recent aﬁd'unexpected.kaonic H-
atom result - soﬁethiﬁg thch existing model is able to do.
The model for the 7N inﬁeraction is used to study 7N scat£e—

ring in' the (3,3) channel.
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CHAPTER 1

INTRODUCTION

The qua?k modgl of hadrons dominates current elementary
particle theo;y. No otheg model or theoxry of hadrons yet pro-
posed has had quite the saﬁe success as the quark model; no
other can be said to have the same simplicity or appeal; and
no other, certainly, has won the same widespread acceptance.

Different versions of the quark model presently exist,
ch;ef among them being the bag model and the non-relativistic
quark model. Common to all'yersions are the fundamental as;er—
tions of the gquark model: that such physical entities as quarks
exist; that these quarks constitute hadrons - a three-quark
éombination constituting a baryon, and a quark-antiquark combi-
nation constituting- a meson; and that the nature of the forces
that act between the quarks in a hadron is such that these quarks
are permanently confined within the volume of a hadron, and can-
not evér be freed. This ésst assertion was not made in the
original form of the quark model; .but it is one whlch had to
be subsequently added, and may now be said to be part of huark
dogma. ‘ i\» . |

It was in the. symmetrles dlsplayed by the hadrons that

. the quark model had its origin. -The existence of the. symmetrles

n
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was revealed by the fact that hadrons{ in all their number and
variety, fell neatiy int? families when classified in certain
ways, according to the quantum numbers they carried. These
hadronic families were found to correspond to some of the pos-

. sible representations of the SU(3) symmetry group.. The mathem;-
tical fact that all these representations could be gonstructed
out of manipulations 6n the fundamental triplet representation
of SU(3) suggested the conjecture that the hadrons making up
these families were constituted of three basic physical elements,
the quarks. Thié is clearly conjecturé, for to pass from a
statement declaring the existence of certain symmetries to one
claiminé that these symmetries reflect the existence of reai,
physical particles is to make a conjectdre. And had freé-quarks
been experimentally observed - the properties attributed £o‘
quarks are distinctivg,'so that identification would have beeq
immediate - the conjecture would have been verified at once.

The qﬁark masses and magnetic moments could then have beén mea-
sured, the forces between gquarks understood. And all the proper;
tieg of any hadroﬁ’could have been explained as arising out of
the properties ofaﬁdinteractions between~ the constituent quarks,
in much the same way as the properties of an atoﬁ are\explained
as arising out of’the properties of and interactions between its

constituents. But even years of experimental endeavour - now

amounting to some fifteen - failed to establish the existence of




free quarks. Quark theorists were unwilling to abandon the
quark model, which otherwise seemed tc be attractive and persua-

A

sive, on account of this.- failure. So they turned the failure

-

around and made it into evidence for the additional aéégrtion
they now made, the assertion that the nature ‘of the forces ac-
ting between the quarks in a haqron is such that itbis impossible
to ‘free the quarks from within a hadron. Quarks, it was still
claimed, existed; but not as free quarks.

This assertion, as we said earlier, is’now part of quark
dogma, and the making of it impelled important theoretical de~
velopments. But having made tﬁis assertion if we still say
that quarks constitute hadrons; we cannot be using the word
'constitute' in its usual sense. In normal usage of the word,
when we speak of An object being constituted of certain elements
we mean that it can be taken apart, at least in principle, into
those elements. .But here, though we say that any hadron is
'constituted’ of guarks, weé also say that it cannot be taken
apart, e;en in principle, into thosehquafks. All that the worxd
in its use here really sigﬁifies is that the quantum numbers of
the 'constituent' qudfks add up to those of the hadron. To say
that it means‘anything more , £o say that quarké coggtitute ha-
drons in also a\dynamical sense - in the sense in which we think
of a deuteron as being constituted of a neutron and a proton’-'
is to make an assumption. And this is an assumption commonly

made, though it is almost always left-unstated. It is implicitly
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‘

made, for example, in the various calculations that have been
éone, both in the bag model and the non—relativistiéxquark mo-~
del, in which some form for the interaction between the quarks
is first assumed and then a dynamical calculation is.carried
out with a v;e@ to reproducing various hadrOn;c properties,
particﬁlarly the hadronic masses. These calculations have, on
the whole, been successful. But what of the assumption?
ThéQassumption amounts to saying that the properties -
by which we mean the static properties, such as the mass, the
magnetic moment, the charge’ radius -~ of a hadron are solely
and completely determined by the properties of and interactions
between the quarks contained in it. The/ hadron is thus conceiggd

¢

of in isolation, for the existence of a other.hadrons is ef- "
fectively ignored: the interactions of the given hadron with
other hadrons are ignored, possible virtual emission and absorp-
tion of mesons by the hadron is ignored, possible links by vir-
tual transitions to other hadronic systems are ignored. But we
do know that the interactions a hadron undergoes with other ha-
drons can contribute to the static properties of that hadroh;!
It is in fact a general notion that we have, the notion that

the interactions a particle can experieﬂcelhave something to do
with its static properties. Tpis is reflected in the very names
given to thesclasses of particles: 'leptons' (= light or sméll),

particles which know only the weak and elec¢tromagnetic interac-

tions, 'mesons' (= intermediate) and ‘hadrons' (= heavy), par-
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ticles which can aiso know the strong interaction. And we also.
know that the interactions between other hadrons in the chan-
nel in which a given hadron is fqrmeq can also contribute
to the static properties of that hadron. Indeed in certain
older models, some ‘given hadron is regarded as owing its very
existeﬂce to interactibns of this kind. The hadron A(1232), .
which is formed ip a m-N channel, and which in the Chew-Low
model is treated as an unstable bound state of 7 and N, and
therefore as owing its existence to the interaction between =
and N, is an example of this. How justified are we then in ig-
noring all these interactions - those of the hadron with other
hadrons, those between hadron; in the same channel}; how justi-
fied are we in éaying that the constituent quarks alone matter,
when attempting to account fof the static properties of a hadron?
An example may bring out the significance of the ques-
tion better. Let us consider a nucleon. According to the clas-~
sic picture we have of the strong interaction between two nu-
cleons, the interaction arises from the exchange of virtual
pions between the nucleons. The same mechanism that allows two
nucleons to exchange virtual pions also surrounds a single nu-
cleon with a pion cloud. The virtual emission and absorption
of the pions that make up thisecloua contribute to the mass of
the'nucleon, giving it what is known as its self-mass. And

contribute also to its other static properties. For example,

the neutron, uncharged though it is, was thought,according to

[T



this older picture, to gain a magnetie momént and respond to -

electromagnetic fields through its virtual dissociation into a

.

pion-and a proton. It is clearly a very different conception

of a hucleon, one which ighores all these virtual'procesg?s,

. 1
that has it that all the static properties of the proton or neu-

. e :
tron. - or any hadron - are determined solely by #he constituent

qgﬁfks. .

’ This conception, as we have pbinted out, rests on an
assumption. But there is no real justifiéation for this assump-
tion, for there is nothing in the quark model that precludes
these and other virtual processes; nothing that says that the‘
interactions with and those between other hadrons cannot contri-
bute fo the properties of ;fhadron. Let us suppose then that

we drop the assumption andvadmit these virtual processes and
these interactions into the quark picture of hadrons. Our con-
ception of ha@rons immediately changes. The nucleon, for
exaﬁple, is no longer sihply a three-quark states; it has con-
tributions to its properties, as in older models, from the pio-
nic précesses as well. Similarly with other hadrons. How E&r
portant these interactions and these virtual procésses are is.
a different gquestion. It may turn out that they are not, aftér
all, of great importance; that the static properties of most
hadrons are dominantly determined by the constitueqt quarﬁs.

But whether or not they are important is something that can be

-

decided only by carrying out some model calculations which bedin
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by assuming theéir exigggége.

In this thesis we take two hadrons, A{1405) and A(1232),
and describe each in terms of both its quark constituents and
the associated hadronic interactions. We say quark constituents,
but, for all our references to quarks in this Introduction, we
do not treat the quarks in an explicit way. This Fequires expla-
nation. We wish to include the contributions to the properties
of each of these particles from hadronic interactions. To des-
cribe interactions we(héve to construct model Hamiltonians - and
let us say that the Hamiltonians we construct here are field
theoretical -Hamiltonians. 1In a field theory we associate a dis-
tinct field with every particle in the system that we presume
is elementary. Now whether or not we can regard a certain par-
ticle in a syséem as elementary - not using the word in an abso-
lute sense of course - depends on the problem at hand. For
examplé, under cerdain circumstances in nuclear physics we treat
the uupart;cle as 'elementary' - i.e. as a single unit, igno-
ring £he fact that it is composed of four nucleons - and repre-
sent it by a single wavefunction. In-éhe same way if we assume
that for our purpose$we can regard each three-gquark (or quark-
antiquark) combination as a single unit, so that we can regard

1

the corresponding state as 'elementary', then we can represent

A

each such combination by a single field. That is what we do

here. This is obviously a simplified way of handling quark states,

+ but if our interest is limited, as it will be in this thesis, to

#
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low energy systems, where there is negligible penetration into
the structure of the hadroAic quark states, it should give a
good approxiﬁation to the results of a more realistic calcula-
tion - which will also be very much more complicated.

If in this context wheh we speak of an 'elementary'

state we mean a hgdronic quark state, i.e. a three-quark or
quark-antiquark combination, then when we speak of a composite
state we must mean a’étate made up of such hadronic quark states.
Hence the term 'elementary' when applied to a hadron may be read
as ‘'composed of three qua;ks, or of a quark and an antiquark';
and the term ‘'composite' as 'composed of other hadrons’. It is
in these seﬁses that we shall use the terms throughout this the-
sis. For example, if A(1232) is treated as a three-quark state,
we shall say that it is elementary; and if it is.treated, as
in the Chew-Low model, as a bound state of m and N, we shall
say that it is composite. Using these terms we can re-express
the change in the conception of hadrons discussed above. We no
longer think of a hadron as_a pure elementary state, which—iQ\\
how hadrons appear in the quark calculations referred to; a
hadron is now thought of as ﬁaving an elementary component, ari-
sing from the gquark constituents, and a composite component, ari-
sing from various‘hadrénic interactions. When this change in
conception is so expréssed, what, is perhaps its most important

nconsequence can be readily .seen tgﬁfollow. Whatever system of

particles it is that we seek to describe, we begin our attempt

A WAt v ek & b =
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at description by méking assumptions rega;ding the nature of
each particle in the systém.- whether it is elementary'or com-
posite or has both elementary and composite‘componenté. And
the Hamiltonian we construct to describe +the systeﬁ will depend
on these assumptions. This is ;bvious, for the number’ of d%s—
tinct fields in the Hamiltonian will depend on how many oﬁ the
particles we have chosen to regard as elementary. fherefore if
a hadron which had been previously thought of as elementary

(or composite) is now thought of as having both elementary and
composite components, then the Hamiltonian for the system in’
which that hadron appears will have to be changed accordingly.
In other words, this change in the conceétiqn of hadrons has
the consequence of also changing the conception we have of
hadronic- interactions.

The hadron A(1232) appears in the low-energy 7m-N system;
the hadron A(1405) in the low-energy‘?-N‘system. In this thesis
we regard each of these hadrons as having both -elementary and
composite components. This is unconventional. . And we construct
a model for the loQ-energy T-N iqteraction to be in accord with
the way we regard A(1232); and a model for the K-N interaction
to be in accord with the way we regard A(1405). What we have
said above makes it clear that these models too will be uncon—.
ventional. , It is to the study of some of the consequences of

assuming such models for these interactions that we devote this

thesis.
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The model for the R-N interaction is studied in Chapter
3; that for the w-N interaction in Chapter 4. In Chapter 2 we
discuss two topics necessary to prepare the ground for what

E

follows. We end the thesis with a summary of our results and

conclusions.
Finally, we may remafk that the question upon which this

thesis centres, ﬁhat of admitting various hadronic processes in-

to éhe quark picture, is one which has very recently begun to

receive attention (see,'for example, the various papers of

(1)y

Miller, Théberge and Thomas ). A good deal more work on this

question may be expected in the future.
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CHAPTER 2

CDD POLES AND THE K~POLE TEST FOR COMPOSITENESS

1. INTRODUCTION

A

In this chapter we aiscuss two separate topics, both
intimately related to the questions of elementarity and com-
positeness mentioned in the introduction. The firét of these,
Cas£illejo-Dalitz—Dyson poles (CDD poles), is of importance
to the subsequent chapter on the 7-N-A(1232) system; Athe
second, the K-matrix pole test for compositeness, to the chap-
ter on the K-N-A(1405) system. . . .

CDD poles are poles which appear in the deno&inator of

the scattering amplitude of certain systems(z).

Their existence
was first shown mathematicallx'— in 19%7 - and their physical
significance was understood soon af;er. The inclusion here of

a discussion on them may require some justification. The sub-
ject of CDD poles has always been thought to be only of some-
what academic concern, and consequently,after the initial in-
terest in it, has been largely, ignored. But it ceases to be

of mere academic.concern and becomes of real, physical relevance
when any attempt is made to draw together the quark and meson
theories. Since ours 1s such an attempt, and since the subject
is a neglected one, the discussion here on CDD poles, meant to

be something of a review, explaining why and under what condi-~

tions CDD poles appear, will not, we feel, be needless. Also,

11
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we show in our discussion that a proof supplied by Dysan in-
1957, a proof which was thought to establish the physical sig—
nificance of CDD poles, is in fact not complete. We comélete
it here, though it turns out that Dyson's conclusion as re-
gards the CDD poles is left unaffected.

The question whether indeed there existed a real, phy-
sical criterion which distinguished elementary hadrons from .,
composite ones, and if so what this criterion was, were ques-
tions which particle theorists paid some attention to in the
early sixties. A few theoretical criteria were pﬁt forw?rd - o
the Z2=0 condition, the condition based on the generalized Le-
vinson's theorem - but none of these could be applied practical-
ly. The K-pole test for compositeness - this was developed in
the late sixties, though by this time the iﬁpo:tance of these
guestions had waned, owing to the ascendancy of the quark model -
is of special interest, for it is the only test that can bé,
and actually has been, employed to decide whether a given hadron
is elementary or composite. In Section 2.2, we first review the
K-pole test. We then go on to show that under certain impor-
tant conditions the test fails. This failure has been unsuspec-
ted, and is of immediate relevance to the attempts to decide the

nature of A(1405).

—~su,
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2.1 CDD POLES

Giv?P«a system, defined by a certain Hamiltonian, for
which we wish to solve the scattering problem, we usually pro;
Eeed by attempting to solve thf Lippmann-Schwinger equation
for the state vector representing the scattering state, from
which state vector we can obtain the physically relevant quan-
tity, the scattering amplitude. We could, however, proceed
differently and derive and attempt to solve what is known as the
Low equation for that system - the Low equation being a dis-
persion relation forhthe scattering amplitude - the solution
of which equation, usually in a certain approximation, will
yield the scattering amplitude directly. CDD poles, which are
zeros in the scattering amplitude, appear in solutions to any
Low equation - a fact first noted in solutions of the Low equa-

, . 2
tions for certain meson-baryon models( )

The Low equation approach to solving the scattering prob-
lem is of particular importance in the study of meson-baryon
scattering systems. If in such a system we make the customary
Qﬂé—meson approximation - ;ﬁ approximatipn,in which contribu-"

tions to the scattering amplitude from states of more than one

meson are neglected - the Low equation takes the form of a non-

A
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linear integral equation. To illustrate this - and the arising

of CDD poles - by example, we take the Lee model(3 ). In the

'Lee model there exist two heavy ?&f§bns, labelled N and V,

and one meson, labelled 8. The process V < > N+6 is the

only one allowed, and N and V are assumed to possess no kine-
matical degrees of freedom. The Hamiltonian for the Lee model

is

0 I ' (2.1)

+ + t _f 2, .2
0 mOV V+mNN N + d&wkakaf», wk =y u +k

ey
il

- T
Hp = gO[V N | dku a + H.C.] ,
w2
417w

" Here 9, is the unrenormalized coupling constant and m, the un-
rqnormalizéd V-particle mass; mg and u are the masses of N
and 6; énd vk‘is an appropriate form factor. The Low equatioh
for 6-N scattering in the Lee model (for which the one-meson

approximation is exact) is

, I 2 2
2 dw'k'v, V] f(w') ]
flw) = - 2 + & X

(w=4) T w'-w-1it¢

' (2.2)

v
where the scattering amplitude f(w) is related to the phase

shift ¢ by
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f(w) = &sind (2.3)

and where g is the renormalized coupling constant. It is as-
sumed that & = (mv—mN) < M,y being the physical V-particle
mass, so that the V-particle is stable. The non-linear cha-
racter of the Low equation (2.2) is.apparent.,

The general solution to this Low equation, which can

be obtained by employing the standard method of solution(2 )

is
£(0) =~ g2/ [ (w-8)D(w) ], (2.4)
where P
2 n Ci
D(w) = l+g (w-A)J(w)+(w—A)i£0(wi_w)(wi_A) ' (2.5)
2
Uy .
J(w) = | dk' > / (2.6)
) (w'=-A) " (w'-w-1¢)
Ci > 0‘ ’ wi > A . (2.7)

The 'n' ?bpearing in (2.5) can'assuﬁe any integer value .
from, zero to‘;nfinity. Since each value of n yields a distinct
solution, the Low equation (2.l) has an infinite number of so-
lutions. »

The denominator D{w) of the scattering amplitude, given
«

by (2.5), has a pole, and hence the scattering amplitude

f(w) itself has a zero, whenever w = wi. Each of these poles

By
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of the denominator is called a CDD pole. Since each of the in-
finite number of golution;\has a different value of i, and
hence a different number of w;, We can characterize each so-
lution of the Low equation (2.2) by the number of CDD poles

" the solution has. This property of having an infinite number
of solutions, each having a different number of CDD poles, is
common to all Low equations (whether‘or not the solution is

in the one-meson approximation( 4)).

With a Low equation having an infinite number of solu-
tions, the question of the physical significance and accepta-
bility of all thege solutions arises. We are given a model
Hamil tonian f?r which we wish to solve the scattering problem
by determining the scattering amplitude; taking the given
Hamiltonian we derive the Low equation for the scattering am-
plitude; and we solve this Low eguation - to find that it has
an infinite number of solutions. The obvious question which
arises is, which is the physically acceptable solution corres-
ponding to that model, and what meaning do the rest pf the so-
lutions have?

The answer to this question is contained in this gene-
rally accebted view: the infinity of solutions reflects a
corresponding infinity of Hamiltonians, all of which belong to
a certain class, and all of which lead to one and the same Low

equation; and between the infinite number of solutions of a Low

‘equation and the infinite number of Hamiltonians that -lead to

mr ol ki g
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that Low equation there exists a one-to-one correspondence. It
is with the explication of this view that we shall be primarily
- concerned in this section.

To begin with, it is easy to show, for certain siﬁple.
classes of models {(see Appendix 1 for one such) that all the
infinite number of Hamiltonians belonging to a given class will
lead to the same Low equation, aﬁd that these Hamiltonians dif-
fer from one another in having different numbers of eigenstates
of the corresponding free Hamiltonians. This difference is
not seen in the Low equation itself because the s€§tes that are
used in the derivation of a Low equation are eigenstates of
the total Hamiltonian - that is to say, physical states - and
not of the free Hamiltonian. In as much as this information
relating to the eigenstates of the free Hamiltonian is not con-
tained in it, a Low equation does not manifest the full physi-
cal content of a Hamiltonian, and is characteristic of a
whole class of Hamiltonians, rather than of any particular
Hamiltonianl

We have a special case - and this is what will be of
interest to us - of this difference in the number of eigen-
states of the free Hamiltonan when these eigenstates correspond
to what are unstable particles in the total system. Suppose
wé have a Hamiltonian for which we have derived the Low equa-

tion, and to -that Hamiltonian we now couple a particle, which

e

g g o e A > e
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’

has the same quantum numbers as the scattering system, so that
it is unstable. Corresponding to this particle we will have
an eigenstate of the free Hamiltonian; but the particle
state itself, being unstable, will not be an eigenstate of
the total Hamiltonian, and hence will not appear in any Low
equation. It then becomes possible’ to arrange for the coup-
ling of this particle - exactly how, we shall describe later -~
to be such that the Low equation for this second Hamiltonian
is identical with that of the first. Likewise it is possible
to couple two, or three, or an infinite number of unstable
particles to a system and yet have just the same Low equation.
If for the moment we simply accept the generally as-
sumed view stated earlier - that there is a one-to-one corres-
pondence between the infiniée number of Hamiltonians and the
infinite number of solutions associated with a Low equation -
then what we have said above would lead us to conclude that the
coupling of a single unstable particle to a system gives rise
to a.single CDD pole;’ the coupling of two, to two CDD poles;
and so on. \ The ‘coupling of each particle introduces two ad-

ditional parameters, a coupling constant and a mass, into the

<Hamiltonian. This is matched by the introduction into the solu-

tion of the two parameteré associated with a CDD pole - the po-
sition and residue of the pole, Wy and Ci in the example above.
But the relationship between the two pairs of parameters is 1in

Y

general complicated, particularly 1f there is some renormaliza-

\
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tion in the model( 5). And what is worse, this relationship
cannot be determined except by solving the Lippmann-Schwinger
equation, in the one-meson approximation, for the appropriate
Hamiltonian. This solution will be expressed in terms of the
parameters appearing in the Hamiltonian, and by comparing it
wiEh the E?w equation solution one can relate these parameters
to the CDD pole parameters. But if it were possible to solve
the Lippmann-Schwinger eqﬁation -~ and for models such as the
Chew-Low model it is not - then we would already have the scat-
tering solution, and that given by the Low equation solution
would become superfluous. Thus, where the Low equation approach
is necessary or advantageous - the Chew-Low model is the best
example of this - we have to accept the fact that we will not
be able to express the parameters of the CDD pole in terms of
those appearing in the Hamiltonian. And if our wish is to ex-
press the scattering solution in terms of the parameters of the
Hamiltonian, then this fact constitues - in all but the simplest
case with no unstable particles and no CDD poles - a limitation
of the Low equation approach. But this 1s not to say that the
Low equation solutions with Cfgigoles are without value, for
they give us the mathematicai structure of the solutions, and
this is very useful. We shall see a clear illustration of this
later in our study of the nw-N-A system.

