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Chapter 1 Introduction

1.1 Research Background

Analogous to electronic integrated circuits, photonic integrated circuits (PICs) or
integrated optical circuits are devices which integrate multiple functional photonic
components[1]. The advances of large-scale, monolithic photonic integrated circuits
(PICs) have benefitted the fiber communication system significantly in many aspects such
as system reliability, and cost reduction, etc[2-5].

Although the development benchmarks of photonic integrated devices and circuits
are symbolized by the advances of high-density functional devices, processing
technologics enabling the device production[6-11], the significance of the computer aided
design (CAD) tools cannot be neglected[12, 13]. Not only can CAD tools lower the
product early stage research cost, they can greatly shorten the design cycle by evaluating
the feasibility of device concept, optimizing structure parameters, etc[14].

It should be noted, however, comparing to the CAD tools in designing electronic
integrated circuits (RF circuits, for example), CAD tools for photonic devices and circuits
are still in the early stage. Most CAD tools are method-oriented instead of problem-
oriented. Consequently, photonic designs still rely heavily on the designer’s experience.
In fact, photonic CAD tools have become one of the bottlenecks of developing high-
density functional photonic devices and circuits[15]. The ideal CAD tool should have the
following features: high speed, satisfactory accuracy, low memory usage, and be free of

arbitrary geometries. Sadly, none of the mainstream algorisms satisfies the above criteria,
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thus the pursuing of stable, accurate and efficient simulation tools has attracted constant
attention in recent years [14, 16].

According to the analysis domain, photonics CAD tools can be grouped into two
classes: 1) time-domain methods; 2) frequency-domain methods. Time-domain methods
represented by finite-difference time-domain method (FDTD) in which the Maxwell
equations have been discretized in time and space, can be treated as rigorous, stable, and
versatile approaches. FDTD has been widely used in integrated optics, particularly in
photonic bandgap structures where frequency domain methods are difficult to handle [17,
18]. However, it is limited to devices of small size, due to the extremely long computation
time and the high requirement for computer hardware. The frequency domain methods,
represented by coupled mode theory (CMT)[19-22], beam propagation method
(BPM)[23-25], and mode matching method (MMM)[26, 27] etc, are good at disclosing
the physical properties and are superior to time domain methods in terms of computation
effort. Each frequency domain method has its advantage: coupled mode theory (CMT) is
considered as mathematically simple and accurate for relatively weakly guided optical
waveguides; beam propagation method (BPM) based on the scattering operators can
handle arbitrary waveguide structures but still computational expensive for periodic
structures[25, 28-30]; on the other hand, mode matching method (MMM) has been known
as an efficient and rigorous method for dealing with periodical structures [31]. The
fundamental issue which affects the performance of the frequency-domain method is how
to handle radiation fields. Although the input dielectric waveguide used in photonic

integrated circuits is typically designed to support only one guided mode, most photonic
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devices are not uniform along the wave propagation direction so reflection and radiation
loss have to be considered. The radiation loss resulting from the power coupling between
the guided mode and the radiation fields is difficult to solve due to the continuum nature
of the radiation modes. Recent progress of BPM can handle the evanescent fields by
introducing the complex coefficient Padé to approximate the propagator [32]. However,
BPM is mainly used in two-dimensional problems due to the stability and convergence

issues.
1.2 Research Motivations

This thesis is dedicated to developing stable, accurate frequency-domain analysis
methods which can cope with the radiation fields. In particular, we will focus on the
coupled mode theory, mode matching method and their related applications. As described
in previous section, coupled mode theory (CMT) has been widely applied as an analytical
approach for analysis of wave propagation and field interaction in optical waveguides.
The classical coupled mode theory for optical waveguides was developed in 1970s [19-
21, 33, 34], followed by a series of advances in both theoretical formulations and
applications [35-39]. In CMT, the total field of an optical waveguide is expanded in
normal modes of the reference waveguide, and a set of coupled ordinary differential
equations is derived. Treatment of discrete guided modes has always been an advantage
in the coupled-mode theory due to the fact that only phase matched modes play
significant roles in the power exchange. Moreover, in practical optical waveguide
structures such as optical fibers, an outer cladding region with lower refractive index and

high loss is normally utilized. Under this circumstance, one can solve and apply the CMT
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based on a more realistic model [40, 41]. However, for waveguides with infinite cladding
(frequently used due to its simplicity) and with finite cladding with lower refractive index
than that of the outer cladding (widely used for sensing applications), the radiation modes
inevitably occur. For non-guided radiation fields, the application of coupled-mode theory
becomes cumbersome due to the continuous spectrum of radiation modes. For certain
waveguide structures such as step-index slab waveguides and circular fibers, analytical
expressions for the radiation modes do exist and can be utilized [42, 43]. The problem is
acute for waveguide structures for which analytical expressions for the radiation modes
are not readily available. One possible solution to circumvent the problem of radiation
modes is to introduce leaky modes to approximate the radiation modes. The leaky modes
are, however, neither orthogonal nor normalizable in real domain [44, 45]. For this
reason, it is difficult to deal with leaky mode formulations analytically and even more so
numerically for practical applications.

A similar situation occurs for the mode-matching method in which both discrete
guided modes and continuous radiation modes are required in the mode expansion in
order to obtain accurate simulation results. Theoretically, the radiation modes may be
discretized into a set of box modes by use of perfectly reflecting boundary condition
enclosing the transverse structure of the waveguides. Practically, the size of the artificial
box must be sufficiently large in order to achieve an accurate approximation for the
radiation modes. Consequently, a large of number of box modes must be used.

Recently a new computation model was introduced to the mode-matching method

in which the waveguide structure is enclosed by perfectly matched layers (PML)
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terminated by a perfectly reflecting boundary conditions (PRB) [46-49]. This seemingly
paradoxical combination of PML and PRB leads to a somewhat unexpected yet
remarkable result: it creates an open and reflectionless environment equivalent to the
original physical domain in a closed and finite computation domain. A set of complex
modes can be derived from this waveguide model that are well behaved in terms of
orthogonality and normalization and can be readily solved by standard analytical and
numerical techniques. By utilizing the complex modes as orthogonal basis functions to
represent the radiation fields, the mode-matching method can be applied as if all the
modes are discrete and guided. So far, the finite-difference based numerical
implementation of MMM for the analysis of three-dimensional structures has been
reported under the semi-vector approximation [50]. It is true that the semi-vector
approximation is sufficient for many practical optical waveguides in which the modal
fields are predominantly linearly polarized and the coupling between the field
components is negligible. However, the hybrid nature of the modes in high-index contrast
waveguides is usually strong and can not be ignored. In order to accurately simulate such
devices—polarization rotators [51], for instance, the semi-vector approximation is
deficient and the full vector approach is mandatory.

In this work, within the framework of PML and PRB computation model, we
develop a finite-difference based full-vectorial MMM for three-dimensional propagation
problems. Further, the complex coupled mode theory based on complex modes has been
proposed and applied to investigate the radiation coupling in short/long period gratings.

Another objective of this work is to design photonic devices and evaluate their
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feasibilities. Bragg gratings based on slot waveguides, surface plasmon polaritions (SPPs)

have been proposed and simulated by complex mode matching method.
1.3 Thesis Outline

In Chapter 1, the necessity and significance of photonic CAD has been presented
with an emphasis of frequency-domain analysis methods. The challenges of the current
modeling algorisms have been discussed and the motivation of the research has been
described.

Chapter 2 describes the fundamental governing equations for full vector wave
analysis in optical waveguides.

In Chapter 3, the finite difference method for modal calculation of optical
waveguide structure has been described. The perfect matching layers and the zero
boundary conditions, together with their implementations, have been presented in detail.

In Chapter 4, a three-dimensional full vectorial complex mode matching method
has been derived and validated through examples of waveguide facets and polarization
rotators. Bragg gratings based on surface plasmonic polaritons and slot waveguides have
been proposed and analyzed by the complex mode matching method.

In Chapter 5, a complex coupled mode theory is developed for
reflective/transmission gratings, and for waveguide tapers. The effectiveness and the
applicability have been evaluated with comparison with rigorous numerical methods.

We summarize the major contributions and future suggestions in Chapter 6.



Chapter 2 Fundamental Equations of Optical

Waveguides

2.1 The Wave Equations in Frequency Domain

In this thesis, we make the following assumptions: (1) the medium in the
waveguide structure is lossless, linear, and isotropic. The permittivity and permeability of
vacuum are denoted as ¢, and y,, respectively. The permeability ¢ in the medium is
equal to the free space value y, throughout this thesis. (2) the time dependency is
expressed as exp(jwt?). The wave is propagating along z , and the z dependency is
expressed as exp(—jf z) which refers to the propagation in the positive z direction, or
exp(jBz) in the negative z direction. @ and # are the angular frequency and the
propagation constant, respectively.

We consider a waveguide structure where the transverse index profile n(x, y) is

arbitrary and defined in the Cartesian coordinate system. The Maxwell’s equations can be

written as
VxE =—jouH @2.1)
VxH = joei’E (2.2)
V. (an) =0 (2.3)
V-(H)=0 249
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The two curl equations are characteristic equations for analysis of simulation of
the wave propagation in dielectric materials. The coupled vector wave equations,
however, can be decoupled to two sets of equations based on either the transverse electric

or magnetic fields.

2.1.1 E formulations for mode analysis

The vector wave equation for the electric field is derived from egs. (2.1)-(2.2)
Vx[VxE]=n*k’E 2.5)
where k = o,/ 44, is the wave number in free space. By using the vector identity
VxVx=V(V.)-V (2.6)
Eq. (2.5)becomes
V’E+n’k*E=V(V-E) 2.7

where the terms of the RHS contains all the vectorial properties of the electromagnetic
field.

We can easily obtain longitudinal field components once the transverse

components of an electromagnetic field are known throughV-(an ) =0. Consequently,

the transverse components are sufficient to describe the vectorial characteristics of the

electromagnetic field. The transverse components of eq. (2.7) is

V’E,+n’k’E, =V, (V, -E+ 6@% ) (2.8)

where E, and E, are the transverse and longitudinal field components, respectively.
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Utilizing V- (an) =0, we obtain

v,(E,)+ %”Z-E + Zaaiz =0 (2.9)

For mode analysis, n(x, y)is z -invariant, on* / 0z =0, eq. (2.9) reduced to

aaiz =—;117v, (»E,) (2.10)

Substituting (2.10)into (2.8), and using the transformation

E(x,y, ) E(x y) (2.11)

One can derive the vectorial wave equation for the transverse electric field,
2 272 2 1 2
V]E, +(n’k’ - B*)E, =V, [V, E-—Y, (n E,)] (2.12)
Eq. (2.12) can be written in matrix form
P, P \|E E
P, P, ||E, E,

where the differential operators are defined as

2
PﬂEx=%[—12—§—(n2Ex)i| 6ay‘+n2k2 2.14)
n ox
O’E
pE =2 la( ’E, ) |- (2.15)
7 " ox| m oy 77| oyox
o°E
PWEy—:y[l ;( Ey):|+-5x—2’+n2k2Ey (2.16)
n
o1 0,, O’E
PE =—|——(n’E)|-—== 2.17
S ay[n2 " ‘)] owdy @.17)

Eq. (2.13) is a full vectorial equation. All the vectorial properties of the electromagnetic

field are included. P, #P, causes the polarization dependence whereas
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P,#0 and P, #0 induces the polarization coupling between the two components
E ,E, . If the coupling between the two polarization is weak and negligible, by neglecting
the cross terms P and P, , the full vectorial (2.13) reduces to two decoupled equations:

P E =p’E, (2.18)

PE = P’E, (2.19)

There is only one transverse field component in Eqgs. (2.18)-(2.19), and the
eigenmodes associated with those equations are commonly named as quasi-TE modes and
quasi-TM modes. The equations are referered to semivecotrial vector equations. If the
structures are weakly-guiding, even the polarization dependence may be neglected. Eq

(2.13) reduces to

o @
P, =P, =5x—2+ﬁ+n2k2 (2.20)
Since the polarization difference is negligible, we call this scalar approximation. Egs.
(2.18),(2.19)are then replaced by a single equation
PY = g*¥ (2.21)
2.1.2 H formulations for mode analysis
Similarly, we can derive the vectorial wave equation based on the transverse
magnetic field from egs. (2.1)-(2.2),
V] H,+(n’k - p°)H,=V,[V,-H,-V,(H,)] (2:22)

Eq. (2.22)can be written in matrix form

Bxx Bxy Hx 2 Hx
oo o)

10
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where the differential operators are defined by

2
Bon—aIfwn’ 9 iz-aHx +n’k*H, (2.24)
Ox oy\n" oy
o*H OoH
B H, = r_p2 2 —12— 2 (2.25)
OyOx oy\n" Ox
o’H OoH
B H, =—*+n’ 2 —17 L\ |+’ H (2.26)
7oy ox\n* Ox 7
2
Bnyx=?—-H—"—n2i izaH* 2.27)
Oxdy ox\ n* oy

Eq. (2.23)is a full vectorial equation and all the vectorial properties of the electromagnetic

waves are included. B, # B, causes the polarization dependence. The polarization
coupling happens between H, and H, when B #0and B,, #0. If the coupling between
the two polarizations is weak and negligible, we may neglect the cross terms B, and B,

and simplify the full vectorial eqation (2.23) to two decoupled semivectorial equations:
B_H, =f’B, (2.28)
2
PE =pB°E, (2.29)
. on* on’ ..
Furthermore, for the weakly guided structures (—é—— ~ E = 0), the polarization features
x

may be neglected. The full vectorial eqation (2.23) becomes

sz sz)’ =5;C—2-+§+n2k2 (230)
Under the scalar approximation, egs.(2.28), (2.29) are replaced by a single equation

P¥ = f*¥ (2.31)
11
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2.2 Relation between the Fields
2.2.1 Relation between the fields from H to E

The transverse magnetic field components are obtained from solving eq. (2.22),

and we can calculate the transverse electric field components from the magnetic field
components by

Z,N,; Z, |o®H, #H,
k.= n’ H, RN | e Oyox
ef

(2.32)

Z,N,, z, |o°H, O’H
E, = H +—=—2 { 2

+ 2.33
n n’N e,j,kz oy oxdy (2-33)

where Z, =./y,/ & is the impedance of light in vacuum, and N, = f/kis the modal

index of the waveguide. For waveguides in which the transverse components coupling are
2

0°H
weak ( 6"’” = 0), the expressions can be greatly simplified as
x

2
Ex — Zojzve‘ﬁ' H ZO (a Hy]

- 2.34
n ’ n’Ngk*\ ox (2-34)
Z,N 2
E =2ty % [9H 2.35)
n n°Ngzk*\ oy
This approximation is referred to semivectorial approximation. For weakly waveguides in
.. on* on’ o
which o ~ E = 0, we have the scalar mode approximation:
E=% Z, H (2.36)
Ny

12
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2.2.2 Relation between the fields from E to H

If we have the transverse electric field components obtained from eq. (2.13), we

can find the transverse magnetic transverse field components by

Y, fo[18 1,019 ]
H,\::—YoNeﬁ"Ey +N—0k2{5 7 ay( Ey) +'6—y- ?a(anx) } 2.37)
o L .

y [6][106,,.\] 0l1 & ]
Hy:*'Y"Neny"N;kz {E_nzax(" E,) ol ay( Ey)} (2.38)

where Y, =./¢,/ 14, is the admittance of light in vacuum. For waveguides with the weakly

16(

0|10 0
polarization coupling ( —[—— n’E, il |:
AR b

5 ’E ) ), the semivector
n° Ox Ox

solutions are given by

H,=-YN E,+—~ Yz(a(l a( Ey)n (2.39)
N k*\ oy\n" oy
H,=+Y,N E, - o 2(6(-173(;12Ex)D (2.40)
N k“\ ox\n" Ox
on®  on’

For very weakly guided waveguide structures with " ~E ~0, we have the scalar

approximation:
H=+N_YE (2.41)

where H stands for H,/ H,,and E stands for E_/ E,.

