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Figure 4.11: Structure factors and cross section at B point. 
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Figure 4.12: In-plane two-magnon scattering at C point. 
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Figure 4.15: In-plane two-magnon scattering at D point. 
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Figure 4.16: Three in-plane scattering processes at D point. 
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Figure 4.21: In-plane two-magnon scattering at F point. 
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Figure 4.22: Three in-plane scattering processes at F point. 
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Figure 4.24: In-plane two-magnon scattering at H point. 
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Figure 4.25: Three in-plane scattering processes at H point. 
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Figure 4.26: Structure factors and cross section at H point. 
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4.4.2 Line Shape Analysis 

In the in-planE component graph panels, it is clearly seen that the two-magnon 

scattering process c:arries a large weight of the intensity and forms an extensive shape, 

spanning from the medium- to the high-energy regime with a sharp lower threshold. 

This is not surprising because the longitudinal fluctuations are expected to be large as 

discussed in Sec. 4.1. By comparison, the one-magnon processes both for the in-plane 

transverse part a d the out-of-plane polarized part are rather small, which on the 

one hand is a conuequence of the frequency-dependent self-energy, and on the other 

hand, due to the small prefactor suppression: 

ty = 0.611617, tx = 0.517597. 

The mixing process results in a re-distribution of the scattering weight as shown in 

the diagrams. 

With different polarization factors, A,B and C points mainly reflect the in-plane 

structure factor while D to H measurements are almost unpolarized. However, since 

the two-magnon process is extremely large, all of them exhibit a noticeable continuum 

extended into a high-energy tail. The G point is somewhat special because there is 

a sharp peak showing up in the low-energy regime at about 0.07 meV, which is the 

out-of-plane polarized principal mode with almost no damping. Above an energy gap, 

starting at 0.2 meV, another peak appears decaying slowly with energy. This agrees 

quite well with the experimental observation except that the position of the peak and 

the ending of the tail are a little lower. Also agreeing with the observation at the H 

point, the principal peak merges into the continuum. Although the polarizations at 

the A and F points are different, the line shapes are not so different from each other 

since the two-magnon contribution is dominant in both cases. 

However, in spite of some similarity between the calculated and measured line 

shape, there exist significant discrepancies. For convenience, we put the calculated 

cross sections at these points together (see Fig. 4.27) to make a comparison with the 

experimental data (see Fig. 4.28). First, the energy region for the theoretical scattering 

occurrence is generally lower than the experimental ones. This is consistent with the 

calculated spectrum which is also shifted to lower energy than is measured. 
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Second, the theoretical line shape at the E point is remarkably different from 

the experimental result: instead of having a single sharp peak, it is still dominated 

by a continuum due to the large two-magnon scattering intensity. This disagreement 

motivates us to investigate the situation where there are Dzyaloshinskii-Moriya terms 

in the Hamiltonian that reduce the multiple magnon process. Taking the experimental 

value of this DM coupling 0.020 meV [11], we perform the numerical work at the E 

point with the result shown in Fig. 4.29, 4.30, 4.31. 

The line shape with DM terms is quite different from that without DM terms 

(as shown in Fig. 4.32) . Particularly, the two-magnon scattering intensity is greatly 

reduced such that the continuum carries a much smaller weight . 

Finally, there are unphysical peaks appearing at high energies in some graphs, 

which have been discussed in Ref. [15] . 
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Figure 4.29: In-plane two-magnon scattering at E point with DM terms. 
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Chapter 5 

Conclusion 

In this work we have used nonlinear spin wave theory to calculate the dynamical 

spin structure factor as well as the renormalized excitation spectrum in the spiral or­

dered phase of J-J' Heisenberg antiferromagnet on the anisotropic triangular lattice. 

The application to a real experimental system, Cs2CuCl4 , has been initially made. 

We found that to the first sub-leading contribution in a 1/ S expansion, quantum 

fluctuations are rather large, which give rise to considerable renormalization of the 

magnon dispersion relation as well as noticeable excitation damping in some regions of 

the Brillouin zone. More significantly, we found a strong continuum in the dynamical 

structure factor, which is mainly due to multi-magnon scattering processes. However, 

our results have crucial discrepancies compared with the experimental observations. 

First, the energy regimes where continua occur are generally lower than the experi­

mentally observed. Second, there are remarkable differences between the line shapes 

at some wave vectors especially at the saddle point E. Third, the theoretically cal­

culated 1/ 5-renormalized excitation spectrum can not explain the experimental data 

since the overall energy scale is much smaller than that measured. 

In spite of these disagreements, there remain quite a few similarities on the quali­

tat ive level, e.g. the notable scattering continua. Also, our comparison to experiment 

is at a preliminary stage as it did not choose energy-trajectories for the wavevector 

transfers and did not perform wavevector averages when computing the structure 

factor. Furthermore, the precision of the numerics needs to be improved in light of 
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the oscillating signals in some of the graphs. Therefore, it would be necessary to 

make more progress on the numerical evaluation for a complete comparison to the 

measurements. 