Of the correspondence itself - the one between the Hamil-

tonians and the Low equation solutions - no general proof has
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been given. But it is generally assumed that it holds, and

»

this assumption rests largely on the substance of a paper writ-

ten by Dyson in 1957(6 )

; in which, it was thought, he had de-
monstrated the correspondence for a simple class of models. To
demonstrate this correspondence one has to solve the scattering
problem in two ways, by solving the Low equation and by sdlving
the Lippmann~Schwinger equation, and then match the éolutions
and show that the Low equation solution with n CDD poles ig iden-
tical in form to the Lippmann-Schwinger equation solution for

a Hamiltonian with n unstable particles. Dyson obtains the
solutions of the Low equation and the Lippmann-Schwinger equa-
tion, but does not renormalize the latter. (He in fact makes
the statement that there is no renormalization in his class of
model; but this statement, on examination of his models, can

be seen to be incorrect.) Since the Low equation solution is
always given in terms of renormalized quantities, a matching

of the solutions Dyson obtained is really not possible, and
what has been thought to be a demonstration of the correépondence
is, surprisingly, despite these many years of reference éo it,
incomplete. The proper demonstration, which we have carried
out, for that same class of models, is rapher difficult, prima-
rily because the renormalization is difficult. Byt sisce the‘
conclusion we reach is the same as son's, i.e. the one com-

monly accepted, we relégate the proof of it to an appendix

(Appendix 1) of this thesis.

R =T
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. The following point relating to Low equations and CDD
poles deserves emphasis. " cpp poles, we have stated, appear
when an unsfable particle is coupled to a system. - This state-
ment requires qualification, for it is strictly true only if v
the form factor in the coupling of the unstable particle is
identical with thé form factor in the coupling of the particles
in the oriéinal system. For exaﬁple, if to Eﬁe Lee model we
couple an(unapable particle haviné the same quantum numbers as
Vv, and call it W, the N-6-V for factor must be identic#l to
the N-6-W form factor f£ we are to have a CDD pole appearing.
The reason for this is atnif the form factors are not iden-
tical, the Low egquation for the two systems‘;ill not be identi-
cal either. This can readily be seen for the simple systems
w .
we usually consider, which have a factorable T-matrix. If the
coupled particle has a form factor not identical with the rele-
vant one in the original system, the new T-matrix will not be fac-
orable, and the Low equation of the new system becomes much
more complicated than that of the original one.
In reality we would not expect any two form factors to
be identical; but even if they were only approximately the
same, then experimentally we can expect to see, if not an exact
zero in the scattering amplitude - which may still”appear, though
not inevitably ~ at least something very like it, a strong

dip in the scattering amplitude at the same energy. But what is

important is the instance where the two factors differ consi-

-
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e

,/f
derably. This is a real péésibility. To see this, let us re-
gard the particles involved as they are regarded witKin the
naive quark model. Suppose that the unstable particle, a bar-
yon, 1s an excited state of the baryon in the original system,
and that it haé the same quantum numbers except }or a possible
change of parity owing to a quark excitation into a higher or-
bital angular momentum state. " Associated with the meson-
baryon-excited baryon vertex we have a certain matrix element,
from which mat?ix.glement we extract a form factor. The wave-
function of this excited baryon being ofthogonal to the wave-
function of the original baryon, this matrix élement may turn
out to Be small in comparison to the original meson-baryon-
baryon matrix-eleﬁent. In such a case the two form factors
will be quite different; ahd, therefore, we ould not ex-
pect to see a CDD pole, even though there is unstable par-
ticle in the éystem. ‘

To complete this account of CDD poles, we give a dif-
ferent and perhaps more physical way of régafding CDD poles.
For this purpose we make use of some work done by Nagarajan.
and Tobocman(7 ). Suppose that we introduce, or eliminate, a
discrete eigenstate of the free Hamiltonian from a system, and
.yet require that the physical behaviour of this new system be
identical to that of the first (the condition for this is that
the respective T-matrices be identicél). Nagéyajan and Toboc-

et

man show how ‘the interaction Hamiltonian of thée new system

~
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should be modified for this to be the case. Unless the energy
of the introduceg or eliminated eigenstates is infinite, the
interaction Hamiltonian, specifically the coupling constant,
becomes energy dependent. This is somewhat similar to the
effective single channel éotential becoming energy-dependent
in Feshbach's reduction of a multichannel system to an equiva-
lent single channel one.

The Lee model affords the simggéét example of the
arising of this energy dependence. If from the Lee model we
eliminate the V-particle state, we have a model with only the
N- and O-particles; and if this new model is to be physically
identical with the Lee model, it would have to have the follo-
wing Hamiltonian, which is given by a straightforward applica;

3

tion of Nagarajan and Tobocman's results:

\ "= !
H HO + HI (2.8)
H = mNN+ | dkew.a'a
0 N — k k'k
' ‘
- . 2 . Tt
Hy = g dkdk'f, £, \N'Na, ,a, ,
where .
2 2
1 —_— -
g - go/(E n'w,) 2

E Being the energy, and m,; the bare mass of V. It can easily be
verified that the Hamiltonian of the Lee model and the Hamil-

tonian (2.8), which gives a separable interaction between N and
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6, will both have identical bound state energies and scatte-
ring amplitudes. The Lee model, then, is identical (in the N-8
sector) with a sepérable interaction model, in which V is ab-
sent, having an energy dependent coupling constant - a fact
which is rather well-known.

The relevance of Nagarajan and Tobocman's work to the
appearance of CDD poles is not difficult to set out. As we have
stated, a CDD pole appears when an unstable elementary particle
is coupled to a system in such a manner as to have the Low
equation unchanged. What Nagarajan and Tobocman have shown is
that the coupling of an elementary particle to a system is ef-
fectively equivalent to making the relevant coupling constant
of the original system energy dependent. If this coupling is
© such tﬁat the Low equation is unchanged, then - as we can show
for certain simple models - this energy dependence will be
such that the energy dependent coupling constant will always
vanish at some energy. And the energy at which this coupling
constant vanishes is just the energy at which there is the CDD
pole that 1s associated with the coupled elementary particle.
The physical reason for this is clear: when the ef?;ctive
coupliné constant vanishes at a certain energy, there is no in-
teraction between the scatterer and the scattered particle;
and hence the scattering amplitude is identically zero - in
other words, at that energy, a CDD‘pole appears.‘

We shall now demonstrate what we have said above by



25

taking two model Hamiltonians, both of which lead to the same
Low equation. The Hamiltonians are that of a separable iﬁte—
raction model and that of a modified Lee model, in which we

modify the Lee model by adding to it a separable interaction

between N and 6. Denoting the Hamiltonians by HS and HMLM res-

pectively, we have

Hs = HO + HI ' (2.9)

_ + +
Hy = mNN N + dgpkakak
H, = - GN+N dkdk'f £ a+a
I =7= "k"k' 'k k' '

and
1] ]
HMLM = HO + HI (2.10)

_ T
HO—-HO-!-mVVV

.t-
Hp = H + g [V N | dkf a +H.C.] .

k
We must néte that the form factors for the N-§ and N-0-V coup-
lings are identical. As we have already stated, this is a
necessary condition for the two Hamiltonians to lead to the
same Low equation. We assume that the coupling constants e
such that there is no bound state in the first model and no .

stable V-particle in the second.

The Low equation for both these models is then

e iy e A

e awt ™
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o o]

b(w'y|h(w')|%de"

h(w) = 1 + G o —o-ic (2.11)
i
H \
where -
p(w) = 4nfiwk- ' (2.12)
and the T-matrix Tk(p) = —Gfkfph(m). The general solution

of this iow equation is

e 2
1 dk'f

(h(w)]l =~ = 1-G , (2.13)

w'-w-ic wW=w
n

where a W > 0. Of the infinite number of solutions given by

(2.13), the solution corresponding to HS (no CDD poles) is

- ak' £y
[hG(w)] = 1-G m [} (2.14)
and that corresponding to HMLM {one CDD pole) is
-1 dK'fi' 1
[hl (w)] = 1-G w'-w—1i¢c w=w,y (2.15)

If we now apply Nagarajan and Tobocman's results to the
MLM, we find that HMLM is physically equivalent to a separable
interaction between N and 6 with an energy dependent coupling
constant (G+gg/(A-w)). This coupling constant vanishes, and
hence there is effectively no interaction in the MLM, at the

energy
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wy = & + A , (2.16)

parameters of the H we need to obtain the T-matrix by sol-

MLM'
ving the Schrodinger equation for this Hamiltonian. This T-

matrix is

£2[G+g 5/ (b-w) ]

T (w) = ' (2.17)
MLM 1- [G+g2/ (a-w) 11
where
[ax'£?,
I = o oo-ic ¢ (2.18)
——
This can be put into the form )
fﬁc - .
l-[\ =
MLM g2
1-GI + —-Q—-———z"_—— (2.19)
w—(A+gO/G)

Comparing (2.15) and (2.19), recalling that T =‘-Gfih(w), we
see that the CDD pole appears at an energy
2
go *
wl—-E—**l- A.
But this is.just the energy (2.16) at which the energy depen-

dent coupling constant vanishes. We have therefore demonstra-

ted what we wished to demonstrate.

S m ot g e me B wh T e



2.2 ~The K-pole test for compositeness

& (8)
In a few related papers

Rajasekaran developed a
test, to be employed phenomenologically, which, it was claimed,
enables us to distinguish between elementary and composite ha-
drons. The test, applicable only to hadrons formed in and
coupled to S~-wave channels, is the following. Suppose that’a
certain hadron is formed in 5 system of coupled two-body S-
wave channels, at least one of which is closed, and suppose that
the resonance energy of the hadron is cloge to and below the ener-
gy of the threshold of a closed channel. The test states that
if the K-matrix of such a system has no pole close to the reso-
nance énergy, then the hadron in question is composite; and
that if the hadron is elementary, then the K-matrix will have
such a pole. But the existence of a K-matrix pole, though a
necessary consequence of the presence of ancgiementary hadron,
i

is not a sufficient condition for elementarity: a K-matrix pole
can arise from'different causes, only one of which 1is the pre-
sence of an elementary hadron. The existence of a K-matrix pole,
therefore, does not necessarily imply eleméntarity; but the
absence of a pole, according to this test, necessarily implies
compositeness. .

Rajasekaran first offers a general argument in support
of this test, and the aréument rests on the single assumption

that det(K_l) is always a smoothly varying function of energy.
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We shall examine the validity of this assumption later, but
;tate here that given this assumption, the validity of the test
itself follows immediately. Rajasekaran also studies two models
- one a coupled channel separable interaction model, in which
any resonant state is clearly composite, and the other a coup-
led channel Lee model, in which any resonant state is clearly
elementary - énd‘shows that, as demanded by the test, there is
no pole in the K-matrix of the separable interaction model,
while there is one in the Lee model. As a prelude to studying
yet another model, which is a hybrid of these two, we shall
study both these models later, and thereby re-state here what
Rastekaran has done.

ThelK—péle test has the desirable characteristic of
being based - unlike tests relying on generalized versions of
Levinson's theorem( 9 ) _ only on the low energy scattering
data of the system in question. To apply the test, one has t§
attempt two parametrizations of the low energy scattering data,
one parametrization assuming the existence of a K-matrix pole,
ané.oth?r not. Depending on whether the particle whose nature
1s in question is elementary or mposite, the data should be
readily fitted with one assumed form of the K-matrix, while with
the other it should be difficult, if not impossible. We are
£hus offered a clear phenomenological method by which we can

decide whether a hadron formed in systems to which the test ap-

plies is composite or not.
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In work closely related to Rajasekaran's, Dalitz(lo)

suggested explidit forms the K-matrix can be expected to assume
depending on whqther a resonance in the system is associated
with an elementary particle or not. The arguments used were
quite general, without reference to any specific model, and the
forms of the K-matrix obtained were meant to be used, and were
so used, to parametrize the KN data. For the sake of complete-
ness, we give an account of Dalitz's work below,

Suppose that we are considering a two-channel system,
.the channels being denoted by 'l{ and '2', with the threshold
of channel 1 being below that of channel 2. The T-matrix is

related to the K-matrix by the relation

-

1o g7k, (2.20)

/ﬂhere tﬁe K-matrix K is a real, symmetric 222 matrix, and k
1ls a diagonal matrix of the C.M. channel momenta, kl and k2.
Using (2.20), we can express the elastic scattering amplitude

in channel 1, Tll in terms of the K-matrix elements by the

following relation;

. .2
‘ _ Kll(l-1k2h22)+1k2hlz
qll = - 5 (2.21)
(l—lklhll)(l—1k2K22)+klk2klr

This relationship will be valid even below the threshold of
channel 2, 1n which region k2 is imaginary, if we replace k2
in (2.21) by ilkzl. In this region, which is the one prima-

ri1ly concerning us, the scattering amplitude can also be ex-
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pressed in terms of the single-channel 'reduced' K-matraix, KR:

T11 T Tk Ry (2.22)

Comparison of (2.21) and (2.22) shows that KR, a re::\aﬁantity,

is given by

2
EINRSP

K. =K - —T—I———— . (2.23)
R 11 1+ kz K22

We now wish to enquire under what conditions there will
be a resonance in channel 1 in the reqgion between the thresholds
of .the two channels, and wﬁat causes can be attributed to this

resonance. Since the phase shift in channel 1, 61, is given by

D S D ¢
klcotél = Tll+ lkl = KR , (2.24)

4

and since the resonance condition 1s that dl should increase
“

through n/2, there will be a resonance only 1f there 1s a pole

in KR‘ Such a pole may arise in two ways:

(1) None of the elements of the K-matrix has a pole, and all
«
are smoothly varying functions of energy, but the variation

of K

e
;5 s such that l+|k2!K

22 vanishes at some energy.

This, as we see from (2.23), will give rise to a pole in

hR.
(2) All the elements of the K-matrix have a pole at some ener-

gy EO. Then clearly K_ will also have a pole at the same

R
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energy. (For this case we will, in general, have- another
pole in Kp . If |k2| 1s sufficiently small, which it 1s t
close to the channel 2 threshold, K22 will become equal

to - TE;T at some energy not far from E and this will

0*
give rise to a second pole. Thus the second pole in KR
arises in the same manner as 1n which the pole arises
in the previous case, 1.e. owing to the vanishing of

1+lk2[ )

K22'

The first case 1s said to arise when the resonance 1is
associated with a composite particle; the second, when it 1is
associated with an elementary one. The arguments that take us ‘
from statements about the manner in which poles appear in the
reduced K-matrix to statements about the nature of the particle
involved are not altogether convincing; but we shall state these
arguments as they are given in the literature.

1f none of the elements of the K-matrix has a pole, and

a resonance appears because l+|k2]K22 vanishes, the argument 1s

that i1n such a case sz 1s primarily determined - assuming that
the coupling between the channels is weak - by forces in chan-
nel 2. The assumption also implies that K 1S essentiallly

22

the scattering length of channel 2. The condition 1+|k2iK 0

227
then determines the location of a bound state forming in channel
2. This bound state thepn decays into the open channel 1, and

appears as the resonance, Since the resonance arises out of an
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unstable bound state, the particle associated with it is com-
posite. If on the other ﬁand a resonance appears owing to all
the K-matrik elemeﬁts having poles at the same energy, then it
1s argued that these poles have little to do with the forces
acting in eirther channel, and are caused by forces acting in
some other channel, one with a much hi%her threshold than 1 or
2. The arguments used hére are only extensions of the ones
used in the previous case. The whole K-matrix is now regarded -
as a reduced K-matrix of a larger K-matrix which includes the
channel with a much higher threshold. The location of the poles
of this new reduced K-matrix, i.e. of the original K-matrix,
are then primarily determined, arguing as before, by the forces
1n the high-threshold channel. Aﬁd 1t is in these forcgs that
the resonance 1itself has 1ts origin. The relevant example of
such a high~-threshold channel 1s a three-quark channel, for
which the- threshold energy 1s infinite. But whatever the nature
0of this high-threshold channel 1s, in the context of the low
energy system under‘pons1deratlon, we may effectively replace
the channel by an "elementary" particle. Thus the stated argu-
ments lead us to conclude that 1f all the elements of the K-
matrix héve poles, then the resonance that appears is to be as-
soclLated with an "elementary" pafzicle.

Thus i1n both Rajasekaran's work and Dalitz's we see
the association of the absence of a pole in the K-matraix with

compositeness. The arguments used are different, but the con-
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Flusion arrived at is the same. There is solme difference between
the two with regard to the association of the existence of a
K-matrix pole with elementarity - Rajasekaran requires the ad-
ditional condition that dét(K-l) increases through zero at the
pole - but this is of no relevance to what we shall have to say,
and we shall not discuss it here.

The KN-71-A(1405) system is almost an ideal one to ap-
ply this K-pole test to, the question here being whether A(1405)
is composite or not. Let us first give a brief description of
the system itself. Most of the data relévant to it are ob-
tained from low energy K-p scattering. Neglecting the small mass
dirfferences within the isospin multiplets, the total isospin
I can be used to characterize the scattering staées. Two such
states are possible, with I=0 and I=1. Only the I=20 state,

in which A(1405) ig formed, is of interest to us here. For

this state the low energy scattering processes are

KN - KN

- 1L .

The threshold of the KN channel is at an energy of about 1432
MeV, while that of the r! channel 1s at an energy of about 1330
MeV. Low energy K_p data indicates that the scétterlng is pre-
dominantly S-wave below a K~ lab momentum of about 300 MeV/c.