2.3 Normalization for Guided Modes

For general Media, the time average power for each guided mode is real and finite

and can be normalized as:

13
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L[ (BaxH, +E)xH,)-2d4=1 (2:42)

Entire region

where ¢ denotes transverse components, and # denotes the mode number. The expression

reduces to

2] (BaxH,)-2d4=1 (2.43)

Entire region

for lossless media. However, it is noted for general media

1 [[ (E,xH,)-2d4=N, (2.44)

Entire region

where N, may not be equal to unity and may even be complex!

2.4 Symmetry of Guided Modes
By definition, the propagation constants of the forward and backward guided
modes are related by
Br=—p (2.45)
here “+” denotes forward direction, and “~” denotes backward direction). Consequently,

it is readily proved that the relations between the forward fields and the backward fields

can be expressed as

E} =+E; (2.46)
H} =-H; (2.47)
E; =-E; (2.48)
H} =+H; (2.49)

14
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Therefore, we only need to solve for only one set, and the other set can be derived easily.
This relation hold for medium is complex or anisotropic medium, as long as it is
reciprocal. For lossless but nonreciprocal media, it is easily deduced that for lossless but

nonreciprocal media, we have

) =+(E) (2.50)

H;) =-(H;) @2.51)

) =+(E7) (2.52)

(H;) =—(&}) (2.53)

It is easily concluded that for reciprocal and lossless media that
3(Ef)=3(H;)=0

R(EX)=R(HI)=0 @9

Therefore, for an isotropic, passive, and lossless medium, the transverse field components

of the guided modes are real whereas the longitudinal components are pure imaginary.

2.5 Orthogonality for Guided Modes

Let m and n denote the modal indices of two distinct guided modes with

corresponding propagation constants represented by S, and §, , respectively. The

governing equations for modes are easily deduced from Maxwell equations as

V,xE, - jB,2xE, =—jouH, (2.55)
V,xH, —jB.ixH, A =+joenE, (2.56)
V,xE,~jB,2xE, =—jouH, (2.57)
V,xH, - jB,2xH, =+joen’E, (2.58)

15
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Dot-multiply egs. (2.55) with H, and (2.57)with H, and subtract. We have

V,(E,xH,-E,xH,)-j(B,-B)E,xH,-E,xH,)-2=0 (2.59)
Integrate (2.59) over the entire cross section and utilize the Green’s theorem. Note that

the fields vanish at infinity, we have

(8.-8) || (EnxH,-E,xH,) tda=0 (2.60)
entire region
if 8, # f,, then
'U (E,,,,XH,,,—E,,,XH,,,,)-fda=O (2.61)
entire region

Change m to —mand make use the symmetric properties of the modes, we have

(8.-8) |[[ (E.xH,-E,xH,) 3da=0 (2.62)
entire region
if B, #-p,,then
[ (Bn.xH,+E,xH,) 2da=0 (2.63)
entire region

By adding or subtracting (2.62)with (2.63) yields

|| (BEnxH,)-2da= [ (E,xH,)-5da=0 (2.64)

entire region entire region
This orthogonality relation is valid even for active or lossy media. In particular, if the

media are passive and lossless, the orthogonality relation maybe rewritten as

[[ (E,xH,) 2da=0 (2.65)

2.6 Confinement factor

The confinement factor is an important parameter featuring the percentage of the

power being confined in the guided region of the waveguide. The confinement factor in
16
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this thesis is defined by

[ ®(E:H,-EH,)dxdy

__ Guided region
t ] ) R(E.H,~E,H, )dxdy (2-0)

Entire region

2.7 Wave Equations of 2D Waveguide Structures

If the waveguide extends infinitely in the direction parallel to the transverse cross
section, the electromagnetic waves will be confined only in one direction. Suppose the
refractive index is uniform along y coordinates, then the electromagnetic fields do not

change with y, i.e.,

9o (2.67)

By applying this condition into egqs (2.8) and (2.22), we find there are two sets of
solutions corresponding to the transverse(TE) and the transverse magnetic TM modes,
respectively. Accordingly, only three components exist for TE modes and TM modes,

namely, E, , H,, H, for TE modes, and H ,»E,, E, for TM modes. The governing

equations for TE modes can be expressed in terms of E fields

azEy 272 2

—a-xT+(n ks — B ) E, =0 (2.68)
or H fields

O*H

7 +(n’ks - B ) H, =0 (2.69)

The transverse electric field is related to the transverse magnetic field by
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E ==H (2.70)

Similarly, we can obtain the governing equations for TM modes in terms of E fields

g(%%(anx))+(n2kg By )E, =0 2.71)
or H fields
2 a l 6Hy 212 2
i e +(n’ks — By ) H, =0 (2.72)

The transverse electric field is related to the transverse magnetic field by

E = -ﬂ’gf— Z,H, 2.73)

From the above analysis, it is clearly shown that the two sets of equations for TE and TM

modes are dual to each other. We may obtain the solutions for TM modes from TE modes

by replacing H for E, E for —H and g, for g,n* .

2.8 Summary
In this Chapter, the frequency-domain governing equations have been derived and
discussed. The duality of electric fields and magnetic fields has been presented. Important

properties of guided modes such as normalization, orthogonality have been described.
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Chapter 3 Finite difference Method for Optical
waveguide Mode Analysis

3.1 Introduction

The prerequisites of the simulation, analysis, design, and optimization of the
optical waveguide structure is to determine the complete set of guided modes and
radiation modes. In principle, the radiation modes need to be considered to expand the
arbitrary fields of the open waveguide. In practice, however, the continuum nature of the
radiation modes makes them hard to use. The discrete leaky modes, on the other hand,
may approximately represent a cluster of radiation modes under some circumstance. The
leaky modes are unbounded by nature and hence lack the usual characteristics of normal
guided modes in terms of normalization and orthogonality [45].

Recently a novel scheme for handling of radiation optical fields was proposed and
demonstrated by applying perfectly matching layers (PML) terminated with a perfectly
reflecting boundary (PRB) condition [48, 49]. In this scheme, the radiation fields are
represented in terms of a set of complex modes, some of which resemble the conventional
leaky modes and others associated with the interaction between the PML media and the
reflecting numerical boundaries. The mode spectrum is therefore split into the guided
modes and complex modes which possess the normal mode features such as
normalization and modal orthogonality. The seemingly paradoxical application of both
the PML and PRB in the new method has in fact overcome one of the main challenges

associated with this traditional method, i.e., the desire for discrete, orthogonal, and
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normalized modes to represent radiation fields and the need for elimination and reduction
of spurious reflections from the edges of the finite computation window. In this chapter,
we will describe the computation model used in this work and the related
implementations.
3.2 Computation Model

The schematic of the computation model is illustrated in Figure 3.1. The optical
waveguide is enclosed by perfect matched layers terminated by perfect reflection

boundaries.

Figure 3.1. Mode computation model

One has to solve eq. (2.13) or eq. (2.23) to obtain the complete modal solutions.
As described in the previous section, many numerical solutions are available for this task
[52]. In this work, finite difference method is preferred due to its simplicity and
straightforward implementation [53-55]. It should be noted that, for two dimensional
waveguide structures, analytical methods are also qualifying the mode calculations within

this computation framework [56-58] .
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Although finite difference schemes have been widely used in solving partial
difference equations, it is recently introduced into optical waveguide analysis by
Stern[54]. In stern’s approach, the discontinuity of the dielectric medium was matched by
averaging the permittivity over meshes. For the sake of simplicity, we use the two-
dimensional waveguide structures to illustrate the implementation of FDM. Considering

the sampled field ¢ and the nearby field ¢, illustrated in Figure 3.2.

Di-1 Pi Di+1

Figure 3.2 Schematic of interfaces between sampled points

Using the Taylor series expansion, the second derivative of ¢, is expressed as

d2¢1 = ¢i+1 +¢1-1 "2¢1 +O(h3).

dx2 hZ (3‘1)
The TE modal equation(2.68) is discretized as
1/, g n: ,
F(E;“ +E}t ~28} )+ nGE, = B°E}, (3.2)
and the TM modal equation(2.71) under this FDM scheme is discretized as
1) 1 41 1 -1 1 1 S IR TE T e
—| ——E;" +——E, " — + E, |+nkE, = B°E, 3.3)
W (”i2+o.s ) (ni2—0.5 ) [(ni2+0.5 ) (ni2—0.5 )] o

where
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(3.4

Combining all sampled points together the discretized modal equations become the eigen

value problems,
AD =0, (3.5)
where A is a sparse matrix. The eigenvalue problem can be solved efficiently with

Arnoldi iteration method.

It’s noted that the truncation error of this scheme is O(ho) , where % 1is the mesh

size. The truncation error is implied by the discretization scheme although the accuracy
can be increased by using fine meshes. By using the Taylor series expansion at the

interface of the refractive index discontinuities, Vassallo[59] provided an improved FDM

scheme which has O(hz) truncation error when the interface is in the middle between the

sampled points. Later on, this work is developed by Chiou[53] et al with the combination

of the Generalized Douglas (GD) scheme. The truncation error of Chiou’s scheme is

0(h4)in the uniform discretization cases irrespective of the location of the interfaces.

The high order finite difference scheme, is effective for two-dimensional waveguide

analysis, however, is cumbersome in three-dimensional waveguide investigations[60].
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3.3 Perfect Reflection Boundary Conditions

In this thesis, we are using perfect reflection boundary conditions (PRB) to

terminate the computation window. For M x N grids, zero boundary conditions require

that
®,, =0 n=0,1,2,---N
®,,= m=0,1,2,--M
®,,,., =0 n=0,1,2,--N
@, =0 m=0,1,2,---M

If the computation window is large enough, the field can be seen decaying to zero.
However, parasite reflections may happen for radiative waves since they will be reflected
back at the boundary thereby affect the simulation results. The problem is well overcome

by the introduction of perfect matched layers and will be described in the next section.

3.4 Perfectly Matching Layers

The modal solutions for the forward propagating fields on the reference

waveguide structures with PML are governed by the modified Maxwell’s equations [50]
V. xE— jPE =-jou,[A|H (3.6)
V,xH - jBH =+ jwe[A|E (3.7

where £(x,y) is the refractive index of the unperturbed reference waveguide without

PML. The tensor [A] accounts for the PML and is given by

[A]l=| 0 s./5, O (3.8)
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where S, and S, are called the coordinate stretching factors and given by

S, =x,—j= (3.9)
e
(o2

S, =k, —jz:: (3.10)

and «,(x,) and o, (o, ) are the parameters to control the phase shift and absorption of
the travelling waves in the PML along x (y). For non-PML media, we havex, =x, =1,
o,=0,=0.

In practice, we normally set the phase-shift parameter x, and x, to unity since

they are significant only for dealing with evanescent fields. On the other hand, the

profiles of the absorption coefficients o, and o are critical for effectively reducing the

reflections from the perfectly reflecting boundary. A commonly used expression for the

absorption profile is

p m
= O @3.11)
o=e [TPML]

where T p,, is the thickness of the PML layer and pis the distance measured from the

starting position of the PML. A good measure for the effectiveness of the PML is the

reflection coefficient defined by [61]

20 T | P "
R. = e O max d .
PML eXP{ " '———80 i _L (T J P} (3.12)

PML
In terms of the PML reflection coefficient, the PML coefficient can be conveniently
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expressed as

. A 1 Yo, "
S=x J——4ﬂnTPML[(m+1)m(Rpm)](Tpm] (3.13)

It was shown that when m =2 the PML seems to be the most effective.

3.5 Examples

To illustrate the salient features of the complex modes and their dependence on
PML parameters, we calculate the mode effective indices and corresponding field
patterns for a step-index slab waveguide with refractive indices of the core, inner
cladding, and outer cladding equal to »_,n,, and n,, respectively (Figure 3.3). In
particular, we vary the value of the refractive index in the outer cladding from lower,
equal, and higher than/to the refractive index of the inner cladding so that the modal
characteristics of the cladding guided, radiative, and leaky situations can be examined in

detail. The waveguide parameters are chosen such that the refractive indices of the core

and the inner cladding are n,=1.458 and n, =1.450 , respectively. The half widths of the
core and the inner cladding layers are d,, = 2.5um and d, =12.5um . The operation
wavelength is assumed to be A= 1.550um . The thickness of the PML layer is
Toy = 2.5pum and positioned at d,,, = 38um . The PML absorption coefficient is chosen

such that the total PML reflection coefficient is R,,, =107,
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Figure 3.3 Schematic of five-layer step-index waveguide

In Figure 3.4(a), it shows the real and imaginary parts of the effective indices for
the first twenty (20) modes supported in the waveguide for four different values of the
refractive index in the outer cladding. In order to clearly observe the characteristics for
the guided and quasi-leaky modes, we further blow up a portion of the graph in the
dashed circle in Figure 3.4 (a) and show it in Figure 3.4 (b).

It is apparent that, in the case that the index of the outer cladding is lower than
that of the inner cladding, all the modes are guided with real effective indices as if the
PML and PRB do not exist. In the case of infinite cladding with »n, =#_ and leaky
waveguide structures with outer cladding index higher than the inner cladding
(n,>n,), the cladding modes become complex and are divided into two groups,
namely, the cladding quasi-leaky modes with the field mainly confined in the cladding
region, and the PML modes with the field mainly concentrating in the PML region. The
imaginary parts of the quasi-leaky modes represent the radiation loss. It is observed

that, as the refractive index of the outer cladding increases from below to above that of

the inner cladding, the leakage loss of the cladding modes increases. Further increase of

26



Chapter 3. Mode Analysis Ph.D. Thesis — Jianwei Mu - Electrical Engineering

the outer cladding index, however, leads to a decrease in leakage loss due to the

increase in reflection from the interface between the inner and outer cladding.

—_---~

0.0‘ » = = o= oweow ..&w. - —ﬁ
1 = ns=1.0 5
e ns=1.445 o
<0.14 =+ ns=1.45 x
= v ns=1.455 S=> %
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= £
E 0.2 =
PML Modes
T
'0-3 T T v T T ¥
1.32 136 140 1.44 1.48
Re(Neff)
(a)

-

-~

0.04 ¢ A T
-"““'/-v -------- f_:;?
’ o~
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-0.5 ,l R “
foos
| s ns=1.0 ' . |
-1.0 o ns=1.445 Ve T
: & ns=1.45 Ve v )
v ns=1.455 ' !
-1.5- /'\ .
Quasi-Leaky Modes
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140 141 142 143 144 145

Re(Neff)

(b)

Figure 3.4 (a) Real and imaginary parts of the effective indices for the first twenty

(20) modes (in descending order based on the values of the real part for the mode

effective indices) supported in the waveguide for the different outer cladding

indices. (b) A blow-up view for the portion of graph in (a) enclosed by the dashed

circle.

