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Abstract

This thesis is centered around three infinite dimensional diffusion processes:
(i). the infinitely-many-neutral-alleles diffusion model [Ethier and Kurtz, 1981],

(ii). the two-parameter infinite dimensional diffusion model [Petrov, 2009] and
[Feng and Sun, 2010],

(iii). the infinitely-many-alleles diffusion with symmetric dominance
[Ethier and Kurtz, 1998].

The partition structures, the ergodic inequalities and the asymptotic theory of these
three models are discussed. In particular, the asymptotic theory turns out to be the
major contribution of this thesis.

In Chapter 2, a slightly altered version of Kingman’s one-to-one correspondence
theorem on partition structures is provided, which in turn becomes a handy tool for
obtaining the asymptotic result on the partition structures associated with models (i)
and (ii).

In Chapter 3, the three diffusion models are briefly introduced. New representa-
tions of the transition densities of models (i) and (ii) are obtained simply by rear-
ranging the previous representations obtained in [Ethier, 1992] and [Feng et al., 2011]
respectively. These two new representations have their own advantages, by making
use of which the corresponding ergodic inequalities easily follow. Furthermore, thanks
to the functional inequalities in [Feng et al., 2011], the ergodic inequality for model
(iii) becomes available as well.

In Chapter 4, the asymptotic properties of models (i) and (ii) are thoroughly
studied. Various asymptotic results are obtained, such as the weak limits of models
(i) and (ii) at different time scales when the mutation rate approaches oo, and the large
deviation principle for models (i) and (ii) at a fixed time, and that of the transient
partition structures of models (i) and (ii). Of all these results, the weak limit and the
large deviation principle of the transient partition structures are of particular interest.

In Chapter 5, the asymptotic results on the stationary distribution and the tran-
sient distribution of model (iii) are both obtained. The weak limit of the infinitely-
many-alleles diffusion with symmetric overdominance at fixed time ¢ serves as an
alternative answer to Gillespie’s conjecture [Gillespie, 1999]. The weak limit of the
stationary distribution of the infinitely-many-alleles diffusion with symmetric over-
dominance provides a complete solution to the remaining problem in [Feng, 2009].

il
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Chapter 1

Introduction

This chapter serves as a road map of the thesis. As it proceeds, we will introduce some
background information concerned with population genetics and the three infinite
dimensional diffusion models mentioned in the title of this thesis. Next, the major
contributions of this thesis will also be outlined briefly. Finally, the structure of this
thesis will be briefly mentioned as well.

1.1 Background Information

Population genetics is a branch of biology. It studies the evolution of a whole pop-
ulation by considering the development of its gene frequencies. Thanks to modern
technological achievements in biology, we now know that the genetic material of the
majority of organisms is DNA, a double helix structure. It can copy itself almost
exactly but sometimes commits copying errors as well. These copying errors are usu-
ally called mutations in biology. A segment at a certain position of a DNA sequence
usually determines the formation of some proteins. Such a segment is then called an
allele and the position where it resides is called its locus. Alleles can have various
alternatives. The totality of all alleles is called a gene pool. Some species need two
alternative alleles to determine the formation of its proteins, some, only one. We call
the former diploid species and the latter haploid species. A diploid individual with
two identical alleles is called a homozygote, otherwise a heterozygote.

In 1866, Gregor Mendel postulated an inheritance pattern of peas. It is a ran-
dom pattern, whereas an ecosystem usually exhibits a directional evolution. Charles
Darwin’s natural selection theory explains this directional evolution at least to some
extent. To reconcile the random pattern and the directional evolutionary phenom-
ena, R. Fisher, S. Wright and J. Haldane used mathematical tools to build population
genetic models consecutively which provide theoretical explanations for various evo-
lutionary phenomenon. The Wright-Fisher model is one of the most influential popu-
lation genetic models. It considers the allele frequencies at a single locus. Presumably
the allele frequencies in a given population can be influenced by various evolutionary
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forces, such as mutations, selections, recombinations, immigrations and, of course,
some random forces. In the Wright-Fisher model, random forces, mutations and se-
lections are usually included. In particular, random forces are called random sampling
in the Wright-Fisher model. If we only include mutation and random sampling, this
type of model is called a neutral model. Moreover, if selection is also involved, we call
it a selective model.

We can construct a Wright-Fisher model for both haploid species and diploid
species. Neutral models for haploid species and neutral models for diploid species are
mathematically equivalent, the selective models for these two species, however, are
essentially different. In this thesis, we will only focus on models for diploid species.

Next the construction of the Wright-Fisher model will be briefly reviewed.

Suppose that the gene pool consists of K alternative alleles, Ay, Ay, -+, Ag. For
diploid species, each pair A;A4;,1 < 4,7 < K, is called a genotype and can control
one specific genetic characteristic. Therefore there are (12() + K genotypes. In the
Wright-Fisher model, the population size N is fixed. Thus, for each generation, there
are always 2N genes. The development of each generation goes through three stages.
For the sake of mathematical simplicity, we assume that they are mutation, selection
and random sampling. Let u;;,1 < 4,7 < K, # j be the probability that A; mutates
to A; and u; = 1 — Z#i u;; be the probability that no mutation occurs to type
A;. Let w;j,1 < 4,j,< K be the relative fitness of genotype A;A; and w;; = wj;.
Define Y;(n),1 < i < K, to be the frequency of A;’s in the nth generation; then
Y(n) = (Yi(n),Ya(n), -+ ,Yg(n)) is a K-dimensional Markov chain, the so-called
Wright-Fisher model.

For the neutral model, the one step transition probability is

_ (QN)' T T2 T K
Py, z) = mm D" Pr
where z = (‘1.17:[;27"' 73:1()73/ = (yl?y%”' 7yK)7 and z;,y;,1 < i < K, are non-

negative integers such that
K K
S =Y =2
i=1 i=1

and p;, 1 <1 < K, is the relative frequency of A; after mutations; thus,
Yi Yj Yj
=1 1— Uij | == + Uji—= = Uji——.
b ( ZJ>2N 2_ iy = 2 Mgy
J# J#i J
For selective models, the one step transition probability is

CN)! o w

Py, ) = et

x1!x2! :

2
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where ¢;,1 < i < K, is the relative frequency of A; after mutations and selections.
Thus,

K
Do Wibips
=y
Zk,zzl WEPEP

We can also consider the evolution of the relative frequencies of alleles. Letting

X2N(n) = %, 1 <i<K,and X?(n) = (X (n), XN (n), -+, X (n)), we know

X?N(n) is also a Markov chain with transition probability similar to that of Y'(n).
Under an appropriate scaling transformation, such as,

qi

Uij

2N’

Hij . .
Ujj = ﬁ(l #7), wy=1+

X2N([2Nt]), as N — +oo, will converge to a diffusion process X/, the so-called
Wright-Fisher diffusion, characterized by the generator

1 & i =~ 5,

Here

K K K
bi(x) = Zﬂjﬂ'j + x; <Z 0T — Z akl:vk:vl> , where p; = — Z/“L"j'
=1 =1

k=1 i#j

The first part of b;(x) comes from mutations, and the second part of b;(x) comes from
selections. Furthermore, p;; and o;; are respectively called population mutation rate
and selection intensity. If o;; > 0, then the genotype A;A; is favoured, otherwise A;A;
is not favoured. The diffusion process XX lives on a (K — 1)-dimensional simplex

K
Ak = {37: (X1, 29, - ,TK)|T1, X2, , TK ZO,Z% = 1}-
i1

XK is reversible if and only if the mutation rate is of parent independent type (refer
to [Overbeck and Rockner, 1997], [Li et al., 1999]), that is, p;; = % >0, 1# 7, in
which case the unique stationary distribution is

K
II(dz) = C’x?l_l.icgz_l .- ~x§§_1 exp { Z aijxia:j} dry - drg_;.

ij=1

When o;; = 0, this model reduces to the neutral model, the stationary distribution of
which is just Dirichlet distribution, Dir(6y,0s,- - ,0k).

Moreover, instead of considering the relative frequencies of alleles, we can also con-
sider the empirical distribution of alleles in the gene pool. Thus, we have a measure-
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valued Markov chain. Through the same diffusion approximation procedure, we will
end up with a measure-valued diffusion process, called Fleming-Viot process. Please
refer to [Ethier and Kurtz, 1993] for a comprehensive introduction.

1.2 Three Types of Diffusion Processes

Since the gene pool could consist of infinitely many alternative alleles, we need to
consider infinite dimensional models. There are three infinite dimensional diffusion
processes considered in this thesis. They are:

(i). The infinitely-many-neutral-alleles diffusion model
(ii). The infinitely-many-alleles diffusion model with symmetric dominance
(iii). The two-parameter infinite dimensional diffusion
For short, we will call them one-parameter neutral model, one-parameter selective

model and two-parameter model in the subsequent chapters.

1.2.1 The Infinitely-many-neutral-alleles Diffusion
For the K-dimensional neutral model, if we consider symmetric mutation rates, say

Wij = ﬁ;i # J, then

bi() — ; ( s + %(1 - xz)) |

When K — +oo, the decreasingly ordered X/ will approach the infinitely-many-
neutral-alleles diffusion X;, the generator of which is

1 — 0? 9]
252 8x8:17j__z "Ox;

This process X; was first constructed in [Ethier and Kurtz, 1981] and is a reversible
diffusion process which lies in the Kingman simplex

WOO:{:KZ(%#UQ,“'JE[OJ] T 2> Ty 2> >Ozx1§1}

The unique stationary distribution of X; is the Poisson-Dirichlet distribution PD(6)
first introduced in [Kingman et al., 1975]. Please refer to Chapter 2 of this thesis for
a comprehensive introduction to both the Kingman simplex and the Poisson-Dirichlet
distribution.
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Moreover, the neutral Fleming-Viot process with parent independent mutation op-
erator almost surely lives on a space consisting of purely atomic probability measures.
Define a map

pip— (z1,29, ),

where x; is the mass of the ¢th greatest atom of u. Under the map p, the image of
the neutral Fleming-Viot process with parent independent mutation operator is X;.

1.2.2 The Infinitely-many-alleles Diffusion Model
with Symmetric Dominance

Fleming-Viot processes can be quite general; they can include various evolutionary
forces. We usually call Fleming-Viot processes labelled models and their atomic pro-
jections unlabelled models. In [Ethier and Kurtz, 1998], an unlabelled model with
symmetric overdominance X/ is obtained. The generator of X7 is

Gy = G—l—aixi (xz — ix?) i
i=1 j=1 Oz

The image of Fleming-Viot processes with selection under the map p is usually non-
Markovian, but, under the map p, the image of Fleming-Viot processes with symmetric
dominance is Markovian. By symmetric dominance, we mean o;; = 0d;;. More
specifically, when o < 0, heterozygotes are favoured, corresponding to overdominance.
When o > 0, homozygotes are favoured, corresponding to underdominance. When
o = 0, this process reduces to the infinitely-many-neutral-alleles diffusion. We call
X7 the infinitely-many-alleles diffusion with symmetric dominance. X7 is a reversible
diffusion and its unique stationary distribution is

To(dz) = Cyexp {a Z x?} PD(6)(dx).

1.2.3 Two-parameter Infinite Dimensional Diffusion

The Poisson-Dirichlet distribution has a two-parameter extension called two-parameter
Poisson-Dirichlet distribution PD(f, «), where 6 + o > 0, € [0,1). In [Petrov,
2009] and [Feng and Sun, 2010], an unlabelled infinite dimensional diffusion X{** was
constructed; and we call Xf “ a two-parameter infinite dimensional diffusion. The
generator of X is

vo _ 1N~ s o I, 9
G —22@(51 x])axia% 2‘1(6x1+0z)8xi.

ij=1

1=
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Xte “ is also a reversible diffusion process, and its unique stationary distribution is
the two-parameter Poisson-Dirichlet distribution PD(#, ). Though we still call Xxpe
an unlabelled model, its labelled model is still missing, and how to construct it still
remains an open problem.

1.3 Main Results

In this thesis, several results associated with population genetic models are obtained.
They mainly belongs to two categories: ergodic inequalities and asymptotic theory.

1.3.1 Sampling Formula

Among all results in population genetics, Ewens sampling formula is a very important

result. It was generalized to random partition structures by J.F.C. Kingman, and just

like allele frequencies it characterizes the population configuration in some sense.
Let = (21,29, - ) € Vs be the allele spectrum. Define

Voo:{xeﬁoo‘ixizl}.
i=1

If z € V4, then we say there are countably many alleles in the gene pool; if, however,
Yoo @i < 1, then we say there are uncountably many alleles in the gene pool. In the
latter case, the gene pool consists of a discrete allele spectrum and a continuous allele
spectrum. The probability weights of alleles in the discrete allele spectrum give rise
to z, and the weight of the continuous allele spectrum is just 1 — »"°, x;. This idea
was communicated to J.F.C. Kingman by G.A. Watterson in [Kingman, 1978a].
Suppose that we want to draw a random sample S of size n from a population with
the allele spectrum = = (@1, z2,---). If Y72 x; = 1, then the sample distribution is

P(S: (061,042,"' 7an)) n Zx?1x32" s (131)

z 1

where, for 1 < i < n, n; means there are n; alleles of weight x; in the sample, and «;
means there are «; types of alleles that show up exactly ¢ times in the sample.

A sample with only one allele type has probability ¢, (z) = > oo 2, n > 2. @o(x)
is called homozygosity in population genetics; 1 — ¢o(x) is called heterozygosity.

If 7%, x; < 1, the Kingman paintbox idea [Kingman, 1978b] enables us to have an
expression similar to (1.3.1) for the sample distribution. If the spectrum x is random,
then the sampling formula is

P(S = (a1, a2, ) = ( Zx?lx’f-- ) (1.3.2)
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where z should be changed associatively by the paintbox idea if P(} >, a; < 1) > 0.
As stated in [Watterson, 1977a], the Ewens sampling formula can be obtained from
(1.3.2) if x follows the Poisson-Dirichlet distribution PD(f). Kingman’s one-to-one
correspondence asserts that every partition structure can be uniquely expressed as
(1.3.2).

In this thesis, we rewrite the sample distribution (1.3.1) as

n!

py(x) = ol D=0 (1B = D (1B — 1)

oo lopale e
- -0 Ben(ld)

8021‘651 i (I’) e gpziggd i (LU),

where n = (m1,--- ,m) is an integer partition of n, oy = #{j|n; = 1,1 < j <}, B is
the partition of the set {1,2,--- [} into d components, satisfying

min f; < min By < --- < min fy,

|Bi| denotes the number of elements in §;, and ¢1(z) = 1,4(x) = > oo, ¥ k > 2.
Since gy (x), k > 2, are continuous on V., clearly p,(x) is a continuous extension of
(1.3.1). Thus, the Kingman one-to-one correspondence can also have the representa-
tion

P(S =n) :/v Po(y)p(dy),

where p is the distribution of the spectrum z. This new representation should be
a well-known fact, but the author has not found the explicit p,(z) in any reference.
Therefore, we include it here for the sake of completeness. Since p,, is continuous, the
weak convergence of p will lead to the pointwise convergence of the sampling formula.

1.3.2 Ergodic Inequalities

Surprisingly, the explicit transition density functions of the one-parameter neutral
model and the two-parameter model can be obtained through the eigen expansions of
their generators [Griffiths, 1979], [Ethier, 1992] and [Feng et al., 2011]. The structures
of their transition density functions are quite similar.

In [Ethier, 1992], the transition density function of the one-parameter neutral
model has the following representation:

p(t, Z, y) =1+ Z exp{—)\mt}Qm(aj, y)»
m=2

Qnten) = 2L S 0 () 0+ Ol
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Z fvoo pndPD 8)

In|=n

In [Feng et al., 2011], the transition density function of the two-parameter model has
a similar representation:

Pt wy) =14 ) exp{=Ant}Q%% (2, y),

m=2

Qi) = 2R Y 0 (M) ok O (o)

m!
nO

(v)
; pndPD(G a)
U
In [Ethier, 1992], the following ergodic inequality of the one-parameter neutral model
is also obtained

< 0+2)(0 +3)

var 2

sup HP(t,w, - PD(e)(-)H exp{—(6+ 1)}, Vi >0. (1.3.3)

1€V 00

In [Feng and Sun, 2010], the two-parameter model is shown to be an ergodic diffusion;
but an ergodic inequality similar to (1.3.3) is not obtained.

In this thesis, we reorganize the expression for the transition density function
of the one-parameter neutral model and the two-parameter model; then we have
the following representation of the transition density functions for the one-parameter
neutral model:

p(t,z,y) = d(t) + di(t) —i—Zda )on(z, ),

> 2m+9— 1
d9 Amt 1 m—le .
0(t) Zle (=) )
= 2mA0—1(m S
() = m;e It S <n) (=1)""(0 + )y > 1.

Similarly, we have the following representation of transition density function for the
two-parameter model:

Ptz y) = do(t) + di(t) +Zd9 Y)- (1.3.4)
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By making use of (1.3.4), we have the ergodic inequality

var = w exp{—(0 +1)t}, Vt>0.

(1.3.5)

However, an explicit expression for the transition density function of the one-
parameter selective model is still unknown. In [Barbour et al., 2000], an expression
for the K-dimensional Wright-Fisher diffusion with selection is obtained; but some
quantities in this expression are unlikely to have explicit forms. In [Ethier and Kurtz,
1998], the one-parameter selective model is shown to be uniformly strongly ergodic;
whereas an ergodic inequality similar to (1.3.5) is still unknown.

sup HPQ"’(t,az, ) — PD(4, a)(-)H

€V 00

In this thesis, by applying the methods in [Chen, 2005] and the functional in-
equalities in [Feng et al., 2011] , we can obtain an ergodic inequality analogous to
(1.3.5):

sup HP”(t, x,+) — 7 (+)

Ievoo

< K(0,0)exp{—t gap (G,)}, Vt>0.

var

1.3.3 Asymptotic Results

As the title of this thesis indicates, asymptotic results are the main topic of this thesis.
We focus on the asymptotic theory for the three infinite dimensional diffusions.

Asymptotic results for the one-parameter neutral model and the two-
parameter model:

In population genetics, random sampling, mutation and selection are the three
most commonly studied evolutionary forces. Mutations always increase gene variation
by adding new types to the population; while random sampling washes away parts of
these new types. The primary goal of population genetic model is to understand the
interactions between these three forces. As Gillespie argued in [Gillespie, 2004], the
time required for these evolutionary forces to have appreciable effects on the genetic
configuration can quantify these forces. It is stated in [Gillespie, 2004] that the time
scale of random sampling is 2N log 2, and the time scale of mutations is %, where
0 = 4Nu, and wu is the individual mutation rate. In all these quantities, N means
the population size. Therefore, the time scale of random sampling in the diffusion
models is log2 and the time scale of mutation is %. As N — 400, § — +o00; then
% << log2. Therefore, mutations will introduce many new types immediately, and
the allele spectrum should be continuous. If, however, % >> log 2, then the allele
spectrum should be discrete. To verify the above intuition, we should look at the
asymptotic distribution of X; as # — +oc.

In this thesis, we have obtained the weak limit of X, as 6 — +o0:

9
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6(00 s if hmg*>+oo 9t<6) = +00
Xt(@) — 5677:27 if limg_H_oo Qt(e) =c>0
5o, if Timg_, 100 01(8) = 0,

where z € V, and is the starting point of X;.

The above result finds the asymptotic distribution of Xjeo and X 2 the former is
0(0,0,--) and the latter is dc-1,. d(00,..) means a purely continuous allele spectrum and
0.-1, means the mixture of a continuous spectrum and a discrete spectrum. From
this result, we can see that mutations gradually suppress random sampling. Since
mutations add more new types into the population, the allele spectrum starts to show
the properties of continuous spectra. When limg_, ;, 0t(0) = oo, the population is
completely controlled by mutations; therefore it only admits purely continuous allele
spectrums.

Naturally, we would like to consider the large deviation principle associated with
the above weak law of large numbers. I can not establish such a large deviation
principle in this thesis. However, since partition structures provide an alternative
description of allele spectrums, the large deviation principle of the associated partition
structure shall show us some possible properties of the large deviation principle. In
this thesis I successfully obtain the large deviation principles associated with the weak
law of large numbers for the partition structures:

P?(n) = Ep,(Xya).

Surprisingly, there is a phase transition in terms of the rate function.

o If limg o 0t(0) =k € (0,2), then P? has the LDP with the speed log and the
0, if = (L1,

rate functlon
1)
_ ) n—aa(n) n—a1(n) 2
L) =32k e > s
2
2-k

n—l(n), f n—ai(n) <

(m—ai(n) — 2-

o If limg o 7 M = 0, then P? has the LDP with the speed 0t() and the rate

n—aq ()

function In(n) = —

o Iflimy .o iige =k > 2, then Pg has the LDP with the speed log 6 and the rate

function I,,(n) = n — l(n).

=

Here I(n) is the number of components of the partition 7, and «a;(n) = #{jln; =
i,1 < i < n}. As can be seen, when we increase the time scale, the large deviation
principle for the partition structures shows the phase transition phenomenon, and
the critical time scale is 21‘} % Furthermore, all the above asymptotic results have a

parallel generalization to the two-parameter model.

10



Ph.D. Thesis - Y. Zhou; McMaster University - Mathematics

Asymptotic results for the one-parameter selective model (large mutation)

Mutations always introduce new types to the population. Due to the effect of ran-
dom sampling, a small portion of those new alleles will be ultimately fixed. So the rate
of substitution, denoted by k, is an important quantity for the evolutionary history.
Presumably, k is a function of selection intensity, mutation rate and population size
N. For neutral models, the rate of substitution is just the individual mutation rate
u. In [Gillespie, 1999], Gillespie considered seven models: neutral, TIM, SAS-CFF,
house of cards, exponential shift, normal shift and overdominance. Computer simu-
lations of those models were conducted. A plot of % and N indicates that these seven
models fall into three categories. The Normal shift model is in the first category;
because % is an increasing function of N. TIM, the neutral model, SAS-CFF and the
overdominance model are in the second category; because % is almost a constant 1 as
N increases. The Gamma shift, the exponential shift and the house of cards are in
the third category; because % is a decreasing function of N.

Therefore, Gillespie conjectured that the overdominance model converges to the
neutral model as N — +o0. In the symmetric overdominance model, the selection
strength is ¢ = 2N\, where A is the selection intensity, and the population mutation
is @ = 4Nu. As N — +00, both 0 and ¢ will explode. Thus, to verify Gillespie’s con-
jecture, we should consider the asymptotic behaviour of the one-parameter selective
model with symmetric overdominance as 6 and ¢ both approach +oo.

Gillespie’s conjecture has been confirmed in [Joyce et al., 2003] and [Dawson and
Feng, 2006] by studying the asymptotic behaviour of the stationary distribution 7.
We can actually confirm this conjecture by the asymptotic behaviour of the dynamical
system at a fixed time as well.

All the weak limits, which have been completed in this thesis, are collected in the
charts.

overdominance underdominance(o > 0)
o<0 limg_y o0 7 =< Ao limg_mo% > A

T — 5(070,~..) Ty — 5(0707-..) Ty — 5(%_’_ /%_ﬁ,op’“.)

Here \q is the solution of the following transcendental equation:
2 / 2\
1—y/1-% L+4/1—%

As a matter of fact, we can easily obtain the above results by the large deviation
principle for 7, in [Dawson and Feng, 2006] even though they are not stated there.
The next chart is about the weak limits of X/:

overdominance underdominance
o<0 o>0,limp o g <2
Xg — 5(0,0,...),‘# > 0. Xg — 5(070,...),‘# > 0.

11
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Notice that Ay > 2.

Asymptotic results for the one-parameter selective model (small mutation)
In [Feng, 2009], S. Feng considered the large deviation principle for PD(6) as
6 — 0. The rate function is

0, xGLl
J(x)=<n—-1, z€L,,n>2
00, r e L,
where L, = {(z1, -+ ,2,,0,- ) € Voo | ,, > 0} and L = US°, L.

As an application, the large deviation principle for 7,,0 = A(6), is obtained as
well. The rate function is

J(x), limg_,o = o g 0
Si(z) = < J(x) + [A|(1 = pa(x)), limg_o a(0) ) =1,A<0
J(x) + Apa(z) —inf{2 +n—1:n>1}, 11m9_>01 =1,A>0

As can be seen, apart from the case 0 = Alogf,\ = k(k + 1),k > 1, all the rate
functions have only one zero. The associated weak limit of 7, as § — 0 is just the
point masses at the zero. For A = k(k + 1),k > 1, the rate function has exactly two
Zeros, (%7 e ;,O -) and (k+1, e ,k%l,(), -+-). We cannot easily obtain the weak
limit of 7, from the large deviation principle in the critical case.

In this thesis, we have obtained the weak limit of 7, when o = Alogf, A > 0. It is

> Th—1) k(41 NN 1.y
h=1

From this result, we know that, for the critical case A = k(k + 1),k > 1, the weak

limit of 7, should be the point mass at (%, cee %, 0,--+).