A(1405) itself appears as an S-wave resonance in the n2 chan-

1{‘—
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nel, lying 30:4 MeV below the K p threshold, with a width of
38t4 MeV. The only known decay mode of A(1405) is A(l405)l>nz.
It is evident that this system satisfies almost all the
coﬁditions that need to be satisfied for the K-pole test to be
Applicable: both the chénnels KN and 7l are th-bod& S-wave
channels, and the particle whose nature is in question, A(1405),
lies below the higher threshold of the KN channel. There may
be some doubt felt as to whether A(l40B) is sufficiently close

to the KN threshold for the test to apply. But Rajasekaran

/2 1

<<r_ ’

employs a rough criFerion - the criterion is that (2uE0)l
where EO is the 'binding energy' of A(l1405) with respect to KN, fr““/}\
M is the reduced mass of K and N (so that (2qu)l/2: 180 MeV),

and r is the ;ypical range of the interaction (r" '~ 800 Mev) -
to conclude that it is in fact close enough. The K~pole test

is therefore applicaéle, and, according to this test, a K-ma-

trix parametrization is all that is needed to give us a clear

indic;tion of the nature of A(l405).‘

The earliest K-matrix parametrizations attempted(ll)

. of
the K?P data - not a£tempted, though, with the intent of exami-
ning the nature of A(1405) - assumed c¢onstant K-matrices. The
data for the K lab momentum range 0 - 300 MeV/c was adequately
fitted with such K-matrices; and when the gitted K-matrices
were continued below the K p threshold, it was found that the
existence of a resonance was predicted, and thaé the predicted
parameters of this resonance were in good agreement with the
position and width of A(1405). A fit was also attempted(lz),

to data up to a momentum of 550 MeV/c, using an inverse I=0
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N

[
K-matrix linearly ddpendent on energy, having the form advoca-

LY
ted by Shaw and Ross(l7),

K = K. &~ + O(E-Et) . . (2.25)

where Kt ‘and ¢ are both symmetric 2x2 mafrices, and Et is the
K_p threshold energy. Here again a good fit was obtained to
the scattering data; and a resonance was predicted at an energy

of 1403 MeV,with a width of 50 Mév, in striking agreement with

~—

exﬁeriment. -

} There was, however, a shortcoming, unavoidable at the
time,'in'these fits, and that has to do with the absence of
mZ + 7wl data. Since no data relating to this reaction existed
at the time of the fits, the 7 + nZ channel could hot be fitted,
and hence the fits only partially determined the K-matrix ele-
ments. Owing to this, equally good fits to the data give dif-
ferent sets of K-matrix parameters, with some parameters being
widely differen£. In more recent work, Chao et.al.(l3), in an
attempt to better fixtyhe K—matrix\parametegs, fitted, using a
constant K-matrix, the low energy K p and Kg p data together
with the 7l spectrum below the KN threshold, observed-in the
reaction 7 p - ntZ$K0, for pion momenta up to 2 éev/c. They,
found that the constraint imposed by requiring that the 7l
spectrum be fitted gave a strong discrimination between the con-
stant K-matrix fits, all of which gave equail& good fits to

the above threshold data. This is clearly an important finding; but

r
!
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what is relevant to us here is that they were able to fit even
the additional data on the 7l spectrum with just a constant
K-matrix.

(14) carried out an extensive

’Even more recently, Martin
analysis of the low energy KN scattering system, attempting to
fit, with the linear form of K © given in (2.25), in addition
to all previous data (though not that on the nmZ spectrum), data
on dispersion relations for the KiN forward scattering ampli-
tudes, as well as data which haa become available on other kinds
of reactions, such as the forward cross-section for K-p—rion.
Martin found that it was possible to obtain a good fit to all
this data with this form of the I=0 K-matrix, and that, as with
the other fits, the extrapolation of the'fitted K-matrix below
threshold yielded the energy and width of A (1405).

These parametrizations make it clear that it is perfect-
ly possible to fit all the available low energy KN data with a
I=0 K-matrix which is either a constant or is smoothly varying
in energy - put another way, with a‘K—matrix which has no pole
in it. And if one accepts the K-pole test, this is sufficient
to conclude that A(1405) is composite. ‘

Though the K-~pole testkitself would not have regquired
any further parametrizations, fits(}s) were also made to .the

data aésuming the existence of a K-matrix pole. The form of the

K-matrix assumed was
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K = K _+c¢/(E-E

t 0) ‘ (2.26)

where ¢ is a real 1xX2 column matrix, and EO is an adjustable
parameter. It was found that the fits obtained were no better
than the previous ones, and that E0 became very large, moving
well out of the range of the data, and the residues of the pole
small, so that one essentially recovered the constant K-matrix

fit. Furthermore, it was the second pole in K_ '- which appears

R
with this form of the K-matrix, as mentioned previously, and
which is a "composite" pole - that was found to give rise

to A(l405). These results, therefore, only consolidate the
previous conclusion that A(1405) is composite.

The currently held view, then, is that A(1405) is a
composite particle, an unstable bound state of K and N, and not
an elementary, or 3-quark, state. Dalitz and McGinley‘lG) only
give expression to this view when, in a recent paper, they maké
the statement that the experimental data "rather clearly"
point to the conclusion that\A(l405) is an unstable bound state
of K and N. It is not, however, the experimental data which
point to this conclusion, but rather the experimental data taken
in conjunction with the K-pole test; so that the validity of
the conclusion turns on the validity of the K-pole test itself.
What we shall show below, however, is that the K-pole test .is
not valid under all circumstances; specifically, that it is

possible for an elementary particle - as, for example, an elemen-

tary A(1405) - to exist and yet not reveal its existence by
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giving rise to a K-matrix pole, " This, if not undermining the
general belief that A(1405) is coﬁposite, at least weakens it,
for these special circumstances where the K-pole test fails
would have to be investigated before any conclusion can be drawn
regarding the nature of A(1405).

The model we use to show the possible failure of the K-
pole test is an extension of ‘the modified Lee model (MLM) given
in the last section, and we shall refer to it as the coupled
channel MLM. The model is a hybrid of the coupled channel Lee
and separable interaction models. The Hamiltonian and the scat-
tering solution for this model é}e given in Appendix 2. We
assume that the threshold of channel 1 is below that of channel
2. In the region between these thresholds, the T-matrix in

channel 1, T is given by

11
2 P 2 P
V(R ) [(1-6G 5,1, Gy, %6515)
Ty = P2 - P ' (2.27)
(1-6 117 (165, 1,)=6y, 1, Iy

where the superscript P signifies the principal values of the

integrals, and where we have defined

2
v2(k ) = Elifll (2.28)
1 4n :
Using (2.27), and the relation
k.coté.—ik, = T % (2.29)
1 1 1 11 '

N el

-

M e e ae e
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where 61 is the phase shift in channel 1, we have

(1- GllIl)(l 62212) -G

7
(1-G,,1 2) G)1%675

k cotdl = (2.30)

The condition for there to be a resonance between the thresholds

is therefore

P P P P
1-G11I;-6,,1 2* I

(Gy165,-61,) I T,

=0 . (2.31)

» 3

To obtain the K-matrix element Kll in the same energy region,

P P 2 . : .
, by Iz+[k2]v2(k2) in the expression for T,,. Car-

rying out this replacement, we find that the condition for there

we replace I

to be a K-matrix pole in the region between the thresholds

2 2 2 P
1'911 , I +|k |v (k,)1+(G, 6 227 61,0 [T +lk, |v5 (k) 1T) = 0. (2.32)

Assuming that the condition given by (2.31) is satis-
fied at some energy, the guestion we have to consider is whether
the condition given by (2.32) will also be satisfied at some
energy close by. To be able to answer this question in somewhat
general terms, we need to have some idea of how IP and IP

1 2
in the region of interest. If the thresholds are reasonably

vary

far apart, IP will be a slowly varying function of eneérgy just

1
¥
below the threshold of channel 2, and will also be much smaller
than Ig. We can therefore approximate Ii by a constant over a
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small enough energy region, and we shall take the value of this

constant to be the value of Ii at the resonance enerqgy, and de-

P
2

- which is an increasing function of energy in this region - we

note it by IP

1R" To approximately determine the variation of I

follow a procedure essentially the same as that of Rajasekaran.

We first write IP

Y given by
oo )
p dw'kévg(kz)
I. =P . ’ w=Vv k +ui ,
2 w'-w 2 2
Mo
in the form
e 3 'klvz(k')
W
P _ 2 272
12 = P o ’ (2.33)
my*Hy

where w = m2+w.

This can be written as

t 2 \]
aw'k,vi(k,)
P _ P 22772
m2+p2
where wp is the resonance energy. Defining a variable E by
the equation w = m2+u2+E, we have P
00 LU ] ' © LI '
dw k., v (k,) dE k v, (k )
et = 2 (2.35)
YR (E'+|Eg|) (E'+|E|)
m 0

2tHo
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the moduli’'being taken in consequence of the fact that both w

and Wp < (m2+u2). If the resonance and the eneréies we are inte-
rested in are close to the channel 2 threshold, i.e. |ER|and|E|
both + 0, then the integral in (2,35) diverges at the lower 1li-
mit. For small IERl and |E|, therefore, the integral will be
dominated by the small E' contribution, and hence can be approxi-
mately evaluated by using the non-~relativistic formula E' = %&i .
Since we can also set the form factor » 1 in this region, we ?

find, carrying out the necessary integration,

dE k v

(k) 2u)t? (e Y2152 -
i |E|-|Eg]

2
2
(E'+|ER[)(E'+|E|)
From (2.34) and (2.36) we then have

s SAUN e Sy P D B (2.37)

2 2R 4n R 2 ! '
where IgR is the value of the integral at resonance. Equation
(2.37) gives the variation of Ig close to the resonance energy,
and 1t is in accord with our earlier statement that Ig increases
with increasing energy (for |k2| decreases with increasing ener-
gy below the channel 2 threshold).
&

We can now go back to the gquestion of the appearance of
K-métrix poles, and examine it for different models. We begin
with the coupled-channel Lee model, for which Gll = gi/(A—w) '

- 2 _ L
622 = gz/(A w), and 612 = glgz/(A-w). The quantity

(Gllez—Giz) is. therefore zero, and the last term in (2.31),



43

and that in (2.32), vanish. In this model, then, the condition

for there to be a resonance is

P P _
1-6,,1,-6,,15 = 0 , (2.38)

or, multiplying (2.38) by (A-w), at the resonance energy Wp

o _2,P 2.
A we glIlR g212R =0 . (2.39)

_If there is to be a K-matrix pole in the vicinity at an energy

w, we find, using‘(2.32) and (2.37), that we must have

»

k|
2.p 2P lR_

A-w glIlR 92(12R * ) =0 (2.40)
where we have set the form factor = 1. With the use ‘of (13)

this condition can be expressed as

2
95 kgl

i ST

This condition can always be satisfied; and if gg is small

enough, it will be satisfied at an energy close to w In other

R*
words, in this coupled-channel Lee model, where the resonance is
associatéd with an elementary particle, there will be a K-matrix -
pole close to the resonance energy. This was what was shown by
Rajasekaran, in essentially the same way.

To examine the condition for the appearance of a K-matrix

pole in a composite system, we now consider a coupled-channel

separable interaction model. For this model the factors Gij are
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constants, which we denote by Gij' and the resonance condition,

»

given by (2.31) is

’

o 1P (P P P _
1-Gy 31 RG22 2R (6116557 12)I1R R -0 - (2.41)

The condition for there to be a K-matrix pole nearby is, from

(2.32) and (2.37),

i

Ik | |k
F P =0 . (2.42)

p
1=G I g GapIpg + 7 + (G

+ RI)

115227 12)(I2R an D IR"

There 1s no energy dependence in either of the above conditions,
and it is evident that they cannot be simultaneously satisfied;
hence, for this composite model, if there is a resonance there
will be no K-matrix pole in the vicinity.

The study of these two models is thus seen to confirm
the predictions of the K-pole test. Let us now take a third
model, the coupled-channel MLM, and examine the same question.
In the coupled-channel MLM, the factors Gij are given by the

following equations:

- 2,08z
Gy = Gyp + 95/ (d-w) (2.43)
—— 2 —
622 = G224-g2/(A w) (2.44)
and
G12 = Glz-+glg2/(ﬁ-w) . (2.45)

The condition for there to be a resonance, and that for there

to be a K-matrix pole, are given as before, by (2.31) and (2.32)
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respectively, with GlJ now having the energy-dependent forms

given above. If the resonance occurs at an energy w and if

Rl

we assume that there is a K-matrix pole clqse to w we find

RI
after some algebra, that the energy Wi at which this K-

matrix pole appears 1s given by

2 2 2

wpmwp = {2(95%6,58) + [(G)6,5=G )8 + Gyy9,

+ G..g%=2G..g.9. 115 }lk_|/4nD (w.) (2.46)
22917%6129,9,1 1R KRR R '
where
[k | . dkol :

. P _ 3 R 2 P R, P

D(wp) = 1=G I3 p=Goo (Iyp+ =37 ) +(G16,,7C ) (Iop+t g7 I1g - (2-47)

We must note that equation (2.46) 1s valid only if (wK—w ) 1is

R
small, for all the approxxmation; we have made in deriving this

¥

equation are valid only in a region close to w

R’
Now, as we have already observed, in the region of 1in-
P . P P .

terest IZR >> IlR' The 1ntegral I2R appears in the denominator

of the quantity on the R.H.S. of 22.46), but not in the numera-
tor. Since this 1s the dominant integral, we can, without much

affecting the numerator - certainly without causing it to go to

-

zero - adjust the coupling constants multiplying IﬁR s0 as to
make the denominator as small as we please. The difference

(wK—wR) will accordingly become very large, and hence there will
be no K-matrix pole in the vicinity of the resonance. ‘There may
or may not be a K-matrix pole far away from the resonance; as we

stated above, equation (2.46) no longer holds when (mK-w ) 1s

R

ey

PPN
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large, so that we can make no assertion regarding the existence

"of a distant K-matrix pole, But the assertion we can and do

make 1is that in thic m~dcl, even though there s an elementary
particle 1in 1t, there need not appear a K-matrix pole in the
neighbourhood of the resonance. And this is contrary to what
the K-pole test states.

Our assertion gains credibility 1f we examine the ques-
tion of the appearance of k—matrix polés in the single—éhannel
case for the three models we have studied. ({In the region of
interest the coupled-channel case reduces to a single-channel
case 1f the thresholds are sufficiently far apart and the reso-
nancelsuff101ently narrow.) The condition for the appearance of
a bound state for all three models 1s

1 p
T~ I =0, (2.48)

where G =G, gz/(A—w) or (G+—g%«A~w)) depending on the model.

And the condition for these to be a K-matrix pole 1is

1 -
- I =0, (2.49)
where

¥ = 1P x kll (2.50)

We can plot out Ip and IK schematically, and determine the
bound state energy graphically from (2.48). faking the Lee
model first, we have the plot shown in Fig. (2.1), from whach

we see that, as predicted by the K-pole test, there 1is a K-
{

o



Fig. (2.1)-(2.3): Schematic plots of indicated quanti-
ties as a function of the energy w for the Lee model, the

Separable Interaction model and the MLM respectively.
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matrix pole at wy closge to wR; ‘ For the composite, separable
interaction model, G'is a constant (= G), and the corresponding
plot is shown in Fig. (2.2). Here there is no possibility 6f
there being both a K-matrix pole and ; bound state; we can
have one or the”other, but not both. \Fér the hybrid model, the
MLM, G==G+g2/(A-w); and the plot, for a certain choice of para-
meters; is shown in Fig. (2.3). We see here that though there
is a bound state, there is no K—maprix pole. It is also clear
from the figure that with a different choice of parameters we
can have a K-matrix pole close to the bound state. ~But all that
we wish to show - and all that needs to be shown to call the K-
pole test into question.; is that a K-matrix pole does .not neces-
sarily appear in the model. And this is evident from the
figure.

| Model calculations wigh the coupled~channel MLM bear
out what we’have said above. 1In Fig. (2.4) we show the plots
Ry
\of the K-matrix elements of this model, with the parameters of
the modeél determined so as t& fit the data of the KN-7% system
- in particular, the resonaﬁce energy and width of A(1405). We
see that the K-matrix elements have no pole; they are smoothly
varying functions. Here, then, we have an explicit instance
of the failure of the K-pole test. We may note that Dalitz

(16)

and McGinley have also performed calculations with the same

model, applying it to the same system, and have found, as we

have done, that a K-matrix pole does not appear despite the



ig. 2.4: Plots of K-matrix elements K,, (full line) and
K22 (dotted line) of the coupled-channel MLM, with para-
meters given by Set A (Section 3.2), as a function of

C.M. energy of KN system.
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existenee in the model of an elementary particle. They/then

go on to argue that reliable predictions regarding the appea-
rances of K-matrix poles and resonances can only be made

if the width of the resonance is small enough, implying that
the failure of the K-pole test in this model calculation is

due to the width ok A(1405) being too large. A large width

may indeed have something to do with the failure. But our con-
tention is that, however narrow the width is, the K-pole test
cannot be expected to hold for this hybrid model. The failure
has to do with thé structure of the solution itself. That this
is so in the one-channel case is evident from the schematic
plot given. 1In the two-channel case the failure is due to the
fact that the solution is such that det K_l always has a pole
at some energy. We shall say more about the appearance of this
pole further on; put point out here that the existence of such
a pole clearly shows that the assumpiion Rajasekaran imade in
giving a general argument in support of the K-pole test, name-
ly the assumption that det K—l can be approximated by a
straight line over any small energy region, is false. And
where this assumption is false, there the K-pole test fails.

To summaiize what we have said regarding the K-pole
test: the K-pole test will hold, under all the stated conditions,
when we are considering 'extreme' cases; . that is to say, when
the resonance is purely elemenﬁary or purely composite, The ¢

test fails when the resonance appears in a hybrid model,
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where there are both elementary and composife contributions to
the resonance. What this means in relation to the question of
the nature of A(1405) is this: the negative results of fits
done with a pole in the K-matrix may be taken as evidence that
A(1405) is not purely an elementary particle (a three-gquark
state); but it cannot be immediately inferred that A(1405) is

a composite state, for these results say nothing for or against
the possibility of A(1405) being a hybrid state. It is just as
such a hybrid state that we shall treat A(1405) in the next
chapter.

To -end this section we mention a point which arises
somewhat incidentally out of the model calculations we have
performed, but which is yet important.

In a series of well-known and much-cited papers, Shaw

and Ross(l7)

developed, very much in analogy with the single-
channel theory, a multichannel effective range theory: What
they essentially showed was that for a system of coupled two-
body channels, a matrix M of certain amplitudes Mij (M is
essentially the inverse of the K-matrix) can be expanded in the

-

following form near any energy EO:

1

_ 2 2
M = M(E) + 3 R(k“-kj).

" Here R is a real, approximately energy dependent and approximate-

ly diagonal matrix, and Rii is a measure of the range of the
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forces in the ith channel. If we note that for the single-
channel S-wave case M = kcotd, the analogy with the single-
channel theory becomes apparent. The multichannel theory, how-
ever, is of a broader scope, for the egpansion need not be made
about a threshold; it can be made even about an energy well
away from a thfeshold.

Shaw and Ross's demonstration that the matrix K—l (ox
M) is linear in energy in any sufficiently limited energy re-
gion is based solely on the form of the wavefunction outside
the range of the interaction, and consequently is one of a
"great degree of generality" (Dalitz). The possibility,
therefore, of this effective range theory failing to hpld, for
any plausible model, has never been seriously entertained. But
we have such a model and such a failure in the coupled-channel
MLM. PFaor in this model K_1 always has a pole at some energy,
and of course in the neighbourhood of this pole an effective
range expansion is not possible. That K-l will always vanish

at some energy is readily seen if we note that detK =

(G, .6 ~62 ), that K_l = égl—ﬁ, and that the energy dependen-
11722 "12 . det K

' 2 . .
ces of the G's are such that (GllGZ2 612) will always vanish at

+

some energy. (Also, since det K vanishes at some energy, det K—l

will have a pole at the samelenergy; and hence Rajasekaran's
assumption that det K—l is always a smoothly varying function

of energy is false.) We do not propose to go into the question
\

P
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as to why the seemingly general proof given by Shaw and Ross
does not hold for this model. The question is not of immediate
relevance to this thesis ;nd deserves a separate investigation.
We content ourselves here with giving graphical illustrations
of the appearance of a pole in K_l: in Figs. (2.5), (2.6) we
plot det(K), det (K1), and (K-l)ll’(K—l)lz’ for the coupled-
channel MLM with the indicated choice of parameters. The mas-
ses in the quel are those of the KN-7Z system, and the para-
megers have been chosen so as to place the pole in K_l close

to the KN threshold at about 1430 MeV. The reason for this we
shall discuss in detail in the next chapter.

All this is important with regard to the KN problem.

As we have stated earlier, fits have been attempted to the KN

data assuming the existence of a K-matrix pole; but the coupled-

channel MLM does not necessarily exhibit a K-matrix pole. Fits
have also been attempted assuming an effective range expansion
of K_l; but in the céupled—channel MLM such an expansion is
not always possible. These are the onlf two kinds of fits
that have been attempted. If, therefore, we introduce the
coupled-channel MLM as a model for the KN interaction, this
model, at least for certain choices of parameters, will fall
outside the areas hitherto investigated. And since there is a
sound physical motivation for using this as a model for the KN

system, and since the recently obtained kaonic H-atom result -

which is in complete diségreement with the expectations based

-

v e e

P ik



Fig. 2.5: Plots of det K (full line) and det K—l (dotted

line) of the coupled-channel MLM

C.M. energy of KN system.
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onqsrior analyses - seems to be inexplicable by any existing
modé%, a careful examination of this model is of considerable
interest and importance. To this examination we turn in the

next chapter.

P



CHAPTER 3

THE K-N-A(l405) SYSTEM
\

INTRODUCTION

In Chapter 2, section 2.2, we gave a partial description
of the low energy KN system. We give a fuller description here,
preparatory to the study of a model for the low energy KN inte-
raction. (Throughout this chapter, when we say 'low energy KN
system' - or, simply, 'KN system' - we shall mean the RN system
in the energy range with K  lab momenta < 300 MeV/c.)

