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Abstract

This thesis deals with combinatorial and geometric aspects of linear op-

timization, and consists of two parts.

In the first part, we address a conjecture formulated in 2008 and stating

that the largest possible average diameter of a bounded cell of a simple hy-

perplane arrangement of n hyperplanes in dimension d is not greater than the

dimension d. The average diameter is the sum of the diameters of each bounded

cell divided by the total number of bounded cells, and then we consider the

largest possible average diameter over all simple hyperplane arrangements.

This quantity can be considered as an indication of the average complexity of

simplex methods for linear optimization. Previous results in dimensions 2 and

3 suggested that a specific type of extensions, namely the covering extensions,

of the cyclic arrangement might achieve the largest average diameter. We in-

troduce a method for enumerating the covering extensions of an arrangement,

and show that covering extensions of the cyclic arrangement are not always

among the ones achieving the largest diameter.

The software tool we have developed for oriented matroids computation

is used to exhibit a counterexample to the hypothesized minimum number of

external facets of a simple arrangement of n hyperplanes in dimension d; i.e.

facets belonging to exactly one bounded cell of a simple arrangement. We

determine the largest possible average diameter, and verify the conjectured

upper bound, in dimensions 3 and 4 for arrangements defined by no more

than 8 hyperplanes via the associated uniform oriented matroids formulation.

In addition, these new results substantiate the hypothesis that the largest

average diameter is achieved by an arrangement minimizing the number of

external facets.

The second part focuses on the colourful simplicial depth, i.e. the number

of colourful simplices in a colourful point configuration. This question is closely

related to the colourful linear programming problem. We show that any point

in the convex hull of each of (d + 1) sets of (d + 1) points in general position

in Rd is contained in at least ⌈(d+ 1)2/2⌉ simplices with one vertex from each

set. This improves the previously established lower bounds for d ≥ 4 due

to Bárány in 1982, Deza et al in 2006, Bárány and Matoušek in 2007, and
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Stephen and Thomas in 2008.

We also introduce the notion of octahedral system as a combinatorial

generalization of the set of colourful simplices. Configurations of low colourful

simplicial depth correspond to systems with small cardinalities. This construc-

tion is used to find lower bounds computationally for the minimum colourful

simplicial depth of a configuration, and, for a relaxed version of the colourful

depth, to provide a simple proof of minimality.
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Chapter 1

Preliminaries

1.1 Polytopes

A hyperplane is defined by
{
x ∈ Rd | aTx = c

}
for some a ∈ Rd (a ̸= 0) and

c ∈ R. If the equality is replaced with inequality, we have a halfspace .

Definition 1.1.1 A polyhedron is an intersection of finitely many closed half-

spaces. A polytope is a bounded polyhedron.

Let P be a d-polyhedron, i.e., a polyhedron of dimension d. A face of P

is the intersection of P with some supporting hyperplane, a hyperplane that

intersects P and has all the points of P contained in one of the two closed

halfspaces determined by the hyperplane. The 0-faces, 1-faces, and (d − 1)-

faces are called vertices, edges and facets respectively. The number of k-faces

of P is denoted by fk(P ) for k = 0, . . . , d − 1 and, considering the improper

face P and the empty set, we have fd(P ) = f−1(P ) = 1.

Given a d-polytope P defined by n inequalities, its diameter, denoted by

δ(P ), is the minimum number of edges needed to connect any pair of vertices.

1.2 Arrangements

Definition 1.2.1 An arrangement A d,n in Rd is a family of n ≥ d+1 hyper-

planes.

A linear arrangement consists of hyperplanes containing the origin. An

arrangement is simple if any d hyperplanes intersect at a distinct point.
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Remark 1.2.2 In a simple arrangement in Rd, no two hyperplanes are par-

allel to each other and no d+ 1 hyperplanes intersect at one point.

In this thesis we consider simple arrangements. The d-polyhedra defined

by the hyperplanes of an arrangement A d,n are called the cells of A d,n. The

k-faces of A d,n are the k-faces of its cells. Let fk(A d,n) denote the number of

k-faces for k = 0, . . . , d− 1 and fd(A d,n) the number of cells of A d,n.

The bounded facets of an unbounded cell are called external, and the

facets shared by two bounded cells are called internal. The set of external

facets is referred to as the envelope of the arrangement. The faces of the ex-

ternal facets are called external, and the non-external bounded faces are called

internal. The internal cells are the bounded ones. Let f 0
k (A d,n) denote the

number of external k-faces, and f+
k (A d,n) the number of the internal k-faces.

The number of k-faces and bounded cells are known for a simple arrangement.

Theorem 1.2.3 For k = 0, 1, . . . , d, a simple arrangement A d,n has fk(A d,n) =∑k
i=0

(
d−i
k−i

)(
n

d−i

)
k-faces.

Theorem 1.2.4 A simple arrangement A d,n has f+
d (A d,n) =

(
n−1
d

)
bounded

cells, and f+
d−1(A d,n) + f 0

d−1(A d,n) = n
(
n−2
d−1

)
bounded facets.

General references for polytopes and hyperplane arrangements are the

books of Edelsbrunner [24], Grunbaum [38], and Ziegler [63].

1.3 Oriented matroids

Oriented matroids form an abstraction and generalization of the combinatorial

structure of hyperplane arrangements, as well as some other discrete geomet-

rical objects such as vector and point configurations. We first give a brief

introduction to matroids [52] on which oriented matroids are based.

1.3.1 Matroids

We show two equivalent definitions of matroids.

2
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Definition 1.3.1 (independent sets) A matroidM is an ordered pair (E, I)
where E is a finite set, and I is a collection of subsets of E satisfying the fol-

lowing three conditions:

(I1) ϕ ∈ I.

(I2) If X ∈ I and Y ⊂ X, then Y ∈ I.

(I3) If X, Y ∈ I and |Y | < |X|, then there exists an element e ∈ X \ Y such

that Y ∪ {e} ∈ I.

The set E is called the ground set. The collection I is called the inde-

pendent sets and the three conditions are referred to as the independent sets

axioms. The Axiom (I3) is also known as the independence augmentation

axiom. A maximal independent set is called a basis, and the independence

augmentation axiom indicates that all bases have the same cardinality, which

is the rank of the matroid, denoted by r(E). Similarly we can define the rank

of a subset A of the ground set E, denoted by r(A). Two sets A,B ⊆ E are

comodular if r(A) + r(B) = r(A ∪B) + r(A ∩B).

Example 1 Figure 1.1 shows a pair of non-comodular hyperplanes H1 and

H2. H1 = 12 and H2 = 34, both with rank 2, while H1 ∩ H2 = ϕ and

H1 ∪H2 = 1234, with ranks 0 and 3 respectively.

A matroid is said to be uniform if any set of r(E) elements is a basis. A

flat is a set F ⊆ E satisfying ∀ e ∈ E : r(F ∪ e) = r(F )⇒ e ∈ F , i.e., all the

elements residing in a certain “subspace”. A hyperplane is a maximal proper

flat, whose rank is r(E)− 1.

Given a matroidM, its dual, denoted byM∗, has the same ground set

asM with the bases being the complements of the bases ofM. We use r∗(A),

where A ⊆ E, to denote the rank of A in the dual matroid.

A matroid can also be defined in terms of minimal dependent sets, or

circuits.

Definition 1.3.2 (circuits) A matroidM is an ordered pair (E, C) where E

is a finite set and C is a collection of subsets of E satisfying the following three

conditions:

3
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1

2

3

4

H
1

H
2

Figure 1.1: A non-comodular pair

(C1) ϕ ̸∈ C.

(C2) If X ∈ C and Y ⊂ X, then Y ̸∈ C.

(C3) If X, Y ∈ C and e ∈ X ∩ Y , then there exists a Z ∈ C such that Z ⊆
{X ∪ Y } − {e}.

The conditions above are referred to as circuit axioms. Given a matroid

M and its dualM∗, the circuits C∗ ofM∗ are called the cocircuits ofM.

1.3.2 Oriented matroids

While the matroid abstracts only the linear dependency among discrete el-

ements, the oriented matroid tells more about the dependency by assigning

a sign to each element in a dependent set. Therefore, oriented matroids are

more suitable for representing discrete geometric objects such as point con-

figurations and arrangements, for which the relative positions of the elements

are essential.

Many terms used for matroids, including ground set, circuit, basis, rank,

hyperplane1 and duality, can be naturally extended to oriented matroids. An

oriented matroid circuit is represented by a signed set of the elements in the

1A hyperplane in the context of matroids or oriented matroids is a discrete object - a
subset of the ground set satisfying certain conditions.

4
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corresponding minimal dependent set. Given a circuit X, we use X+ and

X− to denote the elements associated with the positive and the negative sign

respectively. The following definition of oriented matroids derives from the

circuits definition of matroids.

Definition 1.3.3 An Oriented matroid is denoted byM = (E, C), where E is

the ground set, and C is a set of circuits satisfying the following four conditions

(circuit axioms).

(C1) ϕ ̸∈ C.

(C2) If X ∈ C, then −X ∈ C.

(C3) If X ∈ C and Y ⊂ X, then Y ̸∈ C.

(C4) If X, Y ∈ C with X ̸= Y and e ∈ X+ ∩ Y −, then there exists a Z ∈ C
such that Z+ ⊆ (X+ ∪ Y +)\{e} and Z− ⊆ (X− ∪ Y −)\{e}.