In Figure 3.5, we plot the mode leakage loss defined as the power attenuation

coefficient in dB per mm for the first five (5) quasi-leaky modes as functions of the outer

cladding index. It is observed that the leakage losses of the higher-order complex modes

are higher. In addition, we see that, as the refractive index of the outer cladding increase

beyond that of the inner cladding, the leakage loss of the corresponding complex modes

decreases due to the increase of the reflection at the inner and outer cladding interface.
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Figure 3.5. Mode leakage loss for the quasi-leaky modes.

Mode Leakage Loss (db/mm)

Further, we observe the presence of the PML modes whose imaginary parts of the
effective mode indices are much greater than those for the quasi-leaky modes. It is also
noted that as the mode order increases, the imaginary parts of the PML modes increase
but their real parts decrease, which are fundamentally different from the characteristics of
the quasi-leaky modes.

The mode field patterns of the fundamental guided mode, the lowest order quasi-
leaky cladding mode, and the lowest order PML mode are depicted in Figure 3.6 for the

three waveguide structures (i.e., n, <n,,n, =n,and n, >n,).
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Figure 3.6 Mode field patterns: (a) the fundamental guided mode; (b) the quasi-
leaky cladding modes; (c) the PML modes.
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It is noted from Figure 3.6 that the guided mode is well confined in the core and
hence not affected by the change of refractive index in the outer cladding as expected. On
the other hand, fields of the quasi-leaky modes are primarily concentrated in the inner
cladding region and hence highly sensitive to the variations of refractive index in the
outer cladding. It is observed that more leakage for the cladding modes occurs when the
refractive index of the outer cladding is slightly greater than that of the inner cladding,

e.g., n, =1.455. The cladding mode suffers less loss as the index of the outer cladding

becomes significantly larger than that of the inner cladding due to the reflection from the
interface between the inner and the outer claddings. Finally, the PML modes are mainly
present in the PML region and suffer huge mode losses.

The use of PML does introduce additional complexity in the waveguide model
with more parameters. Therefore, it is instructive to investigate the effect on PML
parameters on the mode characteristics. The field confinement factors in the core and the
inner cladding as functions of PML reflection coefficients are shown in Figure 3.7(a) and

Figure 3.7 (b), respectively.
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Figure 3.7. Field confinement factor as a function of PML parameters.
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The field confinement factors in the core and the inner cladding as functions of

computation window size are shown in Figure 3.8(a) and Figure 3.8 (b), respectively.

—

© o o
P2 @

Core confinement factor
o
N
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)
\Guided
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/Leaky Modes
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-
-

Cladding confinement Factor
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Figure 3.8. Field confinement factors in core and cladding region as functions of

computation window ( n, =1.455).

It is observed that the core guided mode and the lower order cladding quasi-leaky
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modes are not much affected by the variation of the PML parameters as shown in Figure
3.7 (a) and Figure 3.8 (a). On the other hand, the higher-order cladding leaky modes and
the PML modes are more sensitive to the computation windows size and the PML

absorption coefficient as shown in Figure 3.7 (b) and Figure 3.8 (b). The use of PML
reflection of 1072 and the computation window size of 90.5um appears to be sufficient
for the calculation of the complex modes of the waveguide under investigation.

Further, we investigate the modal orthogonality defined by eq. (2.64). For the first
forty (40) modes obtained for the waveguide structure with infinite cladding

(n, =n, =1.450). We show the results for the mode order m and » in Figure 3.9(a) and

Figure 3.9 (b), respectively. The mode orthogonality defined in eq. (2.64) in terms of the
overlap integral without complex conjugate is clearly demonstrated Figure 3.9 (a) for the
complex modes. On the other hand, these complex modes are not necessarily power-
orthogonal, i.e., the overlap integral with complex conjugate customarily used in the
conventional coupled-mode theory are not always null, especially for the high-order
complex modes as illustrated in Figure 3.9 (b). Nevertheless, for the coupling among
guided and lower-order complex modes with relatively small leakage losses, the power

orthogonality relationship is approximately valid as demonstrated in Figure 3.9 (b).
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Figure 3.9. Mode field overlap integrals for different modes. (a)Non-conjugate
overlapping integral using eq. (2.64); (b) Conjugate overlapping integral using eq.
(2.65).
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3.6 Summary
In this chapter, the computation model based on the combination of perfectly

matched layers and perfect reflection boundary conditions has been described. It shows
that within the current computation model, the complete mode spectrum consist of guided
modes and complex modes. Characteristics of complex modes as functions of PML
parameters have been discussed. The orthogonal relationship of complex modes has been
disclosed and it is found that for higher order modes, non-conjugate overlapping integral

should be used instead of conjugate overlapping.
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Chapter 4
Complex Mode Matching Method

4.1 Introduction
Mode-matching method (MMM) has been known as an efficient and rigorous

method in dealing with waveguide structures with longitudinal discontinuities especially
for periodical structures. In MMM approach, the structure is divided into multiple
homogenous sections. For each section, the total propagating field is expressed as the
eigen-modes superposition. By applying the continuity conditions of tangential
components of electric and magnetic field at the interfaces and the mode orthogonality
relations, the different sections can be related by a scattering matrix. The entire reflection
and transmission are calculated by cascading the scattering matrices. The theoretical
formulations of the mode-matching method have been developed in the literature [31, 62].
The area of continuing interests and research activities has mainly concerned the
treatment of the radiation fields for simulation of open waveguide structures. One of the
widely used approaches was by enclosing the object with a sufficient large metal box so
as to discretize the continuous radiation fields. The shortcoming associated with the
computation model is that a large number of the modes in the box have to be considered
to ensure adequate accuracy. Further, a detrimental oscillation error has been observed
with change of the size of the computation window that is slow to diminish. Another

scheme for implementation of the MMM is to represent the radiation field in terms of
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Fourier expansion. In this treatment, a periodic boundary condition is implied and
spurious reflections from the boundaries need to be dealt with [63].

Recently, a new scheme for the mode-matching method was proposed and
demonstrated by applying perfectly matching layers (PML) terminated with a perfectly
reflecting boundary (PRB) condition [48, 49]. In the new MMM scheme, the radiation
fields are represented in terms of a set of complex modes, some of which resemble the
conventional leaky modes and others associated with the interaction between the PML
media and the reflecting numerical boundaries. The mode spectrum is therefore split into
the guided modes and complex modes which possess the normal mode features such as
normalization and modal orthogonality. So far, the finite-difference based numerical
implementation of MMM for the analysis of three-dimensional structures has been
reported under the semi-vector approximation. It is true that the semi-vector
approximation is sufficient for many practical optical waveguides in which the modal
fields are predominantly linearly polarized and the coupling between the field
components is negligible. However, the modal hybridness in high index contrast
waveguides is usually pronounced and can not be ignored. In order to accurately model
such devices—polarization rotator, for example, the semi-vector approximation is
deficient and the full vector approach is mandatory [51, 64].

4.2 Derivations of Complex Mode Matching Method

Considering a wave propagating from z < 0, at the first discontinuity (z=0), part

of the wave will be reflected into the region z < 0and part of the wave will be transmitted

into the region z>0. Assuming that N modes are significant in both sides, the total
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transverse fields in terms of the forward waves (denoted by “+”) and backward

waves(denoted by “—") can be expressed as:

for z<0
A N A BAr A
E} =) (g e A7 1 aief7)ah, 4.1)
i=1
A N + -jph iBAz\ TA
H}=Y (g /A% g e/A )R, (4.2)
i=1
forz>0
B N + .ipB 3Bz B
EP=Y (b +be/A")eg, (4.3)
k=1
B 4 B Bz 7B
HP=Y (be P _pelP*ypg. (4.4
k=1

Here, the superscripts A and B denote the waveguide sections z <0 and the first section
as z> 0, respectively; subscript t denotes the transverse component; the subscriptsi and

kdenote mode index in waveguide A and waveguide B, respectively.  and 4, are the
transverse electric and magnetic fields, and o* (b*) are the amplitudes of forward and

backward waves in waveguide A (B). The continuity of the tangential electric and

magnetic fields at z=0 gives rise to

N N
> (a +a;)El =) (b +B) ey, (4.5)
i=1 k=1
N - N R
Y @ -a) =Y (B -b) . (4.6)
i=1 k=1

38



Chapter 4. Complex MMM Ph.D. Thesis — Jianwei Mu - Electrical Engineering

Taking the inner product of Eq. (15.a) with 22 and &2 with Eq.(15.b) , and utilizing the

orthogonality relations, we obtain

N [<zApBsi<zB jAST N [ <32 1B >_<zB fAS

b:=z ai_,_ <eu ’htk + i ,h +z a{ €4 ,h €k ,h ’ (47)
= L 2<Gp > 1= L 2 by > i
N >_<gB pAST N [<gA jBs, <

bl-(=z ai+ htk htl +Z ai. i ’htk + etk’hn X (48)
o | 2<énhe> | 5| 2<éihy>

where the inner product of the field vectors is defined by

<é',ﬁ>=%ﬂ(éxﬁ)-2ds.

In the matrix form, we have

P =(711AB -'IizAB) q’ =T,g- q" , (4.9)
)2 Lias Troas q q
where p+ and g+ are defined as mode amplitude vectors ( &fb5,---b5 ) and

( af,a5,---a )respectively. T,; denotes the transfer matrix across the discontinuous

interface Z =0 . In this work, scattering matrix is used since the transmission and

reflection coefficients are easily obtained. The scattering matrix is written as
+ T R + +
q 2( AB B,A) p =S,5- q (4.10)
p ) \Bap Taa)lq q
The elements of scattering matrix S,; are given by

Tap =T1as —Ti2a8  Traas Toian 4.11)

Ry a =Tioan Troap (4.12)
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RA,B = _TZZAB—I ‘T8 (4.13)
Tya =Tpan (4.14)

The complete scattering matrix which characterizes a unit cell can be acquired by
cascading the scattering matrix across the junction and propagation matrix within the z -
invariant sections. Taking the example of section B, the propagation matrix is given by,
e—fﬂlB Ap 0
B= , (4.15)

0 e~jﬂ5 Ay

where A, is the section length. The elements of scattering matrix of a unit cell are given

by
TNg =Py Ty, (4.16)
Ri\ =Py Rya- P, 4.17)
Rip=R,p, (4.18)
Toa =Tsa Py (4.19)

where u denotes the unit cell. The entire scattering matrix for the structures with multiple

discontinuities can be obtained by cascading the scattering matrices layer by layer.

Assuming that the scattering matrix linking the first interface with the (m —1)th interface is

[P;-x} - |:Tl',m—1 Rm—l,l:”: P1+ } (4.20)
p Rl,m—l Y P
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and the scattering matrix linking the (m - 1)th with m™ interfaces is given by

+ T +
[ P }=[ o R’""”"][p '”_“], (4.21)
P m-1 Rm—l,m T m,m-1 P m

the scattering matrix linking the first interface with the =" interface can be easily obtained

by
ik
Pl Ba TP,

where
VA SN 0 £ S S i (4.23)
Ry =T =Ry Rosn) R i T + Ryt (4.24)
R,=T,  (U-R, R i) Ry + R s (4.25)
T, =T, . .(~R, R )T, . (4.26)

Here 1 is the identity matrix. It is noted that the computation efforts could be significantly
reduced when the structure contains periodic cells such as Bragg reflectors. The key idea
is to find the equivalent scattering matrix of s cells. The scattering matrix of 2 s periods is
obtained by cascading the two identical scattering matrices of s cells. Taking the
advantage of symmetric features, for any M periods, only log, M +1 or log, (M +1) steps
(depends on whether M is an integer power of 2) needed, therefore, this method can speed
up the calculation significantly.
4.3 Evaluations of Complex Mode Matching Method

The full-vector mode-matching method developed in the previous section will be

applied to analyze the facet reflectivity of a buried waveguide structure (Figure 4.1). The
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propagation is along z direction, and the transmission medium is assumed to be air. the

operation wavelength is 1.30 pm.

Wx
>

t I n1 Waveguide Air

- 1, t.,

Figure 4.1. Buried waveguide structure
The modal facet reflectivities of the fundamental quasi-TE and quasi-TM modes

against the core width wx have been calculated. The refractive indexes of the core and the
cladding media are 3.54 and 3.17, respectively. The core thickness t is 0.4 pm. The
simulation parameters are summarized as follows: the computational window size is
1.4um x 2.4 pm (thickness x width) including a perfectly matched layer (PML) of 0.2um
thickness on each side; the horizontal and vertical mesh sizes are 50 nm. Three hundred
modes have been employed to increase the accuracy.

The modal reflectivities of the quasi-TE and quasi-TM modes against the core
width of the buried waveguide are shown in Figure 4.2. Comparing with the reported
results from full-vector and semi-vector approaches [28, 65], it is observed that the results
from full-vector mode-matching method are in good agreement with that from the full-
vector Bi-BPM. However, it is noted that there is a prominent discrepancy between the

semi-vector and the full-vector approaches as the width and thickness of the structure
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becomes comparable. In other words, the semi-vector method is valid for large structure

aspect ratio » (defined by max (wx,t)/min (wx,t)).
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Figure 4.2. Calculated modal reflectivities of quasi-TE and quasi-TM modes. Solid
triangles: full vector mode matching method; solid circles: full vector beam
propagation method; solid squares: semi—vector beam propagation method.
We also investigated the convergence behaviour of the facet modal reflectivity of
the buried waveguide as a function of mode numbers. The simulation parameters are
summarized as follows: the width and thickness of the cross section are fixed at 0.4 pm,;

the computation window is set to 1.4pm x 1.4 pm (thickness x width) including a
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perfectly matched layer (PML) of 0.2 um thickness on each side. The facet reflectivity of
the quasi-TE mode as a function of mode numbers is shown in Figure 4.3. It is observed

that the modal reflectivity oscillates then converges to stable.
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Figure 4.3. Facet modal reflectivity as a function of mode numbers.
To validate the full-vector finite-difference mode-matching method for multiple

discontinuities, the polarization rotator which has been widely used in optical systems is
simulated[64]. The structure consists of a buried waveguide (1=20mm) with periodic
perturbations (Figure 4.4). The structure parameters are summarized as follows: The

refractive indexes of buried waveguide and the loadings are ¢ =2.8; the width (W) and

the height (H) of the buried waveguide are 13mm and 6.5 mm, respectively. The width of
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the loading (w) is chosen to be half of the waveguide structure, i.e., w=6.5mm. The height
of the loaded strip (h) is chosen to be 2mm or 3mm. The phase matching condition
between the fundamental quasi-TE and quasi-TM modes in the loaded sections gives rise

to the loading lengthd =z /(8 - B,, ), where B, and g,, are the propagation constants of

the quasi-TE and quasi-TM modes, respectively.
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Figure 4.4. Schematic representation of a periodically loaded waveguide. (a) Top

view (b) cross-section.