The meson is an isospin doublet consisting of K~ (I3 =

o R

- 1/2) and K (I3 = + 1/2), both of which are pseudoscalar mesons

having a sérangeness -1. The low energy KN interaction is stu-

died primarily through K p scattering, and for K lab momenta

< 300 MeV/c the scattering is observed to be predominantly S-—

wave. The following reactions are possible at low energies:
Kp~>Xp

+ &%

- wuA,

The K p threshold is at an energy of about 1432 MeV; owing to the

57
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mass differences within the two isospin doublets K and ﬁ, the
Ron threshold lies about 5.5 MeV above this. The threshold
energies for the mA, mZ and #TA channels are respectively about
180 MeV, 100 MeV and 40 MeV below the K p threshold. These
channels are thus open at all phgsical KN energies, And there-
fore the KN system is intrinsically a multi~channel one. But
for X~ lab momenta below v 200 MeV/c there are no significant
contributions from three-body final states, ana we can ignore
the last of the channels listed above.

Ignoring the small mass electromagnetic differences wi-

thin ggch of the isospin doublets K and N, we can use an isospin .

basis to describe the RN system. Since both K and N are iso-

spin doublets, the total isospin I of the states of the KN sys-
tem can ha;e the values 0 or 1. Of the final states given above,
KN and mf states can have I= 0, and the EN, 7L and 1A states
can have I=1; . in other words, the 7\ state is a pure isospin
state with I=1, while‘the rest are combinations of I=0 and 1.
The resonance A(l405) is formed in the I=0 state, and was dis-

covered experimentally in 1961 as a nl resonance produced in

the high energy reaction

1+
+1
+

|

K—p + A (1405) + rtenT - Lo+ v + 1 47

That A(1405) is an I=0 state is evidenced by the fact that a

-

peak occurs in the 7nIl mass spectrum at 1405 MeV only for the

+

n -1t combinations, both of which have an I =0 component, and

[ S S
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not for any of the combinations n+i+, N—Z-{ or nozi, all of
which have no I=0 componen£. A(1405) lies about 30 MeV below
the K_p threshold, and its oniy known decay mode is A(1405) > nZI,
Almost all the available K'p scattering data dates from
before 1970, and much of this data, it is commonly acknowledged,
is rather limited, owing to the experimental difficulties asso-
ciated with the use of kaons of this low momenta. The other

available data pertaining to the KN system include some data on

Kgp scattering, and a few at-rest branching ratio measurements.

* o
. .

To these have recently been added the measurements of the shift
and broadening of tﬁe ls level in the kaonic H-atom.

. From this available data we have to try to infer the
nature of the KN interaction. We set about.éhié by constructing
. a model for the KN interaction.‘ And the nature of the model
we consprdct willudepend'on how we choose to regard Ajl405k,

The model on which most emphasis héé been placed is er which
regaids A(1405) as a quasi-bound state of KN. An attractive iq—
teraction is presumed éo exist between K and N (and between w
and I in the second channel), érising predominantly from the

A T .

ekchange of the vector mesons p and w. This attraction gives
rise to a bound state.in the Rﬁ channel, and the bound state
then,decays'into the open n{ channel, appearing there as the

A(1405) resonance. Such a conception of the Rq interaction

is the generally accepted oné. And a model constructed along

vl .

o S e




“that kaonic H-atom X-ray measurements -~ which, as we shall dis-
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(18)

these lines has been shown to be in accord with the aséump—

tions underlying the usual phendmenological K-matrix analyses,
namely the assumptions that the K-matrix has no pole, that K-l

\ » . -
is aQemoothly varying function of energy, and that the A(1405)

resonance appears owing to the vanishing of l4—|k2|K22 (Chapter £
i v i
2, section 2.2). Various other phenomenological potentials :

(

have been used 19) for the KN interaction; all of these share

the K-matrix characteristics of the above dynamical model, and
are essentially no aifferent._We must add here that the kadonic
H~atom measurement mentioned above is too recent to have been
included in the daté‘whicﬁ all these models attempted to repro- ‘
duce.

Comparatively little work has been done on.the low ener-
gy KN interaction - compared, that is, to the work that has
been done on the TN or NN interactions. And not much advance 3
has been made in what we know of it in the past decade or so.
The reason that relatively little work has been done is, prima-
rily, the relatively poor quality of the scattering data; and {

the *eason that little advance has been made is that most of

this scattering data dates from the sixties, for not much im-

provement has been made on it since: There is no immediate pros- :

pect of any improvement either. In View of this, it was felt

-

cuss in the next section, give us almost direct information on

X o o e ot P st o 5

the. nature of the KN interaction at threshold - would be parti-

cularly useful and important. Two such measurements were recent-
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ly reported. And their results, which were quite unexpected,
are suéh that the measurements have assumed extraordinary im-
portance, for they threaten to change, perhaps drasticélly,

our more or less settled conception of the character of the

KN interaction.
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3.1 THE KAONIC-H ATOM RESULT

A kaonic atom is formed when a. single kaon in a K beam
which has been slowed down in matter is captured into a C&ulom—‘
bic atomic orbital state. The capture usually takes place in
an atomic state of high excitation, from which thé kaon then
cascades down through the sequence of lower atomic levels, at
first dominantly by Auger transitions, with the ejection of ato-
mic electrons, and later by radiative transitions, with the emis-

sion of X~rays. The radiative transitions usually begin with

mK 1/2
K " (ﬁ;) 5‘30) inside the

shell of the ground state of the electronic atom. The effects

states (principal quantum number n

of the atomic electrons on these X-ray transition energies are-
therefore small, and these energiés are primarily determined by
the kaon-nuclear Coulomb interaction. The kaon ultimately rea-
ches levels with k%g enough ne for which .the overlap of the

kaon and nuclear wavefunctions is'large enough for the kaon to
be absorbed by the nucleus. Féf gsome final wvalue of"ﬂ\, which
depends on the nucleus,.all‘the kaon; reaching the corresponding
state are absorbed, and here the X~-ray series terminates.

The kaon can interact with the nucleus through the strong
interaction as well -as the Coulombic.l Thié causes a shift in
the energies of the lower lying levels from their Coulombic va-
lues. And since the kaon can also be absorbea by the nucleus,’

the lifetime of the level from which it is absorbed is decreased,

and hence. the X-ray lines ending on that level are broadened.

ESDY WRpIIINORE
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Precise measurements of the X-ray spectrum enable us to deter-

mine the energy shift-e¢ of a level.- ¢ being defined as the cal-

‘ culated electromagnetic energy minus the experimentally measured '

energy - ;nd the line width T of a transition to that level.
Since both the shift and the broadening are direct consequénces
of the kaon-nuclear” strong interaction, this determination
yields us important information on the nature of this interac-
tion.

The defermination of the level shift and width in the
kaonic H-atom is of particular importance, for here these gquan-
tities give us almost direct information on the K p interac-
tion -~ and hence on the KN interaction - at threshold. But
the experimental task of detecting and measuring the energies
of the X-rays from transitions in the K -h atom is a very dif-
ficult one, and it is only recently that this was accomplished.
In the K ~H atom the kaon cascades right down to the ls level
before being absorbed by the:- proton. Thé first K H-atom X-ray

(20)

measurement was’reported'by Davies et.al. , and they identi-~
fied the X-ray they observed as originating from a'2p + 1s tran-
sition. The 2p level in.the K -H atom is neqgligibly affected
by the strong interaction because.the overlap of tﬁe 2p wave-
function with the proton wa&efunction is very much lgss than
that of the 1s. The X—ray energy and line Qidth can therefore

be.-directly associated with the shift ¢ and broadening T of the

ls level, and this Davies ét.al._détermined to be
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e+il’ =. (40x60) + 1i(0+11l5) ev. (Aa)

The second reported measurement of the K —L X-ray spectrum was

made by Izycki et §l.(21).

They claimed to have identified =
not only the 2p - 1s ;ransition, but also the 3p + 1s, 4p + 1s
and the «© » 1 transitions. Their determination of the 1ls level

shift and broadening from these various X-ray energies is

E+i % =(270+80) + i(280%130) eV. (B) °

We shall refer hereafter to Davies et.al.'s measurement as 'a',
and Izycki et.al.'s as 'B'.

These two determinations are clearly in marked diga-'
greement, each falling well outside even the bounds of the er-
ror of the other. This is unfortunate, for it means that one
of them must be wrong; and that only attests to the difficulty
of the experiment, castiné some doubt thereby even on the ather.
' But more important thap their.disagreement with each other -~ we
can still hold that one or the other is correct - is the disa-
greement of each with the theoretical prediction based on the
extrapolation from low-energy K-p scattering data. And this
disagreement may.have far-reaching'consequences. )

‘The disagreement ariées indirec¢tly, in the following
way. For the‘ls state, the shi%;-and the width are related fo

the (Coulomb corrected) K p scattering length ac(K_pL by(ZZL

3

2 (e2) m?

e+il /2

aC(Kfp) ‘ (3.1)

412.11 ac(x‘p)-év fm™ L,

e s ot it
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where m is the reduced mass, e2 = T%7' and c=h=1. Equation
(3.1) combined with each of the two experimental determinations

of e+il/2 gives us two values for ac(K-p):

_ {(o.lozo.zon(o.oom.za){ fm (A) (3.2)

{0.66x0.19)+(0.68x0.32)i fm (B) .- (3.3)

Analysis of low energy K—p scattering data yields the two scat-

tering lengths, a, and a of the two isospin channels I =0 and
I=1 of the KN system. The -average of a, and a, gives ué yet *
another scattering length a(KN) - distinct from ac(K-p) - which

can also be associated with the K p system. Taking the values

of ag and a, given by the most recent and extensive KN data ana-

(14)

lysis , we have

a(RN) = 2 (ag*a;) = -0.66+0.71 i fm. . (3.4)
{In the convention we are using, the sign of 'a' is defined by

the equation kcotd .= + % + % rk2 + ++++_) The scattering lengths
‘a’ and 'a' have t@o points of difference. firstly, ;ac', being
defined in the K p sysﬁem, is the scattering length associated
with the strong interaction in the presence of the Coulomb field;
wﬁéreas 'a', being defined in the KN sfstem,'is“tﬁe scattering

length associated with the strong interaction alone. Secondly,

'ac' and 'a' are not defined at the same energy, because the K—p’

and Ron channels have different threshold energies. A relation-

ship between 'ac' and 'a', in which these differences are handled




approximately, was derived a long time ago by Dalitz and

: - .
Tuan(23?, and this is
1+lk,|a ‘ -1
- _ 0 2 2R
ac(K p) = {m + 5 [2Y+£n(—ﬁ—)]} ' (3.5)
07071 , <
where B (= 83.6 fms)lis the K p Bohr radius, Y is Euler's con-.

stant, ko is the (imaginary) momentum in the Ron channel at the
K_p threshold, and R is the "matching rédius",usually taken to
be about 0.4 fm. Taking the value pf 'a' from (3.4), and in-
serting that and thé values of the rest of the quantities into
(3.5), we £ind that ac(x‘p) is of the order of (-1.0+0.7i) fm.
This,;tﬁén, is the valué of ac(K—p) p;edictéd by the low-energy
scattering analysis; and it has to be compared with the two
expexrimental values.of the séme guantity given in (3.2) and (3.3).
The disagreement.is obvious. But before we hasten to
declare that it is of fundamental sign;ficance, we should pause
to consider more closely the relations given in Eqgs: (3.1) énd
(3.5), both of which we had to'usé before we could make the
above cempariSOn and find this disagreémenté Eq. (3.5) relates
'ac' to 'a’ by correcting for Coulomb and threshold e?fects.
In correcting feg the Coulomb‘effect, the assumptién has been
made here that the Coulomb-nuclear interference effect is 'nor-

mal', which amounts to .saying that it is small. Deloff and

L 4

Law(24), however,. have‘mag% the suggestion that this assumption
is invalid, that the Coulomb-nucledr interference effect -
, )

’gfulomb effect' for short - is in fact anomalously large. Eq.

(3.5) would then have ‘to be modified appropriately, and it was

L

R
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shown by Deloff and Law that if one assumed a sufficiently iarge
‘Coulomb effect - about two orders of magnitude larger than the
normal effect - then the disagreement we have noted between the
'experimental' and theoretlcal' (K p) could be made to va-
nish. Deloff and Law did not; however, construct a model for the
KN interaction which could ‘exhibit such a large Coulomb effect;
nor did they examine the other consequences this effect might
have. Both these have been done in Ref. (25), where it is shown,
firstly, that only a very unrealistic model for the KN interac-
tion can give a Coulomb effect so large as to cause the disagree-
ment to vanish; and, secondly, that even _ if one accepted such a
model, the latge Coulomb effect it has will cause a'serious
conflict with the scattering data above threshold. We are com-
pelled, therefore, to reject Deloft and. Law's suggestion. It
seems very unlikely that the Coulomb effect in the K p system is

far different from the normal effect which has been assumed

R
-

Even on general grounds we would expect the correctlons
for the Coulomb and threshold effects to be pretty much what
they have been assumed to be. Both these corrections arise from
our trying to. relate a quantity in the:K p system to one in the
‘KN sjstem. The scattering data;we.obtain experimentally is that
of the K_p‘system; we correct t&is data for Coulomb and thres-
hold effects to convert it to KN data; and from analysis of
this KN data we obtain various quagtities in the KN system -
the“televant ones;here being the scattering lengths ag and a.
To obtain the scattering length ac(K-p), we convert these KN
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scattering lengths back into the K_p syst%?\by using the same }
kind of corrections - expressed in (3.5) ~ as before. If we
are to now say - on account of the fact that the ac(K"p) o)

obtained is in conflict with experiment - that the corrections

we used should have been very different, then this would .imply
that what we took to be KN data is not really RN data, and that
our whole scattering analysis is wrong. But this is too dras-
tic a conclusion to accept; it goes against too much,

What all this adds up to saying is that the use of Eq.

(3.5) seems justified. It is therefore unlikef;'that the

source of the djifagreement under discussion lies in its use.

The d eq.ation,‘Eq. (3.1), relates ac(K-p) to the

K -H atom 1l el shift and width. A relationship between the

Coulomb-corrected scattering length and the level shift and width

in an atom formed of oppositely charged strongly interacting

particles was derfved a long time ago by Trneman(zz), and Eq.

(3.1) is Trueman's relationship applied to the K-b system., (We s

have taken only the first ordér term in Trueman's relationhship:

the higher order terms are very small here (Batty, Ref. (26)).
Could it be that' for some reason Trueman's-relationship is not

‘really applicable to the K-p éystem? Having examined the deri-
vation of the relationship we find it difficult to see why it {
should not be applicable. It is true that the derivation is not

based on a complete multi-channel solution_—"the inelastic chan-

‘nels are effectively represented by making the single-channel

phase shift complex - but the relationship must hold at least ta

"
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a good approximation.
It appears, then, that neither the us?féf Eq. (3.1)
nor the use of Eq. (3.5) can be called in question. And if we

accept this, we are left with the conclusion, which now seems

inescapable, that there ié a real conflict, and a serious one,
between the K -H atom results and the predictioh based on the : '
scattering data.

To appreciate just how serious the consequences of
this conflict are, let us first simplify matters and assume
that ac(K-p) and a(KN) are the same quantity, thus ignoring
Coulomb and threshold effects (these, in any case, only worsen
the conflict). If we agree to accept one or the other of the
two experimentally obtained values of aC(K-p), then the value
of a(KN) must be = (0.01+0.0i) fm accoraing to A, and = (0.66+
0.68i) fm according to B. 1In contrast, the value the scatte-
ring analysis givgs is (-0.66+0.7i) fm. (We have quoted the
value of 'a' from just one analysis. Another recent analysis(l3)ﬂ
gives (-0.75+0.731i) fm; and all prior analyses give values
which are of the order of (-0.9+0.7i) fm.) There is thus a
large disagreement between the value of 'a’ obtained through
either of the K H atom results and that obtained from scatte-
ring analyses. This wouid be serious‘enouqh; but the real B
conflict goes deeper. As we observed in section 2.2, KN scat-
tering analyses are carr;ed out by assuming either a constant

K-matrix or-+a linearly varying K-l, and determining the K-matrix °

™
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‘parameters by fitting the various scattering data. Good fits
to the data Aave been so achieved. And, as we also observed
in section 2.2, these fits, fitted to the above-threshold data,
predicted the existence of a below-threshold resonance with an
energy and width in good aéreément with the energy énd width of
A(1405). Once we have obtained the K-matrix parameters through
such a fit, we can also obtain the scattering amplitude, and
hence the scattering length 'a'. To say that the scattering
length so obtained has a value far different from the correct
one is to reject, despite the good fit, that whole K-matrix
parametrization. And rejecting the K-matrix parametrization
amounts to saying that the correct prediction made of the exis-
tence of A(1405) by that paramé%rization is gntirely fortuitous.
Neither the rejection nor its implication is'easy to accept;

but it would seem as if we have to accept both if either of the

" K -H atomic results is correct.
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3.2 THE MODEL AND THE RESULTS

In this section we study a new model for the KN interac-
tion, primarily with a view to explaining the K ~H atom result.
The model is the coupled channel MLM, which we have already én-
countered. The Hamilto?ian and scattering solution are both
giveﬁ in Appendix 2. What we have there called channels 1 and
2 are now taken to be the mL and KN channels respectively; ac-
cordingly, m; =my, uy; =m, m, =m and u, = m.. The V par-
0’ and m, is the
mass of this state. The unrenormalized coupling constants gl

ticle is now the 'bare' A(1405), denoted by ‘A

and g, are the wZA, and RNAO coupling constants respectively.

0
Each of the separable interaction coupling constants G,. is

1)
meant to phenomenologically represent those interactions which
arise in and between the channels through processes such as p
and w meson exchange. The model applies only to the I= 0 chan-
nel, the chanpnel in which A{1405) is formed. The interaction in

the I=1 channel may be represented by any of the usual models;

but we do not consider this channel explicitly here. We should

"

add that this same codbled chaﬁﬁé& ML& has been studied indepen-
dently by Dalitz and McGinléy(ls), though their purpose in doing
so was different from ours. They limited-theix study to the re-
production of the resonance and té the guestion of the appearance
of K-matrix poles. They did not attempt to fit the scattering
data or to reproduce the K -H atom result. We try to do both

here.

A el b e it i <
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We should repeat and emphasize here what we said in
‘Section 2.2: Though this model contains an elementary. particle,
the elementary A(1405), it does not necessarily have a K-matrix
pole. It is necessary to do 'so because remarks in the litera-

ture on earlier work of ours(27)

on the singlg—channel versio#

of this model make it clear that the contrary has bee wrongi&
assumed. We could take, for example, the remarks in the piber

by Dalitz and McGinley. McGinley attempted a parametriza?ion of
the KN scattering data by taking for the form of the K—ma%rix

one with a pole in it, and he found one type of fit whic¢h gave
very unrealistic behaviour of the K-matrix element cloée to the
threshold. The single-channel version of this model was construc-
ted to fit the K -H atom result, and consequently gave unusual -
though by no means unrealistic - behaviour of the‘;cattering
amplitude close to the threshold. Under the misconception that
the two behaviours are related, Dalitz and McGinley dismiss the
single-channel model as being 'pathological'. The dismissal

is unjustified, for the two are in(po way related: tﬁe single-
channel model has no K-matrix péle - this is readily seen: the
relevant plot is similar to that in Fig.(2.3) -~ whereas McGinley's
parameérization starts off by assuming a k-matrix with a pole

(28). He,

~

too, assumes that the single-channel model has a K-matrix pole,

in it. The same misconception is found in Violini

and takes the negative results of fits which assumed the exisstence
of a K -matrix pole as reason for rejecting the model. The mis-

conception ultimately rests on the presuﬁed validity of the K-pole

P

[P
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test; but; as we:have said several times over, the K-pole test
fails for hybrid models of thlS kind. * :

' . Wlth thls coJ’led channel MLM for the I=0 RN [?terac-
tion we attempt to reproduce the follow1ng : |

(1) The p051t10n and w1dth\of A(1405)

1
~ I

. sections.

o (ii) The elastic and itii?stic I=0 scattering cross-

(iii) A value of a thé KN scattering length in the

Ol
I=0 channe;, that will give us the gadnichH-atom

-~

/. result.
>~

Experiment does not actualiy measure the I=0 cross-sections.
We obtain these cross-sections from the parametrizations of the

,RN data. To be explicit, we first take the I=0 K—matpix K

0 -
given by a parametrization, and use the relation Tal = Kal-ik '
to- obtaln Ty the I=0 T-matrlx; The elements (TO)ll and (TO)12

" are the I=0 KN » KN and KN -+ n scgttering amg;;tudes respec~ | )

. . - . . oy ‘
tively.. From these scattering ampiltudes we,obtain the corres-
. i * . . / N

ponding cross sections.. It is these crotf-sections that
we attempt to reproduce, = /
. . . VZ‘.