1.4 Structure of the Thesis

The whole thesis is organized as follows.

In Chapter 2, we will introduce the concepts of partition structures and all the
preliminary knowledge needed in this thesis.

In Chapter 3, we will introduce three types of infinite dimensional diffusion pro-
cesses and ergodic inequalities for them.

In Chapter 4, we will mainly talk about the asymptotic theories of the one-
parameter neutral model and the two-parameter model.

In Chapter 5, all asymptotic results associated with the one-parameter selective
model will be discussed.

12



Chapter 2

Partition Structures

The Ewens sampling formula is one of the most influential results in population genet-
ics. In order to characterize various sampling formulas, J.F.C. Kingman introduced
the concept of partition structures in [Kingman, 1978al. It turns out that every par-
tition structure can be represented by a unique measure in an infinite dimensional
simplex. This is usually known as the Kingman correspondence. Moreover, partition
structures correspond to sampling formulas of certain population genetics models, and
it thus sheds some light on the allele spectra. It is reasonable to expect that studying
partition structures could be another way of understanding the evolution of a certain
population.

In this chapter, we will first give the definition of integer partitions, and then
introduce the concept of the Kingman simplex. The symmetric polynomials in the
Kingman simplex will be introduced in detail. Next the definition of partition struc-
ture and the Kingman correspondence are presented. Finally, we will also recall the
concept of weak convergence of measures and the large deviation principle.

2.1 Partitions of Integers

This section will focus on partitions of integers. For more comprehensive introduc-
tions, please refer to [Macdonald, 1995] and the references therein.

Definition 2.1. For a given positive integer n, a vector n = (m,--+ ,m) is called a

partition of n, if m >ne--- > > 1 and 22:1 n; = n. We usually use l(n) to denote

the number of components of the partition n and let |n| denote the norm, i.e. Zi(:’q ;-

Let M,, be the set of all partitions of n, then M = U2 M,, will be the totality
of partitions of all positive integers. Moreover, if we define

ain)=#{j|n=4,1<j<lIln}1<i<n,

then «;(n) denotes the number of components of size i in partition 1. So (a1(n),- -, an(n))

13
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becomes another representation of the integer partition . Naturally I(n) = >""" | a;(n)
and n =" ia;(n).

Definition 2.2 (A total order “<” in M). For n,& € M, we say n < & if one of the
three conditions is satisfied:

(i) Inl <&
(7). the first non-vanishing difference n; — &; is positive
(iii). there are no non-vanishing terms.

Remark 2.1. The above order “<7” can be easily shown to be a total order, and will
be used as the order of partitions in this thesis.

For a given integer n, a subset of M,,, defined as
My, = {n€ My | n= (1) or my > 2},

is also used in this thesis. Define M = Unzlj\;ln. Obviously, M C M. In this thesis,
when we say a partition  we mean n € M unless it is otherwise stated.

2.2 Kingman Simplex

The Kingman simplex is an important topological space, on which all the three dif-
fusion models of this thesis are defined. It is therefore quite necessary to introduce it
here in detail. Furthermore, typical symmetric polynomials and probability measures
on the Kingman simplex will also be discussed.

Definition 2.3 (Kingman Simplex). The Kingman simplex, denoted by V., is the
following simplex of infinite dimension:

[e.e]
voo:{x:(‘rlaxéau‘ 7)6[071]00 SLjZ:@ZZO,legl}
=1

Due to Tychonoff’s theorem, [0, 1]°°, equipped with the product topology, is a
compact topological space. It is also metrizable and the product topology is generated
by the following metric:

G Ty —Yi 0
d<x7y)_z|2—l|7 x:(xl,x2,~-),y:(yl,y2,~~-)E[0,1] :
i=1

Restricting the metric d(-,-) to the Kingman simplex V., there is no difficulty in
showing (V,d) is a closed compact subspace of ([0, 1], d).

14
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Proposition 2.1. (V,d(-,-)) is a closed compact metric space. Moreover,

voo:{m:(xlax%)e[oal]ooxlzxZEZoyzwlzl}a
=1

15 dense in V.

Proof. First, the closedness is easy to prove. Indeed, assuming {z(n),n > 1} C V4
and z(n) — x, we have x;(n) — z;,n > 1. By Fatou’s lemma,

o0 (o]
in < lir_r:igonxl(n) <1,
i=1 i=1

SO T € V. Hence, V, is closed, and thereby compact as well. Next, we are going to
show that V., is dense in (Vu,d(+,)). Indeed, Vz € V., consider

oY 1o
y<n)2$+< Zl:lma"'? ZZ:1I707”'>7

n n

apparently y(n) € V., and

1= 1= 1
d(y(n),x)zz L = 2in1 7 (1——) — 0, as n — oo.

; nt n
=1

Therefore, V., is dense in V.. O

2.2.1 Continuous Function Space In Kingman Simplex

Continuous functions in the Kingman simplex play a very important role, not only be-
cause they are the test functions when we consider the weak convergence of measures
in the Kingman simplex but also because they constitute the domain of the infinitesi-
mal generator of the diffusion models in this thesis. Moreover, sampling probabilities
are usually represented as symmetric polynomials in x as well. Therefore, we should
introduce some facts about the continuous functions in the Kingman simplex.

Let C(V ) denote the space of continuous functions on V. Since V, is compact,
then C'(Vu) = Cp(V), where Cp(V ) is the set of bounded continuous functions on
Voo

Definition 2.4. Define pi(x),k > 1, as follows:

pu()=> af, k>2¢(x) =1
=1

15
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Note that x € V., often denotes the allele frequencies in population genetics
models. Then ps(x) is the probability that two randomly sampled individuals are
of the same type. This probability is named homozygosity in population genetics.
Additionally, 1 — ¢o(x) corresponds to the probability that the two individuals are
different, and is called heterozygosity in population genetics. It is not difficult to
show that ¢ (z),k > 2, are continuous on Ve; > .o, %;, however, is not. Indeed,
since ix; < Z;Zl r; < 32 @ < 1, we have z; < %, Vi > 1. By Weierstrass’s
M-test, Y >~ ¥ is uniformly convergent V& > 2; hence pi(z), k > 2 are continuous
on V.. However, 2321 x; is not continuous on V.. To this end, let us consider

z(n) = (+,---,1,0,--+); then z(n) — 0. But
2 Jm zi(n) =0<1= ngr&oz;xi(n).

Nevertheless, the continuous extension of Y .-, z; is identical to ¢ (z) for Y2, z; =
1 =¢1(2),V2 € Vo, and Vo, is dense in V..

Definition 2.5. For a given partition n = (ny,---,m) of a positive integer n, we
define
po(r) = Z xll - (2.2.1)

1,02, i1 #

Remark 2.2. (i). In fact, we can rewrite (2.2.1) as follows:

oo
po(r) = all--~an!znxfi, (2.2.2)
i=1

where the summation is over all sequences (vq,vg,-+-) such that 0 < v; < n,
and, for 1 < j < n, exactly o; of v; equal to j. We can easily prove this by
rearranging (2.2.1).

(ii). For a fized x, p) () is unchanged if we permute the components of 1. Therefore,
i this thests, p?él,---,él) also means p; where 1 is defined to be the decreasing
rearrangement of (61, ,0;).

If g, = 1, then p; () is not continuous either, as is shown in [Feng, 2007a]. Similarly
to Y .2, x;, however, we can explicitly obtain the continuous extension of pg(:r;)

Proposition 2.2. For a given partition n of the positive integer n and x € Vo, pg(x)

can be rewritten as

U(n)
SN ST (8] = Dl (Bal — Dlps, (@) o, wle), (2:23)

d=1 Bern(l(n),d)
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where 3 varies over partitions of the set {1,2,--- ,1(n)} into d subsets, By,--+ ,Bq,
satisfying
min 5, < min Gy < --- < min Sy,

and |3;| denotes the cardinality of B;.

Proof. We can prove this by mathematical induction on [(n). When I(n) = 1, it is
trivial; when [(n) = 2,
Py (@) = Y@ = al (o (@) = 21?) = 00 (2) s (€) = Ppyama(). (2:2.4)
i#] i=

Now assuming that, for I(n) = [,

D S SN (LY ISR
BET((Ld)

we have, for I(n) =1+ 1,

0 0 o 0
p(n17""7ll7nl+1) —p(nlv'”?nl)(pnl“"l Zp(nlz”':77u+771+17"'7771)
u=1

o 1

l d Z |Bl| - 1 (‘6d| - 1)!<P2ie;31 /. Qoziegd 7 Pt

Ben(l,d)
!
DD (8= D (1Bad = Dl e P e,
u=1 d=1 Ben(l,d)
(2.2.5)
where
i i+ My ifi=u.

By switching the order of summation in (2.2.5), we have

l
S ST (B = D (1B = Do, w05t

MN

u=1 d=1 Ben(l,d)
l l
=> =0 (B =Dl (Bl = DI s e P,
d=1 pen(l,d) u=1

17
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where, as a matter of fact,

l d
§ :9021651 U @Zieﬁd nt z : z : gpzieﬁl nt e (‘Ozz‘eﬁd '
u=1 v=1 uep,
d

= Z |/3U|S02iegl U SOZZEBU it " ‘PZigggd ni*
v=1

Therefore, (2.2.5) becomes

DY > (B =Dt (Boaa] = DUBH(Bosa] = 1)+ (18a] = 1)!

1 v=1 Ben(l,d)

902@1 n " szieﬁv Nitmyr " @Ziegd i

l
l dz Z |ﬁ1| - 1 (|ﬁ§‘ - 1)'902L€/3f U 9021‘663 i

d= v=1 Bven(l+1,d)

Here p* =y U--- U7,

M-

a
Il

L su{l+1)y ifi=o,

and S = (1 U---Upy €w(l,d). Thus,

(o}
Doy )
+1

=SSN (B = D (B = Dlos, m PSP
d=

pen(l+1,d),Bq4={1+1}
(2.2.6)

l
EIYS ST = b (= o (227
d=1

v=1 gven(l+1,d)

Let us separate the terms associated with d = [ + 1 from (2.2.6) and separate the
terms related to d = 1 from (2.2.7); then we combine other terms in (2.2.6) and
(2.2.7). Therefore, we have

l
Blon e i) =P PPy + Z(—l)’“‘d[ 3 (18] = ! (18] = 1)!
d=2

Bew(l"’_l:d)vﬂd:{l""l}

902,'@1 U SOZiEBd m(PmH
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+
M=

S B =0 (B8] = Doy O 0]

v=1 Bven(l+1,d)
L= D,
I4+1
=S D ST (1B = D (1Bal = Vi, e or,
d=1 Ben(l+1,d)
The proof is thus completed. O

Clearly, the right hand side of (2.2.3) is the explicit continuous extension of py ().

Also, because of Proposition 2.2, {pj(z);n € M} and {¢,(v);n € M} can be eas-
ily shown to be two sets of linearly independent vectors, as done in [Ethier, 1992].
Therefore, {p;(z);n € M} and {¢,(z);n € M} span the same subalgebra of C(V),
which we denote by P. We can also show that P is dense in C (V). The following
argument is due to [Kingman, 1977].

Proposition 2.3. P = {fu(z) | fu(z) = >, <, ann(x),n > 1,0 € R, € M} is a
dense subalgebra of (C'(Veo), || - |oo); i-6. Vf € C(Vo), Afu(x) € P,n > 1, such that

If = fallo = 0, as n — oo.

Proof. We can use the Stone-Weierstrass theorem to prove this. Thus we need to
check the following three conditions:

(i). P contains a unit element.
(ii). Vf e P, f € P.
(iii). P separates points of V., i.e. Y,y € Vo, # y,3f € P, such that f(z) # f(y).

The first two conditions are satisfied naturally. We only need to check the last
condition. To each x € V., we assign the probability measure

=1 =1

on [0,1]. Then we have

1
Yrr1(x) = / uFv, (du), k> 1.
0

As can be seen, v, (du) is uniquely determined by its moments ¢y (x), k > 1. Therefore,
if x # y, then v, # v,,. So Jpg(x), such that i (x) # pi(y). Hence, P separates points.
Thus by the Stone-Weierstrass theorem P is dense in (C(Vy), ||+ [|oo)- O
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2.2.2 Measures on Y, and [0, 1]*

In this section, we will discuss five probability measures. The first four probability
measures are the Poisson-Dirichlet distribution denoted by PD(6), the two-parameter
Poisson-Dirichlet distribution, PD(f, «), the associated one parameter GEM distribu-
tion, GEM(#), and the two parameter GEM distribution, GEM(6, ). The last one is
T, the stationary distribution of the one-parameter selective model to be presented
in Chapter 3. PD(0), PD(6, «) and 7, are measures in V., ; GEM(#) and GEM(6, «)
are measures in [0, 1]°°.

Definition 2.6 (Poisson-Dirichlet Distribution). The Poisson-Dirichlet distribution,
PD(#)(dz), is defined to be the weak limit of the rearrangement of Dirichlet distribution
i a decreasing order,

0
2.1
né n—1 n—1
F(’I’L71> nglil 'n,gli1 ngli1
= xq x5 R ] 1— E x; dzy -+ dr,_q.

The Poisson-Dirichlet distribution was first introduced by J.F.C. Kingman in
[Kingman et al., 1975]. It turned out to be the stationary distribution of the infinitely-
many-neutral-alleles diffusion constructed by S.N. Ethier and T.G. Kurtz in [Ethier
and Kurtz, 1981]. Please refer to [Kingman et al., 1975], [Watterson, 1977a] and [Feng,
2010] for more detailed introductions. Though PD(0) is very intractable, J.F.C. King-
man obtained a convenient representation for PD(6) using Poisson point processes.
For Poisson point processes, [Kingman, 1993] is a marvellous reference. The following
proposition is due to J.F.C. Kingman.

Proposition 2.4. For 6 > 0, let & > & > --- be the random points of a Poisson
process with intensity measure v(dx) = 0z~ e *dx,x > 0. Define o0 =Y oo, &. Then

(5,8 ... follows PD(6); moreover, o has the distribution of Gamma(0,1) and is

o’ o’
independent (%1, %2, ).

From this proposition, one can easily see that PD(f) concentrates on the dense
subset V. Furhtermore, GEM(6) is another possible representation of PD(6). Please
refer to [Feng, 2010] and the references therein.

Definition 2.7 (GEM Distribution). Let {U?,i > 1} be a sequence of i.i.d. Beta(1,0)
random variables. Define

V= ULV = I - UDUY, n>2.
Then the distribution of (V, VY, --+) is called a GEM distribution.
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The size-bias sampling of PD(6) gives rise to GEM(0); conversely PD(6) can be
recovered from the decreasingly ordered GEM(6). This fact is shown in detail in [Feng,
2010]. Thus, for any measurable symmetric function f(x) defined in V., we have

/v (2)PD(6)(dx) = /[0 - F(2)GEM(8)(da). (2.2.8)

Due to (2.2.8), the integrals of all symmetric polynomials with respect to PD(f) can
be calculated easily.

Both PD(f) and GEM(#) have two-parameter extensions. They are the two-
parameter Poisson-Dirichlet distribution, denoted as PD(6, o) and the two-parameter
GEM distribution, GEM(0, «), respectively. Please refer to [Pitman and Yor, 1997]
for more details.

Definition 2.8 (Two-parameter Poisson-Dirichlet Distribution). Let {U™? i > 1}
be a sequence of independent random wvariables, where, for each i > 1, Uia’e follows
Beta(l — o, 0 +ia),0 + « > 0. Define

Vi = U Vet = L (1= U U, = 2,
Then the distribution of {V;™° Vi ...} is called a two-parameter GEM distribution.

Definition 2.9 (Two-parameter Poisson-Dirichlet Distribution). The distribution of
the decreasingly ordered GEM(0, ) is called a two-parameter Poisson-Dirichlet dis-
tribution, denoted by PD(0, «v).

Again PD(, o) also concentrates on the dense subset V, due to the representation
of the Poisson point process in [Pitman and Yor, 1997]. Finally, 7, is a probability
measure in V,,, and is absolutely continuous with respect to PD(6). More precisely,

75(d) = Cy exp{oos () }PD(6) (dx),

where C, is a normalized constant.

2.3 Kingman Partition Structures

J.F.C. Kingman introduces the concept of the partition structures in [Kingman,
1978al]. Such a concept actually grows out of sampling formulas. Suppose that we
have an urn containing balls of infinitely many colours, and the colour frequencies are
described by a point # = (x1, 3, -+ ) in V4. Then a random sample S of size n has
the sampling distribution,

PS = (0r o)) = = S [t
=1

[Lj=i gt
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where the summation extends over all sequences (vq,vg,---) such that 0 < v; < n,
and, for 1 < j < n, exactly o; of v; equal to j.

Equivalently, due to (2.2.2) and Proposition 2.2, the sampling distribution can
also be expressed as

l

n!
= —1)—4
pn(x) 771'771'041'Oén' ;( )
Z (|Bl| - 1)' e (|6d| - 1)!¢Zi€[~31 m(l’) U @Zieﬁd Ui(x)7
pen(l,d)
where n = (n1,--- ,m) is used to represent the configuration of the sample. [ is the

number of colors and 7;,1 < ¢ < [, is the number of times that one specific color
shows. «a;,1 < j <n, denotes the number of colors which show up exactly j times.

If we draw a random subsample of size m from the sample of size n(m < n) without
replacement, and denote their sampling distribution by P,, and P, respectively, then
there is a natural projection o,,, such that P, = 0,,,F, and 0, = 0,;0j4,0 < 7 < q.
More precisely,

O'nfl,nPn(n) = Z Pﬂ(f)s<€7 77)7

l¢l=n
where
%7 if?]I(Oél—l,Oég,"',Oén>
SEmn) =q=, ifn=(a1, 9,1+ 1Ly —Lap, -, an)

0, otherwise .

Definition 2.10 (Partition Structures). A sequence of partition distributions { P,,n >
1} is called a partition structure if

P, =0,.P,, and 0pm = OpkOrm, for m < n. (2.3.1)

Remark 2.3. o If v € Vo, the sampling distribution P,(n) = p,(x) defines a
partition structure. So >_,_ py(x) = 1.

o Ifr € Voo—Ve, then py(z) can also define a partition structure and y -, _, py(x) =
1. Indeed, because V., is dense in Voo, then Vo € Voo — Voo, 2 € Voo, k > 1,
such that ¥ — . Naturally P¥(n) = p,(z") satisfies (2.5.1) and > lnl=n py(z*) =
1; therefore so does P, (n) = py(z) because of continuity of p,(x).

e Finally, if x is a random wvector in V., then P,(n) = Ep,(x) also defines a
partition structure and y-,, _ Pu(n) = 1.

As can be seen, a partition structure { P,,n > 1} can generate a probability distri-
bution P on M. Note that o,,, is a projection from II, to II,,, where both IL,, and II,,
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are totality of partition distributions on M,, and M,,, rather than from M, to M,,.
Of all partition structures, there are two typical ones, the Ewens partition structure
and the Ewens-Pitman partition structure. The partition distribution of the Ewens
partition structure is the famous Ewens sampling formula, and the partition distri-
bution of the Ewens-Pitman partition structure is described by the Pitman sampling
formula.

Example 2.1 (Ewens Partition Structure). The Ewens partition structure is the par-
tition structure {P,,n > 1} where

n! 0!
P,(n) = =, ,m) € M, 2.3.2

Example 2.2 (Ewens-Pitman Partition Structure). The Ewens-Pitman partition
structure is the partition structure {P,,n > 1}where

n! 240 + i)
m!mlaa(n)! - an(n)! On)
n= (7717"' 7771) € Mn

pn(n) — H§:1(1 - a)(nrl)’

(2.3.3)

As we know, (2.3.2) and (2.3.3) are respectively the Ewens sampling formula
(henceforth ESF) and the Pitman sampling formula (henceforth PSF). It turns out
that the Ewens sampling formula and the Pitman sampling formula can be represented
in terms of PD(#) and PD(#, ) respectively as follows:

ESF(n) = / py(x)dPD(6) (dx)

PSF(n) :/v py(2)dPD(0, o) (dz).

Likewise, any partition structure can be uniquely represented by a measure in V.,
due to Kingman’s correspondence of partition structures.

Theorem 2.1 (Kingman Correspondence). Any partition structure {P,,n > 1} can
be uniquely represented as follows by a measure j1 in V-

Pu(n) = / po()a(d); (2.3.4)

conversely, suppose that we have a sequence of random partitions, {n(n),n > 1},
whose distributions constitute the partition structure {P,,n > 1}. If we define

(m(n) mn) 7”(’7)<”),0,~->,

r = lim

) ) 9
n—-+0o

n n n
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then the distribution of x s .

Remark 2.4. Although we still call this theorem the Kingman correspondence, it is
a little different from Kingman’s original version, in which

Pu(n) = / 5,(")u(de),

where
[o@)
Vo = {l‘/ = (%Jl;@;"')‘x = (21,22, +) € Voo, 09 = 1 —sz}
i=1

For a given ' € v, S,(2) is defined to be the value distribution of (&,--- ,&,), and
{&.,r > 1} are independent integer-valued random variables with distributions

P& =n)=x,, P& = —r) =x0,7 > 1.

It is not hard to see that p,(x) = S,(2'); therefore, this representation is equivalent
to Kingman’s original representation. In this thesis, we would like to regard xo as the
weight of the continuous spectrum. Thus, even degenerate measures, such as d(oy,...)
and (5(;70’,,_) can determine partition structures through (2.5.4). Presumably, this new
form should be a well-known fact, but the author has not found the explicit expression
of pp(x) in (2.5.4) described in any reference.

Proof. The proof of this theorem is analogous to Kingman’s original proof, thereby
omitted here. Please refer to [Kingman, 1978b]. O

8(0,0,.) determines a trivial partition structure {P,,n > 1} such that

it =(11,-0 1)
P”m)_{o if n#(1,1,---,1).

This partition structure tells us that we will always end up with a sample whose
individuals are different from each other. Hence, all types in the allele spectrum
are continuously distributed. This heuristic explanation is due to G. Watterson,
communicated to J.F.C. Kingman in [Kingman, 1978b].

Beside the Ewens partition structure and the Ewens-Pitman structure, the parti-
tion structure represented by 7, has been studied thoroughly in the literature, such
as [Huillet, 2007], [Grote and Speed, 2002] and [Handa, 2005]. However, none of them
provide as simple forms as the Ewens sampling formula. The next partition structure
resembles the coupon collecting distribution (please refer to [Pitman, 2006]), and is
related to a particular limiting partition structure represented by 7.
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Example 2.3. The following is a partition structure {P,,n > 1}, represented by
[=01 1)

n! B(=1)(E=l()+1)
P.(n) = m by loa (m!-om (n)! km ifl(n) <k
0 ifl(n) > k

2.4 Weak Convergence and Large Deviation Prin-
ciples

The convergence of partition distributions is a pointwise convergence. That is, by
PF — P, as k — 400, we mean

P¥(n) — P.(n), as k — 400, Vn € M,,.

Due to the Kingman correspondence, every partition structure is uniquely determined
by a measure in V.. The natural question is what topology of probability measures in
Vo makes the Kingman one-to-one correspondence a homeomorphism? The answer
is the weak convergence topology of probability measures. At the end of this section,
large deviation of principle (henceforth LDP) will be presented. An obvious fact on
the relationship between the weak law of large numbers and LDPs is proved as well.

Definition 2.11 (Weak Convergence of Measures). A sequence of probability mea-
sures {pn,n > 1} in topological space E converge weakly to measure u if

hm/ f(@)pn(dz) = /f pu(dx), YfeCy(E).

n—-+o00

Because P is a dense subalgebra of C'(V,),

n—-+o0o

lim/ f(@)pn(dx) /f p(dx), YfewPp, (2.4.1)

is sufficient to guarantee the weak convergence of {p,,n > 1} on V. As a matter of
fact, (2.4.1) can be deduced from the pointwise convergence of the partition structures.
Therefore, it leads to the weak convergence of the representation probability measures
in the Kingman correspondence; conversely the weak convergence of the representation
probability measures guarantees the point-wise convergence of the partition structures
as well. Hence the Kingman correspondence is a homeomorphism.

Moreover, the convergence of probability measures can also be characterized by
the moment generating functions, that is, the Laplace transforms of the probability
measures. Let us define the moment generating function of u as ¢(t) = [, €' pe
The following theorem is from [Hogg and Craig, 1978|.
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Theorem 2.2. Let {X,,n > 1} be a sequence of random variables with moment
generating function ¢, (t) = Ee™ that exists for |t| < h,¥Yn > 1. Let X be a random
variable with moment generating function ¢(t), which exists for |t| < hy < h. If
lim,, oo @n(t) = @(t) for |t| < h, then X,, — X in law; i.e. PX — PX weakly.

If X,, — c in probability, as n — 400, where c is a constant, then
Ve >0, P(|X,, — | > €) = 0, as n — 0.