The parameters used in the simulations are summarized as follows: the
computational window size is 35 x 35mm including a perfectly matched layer (PML) of 6
mm thickness on each side; the mesh sizes are fixed as Ax = Ay =0.5mm, 60 modes are
employed in the mode matching scheme. The power exchange as the function of loadings
for h=2mm and h=3mm are shown in Figure 4.5 and Figure 4.6, respectively. It is

observed that the simulation results agree well with the experimental results from ref [64].
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The overall loss is proportional to the loading numbers which results from the radiation

loss at the junctions.
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Figure 4.5. The Power exchange between quasi-TE and quasi-TM modes as the functions
of loading numbers (h=2mm). Solid line: Quasi-TE from MMM, dot line: Quasi-TM

from MMM,; circle: Quasi-TE from experiments; square: Quasi-TM from experiments.
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Figure 4.6. The Power exchange between quasi-TE and quasi-TM modes as the functions
of loading numbers (h=3mm). Solid line: Quasi-TE from MMM; dot line: Quasi-TM

from MMM circle: Quasi-TE from experiments; square: Quasi-TM from experiments.
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4.4 Applications of Mode Matching Method

4.4.1 Slot waveguide Grating

Photonic devices based on slot waveguide structures have recently attracted much
attention as a solution to confine light in the low-index material within the nanometer
range [66-69]. Different from the conventional optical waveguides in which the light is
guided in high index medium by the total internal reflection (TIR)[33, 70], the slot
waveguide confines the TM field in the low index region by way of strong discontinuities
at the interface between the low-index core and the high-index claddings. The boundary
condition for the dominant TM field at the interface dictates that the electric field is
significantly higher in the low index region than that of the high-index cladding region so
that the light can be confined and guided with low leakage losses as long as the slot width
is smaller than the decay length of the field in the guiding region. The distinct
characteristics of the slot waveguides have been explored in a number of applications,
including optical modulators[71], direction couplers [72], optical sensing[73] and optical
beam splitters[74]. In this section, we investigate by way of theoretical modeling and
simulation, the important performance parameters of Bragg gratings based on dielectric
slot waveguides such as the peak reflectivity, the field confinement factor, etc., against
key design parameters such as the refractive index and width of the guiding layer, the
widths of the cladding layer etc. The simulation is conducted by employing a complex
mode matching method (CMMM) and the accuracy of the CMMM is validated by a bi-

direction beam propagation method (Bi-BPM)[75] .
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The waveguide grating is modeled as a periodic structure with a unit cell
consisting of two sub-sections of different widths for the high-index claddings, namely,
section A and section B in Figure 4.7. The width of the high index region of section A,
the width of the high index cladding region of section B, slot core width, core refractive
index, the section lengths of section A and section B are represented by w1, Wi, Wi, g,
Aa and Ag, respectively. The remaining waveguide parameters in our simulation are
defined as follows: the refractive index of the high index cladding is ny=3.48, the

refractive index of the outer cladding is nc=1.0, the desired central wavelength

isAy=1550nm.
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Figure 4.7. Schematic of a Bragg grating based on slot waveguide. The high index
cladding width varies along the propagation direction in order to create a periodic

perturbation.
The confinement factor in the slot region is defined as the fraction of power

concentrated and guided in the slot core region:
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We have assumed that the grating is due to the corrugation of the outer cladding
surfaces, which may be readily realized by etching. The other reason for the grating on
the outer cladding interfaces is that the field at the grating interface is relatively weak and
the field mismatch between the adjacent grating sections is small. Hence, the scattering
loss due to longitudinal discontinuities is relatively small. The method of simulation
described below is equally applicable for other grating configurations such as gratings
placed at the inner surface of the grating. As the field is stronger and the field mismatch
larger under this circumstance, we expect that the scattering loss for this type of grating is
higher than that of the outer interface for the same grating height. Also, we have
simulated the vertically etched gratings based on a 2D structure. For a horizontally etched
grating, the simple 2D model is no longer valid. We may reduce the 3D structure into an
equivalent 2D structure by using effective index method in which the horizontal surface
grating is converted into a volume grating. Such an approximation is, however, not very
accurate and will not be pursued further in this paper.

For analysis of the slot waveguide gratings, we employ a complex mode matching
method (CMMM), which is well suited for simulation of the periodic waveguide
structures due to its intuitiveness, computation efficiency and accuracy, and the optical

modes of the structure are calculated by a finite difference mode solver [53]. In the

49



Chapter 4. Complex MMM Ph.D. Thesis — Jianwei Mu - Electrical Engineering

CMMM, the structure under investigation is enclosed by perfectly matched layers (PML)

terminated by perfectly reflecting boundaries (PRB) as illustrated in Figure 4.8.

Perfect Reflecting Boundary

Perfect Reflecting Boundary

Figure 4.8. Sketch of the computation window: the studied structure is enclosed by
perfectly matched layers terminated by perfectly reflecting boundaries (PRB).

To support and validate the complex mode matching method, we have also
applied a different numerical method, namely, the bi-directional beam propagation
method (Bi-BPM) to the same slot waveguide grating structures. The Bi-BPM based on
scattering operators relies on the reflection operator and transmission operator. The
reflected and transmitted fields can be calculated from these operators defined at the input
interface, which are obtained by a sweeping process from the output to the input of the
structure involving transition step and propagation step. The continuity conditions of
tangential components of electric and magnetic field at the interface of discontinuities
lead to the transition step. The propagation step is carried out by a normal one-way BPM
process. The rational approximation such as rotated branch cut Padé approximation to the
square root operators can be further applied in the transition step and propagation step.

In order to illustrate the accuracy and efficiency of the CMMM, the reflection

spectrum of a designed slot waveguide grating (Figure 4.7) is calculated by CMMM and
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Bi-BPM. The core width is wi=20nm; The widths of the two high index cladding
segments are wi;=100nm and wy,=110nm, respectively. The refractive index of the slot
core region is n;=1.0. The lengths of the two sections are A,=0.31pm and Ag= 0.28um,
respectively. The number of periods is 20. Parameters used in the CMMM simulation are
summarized as follows: the computational window size is 2.02um including a perfectly
matched layer (PML) of 0.2um thickness on each side; 40 modes have been employed to
achieve a sufficient precision. The parameters used in Bi-BPM are as follows: the
computational window size is 2um including a perfectly matched layer (PML) of 0.2pm

thickness on each side; the longitudinal step sizes in », and n, regions are
Az, =0.031pm and Az, =0.028 um, respectively; the reference index is chosen to be the

effective index of the corresponding waveguide segment. The complex Padé (8, 8)

approximant is used in combination with a rotated anglea =7 /2.
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Figure 4.9. Reflection spectrum of slot waveguide grating Figure 4.7 with 20
periods. Circle: Bi-BPM; diamond: CMMM. '
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We present the reflection spectrum covering the wavelength range from 1.45um
to 1.65um with a resolution of 5nm obtained by CMMM and Bi-BPM in Figure 4.9,. The
good agreement of the two methods verifies the accuracy of CMMM.

A. Effect of the Refractive Index of the Guiding Layer
We first study the dependence of the optical confinement and peak reflection of

the guiding layer, i.e., the slot core. The grating parameters used in the simulation are as
follows: the core width is wi=20nm. The widths of high index cladding region are

wi;=100nm and wy=110nm, respectively. The number of periods is 20.

Reflection

145 1.5 1.55 1.6 1.65
Wavelength (um)

Figure 4.10. Reflection spectrum of slot waveguide grating of Figure 4.7 with 20
periods for different refractive indexes of the guiding layer. Circle: n;=1.0;

diamond: ny=1.20; star: n;=1.44; square: n;=1.55.
The reflection spectra are calculated and displayed in Figure 4.10 as a function of
refractive index of the guiding layer. It is observed that with increasing the refractive
index of the guiding layer, the peak reflection tends to increase. On the other hand, the

confinement factors in the guiding layer for the two grating sections decrease with the
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increase of the guiding-layer refractive index as shown in Figure 4.11. The reason for the
increase in peak reflectivity and decrease in confinement factors under this condition is
that the field intensity near the outer interface of the cladding is enhanced as the index of
the guidance layer increase, which leads to an increase in grating induced reflection. In
the meanwhile, the field confinement in the guiding layer is reduced as the field spreads

more out into the cladding regions.
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Figure 4.11. Confinement factor in the core region as functions of guiding-layer
refractive index, wy=20nm, wy;=100nm, wy,=110nm, the number of periods is 20.
Solid square: confinement factor in section B; solid circle: confinement factor in

section A.
We also investigate the peak reflection as a function of period numbers with
respect to different core materials. Figure 4.12 shows the peak reflection with respect to
grating length as core refractive index varying from 1.0 to 1.55. We observe that the

general trend with respect to grating period numbers, namely, the peak reflection will
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increase rapidly then get saturated to a maximum value. A maximum peak reflection of

about 98% is observed in 75 periods.
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Figure 4.12. Peak reflection versus period numbers for different guiding-layer materials.
wi=20nm, wy;=100nm, wy,=110nm. Solid square: n;= 1.0; solid circle: n=1.44; solid
pentagram: n;=1.55; solid downward pointing triangle: n;=1.20.

B. Effect of the Width of the Guiding Layer

The effect of the slot width on the confinement factors and peak reflectivity is
investigated in this section. We assume the widths of two high index cladding regions are
wi=100nm and wyp=110nm, respectively. The refractive index of the slot core region is
n;=1.0 and the number of periods is 20. We calculate the confinement factor of section A
and B, and peak reflection as a function of the slot core width. The results are presented
in Figure 4.13. It shows that the confinement factors in both sections A and B increase

whereas the peak reflection decreases with the increase of width. From Figure 4.13, it is
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observed that there is a tradeoff between confinement factors and peak reflectivity against

the width of the slot width.
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Figure 4.13. Peak reflection, confinement factors in core region of section A and
confinement factor in core region of section B as functions of core width. solid square:
confinement factor in section A; solid circle: confinement factor in section B; solid star:

Peak reflection.

It is noted that the slot width used in the investigation for the effect of the
refractive index of the guiding layer is 20 nm which is narrower than what has been
experimentally demonstrated. The conclusion obtained from the analysis should be
applicable for waveguides with larger slot width. In fact, we have studied the effect of
slot width from 10 nm — 50nm in Section B and the results indeed support above claims.
C. Effect of the Width of the High Index Cladding

To reveal the dependence on the width of the high index cladding width (wy) for
the confinement factors and the peak reflection, we fix the difference of the high index
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claddings, namely, Aw=wy;-wip. By setting Aw=10nm, the refractive index of the core
n;=1.0, the width of the slot core wi=20nm and 20 periods, we calculate the peak
reflection and confinement factors as a function of high index cladding width wyi. The

results are shown in Figure 4.14.
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Figure 4.14. Peak reflection, confinement factors in the guiding region of section A and B

as functions of high index cladding width wy;. Solid square: confinement factor in section

A; solid circle: confinement factor in section B; solid star: peak reflection.

It is observed that both the reflection and confinement factors increase as the
width of the cladding increases when the width is relatively small (<110nm). They then
reach their maximum values at a certain width and subsequently decrease with increasing
the width of the high index cladding layer. These behaviors can be explained by the
evolution of the power density distribution of the fundamental mode of the slot
waveguide (section A) as a function of the cladding width as illustrated in Figure 4.15.
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The power density distributions at three different high index cladding widths, i.e.,
wi1=80nm, 120nm, 180nm, respectively, are displayed for the sake of comparison. It is
noted that the power density is higher in the low-index slot region and also around the
outer cladding interface where the gratings exist for wy=120nm than those at wy=80nm

and 180nm, which also means greater confinement and reflection.
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Figure 4.15. Power density distributions of the fundamental mode the slot waveguide for
different widths of the high-index claddings. Solid line: wy;=80nm; dotted line:
wzi=120nm; dash line: wy;=180nm.

It is noted that the height of the corrugation 10nm in our simulation may be
difficult to realize with current fabrication technology. As the objective of this work is to
understand the underlying physics and hence the choice of such a parameter will not alter

the conclusion drawn from the simulation and analysis. The characteristics of the
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confinement factor and peak reflectivity as functions of the cladding widths have
important bearing on the design of the Bragg grating structures in active devices such as
distributed feedback (DFB) and distributed Bragg reflector (DBR) lasers and functional
devices such as tunable optical filters and modulators.
D. Effect of the Grating Depth

Finally, we examine the effect of the grating depth, defined as the difference in
widths for the high index cladding (Aw). We set the refractive index of the core n;=1.0,
the core width w;=20nm, the high index cladding of section A wy;=100nm, and 20

periods. The reflection spectra as a function of grating depth are shown in Figure 4.16.
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Figure 4.16. Reflection spectra of the slot waveguide grating with respect to core widths.
Star: Aw=5nm; circle: Aw=10nm; diamond: Aw=15nm; square: Aw=20nm; cross:

Aw=25nm; pentagram: Aw=30nm.
We observe that the peak reflection increases with the increase of grating depth,

which is understood as the grating becomes stronger. In addition, the peak reflection
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shifts towards the shorter wavelength as grating depth increases, which is different from
the Bragg condition based on the fundamental mode of the slot waveguide. The shift of
the reflection peak from the Bragg condition for strong gratings can be explained as
follows: As the grating is weak, the fundamental harmonic wave, namely, Floquet mode,
is dominant. Correspondingly, the Bragg wavelength corresponds to the peak of the
reflection spectrum. As the grating becomes stronger, the roles of the high-order space
harmonic waves and/or the radiative waveguide modes become more important.
Physically, the interaction between the electromagnetic waves and the periodic grating
structures is responsible for the coupling between the space harmonics of the guided and
radiation modes. Accordingly, part of energy is stored in the vicinity of the grating
interfaces. The reactive stored energy is responsible for the blue shift of the peak
wavelength from the conventional Bragg wavelength.

Finally, it should be pointed out that the analysis is for TM modes only as these
are the modes supported by the slot waveguides with relatively low loss. The TE modes
are in general not supported by the same structures and therefore the waveguides are
highly polarization dependent. Such polarization dependence may be beneficial or

detrimental depending on the applications of the devices.

4.4.2 SPP insulator-metal-insulator grating

Miniaturization of guided-wave optical devices is crucial for building large-scale
dense integrated photonic circuits. Surface plasmonic waveguides have been investigated
intensively in recent years due to their ability to confine and guide electromagnetic waves

in nano-structures at optical frequencies [76-81]. The surface plasma polariton (SPP) is a
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type of electromagnetic wave which is bound to the metal-dielectric interface and decays
exponentially from the interface into neighbouring media [82]. The non-radiative nature
of the field makes possible concentrating and channeling light in a sub-wavelength scale,
and the high surface sensitivity allows one to utilize the periodically modulated metallic
surfaces to construct the photonic band gaps [83-85]. The uses of SPPs to realize low-loss
Bragg gratings as a promising replacement of traditional dielectric gratings which are
widely used in distributed feedback (DFB) and distributed Bragg reflector (DBR) lasers
have been investigated both theoretically and experimentally[86-89].

The published Bragg waveguide gratings could be grouped into two classes
regarding the cross section of the waveguide structures, namely, insulator-metal-insulator
(IMI) [86, 89, 90], and metal-insulator-metal (MIM)[87, 88]. It is a well known fact that
there exists a trade-off between the confinement and the loss. In this respect, MIM
structures provide higher confinement whereas IMI structures give rise to longer
propagation length. However, the proposed IMI waveguides are by corrugated metallic
strip width or thickness, the reflectivity is usually very weak for small corrugation and
high loss is expected as the corrugation is aggrandized.