For some element e ∈ E and X ∈ C, we use Xe to denote the sign of e

in X. Two circuits X and Y are conformal if XeYe ≥ 0 for all e ∈ E.

The vectors of an oriented matroid are composed repeatedly from the

circuits in the following way:

(X ◦ Y )e =

{
Xe ifXe ̸= 0,
Ye otherwise.

The linear dependencies of a vector configuration V = {v1, v2, · · · , vn} ⊆
Rd provide a classical example of an oriented matroid. Let V ∈ R d×n be the

matrix of the n vectors. Then the space of linear dependencies is

Dep(V ) := {u ∈ Rn | V u = 0}. (1.3.1)

The vectors in the corresponding oriented matroid are the sign vectors

in Dep(V ) and the circuits are the sign vectors of the minimal dependencies

in Dep(V ).

Example 2 For the following vector configuration (see Figure 1.2)

V =

{(
1
0

)
,

(
1
1

)
,

(
0
1

)
,

(
−1
1

)}
,

5
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the circuits are




+
−
+
0

 ,


+
−
0
+

 ,


+
0
−
+

 ,


0
+
−
+


 and the negations of

them. The vectors (of the oriented matroid) consist of


0
0
0
0

, the circuits and

the compositions of the circuits, i.e., dependencies that are not minimal. The

non-minimal dependencies are




+
+
−
+

 ,


+
−
+
+

 ,


+
−
+
−

 ,


+
−
−
+


 and their

negations.

1

234

Figure 1.2: A vector configuration of 4 vectors

A linear arrangement naturally corresponds to an oriented matroid, as a

linear arrangement is uniquely determined by the norm vectors of its hyper-

planes, and the norm vectors form a vector configuration.

1.3.3 Pseudo-sphere arrangements

A pseudo-sphere arrangement is the intersection of a linear pseudo-hyperplane

arrangement and the unit sphere, where a pseudo-hyperplane can be viewed as

a perturbation of a hyperplane with certain constraints. The intersection of a

linear pseudo-hyperplane and the unit sphere is a pseudo-sphere in the lower

dimension. While giving orientation to the pseudo-hyperplane, one of the two

pseudo-hemispheres is considered to be positive. Therefore, a pseudo-sphere

arrangement is also called an arrangement of pseudo-hemispheres. Figure 1.3

illustrates the pseudo-sphere arrangement representation ofM3,4.

6
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Figure 1.3: Pseudo-sphere arrangement representation ofM3,4

The pseudo-sphere arrangement does not assume linearity and provide a

good representation of the oriented matroid by the topological representation

theorem [30]. This geometric representation allows us to interpret the k-faces

of an oriented matroid. The following theorem gives an upper bound for the

number of k-faces in an oriented matroid [36]:

Theorem 1.3.4 For an oriented matroidM of rank d+1, fk(M) ≤
(
d
k

)
fd(M),

for k = 0, 1, . . . , d.

1.3.4 Chirotopes

For a vector configuration {v1,v2, . . . ,vn} in Rr, the chirotope, or basis orien-

tation, is defined by the signs of the determinants of the ordered r-subset of the

vectors, i.e., χ : Λ(n, r)→ {+,−, 0} and χ(i1, . . . , ir) := sign det(vi1 , . . . ,vir) ∈
{+,−, 0}.

7
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Example 3 For a vector configuration {v1, . . . ,vn} in R2,

χ(i, j) = sign det[vi,vj]

= sign det

(
∥vi∥ cos θi ∥vj∥ cos θj
∥vi∥ sin θi ∥vj∥ sin θj

)
= sign ∥vi∥ ∥vj∥ sin(θj − θi).

In other words, χ(i, j) = 0 if vi and vj are colinear; χ(i, j) = + if the angle

distance from vi to vj is less than π, or vi can be rotated counter-clockwise

to the position of vj by an angle less than π; χ(i, j) = + if the angle distance

from vi to vj is bigger than π.

The generalization of the chirotope leads to another representation of the

oriented matroid. While the circuits definition generalizes the dependencies,

the chirotope definition generalizes the basis orientation2. The equivalence the

two definitions was established by Lawrence [43].

Definition 1.3.5 An oriented matroid is denoted by M = (E,χ), where E

is the ground set, and χ, the chirotope, is a mapping χ : Er → {−1, 0, 1}
satisfying the following conditions:

(X1) χ is not identically zero.

(X2) χ(eσ(1), eσ(2), . . . , eσ(r)) = sign(σ)χ(e1, e2, . . . , er) for all e1, e2, . . . , er ∈ E

and permutation σ.

(X3) for all e1, e2, . . . , er, f1, f2, . . . , fr ∈ E such that

χ(fi, e2, e3, . . . , er)χ(f1, f2, . . . , fi−1, e1, fi+1, fi+2 . . . , fr) ≥ 0

for i = 1, 2, . . . , r,

we have χ(e1, e2, . . . , er)χ(f1, f2, . . . , fr) ≥ 0.

An oriented matroid is uniform if its chirotope has no mappings to 0. In

the case of a vector configuration in Rr, uniformity means that any r vectors

in the configuration are linearly independent, i.e., there is no degeneracy.

2The basis here, any set of r elements where r is the rank of the oriented matroid, is not
exactly the same as the basis of an oriented matroid. They coincide only when the oriented
matroid is uniform.
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1.3.5 Realizable oriented matroids

The oriented matroid is not a perfect model for the geometric objects that

require linearity. Every vector configuration, or arrangement, corresponds

to an oriented matroid, but not vice versa. The ones that have a vector

configuration representation are called realizable3. The formal definition of

oriented matroid realizability follows.

Definition 1.3.6 A realization of oriented matroid M of rank r on E is a

mapping ϕ : E → Rr such that

χ(e1, e2, · · · , er) = sign det(ϕ(e1), ϕ(e2), · · · , ϕ(er)) (1.3.2)

for all e1, e2, · · · , er ∈ E.

The realizability problem of determining whether a given oriented ma-

troid is realizable is known to be NP-hard [57]. One way to solve the problem

is the method of solvability sequences [9]. Recent progresses in this area include

the categorization of uniformM4,9 andM5,9 into realizable and unrealizable

oriented matroids by Moriyama et al [18].

Remark 1.3.7 An oriented matroidM of rank r on E is realizable for r ≤ 2,

and for r = 3 and |E| ≤ 8.

1.3.6 Single element extension

Geometrically, a single element extension [7] of an oriented matroidMr,n corre-

sponds to the addition of a pseudo-hemisphere to an arrangement of n pseudo-

hemispheres.

Let C∗ be the set of cocircuits of Mr,n. A single element extension of

Mr,n can be represented by a cocircuit signature σ : C∗ → {+,−, 0}. The

cocircuits C∗r,n+1 of the new oriented matroidMr,n+1 will consist of:

(C1) {(X, σ(X)) : X ∈ C∗r,n}.

(C2) {(X ◦ Y, 0) : X, Y ∈ C∗r,n, σ(X) = −σ(Y ) ̸= 0, X and Y are conformal

and comodular }.
3Oriented matroid realizability is also referred to as stretchability or coordinatizability.
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1.4 Colourful simplicial depth

1.4.1 From simplicial depth to colourful simplicial depth

A point p ∈ Rd has simplicial depth k relative to a set S if it is contained in k

closed simplices generated by (d+1) sets of S. This notion was introduced by

Liu [44] as a statistical measure of how representative p is of S. More generally,

we consider colourful simplicial depth, where the single set S is replaced by

(d + 1) sets, or colours, S1, . . . ,Sd+1, and a colourful simplex containing p

is generated by taking one point from each set. Figure 1.4 shows a point

configuration with a point p having a colourful simplicial depth of 5. We

assume that p ∪
∪i=d+1

i=1 Si are in general position.

Figure 1.4: Point p with a colourful simplicial depth of 5

The colourful simplicial depth of a point p relative to (d + 1) point sets

S1, . . . ,Sd+1 gives the number of feasible solutions of the associated colourful

linear programming problem [6, 17]: expressing p as a convex combination of

points x1, x2, . . . , xd+1 with xi ∈ Si for each i.

1.4.2 Normalization for colourful simplicial depth prob-
lems

As shown in [16], while exploring the colourful simplicial depth of the point p

with respect to d+ 1 sets of points S1, . . . ,Sd+1, we can assume the following

normalizations of the problem.

10
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(N1) Let p = 0.

(N2) |Si| = d+ 1 for each i. The sets S1, . . . ,Sd+1 must each contain at least

d+1 points for 0 to be in the interior of their convex hulls, and since we

are minimizing we can assume they contain no additional points.

(N3) Scale the points of the Si’s so that they lie on the unit sphere Sd−1. It is

based on the observation that 0 is in a simplex after scaling if and only

if it was in the simplex before scaling. The general position assumption

can be preserved up to elementary perturbations.

Figure 1.5 illustrates the normalization of the colourful point configura-

tion given in Figure 1.4.

Figure 1.5: Normalized version of Figure 1.4

11



Part I

Hyperplane Arrangements with
Large Average Diameter
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Chapter 2

Introduction

2.1 Conjectured bound for the average diam-

eter

Let δ(A) denote the average diameter of a bounded cell Pi of a simple arrange-

ment A, i.e.,

δ(A) =
∑f+

d (A)

i=1 δ(Pi)

f+
d (A)

,

where f+
d (A) is the number of bounded cells of A. We use ∆A(d, n) to denote

the largest possible average diameter of a bounded cell of a simple arrangement

defined by n inequalities in dimension d.