Such a conclusion is very weak, for, small as it may be, we can hardly know how small
P(]X,,—c| > €) is. The reason that we make such a big fuss about the magnitude of this
small likelihood is because the consequences of some rare events, such as earthquakes,
are catastrophic. Usually, applying some sophisticated estimation techniques, we may
be able to find out that

P(|X, —c| >¢) < e ™ where I(e) > 0.

To describe its decaying speed, we should compare log P(|X,, — ¢| > ¢) with the speed
n. Then w might have an exact limit as n — oo, or only have an upper
limit and a lower limit, but both of which can be expressed in terms of a common
function I(z). This is the general idea of LDPs.

Definition 2.12. We say {ug,0 > 0} satisfies an LDP with speed a(0), and lower
semicontinuous rate function I(x), if both of the following two conditions are satisfied

o V closed set F', we have

1
I —1 F)) < — inf I(); 2.4.2
m sup - og(po(F)) < — inf I(w); (2.4.2)

e Y open set O, we have

1
im inf —— > — 1 . 4.
llgl;élf 2(0) log(PD(0)) > ;Iel(f) I(x) (2.4.3)

IfVa € R, {z|I(z) < a} is compact, then I is called a good rate function.

Remark 2.5. Since py(F) approaches either 0 or 1 as 6 goes to 0, log(ua(F)) tends
to either —oo or 0. Thus the speed a(f) must also go to oo, and their ratio can be

expressed in terms of a common function I(x). If inf,ep I(z) > 0, then 30y > 0, such
that, V0 < 6,

jio(F) < exp {—GM} . (2.4.4)
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Similarly, if inf,co I(x) > 0, then 301 > 0, such that, Y0 < 6,

3infaco I(z) } . (2.4.5)

1o (F) >€Xp{—9 5

Example 2.4. Let X5 = S0 Ve, and UF = S°F Vi, where {Y,*,1 < | < k} and
{V*,1 <1 <k} arei.i.d. geometric random variables and Bernoulli random variables
respectively; i.e.

PP =u)=(1-a)l'o,u>0; P =v)=a"(l-a)",v=01

Then the distributions of X* and UF, denoted by py and vy, satisfy LDPs with speed
k and rate function I (x) and Iy(x) respectively, where

Ii(z) =xlogz — (v + 1) log(l + z) — [xrlog(l — a) + log ]

and

L(z) = zlog (2) +(1—1)log <1 _x> .

l—«

Proof. This can be shown by the Cramér theorem. Please refer to [Dembo and
Zeitouni, 2010]. O

Remark 2.6. One can easily show that I(x) and Iy(x) have only one zero, and they

are =2 and o respectively.

The rate function I(z) is always nonnegative, and the zeros of I(z) play an im-
portant role.

Proposition 2.5. If {1,0 > 0} satisfies an LDP with the speed a(0) and a good rate
function I(x), and the rate function I(x) only has a single zero xo, then g — Oz
weakly as 6 — 0.

Proof. Fix a f € C,(E). Then Ve > 0,36 > 0, such that, Vo € B(z,J),

[f(z) = f(zo)] <€

Then we have

/E f(@)poldz) = / Sl + / F(@)poldz),

E—B(z0,0)

and hence

< e+ 2sup |f(z)|po(E — B(xo,9)).

zel

/E () — F(zo))piold)
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Therefore,

0 < limsup
0—0

/E (F(z) — F(zo))io(dz)| < €, Ve > 0. (2.4.6)

In (2.4.6), we have used the fact that limgy_,o pg(E — B(x0,d)) = 0, which is due to

inf  I(z) > 0.
x€E—B(z0,0)
Indeed, otherwise, let {z,,n > 1} be a sequence on E — B(zy,0) such that I(x,)
converges to
inf  I(x).
x€E—B(x0,9)

Since the level set of I(z) is compact, there exists a convergent subsequence {x,, , k >
1} such that z,, — 2" and #" # 2. Due to the lower semicontinuity of I(z), we have
I(z)) < infocp_B(ags) L(x). Thus, if inf,cp_p(ays) I(x) = 0, then, 3z’ # x, such that
I(x") = 0, which contradicts the uniqueness of zeros of I(z). Finally, letting e — 0 in
(2.4.6), we have

6—0

iy [ Sl = f(ao)
E
The proof is completed. O

Remark 2.7. If I(x) has more than one zero, then by a similar argument, one can
still show that the limiting measure concentrates on those zeros; but the allocation of
the corresponding probability mass is uncertain.
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Chapter 3

Three Infinite Dimensional
Diffusion Processes

In this chapter, we will first recall some preliminary knowledge of diffusion pro-
cesses. Then we will successively introduce the one-parameter neutral model, the
two-parameter model and the one-parameter selective model. For the one-parameter
neutral model and the two-parameter model, we will provide the explicit representa-
tion of their transition density functions, which will be different from their previous
spectral representations. Then, by making use of these representations, uniform er-
godic inequalities for these two models are obtained as well. The uniform ergodic in-
equality for the two-parameter model is new. For the one-parameter selective model,
we will also talk about its transition density function, though its explicit represen-
tation is still unavailable. By its transition kernel estimation, we can also prove
a uniform ergodic inequality, which is stronger than the ergodic theorem obtained
in [Ethier and Kurtz, 1998].

3.1 Preliminaries of Diffusion Theory

We will give a short background introduction to diffusion theory in this section. Please
refer to [Revuz and Yor, 1999], [Ethier and Kurtz, 1986], [Karlin and Taylor, 1981]
and [Stroock and Varadhan, 2006] for more comprehensive introductions.

Diffusion processes are usually used to model random dynamical systems, which
may be subjected to deterministic forces and purely random forces. If there are no
random forces, then deterministic laws will govern the evolution of this dynamical
system. Therefore its future motions can be precisely predicted to some extent. If,
however, random forces are involved, then the future motions are very unpredictable.
We can only use a sequence of random variables {X;,t > 0} to describe the motions.
In this case, we are not able to find any pattern if we only focus on the motion of
a single individual. But we might see some patterns if we look at the whole macro-
scopic structure of the dynamical system. These macroscopic motions are usually
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characterized by a second-order differential operator. The partial differential equa-
tions associated with these operators are the main concerns of mathematicians work-
ing in the theory of partial differential equations. For probabilists, the primary goal
is to figure out the statistical properties of random dynamical systems by studying
the processes generated by these operators. Since at microscopic scale the motion is
random, we can only use a family of transition probabilities P(s,x,t, dy) to describe
the motion. If the system is homogeneous, then a family of homogeneous transition
probabilities P(¢, z, dy) should be applied. All the three diffusion models in this thesis
are homogenous systems. Moreover, for all the trajectories are continuous, P(t,x,dy)
should satisfy certain extra conditions. Due to the Chapman-Kolmogorov equation,
these transition probabilities usually generate a semigroup on a function space, which
is often a Banach space.

Definition 3.1. Let (E,d) be the a compact state space. Let C(E) be the continuous
function space on E. It is a Banach space under norm || f|| = sup,cg | f(z)|. The semi-
group {P;,t > 0}, associated with a family of transition probabilities { P(t,x,-),t >
0,z € E}, is defined as

Pof(x) = /E F () P(t. . dy)

Usually, such a semigroup is a strongly continuous contraction semigroup, known
as the Feller semigroup, which can determine a diffusion process. The generator of
this diffusion process is defined as

Gf(x) = lim Pif(z) - f(x)

lin - , which exists under the norm || - ||.
—>

The domain D(G) is the set of functions such that the above limit exists. Due to
Hille-Yosida theorem, a generator satisfying certain conditions can uniquely generate
a Feller semigroup, and thereby determining a diffusion process.

3.2 One-Parameter Neutral Model

The One-parameter neutral model has two evolutionary forces involved: random sam-
pling and mutations, where the random sampling removes genetic variation, thereby
pushing the system toward (1,0,---). Mutations, however, constantly create new
species and hence drag the system toward (0,0,---). Therefore the one-parameter
neutral model reaches a dynamical equilibrium state, the Poisson-Dirichlet distribu-
tion PD(6).

In this section, we will focus on the one-parameter neutral model, which is char-
acterized by the following generator

1 & 0? O~ O _

ij=1 i=1
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The core of G is P = span{y,(r) | n € M}, which is a dense sub-algebra of C'(V.).
The evaluation of Gy, (z) should be first on V,, and then continuously extended to
Voo-

We can actually extend this generator through bounded pointwise convergence.
Note that, however, we can not treat {z,,n > 1} as regular smooth functions in

D(G), even though ¢f — x1 as k — +oc. Please refer to [Petrov, 2009] for more
detailed comments.

3.2.1 Transition Density of the One-parameter Neutral Model

Explicit representations of the transition density functions of the one-parameter neu-
tral model are available. R.C. Griffiths first obtained one representation in [Griffiths,
1979]; later on S.N. Ethier obtained another by the eigenfunction expansion in [Ethier,
1992]. Compared with the method of R.C. Griffiths, the method of S.N. Ethier is more
direct and transparent. Our presentation in this part is mainly due to S.N. Ethier.

To find the eigenfunction expansion, we need to consider the Hilbert space L?(PD(#)).
Let us define the associated inner product as follows:

(f. 9o = / f(2)g(x)PD(9)(dzx), f.g € LA(PD(0)).

The norm induced by this inner product, which is denoted by || - ||2,9, is defined to
be [|fllzo = /{f, f)o- In [Ethier, 1992] {p, | n € M} has been shown to be linearly
independent. Hence, to obtain an orthonormal basis, we can apply the Gram-Schmidt
orthogonalization procedure to {¢, | n € M}, the order of which is the order of their
subindices. Thus,

1

Wi@) =L U4) = 2a(0) -

Y5(2) =p3(2) — (w3, ¥5)ev5(2) — (93, 1)

V() =pa(w) — (1, ¥5)evs (@) — {pa, V3 (2))ovs (@) — {pa, 1o

V5 5(x) =pa2(x) — (22, V])et] (x) — (P22, U§)ets(x) — (P22, ¥5)ats () — (P22, 1)e
and

2(@) =00 = > {pn ¥)ove(x), 1 €M (382.1)
€<n

Then we define Xg(a:) = ”ﬁ%,n € M. Thus we get an orthonormal subset of

L*(PD(6)). If we define P, = span{y, | n € M,}, then, obviously, P, = span{¢} |
n € M,} as well, and P = U,>P,. We can also prove that {Xo(x) | ne M} is an
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orthonormal basis of the Hilbert space L*(PD(6)).
Proposition 3.1. {x/(z) | n € M} is a complete orthonormal basis of L*(PD(6)).
Proof. Since V., is a Polish space, we have that, Vf € L2(PD(0)),3f, € C(V4) s.t.

If = fall2e — 0, as n — +oo0.

By Proposition 2.3, we know P is dense in C'(V); thus P is dense in L*(PD(f)) as
well. Furthermore, P can be spanned by {x!(z)|n € M} too. Therefore, 3g,(z) =

Zln\én aan;(JC);n > 1, s.t.
1f = gnll2e — 0, as n — +oo0.

Thus, to show {x/(x)[n € M} is a complete orthonormal basis, we only need to show
the following fact that

if (f,x")s =0,¥n € M, then f = 0.
Indeed, assuming (f, Xg)g = 0,Vn € M, we have (f,gn)g =0,¥n > 1. Thus,

1f = gnllze = 1F126 + lgnllz o = £1136-

Letting n — +o00, we have ||f||§76. = 0, thereby f = 0. This proposition is thus
proved. O

The one-parameter neutral model has already proved to be a reversible diffu-
sion, the generator of which, therefore, is a self-adjoint operator in L*(PD(#)). By
the theory of self-adjoint operators, the eigenfunctions of G associated with differ-
ent eigenvalues are orthogonal to each other; moreover, due to [Ethier, 1992], all
eigenvalues and some of eigenfunctions can be explicitly computed. It turns out that

{-\n = —w, m > 2, \g = 0} is the complete set of the eigenvalues of G.

Proposition 3.2. For each eigenvalue —\,,,m > 2, we have one particular eigen-
function ¢ (x), which can be explicitly expressed as

m—1 /m—1 (j+1)
Pm + Z (H ﬁ) pi().
i=1 \j=i 7 m
Proof. Notice that Gy, = —A\pom + (’;)gom_l, where A\, = w, and —\,, is
an eigenvalue. Running S.N. Ethier’s argument in [Ethier, 1992], one can express the
eigenfunction associated with —\,, as ¢, + ¢%, where ¢’ € P,,_; and satisfies the
equation

(G +An)gm = — (W;) Pm-1- (3.2.2)
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Suppose that ¢ = Z;Zl a;pi, 1 = 1; then we can solve for {a;,1 < i < m — 1}.
Substituting ¢, into (3.2.2), we have

m—1 m—1 . m—1
i m
- Z a;Aipi + Z a (2) Pi-1+ Z Am@ip; = — ( 5 ) Pm—1-
=2 =2 =2
Then

m—2 .
141
(/\m - )\m—l)am—lspm—l + E [ai—f—l ( ) + (/\m - )\z>az]§0z + Ama2 + aq
=2

2
. m
- 2 Pm—1,

() o _ (1)

and Am—1 = PN m = N Therefore,
m—1 Jj+1
o a; Am—2 o ( 2 )
ai — e e — = am_l — )\ )\
Qiy1 Am—1 j=i J — \m

O

Vn € M, Lemma 2.2 in [Ethier, 1992] enables us to build one-to-one correspon-
dence between ¢, and an unique eigenfunction denoted by qbf;. Therefore, theoretically,
we can get all the eigenfunctions. Now we can denote this set of eigenfunctions by
{qzﬁg, n e M} If |n| # |£], then qﬁz and ¢g are orthogonal for they are the eigenfunc-
tions of two different eigenvalues. If || = ||, then qﬁg and qﬁg might not be orthogonal
to each other. Therefore, applying the Gram-Schmidt orthogonalization procedure
to the set of eigenfunctions of a specific eigenvalue, we will end up with a whole set
of orthogonal eigenfunctions. Let us denote this set of orthogonal eigenfunctions by
{uy | n e M}.

The next proposition specifically indicates that we can get eigenfunctions through
Gram-Schmidt orthogonalization procedure.

~ — 1,0 T
Proposition 3.3. Forn € M, wz = z, If we define )ZZ(ZE) to be w”—(), then Xg = )Zf;.

[4112,0

Proof. We can use mathematical induction to prove this. Since P! =1 =1 and
V3 = 02 — 115 = V5, we assume that V& <7, ¢ = ¢. Then for 5, we have

0 =0 — > (60, 0d)ett,
&<n

Yl =0 = > (g W)etl.

&<n
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Notice that ¢f L ¢f,V|¢| < |n|; hence ¢f L ¢, V[¢] < [n]. So
Up=0h— Y (0, vev, (3.2.3)
1€1=[nl,€<n

Due to Lemma 2.2 in [Ethier, 1992], we have ¢! = ¢, + > je|<|n GePe- Since {vi|¢e

/\/l|~n|,1} also span P, _1, cb,a] = 0+ D ie1<pl bg@/)g. By the mathematical assumption,

we have ¢ L ¢¢, V|| < ||, hence

0= (¢4, 6o = (n, ¥)o + be.

Thus, be = —(ipy, ¥¢)o and

O =on= D {on V)Vl (3.2.4)
€] <[n]
Substituting (3.2.4) into (3.2.3), we have
Uh == (g el = 0.
€<n

Therefore, the theorem is thus proved. [

Remark 3.1. The above argument tells us that we can get eigenfunctions by applying
the Gram-Schmidt orthogonalization procedure to {p, | n € M}. And the eigenfunc-
tions can be expressed by (3.2.4).

Making use of the eigenfunction expansion, S.N. Ethier obtained an explicit repre-
sentation of the transition density function of the one-parameter neutral model. The

following theorem is due to S.N. Ethier.

Theorem 3.1. The transition probability P(t,x,y) of the one-parameter neutral model
has the density function denoted by p(t,z,y); i.e.

Pf(x) = / F () P(t, . dy) = / F(w)p(t, z,5)PD(8) (dy).

where p(t,x,y) has the following explicit expression

p(t,a:,y) =1+ Z exp{_Amt}Qm($7y)a

m=2
2m 4 6 — 1 &
Qm<x7 y) = % Z(_1>m*n <TT’:) (n + 0)(m—l)pn($> y)u
' n=0
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€)
and pn(x7y) Z\rﬂ =n fv pndlglg ) -

Remark 3.2. In [Ethier, 1992], Q.. (z,y) was defined to be

> XN (y)

[n|=m

where {x,n € M} is one specific orthonormal basis of the Hilbert space L*(PD(6)).

For a given m, {XZ, In| =m,n € Mm} is an orthonormal basis of the eigenspace as-
sociated with the eigenvalue —\,,. One can easily show that the definition of Q. (z,y)
is independent of orthonormal basis. Furthermore, p,(x,y) is a probability kernel. All
pn(x),n € M are the continuous extension of p,(x) restricted to V. ¥n > 2,1 € Vo,
there always exists n(|n| = n) such that p,(x) > 0. Because if x = 0, paa,.1 )(0)

1 > 0; otherwise py(x) = ¢n(x) > 0. Therefore, p,(z,y) > 0,Vn > 2,2,y € Vo

Proof. The proof is omitted, please refer to [Ethier, 1992] for the detailed proof. [

The next theorem provides another representation of the transition density func-
tion of the one-parameter neutral model. This result can also be obtained from the
transition probability of the neutral Fleming-Viot process through the direct compu-
tation used in [Feng, 2010]. The explicit representation of the transition probability
of the neutral Fleming-Viot process was obtained by R.C. Griffiths and S.N. Ethier
in [Ethier and Griffiths, 1993]. Here our proof is more simple and transparent com-
pared with the method in [Feng, 2010].

Theorem 3.2. The transition density function p(t,z,y) of the one-parameter neutral
model is continuous, strictly positive and symmetric on (0,400) X Voo X V. Moreover,
p(t,x,y) has the following explicit expression

p(t,z,y) = d(t) + di(t) +Zd9 )pn(z,y),

where
= 2m+0—1 m—
do(t) =1 e e (=) )
m=1 :
> 2m+60—1/m
0 o —Amt _1\ym—n
d, (t) mE:ne o (n)( 1) (0 +n)m-1),n > 1.

In particular, the coefficients d°(t),n > 1, is the distribution of the ancestral process
constructed by S. Tavaré in [Tavaré, 1984].

Proof. The continuity and symmetry of p(t, z,y) is actually proved in [Ethier, 1992];
moreover, the eigenfunction expansion is absolutely convergent as well. Now we are
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going to show

pt,z,y) = do(t) + dl(t) + > di()pn(,y). (3.2.5)

By theorem 3.1, we have
plt,z,y) =14 exp{=Ant}Qm(z,y). (3.2.6)
m=2

Due to the absolute convergence of (3.2.6) and Fubini’s theorem, we can prove (3.2.5)
by switching the order of summation in (3.2.6). That is,

p(t,z,y) =1+ i e Am? ( Em: %(—1)7”_" (7;) (n+0) (m-1)Pn(z,y)
m=2 n=2 )
M+T?_1(—1)m—1(0 + 1) m—ymp1(z,y)
+2m+T?_1(—1)’”0<m1)po(I, y))-
For pi(x,y), po(x,y) = 1; we have
pltag) =1+ 3t S Ly (M) ok (e
m=2 n=2 '
e 3 et (O o 1)+ 2 L g, )
m=2 ' '
S I e (MY e
m=2 n=2 '
+ i e‘A’"tQmJFT?_l(—l)m_l[m(@ + D1y = O]
m=2 '
When m = 1,m(0 4+ 1) -1y — Otm-1) = 0. Then
p(t,z,y) =1 - ie‘kmt%(—l)m*@(m—n
+ i e/\mt%(—l)mlmw + 1) m-1)
m=1 '
+ i e Amt 3 2mtﬂ$(—1)m_” <ZL) (n+0)n-1ypn(z, y)
m=2 n=2 )
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_ 2m+60 —1 —
=d(t) + di(t) —i—Ze Am tZ—(—l) <n>(n+9)<m_1)pn(9€,y)

m!
n=2

Switching the order of summation, we have
p(t, =, y) = do(t) + di(t) +Zd9 )Pu(,y).

Thus, (3.2.5) is proved. Lastly, since >.°2 d’(t) = 1, and d’(t) > 0, obviously

n=1"n

Ino > 0, such that df_(t) > 0, and p,(z,y) > 0,Vz,y € Vo. Hence,

p(t,x,y) = dy, ()pag (2,y) > 0.
Therefore, p(t, z,y) is strictly positive. ]

Defining % (x, dy) = p,(z,y)PD(0)(dy), we have a transition probability structure
similar to that of the neutral Fleming-Viot process in [Ethier and Griffiths, 1993], i.e.

P(t,z, A) = (d5(t) + d?(t))PD(0)(A) + i d° ()0 (x, A). (3.2.7)

n=2

Thus, the uniform ergodic inequality, obtained by R.C. Griffiths and S.N. Ethier
n [Ethier and Griffiths, 1993], can also be derived from this transition probability
structure.

Theorem 3.3. Defining K = (2 + 0)(3 + 6), we have

sup ||P(t,1}, ) - PD(Q)('>||var < Kexp{—(9 + 1)t}a Vit > 0.

€V o
Proof. By (3.2.7), we have

[P(t, 2, A) = PD(#)(A)|

| i a5 1) (uﬁ(x, 4) = PD(O)(A)) + (dh() + (1)) (PD(O)(4) — PD(9)(4))|
< Z d° (t
< Z d, (t)

=1 —dy(t) — di(t) <

A) = PD(0)(4)]

(2+0)B+6) gy
A .

The last inequality is due to Tavaré’s estimations in [Tavaré, 1984]. O
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The semigroup of the one-parameter neutral model has an upper bound stated in
the following proposition. It is due to [Feng et al., 2011].

Proposition 3.4. There exists a constant ¢ > 1, such that

p(zfasy)<ctC " t>0.

This inequality guarantees that both the Poincaré inequality and the log-sobolev
inequality hold in the one-parameter neutral model; whereas W. Stannat has shown
that those inequalities do not hold in the neutral Fleming-Viot model in [Stannat,
2000].

3.3 Two-parameter Model

The two-parameter model is an extension of the one-parameter neutral model. The
two-parameter model, however, does not have any biological interpretation. Moreover,
the one-parameter neutral process is the corresponding atomic process of the neutral
Fleming-Viot process; whereas the existence of the measure-valued process associated
with the two-parameter model is still unknown. In this section, we will concentrate on
the two-parameter model, and a new representation of its transition density function
is obtained. Finally a uniform ergodic inequality is obtained as well.

3.3.1 Transition Density Function of the Two-parameter Model

The two-parameter model, denoted by Xf “ is a Feller diffusion generated by the
closure of generator G%® on C(V,) , where

1
O _ E (5. _Z E 9
G 5 x,(c?w 0,01, 5 x; + a

3,j=1 =

The core of G% is P. But, for f € P, G%*f is first evaluated on V., and then
continuously extended to V.. We can extend the domain of G%“ through the bounded
pointwise convergence. However, we can not treat {z;,i > 1} as regular smooth
functions in D(G%®). Please refer to [Petrov, 2009] for more detailed explanations.
The Two-parameter model is also a reversible model, the stationary distribution
of which is depicted by the two-parameter Poisson-Dirichlet distribution, PD(0, ).
The generator G% is also a self-adjoint operator in the Hilbert space L?(PD(0, a)),
the inner product of which, denoted by (-, -)g.a, is defined to be fﬁw fgdPD(0, ). The
complete set of the eigenvalues of G%® were found by L.A. Petrov in [Petrov, 2009],
and were rederived in [Feng et al., 2011]. Surprisingly, the two-parameter model

share the same set of eigenvalues with the one-parameter neutral model. They are

Ay = =TI 4y > 9 and g = 0.
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Proposition 3.5. For each partztzon n e M, there is an eigenfunction gf)“‘ of G,
such that qzﬁgo‘ =, + g *, where g,’ b ¢ Piy-1-

Proof. This can be proved by the exactly the same argument used in Lemma 2.2
in [Ethier, 1992]. O

Proposition 3.6. For each eigenvalue —\,,,m > 2, we have one particular eigen-
function ¢%:2(x), which can be explicitly expressed as

-1 /m-1 (J+1)(J @)

j=i
Proof. Notice that G%%p,, = — A\, @m+ w%n*h where — )\, is an eigenvalue.
Then its corresponding eigenfunction can be written as ¢, + ¢%, where g% satisfies
the equation

m(m —a —1)

(G gl = =T (33.1)

Suppose that g% = 2?:11 a;pi, o1 = 1. Then we can actually solve for {a;, 1 <i <
m — 1}. Substituting ¢% into (3.3.1), we have

mz_l ) +mz_1 it —a—1) +Z)\ m(m —a —1)
- AN Pi Gi——— ¥i- mQiPi = — m—1-
- ¥ - 5 Pi-1 - 2 9 Pm—1

Then

m—2 . .
1+ 1)1 —
(A — An—1)@m—19Pm—1 + Z [%HM + (A — Ai)a;i | @i + Amaq
i=2
m(m—a —1)

2

m(m—a—1) (i+1)(i—a)

— 2 a; — 2
Thus, a,,_1 = P e wl e v pa Therefore,

+as(l —a)=—

©m—1-

m—1 (j+1)(—c)
Q; Ap—2 o 2

Ai41 Am—1 =i )\j - >\m

The conclusion follows. O]

Therefore, theoretically, we can get all the eigenfunctions. Let us denote them by
{of.n € M}, where ¢9* is the eigenfunction of the eigenvalue —X,. If [n| # [¢],

then qﬁf]’“ and gzﬁg’a are orthogonal to each other; for they are the eigenfunctions of two

different eigenvalues. If |n| = |£|, then gbg’a and gbg’a are not necessarily orthogonal to
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each other. Therefore, if we apply the Gram-Schmidt orthogonalization procedure to
the set of eigenfunctions of each eigenvalue, then we will get a whole set of orthogonal
functions. Let us denote the set of these eigenfunctions by {wz’o‘ | n e M}.