Alternative structures to realize IMI Bragg waveguide gratings were proposed and
demonstrated in ref[91, 92). The type of structures consists of alternatively stacked IMI
waveguides with different dielectric materials. The low absorption loss is expected for
this structure as the coupling between nearby sections can be adjusted by varying the
dielectric materials. The anomalous transmission behaviours on specific wavelengths has

been investigated by coupled wave method[91]. The similar configuration used as TM-
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pass/TE-stop polarizer has been studied in reference [92]. In this work, the potential
application of the structure in distributed feedback (DFB) and distributed Bragg reflector

(DBR) lasers has been investigated theoretically.
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Figure 4.17. Sketch of the computation window, the studied structure is
enclosed by perfectly matched layers terminated by perfectly reflecting
boundaries (PRB).

The waveguide grating is modeled as a periodic structure with a unit cell
consisting of two IMI waveguide sub-sections of different dielectric claddings (Figure

4.17). The thickness and the refractive indexes of the metal and two upper and lower

claddings are denoted by ¢, n,, n, , and n,,, respectively. The section lengths are
represented by A, and A,, respectively. The waveguide parameters in our simulation are
chosen as follows: the refractive index of the metal is#n, =0.558— j9.81 (gold) and the
desired central wavelength isA,=1550nm. The section lengths and the target central

wavelength are related by the Bragg conditions as follows:

_ Ao
Ay = iRe ( Neff ) 4.27)
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where Neff; , are the effective indices of the fundamental local modes in the two sub-

sections.

The grating structure is investigated by the complex mode matching method in
which the computation domain is enclosed by perfectly matched layers (PML) terminated
by perfect reflecting boundary.

We first study the dependence of the power reflectivity, transmittivity, and loss as
the functions of the metallic strip thickness. The computation parameters used in the
simulation are as follows: the refractive index of the dielectric claddings are n,,=1.44 and
n,,=1.46, respectively. The computation window is 5.0 # m, the thickness of PML is 0.5
4 m for each side. The number of periods is 50.

The reflection, transmission and loss spectra are calculated and displayed in
Figure 4.18 as a function of metallic strip thickness. Three different metallic strip
thicknesses, £ =10nm, 20nm, and 30nm are examined. It is observed that the peak
reflection and the transmission pit decrease with the increase of the thickness of the strip.
The reason for the increase in peak reflectivity for thinner metal thickness is that the field
penetration into the dielectric medium is enhanced as the thickness of the metallic strip
decreases, which leads to an increase of the modal mismatching between the sections. In

the meanwhile, the absorption loss is reduced as a consequence of the reduced metal

thickness.
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Figure 4.18. Reflection, transmission, and loss spectra of the SPP waveguide grating,

solid line: #=30nm; dash: #=20nm; dot: £=10nm.
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Next, we investigate the effect of the refractive index difference between the
dielectric media on the reflection and transmission spectra on the gratings. The

parameters used in the simulation are: £=30nm, r,,=1.44, and n,,=1.46, 1.48 and 1.50.

The number of periods remains 50.
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0.8+

0.6

0.4+

Transmission

1
0.21

0.0
1500 1.525 1.550 1.575 1.600
A (um)

Figure 4.19. Reflection and transmission spectra of the SPP waveguide grating, solid
line: n,,=1.45; dash: n,,=1.48; dot: n,,=1.50.
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The reflection and transmission spectra for different dielectric materials are shown
in Figure 4.19. We observe that the peak reflection increases with the increase of
refractive index difference, which is understood as the grating becomes stronger. In
addition, the peak reflection shifts towards the shorter wavelength as grating depth
increases, which is different from the Bragg condition based on the fundamental mode

calculation.

1.0
0.8
0.6-
0.4-
0.2

0.0
0 20 40 60 80 100
Periods

Figure 4.20. Reflection (R), transmission (T), and loss (L) as a function of period
numbers.

We also investigate reflection, transmission and loss for the proposed grating at
the central wavelength (1.55 pm) at which the reflection reaches its maximum. The
parameters used in the simulation are: the thickness of the core is#=30nm, the refractive

indices are n, =1.44, n,, =1.48, the number of periods ranges from 10 to 100. The

simulation result is shown in Figure 4.20. It is seen that the reflection increases while the
transmission decreases with the period number as expected. On the other hand, it is

observed that the loss changes only slightly and remains very low.
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To further illustrate the performance of the proposed structure, we compare the
reflection and the loss of the current structure with the SPPs ridge grating structure[90].

The ridge grating (Figure 4.21) consists of metal film (¢ = 20nm, h=30nm) surrounded by

the dielectric medium (n,=1.44).

Nd
R metal [ dielectric

Figure 4.21. Spp Ridge grating

For comparison, the parameters of the structure are given by: n, =1.44 and
n,,=1.46, t=20nm. The number of periods used is 50 for both structures. The calculated

spectrum of reflection and loss are shown in Figure 4.22. The confinement of both
gratings is expected to be almost the same since they are both IMI structures. It is
observed that the peak reflection of the current structure is larger than the ridge grating,

and moreover, it is noted the loss of the new structure is much less than that of the ridge

grating in the literature.
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Figure 4.22: Reflection and loss spectra of the SPP waveguide grating,
solid line: Current structure; dash: Ridge grating reference [90] .
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4.4.3 Bragg grating with gapped nano-metallic strips
In this work, we propose and analyze a Bragg grating consisting of gapped nano-

metallic strips embedded in InGaAsP/InP waveguide as shown in Figure 4.23.

gold lx i

Figure 4.23. Geometry of Bragg grating with gapped nano-metallic strips

InGaAsP

The geometry of the proposed waveguide grating is depicted in Figure 4.23: the
gapped metallic strips (Au) are enclosed by InGaAsP; a lower index outer cladding (InP)
is added to improve confinement of the electromagnetic waves. The modes of the
waveguide structure with and without metallic strips have been examined by a finite
difference method. The computation parameters used in the simulation are as follows: the
refractive index of the inner cladding (InGaAsP) is set to 3.5 and that of the outer
cladding (InP) is 3.17; the thickness of the inner cladding 4 is 0.3 pum; the computation
window is 10.8um with the 1 nm grid size; the thickness of PML is 0.5um for each side
and PML reflection is set to 1e-2; the metal film thickness ¢ is set to 15nm with its length
specified by the varying duty cycle in what follows; the working wavelength

Ao =1550nm; the refractive index of the metal in this work is selected as gold with
n, =0.558—9.81 and is assumed unchanged for a narrow wavelength region. The field

patterns of the transverse section are shown in Figure 4.24.
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Figure 4.24. Field patterns of unperturbed and perturbed waveguide sections: (a) TM
polarization; (b) TE polarization.
The grating is characterized by its compact size and applicable for both TE and

TM waves. For the TM polarization, the structure is considered as an IMI SPP - dielectric
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waveguide grating in which the wave coupling happens between the symmetric SPP
mode in the IMI section and the guided TM mode in the dielectric waveguide section.
The confinement is improved comparing to other types of IMI SPP gratings due to the
“background” three-layer dielectric waveguide structure. For the TE polarization, the
waveguide structure with the metallic strip (i.e., the IMI) section does not support any
guided mode. As a result, the wave interaction happens between the guided TE mode in
the dielectric waveguide section and the radiation modes in the IMI section. By adjusting
the grating duty cycle (i.e., the metallic strip length inside each grating period), well-

behaved spectral characteristics are observed.

X
InGaAsP | > Z

Figure 4.25. Schematic of a deep etched grating.

EEEEE P

It is noted that the deep-etched grating as shown in Figure 4.25 is commonly used
to construct compact Bragg gratings. Hence it is beneficial to evaluate the performance of
our proposed structure through the comparison with the deep-etched grating.

The two structures share the similarity on TE waves as the coupling between
confined and radiation modes happens in both structures. In light of suppression the
radiation loss, a small duty cycle (i.e., a shorter IMI section) is preferred. For TM waves,
however, unlike in the deep-etched grating where the coupling is still between the
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confined and radiation modes, the wave interaction in our proposed structure happens
between the confined mode in the dielectric waveguide section and the symmetric SPP
mode in the IMI section, which is shown by our numerical analysis to have a reduced
reflection spectral bandwidth at comparable peak reflections.

For the TM polarization, the existence of the metal structure at the center of the
waveguide gives rise to the SPP mode supported by the metal, which leads to
perturbation of the field locally near the center of the waveguide as illustrated in Figure
4.24 (a). Assuming that the input/output sections of the grating are single mode

waveguide structures without the perturbations, the grating subsection lengths A e

and A, ... are determined by Bragg condition

—— — - l
Aunperturbed - (1 4) 7 Re(Ne]fmp d) (4-28)
A
L —— R (Neﬂ d) (4.29)

where ¢ denotes the duty cycle, and Neff, pemmed » Neffpermmnea TEPTEsent the effective indices

of the mode with the lowest propagation loss in unperturbed and perturbed waveguide
section, respectively.

We first calculated the reflectivity and loss spectra of a 30 pm-long waveguide
grating with nano-metallic structure for TM and TE modes for different duty cycles as
shown in Figure 4.26. It is observed that the proposed structure can be potentially
designed for both TE and TM polarizations. For TM case, the higher peak reflection

happens at ¢=0.5; on the contrary, higher peak reflection is observed at smaller duty
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cycle (¢=0.1) for TE mode. The seeming paradox is explained by the higher radiation

loss existed in larger duty cycles for TE polarizations.

104 T™M ~ (a) 10] TE
0.8- ;’ } 0.8-
c e q | 3
S 064 —&0.1; : c 08,
,g, o £20.5 9 : % 0.6
5 0.4 9 e 6 £ 041
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0.2 H "?5?%3, 0.2
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Figure 4.26. Reflection spectra of a 24 um-long waveguide grating with nano-
metallic structure (a) TM (b) TE.

To disclose the impact of the duty cycles on the performance and reveal the
discrepancies between the current structure and the deep-etched grating structure, we
examine the merits and drawbacks of the two structures through the comparison on the
key parameters such as peak reflectivity, loss at the peak reflection wavelength, loss at
reflection half bandwidth, reflection bandwidth, etc. To be comparable, the deep-etched
grating is formed by corrugating throughout the core (InGaAsP) and filled with the same
materials as the cladding medium (InP). Moreover, the lengths of the two gratings are
fixed to 30um.

The peak reflection, the loss at the peak reflection wavelength, the loss at the
reflection half bandwidth, and the reflection bandwidth as functions of duty cycles for TE

polarizations are shown in Figure 4.27.
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Figure 4.27. Spectral characteristics (TE) as a function of duty cycles for the
proposed grating and the deep-etched grating: (a) peak reflection; (b) loss at the peak
reflection wavelength; (c) loss at the reflection half bandwidth; (d) reflection
bandwidth.

It is observed that strong backward couplings happen in both gratings and high
peak reflection appears even in small duty cycles. On the other hand, the loss at the peak
reflection wavelength as well as the loss at the reflection half bandwidth increases with
the duty cycle in both gratings. As a result, peak reflection is dramatically reduced with

the increase of the duty cycle. The bandwidths of the two gratings vary in the same trend
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while the deep-etched grating prevails. The decreasing of the bandwidth for larger duty

cycles (£>0.3) is explained by the diminishing of the peak reflection.
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Figure 4.28. Spectral characteristics (TE) as a function of duty cycles for the
proposed grating and the deep-etched grating: (a) peak reflection; (b) loss at the
peak reflection wavelength; (c) loss at the reflection half bandwidth; (d) reflection
bandwidth.
The TM spectral responses of the proposed grating and deep-etched grating as
functions of duty cycles are shown in Figure 4.28. It is illustrated that the loss at the

peak reflection wavelength and the loss at the reflection half bandwidth increase with

the duty cycle, however, the origins of loss in the two gratings are quite different: the
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loss of the deep-etched grating mainly results from the radiation loss, whereas that of
the proposed grating comes largely from the absorption loss of the metal. Since the
metallic grating supports the low propagation loss symmetric SPP mode, noticeable
smaller loss of metallic grating is demonstrated for larger duty cycles comparing to
that of the deep-etched grating. Further, the guide TM mode/SPP mode coupling in
proposed grating also leads to the nearly symmetric peak reflection and reflection
bandwidth with complementary duty cycles as shown in

Figure 4.28 (a) and Figure 4.28(c), respectively. It is found that the peak reflections in

the range from ¢ =0.3 to ¢ =0.7 are quite close for both gratings; however, the

proposed grating has the conspicuous narrower bandwidth.

4.5 Summary
In this Chapter, a complex mode matching method has been described and

verified by examples of facet reflectivity and polarization rotators. The proposed method
then has been applied to investigate the characteristics of waveguide grating structures

based on slot waveguide, spp waveguide etc.
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Chapter 5 Complex Coupled Mode Theory
Based on Normal Modes

5.1 Imtroduction
Though the coupled-mode theory (CMT) has been widely applied as an analytical

approach for analysis of wave propagation and field interaction in optical waveguides, the
classical coupled-mode theory has been challenged by non-guided radiation fields due to
the continuous spectrum of radiation modes. In the previous chapter, a mode matching
method based on perfectly matched layers terminated by perfectly reflection boundaries
has been introduced to cope with radiation fields. This approach is less appealing to the
coupled-mode theory as a large number of modes undermine the benefits of the theory in
the first place.

In this chapter, within the framework of PML and PRB computation model, we
develop the coupled mode theory based on the complex modes and apply it to investigate
the radiation coupling in short/long period gratings and waveguide taper structures.

5.2 Derivation of Complex Coupled Mode Equations

To derive the coupled-mode equations based on the complex modes described in

Section 2, we assume that the permittivity function distribution along the waveguide with

perturbations can be expressed as
E(x,y,z)=¢&(x,y)+A&(x,y,2) (5.1)

where the index perturbation A¢ is defined as the difference between the index profiles
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of the practical waveguides under investigation and the reference waveguides for which

the complex modes are known. Maxwell’s equations for the perturbed waveguides are
VXE(x,y,z)=-jou,H(x,y,z) (5.2)

V x H(x,y,z) = +ja)é(x, y,z)H(x,y,z) (5.3)
Suppose that the difference between the perturbed and the reference waveguides is
sufficiently small so that we can expand the unknown transverse electromagnetic fields of
the perturbed waveguides in terms of the transverse modal fields of the reference

waveguides, i.e.,

(x,y,2) Z[a )+b,(z) ]e (%) 5.4

n=1

(%,9,2) Z[a (z):lhm (x.y) (5.5)

n=1
The functions a,(z)and b,(z) are the mode amplitudes for the forward and backward

propagating waves, respectively. The longitudinal fields can be expressed in terms of

transverse components as

(x,7,2) Z[a ; e, (x,y) (5.6)

(%,,2 Z[a 3 (z):lhz,, (x,y) 6.1

The next step is to derive the coupled-mode equations governing the mode
amplitudes. To do so, we simply substitute egs. (5.4)-(5.7)into(5.2)~(5.3). After

mathematical manipulations, we derive the following coupled equations:
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d . , ,
N, Zm st jya, ==i> K=Y Ly (58)
dz n=1 n=1
db, . : ,
N, ——dm ~ Vb =HJ D Kb+ J D X (5.9)
Z n=1 n=1

in which the coupling coefficients are given by

'4 2
_WE, (.2 2 n
Kmn _TJ(n —n )\em.etm __,‘,Fel".ezm}a (5'10)
WE, ([ 2\ n’
Kmn = 4 I(n _n) € Cm + =7 Cm " Cm A0 (5.11)
4 \ n

where the refractive indices are used to replace the permittivity functions, i.e., £ =n’e,
and & =7’¢, . The coefficient N,, is defined as

N, =% [[(exM,,)-2da (5.12)

Under the normalization condition (13), ¥, =1 for the real core guided modes and N =1
for the complex cladding leaky modes with relatively small mode losses. In general,
however, N, may not be equal to unity and can be complex.