A major focus of this thesis is the following conjecture proposed by Deza,

Terlaky and Zinchenko [20]:

Conjecture 2.1.1 The average diameter of a simple arrangement is bounded

by its dimension from above, i.e., ∆A(d, n) ≤ d.

It is shown in [22] that ∆A(2, n) = 2− 2⌈n
2
⌉

(n−1)(n−2)
, ∆A(3, n) ≥ 3− 6

n−1
+

6(⌊n
2
⌋−2)

(n−1)(n−2)(n−3)
, and d is an asymptotic lower bound for ∆A(d, n) for n→∞ in

fixed dimension.

In order to gain further insight into the problem, we introduce a com-

putational framework in Chapter 4 that exploits the strength of the oriented

matroid abstraction to explore the combinatorial structure of an arrangement.

Previous results triggered the study of a specific type of arrangements,

namely covering extensions of cyclic arrangements. A method to enumerate

13
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the covering extensions of an arrangement and related computational results

are presented in Chapter 3.

2.1.1 A link to Hirsch conjecture

Hirsch Conjecture [14] states that the diameter of a d-polytope defined by n

inequalities is not greater than n − d. While the conjecture holds for d ≤ 3

and for n − d ≤ 6, it was recently disproved by Santos [55] by exhibiting

a counterexample for ∆(d, 2d) with d = 43 which was further improved to

d = 20 [45].

Deza, Terlaky and Zinchenko [20] noted the following link between the

Hirsch conjecture and Conjecture 2.1.1. The proof of Proposition 2.1.2 shows

how Hirsch conjecture relates to the average diameter of an arrangement and

its envelope complexity.

Proposition 2.1.2 If the conjecture of Hirsch holds for polytopes in dimen-

sion d, then ∆A(d, n) ≤ d+ 2d
n−1

.

Proof. Let {Pi | i = 1, 2, · · · , f+
d (A d,n) =

(
n−1
d

)
} denote the set of bounded

cells and fd−1(Pi) the number of facets of Pi. Then,

δ(A d,n) =
1

f+
d (A d,n)

f+
d (A d,n)∑
i=1

δ(Pi)

≤ 1

f+
d (A d,n)

f+
d (A d,n)∑
i=1

(fd−1(Pi)− d) (Hirsch conjecture)

=
1

f+
d (A d,n)

f+
d (A d,n)∑
i=1

fd−1(Pi)− d.

As a facet belongs to at most 2 bounded cells,
∑f+

d (A d,n)

i=1 fd−1(Pi) is at most

twice the number of bounded facets in A d,n. Thus,

δ(A d,n) ≤
2
(
f+
d−1(A d,n) + f 0

d−1(A d,n)
)

f+
d (A d,n)

− d

=
2n

(
n−2
d−1

)(
n−1
d

) − d (Theorem 1.2.4)

= d+
2d

n− 1
.
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�

2.2 Average diameter of oriented matroids

While we consider only the bounded cells of an arrangement for defining its

diameter, there is no concept of boundedness for the cells of a sphere arrange-

ment. We can define of the average diameter of oriented matroids as the

average diameter of all the cells in its representative sphere arrangement. For

example, the oriented matroidM3,4 shown in Figure 1.3 has average diameter
1×4+2×3

7
= 13

7
.

Remark 2.2.1 The boundedness of a cell is well defined in an affine sphere

arrangement, in which one of the hemispheres is chosen as the infinity hemi-

sphere. A cell that touches the equator of an infinity hemisphere is considered

to be unbounded.

Theorem 2.2.2 In the cases where the Hirsch conjecture holds, the average

diameter of an oriented matroidMr,n is bounded by r − 1 from above [34].

Proof. Given an oriented matroidMr,n, a cell in its representative sphere

arrangement has dimension r − 1. We use fr−1(Mr,n) to denote the number

of cells ofMr,n, and Ci, i = 1, . . . , fr−1(Mr,n), the ith cell. We have

δ(Mr,n) =
1

fr−1(Mr,n)

fr−1(Mr,n)∑
i=1

δ(Ci)

≤ 1

fr−1(Mr,n)

fr−1(Mr,n)∑
i=1

(fr−2(Ci)− (r − 1)) (Hirsch conjecture)

=
1

fr−1(Mr,n)

fr−1(Mr,n)∑
i=1

fr−2(Ci)− (r − 1)

≤ 2fr−2(Mr,n)

fr−1(Mr,n)
− (r − 1)

≤ 2(r − 1)fr−1(Mr,n)

fr−1(Mr,n)
− (r − 1) (Theorem 1.3.4)

= r − 1.
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2.3 Conjectured bound for the envelope com-

plexity

In the proof of Proposition 2.1.2, we noticed that

f+
d (A d,n)∑
i=1

fd−1(Pi) ≤ 2
(
f+
d−1(A d,n) + f 0

d−1(A d,n)
)
.

The inequality above is the result of an over-counting. Namely, as an external

facet belongs to exactly one bounded facet, we have

f+
d (A d,n)∑
i=1

fd−1(Pi) = 2
(
f+
d−1(A d,n) + f 0

d−1(A d,n)
)
− f 0

d−1(A d,n). (2.3.1)

Therefore, a lower bound for f 0
d−1(A d,n) would yield a tighter upper bound for

∆A(d, n) – assuming the Hirsch conjecture holds true for a given dimension,

say d = 4. Let ΦA(d, n) be the minimum number of external facets for any

simple arrangement defined by n hyperplanes in dimension d.

Conjecture 2.3.1 ([20]) Any arrangement A d,n has at least d
(
n−2
d−1

)
external

facets, i.e., ΦA(d, n) ≥ d
(
n−2
d−1

)
.

We disprove this conjecture by providing a counter example in Chaper 4.

Forge [31] established that the number of external facets of a cyclic arrange-

ment satisfy ϕ(A∗
d,n) = (d + 1)

(
n−2
d−1

)
; i.e., we have ΦA(d, n) ≤ (d + 1)

(
n−2
d−1

)
. It

was shown that ΦA(2, n) = 2(n− 1) for n ≥ 4 by Deza et al [22].
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Chapter 3

Covering Extension of
Arrangements

We get a covering extension of an arrangement Ad,n by adding a hyperplane

H such that all the vertices of Ad,n are on the same side of H. Previous

results suggested that certain covering extensions of cyclic arrangements have

the maximum average diameter among all A2,n and A3,6. Figure 3.1 and 3.2

illustrates such cased in dimensions 2 and 3. This observation motivates the

study of covering extensions.

3.1 Enumeration of covering extensions of ar-

rangements

Given an arrangement Ad,n, one can enumerate its covering extensions by

extending its corresponding oriented matroid using the proper perturbations

of the infinity element1.

Let C∗ be the set of cocircuits of an oriented matroidMr,n. Recall that

a single element extension of Mr,n is determined by the cocircuit signature

δ : C∗ → {+,−, 0} (section 1.3.6). For ease of understanding and analysis,

we use the sphere arrangement representation of oriented matroids. We can

obtain the cocircuit signature δc corresponding to the covering extension via

a series of rotations of the infinity hemisphere.

1We only consider simple arrangements, i.e, whose corresponding oriented matroids are
uniform.
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h

Figure 3.1: An arrangement A2,7 that maximizes the average diameter

Let Hk, 1 ≤ k ≤ n, be the infinity hemisphere, and Hn+1 the new

hemisphere resulting from the perturbation of Hk. Regardless of the directions

of the rotations of Hk, we keep it small enough so that the vertices which are

on the positive, respectively negative, side of Hk are also on the positive,

respectively negative, side of Hn+1, i.e., we have δc(X) = Xk, X ∈ C∗, if

Xk ̸= 0, where Xk is the kth sign of X. The signatures of the remaining

cocircuits, δc(X) for X ∈ C∗ where Xk = 0, are determined by how Hk is

rotated.

We first choose a pair of antipodal vertices Y and −Y on Hk. A vertex of

a sphere arrangement is the intersection of the equators of (r−1) hemispheres,

and hence has (r−1) zero signs. Let the ordered index set of zeros in Y , except

the one at index k, be (i1, i2, . . . , ir−2). We use a sign vector O ∈ {+,−}r−2

to represent the rotations, where Oj, j = 1, . . . , r− 2, records the direction of

the rotation of Hk around the axis defined by the intersection of the pseudo-

hyperplanes associated with Hk and Hij .

The rotations are ordered: the jth rotation is the one represented by

Oj. The first rotation perturbs Hk to Hn+1, which moves away from all the

18
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Figure 3.2: An arrangement A3,6 that maximizes the average diameter

vertices that are on the equator of Hk except the ones on the equator of Hi1 .

The second rotation perturbs Hn+1 away from the remaining vertices except

the ones that are on the equators of Hk, Hi1 and Hi2 . At the end of the

r− 2 rotations, all vertices on Hk except Y and −Y should be away from the

equator of Hn+1. In other words, all cocircuits in {X ∈ C∗ : Xk = 0} except
Y and −Y get a signature.