Proposition 3.7. Forn € ./\;l,l/zg’“ = ng’a. If we define Xg’o‘(x) to be 7—( then

9 1l2,0,a
Xoo = xhe e M.
Proof. Notice that ¢0® = 1 and ¢7* = py— e +‘; Therefore, we can use mathematical
induction to prove this proposition. The remaining arguments are quite similar to that
of Proposition 3.3. O

Through eigenfunction expansion, an explicit representation of the transition den-
sity function of the two-parameter model is obtained in [Feng et al., 2011]. The
following theorem is from [Feng et al., 2011].

Theorem 3.4. The transition probability P%(t,x,dy) of the two-parameter model
has a density function, denoted by p**(t,z,y) i.e

PP f(z) = / F(y)P* (1, 2, dy) = / )" (t, 2,5)PD(6, 0)(dy),

where p**(t,x,y) has the following explicit expression

Pt y) =1+ e QN (x,y)

m=2

2m+ 60 — 1 «
Qi) = 2R Y (M) ok O (o)

m)!
n=0

b0 ()P ()
and p(2,Y) = X jen ToadPDo)

Remark 3.3. Q% (z,y) was defined to be > lnl=m X0 () X8 (x), where

{xbo,n € M} is one specific orthogonal basis of the Hilbert space L*(PD(6,a)).
C’learly, the definition of an(x y) is independent of orthonormal basis of
L*(PD(,)). Moreover, p%(x,y) is a probability kernel and all p,(z) are the con-
tinuous extensions of p,(z) restricted to V. Therefore, pi®(x,y) > 0,Yz,y € Vo

Likewise, we have another representation of the transition density function, which
can not be obtained through direct computation used in [Feng, 2010]. Simply because
the existence of the measure-valued process associated with the two-parameter model
is still unclear, let alone its transition probability structure. Therefore, our method
has its own advantage.

40



Ph.D. Thesis - Y. Zhou; McMaster University - Mathematics

Theorem 3.5. The transition density function p®*(t, x,y) of the two-parameter model
is continuous, strictly positive and symmetric on (0,400) X Vo X Voo. Moreover,
p»e(t,x,y) has the following explicit expression

PPtz y) = do(t) + di(t) —|—ng ,Y).

Proof. The transition density of the two-parameter model is

o = N m(m+60—1
Pt y) =14 ) e (5,5 A = 2O 1) 5 )

m=2
And for 0 > —a,0 < a < 1,

) D Ll ) LR o)

m!
n=0

Now we are going to show that for any ¢y > 0, >.>°_, e **Q%(z,y) converges uni-
formly on [tg, +00) X Voo X V. To this end, we first need to show

(0 + a)m)
(04 )" AN1)(1 —a)”’

iz, y) <

and there exists constant ¢ and d, such that

Q' (@, y) < (em?)™

Indeed,

9,a <
(. y) maxfpndPD i) an ©)py(y

In[=n

<maXW an z) an(y)

7]
In|=n [n|=n

1
~ nien fpndPD (0, 0)

By the Pitman sampling formula,

dPD(0,a) =
/p77 ( ) 771'771'041 n: 0 e(n)
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(1- a)"<(0 +a)" A 1)

= ;

B (9—!—04)(”)
then

.9a(x y) ((9—0—@)(”)
«e+awA1y1—aw

Thus,

N 2m+0+a—1<~ (m o

Q2 < 2L S (M) -4+ a1
’ n=0

2m+0+a—1<~(m (0 + )
; (n)(n+9+a)(m1) ((9+a)”/\1>(1 e

(0 + @) |
Qe+awA1y1—gw

m)!

<@2m+0+a-—-1) Zn—l—Q—l-Oé (m—1)
n=0

Since n+0+a < 2m+0+a—1,Y0 < n < m, then (0+a+n) 1) < (2m+0+a—1)m"1
Hence, (6 + o)) < (0 +a+n)" < (2m + 60 + a — 1)™. Moreover,

1 1 " 1 "
U <|—— .
O@+a)" A1~ ((0+a)A1> - ((0+a)/\1)
Therefore,

11Q%| | < (m+1)2m+0+a—1)*" (ﬁ)m

1
(I—a)m (CEe!
There exists constant ¢; > 0, such that m+1 < (¢ym)™ and 2m+60 +a —1 < ¢;m™.
Then

Qn(x,y) < (em®)™,

where ¢ = W, d = 3. Therefore, for ty > 0, and Vt € [t, 00), we have
D exp{=Ant}Q0 (w,y) < Y exp{—Ant}(cm®)"
m=2 m=2
= “Hmrem | S i )
m=2 \€ 2 m=2 \€ 2
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Since lim,, o0 5=y = 0,3M > 0 such that ¥m > M
[ 2

cmd

tg(m+6—1)
(& 2

<

N | —

Then

00 M [e'S)
cmd " cmd " cmd "
Z tg(m+6—1) - Z tg(m+6—1) + Z to(m+6—1) .
€ 2 (& 2 € 2

m=2 m=2 m=M+1

Because Y, -, 5= is convergent; then, by Weierstrass’s M-test, p®(¢,z,y) is uni-
formly convergent on [tg, +00) X Ve X Vo, and thus is continuous.

Next, by Fubini’s theorem, we can rearrange p?®(t,z,y) by switching the order of
summation. Then

o =\ _ " 2m 4+ 6—1 — o
POt y) =1+ e A’"‘t(zz—(—l) <n)(”+9)(m—1mz’ (z,9)

m!
m=2 n=2

2m+60 — 1

+—
m!

2m+60 —1

+—
m!

(=)™ 10 + 1) mrymp* (2, y)

(_ 1)m9(m—1)pg7a<x7 y)) .

For p?’a(ma y),pg’“(:c,y) = 1; we have

et =13 S L () e )
- i e‘Amt(%(—l)m_l(Q + D m-ym
m=2
+ MJFT?_I(—l)mQ(m—l))
14 miozz o~ Amt i 2m —L_n? —1 (—=1)m" (TZ) (n 4 6) m-1ypy " (2, y)

N o 2m+O-1,
+Y et () (O + sy~ )|
m=2

When m = 1,m(0 + 1) (m—1) — Om—-1) = 0. Then we have

> 2m+6 —1
0,c - —Am m—1
b (t,iC, y) =1- E € ! m) (_1) e(m—l)
m=1
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> 2m+60 — 1
=3 et T (6 4 1) ey

m)!
m=1
- " 2m+6—1 m
—Amt —1)ymn 0 3
£ 3 S I () 0t Dt )
0 0 = —Amt - 2m+60—1 m—n [ T 0,c
=dy(t) + di(t) + Ze ZT(—U n (n—i_e)(mfl)pn’ (z,9).
m=2 n=2

Let us switch the order of summation. Then we have
Ptz y) = do(t) + di(t) +Zd‘9
O

Remark 3.4. The the set of coefficients are identical to that of the one-parameter
neutral model. If we define v0*(x,dy) = p%(z,y)PD(0, a)(dy), then all v%*(x,")

concentrate on V.. Thus, we have the following transition probability structure
POt z, A) = [dg(t) + df(t)] PD(6, a)(A) + Zd‘9 A). (3.3.2)

Therefore, from (3.3.2) we can see some rough structures of the transition probability
of the two-parameter labelled model if it exists.

In theorem 3.5, the coefficients d’(¢),n > 0, still keep the same expression even
though d(t) could be negative when § < 0. However, dj(t) + df(t) is always positive
such that df(t) + df(t),d’(t),n > 2, are still a probability mass function. What is
more, Taveré’s estimation still holds when —1 < 6 < 0. This idea is suggested by S.N.
Ethier, to whom I am greatly indebted.

Proposition 3.8. For —1 < 0 <0, we have

f)\nt<zd9 n+9)n) o~ nt

Ml

In particular, when n = 2, we know

Z dz (t) < (2 + 6)2(3 + 0) 6_(9+1)t.
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Proof. Consider a pure-death Markov chain B, in {1,2,--- ,m} with Q matrix,

o o0 0 --0 0

X=X 0O - 0 O

Q = 0 A3 —XA3--- 0 0
0 0 0 - Ap—Ap,
where A\, = w, k > 2. Running the similar arguments in Theorem 4.3 in [Feng,
2010], we will be able to find all the left eigenvectors and right eigenvectors of ). De-

note the matrix consisting of left eigenvectors by U = (u;;) and the matrix consisting
of right eigenvectors by V' = (v;;), where

015 1=1
Ujj = 0 7>1>1
i—j (3\ G+0) a1 .
<_1) J(j)M? J §Z>/L> 17
and
1 7=1
Vij = 0 j > 1
7 (j+9)(j) . .
(j) @+0)) L<j<u

Note that the row vectors of U are left eigenvectors of ) and the column vectors of
V' are the right eigenvectors of ). Similarly, we can also show that UV = I and @
is diagonlized as VAU, where A = diag{0, — Xz, -+ , —An}. Therefore, the transition
matrix P, is

P, = '@ = VMU,

By direct computation, we know, for 2 < n < m,

Pon(t) = i (1) (TZ> (k;) (0 + kg 0+ m)a s,

n) (0 +m)w (0 +k)x-1)

k=n

Letting m — +o00, we have d’ (t) = lim,, 00 Prn(t).
The remaining arguments are essentially due to Tavaré.

By the martingale argument in chapter 6 of [Karlin and Taylor, 1981], we know

6)‘”t (Bt) 7]

Zalt) = (Be +0) )’
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because e~ is one eigenvalue of P, and
0,0, 0, _Fm M
(n+0)@w) (k+0)m) (m +0)m)

is the corresponding eigenvector. So

Since, for n < k < m,

. e ' mpy dnt —
CET T ; e+ ) Y
we have
" p(B, > n|By = m) < ety " p(B, > n|By
(n + Q)(n) - - (m + 0)(71) - (m + 9)(71) -

Thus, we have
(40w -,

e " < P(B, > n|By=m) <
Mfn]

Letting m — oo, we have

+0)
et < da (n 1 V) (n) ot
Z o

3.3.2 An Ergodic Inequality of the Two-parameter Model

Now we have a transition probability structure similar to that of the one-parameter
The set of
coefficients are as same as what are defined in the transition probability structure of
the one-parameter neutral model. Even when —a < 6 < 0, this set of coefficients
are the entrance law of the pure death Markov chain considered in proposition 3.8 .

neutral model, and it is a convex combination of probability measures.

Thus, we can still apply the argument in the Theorem 3.3.
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Theorem 3.6. Defining K = (2 + 6)(3 +6), we know

S Ke—(e"rl)t‘

var

sup HPG"”(t, z,-) — PD(8,a)(-)

Cﬂevoo

Proof. Making use of (3.3.2) and proposition 3.8, this theorem can be proved easily.
[

This theorem should be the strongest ergodic theorem known so far. Moreover, it
is new.

3.4 Omne-parameter Selective Model

In Darwin’s natural selection theory, selection plays a very important role. Further-
more, presumably, selective models are more realistic. However, among all selective
models, models with symmetric dominance proposed by G.A. Watterson in [Wat-
terson, 1977b] are comparatively tractable; because, as the atomic processes of the
Fleming-Viot processes with symmetric dominance, they are diffusion processes. How-
ever, atomic processes of other measure-valued processes, if there is any, might not
be Markovian, thereby intractable.

In the one-parameter selective model, three evolutionary forces are involved. They
are random sampling, mutation and selection. Still, random sampling removes genetic
variation and pushes the system toward (1,0, - --). By entering more new species into
the system, mutations attract the system to (0,0,---). But the effects of selection
vary according to its different types. For instance, the selective model with symmetric
dominance has selection 0;; = 00;;, where o represents the selection intensity. If
o > 0, then homozygotes are favoured. This selection is underdominant. If o < 0
heterozygotes are favoured. This selection is overdominant. Obviously, when o = 0,
it corresponds to the one-parameter neutral model.

In this section, we will focus on the transition density and the ergodicity of the
one-parameter selective model.

3.4.1 The Transition Density Function of the One-parameter
Selective Model

The one-parameter selective model is first constructed in [Ethier and Kurtz, 1998|
and characterized by the generator

0 _
R T E Vo
(2

G, =G+ ain(:ci — @a(x))
i=1

The core of G, is also P. Vf € P, G, f(x) is first evaluated in V., and then extended
continuously to V. The domain of GG, can also be extended through the bounded
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pointwise convergence; but the natural coordinate functions, such as x;,7 > 1, are not
included in the domain of G,. Furthermore, the Cy_ ([0, 00)) martingale problem for
G, can also be shown to be well-posed. Please refer to [Ethier and Kurtz, 1998] for
detailed proof. Let X/ be the one-parameter model. Then we denote its transition
probability by P?(t,x,dy), which has a representation stated in the proof of theorem
4.3 in [Ethier and Kurtz, 1998].

Theorem 3.7.

P7(t,z,dy) =exp {%z(y) - %902(96)}

E, [e; {_ /Ot g(Xs)ds} ‘Xt _ y} P(t, z,dy),

where )

g(@) = Z(L = 1+ O)pa(e) + 5

- (pa(@) — (@)

Proof. Since the C5_ ([0, 00)) martingale problem for G is well-posed, Vf € D(G),
for any x € V,,, we know there is a solution P, such that

VE) = %)~ 1) - [ GF(X.)ds (3.4.1)

is a continuous martingale under P,, where X, is the associated canonical process, i.e.
for any w € Cy_ ([0, 00)), X¢(w) = wy.
Now consider

2

where ¢(z) = Spa(x). By (3.4.1), M{(¢) is a continuous martingale under P,. More
specifically,

Dt—exp{ /O Golx)ds—3 [ tr<¢,¢><Xs>ds}

- { (X)) = Falo) = [ F1= (14 ) (X

-2 [ o)
—exp {2 - Sinlo) - [ X5 |

Di = exp { ME(6) ~ SO0, 2O}

2l 9

Thus, D; is bounded for every ¢ > 0.
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By Ito’s formula, we have

1

A(M (), M7 (9)).) + 5 Dud(M (), M*(6))s

aD, =D (dM; () - >

=Dy d M (9).

DO | —

Then D, is a continuous local martingale under P, as well. Since D; is bounded
for each t > 0, it is also a continuous martingale. In addition, E,D; = 1. Let
F =0(X;,0 <t < 00), and Fy = 0(X;,0 < s < t). Then we can define a new
measure PJ on F such that

v

= D,dP,| ,t>0.

Fi

Fi

By Girsanov theorem,
M{(f) = Dy (M (f), D), (3.4.2)

is a martingale under P?. Simplifying (3.4.2), we know

F(X) — fa) / Go(f)(X,)ds

is a martingale under P7. Since the martingale problem of G, is well-posed, P7
should be the distribution of the one-parameter selective model X7. The theorem is
thus proved. O

By this theorem, it is easy to know that the one-parameter selective model has

a transition density function with respect to its stationary distribution 7, (dz) (refer
to [Ethier and Kurtz, 1998]), where

75(dr) = C, exp{oos () }PD(6) (dx),

and
1

Js.. exp {opa(z)} PD(6)(dx)

More specifically, let us denote the transition density function of the one-parameter
selective model by p,(t, z,y). Then p,(t,x,y) is

C, =

C% exp {—%(wz(l’) + 902(?/))} E, [eXp {— /Ot g(Xs)dS} ‘Xt = y]P(tv z,Y)-

Moreover, we can easily obtain the following kernel estimation.

Proposition 3.9. There exists a constant ¢ > 1, such that

po(t,r,y) < cielal(1+9)t+02+3'“'0tcbigt7t >0,2,Y € Vo

g
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Proof. This estimation can be easily obtained from the representation of
Po(t, 2, y). O

Remark 3.5. This estimation guarantees that the log-sobolev inequality and the Poincaré
inequality both hold for the one-parameter selective model.

Furthermore, if we can show

Ex(exp{—/otgm)ds} X, = v)

is continuous and symmetric, then so is p, (¢, x,y).

Proposition 3.10. The following function

£, (exp {_ /Otg(Xs)ds} X, =y)

is continuous in (0,400) X Voo X Vo and symmetric in x and y; i.e.

Ex<exp{—/0tg(Xs)ds} ‘Xt :y> - Ey(exp{—/otg(Xs)ds} ‘Xt :x).

Proof. In order to show the symmetry and continuity of

Ez<exp {— /Otg(XS)ds} ‘Xt = y),

we consider the pinned Markov processes, please refer to [Qian and Zheng, 2004].
We can use P to denote the distribution of the pinned Markov process X%¥, which
starts with x and terminates at time ¢ and state y. Then, for fixed ¢,y, X5 is
an inhomogeneous Markov process with the transition density function p™¥(r, x, s, z),
which can be expressed as

p(S - T’,.I',Z)p(t - S,Z7y)
p<t - T,Ji,y)

pt’y<’r’7 x? S’ Z) =

Notice that p(t,z,y) > 0; then p"¥(r,z, s, 2) is well-defined everywhere.
Now

Ex(exp {—/Otg(Xs)dS} ‘Xt = y) =Epty exp {—/0 g(Xs)dS}

=Lpty 3 (_k—l,)k (/Otg(Xs)dS)

k=0

t

k
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(Sl ( / tg(Xst)
.

Since

k
_ (tllgll)
— kj! Y

k ‘

where g(2) = §(1— (146)a(7)) + % (ps — ¥3(2)) and [|g||c < [o|(6+1) +|o]* < oo,
VT >0, and (¢t,z,y) € [0,T] x V

X Vo, We have

k

’(_k;—lv)k (/Otg(Xs)ds) ‘ < T*(|o] (0 Jrkll) + o)

By Fubini’s theorem, we have

Ex(eXp{—/otg(Xs)dS}‘thﬂZg o pw(/otg(Xs)dS)
cr Pty(fo Jis)

k
know Y 7° 0 , Ept (fo (Xs)d ) is uniformly convergent in (0,7"] X Vo X V. If

k

< THol@t1yHlal)

So,

. Then by Weierstrass’s M-test, we

k
we can show Ept.y (fo g(Xs)ds> is continuous in (0,7] X Vo X Vo, and symmetric

in x and ¥, then so is E$<exp {— fot g(Xs)dS} ‘Xt = y)-

Now we only need to show that Epiy <f0 ds) is continuous in (0, 7] X Voo X

k
Vs, and symmetric in x and y. To this end, we rewrite (fg g(Xt)dt> as

[ f floon

0<ty <---<tp<t "

Then

k

Epty (/Otg(Xs)dS)

_kl/ /Hdt/ / ﬁg(qji)pt’y(ti1,xil,ti,xi)PD(9)(diL‘i),

0<ty <<t <t "

where tg = 0, g = z. Recall that

p(ts — tiy, i1, 2)p(t — i, 24,y)
p(t - ti*lv-%iflay) ’

PV (b1, Ty, by ) =

o1
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then
" = iy Ly
p (ti_l’mi_17ti’xi) - p(tz_ i—1y Li— 17332
i=1 i=1 i=1 — ti- 1,:Bi_1,y)
k
t—1t
=1t - zxmw
p(t, z,y)
Hf+11p(t s, T, )

9

p(t,z,y)

where t;y1 = t, 2,1 = y. Therefore,

e (o) = [ fia ] ]

0<ty <<t <t’

Hizl g(xi)p(t; — ticy, xim1, x)p(t — te, Th, y)
p(t,z,y)

PD(0)(dz;).

By the Feller property of the one-parameter neutral model, Epts fo X,)ds)* is con-
tinuous in (0,00) X Vs X V. Next, due to the symmetry of p(t x,y), we have

p(ti —tic1, xim1, @) = p(ti — ti1, T4, Ti1).

] ]

0<t) <<t <t "

Hizl 9(%)?(?51‘ — b1, Ty, Iz‘—1)p(t — 1t Y, l“k)
p(t,y,x)

Then

Epty ( /O tg(Xs)d8>

k

PD(6)(dz;).

Consider the transformation u; =t —t514,1 <1< k+1. Then 0 < up < u; < --- <
up < t, and ug = 0, ugy1 = t. Therefore,

o ([0 < [ o] f

0<ty <<t <t "

Hz 1g(x2) (ti_tl—laxwxl 1)p<t_tk7yvxk>
p(t,y,x

o[ flof

0<uy < <uk<t

PD(0)(dx;)
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Hle g<xi)p(ui — Ui—1, T4, $i—1)p(t — Uk, Y, -Tk)
p(t,y, )

=Eps ( /0 t g(Xs)ds) k .

k
Hence, Ept.y (f(f g(Xs)ds> is symmetric as well. ]

PD(0)(dx:)

Remark 3.6. In one-parameter neutral model, V., — Vo serves as an entrance law.
Therefore, ¥t > 0, almost all the paths stay in V.. Since the one-parameter se-
lective model is absolutely continuous with respect to one-parameter neutral model,
Voo — Voo should also serve as an entrance boundary. Hence we can change the
value of the density function p,(t,x,y) when x or y is in Vo, — V. In this proof,
Epé,y(fgg(Xs)ds)k,x,y € Vo 15 chosen to be the continuous extension of

Eptu (/Ot g(Xs)dS)

Therefore, p,(t,z,y) should be the continuous extension of pe(t, %, Y)|(wy)evmxva -
Moreover,

k

Voo X Voo

p0'<t7x7y> - p0<t7y7$)7vx7y € vOO

Although explicit representations of the transition density are still missing, p, (¢, x, y)
can serve as an alternative representation of the transition density function of the
one-parameter selective model. Much literature has tried to find the explicit rep-
resentation of its transition density functions, which, however, still remains open.
In [Arratia et al., 2003], a transition probability structure similar to that of the neu-
tral models has been found. The explicit representation of the transition structure,
however, is still unavailable; besides it only applies to finite dimensional models. Re-
cently in [Steinrdcken and Song, 2013] and [Steinrdcken et al., 2013], the eigenfunction
expansion was applied to the finite dimensional models; yet the explicit eigenfunction
expansion is still unavailable. Furthermore, the legitimacy of the treatment of eigen-
function expansions in [Steinrécken and Song, 2013] and [Steinrdcken et al., 2013] also
need to be further verified. Thanks to [Wang, 2000], the generator G,, indeed has a dis-
crete spectrum and so do the models in [Steinrdcken and Song, 2013] and [Steinrécken
et al., 2013]. Therefore, the treatment of the eigenfunction expansion in [Steinrocken
and Song, 2013] and [Steinrocken et al., 2013] is indeed valid. Such numerical sim-
ulation, unfortunately, seems not easy to be applied to the one-parameter selective
model.

If we apply the method adopted in the Theorem 8.8 in [Chen, 2005], a uniform
ergodicity inequality can be analogously obtained.

Theorem 3.8. For the one-parameter selective model, 3K (0,0) > 0 such that the
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uniform ergodicity holds:

sup HPU(t,J}, ) — 7o (+)

Ievoo

< K(0,0) exp{—gap(G,)t}, Vt>0.

var

Proof. We are going to run the argument in theorem 8.8 in [Chen, 2005]. Since
Po(t,z,) = / Po(t —s,z,-)P?(s,z,dz),
Voo
and define p*(-) = P,(X7 € ), we have
Po(t,z,.) = u"P7 ().
Therefore,

||P‘7(t7:p, ) - Tr(')”var = ”Mmpta_s() - 7T(')Hvaur-

By part (1) in theorem 8.8 in [Chen, 2005], we have, Vt > s,

dﬁ?
AN

—(t—s)gap(Go)
dm, ¢

2

:\// po'<87-1', y)27r0'(dy) _ 167(t75)gap(Go’)
Voo

1P7(t,2,) = 7l < H

Therefore, for t > %, we have

1P7(t, 2, ) = 7()[lvar < \// Po(1/2, 2, y)*m, (dy) — 1272 exp{—gap(G, )t}
Veo

By Proposition 3.9, there is a constant K (#, o) such that, Vo € V.,

K'(0,0) > \// Po(1/2, 2, y)2m, (dy) — 1e25°P(C2),
Voo

Then we have

< K'(0,0) exp{—gap(G,)t}, vt >

var

DO | —

sup HP"(t, x,+) — 7, ()

1€V 00

Moreover,
sup HPU<t,.'I?, ) - ﬂ-a('>

Q?Eﬁoo

var
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Thus V¢ € [0, 1], if we choose K (6, 0) such that

K”(é’,a)e_gap(G")/2 > 1,

then V¢ € [0, 1],

sup HP"(t, x,+) — 7, ()

TEV 0o

<1< K" (0,0)e8PE)/2 < K"(0, 0) exp{—gap(G,)t}.

var

Therefore, choosing K (,0) = max{K'(0,0), K" (0,0)}, we have

sup HPU(t, T,-) — 7o (+)

meﬁoo

< K(0,0) exp{—gap(Go)t}.

var

]

Remark 3.7. (i). In [Ethier and Kurtz, 1998], the following strong ergodicity is
obtained:

=0, for each x € V.

var

lim HP“(t,x,-) — ()

t—o00

Therefore, theorem 3.8 provides a sharp bound for the exponential convergence
rate even though the constant K (0, 0) and gap(G,)can not be explicitly evaluated.