There mai seem to be a weakness in this procedure. The.

matrix K, is Obtained from parametrizations which assume the'pbs-'

0
'sibility of an effective*iange expansion. But this model, as

_we have pairited out, does not always allow an effective rangé>“ ‘

expansion. Hence there may be an inconsistency in attempting
r . » - . . .

to reprdducé with this model the L= 0 cross-sections given by

these parametrizations. 'However, this inconsistency would ke

.
*
s N . ] i . . -
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serious enly‘if these I=0 cross-sections are in fact Qery
wroné. We assume that this is not the case. It weu;d have
been better if Qe had taken this model together wiéh one for
the I==} channel, and then attempted to reproduce, not the I=20
or I=1 cross-sections, but the total cross-sections. That way
the dependence on the K-matrix parametrizations and their
inpefent assumptions could have béen avoided.

Before we set out to reproduce the quantities listed

above, we first correct the sgatterlng amplitudes for baryon

rec01l We do thls approxxmately by replac1ng the quag}lty wl

k4
appearing 1n the scattering .amplitudes by wi = mi + Eail and
" s i
in. order

then multiplying, the scattering amplitudes by m o
i

to preserve unltarlty - a procedure equlvalent to replacxng

-i.

the quantity,miNiNi in the free Hamiltonian by (mi + )N N

2m
. i
where Py is the baryon CM momentum.

In this model the condition for there to be a resonance

'

at an energy &R is

ReD (@) = 0 I X )

- where D{®) is given in Appendix 2, Eq (A2 6), w1th w repla-"

'cing wie The w1dth I of the resonance is given by the equarion

_ _Thp(d)
(ReD (@)}

NI

(3.7)
w=0) )

" . ‘R
We use these two equatlons, Eqs. (3.6) and (3.7), when attempting

to reproduce the energy and wxdth of A(l405)
N . L -2

8]
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There are seven parameters in. the model: G/ Gy, sz,
gl,'gz, A and ‘the cut-off kc. For simpligity we assume .that
the cut-off is a sduare-cux—off. We also fix kC at a valué'of
2.0 mK.' The rest of the parameters we treat as free parameters.
Of the two existing K -H atom reéults, we first tgke
that of Davies et;al.;,the result we have called 'A'. Wiéh this

as the K -H atom result, the set of parameters we obtain by

attempting to reproduce the quantities listed above’ are the fol-

lowing:
'Gll = 13.56 , G22 =17.22 , G12 = G21 = 3.35 ¢ 9y = 0.13,
g, = 0.37 ;4 =0.99. ‘
All guantities are in units with mK = 1. This set of parame-*

ters we call 'Set A'.
In Fig. (3.1) we show the piot of the real part of

f i.e.‘a plot of kzcoténz. This quantity goes to zero,

TZ+nl’
i.e. there is a resonance, at the energy 1405.2 MeV. 2nd the
width of this resonance ié 34.6 MeV.' The energy and width of
A (1405) are therefore well reproduced by Set A.

| The plot also shéws’that there is a pole in kzcotdﬂz

&t an energy of %bout_l420 MeV. This pole will give rise to

; zero in the I cross-section. Dalitz and McGinley.also found
such afzero, around the“same energy, when they attempted to re-
produce the resonance eneréy and width Sf A({ng) with this mo;

del (Fig. (7)), Ref. (16)); These zeros perhaps correspond to

T

(4

R SOOI




Fig. 3.1:. Plot of :kzc'otéﬂz for set A as a function of
CM energy. . .
. 4
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the zero, also around-the same energ¥, in .the I=0 L cross-
section given by Martin's parametrization'(Fig. (2), Ref. (14)).

We have already”shown, in Fig. (2.4). the elemenfs.of
the K-matrix for this model when its parameters ére given by
Set A. There is no pole in these elements over the energy
range of intgrest. The significance of this we have already dis-
-cussed. We have also shown, in Figq. (é.6), the elements of K—l,
’again for set A. These elements do have a pole - and that around
the ﬁﬁ threshold. Hence with this model and Set A, there is-no
possibility of an effective range -~ .
expansion around the KN threshold. Sincé all models for thé KN
interaction hithérto constructed‘allow_an effecfive range expan-
sion, and since all barametrizations hitherto cgrriedﬁout.begin
by assuming the éossibility of an effective range expansion,
what we have here is something essentially new.

The I=0 eléstic and inelastic cross-sections we seek to
reproduce we obtain from the éaramefrizationAof’Chao et al.(38)l
In F;g. (3.23 we show the I=0 elastic cross-section as given
by both Chao et.al.'s parametrizaﬁionband by Set A. We see that
above an énergy of about l4€0 MeV, Chéo et.al.'s eross section
is very well fitted by Set A. The disagreement at‘lowgr ener-
gies is the inevitable consequence of attempting to reproauce
the kaonic H;atom result A with this model. We shall discués

this disagreemeﬁt further on. The. corresponding plots foi the

inelastic channels are éiven in Fig. (3.3).. Here again we see

L}

ks e b o b s R g~ h s - e gt
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Fig. 3.2: The I=0 elastic cross-sections #s CM energy.
- . s
. /
Full line - Set A, dotted line from Chao et.all's para-
metrization. ~
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.PFig. 3.3: The I=0 inelastic cross-sections vs CM energy.
Full i;ne - set A, dotted line ~ from Chao et.al.'s para-
- metrization.
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_that above an energy of about 1460 MeV, Chao et.al.'s cross-
éection/is well fitted, though not as well as 'in the elastic
channel. The same disagreement as in the elastic channel is
seen at lower energies. (We have not,sppwn the errors on any
of the cross-sections. Thése could have been obtained from the
gquoted errors on £he K~matrix elements. But it is éufficiént
for our purpose to. reproduce the I=0 cross-sections giyven by
the parametrization in a broad approximation. Since, as we
have noted, our modél is at odds with the assumption innerent
in the parametrization, it would not be very meaningful to de-
mand anything more. For this reason we have not paid much atten-
tion to the errors, only keeping in mind the fact that the er-
rors are never négligibie in this system, and the fact that in
the inelastic channel the errors are particularly large.)

The ‘real and imaginary parts of the I=0 elastié scat-
tering amplitude f%N-given by Set A are shown in Fig. (3.4).
The behaviour around threshold of both these quantities here is
very different from what is glven by aqy conventional model or
*any paxametrlzatlon._ (For the plot of! the same quantltles given

- by Chao et al.'s parametrlzatlon, see Fig. 2, Ref (27)). That

there should be such a difference in behaviour is hardly -sur-

prising, since in obtaining Set A we imposed thé constraint that .

the scattering amplitude around threshold be small, so as to

enable us to reproduce the kaonic H-atom result A. We also see

» e
:




4

Fig. 3.4: Real part (full line) and imaginary part‘(dot—

ted line) of elastic stattering amplitude for set A as a

function of CM enerxgy.
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from this plot that the real part of the scattering émplitude

+

above threshold is here positive. When obtained from any of
” the parametrizations, the same'qﬁaﬁtity in the same region is
negative. We say something more of this disagreement further

on.

4

It is evident from'the above plot that the scattering

lengih a, given by Set A is small. ihe exact value is

0

a. = 0.108 +0.091i fm.

0

If we take thisxa0

by Chao et. al.'s parametrization, whicnais the parametrization

together with the al(=‘0.08+0.69i fm) giveﬁ

we have been working with, then we find that
= 1 .
- a(KN) = 5 (a0+al) = 0.09+0.39i £fm.

1f we assume that aC(K-p) is equal to.a(RN), thereby ignoring
Coulomb and threshold effects, the experimental value of a (RN)
given bY‘A is

a(KN) = (o.lozo.ls)+(q.o‘:g°§8)i fm.

Pad

Comparihg the above two equations, we see that with Set A we
are’éble to reproduce the real part:of the KN scattering length
given by the kaonic H-atom result A. We are not able, however,
“to reproduce‘the imaginar§‘agrt. But this is not a shortcoming
of the model, for it is the large valué Bf the imaginary part

of"all that causes'the'diSaéreement. By making im a, very.small,

0
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_the model ‘in fact makes this disagreement very much smaller
thanzwhat\lt would be in any.of “the conventlonal models.

"To summarlze the above results. The energy and width
" of A(l405) are well reproduced by Set A, as are the elastic
and 1nelastlc I—-O cross—sectlons above an energy of abbut 1460
MeV, and -the real part of a(KN) glven by the kaonic H-atom re-
sult A. The 1m;;1nary part is reproduced as nearly as is pos-
sible.

These are the favourable aspects of the model. But

there are also unfavourable aspects to it, arising from dlsagree-

N
~

ments with some or the other data.

‘ The most obqpous disagreemen£ is in the behaviour of the;
I=0 cross-sections, The cross—eections given by‘the model, as
we have seen, increase with decreasing energy up to an energy
of about .1450 MeV, aftexr which they turh over and decrease ra-

pidly, becoming almost zero at the KN threshold. The various

[}

experimental cross-sections have been measured down to energies .

of aoout 1440 MeV. And e%amination of these crose—sections (see,
for exaﬁple,'Fig. 4, Ref. (29)) sho&s that there is.reelly no
evidence ofﬂthé‘I= 0 cross—sectrods turninglover and decreasrng
as the KN threshold is approached. (One would have to make the
unreelistic assumption that there is correéspondingly unusual
behaviour in the I= l cross—sectiooe to make this behaviour

of the I=90 cross- sections compatible w1th experlment ) Hence
the model w1th its parameters being given by Set A, seems to

\
be in direct conflict with experlment here.
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We noted earlier- that in this model the real part of
f%N'abOQe thresho}d is positive, Qﬁe;eas in ény of tﬁe usuai
pérametrizations;it is negative. The sign of this real part.
can be deterﬁiﬂed experimentally By analysis of Coﬁlomb inter-
ference in the differential cross—section, and fhe indications
are tpat it is neéative. Thus here too the @odel seems to be
in conflict with experiment. But this conflict mady not be so
serious, for this detefmiﬂation, based on Kim's measurements(30),
is certainly‘not regarded as being Well—estgblished. |
ﬁaving noted these confliﬁts, we cah summarize the re-
~sults thus. With this model we can reproduce the kaonic H-atom
result A, but oﬁl§ at the e#pense of the fit to other equally
important. data. ‘fThis reaily amounts to séying'that the kaopic
_ H-atom result A remains unexplained,

Let ﬁs now take fhe kaonic H-atom result B and repeat

what we have done above. The corresponding set of parameters

we obtain, Sét B, is the following:

A

’Gll = 16.77 , G22 = 15.99 , G12 = G21 = 2f53 r-

g, = -0.14 , g, = 0.17 , A= 0.95.
‘The plots of the K-matrix elements and of kycot§ . are
essentially the same as those for Set A, and we do not show
them here. The energy and width of the resonance given‘by Set

Bare 1404.9 MeV and 41.1 MeV respectively. Here too the energy

and width ofKA(l405) are very well réproduced:’

’
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.In Fig. (3.5) we show the plot of the I=0 elastic cross-section
- as given by both Chao et.al.'s parametrization and by Set B, We
see that Chao_et.al.'s'crOss—section is very well reproduced

‘'even down to quite low energies. In Fig. (3.6) we show the cer-

el

responding plot for the I= 0 inelastic channel. Here the agree-

ment between ;he cross-sections is not very gbod. But this is
perhaps not so serious, because the errors in the inelastic
chahnels are known to~be large.. For example, the érrors‘on the
K p~ 7°z° cross;gection,‘which is a pure i==0 cross-section,
are so large below a kaon lab momentum of 206 MeV/Efthat, as
Miller(zg) has remarked, the cross-section is élmost left unmea-
sured. >

\, * .
The I=0 scattering length given by set B is

a, = 1.29+0.671i fm.

fﬁ~
Taking, as before, the a; given by Chao et.al.'s parametrizd&ion,

V4
we have

' a(kN) = %'(a0+al) = Q.69+O.681'fm.' ‘
‘The kaonic H-atom measurement B gives{(ignoriné Coulomb and
threshold effects) '
| a(RN) = (0.66%0.19)+(0.68:0.32)1i £m.

. - ’ # )
Thus the KN scattering amplitude obtained from Set B is in excel-
lent agreement with that obtained from the kaonic‘H—atom mea-

surement B.
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Fig. 3.5: The I=0 élastic cross-sections vs. CM energy.

Full line - Set B. Dotted line -~ from Chao et.al.'s para-
metrizat‘ion: 11
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Pig. 3.6t The I=0 inelastic cross-section vs CM energy.
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With Set B, then, we are abile to reproduce very well
the energy and width of A(1405), the I=0 elastig cross-section,
and the kaonic H-—-atom result ﬁ. However, when wé plot the elas~
tic I=0 scattering aﬁplitude ng (shown‘in Fig. (3.7)), we
find that the behaviour Of'ng is really somewhat artif%#ia}.

The artificiality obviously derives from the atteﬁpt to obtain

thg kaonic H-atom result, and we must regard it as something i

counting againsﬁ Set B. )

We may also note tha% here, as with Set A, the real paft

of ng is positive abové threshold. But this ;s now something " )

which seems to be demanded by the kaonic H-atom result é it-

self. In othéf words, this result B seems to be in conflict !
;\\Qiyh what the data oﬁ Coulomb .interference indicates.

\ Finally, we obsexve‘that in both Set A a?d Set B, My

the 'bare' mass of A(1405), is very close to the physical mass

PEPETe S L

of A(1405). But this is a fact to which we can attach signi-

b

ficance only 'if these sets of parameters give unobjectionable re-

sults., It is gquestionable whether they do. It is for this rea-

POPNIPEANE

son that we have not discussed the significance of the magni-

R e

tudes of the other parameters in these sets.
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Fig. 3.7: Real part (full line) and imaginary part
(dotted 1ihe) of elastic scattering amplitude for Set

B as a functicnh of CM energy.®
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CHAPTER 4 °

THE w-N-A(1232) SYSTEM

i
INTRODUCTION

The most striking feature of the low-energy m-N scat-
tering system is the strong resonance seen in the (I =3/2,
J.= 3/2) channel at an incident pion lab energy EL of about
190 MeV. This resonance, referred to either as the (3,3) re-
sonance or as A(i232), was experimentally discovered in the
early fifties, and by the late fifties'a.quel for the low-
energy T-N interaction had been developkd which succesgfﬁlly
accounted for it. In this model - the well known Chew—ioﬁ
model(Bl)‘- a npn—relativistic pseudovector coupling between
m and N is assumed; and given the associated coupling con-
staht f2, and a form factor {or the nucléon characterized by
- a cut-off energy W, v My (mN being the nucleon_mass), the mo-
del reproduces very well the.experimental (3,3) phase shifts
up to an energy E. of about 250 MeV,i.e. upto an enexrgy somewhat

L
above the (3,3) resonance energy. Beyord this energy the pre-
dictions of the model éeviate from experiment. This is to be
expected, for the Chew-Low model- is a non-relativistic, static
source médel, and one cannot demand too much of it. But thé

feature of the Chew-Low model is its success in reproducing the -

90
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(3,3) resonance. And £his success, given Ehe simplicity of the
model, was regarded, spécially at the time the model was pro-
posed, as remarkab;e. 7

Inhe{SPt in the Chew~Low ﬁodel is an assumption relating
to the nature of A(1232). This assumption is that A(1232) is

an unstable bound state, a composite, of m . and N; it is, in

T

-

the usual 'phrase, the "dynamical consequence" of the interaction
between ® and N: the~so—called driving term in the model, de-—
picted in Fig, 4.ld, gives an attractive interaction between T
and N in the (3,3) state; gnd the iteration of this term, typi-

cally depicted in Fig. 4.1lb, builds up the resonance. Thus,

according to the Chew-Low model 4(1232) owes its existence - as

»

well as its particular resonance énergy and width - wholly to
the nature of the interaction between m and N. If, say, this
interaction were switched off, A(1232) would cease to exist.

In spite of the success of thé model, this assumption
of the Chew-Low model regarding the nature of A(1232) can be
seriodsly questioned, for it is in marked conflict with the way
the quark'modelnregards Ak1232). The quark mbdel regards the-
baryonic state corresponding to A4(1232) as’consisting of three’
quarks, rather than of 1 and N;,hand thé existence of this state
is'attributed to the nature of the interactions between gquarks,

rather than to the interaction between m and N. These g-q

interactions are thought to obey SU(6) symmetry, in a fair ap-'

proximation. Accordingly, each baryonic state they are presumed

o
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v
to give riserfb‘belongs to one of a few largé supermultiplets,
the states of any of which form the basis for corresponding
representations of the SU(f) group. And the mass and décay
width of the baryonic state can be determined by certain ge-
nera;_properties that go with the particular supermultiplet to
which the étate pelongs. In this supermultiplet grouping of
the baryons, A(12§2) belongs to tﬁe 56~dimensional representa-
tion qf SU(6), comprising states with total quark anéular mo-
mentum L= 0, and spin S = 1/2 or 3/2. The mass and decay width
of A(iZ 2) are therefore_determined, in this quark picture‘of (
"baryons, . he propertiés that go with this 56-dimensional
representatign - and not, as in the Chew-Low model, by fhe
natufe of .the interaction between 7 aﬁd N.

Behind these agsertions of‘the quark model lies all the
.weight of the success of the quark model. This in itself would
be sufficient to weaken our faith in the Chew-Low model. But
more direct and rathef persuasive evidence also exists(325
which argues against the Chew-Low model and in favour of the
quark model. If we examine the p-wave scattering of pions off
the octet of baryons - namely n~N, w-A,.7-L a;d 1-% scattering -
we see that, with the significant exception of the 7m-I channel,
theré is‘a~p3/2 resonance in every one of these channels (A(1232)
in m-N, £(1385) in m-A, and 3(1530) in w-Z). -If it is assumed

~

that the only interaction existing beiween m and N is of the

:
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Chew~Low type; then the éU(B) interpretation of thé octet would
suggest that the integactioh between m and any of these other’
octet bar&ons‘is also of the Chéw—Low type. Making the plau-
sible and jdstifiéble ASSumption that all thesé pion-baryon
coupling cénstants are' of a comparable magnitude, we would then
expect to see a.p3/2 resonance for pion scattering off ‘each of
these baryons, including the L. And indeed explicitly working
out(33) the n'z? scattering amplitude aiong these lines shows -
that it has the same structure as the ﬂ+p+ Chew-Low scattering
amplitude, and that there should be .a resonance in the low ener-
gy ﬂ+z+ system. No such resonance, however,has been observed.
This is> difficult to understand if we adopt the Chew-Low ap-
proach, but is readily explained by the quark model. I, unlike
N(isospin I=1/2), A(I=0), or £(I=1/2), has an fsospin of 1,
as does'th bion. Tﬁe ﬂ+2+ state, therefone; has ; total isg—
spin of 2, and a resonant state forming in this channel must
also have an isospin of§2. But no three qﬁarﬁ state can have
an isospin of 2: the maximum possible isospin of a three guark
state is'3/22 Tﬁe existence»of a'ﬂ+2+ resonant state Ls‘fggfe—
fore prohibited within the quark model (at least as a three
quark state). The absence of a ﬂ%Z+ resonance thus indicates
that it is not the Cliew-Low type mechanism that gives rise to
the A(1232) reson;pce.

The varigtion of thé exberimental (3,3) phase shift

also provides sone evidence in favour of the guark model inter-.

