












































































































































TABLE 4 

NATURAL FREQUENCIES (CPS) WITH AND WITHOUT MATRIX Ksc 

·--- -----.--.. ------------------r--------------
2000 3000 4000 SPEED I 1000 

__ -------·----·- -------·-----
5000 l ________ ..,, ________ .,., ___ ... ______ , _ _____ ._____ -i 

Without I 1 No. Without 
Ksc 

Without 
_Ksc 

i thou+ 
Ksc 

lt/ithout 
. Ksc Ksc 

I 

----:.f.--------1-------1 

1.18.52 I f 18.13 157.91 156.84 '. I 88. 07 I I 86 . I 9 213.9 21 I .21 235. 7 I 232. 18 
1----------1--------..... .# --· - --- ----- · 1-------1-------l 

2 ·· 15 I • 28 I 150. 98 I 92. 84 I I 91 . 97 226.87 l 2_25.32 256.8 254.56 280.3 l 277.37 
1-------·-t---- ____ ,_ ___ _ 

430.67 430.56 512.01 51 I .63 578.12 638.8 637.73 678.4 676.81 

42_5-_.2_-;_ . 4;s_.o_9==· __ _ -6_10_._s ____ _ _}___2_1 -1 
s I 539.74 539.64 s91.04 s9o.6s 638.99J63a.21 685.o 683.90 733.9 732.39 -J 

·----- ·- ---.------- --- ---- ------ - ----- ··--- --- -------------- --------- _______ ,! 

3 

4 
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4.3 Discussion 

f) The natural fre quenc ies increase with the speed of rot~tion. 

This is expected since the stresses In the blade ma ke it 

stiffer, and the stresses increase with speed . 

2) The resul ts have been obtained by assuming the blade to be 

fixed as a cantilever along the post. As discussed in 

Chapter 3, Section 3.3, this assumption makes the blade 

less stiff than it actur:il ly is, since the offed of tho 11 ! ipi' 

under the blade is neglected. The program can be Modified to 

suit the nvaria b le boundary condition" (th·a condition (b) in 

Sec. 3.3). The out I ine of this formu lation is d1scussod in 

Appendix VI I . 

3) The results reported here are for one configuration of t he 

blado. The deflection and vibration data can be obtained for 

different blade parameters (an9 le of the post, blade thickness 

and other dimensions etc.) by suitably changing these 

parameters in the program. This informat ion can be useful 

at the design stage. 
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APPENDIX 

ELEMENTS OF [Z] MATRIX 

[Z] is a 9 x 9 symmetric matrix. Elements in the first ro·111 and 

the first column are zero. The other elements are as fol lows: 

2(2,2) = 0 ' x 

2(3,2) = 't ' ' x y 

Z(3,3) = oy ' 
' ZC4,2) = 2x o ' x 

' 2(4,3) = 2x -r ' ' x y 
t2 

2(4,4) = 4x 0 ' x 

' ' 2(5,2) :::: y a ' + x 't ' ' x x y 

' ' 2(5,3) = y T ' ' + x a ' x y y . 

' ' ,2 
2(5,4) -- 2x y ax ' + 2x T ' ' x y 

,2 ,2 ' ' ZC5,5) = y a ' + x 0 ' + 2x y -r ' ' x y x y 

' 2CG,2) = 2y T ' ' x y 

' ZC6,3) = 2y CJ ' y 

' ' 2(6,4) = 4x y 't ' ' x y 
•2 ' ' 2(6,5} = 2y 't ' ' + 2x y a ' x y y 
,2 

2(6,6} = 4y cry ' 
,2 

ZC7,2) = 3x a ' x 
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,2 
2(7,3) = 3x T t ' x y 