The signature of any cocircuit X, except for Y and −Y , is given by:

σ(X) =

{
Xk, if Xk ̸= 0;
XijOj, if Xk = 0, j is the smallest index such that Xij ̸= 0.

Finally, for computational purposes, we set the signature of the antipodal pair

Y and −Y by extending the length of the orientation vector O by one and

use Or−1 to record the chosen orientation of the antipodal pair. Thus, the

signature of any cocircuit X is given by:

σ(X) =


Or−1, if X = Y ;
−Or−1, if X = −Y ;
Xk, if Xk ̸= 0;
XijOj, if Xk = 0, j is the smallest index such that Xij ̸= 0.

See Figure 3.3 for an illustration of a covering extension ofM3,4. The covering

hemisphere, coloured in red, is obtained as a perturbation of hemisphere H4

by choosing Y =0++0 and −Y =0--0, rotating the sphere around the inter-

section of hemispheres H4 and H1 towards the reader, and then perturbing

the antipodal pairs clockwise.
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2

1

3

4

5

-0-0+

-+00+

00-++0--0+

+-00-

0+0++

+00++

+0+0-

0++0-

+--00

+-0+0

+0++0

-++00

0+++0

Figure 3.3: A covering extension ofM3,4

We have n choices for the infinity hemisphere,
(
n−1
r−2

)
possible pairs of

antipodal vertices, (r − 2)! different ways of ordering the (r − 2) rotations, 2

directions per rotation, and finally 2 choices for the signature of the antipodal

pair Y and −Y . Therefore, the total number of potential perturbations is

n
(
n−1
r−2

)
2r−2(r − 2)! 2 = n

(
n−1
r−2

)
2r−1(r − 2)!.

Although the total number of perturbations grows fast, the actual num-

ber of covering extension is not that large since many perturbations yield the

same combinatorial type of oriented matroid extension, see Table 3.1.

(r, n) # of perturbations # of covering extensions of A∗
r−1,n−1

(3,5) 80 5
(3,6) 120 5
(3,7) 168 7
(3,8) 224 7
(4,6) 960 26
(4,7) 1680 44
(4,8) 2688 65

Table 3.1: Number of covering extension of cyclic arrangements
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3.2 Computational results

The average diameter and number of external facets of the covering extensions

of the cyclic arrangement are computed. The algorithms used are introduced in

Chapter 4. The computational results disprove the hypothesis that ∆A(d, n),

the maximum average diameter over all Ad,n, is always achieved by a covering

extension of the cyclic arrangement2 A∗
d,n−1.

3.2.1 Average diameter

Table 3.2 contrasts the value of ∆A(d, n) with the maximum average diameter

∆c
A(d, n) over all covering extensions of A∗

d,n−1 as well as with δ(A∗
d,n), the

average diameter of the cyclic arrangement A∗
d,n.

(d, n) ∆A(d, n) ∆c
A(d, n) δ(A∗

d,n)

(3,6) 2 2 1.8
(3,7) 2.25 2.1 2
(3,8) 2.42 2.34. . . 2.14. . .
(3,9) ? 2.39. . . 2.25
(4,7) 2.2 2.2 2
(4,8) 2.71. . . 2.45. . . 2.28. . .

Table 3.2: Covering extensions ∆c
A(d, n) as a lower bound for ∆A(d, n)

While the covering extensions of A∗
d,n−1 fail to always reach ∆A(d, n),

they provide a good lower bound. In particular, we obtain a new lower

bound for ∆A(3, 9). It was shown in [22] that ∆A(2, n) = ∆c
A(2, n) and

∆A(3, 6) = ∆c
A(3, 6). The computation shows that ∆A(4, 7) = ∆c

A(4, 7), and

all arrangements achieving ∆A(3, 6) and ∆A(4, 7) are covering arrangements.

3.2.2 Number of external facets

In addition to providing a good lower bound for ∆A(d, n), the covering exten-

sions of specific types of Ad,n−1 provide a good upper bound for ΦA(d, n), the

minimum number of external facets over all A(d, n). Table 3.3 contrasts the

value of ΦA(d, n) with the following values:

2One can check whether an arrangement Ad,n is a covering extension of A∗
d,n−1 by remov-

ing the covering hyperplane and checking if the associated oriented matroid is alternating
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(a) Φc
A(d, n) – the minimum number of external facets over all covering ex-

tensions of Ad,n−1 with ϕ(Ad,n−1) = ΦA(d, n− 1).

(b) Φc∗
A (d, n) – the minimum number of external facets over all covering

extensions of cyclic A∗
d,n−1.

(c) ϕ(A∗
d,n) – the number of external facets of cyclic A∗

d,n.

(d, n) ΦA(d, n) Φc
A(d, n) Φc∗

A (d, n) ϕ(A∗
d,n)

(3,6) 22 22 22 24
(3,7) 32 32 34 40
(3,8) 44 44 48 60
(3,9) ? 58 64 84
(4,7) 47 47 47 50
(4,8) 84 84 88 100

Table 3.3: Covering extensions as an upper bound for ΦA(d, n)

Table 3.3 shows that Φc
A(d, n) = ΦA(d, n) for the known entries, which

leads to the following conjecture:

Conjecture 3.2.1 the arrangements with ϕ(Ad,n) = ΦA(d, n) are covering

extensions of the arrangements with ϕ(Ad,n−1) = ΦA(d, n− 1).

Table 3.4 lists the known entries for ΦA(d, n) as well as computationally

achieved upper bounds believed to be tight. These upper bounds are indicated

by a “∗” sign and were obtained for given (d, n) by considering either: (i) all

covering extensions of Ad,n−1 satisfying ϕ(Ad,n−1) = ΦA(d, n− 1) if ΦA(d, n−
1) is known, or (ii) all covering extensions of Ad,n−1 achieving the known

minimum for ϕ(Ad,n−1). The values for d = 3 lead to the following conjecture:

Conjecture 3.2.2 ΦA(3, n) = n2 − 3n+ 4 for n ≥ 6.
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HHHHHHd
n

3 4 5 6 7 8 9 10 11 12

2 3 6 8 10 12 14 16 18 20 22

3 4 12 22 32 44 58* 74* 92* 112*

4 5 20 45 84 130* 195*

5 6 30 86* 184*

6 7 42 142*

7 8 56 218*

Table 3.4: Known entries and upper bounds for ΦA(d, n)
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Chapter 4

Oriented Matroids Computation

A C++ package [60] is developed for oriented matroids computation to gain

a better insight into the combinatorial structure of arrangement. It consists

of classes for different representations of oriented matroids such as chirotopes,

circuits/cocircuits and pseudo-sphere arrangement.

4.1 Exploring arrangements via oriented ma-

troids computation

There are two advantages of using oriented matroids computation to explore

the combinatorial structure of arrangements. First, all computations can be

performed in a combinatorial way and hence numerical errors are avoided.

Second, oriented matroids are enumerable [27, 28, 29]. The list of all nontrivial1

uniform oriented matroidsMr,n for r ≤ 5 and n ≤ 8 as well as for (r, n) = (3, 9)

and (3, 10) can be found in the online database [26]. The enumeration of

uniform oriented matroids for (d + 1, n + 1) = (4, 9) and (5, 9) was recently

performed by Finschi, Fukuda and Moriyama and will be uploaded on the

online database [26].

The geometric properties of an arrangement such as the average diame-

ter and the number of external facets can be computed from its corresponding

uniform oriented matroid. As mentioned in Sections 1.3.3 and 2.2, although

oriented matroid is an abstract combinatorial structure, we can interpret geo-

1Since the uniformMr,r+2 is unique, nontrivial means n > r + 2
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metric notions such as faces, diameters and external facets through its pseudo-

sphere arrangement representation.

In the pseudo-sphere arrangement representation of a uniform oriented

matroidMr,n, every face can be labeled with a covector F ofMr,n. In partic-

ular, the vertices are labeled with the cocircuits and the cells are labeled with

the covectors not containing no 0’s. The sign Fi, i = 1, 2, . . . , n, indicates the

position of the face relative to Hi, the pseudo-hyperplane corresponding to the

ith pseudo-hemisphere. Face F is on the positive, negative side of or on Hi

if Fi = +, − or 0 respectively. Figure 4.1 shows all the covectors on the 4th

pseudo-hemisphere.

Figure 4.1: Covectors ofM3,4 (the cocircuits are coloured in red)

4.1.1 Computation of the average diameter

Given the covector representing a cell, Algorithm 1 computes its diameter by

constructing its skeleton graph. Two vertices X and Y are adjacent if X can

be pivoted to Y , or vice versa, i.e. if there exists a pair of indices (i, j) with

1 ≤ i, j ≤ n, i ̸= j such that: (i) Xk = Yk for all k ̸= i, j, (ii) Xi = 0, Yi ̸= 0,

and (iii) Xj ̸= 0, Yi = 0. The diameter of the cell is obtained by computing

the diameter of the resulting skeleton graph.
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Algorithm 1: CellDiameter

/* Compute the diameter of bounded cell C of a rank d+ 1
affine arrangement of n+ 1 pseudo-spheres represented

by cocircuits C∗d+1,n+1. */

input : C, C∗d+1,n+1

output: δ ; /* diameter */

V ← ϕ ; /* vertices of cell C */1

foreach X ∈ C∗d+1,n+1 do2

if X.ConformalTo (C) then3

V ← V ∪{X}4

G.AddVertices (V) ; /* skeleton graph of cell C */5

foreach (X ∈ V ,Y ∈ V ) do6

if Pivotable (X,Y ) then7

G.AddEdge (X,Y )8

return GraphDiameter (G)9

Given an affine oriented matroid (Mr,n, k) in its cocircuits representation

(C∗r,n, k), where k is the infinity element. Algorithm 2 computes the average

diameter of the bounded cells of (Mr,n, k). It uses several subroutines including

Algorithm 1 for cell diameter, Algorithm 3 for covectors and Algorithm 4 for

boundedness checking.