(i1). The spectral gap gap(G,) could be another important quantity worthy of study.

All the above conclusions associated with the one-parameter selective model have
two-parameter extensions concerned with the perturbed Dirichlet form (refer to [Feng
et al., 2011]).
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Chapter 4

Asymptotic Theory for the
One-paramter Neutral Model
and the Two-parameter Model

As we know, the one-parameter neutral model and the two-parameter model are both
reversible diffusion processes. Their ergodic theorems have already been established in
Chapter 3. We also know that their stationary distributions are PD(#) and PD(6, «)
respectively. Generally, once they start with their stationary distributions, all their
transient distributions will be the same as their stationary distributions. Hence, the
properties of PD(0) and PD(0,«) are actually those of the one-parameter neutral
model and the two-parameter model starting with their stationary distributions re-
spectively. If, however, we want to consider the associated non-stationary model, then
the effect of time is supposed to be taken into account.

A rather thorough research on PD(#) and PD(f, ) has already been carried out
in [Dawson and Feng, 2006], [Feng, 2007b], [Feng, 2007a], [Feng, 2009] and [Feng
and Gao, 2010]. Thus, we will not focus on the asymptotic theories for PD(#) and
PD(6, ) in this chapter; on the contrary, the associated non-stationary model will be
considered. Of course, we need to pay particular attention to the role of time. One
can see that the asymptotic behaviour of stationary distribution, as mutation rate
increases, is analogous to that of any transient distribution for fixed time ¢ > 0. The
small-time behaviour, therefore, ought to be able to explain the microscopic structures
of those models. Even though the Wentzell-Freidlin type sample path LDP for the
neutral Fleming-Viot process with the parent independent mutation was established
in [Dawson and Feng, 1998], [Dawson and Feng, 2001] and [Feng and Xiong, 2002],
the small-time behaviours of the one-parameter neutral model and the two-parameter
model are untouched yet. Simply because the atomic projection is quite irregular and
discontinuous, and the contraction principle of LDPs is not applicable here. So, to
establish the small-time LDP, we need to start everything from scratch.

In this chapter, the LDPs for the one-parameter neutral model at fixed time
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are considered and similar result is also obtained for the two-parameter model. To
fully understand the mechanism behind this, we need to understand the small-time
behaviours. Instead of considering the generic sample path LDP, we consider the
small-time LDP for the partition structures associated with the one-parameter neu-
tral model and the two-parameter model. Thanks to Kingman’s one-to-one corre-
spondence, studying the behaviours of the associated partition structures could be
another way of understanding the evolution of allele frequencies of these models.

4.1 Role of Time

In population genetics, one important goal is to understand the interactions between

various evolutionary forces. As Gillespie argued in [Gillespie, 2004], the time required

for evolutionary forces to exert appreciable effects to the genetic configuration can

quantify these forces. It is also stated in [Gillespie, 2004] that the time scale of
AN

random sampling is 2N log 2, and the time scale of mutation is =5-, where 6 = 4Nu,

and u is the individual mutation rate. Therefore, the time scale of random sampling
in the associated diffusion model is log2 and the time scale of mutation is %. As
N — 400, we have § — +o00; thus % << log2. Mutations will introduce many new
types immediately; the allele spectrum, therefore, should be continuous. If, however,
% >> log 2, then the allele spectrum should be discrete. To verify the above intuition,

we should look at the asymptotic distribution of Xy) for different time scales ¢(0).

4.2 Several Weak Laws of Large Numbers

The limiting distributions of the one-parameter neutral model and the two-parameter
model under different time scales are obtained. The results are stated in the following
theorem.

Theorem 4.1. Let X; be the one-parameter neutral model, starting at x € V. As
0 — 400, we have

5(0707‘..)7 Zf lim9_>+oo 925(0) = +00
Xt(g) — (Se_c Zf 1im9_>+oo 975(9) =c>0

2z’

5, if limgy o0 01(6) = 0.

Remark 4.1. e As the time scale increases, the effect of mutations is enhanced

gradually. Because the allele spectrum start to show some properties of contin-
uous spectra. When t(0) >> %, mutations completely take over. Thus the allele
spectrum is a purely continuous spectrum. In fact, this theorem unveils the fine

structure of the interactions between mutations and random sampling.
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e For firedt > 0, limg_,oo Xy = 6(0,0,...), which can be seen from this theorem. This
result can also be obtained from Theorem 3.3, thanks to a fact

lim PD(0) = d00,..). (4.2.1)

0—+o00

Now we are going to prove Theorem 4.1. To this end, we need the following
lemmas.

Lemma 4.1. For any given partition w € M, we have
o] < M(w),
where M (w) is positive constant independent of 0. Thus, we have

lim <90un ¢g>9 =0, V¢§<uw,

60— +o00
and

lim ¢, = @,.

0——+o00

Proof. We can show the first statement by mathematical induction. Apparently, 1
and 9 are bounded by 1 and 2. Thus we assume that for all £ < w, we have

gl < M ().

Then consider ¥?. Due to (3.2.1), we have

W8] < @u Y s ¥E)al - [0€]

E<w

by the Cauchy-Schwarz inequality and ¢, < 1, we have

<14+ Neullzo - 19020 - 144]

E<w

<14 M)

Therefore, each ¥ has a bound independent of §. Next, by the Cauchy-Schwarz
inequality, we have

0 < (0w, U)ol < llowllzg - [¥ellze < M(E)llpullze — 0.

The limit is due to (4.2.1). Then we have limg_, oo (@, 1¢)g = 0, for £ < w. Thus it
is easy to see that limg_,, o ¥ = ¢, because of (3.2.1). O
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Lemma 4.2. For any partition w € M, we have the following

i), |wl=m
0, otherwise .

/v Qu (2, )¢ (y)PD(0) (dy) = {

Proof. Notice that

Qu(z.y) = > Xo@)x(v).

[n|=m

where x?(z) can be chosen as the normalized ¢, i.e. x¥(z) = Tofl, - Lhus, we have
nl2,

/v Qum(z,y)0l (y)PD(0) (dy) =[1¢) |20 /v Qum (. y)X,(y)PD(8) (dy)
=[[ 00 [|2,00m, 1w Xo () = Y0 ()01

Lemma 4.3. For any given partition w € M, we have

lim B, (pu(Xiw)) = ,lim | ou(y)p(t(0),2,y)PD(6)(dy)

0—+oc0 b—+o0 Jg_
0, if limg_, 4o 0t(0) = +00
=< p,(e72m), if limgyo 0L(0) = c
vw(T), if limg_s 400 0t(0) =0

Proof. Since the transition density function of the one-parameter neutral model is

plt,z,y) =14 e Qu(,y),

we have
/v ©w(y)p(t(0), z,y)PD(8)(dy)
:/v pr(y)PD(e) (dy) -+ Z e*)\mt(9) /v SOW(y)Qm(:c, y)PD(@) (dy)
Then

P =5+ D {pur ¥E)evl;

E<w
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hence, by Lemma 4.2, we have

/v 20 ()@ (2, y)PD(0) (dy) = Y0 (2)0m 1) + D (P W )orl ()0 e

E<w

Therefore,

/ pup(t(0), z,y)PD(0)(dy) = / 2o (y)PD(O)(dy) + > e OG0 ()01

oo

3P Ol @i

E<w m=2

:f 2u(y)PD(O)(y) + e uOy0 ()

+ ) e M g, v (x).

E<w
By Lemma 4.1, we have
0, if limg_, 400 04(F) = +00
Jim @u()p(t(0), 2, y)PD(0)(dy) = { pue 5z), if limg_,sa OL(0) = ¢
—+o00 J5
- QOw(:L’), if limg_, 4 Qt(Q) =0

Now we are ready to show Theorem 4.1.

Proof. We only need to show that Vf € C(V),

£(0), limg_, o0 0(6) = 400
GEIJPOO Ef(Xyg) =< fle73x), limy o 0t(0) =c

Notice that P is dense in C'(V,). Therefore, Ve > 0, there is p € P, such that

If = pllo <e
By Lemma 4.3, we know
p(0), limg_, 1 o 0t(0) = +00
QETOO E.p( X)) = ple722), limg_, o 0t(0) = c
p(z), limy_, .« 0t(0) = 0.
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Moreover,

|Ef(Xyo) — f(@)] <2/|f = pllos + |1 Ep(Xuo)) — p(x)] < 26 + |Ep(Xyg)) — p(z)].

If we replace = in the above by 0,e™ 2% z, and let n — 400, and then let € — 0, we
have

£(0), limg_, o Ot(0) = +00
GEE-HOO Exf(Xt(9)> = f(e_%x)7 hm@—H—oo Qt(e) =C
Theorem 4.1 is thus proved. [

Theorem 4.2. Let Xf’o‘ be the two-parameter model, then as 8 — 400, we have

(5(0707...), Zf limg_>+oo 025(9) = +00
Xf(’(;’) =90 5, if limgoie OE(0) =c >0
Oy, if limg_, o0 0(6) = 0.

Remark 4.2. One can easily see that , for large 8, o has no influence at all. Moreover,

lim PD(Q, Oé) = (5(0’07...). (422)

6—+o00

But the influence of a can be observed in the LDP rate functions for the corresponding
Dirichlet process. Please refer to [Feng, 2007b].

Theorem 4.2 can also be shown analogously by the following three lemmas.

Lemma 4.4. For any give partition w € M, we have
95| < M(w),
where M (w) is positive and independent of 0, a. Thus, we have

lim <90w7 w?a>9,o¢ = 07 v€ < W,

0—+o00

and
lim ¢2* =g,

0——+o0

Proof. Notice that ¢%* = 1 and 5 = ¢, — %, which are bounded respectively

by 1 and 2. Then we can use mathematical induction to show this lemma. ]

Lemma 4.5. For any partition w € M, we have the following

Y5 (@), Jwl=m

0, otherwise .

[ @t P o)) - {
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Lemma 4.6. For any given w € M, we have

lim B, (pu(X[5)) = lim [ ou(y)p”*(60), 2,5)PD (0, ) (dy)

0—+o0 f—+oco Jg_
0, if limg_, 4o 0t(0) = +00
=1 p,(e72x), if limy_, 4o 0t(F) = c
Cw(T), if limg_, 400 0t(0) =0

4.3 LDP for the One-parameter Neutral Model
and the Two-parameter Model

Theorem 4.1 and Theorem 4.2 tell us that both the one-parameter neutral model and
the two-parameter model approach (0,0, --) instantly. This phenomenon seems to
be very odd at first glance; but it makes sense intuitively. As mutations get bigger,
the acting time scale of mutations will be greatly decreased. Thus, large amount of
new allele types enter the system immediately. Then the allele frequency will be more
evenly spread, thereby much more closer to (0,0, ---). It also stays close to (0,0,---)
ever since. Thus, the system will move to (0,0, - - -) immediately and stay there.
The best way to verify the above heuristic explanation is to consider the small-
time behaviour of X ) for various time scales t(¢). To uncover even finer structures of
the interactions between evolutionary forces, we need to consider the LDP for X ).
1

Of particular interest is the time scale #(f) >> ;. Because even though the weak

limits of X;() at this region are the same, the LDPs for the corresponding partition
structures indicate that there is a critical time scale (f) = 21982,

In this section, the LDP for X, is provided. The LDP for the associated partition
structures are also obtained. Moreover, each of these results has a two-parameter

generalization.

4.3.1 LDP for Transient Distributions

Since the one-parameter neutral model and the two-parameter model reach their
equilibrium points instantly, the LDP for their transient distributions should tend to
resemble that of their stationary distribution. This fact can be shown by the LDP for
X, and X in the next two theorems.

Theorem 4.3. For fivredt > 0, X, satisfies an LDP with the speed 6 and rate function
I(x), where

I(z) = log T, @ € Voo, 205 4 < 1
+o0, TE Ve, Y ooq ;=L
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Proof. By the LDP for PD(6), we know PD(0) satisfies the LDP with rate log # and
rate function I(x). In the following, we are going to show upper bound and lower
bound respectively.

[Proof of Upper Bound]:

Let F be a closed subset of V. Then
P(t,z, F) de’ + (d(t) + d°(t))PD(8)(F).

Notice that when 6 > 1,

A, F) = [ pulan)PDO) () < max mm(e)(m < 6,/ PD(0) (F).
So
;log P(t,z, F) ;log [Zde o+ d(t) + di(0)| PD(6) (F)

< log [Z B (1)6 + (1) + d1(1)] + 7 lor PD(B)(F).

n=2

We claim that, as § — +oo,

—log [Zcﬁ o + () + d{‘{(t)] 0. (4.3.1)

Then ] ]
limsupglog P(t,z, F) < limsup i log PD(0)(F) = — inf I(x).

0—+o00 0—+o00 TEF
For the claim (4.3.1), we have

= " om+0—1(m
+d0 —|—Zd9 §1+Ze /\thT<n>(n+9>(m_1)9(n).
m=2 '

n=0

Since (6 4 n)gm-1) < (0 +2m — 1)1, 0,y < (0 +m)™ < (2m + 60 — 1)™, we have

" 2m+0—1(m
‘ZT<n)(n+9>(m_l)0(")
n=0 '

m - 1
<@m+0-D™) T
2 m =

m

2
<@mA+0 1" <22m+0—1)""
m:
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Thus,

= m2m+0—1
Doty (n>(”+9)<m—1>9<n>

m=2 n=0
SQ Z e wt(zm + 6 o 1 =9 Z { - m+2971t—210g(2m+9—1)} }m
m=2

o 1 m
ZQmZ {67’L+§1t—210g(2m+9—1)} :

Define hj)(z) = Z2=1¢ — 2log(2z + § — 1). Then, for fixed ¢,

N 4 t 2 4
t

e _
hy(x) 5 i _1232 x>ove>1andx>t

We have, Vm> ,0>1,

4 4+0t—t 8
hy(m) = hy() = ———— = 2log( +0 —1).

Define K;(0) = 9=t — 2]og(¥ + 6 —1),6 > 1. Then

ot 2 t
K(0) =-—5——>=
() =3 Bro—1" 2

t
=->0.
4

t
4
Therefore, for fixed t, K;(6) is increasing on [1,00). Thus 36, > 1, such that K;(6) >
K(09) > 0. Then V0 > 6y > 1,m > %, we have

() > () > Kify) > 0

Therefore
1 _ 1 1 1
o=t t—2log(2m+6—1)  ehh(m) = Ki(0n) =

By Weierstrass M-test, for fixed t,

oo

1 m
Z {€m+291t210g(2m+91) }

m=2

is uniformly convergent on [0y, +00). Then

(e 9] [e.9]

. m(m+9 l)t .
Jfm D e @m0 - )= )l e

m(m+9 l)t

(2m + 60 —1)*™ = 0;
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thus
> " om+60—1/m
. “Amt _
i, 3 T () 04 0 =0
Hence

1 [o¢]
0 < limsup 7 log [Z A2 ()0 + db(t) + d?(tﬂ

0—4o00 n—2
. 1 = _)\mtm2m+9—1 m
< thJsrgop 7 log [1 + Z e Z — (n> (n+ «9)(m_1)0(n)}
m=2 n=0
=t 5[ e S B () B ] =

The claim (4.3.1) is thus proved.
[Proof of Lower Bound]:
Suppose that O is an open subset of V.. Then

% log P(t, z,0) :% log [(d5(1) + d2(£)PDO)(0) + 3 d (1) (x.0)]

2% log [(dg(t) + d‘f(t))PD(@)(O)]
But

2 Tog [ (1) + /(1)PD(O)] = 7 loa(d}(1) + (1)) + o PD()(O);

and

5 1o (d (1) + (1)) =5 log[1 — (1~ db(¢) — Ai(0)]

0
0 0
Nl dO(t; di(t) — 0, as § — +oo;

for [1 — d5(t) — di(t)| < m%ﬂe*eﬂ)t — O(refer to [Tavaré, 1984]). Then
1 0 0 T | .
lér_r}ig)f i log(dy(t) + di(t))PD(0)(0O) = légigof —log PD(0)(0) = — ;re% I(z).
Thus,
el :
liminf — log P(t,z,0) > — inf I(z).

0—~+o00 €O
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Furthermore, v?(z, dy) = p,(z,y)PD(0)(dy), v°(z, dy) also have an LDP similar
to that for PD(0).

Proposition 4.1. Forn > 2, v%(z, dy) satisfies an LDP with speed § and rate function
I(y), where

Iy — BT T <]
+00, D i =1

Proof. Suppose that the topology of V., is induced by the metric
= Ipi — qil
i=1

under which V., is a compact space. By the Puhalskii theorem (refer to [Dawson and
Feng, 2006] or [Puhalskii, 1991]), we only need to show

TRV S o 1 g o
limlim inf  log v;, (2, Bs(y)) = lim hergigop 7108V, (, Bs(y)) = —1(y).

where B;(y), Bs(y) are open balls and closed balls centered at y with radius & respec-
tively. By the LDP for PD(#) in [Dawson and Feng, 2006], we have

T | N 1 _
lim lim inf - log PD(6)(Bs(y)) = lim h;ilfgop 7108 PD(0)(Bs(y)) = ~1(y).
Since ) |

lim lim inf - log Y (x, Bs(y)) < lim lim sup i log % (z, Bs(y)),

0—0 f—4oc0 =0 9400

we only need to show

T 0
- > _
lim lim inf - log v;, (2, Bs(y)) = —1(y), (4.3.2)
and
1 _
lim lim sup — log v%(z, Bs(y)) < —1(y). (4.3.3)
6—0 60— 400 9

First, we are going to show the first inequality (4.3.2). Note that

inf inf p,(2) >0, for p,(z) > 0 and V. is compact.
Inl=n z€B;(y)

Thus

Ao Bsw) = [ pale, PDO) ()

Bs(y)
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> inf inf p,(z) min ! PD(0)(Bs(y)),

Inl=n 2€B5(w) """ Ini=n [ p,dPD(0)

and
1
élg Vo (z, Bs(y))
1 1
> ] f inf ~1 4 —logPD(6)(Bs(v)).
> Ogé?nzeﬁ( py(2) + g oggurglfpndPD 0 + 5 log (0)(Bs(y))

Obviously, %log inf|, =, inf.cp, () Py(2) = 0, as § — +oo; and we claim that

1 1
li 1 ————-~ = 0. 4.3.4
A5 8B T, aPD (o) 43

Therefore, we have

R | 0 T |
— > — = — .
(ISH% lémﬁnf 7 log v, (z, Bs(y)) > (lslrr(l) léminf 7 log PD(0)(Bs(y)) I(y)

The claim is indeed true. By the Ewens sampling formula, we have, for 8 > 1,

1 - 1 S 1 9(n) - il
[ p,dPD(6) WM%’;_:; —nl d n! o’
and
Ly (4.3.5)
[ p,dPD(g) = e

Hence the claim (4.3.4) follows immediately. Second, we are going to show the second
inequality (4.3.3). Since

- PD(0)(Bs(y))
Ao Bsw) = [ paePDO)) < 3 po)
Bs(y) ;:n " [ pydPD(0)
1 _
<ax s PD(O0) (Bs(y).
we have
lim li 11 O(x, Bs(y)) < li 1l N
530 g ool g OB T D)) = I 08 ff,l\ax [ p,dPD(0)
+ lim lim sup — log PD(0)(Bs(y)) = —1(y).
=0 9100 0

Because limg_, , o %log maxjy,| = 0 due to (4.3.5); then it is easy to see the

1
=" [ p,dPD(0)
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required result. O

Theorem 4.4. For fized t, Xf’a satisfies an LDP with speed 6 and rate function I(x),
where

1 W, oo
I(x) = logm’ xe?@@vzz;1xz‘<1
+00, T E voo,zizl z; = 1.
Proof. Notice that the transition density of X is
Pe(t, e, F) Zde + (d(t) + d°(£))PD(8, a) (F).

When 6 + a > 1, we have

v, F) = / 152 (2, y)PD(6, ) (dy)

1 (Q—I-Oz)(n)
< max —————PD(f,a)(F) < ——2PD(0,a)(F);
X DG, ) D W) < g PR a)(F);
then
5 Ly = — n (1—05) 1 y .
Moreover,
Zde 0+ ) (da( " de(t))
1—a) 1
< Amt b v =1 '
_1+mZQe ;% - (n)(”+9)m—1—(1 o
Since
m . 0 .
Zm+—“ m (n—i_@)m—lm
m! n (1—a)"
n=0
a (1—a)m m! — (1—a)m ;
we have
Zda (0 + ) ) < - e,}\mt(Zm—l—@—i—a—l)%”
1—Oén_m:n (1_a)m
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> +6—-1 1
_ Z {@_ [m#t—2log(2m+9+a—1)+log ﬁ] }m
m=

Define hy ,(7) = 201y — 2log(2x + 6 + a — 1) + log --=. Then, for fixed ¢,

’

hyo(2) =

SHENS

4
>0,V0+a > 1, andx>;.

N | o+

We have Vm > %,

44 (0 —-1)t
2

4 8 1
.o (m) > h§7a(¥) = — 210g(¥ +60+a—1)+log :

Define K (0) = w —2log(% + 60+ a — 1) +log -—,60 + a > 1. Then, for fixed
t, a, we have

ot 2 t t t
K =—-—————>-——-=->0.
10 =5 q4+0+a-1"2 4 4

Therefore, for fixed ¢, K;*(6) is increasing on [1, +00). So 3¢y > 1 such that K*(6y) >
0. Then V0 > 6y > 1,m > %, we have

4
h.a(m) 2 hyo(7) = K7 (6) = K7(80) > 0;

thus

< 1.

{ei [%HthIOg(Qer@Jrafl)Jrlog ﬁ] }m 1 < 1
= ehha(m) T eKi(0)

By Weierstrass M-test, for fixed t,

i {ei [%HthIOg(Zer@Jrafl)Jrlog ﬁ] }m

is uniformly convergent on [y, +00). Then

oo
lim
6—+oo
m=n

{ei [%Ht72log(2m+9+afl)+log ﬁ] }m

o0
= lim =0.
0—+o0

m=n

{e_ [%Ht—mog(?m-‘r@—i-a—l)—i-log ﬁ] }m
Hence, we can easily show upper bound; for the lower bound, we can prove it much
as the one-parameter neutral model. O
Remark 4.3. Note that we can also show that vy ,(z,dy) satisfies an LDP similar to
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that of PD(0, ).

4.3.2 Small-Time LDP for Transient Partition Structures

Since the associated transient partition structures are also an alternative description
of the evolution of the allele frequency; in this section, we consider the small-time
LDP for the transient partition structures associated with the one-parameter neutral
model and the two-parameter model. Interestingly, one can also observe some phase
transitions concerned with the LDP rate functions.