. -
.
’
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pfetation‘of A(1232), although hé;é‘the evi@ence is‘no more
than suggestive. A ggneraiized form of Levinson's theorem(g)

- proposed a long time ago as offering us a means of distingui-
shing between elementary and composite hadrons - states that
the difference between the phase shift at infinite momentum,

§(a), and that at zero momentum, &(p), is given by
8(=) - &(1) = min-np) , (4.1)

where n is the number of discrete eigenstates of the free Ha-

miltonian (or the number of CDD poles), and ny

of discrete eigenstates of the total Hamiltonian.

is the number

For the m-N
system ng is zero; therefore if 633(m)-633(u) =:0, then n=0,
and any resonance in this channel has to be associated with

a composite particle. But if 633(w)-633(u) = 7, then n=1,

and the resonance would be associated with an elementary par-

ticle. Now ﬂ+-p phase shift analysesc34) show that the (3,3)
. -

phase shift, as a function of increasing EL; increases from

zero at zero EL, passes through w/2 at the (3,3) resonance ener-
gy (EL = 190 MeV), contihues increasing towards w, and reaches
approximately that value by EL ~ 800 MeV. The phése’shift'then

remains around 7 till an energy EL ~v 1200 Mev. Beyond this -

energy the (3,3) phase shift is known to be very poorly deter-

mined by the elastic scattering data(35). Even if the phase

shift was better known for E, > 1200 MeV, due to the presencé

B i s il
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of higher resonances in the (3,3) channel, éuch as A*(1690) or
the two additional resonaﬁces that are thought to exist in the
range 1200 MeV < EL < 2800 MeV, the phase shift probably can-
not_be as;ociated entirely with the m-N-A(1232) system. There-

&

fore the question that has to be posed here is whether an energy ]

L
m~-N~A(1232) system. If it can, then 633(w)—633(p) = 7, and we

can conclude that there must exist an elementary A(1232) in the

E. ~ 1200 MeV can be regarded as asymptotic with respect to the

scattering system. Hence the mechanism that gives risé to
A (1232) cannot be the Chew-Low one. But then we éan never real-
ly say what energy can be properly regarded as being asymptotic.
This is something that limits the usefulness of the generalized
Levinson's theorem whenever we attempt to turn it to practical
applications. It is for this reason that we said above that the
evidence provided by the variation of the phase shift is nq more
than sugge'stive.= But it is worth beaiing in mind. ) ‘
Thus the existence of an‘elementary A(1232), besides
being demanded by the quark model, has some - aémittedli.indi—
_rect - experimental evidence to'suppoft it. In what follows
we égke the existence of such a state for granted.
Any model for the low energy 7n-N interaction must account
for the A(1232) resonance. And if we %ssert that an elementary X

A(1232) state exists, then this state must necessarily appear

in the model, through a Lee-type diagram of the following kind:
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But it is difficult to believe that the m-N interaction con-
sists of this 7N &= A process alone. There is a good deal of
evidence for the existence of a nNN Yukawa interaction: for
example, the One-pion—exghanée potential (OPEP) between nu-
cleons, well-established as yielding the'long—range part of

the N-N interaction, results from such a Yukawa interaction.
(The process depicted above,‘however, can give rise to an N-N
interaction only by é mechénism which exchanges at least two
pionsf' hence it cah only give rise to an N-N interaction of

a shorter ra;ge than the OPEP. We may also noté that atﬁempts
to derive the form of the OPEP potential solely from the basic
interactions between the quarks in each of the two nucleons, i.e.
without invoking pion exchange mechanisms, have not been hither-
to successful.) The resolution that suggests itself is that
we should regard’the m-N interaction as consisting both of a
TNN Yukawa interaction and of a ﬂNA.Lee-type interaction, the
latter inproducing the elementary 4(1232) into the'system. A

)

» A
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model for the m-N interaction constructed along these lines is

a hybrid; in it A(1232) will have two components, one an ele—

>

mentary component, arising from the 3q state, and the other a
composite component, arising from the wNN interaction. The
contribution from one or the other may be dominant; the ear-
lier example of the w-octet baryon sustem éuggests that it is
the elementary contribution that is dominant. But whicﬁ is .do-~
minant is something that can be dec;ded by a model calculation.
Motivated by the above considerations, we shall examine
in this chapter two hyb;id models for the low—ene;gy =N in-
teraction. And one of the questions we shall pay particular at-
tention to is that of¥ ;he'appearanée of 'a CDD pole.' Treating
4(1232), which is of course unstable, as an elementary particle
must give rise to a CDD pole (given the suéplementary assump-
tions that the 7NN and nNA form factors are identical). But
the low enérgy ﬂ+p+ scattering cross-section shows no evidence
of one. The CDD pole must therefore be at an energy far away
from the 7N threshold. What we find is that this condition im-
poses rather narrow constraints on the parameters of the Hamil-

tonian, notably on the cut-off of the form factor.



4.1 THE MODELS

(1) The Chew-Low + Lee model

The first model for the low-energy r-N interaction we

98

study is a hybrid of the Chew-Low model and the P-wave Lee

model. Thq,Hamiltonian H for this model is

H="H.+H

0 I
0y t o+ | dkw,a.
Hy =m0 N N +m{®aTs 0%k
HI = HL+HCL
r t,L :
H = éd dk(A'v, a  N+H.C.) ,
[ t
Hap, = i dk(N'V_ . a N+H.C.) ,
K
where
(0)
\' :L(-ﬁl[-)l/2 “NNT v (k) T 0k
ok ng m_ (2n)3/2 o— —
(0)
L _ ., 4« L/2 fANn v (k)
Vak = 2 557) m 3/2 TStk -
. . k T (27)

(0)

!

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

flere méo) and m are the bare N and A masses respectively;

£(0)

NN and fég%‘ are the bare NNm and AN7T coupling constants;

and v(k) is a form factor, which we have assumed is the same

for both the NNm .and ANw vertices. Ty and Ta are isospin' ope-

St e g et £ e
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rators, 'the explicit forms of which we shall not need;
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and

the operator S appearing in the Lee model interaction is a

spin transition operator linking %he w-N angular momentum

states to the spin -3/2 A state.

S is constructed (Brown

and Weise, Ref. (36)) out of the appropriate Clebsch-Gordon

coefficients, and is a 4%X2 matrix whose "components are

(-1

o )

¢

5\

del interaction H

. i 0 0
0 -1//3 0 i/v/3 2//3
sl = —J:- r . 52 = —1— ’ S3= -l—
V2 {1//3 0 V2 |i/V3 0 . V2 0
L 0 1 L 0 i/ L 0
x .
‘ (4.9)

&

The Born terms for the Chew-Low int?p&étion H.p, and the Lee mo-

[, are depicted below.

. . 4
'ﬂ'< °
N 7 ' \ /
\xg N s/
N Ny _ , AN Ve
7 N N /

~

(We note that with this model we cannot take into account pro-

cesses like the following: -

b 5 eomeers e A
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The conﬁributions from such processes can Ee large; ~But, as
‘ Thébergé et.al.( L) point out, they are essentially FOnstants,
and we can re-define the mass of the 'bare' A so as to absorb
" these contributions.) | |
A(1232) is an unstable particle, and hence the coup-
1ing of it to the 7-N systém, with a common form factor, must
leave the Low equation unchanged. The Low equation we have to
solve for the Chew-Low + Lee model is theref?re just the same
as the Low equation for the éﬁew—Low model. This Low equation
contains a crqssing term; and thg nature of this crossing term
is such éhat it has not been possible to obtain an exact solu-
tion - or’even a numerical solution - to thig equétion. It is
customary therefore fo drop this crossing terﬁ - even though
estimatgs‘show that it is not negligible. We shall do the same
here. Tg; res' ting Low equation can be easily solved. This

Low equation,f hat is to say, the Low equation for the Chew-Low

(+ Lee) model:in the one-meson® approximation with no crossing is °

v}
Aa dw'k’
h (w) = — +
o w

V2 k") Iy () | -

w'-w-i¢g

’ ‘ (4.10)

= |

ﬂ, %

i

where h {w) i related to the phase shift da by

\

«
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Here the index o designates each of the three possible {2I,2J)
channels: a=1,2 and 3 for the (1,1), (l,3)‘or‘(3,l), and’

(3,3) channels respectively. A, is given by

where f2 is the renormalized TNN coupling constant, having the
‘'value 0.08. |

The general solution to the Low equation (4.10) in the
{3,3) channel, which solution can be obtained either by follo-
wing the standard CDD method or by contour integration over an

appropriate contour, is

AL /w
h. . (w) 33 , (4.11)
33 Ao LW ® 3 2 C.w
1 - 33 dw'k'"v7 (k') _ i
T 02w —w-ie) i 95 @gTe)
"
where
Ci = A33Ri R Ri > 0 , . (4.12)
w, > 0
1

The solution with no CDD poles, obtained by setting Ci=-0, is
the standard Chew-Low solution. The solution corresponding to
the Chew-Low + Lee model is that with a single CDD pole.

At this pqintxnﬁdigress somewhat. This same Chew-Low

+ Lee model has been studied by Théberge et al.(l ). By “follo-

(“
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wing a somewhat unusual procedure they obtain what‘they claim.
is the scattering solution to this model. They also make the
statement that this solution they have obtained is a solution

. to the Low equation for the Chew-Low model without crossing -

¢

’ .
i.e:,in our notation, to the equation (4.10). This we dispute;

we show below that their solution cannot be a solution to equa-

tion (4.10).

Let us first write down the solution of Theberge et
al. Their n-N T matrix, t(k',k,w), where k and k' are the

incident and final pion momenta, is given by

4

t(k',k,w) = d7P5 t (k' k,w) (4.13)

where P33 is the usual projection operator, and t(k',k,w) is

given by

t(k',k,w) = N(k',k,w)/D(k’',k,w) , . - (4.14)

N(k',k,w) =wg(k')g(k)D,(w) + h(k')h(k)D; (w)

+wlg(k')h(k) + h(k")g(k) 1D (w) , (4.15)
' D(k',k,w) = Dy (w)D,(w) - wDi(w) , : (4.16)
r~ 2 2
_ 2. 1 ak'k'%g® (k')
Pylw) = 1 + = | 2 (4.17)
|
0

N S
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a

2.2 —
_ (0,2 dk'k'“n“ (k") )
Dy(w) = w-w,™' + = AL s ; (4.18)
0
a ‘ 2 :
.oo_ _ 2| dk'k'“g(k")h(k")
Dyl) = - = R . (4.19)
0

We have supplied a necessary w, missing from their solution, /
to the first term on the RHS of (4.15).. The absence of this w
would make the solution dimensionally inconsistent, as can rea-
dily be seen. The functions g(k) and h(k) which appear in the‘
solution are not explicitly given; but g(k) can be identified

by using their (4.26) and (4.27), and h(k) using (4.24) and

(4.27):

2 Ianr kvix) '

g(k) .= i = m ’ (4.20)
V3 m wk/Zw
- k

f 4
hik) = -+ AN kv(k) | (4.21)

VAT | 20,

Here fNNn and fANn are both renormalized couﬁling consFants,
and we have set both the form factors uA(k) and uN(k) equal to
v(k). |

Now the first thing we note, from (4.13), (4.14) and
(4.15), is that the T-matrix t(k',k,w) is not factorable, i.e.
the k-dependence cannot be factored out. This is because g(k)

and h(k) have different k-dependences, being in fact dimensio-

o S L e e, e,
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nally different ([g] = (h][w]) ™}, as can be seen from (4.20)
and (4.21), or directly from their (4.27)). But the T-matrix
of the Chew-Low + Lee model is factorable, as is the T-matrix

for the Chew-Low model itself. This is evident from the fact

that Vak and ng both have a common k~dependence, contained
entirely in the factor vikk : this factor, which is a c-
Y2w Pl

o

number 4And not an operator, can therefore be taken outside the
relevant matrix element. (We must note that there is a common
k~dependence only because we have assumed identical form fac-
tors for both the 7NN and nNA vertices.) But this factorable
character of the T-matrix for thé model is absent -~ even if we
assume that the two form factors are identical - from what
Théberge et.al. have obtained as the T-matrix for the model.
The reason for this lies in their treating t(k’,k,w),in a cer-
tain approximation, as the T-matrix for a rank-2 separable po-
tential; a rank—é separable potential, unlike a rank-l sepa-

rable potential, does not have a factorable T-matrix. Since

this factorable property of the T-matrix is an important charac-

teristic of the Chew-Low + Lee model, just as it is of the
Chew-Low model, we would beg}pstified in having misgivings
about their solution. However, we do not propose to enquire
into the exact relationship of their golution to the model; we
limit ourselves, rather, to showing that their solution is not
a solution to the Low equation (4.10).

The general solution of this Low equation in the (3,3) chan-

.

e,
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‘nel is given by equation (4.11). The CDD pole term in this
general solution geperates‘the infinite number of solutions.
Any function which is a solution to this Low equation must be
identical with one of these. As we have already stated, of
these infinite number of solutions the solution corresponding
to the Chew-Low + Lee model is that with a single CDD pole.
It follows that if what Théberge et.al. have obtained -as the
scattering solution of this model is indeed a solution of the
Low equation; thén it must be identical with the single CDD
pole solution.

The single CDD  pole solution is

Aan/2
_ 33
33 1 .
1- IB(Z) w, (Wy—2)
11
where I. is defined in (4.25). The function that must be iden~-

3
tical with this, if Théberge et.al.'s solution is that solution

of the Low equation corresponding to this model, is t(z), which

is given by

-1
2 2
tz) = - (K ¢y
K
4 2 2 .4 .
32 EnnP2 (2) ~EunaPy (2)-1 3 £, FynnP3 (2) '
= 5 ] (4.23)

The t(z) in (4.23) is the on-shell t(k',k,w). (What we are

doing is ignoring the incorrect off-shell behaviour of t(k',k,w),

P WD, e a5

< o




‘h_.(z) and t(z), we write the latter in the following explicit‘

o . 106
' o

and trying to see if at least on-shell it has the required form.)

.

In (4.22) and (4.23) we have expréssed all functions in terms A
of the cemplex variables é, recovering their physical forms

in the limit z + w + ie. To facilitate comparison between

33 oo
form: -
2 2 o
£ f I
4 NNm . (0), TANm 4 .2 .2 .71 _ ,
> 3 5 (Zmey ) 3+ 97 fnwnfana {5+ 215~ 21,1 ~
t(z) = (4.24)
£2 1. astn 'Y a2 g2 :
z—w(0)4- ANT 1 _ 4 f2\~I - NN _ANT z[I,I,-I.]
31 31} NN# ™3 9 2 13 727
T
where
‘ @ 4.2
’ 1y ) g
1 (z) = | EE VK 520,17, . (4.25)
. (w') (w'=-2)
0
The structures. of h33(z) and £(z) are patently dif-

ferent. In
t(z). This

denominator

particular, there is no evidence of a CDD pole in i
can be seen by examination of the RHS of (4.24); The

of this clearly has no pole, and we must therefore

look for the manifestation of a CDD pole in a zero of the nu-
merator. But the numerator is not of such‘a form that it al-

ways has a zero at some z. It may go to zero accidentally, de-
pending on the values of the various parameters; but such a
zexo is not a CDD zero, for the presence of a CDD zero (though

not its position) is quite independent 6f the values of the

‘pgfameters. There is thus no CDD pole in t(z).
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There are other differences between h33(z) and t(z).
The residue of h33(z) at the nucleon pole (z=0) is clearly
. . L .4 .2
337 the same residue in t(z) is 3 fNNﬂ'
and t(z) are identical, A33 must equal % £

A Therefore if h

2
NN7m*°

_ . . 2 _ ~
x33 = 0, h33(z) vanishes, whereas if we set fNN% = 0, t(z)

33(z)
But if we set

R R
.

hecomes
2
- f /3
t(z) = - —ANT : , (4.26)
£
_.(0) ANT
(z wA ) + 3T Il

i.e. E(z) does not vanish. h33(z) and E(z)’cannot therefore
be identical. '(This disagreement makes it very clear that
what Théberge et.al. haviwgbtained as the scattering solution
is not the correct one. For the following reason. There is,
strictly speaking, only ane renormalized coupling constant in
this model, that associated with the pion-physical nucleon-
physical nucleon yertex.'(We may makhematically define a 're-
normalized' w—-N-~A coupling constant, but this does not have
"the same physical meaning because A is unstable.) It is

this renormalized n-N-N coupling constant, which we have called
£, that the Borﬂ)term is proportional to, and it is this coup-
ling conétan; that appears in the Low equation (4.10), in

the quantity A33 = % f2. And if f is zero, the scattering
amplitude vanishes. Physically what this means is that be-

cause the pion and the physical nucleon are left uncoupled
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(£ = 0),(there is no scattering. We would be wroné in thinking
that even if the renormalized m-N~N coupling constant is

zéro, scattering would still arise from the Lee model part
of‘the interaction. For, a bare nucleon can absorb a pion

and go into a bare A state, but a physical nucleon cannot ab-
sorb a pion and go into a corresponding A state, because, A
being unstable, there can be no physical A line. All the rele~
vant Lee-model type contributions arﬁtg}ready<contained in the
physical nucleon and the renormalized 7-N-N coupling constant.
What we call f is what Théberge et.al. cail f i their re-

NN’

. . . (0) (0)
normalization procedure, which relates fNNﬂ‘(and fANﬂ) to fNNn’
2

NN go have the value

Ol08, which is the value f2 must have. But their éolution

makes this evident. Also, they take f

does not vanish when fNN

T vanishes. This can only mean that

their scattering solution is wrong.)

It is clear, then, that Thébergk et.al.'s solution is
not identical with the single CDD pole solution of the Low
equation. Nor is it identical with any of the others. There-
fore it .cannot be a solution of that Low equation. (We are
reasonably surethatz%(z), unlike zh33(z), is not a generalized
R-function - which it has to be if it is to be a solution of
the Low equation (4.10). Wehhave not verified that it is not,
for the expressions involved are very complicated; but at
least it is plain that it is nowhere nearly as easy to show

that .zE(z) is a R-function as it is to show that zhy5(2) is.

»
o vt W e et Bt
.
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And; just on the basis of an examination of the necessary
quantity Im[zt(z)], we feel confident in saying that zt(z)

is not a R-function.) But we should also point out that
Théberge et al.'s solution does have some features that the
correct scattering solution to the model would be expected to
have. For example, when fANTT is set to zero, their solution
reduces to the usual Chew-Low solution, as it should. It is
pqssible, therefore, that their solution is a reascnable ap-
proximation to the correct solution.

Also in relatiqn to Théberge et al.'s work, we should
point out that the ordinate of their Fig. 10 should be OT(ﬂ+p)
and not OT(3,3) as labelled. The experimentally measured
cross—se?tion OT(ﬂ+p) is the cross-section for the scattering

+ . . . .
of 1 off unpolarized protons; and this cross-section is re-

lated to 0.,(3,3), i.e. o(I = 3/2, J = 3/2), by.

*y =2 35231 2 (353
oT('n p) = 3 o(—?_—,J = 2) + 3 a(5,J 2)

(see, for example, Henley and Thirring, Ref. (37), p. 208).
The cross—section OT(3,3) rises to the deometrical limit of
. i N

121/k?, which is v 300 mb; 0 (n p) rises to the limit of

% x l%? = 9% ~v 200 mb. It is the rising to the latter limit

k k
that is experimentally obsexved.
Returning to our study of the Chew-Low + Lee model,

we note that,as we stated in the section on CDD poles, when

. et v
P



110

we write down a Low equation for a system with an unstable ~
particle, the information relating to the bare mass and
coupling constant of that particle is lost. The existence of
these two parameéers in the Hamiltonian is matched by the
existence, in the corresponding Low equation solution, of
the two parameters 'associated with the CDD pole (Cl and wy
in (4.22)). But the relationship between these two pairs of
parameters is in general complicated, and cannot be determined
except by solving the Lippmann-Schwinger equation for_the
system - something we cannot do for the Chew-Low + Lee model.
We cannot therefore relate C, and w (0)

1 1 ANT
to their 'renormalized' forms). We are thus compelled to ac-

to mAO) and £ (or

cept the fact that, if we take the Low equation approach,
which is really the best possible here, we cannot éxpress the
scattering solution of the Chew-Low + Lee model in terms of
mgo) and fégi, and hence that we cannot determine these quan-
tities by experiment -~ at least with this mogel. All that we
can do is attempt to reproduce the n-N scattering data in the
{3,3) channel with the solution (4.22), and thereby determine
the cut-off associated with the form factor, and the arbitrary
parameters Cl and wy . Tﬁis we have done, gnd we presengfthe

results in Section 4.2.

- = - [P
[T SRR Y S
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(2) The P-wave Separable Interaction + Lee model

The use of the Chew—LoV + Lee model does not engble
us to answer the important quegtion as to what values mgo)
and figi have. But we caﬂ’construct a simpler, somewhat
phenomenological model - for which we can solve the Lippmann-
Schwinger equation, and hence express the scattering solution

(0)
A

in terms of m and fég; - which does allow us to determine

these parametérs.

-

As with the Chew-Low + Lee model, this model has two
distincet interaction processes: one associated with the 7NN
vertex, and the other with the nﬁA vertex., The latter we
represent, as before, by a P-wave Lee model interaction; but
the former we now represent by a P-wave separable interaction.
This simplificaﬁion makes the Lippmann-Schwinger equation

exactly soluble. The Hamiltonian H for the model is

H o= Hy + H (4.27)
D + (0) .+ "+
Ho = mNN N + mA AA + dE@kakak (4.28)
Ho = - anTn akdk 'P(k,k')u. u. . ala (4.29)
1~ kak'P(k, kK" uuy,a,ay, .

(0) Lraat ‘
+ fANn J d£ukE [iA §N§k + H.C.]