Algorithm 2: AverageDiameter

/* Compute the average diameter of the bounded cells of

affine oriented matroid (C∗, k) (k is the infinity

element). */

input : (C∗r,n, k)
output: δ ; /* average diameter */

V∗
r,n ← Covectors (C∗r,n) ; /* get the covectors */1

NumBoundedCells ← 0 ;2

Sum ← 0 ;3

foreach X ∈ V∗
r,n do4

if NumZeros (X) = 0 and IsBounded ((C∗r,n, k), X) then5

NumBoundedCells ← NumBoundedCells +1 ;6

Sum ← Sum + CellDiameter (X) ;7

return Sum/NumBoundedCells ;8
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Algorithm 3 computes the covectors from the cocircuits using repeated

composition.

Algorithm 3: Covectors

/* Get the set of covectors V∗ of oriented matroid C∗ */

input : C∗r,n
output: V∗

V∗
r,n ← ϕ ;1

W∗
r,n ← C∗r,n ;2

while |W∗
r,n| > |V∗

r,n| do3

V∗
r,n ←W∗

r,n ;4

foreach X ∈ V∗
r,n, Y ∈ W∗

r,n do5

W∗
r,n ←W∗

r,n ∪ {X ◦ Y } ;6

return V∗ ;7

Algorithm 4 checks the boundedness of a face by verifying that no vertex

on the infinity is conformal to the covector of the face.

Algorithm 4: IsBounded

/* Check the boundedness of a face F in affine oriented

matroid (C∗, k) (k is the infinity element). */

input : (C∗r,n, k), F
output: true or false

foreach X ∈ C∗r,n do1

if Xk = 0 and X.ConformalTo (F) then2

return false ;3

return true ;4

4.1.2 Computation of the number of external facets

For a uniform oriented matroid, the covector of a facet contains exactly one

0. A bounded facet is external if its corresponding covector is conformal to

the covector of some unbounded cell. Algorithm 5 computes the number of
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external facets. It uses some of the subroutines defined in the previous section.

Algorithm 5: NumExternalFacets

/* Compute the number of external facets of affine

oriented matroid (C∗, k) (k is the infinity element). */

input : (C∗r,n, k)
output: NumExternalFacets

V∗
r,n ← Covectors (C∗r,n) ; /* get the covectors */1

/* Get the set of unbounded cells. */

S ← ϕ ;2

foreach X ∈ V∗
r,n do3

if NumZeros (X) = 0 and not IsBounded ((C∗r,n, k), X) then4

S = S ∪ {X}5

/* Search for external facets. */

NumExternalFacets ← 0 ;6

foreach X ∈ V∗
r,n, Y ∈ S do7

if NumZeros (X) = 1 and IsBounded ((C∗r,n, k), X) and8

X.ConformalTo (Y ) then
NumExternalFacets ← NumExternalFacets +19

return NumExternalFacets ;10

4.2 Computational results

4.2.1 Maximal average diameter

To determine the entries for ∆A(d, n), the maximum average diameter over all

Ad,n, for d ≤ 4 and n ≤ 8 we consider the set Md+1,n+1 of uniform oriented

matroids. For each uniform oriented matroid, we iterates through the n + 1

choices of setting one element as the infinity element, and compute the average

diameters of the resulting affine oriented matroids. Finally, the realizability

of the oriented matroids achieving ∆A(d, n) is checked. Computational results

show that all oriented matroids with ∆A(d, n) turn out to be realizable and

lead to the following question:

Question 4.2.1 Can an affine non-realizable oriented matroid achieve the

maximal average diameter?
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The entries for ∆A(d, n) with d ≤ 4, n ≤ 8 are listed in Table 4.1. The

list of hyperplane arrangements satisfying δ(Ad,n) = ∆A(d, n) can be found in

Appendix A.1 and in [60] in the form of affine chirotopes.

(d, n) |Md+1,n+1| ∆A(d, n)
(2,5) 4 1.5
(2,6) 11 1.7
(2,7) 135 1.73. . .
(2,8) 4,382 1.80. . .
(3,6) 11 2
(3,7) 2,628 2.25
(3,8) 9,276,595 2.42. . .
(4,7) 135 2.2
(4,8) 9,276,595 2.71. . .

Table 4.1: ∆A(d, n) for d ≤ 4 and n ≤ 8

4.2.2 Minimal number of external facets

While computing the entries for ∆A(d, n), one can also obtain ΦA(d, n), the

minimum number of external facets, i.e. facets belonging to exactly one

bounced cell, over all Ad,n. The computed entries for ΦA(d, n) are listed in

Table 4.2. The list of hyperplane arrangements satisfying ϕ(Ad,n) = ΦA(d, n)

can be found in Appendix A.2 and [60]. We recall that it was showed in [22]

that ΦA(2, n) = 2(n− 1).

(d, n) ||Md+1,n+1|| ΦA(d, n)
(2,5) 4 8
(2,6) 11 10
(2,7) 135 12
(2,8) 4,382 14
(3,6) 11 22
(3,7) 2,628 32
(3,8) 9,276,595 44
(4,7) 135 47
(4,8) 9,276,595 84

Table 4.2: Entries for ΦA(d, n) for d ≤ 4 and n ≤ 8
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The entry for (d, n) = (3, 8) disproves Conjecture 2.3.1 stating that

ΦA(d, n) ≥ d
(
n−2
d−1

)
as we have ΦA(3, 8) = 44 < 45 = 3

(
6
2

)
.

Remark 4.2.2 All known affine oriented matroids minimizing the number of

external facets are realizable.

4.2.3 Maximal number of external facets

The maximal number of external facets is also computed to contrast the value

with the number of external facets of the cyclic arrangements, see Table 4.3.

Figure 4.2 illustrates the two arrangements of 6 lines that have the maximal

number of external facets.

(d, n) Maximal ϕ(A(d, n)) ϕ(A∗(d, n))
(2,6) 13 12
(2,7) 17 15
(3,6) 25 24
(3,7) 43 40
(3,8) 65 60
(4,7) 52 50
(4,8) 104 100

Table 4.3: Comparison of maximal ϕ(A(d, n)) and ϕ(A∗(d, n))

Figure 4.2: Two arrangements A2,6 with maximal ϕ(A(2, 6))
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4.2.4 Simultaneously maximizing ∆A(d, n) and
minimizing ΦA(d, n)

The hypothesized relation between maximizing ∆A(d, n) and minimizing ΦA(d, n)

is computationally substantiated by the existence for d ≤ 4 and n ≤ 8 of

at least one simple arrangement simultaneously maximizing ∆A(d, n) and

minimizing ΦA(d, n). The list of hyperplane arrangements satisfying both

δ(Ad,n) = ∆A(d, n) and ϕ(Ad,n) = ΦA(d, n) can be found in Appendix A.3

and in [60].

The known entries for ∆A(d, n) are summarized in Table 4.4.

HHHHHHd
n− d

2 3 4 5 6 . . . n− d . . .

2 4
3

3
2

17
10

26
15

38
21

. . . 2− 2⌈n
2
⌉

(n−1)(n−2)

3 3
2

2 9
4

17
7
≥ 67

28

4 8
5

11
5

19
7

...
...

d 2d
d+1

...
...

Table 4.4: Known entries for ∆A(d, n)
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Part II

Colourful Simplicial Depth and
its Generalizations
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Introduction

Given d + 1 sets of points in dimension d such that the convex hulls of the

Si’s contain p in their interior, the following Bárány’s Colourful Carathéodory

Theorem [4] shows that p must be contained in some colourful simplex, a

simplex with each vertex from a different set.

We are interested in µ(d), the minimum number of colourful simplices

drawn from S1, . . . ,Sd+1 that contain p ∈ Rd given that p ∈ int(conv(Si)) for

each i, and assuming that the points in
∪

i Si ∪ {p} are in general position.

Besides its intrinsic appeal, the minimum colourful simplicial depth µ(d) rep-

resents the minimum number of solutions to the colourful linear programming

feasibility problem proposed by Bárány and Onn [6].

Deza et al [16] prove that 2d ≤ µ(d) ≤ d2 + 1, that µ(d) is even for

odd d, and that µ(2) = 5. The paper also conjectures that µ(d) = d2 + 1

for all d ≥ 1. Subsequently, Bárány and Matoušek [5] verify the conjecture

for d = 3 and provide a lower bound of µ(d) ≥ max(3d,
⌈
d(d+1)

5

⌉
) for d ≥ 3,

while Stephen and Thomas [59] independently provide a stronger quadratic

lower bound of µ(d) ≥
⌊
(d+2)2

4

⌋
. We prove that µ(d) ≥ ⌈ (d+1)2

2
⌉ for d > 1

in Chapter 5, and introduce a combinatorial generalization of colourful point

configurations, octahedral systems, in Chapter 6.
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Chapter 5

New Bound for the Minimum
Colourful Simplicial Depth

The following Bárány’s Colourful Carathéodory Theorem [4] shows that the

minimum colourful simplicial depth µ(d) is at least 1.