Lemma 4.7. As § — 400, for any given partition n = (ny,--- ,m)(m > 2), we have
the following estimation:
1
(pn Lho ~ (m = D)t~ (= Dl (4.3.6)

For & = (&, ) (& = 2,6 <), we have

L p

(i +§ !
(0, VYo ~ [ZZ ] T — nli¢]
—1 j=1 ' (4.3.7)

1
(=Dt = DU& = DY (& = Dl

Proof. Since ¢, = Z;Zl Zﬁew(l,d) p"zml T S where 7(l,d) is the set of parti-

tions B of {1,--- 1} into d subsets, 31, - , By, satisfying min f; < --- < min 34, we
have

e 00=3 5 [ B g P00
d=1 ger(l,d)
By the Ewens sampling formula, we have

enlo =3 3 -t (- 1Y (4.3.8)

d=1 Ben(l,d) i€p €84 9(\nl)

therefore, the leading term in (4.3.8) is the term associated with partition

B ={1}u{2}U---{l}. Then

1
(pn Lo ~ (m = -~ (e = Do,
Now we can use mathematical induction on partition (&, > 2) to show the second
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statement (4.3.7). Let us first check (¢, 99)q. Since 9§ = ¢o it yields that

1
140"

(o800 = oy o2)o = g o (139)

Let us define 7 = (91, ,m,2). Then (p,, p2)g = (@5, 1)g. By the Ewens sampling
formula, we have

+1

(empdo=>_, >, O -1 m—1 0 . (4.3.10)
d=1 Ben(I+1,d) i€hr i€By (Inl+2)
Substituting (4.3.10) and (4.3.8) into (4.3.9), we have
I+1 g
(o vido=_ > Q_m—Dl(Q_i—1) (4.3.11)
d=1 Ben(I+1,d) i€p i€By (Inl+2)
I
1
> QO =0 m— 1) —9 (4.3.12)
d=1 pen(l,d) i€b i€B4q

In (4.3.11), for a given d, the corresponding term i 1s of the order 5= in (4.3.12),
for a given d, the associated term is of the order elnH-—ld Let us first check terms that
are associated with d =l or [ + 1 in (4.3.11) and with d =l or d =1 — 1 in (4.3.12).
Then the summation of those terms are

el

l
+ =Dl =D (e + D
u=1

(nu + 1y — 1) ‘gl
=Dl =1 Y
1<u<v<l (17 = D10 = 1)t O+2) (4.3.13)

(pu+n -1 ¢!
= (=D (m —1)! MZ@SZ (7w — 1)!(ny = 1) 0 (0 + 1)

o 1

(=1 — 1) — ———
n =11 (0 =l

O(nl+2)

Clearly, the above summation (4.3.13) can be rewritten as

(Ul +6)(n[+0+1)
(m =Dt (=1l Boma [Zm U T
(1 41y — 1)! @+ D)+l +1)
i 1§uz<v§l (17 — D(ny — 1)! (1 0(6+1) )
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=(m — 1D (p —1)!
|n\+2

(1 1 " 1+46

u=1

(nu + Ny — 1) |77|2 + |77|<26) + 1)
s (M = Dy = 1) 0(0+1)

!
1
~(m =Dt (= 1)!(2 N +1) — 2’U|)W as 0 — +oo0.

u=1

1<u<v<l

All the remaining terms in (4.3.11) and (4.3.12) are at least of the order srs—.
Therefore,

l
(o 080 ~ (= D)1= (= DU o+ 1) = 20 oy

u=1

Now we assume that, for a given partition £(&, > 2), V6 < (65 > 2) and Vi > 2,
we have

i 5
(oo~ | 3 o=~

— = (4.3.14)
1
(m =t (= N6 — 1)t (i) — 1)! RGOS
Now we consider (g,,1¢)y. Since
Wl =pe— > (we, ¥5)otf,
s<t
(om0 = (o 0e)o — D (0, U9)o{en, Y30 — (26, Dol 1)o- (4.3.15)

2<8<€

By the above assumption (4.3.14), for each partition § < &, the associated summands
in the second part of (4.3.15) are of the order Wl,lfm,p“ 62“5‘,11(5))“. Notice that
2(]6] = 1(6)) +1 > 3 for § > (2). So the leading term in

Z <90§> ¢§>9<90777 ¢§>e

2<8<E

is of the order W, but the leading term in (¢, ¢¢)g is of the order m.
Therefore, we should first check (@, ve)o — (@e, 1)o(py, 1)o.  Let us define w =
(M, m, &, ,&). Then (@, ve)o = (@u, 1)g. By the Ewens sampling formula,
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we have

l+p

redo=3 3 [ B s, wdPDO)

d=1 pgen(l4+p,d)

I+
B i 2 Qe =Dl (e 9(17:&)
d=1 Ben(l4+p,d) i€f 1€04

. 1 1 .
Thus, we should consider terms of the order ;== and == In

<9077> 90§>0 - <QOE’ 1>9<‘;077> 1>9;

and the summation of these terms is

(6= DL g = Dl
(Inl-+lél)
(i + 0y — 1) plip-1 (4.3.16)
1) —1)!
+1§i;l+p< = Dlw; —1)! ln =Dl (e =) O(inl+le)
QZHD
=D = DU = D) (& = D! m
n
- (i +1; = 1)! I e — DINE — 1) _11ﬂ
1<zz<j<l (m: = D)}n; — 1) o = b =G =4 )'9<\n|>9(|f|>
(& +¢&—1)! gl+p—1
— D) (= D& = 1) —_
1<;<p (& — D& — 1)!(771 Sl DG = G =) 00 qe)
(4.3.17)

Recall that

(wr = D8 (= 1! = = Dl (= DIE = D1 (§ = 1L

Then the above summation, (4.3.16)+(4.3.17), is the following:

glerfl
(m ==& =) (& — 1)!9
(Inl+1€1)
3 (witw =Dt o(1 - O(inl+1¢) )
1<i<j<l+p (wi = Dl(w; = 1)! O 9qen

_ i+ m =D Oarvied (E+& -1 o)
1<§<1 (mi — 1)! (77J —1)! 9(\n|)9(|§|) 1§;j§p (& — 1! (f —1)! 9 (1) 0 (€D
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9l+p71

=(m =1t (= DIE = DL (6 — 1!
(Inl+I€D

(w; +w; —1)! [0 +4) = TIN (16] + 0 + )
[ 2 = Dlw; = D! o ( Oim)

1<i<j<l+p (wi

S (i +n; =DV Ognirgen 3 (& +& =D Ol
S =DMy = D gbey | = (&~ D& — DO
9l+p—1

(= Dl = D& = DY (& — DY
(Inl+lD

(9 + ilnl

)

1§i<j§l+p< = Dlw; = 1)! Om)

[ Z ((,L)z + (,Uj — 1) 9 ZW |§|u 20§i1<...<i‘n|7u§‘n|_1<9 + Zl) e

1<i<j<p

1

B (mi+n; =D Ogoivieny (& +& =D Ognivien
lggjgl (i = 1)y = 1) Oy fe 2 (& = DUE = Do bae ]
m— Db (= D& = D+ (6 — 1)!m

~(

(wi +w; — ‘"' !

ng‘;up (wi — 1)!(% 0 +4
- (i +m; = 1! (§i+£j—1)!

1§;g (n: = Dl(n; = 1! 1<;<p (& — D - 1)!]

~m =Dl =D& = D (6 = 1)!

L Z+£g 1)! 1
[ZZ . — 1~ Il g

=1 j=1

Therefore, the leading term should be

(m =D (= D& = DL+ (§ = )

L 1+£J 1)! 1
[ZZ & — 1~ el g

1,1]12

This lemma is thus proved!

Similarly, for the two-parameter model, we have the following lemma.

Lemma 4.8. As § — 400, for any given partition n = (ny,--- ,m)(n > 2), we have
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the following estimations:

l

1
{en Do ~ [ [(1 - ) on-1) gy

i=1

FOT&Z (517"' 7517)(517 Z 275 S 7])7 we have

l p
<90777¢5 0, NH 1—Oé -_1H1—a fj—l)
7j=1

P

I
(1 —a)m+g-1) 1
: loe — TR
[Z (1= a)m—1)(1 = @)g,-1) +lo = lle Plnl—l+1€|—p+1

11]1

Proof. First, we are going to show the first part. By the Pitman sampling formula,
we have

l -1 .
[T,=(0 + jo)
/ podPD(0,a) = [[(1 = )1y ~——
Voo

paley Om))
Thus,

! d d—1
[T, —o(0 + ua)
(o Loa=2_ >, [[0-a),n-n == ——
d=

Bentd) 1 O ()
’ 1
H ) i-1) g

Again, we are going to use mathematical induction on f (gp > 2) to show the second
part. Let us first check (0, ¥5)g.q. Since 95" = @, —

—

0+1’ we have

11—«

0, o
<90n7w2 >97a = (2, @2)9,04 - <90777 1>0,ama

Hi:o(e + ua)

1 d
(P 2000 = [0 -, -0 = a)e-y O inl-+2)
d=1 3 j !

1
l d d—1
[[—(0 + ua)
+ Z H(l — Oz)(zieﬁj m—l)(l — 04)(2_1)0—

=1 Ben(l,d) j=1 9(\77|+2)

d
Zd: 1—- a)(zz'eﬁu ni+2-1)
(1 - a)(zz'eﬁv 771'_1)(1 B a)@—l) 7
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and

l d d—1
l—a I[—o(0+ua)l -«
<90777 1> 0,a E | | 1 - a D ies, Mi—1) u=0 :
0+1 d=1 Ben(l,d) j=1 < 0(\77|) 0+1

Consider terms of the order 9In\+l+2 or lower. We have, as 6§ — +o00,

! l
o0+ ua
10— a1 am%
i=1 (Inl+2)
I I -1
(1 = a)@+2-1) [T.—(0 + ua)
+ ni—1 Oé) 9-1 u=
; (1- Oé)mv—l)(l — ) 11 (1~ @y O(inl+2)
) (it —1) l 1520 + ue)
+ — €
1<lz<]<l '_1)<1 — @), -1) 11 ! O(nl+2)

B H(1 — Q) (p,—1) Hi;lo(H +ua)l —«

) 0+1
1— @)y — l "2 (9 1—
—_ Z ( )(771+77] 1) H(l _ a)(ni_l) Hu:()( + UO{) «
1<i<j<l (1= a)m—1)(1 = @)@, -1) i—1 Omi) 0+1
l !
(1 — ()é)(n.+2_1) 1
~(1—a) [J( = @)y : +la = 2| 7
]-1;[1 =0 ; (1= a)@-n(l —a)e-1 gnl=t+2

Now we assume that for a given partition £(&, > 2), V6 < {(0ys5) > 2) and Vn > 2, we
have, as § — +o0,

l 1(9)
0,c
<‘an Vs 20,0 ~ H(l - a)(nﬁl) H(l - 0‘)(5]‘*1)
i=1 j=1

RO ;1) 1
)i+
[Z Z (1—a) +lo— |77||5|] QInl—1+18|—1(8)+1"

= = 1><1—a><6 -1)

The remaining part can be proved as analogously as Lemma (4.7). O]

Let us use {P?,n > 1} to denote the partition structures associated with X );
and we use {P%® n > 1} to represent the partition structures associated with X 9(9)

We have the following LDP for {P?,0 > 0} and {P%*,6 > 0}, for each fixed n > 2.

Theorem 4.5. Assume that limg_, o, 0t(0) = co. As 0 — ~+oo, for any given integer
n > 2, P? has the following LDPs:
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>

o [flimy kt)g)g k > 2, then P? has an LDP with speed log® and rate function

Ln) = n—1(n).

o [f limgy_,o (ftge =k € (0,2), then P? has an LDP with speed log® and rate
function
07 an_ (1717 7]-)
L) = { =52k, if gty “;1 =
n— l(ﬂ)7 Zf 17117) aolll ) < ﬁ
o If hmg_m? = 0, then P° has an LDP with speed 0t(0) and rate function

L) = =0

Remark 4.4. This theorem indicates that each k € (0,2) serves as a critical value.
But since all the partition distributions together determine the distribution of X )
k = 2 should be a critical point for Xy4y. Therefore, Xyg) has a critical time scale

%. Furthermore, l(:;)_f—olcg% 1s the average density of a given partition excluding
singletons.

Proof. Since
n!

Pl(n) =

Ep; (X)),
m!mgplan () an ()T

and X ) — 6(0,0,..), one can easily have
Bl(n) = S0 (n).

Then log P%(1,1,---,1) — 0, as § — +00. So we only need to consider the case
n # (1,1,---,1). Now we assume 1 = (ny,---,m) thereby l(n) = [. Thanks to
Proposition 2.2, we know

py=> (=17 Y (8= 1) (1Bal = Dles,ym - 95, e
d=1 Ben(l,d)

Let <Zieﬂ(1) Miy: e+ s Zieﬁ(d) 1;) be the decreasing rearrangement of (3 ;5 7+, D icp. Mi)-
We define n® = (Zieﬂ(l) My« - 7Zz‘eﬂ(d) n;). If Zieﬂm n; = 1, then we delete it

such that n° € M for we will repeatedly apply lemma 4.2; but we always have
n°| —1(n°) = |n| — d and |n°| > |n| — a1(n). Since

E(Xao) = [ AOPPO@) + 3 [ piis)Qnte. )P )

1 d
= = Dl = 1) +Z DD | ()]

d=1 Ben(l,d) i=1
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3 | r@Qula PO

Veo

=2
and @5 = wnﬁ + Zkgﬁ (@8, )eh?, one can easily have

d
ld Z H‘ﬁz’_l

l

Epy (X)) =(m — D! (my

=1 pen(ld) i=1
5 0 (i 3 L hotb e
— 2<5<nf
l
=(m — 1! (771—1 +Z D=ty Hw_l
=1 pen(ld) i=1
Una()e 37 (g uhufa)e e

2<5<nf

(due to Lemma 4.2). If we rearrange Ep)(X;)), then it will be

el
(m =Dl (m = 1)'9— (4.3.18)
(Inl)
I
DD H 18] = Dlkipys ()" (4.3.19)
d=1 gen(l,d) i=1
!
P S TT081- 10 S G thhaslla)fe o0 — o)
d:I pen(l,d) i=1 2<85<nPB
(4.3.20)
! d
=S ST T8 = DYpys, Dge e (4.3.21)
d=1 gen(l,d) i=1
Recall that [n°| > n — a;1(n); then
- al(n)
43 19 —(d4+a1(n)) Z H |Bz _ 1 90775 ) e—/\w,al(n)t(e)
d=1 Ben(l—ai(n),d) i=1

In| o1y ()
— =2 0¢(6)

(0] o .
7 (x)e due to Proposition 2.2.
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By Lemma 4.7, we know V§ < n®,

1(n?) 1)

(oo~ | 3 Il

1
B (0 _
(m —1)! (771(77/3) DO =Dt (dys) = 1)! QInP1=1nP)+16]-1(d)+

Since [n?| —1(n®) = n—d and |§| — [(6) > 1, for § > (2), one can easily conclude that
P = 1)+ 18] = 1(6) +1=n—d+ 0| —1(6)+1>n—d+2.
Moreover, 1 < d < I; then |n°| —1(n®) + || — 1(6) + 1 > n — [ + 2, where the equality

holds if and only if d = [ and § = (2). So if ° = (2), then (4.3.20) = 0; if ° > (2),
then

= 041(77 }
r
(4.3.20) E —2(|n| — a1(n)) H(m _ 1)!¢2(x)0|77|—l+26 (0+1)£(6)
=1 i=1
and
(4.3.21) ~ — (m — 1)1 (n _ 1) L ety
0. 1 . l—a1(n '9|7]‘—l ,

(4.3.18) ~(p = 1)+ (g — 1)1 —.

Obviously, (4.3.18) is the leading term among (4.3.18), (4.3.20) and (4.3.21). Then

1 .
gn—l’

(4.3.18) + (4.3.20) + (4.3.21) ~ (g — D)l -+ (i — 1)!

|U‘*‘;1(”7) 9t(9)

and (4.3.19) ~ P oy (x)e” . Hence,

0 1 oy
Ep(Xiw) ~ (= Do (= Dl +95g (0)E7 2 01(0)

Let us consider three cases: limg_, ;o0 7o 91;(9) > 2, limg_, 4 o ?Ogg =k e (0,2)

01(0) _
and limg_, o Togh — 0
Case I: limy, 4o jog = 0

We know

!
. _(lnl=ay(m) . o O Inl=ec (n) 02(6)
Ep)(Xyq)) ~e 2 00 Pt ity () 1_[(77Z — e % 2 doed) |

=1
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Then
Epl(Xio)) ~ 6—(%)&(6)@;”’m_al(n)(x)‘
Therefore,
lim ! log P?(n) = ——|77| — 041(77).
0—oc0 0t(0) " 2

Now for the remaining two cases, we have

l
Epy(Xio)) e~ gt klogd [H(m - 1)!64714_%1“) log 6

=1

[nl=cq(n)  0t(0)
o — 5 (1 — k) log 0
+p7717"’77717a1(7]) (x)e ® :

Define

I
D(#) log [H(m - 1)!6*’””%’6) log 0

=1

:logﬁ

[nl—aq(n) 0t(0)
o —f(ﬁ—k) log 6
+pm,...,m_a1(n)(m)e og )

We claim that limg_,., D(f) = max {O, —[(n—1) — Mlﬂ]} Indeed, by lemma
1.2.15 in [Dembo and Zeitouni, 2010],

!

1 Inl—a ()
limsup D(0) =max { limsu lo [ ; — 1)le (7= k)logg},
imsup D(6) { imsup (5 log H(n )

=1

. _Inl=ag(m) 6t(8)
hm Sup log |:p7071 e (x)e 2 (logG k) loge]
9—s+00 lOgH =g (n)

:max{—[(n - wk],o} .

Moreover,

!
1 n|l—ai(n
liminf D(f) > max { lim inf 7 log [ | | (n; — 1)!6—(1@—[_%,6) log 9]

f—+00 0—+o00 log i
—

1 Inl—aq (1) (04(8)
.. ° — (Toeg —F) logt
léeﬁ&noof log 0 log [p’“’“' M—ay (n) (z)e ’ e ] }

:max{—[(n—l) . M’M}'
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Therefore, the claim is true. Then we have

log P (1)) = —”_gl(")kmax{o,— {(n—l)——w _20‘1(”)/@1}.

lim
f—+o00 log

Case II: limy_, o0 jog = k > 2

For fixed £ > 0, if £ > 2, then

n—a(n)

5 k>n—ai(n)>n—1, foray(n) <.

Additionally (n — ) — 2= < 0; thus,

log P2(5) = —(n — ).

lim
§—+o0 log

Case III: limg o 29 — | € (0,2)

log

When 0 < k < 2, we have n—Il=n—a(n)— (I —ai(n)). Then

n— al(n) . P 061(7]) 2
—1)————k>0if ly if >
(n—1) k > 0 if and only i () 22T
" ) w2
n—a\n . o —a(n
—1l) — ———k f and only if .
(n—=1) 5 < 0 if and only i l—al(n)<2—k
Thus,
_n—oa(my gpnmoaa(m) 5 2
lim log P?(n) = 2 " Laifm) = 2-k
0—+o0 log 6 (n) {—(n—l), if - al((g)) < ﬁ

]

Theorem 4.6. Assume that limg_,, 0t(0) = co. As § — +oo, for any given integer
n > 2, P% has the following LDPs

o [flimg_ . (fége =k > 2, then P%* has an LDP with speed log 0 and rate function
In(n) = n—1(n).

o If limy_,o, 24O 10 9 =k € (0,2), then P%* has an LDP with speed log6 and rate

function
0, ifn = (1,1, 1)
L(n) = § =5k if gy “;1 > %
2

n—1(n), ifl")aél < 5=

b
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o [flimg oo (figg =0, then P%* has an LDP with speed 0t(0) and rate function

P P 31(77).

Proof. Since |
n:

Pl (n) = Epg(Xye,

) m!mlaa(n)! - an(n)! pn( t(e))

and XZ’;) — 8(0,0,), as 0 — +o0, obviously P#*(1,1,---,1) — 1, as § — +o00. We

only consider n # (1,1,--- ;1) and n = (ny,--- ,m). By Proposition 2.2, we know

l

0 l—d
Py = Z(_l) Z Piliepy mi " Plicpymi
)

d=1 ger(l,d

Let <Zi66(1) Miy: Zieﬁw 1i) be decreasing rearrangement of (3 ;g iy D e, M)
We define n® = <Zieﬂ(1) My * =Zieﬂ(d) n;), where if Zieﬁj n, = 1,1 < j <d, we delete

it, such that n° € M. Then Epg(Xf’a) can be written as

)
l -1
[0 - Oé)m-—l)M (4.3.22)
Pl )
l
A (=D (1B = - (184l - D)lpys (z)e 11 (4.3.23)
d=1 Ben(l,d)
l
Y DY (Bl =D (184 = 1)
d=1 Ben(l,d)
D s 05 o athy () (e MO — 7R (4.3.24)
2<6<nb
l
=3 DS (1B = D (18a] = Doy, Dgae 0", (4.3.25)
d=1 Ben(l,d)

By Lemma 4.8, we have

10?) 1(9) (1—

<9077ﬁ7¢g7a>9,a ~ Z Z (

purier i G @)y = &),

1(n?) 10) 1
H (1 —a)qe_y H(l - O‘)(‘SJ“”elnﬁkl(nﬁ)Hél*l(ﬁ)“

i=1 j=1

a)(nf+5j—1)

+1(n")a — |n°||¢]
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Since |7°] —1(n®) =n —d, and |6] — 1(§) > 1,V5 > (2), we have
P = 1)+ 18] —1(6) +1>n—1+2

and |n°| > n — a1(n). Then

[nl—aq (1)
(4323) NpZL'“,r]lle(n) (l')ei n 21 n 01‘/(9)7

l—aa(n)
(4.3.24) ~ Z( u

d=1
l

L oo
H(]‘ - Oé)("h'_l)g02<'r) 9|n‘_l+26

l—a1(n) 1

(4325)~— J] (1- Q{)(mfl)W6—4|"|_%1(71)9t(9)7
i=1

- a)(ﬁi+2—1)
1= a)g—n(1 = a)e

+ (L= aa(m)a =2(|n] = ax(n))

and

Similarly,
1

(4.3.22) + (4.3.24) + (4.3.25) ~ [ [(1 = )y 5

=1

therefore,

l

1 In|—ay (n)
0 0,0 0 — =21 ot
i=1

The remaining argument is exactly the same as Theorem 4.5. [

In summary, to see how this system instantly evolves, we should consider the
asymptotic behaviour at different time scale. As the time scale gets bigger, the system
will get closer to state (0,0, ---). This process is very intricate. As stated in Theorem
4.5 and Theorem 4.6, this system will experience a phase transition, in which the
critical scales should be %. Once the time scale is greater than %, this system
will behave analogously as its stationary system.
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Chapter 5

Asymptotic Theory for the
One-parameter Selective Model

In Chapter 3, we have introduced the one-parameter neutral model, characterized by
generator

> 5 0? 0 0
G =52 mldy—a)g =5 mig
T . 1 (3

ij=1 i=

N | —

and the one-parameter selective model, the generator of which is

= )
Go=G+0o) zi(x;— p2()) 5
i=1 v

In the one-parameter neutral model, mutation and random sampling are consid-
ered. The former evolutionary force attracts the system towards its unique equilib-
rium point (0,0, - - - ); whereas the latter pushes the system away from it. Therefore,
in this sense, the one-parameter neutral model resembles O-U processes although their
stationary distributions are quite different from each other.

As we know, an infinite-dimensional O-U process is a more natural and convenient
replacement of the Brownian motion in infinite-dimensional space. We can, therefore,
formally regard the one-parameter neutral model as a “Brownian motion” on the
Kingman simplex. Then the one-parameter selective model can be formally regarded
as a model with a “Brownian noise” related to generator G and a “gradient system”
associated with > x;(x; — @2(1’))%. It is not difficult to check that ¢y(z) is a
Lyapunov function of this “gradient system”. Interestingly, ¢2(x) has countably many
local minima. If we decompose the Kingman simplex V., as (U2 L,,)ULoU L, where

iwi<1}, Loo:{xEVoo
i=1
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Ln:{zévoo

D wi=1w, >0, T :0}, n>1, (5.0.2)
i=1
then, for n > 1, the restriction of py(z) to L,, denoted by @o|r, (), takes its mini-
mum value at (£,---,L.0,---). Analogously ¢s|r,(2) and ¢, (x) share a common
minimum value 0, which is attained by 2|, (z) at (0,0, ---). Moreover, it is not hard
to see that all these local minima are the equilibrium points of the “gradient system”.

Due to the ergodicity of the one-parameter selective model, every neighbourhood
of equilibrium point will be visited. It is naturally very tempting to ask how often
each neighbourhood of equilibrium points will be visited.

The answer to the above question depends on the specific interactions between
evolutionary forces. In [Gillespie, 1999], J.H. Gillespie conducted computer simula-
tions of various selective models and neutral models; and conjectured that the neutral
model and the selective model with symmetric overdominance (¢ < 0) behave simi-
larly when mutation and selection are both strong. This conjecture has been verified
in [Joyce et al., 2003] and [Dawson and Feng, 2006] respectively.

We could have other types of interactions, such as the interaction between strong
mutation and strong underdominant selection(c > 0), and the interaction between
weak mutation and strong overdominant selection (0 < 0). In [Feng, 2009], the
interaction between small mutation and large overdominant selection was considered.
Much to our surprise, countably many phase transitions occurred under different
selection intensities o = Alog @, A > 0,0 € [0, 1]. The critical selection intensity is o =
k(k+1)logf,k > 1. S. Feng observed that VA € (k(k—1),k(k+1)),k > 1, the system
will most likely be around (4,--- ,1,0,---). But the case that A = k(k+1),k > 1, is
left open.

In this section, we will consider all sorts of interactions between mutation and
selection. Especially, we will provide a positive answer to the critical case in [Feng,
2009]. Moreover, the transient distribution under different interactions between mu-
tation and selection are also considered.

5.1 Asymptotic Results on Stationary Distributions

As is stated in Chapter 3, the stationary distribution of the one-parameter selective
model is
7, = Cyexp{ops(z)}PD(0)(dx), x € V.