,3 
Z(7,4) = 6x a ' x 

,3 ,2 ' ZC7,5) = 3x T t ' + 3x y 0 ' x y x 

,2 ' ZC7,6) = 6x y T I ' x y 

,4 
2C7,7> = 9x 0 ' x 

' ' ,2 
ZC8,2) = 2x y a ' + x T ' ' x x y 

' ' ,2 
ZC8,3) = 2x y T ' ' + x a ' x y y 

12 ' ,3 
ZC8,4) = 4x y a ' + 2x T ' ' x x y 

' ,2 ,3 ,2 ' ZC8,5) = 2x y 0 ' + x 0 ' + 3x y T ' ' x y x y 

' 12 ,2 ' ZC8,6) = 4x y T ' ' + 2x y 0 x y y 

13 ' ,4 
ZC8, 7) = 6x y 0 ' + 3x T ' ' . X x y 

,2 t2 ,3 ' ,4 
Z(8,8) = 4x y 0 ' + 4x y T ' ' + x a x x y y 

,2 
z (9' 2)· = 3y T ' ' x y 

,2 
2(9,3) = 3y 0 ' y 

' t2 
ZC9,4) = 6x y T ' ' x y 

,3 ' t2 
ZC9,5) = 3y T ' ' + 3x y a 

x y y 

,3 
2(9,6) = 6y 0 ' y 
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,2 ,2 
ZC9,7) = 9x y 1 ' ' x y 

' 13 ,2 12 
ZC9,8) = 6x y 1' 1 1 + 3x y (J 

x y y 

14 
ZC9,9) = 9y (J 

y 
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APPENDIX 11 

DERIVATION OF THE INERTIA FORCES 

If xyz is a system of moving co-ordinate axis and XYZ is a system 

of fixed co-ordinates, the absolute acceleration of a point can be ex-

pressed as: 

.... .... ' do -;t: .... .... ' .... .... -± 
a = a + dt X K + 2 Q X V + Q X (Q X K) (a) 

where .... 
a = absolute acceleration 

.... ' a = translational acceleration with respect to xyz 

72 = angular velocity of xyz sy~tem 

R = position vector of the point in XYZ system 

.... ' velocity of the point relative to the xyz system v = 

The proof for eq. Ca) is given in most books on dynamics, e.g. 

Halfman [43] page 44-47. 

This equation can be used to determine the absolute acceleration 

. of a point Pon the middle surface of the rotating blade. 

Let the co-ordinates of the point P be xyz. ·Assume that the 

point moves to another position Cx + u), Cy+ v> and Cz + w) with 
00 00 00 0 0 0 

acceleration u , v , w and velocity u, v, w with respect to the xyz 

co-ordinate system, which is rotating with · speed n, e being the angle 

made by the blade post with the axis of rotation. 

If i, j and k are unit vectors in the directions x, y & z re-

spectively, the following vector equations can be written: 



R = iCx + u) +jCy+v> + kCz ·+ vi) 

_..' 0 0 0 

v = u + j v + k w 
_.., 00 00 00 

a = u + j v + k w 

ti = i 0 + j n cos0 + kC-n sine> 

d n _ 
Since the blade is rotating at constant speed dt - O. 

Evaluating the right hand side of eq. (a): 

i-n x ~, 

ti x "R 

= 0 
0 

u 

j 

2n cose 
0 

v 

k 

-2n sine 
0 

w 

0 0 

= iC2n w cos0 + 2n v sine) 
0 0 

+ jC-20 u sin0) + kC-2n u cos0) 

i. J k 

= 0 n cose -n sine 

Cx+u) Cy+v> (z+w) 

= i{ Cz+wrn cose + ncy+v)sin0) 

+j{-Cx+u)Q sine}+ k{-Cx+uHl cose} 

j 

(b) 

k 

ti xCn x R) = 0 n cose · . -n sine 

Cz+w>n cose +Cy+v>n sine -Cx+u>n sine -Cx+u>n cose 

= 
2 . 2 . 2 2 2 -Cy+v)n sin e}+k{-Cz+w>n cos e -Cy+v>n sine cose} 

88 
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Thus, from eq. (a) 

~ 00 0 0 2 
a = i Cu . + .2n w cose + 20 v sine - (x+u >n > 

00 0 2 2 2 
+ jCv - 2n u sine -Cz+w)Q sine cose -Cy+v)r. sin 0) 

Inertia force, per unit volume, at the point can· now be written. 