Theorem 5.0.3 ([4]) Let S1,S2, . . . ,Sd+1 be finite sets of points in Rd such

that 0 ∈ conv(Si) for i = 1 . . . d + 1. Then there exists a set S ⊂
∪

i Si such

that |S ∩ Si| = 1 for i = 1, . . . , d+ 1 and 0 ∈ conv(S).

In this chapter, we present a new lower bound of the minimum colourful

simplicial depth and its proof [19]. This strengthens the previously known

lower bound for all d ≥ 4.

Theorem 5.0.4 For d ≥ 1, we have µ(d) ≥ ⌈ (d+1)2

2
⌉.

5.1 Key observations

We call a set of points drawn from the Si’s colourful if it contains at most

one point from each Si. We call a colourful set of d points which misses Si

an î-transversal . Note that î-transversals generate full dimensional pointed

colourful cones; we say that a transversal spans a point if the point is contained

in the associated cone. We have a colourful simplex containing 0 whenever the

antipode of a point of colour i is spanned by an î-transversal. In Figure 5.1, the

antipodes g2, g3 of G2, G3 are spanned by transversal {B1, R1}, thus yielding
two colourful simplices {B1, R1, G2} and {B1, R1, G3}.
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Figure 5.1: Transversal cone

A combinatorial colourful octahedron, or colourful cross polytope, is gen-

erated by a pair of disjoint î-transversals. Since each of the two transversals

in the octahedron has d points of different colours, a octahedron contains 2d

transversals. An octahedron is said to span Sd−1 if the 2d transversals span

Sd−1.

The following Octahedron Lemma [5] states that every octahedron Ω

either span Sd−1, or every point in Sd−1 that is spanned by colourful cones

from Ω is spanned by at least two distinct such cones. In the case where the

points of Ω form an octahedron in the geometric sense, these correspond to

the cases where 0 is inside and outside Ω respectively. Figure 5.2 illustrates

the two cases.

Lemma 5.1.1 (Octahedron lemma) Let S, T be two disjoint transversals,

and x be a point whose antipode is spanned by S.

(i) If the colourful octahedron S ∪ T does not span Sd−1, then there exists a

transversal T ′ ∈ S ∪ T , T ′ ̸= S, that also spans the antipode of x.

(ii) If S is the unique transversal in S ∪ T spanning the antipode of x, then

S ∪ T spans Sd−1.

Our strategy for finding distinct colourful simplices is to begin with a

transversal that generates at least one colourful simplex, and get further points

35



PhD Thesis - Feng Xie McMaster - Computing and Software

Figure 5.2: Two illustrations of Octahedron lemma

from octahedra that include this transversal. We consider different cases based

on the number of colourful simplices generated by the initial transversal, and

on how many of the octahedra span Sd−1.

5.2 Proof of Theorem 5.0.4

The Colourful Carathéodory Theorem proves the existence of at least one

colourful simplex containing 0. It gives an antipode of colour (d+ 1) that lies

in the cone generated by a d̂+ 1-transversal T . Without loss of generality we

can number the points of S1,S2, . . . ,Sd so that point (d+ 1) of Si is included

in T . The remaining points of the Si’s can be numbered arbitrarily. Let Ti be

the set that contains the points numbered i from S1,S2, . . .Sd+1. Then each

Ti is a d̂+ 1-transversal and Td+1 = T . Further, the sets T1, T2, . . . , Td+1 are

pairwise disjoint. Let L be the set of antipodes of colour (d + 1) spanned by

Td+1, where |L| = l > 0. Figure 5.3 illustrates the way the transversals are

labeled.

5.2.1 Points from d octahedra that share a transversal

Now consider the d octahedra Ω1,Ω2, . . . ,Ωd given by pairing Ti with Td+1

for i = 1, 2, . . . , d. Except for the common transversal Td+1, every d̂+ 1-

transversal found among the Ωi’s is distinct. Suppose that b of the octahedra

span Sd−1. We count the colourful simplices containing 0 in the following way:
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Figure 5.3: Labeling of the transversals

(i) There are l antipodes of colour (d+ 1) spanned by Td+1, yielding l sim-

plices containing 0.

(ii) There are (d+1− l) antipodes of colour (d+1) that are not spanned by

Td+1, and hence must be spanned by a different transversal from each

of the b sphere-spanning octahedra in {Ωi}. This gives us b(d + 1 − l)

distinct simplices containing 0.

(iii) There are (d − b) octahedra in {Ωi} that do not span Sd−1. By the

Octahedron Lemma, each of the l antipodes spanned by Td+1 must also

be spanned by a second transversal from the octahedron generated by

Td+1 and Ti. So we find an additional (d − b)l distinct simplices along

with the l simplices generated by the antipodes with Td+1 itself.

In total we have l+ b(d+ 1− l) + (d− b)l = (d+ 1)(b+ l)− 2bl distinct

colourful simplices containing 0.

5.2.2 Case study

In the above argument, Td+1 can be any d̂+ 1-transversal containing an an-

tipode of colour (d+1). Note that if each antipode of colour (d+1) is spanned

by at least j d̂+ 1-transversals, then depth(0) ≥ j(d + 1). We can take Td+1

to be a transversal spanning the least covered antipode. As we move through
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the possible values of i in the argument of Section 5.2.1, whenever the octa-

hedron fails to cover Sd−1 we will see a new cone covering the lightly spanned

antipode. Hence (j − 1) + b ≥ d. We thus have

depth(0) ≥ max{j(d+ 1), (d+ 1)(b+ l)− 2bl}
j ≥ 1, b ≥ 1, l ≤ d

j + b ≥ d+ 1

(5.2.1)

We consider two cases.

Case 1: l ≤ d+1
2

When l ≤ d+1
2
, by taking either j ≥ d+1

2
or b ≥ d+2

2
we get depth(0) ≥ d2+2d+1

2

from Equation 5.2.1.

Case 2: l ≥ d+2
2

In this case, we begin with l simplices containing 0 differing only in the (d+1)st

colour. We can repeat this exercise for each colour, in which case we will either

find that for each colour i, li ≥ d+2
2
, or, for some colour i, li ≤ d+1

2
. In the

latter case, we apply the analysis above to get at least d2+2d+1
2

distinct simplices

containing zero.

If it happens that we get li ≥ d+2
2

for each i, then for each i we have

a set Li of at least li antipodes of colour i which lie on a single î-transversal

Ui. These generate (d+ 1) sets X1, X2, . . . Xd+1 of at least l = mini(li) ≥ d+2
2

colourful simplices. There may be some duplication between sets, but we note

that the simplices within each set are distinct and differ only in the ith colour.

We can identify the simplices that make up the Xi’s with vectors in

{1, 2, . . . , d + 1}d+1. We find it helpful to consider them as vectors in Rd+1

unrelated to the initial configuration.

A simplex αd belonging to a given Xi is represented by a vector in Rd+1

in the following way. The axes correspond to the d + 1 colours, and the qth

coordinate is set to the index in Sq of the point of colour q of αd. We recall

that the index of points in Sq is set by the arbitrary numbering of points of

colour q.

The vectors associated to the simplices from a given Xi lie on a line

segment in the ith coordinate direction. If a simplex is in both Xi and Xq,
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then the associated vector must lie at the intersection of the corresponding

line segments.

Lemma 5.2.1 There are at most d duplicate vectors in the union of the Xi’s,

where a vector that is in k + 1 sets is counted as k duplicate vectors.

Proof. Consider adding the sets repeatedly. We will say that two sets

are in the same component if they contain a common point, and extend this

to an equivalence relation. We remark that each component is contained in

the topological component formed by taking the union of the line segments

associated to the Xi’s, but a given topological component will contain multiple

components if the points of intersection of the line segments are not included

in the corresponding Xi’s.

We begin with c = 0 components and k = 0 duplicate vectors. Each

added set either creates a new component or intersects r components, produc-

ing r duplicate vectors while reducing the number of components by (r − 1)

through the equivalence relation. Therefore at each step c+ k increases by 1.

Upon termination, we will have at least 1 component, and hence at most d

duplicate vectors. �

Then the Xi’s contain distinct simplices except possibly for up to d +

1 − c ≤ d duplicates arising in this construction, where c is the number of

components. This gives us a total of (d+1)l− (d+1− c) = (d+1)(l− 1) + c

distinct simplices containing 0.

However, if c is small, we can readily find additional distinct simplices

containing 0 by observing that for a fixed colour i, for instance one attaining

l = li, we also have (d+1− l) antipodes outside of Li. Each of these antipodes

must generate some colourful simplex containing 0. In fact, for each antipode

omitted, we could get d+1
2

simplices since either li or b is this large, but it does

not improve our worst case. Call this set of simplices M , and again consider

them as vectors in Rd+1. They are not included among the vectors associated

to simplices in Xi, since they have different values of coordinate i.

The vectors associated to simplices in M could duplicate vectors from

components other than the one containing Xi. However, each such component

has a fixed value of colour i. If c − 1 ≥ d + 1 − l it may be the case that all
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such simplices are duplicates, but in that case (d + 1)(l − 1) + c ≥ dl + 1. If

c − 1 < d + 1 − l we get at least d + 2 − l − c additional distinct simplices

from vertices omitted from the (d+ 1) sets. This again guarantees us at least

(d+ 1)(l − 1) + c+ (d+ 2− l − c) = dl + 1 distinct simplices.