Similarly to [Joyce et al., 2003] and [Dawson and Feng, 2006], we rewrite o as A«x(6),
where a(f) > 0. If A > 0, the associated model is termed a one-parameter selective
model with symmetric underdominance; if A < 0, the model is then called a one-
parameter selective model with symmetric overdominance. When A\ = 0, it reduces
to the one-parameter neutral model.
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5.1.1 Large Mutations and Large Selections

Let us take a look at the LDP associated with 7, in [Dawson and Feng, 2006].

Proposition 5.1. If 0 = Aa(0),\ < 0, then 7, has an LDP with speed 0 and rate
function I(x). More specifically,

I(x), if limg_yo0 # =0
I(z) =< I'(x), if limg o “2 =1
(), if limpy oo 57 = +o0,

where

I(z) = log#ﬁilxi7 if i <1
+00, otherwise |

/

I'(z) = sup {Aga(y) — I(y)} — (Apa(z) — I(x)),

YET oo
I () 0, if x is the mazximum point of — ps(x)
€Tr) =
400, otherwise.

Remark 5.1. This proposition corresponds to the one-parameter selective model with
symmetric overdominance, in which the selection actually enhances the effects of mu-
tations. Therefore the one-parameter selective model with symmetric overdominance
behaves like the one-parameter neutral model. As a matter of fact, we can specify
I'(z) by calculating sup,eq. {Aw2(y) — I(y)}. To this end, for A <0, we know

Apa(y) — I(y) <0, and Ap2(0) — 1(0) = 0.

So sup,eq {Ap2(y) — I(y)} = 0. Thus I'(z) = I(x) — A\po(x). Moreover, we can also
specify I (x) as

. :{0, if = (0,0,---)

400, otherwise .

For the one-parameter selective model with symmetric underdominance, the fol-
lowing result was communicated by Paul Joyce to the authors of [Dawson and Feng,
2006].

Proposition 5.2. If 0 = Aa(0),\ > 0, then m, has an LDP with speed 0 and rate
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function I(z). More specifically,

(1(x), if limg o 29 = 0
— o () + (), if limgoo 29 = 1,0 < X < A
2 2 2
(@) = 1o (25 ) o ()
—Apa(w) + (), if limp_, 0 22 = 1,0 > A,
| (), limg o0 252 = 400,

where \g &~ 2.4554 and solves the transcendental equation

2 2\
1— /12 1+4,/1-2
V) ()

and

j//(x):{ov x:(LOv"')

oo,  otherwise

Proof. Applying Theorem 5.2 and Theorem 5.3 in [Dawson and Feng, 2006], we can
easily see that 7, has the LDP with speed 6 and rate I)(z), A > 0, where

I(z), if limy o 2 =0
L(z) =< T'(z), if limg e W =1

1
I"(z), if limg o # = +00.

—

Furthermore, I'(z) = sup,co. {1 Ap2(y) — I(y)} — (Apa(x) — I (7)), we can specify
it by calculating sup,cg_{Ap2(y) — I(y)}. One can rewrite it as

sup {Ar? sup o(y) +log(l —r)} = sup {\r? +log(l —7)}.
0<r<1 YEV oo 0<r<1

Define fy(r) = Ar? +1log(1 —r),0 <r < 1. Then f,(r) = 2\r — & = —2)\1”2_173;%. If
1— 45 <0, or equivalently A < 2, then f,(r) < 0. Thus, sup,<, .1 fA(r) = fA(0) = 0;

then I'(z) = —Apo(x) + I(z). So I'(x) thus has only one zero (0,0, ).
If, however, A > 2, then f,(r) should be
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therefore

OS§1:I<)1 fa(r) = max {fA(O),f)\ (% + i — %) } = max {O,f/\ (% + }1 — %) } )

Notice that

2

2 2

1 T 1 1—,/1-2 1+,/1-2
fA( )zlog TA +A TA ,

5 TV1 o

which is a function of A when A > 2. Define g(\) = f) (% +4/3 - %), and v =1—
\/1—2(\ > 2), where thus v € (0,1]. Consider a function h(v) =logv+1 —log2— 31,

which is decreasing in (0, 1]. Since h < —/1- 2) = g(\), we know g(A) is increasing
when A > 2. supy., g(\) = g(+00) = +oo and infy-o = logi + 1 & —0.193 < 0.
Therefore, When A > 2, there exists a unique g > 2, such that g()\)

>0, ifA>X
:O, lf)\:)\o
<0, if2<A<,

where \g solves the transcendental equation,

1—4/1-2 1+ ,/1—2\?
log(—2 A)%—)\(—Q A) =

Then
0, if A<\
su r)= /12 2\ 2
Ogrlzlfx( ) log<1 \/21 A> +/\(1+_V21A> LA > A
Thus, the proof is completed. n

Remark 5.2. From the above argument, we can easily see that I~,\(a:) has only one
zero, which s

(0,0,--), if limg_, o0 22 =0,
or Timg s 400 9 = 1,0 < X < A;
(3+/E-00) i limpac P = 10> A

(1,0,--+), if hme_m(T:oo
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Now we know that, for large mutation and large selection, the LDP rate function
for the one-parameter selective model, whether it has symmetric overdominance or
underdominance, has a unique zero. By Proposition 2.5, the limiting distribution of
7, can only be degenerate distribution concentrated at a single point.

Theorem 5.1. When A\ > 0, we have

80,05 if limg_, 4o 22 =0,
or limg_, @ =1,0< A< X
T, if limg o @@ — 1 x>
T == e g = LA Ay
(5(1707...), Zf limg_mo @ =

when A < 0, we have m; — d(0,...)-

This theorem can be easily derived from the LDP for 7, in [Dawson and Feng,
2006]. It also indicates that 7, and PD(6) share the same limit when o = A0(A < 0)
and # — +oo. Gillespie’s conjecture is true in this sense. For the one-parameter
selective model with symmetric underdominance, however, the limit of its stationary
distribution 7,(c = A0, A > 0) exhibits a phase transition. If A < X\, 7, and PD(6)
still share the same limit; but if A > Ay, asymptotically, there appears to be one
dominant type. The reason that the weight of this dominant type is less than 1 is
because there are still many other less dominant types continuously distributed. Their
presence shall be detected in the labeled model.

5.1.2 Small Mutation and Large Selection

In [Feng, 2009], S. Feng considered the LDP for PD(f) with small mutation. As an
application, he considered the LDP for 7, with small mutation and various selections.
It turns out that the one-parameter selective model with symmetric overdominance
exhibits a lot of interesting properties.

In this section, only the selection intensity o = Alogf(A > 0,0 < 6 < 1) is
considered; and we denote 7, by 7y ¢. The following two theorems are due to S. Feng.

Theorem 5.2. The family {PD(0),0 > 0} satisfies an LDP with speed (—log#) and
rate function

0, IELl
Jx)=<n—-1, xz€L,n>2
00, x € LU Ly,

where L,,n > 0, are defined as in (5.0.1) and (5.0.2).

Theorem 5.3. For fivzed \, {my0,0 > 0} satisfies an LDP with speed (—log6) and
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rate function

A
Sxa(z) = J(x) + Apa(x) —inf{——l—n— l:n> 1}.
n
Remark 5.3. The LDP for ©, in [Feng, 2009] falls into three categories, only one

of which is stated here. In this theorem, the LDP rate function S\(x) has two zeros
(£, ,5,0,-+) and (= 0,---), when A = k(k+ 1),k > 1; whereas it has

1

% ’ & k10T 0 kg1
only one zero, (%, ,%,0,---), when (k— 1)k < X < k(k+ 1),k > 1. Therefore,
A=k(k+1),k>1 serves as critical selection intensities.

Again, due to Proposition 2.5, the limiting distribution of 79 can be obtained
except for the case A\ = k(k+ 1),k > 1.

Proposition 5.3. When (k— 1)k < A < k(k+ 1),k > 1, m\g converges weakly to
5(17.._7%70“.), as 9 — O

k
In the critical case A = k(k + 1),k > 1, however, the limiting distribution of m ¢
can not be directly derived from its LDP; simply because its LDP rate function has
two zeros, and Proposition 2.5 can not be applied. Luckily, theorem 5.5 provides a
complete answer to the critical cases.

Theorem 5.4. For \ > 0, the limiting distributions of homozygosity, Hy, under the
distribution my 5 is

+oo
Z Lk(k—1) 1 (k41 ()\)5% (dz).
k=1

Before we present the proof, we need the following lemmas, the proofs of which
are postponed!

Lemma 5.1. The moments of the heterozygosity my = E(1 — Hy)* has the form

k
mp — ZAk,l(9)9l7
=1

where

2k + 6 2Kk (k + 0)
Ara(0) = 2k T(2k+1+6)

k-1
2% + 025k T'(k+1+6
Akap(@) = Z ( )

2k 20 T(2k +1+90)

Al,p—l(0)7 p Z 2.
I=p—1

Let us define Ay, = Ag,(0); then

okl (k — 1)

A= 2k
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and
E—1

2T (k + 1)

A, = il WL IRy
ko 7gmm%+nlmh

p>2

Thus Ay, does not depend on # anymore; but it is an appropriate approximation of
A (), as can be seen in the proof of Lemma 5.7.

Lemma 5.2. If we fix integer p > 1, then, V0 € [0, 1], we have

[ Akp(0) — Ay < OpAyy, 1<p<k.

1
%Ak,p S Ak,p(e) S Ak:,p <

Lemma 5.3. For A > 0, we have

(A1
lim Z GZZ Oge) Akl(é) 0.

0—)0
=\+1 k=l
and
(Ao
D D) AL LIV
0 A+L k=l
Lemma 5.4. Suppose that a,,b, are two positive sequences, and lim,,_, ‘bl—: = c.

n
Zn =0 an znl
Zoo by 22 z™

nl

Lemma 5.5. For any fized integer p > 1, we have, as k — +o0,

Then lim, 1 o =c.

L, p
Ak,p ~ Opk_§<p—+ 1)ka

where Cy = \/m, and Cpq = C \/_(”T)%.
Lemma 5.6. Define Cy; = Z ( )(’\T)lAk,SJ. Then, as k — 400,

A =D +1)

Ck:,l ~ Cl(l +

Lemma 5.7. For A\ > 2, define

”wzmkmommw>
Zl)\] 0[ 00 (/\logg) Akl(e)

K (0) =

and

Al pl oo (Alog %)k
% Zl 6 k=l k! Ak+n l

K)(0) = .
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When u(u —1) < A <wu(u+1), u>2, we have

A A
oy Kal0) = Jm a0 = (=

[PROOF OF THEOREM 5.4]:

Proof. Let us use ¢y to denote the moment generating function of the homozygosity
Hjy under 7y 9. Thus,

on(t) = Eexp{tHy} - exp{\log0Hy}
LA Eexp{\log0H,}

For some technical reason, we need to multiply the numerator and denumerator in
the above equation by the common term Alog %; then

Eexp{—t(1 - Hy)} - exp{Alog 5(1 — Ha)}
Eexp{)\log%(l — Hy)}

E(1 — Hs)™exp{Alog %(1 — Hy)}
(1 * ; n‘ Eexp{Alog (1 — Hs)} )

o0 o0 AIO n+m
s HZ(—t)"Zmo—( S E(1 - Hy)
= onb oy QlERpo gy,

m=0

on(t) =e

In the above expansion, all terms are positive, which greatly facilitates our calcula-
tions. If we denote the limit of ¢g(t), as § — 0, by 1y (t), then we have

X ()" (Zk QLTS Ay (0)0

n=1 nl L+>07 1(Mog9 Zl 1 A (0)0!

—i—m” + 2 (/\lokgv%)k f—’_l:-&-l Ak+nl(9)el>
Ly, Qe sk 4, ()0

By the Lebesgue dominant convergence theorem, we can switch the order of summa-
tion and limit. Thus,

®© . n /\loge) A ) 01
t 1+Z( t') <11 Zk 1 )\10 Zl 1 k+nl( ) (511>
n 6%01+Zk 1 ge Zz L Awa(0)0!
Alo; n
+ lim Zk 1( gue ;C+k+1 Ak+nl<9)9l ]
(Mo, ’
=0 1+Zk:1 ge Zl L Awa(0)0!
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Now we claim that

(Al n
M+ D ey Og (hlog )" Z;H_l—f—k Apini(0)6"

éim Mog ) =0. (5.1.2)
m 1+Zk 1 —a Zl lAkl(Q)Q
Indeed, we have
oo (Alog %) k4+n k ktn
m, + o 0 A (0 g! )\10
o MR B o 3 R S it
1+Zk=1 & Zz 1 A (0)0 - R
By Lemma 5.2, we have
)\logg LA MOge )R
mn+z Z A1 (0)6" <mn+z Z o2
! .~ 1+k I=k+1
)\elog 0 0
<m, + 4 alogp) ) Oy 0
23 O
0 n A2 1og L
:mn+42 9(1_(5) )(e*2%%8 —1) = 0, as 0 — 0.

We have used the fact that m, — 0, as § — 0, which is due to PD(#)(dx) —
da0,-)(dz), as & — 0. Thus, claim (5.1.2) is true. Therefore, by switching the
summation order in (5.1.1), we have

0o n 0o oo (Ao,
Vn(t) = (1 + Z ) lim X0 ﬁAHM(e} )
—— n! 604 +Z?019l S Mokg!e Api(6)

Now what we need to show is, for u(u — 1) < A <wu(u+1),u > 1,

lim

o0 )\10
9H01+21102k1 kgvg) Apa(0

- (5.1.3)

(A1 "
Do 00 Oli Ak+nz(9) _ (u — 1)
)
Once we have got the above equation, then

s« (1 £S5

n=1

( t(u— 1))
=t | 1+ Z = ete_t(uu_l) — eu.

Thus, ¥y (t) = > ¢ [(u(u,l)’u(uﬂ)]()\)e%. Therefore, the limiting distribution of Ho

u=1
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under X0 is Z ](u(u 1), (u"'l)]()\)é%

Now we are going to verify the claim (5.1.3). Firstly, when 0 < A < 2, we have

i (Alog5)" 4 (A1
0 <lim Zl ! Zk L MO k+nl <ZQZZ Ogé)) —— " Ajin(0)
9H01+Zl1012kl ge =1

(Ao
<6 Z g 0 Ak+n,1(9) + 62 Z (TAk+n’2(9>

k=2

+29’Z M"g Aoeg)” ).
=3

We can actually show that the above three terms approach 0 as # — 0. Indeed, by
Lemma 5.2, we have

l !
0 <Z€ Z k! A (0) < 29 Z L 9l-2
=3 k=l =3 k=l
=, 0 1 4 0 1 63—
< Y\ Nogd _ 3
45(2)6 o 9/\() 0/ 2_9—>0 as 0 — 0

— (Aog 5) — (Mog )"
020 " Apna(0) <O = Ains
k=1 k=1

)\log 0
Zk 1 k! Ak—i—n 1

oo dos o)t
k=0 k!

The above limit is due to Lemma 5.5 and Lemma 5.4. Similarly,

—0, asf—0.

= (Alog 3)* = (Alog 3)*
0 Se? kz TeAk+n,2(0) < ‘92 kz TeAk-i-nQ
=92 =1

)\log 6
Zk 2 Ak+n2
- 210g 9)’“
Zk 0 k!

Thus, we have for 0 < A < 2,

S 0 /\logo = Ak (0) (1—1 n

lim =0 =(—)"

M%+2ﬁwzkﬂm9Amm 1
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Secondly, for u(u —1) < A <wu(u+1),u > 2, then A > 2. we can show that

l )\logt9 A 0
lim Lo ¥ 2 ,\1 ki (9) = lim K(); (5.1.4)
0—>01+Z;>0161 Zk °, Ogg) Akl(e) 0—0

then by Lemma 5.7, we have proved claim (5.1.3). Now we only need to verify (5.1.4).
To this end, we rewrite

00 Alo
Do 0 l( kg'e Ak+nl(9)
L+>702, 005707 /\loge A (0)

as

A o (Alog i)k (Alo
Z[] Qle:z( kg!g Aping(0) + 227 1+)\]0le ! ;ig Ak+nl(9)

A oo (Alog i)k (M log 1)k
1+Z£:]19lzk:z( kg!(, Akl( )+Zl 1+[/\]‘9 Zk l kg!e Akl(g)
By Lemma 5.3, we know, as 6 — 0

o0 AIO
Zz 1+ 0" ﬂAchrnl(e) N
1+zﬂwzm“%@Amm

and o
Zl 1+ o' Zk l Okgve Ak (9)
Alo
L+ S 0 R I A(0)
Therefore, claim (5.1.4) is proved. Theorem 5.4 is thus proved! O

Theorem 5.5. For a given A > 0, m\p converges weakly to the following

Sl

> Tty (k1) (Ao ...,

Proof. For integer £ > 1, and (k — 1)k < A < k(k + 1), the limit of 7, has already
been verified in Proposition 5.3. Therefore, we only need to consider the critical case
A= (k+1)k,k>1. For a fixed k£ > 1, and A = (k + 1)k, we need to prove that m) g

converges weakly to (5(%7“7%,07,,,).
For a given f € C(V), one can conclude that, Ve > 0,30 < m, such that
V$€B5(%,“‘,k,0 )

=1 (Fo o) | <o
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Thus,

@Mwwﬂ—f<%uwéﬁfu)

/...
.
S\<d

L2 flloemr0(Sx > 6) +/

(Sx<8)N(lp2—£129)
o
(Sx<8)N(lp2—%<8)

§2”fHOO |i7T/\,9(S/\ > 6) + X0 (

o
(S3<8)N(lp2—11<8)

ﬂm—f<%~.

ﬂ@_f<%uwéﬁf”)

1
902_%’25)}
0

By the LDP for ¢ and the weak convergence of Hy under 7y, we have

lim 7y 4(S) > 9)

= limmy
6—0 6—0 7

Moreover, we claim that

(SA<5)D(¢2__

Then we have,

lim sup
0—0

Letting ¢ — 0, we have

iy [ semaatao) = (

Therefore, 7y converges weakly to 6( 11
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0,

1 1 1
2 <5)CBJ(E7...’E707...)_
/ f(x)ﬁx\,e(dx)—f(%,... 7%0).._)‘

1
’]{77’ )

1

k”

).

1
902—%‘25>=O.

(5.1.5)

<e.

Now we need to show the claim
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(5.1.5). For A = (k + 1)k, since

Sx(x) = J(x) + (k+ 1)kpa(x) — inf {M +n— 1},

n>1 n
clearly
S)\’Ln(ﬁ) =n-—1 + /C(/C -+ 1)902’[/71(1') — 2k.
Because ¢s|r, () has a unique minimum point (%, s %, 0,---); then
k(k+1
Sx| (x) 2n—1+w—2kz.
Ln n

By the monotonicity of the righthand function in n, we know it attains its minimum
at k and k + 1. Since § < k(% < -2 one can see, Vn # k, k + 1,

E+1)+1 > k420
1 2
k(k+1) %}

k(k + 1) (A3 B s

kE—1

S,\|Ln(x)2min{k—1—1—|— -2k k+2—-1+

k42
Then (S)\ < (5) = (S,\ < 5) N (Lk U Lk+1). Thus,
1
(SA<5)H(¢2—E‘<6)

:[(5A<5)m(¢2—%‘<6)ﬂLk}u [(SA<5)H(¢2—%‘<6)HLH1].

But S/\‘Lk-!—l = ]{?(k?—Fl)(QOQ‘Lk_,_I—k%H), then (S)\ < 5)ﬂLk+1 = (302 < ﬁ—{—k—il)ﬂLkH.

Since § < k(Tll)-i-l’ then L—l—k%l < +—0, thus Vo € Ly 1 N(Jpe—1| < 6)N(Sy < ),
we have

R(kD)
5 1
e0) < gy Tre Sk 0 s el

Therefore, (Sx < 0) N (|2 — £| < 0) N Ly41 = 0, hence,

1
(S,\<(5)ﬁ< @Q—E <5>ﬂLk.

902—%‘<5):(SA<5)H(

Since Vz € Ly N (|p2(z) — 1] < §), we have + — § < Zle 2? < £+, and

)
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Therefore, k% — % < minlgigk z; < maxy<i<k Tj < A/ # + % Then

1 1 |$Z—1/k:|
d(‘”’(%"' o)) - Z
Z—m\ l—(——);w——l

-4l

<.

Therefore (Sy < 6) N (g2 — 7| < ) C Bs(1,-++,4,0,--+), the claim (5.1.5) is thus
proved. O]

Now we will embark on a long journey to prove the previous lemmas.
[PROOF OF LEMMA 5.1]:

Proof. DefineV; = Uy, V; = (1-U;)--- (1=U;_1)U;,i > 2, where {U;,7 > 1} arei.i.d.
Beta(1,0). Then (Vi,V5,---) follows the GEM distribution. Denote (V(1),V(2),--*)
the order statistics of (Vi, V5, - +) by decreasing order; then (V(1), Vig), - - - ) follows the
Poisson-Dirichlet distribution. Since Hy = 2%, Vi) = 32,2, Vi?, one can observe that
1 - Hy=(1—U2) = (1= U1)%+ (1= U)2(1 — Hy) = 20, (1 — Uy) + (1 — U1)(1 — H),
where Hy = S°° V2, and Vi = Uy, Vi = (1 = Uy)--- (1 — U;)Usy1. We can see that
(Vi,Va,---) follows the GEM distribution as well and is independent of U;. Thus,
E(1 — Hy)* = E(1 — H,)*, and

my =E(1 — Hy)* = (2U1(1 U (1= U2 — ﬁz))k

_EZ (I; (20,(1 = U)" " (1 — H,)!

k

=0
s (R 2Tk — 1+ DE(k+1+6)0
S =\ T(2k+1+06) a

99



Ph.D. Thesis - Y. Zhou; McMaster University - Mathematics

If we isolate my, we have

22k + 02kl T(k+1+0) 2k + 0 2K\T(k + 0)

5.1.6
Tk +146) " "2k T@h+110)" (5.1.6)

where k > 2, and m; = %. We claim that my has the following expansion

where

’“i 2%k + 0 2k T(k +u + 0)

2k 2*ul(2k + 1+ 6)

2k + 0 2FKIT(k + 0)0
2k T(2k+60+1)

Apa(0) = Aui—1(0),1>2; Ar1(0) =

u=l—1

Indeed, for k = 1, this is obvious. Assume that m;_; has the above expression, then
for my, by (5.1.6), we have
2k+92kkv T(k+1+6) o g 2K +0 2°KIT(k + 0
DI 3 A aan
20 T2k +1+0) 2k T'(2k+1+6)

2% + 0 2°KIT(k + 0)

22k+02’%' L'(k+1+06)
2k T(2k+1+0)

A 2 eu—‘rl
o ATk e e

k—1
u=1 Lil=u
Let us denote p = u + 1; then we have my, = ZI;ZI A (0)07, where

2k + 0 2*K\T(k + 0)

Ara(0) =5 T(2k+1+06)
k-1
2k + 028K T(k+1+0)
= _ > 2.

l=p—1

[PROOF OF LEMMA 5.2]:

Proof. We use mathematical induction with respect to p to show these conclusions.
Stepl: We are going to show zp%Ak,pH < Appr1(0) < A pir.
When p = 1, we have, V0 € [0, 1],

2k + 6 2k k! B 2k=1(k —1)!
2k (2k+0)---(k+0) (2k—1+6)---(k+0)

Ap1(0) =
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L — 1) 2K(k — 1)k

“k—1)---k (2t~ FY
and k-1 | k-1 |
s (6) = 2k-1(f — 1) MU
’ 2k—1+6)---(k+0) — 2k---(k+1) 2 ™
Moreover, Ay, = M L = 2: therefore,
(2k)! 2
1 1
§Ak,1 < Apa(0) < A < oz
Now we assume that Ay ,(0) satisfies the inequality
1 1
Since A p+1(0) = Zf pl o Q;f,' o 1f(;)p(?3c+z+9 by assumption (5.1.7), we have
1 5211 ok Al

» : < Appar (0
<2k 20 (2k — 1+ 1) (k+1+1) ~ kp+1(0)

k—1

Z 1 2Fk! Ay
2k 20 2k —1)--- (k+1)
Thus,

- k—1
k+ 128k T(k +1) 26N T(k +1)
_ < A 0) < ) |
op — 2k 24! F(2k+ 1) lp = k7p+1( ) = ; 2] F(2]{Z—|— 1) Lp Ep+1

L kB 1
But T > 5 = 3, then

o k4 [ 2k Pk +D) Z ~2KE! T(k + 1) 1
&= 2k 20 T(2k+1) Aip 2 2p+1 AN T(2k + 1) 7~ vl

=p

Ak p+1-

Hence,
1

op+1 — Ak ,p+1 < Ay ,p+1 (9) < Ak,p+1‘

Step 2: We are going to show

App < Vk>p>1. (5.1.8)

1
-2’
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Since Ag; < 21%2, we can assume that Ay, < k> p. So

2p 9p—2)

k—1 k—1
2k T(k+1) 1 2#KIT (k + 1)
Appir = Ay, <
Fptl IZ:; AN T2k + 1) F = w2 IZ:; 2T (2k + 1)

where we will show that Zf:; % < L. Therefore, Ay 11 < 2p =, and (5.1.8) is

thus proved. Next, to show Zf pl % < 1 , let us define By = %, k—
1 >1>p > 2, where By is increasing in [ only 1fl < k — 2. Because when [ < k — 2

Biiy  20T(k+1+1) k41 -
By, 21+ DIT(k+1)  20+1) "

Therefore, By y—2 or By ;-1 should be the maximum term. Since

2"kl T(2k—2) 1
Bk,k—? k—2 Y
262k —2)IT(2k+1) 2k—1
2Fk! T(2k—1) 1
Bk,k*l k—1 ?
k-1 — 1)1 T(2k +1) 2k —1
we obtain that
§2kk!F(k+l)<k—p_ k—p !
— 202k +1) ~ 2k -1 C2(k-p)+2p—1 2

Step 3: We are going to show

‘Ak,p(e) ~ Ayl < oAy,
When p =1, 1(0) — A 1| <O0Ag,, for
‘A (0) - A _‘Qkk'P (k+6) 2FEIT(k) ‘
ol U TI2kT(2k +0)  T(2k +1)

| 28RIT (k) <F(2k)F(’f+9> _ )(

D2k + 1) \T'(2k + 0)T'(k)
2k 1)k
SAk’l‘(2k+0—1)---(k+0) -1
6 6
=Aua|(1 = g =) (1= ) =
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eu—l
Z (l14+0) - (I, +0)

u=1 k<li<--<ly<2k—1

tj»

04|

k
eu—l
<0A
<0A4i1) 2 (Li+60)(l,+6)

u=1 k<lj <-<l,<2k—1

k
|

<hA
<OA Y. Y T

u=1 k<ly<--<ly<2k—1
—0Au |1+ ——) (1+1)—1(
SOk 2%k — 1 k

% 21 k4l
—0Au |5 —1‘_9Ak,1|2—1|_9A,€,1.