Using subscripts x, y and z for the respective directions: 

2 0 0 00 

F = p(x+u>n - 2 pOw cose - 2 pQv sine - pu x 

( ) 2 . 2 p(z+w>n2sin0 
0 00 

F = p y+v n sin e + cos0 + 2 nu sine - pv y 

2 2 p Cy+v >rls i n0 
0 00 

F = p(z+w>n cos e + cose + 2 nu cos0 - pw z 

This is a general expression for the inertia forces. When there 

Is no movement relative to the xyz co-ordinates, i.e. the blade is not 

vibrating, the inertia forces simply become: 

F 2 = pCx>n 
x 

F = pCy>r?sin2e + p Cz rn2s i n0 cose y 

F 2 2 pCyHlsin0 = p(z)Q cos e + cos0 
z 



APPENDIX 111 

ELEMENTS -OF_ THE MATRIX [NF] 

The matrix [NF] is given by the relation 

[NF] = [N]T 

F ' x 

F ' y 

F ' z 

where [NJ is a 3 x 15 matrix given by: 
I 

I I I 
x y o o o I 

I . Q 
' ' I o o o x y I ______________________ i ___________________________________ _ 

I 

0 
l I I 12 I I 12 13 12 I 13 
11 x y x xy y x x y y 
I 

[NF], therefore, is a 15 xi matrix. 

Now 

F x 

where F 
y 

F 
z 

Therefore, 

F ' t x x 

F ' = t y y 

F ' ! z z 

is given by eq. C3.36a). 

m n F 
X · x x 

m n F 
y y y 

m n F z z z 

F ' x 
2 ' 2 2 . 2 2 2 = pQ {x Ct + m sin e + n cos e_+ 2 m n sine cose> x x x x x 

' • 2 + y Ct 1 +mm sin e + m n sine cose + n m sine cose x y x y x y x y 

2 - . 2 
+ n n cos e> + x. t + y. m sine+ z. m sine cose 

Xy IX IX IX 

2 + y 1 nx sine cose + z 1 nx cos e} 
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F y' 

F ' z 

= 

= 

2 ' . 2e sine cose + sine cos0 pQ {x C2. t +mm Sin - + m n n m y x y x y x y x 

2 ' Ct 2 + 2 i 2 + n n cos 0) + y m s n e + m n sine cose y x y y y y 

sine 2 2 . 2 . + n m cose + n cos e> + x. ty + y t m sine y y y I y 

sine sine 2 + z. m cos0 + y. n cose + zi n cos e} 
I y . I y y 

2 ' 2 . 
pQ {x Ct t + mm sin e + m n sine cos0 x z z x z x 

2 ' • 2 + n m sine cos0 + n n cos e> + y Ct t +mm sine z x z x z y z y 

sine cose + + m n z y n m sine cose + n n z y z y 
2 cos 0) 

t + y. . 2 m sine cos0 + y. sine cose + xi m sin e + z. n z I z I Z I z 

The elements of [NF] are defined as fol lows: 

NFC I) = F x' 

' NFC2) = )( 

' NFC3) = y 

NFC4) = F , 
y 

NFC5) = F ' y 

' NFC6) = y 

NFC7) = F ' z 

' NFCB> = x 

' NFC9) = y 

,2 
NFC 10> = x 

F ' x 

F x' 

F ' y 

Fz' 

Fz' 

Fz' 
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~ ' ' NF Cl I) = x y F z ' . 
,2 

NFC f 2) = y Fz' 
,3 

NFCl3) = x Fz' 

,2 ' 
NFC 14) = x y F z' 

,3 
NFC 15) = y F 

z' 
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APPENDIX IV 

• . ELEMENTS OF · THE MATRIX . [NQ] 

As defined in equation (3.53) 

[NQ] = [N]T [Q] [NJ 

where 

[~.] is the matrix of direction cosines and [R] is given by 

· [R] = 0 

0 

0 

2 sin 0 

sine cos0 

0 

sine cose 

2 cos e 

.. During computation [A.] and [R] are matrices with numerical values. 

Therefore, [Q] can be obtained by multiplying [A] [R] [A]r, so that 

011 . 012 013 

[Q] = 021 022 023 

031 032 033 

is avai lab I e in the computer. 