Another speculation from this work is a question about the Hamiltonian: Does the 

minimal Hamiltonian really capture all the essential physics? Veillette et al. 's work[15) 

shows that the DM interaction enhances the sublattice magnetization and suppresses 

the fluctuations so that the ordered phase is more stable. Purely starting from the 

minimal Hamiltonian, we obtain a fragile ordered phase which could be destroyed by 

higher-order corrections and make the perturbative expansion problematic. 

Finally, we have to point out that since this 2D calculation is restricted to zero 

temperature, we have nothing to say about the temperature dependence of the con­

tinuum, while the experiment shows its survival to relatively high temperature (above 

TN) as convincing evidence for a spin liquid state. 

All in all, the nature of Cs2CuC14 's low temperature magnetic phase is still not well 

understood. Both additional experimental and theoretical work would be desirable. 
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Appendix A 

Goldstone Modes 

Here we show that the excitation spectrum defined by (2.37) exhibits the Gold­

stone modes. The appearance of Goldstone modes is one of t he phenomena stemming 

from spontaneous continuous symmetry breaking in t he ground state of a system 

whose dynamics is controlled by a symmetric Hamiltonian. T he 1/ S-expansion of the 

Heisenberg model is expected to maintain spin rotational symmetry order by order in 

1/ S. Thus, our renormalized excitation spectrum, which includes all the contributions 

to order O(S1 ) and O(S0
), is expected to preserve these zero modes. 

In linear spin wave theory, where only the contribution of order O (S1) is counted, 

the Goldstone modes occur at k = 0, Q c due to the facts that 

k---->0 2:: 1 0 Ak- B k -----+ -M. -6.k·6.k· . . 2 tJ t J ' 
A B k ----> 0 fi . 

k + k -----+ mte, (A.1) 
t,J 

where i, j = x, y, 6.ki,j = ki,j - 0 and 

and 

A B k->Qc fi . 
k- k ~ mte, k->Q c 2:: 1 

Ak + Bk ~ - M·· 6. k·6.k· 2 tJ t J' (A.2) 
i,j 

where i, j = x, y, 6.ki,j = ki ,j- Q~,j and Mij is defined in (2.25), i.e., 

93 



94 

Hence 

is linear around the two Goldstone modes because both the constant and linear terms 

in the relevant factor Ak - Bk or Ak + Bk vanish. 

A straightforward property of the LSWT ground state is that the ordering wavevec­

tor Q is shifted by a O(S-1
) amount. This new value of Q will contribute to the next 

order perturbative calculation. Hence, we need to examine the Goldstone modes at 

wave vectors 0 and the shifted Q = Qc + ~Q- Qo for the 1/ S-renormalized excita­

tion spectrum. 

For the convenience of analysis, the correction to the bare dispersion relation, 

Eq. (2.37), is written in the following way: 

First, we consider the vicinity of the zone center: k ----+ 0, where we have 

(Ak + Bk) 112 ----+finite, 

Re [ ~s(k, wk) + ~o(k, wk) J ----+finite, 

(Ak- Bk)1/2 ----+ (~ ~Mg~ki~ki) 
112

, 
z,J 

2SM• ~ t= ~ iJ'~:.!:•) ~•~o b.k;!Y>k;, 

Re [ ~s(k, wk)- ~o(k, wk) J ----+ 0 (l~kl 2), 

Re~A(k, wk) ----+ 0 (l~kl 2). 

(A.3) 

(A.4) 



Then 

From this we find 

F~l) ~ 0 (l~kl 1 ), 

F~2) ~ 0 (l~kl 1 ), 

F~3) ~ 0 (l~kl 1 ) . 
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(A.5) 

(A.6) 

And at this point we could, in principle, calculate the renormalized spin-wave veloc­

ities. 

Next, let us consider the excitation energy at Qc, where we have 

Then 

(Ak- Bk) 1
/

2
1 =finite, 
k=Qc 

2S~Akl =finite, 
k=Qc 

Re[Es(k,w.)- Eo(k,w,)Jik~Qo =finite, 

(A,+ B.)ti'I,~Q" = 0, 

ReEA(k,wk)l = 0. 
k=Qc 

F~l)l = 0, 
k=Qc 

F~2)1 = 0. 
k=Qc 

(A.7) 

(A.8) 

The part F~3) at k = Q c is of the " § " type, which should be evaluated in the 

limiting case. In the numerator , the self-energy part includes both the quartic and 

cubic interaction contributions. It is easy to show that 

(4) (4) 1 "'"' 1 [ 2 ] E8 (k) + E0 (k) = N ~ Oq - nq + (Aq- Bq)(Ak-q- Bk-q) 

+(A>+B•)[l- ~~~.(A.-~s.)] (A.9) 
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At k ---+ Qc, it becomes 

~~4)(k)+~~)(k) = ~ L ~q [ -O~+(Aq-Bq)(Ak-q-Bk-q)l +0 ((llk) 2
). (A.10) 

q 

Since wqc = 0, at k---+ Qc, the cubic part simply becomes 

[ 
(1)] 2 

[ 
(3) (3) ] 1 """"' <I>t,2 

Re ~s (k, 0) + ~o (k, 0) = - N ~ 2(01 + 02)' 
q 

(A.ll) 

where 1 = q, 2 = k - q, and 

Using the relation (2.16): 

the cubic couplings c~, c2 can be expressed as 

Cq = [ (Aq - Bq) - (Ak-q + Bk-q)] + [ (Ak-q + Bk-q) - (Aq-Qc + Bq-QJ], 

Ck-q = [(Ak-q- Bk-q)- (Aq + Bq)] + [(Aq + Bq)- (Ak-q-Qc + Bk-q-Qc)]. 