Here My is the physical nucleon mass (there is no nucleon re-

normalization in this model); S is the spin transition ope-

1)

§ B
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rator defined in (4.9); P(k,k'") is a projection operator in-

troduced to make the scattering due to the separable interac-

tion P-wave, and is defined by

-

P(k,k') = [3k-k'=(0°k) (g-k")1/u? (4.30)

The function Uy is related to the common form factor v(k) by

‘ .ou = V(k)
k" on 2 g0y 172

It has been assumed tﬁét HI acts only oq_;hé isospin 3/2
state. This model is just the MLM discussed in Section 2.1,
modified here to give P-wave scattering instead of S-wave.

' §olving the Lippman~Schwinger equation for the Hamil-
tonian (4.27) is straightforward, if somewhat tedious. From

this solution we can obtain the scattering amplitude f (w)

which is given by

f(O) ]
4n2wu2[G - ; wégﬂ
£(w) = B ) <s'|P(k,p)|s> , (4.31)
-6 - 3 - AN“ 11 (w)
where
“ , dk'k'2u i.
I(w) = T —o—ie ! A (4.32)
A = (0) _ mN

’

and |S> and [s'> are nucleon spin states. This solution is

o e g e



113

of cpurse very similar to the MLM solution, and is identical

to tﬁgt of a P-wave separable interacg}gn with an energy
£
dependent coupling constant [G - % —%%%—]. From what we said

in Section 2.1 regarding the appearance of CDD poles, there
will be a CDD pole at the energy at which this coupling con-

stant vanishes, i.e. at an energy Wapp given by

£(0)?
_ 1l TANT
Wepp T A+ 3 "¢ ° (4.33)

Since G has to be a positive quantity if the coupling at the
TNN vertex 1is to give rise to an attractive interaction, we
immediately see from this equation that the CDD pole must
appear at an energy higher than the bare A excitation energy.

By using the scattering amplitude (4.31) to fit the
low-energy m-N scatteriﬁg data in the (3,3) channel, we can
determine all the parameters in this model, and hence also
the position of the CDD pole. We present the results of such
a fit in.the next/section. .

Finally, we use this same Separable InteractiontLee
Model to examine the effects of nuclear recoil.' This is done

in an approximate manner by replacing w in the free Hamiltonian
1/2 L2

by the CM eﬁergy 0 = w+(m2+k2) -m. = @ + X . The equa-
N N . ZmN
tions (4.31) and (4.32) then become
412wu’m/ (m+w) G (&)
£(&) = P <S8'|P(k,p)|S> , (4.34)

1-G (&) I (&)

wherxe

'
|

§

g e T
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- dE'k'zui.
I(w) = _—, (4.35)
w'-w-ic |

£(0)2

G((:)) =G - %_ ANT
w~A
_ (0) _

A mA mN

‘ The parameters in the model can again be determined
b& fitting the (3,3) data with this scattering amplitude £(&).
The comparison of tHe values of the parameters so determined
with the values of the same parameters determined previously
with. the assumption that the nucleon is static should then
give us some idea of the maénitude and importance of nucleon

recoil_effecté.
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4,2 RESULTS AND DISCUSSION
We have on hand two models for the m-N interaction in the
(3,3) channel, as well as their respective scattering solutions.

The Lee + Seéarable\ nteraction model has four parameters in it:

(0)
fANn’

del has three parameters in it: kC and the two parameters gi-

G, A and the cut-off momentum kc. The Chew-Low + Lee mo-

ving the position and residue of the CDD pole, wy and C,. There

1
are one fewer parameters here because the value of the renorma-
lized n-N-N coupling constant £ is known: f2 = 0.08. We deter-

mine the parameters in each model by trying to fit each model

in turn to the (3,3) scattering data. When we say 'fit', we do
not mean a xz—fit, but something simplexr. The procedure we fol-
low is this. We begin by assuming a Gaussian form factor, v(k) =
_k2/2k2 . L)
e c, and we~f1xla:atsome reasonable value. Then, taking

the, Chew-Low + Lee model first, we consider the following two

conditions, which give the proper resonance energy and width of

A(1232): -
(1) ‘ Re g(wR) = Q L wp = 1.927 y
. o 2am glug) |
(ii) r = iETETTUETT = 0.84 u.
Here g(w) = N33/(wh33(w)), and wp = //k§+-p2 is the CM energy

of the pion at resonance. (Throughout our numerical work we

take mN = 938.0 MeV, u = 138.0 MeV and the (3,3) resomance to

be at an energy of 1232 MeV in the CM frame.) We now have two
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equations, and, with kc fixed, two unknowns, C, and w,. The

1 1

scattering amplitude is then completely determined. We then take

different values of kc - decreasing it in egqual steps -~ and re-
peat thg whole pgpcess each time.

This pro;édure, obviously, does not give us the best
possible fit; but it does enable us to see how the CDD pole
moves as the cut-off is varied. And it turns out thatrit also
enables us to place some limits on the values kc can assume to
give a reasonable reproduction of the scattering data.

For the Separable Interaction + Lee model we determine
the single additional parameter by requiring that the (3,3)
sca£tering length, ayq = 0.21 y, be also fitted. Explicitly,

the three conditions are now

i ' - P = =
- (1) 1 G(wR)I (wR) 0 ’ wR 1.927 u (4.36a)
ZImD(wR) (4.36D)
(ii) I = ﬁe_DrTuTl;T = 0.84 u, , .
(1ii) 1 _ k>coté 1-6 (1) TP () -1 -1
= = 4n - u 12 = (0.21) U (4.36¢C)
a 2 G (1) : !
33 M k=0
where 2
L Eann
Cluy =G+ 53 325

and D(w) is the denominator of the RHS of (4.31) and I(w) is
given by (4.32). The rest of the procedure is the same as that

for the Chew-Low + Lee model.

P e
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For the Separable Interaction + Lee model we also exa-
mine what effects nucleon recoil will have. We' do this by deter~
mining the parametersusing the expression for the scattering amp-
litude given in (4.34), which has been éuitably modified from the
static one to approximately take into account recoil effects.

Then the above three conditions*become

(i) 1-6(3) TP (B) =0 ,

. Ka

(A)R = wR + -2‘I——nN— = 2,13 He.
.. 2ImD (W)
(i1) = ——R = 0.84 u.

ReD'(&R)
(iii) 1 ATt 6 (W) TP (M) -1 -1
- = {(0.21) u .
a,, my G (u)

In Table 1 we show the values of the parameters of the
Separable Interaction + Lee model (without recoil corrections)
determined by the proﬁedure described above. (All quantities
are in units with H=1,)

There. 1s a clearly discernible trend in the values of

the parameters: as kc is decregased, m, and ‘the effective TNN

g
coupling constant G both decrease, the 7TNJ coupling fggi lp;

creases, and the CDD pole moves outward. G eventually becomes

zero, and then nggative; in response, the CDD pole, the po-

sition of which is given by

a

R UV U S

P
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Table 1
(0) A =(m, -m.) w

ke G £ AN 8, T CDD

2.0 1.10 0.94 2.17 3.25 i

1.85 0.82 1.07 2.13 4.01 j

1.8 0.69 1.12 2.12 4.53 ’ §

1.7 0.44 1.20 2.09 6.48 z

1.6 0.14 1.29 2.05 18.29 }
¢

1.55  ~0.04 1.34 2.03 -64.09 3

e s e
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(012
Allm o
G !

_ 1
epp = At 3

goes to + «», and then over to - «, from where it proceeds to move
in towards the origin. 1In this model, unlike in the Chew-Low +
Lee model, the solutions where the CDD pole is a£ a negative enér:
gy are still mathematically acceptable. But we reject them for
a physical reason. The separable interaction between 7 and N
in this model, with its associated coupling constant G, is meant
to be a phenomenological representation of the w-N Chew-Low in-
teraction. The Chew-Low interaction gives'an attractive inte-
raction in the (3,3) channel. But solutions of our model having
'
the CDD pole at a negative energy have also a negative G, that
is to say a repulsive 7n-N interaction. Hence théy must be dis-
carded. Rejecting the sets of parameters with a negative G
Aallows us to place a lower limit on kc’ and this lies just be-
low 1.6. c '
The trend that we have noted also shows that the require-
ment that the CDD pole must be far away from the threshold can
be used to place an upper limit on kc. But how far away can we
say the CDD pole must be? All that we can say with certainty
regarding this CDD pole is that it has not been observed to lie
below the A*(1690) resonance. Above the energy of this resonance,
or even cl§se to and below it, the (3,3).7w-N system is no longer

the simple n-N-A(1232) system, and even if a zero in the elastic

(3,3) phase shift - i.e. a CDD pole - were to be observed here,
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we cannot say with any certainty that it is associated with an -
elementary A(1232). An energy of 1690 MeV cdrresponds.to d: 4.
Therefore all:that we can require, with any certainty is that

Wopp > 4+ From Table 1 we see tyat this implies that ko <.1.9.

~

The two simple requirements that G be positive and that
the CDD pole be sufficiently far away are thus seen to give us
surprisingly narrow ranges for the acceptable values of kc

/}1.6 < kg o< 1.9) and of each of the other parameters. The range

of the values of mgo)

go).f 1230 MeV. The value of méo) is there-

is particularly interesting: expressed in

MeV, 1220 MeV < m

fore very close to the ‘physical' A the resonanée
enérgy of 4(1232). This means that theé reno ization eff$cts
are very small. And that, it Qould seem,
of having so small a cut-off. We cén see this if we take the
extréme case‘when G= (kC = 1.6), which leaves us with only

the Lee model interaction. It is still evidently possible to
repfodﬁce the (3,3) resonance reasonably well, For a P-w;ve Lee
model w?th an unstable A particle (V barﬁicle in the usual nota-

LN

tion), the resonance energy m, is given by the root of the equa-

tion
m -m¢0) = £ (0) dk u? P —2t
] RS . 4
A TTA ANT .k w mA+mN

v

where P denotes the principal value. In our case, m, is fixed

-m, = 1232 MeV - and we can use this équation to determine

C
méO)u Clearly, the smaller the cut-off kc is, the smaller the

¥s a diXect consequence

o i e et e Sy e
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integral in the(équg&fon will be; and when ko is small enough

T 1/2 . ~ .
for w, = (ké +d;y) to become < (mA—mN), the idtegral, and

T )
RSP

the quantity (mA-m will become negative. Thus for a Lee

model interaction, the mass renormalization effects can become

very small and even negative, depending’on the magnitude of the

cut-off. In our model calculation G is non-zero, so that the
interaction is not the pure Lee model interaction. But, as we
show below, it is the Lee model interaction that gives the domi-

nant contribution to the resonance, and hence it is altogether
»

reasonable to attribute the fact that (mA—méo)) is.;mall and

negative to the fact that the allowed range of cut-offs in this

model is such that W, < (mA—mN).

As we have alreadf noted, the smaller G is, the further
away the CDD pole will be. This fact, taken\together with the
requlrement that the CDD pole be far away, would lead us to ex-
pecgﬁthat the domlnant contrlbutlon to the (3,3) resonance comes
from the Lee Q\gl }nteractlon. This expectation is borne out *

when we plot the\?§73l\gross—section as a function of energy,

Al

first for one of the acceptable sets of parameters given above,

and then for the same set of paramaters.with G and fgg% set in

turn to zero. In Fig. 4.2 we show suCh\E\?iQE\fOI the set with

k. = 1.8; this set has a contribution from the separablé inte-

raction close to the largest allowed. Even so, we see that’
the (3,3) resonance is only slightly shifted and otherwise lit-

tle affected when we set G to zero. But the resonance vanishes

(0)
ANT

‘»

completely when we set.f to zero. It is evident, then, that

A/

. N ,
R e N R
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Fig. 4.2: Plot of (3,3) cross-section vs pion lab energy.

Full line - Separable Interaction + Lee model with G = 0.69,

(0)
fANn

with G = 0. Dashed line - same model with £

=1,12, A = 2.12, kc = 1.8. Dotted line - same model

(0)

ANT = 0.
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in a model of this kind the (3,3) resonance is primarily de-‘
tefmiqed by the 'elementary' A(1232)‘component,‘and not by the
'composite' component arising from the 7w-N-N interaction.

Turning now to the Chew-~Low + Lee model, in Table 2 we
give our determination of the parametérs in it (the last column
is of later relevance). -

Again there is a clear trend in the values of the para-
meters: as kcis decreased, the CDD pole moves outward and fhe
residue increases, both at first somewhat slowly, and later ra-
pidly when kc is decreased below ~ 3, The CDD pole eventually
moves out to + «, and then moves in toward the origin. But when
a CDD pole appears in the negative energy region, i.e. when wy
becomes negative, the function h3$(w) given in (4.22) ce;ses
to be a solution of the Low equation (4.10), the reason being
that when w; is negative zhg,(z) is not a‘R~functioh. This
fit, therefore, gives us a lower limit of kg - for this model -
at a value of ~ 2.4. The Separable Interaction + Lee model,
on the other hand, gave a range 1.6 < kc < 1.9 for kc. The
two models, therefore, give incompatible results: a value of
kc which will reproduce the (3,3) resonance in one will not re-
produée it in the other.

Another difference between the models' emerges when we
try to determine the upper limit on kC in the Chew-Low + Lee
model. Now we see that the condition that places the upper li-
mit,

wCDD > 4, is met even for a value of kc up to and beyond



Table 2

=
ke ) € 333
8.0 8.71 12.65 5.30
6.0 8.96 18.80 5.20
4.0 10.40 34.60 5.02
3.0 16.36 105. 4 4.73
2.5 '64.81 1936.0 4.43
2.4 967.20 4.48x10°
2.3 -61.88 1921.0
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7, that is to say, eveh for a value of kc equal to and larger
than that in the Chew-Low model. We have not attemptéd to de-
termine what exactly- the upper limit on kc is - it is certain-
ly be&ond 8 - for this %imit is not as important as the fact
that the (3,3) resonance can be well reproduced in this mo-
del for a large range of values of kc,from kc about 2.4 through
to 8 and beyond. To illustrate the fact that in this model
sets of parameters with very different values of kc can give
equally good reproductions of the (3,3) resonance, we plot in
Fig. 4.3 the (3,3) cross-section for the model as a function of
the pion CM energy for two sets of parameters, the full line
correspénding to the set with kc= 3.0, the dotted line to that
with kc = 8.0. Both sets are seen to give the proper (3,3)
resonance‘parameters, and c%oSs—séctions that are virtually
identical over the resonance regiOn.

But the fact that the cross-sections are virtually iden-
tical does not imply that these sets will give virtually iden-
tical predictions for the restlof the scattering data, for the
cross—-section, through the opticél theorem, determines only the
imaginary part of the scattering amplitude. It is the phase
shift that fully determines theé scattering amplitude. Let us
then look at the phase shift at a particular energy - or, equi-
valently, the quantity k3cotd§33 at k=0, i.e. the inverse of

the (3,3) scattering length a - to see if the condition that

33
the experimental value of this 4uantity be also well reproduced

4
e e e



Fig. 4.3: Plot of (3,3) cross-section vs w, the pion
CM energy for the Chew-Low + Lee model. Full line - Set
of parameters with kc = 3.0. Dotted line - Set of para-

meters witH kc = 8.0.
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will enable us to better f£ix the value of kc. The 'experimen-

‘tally determined value of a3§ is 4.76. The last column of
Table 2 shows agé in the Chew-Low + Lee model evaluated for the
various sets of parameters with different cut-offs. It is
clear that only a cut-off = 3 has a value of agé agreeing with
the experimental one. Thus this additional condition pins down
the value of kc, as we had hoped it would.

To sum up the results of our calculations on the Chew-
Low + Lee model: the (3,3) resonance can be well reproduced,
with the CDD éole lying at a sufficiently high energf, for a
large range of cut-offs kc' from kc *~ 2,4 through to 8 and be-
yond. But of this range only a kc * 3 can be expected to re-
produce the phase shifts as well. On account of this we can re-
ject the rest of the kc’ and reach the final conclusion that in
the Chew-Low + Lee model with a Gaussian form factor the (3,3)
scattering data\will be well reproduced for a cut-off of kc: 3.

Each of the models we have studied gives us a mucn
smaller cut-off than the one in the old Chew-Low model. But how
reasonable are these values we have obtained? The form factor
Vvi{k) is the fourier transform of the spatial density distribution
p(r) of the interaction source, the nucleon in this case. Using
p(r) we can define a radius R associated with the source by the

equation,

) 2 1/2
R =[] rip(r)dr]

v -

B > -
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In our calcula%ions we have used a Gaussian form factor,
‘ -k2/2k¢
vik) = e ; this gives a radius R = /§/kc. Using this re-
lation we find that the Chew-Low + Lee model gives R =~ 0.8 fm,
and the Separable Interaction + Lee model, R = 1.3-1.5 fm.

The radius R gives us a measure of the spatial extent

(32) have studied a model

of the nucleon., Nogami and Ohtsuka
which incorporates pion effects into the non-relativistic quark
model, and they find .that the baryon 'core' radius, i.e. the
r.m.s. radius of a baryon defined by using the wavefunctions of
the constituent quarks, has to be about 0.8 fm if the baryonic
masses and magnetic moments are to be well reproduced. This
'core' radius is not necessarily identical to the radius R,

for the two radii are somewhat {ifferently defined; but it,

too, is a measure of the spatial extent of the nucleon, and we’
would expect it to have almost the same value as R. We see

that this ,is so if we take the R in the Chew~Low + Lee model:
both the 'core' radius and this R ‘have a value of about 0.8 fm.
But the R in the Separable Interaction + Lee model -~ here R =
1.3-1.5 fm - is much larger than the 'core' radius. This R 1is
in fact unrealistically large. As Nogami and Ohtsuka have poin-
ted out, £here is a close relationship between the 'core' radius
of the nucleon and the N*(1470) excitation energy. The reason for
this is simple. Both the 'core' radius and the excitation energy
depend to a large extent on the form of the confining potential.
The shallower the confining potential is, the smaller the excita-

tion energies, and the greater the spread of the quark wave-
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functions, i.e. the larger the 'core' radius, will be. Hence if

-

the 'core' radius - or, equivalently, R ~ is too large, the N*

excitation energy will be too small. Work which has been done
(32)

on the non-relativistic quark model

a radius R of = 1.3~ 1.5 fm is much too large to give the correct

makes it evident that

N* excitation energy. We conclude, then, that the Separable
Interaction ¥ Lee model gives a radius R that is unrealistically
large; that is to say, a cut-off kc’that is unrealisﬁically
small. The kC in the Chew-Low + Lee model, on the other hand,
has a very reasonable value.

The old Chew~Low model, it is well-known, gives us an ef-

fective range approximation to the phase shifts. Let us now exa-

mine the question whether the Chew-Low+ Lee model can also give us

such an approximation. (The Separable Interaction + Lee model
cannot, as is evident from an analytical examination of the ap-
propriate quantities.) To obtain the usual
Chew-Low effective range theory - limiting it here to the (3,3)
channel without crossing, though it applies to all channels, and

with crossing - we first write down the equation

1-1 w b J dw'k'3v2(k')
33 n 2,
33 " w' T (w'~w)

(4.37)
k3v2(k)cot6

w A33

.

The effective range expansion is obtained by assuming that for
L2, 2 .
values of w small compared to w, = Y kc+u , i.e. compared to

- the maximum effective energy allowed by the cut~off, the w-

o e et et



130

dependence in the integral in (4.37) can be neglected. As
Chew and Low note in their original paper, the fractional er-
ror incurred by this neglect is of the order of w/wc. The

usual Chew-Low theory has w

n

my = 1l GeV; hence, w being

< 250 MeV, the assumption is a reasonable one. We can then write

2 2
k™v (k)cot633  l-wr
o Y ' (4.38)
i ) 33

where r is a constant given by

A * 3.2
_ 33 dw'k' v (k").
- w'3 . (4.39)

U

The relative largeness of the usual Chew-Low cut-off allows us

te set vz(k) = 1 in the lgw energy region. Egq. (4.38) then
k cot633
tells us that a plot of —Q— VS. w should be a straight

line. This is what is experimentally observed, for m”up to

and slightly beyond the resonance energy. (Recent data, though,
show that there is a deviation'from linearity at small energies
(k < 1); see Fig. 1 of Ernst and Johnson, Ref. (35).) The
extrapolation of the same plot‘back to w=0 should give an
intercept of X%;; it is thus that the value of A33 is determined
to be % x 0.08.

For the Chew-Low + Lee model the equation corresponding

to (4.37) is

s el
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o “

2,
Az3w dw'k ' 3v2 (k') Cyw i
32 1- ™ P 2 T o (w.—w) i
k7v® (k) cot$é W' (@' -w) i Rt T
33 _ u . ,
" = T . '(4.40) .