Now as l ≥ d+2
2

we get at least dd+2
2

+ 1 = d2+2d+2
2

distinct simplices

containing 0. Thus our overall worst case for this analysis is at d2+2d+1
2

=
(d+1)2

2
, which can be rounded up to an integer when d is even. This improves

the known bounds for d ≥ 4, in particular from 12 to 13 when d = 4. We

remark that unlike previous general approaches, this analysis gives the tight

bound of 5 when d = 2.

5.3 Generalizations of the Colourful Carathéodory

Theorem

5.3.1 A first generalization of the Colourful Carathéodory
Theorem

In this subsection, general position is assumed, and in particular we assume

that |Si| = d + 1 for i = 1, . . . , d + 1. Note that Theorems 5.3.1 and 5.3.5

do require general position. The Colourful Carathéodory Theorem was gen-

eralized by Arocha et al. [1] and by Holmsen et al. [39] who provided a more

general sufficient condition for the existence of a colourful simplex containing

the origin.

Theorem 5.3.1 ([1, 39]) Let S1,S2, . . . ,Sd+1 be finite sets of points in Rd

such that 0 ∈ conv(Si ∪ Sj) for 1 ≤ i < j ≤ d + 1. Then there exists a set

S ⊂
∪

i Si such that |S ∩ Si| = 1 for i = 1, . . . , d+ 1 and 0 ∈ conv(S).

As an analog to µ(d), we define µ♢(d) as the minimum number of colour-

ful simplices containing 0 in any configurations satisfying the condition of

Theorem 5.3.1 and the general position assumption. Note that, without the

general position assumption, the corresponding minimum number of colourful

simplices containing 0 is at most mini |Si|.

Proposition 5.3.2 µ♢(d) ≤ d+ 1.
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Proof. We construct a configuration that has exactly d + 1 colourful

simplices. We use the terms for locations on Sd as defined in [16] such as

north/south polar region, tropic of Cancer and tropic of Capricorn, as shown

in Figure 5.4. The points of each colour except colour d + 1 are put into

the above locations in the same way as [16] – one in tropic of Cancer, one in

tropic of Capricorn and the others in north polar region such that the origin

is contained in the convex hull. This way, the region around the south pole is

spanned by only one colourful cone, which consists of the points located in the

tropic of Capricorn. Then we make all antipodes of colour d+ 1 in the south

polar region by putting all points of colour d+1 in the north polar region, see

Figure 5.5.

Since 0 is in conv(Si) for i = 1, 2, . . . , d, the relaxed conditions are sat-

isfied. Also, each colour from 1, . . . , d has a unique point which is a generator

for all (d+1) colourful simplices containing 0, because the antipodes of colour

d+ 1 are in a region that is spanned by only one colourful cone. �

2

Equator
Tropic of Cancer

Tropic of Capricorn

North polar region

South polar region

Figure 5.4: Sphere locations
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Figure 5.5: A configuration in dimension 2 satisfying the condition of Theo-
rem 5.3.1 and with the origin having a colourful simplicial depth of 3

Remark 5.3.3 In contrast to the situation when 0 is in all the Si’s, most

points from the Si generate no colourful simplices containing 0.

Proposition 5.3.4 µ♢(2) = 3.

Proof. We show that any configuration in dimension 2 has at least three

colourful simplices. The condition 0 ∈ conv(S1 ∪ S2) indicates that every

half-circle contains a point from S1 ∪ S2. If the circle is covered by colourful

cones, then each antipode of the remaining colour generates a colourful simplex

containing 0 and we are done. Otherwise, some segment of the circle is not

covered by any colourful cone. This segment must be bounded by two points

p and p′ of the same Si, say S1. The three points of S2 then are on the longer

arc between these points, and for each point of S2, every point on the longer

arc is covered by a colourful cone using that point and either p or p′. The

condition that 0 ∈ conv(S2 ∪ S3) forces at least one of the antipodes of S3 to

lie in the arc that spans the three points of S2.

We have shown that µ♢(2) ≥ 3. Since µ♢(2) ≤ 3 by Proposition 5.3.2,

we have µ♢(2) = 3. �
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5.3.2 A further generalization of the Colourful Carathéodory
Theorem

Meunier and Deza [46] further generalized the sufficient condition for the ex-

istence of a colourful simplex containing the origin. Let
−→
xk0 denote the ray

originating from xk towards 0.

Theorem 5.3.5 ([46]) Let S1,S2, . . . ,Sd+1 be finite sets of points in Rd. As-

sume that, for each 1 ≤ i < j ≤ d + 1, there exists k /∈ {i, j} such that,

for all xk ∈ Sk, the convex hull of Si ∪ Sj intersects the ray
−→
xk0 in a point

distinct from xk. Then there exists a set S ⊂
∪

i Si such that |S ∩ Si| = 1 for

i = 1, . . . , d+ 1 and 0 ∈ conv(S).

Up to an additional argument to handle degenerate configurations, Theo-

rem 5.3.5 can be derived from the slightly stronger Theorem 5.3.6 where

H+(Ti) denotes, for any î-transversal Ti, the open half-space defined by aff(Ti)

and containing 0.

Theorem 5.3.6 ([46]) Let S1,S2, . . . ,Sd+1 be finite sets of points in Rd such

that the points in
∪

i Si ∪ {0} are distinct and in general position. Assume

that, for any i ̸= j, (Si ∪ Sj) ∩ H+(Ti) ̸= ∅ for any î-transversal Ti. Then

there exists a set S ⊂
∪

i Si such that |S ∩ Si| = 1 for i = 1, . . . , d + 1 and

0 ∈ conv(S).

Note that, as the conditions Theorem 5.0.3 and Theorem 5.3.1, but unlike the

one of Theorem 5.3.6, the condition of Theorem 5.3.5 is computationally easy

to check. In the plane and assuming general position, Theorem 5.3.5 can be

generalized to Theorem 5.3.7.

Theorem 5.3.7 ([46]) Let S1,S2,S3 be finite sets of points in R2 such that

the points in S1 ∪ S2 ∪ S3 ∪ {0} are distinct and in general position. Assume

that, for pairwise distinct i, j, k ∈ {1, 2, 3}, the convex hull of Si∪Sj intersects

the line aff(xk,0). Then there exists a set S ⊂ S1∪S2∪S3 such that |S∩Si| = 1

for i = 1, 2, 3 and 0 ∈ conv(S).
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5.4 A Combinatorial Generalization

The methods in Section 5.2 rely on the combinatorial structure of the vec-

tors representing the simplices. Indeed, there is a nice generalization of the

colourful simplicial depth problem to systems of vectors in {1, 2, . . . , d+1}d+1.

Given sets of points S1, . . . ,Sd+1, we form the system of vectors V where

v = (s1, . . . , sd+1) is in V exactly if the colourful simplex described by v con-

tains 0. In this context, î-transversals are simply vectors with the ith coordi-

nate removed, and octahedra are pairs of disjoint î-transversals. The system V
satisfies certain properties corresponding to Bárány’s Colourful Carathéodory

Theorem and the Octahedron lemma.

This combinatorial generalization, which we call octahedral systems, will

be further discussed in Chapter 6.
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Chapter 6

Octahedral Systems

We are interested in the set systems of the following type: the base set S

is partitioned into colours S1,S2, . . .Sm for some m, and the sets consist of

one element from each Si. In other words, these are m-uniform hypergraphs

where each hyperedge has a unique intersection with each colour Si. We will

sometimes refer to the sets that belong to a given system as edges. We call a

subset of S colourful if it contains at most one point from each Si. Thus the

edges of any octahedral system are colourful.

We call a colourful set of d points which misses Si an î-transversal, and

call any pair of disjoint î-transversals an octahedron. We say that an m-

uniform collection of colourful edges forms an octahedral system if it satisfies

the following property:

Property 6.0.1 For any octahedron Ω consisting of two î-transversals, the

parity of the set of edges using points from Ω and a fixed point si for the ith

coordinate is the same for all choices of si.

Figure 6.1 demonstrates an octahedral system of three colours (m =

3). If we label the points from top down starting from 1, the edges of the

system are (1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (1, 3, 3). If the last edge is absent,

Property 6.0.1 is not satisfied any more. As shown in Figure 6.2, there is one

edge using G1 and points from Ω, but none using G2 and G3.
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Figure 6.1: An octahedral system with 3 colours (m = 3)

Figure 6.2: A non-octahedral system

6.1 Octahedral systems and colourful simpli-

cial depth

The octahedral system is a combinatorial generalization of the colourful point

configuration arising from the study of colourful simplicial depth as discussed

in Chapter 5. From any such colourful point configuration, we can form a

system of vectors V where v = (s1, . . . , sd+1) is in V if and only if the colourful

simplex described by v contains 0. Such a system satisfies Property 6.0.1,

which is implied by the Octahedron Lemma.

When the points of Ω are drawn from Rd and form an octahedron in

the geometric sense, i.e. conv(Ω) is an octahedron and same coloured points

are not adjacent in the skeleton of the polytope, then the odd, respectively

even, case corresponds to 0 lying inside, respectively outside, Ω. Figure 5.2

illustrates this in a two dimensional case where 0 is at the centre of a circle

that contains points of the three colours.