Define 

then, 

We write the couplings as 

Ct = [(At - B1)- (A2 + B2)] + 1)1(1, 2), 

C2 = [(A2- B2)- (At+ B1)] + 1)1(2, 1). 

Substituting the above expressions into (A.ll), after a little algebra, we find that 

[ 
(3) (3) ] - 1 """"' 1 [ 2 Re ~s (k, 0) + ~0 (k, 0) - N ~ n 20q- 2(AqAk-q + BqBk-q) 

q q 

+2(Aq + Bq) 1/J(q, k- q)- 2(Aq- Bq) 1/J(k- q, q) + 0(1)12
)]. 
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Together with the quartic part, we arrive at 

Re [Es (k , 0) + Eo(k, 0)] = ~ L ~ [n~- (Aq + Bq)(Ak-q + Bk- q) 
q q 

+2(Aq + Bq) 1/J (q, k- q)- 2(Aq- Bq) 'lj; (k- q, q) + 0('1j;2
)] + 0 ((.6.k) 2

) . 

Since Aq, Bq and !Jq are all even functions of q, the expression above can be written 

as 

[ ' 1"'1[2 1 Re Es(k, 0) + Eo t,k , 0)] = N ~ n nq- 2(Aq + Bq)(Ak-q + Bk-q + Ak+q + Bk+q) 
q q 

+2(Aq + Bq) '1/J(q, k- q)- 2(Aq- Bq) 'lj;(k- q, q) + 0('1j;2
)] + 0 ((.6.k) 2

). 

When k-----+ Qc, we have 

'1/J(q, k- q) = Jk-q- JQc-q ~ 2:::: 8~~~q I L:lki + o ((.6.k) 2
), 

i t k=Qc 

'1/J (k- q, q) = Jq- Jk-Qc-q ~-L 81ka~c-q I L:lki + o ((.6.k) 2
) 

i t k=Qc 

= ~ ~z lk~· ll.k, + 0 ((ll.k)') . 

T he last term is a n odd function of q so that it vanishes after the summation over q. 
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From these we obtain 

that is, 

(A.12) 

Thus, 

Since Ly = 0, Mxy = Myx = 0 in our case, the formula is simplified as 

The region between Q 0 and Qc can not be discussed in the analytic approach because 

the slope in the kx direction changes sign when the non-analytical point Q is shifted 

from Qc to Q0 . Based on this analyticity consideration, we choose k-approaching Qc 

from the right along kx direction in the limiting evaluation, i.e. 

lim F.(3
) = lim 

+ k + (kx,O)-+(Qc ,0) (kx,O)-t(Qc ,0) 

Recall that 



99 

so that 

Qo) 

Thus we have 

WQc = WQc + LlWQc = 2S[~Mxx(AQc Qo) 

= 2S[~Mxx (AQc (A.13) 

Therefore, at k = Qc, the 1/ S-renormalized excitation acquires a finite positive energy 

gap which is linear in momentum with respect to the new Goldstone mode position 

Q0 and is of order 0(8°) This feature is consistent with our order-by-order symmetry 

argument. 

Finally, we turn to the new Q-value of the Goldstone mode to investigate the 

excitation energy at k = Q 0 . 

It is easy to see that 

(Ak Bk) 112
1 =finite, 
k=Qo 

2S .6.Ak I = finite, 
k=Qo 

Re [ ~s(k, wk) ~o(k, wk) J I = finite. 
k=Qo 

(A.14) 

Due to the wave vector dependence in the neighborhood of Qc, the other terms in 

(A.3) behave as 

ReEA(k, wk) ~k~Qo - O(JLl.QJ), 

(A.+ s.)'i'I.~Qo - O(JLl.QI), 

Re [~s(k, wk) + ~o(k, wk)] rv O(I.6.QI) 
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Since lb.QI is of order O(S-1
), for the solution of b.wk "'0(8°), we still have 

But the last term becomes 

~~1)1 == 0, 
k=Qo 

~~2)1 == 0, 
k=Qo 

Re2:A(k,wk)l == 0. 
k=Qo 

(Aqa - Bqo)1/2 . l:i Lib.Qi 

(2:· . 2Mi1·b.Qib.Q1·)112 
t,) 

(Aq0 - Bq0 )
1

/
2 

· Lxb.Qx 

(2Mxx)l/2 lb.Qxl 

From the LSWT, the bare excitation energy at Q0 is 

Therefore we have 

which demonstrates that Q0 is, indeed, a zero mode. 

(A.l5) 

(A.16) 

In conclusion, Goldstone modes occur at k == 0 and ±Q0 in the 1/ S-renormalized 

excitation spectrum as expected by symmetry. 

L~ 0 U U J
r· Q 