Matrix [NJ is given by 
t f I 

x y o o o I 
, I o 

[NJ = 0 0 0 Ix y f 
--------------------~------------------------------------. I t t ,2 f t ,2 ,3 12 t 13 
0 0 0 0 .o 0 11 x y x x y y x x y y 

I 



The matrix [NQ] is. given by the product [N]T [Q] [NJ. [NQ] is a 15 x 15 

symmetric matrix. This may be parti t ioned into 5 x 5 sub-matrices as 

shown below 

[NQ] = 

I 
I 

NO, I N012 I NQl3 
I I _______ i _______ i ______ _ 

I I 

N021 I N022 : N023 
I I _______ i _ ______ i ______ _ 

I I 

NQ31 I N032 I N033 
I . I 

·The sub-matrices are defined as follows: 

I 

Qll I 
- - - - - --!- - - - - -- ., 

f I f 2 I 

x 01 1 : x Q 1 1 : symme-t r i c 
---".'""'- -1- - ----r--------, 

f I f f I t 2 I 

Y 01 I I X Y 01 I I Y 01 I 1 
I I I 

- - - - - ,- - - - - - -r- - - - - - -, - -- - --, 
I f I t I I 

021 I X Q2 I I y 021 I 022 I 
-- - - - -1- - - - - - J - - - - - - - -t- - - - - .... - - - - -

t I ,2 : t t I t I ,2 
x 021 : x 021 : x y" 021 : x 022 l x 022 

t t ' ,2 ' ' ' 
y 021 I X y 021 : y Q2 I l y Q22 : . X y 022 

- - - - - - - - - - - -1- - - - - - - , - - - - --l - - - - - -· 

I ' I ' I ' 
Q31 : X 031 I y Q31 : 032 I X 032 

- - - - - -1- - - - - - _j - - - - - - - -1 - - - - - I- - - - - - -
t I ,2 I 1 , I , t 12 

x 031 ' x 031 : x y 03 I : x 032 : x 032 
-- - - - -'- - - -- -1- - - - - - - - r- - - - - r - - - - - -

t I t 1 I 9 2 1 t I t t 

v 031 : x v 03, : v 031 ~ v 032 : x v 032 
-- - - -1- - - - - - - - - - - - - - I --: - - , - - - - - -

t 2 I t 3 . : t 2_ t I t 2 1 1 3 
X . 031 I X 031 I X y 031 1 X 032 1 X 032 

I 1 I I 
I I 
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[NQ J = 32 

' I 
f t I ,2 t I f ,2 I f t : ,2 I 

X y Q3 l . I X y 031 : X y 03 I I X y 032 I X y 032 
- - ;-2- - - - r- ~ -~2 - - ~ - -;3- ----~ --, 2 - - -- - ~- -, - ~ i - --·-
v 03 I : x Y 031 : y 03 I l y 032 : x y 032 

--;y- - - r-~4- -- -;--,3-;---;-~3-- ---r ~4- - ---
x 031 I x 031 l x Y 031 : x 032 : x 032 

-- -----r--------r-------r-------- --- - ----
;2 , I 13 , 1 12 12 1 12 1 : ,3 , 

X y 031 I X y 031 I X y 031 I X y 0'32 I X y 032 
- - 7- - - --'- - -- - - - -'- - - - - - - - _,_ - - - - - - - +- - - - - - - - -

t..7 I 1 13 I ,4 I ,3 I 1 ,3 
y 031 : x y 031 : y 031 : y 032 :x y 032 

I I 

I I 
t ,2 I t t ,2 t t ,2 I ,3 f 

I I 

x y 032 I x y 033 I x y 033 I x y 033 :x y 033 
------~------~-------i ______________ _ 

,3 : ,2 . I I 12 : ,3 : ,2 ,2 
y 032 I y 033 : X y 033 I y 033 1X y 033 
--------1-------r-------l-- -- --~--- - - --

,3 f I ,3 I 14 I 13 I I 15 
x y 032 : x 033 : x 033 : x y 033 :x 023 
-- - -- - - r- - - - - -- r - -- - - - 4 - - - - - - -1- - - - - --

12 12 I 12 I 1 13 I I 12 12 I 14 I 

x y 032: x y 033: x y 033 : x y 033:x y 033 . 
- -- - - - -T - - - - - - -, - - - - - - - + - - - - - - -+ - - - - - - -