The coupled-mode equations (5.8)-(5.9) and the expressions for the coupling
coefficients (5.10)-(5.11) are formally identical to those derived for guided modes in
waveguides made of reciprocal media in presence of loss and/or gain and hence can be
solved by the same analytical and numerical techniques as previously done in literature. In
the classical coupled-mode theory, to deal with radiation fields based on the integral of the

continuous radiation modes is possible but extremely cumbersome. On the other hand,
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however, both guided and radiation fields are considered in the new complex coupled-mode
theory in a unified fashion. Also, it is noted that the coupling coefficients for the co- and

contra-coupling modes are symmetrical in the sense that

K =K. (5.13)
Yo = Zom (5.14)

Further, we may rewrite the mode amplitudes by separating the slowly varying envelopes

with the fast oscillating carriers so as to
a, = 4,exp(-j7,2) (5.15)
b, = B, exp(+j7,z) (5.16)

On substitution of egs. (19) by egs. (23), we derive

N, %’”— == 2 Ky XD~ (7~ V) 2] = T2 B XD+ (7, + 1) 2] (5:17)

n=l]

dB
dZm =+jZKmBn exp[+j(7,‘ _7m)z:|+jZZmnAn exp[—j(yn +}/m)z] (518)

n=1 n=1

Nm

For grating structures whose index perturbations are periodic along the waveguide axis, the
coupling coefficients eqs. (5.10)-(5.11) are also periodic functions with the same period.

We may expand the coupling coefficients in terms of Fourier series as

K = >, DY) exp( jl-Z-Afz) (5.19)
I=—00
=N 0 exp| 127
Ko =D, Cpa €XP _]ITZ (5.20)
I=—CD

Substitute egs. (5.19)-(5.20) into egs.(5.17)-(5.18) and we derive
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d , & , 2z
de_i'":—JZAn >. DY) exp[—f(n ~Vm -l-A—)Z}

n=1 =—00

- _ (5.21)
—jZB,, 2 C,(,Q exphj(y,, +7, +12—A”-)z
n=1 |=—0 L .
» _ )
N, df’" =+j).B, Y, D) exp +j(7n ~Vm +12A£)z
Z = "=
=k - . (5.22)
. < ) . 27 ]
Y A4, Corexp| —jl 7, + ¥ 1= z
n=1 I=—m _

It can be shown that the phase factors y, -y, H/2z/Aand y, +y, * [2z/Ain the
exponential terms in egs. (5.21)-(5.22)are most critical in determining the strength of
interactions between the different modes over distance. Only when these factors are close to
zero there will be appreciable power exchange between the coupled modes, a condition
referred to as the phase-matching conditions. In fact, the role of grating is to facilitate the
phase matching between two propagation modes with different propagation constants by
providing a grating space harmonic component related to the grating period and profile.
Note that the phase matching conditions for the co- and contra-propagating modes are quite
distinct and may not be readily realized by the same grating. In practice, we normally
design the grating to assist coupling for either contra-propagating (e.g., Bragg gratings) or
co-propagating (e.g., long-period gratings) waves only. Under this assumption, the coupled
mode equations are further reduced to two groups as described below.

For the contra-propagation waves, the coupled-mode equations reduce to

N %—_—_J‘ZB”ZC,(n'zexpli+j(y"+;/m+l%)z} (5.23)
Z

m
d n=1 I=—0
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d —+JZA,,ZC()exp[ (7n+ym—l——)] (5.24)

n=1 =0

and for the co-directional propagation waves, we have

d . 27 |
A’” JZ/&IZ DY) exp —1(7,, ~ V-l —A{r-]z (5.25)
n=1 =~ | .
) 2z |
~+JZ]B IZDI) exp +j(}/"—}’m+l—A—)Z (5.26)

Further, for a given grating, the phase matching condition is a function of wavelength
through wavelength dependence of the mode propagation constants, i.e., 7, (ﬂ) and 7, (/1)
It also depends on the mode index (m,n=1,2,...) and the order of space harmonics in the
Fourier expansion (/= -,...4+©). Any combination of these parameters that lead to a
phase matching condition will likely yield a distinct resonant signature in the mode
coupling as illustrated later in the transmission and reflection spectra in this paper. By
identifying these phase matching conditions in the coupled- mode equations, we can greatly
simplify the solutions and also gain great insight into the salient features underlying the
interaction of the modes in presence of the gratings.

First of all, we may consider only the largest Fourier expansion coefficient, i.c.,
I =+1 or the 1¥-order grating effect and ignore all these other high-order space harmonics.
Investigation of the higher-order gratings can be performed in the similar fashion, but will
not be pursued further in this work. The coupled-mode eqs (5.23)-(5.26) are subsequently

decoupled into two separate sets such that
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-——-——=—_]ZB Ct I)exp +j(yn+7/m _2_7:)2

n=1

dB

m
dZ n=1

for the contra-directional propagation waves and

N 4y _

, 27
——_JZAnD eXp _j(yn_7m+—)z

n=l1

n=l|

for the co-directional propagation waves.

m=+jY. 4,C5) exp —j(7n+7m —Zxﬂ)z

—+_]ZB D,(:) exp +j(7” ~Vm +2—”)z

A
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(5.27)

(5.28)

(5.29)

(5.30)

In many practical situations, the phase matching conditions can only be realized at a

distinct wavelength (i.e., 4,,) for a given pair of modes (i.e., m and n). For the sake of

simplicity, we suppose that the m-th mode is the forward propagating fundamental guided

mode with largest real propagation constant, i.e., m=1 and y,, = g, (real). In the proximity of

the phase-matching wavelength 1 = 4,,, we may consider only the two modes that are close

to the phase match (whenever it is possible!) so that egs. (5.27)-(5.30) are simplified to

d4,

dB

for the contra-directional propagation modes, and

dz
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_ i 2z i
N, =—jctB ¢ +'( + ———]
i L exp| +j| 7, + B, A Z_

" , ] 27 i
" =+jC3) 4 exp —J(7n+ﬂ]-7)2_

Nldi=- D( l)A" exp[—J( 7. — B +2T”)Z}

(5.31)

(5.32)

(5.33)
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N, a4y _ _ FDUY 4 exp| + j(}/n -8, +2—”)z (5.34)
dz A

for the co-directional propagating modes. Note that y, = §, — ja, and we define the phase

detuning factors such that
1 27
AB, ==|n+y, — 5.35
P =7 (71 "o ) (5.35)
for the contra-directional propagation modes and
1 2z
AB, == y,—y, — 5.36
IB n 2 (}/ 1 }/ n A ] ( )

for the co-directional propagation modes. The phase matching conditions happened as
R(AB,)=0 (5.37)
so that the grating period for the phase matching conditions for the contra- and co-

directional modes are

2z

A=—"" (5.38)
R(7+7,)
and
A=—2F (5.39)
91(}/1 _}/n)
We may recast egs. (5.33)-(5.34)into more revealing forms as follows:
d4, _ . () .
N, —1=-jC. "B, exp[ +/(28,)7] (5.40)
N B, JCG 4 exp[ - (208,) 2] (5.41)
n dz n n
for the contra-directional modes and
dA (- .
N, d_zl =—jDV 4 exp [-/(248,)z] (5.42)
d. m(+ .
N, 7;4"2— =—jD" 4 exp[+j(248,)z] (543)
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for the co-directional modes.
5.3 Solutions of Complex Coupled Mode Equations
Computationally, we may solve the full coupled mode equations (5.27)-(5.30)

(referred to as the full CMT) or the reduced egs. (5.40)-(5.43)(referred to as the reduced
CMT). The former can be readily carried out by a standard numerical algorithm such as the
Ruga-Kutta method whereas the latter can be solved to yield simple analytical formulas.

Suppose that all the power is initially launched in the forward-propagating

fundamental mode, i.e., g, (O)=1. For the contra-directional modes, we assume that no

power is associated with the backward-propagating modes at the other side of the grating,

i.e.,b,(L)=0. The analytical solutions are

AB,sinh S(z—L)- jScoshS(z~L) S HB8)e

—a (0 5.44
a(z)=a(0) —Ap, sinh SL — jS cosh SL 4
ct sinh S (z - L) H(ra-28,)z
b —— nl " ? *
n (z) 9 ( ) N, Ap,sinh SL+ jS coshSL ¢ G4
where

(-1 (+)
K,= /—-—q]"wi"' (547)
¥ 7%n

For the co-directional modes, we assume that no power is associated with the secondary

mode at the starting point of the grating, i.e., a,(0)=0(# #1). The solutions are

9 (Z) =aq (0) JABsin (QnZ)Q+ o, COS(Q,,Z) e—j(ﬂl—Aﬂn)z
84
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(+1) o3
a,(z)=— je!*P _13\’"1 ___sm(QQ"z) a,(0) e_j(y"mﬂ" ) (5.49)

where

0,={12 +(88,) (5.50)

DEO e
7= ’____ n (5.51)
N, M

Note that the analytical solutions of the reduced coupled-mode equations are formally
identical to those derived previously for real modes, except that the effective coupling
coefficients «, (or z, ) and the equivalent phase detuning factor Ag, may become complex.
Once we obtain the mode amplitudes, we will be able to calculate the guided
powers carried by each of the modes. In general, the power flow along the waveguide is

given as
1 . n
P(z)=§‘RJ[E, (x,y,z)xH, (x,y,z)]-zda (5.52)

By substitution of the field expansions in terms of the complex modes into eq.(5.52), we

obtain

P(z)=X>M,,|a,a,-b,b;]->. >N, [a.b,-b,a; | (5.53)

m=1 n=1 m=1 n=]

where the first summation is for the power associated with the co-directional propagating
modes in the forward and backward directions whereas the second summation is related

to the power of the contra-directional propagating modes. The cross-power coefficients

are defined as
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M =

mn

(e, b, +¢}, xh,,)-2da (5.54)

-

EN

N,, =— [[(€m xb;, €, xh,, )- 2da (5.55)

4

Py

Normally, the cross-power associated with the contra-directional modes is negligible in
comparison with that with the co-directional modes and hence the second summation in

€q. (45) may be ignored so that

P(z)=Y" > M,,|a,a -b,b | (5.56)

m=1 n=1
For the complex modes that are significant in the mode coupling process, the transverse
fields are almost real and hence these modes are almost power orthogonal so that we may

further approximate eq. (5.56) as

P(z)=Y|

n=l

a’l

2 —|b,,|2] (5.57)

Assume that the total power is launched into the forward propagating fundamental mode
at the input. For the contra-directional mode coupling in Bragg grating, the total power at
the input of the grating is therefore

P(0)=1-R(4) (5.58)

in which the total reflected power is expressed as

R(A)=)>'M,b,(0)b,(0) (5.59)

m=1 n=l
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and the mode indices m and n can not be equal to unity simultaneously. If we further
neglect the cross-power associated with the co-directional propagating modes, i.e.,

M,,=0and M,, =1, we have

mn —

R(2)=z ;lbm (o) (5.60)

Similarly, if assume that at the output of the grating, no backward propagating modes
exist. The total power at the output of the grating is

P(L)=|a, (L)

2

=T(A) (5.61)

The power conservation of the waveguide gratings calls for P(0) =P(L), i.e.,
T(A)=1-R(4) (5.62)

5.4 Applications of CMT in Bragg Reflectors

As an example for the application for the complex coupled-mode theory derived
and solved in previous sections, we consider the volume Bragg gratings structure in
Figure 5.1 in which the volume grating is placed in the core along the waveguide axis.
The index perturbation of the grating is An, which is assumed to be small in comparison
with the refractive index difference between the core and the cladding regions

(A<<n_—n,).

PRB —\ PML L
. ] ’

Figure 5.1. Volume Bragg grating structure based on slab waveguides
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Other types of grating such as the corrugated surface gratings widely used in slab

and rectangular waveguides can also be simulated by using the same formulations, but

will not be examined without loss of generality. We assume that An,,,, =9x10™

and L = 800um and consider the following cases in our simulation.

5.4.1 Bragg gratings with lower index outer cladding (», <n,)

By considering the phase matching condition, we readily identify three distinct
wavelengths corresponding to the Bragg conditions between the forward propagating
fundamental mode and the first three backward propagating modes, respectively. Note
that under this situation all modes are guided with real propagation constants and
coupling coefficients so that the conventional CMT does apply. We subsequently
calculated the coupling coefficients for these three pairs of mode coupling and show them
in Figure 5.2(a). By applying the analytical solutions of the reduced coupled-mode theory
around each of the phase matching wavelengths, we obtained the transmission spectra as
indicated by the solid, dotted and dash lines in Figure 5.2 (a). It is observed that each of
the phase-matching conditions produces a distinct dip in the transmission spectrum with

magnitude proportional to the strength of the coupling coefficient |«,| . The entire

transmission spectra may be obtained by first calculating the reflection spectra using the
reduced coupled-mode theory near each of the phase matching points. The results are
shown in Figure 5.2 (b) as dash lines. Also shown in the same figure are the results
obtained by solving the full coupled-mode equations numerically with total of three
modes and also by applying the rigorous mode-matching method (MMM) with total of 40
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modes. The results of the reduced CMT, the full CMT and the rigorous MMM are all in

good agreement, indicating that the reduced CMT is sufficient.

(a)
1.0{ ° e '
1 —— Mode 01-01 -
S 0.8{ ---- Mode 01-02 -
g | Mode 01-03 }_i
£ 0.6 12 €
g =
= 1 [
= .| =
0.4- ! 11
| |K2|c|>—
0.2 I 1

1.540 1.545 1.550 1.555 1.560

Wavelength(um)

10' (b)
- 0.9
0 ]
3 0.8-
£ 0. :
2
© 0.7
— { —— MMM40

0.6 ---- Reduced CMT u

| ERERRRS Full CMT

1540 1.545 1.550 1.555 1.560
A(um)
Figure 5.2. The transmission spectrum for Case A with lower outer cladding index ng=1.0:
(a) Solutions from the reduced CMT involving only two phase matching modes; (b) The

transmission spectrum calculated by the reduced CMT (dash lines), the full CMT (dotted

lines) and the rigorous MMM (solid lines).
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5.4.2 Bragg gratings with equal index outer cladding (»n, =n,)

For the infinite cladding gratings (n, =n,), the real, guided cladding modes

evolve to complex quasi-leaky modes as well as PML modes. The latter plays negligible
roles in the interactions with the grating-assisted couplings between the forward
propagating guided mode and the backward propagating complex modes due to their huge
mode losses and small mode overlaps with the guided modes in the core. For the quasi-
leaky modes, however, the spectral spacing between them is too small and hence the

phase-matching wavelengths are hardly distinguishable relative to the spectral width of

each transmission dip as illustrated in Figure 5.3(a). Further, the coupling strengths at

Ku
these phase matching modes are similar.