Therefore we assume that

‘Ak,p(e) ~ Aw,| < 0pAs, (5.1.9)

we have

then, for

Appt1(0) = Appra |,

2% + 0 2XEIT(k + 1+ 6 EL ORRIT(k + 1
) RPN SEALAR)

A _—_—
’ ol 2k 21T (2k +1+96) T2k + 1)
2k + 0 2FEID(k + 1+ 6)
_) Z 2k 20T (2k+1+0) (Arp(0) — Auy)
’Z2k+92kklr(k+l+9) ’iw
2UIT(2k + 14 6) — 2T (2k + 1) Lp
2k + 0 2KIT(k + 1 + )
Ay (0) — A
- Z 2T (2k + 1+ 0) ’ p(0) = Aip

Z 2REIT (K +1) 4

Dk +1+0)I(2k) 1‘
— 2UIT(2k + 1) '

(k+ I (2k + 0)

l,p

By the assumption (5.1.9), we have

SRR (k+1+6
<t9pz (k+1+0)

Appi1(0) — Appia 2112kT (2k + 6)

BT (K + 1) I'(k+140)I'(2k)
- Z 171 Lp
— 2UIT(2k + 1) I'2k+0)I'(k+1)

—1|,
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where

T'(k + 1+ 6)T'(2k)
T'(2k + O)T(k + 1)

_1‘_ (2k—1)---(k+1) _1‘

1@k +0-1)---(k+1+0)

Ja-—f T A S
ST DA Sl sy ‘

|
—~

|
—_
~—
S

6)u
2. (zl+9).--(zu+9))

u=1 k<l <<l <2k—1
k—1 gu
<
D DR D e e (e

1 E+HI<h <<l <2k—1

k—l 1
D D

Ii--
1 k<l <-<ly<2k—1

|
1y -ty
(4

:9‘1
( + 5 )
k—1

:Hﬁ < (9,

and

L(k+1+0) 1

2k (2k +0)  2k(2k+6—1)---(k+1+0)
_ 1 _T(k+1)
“2k(2k—1)---(k+1)  T(2k)

Therefore,

< 26! D(k + 1) ~ 2! T(k +1)
Arprr(6) = Akvﬂ“‘ <p Z 2 Tk 1) QZ 20T T2k + 1) 7

:9(p + 1) Appia-

Thus, we have proved the lemma.

[PROOF OF LEMMA 5.3]:

Proof. By Lemma 5.2, we have

Z (‘)ZZ )\loge AMosg)” 4 9 Z GZZ )\loge) 2l_l_2

I=\+1 k=l I=\+1 k=l
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=) 3 Z et
I= [/\]+1 k=l
o0
01 A 0[}\]*)\4’1 2
l /\lo 5 _
<4 Z S0 =4 Z B 2[A]+1 2_6
1= [A]+1 I=[\]+1

—0, as  — 0, due to [A\] +1 > .

Similarly, we can also show

k

(A1
hm Z HZZ og ) Agini(0) = 0.

=\+1 k=l

[PROOF OF LEMMA 5.5]:

Proof. By mathematical induction with respect on p, we can prove this lemma. For

p = 1, by Stirling’s formula,
D) ~ | 2y (5.1.10)
Z ~ — - . .
z e’

we have Ay, ~ \/_f(%) as k — 400. We can therefore assume that, as k — 400,

I p p+1 1
A~ O —(—— = ) 5.1.11
k.p Cpkzg(p—i—l)’ pl\/_( ) ( )
For Ay 41, we have
1
2REIT (k + 1
Ak,pﬂ = ( )

17 !
2T (2% +1)

By the assumption (5.1.11), Ve > 0,3M > 0, such that Vk > M,

A
1—€e< hp s <l+g
pk_g(ﬁ)
then we rewrite Ay 41 as X + Y, where
v Z 2%KIT (k + 1) ’“Z PRI (k + 1)
2UIT(2k + 1) e 2Tk + 1)

Define ax(l) = %(pil) , and Xy = Zk ! Czpak(l). Now we are going to show
X

. . Y
limg 1 o0 &= 0, and limg_, 100 = == =1.
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Indeed, since

max,<j<y{ A} (M —p+ 1) 28KIT(k + M)

<X <
0=sX< 2rp) ['(2k +1)
and
k—1 L
(1—¢) —ap(l) <Y < (1+¢) —a(l),
ar U ar U
we have
O <£ < X < HlanglSM{Al’p}(M —p ‘f‘ 1) (l{} . 1)% Qkk"r(k’ + M)
Y T (kcf)p ap(k—1) ~ 2vp! 2k + 1)ag(k — 1)
—1)2

maxp<<n{Aip} (M —p+1) 4 2(p+ 1) \p1 I'(k + M)I(F)
= l 2lpp! (k= 1)3( D ) r2k—1) -

By Stirling’s formula (5.1.10), we have, as k — 400,

2<p + 1))k—1r(k + M)F<k) ~ kM—&—inl(Zil)k—l

(k —1)3( P T(2k —1) 2p

— 0. (5.1.12)

Thus, limg_, 2% = 0. Similarly,

Z%a < GM—p+1) )pQ’%!F(kJrM)
= kel p k1) T(2k+1)

Y

then

M G,

o< 2= 7 ar(l) _M-p+ 1)(#)p(k B 1)§(2(p+ 1))k_11“(l<; + M)I(k)

- P - pE2rp! p I'(k—1)

M Pa()
2

Thus, = — 0 due to (5.1.12) . Therefore, for the following inequality,

S, Fa(l) Y S, Span(l)
l—e) 1= 2 < < (1 [ — s
(1—¢) 5, <5 <(1+e¢) 5, ,
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hence Ay 11 ~ ;. Moreover,
2RIk — 1) (2(p+1))k T(k+1) (1 _ p+2 )l ( p+2 )’f
p+2 I"T'(k) 2(p+1) 20+1))
+2
250+1)’ then

) —
o) = TR D
Let X* be negative binomial, NB(k, ), where a =

2EI(k— 1) 20+ 1)\"
_ k(k )((p+ )) P(ng),
p+2

) = TarsD
and -
Xk — 1) 20+ 1)\ "= 1 ., s
l=p
We claim that, as k — +o0,
1y = 1
TPXa =0~ =2 PXi=)~ (5.1.13)
I=p g l=p lg
where ) = @ Therefore,
1, 4kl (k —1)! g
5~ Lo E'(k—1) (p+1> .
105 ['2k+1) \p+2
Then, by Stirling’s formula (5.1.10), we know
/2 k
p+2\"" 1 [(p+1
Ak’p“NElNCpﬁ( p ) e \p+2)

This lemma is thus proved. Now we only need to show claim (5.1.13). Indeed,
F=1).

P(Xk=1) k1 v
e ):Z<\/§> P(XF =

1

g
lO

k—1 1
Zl:p l_%

Ve > 0, we have

Z(ﬁ) P(XF=1)
I+ > < %0) P(X

l=p
l p
l0(176)§l§10(1+6)

- ¥

p<I<lp(1—¢)
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DY (\/% P(XE=1),

lo(1+€)<I<k—1

where

0< ) <ZTO> P(xk=1)<

p<I<lo(1—c)

p p
lo k lo N
0= 7) PXa=D< P(Xk =1
> < z) ( ) ( [0(1+6)> " ( )

lo(1+€)<i<k—1

and

b\
< lo(1 + e)) P(ly(1—€) < X5 <lo(1+¢))

2 (\@)pmxi: ~ 1)

lo(1—€)<i<lo(1+e)

IN

b\
< < m) Pllo(1 — €) < X* < Iy(1 + ).

By LDP for NB(k,«) in example 2.4, we have

n)|

Y

—k |inf a
P(X§ < lO(l - 6)) ~ e { e<(—et1)iz2

and
P<X§ 2 lo(l + E)) ~ e_k[lnfw>(e+1)lea Il(:l)):| '

Therefore, as k — +00,

Z < %0) P(XF=1) -0,

p<I<lo(1—¢)
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and

> (@) P(XE=1) —o0.

lo(14¢)<I<k—1

By the central limit theorem of X% if we let K — +o00, then € — 0, we have

> ( 57(’) P(XF=1)—1.

lo(1—€)<I<lp(1+c€)

The claim (5.1.13) is thus proved. O

[PROOF OF LEMMA 5.6]:

Proof. Define

2 ()5 gt ()

Then
. l k k-1
=G ( T 1) Z % =)
where X* follows binomial distribution B(k, §), with / = ;i
A

Next, we show, as k — 400,

3 —5) ~ ((L) (5.1.14)

= (k—s) é 1 —B)so

where sqo = fk. To this end, Ve > 0, let us consider

k‘

—l

VA
O~
M\N
LM
o ~
/N
oyl
| &
V)
N—
>
>
™
I
VA
S~—

Ve > 0, we have,

(V) o=

?T‘

@
Il
o
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+ Y (ksfs)lp(xgzs),

(1+€)so<s<k—1

where

o< Y (ks_"s)lp(xgzs)g( ?)ZP(ngso(He)).

(1+€)so<s<k-1

Then by the LDP for B(k, 5) in example 2.4, we have

l
. S0 E_ _
am ¥ (f52) rd-a-o

0<s<sp(1l—e)

and

l

. S0 E_ oy _

dn (i) e
k—1>s>s0(1+¢€)

Moreover,

!
< m) P((1 —¢€)sp < Xg < (14 €)sp)

< 2 () res=

(1—€)so<s<(1+¢€)so

< < Wo—e)so) P((1—€)so < X5 < (1+€)sp).

Analogously, if we let £ — oo and € — 0, then we have

s () e ()

(1—€)s0<s<(1+€)s0

due to the central limit theorem of binomial distributions. Therefore,
L k
1 1 [A—1 [
Yo~ — = ——+— .
? Cl(l—ﬁ) ké( A +l+1)
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Next we are going to show C}; ~ 29. Because of Lemma 5.5 ,Ve > 0,3M > [, such
that Vk — s > M,
Ak—s,l

1 k-
l(k_s)% (l+1)

1—€e<

. <l+e

Then we rewrite Cy,; as A + B, where

and . NG
s= 3 ()5 ae
S A
k—M<s<k—I
Since Y
k A—1\""
< < —_—
0<B< k—Aﬁ%}ék—l{Akﬂ’l} <k: — M) ( A ) ’
and
B maxy_ar<s<i—i{Ar—s;} (k._kM) (Ah)RM
0< <
22 Z32
k
Nman—M§s§k—l{Ak—s,z} A\ (1- B)ék%JrM %
C,M! A —1 a4 L
—0.

we can easily see limy_, 2% = (. Moreover,

10 2 (O oty ()

E\ /A—1\° 1 I \"*
o T, OO ot ()
ogsgqu o A (k—s)% I+1
and also

=9 (EQ . k—MggH (D <¥)8 “ (k —ls)é (l Jlr 1>k_s>

czarals 3 (0 et (h))
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Since
_ 1 k—s
o< ¥ ()05) gz (i)
k—M<s<k—I 5 (k— )2 +1
1 1 k A —1\"M
< -y -
C’l(z+ )(k M)( ) ) ’
we have

D k- M<s<h- l( )30 —L Z(H%)kfs

0 < (k—s)2

Ol P (H-l )l (k—kM) (AT_)kiM

< 5, — 0 as k — oo.

Hence, letting k — 0o, € = 0, we have A ~ ¥,. Thus, Cy; ~ 3. Then,

L k
1 2 1 A—1 [
Cr,~>y ~C Y T
bt 22 l(l—ﬁ) k:é( X +l+1)

L k
A=DI+D\? 1 (A=1 1

oy (1o AT OUFRDA L fA=E LA
Cl( RIS P S

O
[PROOF OF LEMMA 5.7]:
Proof. Let us assume that
(191_I>r(1)K’\(«9) <u ; 1)” for u(u—1) < A <u(u+1),u > 2; (5.1.15)

then we are going to show limg_o K (A) = limg_,o K)(6). Note that K(#) can be
rewritten as

Kp(0) + F(0)

KNO) =
where Ordog 1y
A %) og +
FN0) = S0 S PR (A i(6) — Apiny)
n Zl)\] ol 0o ()\logg Akl )
and

> HZZZ% Moge (Akl(9) Akl)

G0) =
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We claim that limg_o F)(#) = limg_,o G*(0) = 0. Then

lim K(0) = lim K (6)

6—0 6—0

follows. Indeed, by Lemma 5.2, we have

Nty A8 AL (0) — A
Zl)\] '9[ oo ()\logg Ak
M elle Zk:l Moge) AkJrnl
Zl)\] Ql ZZo:l )\loge Akl
ZW 05, “"ge) Apin
9l Py Mogg Ak

k!

0 < [F(0)] <

= [NJOKN6) — 0.

Similarly, by Lemma 5.2, we also have
0 < |GMO)| < [N — 0, as 6 — 0.

Now we are going to show the assumption (5.1.15). We can rewrite K, (6) as

k o 1\k
% o Zk ) /\lOge) Akv ZZO’U%A’“—FW/U

)\10 o )
v= 121/\] ele l( g9 Akl Zk v( g9 Akv

Then,

e} og 1)k
Lo o mite, | s o,

90 —[X /\log 9—0 Alog ’
v=1 Zz] o' Ek:l 2) A k,l Zk =v 2) Akv

lim K(0) =

6—0

By Lemma 5.4 and Lemma 5.5, we know

oo (Alog %)k A
Z | k+n,v (%
lim &= ()\’l“ = ( " 1)”.
0—0 og 9 v
Zk v k' Akﬂ)

Then we need to show

v ()\log 9
1- 9 Zk U Ak v —
6—0 1 )\log 5)
Zl 19 Zk l %! Ak,l

Once we have obtained this, then limg_o K}(6) = S 60,1y (v) (=2
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this end, both the numerator and the denumerator of

0" Zzov ()‘IOgG Akv
A o0 ,\1
E:]1 o' Zk:l Og 2) Ak

are divided by #*. Thus, we need consider

gy, el Ay
A Mo
Ez]l f!=A Zk: g 1) Akl

Since 1 < v < [A] < A, it is not difficult to see that

= (Alog 3)* 1w (AMog 5)*
P T A =) T A
> (logé)S s > ()\log%)k
= (z; sl (A - U) Z k! Akv
$= k=v
> ()\log%)k
:Z kf‘ Okl)?
k=v
where .
< (k\ (A —v
v = A —s,v
a=3 (1) (57)
Then
91)7)\ ZZO . (/\log‘9 Akq_) B ZZO , ()\loge Ckv

MO RS )\lo
Ql A Zk l kgle Ak,l Ez]l Zk::l Iig) CkJ
Thus, to figure out the limit (5.1.16), we must find the leading term among

= (Alog Ly*
ZMCM,1<Z<[A]

By Lemma 5.4 and Lemma 5.6, we have

o (A log
Zk v 9 Ck ,U Ck v
lim /\1 = lim c
0—0 og g k—)-l,—oo
D el Ck,l kit

v k
e (1_*_%)5 1 __|_v+1
li = .

" kerboo (1 4 OO ATy L
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To find the leading term, we need to figure our the maximum term among —+m, 1<

I <M. Consider f(x )—)‘—x+m—2 (% + 757); then

We know f' () is
>0, ifz<vVi-1
<0, ifz>vVA-1.

Therefore, 27 + l+_1 attains its maximum at [v/A] — 1 or [V/A].

Case 1: For (u— 1)u < A < u?,[V/A] = u — 1, since

U — 2 1
—2)=2—
fu—2) ( 3 +u_1)
and o
u_
1) =92 2
flu—1) ( T +u),
f(u—2)—f(u—1):%_u_(u171)<0‘ So f(u — 1) is the maximum term.
ik
1
L < I VI SIS A u— L
N T
Thus -
- el
— = <[ <M.
Jm mm =0 () V1< <A

Case 2: For u?> < A < u(u + 1), [V/A] = u; then the maximum term of 2t 4 l%
should be f(u — 1) or f(u). Since

flu=1) = fu) = 5 = = >0,

we can see f(u — 1) is the maximum term; and

A=l L

A+
oL <LV Nl Au— 1
A U
Thus,
. Ckl
L <I<[N.
Jim =6 ()Y < <

Case 3: For A = u(u + 1),[V/A] = u, then the maximum term of 2% + l+_1 is
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f(u—1) or f(u). Since
1 1

—1) - S —)
flu=1) = ) = § — g
one can have
ALy L
by
)\_u+1+J;;<1V1<l<[]l7éuu
A u
and A—u+1 —1
A + U -1
Azt u
A u+1
But

(1+ (A— u)(u+1)>§‘ 1

= m
oS S (A—utl)u 1
k—to0 Cpyo1 k=t (1_|_ o) ) L ks

therefore, Cj, 1 is the leading term among Cj;, 1 <1 < [A\]. We have

lim
k——+o0 Ck‘u 1

Thus,

lim evzzov )‘IOge Akv
6—0 ZP\] 9! ZZO:I Mog g)kAk

= 5(u_1)(?]),1 S (Y S [)\}

5.2 Some Partial Results on Asymptotic
behaviours of Transient Distributions

In this section, we can show that the limits of the transient distributions of the one-
parameter selective model with symmetric overdominance coincide with that of the
one-parameter neutral model. In this sense, Gillespie’s conjecture is verified. For the
one-parameter selective model with symmetric underdominance, however, the limiting

transient distributions can only be obtained when o = Aa(f), A < 2.
5.2.1 One-parameter Selective Model with

Symmetric Overdominance

Let us present several lemmas before we show the main result.
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Lemma 5.8. Suppose that f(t) and g(t) are differentiable and locally integrable func-
tions in [0, 4+00) respectively. If

daf ()

2 <05 (0) + o(0),

where 6 > 0,
t
f(t) < f(0)e ¥ +/ e =) g(s)ds, Vt>0.
0

th /D 95f

Since (e? f(t))" = 0 f(t) + % f'(t) < e%g(t), integrating on both sides gives rise to

Proof. Notice that

Sf(t) — £(0) < / % g(s)ds.

The lemma is thus proved! O]
Theorem 5.6. Let Xg(a be the one-parameter selective model with symmetric over-
dominance, where (9) = Aa(0), and a(0) > 0, A < 0. Then, for any given t > 0, we
have

XU(G — 0(0,0,.) weakly , as 0 — +o0.

Proof. Since {X )6 > 0} is a family of V-valued random variables, and V., is

compact, by the Prokhorov theorem we can conclude that {X; o(0) ,0 > 0} is tight,

and hence relative compact. For any sequence {0y, k > 1}, where hmkﬁﬁo 0, = 400,

0
there must be a subsequence 0y,,! > 1 such that Xf @) weakly converges to a measure

po(dx). If we can confirm that p(dx) = §(,,...), then the proof is completed. To this
end, we consider Fq( X, ). Then

Eps(X7) — 0a(0) = /Ot [(1 — (0 + 1) Epa (X))

+20(8)E<903(X§(9)) - gpg(xg@))] ds.  (5.2.1)

By the Cauchy-Schwarz inequality, we know

Zx ENIOSEONIIIETEN OB
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thus, p3(x) > ©3(z). Besides, o(f) < 0; therefore

E XU(e)
d 902( t )S 1—(9—|—1)E902(Xf(9)).

By Lemma 5.8, we know

) t 1 — e—(0+1)t
EQOQ(XtU( )) < 6_(0+1)tg02<33) +/ e—(t—s)(6+l)d8 _ 6_(6+1)tg02(1‘) 4+
0 0+1
Letting 6 — +o00, we have
1 o(0r,) _
/ wa(x)po(dr) = lim EX, = 0.
Then Mo = 5(070’...). O

Remark 5.4. As can be seen, for any fized t > 0, the transient distribution of the
one-parameter selective model with symmetric dominance converges weakly to d(o,...)
like the one-parameter neutral model. In this sense, Gillespie’s conjecture, therefore,
18 right. Moreover, since

1— e—(9+1)t

o6 —
Epy(X77) < e pu(a) + —p———

we conclude, as long as limg_, ., 0t(0) = +o0, X;g;) — 0(0,0,-.) weakly as 0 — +o0.

5.2.2 One-parameter Selective Model with
Symmetric Underdominance

Let X/ @ he the one-parameter selective model with symmetric underdominance, in
which (0) = Aa(0)(A > 0,a(f) > 0) and limgy_, @ = 0 or 1. We are going to
show that, for any fixed t > 0, Xf(e) converges weakly to d(p,...y only if A < 2. To
this end, we need the following lemma.

Lemma 5.9. For 0 < X < 2, we have

2
inf {1_2)\M} 21_3 < 0.
€V pa() 2

Proof.
—_ 2 2
inf {1 _ gy #l®) = @) 902(:5)} — inf inf {1 _opplm) = }

€V o0 V9 (l’) rel0,1] g2 (x)=r r
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= inf {1—2)\ sup (wg(x)_r)}.

rel0,1] p2(z)=r r

Moreover, we claim that sup,, ,)—, p3(r) = r3. Indeed, set y; = 72 > 1; then

o0 o0

IR W EEIWE

i=1 =1 i=1

M\OJ

Taking x = (/7,0,0,---), we have sup,, ), p3(z) = r2. Therefore,

— 2 by
inf {1—2)\M}— inf {1—2)\\/F—T)}:1——>0.
2E€T 00 pa(x) ref0,1] 2
O
Theorem 5.7. Let X ) be the one- parameter selective model with symmetric un-

derdominance. When 0 < X\ < 2, then, for any given t > 0, we have, as 6 — +oo,
X7 500, weakly .
Proof. Since {X/ © g > 0} is a family of V-valued random variables, and V.

is compact, by the Prokhorov theorem {X; (0),6 > 0} is tight, and hence relative
compact. For any sequence {0y, k > 1}, where limy_, 1, 0, = +00, there must exist a

subsequence 0y,,! > 1 such that X o) weakly converges to a measure vy. If we can

show 1y = d(0,,...), then the proof is completed. To this end, we consider Epy( X, (0))
similarly, we have

Epa(X7 ) = (0) :/Ot (1 0+ D) EeaX70))
+2a(9)E(¢3(X§<0>) 270 )>]d8
:/Ot (1= (04 1) Bps(X7D)) + 200B (1p3(X70) - G3(x7®))
+2M(a(6) — 0)B (pa(X7®) — G3(X? ))]ds

t
/(1—E@2(X”(9 9/ Epy(X
0

[ 2)\803 902 — 9\ (04(9) . 1) ¥3 — 2} (X;’(B))ds.
P2 0 P2
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Therefore,
dEQOQ(Xf(Q)) o(0) ©3 — V3
—— =2 <1 —-0Epy(X;")| inf <1 -2 —>
dt 2€V o0 V2
2 A2
—2)\‘& — 1| sup LI .
0 €V P2
Due to Lemma 5.9, we have
dEpy (X7 A Aaf
X1 7) ) gpgy(x79) (1 - 5- 5‘—0‘(0 ) _ 1’) .

Since limy_, ; %6) =1, then 36, > 0, such that V0 > 6, we have

By Lemma 5.8, we have

o _pl1_2A 1
Bpa(X7 V) < e300, (1) + FINZEEDNY
03(1—2)
Letting § — 400, we have limg_, E@Q(Xf(e)) = 0. The theorem is thus proved. [J
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