.33

Since wy >> w in the region of interest, the w dependence in the ]

denominator of the CDD term can be neglected, and the term be-

comes linear in w. But the integral term is now not linear in ‘ %
w. ﬂThe necessary condition w << W for safely neglecting the
w dépendence in the integral no longer holds, because w, = 3,
whereas w < 2. How, then, do we obtain an effective range ex-
pansion here -~ as we must if we are to reproduce the data?
Something of an answer is provided by the qumerical re-
sults we have obtained. For a cut-off kc = 3.0, Cl = 105.4
and wy = 1l6.36, and the principalWvalue integral aé resonance
has the value 2.13. The last term in the numerator on the RHS

of (4.46), i.e. the CDD term, will then have the value 0.86 at

resonance, and the integral term the value 0.14. At an energy g

W= 1.3, where the integral is a maximum, the CDD term has the

value 0.56, and the integral term the value 0.13. This domi-
nance of the CDD term over the integral term seen at these two

energies is also seen throughout the energy range of interest.

A

" Phus, even though the integral term is decidedly not linear in

energy, since the dominant contribution comei from the CDD term,
k3ve (k)cots,y
which 1is linear in energy, we can expect to
w k3v2(k)cotd

w

33 g

r

tend towards linearity. Pending an actual plot of

let us tentatively “suppose that it is in fact linear in energy.
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But even with this supposition we are still not out ‘of *
difficulties, for there.is another problem a small cut-off

brings. The experimental quantity seen to be line&ﬁ in energy
k3cotsé <

is ———-——55 ; whereas the theoretical quantlty linear in ener-

k3v2(k)cot6 33

gy is — m . In the Chew-Low model we could set v° (k) =

1l over the region of interest, so that these two quantities be-
come identical. This we cannot do for models with a small cut-
off, for now v2(k) has a significant variation over the same
region. The experimental and theoretical quantities linear in
energy are then different. So we seem te have a problem here;

and to see just how much of a problem it is, we plot as a func-

tion of enerqgy, for a cut-off Xc = 3.0, the quantities

k vz(k)cotd33 k3cot633
(1) m and (ii) = , both as given by Eq.
(4.40). The plots are shown in Fig. 4.4. We see that
'k3v2(k)cot633 ‘ . )

o , though n qulte a straight line, is not far from
being one either - going agalnst our supposition, but being in

%3 cotd33

accord with our expectatlon. The second quantity ’

W

however, is a near perfect straight line. The departure of
k3v2 (k)cotd,,

w

from 11near1ty has almost precisely been cancelled
by the variation of vz(k). This is remarkable, for our simple

f%tting procedure certainly does not constrain the quantity
k4coté , .
= 33 to be a straight line over a whole range of energies.

What significance this result has, we do not know. But the con-

clusion is clear: the Chew-Low + Lee model does reproduce the

k3cot<S33 )
experimentally observed linearity of m . — and that.

) O - e "2
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exactly, without the effectivg‘range expansion used in the Chew-
Low model to obtain the same linearity.
There is an important difference between the two models

arising out of the manner in which this linearity is achieved.

Though we have not shown it here, Chew-~Low theory asserts that

3
E—EQEQ will be a linear function of energy for all the channels.

No such assertion can be made in the Chew-Low + Lee model, for
here the linearity is not carried by Fhe integral term - owing
to the smallness of the cut-off - and it is only this term that
is common to all channels. The CDD term is not common to all
channels; we may expect to see a CDD term in the kl,l) channel

arising from the N*(1470) resonance, but we would not expect to

see one in the (1,3) or (3,1) channels, which have no low energy .

resonances. Moreover, the values of the parameters in the CDD
term are peculiar to each channel. There is no reason, there~'

fore, to suppose that the dominance of the CDD pole term seen

in the (3,3) channel - and it appears that without this dominance

k3cot6
w

we cannot have linearity of if the cut-off is small -

will also be seen in the (1,1) channel. In other words, in the
o) : ; 3

Chew-Low + Lee model there is no basis for asserting that 5—%95§
will be a linear function of w in the (1,1) channel also. And in
: 3
k7 coté

fact experiment qdite clearly shows that is not a linear
function of w in the (1,1) channel: the (l,l1) phase shift §
passes through zero around a CM energy of 280 MeV, so that cot$

has a pole at this energy. Obviously, then, an effective range

R i B et et i d s Ansntgr &t 2200
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expansion is impossiblé here - contrary to the assertion made
in Chew-Low theory. The assertion is therefore false. And
fhis, perhaps better than anything else, shows up the o0ld Chew-
Low theory. (A variety of mechanisms have been proposed to ex-
plain tﬁe zero in the (1,1) phase shift. /But the most natural
explanation, that the zero is a CDD zero associated with the
existence of N*(1470), does not seem to have been considered.)
We conclude this chapter with the presentation of our
final set of results, obtained for a system in which nuclear re-
coil effects are taken into account, though only'approximatelf.
In Table 3 we give the values of tﬁe paraﬁeters of the Separable
Iptéraction + Lee model, determined by the usé of Eq. (4.36a-c).
This téble has to be compared with Table 1, which shows

the same parameters determined in a systém withouyt recoil. The
(0)
A

(0)
A

allowed range of ké is practically the same; the range of m

éQ) < 1260, compared to the previous 1220 <m

is now 1240 <m
1230; and somewhat larger values of G are now allowed. But
there is no substantial difference and we can conclude that

the effects of recoil are small. This is‘perhaps not surprising,

for a small cut-off effectively limits the theory to small mo-

menta, and for small momenta nucleon recoil effects will be small.
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TABLE 3
(0) _
kc G fANTT (on mN) wCDD
1.9 1.27 1.18 2.34 3.81
1.8 1.03 1.29 2.32 4.45
1.7 0.74 1.39 2.29 5.77
1.6 0.38 1.50 2.25 10.19
1.5 -0.09 1.63 2.21 -38.78

PRV



CHAPTER 5

CONCLUSION

We set out to construct and study models for the low-

e e i i

energy interactions in each of two hadronic systems, the KN
and the 7N. What is common to these models, which is also
what sets them apart from older and more convéntionaﬂ nethods,
"is the presence in each of the elementafy or three-quark states
asséciated with the resonance in the corresponding system,
- In so including an elementary state in the model for
the KN interaction, we run counter to the consensus that has
developed fhat A(1405) is only a composite state of K and W,
without any quark constituents. But we have shown, by demon-
strating the failure of the K-pole test for models of a certain
kind, that this belief does not rest on as secure a ground as
has been supposed. The models for which the K-pole test fails
we have termed hybrid‘models, and in these there is an elemen-
tary as.§ell as a composite contribution to the particle in
question., We have argued\thaé thgre)is. currently no evidence for
‘ |
saying that A(1405) cannot be given\a ggark component through

R T
U .

such hybrid models. And with the mod&I for the KN interaction

‘we have studied, which is a particular hybrid mg%/l*%this‘is A

just what has been' done. , \\\
We have shown that for this particular model Shaw and

Ross's multichannel effective range expansion fails. The fact

@hat this expansion can fail, something yhich has not been suspec-

137
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ted, is itself of interest. But the failure is of particular
importance in relation to the KN system. For every K-matrix
parametrization of the KN scattering data hitherto carried out
has assumed the possibility of such an expansion. A parametriza-
tion which is in accoxd with this model will therefore be funda-
mentally different from existing parametrizapions. And such a
parametrization may be able to accomquate within it the kaonic
H-atom result, something which noﬁe of the existing parametriza-
tions are able to do;

The motivating force behind the study of this model was_
the hope of explaining the kaonic H-atom result. We attempted
to reproduce each of the two existing rgsults, together with the
I=0 cross—sections and the A(l1405) resonance, with this model.
our attempts %ad mixed results. With one of the kaonic H-atﬁm
measurements, the measurement A, we found that we were able to
reproduce almost all the desired guantities, but only at the ex-
pense of having a seeming disagreement with the expérimental
cross—sections at very low energies. With the second measure-
ment we found that we were indeed able to well reproduce the
desired quantities; but the elastic scattering amplitude we

il

obtain looks artificial. So we cannot really say that we have

been able to satisfactorily explain either of the kaonic H-atom

results. But, as we have noted, there is a weakness in the pro-

cedure we have followed in that, even though our model could be

at odds with a conventional parametrization, the I= 0 cross-

o e b e

.
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sections we attempted to reproduce with this model were given
by just such a parametrization. We justified this by making
the assumption that the I=0 cross-sections given by any conven-
tional parametrization are not far wrong. But this assumption
may be false. The making of it could have been avoided by ta-
king, together with this model, another for the KN interaction
in the I=1 channel, ané then attempting to reproduce, ‘not the

=0 or 1 cross—sections; which are obtained through some para-
metrization, but the experimental cross-sections themselves.
-When we do this we may find that we are able to satisfactorily
explain the kaonic H-atom result. What we are really saying is
that,we are now resting the hope of explaining the kaonic H--
atom result with this model on a revision of existing paramet-
rized determinations of the I=0 and 1 scattering amplitudes
and cross-sections. (Had the pure isospin cross-sections
K—p -+ NOZO (I=0) and K—é -+ ﬁOAO (I=1) been experimentally
well-determined, we may not have been able to entertain this
hope. But beiow a kaon lab momentum of about 200 MeV/c, these
cross—sections’are poorly determined.) If one had had faith
in either of the kaonic-H—a;om results, the need for some such
revision would have been felt. What we Have been able to show,
by showing'that there exists the possibility of carrying out a
very different kind of parametrization, is how such a revision
could be brought aboua.

With the 7N system the results of our study of the mo-

dels were more definite. We §tudied two models for the low-

ehergy m-N interaction, the Separable Interaction+Lee model
) t

.

. ey e ooe
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and the Chew-LowtLee model. The Separable Interaction+tLee

model,' we found, gave a good reproduction of the (3,3) cross-

|
|
séction only with an unrealistically small momentum cut-off - ‘ l
or, equivalently, with an unrealisticall§ large spatial exten- é
sion of the ndcleon. This result, negative though it is, is of {
some use. Separable interactions have been widely used as phe- :
nomenolggicaf representations of the w~N interaction. If one
wished to study, in the same phenomeénological spirit, the effects
of assuming the existence of a 'bare' A state, one would then
be tempted to use a model of this kind. The result we have
obtained shows the difficulty that woul& arise if we did so.

With the Chew-Low+Lee model we found that a good repro-
duction of the (3,3) scattering data could be obtained (with a
Gaussian form factor) for a momentum cut-off = 3 p. This is
a much smaller cut-off than the one in the standard Chew-Low
model - a fact which forces a re-examination of the results
obtained with Chew-Low theory. Some of these results, such as
‘those on nucleon magnetic moments and charge radii, have recent-

q(1,32)

ly been re-examine ; others, such as those obtained in

the study of w-nucleus interactions, await study.

o~

-,
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ARPENDIX 1

THE LOW EQUATION AND ITS SOLUTION FOR.
DYSON'S CLASS OF MODELS

We consider first the following Hamiltonian H, in
which we have coupled to the Lee model Hamiltonian a particle

W having the same gquantum numbers as V:

H = HO + HI ’ (Al.1)
—_ t t + 1
HO = mNN N+mV0V V+mw0W W+ dE@kaka
_ oo
y HI = dEuk[akN (gov+h0w)+H.C.]

-

HeFe mw0 is the bare mass of the W-particle, and 9 and h0 are
unrenormalized coupling constants; the rest of the notation is
the same as that for the Lee model Hamiltohian given in Eq. (2.1).
We call thé model characterized by this hamiltonian the Extended
Lee Model.

Both the Lee mode{ and the Extended Lee Model belong to
the class of models used by Dyson(6 ) to study the meaning of

the CDD solutions of a Low equaﬁion. This statement contradicts

statements made by Dyson in his paper - that there’' is no renor-

.
Much of this appendix is contained in Ref. (5).

A
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malization in his class of models, and that, by implication,

S5 v
the Lee model does not belong to this class. To show that Dy-
son's statements age incorrect, we can first examine his in-

teraction Hamiltonian HI’ which is of the form

H v [a+a’Q']

The operatox A absorbs the meson, and Q transforms the scatte-
rer ‘-from the ground state to one of the "compound states". The

Lee model interaction Hamiltonian has the form

H_ ~ [gOV+Na

T +H.C.]

k

>

-~

Here ay absorbs the meson, and the operator V+N transforms the
state |N> of the scatterer into the state |V>. In other words,

V+N corresponds to Dyson's Q, and the state |V> is one o{ Dy~
3
son's "compound states". The two Hamiltonians have precisely

the same structure. Further, the scattering amplitude for Dy-
son's class of models, given by his Eq. (l16), is identical -

when n=1 and E, = (mv -m.) - to the Lee model 6-N scattering
amplitude expressed in terms of unrenormalized parameters. And

finally, the Low equation for Dyson's class of models, Eq. (17),

is identical to the Low equation, given by (2.2), for the class
~N

of models to which the Lee model and the Extended Lee Model be-

long. (The factor C in Dyson's Eg. (17) is equal to & AB’ soO
. B

that the last two terms of this egquation simplify to

S
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Ajw
L EE:E— . Re-definition of Dyson's form factor to absorb this
B "B p

wp - which brings the form factor into agreement with ours -
will then yield an equation identical with our Low equation
(2.2 ).)

There can be no doubt, then, that the Lee model belongs
to, and therefore that there is a renormalization in, Dyson's
class of models. 1If there is renormalization in a model, the
Low equation for that model is always expressed in terms of
the renormalized quantities. Hence to be able to compare the
Low equation solution with the Lippman-~-Schwinger equation so-
lution for the model, one must necessarily renormalize the
latter. It is because Dyson has not doné this that his study

of his class‘of models is, for the intended purpose, incomplete.

We remedy this here by.carryi ut the required renormaliza-
tion.

The physical V state |V> in the Extended Lee Model can

be written as a

lv> = zl/z(|v>+a|w>—-g0 d£¢ka;|N>) . (A1.2).

v,
>

By solving (h-mv)|!> = 0, we find

m, = m, —gg dgpk¢k ' . (Al.3)
0 .




144

(g0+uh0)u

_ k
990 = —or — (Al.4)
and
g.h I
o = __2_2___7_ , (Al.5)
-m_,~h¢1
mw0 R VRN

where
1= | akul/(w-1) , (A1.6)
\ | A = mv-mN ' (Al.7)

mv\being the physical V-particle mass. It is assumed that the
V particle is stable, so that A < u, and that W is unstable,

The renormalization factor 2 is determined by

27 = 1wa®+g? | axe) . (A1.8)

The Lippman-Schwinger equation for 6-N scattering can
be solved in the same manner as in £he Lee model. In terms of
unrenogrmalized quantities, the scattering amplitude ffw) is
given by

£(w) = By(w) [1-B,(w) | dk' b (A1.9)

i e

0 i
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where
,gz hz . .
B (w) = - (—2— + O (A1.10)
0" w=44, " w-Ag ’ *
W .
0
Here 4, = mvo--mN and Aﬁo = mwd—mN .

Next we rewrite f(w) in terms of renormalized quanti-
ties. We define‘repormaliéed coupling constants g and h by

P

’ (A1.11)
~

and introduce the renormalized coupling constant A by

3

_ _ 172 e '
AO = go+ah0 ’ A = AOZ R (Al.12)

-
< e

We see that <N|l[a,,H]|V> = Zl/z(g04ahﬂ) = A. And Z can be writ- '

ten as
.2
. 2.2 G Tt =
i = (vl | ax —E ﬁ (A1.13)
‘ (w=A)" .. . :
- u2 4
1-12 Jdl_c_ E ,
- A : ' (Al.14) "
1+a oo '

-

Afﬁer some rather complicated manipulations, we put
f(w) in the following renormalized form:
"2 -
. f(w) : - (m""A) (m) 4 . ‘ (Al.lS)

where

[ O OU WY
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. D{w) = 1+A% (w-0)J (0)+R(w) , (AL.16)

(w=A)C

(AL.17)

Ah

bo-b = —B (4 -8, (AL.18)
0 cig2end, o
¢ _ z(ag-n)? (A1.19)
o =& 2.2 ' .
0 g“+h

where J(w) is given by Eq. (2.6)-

Of the infinite number of solutions of the Low egquation
given by Eq. (2.4),the solution witheno CDD poles is the Le? :
model scatéering solutioﬁ. On comﬁarison of (Al.16) and (2.6),
it is evident that the solution with a single CDD pole corres-
ponds to'the Extend;d Lee Model scatterihgxso}htion; in other

words, it corresponds to the scattering solution of the model

with a single unstable particle. It can similarly be shown

Ve »
(Ref. 5) that the solution with n CDD poles, n integer, corres-—

<

ponds to the scattering solution of the model with n unstable

particles.

b e ArmaAe iy e AL AR S T
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APPENDIX 2

THE SCAT?ERING SOLUTION OF THE €OUPLED- CHANNEL .
- MODIFIED LEE MODEL

“.

The Hamiltonian H of the coupled-channel MLM is given

by
H o= Hy + H
H =mViv+ ;2; NN, + | ak § al(k)a, (k)
0~ Mo ] S S A i
. i=1. i=1
e ' T .
Hy = = I Gy dkdk ', (k) uy (k')N a] (k)Njaj(k)
l,J
[ d
+ ) r
+ i,gi aku, (k) [V N a, (k) + H.C.] ,
where
_ 2 )
wy =gtk
u; being the mass of the meson 6, in the i*1 channel, and
. s
( 1 f (k)
u. k) = ’
i S Gy 172

£; (k) being the form factor. The 95 dre unrenormalized coup-
ling constants. Just as in the Lee model or:the separable

interaction model, we have only S-wave scattering here.

[ U

-
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Let us first consider Bl—Nl scattering. The 61~Nl scat-

tering state can be written as

. t T
|6'Nl733>+ = dhx(kre)@lle + dE¢(.}S'E)a2IN2>

+ C(p)jv> , (A2.1)

where x(k,p), ¢{k,p) and C(p) are functions to be determined.

This state satisfies the Schroedinger. equation
H|61Nl;g>+ = (ml+w1(p»|elNl;E>+ . (A2.2)

Substituting (A2.1) into (A2.2), and successively multiplying
" the resulting equation on the left by <V|, <Ni|al(k) and

<N2|a2(k), we obtain .

\

2
g
B _ 1
xUeR) = SUsR) + oy (0 (AGy) + pgiy)
g9, v
172 1
* B Y Ea e G, BriE (A2.3).
and -
‘ 919,
¢(k,p) = u2(k) [A(Gl2 + m)
2 .
v B(é- . 02 )] 1___ — . (A2.4)
22 Afwl(P) wz(k)-wl(p)+m§~mlfle R

-

Here

[RESOR
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A = | dkuy (k)x(k,p)

/ ‘

B = | dku,(x)¢(k/p) .

and

The func;ions x and ¢ have been writtén in forms which will
ensure that the Scattering State satiéfies the appropriaté
goundaryﬁconditiOns Multiplying (A2.3) by u (k) and (A2.4)
by u, (k), and integrating both the resulting equatlons over k,
we obtain simultaneous algebraic equations for A and B. Sol-
ving these and substituting the solutions back into (A2.3)
and (A2.4), we have the final expressiors for x(k,p) and
¢ (kD) -

Taking the Fourier t;ansform of x(k,p) - the Fourier
transform of ¥ %s the scattered wave function in co-ordinate

space —'gives us the required~scattering'solution. From- this

solution we obtain the 'scattering amplitude in channel 1, fll:

.2 N R :
fll = 47 wl(p)ul(p)[(l GZZIZ)Gll + G IZ]/D , (A2.5)
whege .
_ _ _ n2
D = (1 Gll l)(l GZZIZ) GlzI.lI2 ’ (A2.6)
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dku? (k) ~ dkul (k)
1 wl(k)—wl(p)-ie

2 wz(k)~w2(q)-1e '

(ow(p) A myp o= wy(g) Fmy,
and

11~ 11*3'-71_(5)'
+. ——,
22 = %22 TG (Y.

12 12

In a similar manner we obtain the other scattering ampli-

4

tudes:
f12 = 4h2wl(p)ul(p)u2(q)Glz/D , : (a2.7) .
2
ﬁ21 = 4n wl(q)ul(p)uz(q)Glz/D ’ . (A2.8)
and .
£ = a0 (@uZ(q) [(1-G..I.)6.. + G2.I.1/D .  (A2.9)
22 2 2 117717 722 1271 *

1

¢

We note that by setting Gij = 0 in the energy-dependent
coupling constants Gij’ we obtain the scattering solution of
the coupled-channel Lee model; and by setting'gi = (0, we ob-

tain that of the coupled-chaﬁnel separable interaction model.
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