The results by solving the full CMT with consideration for coupling from 1 to 10
backward propagating modes are illustrated in Figure 5.3(a). A flat overall drop in the
transmission spectrum is predicted by considering all the relevant modes. The accuracy of
the complex CMT involving 10 modes is verified by comparison with the results from the
rigorous MMM with total of 60 modes as evident in Figure 5.3 (b). Shown on the same
figure with dotted lines are results obtained using the reduced CMT considering only the

phase-matched modes near the phase matching wavelengths.
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Figure 5.3: The transmission spectrum for Case B with equal outer cladding index
ng=1.450. (a) Phase matching wavelengths, corresponding coupling strengths, and the
transmission spectrum predicted by the full CMT involving from 2 up to 11 modes; (b)
The transmission spectrum calculated by the full CMT (dotted lines) and the rigorous
MMM (solid lines).

It is indeed surprising to see that the simple solutions of the reduced CMT yield
remarkably accurate results even under the situation in which the phase matching
wavelengths are very close to each other. In comparison with the conventional coupled-

mode theory which has to resort to either continuous radiation modes or large number of
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box modes or tricky leaky modes, the complex coupled mode theory is much more

straightforward in dealing with strong radiation fields in this case.

5.4.3 Bragg gratings with higher index outer cladding (», >n,)

If the refractive index of the outer cladding is higher than that of the cladding, the
waveguide structure becomes leaky in the sense that no guided modes exist for mode
index lower than the cladding index. We identify a total of seven (7) phase-matching
modes and calculate the transmission spectrum by solving the full CMT considering
coupling from 1 to 7 modes, respectively. In Figure 5.4(b), it shows the comparison
between the full CMT (total of 7 modes), the reduced CMT (two modes near each phase-
matching wavelengths) and the rigorous MMM (total of 60 modes), which are in
excellent agreement with each other.

If we further increase the refractive index of the outer cladding (e.g., n=1.60 and
n=1.90), the mode spacing becomes further apart and the phase-matching wavelengths
more distinct as illustrated in Figure 5.5(a) and Figure 5.5(b), respectively. Also, the
mode losses for the complex modes are in fact smaller due to the reflection from the
interface of the cladding and outer cladding and coupling strengths vary more
significantly from mode to mode. All these lead to the transmission spectra with highly
visible resonance dips as evident in Figure 5.5 (a) and Figure 5.5 (b). The comparison
between the full complex CMT with total of 4 modes, the reduced CMT with two modes
for each of the phase-matching wavelengths and the rigorous MMM with total of 60

modes shows excellent agreement.
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Figure 5.4. Transmission spectra with index of the outer cladding ny slightly
larger than the index of the inner cladding n. (ns=1.455).
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Figure 5.5. Transmission spectra with n, larger than ng: (a) n=1.60; (b) ns=1.90.
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5.5 Applications of CMT in Transmissive Gratings
Long period gratings (LPG) have attracted widespread interest in optical

communications and sensing systems for their capabilities of coupling light from the
waveguide core to the cladding[93-95]. Compared with Bragg gratings, the power
exchange in LPG happens between the co-propagating core mode and cladding modes.
As a result, the coupling mechanism of LPG makes it highly susceptive to the refractive
index of the outer cladding (also refers to surrounding media in the text)[42]. There have
been many theoretical studies and experimental investigations on the LPG transmission
spectra with varying surrounding materials [96-100]. For a waveguide structure with
lower refractive index of the outer cladding (surrounding materials) than that of the inner
cladding, the core modes and cladding modes are both guided modes. Consequently, the
power exchange occurs between guided core modes and cladding modes and can be well
analyzed by the conventional coupled mode theory[43]. However, if the surrounding
material has a equal or higher refractive index than that of the inner cladding material,
since the radiation loss becomes significant, and one has to resort to the continuous
radiation modes or the approximate leaky modes [94, 100]. Under this circumstance, the
conventional coupled-mode theory becomes cumbersome. Although there have been
several previous works for investigation of guided-radiation mode couplings or guided-
leaky mode couplings [97, 98, 100], little attention has been paid to the impact of the
power leakage loss which is crucial for understanding the physical insights of guided-

mode-radiative/leaky mode coupling.
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This work investigates the mode coupling in long period planar gratings.
Especially we will focus on the development and demonstration of simple yet revealing
analytical solutions. With the help of the analytical expressions, it is clearly shown that
the effect of coupling to radiation leads to a decay factor for the guided power through the

waveguide.

5.5.1 Derive analytical solutions for long period gratings

The transverse geometry and the computation model are depicted Figure 3.3. The
symmetric waveguide structure is designed to support a single guided core mode. 7, and
n, denote refractive indices of inner cladding and outer cladding respectively. The

perfectly matched layer (PML) terminated by perfectly reflecting boundaries (PRB) is
introduced to truncate the computation window.
With the perfect reflection boundary facilitated with perfectly matched layers, the

modal propagation constants of the unperturbed waveguide are expressed as 8, =7, — ja, .

For simplicity, provided that the refractive index distribution along the long period

grating core is
2z
n(r,z)=n,+0n(r,z)=n, + M[l + cos(—;z)] (5.63)

where n, is the refractive index of unperturbed waveguide core; An is the “dc” index
change spatially averaged over a grating period; A is the period of the grating. For weak

gratings (An << n,,), the relative permittivity can be approximated by
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&(r,z)=n,’ +2n_An [l +cos (EAZ z):l (5.64)

Based on the assumption that the difference between the perturbed waveguide and the
reference waveguide is sufficiently small so that the fields of the perturbed waveguide

could be expanded by the modes of the reference waveguide,

E (r,2) =Y [ 4,(2)+B,(2)]e\(r) (5.65)
H,(r,2)= [ 4(2)-B,(2) [,(r) (5.66)

where 4, and B, are amplitudes of the vth mode traveling along the +z and -z directions ,

respectively. The transverse fields can be further expressed as

E,(r,2) =Y [ 4,2)exp(-jB,2)+ B,(2)exp(+],z) |€,(r) (5.67)
H,(r,2)= Y [ 4,(2)exp(~jB,z) - B,(2) exp(+jB,z) |h,(r) (5.68)

v=0
where 4, and B, are slowly varying amplitudes of the v-th mode traveling in the +z and -
z directions respectively. It should be stressed that, for complex modes with leakage loss,
jv (z) decays along propagation direction while 4, (z) does not.

For a weakly guided long period grating in which only one guided core mode
exists, we made three reasonable simplifications: 1) the coupling among higher order co-
propagation cladding modes is neglected according to the phase matching condition; 2)
the incident wave is the guided forward core mode and the power is normalized as 1W; 3)

backward coupling is negligible. By substitution of fields of the perturbed waveguide
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section to Maxwell equations and utilizing the orthogonal relations discussed above, a set

of complex coupled mode equations can be derived

J
——“l=- €x 2 [} 5.69
N~ 221 Koy, €Xp(2)0,,.,7) (5.69)
4,  _J
N, =—= -2 5.70
v = K XD (-26,,.,2) (5.70)
where the complex detuning factors §,,_, is defined as

3, =-;—(,Bm -8, —27r/A)=%(yw -7, —27:/A)+-é—av (5.71)

The coupling coefficients are given by

n2
e ———e .-e’ 5.72
4 core ( e P ( )

In practice, the mode interactions are determined mainly by two critical factors, e.g., the

CO—V

detuning factor and the coupling coefficient. Appreciable power exchange happens only
when the detuning factor is minimized (i.e., the phase is matched and the loss is not
excessive) and the coupling is relatively strong. This implies that we may apply the above
two conditions as a filtering condition to simplify the analysis. In most cases, only two
modes may likely meet the above conditions at and around a given wavelength. For this
reason, the multiple coupled equations may be reduced to only two equations
corresponding to the said minimum detuning condition. At any given wavelength,
suppose the critical modes with smallest detuning factor and relative large coupling
coefficient interacting with the fundamental core mode is identified, the coupled modes

equations can be simplified to two mode equations
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d—;iﬂ - é K., A4, exp(+2]5,, ,2) (5.73)
N, %42"— = ——é—K:_MAw exp(-2j8,,.,2) (5.74)

Throughout this study, these simplified complex coupled mode equations are referred to
as the reduced coupled mode equations.
For a long period grating, the boundary conditions are 4,(z=0)=1 and 4,(z=0)=0.

The analytical solutions for the co-propagating modes are

;lw (2) = -jo,,_, sm(S§)+S cos(Sz) ( ( B - m_v) ) (5.75)
- in(S
A»(Z)=—j-§—“1”\;lsm§, ?) exp(-j(B,+0,,.,)z) (5.76)
where
S= ’;%, +82, (.77

For phase matched modes withRe(5,,_,)=0,

2 2
Sw ’;N “7: (5.78)

The core mode power variation along the propagation direction can be easily derived,

Q, s1n(Sz)

cos(Sz) ——~ S

P, = |2m(z)|

exp(-a,z) (5.79)

Eq. (5.79) is remarkably simple, yet quite revealing. The

term|cos(Sz)——~

. 2
2y ——smész) represents the power exchange between the core mode and the
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complex mode, whereas the multiplier exp(-«,z) stands for the leakage loss. For the phase
mismatched modes, considering the case in which &, >>—;-,/1cf,,_v /N, , we have

Sx§ (5.80)

co—v

The power of the complex mode variation along the propagation direction can be

approximated by
2
2 co—v : 2
P = |A» (z)| ~ e exp(~a,z)—exp(~J Re(26w_v)z)| (5.81)
For long distance, exp(-a,z) = 0,
) 2
K
P = ] pyen .
=4 G = (5.82)

5.5.2 Examples of CMT in long period gratings

We consider a long period grating with the following structure parameters:
period A =300 pm, length L =30 mm, the grating is written in the core with the “dc” index
change An=2x107* . core radiusr, =2.5um , cladding radius r, =62.5 pm; the refractive
index of the coren,, =1.458 and the refractive index of the inner cladding »,=1.45. Long
period gratings with three different surrounding materials (», ) will be analyzed as follows:
Case 1. Long period grating with lower refractive index surrounding medium (n, <n,)

In this case (n, <n,), the waveguide structure supports a number of guided

cladding modes. As a result, the key parameters in the coupled mode equations, i.e., the

coupling coefficients, the normalizing factors, and the detuning factors, are all real. The
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complex coupled-mode theory therefore is the same as the conventional coupled mode
theory. Through identifying the phase matching conditions, the transmission spectra can

be easily obtained. We plot the transmission spectra for »,=1.0 and »,=1.44 in Figure 5.6.

A blue shift of the transmission is observed as the increase of the refractive index of the

surrounding material.

1.00-
0.95-
0.90-
0.85-
0.80—1
0.75-
AT AR T AT TR
Wavelength(um)

Transmission

Figure 5.6. Transmission spectra of LPG with low refractive index outer cladding.

The power conservation is studied by assessing the power carried by the guided
core mode and the cladding mode (which is the most closely phase-matched) when
n,=1.44. The LPG is investigated at two wavelengths, i.e., 1600nm (the out of phase
point) and 1645nm (the in phase point) as indicated in Figure 5.6. The simulation results

in Figure 5.7 show that power exchange between the coupled modes becomes significant
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only at the phase matched point. Also the power conservation along the propagation

direction is observed.
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Figure 5.7. Power variation along propagation direction for LPG with lower refractive

index of the outer cladding layer (»,=1.44): (a) out of phase point; (b) in-phase point.
Case II. Long period grating with higher index surrounding mediumn_ > n,

If the surrounding material has a higher refractive index than that of the inner
cladding, the cladding modes become complex cladding modes in which the field mainly
is confined in the inner cladding while oscillated in the surrounded materials. To disclose
the impact of variations of the surrounding materials, we studied the LPG with two
different refractive indices of the outer cladding medium. The detuning factors as
functions of wavelengths in Figure 5.8 show that each dip in the transmission spectra
corresponds to a specific phase matching point. For this reason, the reduced coupled
mode equation is valid and can be used to predict the performance of the LPG. The
transmission spectra shown in Figure 5.8 (b) indicate that the coupling strength is

enhanced with the increase of the refractive index for the outer cladding.
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Figure 5.8. Characteristics of LPG with high refractive index surrounding media: (a)
detuning factor as a function of wavelengths; (b) transmission spectra.

To provide physical insights for the guided-complex modes coupling, the power
variations of the guided core mode are studied by investigating the LPG with »,=1.60 at
1553nm. The core mode power is determined by two factors: the coupling factor and the
decaying factor. We plot the power solely affected by the coupling factor, the power
decided by decaying factor, and the power considering both the coupling factor and the
decaying factor, respectively (in Figure 5.9). The result in Figure 5.9 (a) indicates that
the core mode and complex cladding mode coupling is similar to the core mode guided
cladding mode coupling if the leakage loss is small. The result in Figure 5.9 (b), on the
other hand, reveals the decaying nature of the envelope of the power along the waveguide,
due to the radiation loss of the complex mode. The overall power variation shown in
Figure 5.9 (c) exhibits an attenuated oscillation along the propagation direction due to the

power exchange and radiation loss.
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Figure 5.9. Core mode power variations along propagation direction for LPG with

ns=1.60 at the wavelength equals t01553nm (Point A in Figure 5.8 (a)): (a) coupling

factor; (b) decaying factor; (c) core mode power variation.

To further illustrate the salient features of the power exchange and attenuation in
the presence of radiation, we examine power carried by the guided and the complex mode
along the waveguide at two distinct wavelengths corresponding to the points A and C in
Figure 5.8 (b). The results are shown in Figure 5.10(a) and Figure 5.10 (b), respectively.
In both cases, the guided mode is coupled with the phase-matched complex mode with
significant power exchange as indicated by the oscillation of the power along the

waveguide. On the other hand, the coupling strength at the point A is much stronger than
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that at the point C, while the leakage loss for the corresponding complex mode is much

less (The effective indices of the complex modes at the points A and C are 1.45- 107
and1.45- j10¢ ;respectively. The refractive index of the core mode is 1.451). Therefore,

the power damping at the point A is smaller than that at the point C. On the other side, the
total power carried by the guided mode and the complex mode decays monotonically due

to the radiation loss.
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Figure 5.10. Power evolution of guided mode and complex mode as functions of
propagation distance in LPG with »n, =1.60 for phase matched wavelengths: (a)
wavelength equals to 1553 nm; (b) wavelength equals to 1652 nm.

For out of phase point B in Figure 5.8 (b) (wavelength equals to 1625 nm), the

simulation results in Figure 5.11 indicate that: the total power decays with propagation;

the power of the complex mode oscillates with a decaying envelope and approaches a

2

Kcn—v

constant after a certain distance; the asymptotic line is well approximated by G

105



Chapter 5. Complex CMT Ph.D. Thesis — Jianwei Mu - Electrical Engineering

54
a
1.0004 . A=1625nm (@) 41 (b)
- Y
D 09959 ‘?;37 A=1625nm
o] Rl
L 0.990- 221
©
— D1
0.985+ . Q.
ulde+ leak; 0
0.980-+— : T T T r T T T r : T Y —
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Z(mm) z(mm)

Figure 5.11. Powers of guided mode and complex mode along the propagation
direction for LPG at A=1625nm: (a) power of guided mode and the total power of the
guided and complex modes; (b) power of complex mode.