We can get lower bounds for the number of colourful simplices containing

p for given configurations by showing that certain small octahedral systems

cannot exist. In particular, it leads to two interesting combinatorial questions:
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what is the smallest non-empty octahedral system in terms of the number of

edges on (d + 1) sets of (d + 1) points, and what is the smallest such system

where every point is contained in some edge. In Section 6.3 we show that the

answer to the first question is d + 1 and use this to prove a conjecture about

point configurations. The second question suggests a method of computation-

ally attacking the colourful simplicial depth problem, see below, at least for

small dimension.

6.2 Octahedral Problems

The strong version of Bárány’s Colourful Carathéodory Theorem says that

when a colourful configuration satisfies 0 ∈ conv(Si) for i = 1, . . . , d+ 1, then

every point in S is part of some colourful simplex. Thus the octahedral system

generated by such a colourful configuration must satisfy:

Property 6.2.1 Every element of {1, 2, . . . , d+ 1} is in some v ∈ V.

In particular, any colourful configuration satisfying with 0 ∈ conv(Si)

for i = 1, . . . , d + 1 must generate a system V satisfying Property 6.0.1 and

Property 6.2.1. For example, the low colourful simplicial depth configurations

of [16] generate such a system with (d + 1) sets of (d + 1) points, containing

(d2 + 1) vectors. We define ν(d) to be the minimum number of vectors in an

octahedral system of (d+1) points in (d+1) colours satisfying Properties 6.0.1

and 6.2.1, and ν♢(d) to be the minimum number of vectors of an similar system

satisfying Property 6.0.1 only. Then we have ν(d) ≤ µ(d) ≤ d2 + 1 and

ν♢(d) ≤ µ♢(d) ≤ d + 1. In Section 6.3 we show that ν♢(d) = µ♢(d) = d + 1.

In Section 6.4 we show that ν(d) = d2 + 1 for d = 2, 3, and conjecture that it

may hold for all d. In particular, computation of ν(d) for small d gives us a

finite procedure that can prove interesting lower bounds for µ(d).

Remark 6.2.2 In [16] it was observed that µ(d) is even for odd d. Similarly

it is easy to see that when m = d + 1 is even, all octahedral systems have an

even number of vectors. In particular, both ν(d) and ν♢(d) are even for odd d.
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6.3 Proof that µ♢(d) = d + 1

Consider the octahedral system corresponding to the configuration provided in

the proof of Proposition 5.3.2 and showing that µ♢(d) ≤ d+1 for d ≥ 2. This

octahedral system consists of the d+1 edges {(1, 1, . . . , i) : i = 1, 2, . . . , d+1}
and therefore we have ν♢(d) ≤ d+1 for d ≥ 2. See Figure 6.3 for an illustration

of minimal octahedral system in dimension 2. In this section we show that

any non-empty octahedral system of (d+ 1) sets of (d+ 1) points has at least

(d+ 1) vectors, and hence that ν♢(d) = µ♢(d) = d+ 1.

Figure 6.3: An octahedral system with d+ 1 edges for d = 2

Proposition 6.3.1 For any d ≥ 2, we have ν♢(d) = µ♢(d) = d+ 1.

Proof. Assume that there is an octahedron Ω consisting of two î-

transversals and a point s ∈ Si such that there are an odd number of edges

using points from Ω and s. Then it follows immediately from Property 6.0.1

that there is at least one edge that uses points from Ω and any point in Si.

Therefore ν♢(d) ≥ d+ 1 as |Si| = d+ 1.

Assume then that there exists no such octahedron with odd parity, but

that the system contains some edge E. We view E as being formed by a

î-transversal T and a point s ∈ Si and generate edges in the following way:

Consider the d disjoint î-transversals Ti for i = 1, 2, . . . , d generated from the

remaining points, and the d octahedra Ω1,Ω2, . . . ,Ωd given by pairing Ti with

T for i = 1, 2, . . . , d. For each i, besides E, there is at least one other edge that

uses s and the points from Ωi due to the even parity. Therefore ν♢(d) ≥ d+1.

In both cases ν♢(d) ≥ d + 1. Thus we have ν♢(d) = µ♢(d) = d + 1 as

ν♢(d) ≤ µ♢(d) ≤ d+ 1. �
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Remark 6.3.2 Meunier and Deza [46] recently proved that any condition that

guarantees the existence of at least 1 colourful simplex containing the origin,

actually guarantees that at least mini |Si| such colourful simplices exist. In

particular, assuming general position implies that |Si| = d+1 for i = 1, . . . , d+

1, and therefore we have at least d+ 1 such colourful simplices.

6.4 Computational Approach

For a given d, the computational approach consists of ruling out a given value

k for ν(d) via an exhaustive computer search showing that no system V of

size k can satisfy Property 6.0.1 and Property 6.2.1. This approach was used

to show that ν(2) > 3 and ν(3) > 8. In other words, this approach verifies

computationally that ν(2) = µ(2) = 5 and ν(3) = µ(3) = 10 using the fact

that ν(3) must be even, see Remark 6.2.2.

In this section we propose ways to normalize the vector system which

significantly speed up the enumeration. We also present a constraint pro-

gramming formulation of the problem.

6.4.1 Normalization of the vector system

Recolouring and relabelling of the points do not change the combinatorics

of the point configuration. This symmetry will result in many duplicates in

enumeration. In order to speed up the enumeration of vector systems for ν(d)

we normalize the vector system in the following ways.

(N1) First, since the vector system V is not empty, we can assume vector

(0, 0, . . . , 0) ∈ V .

(N2) If there is a covering octahedron, i.e. one that generates an odd num-

ber of vectors for each point of the excluded colour, we can take the

excluded colour to be the final one, an octahedron of the system to be

{(0, . . . , 0), (1, . . . , 1)}, with the labelings of the points of colours 1, . . . , d

chosen so that (N1) is satisfied.

A Python routine that searches for small octahedral systems using these nor-

malizations is available at [61].
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6.4.2 Constraint programming approach

The other computational approach for ν(d) is to exploit the fact that there is

a sphere covering octahedron for each missing colour and model the search for

a valid vector system as a constraint programming problem.

We can start with the following collection of vectors V◦. Each block

of (d + 1) vectors represents the simplices derived from a sphere covering

octahedron for a missing colour.

(1, x2
1,1, x

3
1,1, . . . , x

d+1
1,1 ), (2, x2

1,2, x
3
1,2, . . . , x

d+1
1,2 ), . . . ,

(d+ 1, x2
1,d+1, x

3
1,d+1, . . . , x

d+1
1,d+1);

(x1
2,1, 1, x

3
2,1, . . . , x

d+1
3,1 ) , (x1

2,2, 2, x
3
2,2, . . . , x

d+1
2,2 ), . . . ,

(x1
2,d+1, d+ 1, x3

2,d+1, . . . , x
d+1
2,d+1);

. . .

(x1
d+1,1, . . . , x

d
d+1,1, 1), (x

1
d+1,2, . . . , x

d
d+1,2, 2), . . . , (x

1
d+1,d+1, . . . , x

d
d+1,d+1, d+ 1).

The domain of each variable is {1, 2, . . . , d + 1}. Then we have a con-

straint programming satisfaction problem: Given a value k, find an assignment

of values to the variables such that |V◦| ≤ k and the following constraints are

satisfied:

(1) xi
1,1 = 1 for all i and xi

1,j ∈ {1, 2} for all i and j ≥ 2. These constraints

are derived from the normalizations of the vector system as discussed in

subsection 6.4.1.

(2) |{xi
j,1, x

i
j,2, . . . , x

i
j,d+1}| ≤ 2 for all i and j because they are from an

octahedron.

(3) Constraints corresponding to Property 6.0.1.

If no solution is found, then ν(d) ̸= k.

6.5 Further questions

We can ask some further questions of interest:
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Question 6.5.1 Can all octahedral systems of (d + 1) sets of (d + 1) points

be obtained as the vectors of point configurations in Rd, and can all such con-

figurations covering all points can be obtained as the vectors of configurations

with a given condition?

Question 6.5.2 How many octahedral systems and covering octahedral sys-

tems are there for a given m? We remark that for m = 1 we have 2 systems,

1 of which is covering, and for m = 2 we have 8 and 3; if we count only up to

isomorphism these numbers are 4 and 2 respectively.
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Appendix A

Computational results

In the following lists, a hyperplane arrangement Ad,n is represented by the

affine chirotope (χd+1,n+1, n + 1) of its corresponding affine oriented matroid.

The signs of the chirotope are ordered reverse lexicographically and the infinity

element is always (n+ 1), the last element.

A.1 List of arrangements with maximum av-

erage diameter

The following tables list the arrangements with ∆A(d, n) for (d, n) = (3, 7),

(3, 8), (4, 7) and (4, 8).
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A.2 List of arrangements with minimum num-

ber of external facets

The following tables list the arrangements with ΦA(d, n) for (d, n) = (3, 7),

(3, 8), (4, 7), and (4, 8).
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A.3 List of arrangements with maximum av-

erage diameter and minimum number of

external facets

The following tables list the arrangements with both ∆A(d, n) and ΦA(d, n)

for (d, n) = (3, 7), (3, 8), (4, 7), and (4, 8).
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