,4 ,3 1 I ,3 I ,4 I ,2 13 
y 032 : y 033 x y 033 : y 033 :x y 033 

I t I 
I 
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- I 

,2 f 2 I 
I 

X y 033 I 
- - - - - - - - r- - - - - -- - - , 

t ,3 I ,4 . I 

x Y 033 
1 Y 033 : symmetric 

- - ~4-,- -- -:-- -,3-,2- --f--,6- --- --; 
X Y 033 : X Y 033 I X 033 : 

--- - --;--------~--------,----------. ,3 ,2 12 13 1 15 , 14 ,2 I 
I I I I 

X y 033 I X y 033 I X y 033 I X y 033 I 
- - - - - - - - --t - - - - - - - - r - - - - - ~ - -1- - - - - - - - - -, - - - - --

' ,4 I ,5 I ,3 13 I ,2 14 1 16 
X y 033 I y 033 : X y 033 : X y 033 : y 033 

I I 
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. APPENDIX V 

The flow chart for the computer programme to compute the deflections 

of the blade is given on the next page. The symbols used are the same as 

in the rest of the thesis. The FORTRAN variables used are: 

SPEED = Speed of rotation of the fan 

EN = Element number 

SINCR = Increment in speed after each iteration 

SMAX = Maximum speed up to which the deflections 

· are to be computed. 



SPEED = 0 

COMPUTE CO­
ORDS. OF NODES 

SPEED = SINCR 
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....__ _____ -F:>-------------

ASSEMBLE 
{F}e m {F}s 

COMPUTE 
{F}s _ {F}s 

last 

PEED=SPEED + SINCR 

ASSEMBLE 
[K]9 in [K]5 

COMPUTE NODAL 
DISPLACEMENTS 

STOP . 

COMPUTE 
{F}e 

COMPUTE NEW 
CO-OROS. OF 
NOD 

PRINT 
CO-OROS. 

FLOW CHART FOR COMPUTATION OF DEFLECTIONS 

COMP UT~ 
[K]e 

..__ ___ __ 



ASSEMBLE 
[m]eih [m]5 

APPENDIX VI 

START 

READ CO­
RDS.OF 

NODt:S & 
STORE 

EN 

READ CO-OROS. 
OF 

NODES OF 
EN 

ASSEMBLE 
[K]e in [K]5 

COMPUTE 
[m]e 

COMPUTE 
[K]e 
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~:;.-.--1 EN = EN + _ ~Ji--: ----~t>-----· ----------· 

COMPUTE 
[K"'.'"IJ 

COMPUTE EIGEN-VALUES & 
EIGEN-VECTORS OF 

-I [K ] [m] 

STOP 

FLOW CHART FOR COMPUTATION OF NATURAL FREQUENCIES AND MODE SHAPES AT ANY 
SPEED {Symbols same as In Appendix V). 
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· 1\PPEND IX V I I 

As discussed in Sec . . 3.3., under the "variable!! boundary condition 

the Ii p is idea Ii zed as a f I at ·surf ace. Any point on the I i p, therefor-e, 

h9s Z co-ordinate = 0. The nodes on the b I ade surf ace \'th i ch come in 

cont.act with this surface are assumed to be bui It-in from then om:ards. 

A large nu mbe r of nodes is needed to study the effect cf the I ip. 

This necessitates a fine mesh - increasing the size of the sys·~em stiffness 

and mass matrices. Since the I ip is small in width (3/4 1! ), fine ~iz~sh 

can be used in this region and relatively coars8 m8sh in the rost of the 

blade. The present programme evaluates the co-ordinates of al I the nodes 

at each iteration. The program can be modified such th~t nodes in th2 

region of the lip are given number zero when their Z co-ordinate becomes 

zero, and thus are not assembled in the . system stif-fness and mass matrices. 

This results in reduction of the size of these matrices and reduced 

degrees 6f freedom for the complete structure. Since the present program 

uses the matrices as two-dimensional arrays, reduction in matrix size 

poses the problem of relocating the elements of the reduced matrix in 

the two-dimensional array assigned for the storing of the matrix in 

computer memory. This has to be carefu I I y done before the system mat.rices 

can be operated upon. 