Case I11. Long period grating with infinite claddings (n =n,)

Now we consider the long period grating with the refractive index of the
surrounding material equals to that of the cladding, e.g. LPG with infinite cladding. This
seemingly simple structure has the most challenging complexity comparing to other cases
in regard of computation effort for two reasons: on one hand, the cladding modes are all
continuous radiation modes, implying that a set of modes will satisfy the phase matching
condition; on the other hand, special attention has to be paid on choosing the PML
parameters to obtain the accurate modal indices. Large computation window is preferred
to reduce the mode spacing to yield a smooth transmission spectrum. In this study, the

computation window is set to r,=800um; the PML reflection is set to 1e-50 with 5.5um

thickness on both sides. The coupling length defined by 27 /(f,, —f,)is plotted in
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Figure 5.12. It is shown that the many radiation modes are simultaneously close to the

phase matching condition.

400

350t

=
= NRRRRRIEARNS

w
<
Q

L LA RR S R R AN AR RS RN R NRA R NEY)

JL/(Nefr1-Neﬁn) 1m

3 14 15 16 17 18
Wavelength(um)

Figure 5.12. Coupling length for LPG with infinite cladding.

Strictly speaking, the reduced coupled mode equations which utilize two phase
matched modes are not valid, as those modes close to resonant conditions will contribute
to the power exchange and can not be neglected any more. On the other hand, by noting
the fact that the interactions among the radiation modes are negligible, we may apply the

approximated analytical solution as follows:

N
r=1-3(1-|4,,

2) (5.83)

where 4,,,is the amplitude of the core mode coupling to the v-th radiation mode and is
obtained through egs. (5.75). The convergence of the core mode transmission has been

investigated at wavelength equals to 1725nm. The results in Figure 5.13 (a) indicate that
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at least 30 modes are required to obtain a satisfactory precision. The transmission spectra
in Figure 5.13 (b) confirm that the analytical approximation agrees well with the

numerical solutions from the full CMT equations.
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Figure 5.13. Transmission characteristics of LPG with infinite claddings. a)

Convergence of complex coupled equations b) transmission spectrum.

5.6 Applications of CMT in Waveguide Taper Structure

Tapered waveguides are widely used in various optical systems to obtain a high
efficient power coupling between devices with different cross-sectional geometries[101,
102]. To minimize the transition loss, the tapered waveguide structure must work
adiabatically, in other words, the geometry/index variation along the propagation
direction must be gradual[103]. Though the design criterion of adiabatic taper has been
investigated and proposed [104], efficient and simple calculation approaches are still
desirable to predict the impact of different geometrical/index parameters on the
performance of the structure. Of the many modeling techniques [105-114], coupled mode

analysis based on local modes has been widely adopted as a physically intuitive and
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mathematically simple approach for radiation loss investigation [112-114]. The fact that
the power loss results through coupling from the lowest order mode to the higher order
radiation modes means, the complete mode spectrum including discrete guided and
continuous radiation modes, have to be identified as a priori. Treating the radiation modes,
however, is complicated due to their continuum characteristics. This work is dedicated to
investigate the guided-radiation mode coupling of the tapered waveguide structure based

on local modes.

5.6.1 Coupled Mode Equations Based on Local Modes

The coupled mode equations based on local modes are as follows:

%am =By = K=Y Kb, (5.84)
sz;”'" = B3 =Y Kb, =Y Lty (5.85)
where
K,y = 4]1\’”‘ ﬂ-[%?zﬂx b + €4 x%"—)-ida (5.86)
P 4]1\,"1 [ J(—%ezﬂx e, x%)-fda (5.87)

The coupling coefficients can be further simplified as the approaches used by

Marcuse[33],

1 ws on’ .
o = 2N ﬂn—(,)ﬂm H( = e,m-em)-zda (5.88)
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1 we on’ .
om = Y] j J( —Cm -emJ-zda (5.89)

5.6.2 Examples and discussion

We consider a linear taper which has been investigated in the literature[111]. The
structure is represented by
d(z)=d,+ztand (5.90)
Here 0 is the taper angle.
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Figure 5.14. Geometry of linear taper waveguide structure

The structure geometry is shown in Figure 5.14 and the physical parameters are:

refractive index of substrate n,=1.515, refractive index of the core n_,=1.517, and the
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refractive index of the cladding »,=1.0. The width of the input waveguide core d,, =Spm
and the width of the output waveguide core d,, =10um. The working wavelength is

chosen to be 1=1.32um. Though the ideal taper is continuous,we can use staircase

approximation to evaluate the radiation loss. The number of steps (M ) and grid size
(Az) along the propagation direction is determined by step height (Ad ) . The step height

(Ad), on the other hand, is decided by the beam resolution.

For a linear taper shown above, the two refractive index profiles are the same
everywhere except in the vicinity of the boundary between the cladding and the core.
Moreover, for taper waveguide structure with small angles, the backward reflection is
negligible. Based on the analysis, we may simplify the coupling coefficients for TE

modes as

2
o (2) =200 M e i (o

4Nm ﬂn ﬂm (591)

n )x=d

The computation parameters are as follows: the thickness of the substrate
ds=55um; computation window W=70 uym ,PML thickness is 2.5um on both side, the
PML reflection is le-4. The power transmission coefficient obtained by solving the
coupled equations ((5.84)-(5.85)) will be referred to full CMT. For weakly coupled
waveguide structure in which the mutual coupling among the higher order modes is
negligible, we may consider the coupling between the fundamental mode and higher
order modes separately, e.g., instead of using ((5.84)-(5.85)), the coupled equations can

be expressed as:
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d .
—al = _Jﬂlal - Klnan (592)
dz
d ,
_an = —Jﬂnan —Knlal (593)
dz

The transmission coefficient is approximated by

T=1-Y

The transmission obtained through (5.94)will be referred to reduced CMT. The

2

a, (5.94)
power transmission of the studied linear taper as a function of taper angle has been shown
in Figure 5.15. Comparing to the benchmark obtained from mode matching method, the
results from full CMT overestimate the transmission, on the other hand, results of reduced
CMT underestimate the power transmission. For small taper angle, full CMT and reduced
CMT are good approximations. However, for large angle, full CMT is more accurate as

the mutual coupling among higher modes becomes pronounced.

Transmission

0.7 ‘
- Mode Matching Method
- = FullCMT

0.64 - - - -Reduced CMT

00 02 04 06 08 1.0
Angle(deq)

Figure 5.15. Power Transmission of a linear taper.
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The convergence of the full CMT with the grid size has been investigated. The relative
error of power transmission for different grid size (Ad) has been shown in Figure 5.16. It
is observed that the relative error becomes smaller with the decreasing of mesh size for

different taper angles. Further, the relative error decreases with the taper angle.
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Figure 5.16. Convergence behavior of grid size (Ad).

We also studied the convergence of the full CMT with respect to the number of
modes being used. It is observed from Figure 5.17 that the relative error decreases with
the number of modes. Similar to the convergence behavior of the mesh sizes, the accuracy

is deteriorated with the increase of the taper angle.
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Figure 5.17. Convergence behavior of number of modes.

5.7 Summary

In this Chapter, a coupled mode theory based on complex modes has been
proposed and verified through examples of short/long period gratings. Further, we
formulated the complex coupled mode theory based on local mode and applied it to study
the transition loss of the tapered waveguide structure. An analytical solution of radiation
loss for long period grating has been derived. The effectiveness as well as the accuracy
has been validated through the study of transmissive waveguide grating with different

surrounding materials.
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Chapter 6 Conclusions and Suggestions for

Future Research

6.1 Summary of Contributions

This thesis covers a series of frequency domain modeling techniques for optical
waveguide analysis. A complex coupled-mode theory and a three-dimensional complex
mode matching method are developed and presented in which the radiation fields are
expanded in terms of complex modes solved from a waveguide model with perfectly
matched layer (PML) terminated by perfectly reflecting boundaries (PRB). The
combination of PML and PRB produces an ideal waveguide model in which the physical
domain of the waveguide is not affected by the reflection from the edge of the
computation window, while the model ficlds are well defined in a finite and closed
simulation environment. These complex modes are characterized by the quasi-leaky
cladding modes and the PML modes, which are confined mainly in the cladding and the
PML regions, respectively. These complex modes are orthogonal and can be normalized
in terms of power. Design examples including slot waveguide grating, surface Plasmon
polaritons gratings, short/long period gratings, and waveguide taper structures have been
investigated by the proposed methods.

The major contributions of this thesis are summarized as follows:
1. We have developed a highly accurate and efficient full-vector mode-matching

method based on finite-difference method. The perfectly matched layer is
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employed to reduce the parasite boundary reflections. The average power and the
orthogonality of the guided modes and complex modes have been discussed in
detail. The scattering matrix for multi-discontinuities is derived. The developed
method is applied to analyze the facet modal reflectivity of a buried waveguide.
Comparison with the reported results shows that the semi-vector method is only
valid for large structure aspect ratio. We also investigated the modal reflection
behaviour for varied mode numbers. It is noted that the reflectivity oscillates first
and converges as the mode numbers increased. The capability and accuracy of the
developed method in multiple threc-dimensional discontinuities have been
validated by investigating the power exchange in periodically loaded waveguide
polarization rotators.

2. A complex coupled mode theory has been developed. Simple analytical solutions
are derived for both contra- and co-directional coupled modes in waveguide
grating structures. We subsequently applied the complex coupled-mode theory to
simulation of Bragg grating along the core of a symmetric slab waveguides with
different refractive indices for the outer cladding. In particular, we examined the
cases where the index of the outer cladding is lower, equal and higher than that of
the inner cladding. While the first situation has been studied extensively by the
conventional coupled-mode theory involving real guided core and cladding
modes, the latter two cases are practically cumbersome to treat due to the
involvement of continuous radiation modes. By using the complex coupled-mode

theory, all cases can be treated readily in the same fashion and the simulation
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results of the complex coupled-mode theory are shown to yield results in excellent
agreement with the rigorous mode matching method. In comparison with the
mode-matching method which is essentially numerical in nature, the coupled-
mode theory is more intuitive and insightful. By identifying the distinct phase-
matching conditions for different modes at different wavelengths, we can further
reduce the coupled-mode equations to a simple two-mode formulation. Analytical
solutions obtained from the reduced coupled-mode theory are shown to be highly
accurate. We believe that the complex coupled-mode theory extended the scope of
the conventional coupled-mode theory based on guided modes so that field
radiation and leakage loss in typical optical waveguides can be treated easily,
accurately and efficiently. A wide range of applications of this powerful theory
can therefore envisaged with the new complex coupled-mode theory.

3. A low loss Bragg grating structure based on insulator-metal-insulator surface
plasmonic waveguide has been investigated thoroughly. The rigorous and
efficient complex mode-matching method (CMMM) is utilized in modeling the
Bragg gratings. The key performance parameters, namely, reflection, transmission
and loss spectra against the design parameters such as metallic thickness,
refractive index difference of dielectric mediums have been investigated. It was
shown that peak reflection is inversely proportional to the metallic strip thickness,
whereas the loss increases with the metallic strip thickness. Further, the strong
grating could be implemented by adjusting the difference of refractive indexes of

the dielectric media. Finally, the performance, especially the advantage of the
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proposed structure, is evaluated by comparing the reflection and loss spectra with
the ridge gratings.

4. We have modeled and analyzed a Bragg grating structure based on dielectric slot
waveguides. The complex mode-matching method (CMMM), which is accurate,
efficient, and intuitive, is used for the simulation of the Bragg gratings and
validated by the bi-directional beam propagation method (Bi-BPM). A systematic
investigation of the key performance parameters, namely, the confinement factors
and the peak reflectivity, is carried out against key design parameters such as the
widths of the low-index slot and the high-index claddings, the refractive index of
the slot guiding region, and the depth of the grating. It was shown that there is a
trade-off between the confinement factor and the peak reflectivity against the
width of the slot guiding layer as the confinement factor increases whereas the
peak reflectivity decreases as the width of the slot increases. Further, we
discovered that there exist optimum widths for the high-index cladding at which
the confinement factor and the peak reflectivity reach their respective peak values.
Finally, we investigated the reflection spectra of the Bragg grating as functions of
the grating depth and observed and explained the blue shift of the peak
wavelength from the conventional Bragg condition.

5. We have proposed and assessed a Bragg grating constructed by InP/InGaAsP
waveguide with embedded gapped nano-metallic strips. Simulations of the
spectral characteristics have been carried out by the complex mode matching

method. Simulation results have shown that promising spectral characteristics can
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6.2

be obtained for both TE and TM polarizations based on our different design
concept from the conventional deep-etched grating. Comparing to the deep-etched
grating, the fabrication simplicity of our proposed structure justifies its slight
retreat on the spectral performance for the TE mode, not to mention that for the
TM mode, it does present a better performance in terms of the reflection spectral
bandwidth. Our studies on the design parameter dependence have also revealed
that the grating duty cycle has significant impact on the grating loss. To achieve
smaller grating loss, we need smaller duty cycles for both deep-etched and our
proposed grating designs. Trench etching with a high aspect ratio is particularly
hard, which makes the fabrication of the deep-etched grating with a small duty
cycle highly costly. In our proposed grating structure, however, fabrications with
different duty cycle designs are as simple, because it only involves the thin metal
film removal.

Suggestions for Future Research

This thesis discusses frequency domain analysis tools for optical waveguide

simulation and modeling. In particular, the coupled mode theory has been extended to

radiation mode coupling through the introduction of complex modes within the

framework of perfectly matched layers and zero boundary conditions. Although the

complex coupled mode theory has been formulated based on local modes and normal

modes and has been applied to analyze reflective/transmissive grating, tilted gratings, and

tapered waveguide structures, there still remain some interesting topics worthy of further

investigation:
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1. Radiation coupling in second- order grating

Second order gratings have been widely used as in/out couplers in photonic
integrated circuits. The most commonly used simulation method is FDTD which is
computation expensive. The frequency domain methods, on the other hand, have been
challenged due to the strong coupling to the radiation fields. Although the mode matching
method is effective with certain periodical structures, it is not efficient for grating
structure with arbitrary geometries. Conventional coupled mode theory improved with
Green functions for the radiation coupling is mathematically complicated and is difficult
to implement. The newly proposed complex coupled mode theory may be an efficient and
physically insightful approach considering its capabilities of representing the continuous
radiative fields with discretized complex modes. The potential difficulties of the complex
coupled mode theory in the second-order gratings are predicted to be how to extract the
proper phase-matched modes, since the higher order modes whose real part of effective
indexes close to zero are all adjacent to the phase-matching conditions.
2. Hybrid simulation method

As photonic integrated circuits become the mainstream trend in both academic
and industrial areas, efficient and accurate CAD tools for design and optimization of
photonic devices and circuits are highly desired. However, the existing frequency/time
domain algorithms are unable to meet all the requirements. Consequently, the hybrid
simulation method may be the best solution in which the different methods can be
cascaded through S matrix in which the element parameters are extracted from accepted

techniques.
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